LGOI NOI PAU

Truéc day, Tuyén tap 30 nim Todn hoc va Tudi tré da ra mit ban doc
va dugc doc gia cd nudc ndng nhiét dén nhan. Do khu6n khdé clia cudn séch,
trong Tuyén tap 30 nim mdi chi in dugc cdc bai tir nam 1964 cho dén gitta
niam 1991. Nhiéu ban doc ¢é nguyén vong duge doc cdc bai sau nay. Vi vay,
chiing t6i xuét ban tiép Tuyén tap 5 nam tap chi Toan hoc va Tuéi tré.
Cu6n sdch nay tap hop céc bai viét va bai todn trén Todn hoc va Tudi tré tr
cudi nam 1991 dén nam 1995.

Séch chia 1am hai phdn. Phén tht nh4t 12 cdc bai viét chon loc xép theo
cdc chlt dé. Phin thi hai 14 cdc bai todn x&p theo cdc phan moén : S6 hoc,
Giai tich va Dai s6, Hinh hoc - Luong giéc.

Cu6n sach ding lam tai liéu tham khao cho cdc thay, c6 gido toédn, cic
ban hoc sinh yéu todn, céc cdn bo chi dao chuyén mon & cdc S&, Phong Gido
duc va nhing ai yéu thich Todn hoc. Chiing t6i hi vong ring day la mot
quyén sach tham khao b6 ich cho cdc trudng trung hoc. Todn hoc.va Tudi tré
s& con ddp ting nhu c4u clia ban doc véi tuyén chon bai viét va dé toédn trong
cac nam tiép theo.

Tuyén tdp 5 ndm tap chi Todn hoc va Tudi tré ra mit ban doc nhan
dip ki niém 40 nam tap chi Todn hoc va Tudi tré. Hi vong Tuyén tap dugc
ban doc gdn xa dén nhan.

Séch c6 thé con nhiing thi€u s6t. Mong ban doc chi cho nhitng sai sét dé
14n t4i ban sau dugc t6t hon. Moi thu tir gép ¥ xin ghri vé dia chi :
Tap chi Toan hoc va Tudi tré
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Chuong I
DANH CHO |
TRUNG HOC CO SO

VI KIEN THUC VE Ti S6 LUONG GIAC & LGP 8,

HAY THU TAP TiM TOI SANG TAO

NGUYEN KHANH NGUYEN
THCS Héng Bang - Hdi Phong

* & 16p 8 da hoc vé ti s6 luong gidc chia mot goc nhon. Nhimg ban yéu toan chic khong thoa
min véi cdc kién thic it &i d6. Chd 1én cic 16p trén 16i s& hoc ciing duoc, nhing t6t hon hét 12 nén

thir sttc minh mot chiit, c6 ging ding bo 6¢ clia cdc ban dé tim toi.

Khi da biét céc ti s6 lugng gidc ciia mot géc nhon a thi di nhién ngudi ta muén tir 46 suy ra cic

ti s6 luong gidc cha nhitng géc gin gili voi a. Trude hét 1a g6c phu véi a : 90° — a ; di€u nay bai

gidng di cho biét. G6c bl véi a chang ? Nhung a nhon nén 180° — a lai
ti. Su gd b6 nay thiic ddy ta mudn md rong ti s6 luong gidc cho cédc goc
ti. Vin dé nay hay tam dé ddy va bay gid xin tan dung cic hiéu biét vé
ti s6 luong giéc cdc géc nhon. Vay ngoai gée 90° — a, con nhiing géc gi
‘ dang chi y ? Géc 2a ching han (v6i diéu kién a < 45° dé 2a nhon). Ta
hdy thir xem : 1€ ty nhién ta dung géc a va goc 2a & mot vi tri thuan 1gi
nh4t cho viéc nghién citu dé 1a dung géc 2a réi diing phan gidc tropg
chia n6 ra thanh hai géc, mbi géc bing a (h.1). D€ cé céc ti s6 luong
gidc cha a, ta dung dudng vuodng goc v6i phan gidc va cé tam gidc can
ABC (h.1). Dé c6 céc ti s6 lugng gidc clia 2a ta dyng BK 1 AC. Dé cho
tien ta s& chon AB (hoac AC) lam don vi dai. Thé thi sina = HC, cosa =
AH, sin2a =BK, cos2a = AK. Vin dé 1a tim c4c m6i quan hé gilta mot

Hinh 1

bén 13 HC, HA va mot bén 1a BK, AK. Ta chi § dén hai tam gidc vuong déng dang AHC va BKC.

AH HC _AC
BK KC BC
trdoé : -
/ BK.AC = AH.BC
hay BK.1 = AH.2HC
hay sin2a = 2sinacosal

*

1)




Ciing tir (*) suyra:

HC.BC = KC.AC
hay HC.2HC = (1- AK).1
hay 2sin’a = 1 - cos2a
[cos2a = 1 - 2sin’ 4] o )

Thay sin’a bing 1 — cos’a (thay ca hai hodc chi thay m6t) ta con c6 thé viét (2) duéi dang :

‘cos2a=2cos’ a~1 : 2
cos2a =cos’ a—sin’ a 2"

Cé sin2a va cos2a thi tinh ngay dugc tg2a :

2sinacosa

g2a=—g———
Cos a—Ssm a

dem chia ca tir s6 va méu s6 & v€ sau cho cos’a, ta dugc :

tg2a=——> 3)

Céc ban thdy khong. Long ham mu6n ty minh tim toi rdt quan trong. Khi da c6 1ong ham d6 thi
qué that, & day, vé mat todn hoac khong c6 khé khan gi ding k€ ma duoc ngay ba chién qué (1),
(2), (3). Di nhién 14 phai khuéch truong chién qua. Tinh dugc cic ti s6 lugng gidc clia 2a thi di
nhién s& tinh duoc céc ti s6 luong gidc cla 4q, réi 8a... 2"a (mién 1a n va a phai lam sao cho
2"a < 90°)™. Mot huéng nguoc lai I tinh cdc 1 s6 luong gidc cha céc géc g r6i .-}, % 21 Vi
" du,‘cOng thic (2') cho ta : |
c0s30° = 2cos?15° -1

B3

0 1+_'
hay 005215,,=1+cos30 = 2 =2+‘/§
) 2 4
Vay cosl5° =————‘2;\/—3—

Dé khuéch truong chién qua, tu duy phai r4t nang dong. Chi dudng ngay, muc théng : gip 2,
g4p 4, g4p 8,..., chia doi, chia 4, chia 8... thi chua an thua. Chéng han gép doi dinh véi gép ba, gidp
nam vi 3 =2+ 1; 5=2.2 +1. Ma hai géc phu cong véi nhau bing 90°. Do d6, ta nghi dén 2a + a =90°
(trudng hop nay khoéng cho gi méi vi ta s&€ c6 a = 30°), 4a =a = 90° tiic a = 18° =§-g—- ,4a=T2" =
2.36° ; 4p dung cic cong thitc (1) va (2), ta sé di dén phuong trinh :

8x* —8x* +x+1=0 (x=cos36%) | @

(*) Su han ch€ ndy cang 1am cho chiing ta mu6n m& rong céc ti s6 lugng gidc khong nhimg chi cho géc
td ma con rong hon nita. Nhung d6 lai 12 mot dé tai khéc:




bimg thdy phuong trinh bac 4 ma hoang so. Hay binh tinh nghién cu v€ thit nhdt cta (4)
8x2(x® — 1)+ x+1=(x + DB (x~1)+1].

Vay (4) c6 mot nghiém x; = — 1.

Ba nghiém con lai 1a nghiém ctia phuong trinh bac ba :
8x*(x* =1)+1=0 hay 8x* -8x* +1=0.

Ciing ding thdy bac ba ma hoang. V& ddu c6 thé viét
(2x)’ -2(2x)* +1=0

it 2x = X, ta ¢6 phuong trinh X° — 2X+ 1 = 0 c6 mot nghiém 6 rét X = 1. Vay phuong trinh

bac ba c6 nghiém x, =—21—. Biét dugc hai nghiém x;, = -1 va
X, =-;— cua (4), ta tinh dé dang hai nghiém con lai :
X, = 1+\/§, x =1_\/§. Chi ¢6 x, va x; 12 duong ; nhung

4 't 4

+5

x L 12 cos60°. Vay cos36° =1—————-. Cich giai nay hoi dai,
22 4

nhung giai dugc (4) cling 12 diéu i thd. Ta nghi xem c6 céch gi tim
cos36° gon hon khéng. Vi géc 36° dd xudt hién moét cdch tu nhién
nén ta nghi ring n6 phan 4nh mot cdi gi d6 ty nhién trong mot tam
gidc nao d6. Ta thir dung mot tam gidc can ABC c6 g6c & dinh A bing 36° (h.2) va méi géc & ddy
béng 72°. Vi 72 = 2.36 nén ta dung phan gidc CD cla géc C. D€ dua dugc ti s6 lugng gidc vao také
thém dudng cao CH. Ban s& phat hién ra nhiéu quan hé dac biét gifta cdc géc va cic doan thing

1+\/75_.

1 Nhu vay, day 1a cdch gidi phuong trinh (4) béng hinh
hoc. Ta lai ti€p tuc ti€n cong : 36° 1a géc phu cla 54° ma 54° gdp doi 27° va gép ba 18° vv... Nhimng
méi quan hé dac biét d6 ggi md ra nhiéu suy nghi. Chéng han, ta c6 thé dyng ra mot tam gidc ABC
(h.3) can, c6 méi géc & ddy bang 36° va géc & dinh bang 108° = 2.54°. Nhitng m6i quan hé dic biet
trén hinh d6 cho ta mot cidch chimg minh hinh hoc rat
don gian ring cos36° > tg36°, diéu ma ta c6 thé ki€m tra

gitip ban tinh ra dé€ dang cos36° =

lai bing tinh todn luong gidc. Dén day chua phai 1a hét B

nhung xin tam dimg béng mot két luan : tit nhitng dinh 1 & e

nghia hét sitc don gidn vé ti s6 lugng gidc mot géc nhon, < ’I/(,o’\/’ >

chi c4n c6 long ham tim tdi bd 6c cla ban ciing 16i ra A E F D ¢
dugc nhiéu kién thifc ma truéc day cé thé ban chua biét, - . Hinh 3

gi6ng nhu nha 4o thuat 16i ra ti ndm tay khong biét bao

nhiéu 1a thi. .

Cic ban hay tap 1am nha 4o thuat.




THU M3 RONG MOT BAI TOAN QUEN THUOC

VU QUOC LUONG
THCS Chu Vin An, Ha Ngi

Céc ban tré than mén ! Chéc cdc ban d3 timg gap bai todn hay sau . Cho tam gidc déu BAC, M la
mét diém tuy ¥ trong tam gidc. Goi MH,, MH,, MH, la cdc khodng cdch ti M t6i 3 canh ciia tam gidc.
Chitng minh rang MH, + MH, + MH; = k (*) trong dé k la mgt hdng s6 khéng phu thugc diém M.

Ching minh (xem hinh 1). Ta c6

Sasmc + Saamc + Sassm = Sasac
a i a
= S(MH,+ MH, + MH,) ="

trong d6 a va h 13 canh va dudng cao clia tam gidc déu BAC

= MH, + MH, +MH; = h (dpcm)

Loi gidi bai todn khong qud khé khan, nhung mét "ban khoan
méi" dén véi chiing ta mot cdch ty nhién sau khi gidi xong bai todn l1a
: liéu c6 con da gidc ndo c6 tinh chét (*) ki la nhu vay khéng ? D€ c6
th€ nghién cttu bai todn t6ng quat, ta dua ra dinh nghia sau :

Dinh nghia : Da giac 16i A,, A,...A, goi 12 mot da gidc hdng sé néu nhu téng cdc khoang céch
tit mot diém M ndm & mién trong chia da gidc t6i céc canh ciia né 12 mot hing s6 khong phu thuéc
vao vj tri diém M. A

Vién dé dat ra 1a : chi ra "ddu hiéu" d€ nh4n biét mot da gidc cho
trude c6 phai 1a da gidc hing s6 hay khong ? Ai

Phan tich 10i giai & trén, ta thdy cdch gii d6 hoan todn 4p ’
dung dugc cho nhiing da gidc 16i c6 tdt ca cdc canh bing nhau. An MH' As
N6i cdch khic da gidc 16i c6 t4t ca cdc canh bing nhau (duong Al il Ay
nhién ca da gidc 16i déu) 1a da gidc hing s6. Dén day ta c6 thé dua \ d /
ra gia thuyét : phai ching, cic da gidc hing s6 12 nhitng da gidc ¢6 Al H A2
tdt ci cdc canh bing nhau hodc tit ca c4c géc bing nhau ? Thé Hinh 2
nhung hinh binh hinh 13 mot tit gidc hing s6 (ban doc c6 thé dé
dang kiém tra lai) ma khong thoa méan diéu kién ndo ca trong 2
diéu kien d6. Vay van dé co ban 12 & ché nao ? Ta c6 nhan xét quan trong sau : Néu da gidc A,
A,..A, 12 mot da gidc hing s6 thi khi ta ké mot dudng théng song song véi mot canh clia da gidc,
ching han A’,A’, (xem hinh 2), thi Qa gidc méi thu dugce : A',A’ZA 3.-- A, n€u 16i, ciing 12 mot da gidc
hing s6. :

That vay ‘ZMH,. va ZMH ., chi sai khdc nhau mot hing s6 & (bdng khoang cach giita hai

i=] i=1 .
dudng thing song song A,A, va A’} A’;). Do d6 n€u A,A,A;.. A, 12 da gidc hing s6, thi A",A%A;...A,
ciing 12 da gidc hing s6. Tl nhan xét ndy, ta d§ dang ching minh dinh li sau :




Pinh Ii 1 : Néu hai da gidc lﬁi ¢6 cdc canh tuong ung song song thi ching cung la da gidc
hdng s6 hodc khong.
Tt dinh 1i 1, ta c6 thé thu dugc két qua téng quat hon sau day :

Dlnh I 2 : Néu hai da gidc gidc loz cé cdc goc tuong ing bang nhau thi chiing cung la da gidc
hdng s6 hodc khong.

Dén day ching ta c6 thé khing dinh : Diéu kién t4t ca c4c canh bing nhau hoic t4t ca céc géc
béng nhau chi 1a diéu kién di ma khéng cdn dé mét da gide 16i la da gidc hdng s6. (Chi ¥ 1a : Hinh
binh hanh & trén chi 12 mot phéan vi du cho trudng hop tif gidc ma chua thé 1a phén vi du cho truong
- hop téng quat dugc). Nhiing diéu kién di khong 1am chiing ta thoa min ; cdn ¢6 ging tim dugc diéu
kién cdn va da dé mot da giac 16i 1a da gidc hing s6.

Maéi khi lao vao mot van dé mdi, ta phai nhin lai toan bo vin dé da biét, xuét phdt tir nhiing
nhan xét don gian, roi rac dé di nhitng két luan téng quat nhat. Ta xust phat ti nhitng nh4n xét don
gian sau : Néu M, M’ 12 2 diém nim trong da gidc 16i A/A,... A,, M” 1a trung diém doan

ZMH +ZM H, ,
MM’ thi ZM"H = > . Vay néuténg ) MH, =

i=1 . - i=l

ZM H, =k thiténg ZM"H =k . Ta hi vong ring néu ZMH ZM H, = k thi moi diém

i=1

M" ném trén duorng thang MM’ déu ¢ tinh chat nhu vay, nghla la: ZM "H; =k . Diéu nay diing va

i=1
c6 thé chimg minh dugc nhe dmh 1f Talét.

Chi y ring : D6i v6i nhitng diém M” € MM’ nhung nim ngoai da gidc thi khoang cdch ty M”
t6i cdc canh cia da gidc cdn dugc "md rong" thanh do dai dai s6 ma ddu duge xdc dinh nhu sau :
MB&i canh ctia da gidc kéo dai chia mat phing thanh hai mién. Khoang cdch tit M” t6i canh d6 1A
duong hay am tuy theo M” ciing phia hay khdc phia so v6i mién trong cla da gidc. Véi su "md
rong" nay, ta khong cdn go bé diém M phai nim ¢ mién trong ciia da gidc nita. Tir nhan xét nay ta
ti€n dén két qua dep sau : '

Dinh 1i 3 : Diéu kién cdn va dii dé mot da gidc la da gidc hdng s6'la c6 ba diém khong thdng
hang, ma téng cdc khodng cdch tit méi diém téi cdc canh cia da gidc la bang nhau. '

Diéu kién cén 12 hién nhién. Diéu kién di xin danh cho ban doc ching minh dua vao nhan
xét & trén.

Dinh li 3 phan 4nh mé6i lién he sau séc gifta toan bo cdc di€m cha mat phang v6i 3 diém khong
thdng hang x4c dinh mat phing chia da gidc hing s6, déng thdi ciing cho ta mot phuong phap kiém
tra xem mot da gidc cho trudc c6 phai 11 da gidc hing s6 hay khong. Cuéi ciing téc gia Iuu ¥ ring :
trong hinh 1, ta cdn c6 két qué : BH, + CH, + AH, = hing s6. Diéu ndy c6 thé t6ng qudt hod nhu
thé ndo ? D6 1a mot vin d& mé6i ma cic ban c6 thé bit tay nghién ctru. Chic cic ban thanh cong
trong hoc tap, nghién cifu. /
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TiM CAC CHU SO TAN CUNG CUA MOT SO

NGUYEN VU THANH
Cao ddng su pham Tién Giang

Tim mot, hai, ba chif s6 tan cling cia mot s6 chinh 12 tim du trong phép chia s6 d6 cho 10, 100 hoic
1000. Nhung khi khao sét cac chif s6 tan ciing ctia mét s6, cé nhu‘ng phuong phap dac biét kh4 1f thu.

1.Tim mét chir s6 tan cung cia a®
~Néuatancing1a0;1;5;6thia"ldnluottancing120;1;5; 6.
—Néuatincungla2;3; 7 thisao?
Ding ki hiéu a = b (modm) d€ chi a — b chia hét cho m, ta c6 :-

2% = 16% = 6 (mod 10)

3*=81*=1 (mod 10)

7% =49% = 1 (mod 10)
Do d6 dé tim chit s6 tan cing clia a” (v6i a tdn cing 12 2 ; 3 ; 7) ta 14y s6 mii # chia cho 4.
Giastn=4k+r(r=0;1;2,;3)

+ Néu a =2 (mod 10) thi a" = 2" = 2% "= 6.2" (mod 10)
+Néua=3;7(mod 10)thi &" = gt o (mod 10)

Thi dy : Tim chit s6 tan ciing clia 1992193
Gidi : Ta c¢6 1992" = 2" (mod 10)
Ma 1993 =4.498 + 1 dod6

213 = (24*® | 2 =2 (mod 10)
Vay chit s6 tan ciing clia 1992"%° 1a 2.
2. Tim hai chir s6 tan cung cia a"
GiastracéchitsGtancingla x:0<x <9
Theo nh1 thuc Niuton, ta cé :

a® =10k +x)* = (10k)2° + 20, (lOk)

oo + 20(105)x"° + X*° = X¥*° (mod 100) ‘
Vay hai chit sO’ tan cing cla a® ciing chinh 12 hai chif s6 tan cing cia x*.
Nhdn xét : 220 =76 (mod 100) ; 6° =76 (mod 100)
%=1 (mod 100) ; 7* = 1 (mod 100)
Dl‘mg quy nap ta cé: 76" =76 (mod 100)
=25 (mod 100) (m = 2)

Tir d6 suyravéimoim=>1:
a@®" =0 (mod 100) néu @ = 0 (mod 10)
a® =1 (mod 100)néua=1;3;7;9 (mod 10)
a®" =25 (mod 100) néu a = 5 (mod 10)
a®" =76 (mod 100) néua=2;4;6;8 (mod 10)
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Vay dé tim hai chir s6 tan clng cla a” ta tim du trong phép chia s6 mi n cho 20.
Thi dy : Tim hai chi s6 tan cling cia 2° (c6 1992 56 2)

Gidi : Dat a,= 2*" (c6ns62).Tacé:

— D%1991
Qg9 =2

Ta tim du trong phép chia a,4, cho 20
Ta c6

Giggy =27 =290 = 2,207 =22%0 Z2(101 4 8)=20/+16

(le?2
Do d6 Ayo0p = 27+ =21 76 = 36 (mod 100)

3. Tim ba chir s6 tin cang ciia a"
Giastn=100k+r,0 < r < 100 khi dé
a"=@@®y>.qa
Giasiuchits6tancingcllaalax:0< x < 9
Theo nhij thic Niuton ta c6 :
a'® =(10k + x)'* = (10k)'® +100(10k)* x +
+ ... +100(10k).x* + x'® = x'® (mod 1000)
Vay ba chif s6 tan ciing clia a'* ciing chinh Ia ba chi¥ s6 tan cing clia x'®
Dung quy nap ta c6 : 625"= 625 (mod 1000)
376" =376 (mod 1000)
~ Néu x = 0 thi x'* = 0 (mod 1000)
— Néu x = 5thi x*=5*=625, do 46
x'° = (5% = 625 (mod.1000)
-Néux=1;3;7;9tacétuong ing x*=1; 81 ;2401 ; 6561 = 1 (mod 40)
= x'® = (40k + 1)* = (40k)® + 25(40k)*
+...+25. (40k) + 1 = I(mod 1000)
—Néux=2;4;6;8llicdéx'® 20— x®: g
(x,125) = 1 ma @(125) = 100 (theo dinh If Gle) =>
= x'® =1 (mod 125)
abc’8

= x'°° = 1000k + abc =
abc=1 (mod125)

(*) ¢(n) 1a s6 céc s6 nguyen duong nhd hon n va nguyeén t6 véi n. V61 p 12 s6 nguyén t6, o 13 s6 nguyén
duong thi 9(p®) = p* 7 (p - 1). , -
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Nhung trong céc s6 1 ; 126 ;251 ;376 ; 501 ; 626 ; 751 ; 876 ; (d6 15 t4t ca cdc s6 c6 ba chit 6
khi chia cho 125 c6 dur 14 1) chi c6 mot s6 chia hét cho 8 1a 376.
Vay x'* = 376 (mod1000)

Tx‘IdésuyravGimgile:,

a'®" =0 (mod 1000) néu a = 0 (mod 10)

a'®"= 1 (mod 1000) néua=1;3;7; 9 (mod 10)
a'®"= 625 (mod 1000) néu @ = 5 (mod 10)

@' =376 (mod 1000) néua=2:4;6;8 (mod 10)

Vay d€ tim ba chif s6 t4n cing clia " ta phai tim hai chit s6 t4n cling clia s6 mii n
Thi du : Tim ba chit s6 tan cing cta 2°
Gidi. Trudc hét ta tim hai chit s6 tn cling caa 9'%*
Ta cé 919 = 93 919 = 93 (32%)'% = 29 (mod 100)
Vi 3% = 1 (mod 100)
Vay 297 = Q100+ 29 - 929 376
=2%.188 = (21)°.188
=24°188 =824 x 188
= 912 (mod 1000)

Tuwong tu nhu trén cdc ban hiy dua ra phuong phdp tim bén chit s6 tan ciing clia a” dya vao ba |
chit s6 tan ciing cia n. '

Bai tap img dung

Chitng minh ring

a) 0,3 (1983"" - 1917"") 1a s6 nguyén.

b) 9 —9° chia hét cho 10

¢) 2™ +3 chia hét cho 11 véi moi s6 ty nhién n.
2. Tim hai chit s6 tan cing ciia 14" va 17°" .

3. Tim ba chif s6 tAn ciing clia 32" .
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TIEU CHUAN CHIA HET CUA TAM THUC X" +X" + 1
CHO CAC TAM THUC X2 £ X + 1 VA X*+ X? +1

TRAN VAN VUONG
Vién khoa hoc Gido duc

— Trong bai toén ndy, chiing ta s& xdc dinh nhing méi lién hé chat ché gitta tinh chia hét clia
cdc tam thiic x” + x” + 1 va tinh chia hét cia cdc s6 mil m, n. Nhung tiéu chuédn d6 dugc tng dung
dé phan tich tam thiic x” + x" + 1 thanh nhén ti, nit gon cdc phan thic, vv...

1. Tiéu chuén chia hét ciia tam thic x” + x* + 1 cho tam thitc x* + x + 1

Dinh li 1. Tam thitc x™* + x" + 1 chia hét cho tam thitc x> + x + 1 khi va chi khi mn — 2 chia
hét cho 3.

Chitng minh :
Biéu dién m, n duéi dang :

m=3k+r; k,reN,0<r<2,

wn=3l+s; I,5e N,0<s <2,
Khi d6 :

X+ +1=0F -1+ (O -DFf+ X +xX+ 1
Vix*—1vax'-1cingchiahétchoxX’ -I=(x-I)Z+x+1)
nén X"+ x"+ 1% %+ x + 1 khi va chi khi

X+ 1 xKP+x+1. :

.Béng cdch kiém tra tryc ti€ptacé ¥ + X' + 1 { & + x + L khi vachikhir = 1, s = 2, hoic
r=2,s=1. ~

Mat khéc : o
mn—2=@k+r)3l+5)-2=3Ckl +ks +Ir) +rs—2

nén mn—2} 3khivachikhirs— 2} 3.

Nhung rs—2 : 3khivachikhir=1;s=2hoacr=2;s=1

Vay X+l +x+1lomn-21 3.

Héqudl :

X rx+lil+x+loon+li3
Hé qud 2 : '
T+ +1i+x+1lon=1:3

2. Tiéu chudn chia hét cha tam thitc x™ + x" + 1 cho tam thitc X-x+1

Pinh Ii 2 : Tam thitc ™ + X" + 1 chia hét cho tam thitc 2 - x + 1 khi va chi khi mn — 2 v
m + n cung chia hét cho 6.
Chitng minh. Biéu dién m, n duéi dang :
m=6k+r ;k,re NO<r< 5,
n=6l+s;l,5seN,0<s<35,
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Gidi : Theodinh li 1tacé " + £ + 1 | 2 + x + 1. Do dé
X+X+ 1= +x+ D)X —x+ 2 ~x+1).

Vi dy 2 : Phan tich tam thic x* + x* + 1 thanh nhan tir

Gidi : Theodinhli3tac6 ® +x*+ 1 i x*+ 22 + 1. Do dé
Lrrt+l=(t+2+1)(x -2 +1)
= (P +x+ D)2 = x+ Dx (% +V3x+ D(x* —Bx+1).

X+ xt+1 ‘

x+xr+1

Gidi : Theo dinh Ii 3, ca tif thitc 1an mau thic déu chia hét cho x* + »* + 1. Do d6

Vidy 3 : Riit gon phan thifc

Laxt+l xt-xP+1
xX+xr+1 X -x*+1

Vidy 4 : Chitng minh réng v6i moi s6 nguyén dwong &, /, ta 6 2* ' + 2%*! + 1 1a hop s6.
Gidi :Dat m=3k—1,n=31+1,tacé
mn+1=0Bk-1)31+1)+1=9I+3k-31:3
nén theo dinh 1i 1 thi
2% 423l 112242 41 (d.p.c.m).
5. Bai tap
1. Ching minh ring
DD e I A S
2. Chitng minh ring néu
X+ 1+ x+1thid"+ "+ 1 2 —x+ 1.
3. Phan tich tam thifc x'® + x'* + 1 thanh nhan ti.

11 :
4. Riit gon phan thic x_7_-_+_1§_4_-_1_
x' +x"+1
5. Chitng minh ring néu x” + x" + 1 } »* — x + 1 thi phuong trinh ™ + ¥* + 1 = 0 khéng c6
nghiém s& thuc.

6. Cho m, n, k 12 ba s6 nguyén duong. Hoi £™*' + k" *? + 1 c6 phai 12 hop s6 hay khong ?
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SUY NGHi MOI TU MOT BAI TOAN QUEN THUOC

NGUYEN MINH HA
Dai hoc Su pham Ha Noi

C6 mot bai todn hinh hoc rat don gian va quen thudc.

Bai toan 1. Cho duong thdng d va hai diém A ; B ndm vé mét phia cia né. Tim trén d diém M
sao cho (MA + MB) nhd nhdt. '

Bai todn 1 la bai todn hay. N6 c6 ¥ nghia thuc t&€. Ngoai ra, nho két qua ctia BT1 ciing nhu cdch
giai BT1 ngudi ta c6 thé giai duoc nhitng bai todn hay hon, khé hon. D6 1a nhitng bai todn sau.

Bai toan 2 : Cho géc nhon xOy ; M la mét diém trong géc dé. Tim trén Ox, Oy cdc diém A ; B
sao cho chu vi A MAB nhd nhdt.

Bai toan 3 : Cho tam gidc nhon ABC. Tim trén BC ; CA ; AB cdc diém X ;Y ; Z sao cho chu vi
AXYZ nho nhat.

Bai toan 4 : Cho hinh chit nhdt ABCD, M la diém dd cho trén AB. Tim trén BC ; CD ; DA cdc
diém N ; P; Q sao cho chu vi tit gidc MNPQ nhd nhdt.

Bai todn 1 cling vdi cdc baitoan 2 ; 3 ; 4 tao thanh nhém 4 bai to4dn quen thuoc va "bén vimg"
trong hinh hoc so cap. N6i dén mot trong bon bai ngudi ta nghi ngay dén ba bai con lai. Ching
thudng dat canh nhau trong cdc bai giang vé hinh hoc so cdp cho c4c hoc sinh chuyén todn phé
thong co sd. ‘

C6 1€ vi su don gian cua BT1 ciling nhu sy "bén viing" c¢iia nhém bén bai 1, 2, 3, 4 nén khong
m4y ai nghi ring BT1 con c6 thé duoc phit trién theo mo6t huéng khdc nhau ma nhimng két qua
nhéan dugc ciing ¢6 ¥ nghia va sau sic khong kém gi cdc bai 2, 3, 4. Bai viét nay xin gi6i thiéu
nhimng két qua nhu vay.

Bai toan 5 : Cho ur gidc ABCD. M la mét diém thuéc CD (M khdc C, D). Chitng minh rdng :
MA + MB < max {CA +CB ; DA +DB}" ‘

Gidi : Goi A'1a diém d6i xtng cla A qua CD. A'B cit A
CD & P. ViM thuoc doan CD nén : \
M thuoc AA'BC

-
| Mthugc AA'BD D_\F

)
(@]

"MA'+ MB < CA'+CB
| MA'+ MB < DA'+ DB

"MA+MB<CA+CB
| MA+MB< DA+ DB

=

= MA + MB < max { CA+ CB ;DA + DB }

® max {X. Y} chi gid tri 16n nh4t trong hai s6 X, Y
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Bai todn 6 : Cho hinh chit nhdt ABCD. M la mot dié’m‘ nam bén trong hinh chit nhdt. Chimg
minh rdng :

MA*+ MB + MC + MD < AB + AC +AD

Gidi : Qua M ké dudng thing song song véi AD. Dudng thang nay theo thi tr cit AB ; CD tai
I;J. 4p dung bai todn 5 cho hinh chi nhat AIJD ta c6 :

" MA + MD < max {IA + ID ; JA + JD} A D
= MA + MD <IA+ID (VMIA +ID =JA +JD) I M I
Tuong tu nhu vay d6i véi hinh chit nhat BIJC ta cé :
MB + MC < IB+ IC
Tudésuyra: - ' ‘ B C

MA+MB+MC+MD<IA+IB+IC +ID
= MA + MB + MC + MD < AB + IC + ID
Ap dung bai todn 5 cho hinh chit nhat ABCD1ta cé :
IC + ID < max {AC + AD ; BC + BD} ‘
= IC + ID < AC +AD (Vi AC + AD = BC + BD)
Vaytacéd: .
MA + MB + MC + MD < AB + AC + AD
Bai toan 7 : Cho it gidc ABCD. M la mot diém trong tit gidc. Pdt :
d,=AB+ AC + AD
dy=BC + BD + BA
d.=CD +CA+CB
dp = DA + DB + DC
Chitng minh rang :
MA + MB + MC + MD < max {d, ; dg ; d. ; dp}
Gidi : Kéo dai AM mot doan MB’
bing MB. Qua M ké dudng trung truc
ctia BB'. Pudng nay theo thif ty cit hai
canh ti gidc tai [ ; J. C6 thé xay ra mot
trong ba trudng hop (k) ; (k) ; (hy). Vi J
trong c4c hinh (4,) ; (h;) bai todn 7 duoc
chimg minh twong tr nhung don gian hon
trong trudng hop (k;) nén & day ta chi

chitng minh trong trudng hop (h)). ¢
Hinh 1 Hinh 2

Khong mét tinh téng quét gid sir
rang
IC +ID = max {IC + ID ; JC + JD}
Ap dung bai toan (5) cho tit gidc CIJ/D ta c6 :
MC+MD<IC+1ID
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Laicé:
MA+MB=MA+MB =AB' <IA+1IB =IA + IB
Vay :
‘ MA+MB+MC+MD<IA+IB+IC+ID IA+1ID + BC
Ap dung bai todn (5) cho ti gidc ABCD tacé:
IA+ID<max{CA+CD,BA+BD}

Vay:  MA+MB+ MC + MD < v B
< max {CA + CB ; BA + BD} + BC DJ M1/ ]
= max {BC + BD + BA ; CD +CA + CB} = -
= max {dg; d.} B
<max {dy ; dy ; d, ; dp} (dpem) Y
‘ Trén day 1a mot vai suy nghi méi tir bai todn 1. Hay thit suy Hinh 3
nghi ti€p di. Bi€t dau chiing ta c6 thé tim thém dugc nhiing két ‘
qua Ii thd tir bai todn 1.
MOT CHUT VE BA THUC
NGUYEN DUC TAN

TP H6 Chi Minh

Néu biét van dung khéo 1éo nhitng tinh chit clia da thitc dwoc hoc & THCS ching ta s& tim 101
giai dep clia mot s6 bai todn va hon nita chiing ta con c6 thé g1a1 dugc mot s6 bai todn khé thudng
gap trong cdc Ki thi chon hoc sinh gidi toan.

Xin trao d6i cling ban doc "Mot chiit vé da thic

Nhéc lai mot s6 tinh cht d3 hoc :

Gia str f{x) va g(x) 1a hai da thic bién x

Dfla)=0,a € Q - f{x) cé nghiém x = a

2) Du khi f{x) chia cho x — a 12 f{a) (dinh Ii Bezout).

3)fix) : g(x), bc fix) < bdc g(x) - fix) =

4) fix) = g(x) <> céc he s6 tuong ting bﬁng nhau.

5) S6 nghiém clia mot da thitc bac n khong qué n (n € Z*) Mot s6 bai todn 4p dung :

Bai 1 : Phan tich thanh nhdn tk P = (x +y + 2z - X -y -7

Gidi : Xem P 1a mot da thic bién x. Khix=-y thiP=0=>P: x +y. Trong P vai tro x, y,
z nhunhaunénciing c6 P i x +z, P ¢ y + z,nhu vay P = (x + y){x + z)(y + z)Q. Ma P 14 da thic
bac2ddivéix, yvaznén Qlahangs6. V6i x=0,y=z=1tac6Q = 3.

Vay P=3(x+y)x+z)(y+2z)
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Bai 2 : Tim tdt cd cdc da thitc P(x) thod mdn

xP(x—1)=(x—26)P(x) ,
(Vé dich todn Matxcova 1963)
Gidi:DEthdly  P(0)=0=P(I)=0=>P(2)=0=.=P25)=0
Vay P(x)=x(x—1)..(x-25)0(x).
Suy ra P(x-1)=(x—1)(x=2).(x—=26)Q(x~-1)

" xP(x—~1)=(x-26)P(x) (gia thiét) '

= O(x — 1) = Q(x) = Q(x) = a (hang s6)
Vay P(x) = ax(x - 1)..(x - 25)
Bai 3 : Cho hai da thitc voi hé s6 nguyén f)(x), f»(x) thod mdn

fx) =Fi(F) + xfo( ) 1+ x+ 1
Chiing minh rang USCLN (f,(1984), f,(1984)) = 1983.
(Todn hoc va tudi tré bai 2/1134) .

Gidi : fix) = () = f 1))+ x () = S DY + A1) + fi(1)
Dé thiy ) —f(D) PR x
) —fi(l): P+ x+ 1
Suy ra xfy(1)+ fi(1) i 2 +x+ Inhdt/c(B)suyrafi(l)=f(l)=0
Vay fi(x) s x=1,f(x) : x—1, do d6 USCLN (f,(1984), f,(1984)) = k.1983

(ke N),k=1Khif(x)=fofx) = x— 1.

