PHAN THU NHAT : Cac Chuyén Dé

PHUONG TRINH HAM

. Nguyén Hoang Ngai
T6 truwong to Toan THPT Chuyén Thdi Binh

Mot trong nhing chuyén dé rat quan trong trong viéc bdi dudng hoc sinh gioi du thi hoc sinh
gioi toan quoc gia, khu vuc va quoc té, do l1a phuong trinh ham, bat phuong trinh ham. C6 réat
nhiéu tai liu viét vé chuyén dé nay. Qua mot s6 nam bdi dudng hoc sinh gioi du thi hoc sinh
gioi toan qudc gia va qua mot sd ki tap huén h¢ tai Bai hoc khoa hoc tu nhién — Dai hoc quoc
gia Ha Noi, chiing t6i rat ra mot s6 kinh nghiém day vé chuyén dé nay va trao d6i voi cac dong
nghiép.

Phin1: NHAC LAINHUNG KHAI NIEM CO BAN

1. Nguyén ly Archimede
Yerdv¥r20=3ke N :he »x
Héqua: VxeR=3lkeZ:k<x<k+1.

S6 k nhu thé goi 1a phan nguyén cua x, ki hi¢u [X]
Vay : [x] <x< [x]+1
2. Tinh tru mat

Tap hop 4 < R goi 1a tri mat trong R < Vx,ye R, x < ydéu ton tai a thudc A sao cho

x<a<y.

Chuy:

. Tap Q tru mat trong R

. Tap A:{% |meZ,neZ} tru mat trong R

3. Can trén can duoi

Giast AcR.
S6 x duge goi la mot can trén cua tdp A néuvéimoi ae Athia < x
S6 x duoc goi 1a mot can dudi cua tap A néu véimoi ae Athia > x
Can trén bé nhét( néu c6) ciia A dugc goi la can trén ding ctuia A va ki hi¢u l1a supA
Can dudi 16n nhat( néu c6) ciia A dugc goi 1a can dudi dung ctia A va ki hiéu 13 infA
Néu supA e A thisup A =maxA
Néuinf A € A thi infA = minA
Vidu:choa<b
Néu A =(a,b) thisup A=b
infA=a
Néu A = [a, b] thi sup A =max A =b
mfA=minA=a
Tinh chit:
Tinh chdt I: Néu A # @, A bi chin thi ton tai supA, infA
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Tinh chdt 2:

ala,Vae A
a=supAd <
Ve>0,dacd:.a—¢c<a
) a>p,Nae A
p=infd &
Ve>0,JacA:f+e>a

Ham so cip
> Ham s so cap co ban la cac ham lity thira, ham sé mii, ham s6 logarit, ham s6 luong giac,
ham s6 luong giac nguoc.
> Ham s6 so cap la nhitng ham duoc tao thanh béi hitu han cac phép toan sb hoc (+, -, X, : ),
phép toan 14y ham hop ddi véi cac ham s so cép co ban.
Ham cong tinh, nhdn tinh trén mot tdp hop
% Ham s f(x) duogc goi la cong tinh trén tap xac dinh D néu voi moi x, y eDthix+y e Dva
f(x +y) = f(x) + f(y). ,
% Ham s0 f(x) dugc goi 1a nhan tinh trén tap xac dinh D néu véi moix,y eD thix .y € D va
fx . y) = fx) . f(y).
% Neuvoimoix,y eDmax+ty eD,x—y eDvaf(x—y)=1(x)—f(y) thi f(x) cling goi la
mot ham cong tinh trén D.
% Ham f(x) = *® ( @ > @} 1a ham nhan tinh.
Ham don diéu
e Ham s f(x) goi 1a ting trén (a, b) néu :
Véi moix,, x, €(a,b),x, <x, = f(x)< f(x,)
e Ham s f(x) goi la giam trén (a, b) néu :
Véimoix,,x, €(a,b),x, <x,= f(x)= f(x,)

Phin II. CAC PHUONG PHAP THUONG DUNG

Phwong phap 1: H s6 bat dinh. ,
Tap chi toan hoc trong nha truong, so6 8 — 2004 trang 62 — 66 (ban tieng Nga)

Nguyén tic chung:

Dua vao diéu kién bai toan, xac dinh duoc dang cua f(x), thuong 1a f(x) = ax + b hodc f(x) = ax>+
bx +¢

Pong nhit hé s6 dé tim f(x)

Chumng minh rang moi hé sb khac cia f(x) déu khong thoa mén diéu kién bai toan.

Phwong phdp don bién
Bail: Timf: R —> R sao cho:

(x=Wf(x+y)—(x+y)f(x=y)=4xp.(x* = )*), Vx,yeR

Giai:
_ u-+v
u=x+ -
Dit { Y 2
v=x-y u-v
Y=



= vf(u)—uf (v) =W’ —v)uv
:M—uz = S) —v Yu,v#0

u v
Cho v =1 taco:
u
= fu)=u’ +au,Vu¢0 (a=f(1)-1)
Chox=y=0taco 2f(0) =0 do do f(0) =0
Kétluan f(x)=x"+ax,VxeR

x—1

j:1—2x,‘v’x¢l
-2x 2

Bai2: f(x—1)- 3f(

Giai :
oy R PN S P
—Zx 2y—1 2y—1

1

3f(y-1)=— —

( ] VAGS) 2y_1 Vy#S

( j f(x— 1)——1 Vx;tl
1-2x 2x—1 2

f(x—l)—3f( x—1 j:l—2x,Vx;tl
—2x 2

jf(l—z j M=o TV

=-8f(x-1)=1-2x+

=

1-2x

:>f(x—1)=l —1+2x+
2x—1

3 1
= =—| 1+2x+ , VX #—
S = ( g 2x+lj 75

Vi du 1: Pa thirc f(x) x4c dinh voi Vx € R va thoa man diéu kién:
2f(X)+ f(l=x)=x>VxeR (1). Tim f(x)

Giai:
Ta nhan thay vé trai cta biéu thirc dudi dau 13 bac nhét : x, 1 — x vé phai la bac hai X2
Vay f(x) phai c6 dang: f(x) = ax’ +bx +¢
Khi d6 (1) tro thanh:
2@x’+bx+c)+a(l—x)>+b(l-x)+c=x> VxeR dodo:
3ax’+(b—2a)x+a+b+3c=x% VxeR
Déng nhét cac hé s, ta thu duoc:

1

a=—

3a=1 3

2

b—-2a=0 = bzg
a+b+3¢c=0 1
c=——
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Viy /(%) =§(x2 +2x-1)

Thur lai ta thiy hién nhién f(x) théa méan diéu kién bai toan. ‘

Cong vi€c con lai ta phai chimg minh moi ham s6 khac f(x) s€ khong thoa mén di€u kién bai toan.
That vay gia st con ham so g(x) khéc f(x) thda man dieu kién bai toan.

Do f(x) khong trung véi g(x) nén 3x, e R: g(x,) # f(x,)-

Do g(x) thoa man diéu kién bai toan nén:

2g(x)+g(1-x)=x",VxeR

Thay x bdi xo ta duge:  2g(x,)+g(1-x,)=x,’

Thay x bdi 1 —xpta dugc 2g(1—x,)+g(x,)=(1-x,)’

Tur hai hé thie nay ta dugc:  g(x,) = %(xo2 +2x,-1) = f(x,)
Piéu nay mau thuin véi g(x,) # f(x,)
Vay phuong trinh ¢6 nghiém duy nhatla f(x)= %(x2 +2x-1)

Vi du 2: Ham s y = 1(x) xac dinh, lién tuc v61 Vx € R va théa man diéu kién:
f(f(x)) = f(x) + x, Vxe R
Hay tim hai ham s6 nhu thé.
(Bai nay ding trén tap chi KVANT s6 7 nim 1986, bai M 995 — ban tiéng Nga)
Giai
Ta viét phuong trinh d3 cho dudi dang f(f(x)) - fx)=x (1)
V& phai cua phuong trinh 13 mot ham sb tuyén tinh vi vy ta nén gia st rang ham s can tim ¢
dang: f(x) =ax+b.
Khi d6 (1) tré thanh:
a( ax+b)+b—-(ax+b)=x, VxeR
hay (a® —a)xtab=x, VxeR
ddng nhat hé s6 ta duoc:

{az—azl a:1+\/_ -5
=

2V 2

ab=0 b=0 bh=0

Ta tim dugc hai ham sb can tim 1a:
f(x)=

Hién nhlen théa man dicu kién bai toan.
Vidu3: Himsé f:Z — 7 thdéa man dong thoi cac diéu kién sau:

a)f(f(n))=n,Vnel (1)
D)f(f(n+2)+2)=n,YneZ )
o) f(0)=1 (3)

Tim gia tri £(1995), f(-2007)
(olympic Ucraina 1995)
Giai:

Ciing nhan xét va 1y luan nhu céc vi du trudc, ta dwa dén f(n) phai c6 dang:
f(n) =an +b
Khi d6 diéu kién (1) tro thanh:

a’n+ab+b=nneZ
Déng nhét cac hé sb, ta duoc:

a2=1 a:1 a:_l
= \Y4
ab+b=0 b=0 |b=0



1
vei 1 ta duge f(n) =n
b=0

Truong hop nay loai vi khong thoa man (2)
a=-1
Vi {b o ta dugc f(n) =-n+b

Tir diéu kién (3) chon=0ta dugc b= 1

Véy f(n)=-n+1

Hién nhién ham sb nay thoa man diéu kién bai toan.

Ta phai chimg minh f(n) = -n +1 la ham duy nhit thoa man diéu kién bai toan

That vay gia sir ton tai ham g(n) khac f(n) cling thoa man diéu kién bai toan.

Twr (3) suy ra f(0) = g(0) =1

Tu(3)suyraf(l)=g(1)=0

Str dung diéu kién (1) va (2) ta nhan duoc:

g(gn) = g(g(n+2)+2) Vnel

dodd g(g(g(n)) = g(g(gnt2)+2)) Vnelk

Hay gn)=gnh+2)+2 VnelZ

Gia str ng 1a s6 tu nhién bé nhat 1am cho f(n,) # g(n,)

Do f(n) cling thoa man (4) nén ta co:
g(ny—2)=g(ny)+2=f(ny)+2=f(n,-2)

< g(ny=2)=f(n, -

Mau thudn véi diéu kién ng 12 s6 ty nhién bé nhat thoa mén (5)

Vay f(n)=g(mn), VneN

Chirng minh tuong tu ta cling dugc f(n) = g(n) véi moi n nguyén am.

Vay f(n) = 1 —n 12 nghiém duy nhat.

Tur d6 tinh dugc f(1995), £(-2007).

Cadc bai tap twong tu:
Bai 1: Tim tit ca cac ham s6 f:R — R théa man diéu kién:
S+ f(x=)=2f(x) f(1+y)=2x(3y~x"),Vx,y e R

Pap s6 f(x) =x
Bai2: Him sé f:N — N thoa man diéu kién f(f(n)) + f(n)=2n+3, VneN
Tim £(2005)

, Dap s6 : 2006
Bai 3: Tim tat ca cdic ham f:N — N sao cho:

F(fm)+(f(n) =n>+3n+3, VneN
Pap s6: fin)=n+ 1
Bai4: Timcacham f:R —> R néu:

x—1 1—x 8 2
3 5 =% wxglo—2.12
f(3x+2j f(x—Zj 1 { 3 }

Papsb: f(x)=

Bai 5: Tim tat ca cac da thirc P(x) R[x] sao cho:
P(x+y)=P(x) + P(y) + 3xy(x +y), Vx,yeR
bap sd: P(x)=x"+cx

28x+4

Phwong phap xét gia tri
Bail: Tim f:R—>R thoa mﬁn'

—f(xy)+ f(yZ) f(x)f(yz)> Vx,y,z€R
5



Giai:
Chox=y=z=0:

| | L1
IO+ fO- 02
& (f(0) —%)2 <0

1

< f(0)==
JO)=3
Choy=2z=0:

l+l—lf( )>— VxeR

4 4 2
@f(x)SE,Vxe]R (1)
Chox=y=z=1

1 1 ) 1
ACREYIORVRUES,

& (F) —%)2 <0

= 1=

Cho y—Z—l

1 1
S/ )+ f(X) f(x)5=2 Z7

l\)l»—‘

1
@f(x)ZE,VXER (2) Tr( 1) va(2)tacod f(X):%

Bai2: Tim f:(0,1) >R théa man:
f(xyz) = xf(x) + yf(y) +zf(z) Vx, v,z e (0,1)

Giai :
Chonx=y=z: f(x’) = 3xf(x)
Thay x, y, z boi x* f(x%) = 3 x* f(x?)
Mit khac f(x°) = f(x. x> x°) = xf(x) + x> f(x*) + x° f(x°)

Hay 3 x* f(x?) = xf(x) + x* f(x?) + 3x* f(x)
2 x% f(x%) = xf(x) + 3x* f(x)

o ry=r +1f(x) VxeR
Thay x béi x* ta dugc :

:>f(x6)—3x +1

f(x*),VxeR

3x° +1

=37 f(x") = 3xf(x),VxeR

3x’ +1f( )_3x +1
:>f(x)—O,Vx¢O
Vay f(x) =0 véi moi x € (0.1}
Phwong phap 2: Sw dung tinh chit nghiém ciia mét da thirc
(Bai giang cua Tién sy Nguyén Vi Luong — PHKHTN — BPHQG Ha No1)
Vidu 1: Tim P(x) v&i hé so thuc, thoa man dang thuc:

(X’ +3x* +3x+2)P(x—1) = (x’ =3x* +3x = 2)P(x),Vx (1)

6

= 3x° 3xf(x),VxeR




Giai:

Do (x+2)(X* +x+D)P(x=1) = (x=2)(x* —x+1)P(x),Vx
Chon : x=-2=P(-2)=0

x=—1=P(-1)=0

x=0 = P0)=0

x=1 =P1)=0
Vay P(x) =x(x - D)(x + Dx +2)G(x)
Thay P(x) vao (1) ta dugc:
(x+2)(x* + x+D(x = D)(x = 2)x(x +1)G(x —1) = (x = 2)(x* — x + Dx(x = )(x + 1)(x + 2)G(x), Vx

= (¥ +x+1)G(x=1) = (" = x+ DG(x), Vx

G(x—1) G(x)
S — =— )
x—x+1 x"+x+1

G(x-1) _ G(x)
(x=D)*+(x-D+1 x*+x+1’

Vx

Dat R(x)zzGi (x#0,%1,-2)
X +x+1
= R(x)=R(x-1) (x#0,%1,-2)
= R(x)=C

Vay P(x)=C(x* +x+Dx(x—1)(x+1)(x +2)

Thir lai thay P(x) thoa mén diéu kién bai toan.

Chu ¥ : Néu ta xét P(x) = (x> + 1)(x — 1)

Thi P(x + 1) = (x> + 3x* + 3x + 2)x

Do d6 (x> + 3x* + 3x + 2)xP(x) = (x* — 1)(x* —x + )P(x + 1)

Tir do ta co bai toan sau

Vi du 2: Tim da thirc P(x) v6i hé s6 thue, théa mén déng thirc:

(x +3x% + 3x + 2)xP(x) = (x* = 1)(x* = x + 1)P(x + 1) v&i moi x
Giai quyét vi du nay hoan toan khong c6 gi khac so véi vi du 1
Tuong ty nhu trén néu ta xét:

P(x)=(x*+ 1)(x* = 3x +2)

Ta s€ cd bai toan sau:

Vi du 3: Tim da thirc P(x) v6i hé s6 thyc théa man ding thirc:

(4x> +4x+2)(4x” —2x)P(x) = (x> +1)(x* =3x+2)P(2x+1),Vx e R
Céc ban c6 thé theo phuwong phap ndy ma tu sang tac ra cac dé toan cho riéng minh.

Phwong phap 3: Sir dung phwong phdp sai phin dé gidi phwong trinh ham.

1. Truwdc hét ta nhic lgi khdi niém vé day sé.
Diy s 1a mot ham ciia dbi s tu nhién:
x:N—>N
n — x(n)

Vi ne{0,1,23,..)

= (‘xn) = {‘xo’xl"XZ""}
2. Dinh nghia sai phin
Xét ham x(n) = x,

Sai phan cap 1 cia ham x, 13 ax, =x X

ntl ~ M
. A A 5 . 2
Sai phan cap 2 cia ham X,13 a”x, =ax,,, —ax, =x,,, —2X,,, +X,

n+l
7



k
Sai phan cap k cia ham x,1a a*x, =) (-1)'Cjx

n+k—i
i=0
3. Cdc tinh chit cua sai phdn

v

Sai phan cac cap déu dugc biéu thi qua cac gia tri ham so
v

Sai phén c6 tinh tuyén tinh:
A"(af +bg)=aA" f +bA'g
v Néu x,da thic bac m thi:

Ax, La da thirc bac m — k néu m> k
La hang s6 néu m=k
La 0 néu m<k

Vidu:
Xét day so htru han: 1,-1,-1, 1,5, 11, 19, 29, 41, 55
Tim quy ludt bi€u dién ctua day so do.

Giai:
Ta lap bang sai phan nhu sau:
X, 1 -1 -1 1 5 11 19 29 41 55
Ax, -2 0 2 4 6 8 10 12 14
A’x, 2 2 2 2 2 2 2 2 2

Vay A’x, = const do d6 x, la da thirc bic hai: x, =an’ +bn+c
Pé tinh a, b, ¢ ta dwa vao ba gia tri dau x, =L x, =-1,x, =—1 sau do6 giai h¢ phuong trinh ta
nhan duoc: a=1,b=-3,c=1.
Dodd x,=n’-3n+1

4. Phwong trinh sai phén tuyén tinh thuan nhat

agx,.,+ax,,  +--+ax =0, a,a,#0 (1)

Goi 1a phuong trinh sai phan tuyén tinh thuan nhat cap k (¢ day k =n +k -1)
5. Phuong trinh ddc trung.

a A +a A +a, A+ a, =0 )
6. Nghiém tong qudt

Néu (2) c6 k nghiém phan biét 4, 4,,4,,..., 4, thi nghiém tong quat cta (1) la
x, =c A +c, )+ A
Néu (2) c6 nghiém boi, chang han nghiém A, co boi s thi nghiém tong quat cta (1) sé& 1a:
x, =c A +end + e, A+ e A e AL
7. Vidu
Vidu 1: cho day (x,) co

n
+o oA,

xn+3 = 6xn+2 _1 1xn+1 + 6xn

X, =3,x,=4,x,=-1

Hay tim x,

Giai :
Tacoé x,,,—-6x,,+11lx,  —6x =0
Phuong trinh déac trung 1a :
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A =64 +111-6=0
SA=1,1=2,1=3

. _ n n
Suyra: x, =c¢ +¢,2"+¢,3

Dé tim ¢,,c,,c; ta phai dya vao x,,x,,x, khi do ta s€ tim dugc :

3
===
2
c, =8
7
C3 :—5
Tir d6 x =S pgon Ly
2 2

Vidu 2: ,
Cho day so (x,)co6 x,=0,x, =1,x,=3va x, =7x,,—11x,,+5x,,,Vn=3
Tim  x,
Phuong trinh dac trung 1a :
A =T +114-5=0
SA=LA=1,41=5
Vay nghiém tong quat 13 : X, =¢ +c,n+c5"

Dé tim ¢,,c,,c, ta phai dua vao x,,x,,x, khi do ta s€ tim duoc :

1
C=——
16
3
CZZZ
Ll
> 16
Tu d6 ta duoc: xn:—L+§n+i5”
16 4 16

Chu y : V6i phuong trinh sai phan, ta c6 mot s loai khac nira nhu phuong trinh sai phan
tuyén tinh khong thuan nht, phuong trinh sai phéan phi tuyén va ¢ ca mot he thong
phuong phap giai quyét dé tuyen tinh héa phuong trinh sai phéan. Song lién quan dén
phuong trinh ham trong bai viét nay, chi nhéc lai phuong trinh sai phan tuyén tinh don gian
nhat ( chua xét dén phuong trinh sai phan tuyén tinh thuan nhét c6 nghiém phic).

Ap dung d6i véi phwong trinh ham

Vi du 1: Tim tat ca cac ham f:R — R théa man:
f(f(x)) = 3f(x)—2x , VxeR
Giai :

Thay x béi f(x) ta dugc:
f(f(f(x))) = 3f(f(x)) - 2f(x) , VxeR

JCF))=37(.f())-2f(, f(X))

n+2 n+l




Hay f,.,(x)=3/,.,(x)-2f,(x),n=20
bat x, =f(x),n=0
Ta dugc phuong trinh sai phan:

X ., =3x 2x

n+2 n+l n
Phuong trinh ddc trung la: A° -31+2=0<A=1vAi=2
Viy x,=c¢ +c,2"
Ta co:
X,=¢ +c,=Xx
X, =c¢ +2c,=f(x)
T do taduge ¢, =2x— f(x),c, = f(x)—x
Vay f(x)=x+c, hodc f(x)=2x-c
Vidu2: Tim tit ca cac ham f xé4c dinh trén N va thoa min dﬁ‘)ng thoi cac diéu kién sau:
2f(n)f(k+n)=2f(k=n)=3f(n)f(k),k=n
S=1
Giai:
Chok=n=0
=21(0)~2/(0)=31"(0)
< f(0)=0v f(0)=-2
Néu f(0) = 0 chon n =0 ta dugc: -2 f(k) = 0 do d6 f(k) = 0 v6i moi k
Chon k =1 ta dugc f(1) = 0 mau thuan véi gia thiét.
Vay f(0) = -2
Chon n = 1 ta dugc phuong trinh:
2/ fk+D)=2f(k-1)=3f(1)f(k),VEk
S2f(k+)-2f(k-1)=3f(k),Vk
bit  x, = f(k) tacophuong trinh sai phan 2x,,, —3x, —2x, , =0

Phuong trinh dic trung 1a 24 —3/1—2:O<:>/1:2/\ﬂ:—%

Vay  f(n)=¢2"+c, (_%j

Tatim ¢,c, tir didu kién f(0)=-2, f(1) =1

Dé tim dugc ¢, =0,c, =2

Viy f(n)= —2[—%]"

Phuong phap 4: DPIEM BAT PONG.

Ddc trung cia ham
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Nhu ta d3 biét, phuong trinh ham 13 mot phuong trinh thong thuong ma nghiém cua né 1a
ham. Dé giai quyét t6t van dé nay, can phan biét tinh chat ham véi dic trung ham. Nhiing
tinh chit quan tric duoc tir dai s6 sang ham sd, dugc goi 1a nhimg dic trung ham.

Ham tuyén tinh f(x) = ax , khi d6 f(x + y) = f(x) + f(y)
Vay dac trung 1a f(x +y) = f(x) + f(y) véi moi x, y
Ham bac nhit f(x) = ax + b, khi d6 f(x) + f(y) = 2f(==

@) o en
v,

Dén day thi ta c6 thé néu ra cau hoi 1a : Nhitng ham nao c6 tinh chat
f(x+y)=f(x)+ f(¥),Vx,y e R. Giai quyct van d€ do chinh la dan dén phuong trinh
ham. Vay phuong trinh ham la phuong trinh sinh boi dac trung ham cho trude.
Ham Ifiy thira  £(x) =x*,x>0

bac trung 1a f(xy) = f{(x)f(y)
o Himmi f(x)=a"(a>0,a#1)

biac trung ham 1a f(x +y) = f{(x)f(y), Vx,yeR
Ham Logarit f(x)=1log,x (a>0,a#1)

bac trung ham la f(xy) = f(x) + f(y).
¢ f(x) =cosx co dic trung ham 1a f(x + y) + f(x — y) = 2f(x)f(y)

Hoan toan tuong tu ta c¢6 thé tim dugc cac dac trung ham cua cac ham so
f(x) =sinx, f(x) = tanx va v&i cac ham Hypebolic:

Vay dic trung ham & day 1 f[x;yj

X/
L X4

X/
°

>
> sin hypebolic shx=5"¢
> cos hypebolic chx =% -;e
. shx e —e”
> tan hypebolic thx=——= —
chx e +e
> cot hypebolic cothx = chx _e +e

shxco TXD1a R tap gidtrila R
chx c6 TXD 1a R tap gid tri l1a [1,+)
thx c6 TXD 1a R tap gia tri la (-1,1)
cothx c6 TXD la R\ {0} tap gia tri la (—o0,—1) U (1, +00)
Ngoai ra ban doc c6 thé xem thém cac cong thirc lién hé giira cac ham
hypebolic, d6 thi cua cac ham hypebolic
Diém bat dong

Trong s6 hoc, gidi tich, cac khai niém vé diém bat dong, diém cb dinh rat quan trong va
n6 duoc trinh bay rat chit ché théng qua mot hé thong 1y thuyét. O day, t6i chi néu tng
dung ctia n6 qua mot sd bai toan vé phwong trinh ham.

Vi du 1: Xac dinh cac ham f(x) sao cho: f(x+1)=1f(x)+2 VxeR
Giai:

Ta suy nghi nhu sau: Tir gia thiéttasuyra ¢ =c + 2 do d6 ¢ =
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Vi vay ta coi 2 nhu 1a f(1) ta duge f(x + 1) =1(x) + (1) (*)
Nhu vay ta d3 chuyén phép cong ra phép cong. Dua vao dic trung ham, ta phai tim a :
f(x) = ax dé khur s6 2. Ta duogc
M alx+)=ax+2
Sa=2
Vay ta lam nhu sau:
bat  f(x) =2x+ g(x)
Thay vao (*) taduge: 2(x+1)+gx+1)=2x+gkx)+2, VxeR
Diéu nay tuong duwong véi  g(x+ 1) =g(x), VxeR
Vay g(x) 1a ham tuan hoan véi chu ki 1.
Papsd  f(x) =2x + g(x) v6i g(x) 1a ham tuan hoan v&i chu ki 1.
Qua vi du 1, ta c6 thé téng quat vi du ndy, 1 tim ham f(x) thoa mén:
fix+a)=1f(x)+b, VxeR,abtuyy

Vi du 2: Tim ham f(x) sao cho: f(x +1)=-f(x)+2, VxeR (1)
Giai:

taciingdwadén c=-c+2 dodoc=1
vay dat f(x) =1+ g(x), thay vao (1) ta dugc phuong trinh:
gx+1)=-gx), VxeR
Do d6 ta co:
{g(xﬂ) =-g(x)
g(x+2)=g(x)

1
- g(X)=5[g(X)—g(X+1)] VxeR (3)
g(x+2)=g(x)

Ta chung minh moi nghiém cua (3) c6 dang :
g(x)= %[h(x) —h(x+1)],vxeR

& d6 h(x) 1a ham tuan hoan vé6i chu ki 2

qua vi du ndy, ta c6 thé tong quat thanh:
fix+a)=-f(x)+b, VxeR,a btuyy

Vidu 3: Tim ham f(x) thbaman: f(x+1)=3f(x)+2, VxeR (1)

Giai:
Ta di tim ¢ sao cho ¢=3c+2 d& thdy c =-1
bat f(x)=-1+g(x)
Lacddé (1)cédang g(x+1)=3gx) VxeR
Coi 3 nhu g(1) taduge g(x+1)=g(1).g(x) VxeR (2)
Tir didc trung ham, chuyén phép cong vé phép nhan, ta thiy phai sir dung ham mi
a"'=3a" < a=3
Vay tadat:  g(x)=3"h(x) thay vao (2) taduoc: h(x+1)=h(x) VxeR
Vay h(x) 12 ham tuan hoan chu ki 1.
Kétluan  f(x)=—-1+3"A(x) véih(x) 12 ham tuan hoan chu ki 1.
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O vi du 3 nay, phuong trinh tong quat cua loai nay 1a :

f(x +a)=bf(x)+c, VxeR ,a,b,ctuyy, b>0,bkhac 1

Véi loai ndy dugc chuyén vé ham tuan hoan.

Con f(x +a) =bf(x) + ¢, VxeR ,a, b, ctiy ¥, b <0, b khac 1 dugc chuyén vé ham phan
tuan hoan.

Vidu 4: Tim ham f(x) théa man f{2x + 1) =3f(x) -2 VxeR (1)

Giai:
Taco: c=3c—2suyrac=1
bat f(x)=1+gkx)
Khi d6 (1) c6 dang g(2x +1)=3g(x) VxeR (2)
Khi biéu thtrc bén trong c6 nghiém # oo thi ta phai xir 1y cach khac.
Tu2x+1=xsuyrax=1
Vaydat x=-1+ttaco2x+1=-1+2t
(2) c6 dang: g(-1 +2t)=3g(-1+t) VieR
bat h(t) = g(-1 + 2t), ta dugc h(2t)=3h(t) (3)
2t=t<=t=0
20" =3+" < m=log,3
Xét ba kha nang sau:
»= Néut=0tacoh(0)=0
= Néut>0dit h(r) =12 p(r) thay vao (3) tacd ¢(2¢)=p(1),Vt >0
Dén déy ta dwa vé vi du ham tuan hoan nhén tinh.
= Néut<O0dit Ah() =t o(t) thay vao (3) ta duoc
@(2t) =—@(t),Vt <0
P(2t) =—¢(1),Vt<0
{(/)(4t) =¢(t),Vt <0

p(t) = %[(o(t) —p(21)], vt <0
p(4t) =p(t),Vt <0

<

Bai toan tong quat ciia dang nay nhu sau: f(ax+8)= f(ax)+b a#0,+1
Khi d6 tir phuong trinh ax + 8 = x ta chuyén diém bat dong vé 0, thi ta dugc ham tuan
hoan nhén tinh.
4+ Néu a = 0 bai toan binh thuong
4 Néu a =1 chang han xét bai toan sau:
Tim f(x) sao cho f(2x + 1) =f(x) — 2, Vx #-1 (1)
Nghiém 2x+1=x < x =-1 nén dat x =-1 +t thay vao (1) ta dugc
f-1+2t)=f(-1 +t)+2, Vt#0
bat gt)=f(-1+t)tadugc g2t)=gt)+2 V=0 (2)
Ttr tich chuyén thanh tong nén 13 ham loga
Taco log,(2¢) =log,t—2

Sa=—f4

V2
Vay dit  g(t)=log, |{|+A(r)
Nl
13



Thay vao (2)tacod  h(2t)=h(t),Vt#0

bén day bai toan tré nén don gian

DINH LY ROLL VA AP DUNG VAO PHUONG TRINH.

