HOI CAC TRUONG THPT CHUYEN PE THI CHON HQC SINH GIOI

KHU VUC DUYEN HAL PONG BANG A LAN TH}T X
BAC BO MON THI: TOAN — KHOI 10
TRUONG THPT CHUYEN Ngay thi 14/07/2023
LE THANH TONG Thoi gian lam bai 180 phut

Cau 1.

Cau 2.

Cau 3.

Cau 4.

Caus.

(Dé nay cé 5 cau; gom 01 trang)
DPE THI DE XUAT

X Hxy-7y" =-1
y(\/xy+2y2 —\/3y2—xy)=1

(5,0 diém) Cho duong tron (0) dudng kinh 4B, diém C ndm ngoai (0),
M.N 1an

(4,0 diém) Giai hé phuong trinh sau:

goi D 13 hinh chiéu cua C 1én 4B biét D nam giita 4 va 0. Goi
luot 13 giao diém cua (0) vé6i C4,CB Goi E 1a giao diém cua DM véi
duong tron (4DC) va goi F la giao diém ctia DN v&i duong tron (BDC)
(v6i E va F khéac D).

a) Goi d la duong thang di qua diém C va vudng goc voi EF . Chirng minh
d qua tdm duong tron (DMN).

b) Chimg minh ba dudng thiang 4, 4F, BE dong quy.

- , , , P
(3,0 diém) Cho s6 nguyén t6 p >3, x6t s k=21

a/ Chimg minh & 13 hop s 1é va k khong chia hét cho 5.
b/ Chirng minh 5" =1(modk).

4,0 diém) Cho ba sb thuc a,b,c thdéa a+b+c=3.

Chung minh bét dang thirc sau:

a*(3a-1)"+5* (3b=1)" +¢* (3c=1)" 2 6(a* +b* +c* 1)

(4,0 diém)
a/ Cho hai s6 nguyén duong a,b; xét cac s6 co dang
a+b;a+2b;a+3b;...;a+nb;.... Chiing minh ré‘mg trong cac s d06, ludn ton tai
it nhat mot s6 ma 4 chir s6 dau tién cta nd viét trong hé thap phan 1a 2023.
b/ Mot tap hop cac sd nguyén duong khac nhau duoc goi 1a tap “én hoa”
néu moi phan tir cuia tap do trur hai phan tir Ién nhat va nho nhat déu 1a trung
binh cong cua hai phan tir khéc cta tap hop. Trong tap “6n hoa’ c6 16 phan
tir ma phan tir I6n nhat 1a 2023. Hay xac dinh tong nho nhat c6 thé cua tat
ca cac phan tir cua tap hop.

Ho tén nguoi ra dé: 1/ Nguyén Vin Thoi. Dién thoai: 0905605911

2/ Pinh Thi Duy Phwong. Dién thoai: 0989446606



HOQI CAC TRUONG THPT CHUYEN KY THI CHON HQC SINH GIOI

KHU VUC DUYEN HAL PONG BANG LAN THU XIV
BAC BO MON THI: TOAN - KHOI 10
Ngay thi 14/07/2023
HUONG DAN CHAM PE THI PE XUAT (Huéng dan cham nay gom c6 07 trang)

Céu 1. (4 diém)

X +xy—7y" =-1 (1)
Giai hé phuong trinh sau: Piém
¥ P 8 y(\/xy+2y2—\/3y2—xy):1(2)
I xy —<y<2x
2xy >y > =
+2y* >3y —xp>0
Y “ A >
bicéu kién: 4 ) . S Y L [y <2x
0<xy+2y <3y —xy <l X
y Y <_X
<0 y<0
Cong vé theo vé hai phuong trinh cua hé ta dugc:
x2+xy—7y2+y(\/xy+2y2 —\/3y2—xy)=0 1.0

Tu (2)suyra y=0

2
Chia c4 hai vé cua PT cho ° ta du(_rc:(ij + X7y /£+2— /3—£:0
Y Yy Yy Yy

Piat === 1e[-2;3] ta dugc phuong trinh:
y

Pat-T+Nt+2-3-1=0 1,0
<r>t2+t—6:(2—\/E)+( 3—t—1)

2-t . 2-t
244t+2 B-t+1
t=2 0,75

L3

2++/t+2 +J3—t +1
Véi 1 e[-2;3] thi (3) vO nghiém

< (1-2)(1+3) =

t+3=

y=1l=>x=2 (tm)

Véi t=2 suyra x=2y, thay vao PT (1): yzzlz{y:_l:}x:_z (ktm) 0.75

Véy nghiém cua hé phuong trinh 1a: (x;y)=(2:1).