Bai 4 : Cho f(x) la mét da thitc c6 hé s6 nguyén va f(0), f(1) la nhiing s6'lé. Chimg minh rdng
fix) khéng thé cé nghiém so nguyén. |

Gidi : Gia sir da thic f{x) c6 nghiém s6 nguyén a thi f{x) : x — a do d6 fix) = (x - a)g(x)
(g(x) 1a da thic c6 hé s6 nguyén).

Ta ¢6 f{0) = — ag(0) 1a mot s6 1é = a la s6 1&. Tuong tuf(}) =(l-a)g(l)=>1-alas6lé=>ala
s6 chin

Piéu nay mau thuln suy ra dpcm.

Bai 5 : Cho da thitc f(x) bdc 5 c¢6 hé s6 nguyén. Biét réng fi(x) nhan gid tri 1975 véi 4 gid tri
nguyén khdc nhau cila x.

Chitng minh rdng véi moi x € Z thi fix) khong thé c6 s6'tri bang 1992.

Gidi : Goi x;, X;, x;, x; 12 4 gid tri nguyén khdc nhau cta da thic f{x) — 1975 suy ra f{x) — 1975
= (X = X, )(X = X;)(x — x3)(x — x,)g(x) (g(x) 1a da thic cé hé s6 nguyén).

Giastrtdéntaia € Z ma fla) = 1992tacé

(a—xMa—x)(a~-xs)(a—x))g(a) =17 ’ (*)

Do x;, x,, x;, X, € Z khdc nhau nén a — x;, a — x,, @ — x3, a — x; 12 4 s6 nguyén khdc nhau va
g(a) € Z, ma 17 chi c6 thé phan tich thanh mot tich c6 nhiéu nhét & thita s6 nguyén khéc nhau
17 =1.(= 1).¢— 17) nén (*) khong xz’iy ra — dpcm.
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Bai 6 : Vdi a, b, ¢ la ba s6 khdc nhau. Hay tinh
fEDE=0) G0 | (x-a)a-b)
(a—b)a-c) (b-a)b-c) (c—a)c-b)
voik=0,1;2. "
Gidi : Dat fx) = " (x-b)x-c) px=a)x=c) ., (x-a)x-b)
~ (a-b)a-c) (b—a)b-c) (c~a)c-b)
Déthdy fla) =fib)=fic)=0 | :
Vay q, b, c 1a 3 nghiém khic nhau cta f{x) nhung bac f{x) < 2.
Do dé fix) = 0. Vay :
fEmDx=0) L x—a)x =) | 4 (x-a)x—b) _ .
(a-b)a-c) (b—a)b-c) (c—a)(c-b)

Bai 7 : Pa thicc P(x) bdc n thod man ddng thicc P(k)= kk N viik=0;1:;2,;..;nTim

Pn+1)?
. (Vé dich toan My 1975)
Gidi : Da thiic P(x) thoa man diéu kién trén 1a duy nhat. Vi néu cé da thitc khic Q(x) # P(x)
ciing thoa mén thi bac da thiic P(x) — Q(x) < n nhung c6 s6 nghiém 2 n + 1.
Xét da thiic R(x)=x+ Q=B =0-A8=5) b 1) = 0 pen
(n+1)!

R(x) ix + 1 do d6 S(x) = X2
x+1

thoa min diéu kién bai todn nghia 1a P(x) = S(x) va

_R(n+1) _n+l+(=H"
+2 n+2

12 da thitc b4c n va S(k)=% v6ik=0;1;..;nnénSx)
. +

P(n+1)

Bai 8 : Chimg 13 réng da thirc

flx) = (x —a)(x - ay)...(x — a,) -1 (a, ; &, ;...; a, € Z khdc nhau) khéng phdn tich duoc
thanh nhén tu

Gidi : Gia st f{x) = g(x)h(x) v6i g(x), h(x) c6 hé s6 nguyén.

fla)==1(i=1n)

nén hodc gla) =1, h(a)=-1

hoac gla)=-1;, hia)=1.

Dodé  gla)+h(a)=0,(i=Ln)

Pa thitc g(x) + h(x) c6 n nghiém khac nhau nhung bac < n do dé

g(x) + h(x) = 0. Vi vay f{x) = — h’(x) diéu ndy khong thé dugc vi hé s cao nhit cia f{x) 1a mot
s6 duong.
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Du6i day 1a mot s6 bai todn thém dé céc ban tu luyén.
1) Phan tich thanh nhan t&
(x+y)(x=y)+(y+2)(y—z)+(z+x)(z-x)
2) Tim t4t ca c4c da thitc P(x) thoa man diéu kién.
(x —1992)P(x) = xP(x— 1) va P(1993) = 1993 !
3) Chitng minh ring da thiic
fx) = (x - @ fi(x = ) o (x - af + 1
(v6i a,, ay, ..., a, 1a nhimg s nguyén khic nhau) khoﬂg phan tich dugc thanh nhan tit.
4) a va b 1a hai s6 khac nhau. Phdn du trong phép chia da thic f{x) cho x — a bing A va phdn du
trong phép chia f{x) cho x — b bang B. Tim phdn du trong phép chia f{x) cho (x — a)(x - b).

" CAlI Gi AN DANG SAU PUGNG TRON O-LE

NGUYEN DANG PHAT
- Dai hoc Su pham Ha Ngi

Chéc nhiéu ban d4 bié€t dinh 1i v& dudng tron O-le : Trong mot tam gidc, trung di€m céc canh,
chan cdc dudng cao va trung diém cdc doan néi truc tdm véi cdc dinh 1a chin diém cling thuéc mot
dudng tron. Dudng tron ndy cé tim 12 trung diém clia doan thiang n6i truc tdm v6i tim dudng tron
ngoai ti€p va ban kinh bing nita ban kinh dudng trdn ngoai ti€p tam gidc. Ngudi ta goi n6-1a dudng
tron O-le.

Sau day, bai bio nay dua ra mot cdch chitng minh khac dinh 1i trén ma noi dung ching minh

_ciing chi van dung c4c kién thiic hinh hoc trong sach gido khoa bac phé théng co sd, va sau d6 thu
dugc dinh 1i "dudng tron sdu diém", téng quét hod dinh i vé dudng tron O-le da biét.

Pé 1am viéc nay, ching ta hiy cing nhau phéan tich nhu sau : Goi P, Q, R 14n luot 12 trung diém
c4c canh BC, CA, AB va P’, Q’, R’ 14n luot 1a chan cdc dudng cao ha trcdc dinh A, B, C ; P, ; Q,; R,
14n luot 13 trung diém céc doan thing ndi truc tam H véi cdc dinh A, B, C va O 1a tam dudng trdn
ngoai ti€p tam gidc ABC (hinh 1). Ta hdy ching minh ring 6 di€m P, Q, R, P’, Q' v R’ cing ndm
trén mot dudng tron. Theo dinh 1i vé dudng trung binh cia hinh thang thi cdc dudng trung truc cta
c4c doan thing PP’, Q' va RR’ déu di qua trung diém S ca OH va do d6 :

SP =SP',SQ =8Q',SR=5R’;

bdi vay ta hay ching minh SP = SQ = SR.

Tt H ta hiy dung HB' = 25Q, HC’ = 2SR (nghia 12 HB' 71 = 25Q va HC' 11 = 2SR) ; thé thi :
SQ = SR < HB’ = HC’. Nhung nhu vy thi : B’ d6i xing v6i O qua (CA), C’ d6i xiing véi O qua
(AB) vado @6 AB' = AC' (= AO). Tam gidc AB'C’ cAn & A d6ng thoi dé thdy ring B'C’ // = BC (Vi
ciing // = 2RQ) va do d6, dudng cao AP’ cha tam giic ABC tr& thanh dudng trung tryc cia doan
thing B'C’, nghia 1a HB' = HC'. Tt d6 suy ra : SQ = SR ; ching minh tlfdng tu, SP = SQ = SR.
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Sau nifa, xét tam gidc A'B'C’ c6 céc dinh 1a cdc di€ém d6i xttng v6i O 14n lugt qua cdc canh BC,
CA va AB, ta thdy ring AA’B’'C’ = AABC va H triing v6i tam O’ dudng tron v’ (A’B'C’) ; do d6 HA' =
HB’ = HC'= OA = OB = OC (= R, b4n kinh dudng tron ngoai ti€p A ABC). Suy ra bdn kinh cia

dudng tron (o) tam S bing p = —;—R .

Cu6i cing xét dén cic diém P,, Q, va R,. Vi SP,// =%0A‘nén SP=p =%R ; chitng minh
tuong tu, ta dugc :
SP,=SQ, =SR =p =—;—R.

Dén day, dinh 1 dudng trdn chin diém da dugc ching minh xong.

* 3 doan trén chiing ta di trinh bay mot cdch ching minh méi khong c8 dién dinh 1i vé dudng
tron Ole, dong thoi cling 12 mot cach ching minh nita mot dinh 1i hinh hoc quen thudc vé mot tinh
chét clia hinh tam gidc : "Trong mot tam gidc, ba dudng cao déng quy tai mot di€m, goi 12 truc tam
cla tam gidc". '

bén day, chic nhiéu ban s& phai dat cau hoi : Ching minh hai dinh i nay & trong SGK, nhét 1a
dinh 1i vé ba dudng cao déng quy, don gian hon nhiéu so véi chiing minh néu & trén. Tai sao téc gia
bai bdo nay con phai dua ra mot cich chitng minh nita, phic tap hon ? Phong né c6 ich 1oi gi hon
khong ? Xin tra 101 cdc ban ding 1a rat c¢6 1f khi cdc ban chét vin tic gia. Dén day, ching ta hﬁy
cling nhau nghién ctru dé gidi ddp cAu hdi ma cdc ban dat ra. C4c ban s& ty minh phdt hién ra nhitng
diéu b6 ich va li thi. Vi cdch dung céc di€m A’, B’ va C’ nhu trong chitng minh vira néu & doan 2
trén day thi cdc duong cao AP’, BQ’ va CR’ clia tam giéc_ABC tr& thanh cdc dudng trung truc clia
tam gidc A'B’C’, va do d6 chiing d6ng quy & mot diém (vi ba di€m A, B’ va C’ khéng thang hang).

Bay gi® ta hiy nhin cic dudng thing AP’, BQ’ va CR’ theo mét quan di€m khic. That vay, vi
tam gidc AB'C’ cin & A nén dudng trung truc AP’ clia B'C’ ciing cdn 13 dudng phan gidc cha géc
B'AC’, va nguoc lai, néu ching minh dugc AP’ 1a phan gidc clia géc B'AC’ thi ciing 1a chtng minh
duoc AP’ 14 trung truc clia B'C’. Diéu nay dé thdy néu ta dé ¥ dén tinh chét sau day cha cdc dudng cao
trong hinh tam giac : "Pudng cao va dudng kinh ctia dudng tron ngoai ti€p tam gidc, xudt phat tir cliing
mot dinh thi d6i xiing v6i nhau qua dudng phan glac cia géc c¢6 dinh & cung dinh d6".

V1 AP’ dei xu‘ng v6i AO qua phan gidc ctia g6c

v BAC _ nén . BAP'=CAO = CAB' (=a,); ciing vay,
CAP'=BAO = BAC' (=a,).
Do d6, ta dugc (hinh 1) :
'BAP'=BAC+CAP'=qa, +a, =

=PAB+BAC'=P 'AC(-— BAC),

nghia 13 AP’ 1a phin giéc clia géc B'AC’, vado
d6 AP’ 1a trung truc ca B’'C’. Ching minh tuong tu,
BQ’ 1a trung tryc cia A'C’ va CR’ 1a trung truc cla
AB.
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Nhu vay, véi cidch nhin mdi nay, cic dudng cao AP’; BQ’ va CR’ clia tam gidc ABC lai la céc
dudng thang, d6i ximg v6i AO, BO va CO l4n luot qua phan gidc cdc géc A, B va C : ching trd
thanh cdc dudng trung truc clia tam gidc A'B’C’ (¢6 cac dinh d6i xing véi O qua cic canh clia tam
gidc ABC), va do d6 déng quy & mot diém (truc tam H cha A ABC). Sy kién nay cho ta mot cich
nhin méi vé vai trd cia cic diém O va H. Thuc thé, doc ki lai ch&ng minh, ta thdy ba dudng thing
AH, BH va CH d6i ximg véi ba dudng thing AO, BO, CO l4n lugt qua phan gidc cdc géc A, Bva C
cla tam gidc ABC la mot tinh chat cta hinh tam gidc, lién quan dén truc tam va dudng tron ngoai
tiép tam gidc. Nhung thay cho diém O, ta 14y mot di€ém M tuy ¥ clia mat phing, thi, theo cdch dung
cic diém A’, B’ va C’ néu trong chiing minh, doan 2 trén day, cdc dudng thing Ax, By, va Cz déi
xiing véi AM, BM va CM l4n lugt qua phan giic cic géc A, B va C ciing van la trung truc cua cic
doan thing B'C’, C'A’ va A'B". Do dé, hoic chiing déhg quy tai mot diém M’ nio dé, hoac ching
song song vdi nhau tuy theo ba di€ém A’, B va C’ khong thing hang hoac thing hang. Sau nita, néu
xem céc diém P, P’ ; Q, Q' va R, R’ 1a hinh chiéu vuéng géc cia cic diém O va H 1dn luot trén cic
dudng thiang BC, CA va AB, thi, khi thay O bing mot diém M tuy ¥ clia mit phing va do d6, thay H
bing diém tuong ing M'(M’ # 0 thi M’ # H) (néu cic dudng thing Ax, By va Cz déng quy & M’ chi
khong song song vdi nhau), phan ching minh 6 diém d6 ciing nim trén moét dudng tron vin ding (6
diém P, P, Q, Q' vi R, R’ 1A céc hinh chiéu vuéng géc clia cap diém M, M’ trén cdc dudng thing
BC, CA va AB chita cic canh cuia tam gidc ABC (hinh 2.)).

Tir nhilng diéu phan tich vé& mot cich ching
minh méi cla hai dinh 1y hinh hoc da biét duara &
doan 2 trén day, chiing ta thu dugc két qua mdi sau
day vé& mot tinh chat hinh hoc lién quan dén hinh
tam gidc.

Dinh li (vé duong tron sdu diém) : Néu M 1a
mot di€ém b4t ki ndm trong mat phing clia mot tam
gidc ABC nao do, thi :

1) Céc dudng thing Ax, By va Cz d6i xing véi
cic dudng thing AM, BM vi CM l4n luot qua phan
gidc cua cdc géc A, B va C cua tam gidc da cho,
hoac déng quy & mot diém, hoac song song vdi nhau ;

2) Trong trudng hop Ax, By va Cz déng quy & mot diém M’ thi cdc hinh chi€u vuong géc clia
cap diém M, M’ trén cdc dudng thang BC, CA va AB chita cic canh clia tam gidc di cho, 12 6 diém
‘ciing nim trén mot dudng tron c6 tim 1a trung diém S clia doan thing MM'. Ta goi dudng trdn nay
12 duong tron 6 diém.

ROG rang 12 : khi M trang véi O thi M’ tring v6i H ; va nguge lai, khi M tring véi H thi M’ trung
v6i 0. Nhu vay, dinh 1i vé& dudng tron 6 diém 13 mot sy téng qudt hod ca hai dinh 1i hinh hoc quen
thudc : dinh 1i vé ba dudng cao déng quy va dinh ! vé dudng tron 9 diém (dudng tron Ole).

. 4.Dé&n day thi thic mic clia cdc ban d3 dugc giai ddp. Tuy nhién, tinh ¥ mot chit va diéu nay
thudng thdy & nhimg ban c6 6¢c td mo khoa hoc, diéu giai dép trén day cha tic gia chua lam thod méin
hoan toan cdc ban. Ding nhu vay, ndi dung cia dinh 1i ma chiing ta vira nit ra & trén chua dé cap dén

-truding hop Ax // By // Cz ; d6 1a dung ¥ clia tic gia bai nay. C4c ban hay tu minh dé xust cau hoi va ty
giai ddp nhé, cic ban s& tim thdy niém vui khi hoan chinh n6i dung ctia dinh 1i trén day.
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Cuéi cung, tdc gia xin goi ¥ mot vai dé tai nghién citu (bai todn) nho nhd, giup cédc ban tim
hiéu sau hon nita : M&i quan heé gifta cap diém tuong ing M, M’ d6i v6i cic dinh va cdc canh clia
tam gidc ABC ciing nhu m&i quan hé giita hai tam gidc PQR va P'Q'R’ d6i v6i tam gidc ABC. Con
ban nao da c6 kién thitc vé hinh hoc khong gian, ngoai vdn dé trén, xin hay thir dat va gidi quyét bai
todn tuong tu trong khong gian. Téc gia mong cdc ban hudng ung va hing thd tim hiéu sau hon
nhitng vin dé néu trén day xung quanh bai todn vé dudng tron sdu diém, va hi vong s& cdn dip khic
trao d6i thém vdi céc ban. Chiic cdc ban thanh cong.

MOT VAI PHUONG PHAP TiNH TONG

PHUONG THAO
HaTay

Hoc sinh cac 16p phé théng co s& ké ca hoc sinh chuyén todn to ra rdt ling ting khi gap cdc bai
todn tinh téng. Diéu d6 ciing dé hiéu vi trong chuong trinh phé thong rat it tai lieu dé cap vén dé
nay. Trong bai bdo nhd nay chiing t6i xin trinh bay mot s6 phuong phdp co ban dé tinh cic téng
hitu han.

I. Phuong phap du doan va quy nap

Trong mot s6 trudng hop khi gap bai todn tinh téng hitu han

S =a +a,+..+a, ; (1)

bing cdch nao d6 ta biét dugc két qua (bang cach dy dodn hay ngudi ta bat chiing minh khi da
cho biét k&t qua) thi ta nén sk dung phuong phédp nay va hdu nhu the no cling ching minh duge.

Vi dy I: Tinh téng *

S,=1+43+5+..+@2n~-1)

Thir tryc ti€p ta tha'y ngay:
S =1
S, =4=2"
S, =9=3"

Ta du dodn S, =n’

Vé6in =1, 2, 3 ta thdy két qua ding.
Gia st véi n=k(k=1)ta cé:
S, =k
Ta c4n phai ching minh _
Spn = (k+1) . , €))
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That vay, cong:hai vé clia (2) v6i (2k+1) ta cé:
1+34+..+QRk-D+QRk+1)=k* + 2k +1)
Vi k% +(2k+1)=(k+1)’ néntacé (3).

Theo nguyén 1i quy nap bai todn dwoc ching minh. Twong tu cic ban c6 thé chiing minh céc
két qua sau day bang phuong phdp quy nap todn hoc:

) 1+2+3+..+p= 202D

2 Pty 4o Mn+D2n+])
wbnt D

3 P42+ +n3=(”("”))2
| =

4) P+2°+.+n° =%><n2(n+1)2(2n2 +2n-1)

II. Phuong phap khir lién tiép

Gia sir ta c4n tinh téng (1) mA ta c6 thé biéu dién a,,i=1,2,...,n, qua hiéu hai s6 hang lién ti€p
cia mot day s6 kha’.c, chinh xac hon gia sir
a,=b -b,
a,=b,-b,

an = bn _bn+l
Khi d6 ta thay ngay
S,=(b,-b)+(b,-b)+..+(b,-b,,)=b-b,,,
Vi du 2: Tinh téng:
1 1 1 1
S= + + +.o+
10.11 11.12 12.13 99.100

Ta co:
1 1 1

10.11 10 11
1 1 1

11.12 11 12

1 1 1

99.100 99 100
Do dé ta cé:

1 1 - 1 1 1 9

S= + +..+ —
- 10.11 11.12 99.100 10 100 100
Vi dy 3: Tinh téng:
' 1 1 1 1
= + + ot
" 123 234 345 nn+1)(n+2)
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Ta co:

11 1} 1»(1 1) 1 1 1
S =—f| ————|+=| === |+t -
2(1.2 23) 223 34 2ln(n+l) (n+1)(n+2)

C1( 1 1 _ n(n+3)
" "E(E_(nﬂ)(nu))" An+1)(n+2)
Vi du 4: Tinh t6ng:
S =14220330 +nn!  (8d6 n!=123..n)

Ta cé:
1'=21-1!
2.2!=31-2!
3.31=41-3!
n.al=(n+1)-n!
Vay S, =(n+1-1
Vi du 5: Tinh t6ng:
3 5 2n+1
S, = >+ s+t >
127 @3 7 [nn+D)]
Ta cé:
—————21+1 > =—é—————_ 1 2;i=1,2,...,n.
[ii+p] & G+D
Do dé i

S _(I—L)‘I‘(—I‘—LJ’F + L..__l._
" 2? 22 ) T (n+1)

1 1 =n(n+2)
" (n+1? (n+1)

IIL. Phuong phép giai phuong trinh v6i 4n 1a tdng cdn tinh

Ta trinh bay phuong phép gidi qua cdc vi du sau

Vi du 6: Tinh téng:

S=1+2+22+..+2'%

Ta viét lai S nhu sau
S=1+2(1+2+2*+..+2%)
S=1+2(0+2+..+2'% =2'")
S=1+2(5-2'")

T (5) ta suy fa
§=2""-1

Vi dy 7: Tinh t6ng:

S =1+p+p’ +p +..+p',p#l

C)

(5)
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Ta viét lai S, du6i dang sau
S, =1+p(S,-p").
Suy ra

Vi du 8: Tinh t6ng:
S, =1+2p+3p*+..+(n+Dp"ip=1l

Ta cé
pS =S ~(1+p+..+p)+@®m+1)p"
" _yq
pS, =S, — = +(n+Dp"™!
Tur day ta cé
_(n+ pp™  p"-1

n

p-1 (p-1°
IV. Phuong phap tinh qua cac tng da biét

Trudc hét ta 1am quen v&i ky hiéu sau:

>a =a +a,+a,+..+a,
i=1 ‘
Dé& dang kiém tra céc tinh chat sau day

i(ai +b)= ‘Za,. + ibi
i=l i=1

i=1

Vi dyu 9: Tinh téng: =1.2+23+...+n(n+1)

Tacé S, = ii(‘w )= i(iz +i)= 'Ziz + Z’
il i=1 i=1

n=i

Vi

< = nn+1l)
pa 2
iiz _ n(n+1)2n+1)
pan 6
Cho nén
_ n(n+1D2n+1) N n(n+1)
" 6 2
_n(n+l(n+2)
! 3




Vi dy 10: Tinh t6ng:

5,=YiGi-1)
i=}

5,=3>2-3
i=1 i=}

Vi
ii _ nn+1)
par 2
’Z'iz _ n(n+1)2n+1)
pn 6
Sau mét vai phép tinh don gian ta cé:
S, =n*(n+1)

Vidy 11: Tinh t6ng:
S =I+3+5+..+2n+1)
Ta cé:

S, =(I+2"+3’ +4" + .+ @n+1)")- (2" +4" +6’ +..+(2n))

=(F 427 +3 44+ 4+ Q2n+1))-8(1 +2°+ 3"+ 4 + ..+ (n)')

S, =(n+ D@2 + 4n+ )]

MOT PHUONG PHAP TiM NGHIEM NGUYEN CUA PHUONG TRINH

NGUYEN NGOC PAM
Truong THCS Cdn Tho, Ha Tdy

Cic phuong phdp tim nghiém nguyén clia mot phuong trinh that da dang va phong phu. Duéi
day ta s& 1am quen v6i mot trong s6 cdc phuong phép do6.

Vi du I: Tim tit ca cdc s6 nguyén x thoa mén phuong trinh:

(12x - 1)(6x -1)(4x-1)(3x-1)=330 : (D

D& tim nghiém nguyén cia phuong trimh (1) ta c6 thé truéc hét, tim ra tt ca céc s6 thuc x thoa
man phuong trinh, réi chon ra trong s6 cic s6 d6 cic s6 nguyén. Tuy nhién dé giai dugc theo cich
nay, hoc sinh phai c6 k¥ nang nhat dinh vé giai phuong trinh bac bén, bac hai. Do vay, né it phil
hop véi cac d6i tugng hoc sinh.

Néu chi ¥ suy nghi, ta ¢6 thé c6 dugc nhing nhan xét sau:

- Nghiém nguyén ctia (1) khong thé 12 nhimng s6 nguyén x<-1 vi néu nguoc lai thi
1-3x24,1-4x251-6x2>27,1-12x 213 '
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va do d6:
(A-3x)1-4x)1-6x)1-12x)=CBx—-1D@x-1)(6x-1)(12x-1)=4x5x7x 13 >330
(Vo lil)
- Nghiém nguyén cta (1) ciing khong thé 1a nhiing s6 nguyén x>1 vi néu nguoc lai thi
3x-1>2,4x-1>3,6x-1>5,12x-1>11 vado do:
12x-1D)(6x-DEx-1DBx-1)>11x5x3x2 =330 (Vo li!)
-Vay nghiém nguyén x ciia (1) phai thod mén - 1< x<1.Dén day, bang phép thir truc ti€p véi
hai gid tri x =0 va x = 1 ta thdy x = 1 12 nghiém nguyén duy nhit clia phuong trinh.
Vidy 2 : Tim tét ca cic nghiém nguyén duong ctia phuong trinh:

1,1, 1 1
o

Gia sir (x,,x,,X,;,x,) 12 mot nghiém nguyén duong ctia phuong trinh. Véi cich nhan xét nhu &
vi du 1 ta di dén diéu khéang dinh :

-Cédcs6x, (i = 1,2, 3, 4) déu phai 16n hon 1, vi n€u mot trong cdc s6 x, bang 1 thi v& trdi cla
phuong trinh 16n hon 1, trong khi v€ phai bang 1. Hon nifa, cdc s6 x; (i = 1, 2, 3, 4) lai phai nho hon
3, vi n€u mot trong cic s6 x, 16n hon hodc bing 3 thi v& trdi clia phuong trinh s& nho hon hodc béng

1 1 1 1{ 31
—+—+—+—|=—x<1]|,
9 4 4 4\ 36

trong khi v€ phai bang 1. Vay 1 < x, <3,i=1, 2, 3, 4. Ma x; nguyén duong nén chi c6 thé

X;=2,i=1,2,3, 4. Phép thir truc ti€p cho ta nghiém nguyén duong duy nh4t clia phuong trinh Ia
X, =X, =X, =X, =2.

Trong céc vi du trén, bing nhitng nhan xét va suy luan don gian, ching ta c6 thé nhanh chéng
tim ra cdc khoang chita nghiém hoac chita céc thanh phdn cla nghiém clia phuong trinh. Song c6
nhitng phuong trinh ma viéc tim ra nhiing khoang nhu th€ clia né doi héi phai c6 nhitng ki€n thic
cdn thiét va nhimg suy luan phic tap hon. Ching han: ,

Vidy 3: Tim t4t ca cic s6 nguyeén x, y thoa mén phuong trinh:

I+ 21430+ +x!=

Gia sir (x , y) 1a mot cap s6 nguyén thoa man phuong trinh. TruGc hét ta thdy x >1. Ta lai thdy
ring 1!+ 2! + 3!+ 4 =33!con téng 5!+ 6! +... + n! (n>5) 12 moét s6 tan cling béi 0. Do vay, né€u
x>4 thiténg 1!+ 2!+ 3!+ ...+ x! 12 mot s6 tdn cling bdi 3 va vi thé y*tan ciing bdi 3, d6 1a diéu
v6 1i, vi mot s6 chinh phuong khong thé tan cling bdi 3 (c4c ban c6 thé d& dang ching minh nhan
xét nay). Tir d6 ta thdy phai c6 1< x <4 . Bing phép thir truc ti€p véi x = 1; 2; 3 ta duogc t4t ca 4 cip
s6 nguyén (x, y) thoa man phuong trinh la:

(1,-1);(L,1);(3,-3%(3,3) .
Vi du 4: Tim t4t ca cdc nghiém nguyén cua phuong trinh
U+20431+ ..+ xl=y’ |

Gia sur (x, y) 1a mot nghiém nguyén ctia phuong trinh. Ta thdy phai c6 x>1. Tiép theo bang

céach suy luan nhu & vi du 3, ta thdy ring
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1'+2!+3!+...+ 8! = 46233 'chia hét cho 9 nhung khong chia hét cho 27, con téng
9! + 10! +...+ n!(n=9)chia hét cho 27, vi mébi hang tir déu chia hét cho 27. Do dé, néu x 2 8thi
téng 1!+ 2!+ 3!+...+ x! chia hét cho 9 nhung khong chia hét cho 27. Tir d6 suy ra néu x > 8thi y*:9
do d6 y*:3, ma 3 1a s6 nguyén t6 nén y:3va vi th€ y’:27. D6 1a diéu maun thuin. Vay phai c6
1< x < 8. Tir viéc thi truc ti€p 7 gid tri clia x ta dugc nghlém nguyén duy nh4t ctia phuong trinh la
cap s6 (1,1).
Vidu 5: C6 hay khOng hai s6 nguyén duong x, y thoa man phuong trinh:
x4y =1993%1
Gia st x , y la hai s6 nguyén duong thoa méan phuong trinh. D& thdy x<1993va y<1993. Do
tinh d6i xu'ng cia phuong trinh d6i vdi x, y nén, khéng mét téng quat c6 thé gia st x>y. Do
1993 > x nén 1993 > x +1 (vi x nguyén duong), suy ra:
1993 > (x + 1) = x"" +1991x + .. +1991x +1

T dé KP4y s 1119914 hay ¥ >19914".

Nhung do x>ynén x*' >1991x"* va y™'>1991y", suy ra x >1991 va y > 1991. Nhu
vay, phdi c6 1991 < x <1993,1991 < y <1993 . Tir d6 ta thdy chi c6 thé x = y =1992. Tuy nhién khi
dé6 v€ trdi cha phuong trinh 12 s6 chéin, trong khi v&€ phai clia phuong trinh lai 13 s6 18. Vay khong
'tén tai cic s6 nguyén duong x, y thoa man phuong trinh da cho.

Trén day ta dd xét viéc tim nghiém nguyén clia mot s6 phuong trinh, ma cich tim duoc quy vé
viéc xét cdc khoang chita nghiém hodc cdc thanh phin cia nghiém cia phuong trinh, réi diing cich
thit tric ti€p dé tim ra nghiém. D€ 1am duoc diéu nay, ta cin cin ct vio cic phuong trinh cu thé, du
doén réi slt dung nhitng suy luan hgp 1i dé chiing minh nghiém hoéc cdc thanh phdn ciia nghiém caa
phuong trinh (néu c6) phai 16n hon mot s6 nguyén m nao d6, déng thoi phai nhé hon moét s6 nguyén
n nao d6. Cong viéc con lai that don gian, d6 1a thir truc ti€p cdc gid tri nguyén nim gitta m va n néu
khoang ciach d6 khéng qua 16n.

Bai tap

1) Tim t4t ca cdc nghiém nguyén cia phuong trinh:

V4+y=x*+x+x*+x (Goiy: -1<x<2).
2) Ching minh rang phuong trinh x!+ y!=10z+9 khong c6 nghiém nguyén.

3) Thay céc chit tuong ting boi cdc chit s6 dé ding thiic sau la dang thic dﬁng:

(ZJE)“ =bc(a—-1)bc (Goiy: 1<a<?2).’
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AN SAU BINH Li PTOLEME

.

LE QUOC HAN
DHSP Vinh, Nghé An

Hén t4t ca cac ban khong thé quén dinh 1 Ptolémé: “Trong mét tit gidc noi tiép, tich hai duong
chéo bdng téng cdc tich cdc cdp canh déi dién” di dugc trinh bay trong cudn bai tap hinh hoc 16p
10 phd thong. Diéu nay sinh ddu tien & day 12 phai chang diéu kién AC.BD = AB.CD + AD.BC
ciing 1a diéu kién da dé nt gidc ABCD 1a tit gidc noi ti€p. Pé gidi ca hai bai todn do, ta chi cin
chitng minh b4t dang thitc sau (ciing dugc goi 1a bat ding thic Ptoléme): Ddi véi moi tir gidc 16
ABCD ta c¢6 AB.CD+ AD.BC > AC.BD . Ddu “=" xdy ra khi va chi khi ABCD la tit gidc noi tiép.
Céach ching minh bat dang thitc nay khong khé, xin nhudng cho ban doc. Tuy nhién, diéu t6i cdn
lou y & day la trong truong hop ABCD khong phai la, tf gidc noi ti€p, thi
AB.CD + AD.BC > AC.BD . Bat déng thitc nay goi cho ta mot bt dang thic quen thudc nao dé.
Luc lai trong tri nhd, ta thdy né chinh 1 bat dang thitc tam gidc. Diéu dé goi cho t6i suy nghi: Phai
chang v6i méi td gidc 16i khong noi ti€p, déu ton tai mot tam gidc c6 ba canh (s6 do) 1a tich cla hai
dudng chéo va tich clia cdc cip canh d6i dién? Va néu tén tai, thi cdc géc ciia né duge xdc dinh nhu
th€ nio qua cac géc cua tit gidc da cho. Sau mot thoi gian loay hoay tim tdi, t6i dd phéat hién ra két
qua sau day: “Cho mot tf gidc 16i ABCD tuy y ¢6 céc canh AB = a, BC = b, CD = d, DA = d; cic
dudmg chéo AC =m,BD=n,A+C =¢ . ThE thi m*n® =a’c® + b*d*> —2abcd cos¢ ™.

That vay 14y trong ti gidc ABCD mot diém K sao cho: .

KDC = ADB; KDC = ABD

Thi ADBA ~ ADCK

BD _AB _AD

—_— = BD.CK = AB.CD
CD T CK KD
hay m.CK =ac . | (D)
Mat khic, tr 22 = BD \» iDk = BDC
DK CD
= ADAK ~ ADBCDBé:EDI AK = bd 2)
DB BC
Nhan timg vé& (1) va (2) ta cé
m* AK.CK = abcd 3)
Cong timg vé€ (1) va (2) tacé m(AK + CK)=ac + bd
= m*(AK? + CK* +2AK .CK) = a*c? +b2d2’ +2abcd 4)
Tir (3) va (4) suy ra: '
m*(AK* + CK* —2AK .BK .cos®) = a*c* + b*d* -~ 2abcd coso (5)
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Mat khc,
AKC =360° ~ (AKD + DKC) =360 — (C + D) = 360" — ¢
=> COSP = COS AKC nén tir (5)

= m’n’ =a’c® +b*d* - 2abcd coso (dpcm)
Chii ¥ ring 0 <@ <27m nén —1<cosp <1, do d6 tir két qua trén ta suy ra:
| ac - bd |<mn$ac+bd.

Dau “=" xay ra khi va chi khi cosp =—1<¢ =n < ABCD 1a tif gidc ndi ti€p. Nhu vay ta
chitng minh dugc bat ding thitc Ptolémé va gidi ddp duoc moi ban khoan clia ta. Trong mot thoi
gian dai, t6i dinh ninh két qua trén 1a ctia minh, nhung gin day t6i mdi biét né la mot trudng hop
dic biét cha dinh li Breichneider (dinh i Breichneider trong trudng hop téng qut phat biéu cho tir
dién bat ky).

Thoat tién diéu d6 khién toi hoi buén, nhung t6i khong nén long ma van cé tim xem 4n sau
dinh Ii Pt6lémé, con c6 nhitng diéu gi bi mat nita. Thé 1a t6i md rong sang hinh hoc khong gian, va
trude hét thu dugc két qua: V6i méi it dien ABCD ta déu c6

AB.CD < AC.BD + AD.BC

Dé chitng minh két qua nay, ta chi cdn chiéu tit dién d6 1én mat phang = (chita CD va //AB) r6i
dung bat déing thic Ptélémé trong hinh hoc phing. Ciing nhu trén, bat ding thitc nay goi cho ta ¥
nghi: “Véi méi tit dién ABCD, déu t6n tai mot tam gidc ma s6 do cdc canh bang tich cdc cap canh
d6i chia tt dién”. Vay mdi lién he giia thé tich V cia tt dién ABCD va dién tich S clia tam gidc tao
thanh nhu thé nao? V2 t6i thu duoc két qua sau day: S = 6VR trong d6 R 12 ban kinh mat cdu ngoai
tiép tir dién. That vay, qua A dyng =, ti€p dién clia mat cau
ngoai ti€p tt dien ABCD. Tt dién ABC,D, dugc tao nén

boi n, [ABC],[ ABD] va mat phéng di qua D, //[ABC].

Khi d6 AABC ~ ABAC, = AC, = % .