Tién Sy : Bui Duy Hung
Truong THPT Chuyén Thai Binh

/) Binh ly Roll : la trudng hop riéng clia dinh Iy Lagrang
1.Trong chuaong trinh toan giai tich 16p 12 ¢6 dinh ly Lagrang nhu sau :
NéEu ham s y = f(x) lién tuc trén [a; b] va c6 dao ham trén (a; b) thi ton tai
mot diém c e (a; b) sao cho:

(0) = f(b)-f(a)

b—a

¥ nghia hinh hoc cda dinh Iy nhu sau. Xét cung AB cla d6 thi ham s&'y = f(x), vdi toa do clia diém A(a;
f(a)) , B(b; (b)).
Hé s6 goc cla cat tuyén AB la:

( - 10)—f(a)
b—a

Pang thic : (c) _f()-1f(a)
b—a

nghta 1a hé s6 goc clia tiép tuyén tai diém C(c; f(c)) clia cung AB béng hé s6 goc clia duong thang AB. Vay
néu cac diéu kién cda dinh ly Lagrang duoc thod man thi tdn tai mot diém C clia cung AB, sao cho tiép tuyén
tai d6 song song vdi cat tuyén AB.
2. N&u cho ham s6 y = f(x) thod man thém diéu kién f(b) = f(a) thi c6 f' (c) = 0.
Ta c6 dinh ly sau day c6 tén goi la : Binh ly Roll.
Néu ham sé'y = fix) lién tuc trén [a; bj, cé dao ham f (x) trén (a; b) va co
fla) = f{b) thi ton tai diém x, < (a,b) sao cho f (x,) = 0.
Nhu vay dinh Iy Roll la mét trudng hop riéng clia dinh Iy Lagrang. Tuy nhién c6 thé chimg minh dinh Iy Roll
truc ti€p nhu sau:
Ham s6 f(x) lién tuc trén [a; b] nén dat cac gia tri max, min trén doan [a; b]
goi m=minf(x), M =maxf(x)
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xe[a,b] Xe[a,b]
Néu m=Mthif(x) =C lahang s6nén Vx, € (a,b) déucof(x,)=0
N&u m < M thi it nhat mot trong hai gia tri max, min clia ham s6 f(x) dat duoc tai diém nao do x,  (a; b).
Vay x, phaila diém t6i han cla f(x) trén khoang (a; b) = f (x,) =0.
Dinh ly dugc ching minh .
y nghia hinh hoc cda dinh Iy Roll . Trén cung AB clia dé thi ham s6
y =f(x), véi A(a;f(a)), B(b; f(b)) va f(a) = f(b), ton tai diém C ( c; f(c) ) ma tiép tuyén tai C song song véi Ox.

Il ) dp dung cda dinh Iy Roll.

Baj todn 1.
Cho n 1a s6 nguyén duong , con a, b, ¢ 1a cac so thuc tuy y thoa man hé thirc :
a b c
F——t =0 ()

n+2 n+l n

CMR phuaong trinh :
ax’ +bx+c=0
¢ it nhat mot nghiém trong (0; 1) .

Gidi:
n+2

ax bx™'  c¢x
+ +

n

Xéthamso:  f(x) =

n+2 n+l n
Ham s6 f (x) lién tuc va c6 dao ham tai vV xeR.
. a b c
Theo gia thiét (1) c6 f(0) = 0, f(1) = + +—=0
n+2 n+l1 n
Theo dinh Iy Roll ton tai  x, € (0; 1) sao cho f'(x,) =0 ma:
Px)=ax™" +bx" +cx"
fix,)=0 =>ax"”" +bx" +cx"" =0
< x"(ax? +bx +0)=0 (x,#0)

<axl +bx, +¢=0

Vay phuong trinh ax” + bx +¢=0 conghigm x_ e (0;1) . (dpcm).
Bai toan 2 :
Giai phuong trinh : 3" +6"=4"+5"
Gidi:
Phuong trinh da cho tuong duong vdi :
6" -5"=4"-3% (2.
Rorang x_, =0 la mot nghiém cla phuong trinh (2) .
Tagoi o langhiém bat ky clia phuong trinh (2). Xét ham s6
fx)=(x+1)* —x“ , vaix>0
Ham s6 f(x) xac dinh va lién tuc trén ( 0; +o0) va ¢ dao ham :
fx)=a(x+1)*"-a x*"
= [ (x+1)*" —x*"]
Tu(2)co f(5)=1f(3). Vaytontai ce (3;5)saochof(c)=0, hayla:
af(c+D*" —=c* " 1=0
< a=o,a =1.
Thirlaithdy x, =0, X, =1 déu thod man phuang trinh (2).
Vay phuang trinh da cho c6 ding 2 nghiémla: x, =0,x, =1
Bai todan 3
15



Chimg minh rang véi cac s6 thuc batky a, b, ¢ phuang trinh :
acos3x + bcos2x + csinx = 0 (3)

¢6 it nhat mot nghiém thuoc khodng (0; 27 )

o, asin3x bsin2x .

Xéthamso f(x) = 3 + 5 +CSINX —COSX.
Ham f(x) lien tuc trén [0; 27t], c6 dao ham trén ( 0; 2 7T) va c6 dao ham la:
' (x) = acos3x + bcos2x +ccosx + sinX .

matkhacco f(0)=-1, f (2w )=-1.
Theo dinh Iy Roll téntai  x € (0;21) d&f( x,)=0 .

Vay x, €(0;2m) la nghiém clia phuong trinh (3 ). ( dpem ).

Bai todn 4 Gidi phuong trinh ;3" —2°°* = cosx  (4).

Gidi: Phuong trinh (4) c6 it nhat mot nghiém x, =0 . Goi o la nghiém
bat ky clia (4) .Khi do co:
30 -2 =cosa
< 3% —3cosa =2"" —2cosa. . (H)
Xét ham s0 f(x) = t°** —tcosar , (véit>1).
Ham s f(x) lién tuc trén khodng (1; +o0) va cd dao ham la:
7 f (x)=cos L.t “" —cosa .
Tirdang thire (5) co:f(2) =f(3). Vaytontai giatri c € (2;3) sao cho:
f(c)=0. < cosa .c*" —cosa=0
&< coso(c™ ! =1)=0
&< coso=0 hodc cosa =1

@a:g+kn ; a=k2n . VéikeZz
Thir lai thdy thod man phuong trinh (4) .
Vay (4) co nghiém x = g+kn x=kn (VkeZ)

Nhén xét:  Tu dinh Iy Roll c6 thé rit ra mét s6 hé quéa quan trong nhur sau
Cho ham sd'y = f (x) xac dinh trén [a; b] va co dao ham tai Vx € (a;b).
Hé qud 1: Néu phuong trinh f(x) =0 ¢6 n nghiém phan biét thi:

phuong trinh f (x) = 0 c6 it nhat n—1 nghiém phan biét .

phuong trinh f* (x) = 0 co it nhat n—k nghiém phan biét, véik =2, 3, 4 ...
Hé qud2: Néu phuong trinh f(x) =0 c6 n nghiém phan biét thi phuong
tinh : f(x) + o f (x) =0co it nhat n-1 nghiém phan biét, véi Yo € R
ma a=0.

Chung minh :

Xétham F (x) = e&.f(x) .Ham s0 F (x) lién tuc trén [a; b] vacod n nghiém phan biét . Theo hé qua 1 thi
phuong trinh F’ (x) = 0 c6 it nhat n-1 nghiém
phan biét . Mat khac co:

F'(x) = eg £'(x)+ eg.l.f(x)
o
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[ fx) +af(x)]

(¢}
Q| Q>

—n

Vay phuongtrinh : f(x) + af(x) =0 c6 it nhat n-1 nghiém.

Chuy:

Trong trudng hop phuong trinh f(x) =0 ¢6 n-1 nghiém phan biét thi phuong trinh  f(x) = 0 chua chac da
c6 n nghiém phan biét .

Xét vi du sau day :

Phuong trinh :  x’ —3x* +5=0 c6 ding 1 nghiém

nhung phuong trinh : 3x*> —6x=0 c6 2 nghiém.

Héqud3: Néuf'(x)>o hoac f'(x) <o Vx € (a;b)thi phuong trinh
f(x) = 0 c6 khéng qua hai nghiém.

Héqud4: Neéuf”(x)>0hoac f'(x) <0 Vx € (a;b) thi phuong trinh
f(x) =0 cb khéng qué ba nghiém .

Baj todn 5.

Gidiphuongtrinh:  /x +/3x+1=x>+x+1 (6)

Gidi:  Diéukienx> 0

Phuong trinh (6) <> /X +/3x +1-x>—x—1=0

Xét ham s6:
f(X)= VX +3x +1—x>—x —1. V6ix €[0;400)
1 3
F(x) = + -2x-1
24x  243x +1
f’(x) ! 0 -2<0Vx>0

4x> 4Bx +1)°
Theo hé qua 3 suy ra phuang trinh (6) ¢o khong qua 2 nghiém
Thittruc tiép X, = 0,x, =1 thod man phuong trinh .
Vay (6) ¢6 dung 2 nghiém x=0,x=1.
Baj todn 6.
Gidi phuong trinh : 3* =14 x + log, (1+ 2x)
Gigi: Diéukien: 1+2x > 0 < x>-%
Phuong trinh da cho tuang duong vai

3 +x=(1+2x)+log,(1+2x) (7)

Xétham f(t)=t+ log,t ,véit € (0;+0) taco:

ft)=1+

>0,Vt>0 . Vayf(t) dong bién trén ( 0; +oo)
tln3

Phuong trinh ( 7) khi do tré thanh: f(3*) =f(1+2x)
3P =1+2x
&3 -2x-1=0 (9§
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Xéthams6: g(x)=3" —2x—1 véi x e(_%;+oo) taco:
g(x) = 3%.In3-2
g’x)= 3*.In’3 >0. Vx> _%

1
Vay phuong trinh (8) c6 khdng qua 2 nghiém trong khoang ( - E;+oo)

Mat khac thir tryc tiép thdy  x, = 0,x, =1 1a 2 nghiém cla phuong trinh (8) .
Vay phuang trinh (8) ¢ 2 nghiém X ,,X, .

Két luan : Phuong trinh da cho c6 ding 2 nghiém x, =0,x, =1

Baj fodn 7.

Gidi phuong trinh: ( 2* +2)(4—x) =12 (9).

Gidi:

Xéthamso f(x)=( 2" +2)(4—x)—12 .XacdinhvalientuctrénR.
fx)=2In2.(4-x)—(2" +2) .
f'(x)=2*.In*2.(4—x)—2".In2—-2"In2.

=2"1In2[In2.(4-x)-2].
f'x)=0 < (x—4).In2+2=0
<X, =4- 2 :
Phuong trinh f'(x) = 0 ¢6 nghiém duy nhat .
Theo dinh ly Roll thi phuong trinh (9) c6 khong qua 3 nghiém , bdi vi néu (9)
6 4 nghiém phan biét thi f’(x) = 0 c6 it nhat 2 nghiém phan biét .
Thir tryc tiép thay (9) thoA man véi x=0,x=1,x=2 .
Vay (9) co dung 3 nghiém x, =0,x, =1,x, =2 .
Baj todn 8 :
Ching minhrang: V& Vm € R phuong trinh :
X +2x  +m(x* -1)-9x+5=0 (10).

c6 dung 3 nghiém .

Gidi-
Xéthamsé f(x)= x* +2x* +m(x* —=1)—9x +5 .
HOm s6 f(x) lién tuc va c6 dao ham trén R.
f(x) =2005. x** 4+ 6x° +2mx —9.
f'(x) =2005.2004. x**” +12x + 2m.
f”(x) = 2005.2004.2003. x*** +12 > 0.Vx .
Vay phuong trinh (10) ¢6 khéng qua 3 nghiém .
Mat khac
limf(x)=- o0 , limf(x)=+o0, f(-1)=11>0,f(1)=-1<0
X—> —o0 X—> +00
Chonén:
Ix, €(—o;—1) maf(x,)=0
dx, e(-1;1) maf(x,)=0
3Ix, € (l;4+0) ma f(x;)=0
Nghfa la phuong trinh (10) c6 it nhat 3 nghiém phan biét X, < X, < X,.
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Véay phuong trinh (10) c6 dung 3 nghiém phén biét .(Bpcm)

Baitodn 9
Cho biét phuong trinh : x* +ax’ +bx +¢c=0 (11) co 4 nghiém phan biét . Chitng minh rang : ab <
0

Xét P(x)= x* +ax’ +bx+c ligntuctrénR.
f(x)=P (x)= 4x’ +3ax’ +b.
Phuong trinh (11) c6 4 nghiém phan biét , theo dinh ly Roll suy ra:
phuong trinh f(x) = 0 ¢6 3 nghiém phan biét < f_, .f., <O0.
Mat khac co f'(x) = 12 x° + 6ax = 6x.(2x +a)
a’ +4b

). (diéukiéna=0)

CD CT f(o)f(__) b(
Pigukien . f. <0< b(a’ +4b)<0 12

CD "~ CT
Tur (12) dé dang suyra ab < 0. Baivinéuco:
a>0,b>0 thi: vétrai(12)>0
a<0,b<0 thi: VEtrai(12)>0
b=0 thi: VE&trai(12)=0.
Vay ab <0 . (Diéu phai chitng minh ).

Baitodn 10:  Cho s6 n nguyén duong tuy y 16n hon 1, va céc sé thuc
a,,a,,a,,.......a_. thod man diéu kién :
a, a a, 2a, 4a 2""a

a2 n 2 3 n
0=—+—+....... +— = —4+—+—4...... + (13).
n+l1 2 3 4 n+l1

Chimg minh rang phuong trinh :
a,+2a,x+3a,x’+....+na_x"" =0 conghiém.
Gidi:

2 a2X3 a X4 a Xn+1
Fovt

3 4 n+1
Pa thic F(x) lién tuc trén R, ¢ dao ham cép tuy y trén R.
Px)=aXx+a,x’+a,x’ +....+a_x

) a,x
Xét F(x) = 5

F'(x)=a, +2a,x+3a,x* +....+na x"

FO)=0,F(f)= 4824 4 P
F)= D

n+l1
2°a, 2’a, 2%a, 2"a
Fo=2 2 2% 29, n
2 3 4 n+l1
a, 2a, 4a, 2"a,
7N A B RIS
2 3 4 n+1

Theo gia thiét (13) suyra F(0)=F(1) =F(2).
Theo dinh Iy Roll suy ra phuang trinh F'(x) =0 ¢6 it nhat 2 nghiém phan biét
x, € (0;),x, €(1;2).
Suy ra phuong trinh F”(x) =0 coitnhat 1 nghiém x, .
Vay phuong trinh @ a, +2a,X +......... +mna_x"" =0 cb nghiém (Bpcm) .
I11) Cdc bai todn luyén tdp
Giai cac phuang trinh va hé phuang trinh sau.
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12" =1+log,(x+1)
DX +/5-x =x>=5x+7
3)(4*+2)2-x)=6
4)log,(x+1)+1log,(2x+1)=6
x> =1+3log, y
5) y>=1+3log, z
> =1+log, x

442" =4y+2
6)14" +2" =4z+2
4°+2° =4x+2

TU GIAC TOAN PHAN NOI TIEP, NGOAI TIEP

Thac sy : Pham Cdng Sinh
T6 toan triong T.H.P.T Chuyén Théi Binh

LOI NOI DAU

kkkkkkk
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Trong céc ki thi hoc sinh gidi quac gia, hoc sinh gidi toan quac t& co xuat hién cac bai toan vé hinh phang
ma hoc sinh gap khong it kho khan khi giai quyét cac bai toan nay.Nén viéc hé thdng cac dang bai tap hinh
theo chuyén dé cho hoc sinh a rat quan trong. Trong bai viét nay t6i xin trinh bay chuyén dé ‘ 7i7 gide Toan
Phén néi,ngoai tiép’day chi la mot trong cac phuong phap dé gidp hoc sinh ¢ cach nhin khai quat hon |
nhdm giai quyst mot s6 cac bai toan chiing minh trong hinh hoc phang. Noi dung clia chuyén dé nay gém
cac phan sau :

Khai niém véTir gidc Toan Phan
o Mbtsé'hd dé cosd

o Mot s6'bdi tip dp dung

o Mot sé két qud dat duoc

Chinh vi suy nght nhu trén nén t6i da trinh bay chuyén dé nay ,gop phan cung déng nghiép trong viéc day
hoc sinh gidi.Toi hy vong rang chuyén dé nay gitip cho cac em hoc sinh gidi c¢o himg tha, say mé hon trong
viéc giai cac bai toan vé hinh hoc phang .

Trong chuyén dé nay, t6i da dua ra mot s6 bai toan nhd ,mac du cac bai toan chua phong phu va da dang ,
nhung do thdi lugng clia chuyén dé, toi xin dugc tam dimg & day va sé tiép tuc b8 xung cac bai tap khéc .
Trong qué trinh hoan thanh chuyén dé khong tranh khdi nhiing thigu soét, t6i rat mong muén duoc su gop ¥ ,bd
sung cla cac thay, co gido va cac ban déng nghiép dé chuyén dé hoan thién hon.

T6/ xin chén thanh cam on !

Thai Binh Ngay 15 Thang 10 N&m 2008

TU GIAC TOAN PHAN NOI TIEP, NGOAI TIEP.

L.Binh nghia:

Cho tir gidgc 16i ABCD ¢6 2 canh AB vé CD cét nhau tai N ,AD cdt BC tai M (B thuéc doan CM ;D thudc
doan CN ).Tir gidc todn phan bao gém tir giic ABCD va cdc tam giic ABM, AND duvc xdc dinh boi
ABCDMN .Céc doan AC, BD, MN duoc goi la cdc duong chéo.A,B,C,D,M,N la céc dinh.

Canh cia tir gigc toan phdn ABCOMN bao gém canh cda tit gidc ABCD va canh cua cdc tam gisgc ABM
LAND.

+)Néu tir gidc ABCD ndi tiép duong tron thi ABCDMN duoe goi I3 tir gidc ndi tiép.
+)Néu tir gidc ABCD ngoai tiép duong tron thi ABCDMN duoe goi I3 tir gidc ngoai tiép .



IL.BO PE CO SO
B6 Dé1:

Cho dudng tron (0) va 4 diém A,B,C,D nam trén (O).Néu tiép tuyén vdi duong tron tai A, B cat nhau tai
M, tiép tuyén tai C,D cat nhau tai N thi AC ,BD ,MN déng quy ;AD,BC, MN cing déng quy (Néu ching
ton tai).

Gid strAB cét CD tai H ; OH cat MN tai K thi OK L MN vda OH.OK =R’.

Chung minh:

*Truang hop 4 diém A,B,C,D thir tu 1a 4 dinh clia mot tir giac Gia sir A MAB nam trong A NCD=> AC va BD Ia
dudng chéo cla tir giac

E la giao clia MB,NC va F I giao clia MAND.Trong A MNE ,B thudc doan ME con Cnam ngoaidoan NE nén
BC phai cat MN gia st tai P,

ap dung dinh i Menelauyt trong A MNE véi 3 diém thang hang C, B, P, ta ¢o
NR MB EC _1=>_NP1 _NC (1)
PM BE CN PM MB

Tuong tu d6i vai A MNF duang AD cat MN tai P, ta co
MP, DN AF _, NP, _NC .,

PN DF AM PM MB
T (1) va (2) => P, =P,

Do d6 AD,BC,MN ddng quy tai P

Xét A PCD vi M la 1 diém nam trong A nén PM cét cac doan AC, BD gia sif tai Q,, Q,
Goi hinh chi€u ctia M,N trén AC 1a M,,N,.
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Taco 3)
NN, ON
Vi cac goc clia A MM,A vuong tai M, va A NN,C vuong tai N, tuong (ng bang nhau nén
MA F
AMMA~ANNC=> MM _ M2 )
NN, NC
X X . MO, MA D
Tu(3)va@d)taco —L=—+ 5
(3)va(4) NO, - NC () A
Tuong tu ta co MO, _MB (6) N M
NQ, ND
=> Ma MA=MB, NC=ND va tir (5) (6) ta c6 1L - M& C B
NQ,  NQ,

Lai c6 M,N nam cuing phia d6i vai M nén AD, BC, MN déng quy

*Trudng hop tr giac MENF ngoai ti€p dudng tron

D& dang chimng minh tuong tu dugc P, P, cting chia doan MN theo cung mot
ti1e, Q, ,Q,ctng chia MN theo cling ti 1é nén ,suy ra diéu phai chimg minh

*Truang hap AB ,CD la cac dudng chéo cia tr giac ACBD .A thudc cung nhd CD,C thudc cung nhd AB tuong
tu trong A MNE va A MNF ta ching minh dugc AD va BC chia MN theo cting mot ti 1é (do AD va BC cung chia
trong doan MN).Vay ta c6 diéu phai chimg minh

JR A

A

N
O

Gié st OK L MN ta phai chitng minh H nam trén OK

H,H' 14n lugt 1 giao diém clia OK va AB, OM va AB => OH'.OM = OH,.OK

H,,H" 14n luat a giao diém clia OK va CD, ON va CD => OH,.OM = OH".OK

Ma OH'".ON = OH'OM =R*=>OH, = OH ,=> H,=H,=H

B Dé2:

Cho tir gidc ABCD néi tiép duong tron ,cdc duong chéo khéng di qua tim.Ching minh néu cdc duong
phén gidc cia ~BCD viaBAD cat nhau tai | vé tiép tuyén vdi duong tron tai A ,C cat nhau tai M thi M
nam trén BD <=> | thuéc BD.

Chung minh

Diéu kién cén

Gid st M thuoc ta DB .Phan gidc ~«BAD cat MD tai I'=>ta c6 ~<£MAB=~LADB,
£ MAI'= £ MI'A=>MA=MC=MI=>CI' la phén giac « BCD
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Diéu kién du:

Ta phai ching minh rang néu | thuoc BD thi M thuéc BD

BD ct MA tai M,, MC tai M,=> M,C = M,I, M,A = M,|

<=>MA - MM, = MC + MM,=>MM,+ MM,=0 => M, =M,=M

B6dé 3:

Cho tit gidc ABCD ndi tiép duong tron,dutng chéo tr gidc khdng di qua tim .Néu tiép tuyén vdi duong
tron tai A , C cat nhau tai mot diém thugc duong thang BD thi tiép tuyén tai B,D cing cat nhau tai mgt
diém thuéc duong thang AC.

Chung minh .

Néu tiép tuyén tai A,C cit nhau tai mot diém thuoc ducng thang BD thi phan giac clia £ BAD va £ BCD giao
nhau tai mot diém thudc BD (BD 1I) .S{r dung tinh chat clia dudng phan giac trong A ABD va A BCD ta c6
AB _CB _ BA _ DA
AD CD BC DC

tuyén tai D,B va AC dong quy

=> Phan giac clia £ ABC va £ ADC giao nhau tai mot diém trén AC.Do do tiép

71 N\

C

.S dung cac bd dé trén dé gidi mét sé bai tap sau:
Bai tap1.
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Cho bat giac AA,.A; ndi ti€p duong tron tam O.Ching minh rang néu cac dudng chéo
A A, A, A, A A, A, 4, DOng quy tai H (H khong trung véi tam O) thi giao diém clia cac cip dudng chéo
A A, va AA; AA, va AA; AA; va AAs (néu ching tn tai) cling nam trén mot dudng thang.

Gidl,

Goi M Ia giao diém gilta ti€p tuyén véi dudng tron tai A, va A,

N 1a giao diém gitra tiép tuyén tai A, va A,

P Ia giao diém gilta ti€p tuyén tai A, va A, A,
Q la giao diém giita ti€p tuyén tai A,va A,

S0 dung b6 dé | d6i véi cac cap tiép tuyén ké tir M, N ta c6 OH
L MN.Tuong tu déi vdi tiép tuyén ké tir M,P ta c6 OH L MP,cudi A,

cling doi véi cap ti€p tuyén ké tir M, Q ta lai c6 OH L MQ.Do d6 3 A diém
M,N ,P cting ndm trén mot duong thang.
ap dung b8 dé | ta suy ra réng giao diém clia cac cap dudng chéo 4, 4, va AA; AA, va AA; AA, va AA
cung nam trén MN.
Bai tap2.
Cho 2 dudng tron tam 0,0’ cat nhau tai A,B .Tir M trén tia BA vé 2 tiép tuyén vai (O')tai C,D.AC,AD cat (O) tai
P.Q.

CA DA

i)Chitng minh: — =—
CP DO

ii)\Chitng minh : CD di qua diém chinh gitra day cung PQ
Gidi,
i) Ap dung b8 dé Il ta c6 phan giac cac goc ACB va ADB cat nhau tai mot diém nam trén AB. Sir dung tinh

chat clia duong phan giac trong A ABC va A ABD ta co “ _ b4 CA _CB (1) .Ta nhan thay cac A

CB DB DA DB
BDQ va A CBP c6 £ BDQ= £ BCP

=>A BDQ dong dang véi A CBP=> —= D9 _ BD
CcP BC

(2).Tur (1) va (2)suy ra diéu chiig minh

ii)Néu E la giao clia CD va PQ ,F Ia giao PQ va dudng thdng qua A va song song véi CD , thi % = % va
Ll _D4 \ayep=EQ
EQ DO
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Cho M ¢6 dinh nam trong (O,R) .Day cung AB tuy y di qua M.

Tim quy tich giao diém clia 2 tiép tuyén véi dudng tron tai A va B C ‘

(AB quay quanh M)
Gidi,
*) => Gid st 2 iép tuyén cét nhau tai C N Ia hinh chiéu ctia C 1én OM.ta co OM.ON =R*(1)
(theo bo dé 1).Do d6 N c¢d dinh ,C nam trén duong thang A ¢6 dinh vudng goc véi OM
*) <=Tur C batkitrén A také 2 ti€p tuyén téi  duong tron tai A, B. OC cat AB tai K,AB cat ON tai H=>
OK.OC = OH.ON = R*(2) .Tur (1)va (2)ta c6 OM = OH ,ching t6 M=H.Vay M thugc AB.

Bai tap4.
Cho A ABC ngoai ti€p (0).A",B',C' thir tu 1a cac ti€p dié:m clia BC,CA,AB vi dudng tron .BC cat B'C' tai P ,CA
cat C'A' tai Qva AB cat AB' tai R.Chimg minh P,Q,R thang hang.

Gidi,

Goi tam dudng tron 13 | => AA' BB',CC' ddng A

quy tai l. 4,, B, C, lan lugt la giao diém clia

AA',BB',CC' v6i (O) .4p dung bd dé Ill B
doi vdi tir giac A'B' 4, C' ta c6 ti€p tuyén
véi (O)tai A4, di qua P.Tuong tu ti€p tuyén
tai B,,C, diquaQvaRMaA' 4, B'B,,CC, A C

di qua | nén &p dung bd dé | ddi vai cap 3 tiép
tuyén véi (O) ké tir P,Q,R ta suy ra diéu phai chimg minh
Bai tap5.
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Cho ngii giac ABCDEF ngi tiép dudng tron thod man A8 2 E =1
BC DE FA

Ti€p tuyén véi duang tron tai A va D cat nhau tai P.
Tiép tuyén véi duong tron tai B va E cat nhau tai Q
Ti€p tuyén véi duong tron tai C va F cat nhau tai K.
Chitng minh . P, Q, K thang hang.

Gidi Trong A ABE va ACBE co — 48— BC __pp, AB_sinZAEB
sin ZAEB sin ZCEB BC  sin Z/CEB
Tuong tu d6i véi A AKE va A CKE co 2K _ SIn<AEB o,
AE  sin ZAKE A
. CK sinZCEB
va == (3)
CE sinZCKFE B
Nhan vé v6i vé clia (2) va (3)ta co . CE _ SZAEB )
CK AE smZCEB
, AK CE AB
Két hop (1)va (4)ta co 2o == = 22 (5
P (1)va (@iaco = =22 () D
Tuongty S AL _ €D g) 5 £C AC_EF )
EP AC DE A0 EC ~ FA

AK CP EQ _AB CD EF -1
CK PE’ QA BC DE FA

Nhan ting veé (5),(6),(7)ta co

.Chiing t6 AD,CF,BE déng quy,ap dung b6 dé | ta co diéu chimg minh

Bai tap6.
Cho 2 duong tron tam O va O' cat nhau tai A,B.L&y C trén (O) sao cho C nam trong (O").P,Q Ian lugt 1a giao
diém cla AC,BC vai (0')

i) Chimg minh: Néu £ OAQ'=90° thi PQ la dudng kinh clia(0')

ii)Gia st PQ la duong kinh clia(O')véi méi diém C ndm trén cung tron AB va nam bén trong (0') (C c6 thé
trung A,B).