Céu 2. (5 diém)

Cho dudng tron (0) dudng kinh 4B, diém C ndm ngodi (0), goi D 14 hinh
chiéu ciia C 1én 4B biét D nam gitta 4 va 0. Goi M-V 1an luot 12 giao diém
cua (0) voi CA,CB Goi E 1a giao diém ciia DM vé6i dudng tron (ADC) va goi
F 1a giao diém cua DN véi dudng tron (BDC) (v6i E va F khéac D).

a) Goi d 1a dudng thang di qua diém C va vuong goc voi EF . Ching minh d
qua tam duong tron (DMN).

b) Ching minh ba dudng thang 4, 4F,BE dong quy.

bieém

a/ Taco AN, BM va CD la ba dudng cao cua tam gidc ABC, nén ching cling
la ba phan giac cua tam giac DMN. Do d6 ta c6 CM = CF, CN = CE suy ra
NM =NF va MN = ME nén FN = NM = ME.

Goi [ var 1a tdm va ban kinh duong tron (DMN). Ta c6
PE/(DMN) :W'E: Elz _r2 ;PF/(DMN) :m.ﬁ: F]2 —]"2
=> Pypnny = Bvonyy = EI* = FI? = IE* = IF* (1)

Lai ¢ Py puy, = EM.ED = EM .(EM + MD) = EM* + EM.MD

1,0

_ Cai.(JC + i) - OV (NC + CB)

0,75

Ma CM.CA=CN.CB do ti giac AMNB ndi tiép. Suy ra:
Feyomwy = Feromny = CN*-CM* =CE*-CF? (2)

Tu (1) va (2) tacod IE* - IF? = CE> - CF? suy ra CI vudng goc v6i EF hay d
qua tam I. (dinh ly 4 diém)

0,75




b/ Goi giao diém cua d, AF, BE lan luot véi AB, BC, CA1a P, Q va R. Ta can

, . \ A TR , . P4 OB RC
h h CP, A BR d tuc 1 h h —.=.—=1

ching min , AQ va ong quy, tirc 1 can ching minh —— oC

Goi H 1a truc tam tam giac ABC, goi O’ 1a tam duong tron (ABC), ta c6

duong tron (DMN) chinh 1a duong tron Euler cua tam giac ABC nén tam I la

trung diém ta O’H.

Goi K 13 diém ddi xtmg véi O’ qua BC, ta c6 O’K//= CH, nén K d6i xtmg voi

Cqual

Do AC la duong kinh cua duong tron (ACD) va CN=CE nén E va N dbi

xtmg qua AC, tuong tu M va F doi ximg qua BC.

1,0

Do d6 ta cd: ECA=NCA= A0'0 = AKO suy ra EAC = KAO = KAB nén
CAK = BAE Tuong tu ta cling c6: ABF = CBK va BCE = ACF  (3)

Ta co

P_A%E_SCAK Sipr Sppc  AC.AK.sinCAK BA.BF.sin ABF CB.CE.sin BCE
PB QC RA  Sczx Sycr Sgzy BC.BK.sinCBK CA.CF.sinACF ~AB.AE.sin BAE

0,75

— E.Q'E:STnCAK'BF.Sl'nABF'CE.m.nBCE do AK = BK
PB QC RA sinCBK CF.sinACF AE.sin BAE

CE CF

Ta cO ACEA ~ ACFB => —-= P4 QB RC

= Kkét hop voi (3) ta duge —=. =%~ == 1. Theo
BF PB OC RA
dinh 1y Ceva ta c6 ba dudng thang CP, AQ va BR dong quy hay d, AF va BE

dong quy.

0,75

Cau 3. (3 diém)

Cho s6 nguyén to p >3, xét s6 k = 2524_1 .
a/ Chimg minh & 13 hop s 1¢ va k khong chia hét cho 5.

b/ Chirmg minh 5" =1(modk).

bieém

a/ Tacd p>3 nénp lé.

2

P _ 57) —1 P P

Ta oo 225 1_(5) -1 5 15 +1
24 24 4 6

N TP L B L S A . A
D¢ thay véi plé thi > 1 va > 6+ déu la cac s6 nguyén duong 16n hon 1 nén

k 13 hop so.

0,75

25" -1

Laico k= =251 4257 + . +25+1 tong ndy c6 p sb hang 1& nén k 1é.

0.75




Mit khac k =25"" +25"7 + .. +25+1=25(25"" +25"" +_.+1)+1
nén k =1(mod5)
Vay k 12 hop sb 1& va k khong chia hét cho 5.

b/ Theo dinh 1y Fermat nho
25" =1(mod p) =>25" =25(mod p) => (25" —25)i p

Ma tir gia thit 25" — 25 = (25" —1)— 24124
Nén (25" -25):24p (do (p;2)=(p;3)=1)

0,75

25" —

Khido k—1= 253p ma k-1 channén (k—1):2p

Do d6 (57 —1)i(5 —1) => 5" —1:24k=>5" ~1ik (do 25" —1=24k)

Hay 5' =1(modk).