Tuong ty AD, =2 a0, =22 pp, =2
m b c .
Mat khic
2

AACD,~ AB,C,A= G2 4D o p P

AC, AB,
Tam gidc cin tim c6 cdc canh 1 canh cia AAD,C,

2 C

nhén véi b—n1:>SADC =_62'.5;2_ A
c &1 b m

Goi AM 13 dudng kinh mat cdu ngoai tiép, BK la
dudng cao hinh chép BAC,D, .

2

Vi AABK~AOAL:>_BK=20—R. | 4
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Dod6 Vy,cp SR ‘. (6)
v VABC,D, - 'SABD, _ iz_ f_z__ o
1% SupcSup b M
c'v ‘ B
= VABC,D, = 32‘;2‘{ @) M

Tu (6) va (7) suyra: S=6VR

Keét qua nay thi vi dén ndi toi khong con ngay tho nghi ring né 12 két qua cita rieng minh nita.
Qua that, gin day t6i di biét n6 dudi cdi tén: “Cong thuc Crelle” trong cu6n “Nhimg bai todn hinh
hoc khong gian”cua I.F.SHARIGIN.

Diéu nay khong con 1am t6i phién Idng nita. Trdi lai, né cang lich thich t6i tim hiéu thém
nhitng bi mat quanh dinh 1i Ptélémé ddy hap din nay. Néu ta 1ap mot hé truc toa d6 Dé cic vuoéng
géc va gén cic toa d0 A(a,,a,.a;),B(b,,b,,b,),C(c,,c;,¢,),D(d,,dy,d,) vao thi bt ding thic
Pt6lémé trong khong gian c6 thé duogc viét duéi dang:

[Z(a ~b)’ Z(c ~-d,)’ ] [Z(a ~d,y’ Z@ -c) ] ’

je] i=1 i=1

[Z(a —c.) Z<b d)} ’

i=]

Piéu nay goi cho chiing ta m& rong bat ding thitc trén cho khéng gian n chiéu ma tinh chan
thyc clia né da ching minh (xem ching han “Mo6t phuong phép chitng minh bét ding thic Ptélémé
trong khong gian n chiéu” clia cing tic gid, bdo Todn hoc va tudi tré, s6 132); va theo huéng suy
nghi trén, bi€t dau lai chang cho chiing ta gat hdi thém nhitng dinh i Breichneider hoac c6ng thiic
Crelle méi.

MOT LOAI BAI TOAN THUONG GAP
TRONG KY THI VAO PHO THONG TRUNG HOC

NGUYEN THI BINH
Truong THCS Trung Vwong, Ha Noi

Trong céc ky thi vao THPT céac ban thuong gap nhitng bai tp vé d6 thi cdc ham s& phu thudc
tham s6. Day 12 nhitng bai todn khé & cdp Trung hoc co sd. Céc ban lai it c6 bai tap trong sdch gido
khoa d€ tham khdo. DPdng thoi sau ndy thi vio dai hoc cdc ban s& gap lai ching & mic do khé hon.
Thé ma dé gidi dugc cdc bai nay, lai chi cdn nim vitng dinh nghia d6 thi ham s6. Trong bai bdo nay
t6i s& cling c4c ban xét van dé d6 qua mot it vi du miu. Do khuén khé bai viét nén chi dé cap 8
dang bai hay gap nhat trong cdc k¥ thi va méi dang chi néu mot vai vi du. Nao chiing ta hiy bat ddu
tir dang don gian nhét.
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‘Dang 1: Tim gid tri cia tham s6 dé dé thi di qua mét diém cé toa dé (x,;,) cho trude.
Muén vay theo dinh nghia d6 thi x,,y, phai fhoé man phuong trinh y = f(x,m)cla d6 thi, titcc
¥, = f(x,,m) .Giai phuong trinh nay d6i v4i tham s6 m ta c6 cdc gié tri m cén ﬁm.
Vi du: Xéc dinh m d€ dudng thing y = (m* —=1)x+m di qua diém A(2;8).
Gidi: D6 thi di qua A(2;8) < toa do clia A phai thoa man phuong trinh dé thi. Ta cé:

8=(m*-1)2+m&2m* +m—-10=0m =2;m, =3

Dang 2: Tim diém c6 dinh cia mot ho do thi.
Diém c6 dinh clia ho dé thi 12 diém ma moi dé thi clia ho déu di qua. \
Cho ho d6 thi y = f(x;m).A(x,,y,) 12 diém c6 cﬁnh ma ho dé thi di qua, nghia la v6i moi m dé
thi déu qua A < phuong trinh 4n m 12y, = f(x,,m)nghiém ding v6i moi m. Vi vay dé tim diém c6
dinh ta 1am nhu sau: |
Pua phuong trinh y, = f(x,,m) thanh phuong trinh y, = f(x,,m)- y, = 0 c6 v& trdi 1a da thic
ctia m. Da thitc d6 bing 0 v6i moi m <> céc hé s6 ciia né phai dong thoi bang 0. Tir d6 din dén mot
hé phuong trinh d6i véi 4n (x, y) ' : .
M&i nghiém (x,,y,) (n€u c6)1a toa do clia mot diém c6 dinh.
Vi du: Ching minh ring cdc dudng thing c6 phuong trinh y =(m—1)x +6m~1992 luén di
qua mot di€m c6 dinh duy nh4t ma ta c6 thé xdc dinh dugc toa do ciia né. '
Gidi: (x,,y,)1a diém c@ dinh cha ho dut‘mg thang |
&y, =(m~-1)x, +6m—1992Vm
< mxy — X, +6m—-1992 -y, =0Vm
& (x, +6)m—x, =y, ~1992 =0 Vm

X, +6=0 Xy =—0
= = :
Xy =¥, ~1992=0 " |y, =—1986
Vay ho dudng thing di cho luén di qua mot diém c6 dinh duy nhat 13 (-6;-1986) .
Dang 3: Diéu kién dé hai duong y = f(x,m)va y = g(x,m) cdt nhau
Cin va di 1a phuong trinh f(x,m)= g(x,m)(1) c6 nghiém. S6 nghiém cta (1) bing s§ giao
diém cla hai d6 thi. :
*) Dac biét: D6 thi y = f(x,m)cit truc hoanh < f(x,m)=0 c6 nghiém (vi phuong trinh cla
truc hoanh 1a . :
Vidu:

’ 2
1. Véi gid tri nao ctia m thi dudng thing y = x + m cét d6 thi ham s6 y = x7 tai hai diém phan

biet A, B?
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2 X
Gidi : Phuong trinh % = x+m phai c6 hai nghiém phan biét

< x* —2x-2m=0 c6 hai nghiém phan biét
SA'>0(via=120)

c>1+2m>0<:>m>—%.

2. V6i gid tri nao ctia k d€ dé thi y =k*x* +4x+1 cét truc hoanh tai hai diém phan biet?

Gidi: Diéu kién 1a phuong trinh k*x* + 4x +1=0 c6 2 nghiém phan biét
az0 k+0 k+0
2= 2= &
A'>0 7 [4-k>0  |k[<2

Dic biét néu hai dé thi déu la dudng thang thi viéc gidi quyét don gian, di lam & sich gido

khoa (Pai s6 9)

- Dudng thing y=ax+b (2) cat dudng thing y=a'x+b' 3) <> aza'

- Hoanh d¢ giao diém 12 nghiém cla phuong trinh ax+b=a'x+b'

Tung d6 giao diém tinh dugc bing cich thay x & (’2) hoidc & (3) bang hoanh d6 vira tim duoc.
Vi vay viéc gidi bai todn ba dudng thang déng quy bao gém 2 viéc:

-Tim giao diém A clia hai trong ba dudng thang dé

- Buoc dudng thang thit ba di qua A (trd vé dang 1)

Dang 4: Bién ludn sé giao diém cia hai do thi y = f(x,m)va y=g(x,m).

Bai todn dua vé: Bién luan s6 nghiém ctia phudng trinh f(x,m)=g(x,m).

Vi du: Cho parabol y = x* va dudng thing y =2mx + m—6. Bién luan s6 giao diém clia hai d6

thi trén theo tham s& m.
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Gidi: Xét phuong trinh
X=2mx+m-6x'-2mx-m+6=0 ' | (1)
A=m*+m-6=(m=-2)(m+?3)

+) Néu A'>0 < m<-3;m >2thi (1) c6 hai nghiém phan biét

<> 2 d6 thi cit nhau tai hai diém phan biét.

+)Néu A'=0 > m=-3;m =2 < 2 d6 thi ti€p xtic nhau.

+) Néu A' <0< -3 <m <2< 2 d6 thi khong ct nhau.

Dang 5: Diéu kién dé hai duong thdng song song, vuéng goc.

Dudng thing y =ax + b va dudng thing A=x"[(1-x*)" - 4]

a=a'

- Song song <
g song {b;tb’

- Vudng géc < a.a'=-1.



Vi dy I: Tim m dé hai dudng thing y = (m’ +4)x+m va y=5mx + 4 song song véi nhau.
Gidi: Hai dudng thang da cho song song v6i nhau
) (m+4a=5m @
=
m#4 2)
(Hheom* -5m+4=0m =Im,=4.
Két hgp véi (2) ta dugc m = 1.
Vidy 2: Tim m dé dudng thing y =(m—1)x +2 vubng géc véi dudng thing y=3x-1.

Gidi: Hai dudng thing da cho vudng géc v6i nhau
<:>3.(m—1)=—1<:>m=%.

Dang 6: Diéu kién dé duong thdng y = mx +n tiép xiic véi parabol y = ax* + bx +c.
Hai d6 thi tiép xiic <> phuong trinh ax’ + bx + ¢ = mx +n cé nghiém kép
< ax’ +(b+m)x+c—-n=0 c6nghiém kép < {Zi%
Vi du: Tim phuong trinh dudng thing ti€p xic véi d6 thi ham s6 y =—x* + 4x —3(P) va song
song v6i dudng thang y =2x+4. :
Gidi: Pudng thing cn tim song song v6i dudng thing y =2x+4 nén phuong trinh clia né c6
dang y =2x +b . Dudng thing nay tiép xiic v6i (P)
< phuong trinh —x* +4x-3=2x + b c6 nghiem kép
o x?-2x+3+b=0 cénghiém’kép |
< A'=0(a=1#0r16i) <:>—b—2=0<:}br§—2
Viy dudng thing cdn tim 13 y=2x-2.

*) Chii ¥ ring: Khi dudng thang tiép xiic véi dudng cong thi duong thing duoc goi 12 tiép tuyén
cua dudng cong. Vi vay cdt bai todn vé ti€p tuyén dugc dua vé dang nay.

Chang han bai todn: Cho parabol y = 2x*(P) viét phuong trinh tiép tuyén cta (P) tai di€m (1; 2).
Gidi: Tiép tuyén 12 dudng thing nén phuong trinh c¢6 dang y = ax + b.
Duong thing nay di qua A(1;2)<>2=a+b<>b=2-a. ‘
Suy ra ho dudng thang di qua A(1;2) ¢6 phuong trinh y=ax+2—a.
P4 thi tiép xiic véi (P) <> 2x* =ax+2-a cé nghiém kép x = 1

25 —ax-2+a=0cb nghiém kép x =1

SA=0(a=2=20)

oad’-8a+16=0(a-4)Y =0a=4.

Vay phuong trinh tiép tuyén cla (P) tai (1;2) 1a y=4x-2.
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*) Djc biet: Dé chl’rng minh ho dé thi b4c hai y = f(,m)1u6n ti€p xdc véi mot dudng thing c6
dinh thi dudng thing dé phai la tiép tuyén clia moi dudng cong trong ho; nghia 1a phuong trinh 4n x:

X 3 X 3 k2 k2 2 .
f(x,m)=ax+bcénghiemképvéimoi | 2| +| 22| =| = -2 ||| 22| -3|<52
~ X, X, a a

Vi dy: Chimg minh ring Vm#1, ho d6 thi y=(m—-1)x* +2(X) luon ti€p xiic véi mot dudng
thing c6 dinh.
Gidi: Gia sir dudng thing c6 dinh c6 phuong trinh 1A y=ax+b.
Dudng thing niy tiép xic véi (X) o @m-1)x*+2=ax+bcdé nghiém kép
Vm# 1< (m—1)x* —ax+2-b =0 cé nghiem kép Vm #1
SA=0Vmzl o bB-2m+a* +2-b=0Vm=1
b-2=0 b=2
Q{az +2—b=0c>{a=0
Vay ho (X) luén ti€p xidc véi mot dudng thang c6 dinh c6 phwong trinh y = 2.
Dang 7: Tim tép hop diém.
Dua vao dinh nghia d6 thi, muén tim tap hop diém M ta ti€n hanh nhu sau:

- Tim toa d6 (x, y) cia M. Toa d¢ 4y phu thudc tham s6 m.

- Khit m ta dwogc he thic lién heé gilta y va x. He thic nay 13 phuong trinh clia dudng ma t4p hop
di€ém M thudc vao né.

- Can c1f vao bai todn cu thé d€ gi6i han chinh x4c tap hop diém dé.

Vi du: Tim tap hop trung diém I clia doan thing AB khi m thay déi, véi A, B 1a giao diém ciia

2
hai d6 thi y=x +mva y=%.

2
Gidi: Xét phuong trinh %—x—m=0©x2—_2x-—2m=0 (1)

Pa biét hai dudong cét nhau & hai diém A, B < m > —% (Dang 3 di 1am).

Hoanh d6 cdc di€ém nay 1a nghiém clia (1) nén

xA=1+~/I ’ v4
xé=l—‘\/E ‘ x
I 1a trung di€m ctia AB nén
1
x'=xA+xB=1 2
o) 1 X

y; =1+ m (vi[ thuoc dudng thing y = x +m).
Khi m thay déi x, luon béing 1. Vay / chay trén dudng thing x = 1.
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Gi6i han: Vi m>—%ma m=y, —l@j, —1>—-%<:>y, >%.
Vay tap hop trung di€m 7 ctia doan théng AB 1a nita dudng thing x = 1 tng v6i phdn y >% .

Dang 8 : Bai tdp vé dién tich mot hinh do cdc do thi tao nén trén mdt phdng toa do.

~ Ta tinh toa d¢ céc giao diém ctia cdc d6 thi, suy ra do dai cic doan thing. Ap dung c6ng thic
tinh dién tich c4c hinh d€ giai bai. :
Vi du: X4c dinh m dé dudng thing y = mx +2 tao véi hai truc toa d6 mot tam gidc c6 dién tich
bing 8.
Gidi: Tim giao diém clia dudng thing da cho véi hai truc toa d6 bing cach 14n luot cho x va 'y
bing 0.

x, =0 X —_3
Tha’yngay{ A , V2 BT m
Vo= =0
1 1 1 2] |2
Suen 230408 =3 =5 2| 71
Do d6 SMOB=8<:>’__‘=8<:> n |t
_—=—8 m=—
m 4

Bay gid cdc ban hay thir 1am bai tap sau day. Hy vong cic ban s& khong gap phai khé khan.
2

Cho parabol y=—

a) Viét phuong trinh clia ho duong thing c6 hé s6 géc m va di qua diém A trén truc hoanh c6
* hoanh do x= 1. |

b) Xét s6 giao diém cia hai d6 thi trén khi m bién thién.

¢) Tim trong ho dudng thing d6 nhiing dudng thing tiép xiic véi parabol. X4c dinh toa do cla
ti€p diém trong trudng hop dé.

d) Trong trudng hop hai dudng cit nhau tai hai diém phan biét, tim tap hop trung diém [ clia
doan thing n6i hai giao diém d6 khi m bién thién.

e) Tim trén parabol di cho nhiing diém ma ho dudng thing y = mx —m khong di qua v6i moi m.
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MOT CACH CHUNG MINH CONG THUC HERONG BANG KIEN THUC THCS

TRAN LUONG CONG KHANH
8¢ Gido duc va Pao tao Binh Thudn

1) Chiing ta biét ring c6 thé tinh dién tich S ciia mot tam gidc v6i d¢ dai ba canh 1a g, b, ¢ theo
cong thitc Hér6ng: '

S=p(p-a)p-bXp-o) | | ¢y

a+b+c

14 nira chu vi.

trong d6 p =

Trong sdch Hinh hoc 16p 10 do GS Trdn Vian Hao chi bién, NXBGD xuit ban, cong thic (1)
duoc chitng minh nho mét s6 hé thitc lugng trong tam gidc. Phin 16n cac hé thitc lugng nay lai dugc
chimg minh béng cong cu vécto.

Sau day la mot cach chitng minh coéng thitc (1) chi

bang kién thiic THCS. _
2) Trong tam gidc ABC, t6n tai mot dinh ma chan
dudng cao ha tir dinh dé thudc canh d6i dién. Khong mat v ¢ b
tdng quét, gia sir dinh d6 12 A. Goi AH = h,1a dudng cao
clia tam gidc ABC. Ta c6: B~ X ax  C
BH + HC = BC Q)

bat BH=x(0<x<a).Tu (2) ta c6 HC =a—-x. Ap dung dinh Ii Pythagore cho cic tam gidc
vudng AHB va AHC, ta c6 hé:

B +x*=c’ 3)
{hj +(a-x)P=b ' 4)
LAy (3) trir (4) theo V&, ta dugc:
2ax—t12=cz—bz_—_>)c=i——2ll‘—21—fc—2 ‘ 5)
Thay (8) vao (3) ta dugc:

2 g2, 2\?
a .

= C+a2—b2+cz c_az—b2'+cz
¢ ~ 2a 2a

_ 2ac+a’* -b* +c* 2ac-a* +b* -

2a 2a
_ (a+c¢)P -b b —(a-c)
B 2a. ) 2a
_(a+c+b)a+c-b)b+a-c)b-a+c)
B 4q°
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Vip la nira chu vi clia tam gidc nén a+b+c=2p, v
a+c—b=2(p—b),b+a—c=2(p—c),b—a+c=2(p—c)
D dé:

a 2

W= 4P(P—a)(5—b)(P-C) = =-2‘;\/P(P—a)(P_b)(P_C) 6)

Vay, dién tich ctia tam gidc ABC la:

1
§ =5 ah, =\p(p=-a)Xp-bXp=-0)
Cong thuc (1) da dugc chiing minh. .
3) Cong thitc (6) thu dugc nhd dat thém &n s6 x va giai he 2 phuong trinh véi 2 4n h, va x.

Tir (6), bing cdch thay déi vai trd clia a, b, ¢ ta dugc:

hy = %\/p(p —a)(p-b)(p-c)

h, = %Jp(p —a)(p-b)p-c)

R4t mong duoc doc bai chia céc ban trong nhimg s6 bdo sau véi mot cach chiing minh cong
thitc (1) bang cong cu so cp hon.

XUNG QUANH MOT BAI TOAN QUEN THUOC

HOANG NGOC CANH
Truong THPT Chuyén Ha Tinh

O SGK 16p 9 c6 bai todn: Cho AABC déu néi tiép trong duong tron tdm O. M la diém bdt ky
trén cung nhd BC, ta c6: '
MA=MB+MC )]
~ Moi ngudi giai bai todn nay mot cich d€ dang. Song sau khi A
gidi bai todn ndy cdc ban di c6 suy nghi dé phat trién bai toan.
Sau day t6i néu ra mot s6 suy nghi dé khai thdc bai todn. Goi a la
canh cia AABC,D 1a giao clia AM va BC (h.1). '

Ap dung he thitc (1) va chimg minh AMBD ~ AMAC N A
1 1 1 N2
Ta c6 két qua =——1+ 2) M
MD MB MC

Hinh 1
Heé thic (2) c6 & mot s6 sach toén.

Di xa hon nifa, chiing ta hdy nhé dén bai todn: “Cho AABC c6 cdc géc nho hon 120°. Dung ra
phia ngoai trén cdc canh clia AABC cic tam gidc déu BCA,,ACB,,ABC,; Thé thi ta c6
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AA,,BB,,CC, d6ng quy tai mot diém I nim trong AABC ; céc tit gidc AIBC,,AICB,, BICA, noi ti€p

dugc trong mot dudng tron” (xem h.2). Ap dung hé thite (1) va két qua cla ba1 todn trén ta dé dang
chitng minh cac h¢ thic:

IA+IB+IC=%(IA, +IB, +IC)) 3)

1 1 1 11 1 1
—t— o= — (4)
IA IB IC 2\IA, IB, IC,
(A,,B,,C,1a giao diém ciia AA,,BB,,CC, véi BC,AC,AB).
Hon nita nghién citu bai todn trén ta con c6 két qua IA + IB + IC dat gia tri nho nhat trong cic
téng I'A+1'B+1'C,I'nim trong AABC .Vay ta c6 két qua v6i diém I’ bat ky trong AABC thi:
I'A+I'B+I'C2-13—(AA'I+BBI +CC))
V5n st dung hé thitc (1), & (h.1) néu ta dat B’ trén MA sao cho MB'= MB ; ap dung he thic
trong tam gidc ABB’ ta ¢6
a*=B'B*+B'A’ + BB'xB'A,

hay: 2a* =2(MB* + MC* + MBx MC) *)
Mt khac binh phuong 2 vé& cia (1) ta cé: '

MB? + MC? + 2MBx MC = MA? (%)
Cong hai v€ cua (*) va (**) ta.cé hé thic: -

MA? + MB* + MC? =24* 5

Lai binh phuong 2 vé cta (*), lu§ thira bac bén hai v€ cta (1), 4p dung nhu cich trén ta lai c6
hé thic:
MA* + MB* + MC* =2a* (6)
(Cic hé thiic (5), (6) 4p dung cho diém M bat ky trén (O), hai hé thic niy cling c6 trong mot s6
sdch chon loc, song cdch chiing minh con dai).
Quay lai bai todn (h.2) ta cé cic hé thic sau:

IA* + IB* + IC? +—1-(IA2 +IB? +ICH=a* +b* + ¢* , @)
2 1 1

IA“+IB“+IC4+l(1A"+IB"+IC4)=a4+b4+c4 ®)
1 1 1

(Trong d6 a, b, c 1a canh cua tam gidc ABC).

Céc ban c6 thé tiép tuc khai théc va phat trlén bai todn dé c6 nhiéu he thic va bai todn khéc.
Sau day toi néu ra mot s6 bai todn.

Bai 1. Vin bai todn trén (h.1).
a) Chitng minh hé thitc
MA* MB* + MB* MC* + MCZ‘.MA2 =2d"
b) Tim gi4 tri 16n nh4t clia tich MAx MBx MC, clia téng MA + MB + MC
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Bai 2. Cho AABC déu ndi ti€p mot dudng tron tam O.
Mot dudng tron tam / thay déi c6 ban kinh khong déi r luon
lu6n ti€p xic véi dudng tron (0). Goi x, y, z 14n luot 1a do dai
céac ti€p tuyén ké tir A B, C dén dudng tron (/ ; r). Tim gid tri
16n nh4t tich xyz, téng x + y + z.

Bai 3. Cho AABC c¢6 AB+AC =k khong déi. Dung
ABCD déu (D khic phia v6i A d6i v6i canh BC) Tim gid tri 16n
nh4t clia AD.

Hinh 2

GIAI PHUONG TRINH NHO HE PHUONG TRINH

LE QUOC HAN
Nghé An

Y tudng ctia phuong phép “Giai hé phuong trinh bing phuong phép thé” 1a sit dung cdc phép bién
déi tvong duong hay phép bién d6i hé qua dé dua dén mot phuong trinh chi con mét 4n s6. Trong bai
b4o ndy, t6i xin trao déi v6i cdc ban con dudng nguoc lai 12 1am ting s6 4n clia phuong trinh.

Thi du 1: Giai phuong trinh:

Yr+497-x=5

Nhan thdy ngay: néu ta giai phuo’hg trinh nay bing phuong phédp théng thudng thi khéng hy
vong thanh cong. D€ ¥ ring: téng cdc biéu thic dudi ddu can 1a hing s6 nén ta hiy dat

Yx=u4o7-x=v

vA dua phuong trinh d cho vé he E vBauM c
u+v=5
ut +v* =97
u,v20 '3 N
Giai hé nay bang cich dat u+v - S,uv=Pva chi y A 3 1;

u' +v* =(8* -2P)* -2P* tacé
u=2=>x=16
w,=3=x, =81
‘Ta xét mot thi du khé hon.
Thi du 2: Cho hinh vuéng ABCD canh bing a va hai diém M, N chuyén dong trén hai canh BC

va CD sao cho -2% = -g%— . Tim gi4 tri 16n nh4t va nho nh4t cla dién tich tam gidc AMN.
2 1

Gidi: Ta dua vao cdc 4n m6i: BM =u,CN =v(0<u,v<a) _ 68
Khi d6 Saamn =Sascp ~ Sapm — Sapn — Scmn
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T S U DU VIRIIPI $or
=a 2au 2av 2(a w(a-v) 2(a uv) 2)

Ta cén tim thém sy lién hé gita u va v. Mudn vay, kéo dai MB mot doan BE =v. Khi d6 ABE =
ADN (c.gc) = AE=AN va A =4,
= EAM = A, + A, =4, + A, =45’ (V| MAN = 45" theo gia thiét)
= AAME =AAMN(c.g.c) => MN =ME =u+v.
Trong A CMN tacé MN?> =CM?* +CN?
< W+v) =@-u) +(a-v)

(3)

<au+v)=at —uy

b ~ t 3 . N e . pa Y - 2 9 k]
Ta dat u+v=rthitr (3) suy ra S,,,» =%(do do viéc tim gi4 tri 16n nhat va nho nhat cla

S,mn duoc chuyén sang viéc tim gié tri 16n nhét va nho nhét cta 7).
Ty {u +v =2 t
uv=a’-at
'Ta suy rau va v 12 hai nghiém ctia phuong trinh bac hai
X —tX+a’ —at=0 @
Diéu kién cin va da dé (4) cé nghiém 1a A>0
ot +dat-4a 200 122a(N2 -1)vi 120.
Khi 1 =2a(~/2 1) thi (4) c6 nghiém kép , =1, =a(~2 1) = u=v=a(~2 - 1) thoa min diéu
kién(l),nén ¢, = 2a(\/§ ~-1)=minS$,,,, = az(\/f —1)dat dugc khivachikhi u=v= a(\/i -1
Ta lai cé:
lat=a2 —w<a i nv20=>r<a.
Khi ¢ = a thi (4) c6 hai nghiém 1, = a,t, =0

=u, =a,v, =0;u, =0,v, = a ciing thod man diéu kién (1).
2
a PN " .
=a=>maxS,y = 5 dat dugc khi va chi khi

Vay ¢

M=BN=Chay M=C,N=D.
Xin moi ban héy diing phuong phdp néu trén dé€ gidi cdc bai tap sau:
Bai tép 1: Don gian biéu thitc ’
A=320+14v2 +320-142

Bai tdp 2: Giai phuong trinh:

Y5x+71-45x+6 =1
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Bai tdp 3 : Cho tam gidc déu ABC n6i tiép dudng tron O ban kinh bing 1 v mot dudng thing -
quay quanh O cit hai canh AB va AC tai M va N. Tim gi4 tri 16n nh4t v nhé nhét clia dién tich tam
gidc AMN.

Ddpsé: -baitapl:A=2.

-baitap2:x=2. |
Hudng ddn bai tdp 3 : Dat AM =u, AN =v(0<u,v< NG ), dung cong thitc tinh dudng phan gidc

trong AO ciia tam gidc AMN dé suy ra hé thitc : l+—1— =43.
U \%

DUNG BAT DANG THUC CO-SI DE TiM CUC TRI TRONG HINH HOC
VO HOU BINH
Truong THCS Trung Vuong, Ha Néi.
Céc bai toan cuc tri trong hinh hoc thudng ¢6 dang nhu sau : ‘
Trong t4t ca cdc hinh ¢6 cung mot tinh chat, tim hinh sao cho mot dai lugng nao dé (do dai
doan thing, s6 do géc, s6 do dién tich...) c6 GTLN hoic GTNN.

Mot trong cdc phuong phdp gidi todn cyc tri hinh hoc 12 sit dung cic bat dang thiic, trong d6 ¢6
bét dang thitc Co-si.

: | )
Hoc sinh 16p 8 PTCS dugc 1am quen vé6i bat ding thitc Co-si dudi dang (%l) > xy hoac

(x+y)Y >4xy. O céc bai todn cyc tri hinh hoc, bat dang thic nay dugc sit dung dudi cdc dang sau :
1. Tim gid tri nho nhat :
-Dang 1 : (x+y)* > 4xy hoiac x> +y* >2xy.

(x+y)

Xy
- Dang 3 : Néu tich xy 12 hing s6 thi téng x + y nho nhat khi va chi khi x = y.

-Dang 2 : 4.

2. Tim gi4 tri 16n nhAt :
-Dang 4 : 4xy <(x+y)® hodc 2xy<x* +)°

Xy <1_

(x+y? 4

-Dang 5:

- Dang 6 : Néu tdng x + y 12 hing s6 thi tich xy 16n nhat khi va chi khi x = y.
Trong c4c bat dang thic trén, diéu kién dé xay ra ddu dang thic 1a x = y va trir cdc dang 1 va 4,
cac dang khac doi hoi x va y 1a cdc s6 duorng

Duéi day 1a mot s6 bai tap tim cuc tri hinh hoc ¢6 sir dung bat dang thitc Co-si trong khuén khé
kién thic 16p 8.
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Bai toan 1. Cho AABC . Qua mét diém M bdt ky thuidc canh AC, ké cdc dudong song song vdi
hai canh kia, chiing tao thanh véi hai canh dy mot hinh binh hanh. Tim vi tri cia M dé hinh binh
hanh dy cé dién tich 1on nhdt.

Gidi : Goi hinh binh hanh tao thanh 14 BEMF, d(BEMF) =S, dt(ABC) S(const).

Cin tim GTLN cta S".
Ké AK 1 BC,AK cit EM & H. Ta cé
S'=EM.HK,
S=L1BC.AK nen S =22 KH
2 - S BC AK
biat MA = x,MC =y chi ¥ ring
EM __x HK_ 5 (dinhiiTa-lét) B
BC x+y AK x+y
nén S 2xy
o S (x+y)
o 22 P . .S 2xy 1 1
Theo bat dang thitc C6-si dang 5 thi — = ><—.Do d6 maxS§'==S§.Khi d6 x =y, titc
S (x+y) 2 2

12 M 12 trung diém cla AC.

Khai thdc bai toan 1, tir %—s—;- suy ra %22. Do dé néu S’ 1a hing s6 con S thay déi
thi mm? =2 ,tacd bai todn 2.

Bai todn 2. Cho hinh binh hanh BEMF. Dung cdt tuyén qua M cdt cdc canh cia géc B tao

, thanh mot tam gidc c6 dién tich nhd nhat.

Bai todn niy cdn c6 thé dién dat dudi dang khic : Cho géc B khic géc bet va mot diém M
thudc mién trong clia géc. Dung cét tuyén qua M cit hai canh clia géc B tao thanh mot tam gidc c6
dién tich nhé nhat. '
S (x + y)
S' 2xy

Cdch gidi khdc : Trudc hét dung cét tuyén qua M cit
cdc canh clia géc B & A va C sao cho M 1a trung diém cta
AC. Xét cit tuyén bat k¥ di qua M tao véi cét tuyén trudc - B x ¢
hai tam gidc nho, ching minh ring tam gidc nim trong V
AABC c¢6 dién tich nhé hon.

Giai : Xét — >2 (st dung bét déng thitc Co-si dang 1).

E
Bai toan 3. Trong cdc hinh thang ABCD (BC//AD) cé S2
dién tich S khéng doi. E la giao diém cdc dwong chéo, & A y 5k

hinh thang ndo thi AABE c¢é dién tich I6n nhdt?
Giai : Dé thdy dt(ABE) = dt(CDE), dat cac dién tich d6 bang S’. Diat
dH(CEB) = S,,dt(AED) =5, .
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Trudc hét ta ching minh réng $* =S§,., .
S, ECS EC_S &
Dz 2 2

—+===5%=5s, (1)

That vay, , ,—= :
Ve S EAS, EA S &,

- Pat BC =x,AD =y, ta s& biéu thi cdc ty s6 %,%—%- theo x va y. Qua C ké duong thing song
song v6i BD, cit AD 6 K. Tacé DK =BC =x
dt(ACK)=dt(ABCD)=S.
AACK d6ng dang v6i ACEB va AAED nén

s, (BcY £ s, (ADY ¥
el — | = 2= = | = . )
S AK (x+y)y’ S AK (x+y)

Sl)z _i i_ x2y2 :-Sl w

Tx(1)va(2): (':ST S'S (x+y)4 S=(x+y)2'

1

Theo bét ding thitc Co-si dang 5 thi S?=

Y <1 Dods maxs'=1s. Knido x =y, tic
(x+y)? 4 4

1a hinh .thang ABCD tr6 thanh hinh binh hanh.

Bai todn 4. Cho AABC vuéng cdn cé canh huyén BC
= a. Cdc diém D, E theo thit ti thuéc cdc canh AB, AC.Vé
DH va EK vudng géc voi BC (H, K €BC). Tinh dién tich
I6n nhdt ciia hinh thang DEKH khi D va E thay doi vi tri
trén cdc canh AB va AC.

Gidi : Goi dt(DEKH) = S,tacé :
28 =(DH + EK).HK = (BH + KC).HK
Ta thdy tdng (BH + KC) + HK khoéng ddi (bing a) nén

tich (BH + KC).HK 16n nhat khi va chikhi BH + KC = HK = g (bat dang thitc Co-si dang 6).

[N
[N

Khi d6 max$ = , €6 v0 s6 hinh thang

2
=%, hinh thang DEKH c6 dudng cao HK =

TSR

1
2
nhu vay.

Bai toan 5. Cho doan thdng AB va duong thdng d
song song véi nhau. Tim diém M (M va d ndm khdc phia d& M
doi véi AB) sao cho cdc tia MA, MB tao véi duong thdng d
thanh mét tam gidc ¢6 dién tich nhd nhat.

Gidi : Goi C va D la céc giao diém clia céc tia MA va . H
MB véi dudng thing d, di(MCD) = S, MH va MK 1a dumg . Mo
cao cia AMABva AMCD . C K D
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bit MH = x,AB = a(const), HK = h(const).

Tacs  AB/CD=AB_MH _ X _ cp_obth
CD MK «x+h X
2 2 2
Dods  S=icpmr-2Grh _a X+2heik _af o, K
2 2 X 2 X ) .

2 2

Doavahla hang s6 nén S nhé nhat néu x + L nho nhét. Ta lai thdy x va " la hai s6 duong
X x
2

c6 tich khong déi (bang h*) nén téng ciia ching nhé nhat khi va chi khi x = L , titc 1a x = A (b4t
X
dang thitc Co-si dang 3).

Nhu vay, c6 vo s6 diém M thoa min bax todn, tap hop cia chung 1a dudng thang d’ déi xtng
v6i duong thang d qua truc AB.

Bai toan 6. Cho diém A ndm bén trong ddi tao bdi hai d B H
duwong thing song song d va d’. Dung diém B thuéc d, diém ‘
C thudéc d’ sao cho AABC vuong 0 A va ¢6 dién tich nho a

nhdt. A
Gidi : Goi H va K 1a cdc hinh chiéu clia A trén d vad’'.

Pat dt (ABC) = S, HAB=ACK=0L , AH= a (const), d& 4
AK = b (const). C K
Tacé: ’
a b _ ab

AB = LAC = — nén §=——r,
cosQL sino . 2sino coso

Do dé:
S nho nhdt < 2sina cosa 16n nhat (D
Vi kién thitc 16p 11 ta c6 10i giai khd ngén gon :

- 2sino cosal =sin 20 .

Ap dung bat ding thitc sin2o <1 ta cé
max(sin20) =1 < 20 =90° o =45°.

Hoc sinh 16p 8 chua hoc cong thic 2sina coso =sin20 (c6 thé ching minh dugc cong thic
nay bing kién thic 16p 8), hon nita chua cé khdi niém vé sin90°. Tuy nhién néu nhin biéu thitc
2sino coso. dudi con mét van dung bét ding thitc Co- 51 ta tim dugc 161 giai phi hgp véi 16p 8 ma
ciing ngdn gon mot cdch bat ngd :

Taco 2sina coso <sin’a + cos’o (bat déng thitc Co-si dang 4)

ma sin*a +cos*a =1, do d6 max(2sina cosa)=1.

Nhu vay : S nhé nhat < sina = cosa <> =45°.

Bai todn ¢6 hai nghiém hinh.