Chimng minh : £ OAO'=90°.
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Gidi,

)Goi E,D Ian luct 1a giao diém clia OC véi (O')

Ta dé& dang cm duoc AP la phan giac £ DAE va BQ la phan giac £ DBE.Do d6 P,Q la diém chinh gitta cung
EBD va EAD=>dpcm

iyNéu C tring A hodc B thi A APQ va BPQ la tam giac vuong.

Lay H la giao AB va OO'|K la giao clia AP va (O')

ViK ciing nam trén (O')va AP la phan giac £ HAO' nén ta co

2 A0Q'=2 ~ ABK= 2 HAQO'=>A OAQ' vuong tai A

Bai tap?7.

Cho A ABC ni tiép (0).Lay P sao cho PB,PC I tiép tuy&n vai (O) va M la trung diém canh BC. Chiing minh :
AM d6i xting AP qua phan giac £ BAC.

Gidi.Ta xét truang hop A va P nam khac phia d6i véi BC K 1a giao clia AP va (0).H la giao clia KM va

(0).Theo b6 dé Il giao diém clia phan giac .~ ABK va £ ACK ndm trén AP do d6 % = %(1).Bén canh

d6 A MBK dong dang véi A MHC >MB _ ﬁ. A MCK dong dang véi A MHB=> MCE _CK ma
MH CH MH BH
MB=MC nén ta c6 BK _ K (2).
CH BH

Tir (1)va (2) ta ¢6 => A ABC déng dang A HBC => £ ACB= ~ HBC=>BC/AH =>PM L AH=>H d6i xiing A qua

PM K' d6i xtng K qua PM=>K' |4 giao diém clia AM vai (O) R /\ A
Vay phan giac £ BAC la phan giac £ KAK'

Trudng hop A,P ndm cung phia d6i véi BC cach chdng minh tuong tu.

iV.Mot s6 két qua tdng hap vé tit giac toan phan néi tiép

*Chling ta coi xét dGi véi tr giac toan phan co 4 dinh A,B,C,D nam trén dudng tron tam O ma cac canh
khong di qua tam (B ndm trén canh MC,D nam trén canh NC ) .Giao diém clia dudng chéo AC vaBD [a S.

*Két qud 1:
Néu duong thang MS cat (0) tai 2 diém P va Q thi NP va NQ I3 tiép tuyén vdi(O) tai P,Q.Diéu khang
dinh trén cdng ding néu AC va BD Ia duong kinh cua (0)

Chung minh: Ta |ay P' va Q' trén (O) sao cho NP' va NQ' Ia tiép tuyén .Déi vdi tr giac AP'BQ', giao diém gitra
2 tiép tuyén vGi duang tron tai A,B nam trén P'Q'.Tuong ty dai vai tir giac CP'DQ, tiép tuyén véi dudng tron tai
C, D cét nhau tai mot diém thuoc P'Q' .Theo bd dé 1 giao diém clia CA va BD cling nhu clia AD va BC nim
trén P'Q'.Do d6 P'va Q' trung vé6i P va Q .

Né&u CD di qua tam O thi ti€p tuyén tai C va D song song vé6i nhau.Tiép tuyén vai dudng tron tai A va B cat
nhau tai Z trén P'Q". Néu H,la giao clia AC va P'Q' thi A ZAH, |a tam giac can tai Z. Néu H, la giao diém
clia BD va P'Q' thi A ZBH, ciing la tam giac can tai Z.Vay H,, H, nam trén canh ZQ' va thod man diéu kién
ZH,=ZH, do dé H, trung H,.
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*Két qud 2
Céc cap duong thang ON va MS ,OM va NS,MN vé OS thod méan diéu kién ON L MS,0ML NS,va
OS L MN(bai todn Brocard )
Chig minfrNi M va S ndm trén dudng thang chira day cung PQ va PQ vuong goc véi ON
*Két qud 3:
Cho KL In luot 13 trung diém cdc duong chéo AC vé BD ta cé

MK NK AC

ML NL BD

: Vi A MAC dbng dang A MBD => MK :@.
ML AC

A NAC dong dang A NBD => NK _ BD
NL AC

*Két qud 4

Cho bén kinh cua 4 duong tron ngoai tiép cic A NBC,NAD,MCD,MAB lin luo¥ I3 R,R,R,R, ta ¢
R.R, R,R,

CB.CD AB.AD

Chimg minh. A NBC dong dang véi A NAD do d6 ta co % = %
2

A MCD dong dang véi A MAB ta c6 R, _CD Nhan 2 vé ta dugc R.R, _ BB,
R, 4B Ch.CD  AB.AD

*Két qud 5:
Ban kinh cua cdc duong tron ngoai tiép A NAC,MAC,NBD,MBD [4n uot I3 r, Iy Iy I,ta €O r.r,.15.1,
Chuing minfr A NAC déng dang véi A NBD => 1 = %

n
A MBD dong dang A MAC ta 62 = % , suy ra diéu phai chimg minh

¥y

A

*Két qud 6 :
Phan gidc cdc goc ~ CMD, £ CNB vudng goc vdi nhau.Giao diém ctia ching nam trén duong thang
di qua trung diém 2 duong chéo AC va BD
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Chung minh. Ta dé dang ching minh duoc 2 dudng phan giac vuong goc véi nhau .Ta dé y rang phan giac
cla ~ CMD dong thai la phan giac goc KML.Phan giac clia goc CNB cling dong thoi 1a phan giac goc
KNL.Theo phan 3.3 ta c6 dpcm

*Két qud 7.

4 duong tron ngoai tiép A /!ICD ,NBC,MAB,NAD cing di qua diém M, nam trén duong chéo MN vi
OM, L. MN(M, duoc goi la diém Mikel)

Chimg minf. Buong tron di qua 3 diém N,B,C cat véi duong thang MN tai M,.Vi M ndm ngoai dudng tron
ngoai ti€p A NBC do d6 M, nam trén canh MN .Ta thay

ZMMB=~BCDva £ MAB= £ BCD.Bén canh do M,va A nam vé mot phia d6i véi duong théng BM (M, va A
cung nam trong £ MCN) .Vay tr giac AM,MD noi ti€p .Tuong tu cac tir giac AMND, MM,DC va NM,BC ndi
tiép .(Giao clia MN va OS la M,'.Theo két qua 2 ta c6 OM,' L MN). Vi AD la truc dang phuong cla duong tron
(0) va (ADN) va M nam trén AD vay ta c6 MM, . MN = MO?R?.Tuong tu N nam trén truc dang phuong cla
(O)va (ABM) (R la ban kinh clia dudng tron (O)),ta co NM, . MN = NO*R?

2 p2 2 p2
Tir nhitng két qua trén ta co MMk=MO—R,NMk= NO“=R”
MN MN
2 p2y2 2 p2
va MN?= MOZNO%2R? => MM, =N 2= MO = R )MN(N 0" =R _MozN©?

Ching t6 OM, L. MNva M tring M,

*Két qud 8.

T4m ctia 4 duong trong ngoai tiép A MCD,NBC,MAB,NAD va diém Mikel cing nam trén mét duong tron
Chung minh. Dau tién ta phai ching minh b8 dé phu sau

B6 déVsi 3 diém A,B,C cuing nam trén mét dudng thang va diém L khong nim trén AB.Goi K,M,N 1an luot 1
tam clia cac dudng tron ngoai tiép t ABL,BCL va ACLthi cac diém K,L,M,N cung nam trén mot duong tron

Ching minfr.  Trung diém LA, LC 14 1,J.Ta thdy A KLM déng dang véi A ALC va A ILJ déng dang véi A
ALC.Do d6 A KLM déng dang véi A ILJ va ta c6 £ LKM= 2 LIJ.Ta thdy K,M tuong (ng nam trén IN va JN
vi Z KLM= Z ILJ va t(r giac LINJ ni ti€p dudng tron do dé tir giac LKNJ noi tiép dudng tron

Bay gid quay trd lai vdi két qua 8 Goi tam cac C

duong tron ngoai ti€p A ABM, AND, CDM, BCN

La 0,,0,,0,,0,.S( dung b3 dé d6i véi 3 dudng R D
Tron(0,),(0,),(0,) ta thay rang cac diém M,,

0,,0,,0,nam trén cung mét dudng tron M

Tuong tu cac diém M,, 0,,0,,0, ndm trén

Cung mét dudng tron ma cac dudng tron nayco 3
diém chung khac nhau nén ching phai

tring nhau, suy ra diéu phai chitng minh

*Két qud 9:
True tém cda cdc tam gidgc MCD,NBC,MAB,NAD co cung phuong tich tdi cdc duong tron duong kinh
AC,BD.MN
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Chiing minfTryc tam cla A AND ki hiéu 1a H,.Cac dudng thangH,,NH,,DH, tuong tmg vudng goc Vi
ND,AD,AN tai X,Y,Z. X nam trén duong tron dudng kinh AC,Y nam trén duong tron dudng kinh MN va Z nam
trén duang tron duon kinh BD.Phuang tich tir H,dén nhimng dudng tron nay bang H,X , H,Y , H,Z .Trong
dudng tron ngoai ti€p A AND ta c6 H, X =H,Y =H,Z ching té H, c6 cung phuong tich véi cac dudng tron
nay.Tuong tu truc tdm cla cac A MCD,NBC,MAB c6 cung phuong tich téi cac dudng tron ducng kinh
AC,BD.MN

*Két qud 10

True tim cua cdc tam gidc MCD,NBC,MAB,NAD nam trén cung mét duong thang A

.Trung diém cia 3 duong chéo AC,BD,MN nam trén cung mét duong thang (Puong thang Gauss) va
duong thang nay vuéng goc voi 1 .

Chuing minfrTheo két qua 9 thi truc tam cla 4 tam giac ciing ndm trén dudng truc dang phuong clia 2 duang
tron duang kinh AC va BD.Tuong tu nhu vay trong bai nay cac tryc tam  cling nam trén duong truc dang
phuong clia 2 duang tron dudng kinh AC vaMN.Ta biét rang truc dang phuang clia 2 dudng tron thi vuéng goc
v6i dudng ndi tam clia 2 dudng tron

*Két qud 11:

Diém S nam trén 2 (diém Son)

Chig minfrPhuong tich clia S dén cac dudng tron duang kinh AC va BD bang S4.SC , SB .SD

Vi ttr giac ABCD noi tiép dudng tron do d6 SA.SC =SB .SD va S thudc truc dang phuong ciia dudng tron
duong kinh AC va BD.Theo két qua 9 ta suy ra S thugc A

*Két qud 12

Duong tron duong kinh AC ,BD va MN giao nhau tai 2 diém trén

Chuing minfr. vi S nam bén trong 2 dudng tron dudng tron dudng kinh AC va BD ma A di qua S=> A phai cat
méi dudng tron tai 2 diém xac dinh ¢ phuong tich bing 0.Giao diém clia 2 dudng tron ndm trén A .Chlng ta
biét rang A la truc dang phuong clia duong tron dudng kinh AC va MN va A cat duong tron dudng kinh
AC.Vay cac duong tron dudng kinh AC va BD ,MN di qua 2 diém ma c6 phuong tich bang 0

*Két qud 13:

Diém Mikel,S va tim O nam trén cung mét duong thang vé thod man diéu kién OS.OM=R’ vdi R I3 bén
kinh (0)

Chuing minfrTheo két qua 2 va 7 ta nhan thay 3 diém 0,S,M, ciing ndm trén mot dudng thang LAy | 13 giao
cla 2 tiép tuyén tai B va D.Theo b6 dé 1 1 ndm trén MN.OI vuéng géc véi BD tai trung diém J clia BD.Tur d6
1,J,M,,S cung nam trén mot duong tron,ta c6 OF.OM,=0J.01=0B*=R%

*Két qud 14:
Cho Tva T, 14 2 ti gidc toan phén ndi tiép trong cung mét duong tron.Néu diém Son cda T, va T, tring

nhau thi diém Mikel ciaT,va T, tring nhau.Nguoc lai néu diém Mikel cia T, va T, tring nhau thi diém
Son cua Tva T, clng trung nhau.

Chiing minf.Suy ra tir két qua 11.

Két qud 15
Cho T, va T, 4 2 tir gidc toan phan néi tiép trong 2 diuong tron déng tim .Néu diém Mikel va diém Son
clia cdc tir gide trung nhau thi 2 duong tron cing trang nhau

Két qud 16:
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Giao diém cia /. va duong l/)éﬂg di qua 2 trung diém ctia AC va BD nam trén duong tron di qua
S,diém Mikel M, va trung diém ctia MN.Duong tron do true g/ao voi duong tron (0) (2 duong tron duoc
901 13 trie giao vdi nhau néu chiing cdt nhau va cac tiép tuyén vdi 2 diiong tron tai diém chung vuéng
goc voi nhau)
Chig minhGiao clia A va duong thang di qua trung diém AC va BD 1a U trung diém MN 1a K.Ta thay U va
M, nhin canh SK dudi mot goc vuéng tic la £ SUK= £ SM,K=90°vi véy 4 diém S,U,K,M, nam trén cing mot
duang tron nén phuong tich clia O vai dudng tron Son bang OS.OM, =R? diéu do ching té dudng thang qua
O va diém chung clia 2 dudng tron la tiép tuyén cla dudng tron .
V.M6t s& két qua tong hdp vé i giac toan phan ngoai tiép

*Xét tir giac toan phan ABCDMN (B thudc canh MC,D thudc canh NC) véi tir giac ABCD ngoai ti€p dudng
tron tam 0.Cac diém A,,B,,C,,D, lacactiépdiém clia dudng tron véi cac canh AB,BC,CD,DA

*Két qua 1
Giao cua cdc cap duong tlling AB,vé CD,, AD, vi CB, (néu ching ton tai ) nam trén MN.Giao clia
A,C, va D,B, trung vdi giao diém cua AC va BD.

Chung minh: ta thay néu giao clia cac cap A,B, va C,D,, A,D, va C,B, ton tai gia sir la M, va N, thi tr giac
A,B,C,D;M,N, la mot tir giac toan phan noi ti€p .S dung tinh chat clia tr giac toan phan noi tiép, ta co diéu
phai chiing minh
*Két qud 2

MA+MB+NB+NC=NA+ND+MD+MC
Chung minf Ti diéu kién AB+CD=AD+BC ta suy ra NB-NA+NC-ND=MC-MB+MD-MA.

*Két qud 3:

Ldy T=AB,CDMN, vi A LB,COMN, la cic tr gidc toan phan néi tiép vdi A,B,C,D, A,B,C,D, cung
ngoai tiép duong tron fam O.Néu diong chéo cua tir gidc AB,C,D, A,B,C.D, cat nhau tai mot diém thi
céc dinh M,N,M,N, nam trén cung mét duong thang

*Hét qud 4
Néu cdc tiép tuyén chung ngoai cia 2 duong tron ndi tiép A ABM va A AND giao nhau tai K thi K thuéc
duong thang MN

Chung minf.  Ding phép vi tu tdm M bién dudng tron ngoai ti€p A ABM thanh dudng tron ndi tiép tir giac
ABCDva phép vi tu tam N bién dudng tron noi tiép tr giac ABCD thanh dudng tron noi ti€p A AND.Do dé tam
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clia phép vi tu bién duong tron ndi ti€p A ABM thanh dudng tron noi ti€p A AND la giao clia cac dudng ti€p
tuyén chung (1a K).Theo tinh chat clia tam c&c phép vi tu ta ¢6 3 diém M,N,K thang hang.

*Két qud 5

Ldy 0,0, fuong ung la tam cdc duong tron ngi tiép A ABM vé A AND.P I3 giao diém ctia 00, va AB ;Q
12 giao diém cia 00, va AD. Chimg minh rang PQ, 0,0, va MN song song hodc dong quy.

Chimg minh. Ta d& dang nhén thdy P va Q la tam cla phép vi tu bién (O,) thanh (0),va bién (O) than
(0,).Néu 2 duong tron (O,),(O,)bang nhau thi MN,0,0,,PQ song song .Néu (O,),(O,) khac nhau thi
PQ,MN,0,0, dong quy.

*Két quid 6:

Néu O, I tim duong tron ndi tiép A AMN,E /3 giao AM vé 0,0;, F I4 giao cda AN va 0,0, thi PQ, EF,
MN song song hodc déng quy

*Két qud 7:

Cho (0)) lé dnh cda (0, ) qua phép doi xuing tdm 13 trung diém cda AB,va (0") I3 dnh cia (0,) qua phép
doij xing tim Ia trung diém AD.Néu (0) tiép xic AB tai A;va (0°) tiép xic AD tai D’ thi cdc diém A, A;
D’,0 nam trén cung mét dutng tron.Néu (0) cdt (0") tai 2 diém X,Y thi hinh chiéu cia O trén XY nam
trén duong tron di qua 4 diém A,A;D;0.

Chiing minfr. Ta thay (O') tiép xdc AB tai A, va (O") tiép xdc AD tai D,.=>(O')va (0") tiép xdc véi (O ) tai A, va
D, va XY diqua A.Ta cé OA, L ABvaOD, L AD.Turdé A,D, nhin OA dudi 1 gbc 90°

*Két qud 8:

ChoT=AB,CDMN,vaT=A szczuzMzAlz la cdc tir gidc toan phan vdi AB,C,0, AB,C.D, cung ngoai

tiép (O).Néu cac duong chéo cia tr g/ac AB,C.D, AB,C.D, cit nhau tai mot diém thi cdc dinh
M,N,M,N, nam trén cung mét duong thang

Tai liéu tham khao
1. Tailiéu hinh phang (tiéng Anh) ctia P& Thanh Son.
2. céc bai toan vé hinh hoc phang cta V.VPRXOLOV
3. Tailiéu trén mang

CHUYEN DE HAM SINH

Thac sj : Pham Quang Thing
T6 Toan T.H.P.T Chuyén Thdi Binh

Trong viée bdi dudng hoc sinh gioi thi cac bai toan to hop, phan hoach céac tap hop la mot bai
toan rat kho, cac dang bai tap nay thuong dugc dua vao dé thi trong cac ky thi hoc sinh gioi
quéc gia, ciing nhu qudc té. Ham sinh 13 mot cong cu hiéu luc dé giai quyét dang bai tap nay.
Khai niém ham sinh don gian, d& hiéu nhung tmg dung thi rat tuyét voi. Chuyén dé nay trinh
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bay khai niém vé ham sinh ciing nhu tng dung ctia né trong cac dang bai tap khac nhau. Cau
truc cua chuyén dé gom.

A. Dinh nghia
¥ Dinh nghia ham sinh
¥t Vidu vé ham sinh
3% Céng thic khai trién Taylor
3¢ MOt sb tinh cht ciia ham sinh
B. Ung dung ciia ham sinh
> Tim ddy s6
= Phuong phéap
= Bai tap ép dung
> Tinh tong té hop
= Phuong phéap
= Bai tap ép dung
> Ung dung ctia ham sinh trong cdc bai toan phéan hoach tdp hop

C. Bai tap twong tu

A. Dinh nghia
1. Dinh nghia
Cho ddy s6 {a, } . Tong hinh thirc F(x)=> a,x" goi la ham sinh sinh béi day {a, } va ta ky

n>0
hiéu {a, } —F
Nhan xét: Mdi day sb {an} cho ta duy nhat mot ham sinh va nguoc lai. Pé tim hiéu tinh chat

cua day so ta c6 thé tim hi€u tinh chat cua ham sinh sinh boi né

1
limyfa, |
R = 0 chudi trén phan ky.

Céc chudi trong chuyén d& luén hoi tu ( néu khong c6 giai thich gi thém).

2. Vidu:
Day {1}«

Bén kinh héi tu cua F(x) 1a R = nghia la voi VX,

x| <R thi chudi trén héi tu. Khi

vi 1—|—X+X2+---:L,V|X|<1
1—x 1—x
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1 1
Tuong tu ' — m" < , Mm=const
gt {( ) } 1+x { } 1 —mx
3. Cong thirc khai trién Taylor
Gia st f(x) 12 ham s6 lién tuc, c6 dao ham moi cap trén khoang (a, b); X, € (a,b). Khi d6 ta co

o oz F™ (%)
cong thirc khai trién Taylor: f(x)= Z—'x
n>0 n'
(n)
Khi 0 (a,bytaco f(x) =3 Dy
n!

n>0
Vi du:
a. Voi f(x)=e¢' =f"x)=¢"=f"0)=e"=1, Vn

=fx)=) . Vay {i'} e

Xn
"= n! n!

b. Véi f(x)=(1+x), NeR =fP0)=\\—1...\—n+1)=n!C"

>\(>\—1)..1.1(!>\—n+1) :>f(x):Zn:C§x“

Khi XeN"tacé C" =0, ¥V \<n ta co cong thirc khai trién Newton

0do C} =

. * , n n n n n n 1
Khi \=-mmeN tacs C,=C", =(-1'C,,,, = {D'Ci..} “TFor
4. M@t sé tinh chit.

Cho {a,}<—F, {b,}< G khido6 taco:
w= {a, £b,} < F+G (1)
w= {ka,} = <kF, VkeR (2)
= { > akbl} —~FG (3)
k+1l=n
— —_— —_—— e — hil
- {aﬁh} - F—a,—ax i a, X heN @
X
= {(n +Da, ., } — F' (5)
B. I'J’ng dung
L. Tim day so.
1. Phuwong phdp

& DPe¢ tim ddy s {a, } . Ta xét ham sinh sinh boi ddy {a, } 1a F(x)=>) a x"

n>0

& Dua vao dic diém ctia ddy {a, } ta tim dugc F(x)

& Pong nhat thie s& thu duge diy {a,}

2. Bai tdp ap dung

Fn+2 = FnJrl + Fn

Bai 1 (Day Fibonacci) Tim déy s Fibonacci thoa mén diéu kién: E —O0F —1
o — b4 =

Loi gidi: Xét ham sinh F(x) sinh boi day {F, }
Ta co {Fn+2} - F;ZX, {Fn+1 } — £ (do tinh chat 4)
X X

Vay ta c6 phuong trinh:
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+F ( Do gia thiét ctia bai toan 1)

X 1 1 | | 145 [1=5)] .
& F= —m—s=—+ — =— — X
I-x—x> 5. 1+5 1-+/5 5|l 2 2
l-—————x 1l——x
2 2
. Ll[1ev5] [1=45)

Viy F =— —

NA . 2
Bai 2: Tim s6 tap con cua tép {1, 2, ..., n} sao cho trong mdi tap con khong chira hai phan tur
lién tiép.
Loi gidi.
Goi F 1a s6 cac tap con nhu vay.
Chia céc tap hop con ctia {1, 2, . . ., n}ma trong mdi tap con khong chira hai phan tir lién tiép

thanh hai nhom.
= Nhom khong chia n: s6 tap con nhu vay 1a F ,

= Nhom chran : dola {n} va cac tap con dang
{al,az,...ak,n},ai =n—1,Vi=1,..,k;Vk=1,...,n trong truong hgp nay c6 F, _, tap
con.

Vaytaco F, =F | +F |,
D& thay F(1) =2, F(2) =3

n+2 n+2
, o , L{(1e5] (1=45]"
Apdungbaitagp 1tacd: F =— —|—
NG 2
Bai 3: Tim sO tap con k phan tir cua tap {1, 2, ..., n} sao cho trong mdi tp con khong chira hai
phan tr lién tiép.
Loi gidi:
Goi F, la sb cac tap con nhu vay.
Chia céc tap hop con k phan tir ctia {1, 2, . . ., n}ma trong mdi tap con khong chira hai phan tir

lién tiép thanh hai nhom.
* Nhom khong chira n: s6 tap con nhu vay la F

= Nhom chran : dola {n} va cac tap con dang
{a,,a,,...a,,n},a, =n—1Vi=1..kVk=1..,n trong trudng hop nay c¢6 F, ,, , tap

con.

Vaytaco F,, = E o +E o0 voik>1 (*)
Xét ham sinh:
E (x)= Z Fn’kxn
n>1
x’ .
T hé thirc (*) taco: F (x)= :kal(x) , ap dung lién tiép cong thurc nay ta dugc:

2k—1

X 2kl i i i i+2k—1
FE(X)=——77=X § :C—kflx = E :kaflx

(I-x) i>0 >0
Dong nhat thire ta thu duge F,, =C" "' =C2*'=Ck
Nhdn xét : Két hop hai bai tp 2, va 3 ta thu dugc hé thuc rat dep: > Ck ,, =F,,
k
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Bai4: Tim day {a,}thoa man: {

Loi giai:
Xét ham sinh f(x) sinh béi day {an} , trong ty nhu bai tp 1 ta c6 phuong trinh:
f—2x 4f

=23
x? X
e L 1 | (Miuthicos A'=—4=42)
1+4x +8x 2i(1—(=2+2i)x 1—(—-2-2i)x

1 \n n o
—E;[(—Z—FZI) —(-2-2i)"k
Pong nhit thirc ta duoc
4 - (—2421)" —(=2-2i)"
" 2i

] ) 1 S

2i

= (=24/2)"sin %
4
Bai_5: Tim s6 hang téng quat cta day {xn } thoa man:

Xy =%, =0
X, —0x,,,+9x, =2"+n

n+2 n+l1

Loi gidi:
bat {Xn}<—>f(X) ta c6 phuong trinh :
f(x)_?_o'x—6f(x)+9f(x): 1 n X :
X X 1-2x  (1—x)
x’ 1 X
& f(x)= +
) (1-3x)*[1-2x  (1—x)°
Viét f(x) dudi dang:
f(x)—x2 1+x_a+b+c+d+e
(1-3x)"|1-2x (1-x)"| (1-3x)> 1-3x 1-x (1—-x)> 1-2x
Quy ddng mau s rdi dong nhat hé sb ta thu duogc:
a:i,bz—é,c:O,d:l,ezl
12 3 4
5 5 1
x’ 1 X 12 3 4 1
i ) (1-3x)*[1-2x  (1—-x)°| (1-3x)> 1-3x (1-x)° 1-2x
Ta co:
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L 3 [ ] e
a8 = (1—3x)2_[1—3x] SRR
1 1 .

E —ily= (l—x)z_ll—x]H{nﬂ}

1 n

o 2

2" +n+1+5(n—3)3"
4

5 5 1
Vay: x. =—m+D3"—=3"+—(n+1D)+2"=
ay © X, 12( ) 3 4( )

II. Tinh tong

1. Phuong phdp
Pé tinh tong f(n) = ZSm (n) ta xét ham sinh:

F(x)=) fn)x"=)" [Z Sm(n)x“J (*)

Sau d6 st dung phuong phap doi tong dé tinh vé phai cua (*) réi dong nhét thirc hai vé ta duoc
f(n).