0,75

Céiu 4. (4 diém)

Cho ba sé thuc a;b;c thoa a+b+c=3. Chirng minh bét dang thuc sau:
a*(3a=1)"+5* (3b-1)"+¢* (3c-1)" 2 6(a* +b* +c* -1)

(1)

Piem

Tadat a=x+Lb=y+lc=z+1 tfrgiéthiét suy ra x+y+z=0 Khi do
(1)<:>(3x2+5x+2)2+(3y2+5y+2)2+(322+52+2)226[(x+1)4+(y+1)4+(z+1)4—1}

<:>3(x4 +y* +Z4)+6(x3+y3+z3)+x2 +y*+2z°>0 (2). Ta chimg minh (2)

0,75

Do x+y+z=0 nén ludn ton tai hai s co6 tich khong am.

Khoéng mat tinh tong quat gia sit xy >0 thayz =-x—y vao vé trai cia (2) ta
duoc:

0.5

VT=3[x4+y4+(x+y)4}+6(x3+y3—(x+y)3)+x2+y2+(x+y)2

=6(x4+y4 +2x3y+3x2y2 +2xy3)+2(x2 +y2 +xy)—18xy(x+y)

6(x2+xy+y2)2+2(x2+y2+xy)—18xy(x+y) (3)

0,75

Ta co x2+xy-|—y2 2%(x+y)2 >3xy >0 Tu (3) suy ra

VT > 54x%y? +%(x + y)2 - 18xy(x +y) . Do do dé chirng minh (2) ta can ching

minh:

0,75




2
9xzy2 +@ > 3xy(x + y) 4)
Theo bét dang thirc A-G ta co
(4 ) (r+y) 0,73
9x?y? +Ty2 2 9x2szy =3xy|x+y3xy(x+y) (dpcm)
DAu “=" x4y ra khi va chi khi: x = y;27x%)? =%(x+ )’ gidira ta dugc 0.5
9
=y=0 a=b=c=1
= 4 1 va cac hoan vi cua no.
3 3 3
CAu 5. (4 diém)
a/ Cho hai s6 nguyén duong a,b, xét cac sd ¢ dang
a+b;a+2b;a+3b;...;a+nb;.... Chung minh rang trong cac s6 dé ludn ton tai it
nhat mot s6 ma 4 chir s6 dau tién ctia né viét trong hé thap phan 1a 2023.
b/ Mot tap hop cac sé nguyén duong khac nhau dugc goi 1a tip“én hoa” | Pidm
néu moi phan tir cia tap do trir hai phan tir Ién nhat va nhé nhat déu 1a
trung binh cong cta hai phan tir khéac cua tap hop. Trong tap “on hoa’ co6
16 phan tir ma phan tir 16n nhat 1a 2023. Hay xac dinh tong nho nhét co6 thé
cua tat cd cac phan tir cua tap hop.
a/ Gia st a+b trong hé thiap phan co k chir s6 tirc 1 ¢o: 10" <a+b<10¢
(voi k> 4) 1,0
Dodé 1< 2 o (1) suyra 0<—<1 va 0<2 <1 (2
10 10" 10* 10" 10*
Ttr (2) suy ra ton tai s nguyén duong m sao cho
a b
2023 < —+m.—-<2024 (3).
lok m 10k ( )
Ta chting minh sy ton tai m.
That vay, gia st tir (3) ta co
k k
2023- 4 <m. <2004 410 (2023—-,{) m < £(2024——J
10 10 10* b 10 b 10 1,0

k A « A A
Nhu vay trén doan {12 (2023 _WJ 12 (2024 _Wﬂ s€ ton tai sO nguyén

duong m la dang.
Tir (3) ta c6 10°.2023 <a+mb<10°.2024 (4)

Nhu vay tir (4) chimg t6 s6 a+mb s& bat dau tir 2023.




b/ Goi 2023=a, >a,>a,>...>a,, >1 12 16 phan tir cia tap “6n hoa” da cho.

Tt a,phai 13 trung binh cong ciia hai so trong tap hop nén mot trong hai s6

. . . 1,0
phai c6 s0 16n nhat a4, =2023 s0 kia phai nho hon 4, nén ’
a, = 2023; %> 20223 LLTIP) (a,<a,) do cac phan tir nguyén dwong va chon

2 » 1AL a , a,+a, L. 4k
tong nho nhat nén chon a, =1012. Ta cd a, = 5 ~(i# j), sO nho nhat trong
tap 16n hon a, 13 a, =1012
. ;ta; 2 ; A, oA
Do d6 a, = % 2af > 1012+1_ 506,5 chon tong nho nhat nén chon a, =507.
Ly luan hoan toan tuong tu ta dugc
a, =254;a, =128;a, = 65;a, =33;a, =17;a, =9 con 7 phan tir con lai trong tap 1,0

hop phai nho nhét ¢ thé nén chon

a,=T,a,=6a,=5a,=4%4a,=3;a5=2a,=1.

Nhu vy dé dang kiém tra tap
A=1{1;2;3;4;5;6;7;9;17;33;65;128;254;507;1012;2023} 1a tap “on hoa”

Va co tong nho nhat 13 S, =4076.