Cdch gidi khdc : Khong dat bi€n s6 1a géc o ma dat HB=x,KC =y r6i dp dung dinh I{ Pltago
va bat dang thitc 0<y <1
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Cic bai todn trén cho thdy kha nang van dung bat dang thitc Cosi dé gidi todn cyc tri hinh hoc
kha phong phii. Nén lwu y cic kinh nghiém sau :

1 - Chi y dén cdc dai luong khong déi : dt(ABC) & bai ton 1, dt (BEMF) & bai toén 2,
dt (ABCD) & bai todn 3, do dai BC ¢ bai todn 4, d6 dai AB va khoang cdch h & bai todn 5, cic do dai
a va b & bai todn 6.

2 - Biéu thi cdc dai luong thay déi boi cdc bién : cdc d6 dai x va y & cdc bai toan 1, 2, 3, do dai
x & baitodn 5, géc a vasina ,coso & bai todn 6.

3 - Ngoai cach biéu thi truc ti€p dai lugng phai tim cuc tri theo cdc bién (dién tich S & céc bai
todn 4, 5, 6), c<‘)n c6 thé biéu thi gidn ti€p thong qua céc ty s6 trung gian (ti s6 SE & céc bai todn 1
va 3). Sau dé6 sir dung bét déng thic Cosi dé tim cyc tri cha biéu thic dang xét.

Cic bai tap dudi day danh dé ban doc luyén tap :

Bai toan 7. Hay néu cdch cang mot sgi day cé do dai a thanh ba doan sao cho chiing tao thanh
véi bidc tudng c¢6 sdn thanh mot hinh chit nhat ¢ dién tich 16n nh4t.

Bai toan 8. Cho AABC vuong can & A, cdc diém E va F theo thit tu thudc céc canh AB va AC
sao cho AE = CF. X4c dinh vi tri chia E va F dé ut gidc BEFC c6 dién tich nho nhat. '

Hubng dén : Dat AE = x,AF =y, chii y ring x +y khong dai.

"Bai toan 9. Giai bai todn 8 néu thay “tam gidc vudéng can & A” bdi “tam gidc can § A”. .

Bai toan 10. Cho hinh vuong ABCD. Biém M thuéc dudng chéo BD, E va F theo thi ty 13 hinh
chi€u ctia M trén AB va AD. Diém M & vi tri ndo trén BD thi ACEF c¢6 dién tich I6n nhat?

HD : Chitng minh dt (CEF) = dt (BEFD), dua vé bai toan 8.

Bai toan 11. Cho hinh binh hanh ABCD, di€ém M c6 dinh trén canh BC. Tim diém N trén canh AD
sao cho tit gidc MENF c6 dién tich 16n nhét (E 1a giao clia AM va BN, F la giao cia DM va CN).

HD : Ap dung két qua clia bai todn 3.

THAY DI CACH PHAT BIEU BAI TOAN -
MOT THU THUAT TiM KIEM LGOI GIAI

' NGUYEN VAN VINH
BPai hoc Sut pham Tp. H6 Chi Minh

Mot trong cic phuong phap thudng duoc sir dung dé tim ki€m 16i giai clia mot bai todn 1a thay
ddi cdch phat biéu bai todn, thay ddi cach biéu thi cdc m6i lién quan giifa cac di kién cia bai todn.
b6 ciing 1a mot cich thay thé bai todn da cho bing mOt bai todn tuong duong vdi nd, nhung don
gian hon hoac quen thudc véi ta hon.

Sau day 1a mot s6 vi du minh hoa.
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Vi du 1. Chitng minh rdng néu tic s6 hodc mdu sé ciia phdn sé
A= a’* +2a+15
a’*-10a-3
chia hét cho 6 thi phdn s6 A rit gon dugc cho 6.
C6 thé phat biéu lai bai todn nhu sau : Néu ti s6 (hodc mdu sé) cia phdn sé' A chia hét cho 6
thi mdu s6 (tw s6) ciing chia hét cho 6.

St dung tinh chit: N&u a+b:6 va a:6 thi b:6.
Néu a-bi6 va ai6 thi bi6 .
Ta biéu dién (a® +2a+15)—(a® —=10a - 3) = 6(2a +3) thi suy ra duoc céch chiing minh.

Vi du 2. Chiing minh rang véi moi sé tw nhién n khdc O, phdn sé
_ Sn+2
Cr+1)QBr+1)

Chiing ta phét biéu lai bai todn : Ching minh réng véi moi s6 tu nhién n khdc O, udc s6 chung
I6n nhdt cuia cdc s6'5n + 2 va 2n+1)(3n+1) bang 1. '

la phdn 56161 gidn

‘Muén vay chi cin chitng minh
Gn+2,2n+)=1va(bn+2,3n+1)=1

That vay: gid st (Sn+2,2n+ 1) =d ,suyra
|5n+2:d 10n+4:d
{2n+25d:>{10h+55d

Chitng minh tuong twtacé (S5n+2,3n+ 1) =1

=lid=d=1

Vi du 3. Tim tdt cd cdc sé x thod mdn
e =5|<]x+3]
Theo y nghia hinh hoc cla gid tri tuyét d6i cia mot s6 a, ta c6 Ix - 5| 12 khoang céch giita diém
x va diém 5 trén truc s6. S6 |x + 3| = Ix —(—3)| 12 khoang céch giita diém x va diém -3. Vi vay c6 thé
phét biéu lai bai todn nhu sau: Tim tdt cd cdc diém cia truc s6 gdn diém 5 hon diém -3.
Nhan thay trung diém ctia céc diém 5 va -3 13 diém 1, vay x > 1.

Két luan: Vi moi x>1 ta déu cé

x— 5| < |x + 3| .
Vi du 4. Tim t4t ca cdc nghiém ctia phuong trinh
e 2| +]x+7]=9 |
L4p luan tuong tu bai 3, c6 thé phat biéu lai bai todn nhu sau : Tim tdt cd cdc diém cia truc s6
ma tong cdc khodng cdch tir dié?n dé tdi cdc déu cia doan thdng [—7,2] bdng 9.
Nhan thdy d6 dai clia doan thing [-7,2] bang 9 vi vdy moi diém clia doan thing [-7,2] déu

thoa man.

¢ »
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Két {uan moi x thoa man: —7 < x <2 déu 1a nghiém ctia phuong trinh
|x=2|+|x+7|=

Vi du 5. Chitng minh rdang phuong triﬁh Lz + L + —}; =1 khdng c6 nghiém x, y nguyén duong.
XXy 'y

Bai todn nay c6 thé dugc phat biéu lai nhu sau : Chitng minh rdng véi moi cdp sé nguyén duong
(x, y), biéu thirc

A:—%—.Fi.}._l_

XXy y
déu khac I (16n hon hodc nho hon 1).
Khix=1vay=1tacéd A=3>1.

Khix=1vay=2tacé A=1+%+211—>1

Khix=2'véy=1tacé A=1+é~+i>1

Khix=2vay=2tacd A=l+—1—+;l—<1
4 4 4
Khix>2vay>2tacé: A=—}§—+L+L2<l+—l—+—l-<l
X oxy y 4
) . 1 1 1
Két luan : Phuong trinh — +—+— =1 khong c6 nghi¢ém nguyén duong.
XXy

Vi du 6. Gidi hé phuong trinh
(x-y+1)’+y=10
{(x—y+1)3 +x=11
Véi nhan xét 1a néu (x, y) 1a nghiém clia hé phuong trinh thi gifta x va y ta con c6 sy lién hé méi
1a x-y=1,do dé, viéc giai hé phuong trinh da cho tuvong duong vdi viéc giai hé phuong trinh
(1+1’+y=10
{(1+1)-’ +x=11
Ta nhan duge nghiem x =3 vay=2.

Vi du 7. Chilng minh ring véi moi s6 duong a, b, c ta c6
1 1 1 3
+ + >
a+b b+c c+a a+b+c
Néu quy dong miu s6 hoac 4p dung bat dang thitc Cosi ta déu dan t6i ché bé tic.
Néu thay d6i cdch xem xét bai todn :
1 1 1 1 1 1
+ + > + +
a+b b+c c+a a+b+c b+c+a c+a+b
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ta nhan thdy chi cdn chitng minh
1 1 1 1 1 1
> ; > ; >
a+b a+b+c b+c b+c+a c+a c+a+b
Nhung céc bat déng thic cu6i cing thudng dé dang nhan dugc vi
a+b+c>a+b, a+b+c>b+c, a+b+c>c+a.

Vi du 8. Tim tdp hop tdt cd cdac diém P ndm bén trong tam gidc ABC sao cho :

Src + Sarc = Saps ' (D
Bai toan ndy khong dé. Nmg c6 thé 1am cho d& hon '
bang c4ch phat biéu lai, véi chi y 1a :

Sarc + Scre + Spea = Sasc
dodé (1) .

< Sppc +Sppc +Saps = 284p5 < Sapc =28 4ps

Ta c6 bai todn : Tim tdp hop tdt cd cdc diém P nam
bén trong tam gidac ABC sao cho

1 Lo
Sapn =ESABC A B

Lai chi ¥ ring c4c tam gidc APB va ABC c6 chung diy AB do d6 néu S,,, = %S e thikhoang
cdch tir di€ém P t6i AB bang mot nita khoang céch tir diém C t6i AB. Nhu vay ta c6 thé phét biéu lai
~ bai todn mot 14n nita.

Tim tdp hop tdt cd cdc diém P ndm bén trong tam gidc ABC sao cho khodng cdch tix P t6i AB
bdng mot nita khodng cdch tir C téi AB.

‘D& dang thdy ring tap hop c4c diém P 1a dudng trung binh DE vé6i D 1a trung diém cha AC, E
1a trung diém clia BC (loai ra cdc diém D va E).

Tir d6 ta suy ra dugc két qua cua bai todn 8.

MOT SO BAI TOAN CHUNG MINH BAT DANG THUC
BANG PHUONG PHAP HiNH HQC

NGUYEN bUC TAN
Tp. H8 Chi Minh

Trong cic tai lieu sdch bdo viét vé cdc phuong phép gidi bai todn ching minh bt déng thic &
THCS h4u nhu it d& cap dén phuong phép sit dung ki€n thitc hinh hoc dé gidi. V4i vén liéng hinh
hoc THCS trong mot s6 trudng hop ta c6 thé gidi cic bai toin chitng minh bét déng thitc mot cach
ngén gon va c6 thé néi 1a “dep”.
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Xin dugc cing ban doc tim toi vé van dé nay thong qua cic bai todn sau :

Bai todn 1. Chiing minh ring .

I\/x2 —6x+34—\/x2 —6x+10l$4

Gidi :

Pat S=

Y= +5 = Jlx=3 +12
eVGix=3tac6S=4.
* V6i x#3. Dung ABAC.A=90°, AC = 5 (don vi d6 dai, AB= |x—3| (don vi do dai)
- Trén canh AC 14y diém D sao cho AD = 1 (don vi do dai).

Déthdy:
BC=|x-3f +5° | B
BD =|x-3f +1

Ma |BC - BD|< DC = AC - AD
S<4v@imoi x#3 L

Témlai S<4. » A D C

Bai todn 2. Chiing minh rang véi x, y, z, t duong thi

\/(x2 + 2 +2%) +\/(,\c2 +2) P+ ) 2(x+Y)(z+1)

Gidi : Vi x, y, z, t duong nén luén luén tén tai ti gidc ABCD ¢6 AC LBD tai O v6i OA=x ;
OC=y,0B=z,0D=t.
Dé thdy

AB=+x*+7
BC =\/y* +7*
CD =y* + 1

AD =+x* + ¢

S e =%h,AB s-;—BC.AC

Supc = %hZAD < %DC.AD

SABCD =Sppc + SADC

R
S asco =3(x +yNz+1)

Vay \/(xz +2)* +2%) +\/(x2 +1)P +E) 2 (x+ YNz +1)
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Bai toan 3. Goi q, b, ¢ 1a ba canh clia mot tam gidc c6 ba dudng cao tuong Gng l1a h,, kb, .
(a+b+c) S
R+ R +R

Gidi : QuaCké Cx// AB

Goi D 12 diém d6i xing ciia A qua.Cx.

Ta c6 AB* + AD* = BD* <(BC +CD)
Vay 417 +c* <(a+b)

Chitng minh rang :

hay 4n’ <(a+b)* -
Tuong ty 4k} <(a+c)* -b°
A’ <(b+c) -a

: ' b+c)
Suy ra 4R+ +h)< a+b+c2<:>—(—q—i—————-24
y (B, + b, +h)<(C ) W+ h+ b

Bai toan 4. Cho q, b, ¢, d, e, f1a cic s6 duong
Ching minh ring :

\/(a+b+c)2+(d+e+f)2 <N +d* +b +é +\/c2+f2

Gidi :
Dung xOy=90°. Trén Ox l4n luot 1dy céc diém yi
A,B,C saocho OA=a,AB=b,BC=c¢ , = P
Trén Oyldn luot 14y cic diém D,E,F sao cho g
OD=d,DE=¢,EF=f. Qua A,B,C ké cic dudng E 4
thing d,,d,,d, song song v6i Oy; qua D, E, F ké céc e
dudng thing a,,a‘z,a3 song song v6i Ox; a, cét d, tai d

=Y

M, a, cit d,tai N, a,cit d,tai P. D& thdy : 0 & ADB ¢ C

OM =~a* +d* ,MN =\b* + &> ,NP =/¢* +f2

0P=\/(a+b+c)2+(d+e+f)2

Ma OP<OM + MN + NP
Vay : \/(a+b+.c)2+(d+e+f)2 <N +d +b* + +\/c2+f2
Bai toan 5. Cho x, y 12 hai s6 thoa man diéu kién sau :

2x+y-220

2x-y-2<0

2y-x-4<0

Chitng minh ring x* + y* Zg
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Gidi : ,
Goi I(x,y)1a diém trén mat phing Oxy trong d6 x, y thoa man du bai.
Tap hop cdc diém I(x,y)la thuoc mién mat phing gi6i han bdi AABC .

Cén ching minh OI° 2 4 Ay o
> o
Ma OH 1 AB;Ol 2 0H, Yy R
\ 2
L _ 1, L , e
OH* O0A* OB
4 i
Vay OH® =— ‘ 4 0 /B I
> G
X
P+yte— / J}"\ '
y =2 &

Sau day la cdc bai toan tu luyén :

1) Cho x, y 12 cdc s6 thoa man di€u kién 2x+y>2,2x—y <2,
va x+422y

Tim gi4 tri 16n nhét, gi4 tri nhé nhat clia x* + y*.

2)Cho a,b,c>0,a2c,b>c

Chiing minh réng : ‘

\/C(a—c) +Jc(b—c) <+Jab

3) Cho q,,a,,...,a,va b,b,,...,b, 1a cic s6 duong.

Chitng minh rang :

\/a,z + b} +\ﬁz§ +b: +...+\/a,2‘ +b? 2\/(‘11 +a,+..+a)Y +(b+b,+..+b)
4) Cho a,b,c >0 |
Chiing minh réng :

Ja? +c +b + 2 2 (a+b)c

5) Tim gi4 tri nho nhat clia

NI RN
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PHAN NGUYEN CUA MOT SO VA CAC BAI TOAN CHIA HET

NGUYEN VAN VINH
Tp. H6 Chi Minh
3 16p 7 céc ban di biét : Cho x 12 mot s hiru ti bat Ki. ki hiéu [x] (doc 1a phdn nguyén cla x)
1 56 nguyeén I6n nh4t khong vuot qud x. Ching han [2,8] =2;[-3,78] = 4;[-3]=-3;[0] =0
Tir dinh nghia trén day ta suy ra ngay mot s6 tinh chit don gian. Néu [x] =g thi x=a+dvdia
la s6 nguyén, va 0<d <1.Néu [x + y] =x thix la s6 nguyén va 0<y<1.Néu rn la s6 nguyén thi
[n+x]=n+[x].

Pé str dung khdi niém phén nguyén ctia mot s6 dé g1a1 cédc bai todn chia hét, trudc hét ta chu‘ng
minh mot s6 ménh dé sau day :

Ménh dé 1 : Néu n 1a mot s6 tu nhién thi n.[x]<[nx]
That vay : Dat [x]=a tacé x=a+dvéi 0<d <1,

Vi [nx]=[n(a +d)]=[na+nd]=na+[nd] (Vi na nguyen).
Do nd >0 nén [nd]>0.Suyra: na=h[x]s[nx].

Ménh dé 2 : V&i moi 56ty nhién n va q (q khdc 0) ta c6
~ -
n

q.l—1|<n.
q

That vay theo ménh dé 1 ta c6:

A

Meénh dé 3 : Véi moi s6 'ty nhién nva q (q'khdc 0) ta cé n< q.(l + [ED
q

That vay : chianchoq,tacé :
n=m.qg+rvéi 0<r<gqg
Do d6

£=m+—r— véi Os—r—<l
q q q

Suy ra l:ﬁ] =m.
q

Mat khic, tlt n=mqg +rsuyra n=(m+1)q+r—qvéi r—qam

nén n<(m+l)q=([£]+1).q
q



Ménh dé 4 : Trong ddy n s6' ty nhién : 1,2, 3, ..., n cé diing [ﬁjl 56 tu nhién chia hét cho s6 'ty
q
nhién q khdc 0.
That vay, xét ba trudng hop :
- Néu n < ¢qthi L3 suy ra {£]=0.
q

q
RG rang trong day 1, 2, 3..., n (n < g)khong c6 s6 nao chia hét cho q.

-Néu n=gthi [£:| =1. Trong day s6 1, 2, 3,..., n = g c6 ding mot s6 chia hét cho 9.
q -

- Néu ﬂ>qth‘1 £>1,suyra [2]21.
q q

Nhan thdy trong dadys6: 1,2, 3,...,¢, g+ 1,... nchic6 cdc s6 1.¢, 2.¢, 3.4,..., [ﬁ].q 1 chia hét
cho q. !

That vay, theo ménh dé 2 thi q[-Z—J <n nén s6 ty nhién F—]q chia hét cho ¢ 1a moét s6 hang
claday:1,2,3,..,n | !

Mat khdc theo ménh dé 3 thi n< q(l +[—2D nén s6 tu nhién [1 +[§D .q khong 12 s6 hang
cuadidy 1,2, ..., n. ‘

Nhu vay, c6 ding [g] s6 chia hét cho q.
2

2

Tit ménh d¢€ 4 ta suy ra ngay két qua : Trong day s6 tw nhién 1, 2, 3,..., n c6 diing {
L9

} s6 chia
n
-3

hét cho g%, c6 diing [ } s6 chia hét cho ¢°,...

Ménh dé 5 : Néu s6 nguyén t6'p c6 mdt trong phdn tich ra thita s6 nguyén té cia n! = 1. 2.
3..., n thi s6' mii cao nhdt ciia p bang

{ﬁ]{.';}[_",.}...{ﬂ Vi pt Sn<pt,
p p 14 p
That vay, theo két qua trén day : s6 cdc nhan ti chia tich 1.2.3. ... n chia hét cho p ding bing

[.'1] , 56 cdc nhan tif chia hét cho p? diing bing [—%} o
p p

Diéu nay c6 nghia : s6 cdc thira s6 nguyén t6 p c6 trong phan tich ra thira s6 nguyén t6 cla
tich : 1.2.3. ... n diing bang : '

5]

Chiing ta st dung céc két qua nhan duoc trén day vao gidi toan.
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Vi du 1. Tich s6 100!=1.2.3...100 t4n ciing 12 bao nhiéu chit s6 0?
(Dé thi hoc sinh gidi Matxcova vong 1 - 1940)
Gidi : Tich cia 5 va mot s6 chdn 1a mot s6 ¢6 chit s6 tan cung bang 0.
Trong 100 s6 ciia 100! c¢6 50 s6 chan, 50 s6 1&, vi vay chi cdn tim t4t ca cdc boi s6 clia 5 trong

tich da cho.
Theo ménh dé 5, s6 mii cao nhat clia 5 c6 trong phan tich ra thira s6 nguyén t6 100 ! bang :

100 100 100
—_— | — [+ — =24
5 25 125
Vay tich s¢ 100 ! tan ciing 1a 24 chit s6 0.

Vi du 2: Chitng minh rdng néu (n—1)! chia hét cho n thi n phdi la s6' nguyén t6.

Gidi : Gia sl n 12 s6 nguyén.t6, suy ra n chi c¢6 hai udc s6 1a 1 va n. Theo ménh dé 4, trong day

n-1

s6 1, 2,.., n—1 cé{ }z 06 chia hét cho n. Tir d6 suy ra tich: 1. 2. 3...(n —1)khong chia hét

n

cho n, trdi véi gia thiét (n—1)! chia hét cho n. Vay n khong phai 1a s6 nguyén t6.

Vi du 3: Chiing minh rdang n!khéng chia hét cho 2" .
Gidi : Theo ménh dé 5: s6 mil k cao nhét clia s6 2 c6 trong phan tich ra thira s6 nguyén t6 cla

k=| 24| 2+ 4| = |véi 2" <n<2m,
2] 2 2"

Do d6 chi cdn chitng minh cho n > k 1a dt.

n!la

Theo nhén xét m& ddu ta c6:

n| nln]|_n n n

Sl P LAy P L P

[2} 2[22} 2! [2"’} 2"
Cong timg v€ m bt ding thic trén ta c6

ks£+i+...+—n~=n(—l—+i+...+—l——]
2 2

2? 2" 2? 2"
bat S=—+—12—+...+ 1_1 L
2 2 2" 2"
25=1+L4 .+ 1_2+ 1_,.
2 2" 2"

Do d6 S=25—S=l—51m—<1.

Tirdosuyrak=n.S<n,hayk<n.
Vay n! khong chia hét cho 2".
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Vi du 4.

a) Ching minh réng téng S =1+ —;- + % + :1‘— .ot l(n >2) khéng phdi la sé nguyén.
' n

b) Chitng minh rdng téng S = % + % + %+ ot —1—16— khéng phdi la s6 nguyén.

(Dé€ thi vao chuyén todn vong 2 - 1973)
Gidi : a) Ta co:
n! n! n!
—t—
2

§—1=2_3 _n
n!

Tit ménh dé 5 ta suy ra miu s6 n/ chia hét cho mot lu§ thira clia 2 ¢6 bac cao hon cia tir s6.
Diéu nay ching to S - 1 khong phai 1a s6 nguyén, do d6 S ciing khong phai 1a s6 nguyén.
b) C6 thé 1am twong tw nhu cu a.

Vi du 5. Tim s6'mii a cao nhdt cia 7 ma 1000!cé thé chia hét cho 7°.

Gidi : Theo meénh dé 5, s6 mil a cao nhdt cha 7 c6 trong khai trién thanh tich cdc thita s6
nguyén t6 ciia /000/bing : '

1000 1000 1000
a= + + =164.
7 49 343

Vay 1000! chia hét cho 7'*.

SU DUNG DINH Li VIET BE GIAI MOT SO BAI TOAN VE BAT DANG THUC

NGUYEN DE
Hdi Phong

Dinh Ii Viét 1a mot dinh 1i quen thudc, nhung st dung dinh If trong nhitg bai todn cu thé lai la
viéc khong don gian. Diéu quan trong hon ca 13 hdy tir gia thiét clia bai toan 1am thé nao dé dé c6
duogc biéu dién cia téng va tich clia hai dai lugng, tir d6 din dén mot phuong trinh bac 2. Cuéi ciing
la tinh biét s6 A clia phuong trinh nay va gidi b4t phuong trinh A>0.

That khé c6 thé néu lén cdch giai téng quat, vi vay théng qua céc vi du, ban doc tu riit ra nhimmg
nhan xét quan trong dé van dung khi 1am to4n. :

Vi du 1. Cho cdc s6'thuc x, y, z khdc khéng va thod man diéu kién
Xty+z=xyn it =yx.

Chitng minh rdng x* 2 3.
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Giai :

Dé thdy {y+z=2x3 -
yz=x
Vay céc s8 y, z 12 nghiém cla phuong trinh :
W+ (x-xHu+x*=0 ‘ : N
Tacs  A=x’[(1-%")-4] | ' 2)

Bai vi (1) c6 nghiém nén A>0.
Do x#0 néntlt 2)suyra (1-x*)’-4>0 (1-x*) 24

=1-x*<-2 hoac 1-x*22 3
Dé thdy (3) v6 nghiém, do d6 ta cé

1-x*<s-2&x* 23 : (dpcm)

Vidu 2. Cdc sé'thuc x, y, z thod mdn diéu kién x+y+z=5 va yz+xz+xy=8.

Chitng minh rang

ISxSl,ISySZ,ISzSZ.

3 3 3
Giai :
Tir diéu kién bai todn ta c6 :
y+z=5-x

{yz =8-x(5 ——(x)
Dén dén y, z 12 nghiém cta phuong trinh ‘

W+ (x-5u+x*-5x+8=0 (1)

Tacé A=(5-x) -4(x* -5x+8)
Bd&i vi (1) c6 nghiém nén A>0,nghiala:

~

(5-x-4(x*-5x+8)20 :>1$x5§

Vai trd cia x, ¥, z nhu nhau, nén ta ciing c6 1 SyS%,l SZSZ.

w

Vi du 3. Gid sit x,,x, la nghiém ciia phuong trinh x* + kx +a =0(a = 0). Tim tdt cd cdc gid tri

3 3
cila k dé c6 bdt ddng thiic (i) + (52—) <52 (a, k la cdc 56 thuc)
X, X,
Giai : Ta xét a trong hai truong hop :

* Néu a < 0thi A=k’ ~4a>0 véi moi k. Khi d6 phuong trinh da cho luén c6 hai nghiém
khéc nhau va khic d4u. Diéu d6 din dén b4t déng thic da cho diing vé6i moi gid tri thyc cta k.

*Néua>0

Ta cé Ly =+ -xy+yH)
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Ap dung cong thic trén ta duoc :

3 3 2
X2 X X, X X, X

2 2 2 _ 1.2 :

Nhmg = A X BtH %) -20% K5 e dinh 1 Viey

X, X XX, X X, a . :
3 3 k2 k2 2

Do d6 (.’fLJ +(£2.J =(_—2J[(—;2J —3]352 10

X, x, a a
o k2 P 2 : 2

Dt K ol tace (1=2) (-2 -3) <52 (1-6)(P +9) <0 @

- _

2

Ta thdy #* +9 >0 véi moi ¢, do d6 (2) chi ding khi t—6<0 hay k——6sO
a

Do a> 0 nén suy ra k> <6a. Bdi vay c6 —/6a <k <+/6a.
Vay a<0, k12 s6 thuc bat ky

ho a>0
0ac
' —J6a <k<+f6a

Vi du 4. Gid sit x, va x, la nghiém cia phuong trinh x* +2kx+4=0. Tim tdt cd cdc gid tri
N2 2
” 7 A, 2 - x] xz
cua k sao cho c6 bdt dang thiee : | =+ | +| =} 23

Gidi :

Dé thdy x, #0,x, #0

Tacé:
2 2
X, S WA X
2
@(__] PPNEEA N M)
X, X X, X
Mat khac
2, .2 2, .2
X X Xt Xt >0 @)
X, X X, X, 4
(theo dinh 1i Viét)
T ()va(2)tacod
ﬁ.ﬁ‘izﬁ C>-(xl+—xz)2——22\/—5_
X X XXy
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Mot 14n nita 4p dung dinh li Viétta c6 :

2
(—24k) “225 o k25 +2

Nhdn xét ;

Hai vi du trén thudc dang bai todn tim ki€m gid tri cia tham s6. Cich tim kiém nay dua trén
cdc phép bién déi twong duong va phuong trinh bac ha1 cho trudc cé chita tham s6 duge khai thic
nhd sir dung dinh i Viét. -

SU DUNG DIEN TiCH TRONG CHUNG MINH

THAI VIET THAO
Nghé An

Nhimg bai toan xét dudi day c6 thé giai duoc bing nhiu cich khac. O day chiing ta ban dén
cich sir dung cdc cong thic dién tich. Van dung n6é nhu mét cong cu khdc, nhidm lam phong phi
céch nhin, suy luan, va do d6 1am cho qua trinh giai todn hiing thd, khoéng go bé.

Ta dua vao cic khing dinh di biét :

1) Mot da gic chia thanh cdc da gidc khong giao nhau thi dién tich da gidc ban ddu bang téng
dién tich cdc da gidc dugc chia ra. :

2) Hai tam gidc déng dang thi ty s6 dién tich biang binh phuong ty s6 dong dang.

3) Hai tam gidc c6 chung ddy, thi ty s6 dién tich bing ty s6 hai dudng cao

4) Hai tam gidc c6 chung dudng cao (dudng cao bang nhau) thi ti s6 dién tich bang ti s6 hai day.

Dudi day sé trinh by mot s6 ting dung cong thitc dién tich vio cdc vén dé :

a) T i s6 do dai cdc doan thing c6 thé tinh theo ti s6 c4c dién tich :

Bai toan 1. Trén cac canh AC va AB clia AABC lé’y céc diém B,,C, tuong tng. Goi O 1a giao

diém cua BB, va CC,. Hay tinh 98 néu E—q—:a a—-=8
OB, AC, AB,
Gidi : Tac6 — BO _ Swoc
OB, SAB,()L
Xét hai ti s6 : Sanoc va Sanoc o Ay
, ABOC Saroc y
RO rang ring
Swoc _AC _AB+BC | AB _ 1 A o X
Swsoc B, c BC BC p
Vi ABOC va AAOC c6 OC chung nén ti s6 dién
tich bing ti s6 dudng cao ha t6i OC, ti s6 d6 bang BC, vi vay —2£C Saoc _ BC,

AC, Suoc  AC,
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= BO - Sasoc =SABOC .SAAOC =0L(1+—1-J
BIO SAB,OC SAAOC SABI()C
Bai todn 2. (D.1i Xéva) Trén cic canh AB, BC, CA ciia AABC 14y céic diém C,,A,,B, tuong
ttng. Chiing t6 rdng AA,,BB,,CC, d6ng quy khi va chi khi ﬂ%?ﬂ_ =1
BC AB CA
Gidi : Gia sir cic dudng thing AA,,BB,,CC, déng quy tai O. Ap dung cic ti s6 dién tich ta
nhan duoc : ' }
CA - Saaco . BC, - Sasco va AB, - Sasso i
AIB SAAB() CIA SAAC() CBI SABC()
Nhan 3 déng thic lai v6i nhau ta c6 :
4B, CA BC,
BC AB CA
Ta chiing minh diéu kién du :
4B, CA BC, |
BC AB CA
Giast O la giaoclia AA, va BB,. Takihiéu C'| la
giao clia OC va AB thé thi tir diéu kién cén ta 6 :
AB, CA, BC'| _ 1 _AB, CA, BC,
BC AB'C'A = BC ABCA’
BC', _BC,
C'A CA’

Néu

do dé

C, va C’, 1a hai diém chia trong AB theo ciing mét ti s6 vi vay C, va C', tring nhau. Tic l1a
" AA,,BB,,CC, déng quy. Dinh li Xéva vin ding khi A,,B,,C, nim ngoai cic canh cia AABC
‘Bai toan 3. Cho AABC,BD 1a phan gidc trong clia géc B, héy chiing minh

BD = 2ac .cosﬁ
a+c
Gidi : Tacé:
A
1 . B
—AB.BD.sin— :
Sasanp _ 2 ) ___BD D
Ssc L appcsinB  2BC.cosZ
2 2
Mat khic : V B C
‘SMBD_éP_._ ¢ N BD ¢
Suwc  AC atc , B atc
2
5 BD =29 cosB (dpem)
a+c 2

- 63



b) Sir dung t6t m6i lién he giita ti sd dién tich véi ti s6 cac dudng cao, ban kinh dudng tron noi
ti€p, ngoai ti€p... clia tam gidc, da giic.

Bai toan 4. Cho mot da gidc 161 ngoai ti€p dudng tron ban kinh r. Ta chia da gidc d6 thanh céc
tam gidc khong giao nhau. Ching minh ring téng céc ban kinh dudng tron ndi ti€p trong cdc tam
gidc d6 16n hon r.

Gidi : Ki hiéu cdc ban kinh dudng tron noi tiép trong cic tam gidc d6 1a r,,r,,...,r, . Chu vi clia
ching 1a p,,p,,...p, va §,,S,,...,S, 1a dién tich clia ching. Goi chu vi da gidc ddu 1a p va dién tich

1aS.Taluéncé p,<p Vi=Ln
25, 28, 25, 28, 25, - 28,

n

'=>r, +r 4.+, =—+——-+...+-———>—+—+...+——=—2——=r(dpcm)
pl p2 pn p p p P

Bai todn 5. Trong tam gidc ABC ta 1dy mét diém M, ki hiéu cdc khoang c4ch tit M t6i cac dinh
cha tam gidc 1aR,, R,,R.con khoang cich t6i cic canh BC, CAva ABla d,.d,.d. .

a) Ching minh ring : a.R, >2cd, +b.d,

b) R,+R, +R 22(d, +d, +d.)

(B4t déng thitc Ec-d6-50)

Gidi : Ha tir B va C cdc dudng vudng géc BK va CL trén
dudng thing MA (hinh trén).

Kihiéu g, = BK;a, =CL . RG rang

a+a,<a —)%a.RHZ—;—az.Ra+%a,.Ra=SACM S = bd +;cd

Bat déng thitc diing néu M thudc mién trong géc BAC, khOng ding khi M & ngoai.
b) Bién ddi bat déng thic a, va bing viéc 14y d6i xing ciia M qua phan gidc géc A tacé:

R>Sd +24a
a a
Tuongtu: R,>Sd +9d:R 224 +24
b b ¢

Tirdé suyra:

R“+Rb+RC2(b )d +(ﬁ EJ.db+[2+£j.dt22(da+db+dr)
c b a b

a c
, X Y
(Stt dung BDT —+=22 Vx,y>0)
y x
Bai toan 6. Gia sit ABCD la mét t{f gidc 16i sao cho dudng thdng CD ti€p xic v6i dudng tron
dudng kinh AB. Chiing minh ring diéu kién c4n va di d€ duong thang AB ti€p xic v6i duo‘ng tron

duong kinh CD 1a cdc dudng thing BC va AD song song véi nhau.
(V6 dich toén quéc té'ldn thir 25 (1 984))
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Gidi :
Goi M 1a trung diém cta AB. Goi N 1a trung diém clia CD. M, 1 hinh chiéu ca M trén CD.
N, 1a hinh chi€u clia N trén AB.

Tir gia thiét ta c6': - B C

AB.NN :
A8 v, =220 7 N

2 4

N

SanAM = SaNBM =

1 CD ABCD
SamcN = SAMND ='2‘MM1 > " g A D

Nhu vay AD // BC C> BC /I MN va AD /| MN
< SaMN =SacMn VA SpaMN =SADMN

- AB.iVNl ) ABéCD. o NN, = %13

< Dudng tron dudng kinh CD ¢6 diém chung duy nhdt véi AB tai N,.

Diéu phai chitng minh.

Bai toan 7.

Cho diém M trong AABC. Qua M vé cac dudng thing AM, BM, CM cit céc‘canh tam gidc
tuong iing tai cdc diém A, B;, C|.

Ching minh réng :

AM BM CM 58

a . . 2
) AM BM CM

1)

b) AM + BM + M >6.
AM BM CM

Gidi :
Ki hiéua= SAMBC’b= SAMAC’C': SAMAB' @
Tacd:
1+ AM - AM+MA1 _ AA] _SAABC =’ a+b+c:1+b+c

AM AM  AM S, a a
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AM  b+c
=D e =

—_ 1).
AM a M
Tuong tu c6 BM _cta (2),
BM b |
cM +b
—= -2 (3).
M ¢

Véi cic s6 duong «, b, ¢ ta ludn cé (a + b)2 > dab (b + c)2 >4bc ; (¢ + a)® = 4ca suy ra
(a+b)(b+c)(c+a) = 8abc 4).
Tir (1), (2), (3) va (4) suy ra

AM BM CM
AM BM CM

Ap dung bat ding thitc Co-si va (4) cé

btc, c+a a+h 3i/(b+c)(c2a)(a+b) _
aoc

6 (5)

a b c
T (1), (2). (3) va (5) suy ra.

AM BM CM
+ + >6
AM BM M

NGUYEN TAC CUC HAN TRONG HiNH HOC

NGUYEN VAN VINH
Tp. H6 Chi Minh

Trong qué trinh tim ki€m 13i giai nhi€u bai todn hinh hoc, s& rit c6 lgi néu ching ta xem xét
phan ti bién, phén tr gi6i han ndo d6, tic 1a phan tir ma tai d6 mdi dai lugng hinh hoc ¢6 thé nhan
gi4 tri 16n nhat hodc gid tri nho nhat, ching han nhu canh 16n nhat, canh nhé nhat clia mot tam gidc:

g6c 16n nhat hoac géc nho nhat ciia mot da gidc v.v... .