2. Bai tap ap dung
Bai 1: Tinh tong sau: ZCE*“
k

Loi gidi:
bat f(n)= Z C}™* xét ham sinh :

k

F(x)=) f(n)x" = Z[Z c;kx“]

Bién d6i F(x) ta co:

F(x)= Z[Z Cﬂkx“] = Z[Z Cﬁkx“kxk]
_ Z[Z CEank]Xk _ Z (1+ X)kxk

1
= X2 —|— X k = ———
; ( ) 1 _x— X2
Vay F(x) chinh 1a ham sinh cta day Fibonacci, do do:

f(n) = Z Ci*=F,,

k
Bai 2: Tinh tong sau: ~ » (—1)"CiCY
k=n
Loi gii:

bit f(m)=> (—1)"CEC}' xét ham sinh:
k=n
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F(x)= ) f(m)x" = Z[i(— ncker

m \k=m

=Y (=DrCE>oCrxT

k<n m<k k<n
=D (=D C 4 = (=D (1 +x—D)"
k<n

— (_ l)n Xn

Poéng nhit thiic ta co:
—1)" khim=
f(my= {7 Khim =
0 khi m <n

Bai 3: Tinh tong sau: ZCECE
k=n

Loi gidi:

bit f(m)=>) CiC; xét ham sinh:
k=n
F(x)= ) f(m)x" = Z[Z cﬁcg‘]xm
m k=m

=> Ck chxm] =Y CE1+x)*
k<n

m<k k<n
= (14+x+1)" =2+x)"

Mit khac theo cong thirc khai trién Newton ta co:
(2 + X)n — Zznﬂn C;nxm

Dong nhit thirc ta c6:  f(m)=2"" cr

Bai 4:
:
a) Tinh tong sau:  »  C'x*
k
b) Tinh tong sau: ~ » CC, 3 'x*
k

Loi giai:
a. Ta co:
l2k+1

Z:CLZIXk = ZCLlezk —1—2 anlxzkﬂ
=) CEE) +xD_Ch ()"
=(1+x)"+x(1+x7)"
={0+x)1+ Xz)“

m—k
2

x* . Xét ham sinh:

n “n-—k

b. bat f(m)=> CiC
k
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m—k

padivl

k

F(y)=> f(m)y" =)

m

m—k
m

:Z:C‘;Xk ZCIZy
k m

"]

-paslediie]
k

Ap dung cau a ta co

m—k

SO 2y = () y?)

m

ZCE 1.\/‘“‘k
=Y Cixy) A+ y)A+y) "

=(1+y)>_Cixy)d+y)™

= F(y)=> _ Cix"y*
k

=(1+y)1+xy+y’)
Khix=2taco: F(y)=(1+y) """ = Z:C'n“ym do d6 dong nhat cac hé s ta

m

m—k
CO zcn n— k ] 2n+1
Kh1x—-2tac0 :

F(y)=(+y)1-y)> =0—y)" +y(0-y)*" =3[ D"Cq + (D™ 'c' "
Pdng nhit thirc ta duoc :
mfk]

S 2 (=2)f = (e —cn
k

; (-1 k
Bai 5: Tinh tong sau: f(n)= ZCnmfkaEk )
k+1
Loi giai:
Xét ham sinh cua day {f (n)} ta co:
F(X)_Z Zcm+2k k ( 1)
n+k 2k k—l—l
B 7k m+2k _, n+k
C X
2k k—l—l [Z n+k ]
ta co:
m2knk mZk m+2k _n—k—m— m2k nkmnkm
ch:k ! ’ ch:_k P=x" ch+k
_ m 2k n—k—m _ o, m+2k —(m+2k+1)
=x" ZC—(m+2k+1) =X (1-x)
B Xm+2k
- (1 o X)m+2k+1
Vaytaco:
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. (_ l)k L Xm+2k
F(X) = zk: Czk k +1 X (1 o X)m+2k—0—1

k
x" 1 —X
X S
(I_X)m-HZk: 2kk+1{(1_x)2}

—x"! 4x
T 2(—x)™! {1_ b (1—x)2}

B —x™! 1 1+x
2(1—x)™" 1—x

. X
(1-x)"
Mét khéc: (1 jx)m = sz:(:nm+n—lXn = Zc?n+n—lxn+m :Z CIT:IIXH

n+k k+1
1. Ung dung cua ham sinh trong cac bai toan phan hoach tap hgp.
Bail. Tim s6 nghiém nguyén khong am cua phuong trinh:
X, +X,+--+X, =m v6im,nlacac s6 nguyén duong cho trudc (*)
Loi gidi:
Ta xét ham sinh:
F)=(1+x+x"-)(1+x+x"--)--(I+x+x")  voi[x<]
n tich

MGdi sb hang trong khai trién F(x) thanh tong c6 dang x

\ . —1*
Pong nhat thirc ta nhan duge: f(n) = Z Ccri2kCk, (Sl cr
k

X +Xp X,

trong d6 x, >0, V1 nhu vdy
quan sat tong tir trai qua phai mdi khi ta gip lily thira cia x bang m thi trong biéu thic khai trién
thu gon cua F(x) hé sb cua x™ duoc tang 1én mot don vi, do d6 hé s6 cia x™ trong khai trién
cua F(x) thanh tong chinh la s6 nghiém cua phuong trinh da cho. Vay ta can tim hé sé cua x™
trong khai trién thanh tong cua F(x).

Tacéd: F(x)= a _lx)n =(1-x)"= kzw(— nck x*
0do: C* = —n(—n—1) -1-(-'(—n—k+1) _ (=D*n(n+ 112;--(n+k—1) — (-,

m
n+m—-1 ?

Vay hé s6 ciia x™ trong khai trién F(x) 1a C d6 ciing 14 s6 nghiém ctia phuong trinh (*).
Bai 2: Cho n € N va gia st ring phuong trinh:

Xx+2y=n ¢6 m, nghiém trong N?

2x+3y=n—1 ¢6 m, nghiém trong N}

nx+(n+1y=1 ¢6 m_  nghiém trong N}

2

(n+Dx+Mn+2)y=0 c6 m _, nghiém trong Nj
Chimg minh rang : ka =n+1
k

Loi gidi:
Ta xét ham sinh:

E(x):(l+x—{—x2---)(l+x2—|—X4---):11 r ! = voi 0<[x[<1
—X 1—X
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Khai trién F,(x) thanh tong thi cdc s6 hang la cac lily thira ctia x véi s6 mil ¢6 dang i + 2j. Vay
m, chinh 12 hé s6 cia x" trong khai trién F,(x) thanh tong. Do d6 ta co:
FI(X):"'+len +...
Ly luén tuong tu ta co :
Fk(X) :...+mkxn+l_k +
Sx""FEx) =+ mx" +--
1 1

k- K+l °
1—x**

0dé E(x)=(1+x"+x™ - )(1+x""+x .y =

Suy ra: ZXk_le(X):---—i—kaXn +---
k k

Mat khéc : ZXlHFk(X) Z(l ))(:l k+1) < IX Z

Hé sb ctia x" trong khai trién Zxk 'F.(x)1a h¢ s6 cua x
k

V k=1---n+1
1—x

1 ]_ 1
1—x* 1—-x"") x(1-x)

"' trong khai trién ctia

1 1
(1-x)> (1-x)(1—-x"""
Vay ka =C"'—C"'=n+1

Bai 3: Cho hitu han cap s6 cong, sao cho mdi s6 tu nhién khac 0 1a mét phan tir ciia diing mot
cap s6. Chimg minh rang c6 hai cép s6 cong trong sd céc cap sd cong trén ¢ cling cong sai.

Loi gidi:
Gia str co m cap s6 cong {a; +nb },j=1,...,m ma moi s6 tu nhién la phan tir ciia ding mot cap
s0. Ta co:
m m a;
nb, X
ST =S X el
=1 n>0 o l—x"
. b
\ a.+nb;
Ma ZZX’ ’:Zxk V| x|<1
j=1 n>0 k>1
J
-y )
j=1 1—X !

Gia str khong c6 hai cip sd cong nao ndi trén co cung cong sai, suy ra tap hop {bl,bz,...bn } la
hitu han d6 d6 ton tai duy nhat phﬁn ttr 1on nhat, gia st dola b, . Goi € la mot nghiém khéc 1 cua
phuong trinh x” =1 thoa méan " =1, Vi:1<i < mkhi d6 thay € vao phuong trinh (*) ta thay
vé trai 1a hang s6 con vé phai bang oo

Vay gia su la sai (dpem)

Tiép theo ching ta quan tam dén mét dinh 1y ma dinh Iy nay song hanh cung ham sinh trong gidi

todn t6 hop rat hiéu qua.
Dinh ly RUF (Root of unity filter)

27
Gia st F(x)=) f,x" laham sinh cua ddy {f, },véi e=e" (ela cin bic n cla don vi) ta co:
k

SOf, [F(l) +F(E) 4+ FE" )

k>0

Bai 4.(Rumania — 2003)

Cho tap A={2, 3,7, 9}

Tim s6 cac sd c6 n chit s6 14p tir A ma s6 d6 chia hét cho 3

Loi gidi.

Ta can tim sb cac by (X,,X,,...,X,), X, EA Vi=l, ...,n saocho: (x,+x,+---+x,)3
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Tuong ty nhu bai tap 1 ching ta xét ham sinh:
Fx)=(x"4+x’+x"+x")"
Ly luan nhu trén ta c6 s6 cac s can tim chinh 13 téng cac hé s6 cua cac liy thira c6 s6 mil chia
hét cho 3.
Gia st F(x) 6 khai trién F(x) =) f,x"
k>0
Chiing ta can phdi tinh P = Z £,

k>0

2

Ap dungdinh Iy RUF taco: P=) f, = %[F(l) +F@E)+FE)], e=e?

k>0
F(1) =4"
Fe) =+’ +e'+&°) =@E+1+e+D)" =1
Fie?)= (" +e"+e* +e) = (e +1+* +1)" =1
442

Vay P=

Bai 5.(IMO-95)
Chotaphop A={1,2,...,2p},pla s6 nguyén t6. Tim s cac tap con ctia A thoa man:
+) Mbi tap co dung p phan tur.
+) Tong cac phan tir ctia tdp con do chia hét cho p.
Loi guu

bé giai bai toan bing phuong phap ham sinh ta phai st dung 2 bién X, y: Luy thua coa bién x
dé tinh tong cuia cac phan tir ciia tap con, lity thira ciia bién y dé tinh sé phan tir cua tap con do.
Gia st khi da co mét tap con cua B, khi thém mot phan tr m vao tap con d6 thi tong cac phan tir
s& tang 1én m don vi va s6 luong phan tir cia tap s& ting 1én mot don vi. Nhung ta phai giir lai
nhiing tap con khong chtra m trudc khi thém m vao, do d6 trong ham sinh s€ chira cac nhan tir

c6 dang 1+ x"y.

Xét ham sinh nhu sau:

F(x,y) = (1+xy)(1+x’y)...A+ xy)

Khai trién duéi dang tong ctia F(x, y) ¢6 dang:  F(x,y) = Z XY

Ta s€ di tim y nghia cua f, . Khi khai trién F(x, y) thanh tong thi cac s6 mii cta x c6 dang
X, +X, 4+ X, VOi X,,X,,...,X, 12 cdc 6 d6i mot phan biét clia tap A, s mil twong ung
cuay lak, nhu vay f , chinhla s6 tap con ctia A ¢6 k phan tir ma tong cac phan tir 1a n. Dé giai

bai todn chling ta phal di im tong P = kap . Z

k>0

Ap dung dinh 1y RUF cho F(x, y) trong d6 ta coi x la bién s6 ta duoc:

2mi

1! ) m
Z fn,kyk :_ZF(EJ’Y)a e=e’
P i=o

k>0,nip

Ta co:

F(Ly)=(1+y)"

FE,y) = (1+ely)1+evy)...(1+ey); Vi>1
Vi p la s6 nguyén t nén {j, 2j, . . ., pit, {(p+1)j, . . ., 2pj} tao thanh cac hé thing du thu gon
mod p, mat khac tacé " =1 do d6 :

Fe',y) = (1+'y)1+ey)..(1+e™"y)
=[(1+ey)d+e’y)...A+e"Y] ; Vj>1
D@ nhan thiy phuong trinh y* +1=0 c6 cac nghiém1a —',— 2,...,— ® do d6 ta co :
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(l—l—ey)(l—l—ezy)...(l—l—epy):l—l—yp

= Yy =§[(l+y>2" -1+

k>0,nip
C) +2(p—1
- mep _ (r—D
nip p
2, +2(p—1)

p

Vay sd tap con tim dugc 1a:

Nhin xét -
v' Néu bo qua diéu kién thi nhét thi bai toan s& don gian hon rat nhiéu, khi d6 ta chi can xét
ham sinh:

F(x) = (1+x)(1+x*)...(1+x*")
Khi d6 s6 tap con can tim 1a

P= f,= %[F(l) +F@E)+-+FE")

k>0

_ 2" +4(p-1)

v Taco thé mé rong bai toan 5 thanh bai toan 5° nhu sau:

Bai toan 5’:
Cho tap hop A = {1, 2, ..., m}, p 12 s6 nguyén t6. Tim s céac tip con ciia A thoa man:
+) Mdi tap c6 dung p phan tir.
+) Tong cac phan tir ctia tdp con do chia hét cho p.

Loi gidi

Ly luan tuong tu nhu bai tap 5 chung ta xét ham sinh:

F(x,y) = L+ xy)(1+x7y)..(1+x"y) = Y f, x"y*

k,n
Va ta can phai tinh tong : P = kap’p = an’p
k>0 nip

Ap dung dinh 1y RUF cho F(x, y) trong d6 ta coi x 1a bién s6 ta dugc:

1 p—1 ) 2mi
Y fy ==Y FEy), e=e?
k>0,nip P i=o
Ta co:

F(ly) =1+y)"
F(e',y) = (1+ey)(1+ey)..(1+eMy); Vj>1
Tavictm=pq+rvoi 0<r<p-—1
Vi p la sé nguyén té nén {j, 2j, . . ., pit, {(p+Dj, . . ., 2pi}, . . .{(q-p+1)j, . . ..qj} tao thanh cac
hé thang du thu gon mod p, mat khactaco e’ =1 do do :
Fe',y) = (1+e'y)1+evy)..(A+e™y)
=[(+ey)1+’y)...Ad+e"Y]* A +'y)A+ePy)...(A1+%) ; Vj>1
=(1+y") (1 +ey)A+ey)...(1+ey)

1 & . 1 p-l 4 . . 1
= Y Ly ==Y FE,y)==1+y")"D _(A+ey)l+ey)...A+ely)+—1+y)"
k>0,n'p P =0 p =0 P

Dong nhat hé so cua yta co :

k>0 p p
Khi n = 2p ta dugc két qua 1a bai toan 5

m
n (P=D—[+C
(p—1g+C p "
P:kap,pzzfmp: ==
n:p
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Bai 6: Chotdphop A={1,2,...,2009}
Tim sb cac tap con ctia A ma tong céc phan tir trong mdi tip con d6 chia hét cho 7
Loi gidi.
Tuong ty nhu nhan xét trén chung ta xét ham sinh:
F(x) = (1+x)14+x%)...A +x>)
Khai trién F(x) thanh dang F(x) = Z f x" ta can tinh :
k

P=3f, = %[F(l)+F(e)+---+F(€6)J

k>0
Vi 7 1a s6 nguyén td, v6i phuwong phép tuong tu bai tap 3 ta co:

F(l) — 22009
FE')=(1+e)1+eY)...1+e*) = [(1+s)(1+82)...(1+g7)]287 — (1) =2
2009 287
vay: po 262

7
Bii 7: Cho s6 nguyén duong n. Ching minh rang sO cac cach phan tich n thanh téng clia cac sb
nguyén duong 1é bang sd cach phan tich n thanh tong cta cac sé nguyén duong khac nhau.
Loi gidi.
Xét ham sinh:
Fx)=(14+x+xX*+- )1+ +x"+- )1+ +x" 4+
S6 mil ctia s6 hang trong phan tich thanh tong ciia F(x) ¢6 dang: 1, + 31, + 51, +--- c6 nghia la
téng clia cac s6 1¢, mdi s6 1é co thé 1ap lai. VAy sb cach phan tich n thanh téng cac sé nguyén
duong 1¢ chinh 1a hé s6 cta x" trong khai trién cia F(x)
Tuong tu ta xét ham sinh:
G(x) = (1+x)A+x*)(A+x")-
S6 mil ctia cac s6 hang trong khai trién thanh tong ctia G(x) c6 dang 1, +1, +1; +---v0Oi
1,,1,,15,...1a céc sb nguyén duong doi mdt phan biét. Nhu vay hé s6 ctia x" chinh la sb cach
phan tich n thanh tong ctia cac sd nguyén duong phan biét.
Vay ta chi can ching minh : F(x) = G(x).

That vay:
1 1
F(x)= . =
) 1-x 1— 3 1—x gl— 2
G(x)= H(l +X ) H H NER
k>1 k>1 L k>0

Vay F(x)=G(x) (dpcm)

Bai 8: Gia str véi mdi s6 tw nhién n c6 hai day s6 duong a,,a,,...,a, va b,,b,,...,b_ sao cho
ddy tong a, +a,,a, +a,,...,a, , +a_ 1a mot hoan vi cua day cac tong

b, +b,,b, +b,,...,b, , +b,

Chumng minh rang n 12 liiy thira cia 2

Loi gidi:

Xét cac ham sinh

Fx) =) x% Gx)=> x"

a; €A b,eB
Ta co:
[F(x)] = sza‘ + Z X" =F(x*)+ Z x
a;€A a; a-GA ai,ajeA
[G(X) szb _|_ Z X :G(X2)+ Z XbH‘bJ
b,eB b;,b;eB b;,b;eB

= [F)T ~[G(x)I* = F(x*) — G(x?)
45



Vi F(1)=G(1) =ndo d6 1 l1a nghiém cua F(x) — G(x) suy ra
F(x)—G(x)=(x—1)*H(x), ke N
F(o-G'(9) _Fe) -G _ (¢ =DHE) (o HEE)
Fx)-G(x)  Fx)-G(x)  (x—D"H(x) H(x)
Chon x = 1 ta nhan duoc :

= F(x)+G(x)=

2
2n=F(1)+G(1)=(1+1)" H((l )) 2k
=n=2"" , o
Bai 9: Tim s6 cac hoan vi khong c6 diém co6 dinh cua tap hop {1,2,...,n}
Loi gidi.

Got s0 cac hoan vi voi dung k diém c6 dinh cho truée 1a D, | suy ra tong so cac hoan vi véi
dung k diém co dinh 1a CED, , . Vi tong so hoan vi 1a n! nén ta c6:

D H D
n!=> C'D ke nk ], H =0k
Z monk Zk!(n—k)! 2 k! " (n—k)!

k
Ap dung tinh chat nhan hai ham sinh ta c6

—X

e'H(x) = 1+ o Hx) = e_

X T — m!
. . (-1 [1 11 1
Vaytaco: —nll—— 4 — (=D —
Y ! kz; P, 21 31 4! =D n!
; L a 1 1 1 .1
S6 hoanvicantimla D, =n!|———+——--4+(-1)"—
20 31 41 n!

Bai 10: (Chon dy tuyén Viét Nam 2008)
Cho M la tap hop cua 2008 s6 nguyén duong dau tién , m01 s6 d6 dugc t6 bai mot trong 3 mau :
xanh , d6 va vang , va mdi mau thi duoc to it nhat mot sb , xét 2 tap

S, = { (X,y,z) thuoc M’max,y, ztd cing mau, x + y + z = 0(mod 2008) }
S, ={(X,y,2z) thuoc M’max,y, ztd cingmau, x + y + z = 0(mod2008) }
Chimg minh rang : 21S, [>[S, |

Loi gidi: ‘ ,

Goi A, B, C 1a 3 tap hop tuong ing gdm cac s6 mau xanh, do, vang

Xét cac ham sinh:

F(x)=> x",G(x)=> x" Hx)=) x°

acA beB ceC

I(X) F3(X)+G (X)+H3(X) zxa|+az+a3 +be|+bz+b3 +EXC|+CZ+C3 _ Zf X"

a;cA b;cB c;cC

Trong do6 f, chinh la s bd (X, y, ) ¢6 cing mot mau va c6 tong 1a n

Goi ¢ la nghiém cua phuong trinh x*** —1=0.
Theo dinh Iy RUF ta c6

2008 Z I(S ) - f + f2008 + fZ 2008 + f3 2008 |Sl|

Vay [8)| =5 082( )—200 Z[F ()+G () +H'EY)]

Ly luan tuong tutaco:

8= 2008 ZF(e JGEHHE = o 23 FE)GEHE"

Véi k=0tacod F(e*)+G(*)+HE ) =0

dodd: F(e")+G’ (") +H (") =3F(")G(e")H(")

vay ta chi can chimg minh F*(1)+G*(1) +H?*(1) > 3F(1)G(1)H(1)
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That vay ta ludn co F*(1)+ G’ (1)+H*(1) > 3F(1)G(1)H(1) (BPT Cauchy), diu bang xay ra khi
va chi khi F(1) = G(1) = H(1), suy ra 3F(1) = 2008 diéu nay vo 1y vi 2008 khong chia hét cho 3.
(Ppcm).
C. Bai tap tuwong tu:
Bai 1: Tinh tong sau: »  C»H*'Ch

2n+1 p+k
k>0

Bai 2: Ching minh rang: » "CiC.* =C;
k
Tir d6 tinh tong » _(C})?
k
Bai 3: Chimg minh rang: > C3, Ch* =Ch

2n+1 2m+1
k

Bai 4: Ching minh rang véi moi n > 0 ta co:

2 n—k 2n+1 2n+1
x—1 x+1
XZC“H‘[ ] :[ 2 ] +[ 2 ]

Bai 5: Tinh tong sau:

1 k 1 n—k
;k—l—l C2k n—k—l—l C2n72k
Bai 6:
Cho T 1 tép céc s6 nguyén khong am.
a. Ki hiéu f(n, k, T) 1a s6 cac tip con sip thir ty cuia T gom k phan tir ma c6 tong 1a n( cac phan ti
¢6 thé tring nhau).
Xéacdinh ) f(n,k,T)x"

b. Ki hiéu g(n, k, T) 14 s6 cac tap con sap thir ty cia T gdm k phan tir phan biét ma c6 tong 14 n.
Xéc dinh Z g(n, k, T)x"

Bai 7: Chu’ng minh rang c6 duy nhét cach phén chia tap sO tu nhién thanh hai tap hop A va B

sao cho : v6i mdi s6 nguyén khong am n th1 s0 cach phan tich n thanh dang

a,+a,,a =a, >l,a €A,a, € A bang s6 cach phan tich n thanh tong

b, +b,,b, =b,,b, €B,b, B

f,=1
Bai 8: X4c dinh day {f, } théa man diéu kién: {f,, =f,
) ’ ’ £ =1+ ) ’

Bai 9: Cho p la mot s6 nguyén to 1€ va s6 nguyén duong n nguyén to cung nhau véi p. Tim soO
cac b (xl,xz,...,xpfl) gdém p — 1 sb tw nhién sao cho tong X, + 2x, +...(p—Dx,_, chia hét
cho p, trong d6 cac s6 x,, Xysees Xy déu khong 16n hon n — 1

Bai 10: Cho hai s6 nguyén duong m va n, trong d6 n + 2 chia hét cho m. Tim sd cac b ba sb
nguyén duong (X, y, z) thoa man diéu kién x + y + z chia hét cho m trong d6 x, y , z d¢u bé hon
hodc bang n

TAI LIEU THAM KHAO

v Generating functionology - Herbert S. Wilf. Department of Mathematics

University of Pennsylvania.
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v Chuyén @& chon loc t6 hop va toan roi rac. Nguyén Vin Mau, Tran Nam
Diing, Vii Pinh Hoa, Ping Huy Ruin, Ping Hung Thing, Nha xuit ban
giao duc 2008.

PHUONG TRINH NGHIEM NGUYEN

Trin Xudn Dang
(THPT chuyén Lé Hong Phong - Nam Dinh)

Trong céc ky thi Olympic toan Quéc gia va Qudc té ching ta thudng gip cac bai toan vé
phuong trinh nghi€ém nguyén. Cac dinh nghia va dinh 1y sau thuong dugc s dung trong viéc tim 101
gidi cho cac bai toan tim nghi€ém nguyén ctia mot phuong trinh.
1) Pinh 1y nhé Phecma: Néu p 13 s6 nguyén t6 va a 1a sb nguyén khong chia hét cho p thi a”' =1
(mod p)
2) S6 chinh phwong (modn)
a) Dinh nghia: Cho s6 nguyén duong n > 2. S6 nguyén a dugc goi 14 sé chinh phuong (modn) néu
ton tai x € N sao cho x* = a (modn)
b) Dinh Iy 1: Cho sb nguyén td p.

i) Néu p = 2 thi moi s6 1¢ a déu 13 sb chinh phuong (mod 2)

p-l
2

ii) Néu p > 2 thi a 1a s6 chinh phuong (mod p) < a > =1 (mod p)

pl
2

a la s6 khong chinh phuong (mod p) < a 2 =-1 (mod p)

. . . . a
¢) Ky hi¢u Logiangdro: Cho s0 nguyén t0 1¢ p; a 1a s6 nguyén khong chia hét cho p. Ky hiéu (—]
Y

duoc dinh nghia nhu sau:

(aj { 1 néu ala sb chinh phuong (mod p)

D B -1 néu a 14 s6 khong chinh phuong (mod p)

d) Dinh Iy 2: Cho s nguyén t6 p va s6 nguyén a khong chia hét cho p. Khi dé:

pl a
ha = [—j (mod )
p
b

+)Néua=b (modp) (a,b € Z; (a, p) = (b, p) = 1) thi (EJ: (—j
|y Y
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al(b ab

O DEC
P/\P p

4 (a—j -1 (_—lj —(-1)* + (g} =1
p p p

e) Ludt twong hé Gauss:

, , , plq (-D(a-D
Néup, qlacicsonguyéntolévap=qthi| — | = |=(-1) *
q/A\ P

Tiép theo 1a mot s6 bai toan vé phuong trinh nghiém nguyén vai 16 giai ciia ching:
Bai toan 1: Tim tit ca cac bd 3 sé nguyén duong (a, b, ¢) sao cho: a* + 2°"! = 3¢
(Pé thi Olympic Todn ciia Italia nam 2008)
Loi giai: Gia sir (a, b, ¢) 1 bo 3 s6 nguyén duong sao cho a?+ 20" =3¢
= ¢ chan (vi PARE 4;a250(m0d4) hoac azzl(mod4))
=c=2ddeN¥)=2""=3%_3)(3%+a)
=34 a=2";3%+a=2"(m,n e N, m<n)
=2.39=2"+2"=2"2""+ )= m=1=3"=2""+1
Néun-1=1=d=1,n=2=c=2,a=1,b=2
Néun-122=2"": 4= dchin= d=2k (k € N¥)
S =ko D@+ 1) =35 1=2", 35+ 1=2%(t, s e N*; t <)
=2.3=2'+2=2'2""+ ) =>t=1=k=1,5s=2
=>n-1=3=d=2=c=4,n=4,a=7,b=4
Vay (a,b,c)=(1,2,2) hodc (a,b,c)=(7,4,4)
Bai toan 2: Tim tit ca cac nghiém nguyén duong cta phuong trinh 3* + 4 = 77
Loi giai: Gia sir x, y, z 13 cac s6 nguyén duwong sao cho 3* + 4¥ = 7°
Truong hop 1:y>22 =z>1
Giast3*=r(mod 16) (0<r<15,reN)=>re {1,3,9,11}
Néuz=2k+1(k € N¥)thi 77=7 (mod 16) = z =2k (k € N*)
= (7°- (7" +2)) =3 =7"-2Y=3"; 7"+ 2Y=3"(a,b e N;a<Db)
=2 =32.32=323" )5 a=0=7=2"+1
Tac62': 4 = kchin=k=2m (m e N¥) = 2"=(7"-1) (7" + 1)
Tacd 7™-1: 3,2Y khong chia hét cho 3. D6 1a diéu vo ly
Truong hop 2:y=1=3"+4=7" Néux=1=z=1.
Giasitx>1=z>1.Taco 3*-3=7"-7=33""-1)=7(7""- 1)
=3"1-1: 7= x-1=6k (k € N¥)

=33%-D=77""-1)=7"-1: 13
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—z-1=12m@meN*=7(77"-1)=7(7"™-1) : 9
Mit khac 3(3% - 1) khong chia hét cho 9. P6 1a diéu vé 1y.
Vay phuong trinh di cho c6 mot nghiém nguyén duong duy nhat
x,y,z)=(1, 1, 1)
Bai toan 3: Tim tit c4 cac nghiém nguyén dwong ctia phuong trinh 7% + 12 = 137
(Dé thi Olympic Todn ciia Serbia nam 2008)
Loi giai: Gia sirx, y, z 1a cac s6 nguyén duong sao cho: 7* + 12¥ = 137
batd=7"+12",g =13"
Néuy=1thid=5 (mod7), g=(-1)" (mod 7). P6 la diéu vo ly.
Néuy>2thi12¥ : 12% : 8 = d=(-1)* (mod 8).
Véik e Ntacd 5% =1 (mod 8), 5! =5 (mod 8) = z va x chin
=g=(-1)"=1(mod7) = 57 =1 (mod 7)
Taco5°=1(mod7)vas5'# 1 (mod 7) véit e {1,2,3,4,5}

=y i 6=Xx,y,zdéuchin. Gia sit x =2a,y =2b, z=2c (a, b, ¢ € N¥)
= (7% + (12°)% = (13%*
Vi (7% 12°) =1 = 3 cac sb nguyén duong m, n (m > n, (m, n) = 1) sao cho 7 =m* - n*, 12°
=2mn, 13°=m’+n’.
Taco 2%.3°=12°=2mn
Truong hop I:n=1,m=2"" 3
m-DHm+H=7"=>m+1: 7,m-1: 7=2 : 7.D6 la dicu vo ly.
Truong hop 2: {m, n} = {2°°'; 3%
Taco jm” - n?| =22 - 3% = |24 . 27 -2° = 2" . 22 - 2% =2° (mod 7)
= m’ - n” khong chia hét cho 7. D6 1a didu v Iy vi m* - n* = 7° (a eN¥).
Vay phuong trinh 7" + 12¥ = 13” khong c6 nghiém nguyén dwong.
Bai toan 4: Tim tt ca cac cdp sb nguyén duong (x, n) thod mdn x> +2x + 1 =2"
(Pé thi Olympic Todn ciia Serbia nam 2007)
Loi giai: Gia sir x, n 1a cac s6 nguyén duong sao cho x* +2x + 1 =2"(1)
Néun<2thin=2vax=1 Giasirn>3; Tu(l)=>x1¢
T (1) = x(x*+2)=2"-1.Vix (x*+2) : 3 nénn chan.
Tr()=>x +2x+3=2"+2=>(x+ 1) (x*-x+3)=2"+2

Gia st p 1a mot uéc nguyén t6 cua x* - x + 3 = p 1 va -2 1a s6 chinh phuong (mod p)

R
Y P AP

= pcddang 8m + 1 hodac 8m + 3 (m € N)
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Tacox’ +2x+1=0(mod8) = x=5 (mod 8) = x*-x+3 =7 (mod 8)

Do 1a diéu vo 1y.

Vay chi c6 mot cip sd nguyén duong (x, n) duy nhat thoa man dé bai 1a (x, n) = (1, 2)
m+1 n+l1

Bai toan 5: Chimg minh tdn tai vo s6 cip so nguyén duong (m, n) sao cho + la mot
n m

s6 nguyén duong.
(Dé thi Olympic Todn ciia Anh nam 2007)

x+1+y+1

y X
That vay (1) & x* + (1 - 4y)x +y* +y=0(2)

Loi giai: Ta ching minh rang phuong trinh =4 (1) c6 vo s nghiém nguyén duong.

(x; =1, y; = 1) l1a moét nghiém nguyén duong cua (2)

Xétday (ty) (k=>1)saochot; =t =1, tx 2 =4tk -tk - 1 (k> 1)

Dé dang ching minh duoc ti >t > 0, V k > 2. Ta c6 (t;, t2) 1a mot nghiém nguyén duong
ctia phuong trinh (2). Gia st (t , tir1) 1a mot nghiém nguyén duong cua phuong trinh (2) tirc 13t +

(1 - dter) tic + t7, + tie = 0.
Xét t;, +(1-4te) tiea+ €+ tir - [+ (1 - dta)t + £+t ] =
=t - ti + (1 -4tie) (o - i) = (e - ti) (2 H e + 1 - 4t1) =0

2 2
= tk+2+ (1 - 4tysy) tien + tk+1+tk+l =0

= (X, y) = (tk+ 1, tk 12) cling 1a nghiém nguyén duong cua phuong trinh (2)
Vi tie1 >tV k > 2 nén phuong trinh (1) ¢6 v6 sd nghiém nguyén dwong.
m+1 n+l1

Vay ton tai vo s6 cap sd nguyén duong (m, n) sao cho + 1a mot sb nguyén
n m

duong.
Bai toan 6: Chung minh rang khong ton tai sb nguyén duong n sao cho n’ + 7 1a binh phuong cua
mot s6 nguyén duong.
(Pé chon déi tuyén My thi IMO nam 2008)
Loi giai: Giast n’ +7=a’(a € N¥)
Khidé n’+128=a’+121
=a’+ 121 =(n+2)(n°-2n’ +4n* - 8n’ + 16n” - 32n + 64)
Néu n chin = a’ = 7 (mod 8). D6 1a diéu vo ly. Vay n 16 = n’= 1(mod 4)
Ditb=n°-2n"+4n"- 8n’ + 16n” - 32n + 64 thi b 1é va
b=n-2n"+n*-n*=n*(n-1)*- n* (mod 4)

Vin'=1(mod4)van-1chin= (n-1)*=0(mod4)=b=-1(mod 4)

51



= b ¢6 udc nguyén té dang 4k + 3 (k € N). Gia st p 14 u6c nguyén té dang 4k + 3 (k € N)
ciab=a’+12lip=>p=1lvaaip=>a=11q(q e N¥)vabl111.Néun+2 (111 thi b=7.8’
(mod 11). D6 1a diéu vo Iy.

Vay n + 2 khong chia hét cho 11. Mit khac a® + 1210121 = bJ121

=b=121.r(r € N* rl¢).

Tacoa’+121=121(¢*+ )= +2)b=12Ir(n+2)=>r(n+2)=q" + 1

— r khong c6 uéc nguyén t6 dang 4t + 3 (t eN) = b =1 (mod 4). D6 1a diéu vo 1y.

Vay khong t6n tai s6 nguyén dwong n sao cho n’ + 7 1a binh phuwong ctia mot sé nguyén
duong.

Bai to4n 7: Tim tit ca cic nghiém nguyén khong 4m ctia phuong trinh
12* + y* =2008"  (Bé thi Olympic Todn ciia Serbia ndm 2008)
Loi gidi 1: Gia st x, y, z 1a cac s6 nguyén khong 4m sao cho 12* + y* = 2008

z=0=>x=0,y=0

Néu z > 0 = 2008” [12008. Ta c6 2008 = 251. 2°

Gia st x chin = x =2x; (x; € N¥) = (12™)*=-y* (mod 251)

= 1=(12")" =—(y*)*=-1 (mod 251). D6 la diéu vo ly.

Gia str x 1é. Hién nhién y chin = y = 2"y, (y; € N*,y; 1é, u € N¥)

—y P23 4 Hu yf — 9329517

Ta c6 2x # 4u (vi x 1&) = 3z =2x hoac 3z=4u

4_
1

Trudng hop 1: 3z=2x <4u=>z [12 va 3*+ 2" y'=25]"

Vé trai ¢6 dang 4k + 3 (k € N) (vi x 1), vé phai c6 dang 4m + 1(me N). D6 1a diéu vo 1y.
Truong hop 2: 3z=4u<2x =z [12. Taco 2™ ™ . 3%+ y/=251"

V& phai c6 dang 5k + 1 (k € N).

Néu y; khong chia hét cho 5 = yf =1 (mod 5)

= 2%"%3¥= () (mod 5). D6 1a diéu vé 1y.

Néuy, 5= 1=2"""3"=-3=+3 (mod 5) (vi x 1&). D6 1a diéu vo 1y.

Vay phuong trinh dd cho c6 mot nghiém nguyén khong am duy nhét 1a

x=y=z=0

Loi giai 2: Gia sit z> 0 = y > 0. Vi x chin vé trai co dang a® + b%, voi x 16 vé trai co dang a” +
3b?, trong do a, b 1a cac sb nguyén dwong khong chia hét cho 251. Tuy nhién -1 va -3 khong 1a sb
chinh phuong (mod 251). Vay phuong trinh da cho khong c6 nghiém nguyén khong am thoa man z
> 0.

Cuoi cung la mgt so bai toan danh cho ban doc:
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Bai toan 8: Tim tat ca cac nghiém nguyén duong cta phuong trinh 3* + 4¥ = 5”
Bai toan 9: Chimg minh rang phuong trinh x* + 5 =y° khong c6 nghiém nguyén
(Pé thi Olympic Todn ciia Ba Lan nam 2007)

o s coox+l oyl
Bai toan 10: Chirng minh rang phuong trinh —— +

y X

Bai to4n 11: Cho s6 nguyén duong m. Tim tat ca cac nghiém nguyén khong am cta phuong trinh x>

= 3 ¢6 v0 s0 nghiém nguyén duong.

+y?=m’ (xy + 1).
(Pé thi Olympic Todn ciia Canada nam 1998)
Bai toan 12: Cho s6 nguyén t6 p. Chimg minh rang s6 3” + 7p - 4 khong 14 binh phuong ciia mot s6
nguyén.
Bai toan 13: Tim tat ca cac nghiém nguyén ctia phuong trinh
14 2% 492 1 =2
(Pé thi Olympic Todn Quéc té nam 2006)
Bai toan 14:
Cho hai sb nguyén duong (a, b) sao cho (4a”-1)* chia hét cho (4ab - 1). Ching minh ring a = b.
(Dé thi Olympic Todn Quéc té niam 2007)

Bai toan 15: Tim tat ca cac sb nguyén duong n sao cho n’ - 1 1a binh phuong ciia mét sb nguyén.

Bai toan 16:  Tim tat ca cac s6 nguyén a dé ton tai cac sd nguyén duong phan biét x, y sao cho
(ax” + 1)* chia hét cho axy + 1.

Bai toan 17: Cho s6 nguyén duong n. Chimg minh rang s6 2" + 1 khéng c6 wdc nguyén té dang 8k -
1 v6i k 1a s6 nguyén duong.

(Pé chon ddi tuyén Viét Nam thi IMO ndm 2003)

Bai toan 18: Tim tat ca cac cap s6 nguyén 6 (p, q) sao cho 2p - q° = 7.

PHUONG PHAP GIEN

giai phuong trinh nghiém nguyén.
Thac si: Dang Kim Long
Trudng THPT Chuyén Lé Hong Phong - Nam Dinh

Phuang trinh nghiém nguyén (hay con goi la phuong trinh Diophant) la mét trong nhitng dang toan xuat hién
s6m nhét trong toan hoc. Nhiéu nha toan hoc ndi tiéng trén thé gidi nhu Oclit, Diophantus, Fibonacci, Fermat,

Euler, Lebesgue, ... da nghién citu dang toan nay va dé lai nhiéu két qua tha vi.
Trong céc bai thi hoc sinh giéi quéc gia va quéc té van thuong co cac bai toan vé phuong trinh nghiém
nguyén, va d6 la nhimg bai toan kho vi tinh khong mau muc clia n6. Bai viét nay giéi thiéu mot phuong phap

dai s6, goi la phuang phap gien, c6 thé ap dung khi gidi mét sé phuang trinh nghiém nguyén.
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N&u tir mot nghiém clia phuong trinh d4 cho ta ¢ quy tac dé xay dung ra mot nghiém mdi thi quy tac dé goi
la gien.
Phuong phép gien 1a phuong phap dua vao gien dé tim tat ca cac nghiém clia phuong trinh d4 cho tir cac
nghiém ca s6 clia nd. Chang han véi phuang trinh Pell:
x*-Dy?=1
trong do6 D la s6 nguyén duong khong chinh phuang, néu biét (x,, y,) 1a
nghiém nguyén duong nhd nhat clia n6 thi moi nghiém (x, , y.) clia phuong trinh déu tim duoc theo cong thic:
o _ (¥ VDY 4 (x, ~y, D)’
" 2
g = Gat¥o/DY —(x, —yy VD)’
" 2VD

Sau day, ta xét tng dung clia phuong phap gien vao phuong trinh Markov ¢6 dién, d6 a phuong trinh co

dang:

X} + X5+t X2 = kX, X, X, (1

frong do k, n fa cactham s6 nguyén duong, , 1acac &nnhan gia finguyén(i=1, n )
Ta nhan thay néu phuong trinh (1) c6 nghiém nguyén thi nd sé c6 rat nhiéu nghiém nguyén.
Thét vay néu phuang trinh (1) c6 nghiém la: (x;, Xy, ..., X,)  (X.€ 2)
Thi: X7 - K(XXg.--X,) Xo¥ (X3 + e +X2) =0
Xét phuong trinh bac hai: x* —K(X,X;...X, )X+ (X5 +...x2) =0 (2)
Thi phuang trinh (2) ¢6 nghiém x= x, , d6 d6 phai c6 nghiém x = x|
+x, =kx,x,...
Theo dinh Iy Vietco: 4 '~ 1 2¥awra
X, X| = X5 +Xs + et X2
Vik e N", x;e znéntir hé trén suy ra x; nguyén.
Néu co thém diéu kién x, nguyén duong thi tir hé trén suy ra x; nguyén duong.
N&u lai co thém diéu kién x, < x, <... <x. , x.e N'thi tir hé trén suy ra
x| > X, , ta dugc nghiém mdi (x|, X,, ..., X,) clia phuong trinh (1) “I6n hon” nghiém ¢t (X, X,, ..., X,)-
Noi dung nhu trén cling dugc ap dung cho cac phuong trinh dang tuong tu, chang han cho phuong trinh
dang:
(x+y+z)* =kxyz
Sau day 13 mét sé vi du ap dung clia phuong phap gien
Vidu 1: (Bai thi hoc sinh gidi quéc gia THPT nam hoc 2001-2002 bang A)
Tim tat ca cac s6 nguyén duang n sao cho phuong trinh

X+Yy+u+V=nyxyuv

c6 nghiém nguyén duang x,y,u,v.
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Gidi:

V6i x,y,u,v € N thi phuong trinh da cho tuang duang vai:
(x+y+u+v)’ =n’xyuv
S xXP+2x(y+u+v)+(y+u+v) =n’xyuv

<:>X2+[2(y+u+v)—n2yuv].x+(y+u+V)2:O (3)

Diéu kién can:
Gia st n la s6 nguyén duong sao cho phuong trinh (3) ¢ nghiém nguyén duong X,y,u,v .Goi (X,,Yo,Uq,V) 1a nghiém
nguyén duong clia (3) ma tong cac thanh phan nghiém c6 gia tri nhd nhat. Khong mét tinh téng quét co thé gia thiét
X2y, 22U, 2V,

Ta co: Xy + [2(y0 +u, + Vo)—nzyouovo].x0 +(y,+u,+v,) =0
Do d6 phuong trinh bac hai:
fix)= x*+ [2(y0 +u, +v,)— nzyouovo].x +(y, +tu, +v,)’ =0

C6 nghiém: x = x,, suy ra phuang trinh nay phai cé nghiém x = x, va theo dinh ly Viét:

2
{xl +X, ==2(y, tu, +vy)+nyu,v,

XXy =(y, tu,+ VO)Z
Don, Xy, Yy, Uy, Vo la cAc SO nguyén duong nén tir hé trén suy ra x, nguyén duaong.
Vi (X4, Yo, Uy Vo) thod man (3) nén d6 la nghiém nguyén duang clia phuong trinh da cho.
Tur gid thiét (X, , Yo Uo Vo) l& nghiém nguyén duong “nhd nhat’, ta suy ra x, >x,. Do do
X; 22X, 2y, 22Uy 2V,.
Tam thirc bac hai f(x) c6 nghiém thod méan x, >x, >y, =f(y,)=0
< y; +2(y, +u, +v,)y, —nyﬁuov0 +(y, tu, +V0)2 >0

= nyg“ovo < Y§ +2(y, tu, +Vy)y, +(y, +u, +Vo)2 < 16Y3
= nu,v, <16

= n<nu,v,<16 vayn e {1,2,3,4}
Diéu kién du:
V6in =1 phuong trinh x +y + u+ v = ./xyuv c6 nghiém (4,4,4,4)
V6i n = 2 phuong trinh x +y + u + v = 2. /xyuv ¢6 nghiém (2,2,2,2)
V6in = 3 phuong trinh x +y + u + v = 3./xyuv ¢6 nghiém (1,1,2,2)
V6i n = 4 phuong trinh x +y + u + v = 4 /xyuv ¢6 nghiém (1,1,1,1)

Két luan: Cac gia tri cantim lan < {1,2,3,4}
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Vi du 2: (Dé thi vé dich quéc té 1988)

Cho a, b 1a 2 s6 nguyén duong sao cho ab + 1 chia hét a?+ b?

2 2
cMR: 227 14 6 chinh phuong
ab+1
aZ 2
Gidi: batp = b tir gia thiét suy ra p la s6 nguyén duong. Ta co
a

a’+b’-pab-p=0.
Ching t6 cép (a,b) la nghiém nguyén duaong clia phuong trinh
Xty -pxy-p=0 (4)

Ta chiing minh: phuong trinh (4) véi tham s6 p nguyén duang sé c6 nghiém nguyén duong khi va chi khi p la
s0 chinh phuong.
Diéu kién can: Gia sir phuang trinh (4) c6 nghiém nguyén duong.
Goi (X, , Y,) 1a nghiém nguyén duong sao cho X, + Y, nhd nhat, khong mét tinh tdng quéat c6 thé gié thiét
X0 2Y,
Tacd: X; +ye —PX,y, -P=0 < X, —py,X, +y. —p=0
Xét phuong trinh: <> x* — py,x+ y, — p =0 thi phuong trinh c6 nghiém
X =X, . Ma do Ia phuong trinh bac hai, nén ciing c6 nghiém x = x,. Theo dinh ly Viét co: {XO T =2py0

XoX;: =Y, P
suy ra X, = py, - X, Nén x, la s6 nguyén
Taco: (X, + 1)(Xp + 1) = XX+ (X, +%p)+1 =
= Yo —P+pY, +1=y,+p(y,~D+1)0 (vip>0,y,>1)
suyra ,+1>0 = x,>-1 ma x, €eZ nénx, >0
Néu x, > 0 thi x, nguyén duang
Taco x; —py,x, +Ye —P =0 = (x,,Y,) la nghiém nguyén duong clia phuong trinh (4).
Tir gia thiét (x,, v, ) 1a nghiém nguyén duong nhd nhét ta suy ra x, > x,

Mat khactalai co: x,x, =ys —pP(¥e <¥oX, =X, (¥, <X, mau thuan
Vayphdico x,=0 = y;—p=0->p=y;tlcplass chinh phuong .
Diéu kién du:

Néu p 1a s6 chinh phuong tic p = k? (k nguyén duong) ta dé thay phuang trinh (4) co nghiém nguyén duong:

x=k
y =k’

Két luan: Phuong trinh (4) c6 nghiém nguyén duong khi va chi khi p 1a s6 chinh phuong. Bai toan da duoc
ching minh.
Vi du 3: (Bai thi chon déi tuyén toan qudc té Viét Nam 2002)

56



Chutng minh rang ton tai s6 nguyén n> 2002 va n s8 nguyén duong phan biét a, , a,, ..., a, sao cho
[]ai 4> a;} 1as6 chinh phuong.
i=1 i=1

Gidi: Ta chimg minh ton tai s6 nguyén duong n >2002 va n s6 nguyén duong

a,,a,, .., a,saocho:

2
Haf—42af=(1—[ai—2} hay > aj —-[Ja,+1=0 (1)
i=1 i=1 i=1 i=1 i=1

Taldyms6 1vakso2
a=a,=..7a,=1
Q1= Apag= e By =2
Sao cho thod man phuong trinh (1)
m+4k-2+1=0 < m=2"-4k-1
S6 cac s 1ay dugc lan =m + k. Chon m, k d0 16n thi n>2002 .
Cuthéldy k=11 = m=2"-44-1=2003
Nhu vay ta dugc: n=m+k = 2014 s6 (n > 2002)
ay, Ay, ..., 8y, thod man (1)
8=, = ... T Ay, =1

g0 = Bgpps = v = gy = 2

Viét (1) dudi dang a/ —l_Ial..a1 +(Zai2 +1J =0
i=2 =2

Xét phuong trinh: ~ x —Ha[.x+[z a’ +1j =0
i=2 i=2

Thi phuang trinh ¢6 nghiém x = a,, do do sé ¢ nghiém x = a;

n
I _ I |

al+al = a,
i=2

Theo dinh Iy Vi-ét: o —=a =[]a —a,
a.al =) a’+1 i
i=2
Do day a,, a,, ..., a, Xp tdng dan nén a; ) a, ta dugc cac s6
a,a,,..,a,thod man phuong trinh (1)
DGiché a| va a, ta dugc day s6 mdi xEp tang dan, lai coi d6 la day
a,,a, ..,a.,a, trongdoda,>a,,. Lam lai qua trinh trén n - 1 1an, cudi cung ta dugc day s6 :

a,<a,<..<a,vathoad man phuang trinh (1)

Cac so nay thodman | [a; —4) a] la s chinh phuong va n > 2002 (dpcm).

i=1 i=1

Cudi cung la mot s6 bai tap dé cac ban tu qidi
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Bai 1:
Cho a, b la hai s6 nguyén duong thod man :
ab chia hét a’+ b* + 1.

CMR: al+biil la s6 nguyén to
ab
Bai 2:
Tim tét ca cac gia tri nguyén duong m dé phuong trinh:
x* +y* + 72 =mxyz ¢ nghiém nguyén duong
Bai 3:
Tim &t c& cac gia tri nguyén duong n dé phuong trinh :
x?+y?=nxy - n cb nghiém nguyén duong
Bai 4:
Tim tat ca cac gia tri nguyén duong n sao cho phuang trinh:
(x +y + z)? = nxyz c6 nghiém nguyén duang
Bai 5:
Tim tat ca cac cap s6 nguyén duong (m, n) sao cho
mn - 1 chia hét m® + n?
Bai 6:
Ton tai hay khong nghiém clia phuong trinh
X2+ Y2+ 22+ U% + V2 = Xyzuv - 65
Trong tap cac s6 nguyén Ién hon 2004.
Bai7:

Chutng minh rang phuong trinh:
X2+ y2+ 22 +U2 + V2 = 2xyzuv - 185
C6 nghiém nguyén duong thoa méan:
X + 2y + 3z + 4u + 5v > 220%
Bai 8:
Cho A la tap hap hitu han cac s6 nguyén duaong phan biét. Chiing minh rang ton tai tp hop hiru han cac s6
nguyén duang phan biét B sao cho AcB va

[Tx = 3%

x;€B x;€B

Nam Dinh, thang 10 nam 2008
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BAN CHAT HINH HOC TRONG BIEU HIEN PAI $O
CHUYEN QUANG NINH

NOI DUNG CU THE:
Goi mo vdan dé nhu thé nao dé tw nhién hon?

Pay 12 mot cau hoi thudng truc cho bat ky mot gido vién nao khi chiing ta chuin bi mot gio gidng
trong PP toa do danh cho hoc sinh 16p 10, ching ta s€ nhan dugc két qua tot hon néu ta nhan ra, lam
10 c4i hon hinh hoc tiém 4n trong méi bi€u hién dai so.

Ta xét cac vi du sau:
Vidul..l:
o Trén mot duong thing (d) cho ba diém thang hang theo thit tu: A, B,C . Démé td vi tri tuong
doi ciia chiing mot cdch chinh xdc hon ta can ba thong tin:
() . .
A B C

+) Cdc diem A,B,C thing hang;
+)Diém B ndm giita hai diém A va C;
+) Khodng cach AC =a;BC=b.
Mic ddu vay vi tri chinh x4c tuyét d6i clia ba diém trén duong thang (d) véan khong xéc dinh,
d6 chi 1a vi tri tuong doi gitta chiing!
Bai toan s& dugc giai quyét mot cach triét dé khi ta xay dung duong thang (d) thanh truc.
Va khi d6 thay vi mo ta nhu trén ta chi can néi dén toa do cua chiing trén truc. Va su tuong Gng cua
mdi diém trén (d) v6i mot s6 thue o duge goi toa do ciia nd, diéu ndy md ra con dudng chinh
phuc cdc bai toan hinh hoc bang cong cu dai s6 sau nay (thuc chat day 12 mot phép nhing).
* Mot hinh anh rat hay:
+) Con Kién bo (chdt diém chuyén dong) trong phong (mdt phdng) hodc con Rudi (chdt diém chuyén
dong) bay trong phong (khong gian) dé mé td vi tri ciia né ta phdi néi thé nao (vé mdt hinh hoc)?
C4 hai cau héi nay déu duoc gidi bbi cdc khdi niem Mat phang toa dé va Khong gian toa do trong
PP toa do ma quy trinh suy luan la:
QUAN HE HINH HOC = QUAN HE VEC TO = QUAN HE TOA pO.

Vi du 1.2:
e Trudc hét ta xét mot quan hé hinh hoc don gian trén truc so:
Ta ¢6 mot truc goc O 1a x’Ox : Ta ¢6 néu mot diém M (x) trén truc:
+) x>0 thi M nam bén phai diém goc O;
+) x <0 thi M nam bén trdi diém goc O;
+) x =0 thi M nam chinh tai di€ém goc O;
Tién xa hon mot chiit ta quan sat trén dudng thang (AB) ta c6 diém M khi d6 ton tai mot s6 thuc
k sao cho: AM =k AB vacha y la:
+) néu k >0 thi thuoc tia AB;
+) néu k <0 thi M thuoc tia doi cia tia AB;
+)néu k=0 thi M trung tai A.
Dic biet: k €[0,1] thi twong ting v6i M thude doan AB

Tinh chat thuoc cta diém M déi véi dudng thang AB 12 su ton tai hay khong clia s6 thuc & thod
Xor =X + k(X = Xa)

man: AM =k AB hay trén mat phang toa do: 3k : { .
Yu =Ya + k(Yo = ya)
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e Viéc giai toan doi khi khong chi dién ra trén dudng thang (AB) ma c6 thé con vuot ra khoi

duong thang nay vi vay cin mé& rong hé thic AM =k AB tr& thanh:
V6i moi diém [ trong mat phang hay ké ca khong gian thi ton tai cap so
(p,g)eRxR: IM = pIA+q]B v6i p+q =1; dac biét p, qe[O l]thl ME[AB]

Nhu vay c6 thé n6éi mdi biéu hién vé mat Dai S6 déu 4n tang trong d6 mot ban chat hinh hoc
tuong tng va ngugc lai. Diéu nay khich 1¢ chiing ta tim t0i cdch biéu thi cdc ban chat hinh hoc thong
qua céc hién thi Dai s6, m& dau cho viéc gidi toan hinh hoc bing cach dai s6 hod ma PP toa do chi 1a
mot cdch thiic. V& quan diém thi moi vat thé hinh hoc déu dugc nhin nhan dudi con mat mot tap
hop diém chi c6 diéu chiing dugc sap xép nhu thé nao ma thoi. Piéu nay din dén khai niém PHUONG
TRINH clia cac dudng trong PP toa do. Pay 1a su chuyén dan bai toan tap hop di€ém trong hinh hoc
sang Dai s6. Tuy nhién trong gidi han CT PT thi cdc tap hop diém dugc xét chi 1a cdc dudng:

Puong (L) trong mit phing toa do duoc xét theo quan diém tap hgp diém:
(L)={M(x,y): f(x,y)=0} vahe thic f(x,y)=0 duoc goi la phuong trinh clia dudng
(L) trong mat phang toa do Oxy.
+)Néu f(x,y)=0 < Ax+ By + C =0 ta nhan dugc duong thang
+)Néu f(x,y)=0 < ox? +By? +yx +ny + u=0; ta c6 thé nhan dugc dudng tron hoac
Conic.
+)Néu f(x,y)=0 < y= f(x);x=g(y) tanhan duoc cdc d6 thi ham.
e Bay gio ta xét mot tam gidc vuong ABC vuong tai C:
Ta quan sat hinh anh hinh hoc sau:

Cl

Nhan xét:

R .. ~ Tc A~ R
R& rang ta ¢6 dong thoi : C) < 5 <Cyva: al+b>c*>a;+b3
Vay phai chang tén tai méi quan hé giita do 16n goc ACB véi hiéu s6: H = a? +b?> — 2.
Loi gidi cau hoi nay 1a Dinh 1y Cosin phat bi€u cho tam gidc:
a* +b*—c?
Trong tam gidc ABC tacé: ¢* =a* +b* —2abcosC < cosC=——— .
2ab

Nhu vay ta c6: a® +b* —c? >0 thi géc C nhon;
a’> +b*> —c? =0 thi géc C vuong;
a* +b* —c? <0 thi géc C tu.
e Loi chiing minh dugc xudt phat tir tich vo huéng cta hai véc to: CACB =b.a.cosC .
o Tié'p dé ta cling nhan duoc cong thic tinh do dai duong trung tuyén xudt phat tir hé thic véc to:

2(a® +b*) - c?
—(CA+CB)<:> 2= (e 1 )=
. Vay néu CD la phan giac trong ctia tam gidac CAB thi ta c6 hé thic véc to:
CD= CA+ CB t day binh phuong vo huéng hai vé€ ta nhan dugc cong thic:

a+b a+b
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2\Jab —c 2ab C a+b+c
CD=I.= p(p=c) = cos — . Trong d6 p = ——— la nta chu vi.
a+b a+b 2
e Tam gidc CAB x4c dinh, mot diém M x4c dinh trén duong thang (AB) ta luon tinh dugc do dai
CM theo céch tuong tu.

e Diéu nay khién ta lién hé véi két qua quen thuoc trong duodng tron:

Cho mot duong tron (C) tam O bén kinh R khi d6 ta c6:

M & trong dudng tron khi chi khi M — R<0;

M & trén dudng tron khi chi khi MI — R=0;

M & ngoai dudng tron khi chi khi MI — R > 0.

Nhu vay néu mot dudng tron (C) ¢6 phuong trinh: f'(x, y) =0 va mot diém M (x,,, V) .
f (X, Ym)=MI*> —R?> =P M /(c) 1a phuong tich clia diém M d6i véi dudng tron (C)
Trong d6 I 1a tam duong tron va R 1a ban kinh cta n6; thé thi ta co:

f (X, V) <0 tuong tng ta c6 diém M (x,,, ¥,,) nam trong dudng tron.

f (X, Vi) >0 tuong tng ta c6 diém M (x,,, ¥,,) ndm ngoai dudng tron.

f (X, V) =0 tuong tng ta c6 diém M (X,,, y,,) ndm trén dudng tron.

Dac biét v6i hai duong tron: (C)): f1(x, 1) =0;(C,): f>(x,y) =0; khong déng tam thi dudng
thang:

(A): fi(x,y) = f>2(x,y) Chinh Ia truc dang phuong ctia hai dudng tron dé.

e Dai vé6i cac duong Conic ta cling c6 két qua tuong tu:

Néu goi phuong trinh Elip 1a: f'(x,y)=0 va diém M (x,,,,,) thi:

f (X, V) <0 tuong tng ta c6 diém M (x,,, y,,) nam trong mién chia tiéu diém.

f (X, Vi) >0 tuong tng ta c6 diém M (X,,, ¥,,) nam trong mién khong chia tiéu diém.
f (X, Ym) =0 tuong ting ta c6 diém M (x,,,,,) nam trén Conic.

M2

B8
a

e Dai vdi cdc do thi ham so cling vay (xem hinh vé sau):
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Goi (C) 1a do thi ham s6: y = f(x). khi d6 trén mat phang toa do tap hop cac diém M (X, Vin)
thoa man: i) y,, — f(X,,)>0  la mién trén d6 thi —mién gach (vi du M2)

i) ¥, — f(x,)<0 lamién dudi dé thi —mién khong gach (vi du M*)

i) Y — f(%,)=0 1ad6 thi (C) (vi du M1)

f(x) = (x®+3x)-1

duoi do thi
VidulL3:
e Trén mot doan thang AB ta 14y mot diém M bat ky khi d6 véi moi I trong khong gian ta cé:
IM < Max{IA, IB}
I
A M *B
That vay do t6n tai cdp (p,q) €R*;p+q=1;p,q €[0,1]

sao cho:

IM = pIA+ qIB nén: IM = IM |< pIA + gIB < (p + ¢)Max{IA,IB} = Max{IA, IB}.
Diéu nay dan dén bai todn cuc tri trén da gidc 16i:

Chang han:

Trén mat phing toa do Oxy cé tam gidc ABC xdc dinh bdi giao cdc dudng thang:
(dl):Al.X'l‘Bly'l'Cl =0; (dz):A2X+Bzy+C2 :O;(d3):A3X+B3y+C3 =0.
biém M (x,,,y,,) thuoc mién trong tam gidc ABC khi chi khi dong thdi c6:

Fi(A) fi(M)>0; f>(B) /(M) >0; 5(C) f3(M)>0. 6 day ta ky hiéu:

ﬁ(M) = ﬁ(xmaym) = Aixm + Bzym +C.