Nhimg tinh chdt cha phén ti bién, phén tir giéi han nhiéu khi gidp ching ta tim duoc 10i gidi

thu gon cuia bai toan.

Phuong phdp ti€p can nhu vay t6i 16 giai bai todn dugc goi 1a nguyén tic cuc han.
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Vidul.

Mot nudc c6 80 san bay ma khoang cach giita hai san bay nao ciing khac nhau va khong cé 3
san bay nao thang hang. M&i mdy bay cét cdnh tir mot san bay va bay dén san bay nao gin nhat.
Chitng minh réng trén bat ki s4n bay nao ciing khong thé cé qua 5 mdy bay bay dén.

(Dé thi chon hoc sinh gioi todn I6p 9 ndm hoc 1992 - 1993. Bang A).

, Gidi : T gia thi€t suy ra néu cdc mdy bay bay tir cdc sin bay M va N dén san bay O thi
khoang cédch giita MN 1a 16n nhdt trong céc canh ciia tam gidc MON, do d6 MON > 60°. Gia sir

ring cdc mdy bay bay tlr cdc san bay M,, M,, ..., M, téi san bay O thi mot trong cdc géc M,0M;
60 (i,j,n=1,2, ..., .. 80) viténg cic géc da cho biang 360". Vay 360

n n
hay n < 6. Khi xét c4c san bay thang hang thi bai todn vén ding.

khéng 16n hon > 60",

Vi du 2.
Trong tam gidc ABC c6 ba géc nhon, 14y mot diém P bat
ki. Chimg minh ring khoang céch 16n nhat trong cdc khoang B, Ay

" céch tir diém P dén céc dinh A, B, C cia tam gidc khong nho

hon 2 14n khoang cach bé nhat trong cic khoéng cdch tir diém
P dén cic canh clia tam gidc dé. A € B

(Dé thi chon hoc sinh gidi todn Iop 9 n(im hoc 1992 — 1993. Bing B).
Gidi : Dung PA,, PB,, PC, tuong iing vudng géc véi canh BC, CA va AB. Vi tam gidc ABC cé
ba géc nhon nén cdc diém A,, B,, C, tuong {ng nim trong doan BC, CA va AB. N6i PA, PB, PC ta
c6: ﬁ?,+CTFB+ B’ﬁXl +/IP\C+C/PE +B/,E4 = 360".
Suy ra géc 16n nhdt trong 6 géc nay khong thé nho hon 60°.
Khoéng lam mét tinh chat téng quat ta c6 thé gia sir ring géc A'PC ; 12 16n nhit, the thi

APC, = 60".
) 2 < PCI D (8} 1
Xét tam gidc vuébng APC |, tacéd P = cosAPC, <cos60" = 5
(vi néu géce tang tir 0° dén 90° thi cosin géc d6 giam).
Tirdé tacéd AP 22PC,.

Néu thay PA biang khoang cdch 16n nhét trong cic khoang céch tir P dén céc dinh va thay PC|
bang khoang cich ngén nhat trong cic khoang cach tir P dén cic canh thi bét déng thirc cang duoc

thoa man.
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Vi du 3. | ___c

Tt gidc 16i ABCD c6 hai dudng chéo AC va BD cit
nhau & E. Ching minh ring néu céc ban kinh clia bén
dudng tron noi ti€p cac tam gidc EAB, EBC, ECD va EDA
ma bing nhau, thi tit gidc ABCD 12 hinh thoi.

(D€ thi chon hoc sinh gidi todn 16p 9 ndm hoc 1986 —1987)

Gidi. Khong 1am mat tinh chdt t6ng quat, c6 thé gia sir
ring AE > CE va DE 2 BE. Goi B, va C, tuong tmg la céc
diém d6i xing clia B va C qua tam E, ta c6 tam gidc C,EB,
nam trong tam giac AED.

Gia slr doan AD khong tring v6i doan C;B,. Khi d6 dudng tron € noi tiép tam gidc C,EB,

déng dang ph6i canh v6i dudng tron noi ti€p tam gidc AED, v6i tam déng dang E, hé s6 déng dang
16n hon 1.

Nhu vay rapp >1eps = Tces (7agp 12 ban kinh dudng tron noi tiép tam gidc AED). Vo li vi
trdi v6i gid thi€t rypp =rcgg . Di€u vo 1i ching t6 ring A = C, va D = B, suy ra & gidc ABCD 1a
hinh binh hanh, nén AE = EC.

Trong hinh binh hanh ABCD ta ¢6 : py.r = Spp = Spgc = py.r V6i py, p, tuong tng la nira chu

vi cac tam gidc AEB va BEC.

Suy ra : p; = p,, Vi AE = EC nén AB = BC hay ABCD 12 hinh thoi.

Vi du 4.

Chitng minh rang b6n hinh tron c¢6 dudng kinh 12 bén canh ctia mot tf gidc 161 thi phu kin wf
gidc da cho.

Gidi : Gi sit M 1a mot diém ty ¥ nim beén trong tit gidc 16i ABCD. Ta ¢6 : AMB + BMC +
CMD +DMA = 360°, do dé géc 16n nhat trong bén goc nay khong nhd hon 90°. Gia sit AMB >

90". Khi d6 M nim bén trong dudng tron dudng kinh AB.

Vidu 5.

Trén mit phing cho 1993 diém, khoang céch gita cdc diém nay d6i mot khdc nhau. N6i mot
diém nao dé trong s6 cdc diém nay véi diém gin nhét. Cit tiép tuc nhu thé. Hoi véi cdch ndi d6 cé
thé nhan duoc mot dudng gap khiic khép kin hay khong ?
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Gidi : Gia s xudt phat tir mét diém A, bat ki. Theo gia thiét trong s& tat ci cdc doan thing c6
ddu mut A, thi t6n tai duy nhat diém A, dé A A, ngén nhét. Ti€p tuc xét nhu thé véi cac doan thing
xudt phat tir A,. Xay ra 2 trudng hop : hodc A;A, ngén nhat thi dudng gap khiic dimg lai.tai A,, hoac
t6n tai duy nh4t diém A; dé A,A; ngén nhat, ldc d6 A,A3 <A A,. Gia str c6 dudng gp khic A;A,...
A,_iA, thitheo 1ap luan trén c6 A|A; > AyA; > ... > A, A, . Diém A, khong thé néi duoc vé6i

1 < A;A;4; , mau thudn véi yéu

diém A; naiod6v6i1 <i<n-2vin€utrdilaitacd A,A; < A A,

cdu A;A;, 1a doan ngén nhat xust phat tir A;. Vay dudng gap khic A;A,,,...A, khong thé khép kin.
Du6i day 12 mot s6 bai todn dé cc ban tu luyén.

Bai 1. Gia st E 1a giao diém hai dudng chéo AC va BD cla t& gidc 161 ABCD. Chimg minh
ring néu chu vi cdc tam gidc EAB, EBC, ECD va EDA bang nhau thi ABCD la hinh thoi.

Bai 2. Cho 1994 dudng thing phan biét, trong d6 ba dudng bat ki trong s6 ching déng quy.
Ching minh ring 1994 dudng thing di cho déng quy tai mot diém.

Bai 3. Cho b6n diém phan biét A, B, C, D trong d6 khong c6 ba diém nao ndm trén ciing mot
dudng thing. Ching minh ring cé it nhat 12 mot trong s& cic tam gidc tao thanh bdi ba trong bon
diém A, B, C, D khong phai 1a tam gidc c6 ba géc déu nhon.

Bai 4. Trén mat phang cho 1994 diém sao cho ba diém bat ki trong s6 d6 1a thang hang. Ching
minh ring 1994 diém da cho thing hang.

Bai 5. Trén mat phiang cho 1994 diém khong cuing nim trén mot dudng thang. Chﬁ'ng minh
ring ton tai mot dudng tron qua 3 diém sao cho né khong chita bat ki diém nao trong s6 1991 diém

con lai.

MOT MEO NH(’)‘DE’ GIAI BAI TOAN VE DIEN TiCH G LGP 8

v0 HOU BINH
Ha No¢i

Ta xét bai todn dién tich sau thudc chuong trinh 16p 8
Cho tam gidc ABC. Qua diém D thuéc canh BC ké cdc duong thdng song song voi cdc canh

ciia tam gidc tao thanh hai tam gidc nho cé dién tich 4ent va 9cm?. Tinh dién tich tam gidc ABC.
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Véi hoc sinh 16p 9, giai bai todn trén khong kh6 khan 1dm :
Tach: 8D DC_ (1)

BC BC
bat dt(ABC)=S. Céac tam gidc EBD va FDC déng

dang v6i AABC nén:

BDY 4 (DCY 9
—|=2l==] == @
BC) S\ BC) s
BC. Js'B S
Tit (1) va (3) : 2 3 1. Dods J5=5
Vay S =25(cm*)

Hoc sinh 16p 8 chua hoc can bac hai nén dé gii bai toan trén thudng phai bién déi nhu sau :
Binh phuong hai vé€ ctia (1) :

[BD )2 (DC )2 BD.DC
+ +2. =1

ac) "\Bc) e
4,9,,8DDC @
S S BC*- »

2

mey:  (B2BC) 36 mb0c ¢ 5
BC BC S BC S

. 13 _6 ) ,

T (4),(5) : —3—+2'§=1‘D0 dé S =25(cm*)

S& di phai di dudng vong nhu trén vi & 16p 8 chua c6 khi niem vé /S . D& thdo g& vuéng méc
néy chi cAn mot meo nhé : dat S = d*. Nhu vay 13i giai d6i véi 16p 8 ciing rat ngén gon :

) (BD)Z 4 (chz 9
Tacé: — | === =
BC) 4&'\BC) d

BD 2 DC 3
nén e
BC d'BC d
Talaics: 22.2C_ 12,3 1545,
. BC ' BC d
Vay S =d* =25(cm?).

Téng quét clia bai todn trén : néu dién tich cic tam gidc nhé 12 a® va b thi dién tich tam gidc
ABC bing (a+b). . |
Ban hiy ding phuong phédp trén dé giai bai toan sau véi kién thiic 16p 8 :
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Cho tam gidc ABC va mot diém O nidm trong tam gidc. Qua O vé cdc dudng thing song song
véi cac canh clia tam gidc, chia né ra ba tam gidc nho va ba hinh binh hanh. Tinh dién tich tam gidc
ABC biét dién tich ba tam gidc nho béng :

a) 4cm*,9cm’,16cm? : b) @*,b%,c%.

Dips6: a) 8lcm’ b) (a+b+c).

SU DUNG YEU TO PHU TRONG VIEC GIAI BAl TOAN PAI SO

LE QUOC HAN
Nghé An

Trong tic phdm “Giai bai todn nhu th€ nao”, P6-li-a cho ring : y€u t6 phu nhu mot nhip cdu dé
n6i bai todn cdn tim ra cdch gidi v6i bai todn dd biét cdch gidi.

Ta hay xét vi du sau day :

Thi du 1 : Pon gian biéu thyc :

(@+b+c) +(@a-b-cy +(b~c-a) +(c-a-b).

Giai bai todn nay bing c4ch khai trién va udc lugc cdc s6 hang 1a mot phuong phap thii cong va
kém hap din. Tuy nhién, n€u dé y t6ng cac biéu thic dudi ddu luy thira bang O, ta dua vio ba bién
phu :

a-b-c=x,b-c-a=y,c-a-b=z
thi a+b+c=—(x+y+z)vasidung héné déng thitc quen thuoc :
—(x+y+2) + X+ Y+ 2 =B+ y)x+2)

ta c6 ket qué biéu thic 1a 24abc .

Tir phuong phap trén, ban hay gidi cdc bai tap sau :

Bai tdp 1 : Ching minh

(@a+b+c) +(a—b-c)’ +(b—c—a)’ +(c—a—b)"

chia hét cho 8pabc véi p 12 s6 nguyén t6 k. '

Bai tdp 2(a) : Ching minh

_ (@a-b) +(b-c) +(c-a)’ =3((a-b)b-c)c—-a)

Chidin:dat a-b=x,b-c=y=>c-a=—(x+Yy)

Bai tdp 2(b) : Ching minh (a - b)" +(b—c)” +(c—a)” chia hét cho
pla—b)b—c)c—a) v6i p 1a s6 nguyén 16 1é.

71



* Trong nhiéu bai todn dai s6, viec dua y&u t6 phu con c6 tic dung nhw mot chiéc don bdy,
giup ta piai bai todrr nhe nhang hon. -

Thi du 2 : Giai hé phuong trinh :

X, +X, +..+x, =cC
V6i b,,b,,...,b, 1a cc tham s& khéc khong va b, + b, +...+b, #0.
Gidi : Dat them bién phu :

x—-a x-—a, _x,—a
b, b, b

n n n
thi in=tb,.+a}:>2x,.=2ai+t2bi :
i=} i=1 i=1

:c:ia, +tib,.
j=1

=1

=t= n
>
i=1

S

i=]
Ban hdy st dung phuong phdp trén dé giai cdc bai tap sau :

Bai tdp 3 : Cho a, b, c, d 1a c4c s6 duong va . Hiy truc can khdi miu thitc ciia biéu

SR
ale

thitc sau :
1

«/;+\/Z+\/Z+\/E

Baitdp 4 : Cho =%= =

g £
A C
Chiing minh
VaA +bB +~cC +NdD =\J(a+b+c+d)A+B+C +D).
D6i v6i nhitng bai toan phifc tap, nhiéu khi ta khong chi phai dua vao cdc bi€n phu ma cdn phai
dua vao ham phu. '

Xét thi du phifc tap sau :
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Thi du 3 : Giai hé phuong trinh :
LI S

a-p b-p c-p
ﬁx+y+z=l
a-q b-q c—¢q
SR A .
ta=r b-r c-r

trong d6 a, b, ¢, p, g, r 461 moét khdc nhau.
Chic chén cdc ban s& khong thi vi gi khi giai h¢ trén bang cic phuong phdp thong thudng
(phuong phép thé&, phuong phédp cong dai s6...). Ta hdy xét ham phu sau : ‘
fX)=—ros 2+ 2 __1- gX)
a-X b-X c-X (@-X)b-X)(c-X)
trong d6 g(X) 1a ham da thitc bac ba clia X v6i hé s6 bang 1.

Theo gia thiét :

- f(p)=f(@)=f(r)=0 nén g(p)=g(g)=g(r)=0.

Suyra: '
gX)=(X-pXX-g)(X~r)

) (X -p)X-g(X-7)

2 X)= ).
el 1= 06— -% M
Nhan hai v€ cia (1) v4i a—- X , ta dugc : -

H(a_X)( I _l)z(X—p)(X—qu—r)
b-X c¢-X b-X)c-X)

réicho X=a,tacé:

__(a—p)a—g)a—r1)

+ (a-b)a-o)

_(b=p)b-g)(b-1)
(b-a)b-c)

Tuongty: y=

__le—p)e—-g)c=1)
(c—a)c—-b)

Moi ban hay giai ti€p bai tap sau theo phuong phép trén. |

Baitdp 5 : Cho a, b, p, q doi mot khac nhau. Gidi he

x .Y

a-p b-p
x_ .y

a-q b—q

=1

Téng quat hod cho trudng hgp hé c6 n 4n.
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Chuong II
TiM HIEU SAU THEM
TOAN HOC PHO THONG

TU MOT BAI TOAN DON GIAN VE HINH VUONG

PHAM THANH LUAN
TP Hé Chi Minh

Néu biét cich suy nghi thi tir mot bai toan don gian, ching ta c6 thé dit ra nhiéu bai todn kha
phong phii. Xin 14y thi du tlr bai todn kha don gian sau day.

dy
A B B
H M E
T & d
F
D IGS ¢ C
Hink 1 Hinh 2 - Hinh 3

Bai toan 1. Cho hinh vuéng ABCD. L&y mét diém M bdt ki trong hinh vuéng dé. Puong thdng
d, qua M cdt AB tai E, cdt CD tai G, duong thang d, qua M vuéng géc véi d, cdt BC tai F, cdt AD
tai H. Chitng minh rang EG = FH. '
Bai todn c6 nhiéu céch gidi. Sau day 1a y chinh cta hai cich
Cich1-Ha ES LCD va FT 1 AD.AESG = AFTH (c.g.c)(hinh 1)
Cich2 - Dung CC, // HF(C,rén AD) va DD, [/ EG(D, trén AB), AAD,D = ADC,C (hinh 2)
Xét bai todn & mot s6 vi tri ddc biét cha di€ém M. '
1) Khi M =0 (tdm ’h‘mh vudng), ta c6 :
Bai toan 2. Cho hinh vuéng ABCD. Hai duong thdng d, vd d, qua tdm O ciia hinh vuéng va
vuong géc véi nhau, cdt cdc canh hinh vuéng tai cdc diém tuong iing E, G, F, H (hinh 3). Chitng

minh rdng :
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a) S(AEOH) = S(EBFO) = S(FCGO) = S(OGDH) = %S(ABCD)

b) EFGH la hinh vuéng. _
2) Néu M =1, trung di€m cia BC, va dudng thing d,qua A thi F=1 vd H=A. Ta dat duogc

bai toan 3 :

Hinh 4 Hinh 5

Bai toan 3. Dung hinh vuéng ABCD biét dinh A va trung diém M ciia BC.

Goi y giai : Qua M dung d, L AM . Trén d, dung ME = MG =1—4§4— .Ha MB L AE (hinh 4).

3) Néu M 1a mot diém bt ki J trén canh BC va dudng thing d, quaAthi F=Jva H=A=E.

Ta dat dugc cdc bai todn 4 va 5.
. Bai toan 4. Cho hinh vuéng ABCD va dié’m M bdt ki thuéc canh BC (khdc B va C). Goi N la
giao ciia hai duong thang AM va CD. Chitng minh rdng :
' 1 1 1
AB'AM® AN

Goi y gidi - Qua A dung d, L AN, cét CD tai G. Ap dung hé thitc trong tam gidc vuong AGN

(hinh 6)

Bai toan 5. Cho hinh vuéng ABCD cé canh bdng a. Qua A dung hai tia Ax, Ay sao cho ;A\y =
- 45", hai tia Ax va Ay cdt BC va AD ldn luot tai N
va E.
a) Chitng minh rang tam gidc ANE cé dé dai d\A=H=E B
duong cao xudt phdt tir A khong do.
b) Xdc dinh vi tri ciia N va E dé S(ANE) la cuc

dy

14

tiéu.

J=F

Goi y gidi - Coi Ax Ia d,, dung d, L Ax, cit CD
tai P. Suy ra AP = AN vi AAPE = AANE (hinh 5). G D C N

Sau day 1a mot s6 bai todn tuong ty, dugce dat ra
tir bai todn 1.

Hinh 6
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Bai toan 6. Dung hinh vuéng ABCD biét 4 diém 1, J, K, L ndm trén 4 canh cia hinh vuong.
Goi ¥ gidi - Qualdung Ix L LJ , trén Ix 14y doan IK'=LJ . QuaJ dung JC L KK' (hinh 7).

Bai toan 7. Dung hinh vuéng ABCD biét dinh A va hai diém J, K trén BC va CD (hinh 7).

Bai toan 8. Cho hinh vuéng ABCD, trén canh BA va CB ddt BP =BQ . Ha BH L CP . Ching
minh rang DH 1 HQ .

Goi ¥ gidi - Kéo dai BH cit AD tai I, suy ra dugc IB = CP tix d6 c6 Al = BQ va IQCD 1a hinh
chit nhat. Nam dinh /,H,Q,C,D cing nim trén mot dudng tron (hinh 8).

Bai toan 9. Cho hinh vuéng ABCD. Ldy M bdt ki trén CD. Puong tron duong kinh AM va
duwong tron duong kinh CD cdt nhau & diém thit hai N. DN kéo dai cdt BC tai P. Chiing minh rdng
PM 1 AC.

Gai y gtat - Goi Q 12 giao diém clia AB va dudng tron dudng kmh AM. Suy ra dugc Q,N,C
thing hang, tir d6 ching minh dugc QB = PC = MC (hinh 9).

Bai toan 10. Cho hinh vuéng ABCD, I la mot diém bdt ki thuoc BC. Ha BM L AI . BM cdt CD tai
G. Dung CC, [/ AI(C, trén AD), DD, /| BG(D, trén AB). CC, cdt BG tai N, cdt DD, tai P ; DD, cdt Al
tai Q. Xdc dinh vi tri clia 1dé MNPQ la hinh vuéng.

Bai toan 11. Cho ABCD la hinh vuéng canh a, tia Ax bat ki nam trong géc vuéng BAD. Puong

phdn gidc cua 8o¢ BAx cat BC tai M, duong phdn gidc cua goc DAx cdt CD tai N. Goi E la giao
diém cia Ax va MN. Ttm quy tzch ciia diém E.

Bai toén 12. Cho hinh vuéng ABCD cé canh béng a. Trén AB, AD &y hai diém M, N sao cho
tam gidc AMN c6 chu vi bdng 2a. Chitng minh rdng géc CMN =45°

Bai toan 13. Cho M, N la trung diém ciia cdc canh AB va BC cua hinh vuéng ABCD. ND va
CM cdt nhau & P. Chimg minh rdng PA = AB. )

Dé nghi ban doc tim 10i giai clia cdc bai todn trén, lién hé v6i bai todn 1.

A I B A - P B Q B
H \\ \\
N, \\
L . \\ \
1 Q \\\ \‘\
\\ \ .
J \\\\ \\ P
\\
. \\&
D K K C D C D M Cc -
Hinh 7 : Hinh 8 ‘ Hinh 9
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SANG TAO TU MOT BAI TOAN QUEN THUGC

NGUYEN bUC TAN
TP. H6 Chi Minh

Trong viéc hoc todn c6 nhiing di€u that don gidn, that quen thuéc nhung néu chiing ta ti€p tuc
suy nghi thi chic chan chiing s&€ dem dén cho ching ta nhiéu diéu khong don gian.
Xin dugc cing ban doc di tir mot bai todn rét quen thudc sau :

BAI TOAN ™

Cho hinh vuéng ABCD. Ddt mét hinh vuéng A’B’C’D’ bén trong hinh vuéng ABCD sao cho
hai tam hinh vuéng dé tring nhau. ’

Chitng minh rdng trung diém cia AA’, BB', CC’, DD’ la dinh ciia mot hinh vuéng khdc.

Xin dugc néu 3 cich giai trong s6 cdc cich giai.

Céach 1:

ABOB'=AAOA'(c.g.c)=>BB’ = AA’ F M Y
Tuong tu ta c6 AA’ = BB’ = CC’ = DD’ 3 N
SuyraOM =ON =0P =00 ; ; 5 J
BB’DD’ 1a hinh binh hanh do d6 BB’//DD". A \

Suy ra BMDP 12 hinh binh hanh O 14 trung diém %

cua MP , A D
Tuong tu: O la trung diém ca QN ’
Vay MNPQ 1a hinh chit nhat.
~ ACON =ADOP (c.c.c)=

CON = DON = NOP = 90°. Do d6 MNPQ 13 hinh vuong.

Cach 2:

Thyc hién phép quay, tam O géc quay 90°, ciing chiéu kim déng hé thi cdc doan thang AA’,
"BB’, CC’, DD’ s lan lugt tring véi nhau.
T d6 OM =0N=0P=0Q

va MON = NOP = POQ = QOM =90°
Vay MNPQ 14 hinh vuéng.
Cich 3:

Néi B’C,C’D,D’A,B’A. Goi E,F,G,H l4n luot 13 trung diém céc doan thing d6 (dé nghi cic
ban tu v€ hinh).
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AMHQ = ANFP (c.g.c) = MQ=NP
v AMEN =ANFP(c.g.c)=> MN =NP

AMHQ = APGQ(c.g.c) = MQ = PQ va MQH = QPG
Suyra  MN=NP=PQ=MQ. MNPQ 14 hinh thoi.
Matkhic HQ cit PG tai S. HSP = ABC (g6c c6 canh tuong (ing song song)

ABC =90° (gia thiét)
Suyra  MQH +PQS =90° = MQP =90°
Vay MNPQ la hinh vuong.
AA'_BB'_CC'_DD'
AQ BM CN DP

va 4p dung dinh 1i Talét, ta c6 bai todn sau day, bai toan téng quét hon bai todn (*).

Dé thdy ring néu cho =m(m>0)

Bai todn 1 : Cho hinh vuéng ABCD. Dit mot hinh vuéng A’B’C’D’ bén trong hinh vuéng ABCD
sao cho hai tam hinh vuéng d6 triing nhau. Goi M,N,P,Q 1a c4c diém trén BB, CC’, DD’, AA’ sao cho
BB' CC' DD' AA
BM CN DP AQ
Ching minh rang MNPQ 14 hinh vuéng.

Véim = 2, ta c6 bai todn (*)

=m(m>0)

Mat khéc, khai thic céch giai 2 gitip ta tim dén bai toan tOng quét sang hudng khéc nhu sau :

Bai todn 2 : Cho'da gidc déu A A,...A, dit bén trong da gidc nay mot da gidc déu A", A',...A",
sao cho hai tam da gidc déu dé6 trung nhau.

Goi A";A",;..;A", 12 cac diém ndm trén cdc doan thing A/A';A4,A';..;A,A", sao cho

AA, AA, _AA
AlA"l A2Al|2 " A All

Chimg minh rdng : A", A",...A", la da gidc déu.

Voim = 2; n=4Ilabaitodn (*)

Chéc ring v6i cdch gidi 1, 2 néu “ding & vi tri nay hodc no” ta con c6 thé tim thém mot s6 bai
todn mdi nifa.

Nhung véi cich giai 3 ¢ tim duoc diéu gi Ii thi khong? Véi cich giai 3, khi ching minh
MNPQ 1a hinh binh hanh ta khong c4n dén tAm O chung ma cic cich giai 1, 2 phai sir dung. Ta tim .
dugce bai todn sau : '

Bai toan 3. Cho hinh binh hanh ABCD. Pat mot hinh binh hanh A’B’C'D’ sao cho céc dinh
A.B',C'\D' nim trong hinh binh hanh ABCD. Ching minh ring trung diém cla
AA',BB',CC',DD’ 1a cic dinh ciia mét hinh binh hanh. ’

Ciing khai thdc nhu trén tir bai todn 3 ta lai “xudt hién” bai todin 4 sau:
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Bai toan 4. Cho hinh binh hanh ABCD. Dat mét hinh »binh hanh A’B’C’D’ sao cho cdc dinh
A',B',C',D' nim trong hinh binh hanh ABCD. Goi M,N,P,Q lan lugt 1a cic diém nim trén céc
doan thing AA',BB',CC',DD’ sao cho |

AA' BB' CC' DD’
AM BN CP DQ

Chitng minh rang MNPQ 14 hinh binh hanh.

Véi m =2 1a bai todn 4.

Va ... liéu ta cé hai bai todn sau khong?

Bai toan 5. Trén mat phing cho hai hinh binh hanh ABCD vi A’B'C'D’. Goi M,N,P,Q la
nhitng diém nim trén cic doan thing AA',BB',CC',DD' sao cho

AA' BB' CC' DD’
AM BN CP DQ
Ching minh réing MNPQ 14 hinh binh hanh.

=m(m > 0)

=m(m>0)

Bai toan 6. Cho hai mat phéng (P) va (Q) song song v6i nhau. Trén (P) cho hinh binh hanh
ABCD, trén (Q) cho hinh binh hanh A’B'C’D’. Goi M,N,P,Q la nhimg diém nim trén c4c doan
thing AA',BB',CC',DD’ sao cho

~ AA'_BB'_CC'_DD'
AM BN CP DQ

Ching minh ring MNPQ 14 hinh binh hanh. ‘
Tir bai todn (*) ¢4 1€ cdn nhiéu bai todn méi doc ddo va thii vi nita. Moi c4c ban tiép tuc!

=m(m>0)

MOT TINH CHAT BEP CUA DA GIAC PEU

v QUOC LUONG
Ha Noi

Ciéc ban tré than mén! Chic cdc ban da timg gap bai todn khé sau :
Cho tam gidc déu ABC canh a néi ti€p dudng tron tdm O ban kinh R. M 1a mét diém tuy y
thuoc dudng tron. Ching minh ring : MA® + MB? + MC? =24*(*) A

Chitng minh : (xem hinh 1)
Tt gidc ABMC la mot tif gidc noi ti€p. 4p dung dinh 1i Ptoéléme
tacod:

MA.BC =MB.AC + MC.AB

B . c
= MA.a=(MB+MC).a=>MA=MB+MC _ W

= MA? =MB® + 2MB.MC + MC*. M
Hinh |
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Vay

MA? + MB? + MC? =2(MB* + MC* + MB. MC)
ABMC 12 tam gidc c6 BMC =120° nén ta c6 he thic :

1)
MB* + MC* + MB.MC = BC? =a*
Tu (1) va(2) .

= MA? + MB* + MC* =24* (dpcm)

Két qua (*) 1a mot két qua hay va dep,do a= R+/3, ta con c6 thé viet (*) dudi dang
MA? + MB* + MC? = 6R’
Do

Liéu két qua (**) cé thé md rong cho da gidc déu duge khong?

**)
Ta thir kiém tra véi hinh vuéng A A,A,A, noi ti€p dudng tron tam O bén kinh R (xem hinh 2)
AMA, =1v= MA? + MA? = A A2 = 4R?

Tuong tu  MA? + MA! = A,A] =4R?
Vay MA? + MA? + MA? + MA? =8R’
trén (O;R).

Nhu vay téng MA? + MA? + MAS + MA? ciing 12 mot hing s6 khong phu thudc vi tri diém M

Két qua nay khich 1é ta tin tudng ring (**) cling ding cho da glac déu tOng quat. Hon nita phép
chiing minh cho hinh vuéng hoan toan cé thé 4p dung cho da gidc déu cé s6 canh chin 2x. That vay
: xét da gidc déu A A, ...A,, noi tiép (O; R). Do céc cap dinh d6i dién A, A
ctia dudng tron (O, R) nén VM €(O;R) tacé:

MA? + MAL,

' 25

.., chinh 1a duong kinh
=AA], =(2R)’ =4FR’
=Y MA} =n4R* =4nR* =k
i=1
A3 A2
A
A
\
A
A
\
\
i
\
\ 0
\
\
A
\
\
1
\
\
\\
Ad Ve Al
, Y
M

Hinh 2

Hinh 3
Phan tich k¥ hon nifa ta thdy, ciing khong cdn M phai nam trén (O,R) ma chi cdn M nam trén

2n

mot ducmg tron (O; r) thi ta cling c6 két qua ZMA2 la mot hang s6. That vay xét da gidc déu
i=1

A A,...A,, 10iti€p (O; R). M 1a mot diém tuy y thudc (O; r). Ta c6 (xem hinh 3)
MA? + MA},, =2MO" + Av fa o2, CR?

=2(r* + R?)



2n

Dod6: ZMAz—nZ(r +R?)=2n(r* + B*)

Tir két qua trén, ta cé thé chuyén sang chiing minh dugc cho da gidc déu c6 s6 canh tuy ¥ nho
mot phép dung hinh khéo 1€o sau : xét da gidc déu n canh B, B,...B,ndi ti€p (O; R’). Dung da gidc
déu2ncanh A A,..A,, ,nhan B,,B,,.., B, 1a cdc trung diém ciia canh : A A,,AA,,.... Ay, A,

n

Goi OA, =R |
va A =AA=..=4A, A, =a
VM € (O;r) ta cé ching han déi véi dinh B . (xem hinh 3) :

2
MA? +MA2 =2MB? + A’g‘“

i+

21

= ZMAZ =2. ZM32

=2n(* + R*)=2.3 MB? 1
m=1

2

Déthdy (B,A,,) —T= ~R?

=2n(r* + R*) = 2zM192+2n(R2 ~-R?)

m=1
= > MB. =n(r’ +R™)
m=1

(R’1a ban kinh dudng tron ngoai ti€p B,B,...B,).
Vay ta c6 két qua (**) dugc téng quat thanh : ‘
Pinh I : Cho da gidc déu AA,...A ndi ti€p duémg tron (O; R). M 1a m6t diém tuy ¥ thude

duong tron tam O bén kinh r. Ta luén cé ZMA 1a mOt héng s6 khong phu thudc vi tri clla M va

=1

héng s6 d6 1a :
k=n(R*+r%)

> MA! =k=n(R*+r*)

i=l

Céc ban thdy ddy. Tir mot bai todn hay ban d4u, bimg tinh thdn manh dan dao sau suy nghi, ta
thu duogc cic két qua dep biét bao.

Céc ban c6 thé manh dan t6ng quat hon nita : Tinh chat (**) c6 phai chi c6 & da gidc déu hay
khong, hay con nhiing da gidc khong déu ma vén cé tinh chat (**)”

Xin quay trd lai van dé d6 trong mot bai bdo khac.

Bay gids céc ban hdy 4p dung dinh i trén dé gidi quyét hai bai todn sau :
1) Cho tam gidc déu ABC néi ti€p (O; R). M 1a mot diém tuy ¥ thuoc (O : R) Ching minh ring :
MA* + MB* + MC* 1a mot hing s6.

2) Cho da glac déu AA,...A, . Tim diém M sao cho : ZMA2 1a nho nhat
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UNG DUNG CUA MOT BAT DANG THUC

NGUYEN KHANH NGUYEN
Hdi Phong

Trong chuong trinh todn cép 2 c6 mot bat déng thitc quen thudc ma viéc tng dung clia n6 trong
khi gidi c4c bai tap dai s6 va hinh hoc rat c6 hiéu qua. Téi thuong g0oi d6 12 “bat ding thitc kép”. Bt
déng thitc d6 nhu sau : Va,b, cé

a +b* 29+—b)22ab . \ *)
2d* +b*)2(a+b)} )
Dé thy (*) <> {(a+b)* >4ab @)
a*+b* >2ab 3

Ca ba b4t ddng thitc trén déu tuong duong v6i (a—b)* 20 va do d6 chiing xay ra ding thiic khi
va chi khi a = b.
Y nghia clia (*) 12 néu nén mot quan hé gitta téng hai s6 véi tich clia chiing hoic véi téng céc
binh phuong cua hai s6 dé. v
Sau day 12 cdc vi du minh hoa cho viéc van dung bat déng thitc (*).
Vidul: Cho a+b=1.Ching minh ring
a’ +b? Zl;a4 +b' > 1 :a® + bt >——}—
2 8’ 128

Gidi : Ap dung bat déng thiic (1) va gi thiét, ta c6 :
bt > M = _l_.

2
at + b Z(az +b2) 2(1/2)2 =l
2 2 8
o @B /8 1
2 2 128

cAc bt ding thc tré thanh déng thic khi g = b= % .
Vidu 2 : Cho a,b,c > 0. Ching minh ring :
(a+b)b+c)c+a)=8abc.
Gidi : Ap dung b4t ding thic (2) ta c6 :
(a+b)* 24ab
(b+c)* > 4bc

(c+a)’ 24ca
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= ((a +b)(b+c)c+ a))2 >64a*b*c*> (Vi a,b,c > O)
= (a+b)b+c)c+a)z8abc
Vi (a+b)(b+c)c+a)>0 va 8abc >0).
Cé dang thic khi a=b=c.
Vi du 3 : Ching minh ring Va,b,c tacé:
a+b*+c*2ab+bc+ca.
Gidi : Ap dung bt déng thirc (3) ta c6 :
a’ +b*22ab
b* +c* 22bc
ct+a*>2ca
= 2(a® + b* +c*) > 2(ab + bc + ca) = dpcm.
C6 ding thitc khi a=b=c.
Vi du 4 : Chimg minh ring Va,b,c,dta c6 :
a*+b* +c* +d* 24abcd .
Gidi : Ap dung bt ding thic (3) ta c6 :
at +b* +ct +d* 2200 +202d% = 2(a’p* +*d%).
Lai theo (3) : a*b* + c*d* > 2abcd .
TU hai két qua trén ta suy ra diéu phai chitng minh.
Vidu5: Cho a+b+c+d=2.Ching minh ring :
ad+b+ct+d 21,
Gidi : Ap dung bt ding thic (3) ta cé :
a* +b* 22ab,b* +c* 22bc,c® +d* >2dc
a’*+c*>2ac,a* +d* 22ad,b* +d* >2bd
=3(a® +b* +c* +d*)22(ab + ac + ad + be + bd + cd)
=4+ ++d)2(a+b+c+d)} =2 =4
>a +b+c*+d* 21
(dpcm)

C6 ding thitc khi a=b=c=d=%.
Sau day ta s& 4p dung céc bat ding thitc (1), (2), (3) vao viéc gidi cdc bai tap phic tap hon.
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Vi du 6: Cho a,b,c >0va a+b+c=1.Ching minh ring b +c >16abc .