Theo trén véi moi diém [ trong mat phiang Oxy (ké ca trong khong gian):
IM < Max{IA,IB,IC} .

e K&t qua nay con c6 thé mo rong cho n-gidc bt ky (tam gidc chi 1a mot vi du).
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e K&t qua nay ciing c6 thé dung tot cho viéc phan biét dudng phan gidc ting v6i goc nhon hay t
clia cdc goc do hai duong thang cat nhau ma thanh, ciing nhu viéc phan biét phan gidc trong hay
ngoai cua tam
gic.

(d1)

o Sau ddy dé lam ré vin dé duoc dé cdp ta xét mot so bai todn cu thé:
Bai toan 1:
Tim gid tri [on nhdt va nhd nhdt ciia biéu thirc: f(x,y)=x*+y?> —4x-2y.
Xet tréenmien: D ={(x,y):—-1<x<5;3<y<6}.
Loi giai:
Xét bai todn trén mat phang c6 hé truc Oxy, khi d6 mién rang buoc 12 mién hinh chit nhat cé céc
dinh A(=1,3); B(~16);C(5,6); D(5,3). Viét f(x,y)=(x—2)* +(y—1)* =5
Néu dat M (x,y) va 1(2,1) thi f(x,y)=IM?—5.Do d6

Minf (x,y)=IM?—5=—1° Maxf (x,y)=Max{I4? ,IB*,IC? ,ID* }—5=34—5=29
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Bai toan 2:
Tim a dé moi nghiém bdt phuong trinh: | x|+ |y |<1. (1) ciing la nghiém bdt phuong trinh:
x?+y*<a (2).

e

MB&i cap s6 thuc (x, )) thoa man bat phuong trinh (1) tuong tng duy nhét véi mot diém
M (x, y) nam trong hinh vuong ABCD. R& rang can ¢6 @ > 0 va trong diéu kién ndy Mdi cap so
thuc (x, ) thoa man bat phuong trinh (2) tuong tng duy nhat véi mot diém M (x, y) nam trong

mién hinh tron tam O bdn kinh R =~/a Do viy acén tim la: Jazlea>1,

64



Bai toan3:

Tim gid tri lon nhdt nho nhdt:

P=+x?—2x+5+Jx2 +2x+10.

Loi giai:

Tac6: P=J(x—1)2 +4 +J(x +1)2 +9

Trén mat phéng toa do ta xét cac diém: M (x,0); A(1,2); B(—1,—3).Thi gid tri P=AM + BM .
Khi x thay ddi thi diém M chay trén truc hoanh; hai diém A; B cd dinh, khic phia so véi truc

hoanh nén: MinP = AM * +BM*; M* = (AB) N x'Ox tic phai chon x =x*= % :

Bai toan4:
Tim nghiém nguyén duong cuia phuong trinh:

\/xz—xy+y2 +\/y2—yz+z2 =+ xz+ 22 x+y+z<11.,

c
Loi gidi:
bat OA=x; OB=y; 0C=zvd AOB = BOC =60".
Khi do6 theo dinh ly Cosin trong tam gidc ta c6:
AB=\/x* —xy+ y?;BC=/y?> —yz+z2; AC =~/ x* + xz + z°.
Theo hinh hoc ta luon c6: AB + BC > AC, diu bang chi c6 khi chi khi A, B, C thang hang. ké
BE CE z— 1 1 1
BE//OA thi: 22 =2 X 227V o 20 02 wu g i gid thiet
04 OC «x z y X z
X+ y+z<1l;x,y,z€ N * biang phuong phép liét ke dé dang c6 cdc nghiém 1a:
(2,1,2);(4,2,4);(3,2,6);(6,2,3).

Bai toan 5:
Cho ay,ay,...,a,;b,bs,....b,. la cdc s6 thuc tuy .

Chiing minh rdng: Zn: Ja? +b > \/(Zn:a,-)z + (Zn:b,-)2 (1)
i1 i=1 i=1

Loi gidi:

- n_ __, n n
Xét céc véc tor x; = (a;,b,);i =1,2,...,n. Khidé: Y x; =(D_a;, ) b;) hién nhien c6:
i=1 i=1 i=1

Z| x; | > Z;; |<< (1) bpcm. Dau bang xdy ra khi chi khi céc véc to duge xét cling phuong cing

chiéu, tic ton tai t € R : a; =tay;b;, =th;;t > 0Vi=2,3,...,n.
e Bing cich nay ta cling nhan dugc dang hinh hoc clia bat dang thitc Bunhiacopki
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e (6 thé thiy ngay 10i giai c4c bai toan sau:
1. Cho céc s6 thyc thoa man @ + b + ¢ = 2;ax + by + cz = 6. Chiing minh ring:

V16a? +a2x? +4J16b* + b?y? +~/16¢2 + 222 > 10.
2. Chiing minh rang v6i moi o, ta co:

\/cos“oc +cos*B + sino+ sin?P =2

3. Cho céc s6 thuc batky: a;,a,,...,a, Ching minh rang:

Z\/Cl +(1 az+l)2 2 n\/_

Bai toan 6. (Dé thi HSG Duyén hal Bdc bo ldn thit nhdf)
Cho mot 2008 [ gidc c6 tinh chdt: tdt cd cdc dinh ¢é toa dé nguyén va do dai cua tdt cd cdc

Ay =4ay.

canh la nhitng sé nguyén. Chitng minh rdng: chu vi ciia da gidc la mot sé chdn.
Loi giéi
Gid sit AA. (al,b ) v6i i =1;2008 (Quy uéc A,y = 4,), trong d6 a;;b; 1a cic s6 nguyén

N+l T

va \/ai +bl. ciing 1a s6 nguyén v6i moi i=1;2008. Ta cé6: Gia sir AA7+1 (a b) véi

=1;2008 (Quy u6c A,yp = 4,), trong d6 a;;b; a céc s6 nguyén va \/ai +bl. cling 1a so
nguyén véi moi i =1;2008.

Ta c6:

2008 ~ 2008 2008

ZAinH:O:Zai:Zbi:O. Do dé
=1 =1 =1

2008 5 2008 5 2008 5 2008 5

dai=-2 > ala],Zb =—2 > bb; ticla D a’; ) b’ lacicss chin.

i=1 1<i<j<2008 1<z<]<2008 i=l1 i=l1

Ki hiéu N la chu vi tam gidc, ta ¢c6 N 1a mot s6 nguyén duong va:

[%WJ 2008(a w02)+2 Y JaP b a4 b2

1<i<j<2008

Tic 12 N? 1a s6 chan va do d6 N cling 1a so chan.
Bai toan 7 (Dé do Hung Yén dé nghi — ky thi HSG Duyén hai Bac bo 14n thit nhat)
Cho tam gioc ABC c6 dinh. MNPQ U] hénh chit nhdt thay déi sao cho M,N thuéc dwong thcfng
BC . P thuéc canh AC, Q thuéc canh AB. Tom tap hop tom coc honh chir nhat .
Loi giai:
Chon hé Oxy sao cho O 1[1 chon duong cao ké tir 4 cua tam gioc ABC, 4 € Oy. B,C thudc

truc hoanh, chiéu duong cua truc hoanh tr B dén C.

Gia st A(0;a) a>0, B(b:0), C(c:0). Y
AQ AP S
e === 0<p<l.
4B ac P P Q P

AQ = p.AB = AQ(pb;—pa) = Q(pb;a — pa)




CN CP — —
e =" =—1-p=CN=(1-p)CO
o Cd p (I-p)

= a\f(cp —¢;0) = N(cp;0)

plbre) (- pa, () Dope(l=y =21 0:2).

2 2 2

I 1a trung diém ON = I(

: . . 1- . y
e Néu tam gidc ABC cin tai 4 = 1(0:\ 2” )4y | € [KO] véi K 1a trung diém OA: I = K1 # O.

o Néu tam giac ABC khong cantai 4. Tir (1) taco I thudc dudng thang A co phuong trinh:

b+c

;0).

1 . . ,
5 T Yo A truc tung tai K(O;g)( K 1a trung diém OA4), A cat truc hoanh tai J(
+c a

I e[KO]vé6i I #K;I#J.
KL: Tap hop tdm I cua hinh chir nhat MNPQ 1a doan KJ bo di hai ddu mat, véi K 14 trung diém

A0, Jthude BC duoc xéac dinh cu thé nhu sau:

4 N . B 4 N .
B Néu €290°; J nim gita 0,8:01=22 9% N&u B290°: J nim gita
0.c:01="28%9¢,
2
X 0 S OB-0C _ ., 0 S
+) Néeu B<C<90"; J nam gitta O,B:0]=—— ;Néu C<B<90"; J nam gitra O;C :
- OB
OJ:%‘.

e Cic két qua néu trén gidp ich rét 16n trong céc bai todn cuc tri dai s6 hay hinh hoc ké cé trong
mat phang hay trong khong gian, xir Iy c4c bai todn bién luan dinh tinh trong vin dé phuong
trinh, bat phuong trinh, hé phuong trinh, hé bat phuong trinh, dai hon 1a cac bai toan cuc tri va
toi uu .

e  Sau day ching ta xét mot s6 tim toi trong linh vuc rat duoc quan tam: Bat dang thic.

Bai todn 8 (D¢ do Qudng ninh dé nghi thi HSG Duyén hdi Bac bg lan thi nhat) ’
Cho nwra dwong tron tam O ban kinh bang 1. Trén nita duwong tron nay nguoi ta lay n diém:
B,P.RB,...,P,, nlamét sé twnhién 1é khéng nhé hon 1.

Chirng minh rang : | OB + OP, + OB, + +0—B; >1.
Loi gii:
+) bt n=2k-1. Chon truc OPF; va véc to O—Pk 1a véc to don vi cua truc. OF, =1.
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+) Chiéu céac véc to OP;i =1,2,...n 1én tryc ta nhan dugc cac hinh chiéu 1a OP. va chu ¥ rang

— /N - n
hinh chi€u cua véc to tong v = Z OP, chinh1a OP = Z OP.
i=1 i=1
Goi AB la dudng kinh cta ntra dudng tron, 4, B 1a cac hinh chiéu ctia A,B trén truc.

+) Tacd OB > OA;Vi=1,2,....k —1.Va: OP, > OB;;Vj =k + 1,k +2,...,2k 1.

Honntta O4;, <0< OB;;04,+ OB, =0.
L 2k
+) Tu | v[2| OP || Z OPF, |2 (k—1)(O4, + OB;)) + OF, =1. (bpcm).

i=1

Bai toan 9
Cho nla mét sO'tu nhién khong nhd hon 3. chitng minh ton tai mot tdp hop gom n diém thod man
dong thoi cdc diéu kién:

i) Ba diém bdt ky trong chiing khong thang hang;

ii) Khodng cdch giita hai diém bdt ky trong chiing la mot s6'vo ty;

iii)  Dién tich ciia tam gidc bdt ky thanh ldp tir ba diém bdt ky trong chiing la mot s6'vé ty.
Loi gidi:
Trén mat phing toa do Oxy xét cac diém A;(i,i?);i =1,2,...,n.Ta s& ching minh day 1a bo diém
thoa man yéu cau dat ra.

i) Gia str c6 ba diém thang hang A, 4, A,,;k <[ < m khi d6 ta cé:

A A ==k, 1> —k*); 4 A, = (m—1,m?> —[?); do tinh thing hang ta c6:
m—1 _m*-1I*

S m=k diéunay volyvi k<m.

I~k P—k
ii) Tacé Ay A = \/(k —1)?> + (k*> —1?)? gia sir khoang cdch nay 12 mot s6 hitu ty thi s&
ton tai
P

“—t0i gian sao cho: A; 4 =\/(k—l)2 +(k* = 1%)? =£<:>p2 =(k-1)*A+ (k+1)%);
q

!

déyla p?:g*;(p,q) =1= g =1va plasénguyén duong, bing cich phan tich tiéu chudn ra

cac thlra sO nguyén to ta suy ra:

dae N*:a’> =1+ (I+k)? =1=(a-k-)(a+k+)>0néna+k+1>24=1>4vo

71

13]1) Xét mot tam gidc bat ky ¢ cac dinh 14y tir cac diém do:
A(a,a?); B(b,b*);C(c,c?);a<b<c;a,b,c e N*. Goi
E(a,c?);F(b,a*);K(c,c?);Khi dé ta co:
[ABC|=[AKCE|-[AEC]—-[ABF|-[FBCK] taky hi¢u [Q] Ia dién tich mién
Q.

1v) Vay ta co:

[ABC]=

=(c—a)(c* —a*) —%(c—a)(c2 —a?) —%(b —a)(b?* —a?) —%(C—b)(c2 +b%—2a?)

=s € do a,b,c déula cic s6 nguyén duong.
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LOI KET:

Phai thuc su thita nhan ring ton tai méi lién hé 4n tang gitta hinh thitc Pai s6 va ban chat hinh hoc,
PP hinh hoc hod céc bai todn Pai s6 1a dac biét hitu hiéu. Ching ta c6 thé ké ra day ngoai PP toa do
rat nhiéu PP khéc nita dé ti€p can y tudng ndy, chang han mot trong ching 12 Ly thuyét do thi, [1Va
duong nhién khong thé ké hét céc ing dung, cdc bai toan, diéu quan trong 12 vai trd ngudi thay trong
viéc din dat cdc em ti€p can PP nhu thé nao, nham khoi day trong chiing kha niang tu duy sdng tao
niém say mé tim tdi khdm ph4 vé dep trong todn hoc. Do kha nang va kinh nghiém con han ché bai
viét khong tranh khdi sai s6t toi chi dam hy vong bai viét nay 1a mot chia sé nho véi cac dong
nghiép.

Cu6i cung dé két thiic t6i xin dugc nhéc ra day 10i ctia gido su George Polya, nha todn hoc va gido
duc My néi tiéng danh cho cdc ban yéu Toan:

“[1 Co thé rdng bai todn kia chdng khé, nhung néu né thdch thirc tri to mo ciing nhu phdt huy
duoc khd ndng sdng tao ctia ban va néu nhu ban gidi né chi bang phuong tién riéng cvia ban, thi
ban sé trdi nhiéu cam go cdng thdng cung bao niém vui kham phd. Vao lita tuéi nhay cdm,
nhiing kinh nghiém nhu thé sé tao nén diéu thii vi cho hoat dong tinh thdn va la ddu son dnh
huong mdi tuong lai...]

Ha long ngay 9-10-2008

MOT SO BAI TOAN VE HAM SO

y=ax +b va y=ax’+bx + ¢ =0

PO VAN DUC
Tb trudng t6 toan tin
Truong THPT Chuyén Luong Van Tuy - Ninh Binh

Trong chuong trinh 16p 10, hoc sinh da dugc hoc vé cac ham s bac nhét va bac 2. bay 1a 2

ham sb co ban trong chuwong trinh pho théng va c6 rat nhiéu ung dung trong ki thi cac cép.
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Sau day t6i néu 1én mot s6 vi du ap dung hai ham s trén (ké ca truong hop suy bién) dé giai
toan.
I) Ta chi § dén mdt sé két qua sau:
1. Ham s6 f(x) ludn dong bién, hodc ludn nghich bién, hodc khong ddi trén [o, B] thi:

Max [f(x)| = Max {[f(o)], [f(B)[}

[o, B]

2. f(x) = ax’ +bx + ¢ (a=0)

Max {If(a)l, (B!} Khi =2 & (o, B)
Max If(x)l = 2a

[a, B] Max {If(o0), B)l, fo )} Khi 5 < (a, B)
’ > 2a a ’
3. Max [f(x1, X2, ..., Xp)| 2 Max( Max... ( Max f(xi, X2, ..., Xn))...)
XieDi(1=1,2,..n) xi1eD; x2eDs xXneDy
IT) Cac bai toan dwgc chia l1am 3 loai
A- Céc bai toan img dung ham bac nhit va suy bién
B- Céc bai toan mg dung ham béc hai va suy bién
C- Céc bai toan tng dung phdi hop hai ham s trén.
A Cdc bai todan wng dung ham y= ax +b
Bai todn 1 (dé thi vo dich KIEP)
Chimg minh rang véi bt ctr a, b nao ciing tim duoc x, y € [0,1] dé

|xy—ax-by|2%

Gidi: Bai nay di c6 nhiéu sach dua 10i giai nhung cac 10 giai déu mang tinh chat ap dat. Véi cach
giai nhu vay 1a khong cho ta cach mo rong dugc bai toan, dong thoi ciing khong cho ta cach tim
A A 1 A A ’ o9 5 7 A \ \ I3 A
thay so 3 Sau day to1 dua ra cach giai st dung tinh chat ham y= ax +b, va qua d6 cho ta ra thém

hang loat cac bai toan dang nay.

Max [xy-ax-by| > Max {|a|, |b|. |a+b-1|}> §|a+b-a-b+1| = %

Bai todn 2: Cho sb thuc o, B, b (a<p) Tim a dé
Max |ax+b|  Cé gia tri bé nhat
xe [a, B]
Gidi: Max |ax+b| = Max {|aa +b|, |a} +b|} >
xe [a, B]
S |aaf+bf|+|aaf +ba|_|b||f-al|

la|+| B lal+] B
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laot +bl = laf} +bl (1)
Cu [lIng thilc

off (ao +b) (-aB -b)>0  (2)

F)NeuaBp>0 (2) < (aa +b)(-aP -b)>0 khi d6
-2b
a+pf

*)Néuap<0 (2) < (ao +b)(-ap -b)<0 Khi d6

(1)>aa+b=af+b>a=0

(1) = aa +b =-ap -b<> a=

-b

_ Khiaff >20vaa=
[b]|B-a| | Khiap20via="""

Vay Max |ax+b| bé nhét bing
la [+ 81| s
khigf <0vaa=0

bl -]

Max |ax +b| bé nhit bang———

(.. B] la|[+]B]

Bai todn 3: Cho hai s6 o va B xét cac ham s6
f(x)=a’x + aa+ B
Xac dinh a dé Max |f(x)| nho nhat
xe[-1,-1]
Gidi:

truong hop 1: B> 0

A) Néu o —2 B> 0 ta chon k > 0 sao cho

a(l-k) __ B ol a’ +2p -0
2+h)  « o’ -28

Max |f(x)] = Max {Ja’+oa+p|;[a*—ca—B|} >

x e [-1,1]

ZL|ka2+koca+kB+a2—oca—B|=
k+1

2 2 2

a a o a a
¢6 dang thirc < a= - I
a

B)néuo’—2P<0

— Max [f(x)| = Max {|a’+ ca + P, |2’ — oa — B|}

o, . Z a2 o
Ta chirng minh Max [f(x)| bé nhat1a p - e Sa=- By

71




That vay véia=- % = Max {|a’ + aa + B, | a’ — ca — B[}

2 2

a® | 3a a
=M -2 - =B- 22—
ax{p 4,I 2 Bl}=B 2
2B-a% >0
do(B-2 )-132 _pl= B2
4 4 2,
2

Mgt khéc Max {|a’+aa +B|, |’ —oa—Bl} > | a’ +aa+ | =
2 2
a2 a a” a
=l@a+ =) +P-—|2P-—c6 & a=- —
[ ( 2) p 4IB 2 5
2
'B—zkhiaz—ZﬂZO,ﬂzo Vi gL
Vay >0 thi Max [f(x)| bé nhdt={ ¢ a
ﬂ—aTkhiaz—ZﬁSO,ﬂZOVdaz%

truong hop 2: <0
B <0 do Max|f(x)| = Max|a(-x) + (-t )a + (-B )

. [- -1€-x <L ala—a
Ap dung két[qulé’ (lzgla truc‘ylnTg h)é)’p_llvdi (%
Pla—p>0

Vay ta c6 két luan chung

2
P khia2—2|,6’|>0vda=—%

-

Max|f(x)| bé nhat = ,

[- 1.1] B1-“khia®-2|Bl<0via=—Plg
4 23

Bay gid ta lai xét bai toan 2 & trén véi diéu kién
o’ —2p >0, p >0 nhung a = — A ( v6 nghiém) (xét bai 4)
(04
Hoac o’ — 2 <0, B >0 va phuong trinh a= 0 v6 nghiém (xét bai 5)

2
Bai todn 4: Cho 0<a <B vi oL+ < ?5

Xét cac ham sb f(x) = (a® + 2a+ % )x +1

Tim a dé Max [f(x)| nho nhét
[, B]

2, s g A1 2
Gidi: D¢ y rang véi dieu kién 0<o < va o +3 < ?5 thi

(v6 nghiém 4n a)

Phuong trinh a + 2a + EA——
25 a+p
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Nén két qua bai 2 khong thoa méan

*) Néu a” +2a + %=0®ae {-%,-%}:f(x)zl

*) Néu a” +2a + %> 0= f(x) >1

*) voi a’+2a + %<0©_ 2<a<- l

5 5
9 9 .25
H)fla) =@ +2a+——)a +1>(@° +2a+—— )= +1=
) fla) =( 5s) ( 516
16 . 25 a+f_25

=[(a+1)- — 12 +1>0doa<
[at]) 25]16 16

= fla)=fla) = [(a+1)2-£]oc +12>1- ga

C6 dang thirc < a= -1

, 25 25
HnéuB< = = fP)2H)20
ynéup < =1(P) = ()

= flo) > f(B) > 0 = Max [f(x)| = f(a) > 1- 16 a
(o] >

dat < a=-1
+H) Néuf(B)<0=p > f—z = [f(B)l=-1f(P)=

— 1 [a+1- 10 5=
I-lathy->2 1B=1h

25 25 2 16 . 25
do 2<B< 2 a=fi<l-[(at])-— (2 -a) =
e R e O R O e

16 2,25 16
=]1-—a-(@arD)(—-a)1l- —a<fla
5 ( )(8 ) 5 (o)

Vay Max [f(x)| =1 - % o c6 dang thirc < a=-1

[o,B]
Bii todn 5: f(x) = (a*+1)x— 1 cho & <o <pf
Tim a dé Max|f(x)| bé nhat
[a, B]
Gidi: Trudng hop nay a’+ 1 = 0 v6 nghiém nén giai nhu bai 2 khéng duoc
M =Max [f(x)| = Max{|f(« )|; [f( #)]}=Max {[@*+D) e -1|; [(a*+1) B-1]}
[a,p]
Nf(a)=|@+)a -1|=1- a@+)=1++])|a|> 1+ |
Néu M= [f( B)|=|(a+1) B- 1| =M > 1 +|a | nén
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ve . b
Bai todn 6: Cho 0<a; <a, <as; —-<

Giai:

M=|@+]) B- =@+ B-1> f-1>21+Ha|< B 22+]|a|
Viy f>2+a|=>Mbénhitla f-1 < a=-1
Con f <2+ a|=Mbénhitla|a|+1<a=-1
Vay M bé nhit=Max { S - |; |a |+1} < a=-1

b b
a a, da
f(x) = Max {|aix — by|; |a;x — ba|; [asx — bs]}
X €eR
tim Min f(x)

x € R

b +b
*) Phuong trinh — a3x +b; =a;x —b; & x=x= —2 (1)
a, +a,
* ok _ _ . b, +b,
) Phuong trinh — asx + by =ax — by, < x=x; )
a, +a,
b, . b
ﬁ<x1 <=V nc’><:>ﬁ<—3
v 4 a, a, a, a,
Khi @6 b . . , 3)
2, <E2Vnoe -2
a, a, a, a,
Ta xét 2 truong hop

I) x, > x; Ta chiing minh Min f(x) = |a;x; — by|
X eR
a) Ta chung minh f(x;) = |a;x; — by|
Do (3) = |ajx; — bj| =a;x; —b;=- azx; + bz = |azx; — by|
Ta chiing minh |a;x; — by| > |axx; — by
b, +b, - b, +b,
a, +a, a +a,

< apby + ajbs> ajbytasb+ asbs

*)a1X1—b1 > -32X1+b2 < X1 =

= (a1b3 —azb; +asb; — albz) + (azb3 — a3b2) >0 dung

b b _b b a
S A2 0 o aib; — azb; > —3(31b2 - azbl) >a1by — axby
a a4, q a,

Do

*) ’8.1X1 — bly =a;X;—b; =-azx;t by = - asxp+ by =axo — by > ax; —b;

Vé.y f(Xl) = |a1x1 — b1|
b) Ta chirmg minh f(x) > f(x;) V x € R

*) X<X] = -a3x+tby>azxy +bs=a;x;—b; = f(X])
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*)x>x; = a;ix—b; >ax; — b =1(x))

V@y Min f(X) = |31X1- b1| = (
X eR

ab; — azblj
al + a3

I) x; > x;

a) Ta chung minh f(x;) = |ax; — by
|azX2 — ba| = axp — by = - a3xp + b3 = [azx, — by
|axx, — ba| > | a;x2 — by| ding do

|axxs — ba| = axXp — by = - asxa + by > - azx; + by = a;x; — b;>a;xp — by>

>aq ﬁ -by>0
a

= f(Xz) = |aX2 — b2|

b) Ta chung minh f(x) > f(x;) Vx € R
Néux > x; = f(X) > |asx — by =ax — by > |azx; — by
X <x; = f(x) > |-a3x+ b3 =-asx + by >-asxy + b3 = |ayx; — by

|a1b3 —a;b, |; |a2b3 —a;b, |}

‘ a, +a, H a, +a,

Vay Min f(x) = Max {f(x)); f(x2)} = Max {
X eR
Bii todn 7:ux,y)— x y + xy> —ax —by. Tim a, b dé Max [f(x, y)| bé nhét
x,y € [0,1]
Bai nay c6 thé yéu cau cao hon céc bai trén 1a phai tim gia tri bé nhat ctia ham sb |[f(x,y)|
1 2
Max [f(x,y)| = Max {|a|; |b|; |2-a-b|} > §|a+b+2 —a-b| = 3
X,y € [0,1]

L. 2 2
Voia=b=2 = fftuy)] = xy) (xy - 2)
J 2 N 2 2
a) Néu xy > 3 do x,y € [0,1] nén |(x+y)(xy- §)| = (X+Y)(XY-§) <

< (1+1)(1 -

[SSHN )

2
) 3
£ 2
b) Neuxy<§ = (1-x)(1-y) 2 0 &xty < 1 +xy

= 0> (xHy)(xy - %) > (1+xy) (xy - %)
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= |y (xy - §)| < |1+ xy) (xy - §>| ~ (1+xy) <§- xy) =

(SSH )
1

() < % — Max [f(x,y)| bé nhit 1a§ Xy € [0,1]

W | —
>

SAU DAY LA CAC BAI TOAN TUONG TU

Bai todn 8: Ching minh rang voi bit ¢t a, b, ¢, d, p, q nao ta ciing tim dugc x,y,z thudc doan [0,1]

dé [Xyz —axy —byz—czx —dx —py—qz| = 7

Bai toan 9:Chung minh rang véi moi muoi bon so thuc aj, a,, ... aj4 nao ta cling tim dugc x, y, z, t
thuoc [0,1] dé

|xyzt — AXYZ — apXyt — azyzt — a4ZtX +asxy - aXzZ — a7;Xy — agyz — agyt — ajozt +
-apX—apy—apz—aut > —
15

Bai toan 10: Cho 0<a<b,m >2, m € Z

Céac sb ay, ay, ... a, khong am va khong thudc khoang (a, b) cac s by, by, ... by déu thudc

n k
doan [a, b] thoa man Z a; _ Z bj
i=1 j=1
n k
a) Ching minh ring ; v a < JZ_; n\a/a

b) Chiing minh rang Z a; Z b] (O 21

Baitoan 11: Choa; <a;<...<a,
f(x) = Max {[x-ai|, |x-a|, ... [X- an|}
Tim Min f(x)
x € R

Bai toan 12 cho 0<a;< a,< ..<a,

bl b2 bn
— <<, <
Cll a2 a

f(x) = Max {Jaix — bi| (1= 1,2,...,n)}
Tim Min f(x)
x € R
Trén day 1a mot s6 bai toan p dung tinh chat ciia ham y = ax + b dé giai. Con 2 phan nita
xin duoc trao ddi cing cac ban & chuyén dé sau.

Ninh Binh, Ngay 10 thang 10 nam 2008
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PHEP BIEN HINH TRONG HINH HOC PHANG

TRUGNG THPT CHUYEN HA NAM

Phin I: Pit van dé
Trong chuyén dé hinh hoc phang sir dung phép bién hinh trong hinh hoc phang 1a mgt phan
kién thirc rat quan trong. Sau day la noi dung bai soan cua t6i khi day vé cac phép bién hinh trong
mit phang.