* Gidi : Tir gia thiét ta c6 :

1=(a+b+c)) 24a(b+c) (theo (2))
=b+c24ab+c) (do b+c>0)

Lai theo (2) : (b+ c)® 24bc . Tirhai kétqua trén suy ra :
b+c24a.4dbc =16abc (dpcm)

Pang thitc x4y ra khi
gl
=b+ Ty
{Z ‘o] 2
=c b=c=—
4

Vi du 7: Chiing minh rdng Va,b,c tacé:
(a+b)(b+c) =4abc(a+b+c)
Gidi:
(a+b)(b+c) =(ab+ac+b* +bc)* =(ac+(a+b+ c)b)2
Ap dung bét dng thitc (2) cho 2 s6 ac va (a+b+c)b tacé:
(ac +(a+b+ c)b)2 >4abc(a+b+c¢)=> dpcm.
Péng thitc xay rakhi : ac=b(a+b+c)
Vidu8: Cho a,,a,....,a, € [0;1]. Ching minh :
(I+a, +a,+..+a) >4al + q22 +...+ a)

Gidi : Ap dung bat déng thiic (2) cho2s6:'1 VA a, +a, +...+a,, tadugc :

(1+a +a,+..+a,) 24(a, +a, +..+a,).
do a,€[0;1] v6i i=1,2,...,n,nénsuyra: q 2a’.
Tur 2 két qua trén ta cé diéu phai ching minh.
Déng thitc x4y ra ching han, khi a, =a, =a, , =0 va a,=1.

Vidu9:Cho a,b>0 va a+b=1.Ching minh :

1Y 1Y
(a+—j +(b+—) >12,5.
a b

Gidi : Ap dung bat dang thitc (1) cho hai'sé a+ 1 va b+ % tacé:
a



1 2
2 1Y (a+ +b+ J
(a+-—-) +(b+—) P a
a b 2
2 2
(+b+“+bbj .(1 .lg)
= a = 40 (x
2 5 ™

Lai 4p dung (2) : (a+ b) z4ab=>124ab:>ibz4.
a.

(3] e

— 2

Do d6 : ab) LA+ B _ 5.
2 2 2 -

Keét hgp véi (*) ta cé dpcm.

Déng thifc xay ra khi : a=b=%.

Vidu 10 : Cho a,b,c 1a céc s6 thoa man :

a+b+c=2
A +b+ct=2

Chitng minh réng :

a,b,ce[O;i].
3

Gidi : Ta s& phai ching minh cho 0<a s% , con d6i véi b va ¢ thi tuo‘ng tw. Theo (1) tacé:

2B +cH2 b+ =222-a>)22-a)

=4-2a*24-4a+d’

= 3a* -4a<0.
Giai bat phuong trinh cuéi theo a ta dugc 0<a< % = dpcm. |

Trén day 1a cic vi du van dung dang thitc (*) vao viéc gidi cdc bai todn dai s6. Tiép theo 1a cdc
vi du minh hoa cho viéc van dung (*)dé giai mot s bai toan hinh hoc.

2

Vi du 11 : Cho tif gidc 16i ABCD c6 t6ng hai dudng chéo bing d. Chitng minh ring : S < % (S

1a dién tich cla tit gidc).

Gidi : Tac6 S< -;—AC.BD . Theo b4t déng thitc (2) thi :
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(AC+BD) _d*
—

AC.BD <
, 4

) 2
Tirhai két qua trénsuyra: S < —‘-18— (dpcm).

Déng thirc xay ra khi :
{AC LBD

AC=BD A D
Vi du 12 : Hai dudng chéo cta ti gidc 161 ABCD
cét nhau tai O. Biét S(AOB)=4,5(COD)=9.
Ching minh ring : S(ABCD)>25.
Gidi :

Taco:

S(AOB) _AO _ S(AOD)
S(BOC) OC S(COD)

= S(BOC).S(AOD) = S(AOB)S(COD) = 4.9 = 36
ma theo (2) thi (S(BOC)+S(AOD))’ 2 4S(BOC).S(AOD)
=4.36 = 144 = S(BOC) + S(AOD) 2 12..
Vay:  S(ABCD)24+9+12=25.
Déng thifc x4y ra khi S(BOC) = S(AOD)hay AB//CD
Vi du 13 : Trong tt gidc 16i ABCD véi dién tich S c¢6 diém O thod man
OA? + OB* + OC* + OD* =28 . Chitng minh ABCD 1a hinh vuéng nhan O 1am tam.

Gidi : (Xem hinh 1)

Tacé: S(AOB) < %OA.OB, S(BOC) < %OB.OC ,
S(COD) < %OC.OD,S(DOA) < %OD.OA .
Suy ra : S(ABCD) < %(OA.OB +0B.0C .+ OC.OD +0D.OA) <

<

%(OAz + OB + OB* + OC? + OC? + OD? + OD* + OA?) =
(8" 1 :

1
2
-1-(0A2 +0OB*+0C* +OD?) = E.ZS =S

2
Ta thdy diéu ndy chi x4y ra khi cdc bét ding thic déu trd thanh déng thic, nghia 13 phai c6 :

AL OB,0B10OC,0C10OD,OD10OA
{0 : 0 <> ABCD 1a hinh vuong nhén O lam tam.

OA=0B=0C=0D
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Vi du 14 : Cho it gidc 161 ABCD cé dién tich S =32; téng AB+ BD + DC =16. Tinh BD.
Gidi : (xem hinh)
Ta cé

S(ABCD) = S(ABD)+ S(BDC) < %AB.BD + %BD.DC = —;—BD(AB +CD)

Str dung bat déng thic (2) cho 2 s6 BD va AB+CDtacé:

@1 1

32<2BpaB+cDy<: LD+ aB+cpp =1L 16 =32,
2 274 T2

Diéu nay chi x4y ra khi cdc bat ding thitc déu tr& thanh déng thitc, nghia 12 phai c6 :
BD=AB+CD,ma BD+AB+CD=16=>BD =8. ‘
Cu6i ciing dé két thiic bai viét nay, dé nghi cdc ban van dung b4t ding thic (*) gidi cdc bai
tap sau : _
1) Cho a+b=2.
Ching minhrdng  a* +b* 22
2) Cho a,b,c €(0;1). Ching minh rang :
1
a) al-a) <

b) C4c bat ding thitc

a(l-b) > %,b(l -c)> %,c(l -a)> }II khong déng thoi xay ra.

1
3) Cho a,,a,,...,a, >0 va aa,..a, =

Ching minh : (g, +1)(a, +1)...(a, +1)22".
a b c d

4) + + + >2,v61 a,b,c,d >0
b+c c+d d+a a+b

‘ a+c¢c b+d c+a d+b
5) + +

>4,v6i a,b,c,d>0
a+b b+c c+d d+a
6)Choa>b$0.Ch1’rngminhréng:a+ >3,
: (a-b)b
7) Cho a,b,c,d 20. Chiing minh rang :
a) A +b*+c* +d* 2(a+b)(c+d)

b) (@ + 1) +2)(c* +4)(d +8) 2 (ac +2) (bd + 4)
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DA THUC VA CAC BAI TOAN VE SO THUC

NGUYEN VAN VINH
(TP H6 Chi Minh)

Trong céc ki thi hoc sinh gidi, thi vio cic 16p chuyén todn thudng cé cdc bai toan ching minh
mot s6 nao d6 1a s6 nguyén, hoac 1a s6 vo ti. Bai viét nay xin glou thiéu véi cdc ban mot ing dung
clia da thitc d€ gii c4c bai toan loai nay.

Trong chuong trinh b6i dudng hoc sinh gidi, cic ban da biét dinh 1i sau day va cic hé qua vé da thifc.
Pinh li : Néu phan s6 t6i gian —(p la s6 nguyeén, ¢ 1a s6 tu nhién khéc 0) la nghlem cta da

thic véi hé s6 nguyén a,X" + a,_ X"~ ' + ... + a;x + a, (a, khdc 0) (1) thi p 12 uéc s6 cla q, va ¢ 12
udc s6 cla a,.

Hé qua 1. Moi nghiém nguyen ctia da thiic (1) déu la uéc s6 ciia hé s6 tu do a,.

Hé qua 2. Moi nghiém hitu ti ciia da thic véi he s6 nguyén x" + a, 2" ~' + ... + a,x + a, déu
12 s6 nguyén.

Dua vao dinh If va cdc hé qua ndy, c6 thé rit ra quy tdc sau day dé chiing mmh mot s6 a cho
trude 12 mot s6 vo ti (hay 1a mot s6 hitu ti).

Budc 1 : Lap mot da thiic véi hé s6 nguyén ¢6 mot nghiém x = a.

Buoc 2 : Ching minh ring hodc 1a da thifc vita tim duoc khong c6é nghiém nguyén, hoic 1a
trong s6 t4t ca cdc nghiém nguyén c6 thé c6 clia da thitc, khéng cé nghiém nao bing a.

Dudi day 1a mot s6 bai todn van dung.

Béil.Datx="ﬂz+a+1’8a-l+§/a-a+1’8a-1
3 3 3 3

Chitng minh rdng v6i moi a 2 % thi x 12 mot s6 tu nhién
(Thi vao I6p 10 chuyén todn TP H6 Chi Minh 1982)
Gidi. X =2a+(1-2a)x
X' + (2a - 1)x - 2a = 0, nhu vy x chinh 12 nghiém cta da thic.
£ +(2a-1)x-2a (D

Taco: X + (2a-1)x—2a = (x—1)(X* + x+ 2a). Xetdathucbacha1x2+x+2ac6A—1—8a

-Khia=l,Tac6 x=§/—1-+3/1=1
8 V8 8

- Khi a> -;—, Ta c¢6 1 — 8a am nén da thic (1) c6 nghiém thuc duy nhat x = 1 Vay véi moi

az %tac6x=llhso'tunhién
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Bai 2. Chiing minh ring s6

x=§/3+ 9+1—2§--i/-3+ 9+']£ léméts6hfruti.
: V 27 27

(Thi hoc sinh gidi TP H6 Chi Minh vong 1 — 1985)

Gidi. .
Xétx’'=6-5x,hayx’ +5x-6=0 _
Suy ra x 12 nghiém ctia da thic X’ + 5x-6 )

Tacé X’ + 5x—6 = (x — 1)(x* + x + 6) Vi da thitc bac hai x* + x + 6 khong c6 nghiém nén
= 1 1a nghiém thuc duy nhat clia da thic (2)

Két luan : x = 1 12 mot s6 hitu ti.

Bai 3. Chiing minh ring s6 a = 32 + {4 1as6vo ti.

Gidi.
Xét @ =6+3Y8 (Y2 +Y4),hay: a’~6a-6=0 |
Suy ra @ 12 nghiém cta da thitc : X’ - 6x— 6 (3)

S6 a khong phai 1a s6 hitu ti, vi gid st ngugc lai a 12 s6 hitu ti thi theo hé qua 2, a phai 1a s6
nguyén. D& thdy 2 < P +Ya<s,ticla2<ax<a Suy ra @ = 3. Nhung 3 lai khéng phai la
nghiém cia da thirc (3). Vo6 1i

Diéu v If ching 1 32 + ¥4 1256 vo .
Bai 4. Chitng minh ring s6 ¢ = V2 + /3 1as6 vo ti.
Gidi. Gia sir ngu0c lai ¢ 12 s6 hitu i, ta c6 > =5 +26.

Suy ra J6 =

Didu v6 1f d6 chitng td ¢ = v2 + /3 1a mot s6 vo ti.

Bai 5. Ching minh réng s6 b = P+ mot s6 vo ti.
Gidi. ' |

Gia st nguge lai b 1a mot s6 hitu ti.

Xét b’ =5+3%/E («‘/EH/E), dod6 b’ =5+3Y6.b

Suy ra «/— =

Diéu vo6 1i d6 ching t6 b = 3/5 + 33 12 mot s6 vo ti. Qua céc bai todn trén day, ta c6 thé di t6i
ménh dé téng qudt sau day.

Néu a va b 12 céc s6 tu nhién thi s6 ¢ = Ya + b hodc 1a mot s6 tu nhién, hoac Ia mot s6 vo
ti. That vay : d& dang kiém tra dugc ring s6 ¢ = Ya+ Pb 12 mot nghiém cua da thﬁc v6i hé s6
nguyen (x’ —a—~b)’ - 27abx’.

la mot s¢ hitu ti. VO 1.

la mot sd hitu ti. Vo Ii.
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Theo hé qua 2 : Néu da thitc nay c6 nghiém hifu ti thi nghiém d6 phai 1a s6 nguyén. Do d6 néu
nghiém ¢ = Ya + b khoéng phai 1a s6 nguyén thi ¢ phai 1a s6 vo ti.

Trong bai hoc “S6 v6 ti — S6 thuc” (Dai s6 9 — 1984), cdc ban di biét cdc s6 /2, V6, 33 1a
céc s6 vo ti. Du6i day ching ta s& chitng minh bai todn tdng quat :

Bai 6. Néu a 1a mot s6 tu nhién va n 1a s6 tuy nhién, n = 2 thi ta hoac 1a mot s6 nguyén hoac 1a
mot s6 vo ti. '

Gidi. Gia sit ¥/a khong phai 12 s6 nguyén. Dé thdy ¢ = t/a 1amot nghiém cua da thitc véi he
s6 nguyén x" — a. Da thic nay néu cé nghiém hitu ti thi nghiém d6 phai 1a s6 nguyén. Nhung theo
gia sur a khong phai 14 s6 nguyén, do d6 a phai 1a s6 vo ti.

Bai 7. Ching minh rang s6

a = 323 + Y123 1lamotss vo ti

Gidi.

Ban dé& dang kiém tra duoc
% <23 <3
2 <3123 <5
>

Cong timg v€ hai bat déng thitc, ta c6 :
7<323 +3123 <8

Giira hai s6 tu nhién 7 va 8 khong c6 sd tu nhién nao, theo ménh dé trén ta suy ra a 1a s6 vo ti.

Bai 8. Trong cic da thitc sau day, xdc dinh xem nghiém nho nh4t cia ching 12 s6 hirh i, hayla
sGvoti? ‘

APx)=X +20° -2+ P + 5% —6x-1
B)YO(x) =X -2 +2X° —x' -5 -6 —6x + 1

Gidi. |

a) Nghiém hiru ti cia da thitc P(x) né€u c6 thi chi c6 thé 1a 1 hoic —1. Nhan thdy P(1) =0, do d6
c6 thé phan tich.

Px)=(x—1)(X +3° + X + 22 + 7x + 1)

Da thitc ° + 3x* + X + 2X* + 7x + I c6 bac 18 nén phéi c6 it nh4t 12 mot nghiém thyc. Mat
khéc : tat ca cdc he s6 clia da thitc bac 1€ déu duong, do d6 nghiém thyc ¢1’1a da thitc phai 1a s6 am,
titc 14 nhé hon 1. Tir d6 c6 thé k&t luan nghiém nhd nh4t cha da thic P(x) 12 s6 vo ti.

b) Tacé: o

O(x)=(x+1)(X’ =32 + 58 -6 + 2 -7x+ 1)

Da thitc x° - 3x° + 5x' — 6x° + x* — 7x + 1 khong c6 nghiém hiru ti. Mat khac, d& thdy néu da
thitc bac chén ndy c6 nghiém thyc thi nghiém d6 phai duong. Vay c6 thé di t6i két luan : nghiém
nho nhdt clia da thic 1a s6 hitu ti. :
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Bai 9. Hay lap mot da thitc v6i hé s6 nguyén ¢6 mot nghiém 1a

a=2+3
Gidi.
Xét @ =5+ 26, do 46 (a® ~ 5) = 24
hay : a'-10a+1=0

Nhu vay a = V2 +43 1a nghiém cta da thitc x’ - 1027 + 1

Bai 10. Xac dinh xem s6 c—\/7+5\/—2_ +\/7 5\/_‘ 2 la sd vo ti hay 1a s6 hitu ti.

Gidi.
Tacé ¢’ = 14 - 3c, do d6 ¢ + 3¢ — 14 = 0. Suy ra c 12 nghiém clia da thuc v6i he s6 nguyén.
‘ P(x)=x + 3x-14.
Nhan thdy P(x) = (x - 2)(x* + 2x + 7) trong d6 da thic £ + 2x + 7 khong c6 nghiém thuc.
Diéu nay c6 nghia x = 2 14 nghiém thyc duy nhét ctia P(x).
Két luan : ¢ 1a s6 hitu ti.

THU NHIN BANG CON MAT DPONG DANG

NGUYEN KHANH NGUYEN
Hdi Phong

Sdng tao todn hoc-d6 12 mot trong nhitng nhiém vu hang d4u ctia ngudi 1am todn. Nhung sing
tao todn hoc 12 mot viéc 1am khong dé& va cé nhiéu con dudng khdc nhau dé thuc hién diéu dé.

O day t6i mu6n trao déi v6i cdc ban tré mot cich nhin dé budc ddu tap duot sdng tao. Toi xin
bét ddu bing mot bai todn quen thudc.

Bai toan 1 : Trén 2 canh géc vuong AB va AC ctia tam gidc vﬁéng can ABC 14y cdc diém D va .
E tuong ng sao cho AD = AE. N6i BE, tit A va D vé cac duong vudng géc véi BE cit canh BC theo
thi ty tai H va K. Ching minh ring CH = HK.

- Mot trong nhitng cich giai don gian ctia bai todn 1a :

Kéo dai DK cit duong thing AC tai F, ta ching minh B
dugc (h.1):
AABE = AAFD (g.c.g) : \ K
= AF = AB = AC _ D -
ma AH // FK nén CH = HK (dpcm) ‘ '
- Bay gid ta hiy dé ¢ dén quan he clia cic doan thing / — 3

trong bai todn :
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AB = AC
AD = AE AC AE

Tir d6 ndy ra mot suy nghi :

Néu AB _ AD _ k thi HC bang bao nhiéu ?
AC AE HK
hoic : Néu AB _ AE k thi HC bing bao nhiéu ?
AC AD HK

Do d6 ta c6 cac bai todn sau :

Bai todn la : Trén 2 canh géc vuong AB va AC cua .

tam gidc vuéng ABC 14y cdc di€ém D va E twrong ting sao
AD AB

cho — = “— =k (k> 0). N6i BE, tir A va D v& cic

AE AC .
dudng vuéng géc v6i BE cét canh BC 14n luot tai H va K.

Tinh t§ 6 25 (theo k).
HC

- Tuong tu cach giai bai todn 1, ta ciing kéo dai DK
cit dudng thing AC tai F. DE thdy : (h.2)

AAFD ~ AMBE = AE _ 4D _
A AB AE
AF AF AB ,. HK
== =P hay o= =
AC AB AC HC
Bai todn 1b : Nhu bai todn 1a, chi thay gia thi€t bang
AE _ AB _
AD AC

(a)

(b)

- O bai nay (c4c ban tu v& hinh) giai tuong tu bai 1a, ta ciing 6 :

AAFD ~ AABE — AF _ AD _ AC

AB  AE AB

ma AH // FK nén HK = HChay% =1

= AF = AC,

Nhu vy bing céch thay déi mot chiit suy nghi : Coi hai doan thing bang nhau 12 2 doan thing
c6 ti s6 bang 1, ching ta di tu tim dugc 2 bai todn thd vi ma bai todn 1 chi 1a mot trudng hop dic

biet.

»

Bay git ta tiép tuc theo cdch suy nghia d6 vdi bai todn sau :

Bai toan 2 : Trén hai canh AB va BC clia hinh vuéng ABCD 14y 2 diém P va Q tuong ing sao
cho BP = BQ. N6i CP, ha BH L CP. Ching minh riing DHQ = 1v.

- Viéc ching minh bai todn khong khé, chi cdn dé y ADHC ~ AQHB
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= DHC = QHB,do d6

DHQ = CHB = 1v(hinh 3). _

- Dén day lap tic cdc ban thdy dé dang dé xuit bai
© todn sau :

Bai todn 2a : Trén 2 canh AB va BC cua hinh chit nhat
ABCD tuy y ldy cic diém P va Q tuong {ng sao cho :
5P = BC .N6i CP,ha BH L CP. Tinh géc DHQ
BQ  BA

- Tuwong tu 10i giai bai todn 2, cdc ban c6 thé tr vé

. hinh va chitng minh dugc trong trudng hop nay ta ciing cé D/H\Q =1v.

- Truo‘ng hop: gP = —g—g céc ban thir ty nghi xem !

Q

A P B
Q
D C
Hinh 3

O cac bai toan trén chii y&u ta da chuyén quan hé bing nhau ciia hai doan thing vé viec xét ty
s6 do dai cha chiing. Con d6i véi cdc hinh khic (tam gidc, tif gi4c...) thi thé ndo ? Ta hiy van dung

suy nghi trén vao bai todn sau (di ra trong ky thi v6 dich todn qudc t& 14n thit nhat - 1959) :

Bai toan 3 : Trén doan AB cho trudc 14y diém M bat ky. Vé mot phia clia AB vé cdc hinh
vudéng AMCD va MBEF. V& c4c dudng tron ngoai tiép clia hai hinh vudng, cit nhau tai diém thit hai

N. Chitng minh ring :
a) Cdc dudng thing AF va BC ciing di qua N.

b) Khi M chuyén dong trén canh AB thi dudng thing MN di qua mot diém c6 dinh S.

- Vi bai toan rdt quen thudc, nén phdn 10i giai toi
khong trinh bay riéng, ma chi di vao trong tam cla vén
dé : Coi hai hinh vuéng la hai hinh chit nhat déng dang c6
ti 1& 2 kich thudc 1a mot hdng s6 (c4c tinh huéng khic cdc
ban c6 thé ty nghi 14y), ta c¢6 bai todn sau :

Bai todn 3a : Trén doan AB cho trudc 14y diém M bit
ky. V& mot phia cha AB ta v cic hinh chit nhat AMCD va

MBEF sao cho AM - _ ﬂ = k(véi k 1a s6 duong cho
MC  MB

trudc). V& cac dudng tron ngoai tié’p cta hai hinh chit nhat

cét nhau tai diém thi hai N. Ching minh réng :

a) Cic dudng thing AF va BC ciing di qua N.

D C
O N
107)
A M
Hinh 4

b) Khi M chuyén dong trén doan AB thi dudng thing MN di qua mot diém c6 dinh S.
- Hudng giai quyét clia bai todn nay (ciling la clia bai todn 3) nhu sau (hinh 4):

a) — Trudc hét ta thdy AN L BN vi:

ANM = ACM, MNB = MFB, ma AAMC ~ AFMB

nén ACM + MFB = 90° = ANM + MNB = 90°, hay ANB = 90° -
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- Mat khdc ANC =90° => 3 diém C, N, B thing hang.

-Lai ¢ ANC = FNB =90° = 2 tia NA va NF tring nhau, hay 3 diém A, F, N thing hang.
b) D& thdy khi M chuyén dong trén doan AB-thi N chuyén dong trén nira dudng tron c6 dinh

du’cmg kinh AB. Ma géc ANM = ACM khong déi (tg ACM = % = k), nén dudng thing MN '

di qua di€ém c6 dinh S trén nira dudng tron dudng kinh AB con lai.
Cu6i cung chiic c4c ban thu dugc nhiéu két qua thy vi trong hoc todn bing nhitng cdch nhin
khdc nhau.

SU CHINH XAC TRONG GIAI TOAN

vU HOU BINH
Ha Noi
1. Mot sai 1am dé mic
Chiing ta da qud quen thudc khi viét 2 thanh V242, viét 3 thanh 343 . Nhung hdy c4n than :
khong phai Iic nio ciing viét duoc a thanh Jaa. Chi c6 diéu d6 véi a = 0, nhung véi
a<0thia=-v-av—-a.
Trong chuong trinh Pai s6 16p 9, da c6 hing déng thitc VA* = |A| nhung nhiéu hoc sinh 16p 9
vin méc sai 14m khi giai bai todn sau : o

X+ 3+2Jx* -9

Riit gon biéu thitc M = (1)
2x - 6 + \/x2 -9
Pa s6 céc ban bién déi nhu dudi day :
Nx 43 Vx+3 + 2Jx+3)(x-3)  x+30Wx+3 + 20x:3) \/x+3 @
2Vx-34x-3 + J(x+3)(x-3) Vx-3 @Vx-3 + Jx+3) x-3

Cich giai trén hién nhién khong diing. That vay véi x = -5 ching han thi biéu thitc M c6 nghia :

S5S+3+2.4 6 1 .
M=———— = — =-.— phung vx+3 lai khong c6 nghia.
2=5)-6+4 -1z 2 meNETS faliongcong

Biéu thifc rit gon M =

x+3 -5+3
= -— nhu’n 1’_5 \/;—-— M

cung khong diing véi x = -5 khi d6
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Vi sao ¢6 sai 14m trén ? Ta biét ring tap xdc dinh ctia biéu thidc M 1a :

x >3
x £ -3

Lai giai trén chi diing v6i x > 3. Con phai xét trudng hgp x < -3.
2. Loi giai ding .
Trudmg hop x > 3 : Gidi nhu trén.
Trudng hgpx < -3 :
Tac63—x>-3-x20,dodo:
wox -3 Nx -3+ 20x-3.3-x
2V3-x.V3-x +4x-343-x
_Vx o 3x -3 4203
\/B-x(2x/3-x - -x - 3)
\/;—-— -x-3=_\/x+3 3)

x -3

M =

II

2
Ca hai két qua (2) va (3) c6 thé viét chung dugc dudi dang —)-C——:3—9 .
x -
3. Mot 1oi giai khac A
Nhan c4 tlr va mu clia M véi biéu thitc lién hop clia miu : :
(x + 3+ 2/ -9)[2(x-3)-\/x2 -9}
26 - 3) + Vo - 9] [26r - 3 - Vi - 9]
262 -9) - (x +3WA -9 + 4(x - VK2 -9 - 2(x% - 9)
4x - 37 - (x* -9)
_ (4x - 12 - x - 3Wx* -9 _ 3(x—5)\/x2-9 _ \/x2-9
(x -3)4x -12 -x-3) 3(x - S)x - 3) x -3
Loi giai nay kha gon, tuy nhién phai néu diéu kién riit gon 1a x = 5.
S6 5 & dau ra ? D6 chinh 1a gi4 tri clia x 1am cho biéu thitc lién hop dem nhan vao bing 0. Nhu
thé, sau khi dat diéu kién x # 5, ta phai xét trudng hgp x = 5. Véi x = 5 thi M = 2. Do biéu thic két

M =

2 : ’ 2 :
qua x_39 cling c6 gié tri bing 2 khi x = 5 nén ddp s6 —{———3—9— 12 dap s6 chung cho ca hai
X .

trudng hgpx=Svax=3.

4. Doi 10i két luan

Mot bai todn don gian, nhung trinh bay 161 giai cho chat ché, chinh xic lai khOng don. gian
chiit nao !
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Su chinh x4c trong gidi todn, d6 1a mot trong nhitng vé dep muoén thud cla toan hoc.
Dé luyen tap, cdc ban hay rit gon cac biéu thitc sau :

X2+ 5x + 6 + xy9 - x?

A= ;
3x-)52+(x+2)\/9-x2

L x -+ (o + VA -4

(7 -x-2)+(x-DVx* - 4

.

HO DUGNG THANG DI QUA MOT DIEM

LE QUOC HAN
Nghé An

Bai todn ching minh ho dudng théng di qua mot diém c6 dinh 1a bai toan thi vi va thudng gap
trong cdc ki thi danh cho hoc sinh phé théng Trung hoc co sd. C6 hai phuong huéng chinh dé gidi
16p bai todn nay : s dung cong cu hinh hoc va cong cu dai s6. Trong bai bdo nay, t6i xin trao déi
Vi cdc ban vai huéng suy nghi dé ti€p can véi van dé trén.

1. Phan doan diém c6 dinh :

Dé x4c dinh diém c6 dinh, ta 14y hai dudng thing ctia ho (thudng chon vi tri dac biét) va tim
giao S cha chiing. Khi d6 S 1a diém c¢6 dinh cdn tim. Sau dé, chitng minh mot dudng thing bét ki
cia ho diquaS.

Thi du 1 : Cho géc vubng xOy va hai diém A va B
chuyén dong trén Ox va Oy sao cho OA + OB = a (ala 46

dai cho truéce). Chitng minh dudng trung truc cia doan AB & z
luén luén di qua mot diém c6 dinh. | N
Dé ching minh, ta xét hai vi tri dic biét ctia A va B. N S ¢
KhiA=0thiB=B,
(B, € Oy va OB, = a) = dudng trung truc clia AB tr&
thanh Mz, trung truc ctia doan OB,
Khi B=0thi A = A, (A, € Ox va OA, = a) = dudng o Y »

trung truc cia AB trd thanh N, trung truc doan OA,.

Goi S l1a giao cua Mz va Nt thi :

A SAN = A SBM (c.g.c) = SA =SB

= trung truc doan ABdiqua S.

Tuy nhién, trong nhiéu trudng hop, viéc xac dinh di€ém c6 dinh dya vao hai trudng hop dic biét
khong dé dang. Chiing ta, tham chi chi cdn xét mot trudng hop dic biét, nhung thém vao d6 1a ca
kho tang kinh nghiém giai todn cda minh.
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Thi du 2 : Cho tam gidc ABC va hai diém M, N chuyén dong trén AB va AC sao cho BM =
CN. Ching minh dudng trung tryc (A) clia MN luén luon di qua mot di€ém c6 dinh.

3 day, c6 mot trudmg hop dac biét cua (A) lakhi M = B, N = C thi (A) chinh la trung tryc cta doan
BC. C6 thé, khi AB # AC, 14y thém mo6t vi tri nita clia (A) (khi AB = AC thi bai todn 12 tim thudng).

Gia sit AB < AC. Trén AC 18y diém N, sao cho CN, = BA. Khi d6 diém c6 dinh S 1a giao diém
clia dudng trung truc doan BC va dudng trung truc doan AN, Tuy nhién, viéc ching minh dudng
trung tryc cia doan MN bét ki di qua S gap kho khan.

Ta chi git mot trudng hop dic biét, khi (A) 1a trung truc doan BC va mot trudng hop téng quat.
Khi dé, S giao diém clia chiing s& 13 trung diém clia cung BAC . D& tranh kho khan, ta chitng minh
gidn tiép : 14y diém giita S chia cung BAC 16i ching minh trung trirc clia MN di qua S. Diéu nay cuc
dé€ : ASMB = ASNC (c.g.c) = SM = SN = trung tryc doan MN di qua S (c4c ban ty v€ 14y hinh).

2. Sit dung bai toan phu :

C6 nhiéu bai todn phu gitip cho viéc giai 16p bai todn nay. Toi xin néu mot trong céc bai todn
d6 (dé nghi c4c ban bé sung them danh sich clia chiing).

Cho day AB c6 dinh clia mot dudng tron (O) va mot diém C chuyén dong trén cung AB nao d6
da xdc dinh. Khi dé, phan gidc ACB 1u6n luodn di qua diém giita clia cung AB con lai.

Thi du 3 : Cho doan thing AB c6 dinh va mot diém M chuyén dong trén doan AB. Dung céc
hinh vuong AMCD va BMEF sao cho chiing & cling mot
nira mat phing v6i bd AB. Goi N 1a giao diém cla AE va
BC. Chitng minh dudng théng MN ludn luén di qua mot
diém c6 dinh.

Truée hét, ta thady A vuong MAE = A vuong MCB . D C

= MEA = MBC = AE 1 BC = N nim trén
duong tron dudng kinh AB.

Mat khdc, ANCM la uf gidc noi ti€p nén
ANM = ACM = 45° = MN la phan gidc ANB. Ap
dung bai todn phuy, ta c¢é diéu phai chiing minh.

3. Sir dung cong cu dai s6 :
Ta lap phuong trinh clia ho dudng thing (A), ching thudng phu thuéc vio 1 tham s6 m nao dé.
Viét phuong trinh (A) dudi dang :
mf(x, y) + g(x, y) =
Khi d6 ho dudng thing (A) lu6n luon di qua diém c6 dinh c6 toa do 1a nghlém cua h¢ phuong trinh
{f (xy) =
8(x, y) =
Cic thi du trén déu c6 ;hé gidi biang phuong phdp dai s6. Ta xét lai thi du 1. Lap hé toa do
vuong géc c6 truc hoanh chifa Ox va truc tung chita Oy. Khong mét téng qudt, gia st @ = 1. Néu toa
do A(m, 0) thi toa 46 B(0, 1- m). Phuong trinh trung tric (A,,) cia AB ¢6 dang :
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(x=x ) + (y—ya) = (x=x/" + (y—yp)
hay x-my+y =x*+[y-(1-m))
S2mix+y-1)+(1-2y)=0
Vay ho dudng thang (Ay) luén luén di qua di€m c6 dinh S c6 toa d6 12 nghiém cia hé
{x +y-1=0 { 1
=S x=y==
1-2y=0
Vi khu6n khé clia mot bai bdo, t6i xin ding lai tai day va mong céc ban ti€p tuc hanh trinh v6i
c4c bai todn sau : ‘ ‘
Bai todn 1 : Cho géc vudng xOy. Trén Ox va Oy c6 hai diém A, B chuyén dong sao cho OA +
" OB = a (a la do dai cho truéc). Goi G 1a trong tam AOAB va (o) 1a dudng thang di qua G va (d) L
AB. Chimg minh (d) luén luén di qua mot diém c8 dinh.

Bai toan 2 : Cho géc vuéng xOy. Trén Ox 14y diém A c6 dinh. Trén Oy c6 mot diém B chuyén
dong. Puong tron (/, r) noi ti€p tam gidc OAB tiép xiic v6i AB tai M va BO tai N. Chitng minh
dudng thang MN lu6n lu6n di qua mot diém c6 dinh.

Bai toan 3 : Cho dudng tron (O, R) va day AB c6 dinh. C 12 mot diém chuyén dong trén dudng
tron, M 1 trung diém AC. Ké MH 1 BC ching minh duong thing MH lu6n luén di qua mot diém
cd dinh.

Bai todn 4 : Cho dudng trdn (O, R) va day AB ¢6 dinh. C 1a mot diém chuyén dong trén cung

"AB xac dinh truéc. Goi CD va CM 1a phan gidc trong va trung tuyén cia ACDM. DPudng tron ngoai
ti€p ACDM cét AC va CB tai M va N. Ching minh dudng trung truc ctia doan MN lu6n luén di qua
1 diém c6 dinh.

Bai toan 5 : Cho nira dudng tron (O, R) dudng kinh AB va mot diém C chuyén dong trén nilra
dudng tron. Dung (vé phia ngoai dudng tron (O, R)) hinh vuéng BCDE.

1) Chitng minh EC luén luén di qua mot diém c6 dinh.

2) Tim tap hop /, tam hinh vuéng d6.

CACH GIAI HAY, bOC PAO

NGO HAN
Bd'c‘ Ninh

Sau khi da biét cdch giai mot bai toan, cdc ban hiy c6 ging tim thém nhiing cdch giai khic
(néu c6) dé chon ra cdch giai hay nhat, doi khi doc déo.

Xin néu mot sé bai t(?én du6i day cung véi cdch gidi hay hoac doc ddo dé chiing ta ciing hoc tap.

Bai toan 1 : Via ga vita ché 36 con. Tréi lai cho tron dém di 100 chan. Hi mdy ga, mdy ché ?

Pay 1a mot bai todn c6 & nudc ta ma cdc hoc sinh phé théng déu biét cach giai bing céc
phuong phdp : gia thiét tam, phuong trinh, hé phuong trinh, v.v...
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Sau day Ia c4ch giai rdt hay va doc ddo cia G.Polya, mot nha todn hoc va tam 1y hoc néi tléng
ctia Phédp : .

Gia st nhitng con ga va ché giong nhu nhitng con vat & rap xi€c bi€t thuc hién theo lénh cla
ngudi diéu khién 12 phai ding & mot tu thé rat dac biét Mai con ga chi dugc ditng bang mot chan,
mbi con ché chi dugc ding béng 2 chan sau (tdc 14 mébi con phai co mot nita s6 chan ciia minh lén
khoi mat dat). .

Nhu vay theo dé todn, ta suy ra téng s6 chan cham dt clia 36 con vira ga, vita ché 1a 50 chan
(vi ¢ tdt ca 1a 100 chén).