Phan II: Ndi dung
A. Phép d6i xirng tam, doi xirng truc, tinh tién.
I. Phép doi xirng tim
1. Pinh nghia: By : M - M’
OM =-OM’

2. Tinh chét:
a. Do bién 3 diém thiang hang thanh 3 diém thang hang.
b. Py bién duong thang thanh duong thang // hodc trung v6i dudng thang ban dau.
c. Bién doan EF thanh E’F’: EF = E’F’
d. Goc xSy thanh goc x’S’y’ va géc x’S’y’ = gbe x’S’y’.
e. Do 1a phép bién doi 1 - 1
h: Po: A > A’

B —>B’

AB=-A'B
I1. Phép ddi xirng truc
1. Binh nghia:

P& M —> M’

MM’ L dtai H

MH =—HM'
2. Tinh chit
Gidng nhu phép dbi xtmg truc
II1. Phép tinh tién:
1. Dinh nghia:

Cho V% 0

T,:M—>M

-

MM' =v
2. Tinh chét:- Gidng nhu phép d6i xtng tam, ddi ximg truc

-Phép T, khong cé diém bét dong.

IV. Bai tap ap dung
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Bai tdp 1: Cho tam gidc ABC va duong tron O. Trén canh AB lay 1 diém E sao cho BE =
2AE goi F 1a trung diem AC va I 1a dinh thir 4 cua hinh binh hanh AEIF. Vi moi diém P trén
duong tron (O) dung Q sao cho PA+2PB+3PC = 6@. Tim tap hop Q khi P thay doi.

* Huwéng din hoc sinh

+ Xéc dinh diém K ¢é dinh t/c: KA+ 2KB +3KC =0

+ Chimg minh K =1

+ D P —> Q vay Q thudc duong tron 1a anh (O)

* Loi gidi:

Goi K 1a diém thoa man:

KA+2KB +3KC =0

RN

6KA=—(2A4B +3A4C)
Al = AE + AF

Ta co
<64 =2AB +3AC
HEzE—)IEK

PA+2PB+3PC=6I0
Tu
6P +I4+2IB+3IC =610
< PI+0I=0 —> 1a trung diém PQ
->Db:P—>Q
OP thudc duong tron
— Q e duong tron 1a anh cia (O) qua by
Bai tdp 2: Cho hinh binh hanh ABCD va dudng tron (y) bang tiép cua tam giac ABD tiép
xuc v6i phan kéo dai AB va AD tuong tng tai M, N. Poan thang MN cit BC, DC tuong tng tai P
va Q. Chirng minh dudng tron noi tiép tam giac BCD tiép xtic BC, DC tai P va Q.
* Huwéng din hoc sinh:
+ Chtirng minh BH = DK
Cobr:B—->D
+ Chtirng minh DQ = DN = BH = BM’
— b (C) > (C1)
Vi (C) 1a duong tron qua M’, N’, H ; (C1) 1a duong tron qua D, Q, P

N

Loi gigi:
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Goi K 1a tiép diém (y) va BD

(C) 1a duong tron noi tiép AABC tiép xtic AB, AD,BD tai M’, N°, H
Do: MM’ = NN’

MM’ = MB + DN’ = BK + BH

NN’ =ND + DN’ = DH + DK

= BH + BK = DH + DK

= BH + BH + HK = DK + DK + HK

< BH =DK

= 3 Phép d6i xtmg tim D;: B — D
H—->K
A—>C

AAMN can tai A => gbc AMN = goc ANM
DQ // AM => gboc DQN = gbc AMN
=> gdc DQN = goc ANM
=> ADQN céan tai D=>DQ =DN=DK =BH =BM’
Dob;:B->D
=br M ->Q
Tuong ty AMBP can
bi: N ->P
H-> K
(©)->(Cl)
(C) 1a duong tron qua M’, N°, H va (C1) 1a duong tron qua D, Q, P do M’, N’ H 1a diém
chung duy nhat ctia AB, AD, BC va (C)
Va khi d6 K, Q, P 1a diém chung duy nhat (C;) va BC, CD, CB
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Bai tap 3:

Cho duong tron (O, R) AABC c6 3 goc déu nhon ndi tiép trong duong tron. Goi A, B’, C’
lan luot 14 giao diém tha hai ctia cac duong cao ké tir A, B,C véi duong tron. Hiy xac dinh kich
thude 3 canh AABC theo R dé dién tich luc giac AB’CA’BC’ 16n nhat.

* Hudng din gidi

CMinh: dt BHC = dt BCA’
dt AHC =dt ACB’
dt AHB =dt ABC’

+ Tu d6 dt AB’C.A’BC’ max khi Sppc max

+ Dua vao cong thuc hé rong tim max Sapc

* Loi gidi:

B’

A
C’
H
\ -
A

Pgc: H-> A’ => Sguc = Spca:
Dac: H->B’ => Sanc = Sacw’
Pag : H->C" => Saus = Sasc’
bat Sapc =S => Sap'caBc = 2S
Vay max Sap'ca'c khi S dat max
* Ta chimg minh két qua quen thudc
a’+b*+c’

43

+) a’+b” + ¢ <9R? (R la ban kinh dudng tron ngoai tiép AABC)

That vay:

+)S <

a’+b*+c?
S ———

43
a’+b>+c%)?
S p(p-a)(p-b)(p—c) < - )

(a2 +b* +c2)2

(a+b+c)a+b—c)b+c—b)(a+c-b)<

o3@+b) —cle? - (@-b)|< (@ +b + )
<=>a'+b*+c*>a’b” + b’c? + c’a’ (BDT ludn ding)
Chimg minh: a* + b* = ¢* < 9R?

<=>sin’A + sin’B + sin’C < 9/4 (d& dang chimg minh)

2 2

9R
Vay S < S maxS=——=
SRS 43
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2

R
43

max S = khi A ABC déu

Bai tap 4:
Cho lyc giac 16i ABCDEF c6 AB = BC = CD; DE = EF = FA Va G6¢cBCD goc EFA = 60",
gia sir G va H 12 hai diém nam trong luc giac sao cho goc AGB = goc DHE = 120°. CMR
AG + GB + GH + DH + EF > CF
* Huwéng din gidi
+) Dgg bién & nao:
A->D
c>C
D->A
F>F
+) CM: GA + GB =GC’
+) V& thém hinh phu cho bai toan dé quan sat
* Gidi:

Taco: BD=AB
AE =DF
Dge: A -> D vi (ADBE = ABAE
=> Goéc B, = goc B, => BE 1a phan giac va BE L AD)
CcC->C CO
D->A
=>CD=C’A = AB => AABC’ déu
E -> F -> ADEF déu

* ABCD; AAEF dung phia ngoai tir gidc ABDE BO
C’, G khac phi v6i AB 600
H, F’ khac phia voi DF B

60°| 60°

=> Tt gide AGBC” ni tiép goc BGA + géc B’CA = 180° = (120° + 60g)
= BC’?=C"G? + BG*-2BG. C’G.12
CA?=CG*+GA* - 2AG.C’G.12
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=BG’ -BG.CG=GA’-AG.CG
<=>(GA -GB)(GA+GB-GC) =0

* NéuGA =GB => GC> L AB=>CK = af;GK - BK 1g30° = “*6/5
4a./3
GC'= a3 _2a3
6 3
a
Cos 30° = —2_ 5 BG =i—>GA+GB=2“*/§
GB J3 3

Vay c6 GA + GB =GC’

Trong ca 2 trudong hop - GA + GB = GC’

HE + HD = HF’

Vay c6 C’G+ GH +HF’ > C’F’

Ma C’F’ 1a anh CF qua phép BE - C’F’

Vay GA + GB + GH+ HE + HD > C’F

Dau = khi G, H ndm trén [ C’F’]

Bai tip 5: Cho AABC. Tir dinh A ta ké trung tuyén AM va phén giac trong AD. Phép ddi
BK AB’

xtng qua dudng thing AD bién duong thang AM thanh AK (K € BC): CMR: C_K= 1

Huwéng din hoc sinh:
+ Goi P 1a diém ddi ximg ctia A qua M’
+ Tir C ké dudng thing // PB’ cit AK tai Q. Tir d6 co tir gidc AC’PB’ 14 hinh binh hanh.
+ ap dung dinh ly talet ta c6 dpcm.

Loi gidi:
Cl-.
P
Q &
Psp: BB
Co>C
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M—>M
M la trung diém B’C’, B’ € AC, C’ € AB, M’ e duong thing AK
Goi P 1a diém d6i xtg ctia A qua M’
Tir C ké duong thang / PB’ cat AK tai Q
M’ C’=M’B’ = T giac AC’PB’ 1a hinh binh hanh
M’A=M’P

= AB//PB’// QC

Theo dinh ly ta 1ét: %: AB (1)
KC CQ
CQO CQ CQO PB AC _AC
PB CA AC AB AB 4B
2
CQ:AC PN AC:AB P AB _ 4B
AC AB CQ 4cC CO AC?
BK AB*
=>Tu(l)va2) —=
(H)va(2) CK AC?

Bai tdp 6: Cho hinh binh hanh ABCD. Tur B ta ké cic duong thang BE vudng goc CD va
BK vudng goc AD (E € CD, K € AD). Biét KE = a va BD =b (b > a). Tinh khoang cach tir B dén
truc tdm A BEK.

Huéng dén gidi

+ Xac dinh phép tinh tién

T;: K—>D

Ta co:

A

Vay

(2)

H—-E (H 1a truc tam A BKE)
B—-> B’
2 B _ _ 2 2

+ChiraB'E=BH=,/b"—a B
Loi gidi:
Goi H la truc tam A BEK
Do EH vuong goc BK, EK vudéng goc BH
— DE=KH; EH=KD &
Tsz : K—D A )

B’ C

H—->E
B—->bB
BH —» B’E
Vi BH vuong goc EK nén B’E vudng goc KE
A B’EK vuédng tai E = B’E* = B’K* — KE?
Mait khac B’K = BD (do tir gidc BB’DK 1a hinh chit nhat)

Do d6 B’K =b viy B’E —BH = 4/b* —a’

* Cac bai tap rén luyén ky nang:
Bai 1: Cho A ABC va diém O nam trong tam giac. Tim tap hop diém M va N thudc cac canh
tam giac sao cho O 1a trung diém ctia doan MN
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Goi y hoc sinh:

+ Thyc hién phép ddi ximg tam O.

D,: M —>N

A->A

M la diém chung AB va A’B’ (A’B’ 12 4nh ctia AB qua D)

N 1a diém chung AC va A’C’ (A’C’ 1a anh ciia AB qua D,)

+Tir d6 suy ra cac diém M, N phai thude doan AB, AC c6 thé ca cc dinh tam gjéc.

Bai 2: Cho hinh binh hanh ABCD. V&i mdi diém M trén canh AB ta lay diém M, dbi ximg
v6i M qua dinh D, M, d6i xtmg voi M; qua trung diém canh CD va M; ddi xing v6i M, qua B. Tim
tap hop cac diém M; khi M thay ddi trén canh AB.

Goi y hoc sinh:

bp: M->M,

Pu: M;—> M, (H 14 trung diém CD)

bg: My > Ms

bx: M —> M3 (K xac dinh HK = HD + HB)

Tur d6 suy ra tap hop M3 1a doan AB.

Bai 3: Cho duong tron (O) va hai dudng tron bang nhau (O,); (O,) cing tiép xtc véi (O) lan
luot tai cac diém A, A,. Trén duong tron (O) ta léy diém M. Cac doan MA;, MA, cit lan luot thi
hai cac dudng tron (O1), (O,) twong mg tai diém By, B,. Ching minh BB, // A A,.

Goi y hoc sinh:

+ Goi duong thing x 1a trung tryc cia 0,0, = O € x

+P;: 01 >0,

+ Ta chimg minh dé dang:

AB, OB, A4,B, A4,B,
AM OM OM A,M

Bai 4: Goi I 1 tim dudng tron ndi tiép hinh tam gidc ABC khong can. Puong tron ngoai
tiép A BIC cat phan kéo dai ctia cac canh AB, AC tuwong tng tai B’ va C’. Ching minh BB’ = CC’.

Goi y hoc sinh:

+ Ta chimg minh Al di qua tim dudng tron ngoai tiép A BIC vi vy tam cua duong tron do
cach déu hai day cung BB’ va CC’.

B) Phép quay

I. Pinh nghia: Qo™ M > M’ M
Sao cho (OM, OM’) =«

OM =OM’
O: tam quay ‘
a: Goc quay
/o € [O° 180°] M’
IL. Tinh chat
1. Q.*c6 mot diém bat dong duy nhat
2. Qu™ A->A
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B—->B
Thi AB=A’B’; (AB, AB’) = o (0 < a. < 180"
3. Phép quay bién 3 diém thang hang thanh 3 diém thang hang.
H¢ qua: + Phép quay bién duong thang thanh duong thang
+ Bién tia S, thanh tia S’ va goc tao bdi hai tia 46 bang a.
+ Bién doan thang PQ thanh doan P’Q’: PQ = P’Q’
+ Bién goc thanh goc bang nd
+ Bién duong tron (IR) thanh (I’,R) - ; T
I11. Mé rong phép quay tim O goc quay o:: 180° < o < 360" /B ; ’
1. Dinh nghia: S
Cho truge diém O va goc o v6i 180° < o < 360°. Phép bién dbi B

01
02

Q= 0" 0! 1a phép quay tm O v&i goc quay a ki hidu 1a Q™.
2. Tinh chit:

a. Tinh chat I: Qo® v6i o €(180°, 360°)

Q*: M — M’ thi 027%": M -> M’ va (OM, OM”) = a - 360"

b. Tinh chat 2:

Cho 2 phép quay Qo1 Qo2” vé6i 2 thm quay phan biét (0,#0,) va thoa man diéu kién 0° < o

<360% 0° < B < 360", “;ﬂ #180°

Khi d6 Q = Q02" . Qo1“ 1a 1 phép quay véi goc quay ¢ = a + B va tdm quay O dugc xac

dinh: QO]T 1010, >x
B2 . . .
QO2 :0,0,—y vaxcatytaiO

IV. Bai tap ap dung

Bai tip I: Cho A ABC trén cic canh AB, AC va vé phia ngoai ta dung cac A déu ABC,
ACBy, ACB;. Goi G la trong tim A ABCy; M 1a trung diém BC, Chimg minh rang A MGB, vudng
va MB= MG +/3

Huwéng din hoc sinh

- Hoc sinh ¢6 thé chimg minh dua vao tam giac dong dang

- Sir dung tinh chat trich hai phép quay

Loi gidi:
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60°

le tA—>C

60° 120°

le .QG :B—>C
180° 60° 120°
g;?ﬁl B — (j::>'£;21;1 'Q;?G

Theo tinh chit trén = Goc (GB;, GM) = - 60°
= Goc (GM, GB)) = 60°; Géc (B,G, BiM) = 30"
— G6c GMB; =90° = MB; = MG /3

Bai tip 2: Cho A ABC can (AB = AC). Trén canh AB lay diém M sao cho MA = BC. Tinh
gbc BMC.
Huwéng din hoc sinh:
A C’

80° .

N
30°

B C
+ Xét phép quay tdm A gdc quay 1a bao nhi¢u

+ Xét cic tam giac bang nhau.
Xét Qu%’: C - C’; B, C’ ndm v& 2 phia AC
Xét AMAC’ va A ABC ¢c6 MA = BC
AC=AC’
Goc MAC’ = 60° +20° = 80° = Goc ACB
= AMAC’ =A ABC (c.g.c)
= C'M=CA=CC’ (vi A ACC’ déu)
= AMCC’ can tai C’
Ma C’M =C’A = A AMC’ cén tai C’
= Goc AMC = goc MAC’ = 80" = Goc AC’M = 20°
= Gbéc AC’C = 40°
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v A . , , ,  180°—40° 0
Do AMC’C can tai C’ = Goc CM’C = goc MCC =T=7O

= Géc BMC = 180° — 70° — 80°= 30°

Bai 3: Cho luc giac 16i ABCDEF ndi tiép trong dudng tron (O) c¢6 AB, CD, EF bang ban
kinh dudng tron. Goi M, N, P lan lyot 13 trung diém cua BC, DF, AF. Ching minh ring A MNP
déu.

Huwéng din hoc sinh

+ Xét Q*°

+ C6 phép quay Qp™: N — M khi d6 c6 A MNP déu:

Giai:

- Goi P 1a trung diém cta AF
- K 14 trung diém BE
I 14 trung diém EF
Q" B—oA
F—>E
— BF —BE = (ﬁ,A—E)= 60°= AE cit BF theo gbc nhon 60°
Do tur giac ABEF 1a hinh thang can
= AE = BF = PI = IK theo tinh chit dudng trung binh
— PI cit IK theo mot goc nhon 60° = A PIK déu

Q06OZ F—>E
D—>C
=  (FD,EC)=60"ma IN' 1 FD

KM ™ EC

= goc (IN,KN)=60° (1)
Ma IN = KM = %FDZ %FDz%EC
>0 15K

NN

= (IN,KN )= 60" tir (1) -> (IN,KN )= 60° = KN = KM = M = N'
= 0% : N > M = APMN déu
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Bai tap rén ky nang
Bai _1: Cho hinh vudng ndi tiép trong hinh binh hanh MNPQ, A € MN,
B € NP, C € PQ, D € QM. Goi M’ 14 chan dudng vudng goc ha tir M xudng AD, N’ 1a chan duong
goc vuong ha tir N xudng AB, P’ 1a chan dudng vudng goc ha tir P xudng BC, Q’ 1a chan duong
vudng goc ha tir Q xudng CD. CMR tir giac M’N’P’Q’ 13 hinh vudng.

Goi y hoc sinh
—90°

+ Xét phép quay QO : A—>B T d6 = AQ; qua truc tam H ctua A
M - M, ABN
Do A
Q—->Q

Q;% : M—H — [MM’] = [HN’]

AD — AB M >N’

Bai 2: Hai A vudng ABC = A vudng A’B’C’ (Goc C = goc C = 90°) dwoc dat trong mit
phang va cac dinh cta 2 tam giac duogc danh s theo cung chiéu dudng thang. Goi D 1a giao diém
cta cac duong thang BC va B’C’; E 1a giao diém cac duong thing AC, A’C’. CMR 4 diém C, D,
M, E cung thudc mot duong tron.

Goi y hoc sinh

Ta thuc hién phép quay tdm M bién C — C’

A->A
B—->B’
+ Chi ra goc CMC’ = goc CA’C’ = goc CDC’

C- PHEP TU VI
L. Dinh nghia:
Vo' M > M’
OM'=kOM 7Z
O: tam tu vi
k # 0: ty s6 tu vi
k> 0: Vokphép tu vi duong
k < 0: Vo*phép tu vi 4m
Dic biét k = 0 = anh thudc diém M déu 13 0
IL. Tinh chit
1. Phép Vo (k # 1) ¢6 1 diém bt dong duy nhét 13 0
2. Vo': M > M’ = O, M, M’ thing hang
3. Vo A A
B> B’ A'B'=kAB
(A#B)
4. Phép vi ty bién 3 diém thang hang thanh 3 diém thang hang
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Hé qua: Phép Vo*bién

* Bién duong thang (d) thanh dwdng thing (d’) va d’//d hodc d’ =d

* Tia Sx thanh tia S’x’ va hai tia d6 hodc trung nhau

* Poan PQ thanh P’Q’: P’Q’ = /k/ PQ

* A ABC thanh A A’B’C’ va hai tam giac ndy dong dang ty s6 dong dang bang /k/.
* Goc xSy thanh goc x’S’y’: goc xsy = goc x’s’y’

* Bién dudng tron (I,R) thanh dudng tron (I',R”) va R* = /k/R

Bai tip 4p dung
Bai I: Cho A ABC bén trong A dung 4 dudng tron (0,); (0,); (03); (O4) bang nhau sao cho
3 dudng tron ddu tién cung tiép xuc véi 2 canh A. CMR tdm dudng tron ndi ngoai tiép A ABC va
tam duodng tron (O4) thing hang.
Goi y hoc sinh
* Xét phép vi tu tam I ty sd k
* Dya vao tinh chit Vo*: M — M’ chimg to O, M, M’ thing hang

o

Vs

03
02

BL
Loi gidi:
Ta cé 1A, IB, IC chtra Oy, O,, O;
- 0,0, //AB
0,053 //BC
050, //AC
10, 10, 10, 1
4 1B IC k
VS 0> A
0,—>B
0;—>C
Do O, 14 tim dudng tron ngoai tiép A 0,0,0; (vi cach déu 3 diém).
Ttc la: Vlk: 0;,—>0=1040 th'fmg hang

Dit
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Bai 2: (Bé thi HSGQG 2003).

Cho 2 dudng tron c¢b dinh (01, Ry); (02, Ry); (Rz > R)) tiép xtc nhau tai M.
Xét diém A nam trén (O,, Ry) sao cho 3 diém A, O;, O, khong thang hang. Tir A ké cac tiép tuyén AB,
AC voéi duong tron (O, R)), (B, C 1a tiép diém). Cac dudng thang MB; MC cit lan thir hai dudng tron
(0,, Ry) twong tmg tai E, F. Goi D 14 giao diém EF va tiép tuyén tai A cua (O;, R;). CMR diém D di
dong trén 1 dudng thing cb dinh khi A di dong trén (Os, Ry) sao cho A, O, O, khong thang hang.

Huwéng din hoc sinh:

* Goi D’ 1a giao 2 tiép tuyén tai M va A’

Chtrng minh D’ thudc truc ding phuong BC cta 2 dudng tron (O;) va (O3).

Ry

* Xét phép vi tu VA;T‘ : (01, R1) = (02, Ry)
B—>E
C—>F
BC —» EF
D A
E/
\(5 \ 02
01

M &

Loi gidi: ) )
* Ta thay tir gidc ABO;C noi tiep duong tron (O3)
* Goi A’ 1a giao diém thir hai cia AM véi (01, R})
* D’ 1a giao 2 tiép tuyén tai M va A’
- Chirng minh D’ thudc truc ddng phuong ciia BC ciia (0;) va (O3)
& Chung minh: PD,/(OI,’ RI) :,PD’/(O3)
Vay D’ di dong trén tiép tuyén cta duong tron (O;, R;) tai M
= D’ e duong thang cb dinh
R,
Xét V.. (O, Ry) > (05, Ry)
B—>E
C—>F
BC — EF
Tiép tuyén tai A” — tiép tuyén tai A
= D nam trén duong thang MD’ 14 tiép tuyén vé&i dudng tron (Oy, R)).

Bai 3: (Dé thi HSGQG nim 2000)
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Cho 2 dudng tron (O) va (0°) c¢6 ban kinh khac nhau cat nhau tai A va B. Mot dudng thiang
tiép xtic vai (0) tai P, tiép xuc (0’) tai P’. Goi Q, Q’ lan luot 1 chan dudng thing AQ, AQ’ cit lan
thr hai 2 duong tron tai M va M. CMR M, M’, B théng hang.

Huwéng din hoc sinh:

Rl

* Xét phép vi tu VSR2 (S 1a tdm vi ty ngoai cia 2 dudng tron)

* Chtng minh t&r giac AQOA’ ndi tiép

* Chimg minh: Tong 2 goc bang 180° = B, M, M’ thing hang

Loi gidi:

2 duong tron cit nhau, R # R’, Goi S 13 tAm vi tu ngoai cua 2 dudng tron
R,

vh: 00 )
PP—>P
A ¢ = GocA=Géc 0AQ
Q—-Q
J

Ta lai co: Sp* = @E, SP? = SA4.5A'
= @E = SAS4' = T gidc AQOA’ ndi tiép dudng tron
= Goc A; = gboc OA’Q (chin goc QO). Vay goc A, = goc A,
Do A MOA can va AM’O’A’ can = G6c MOA = goc AOM’
C6 Gée By =1/2 (360°— goc MO’A)
Goéc B, =1/2 g6c M'O’A’
= Goc B+ goc B, = M, B, M’ thang hang
HU

Bai tip 4: Cho 2 dudng tron (O) va (O’) tiép xtc v6i nhau tai A, (O’) nam trong (O) BC 1a 1
day cung cta (0) tiép xac (O°). Tim tap hop tdm dudng tron ndi tiép AABC khi day BC thay doi.
Huwéng din hoc sinh

R

-Xétphép vity VR : 0’ -0 (M 1a tiép diém cua BC va (0))
M->M
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B—-> B’
- T d6 xac dinh phép vitu M — 1
Do M chay trén duong tron (O’) = I chay trén duong tron 1a anh cua (O’) qua phép vi tu

trén.

Loi gidi
R
VE . 050
M - M’
R

A0 = EA—O' ; M; e duong tron (O)

Ta thdy AM la tia phan gic ctia goc BACu
Vi Goc A = goc C; Goc A = goc By
O’M //NM’
OM vuodng goc BC
= OM’ la duong kinh chia d6i day BC
= AM’BC can = Goc C; = goc B; = Gbéc A = goc A,
= I 1 tam dudng tron noi tiép A ABC thuoc MA
Theo tinh chét phan giac
MI BM AB BM AB Al
14 AB 4 Mi BM IM
PB/(0’)=BM?=BB’.BA
AB Al AB
- = =
BM IM \BB'BA

=>0OM’ vuodng goc BC

.
V}:B‘—)B
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18 =2 ap=% 4
R’ R

—>AB=kAB'(k=%>1)

AB' AB—-AB' 1-k
—> =

- =k
AB AB 1
BB=(-kyap—>—8 _ 4B 1
VBABB' [(1-k)4B* 1-k
Ta co:
Al 1 — g —
e =g Al=—1-AM
IM  J1-k g l+¢g
4
>V M —>1

Vay I thudc duong tron 1a anh (O’) qua Vljiq
Bai tap rén ky nang

Bai 1: Cho A ABC, I 1a tam duong tron ndi tiép tiép xtic BC tai M. Goi N 1a diém dbi ximg
v6i M qua I, K 1a giao diém AN va BC. Ta ki hiéu H 1a diém d6i xtng voi riép diém (I) trén AC
qua trung diém canh AC. L 1a diém ddi xtng voi tiép diém cua (I) trén AB qua trung diém canh
AB, G la trong tam A ABC. P 13 giao HB va CL. Chtrng minh rang P, G, I thang hang.

* Huwéng din hoc sinh:

* Goi A’ 1a trung diém BC

Phai chimg minh A’ 13 trung diém MK

Phép V) N> K

I->1

Chung minh K = K

* Chtng minh 3 phép ty vi: Vg : 1 — P

Vay chimg t6 G, I, P thang hang

Bai tip 2: Cho 2 dudng tron (C), (Cy) cung tiép xtc trong véi duong tron (C) tai M véi tAm
(C)) nam trén (C,) Day chung cta (C)); (C,) cit (C) tai A, B. MA, MB cit (C,) tai C va D.

CMR: (C)) tiép xac CD

Huéng din hoc sinh:

* Chimg minh bai toan phu: Cho duong tron (O;) tiép xtc trong (O) tai A, tiép tuyén cua
(O)) tai M cét (0) & B va C. AM ciét (O) & D. Khi d6 AD 1a phan giac goc BAC va AM.DP = DB

* Chtng minh B’ thudc truc dang phuong (C;) va (C,)

B thudc truc dang phuong (C;) va (C,)
Tedd=B=B;D=D’
« Ching minh: OE=0,1=R,

Bai tip 3: Cho dudng tron (J) tiép xtc trong v6i 2 duong tron ngoai tiép AABC can ¢ A
dé)ng thoi tiép xtc véi 2 canh AB, AC tai M va N. Chung minh rﬁng trung diém cua doan MN la
tam dudng tron ndi tiép A ABC.

Huéng din hoc sinh
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* Xét phép vi tu
Vi H->K
A—>A Véi k= AK/AH
B—>D
C—>E
Chung minh J 1 tim duong tron noi tiép AADE

D.PHEP NGHICH PAO

I. Pinh nghia: O cho trudc k = O.

Mbi M # O dung 1 diém M’ e dudng thing OM sao cho OM.OM'=k.

Day 1a phép nghich dao tam O, hé s k bién M — M’ Ki hiéu: I (0, k): M — M’

I1. Tinh chat

Cho phép nghich dao I (0, k) k=0

1. Tinh chét 1: Phép I (0, k) 1 phép bién doi 1-1

2. Tinh chat 2: 1a phép dong nhat

Tich 1 (0, k) .1(0, k)

3. Tinh chét 3: 1 (0, k): Ao A

B—-> B’
A — 4B vGi 4=
Thi A’B’ =A4Bv61 A =———
OA.OB

4. Tinh chét 4: anh duong thang d di qua tim nghich dao 1a chinh (d).

5. Tinh chat 5: anh 1 duong thang d di qua tim nghich ddo cta duong tron di qua tim
nghich dao.

6. Tinh chat 6: anh ctia 1 duong tron (C) di qua tAm nghich dao O 1 1 dudng thang (d) khong
di qua O va dudng thang d6 song song vai tiép tuyén tai O.

7. Tinh chat 7: anh cta 1 duong tron (C) khong di qua tdm nghich dao O 1a 1 dudng tron
(C”). Pudng tron (C’) ciing 1a anh cia dudng tron phép vi tw tim O. Ty s6 a. = k/p (vi p 12 Py /().

Bai tap ap dung:

Bai tdp 1: Cho 2 duong tron (O,R); (O°, R’) c6 khoang cach giita tim bang o (a > 0). Goi
(O, Ry) 12 anh caa (O,R) trong phép nghich dao I (O’, R’?), (O2,R,) 13 anh cua (O, R’) trong phép
nghich déo I(O, R?). Tinh Ry, R, theo R va R’,a.