Néu 36 con toan 1a g thi chi c6 36 chan cham d4t. Do d6 s6 chan thirara la :

50 — 36 = 14 (chan)

- S8 chan nay ttng v6i s6 ché vi méi con cho so véi méi con ga duge tinh thém mot chin cham dat

Vay ¢6 14 cho va con lai 1a 22 ga. ,

Cich giai nay that don gian, dé€ hiéu va nhu “xiéc” vay !

Bai toan 2 : Cho 3 s6'bdt ky x, y, z. Chiing minh ddng thiic :

(x+y+2f-X-y-Z=3x+y)(y+2)(z+x)

Céch gidi thong thudng cha bai todn nay 1a thuc hién cdc phép todn & V€ trdi bang cich ding
c4c hing dang thitc, réi nhém cdc hang tir dé c6 nhan tlt chung va cudi cing dugc két qua 1a vé phai
clia dang thitc cdn chitng minh.

C6 mot cich gidi hoi “la” d6i véi cdc ban hoc sinh phé théng co s 1a dwa vio méi lién quan
giita nghiém ctia mot da thitc véi phép chia da thiic cho nhi thic: ,

Da thitc P(x) cé'nghiém x = a khi va chi khi da thitc P(x) chia hét cho nhi thirc x - a.

Vi vay, d6i véi bai todn da néu, ta dt : |

P=(x+y+z)-X-y -7 ¢))
va néu coi P 1a mot da thic v6i bién s6 X thi x = -y 1a mot nghiém, vikhi x = -ytacé:
P=(y+y+z)—(y)-y-7=0

Do d6 P chia hét cho (x + y)

Mait khic P 1a mét da thic d6i xing gifra'céc bién x, y, z nén P ciing chia hét cho (y + z) va
(z + x), tc 1a P dugc phan tich thanh nhan tir, c6 dang :

P=(x+yly+z)(z+xQ 2

Vi P viét & dang (1) 12 ding cdp bac 3 va P viét & dang (2) mudn 1 dang cdp bac 3 thi O phai la
mot hang s6.

Do d6 néu cho x = y = z =1 thi gid tri cia P viét 6 dang (1) s€ la:

P=(1+1+1)=1I-1-1"=24 3)
va gid tri ciia P viét & dang 2 s€ bang :

P=(1+1DA+DA+1DQ=8Q
So sanh (3) va (4) suyra Q = 3.
Vay : P=(x+y+2f X -y -2 =3(x+y)(y + 2)(z + %)
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Bai toan 3 : Cho cdc s6'khéng ém a,, a,,..., a,. Ching minh bdt ddng thiic :

a +a, + .+ a
L 2 L > iaa,..a,

n

N6 tré thanh ddng thicc khia, = a, = .... = a,. .

O thé ki III trudc cong nguyen, Oclit, nha todn hoc ¢6 & Ai Cap, bang phuong phap hinh hoc di
tim ra bat ddng thitc néu trén trong trudng hop n = 2 va goi 1a bat déng thitc Oclit.

Nam 1821, C6si, nha todn hoc 18i lac Phdp da chitng minh b4t ddng thifc trong trudng hop téng
quat, nén ta goi bat déng thiic trong bai todn 3 13 bt déng thiic Cosi.

Nhiéu nha todn hoc khic da chiing minh b4t ding thitc Csi theo c4c cdch khdc nhau, tuy ring
cling diing phuong phédp chiing minh quy nap va déu pha1 chiing minh dai. Ngay ching minh cla
Cosi ciing khd dai nén khong néu ra & day.

Céch day khong lau, Kong-Ming-Chong & Malaysia da dua ra mot cach giai khic, tuong déi
ngin gon nhu sau :

. a +a, + .. +a
Truéc hét, dat: T = —- 2

2 . Khi d6 bt ding thic & trén tvong duong véi bat
n :

déng thic : _
1"z aa,.... a, - (D
Néu g, = a, .... = a, thi (1) tr& thanh déng thic, vi :
T"=T.T..T = aa,.. a,
Néua,, a, ....., a, khong bing nhau tt ca thi phai c6 bat ding thic thyc sy :
T" > aja,.... a, . (2)
That vay ta chitng minh (2) bing quy nap.
Dé& thay (2) ding véin=2,tic la:

2
a +a
a #a =T =('sz > aa,

Gia st (2) diing v6i n — 1 s6 khong béng nhau tat ci c6 trung binh cong bang T. Ta phai ching
. minh (2) ding vé6i n. .
| That vat, trong cic s6 a,, a,..., a, khong bing nhau tit ca phai c6 mot s6 bé hon T va mot s6 16n
honT, giasulaa, vaa,:
a<T<a
Do dbétacé:
(T-a))a;-T)>0

hay la:

a +a -T > 4% 59
Ta xét n— 1 s6 khong am sau day :

az gy oo, ay (a; +a,-T)

D& thdy n — 1 s6 n6i trén khong bing nhau t4t ca nén theo gia thi€t quy nap ta ¢6 :
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aa
n-1 : 172
T > aa, ..a(a +a -T) > aa, ..a

Viay : T > aa, ... a,

Bai toan 4 : Cho 2 duong tron (C,) va (C,) cdt nhau va goi A la mot trong cdc giao diém ciia
chiing. Hai chat diém M, va M, chuyén dong trén (C,) va (C,) twong iing, xudt phdt tix A cing mot
lic, theo ciing mot chiéu va cé vdn téc khéng doi. Sau mét vong M, va M, trd vé A ciung mot lic.

Chimg minh rdng c6 mot diém P trong mdt phdng sao cho & bdt ki thoi dzem ndo trong qud
trinh chuyén déng thi hai chdt diém M, va M, luén cdch déu P.

Bai todn ndy 12 bai todn s6 3, do Lién Xo (cii) dé xu4t trong ki thi Todn quéc t€ 14n thi 21, t8

 chitc tai Luan P6n (Anh) nam 1979.

Céch giai do Ban gidm khéo néu ra 1a dua vao cdc phuong trinh chuyén dong theo van t6c géc
va diing cdc cong thic lugng gidc dé bién d6i thanh hé phuong trinh, nhung gidi khéng don gian.

Leé B4 Khanh Trinh trong doan du thi Viét Nam da c6 cach giai “rdt dep, rdt doc ddo” nhu 1oi
ca ngoi ciia 6ng Chu tich Hoi déng gidm khao qudc t€ trong ki thi thi nhédt. Cich gidi d6 nhu sau :

Vi sau mot vong M, va M, tré vé A cling mot )
ldc nén & mot thdi di€m b4t ki thi do 16n clia cung
ma M, da di qua bang do 16n ctia cung ma M, da di
qua (xem hinh vg).

Do d6 néu goi B 1a giao diém thit hai clia hai
dudng tron va ta néi AB, M\B, M,B thi c6 :

M.BA + M,BA = 180°, wic 1a 3 diém M,,
M, va B thing hang.

Goi B, 1a diém dé6i ximg v6i B qua tam O, B,
" 1a diém d6i xiing véi B qua tam O,.

Ta c6 hinh thang M\ M,B,B, vudng tai M, va M,. Do d6 nén P 1a trung dlém ctia canh bén B,B,
thi P s& cdch déu M, va M, vi P nam trén dudng trung binh clia hinh thang vuéng (tiic 1a P nim trén
dudng trung truc clia doan thing M,M,). Vi B, va Bz ¢6 dinh (do (B c6 dinh) nén trung di€m P ciing
c6 dinh).

Céc ban hdy tim cdc cach giai khic d6i v6i 4 bai todn di néu xem c6 cich gidi nao hay hon
khong va khi gép cdc bai todn khdc, cdc ban ciing nén lam nhu vay !

NGUYEN TAC DIRICH LET VOI MOT SO BAI TOAN HINH HOC

HA PUC VUONG
Ha Nam

Nguyen tdc mang tén nha todn hoc ngudi Dic : Dirichlet (1805 — 1859) dugc phat biéu nhu sau :
Khoéng thé nhét 7 con thé vao 3 cdi 16ng ma méi 16ng c6 khong qué 2 con tho.
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O day ta chi thiy c6 hai d6i tuong 1 “Iéng” va “th”. Nhimg ngudi 1am todn da khéo 1éo tir
nhiing d6i tuong khic nhau dung thanh nhiing “chi€c 16ng” va nhimg “chi thd” dé€ van dung
nguyeén tic Dirichet, tim ra 13 giai clia bai todn kh4 nhanh va kh4 1i thd. O cdc bai todn s6 hoc ta da
gdp khé nhiéu bai toan gidi bang cdch van dung nguyén tic nay. Do d6 trong khu6n khé clia bai viét
ndy chiing ta dé c4p dén viéc van dung nguyén tic Dirichlet dé giai c4c bai to4n hinh hoc.

Dé dé hiéu va dé van dung nguyén tic nay, ta phat biéu n6 duéi dang sau day: k, m, n la cdc s6
nguyén dwong théa mdn km < n. Néu nhot n thé vao m long thi ton tai it nhdt mot long duogc nhot
khong it hon k + 1 thd.

Bai to4n 1. Trong hinh vuong canh 1, ta 14y 51 diém tily y. Chitng minh rang luén tim duoc it

nhét 3 diém nim trong mot hinh tron ban kinh R = % .

Gidi : Ta chia hinh vuong thanh 25 hinh vuéng nho c6 canh 1a —;— . Ta coi 51 diém 1a 51 thd va
25 hinh vuéng canh —;- 14 25 16ng. Ta ¢4 2.25 < 51. Vay theo nguyén tic Dirichlet it nhit c6 3 diém

thuéc mot hinh vudéng canh % Hinh tron ngbai ti€ép hinh vuéng nay c6 bin kinh
L. < L .1 ta suy ra diéu ca‘h ching minh.
V2 50 a7 '

Bai toan 2 : Trong mat phing cho hinh vuéng. Ngudi
ta vé 9 dudng thing sao cho méi dudng thing chia hinh A £ B

R=
5

: s 3 . ”, 2
vubng thanh 2 tit gidc c6 ti s6 dién tich 3

Chitng minh ring tén tai it nh4t 3 dudng thing déng M O N
quy. |

Gidi : Vi dudng thing g, (i = 1, ...., 9) chia hinh
vuoéng ABCD thanh 2 ti gidc nén a, khong thé di qua dinh _
hinh vuéng va khi d6 méi t gidc 12 mot hinh thang vuong. - D I~ C

Goi M, N thit ty 1a trung di€m AD va BC (hinh v&). g, cit :

MN tai O, Tir cong thic tinh dién tich va tinh chit cGa duong trung binh hinh thang ta cé

oM ‘ ,

ON
Ta coi 9 dudng thing 12 9 thé va 4 di€m O, (i =1, ..., 4) 1a 4 16ng. 2.4 < 9. Vay theo nguyén tic

Dirichlet tén tai it nhat mot 16ng dugc nhét 3 thé. Hay it nhit 3 trong cdc dudng thing d6 déng quy.
Bai todn 3. Cho da gidc 16i n — canh (n 2 5) dugc dat trong hé toa 46 vuong géc. Biét 5 dinh

clia da gidc c6 toa d6 1a nhimg s6 nguyén, hiy ching minh ring it nhat c6 mot diém thuoc mién

trong hoac bén canh cua da giic c6 toa do 1a cic s6 nguyéh.

= -i— . Do tinh chat d6i xttng clia hinh vuéng nén c6 4 diém O, (nhu hinh vé).

Gidi : Chia tap hop T gém tét ci cdc diém c6 toa d6 1a nhitng s6 nguyén thanh 4 tap sau :

Tap T, gém tét ca cc diém c6 toa do (x, y) ma x chdn va y chdn. Tap T, gbm tét ca cdc diém c6
toa do (x, y) ma x chdn va y 1é. Tap T, gbém t4t ca cdc diém c6 toa do (x, yy ma x 1€ va y1é. Tap T,
g6m tat ca cdc diém c6 toa do (x, y) ma x 1é va y chén. ~
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Ta coi cac tap T, T, T3, T, 1a cc 16ng va 5 dinh c6 toa d6 nguyén cua da gidc 1a nhitng chi
tho. Do 1.4 < 5 nén theo nguyén tac Dirichlet phai c6 it nhat 1 16ng duoc nhét it nhat 2 tho. Hay, it
nhat c6 2 dinh Ai(x;, y,) va A((x;, ¥,) ma x;, x; c6 cling tinh chin 1€ ; y;, y; c6 cling tinh chén 1&. Suy ra

.2 , < Xt x, Yty S .
trung di€ém M cua doan AA; c6 toa do > 5 1a nhiing s6 nguyén.

Vi da gidc 12 16i nén M hoic 1a diém thu6c mién trong hodc 1a diém nim trén canh cha da giéc.

Tuy nhién khi van dung nguyén tic Dirichlet ban ciing c4n chd y : Nguyén tic ndy khong cho
phép ta chi ra “16ng nao” nho’t mdy con tho.

Sau day 12 mot s6 bai todn danh cho ban doc ty giai :

1. Trén mat phang cho 6 diém tuy ¥, khOng ¢6 3 diém nao thing hang Nguoi ta n6i 2 trong cic
diém da cho véi nhau bing mo6t doan thang c6 mau dé hodc mau xanh. Chitng minh réng tén tai ft
nhét mot tam gidc c6 3 canh 1a 3 doan théng ciing mau.

2. Chitng minh ring mot mat phing cit mot khéi tif dién tao thanh 2 phdn thi mat phing d6 cit
nhiéu nh4t 4 canh tit dién va it nh4t 1a cit 3 canh cia tf dién.

3. Mot rimg thong moc trén 16 d4t hinh vuong canh 1km. Biét ring t4t ca rimg c6 4500 cay
thong, méi cay chu vi 50cm. Chitng minh ring c6 thé chon trong khu rimg d6 60 manh d4t hinh chit
nhat c6 kich thudc 10m x 20m, ma trong dé khong cé mot cdy thong nao moc.

CAI HAY cUA MOT BAI TOAN NHO

TRAN BA sf
(Thiéu Yén — Thanh Héa)

Trong tap sdch Todn (ctia Lién X6) c6-bai todn sau :
‘ “Trong tam gidc ABC (AB > AC) c6 géc A = a.. Trén canh AB 14y diém D sao cho BD = AC.

L4y diém E 1a trung diém AD, F trung diém BC. Tinh géc BEF 7. Nghién citu ki bai todn nay ban
s€ thdy c6 hai diéu déng chi ¥ sau :

Thit nhét bai todn rat phong phu vé 101 giai. Sau day xin trinh bay cdc 10i giai do.

Cach1

Goi A’ la diém dé&i xing clia A qua tdm F. Thé thi
ACA’B 13 hinh binh hanh = AC // BA’ = AC = DB =BA’.
= ADBA’ can.

Tix d6 chil ¥ ring EF // DA va A bl géc ABA'

— BEF = BDA' =

N[:m
) |
R

103



Cach 2
Goi C’ 1a diém d6i xing cha C qua tam E. Thé thi
ACDC’ 14 hinh binh hanh
=D AC=DC’ & AC//DC’vaDB=DC’ = AC
= ADBC’ cén
= i). = C.vaB + Ch =CDA nhung
CDA = A (C’D /| AC)

= B = %C'DA =

24 = 2a
2 2

Cht ¥ trong ACBC’ thi EF Ia dudng trung binh nén EF//BC'= BEF = B, %

Cach 3

Goi D’ d6i xing v6i D qua tam F.
T gidc DBD’C 12 hinh binh hanh.
=>DB=AC=CD’

= AACD’ cén.

Xét tuong tu nhu cdch 1 ta ciing ¢6 BEF =

DR

Cach 4
N6i DC, goi I trung diém DC.
DE thay EI // = %AC ,FI//=DB

ma AC = DB => EI = FI.
Do d6 AEIF can => IEF = IFE
Dé thdy A bi véi EIF

:>EI?I='—4- &
2

—

Chd y IF // AB = BEF=%

Céch §
Pat AC=b;AB=c
K& FK /| AC = FK = % - %

c+b

KE = BE - BK =

e _b
2 2

= KE = KF = AFKE can
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Cach o6

Ké phan giic AK.
batBC=a,AB=c,AC=b
Tacé:ﬁ =.£
KC b
KB c
= =
KB + KC c+5b
KB c
= — =
a c+b
ac
KB b+c a :
Va —_— = = 1
o AB c b+c )
Miatkhic BE = b + c-b_ b+C;BF=£
2 2 2
a
‘ BF 2 a
Vi = = = 2
y T @
2
T () vaR) = KB _ BF = AEBF ~ AABK
AB BE
= BEF = &
2

Thit hai, bai todn ta vira giai & trén 1a truong hgp dac biét ciia bai todn sau day, ma c6 1€ ban
- hoc sinh nao ciing d3 mot 14n gap : ,

“Tit gidc ABCD c6 AD = BC goi E, F ldn luot la trung diém cia DC va AB. EF cdt AD, BC kéo
dai tai K va I. Chitng minh rdng AKF = BIF ”. Bai todn ta via gidi 1a truong hop ciia bai todn
nay khi A, D, C thdng hang. Cdch gidi ciia bai todn ta vixa néu cé phong phit nhu bai todn suy bién
cua né khéng ? Piéu nay xin danh cho cdc ban suy ngh.
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THU TU SAP BUGC CUA DAY BAT DANG THUC CO BAN
TRONG TAM GIAC

NGUYEN VAN MAU
PH Quéc gia Ha Noi

C6 1& nhiéu ban da biét ring tap hop tit ca cdc tam gidc 1a khong thé sap xép theo thit tu duoc.
Tuy nhién, néu dé ¥, cac ban s& thdy ring c6 thé trich dugc nhitng tap hop con (theo mot tiéu chudn
da dinh) ma méi tam giac trong tap hgp d6 duge danh s6 theo mot trat ty nhat dinh.

Chéng han, d6i véi ddy cac tam gidc vuong A,B,C, (n =1, 2,...) ¢6 cdc géc A,=n/2,B, 2C,,
C.< C,,,, ta c6 thé néi diy d6 da dugc xép theo th ty tang ddn dén tam gidc vudng can.

Mot cdch téng quét, ding vé phuong dién géc clia tam gidc chiing ta ciing c6 thé sip xép theo
thit tw clla mot ddy cdc tam gidc thuong. Ta néi ring tam gidc A,B,C, gin déu hon tam gidc A,B,C,
khi cdc diéu kién sau day dugc thoa man

max(A, B;,C)) < max(A,, B,, &)
min(A,, B;, C)) 2 min(A,, B,, C)

Tai sao chiinig ta cdn dén mot su sap xép thit tu nhu vay? D6 1a nhing van dé quan trong cia
toan hoc hién dai khi cdn phai tiép xiic va gidi quyét cdc bai toan trén nhitng moé hinh triru tugng ma
céc d6i tuong nghién citu khéng cu thé va khong don gian.

Trong bai ndy chi xin néu mét ¥ nghia nho cia viéc 4p dung day cdc tam gidc sép dugc vao
viéc chinh x4c va 1am gidu mot s6 két qua quen biét ma méi chiing ta déu da titng ching minh déi
vGi tam gidc. ' ‘

Ta hay quan sdt bai todn don gian sau day.

Bai toan 1. Ching minh ring trong méi tam gidc ABC ta déu cé:

33

SinA + sinB + sinC < —5——

C6 nhiéu céch giai don gian ddi v6i bai toan 1 va cdc dang twong ty (Xin cdc ban tu kiém
chiing).

Hay viét lai bai todn 1 dudi dang

sinA + sinB + sinC < sin(%] + sin (%) + sin (%)

Nhan xét ngay dugc ring biéu thifc & v€ phai ing véi trudng hop tam gidc déu. Phai chang, néu
cho hai tam gidc A,B,C, va A,B,C, sao cho tam gidc A;B,C, gdn déu hon tam gidc A,B,C, thi s& c6
mot bat ding thitc twong tu ? Ta phat bi€u cau héi trén dusi dang mo6t ménh dé todn hoc.
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Bai toan 2. Cho hai tam gidc A B,C, va A,B,C, thda min céc diéu kién:
max(A,, B,,C)) 2 max(A,, B,,C,) °
min(A,, B,, C)) < min(A,, B,, G,)
Chitng minh rang: ‘
sift A, + sin B, + sin C, < sin A, + sin B, + sin G, ‘ (1)

RO rang bai todn 2 phic tap hon nhiéu so véi bai todn 1. 0 day xin néu mot phuong phép chung

dé cc ban tham khéo. Hy vong cdc ban s€ tim ra 10i gidi t6i wu d6i véi bai todn 2.

Kho6ng mdt tinh téng quait, c6 thé gia thiét: A, 2B, 2C,. A, 2B, 2 C,. Suy ra:
A2A,A+B 2A,+B,,C s A, vaC s A,
1) Xét truomg hop A, 2 B,
Trudc hét ta chitng minh bét déng thitc:
sin A, +sin B, 2 sin A, + sin(B, + A, ~ Ay) | )
Ta c6 (2) & (sin A, — sin A,) + (sin B, —sin(B, + A, — A,)) <0

&> 2sin (A‘——Ai)[cos (A‘—+éz—j - COS(MH <0
2 2 2

(4, - 4) sin(A' ;— B) »sin(B‘ éAZ) <0

Viy bdt dang thic (2) diing. D€ chitng minh (1), ta chi cdn chitng minh bét ding thic.

<> 4sin

sinC, +sin (B, + A, - Ay) £sin B, +sin C, A3

Tac6(3) © 6inC —sinCH+Gin (B, + A, —A)—sinB,)<0

€ -C) C+C) (B +A-A +B) _

<> 2sin
2 2
<& 4sin € - G) sin‘(7t " A4) sin(B2 - G) <0
2 2
Do C,2C,, B, <C,, suy ra (3) diing, vay (1) diing. -
2) Xét truong hgp A, < B,

Khi dé (2) khong con ding. Ta chitng minh b4t dang thitc

sin B, + sin C, < sin A, + sin(C, + B; — A,) (4)
Bién d6i twong tu nhu bat déng thic (2), ta s& c6:
@ o asinBA) G B ) o G -4)

2 2

Do B, > A, va C, < A,, suy ra (4) diing. |
Vay dé chitng minh (1), ching ta chi cdn kiém tra bét ding thic

sin A, +sin (C, + B,— A;)) <sin B, +sin C, ‘ (5)
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Béng cédc bién d6i lugng gidc tuong tu, ta c6:
5) o 4cosz sinth =B 3, (G - 4)
2 2 2

Vay (5) diing. B4t ding thiic (1) dugc ching minh.

Bing phuong phdp da néu, cdc ban c6 thé kiém tra tinh diing din clia nhiéu bat déing thitc co
ban khic trong tam gidc v6i cdc ham s6 cosin, tang va cotang.

Phai chang ta ciing 1ap dugc mot thi ty tuong tng cho t gidc.va tif dién? Chéc chén ring viec
khii qudt héa b4t ddng thitc (1) s& dem lai nhiéu diéu thi vi. Chiic c4c ban thanh cong.

<0

M3 RONG MOT BAT DANG THUC

e TA HONG QUANG
, HaTay

Trén bdo todn GAZETA MATEMATICA ciia Rumani s6 9, 1989, trang 335, tic gia Gheoghe
Marghescu dua ra bat ding thic sau:

Bai toan 1. a;, a,,... a,, b;, b,,... b, 1a cdc s6 dwong, n 2 2. Khi d6 ta c6
(Jaf +a + \/;22 + B2 +..+d + b,f)x
x[ L + 1 +ot 1 J > ndn ‘ )

a + b a, + b, a, +b,

D€ chiing minh (1) tc gia da phai sit dung mot loat cdc b4t ding thitc di bi€t nhu b4t ding thic
Cbsi cho n s6 duong, bdt ding thitc trung binh diéu hoa, bst ding thitc Minc6pxki. Xem chiing
minh cia Gheorghe Marghescu t6i ban khoin liéu c6 céch chiing minh khéc dé hiéu hon khong?
Sau mot thoi gian suy nghi t6i da tim ra mot cich ching minh khac khd don gian va diéu 1i thi 1a
két qua nhan duoc manh hon b4t dang thitc (1). Cu thé t6i di dén bai toan sau:

Bai toan 2. a,, a,,... , a,, b;, b,,..., b, 12 cac s6 duong, n 2 1. Khi d6 ta cé.

(w/af + b +..+yd + b,f)x(al i ot — j > % ()

b, a, +b,
Chitng minh: V6&i moi a, b thuc ta cé
b
\/'2- .
Do dé6, sir dung bat déng thitc Bu-nhi-a-c6p-xki ta dugc

(\/af+bf + @ +b22+...+\/a,f+b,f).( RN S Jz

a+b a+b, a,+b,

n
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1 1 1
2—=((a,+b) +(a,+ b)) +..+ + b)) . +.ot >
,2 ((al l) (a2 2) (an n )) [al + bl a + b J

n2

2
1 1 1
> —=|{\a +b.——=——== +..+ 4Ja, + b,. ——| .= —
\/-2-.( ’ ' Ja, + b, Ja, + b,,J 2
Bai todn 2 da dugc giai quyét. ' 7 v
Lwu ¥ ring v6i n = 2, v€ phai clia bat ding thitc (2) tring véi v& phai ciia bat ding thitc (1) con
vGi n > 2 thi v€ phai cta (2) thyc su 16n hon yé’ phai ctia (1). ‘
Dua vao cdch chiing minh cla bai todn (2) ta d€ dang nhan duoc két qua sau day:
Baitoin 3.3, a,,...,a,, b, b,,...,b, 1a cdc s6 duong, n = 1. Gid st ¢, C,,...,c, 12 mot hodn vi nao
d6 ctia cdc s6 a,, a,,...,a,. :

Ching minh rang khi d6 ta c6:

(\/a12+b|2‘+\[a22+b22+...+\/a,2,+bj)_( 1 . 1 JZ% 3

¢ +b c,+b, - ¢c,+b,

T4t nhién két qua nay vin chua 1am cho ching ta thda man. C6 thé md rong bai todn 3 nhu sau.

Bai toan 4. Ta chia cic s6 duong a,, a,,...,a,, b;, b,,...,b,, n 2 1 1am n nhém sao cho trong mbi
. nhém c6 it nhat mot s6. Goi M;, M,, ..., M, 14n luot 12 tdng cic s6 trong mdi nhém. Chiing minh
S ringkhidétacé

] 1 1 1 n’
(\/dlz + blz + \/a§ + b22 +..+ Cl,l: + b:) (—AZ—" + —M—z—'f‘ ﬁ) 2 \/—5' “@

1 n

Bai todn 4 dugc giai tuong ty nhu bai todn 2.

Dén day chic cdc ban s& tu hoi: lieu bat déng thic (4) c6 thé mé& rong hon duge khong ? Céc
ban hdy suy nghi ti€p di, c6 thé nhiéu diéu méi mé s& dugc phat hién. Su say mé, miét mai suy nghi
s€ mang dé€n cho cdc ban nhilng niém vui. '

Cu6i ciing dé nghi cdc ban ty gidi bai todn sau:

Bai toan 5. Ta chia cdc s6 duong a,, a,,...,a,, b;, b,,...,b, 1am n nhém sao cho trong méi nhém
¢6 it nhdt mot s6. Goi M,, M,, ..., M, 14n lugt 1 téng c4c s6 trong mbi nhém. Chiing minh rang véi
moi k nguyén 2 2 ta cé: '

. . k
({/a," +bf +4ak + b+ .+ 4d + b )(ML+—MI——++MLJ2% n? (5)

1 2 n
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NHAN MOT BAI THI HOC SINH GIOI

HOANG CHUNG
TP H6 Chi Minh

Céc bai todn thi hoc sinh gidi thuong 12 khé, & mic d6 khéc nhau, tity tdm ¢ cudc thi. Tuy nhién,
ngay ca ki thi todn qudc t&, ciing c6 bai khong qué “dé s¢” nhu ta tudng, néu ta biét cach “xoay x4”
d6i véi n6. Ly thi du bai sau day trong ki thi todn quéc t€ 14n thit 33 (nam 1992) vira qua.

Cho 9 diém trong khong gian, trong dé khong cé 4 diém nao ndm trong éing mét mdt phdng.
Tdt cd nhiing diém nay duoc néi nhau ting cdp bdang doan thing. Méi doan thdng duoc té mau
xanh hodc mau dé hodc khong té6 mau. Tim gid tri nhd nhdt ciia n sao cho véi moi cdch t6 mau n
doan thdng tity ¥ ta déu tim duoc mét tam gidc cé cdc canh cing mau.

Sau day ta goi bai ton nay Ia bai todn 1. o

Day 1a mot bai todn vé graph (dé thi). Néu ban chua cé dip 1am quen véi i thuyét graph thi d6i
v6i ban, bai todn c6 vé “la”, khé thay sy lién quan dén cdc kién thic s6 hoc, dai s6 hay hinh hoc
quen thudc. Phdi suy nghi ti ddu dé gidi bai todn ?

Nha toan hoc 16i lac D. Hibert, trong bdo cdo & hoi nghi toan hoc qudc t€ nam 1900, khi néu ra
23 bai todn ma “thé€ ki thi 19 thach thic thé€ ki thi 207, dd néi: “C6 1€, trong da s6 trudng hop
chiing ta khong tim duoc 161 giai clia mot bai todn la bdi vi chiing ta chua %iéi.duqc hay chua giai
dugc tron ven nhiing bai todn don gidn va dé hon bai todn da cho” (t6i gach duéi, H.C.).

Chiing ta thlr suy nghi theo huéng dan cia Hilbert xem sao. Trong bai toan 1, ngudi ta cho 9
di€m. Ta xét bai todn v6i 56 diém it hon:

Bai toan 2 — Cho k diém trong khong gian (k < 9), trong dé.khéng c6 4 diém ndo cung ndm
trong mot mdt phdng. Tdt cd nhitng diém nay duoc néi nhau timg cdp bdng doan thang. Méi doan
thdng dugc té mau xanh hodc do hodc khong té mau. Tim gid tri nhd nhdt ciia n sao cho véi moi
cdch té mau n doan thdng tity y (trong dé cdc doan thdng da vé), ta déu tim duoc mét tam gidc c6
cdc canh cung mau.

Trudc hét, chi ¥ ring gia thi€t “khong ¢ 4 diém nao A’
cling nim trong mot mat phang” chi c6 nghia 1a “cdc doan
théng néi ting cap diém di cho khong cét nhau, ngoai ddu Al
miit chung (néu co). L

Ta goi k diém da cho 1a k dinh, doan thing néi hai Hinh 1

dinh goi 12 mot canh. Véi k dinh, ta c6 tat ci 12 5(1‘2—1)

k(k - 1)
—
Ta xét tir gid tri nho nhdt cla & trd di.

canh va s6 n phai tim, n€u c6, la s6 <

- Véi k = 3, bai toan khong c6 13 giai vi duong nhién
c6 thé t6 3 canh clia mot tam gidc v6i hai mau khéc nhau.

Hinh 2
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- Vé6i k = 4 (b6n dinh A, A,, A, A,), c6 thé v& duoc
t4t c4 6 canh. C6 thé t6 4 canh lién ti€p A A,, AA,, AA,,
A,A, bing mot mau (do chang han), hai doan thing con
lai bang mau khéc (xanh), lic 46 khong c6 tam gidc nao
c6 céc canh cing mau (h.1). Bai todn khong c6 15i giai
véi k=4,

- V6i k=5 (nam dinh A, A,, A, A,, A), V€ duoc tit
ca §2—4 = 10 canh. C6 thé 16 5 canh lién ti€p A A,, A,A,,
AsA,, AAs AA, bing moét mau (d0), 5 canh con lai
bang mau khic (xanh), liic 46 khong c6 tam gidc nao c6
cdc canh cung mau (h.2). Bai todn ciing khéng c6 16i giai
vGik=5.

. . ., 6.5 .

- Vé6i k = 6, v& duoc tht ca > = 15 canh. Néu ta
cung t0 6 canh lién ti€p A A,, A,Az AzA, AAs AsA,,
A¢A, bing cliing mot mau (do), cdc canh cdn lai duge t6
mau khidc (xanh), thi lic d6é cdc tam gidc A A,A; va
A,A A duoc 16 cing mot mau xanh (h.3)

C6 thé ching minh dé dang ring:

Vi k = 6 thi véi moi cdch té mau cd 15 canh, ta luén
tim dugc mét tam gidc ¢ cdc canh cung mau.

Thuc vay, theo gia thiét, mot dinh bat ki (A,) 12 ddu
mit cia 5 canh AA, (i =2, 3, 4, 5, 6). Nam canh nay
duoc t6 trong hai mau, nén phai ¢6 it nhat 3 canh dugc to
cung mot mau, thi du AA,, A A, AAs dugc t6 cung
mau do. Xét tam gidc A,A,Aq : néu tam gidc nay c6 mot
canh mau dé (A,A, ching han) thi ta ¢6 mot tam gidc
(A1AzA,) c6 cdc canh cing mau do (h.4). Néu nguoc lai
thi A,A;A¢ la mot tam gidc cé cdac canh cing mau xanh
(h.5). Trong moi trudng hop, ta déu ¢ mot tam gidc c6
céc canh ciing mau, dpcm.

Nhu vay, véi k = 6 thi n < 15. Xét truong hop n = 14,
nghia 12 ta khong t6 mau mot canh, thi du A A,. Khi d6

Hinh 6

né€u ta t6 mau 10 canh qua 5 dinh A, A,, A;, A, A; nhu hinh 2 (khong c6 tam gidc nao cé cdc canh
ciing mau), réi t6 canh A¢A; cing mau véi canh A A, (i = 2, 3, 4,5) ta ciing s& khong c6 tam gidc
nao c6 cac canh cung mau. Hinh 6 ching to6 yéu ciu cia bai todn khong dugc thda man véin = 14.

Tém lai, v3ik = 6,tacén = 15.

- Xét tiép v6i k = 7. S6 canh 6idala7.6/2= 21. Néu ta chi t6 mau 20 canh, thi du khong t6
mau A,A-, thi ta da t6 mau tit ca cdc canh n6i timg cdp trong 6 dinh A, A,, A;, A,, As, A (hoic
Ay, As Ay, As, Ag, Ay), V6I 15 canh nay, dii t6 mau cdch ndo, ta cling c6 mot tam gidc ¢6 cic canh

ciing mau. Vay n < 20.
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Néu n = 19, ta c¢6 thé 1ap lai cdch t6 mau tit hinh 2
sang hinh 6 d€ tit hinh 6 sang hinh 7, véi mot diéu chi y:
ldy mét dinh la ddu miit cia 5 canh (tic 1a khdc A, va A,
trong hinh 6), thi du ta 14y A,. Khong t6 mau A;As, cdn
cic canh A A; (1 # 5) dugc té cing mau véi canh A A,
Hinh 7 chimg t6 ¢6 thé t6 mau 19 canh ma khong c6 tam
gidc nao c6 cdc canh cing mau.

Nhu vay, ta dd chiing minh duoc rang v6i k = 7 thi
n=20. Hinh 7

Ldp ludn trén ddy cé thé dp dung cho k = 8, roi
k=9.Véik=29,c6t6ida9.8/2=36canh. Gidsirtatd
mau 32 canh, khoéng t6 mau 3 canh.

Xét 3 dinh, méi dinh 13 ddu mit cia mot canh ta
khong t6 mau. Nhu vay, ta di t6 mau t4t ca cdc canh di
qua 6 dinh con lai va (nhu da ching minh véi k = 6) du
td mau cdch nao, ta ciing c6 mot tam gidc véi cdc canh
ciing mau, Do d6 n < 33.

v

Hinh 8 cho thay mot cdch to mau 32 canh ma khong
mot tam gidc ndo ¢6 cdc canh cing mau. Chi ¥ ring tir
hinh 7 sang hinh 8 c¢6 hai budc : 1) t6 mau 6 canh xudt
phdt tr Ay : chon mot dinh 12 ddu muit cta 6 canh (phai
khdc v6i A,, Ag, A;, As), ching han A, ; khong t6 mau AgA,, con AA, (i # 4) dugc t6 cing mau véi
ALA; ; 2) t6 mau 7 canh xudt phdt tir Ay : chon mot dinh 1a ddu miit ctia 7 canh, thi du A, ; khong t6
mau A A, 16i td A A, (i # 3) cling mau véi A;A,.

Bai todn 1 da gidi xong. S6' n nhd nhdt phdi tim la 33.

C6 thé thay rd 1a bai todn dugc gidi nhd vao mot loat nhitng bai todn don gidn va dé hon (dac
biét 1a v6i k = 5, 6, 7 diém). Hon nia, tir d6 thay ngay dugc 101 giai véi k = 10. (Ban thir xét ti€p: véi
k >10thisao ?)