Huéng dén hoc sinh:

* Str dung tinh chét 7

Loi gidi:

1(0’,R):C(O,R) > C (O, R))

1(0,R%): C (0, R’) > C (O Ry)

= V,": C(0,R) > C (0O, R))

12

Vay Ry = |[4|R
2

R = ‘azliRz‘ R
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R*.R'

Bai tdp 2: Cho A ABC khong can va duong tron tam O ndi tiép, tiép xuc voi cac canh BC,

CA, AB tuong tng tai cac diém A’, B’, C’. Goi P 1a giao diém thtr hai ctia 2 dudng tron ma céac
duong kinh 1a OA va OA’; Q 1 giao diém tht hai cta 2 dudng tron ma cac dudng kinh OB va OB’,
K 13 giao diém thtr hai cta 2 dudng tron ma cac duong kinh OC va OC’. CMR: P, Q, K, O cing

nam trén 1 duodng tron.

Huéng din hoc sinh:
* Xét phép I (O, R?)

* Phép nghich d4o trén bién dudng tron qua tim nghich dao thanh 1 dudng thang.

Loi gidi:

Xét1(0,R*): A’ > AviOA’. OA’ =R’
BC — duong tron duong kinh C [OA’] va ngugc lai
I(O,R?): Co>C
B—->bB
duong thang B’C’ — C [OA’] va nguoc lai
=I(O,R) O0->w
P—>P
= P’ la giao BCvaB’C’
Q’ la giao ACva A’C’
K’ la giao AB va A’B’
Q-
K—->K’

Chtrng minh P’, Q’, K’ thiang hang theo dinh Iy Méné nauyt

= 0, Q, P, K cung thudc duong tron

Bai tdp 3: Cho duodng tron (0, r) ndi tiép trong tir gidac ABCD tiép xtc véi AB, BC, CD, AD

tai M, N, P, Q. Biét tir giac ABCD ndi tiép trong duong tron ban kinh R va khoang céach giita tdm 2

dudng tron bang a. Tinh MP? + NQtheo r, R.

Huwéng din hoc sinh:
* Xét phép nghich ddo 1(0,r%)
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* TG giac AB;C|D; 13 hinh chir nhat. Goi x 14 ban kinh dudng tron ngoai tiép t giac
2
r R

RZ

A1B1C1D1 tinh x = 2
—a

* Chimg minh I 14 tim duong tron ngoai tiép tir giac ABCD
* Thiét 1ap phuong trinh 4n a (bac 2)
Loi gidi:

1 (0, RY): A A
B — B;
C—o>C
D — D,
Ay, By, C;, Dy 1a trung diém MQ, MN, NP va PQ.
= Tu giac A|B;C,D; la hinh binh hanh
Do AiB, // NQ; B.,C, // MP
CP, // NQ; AD, // MP
Néu A, B, C, D cung thu¢c 1 duong tron thi A;B;C,D; cling nam trén 1 duong tron = tr
giac A;B;CD; 1a hinh chir nhat.
Goi x la tam duong tron ngoai tiép A1BCD;
= NQ? + MP? = 4b” + 4a’ = 4 (b*+ a*) = 16x°
Goi duong tron ngoai tiép tr giac ABCD 1a (O1, R))
Goi duong tron ngoai tiép tir giac A;B1CiD; 13 (O, Ry)
Voki 01 —> 02
¢ (01) > C(0y)
Ri >Ry =R, =AR

2

»= %; P, /(01) = R*- a* ( O trong (O1))
r2 I"ZR

R e

Goi A’, C’ 1a giao OA, OC va dudng tron ngoai tiép tir gic
OA.OA’=0C.0C’=R’-2’

OA = LA -0C = ’”C : sin2§+sin 2%:1

sin — sin—
2 2

Do goc A + goc C = 180°
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IR N N
04> 0C* r*
Xét A A’OC’ goi I 1a trung diém A’C’
* Chirng minh I 14 ta, dudng tron noi tiép tr gidic ABCD
Vi S4 goc BA’ = S¢Goc DA’; Sqgdc =Sq C’D
= Sq géc A’B’C’ =S4 goc A’DC’
C6 OA’ + OC’ = 20I° + 2R?

=2(@@ +R%
2 2 2 2
Mit khac: OA = X =9 . oc= K -4
04 ocC

= Phuong trinh bac 2 an a
Bai tap rén ky nang
Bai 1: Goi I 1a tam duong tron noi tiép A ABC khéng can. Gia str duong tron nay tiép xtc
voi BC, CA, AB tai A, By, C;...CMR tam cac duong tron ngoai tiép A AIAq; BIB,, CIC, théng
hang.
Huéng din hoc sinh:
XetI(IL17): A — A
A— A,
C IAA |- duodng thing A A,
CIBB; — dudng thang BB,
CICC; - CiC,
Ma A A,, B|B,, C:C, ddng quy = dpcm
Bai 2: Cho (O,R) va diém c6 dinh M khong tring véi tim O va khong nam trén dudng tron
(O,R). Mot duong thang d di qua M cit duong tron di cho tai 2 diém. Goi C 1a giao diém cac tiép
tuyén cta duong tron tai A va B. Tim tip hop diém C khi d bién thién.
Huéng din hoc sinh:
I[(O,R):H—>C
* anh C [OM] 1a dudng thing (A) qua C qua I (O, R?)
* Ching minh: P ¢/(O) =P ¢/[OM] = A = H;H,C

Phén I1I: KET LUAN
Trén day 1a mot hé thong bai tap khi day vé phép bién hinh trong mat phang. Vi luong kién
thirc néi trén con phai bd sung rat nhiéu, nhung phan nao ciing hinh thanh dwoc nhimng ki ning co
ban trong viéc st dung phép bién hinh vao viéc giai toan trong hinh hoc phang. Bai viét con rat
nhiéu thiéu sét, rit mong duogc su dong gop cua cac thay ¢ gido.
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NHIN “PE QUI” QUA LANG KINH “SONG ANH”

Bui Ti yd'n Ngoc
THPT Chuyén Tran Phu - Hai Phong

Xay dung song 4nh dé thiét 14p cong thirc truy hoi (dé qui) tir do dua ra két luan. D6 1a phuong
phép gidi cho mot so bai toan td hop sau day.

Bai 1: Chon € N*. Hoi c6 tat ca bao nhiéu tap con khac rong cia tap hop gdm n sb nguyén duong
dau tién ma moi tap khong chira hai s6 nguyén lién tiép ndo.
Loi gidi :

bat 4, ={1,2,...,n}

Sh={Mc Ayl M khéng chira hai s6 nguyén lién tiép nao}

P,= {(al,az,...,an) ’ {0;1} Vi =1,2,...,n,(al.,a[+1)¢ (1;1)Vi=1,2,...,n—1 }
+Xétanh xaf: S, - P,

a, =1khiie M
M  (4,,4,,...,a,) € P, sao cho { .
a, = 0khii ¢ M
Vi fla song 4&nh nén : |Sn|:|Pn|Vn21
+Xétanhxag: P, > P UP, Vn2>3
(al,az,...,an)l—> (al,az,...,a_)eP_khia =0
(a,,a,,....,a, ,) € P_,khia, =1
Viglasong anhnén : |P, +|P :|Snl|+|S 2|Vnz3
D@ thay : |S,|=3;|S,|=2.Dod6 : [S,|= Vn>1, ({Fy} 1a diy Fibonaxi)

n+2 n+2
Z%[(IJF\BJ —[—1_\6] } ma JcS nén sO tap con thoa min gia thiét la:

F

n+l

=15

n

2 2

(1445 n+2 —5 n+2 1
2 2 )
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Bai 2: Véi mdi n € N*, ki hiéu H, 1a tap tat ca cac hoan vi (a,,a,,...,a,) cua n sd nguyén duong
dau tién. Xét cac tap hop:

S, ={(a1,a2,...,an)eHn 1a, Zi—IVi:1,2,...,n}

T = {(al,az,...,an) €S, ta <i+1Vi= 1,2,...,n}

n

Tim tit ca cac s6 nguyén duong n sao cho: >%
Loi giai:
bat P, ={(a1,a2,...,an)eSn a, =1}
0,= {(al,az,...,an) €S |a # 1}

Déco: P.NQ, =D,P,UQ, =S,
+Xétanhxaf: P — O,

(a,,a5,....a,) > (ay,q,,....,a,)

0,=1

S

n

P

n

Vi f la song anh nén:

+Xétanhxag: P —> S,
(a,,a,,...a,) > (a,-La,—1,...a,—1)
Vi g 1a song anh nén: |Pn| = |Sn—l|
Vay: |S,|=2[S, | Vn>2
Ma |S,| =28 |=1 =]s,|=2""
+Xétanh xah: T, > Ty U Tuo
(a,-1,a,-1,...,a,—1)eT, khia =1
(a,,a,,...a,)
a,-2,a,-2,...,a,-2)eT ,khia =
( 3 2 4 2 n 2) T;z Zkh 1 2
Vi h 14 song 4nh nén |Tn| =T _,|+|T_,

n

) 1 1+\/§ n+l 1_\/5 n+l
S22 ) T2

L [1+\/§]n+]_[1_\/gjn+l
7| - J5 2 2 g

Vay: — > —<n<6.
dy ] > 3

+

T

n

ma |T2|=2;

Tl=1=

W | =

Bai 3: (IMO 1987)
Goi Py(k) 1a s0 c4c hoan vi ciia thp A={L,2,...,n} (n €N*) c6 ding k diém ¢ dinh (0 < k < n).

Chimg minh rang: Zk.Pn (k)=n!
k=0
Loi gidi:
bat: M ={(f, i)| f1a hoan vi ctia A giit nguyén k phén ttr, i €A sao cho f(i) =i}
Ta co: |M|=k.P,(k)

Véi mdi 1< < n: dit N; 1a tap tit ca cac hoan vi giit nguyén k -1 phan tir cta tdp hop B = A\ {i} thi
|Ni| =F_ (k-1

+ Xétanh xa g: M —>UNZ.

i=1
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(f,0) H? (7(m)=f(m)‘v’m =1,...mm ;éi)

Vi g la song anh nén |M| =

ON,.‘ = Z":|Ni| = k.P.(k)=n.P_(k-1)
i=1 i=l1

- Zn:k.Pn(k) =n.Z":13,_l(k—1):>ik.g(k):n.fg_l(j)=n.(n—1)!:n!

Bai 4: (VMO 2002)

Cho tap S gom tat ca cac sO nguyén €[1;n](n e N*). T 1a tap tat ca cac tap con khac rong cua S.

Vi mdi A e T, ki hidu m(A) 1a trung binh cong ciia tat ca cac phan tir thuc A. Tinh:
z m(X)

m:XeT

7]
Loi giai:
+ Xétsonganh f: T > T
Xl—)f(X):{n+l—x|xeX}
Vi f la song anh nén
m(X)+m(f(X)=n+LLVX eT

> m(X) = m(f(X)) = D [mX)+m(f(X)]=|T|(n+1) =23 m(X) =|T|(n+1)
2 m(X)
Vay : m =2 _n+l
72

Bai 5: (VMO 1996)
Cho n, k, m eN* thoa mén diéu kién 1< k < n, m > 1. Héi c6 bao nhiéu chinh hop chép k:
(a,,a,,...,a, ) cta n s6 nguyén duong dau tién ma mdi chinh hop d6 déu thoa man it nhit mot trong
hai diéu kién sau:
1. 31,je{l,2,..k} saocho1<jvaa;> a;
i. 31 e{l,2,..k} sao cho a; — i khong chia hét cho m
Loi gidi:
bat A = {tap cac chinh hgp chap k cua ( 1,,2,...,n)}
A* = {tap céac chinh hgp thoa man gia thiét}
B={(a,,a,,....a,) eAlaj<ay<.<avaa—i:mVi=12,..k}
D@ thiy A* = A\B
+Xétanhxaf: B > B’
(a,a5,....a, ) (a, =1+ m,a,—2+2m,...,a, —k +km)
Khi d6 f1a song 4nh tir B dén B’
V6i B> = {(b,bys.nby )|y <y <. <by,b, €{1,2,.on—k+hm} b im¥i=1,....k}
Do d6 |B|=|B|=C!
|8]=[B] .
Vay |44 =[5 = 4 ~C!

B

*Mpt 56 bai luyén tdp:
Bai 6: Tim tit ca cac bo sb nguyén (al,az,...,an) (n>1) sao cho
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la|<1L,Vi=1,2,...,n
la,—a,,|<1Vi=12,.,n-1

Bai 7: Ching minh rang Vn eN* ta co:
n -\2

a. (én ::223((21)
i=0

S

n—k
-k 2n+l1

b. Zn“zk.c:.c,[
k=0

m

n
k m—k k n—k __ Am+n+l
c. Y CEL2"F Y 2 =2
k=0 k=0

Bai 8: (IMO 1996)

Cho bang 6 vudng nxn (n >1). Hoi c6 bao nhiéu cach danh ddu cic 6 vudng trong bang sao cho
trong mdi hinh vudng 2x2 ¢6 ding 2 6 vuéng duoc danh dau.

Bai 9: (VMO 2003)

V6i mdi n eN*, n > 2, goti S, 1a s6 cac hoan vi (al,az,...,an) cia n sd nguyén duong dau tién sao

cho 1< |al. —i| <2Vi=1,2,...n
Chimg minh rang: 1,755, , <S8, <2S ,,Vn>6

Bai 10: Gia st Fy 1a tap tit ca cac bo (4, 4,,.... 4, ) trong d6 A; , i =1,2,....k 1a mot tdp con cia tap

k
hop {1,2,...,n}. Tinh: S, =

(Ay,Ay oo Ay )EF,

Ai
1

Bai 11: Trong céc xAu nhi phan ¢ d dai n, goi a, 14 s6 cac xau khong chira ba 6 lién tiép 0,1,0. b,
1a s0 cac xau khong chira 4 s6 lién tiep 0,0,1,1 hoac 1,1,0,0. Chiing minh rang: b, = 2a,,.

Bai 12: Cho n €N, n>1 va 2n diém nam cach déu trén mot dudng tron cho trude. Hoi cod tat ca bao
nhiéu bo n doan thang ma moéi by déu thod man dong thoi:

a. Mobi doan théng thudc bo déu c6 dau mat 1a 2 trong 2n diém da cho
b. Tat ca cac doan thang thudc bd doi mot khong c6 dieém chung.

PHEP V| TU' - QUAY
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Trong bai viét nay, t6i sé trinh bay céc kién thirc co ban va can thiét vé phép vi tu — quay va viéc ap dung phép
vi tur — quay vao giai toan hinh hoc phang.

I. Cac kién thiic co ban va can thiét:

1. Dinh nghia:
Phép vi ty — quay la tich giao hoan ctia mét phép vi tu va mét phép quay cd cuing tam.

Nhan xét:

+ Thir tu thuc hién cac phép bién hinh & day khong quan trong, vi Qg.Vc])‘ = VOk Q35

+ Ti s§ clia phép vi tu — quay c6 thé coi la mét sé duong vi Qlo800 .Vc'j =V, K

2. Cach xac dinh anh clia mot diém qua phép vi tu — quay:

Cho phép quay QY va phép vity V (véik > 0)

OA, =0A
Taco: QY : A A &< . 1

R ! (OA;OAI):OL()
OA'=kOA,

V5iAPA' S (O_Al.;@)zo(z)

0A'_
Tir (1) va (2) chota: . OA (3)
(0A:08)=a

Nhu vay V(l)‘ Q¢ la phép ddng dang thuan Z(O; a; k) bién A thanh A’ xac dinh bdi (3). Khi d6 O dugc goi la
tam; o goi la goc quay; k 1a ti s6 clia phép vi tu - quay

3. Tinh chét:
A'B'=kAB
Dinh li: Z(O; o, k):A—> A" B—>B" thi< ,— — .
- (AB;A'B)=a
1) Phép vi tu - quay bién mot dudng thang thanh mot ducng thang va goc gitta hai dudng thang dy
bang gbc déng dang

2) Phép vi tu - quay bién mot duong tron thanh mot dudng tron, trong do tam bién thanh tam va ti s6
hai ban kinh bang ti s6 dong dang.
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4. Céach xac dinh tam clia phép vi tu — quay:

Cho phép vi tu - quay Z(O; a; k). Hay xac dinh tam O khi biét:
Trudng hop 1: Mot cap diém tuong ng (A; A); o va k
OA'
= —k
Tace: { OA
(OA;OA') —a (2

(D

(1) < O thudc dudng tron Apoldnius (w) dudng kinh CD (C, D chia AA’ theo ti s6 k)
(2) < O thuéc cung (C) chira gbéc dinh hudng (mod 27t) nhan AA’ lam day.

A cC A © D

Trudng hop 2: Hai cap diém tuong tng (A; A') va (B; B))
A'B'=kAB
(@;A'B') =

Vay O la giao diém clia (o) va (C)

Ta co: . TUr d6 ta bi€t dugc k va o va quay vé truon

Céch khac: Goi | 1a giao diém clia AB va AB’
(OA;0A") =(1A;IA ) =a (1)
Taco:
(OB;OB')=(IB;IB')=a. (2

(1) < O thudc dudng tron (IAA)

(2) < O thudc dudng tron (IBB')
Vay O la giao diém cla hai dudng tron ngoai tiép AIAA’ va AIBB’

5. Mot két qua quan trong:

Dinh Ii: Moi phép vi tu - quay trong mat phang déu c6 mot diém bat dong duy nhat O va O chinh 1a tam
clia phép vi tu - quay do.

Tur tinh chat nay, cho phép ta chimg minh cac dudng tron ngoai tiép AABC, trong d6 A ¢6 dinh con B,
C di dong nhung luén 1a cap diém tuong tng clia mot phép vi tu - quay co géc quay o (khong déi) va ti s6 k
(khong déi) luon di qua mot diém c6 dinh 1a tam O clia phép vi tu — quay do.

Il. iting dung ctia phép vi tu — quay vao viéc giai toan hinh hoc.

1. M6t s6 vi du:

Vi du 1: Cho hai dudng tron (O) va (O’) cat nhau tai A va B. Mot cat tuyén di dong MAN (M € (O); N
(O’)). Tim quy tich tryc tam H cia ABMN?

Hudng dan giai:
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+ D& chiig minh dugc ABMN déng dang véi ABOO’ (1) va ciing huéng hay ABMN tu dong dang va gilr
BH e
nguyén hudng. Ké truc tam H clia ABMN va dat k = BM va (BM;BH) =

+ Do ABMN ty dong dang nén k, o khong déi va
phép vi ty - quay: Z (B, o, k) = V5.Q5: M > H (2)
= Tap hop cac diém H la dudng tron (0”) la

anh clia dudng tron (O) qua phép vi tu - quay

Z (B, o, k) ndi trén.

H
+TU (1) ta 6 O” 1a tryc tam ABOO' va tir (2) ta ¢6 B  (O) va B Ia diém bét dong nén B  (O) va ban kinh
clia duong tron anh bang O’B.

Vay tap hop diém H la dudng tron (0”; O'B)

Vi du 2: (D& thi chon doi tuyén HSG tinh Hung Yén nam 2007 — 2008)

Trén hai dudng thang a va b cat nhau tai mot diém C c6 hai dong tir chuyén dong thang déu véi van toc khac
nhau: A trén a véi van téc v,, B trén b véi van toc v,, v, # v,, ching khéng gap nhau & C.

a) Chimg minh rang & bat ki thdi diém nao, dudng tron ngoai ti€p AABC ciing ludn di qua mot diém ¢
dinh O nao dé khac C

b) Tim quy dao chuyén dong clia dong tir M ludn & vi tri trung diém clia doan AB.

Huéng dan giai:
a) Gia sl A,, B, la 2 vi tri xuat phat tmg véi thoi diém t,
A, B, 1a 2 vi tri clia 2 dong tlr & thai diém t, > t,

BoBy _ ¥t =8) _ ¥ 4 (g <k khong ddi)
A0A1 V1(t1 _to) Vo

Khi do

Goi O la giao diém thr 2 cla hai duong tron
(A,B,C) va (A,B,C)

Dé dang chimg minh dugc: AOA,A, dong dang
vGi AOB,B,. Tur d6 suy ra:

AOB,=A0B, =a
OB, OB, BB, v,

OA, OA, AA, v,

(0A,;0B,)=(CA,;CB,)=a (1)

= 1 0B, v 2)
OA, v,

ching té O thudc cung chira goc dinh hudng o. (mod 27t) dung trén A,B, ¢6 dinh (3)

(1
(2

—) @

1

chitng td O thudc dudng tron Apdlonius dudng kinh CD ¢6 dinh (C, D chia doan A,B, theo i s6 khong déi
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Tir (3) va (4) suy ra O la diém c6 dinh.

b) Ki hiéu A, = A (khi t = 0); B, = B (khi t = 0); M, la trung diém clia doan A,B,. \71; V—2 la hai véc to van toc
claAvaB.

2 - 1 —_— —_—
Quy tich clia M la dudng thang Mym di qua M, va cé véc to chi phuong la v =5(V1 +V2) (suy ra tu

2MM = (v, +v, )t)

Nhan xét:
1) Néu khong ding goc dinh hudng thi phai xét hai truang hop.
2) O chinh la tam clia phép vi tu - quay ti s6 k = ﬁ; goc quay (C—AIC—BI) = o bién a thanh b,

Vi

trong d6 A, bién thanh B,. Vi a, b ¢6 dinh, k, o khéng d6i nén O ¢ dinh

3) P& ching minh dudng tron (ABC) luén di qua mot diém c6 dinh, trong d6 A, B la hai dong tlr
chuyén dong, ta ¢6 dinh hoa hai vi tri nao d6 clia A, B va xét hai vi tri bat ki A,; B, clia hai dong tir d6. Sau d6
chitng minh giao diém ctia (ABC) va (A,B,C) Ia hai giao diém c6 dinh bang cach chi ra cc tinh chat dac trung
(1) va (2) clia n6 ma ta c6 thé dung dugc.

Vi du 3: (D& dy tuyén IMO nam 1999)

Céc diém A, B, C chia dudng tron Q ngoai ti€p AABC thanh ba cung. Goi X 1a mot diém thay d6i trén cung
tron AB va O,; O, tuong Ung la tam dudng tron ndi ti€p cac tam giac CAX va CBX. Chimg minh rang duong
tron ngoai ti€p AXO,0, ct Q tai mot diém cd dinh.

Huéng dan giai:
+Goi T = (X0,0,) M (ABC)
M = XO, N (ABC); N = X0, M (ABC)

+ Trén (ABO) ta co: XNT = XMT
Trén (X0,0,) ta c6: XO, T = XO,T

— TO,N =TO,N = ATO,N déng dang véi ATO,M

TN ON AN 3

= = =k (khong d6i) (1

= ™ OM _ BM (khéng doi) (1) N

(dé chimg minh dugc ANAO, va AMO,B céan tai N, M) \

+ D& thély (TN; TM ) = (TO,; TO, | = XN; XM ) = ax(mod 2r) A'@@ 4,
AN

NIBA
(khong ddi) (2) \V"\"
Tu (1) suy ra T thudc dudng tron Ap6lonius dudng kinh

E, F (E, F chia MN theo ti s0 k) (3)

Tl (2) suy ra T thudc cung chira goc o (mod 27) dung trén doan MN cé dinh (4)
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Tir (3) va (4) va do cung (o) di qua 1 diém nam trong va 1 diém nam ngoai dudng tron Apdlonius nén chiing
cat nhau tai mot diém c6 dinh T (khéc C)

= dpcm

Nhan xét: T chinh la tam cla phép vi tu - quay goc a,, ti s0 k bién M thanh N

Vi du 4: du 4. Du’ng ra phia ngoa| mot AABC ba tam giac bat ki BCM; CAN; va ABP sao cho

MBC = CAN = 45°; BCM = NCA = 30°; ABP = PAB = 15°. Chtng minh ring AMNP vuong can
dinh P.

Huéng dan giai:
+ Xét tich cla hai phép vi tu - quay Z,0Z,

trong d6 Z, = Z(B, % k) VaZ,=Z(A g k)

véi k| = BC = AC = 1 (vi ACAN dong dang vai ACBM)
BM AN 5
BC
o |BM S
+ Ta c6 ABMC ¢6 dinh, MBC = 1 nén
(BVi;BC) = =
4

dod6 Z, = Z(B, %, k,): M = C va P — P, (ABPP, déng dang véi ABMC)

AN

+ Lai c6 ACAN ¢6 dinh, CAN = Znen { AC
(AG:AN)=T
4

do d6 Z, = Z(A, %,kz):C —>NvaP, —P
suyraZ=2,oZ;:M > N.

Tich hai phép dong dang trén c6 ti s6 dong dang k = k,.k; = 1va o, + o, = g nén Z la phép dai hinh c6 mot

diém c6 dinh duy nhat P.

E PM = PN

Cuthéla Q2:M+— Nnéntaco<,— . Vay APMN Ia tam giac vudng can dinh P.
P (PM PN) - y g g

Vi du 5: Dung mot tr giac (I6i) noi ti€p ABCD biét do dai cac canh:  AB=a;BC=b; CD =c; DA =
d, trong d6 a, b, ¢, d la nhitng d6 dai cho trudc.

Huéng dan giai
Phan tich: Gia s(r tr giac ABCD da dung dugc.
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ABCD noi t|ep khi va chi khi A +C = 180" (hoac B+D= 180°). Kéo dal canh BC vé phia Cuc dé xuét
hién DCx BAD va

ké bu véi DCB.

Trén tia Cx (tia d6i cla tia CB) lay diém

E sao cho ADCE dong dang véi ADAB.
Bai toan dung tr giac ABCD quay vé

dung ADCE.

Gia sir ADCE dong dang véi ADAB, hai
tam giac nay chung dinh D. B&i vay ADCE

duac suy ra tir ADAB bdi phép vi tu - quay Z(D, ¢ = (DA;DC), k= —)

<
d

B&i vay, ditk = %; (DA:DC) = ADC = 3.

Xét phép vi tu - quay Z(D; &; k)
Ta co Z: D —D; A= CvaB = E saocho E e [BE]. Khi d6 ADCE dong dang véi ADAB va do do
DCE DAB va B, C, E thang hang theo th(r tu do, déng thai ta dugc BDE = ADC 0.

Bai toan trg thanh dung ADBE c6 cac yéu t6 da biét: BC = b; CE = F do d6 BE = ac+bd; CD =¢;
DE_c
DB d

Ta cé&n dyng diém D la mot diém trong cac giao diém clia dudng trong v, (C; c) va duang tron Apdlonius

(yz) c6 dudng kinh IJ ma |, J chia trong va chia ngoai doan BE theo ti s6 k = % Dinh A dugc dung sau

cung.
Bién luan: Bai toan o thé co 1 nghiém hinh hodc khong co nghiém hinh nao tuy vao (v, ) va (y,) co cat
nhau hay khong.
2. Mét 6 bai tap tu luyén.
Bai 1: (Bé thi HSG QG nam 1999 - 2000)
Trén mat phang choltruégz hai dudng tron (O;; ry) va (O, rp). Trén duong tron (Q1; r,) 1dy mot diém M1
va trén dudng tron (O,; r,) lay diem M, sao cho dudng thang O,M, cat O,M, tai mot diém Q. Cho M, chuyén

dong trén (Oy; r,), M, chuyén dong trén (O,; r,) cung theo chiéu kim dong hé va cung vai van téc goc nhu
nhau.

1) Tim quy tich trung diém doan thang MM,

2) Chimg minh rang giao diém thi hai clia hai dudng tron ngoai ti€p AM,QM, va AO,QO, 1a mét diém
c6 dinh.

Bai 2: (Dé thi chon doi tuyén HSG tinh Hung Yén nam 2004 — 2005)

Cho dudng tron (0), dung dudng tron () ma O nam trong dudng tron (). Mot tam giac ABC can tai
A di ddng nhung ludn gilr nguyén dang va hudng A di dong trén (w); B, C di dong trén (O). Cac dudng thang
AB; AC céat () tai |, J.
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1) Chimng minh rang | va J la céc diém c6 dinh
2) Tim quy tich hinh chi€u vudng géc M, N clia |, J trén BC. C6 nhan xét gi vé quy tich do.

Bai 3:

Dung mot tir giac 16i ABCD biét tng do I6n hai goc ddi dien A +C =0 va do dai cac canh AB = a:
BC=b;CD =c; DA=d

Bai 4:
Cho duang tron (O;; R,) va (O,; R,) cat nhau & A va B. Hai dong tir M, va M, xuat phat tir A 1an Iuot
chuyén dong tron déu trén (O,) va (0,) theo cung 1 huéng, sau mot vong trd lai A cung mét ldc.

1) Chitng minh rang trong mat phang c6 mot diém P duy nhat luon cach déu M, va M, 8 moi thai diém.
(dé thi IPQ, London 1979)

2) Tim quy tich trong tam G, tryc tam H clia AAM,M,

Bai 5: (Bai toan Napoléon)

L&y cac canh clia AABC bat ki lam day, dung ra phia ngoai AABC ba tam giac déu BCA’; CAB’ va
ABC'. Chitng minh rang cac tam A,; B,; C, clia ba tam giac déu vira dung la cac dinh clia mot tam gia déu.
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