Xin luu ¥ rang : mot s6 bai todn thi hoc sinh gidi c6 thé quy v€ bai todn 2 trén day. Thidu :

Bai todn 2a — Cho 6 diém trong mdt phdng, sao cho bdt ki 3 diém nao ciing la dinh ciia mét
tam gidc ma cdc canh c¢6 chiéu dai khdc nhau. Chitng minh rdng canh nhd nhdt ciia mét trong cdc
tam gidc d6 déng thoi ciing la canh lén nhdt cia mot tam gide khdc. |

A . (Thi hoc sinh gidi Ba Lan, 1976)

Ta chi viéc to6 cdc canh clia méi tam gidc bang hai mau xanh, do, v6i yéu cdu canh nhd nhdt
dugc té mau dd. Nhu vay, khong cé tam gidc nao c6 cac canh dugce t6 cing mau xanh. Tir bai todn 2
(v6i k = 6), suy ra ring phai c6 mot tam gidc ¢ cic canh cing mau d6. Canh 16n nhét trong tam
gidc nay, vi la canh dd, nén phai 1 canh nho nhét trong mot tam gidc khéc.

Bai todn 2b — cho 6 duomg thdng trong khong gian, trong dé khong cé 3 duong thdng ndo song
song, khong cé 3 duong thdng nao dong quy va khong cé 3 dwomg thcfng nao nam trong mot mdt
phdng. Chiing minh rdng tit 6 duong thdng dé bao gio ciing ldy ra dugc 3 duong thang déi mét chéo
nhau,
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Bai todn ndy tuong t bai todn trén, néu ta cho twong ing méi duong thdng véi mét diém ; hai
dudng thing chéo nhau thi hai diém tuong ing dugc néi véi mot canh mau dd, hai dudng thing
khong chéo nhau thi hai diém tuong tng dugc néi v6i moét canh mau xanh. Tir gia thiét cha bai todn,
suy ra ring trong 3 duo’ng thing bt Ki nao (clia 6 dudng thing di cho) ciing c6 hai dudng thing
chéo nhau.

Trong gia thiét cia bai todn 2, néu yéu ciu m5i doan thdng diwoc t6 mau xanh, dé hodc trdng
(mot trong ba mau), ta c6 bdi todn tuong ty sau day:

Bai todn 3 — Cho k diém trong khong gian (k > 4), trong dé khong cé 4 diém nao ndm trong
ciing mot mdt phdng. Tdt cd nhitng diém nay dvwgc néi nhau timg cdp bdng doan thdng, méi doan
théng duoc t6 mau xanh, hodc d3, hodc trdng. Tim gid tri nhé nhdt ciia n sao cho véi moi cdch té
mau n doan thdng tiy y (trong sé cdc doan thdng dd vé), ta déu tim dugc mot tam gidc c6 cdc canh

cung mau.

V6i k = 9, bai todn 3 khong c6 19i gidi (khong N AR
6 s6 n thoa man yéu ciu dé ra) : c6 thé chi ra cich ! '/I ///
t6 mau (xanh, d6 hoic tring) ca 36 canh ma khong | / /’ A7
mot tam gidc nao c6 cdc canh cing mau. A”\\ § // ,/' ///

C6 moi quan he khé I th sau day : bai tofn 3 AN/
14t d& véi k = 10. C6 thé 16 mau t4t ci 45 canh (khi | N Ao
k = 10) theo quy tic sau : qua'mdi dinh A; i =1, Al T~

, 10), 6 bon canh mau d3 B AdAu. A, | Ao
AA,e va AA,, : bon canh mau xanh 1a AA,,,  Hinh9

AAi, AA,, VA AA,; ; mot canh mau trdng la
A, (tinh i + m theo mod tic 1a 14y s6 du cia
i+mthidu7+4=11,6+7 = 13). Hinh 9 chi 16
viéc t6 mau véi céc canh qua A, (canh mau do :
nét lién ; canh mau xanh : nét dit ; canh mau tréng
: nét chdm). D& th4y ring véi cich t6 mau d6 (cho
t4t ca 45 canh) khong c6 tam gidc ndo c6 cdc canh
cling mau.

bén day, chi viéc bo bor mét dinh (A ) va bo
tdt cd cdc canh qua dinh dé, ta dugc cich to6 mau
chitng minh ring bai todn 3 khong c6 10i giai vé6i
k = 9. Chi y ring trong cdch t6 mau ndy chi c6 4 Hinh 10
canh mau tring (vi di bd mot canh tring A, A;),
nén d6 ciing la cdch té6 mau (dJ hodc xanh) 32 canh (néi 9 dinh), trong dé khéng cé tam gidc ndo
¢6 cde canh cang mau (h.10), trong d6 khong n6i 4 canh A A, AA4, AzAg, AA).

C6 thé ching minh ring cdch t6 mau trong hinh 10 khong khidc cdch t6 mau trong hinh 8.
Nhung két qua d6 dugc tim ra qua hai dudng khic nhau : nhd giai cac bai todn ddc biét don gidn
hon (v6i 5, 6, 7 di€m) hodc nhd bai todn tuong tu (16 ba mau).

Bai to4n 3 s& khé hon nhiéu khi ta cho k mot gid tri 1én hon 10. Ban hdy thit gidi bai todn véi
k = 19 (diém). Mu6n vay, trudc hét c6 18 ban phai dua vao két qud va cdch gidi bai todn 2, v6i
k = 6, d¢ gidi bai todn sau:
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Bai todn 4 — Cho 17 diém trong khong gian trong dé khéng cé 4 diém ndo ndm trong mét mdt
phdng. Chitng minh rdng néu t6 mau do, xanh hodc trdng tdt cd cdc doan thing néi ting cdp diém
dd cho thi bao gid ciing c6 mét tam gidc cé cdc canh cing mau. (day 12 dang ph4t biéu khic cia
mot dé thi toin quéc t&€ nam 1964)

Dé hiéu sau hon v€ c4c bai todn trén day, ban c6 thé tim doc vé I thuyét graph (d6 thi) ma bdo
Todn hoc va tudi tré da vai 14n gi6i thiéu,

BAN VE MOT BAT DANG THUC

NGUYEN MINH HA
DHSP Ha N6

Trong tam gidc c6 mot bat déng thitc rt quen thudc.
* Bai toan 1. Cho tam gidc ABC, M 12 mét diém trong tam gidc. Chitng minh rang:
MA + MB + MC <AB + BC + CA » €8}
Bat déng thitc (1) dugc chitng minh rdt don gian. Tuy nhién (1) khéng “manh”. Két qua sau day
1a sy 1am “manh” thuc ch4t cta (1).
 Bai todn 2. Cho AABC, M Ia mot di€m trong tam gidc. Chiing minh rang:

MA + MB + MC <max { AB+ AC ; BC + BA;CA + CB} )

Bai todn 2 c6 mot 10i giai khd ngin gon va dic sic. Tuy nhién, 15i glal sau day ¢6 y nghia hon.
Tru6c hét ta hdy ching minh mot bé dé: .

B4 dé 1. Trong khong gian cho ddy diém {X,} " _ 1‘ va diy s6 duong {a,} _,, AB1amot doan thing cho
trudc. M 12 mot diém trén AB, the thi:

ﬁ:aiMXi < max {iaiAX,-; iaiBX,} *)

cim] i=1 i=1
* Néu t6n taii € {1, 2, ..., n} sao cho X; khong thu6c dudng thing AB thi d4u bing khbng thé
x4y ra trong b4t déng thyc trén.
Chitng minh:

Véimbiie€ {1,2,...,n} tacé: C

-

MBMA + MAMB = 0
= MB(MX, + X,A) + MAMX, + X.B) = 0

= (MB + MAMMX, + MBX,A + MAX.B = 0
= ABMX, = MB.AX, + MA.BX, A ™ B
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- wux = MBux . MAgy
AB AB

= WX = 'ﬂﬁﬁi » Mg
AB AB
1] < M2[3%) + 13
AB AB!
= aMX, < %a[ AX, + %ai BX,
Tir d6 suy ra: / |
n MB n MA H
;a;MX, < ZE;%AX,. + -AT—B-Z(XIBX,-

f=]

= zn:a,.MX,. < @Z%}—‘—ll—émax{ia,.AXi; ioc,.BX,}
i=1 . = i=1

= ia,MX, < max{ia,AX,.; ’Z‘aiBX,}

i=l
Néu 3i, € {1, 2, ..., n} sao cho X, khong thudc doan thing AB thi ta c6 bit ding thic thuc su

MX, < _ALI_B_AX" + —MABXi
(4 AB 1} AB (
Tir d6 suy ra bat dang thitc thuc su
>aMx, < max{Zon,.AXi; Za,.BX,}
i=1 i=] i=1
Nho bé dé 1 ta chitng minh (2) nhu sau:
V6i méi diém X trén mat phang tam gidc ta dat £(X) = XA +
'XB + XC. Ap dung (*) cho day diém { A ; B; C}; ddy s6{l; 1; A
1} v doan thang AN ta c6 : f(M) < max{ f(A) ; f(N)}.
Ap dung (*) cho diy diém {A; B; C};days6{l;1; 1} va
doan thing BCta cé :
f(N) < max{ f(B) ; f(C)}.
Suy ra : (M) < max{f(A) : {B) ; £C)}. B N E

= MA + MB +MC < max{AB + AC; BC + BA; CA + CB}.

Bai todn sau day la sy twong tu khong gian clia bai toan 2.
Bai toan 3. Cho ti dién ABCD. M 12 mét di€m trong tit dién. Dat:

d, = AB + AC + AD
d, = BC + BD + BA
d CD + CA + CB
d DA + DB + DC

il

o

S
il
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Chitng minh réng:
MA + MB + MC +MD < max{dA ydgs de s dD} A3)
(3) dugc chimg minh d&€ dang nho viéc 4p dung (*) cing véi li luan twong tu nhu khi ching
minh (2). Bai todn 2 con c6 su twong tu khong gian khéc.
Bai toan 4. Cho tit dien ABCD. M 1a mot diém trong td dién. Pat :
Z,=8 +8. +S, |
T,=8.+S,+S,
2o =S8, +S, + 5,
Zp= S5, +8, +8, .
(Trong 86 S, ; Sy ; Sc; Sp theo thit tu 12 dién tich cdc mat d6i dién véi cic dinh A ; B; C; D).

Chiing minh rang: _ v
S(MAB) + S(MAC) + S(MAD) + SMBC) + S(MCD) + S(MDB)
< max{Z, ; Ty i Tc i Ep} v (4

Ching minh (4) rdt kh6. Tuy nhién, ta vin c6 thé ching minh dugc né nhd ¥ tudng c6 duoc
trong khi ching minh (2). Ta ciing lai chiing minh mét bé dé.

B6 dé 2: Trong khong gian cho déy doan thing {X,Y,}"  va day s6 duong {o,} . ABIa mot-
doan thing cho truéc. M 13 mot di€ém thuoc AB. Thé thi:

3o, S(MX.Y,) smax{Za,,S(Ax,.Y,.); Za,.S(BX,x)} (**)
i=1 R =l i=1

Néu tén tai iy € { 1, 2, ..., n} sao cho X,Y, va AB chéo nhau thi ddu bing khong thé xay ra
trong b4t ddng thic trén. '
Chitng minh: Vi € {1,2, ..., n} ta cé:

S(MXY) < MES(AX,Y,) + -M-—f—‘-S(BX,.Yi)
AB AB .

That vay, néu hai dudng thing X;Y; vd AB khong chéo nhau thi cé thé xdy ra mot trong ba
trudng hop sau (xem hinh vE)

Trong céc hinh v& trén H, ; H, ; H,, theo thi tir 1a chan cdc dudng vuéng géc hatr A; B; M
xuéng X;Y; . ' |

B | B B
M .

Xi Ha Hm Hp

Hinh 1 Hinh 2 ' Hinh 3
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Trén hinh 1 ta ¢6 :

MH, = Y84y o MApy,
AB AB
Trén (h.2)tacéd : .
MH, = By + MApy
AB AB
Trén (h.3)tacod:
MH, = ME.AHa - MﬁBHb
AB AB
Tém lai trong ca ba kha nang ta déucé:
M, < M8 ap, + MApy,
AB AB

= ‘vn xy < MB Llap xy + MA lpy xv
2 AB 2 AB 2

{

sxy)y < XBscaxyy + Xsaxy)
| AB AB
Néu c4c dudng thing X;Y; va AB chéo nhau (xem hinh v&)
Qua A ; B theo thit ty ké cdc dudng thing a, ; b; song song véi XY, .
Qua M dung mat phéng P, vuong géc véi X;Y; . P, theo thit ty cit a; ; b, ; X,Y; tai A, ; B, ; H..
Tuong tu nhu phép ching minh b8 dé 1. Ta c6 : '
MB MA

HM<—LHA+ ——-HB -
AiBi A AIBI * &
Tir d6 theo dinh 1i Talét ta c6 :
HM SME.H,.A + —MA.H,.B bi
AB AB B
= Lumxy< MBlyaxy + MAlypxy
2 AB 2 AB'2
= SMXY) < i@ismx,.x.) + M-élswxix.)
AB 2 AB 2
Tém lai: Vi€ {1,2, ..., n} ta déu c6
smxy) < 2Bscaxyy + YA 5ex )
AB AB .
MB MA \ o

= oSMXY,) < ——a,S(AXY,) + ——a,S(BX.Y,)
AB 7" AB
Tixdésuyra: , ‘
" MB n MA H
a.S(MXY) < —Y aS(AXY) + —— a. S(BXY
Z( X) S —2 20 SAXY) + =23 0, S(BXY)

i=] i=1
= o, SMXY) < MB—A;;"ﬂmax{zaiS(Axix);»Za,.S(Bx,.Y,)}
i=l ’ .

i=] i=]

= Ya,SMXY) < max{iaiS(AXiY,.); ia,fS(Bx,x)}

i=1 i=] i=l
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Néu 3i, € {1, 2, ..., n} sao cho cdc dudng thing X;Y; va AB chéo nhau thi H, khong thuc
AB nén ta c6 bat dang thitc thuc su:

MB, MA,
HM<——+H A+ —"HB

L/ 1y iy

Tir d6 suy ra bét dang thitc thuc su:

Za S(MXY,) < max{ia,.S( X); }:a S(BXY)}

j=1 i=1

Nh& b8 dé 2 cing v6i cdch i lugn nhu khi chiing minh (2) ta d& dang chiing minh dugc (4).
Viéc thuc hién chi ti€t xin danh cho ban doc.

Ngoai cac bai todn 3 va 4, bai todn 2 con cé mot s6 su tucmg te khong gian khic nita. Tuy
nhién, tinh diing dén cla n6 chua dugc kiém tra.

Bai toan 5 : Cho géc tam dién Oxyz ; Ot 12 mot tia nAm trong goc tam dién.

bat: oc-yOz,B—sz y—xOy

Chitng minh ring:
‘t/07v+@+@<max{a+[3;[3+y;y+a} (5)

‘Mong rdng mot dip nao d6 ching ta sé trg lai van dé tinh dL’mg’ din cha bai todn 5.
Dé ket luan, xin hru ¥ ring : cdc bd dé 1 va 2 con 6 hiéu luc trong viéc giai nhiéu bai todn
~ khdc. Xin néu ra day mét s6 bai xem nhu bai tap. :

1) Cho tam giéc déu‘ ABC v6i canh bing o, 8 ; v 12 ba s6 duong : M 12 mot diém trong tam
gidc. Chitng minh rang
oaMA + BMB +yMC < maxf{o + B ; B +y ;v +o}.
2) Cho A ABC nhon. I, J, K theo thit tu l1a chdn cdc dudng cao ha tir A ; B; C. M 12 mét di€m
trong A IJK. Ch&ng minh ring: |
MA + MB + MC < max{AI + BC ; B] +CA ; CK +AB}.

3) Cho hinh 1ap phuong ABCD. A,B,C,D, ¢6 canh bang 1 ; M 1a mot diém trong hinh 1ap
phuong. Ching minh ring:

z MA + MB + MC + MD + MA, + MB, + MC, + MD, < 9
4) Cho t¢ dien ABCD. M 1a moét di€m trong ti dién. Dat

S, = ABS, + ACS,+ADS, ; S, =BCS, +BDS,+BAS,
S. =CDS, +CAS,+CBS, ; S, =DAS, + DBS,+ DC.S,
Chitng minh ring :

AB.S(MCD) + AC.S(MOB) + AD.S(MBC) + BC.S(MDA) +
+ CD.S(MBA) + DB.S(MCA) < max{S}, ; S, ; S ; Sp}
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MOT SO BAI TOAN LIEN QUAN TOI CAC DUONG
PHAN GIAC TRONG TAM GIAC

BUI TA LONG
TP H6 Chi Minh

1. M6 dau | .

Trong bai bdo nay, t6i mudn trao d6i véi cic ban mot s6 bai todn lién quan t6i cdc dudng phan
gidc trong tam giic. '

Trudc tién, ching ta cing théa thuan mot s6 ky hiéu quen thudc : ABC la tam gidc da cho, Sypc—
12 dién tich clia tam gidc ABC, BC=a, CA =b, AB=c 1a d6 dai ba canh cla tam gidc ABC,2p=a+b+
¢ 1a chu vi cta tam gidc, O — 1a tam dudng tron ngoai tiép tam gidc, R — 1a ban kinh dudng tron
ngoai ti€p tam gidc ABC, I, — 1a tam dudmg trdn bang ti€p tam gidc ABC ing véi dinh A.

Ta c6 c4c tinh ch4t quen thuoc sau day vé dudng phan giac trong cia tam gidc ABC.

Tinh chét 1 : Gid si dudng phdn gidc trong cia géc A cdt canh BC tai diém A, khi dé.

BA _AB ¢
AC AC b |
(xem chitng minh trong SGK Hinh hoc 8). o
Tinh chét 2 : Gid s duong phdn gidc trong clia géc A cdt canh BC tai A Khi dé
A = ac LCA = ab
(b+c) (b+c)
Chimg minh : Theo tinh chat 1 : —gg—:% . Cong 1 vao ca hai v€ clia ding thifc nay ta nhan duogc
BC _ %9 poyca = vaBA =BC-CA = £
CA b (b + c) ‘ (b+c)
Tinh chat 3. Gid sit ducng phdn gidc trong ciia géc A cdt canh BC tai A'. Khi dé
2bc cosé—
" Tb+o)
Ching minh:
Swc = SABA' +S ACA )
hay [ L|aB.ACsina = [1].aBaasin| 2] + [Lacaa'sind,
2 2 2 2 2
2bccos'—4-
Ty désuyra AA = ———%
(b+c)

II - Ung dung céc két qua trong phén I vao mét s6 bai toén
Str dung céc tinh chdt 1, 2, 3 trong phén I ta s& giai mot s§ bai todn sau:

119



Bai toan 1 : Trong tam gidc ABC ta dung cdc duong phan gidc trong, giao. diém A, B, C cua
chiing véi cdc canh doi dién tao thanh tam gzac A B C. C hitng mmh rang

Sese 2abc

S sc (a + b)(b +c)c + a)
Gidi : Theo tinh chét 1 ta cé.

4B = -2 . ac = b€
(a + ¢ (a + b)
Tk dé suyra . .
S .. = (l)AB' AC'sinA = —2¢_ _b¢  Suc
e 2 « o (@a+c¢) (a@a+c¢c) b
Hay ,
S e’ - _____b?______ ‘ ‘ (1)
Swe f(a+c)a+d) ’ '
Tuong tu ta c6
Sue - ac Q)
S e (a+b)b+c)
Seaw _ ab . (3)

Swe (a+chb+c)
Tix (1), (2),‘(3) ta suy ra

ABC . j.laBC | TBAC | _CAB  _
SABC SABC SABC SABC
R - be i ac 5 ab . B
(a +c)a +b) (a+b)b+c) (a+c)b+c)
2ab ’
= (dpem)

- (@ + b)b + c)c + a)
Tir bai todn 1 & trén ta suy ra
Bai toan 2. (Thi v6 dich CHDC biic — 1981)
Trong tam gidc ABC ta dung cdc duong phan gidc trong AA', BB, CC'. Chimg minh rdng

S o < =

Giai. Thuc vay, theo bai todn 1 ta c6

s _ 2abcS |
ABC (g + b)(b + c)c + a)

4)

Ap dung bit déng thic Co-si cho cdc s6 duong a, b, ¢ ta c6
a+b22Jab, b+ c 2 2Jbc, atc = 2Jac. Két hop véi (4) ta nhan duoc

S <

ABC

R

(dpem)
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Bai todn 3: (Bai thi todn Quéc t€ 14n thit 32 tai Thuy Dién). Cho tam gidc ABC va I la tém
duwong tron néi tiép tam gidc. Cdc duong phdn gidc trong ciia cdc géc A, B, C ldn luot cdt cdc canh
déi diéntai A, B, C'. Chimg minh réng

1 _ _(ALBI.CH _ 8
4 (AA .BB .CC) 27
Gidi : Theo tinh chét 3 ta c6

2bccos—"1 ' '
AA' = ———__.2.. ) (5)
b +c
Ngoai ra
Al = AP‘ =(b+c-'a) )
A A
cos— 2c0s—
2 2
Tir (5) va (6) suy ra
Al b+c)b+c-
= - (b+c) < a) N
4bccos2—2—
Theo dinh 1y ham Cosin ta cé
. 2 2 2
2coszé=1+cosA=l+-(b——t—€-—a—) ‘
2 2bc
Hay 2C082é- _ b+c-ab+c+a ®)
2 2bc
Két hop (7) va (8) ta nhan dugc
Al‘ - (b +c) )
AA  (a+b+c)
Tuong tu BI. - _fa+o (10)
BB (a+b+c)
Cl _ (a+b) an

‘ CC (a+b+c)

T (9), (10), (11) suyra

(' ALBICI J _(a+b)a+c)b+c)

AA BB .CC (@a+b+c)

Bay gid, ta chitng minh b4t déng thifc

(a + b)a + )b + ¢) S l

(@a+b+c) 4

Thuc vay, bit ding thifc nay tuong duong véi bat ding thitc

4(a*b +d’c + b’c + b*a + c*a + c*b + 2ach) >

>ad+b + 7+ 3a°b +3ab* + 3ac® + 3d’c +3b%c + 3bc* + 6abc
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Pon gian ca hai v€ ta nhan duogc bat dang thifc -
a*(b +c¢) + b*@a +c¢) + c*a+ b) + 2abc >d® + b + ¢ (12)
Theo b4t ding thitc tam gidc '
b+c>a, a+c>b, a+b>c

Tir dé ta suy ra (12)
Pé chitng minh
(@ + b)a + ¢)b.+ ¢) < _§_
(a+b+c¢) -7

ta 4p dung bat dang thic Cosi

(a + b)a + )b + ¢) - - c j(l' b (1_ a )
(@a+b+c) (a +b+c) (@a+ b +c) (@a+b+0)

3

: a a b _ c 5 ;
< (a+b+c) (a+b+c) (a+b+c) =_8_

3 27

- D4u bang xay ra khi va chi khi ABC 1a tam gidc déu
Bai toan 4. Gid sit BB va CC' la cdc duong phdn gidc trbng cua cdc géc Bva C ; 0,1, ldn luot
la tém duong tron ngoai tiép, bang tiép img véi dinh A, R la bén kinh duong tron ngoai tiép AABC.
Chitng minh rdang |
abc. OI,
Ua+wm+cm]
Gidi : Qua O ta dung hai dudng thing song song vdi

AB va AC cit cdc dudng thang vudng goc ha tir I, xuéng
AB, ACtuong ing tai L va K

—

Tac6 BAC = LOK (13)
Theo tinh chat 2 c6

be AC = be
(a+c) (a +b)
Ngoai ra, khong khé khan 1dm thdy ring

0L=p--c-= (a+b), 0K=p-2= (a +¢)
2 2 2 2

Tir d6 suy ra
AB _ AC _ 2bc / (14)
OL OK (@ + c)a + b)

Két hop (13) (14) ta nhan dugc A ABC ~ AOLK

Do O], 1a dudng kinh dudng tron ngoai tiép AOLK cho nén
LK =1,0sin(180° - A) = I,Osin A.

Tu dé

sC - . 2bc IK = (2bcl ,Osin A) _ abcl,O (dpem).

(a + c)a + b) (a +cXa+b) (a + ¢)a + b)R.
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PHAN HOACH TAM GIAC CUA MOT DA GIAC

NGUYEN VAN MAU
DHKHTN - DPHQG Ha N¢i

Trong hinh hoc, ngoai cdc bai todn truyén théng mang tinh chat dinh hinh va dinh tinh sau sic
(dua vao cédc dac trung hinh hoc co ban dugc phat biéu thanh cdc dinh 1f hinh hoc) con c6 nhing bai
toan kiéu ghép hinh va chia hinh mang mét noi dung khac. Phuong phép khao sit cic loai todn nay
thuong dua trén mot vai dac tinh rét riéng biét va rt don gian, c6 khi chi 1a nhitng suy luan logic
hinh thitc tudéng nhu khong cé gi lién quan t6i hinh hoc nhu cdc nguyén li Dirichle, tiéu chuén chia
hét chia mot s6 tu nhién cho mot s6 nguyén cho trude, ...

Céc bai todn ghép hinh va chia hinh c6 thé xem nhu 12 nhitng bai todn so ding ctia hinh hoc t8
hop. Trong bai nay, chiing ta s& xem xét mot s tinh chét don gian cia mot bai toan phan hoach da
gidc (181, phéng) thanh cic tam gidc bang mot hé thong diém cho trudc trong da gidc d6. D6i véi
mot da gidc K cho trude, ki hieu K 1a tap hop tat ca céc diém trong clia K. Ta néi diém M € K néu
M € K hoic M 1a diém bién cha K. D€ tranh su vi pham nhimng khii niém co ban clia hinh hoc, ta
khéng coi ba diém thiang hang 12 mot tam gidc.

Vi dul: Cho tit gidc ABCD va diém M 1a diém trong cua tt gidc. Khi d6 c6 ba kha nang.

i) M khong ndm trén AC va BD

ii) M ndm trén AC va & ngoai BD (hodc ngugc lai) .

iii) M nim trén AC va BD

A A B
B ‘ B

D D

Trudng hop i) chita 4 tam gidc trong phan hoach.

Trudng hop ii) chita 4 tam gidc vad mot “tam gidc” suy bién BMD trong phan hoach.
Trudng hop iii) chia 4 tam gidc va 2 “tam gidc” suy bién AMC; BMD.

Vi vy, trong 3 trudng hop nay, déu nhan dugc 4 tam gidc phan biét trong phan hoach.
Dinh nghia 1: Cho trude da gidc K (phéng, 16)) vak diém M; € K (j=1,2, ..., k).
'Khi d6 ta néi K dugc phan hoach tam gi4c theo bo diém {M;, M,,..., M} n€u K duoc chia thanh cac

tam gidc thoa man cac diéu kién sau: ‘

a) Méi dinh clia tam gidc 1 mot trong c4c diém da cho hoac la dinh cha K. .

b) Moi dinh ciia da gidc vA moi diém da cho déu 1a dinh clia mot tam gidc nao d6.

c) Khong ¢6 dinh cha tam gidc 12 diém trong clia mot canh ctia mot tam gidc khéc.

d) Cic tam gi4c 12 roi nhau, tic 12 phdn trong cla ching khong chita diém chung.
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Nhu vay, cdc tam gidc suy bi€n khong dugc tinh trong phan hoach vi vi pham di€u kién c).

A A A
B B B

D D

& vi du 1, trong ci ba trudng hop déu c6 4 tam gidc trong phan hoach. RS rang, v6i mét bo
diém cho trudc, c6 thé cé nhiéu cich phan hoach khic nhau thda min dinh nghia 1. Ching han,
trong vi du 1, d6i v6i trudng hop i) sé c6 cdc cach phan hoach sau:

(Cdn d6i v6i cdc trudng hop ii) va iii) thi s& c6 tuong ng 2 va 1 cdch phan hoach). Do d6, s6
cdch phan hoach tam gidc phu thudc vao vi tri tuong d6i clia cdc di€ém ciia bo diém da cho d6i v6i
da gidc K. Ngay ca khi tap hop céc dlém cho trudc trong da gidc 1a tap rOng thi van c6 thé c6 nhiéu
cach phan hoach.

Vi du 2: V6i ngii gidc ABCDE ta c¢6 5 cich phan hoach tam gidc (iing vdi viéc ké cic dudng
chéo clia ngii gidc xudt phdt tir dinh A, B, C, D, E). ‘

Quan sat hai vi tri trén, ta nhan thdy rang phép phan hoach tam gidc clia mot tit gidc theo mOt
diém va clia mot ngii gidc (theo tap réng) chia da gidc thanh c4c tam gidc khic nhau, song s6 lugng
céc tam gidc trong mbi phan hoach déu nhu nhau.

(Trong vi du 1 ta nhan dugc 4 tam gidc, trong vi du 2 c6 3 tam giic). Diéu nay, ciing ding cho
trudmg hop téng quat.

E : E

Bai todn 1. Cho n - giac K (n 2 3). Khi d6 s6 tam giac trong mél phan hoach (tam gidc) cia K
déu bing n - 2.

Pay la bai toin gian don d6i véi chuong trmh phd thong co sd. Vi tOng cac gbc trong chia n —
gi4c K bing (n - 2)180° nén néu s6 tam gidc trong mot phan hoach la k thi téng céc gbc trong chia k
tam gidc ndy bing k.180°. Do vay : k. 180°=(n-2)180°hayk=n—-2

Bai todn 2. Cho tam gidc K va m diém phan biét trong K. Khi do, trong moi phan hoach ciaK
déu cés =2m + 1 tam gidc. - «

That vay, néu c6 s tam gidc thi téng cdc géc trong cha chiing bing s.180°. Vay:
5.180° = 180" + m.360° hay s = 1 + 2m. :

" Hoan toan tuong ty theo cich gidi trén, ta ¢6 két qua: Véin — glac K va m diém trong K thi s6
tam gidc trong mbi phan hoach ciia K theo m diém d6 bing

n-2+2m ‘ : H
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Tuy nhién, & day, ching ta khong dé cap dén sy ton tai clia phan hoach tam gidc clia n — gidc K
theo bo m diém, trong K (Xin ban doc ty chiing minh sy tén tai ciia phép phan hoach).

Tir ding thitc (1), néu ta goi cdc canh cha tam gidc trong mot phan hoach 1a “canh trong” khi
canh d6 khong triing véi canh clia n — gidc K cho trudc, thi sé ¢é '

Hé qud: S6 céc canh trong mbi phan hoach ciia n — gidc K theo bé m diém trong K 12 m6t hing
s6 va bang 2m - 2 (khong phu thudc vao n).

Bai todn 3. Chitng minh ring v6i 49 diém tiy y trong hinh vuéng canh bing 1, trong méi phan

- hoach hinh vuéng theo 49 diém d6, déu ton tai it nh4t mot tam gidc c6 dién tich < —1% ,

Gidi: Theo dang thic (1), thi s6 tam gidc trong moi phan hoach bing
s =4 -2 +2.49 = 100. -

Do vay, két luan clia bai todn 1a hién nhién.

Nhan xét ring s6 49 12 s6 nho nh4t dé bai todn 3 ding. Al
That vay, xét 49 diém chia mot dudng chéo cha hinh vuéng -
thanh 50 phén béng nhau (xem hinh vé&), thi moi tam gidc
BAA,, ,DAA, (i=0,1,...,49; Ay = A; A;,=C) déu c6

dién tich bing -1—
. 100
Nhan xét ring, néu trong dinh nghia 1 loai bo diéu kién B
¢) thi trong méi phan hoach cén liét ké thém céc tam gidc -
suy bién (tam gié_c'cé ba diém nim trén mot dudng thing
(xem vi du 1)). Trong trudng hop ndy, phuong phdp giai cic bai toan tuong tu nhu bai todn 3 s&
khong con don gidn ngay ca khi s6 di€ém cho truéc trong tam gidc khong nhiéu.
Bai todn 4. Cho hinh vuéng ABCD c6 dién tich bing 1. Hiy xdc dinh s6 duong a nho nhét sao
cho véi moi diém M trong hinh vuéng déu tim duoc it nh4t mot tam gidc c6 dinh 1a M va 2 dinh kia
12 dinh cfia hinh vuéng ABCD véi dién tich < a.

Gidi : Goi E 1a tam cua hinh vuéng, F 1a trung diém cha AD. Vi E 1a tam d6i xdng cta hinh

vuong nén chi cdn xét M thuéc AEAD. Vi dudng thing chita EF 1a truc d6i xtng nén chi cdn xét
diém M trén EF. Tir d6, chon M trén EF dé€ s(MBD) = s(MAD) va ta thu dwoc M 12 trung diém ctia

-

EF.Khidé6 14y a =S,,,, = é (céc két qua trén d& dang kiém tra néu ta dat hinh vuong.

Trong hé truc toa do vudng géc A(0, 0), B(O, 1), C(1, 1)
va D(1, 0)). ‘ y

RO rang gid tri a = é vin cdn ding cho trudng hop ¢6

hai diém trong hinh vuéng.

Tuy nhién, néu s6 diém 1a 3, 4 hodc 5 va dinh clia cic
tam gidc trong phan hoach 1a cdc diém d3 cho va 4 diém tiy
¥ c6 dinh trong hinh vuéng (thay cho 4 dinh hinh vuéng) thi
céc tinh todn trd nén rat phic tap. A

rep——— e
e
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MG RONG MOT KET QUA CUA TORICELLI

NGUYEN MINH HA
DHSP Ha Ngi

Trong tam gidc c6 mot bai toan kinh dién:

Bai toan 1: Cho tam gidc ABC. Hdy tim trén mdt phdng tam gigc diém M sao cho tdng
(MA + MB + MC) nho nhat.

Bai todn 1 da dugc nha toin hoc Toricelli gidi va két qua cu thé nhu sau: Néu

N N

max{4; B; C}<120° thi téng (MA + MB + MC) nho nhat khi BMC = CMA = AMB = 120"
Néu A > 720° thi tdng (MA + MB + MC) nho nhdt khi M tring A
Néu B > 120° thi tdng (MA + MB + MC) nhd nhat khi M tring B

v

4

Néu C > 120° thi téng (MA + MB +MC) nho nhat khi M triing C
Bai toan 1 ¢6 su mo rong tat yéu-

Bai toan 2: Cho tam gidc ABC va ba sé duwong x, y, z. Hdy tim trén mdt phang tam gidc diém
Msao cho téng (xMA +YMB +zMC) nhd nhdt.

Bai toan 2 da dugc dé cap trong mot vai tai liéu

Tuy nhién, chua c6 tai liéu ndo cho mot 101 giai tudng minh. Bai bao nay Xin gxm thiéu mot 16i
gidi nhu vay. Trudc hét xin phét biéu khong ching minh b3 dé sau.

B dé:_Cho tam gisc ABC. M 12 mét diém trong khong gian. Khi dé:

1. Néu M khong thudc dudng tron ngoai ti€p tam gidc ABC thi ba s6 BC. MA CA. MB;
AB. MC la d¢ dai ba canh ctia mét tam gidc nao do. :

2. Néu M thudc dudng tron ngoai tiép tam gidc ABC thi trong ba s&

BC.MA ; CA. MB; AB. MC c6 m6t s6 bing téng hai s6 con lai. Cu thé

a) Néu M thuo6c cung BC (khong chifa A) thi:
BC.MA = CA. MB + AB. MC

- b) Néu M thudc cung CA (khong chita B) thi:
CA. MB = AB. MC + BC. MA

c) Néu M thudc cung AB (khong chia C) thi:
AB.MC =BC.MA + CA.MB
BG6 dé trén 12 sy phat biéu chi ti€t bat dang thic néi ti€éng Ptoleme.
Trd lai viéc giai bai todn 2 :
y+z
A - Trudng hop Z+x
x+y

N IA A
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Chinghan:y+:z<x
Ta c6: xMA + YMB + zMC 2(y + z)MA + YMB + zMC =
= yMA + MB) + z(MA + MC) 2yAB + zAC

Diéng thic x4y ra < M tring A.

Vay : (XMA + yMB + zMC) nho nh4t khi M tring A va gid tri nho nhét d6 bing : yAB + zAC.

y+z>x A
B - Trudng hop Z+x >y
xX+y >z
Khi d6 t6n tai AABC théa min diéu kién :
BC=x;CA =y,AB=z(h1) B ¢
Hinh 1

I. Néu

~

max{Z+X;B+§;€‘+E} < 180°
Vé phia ngoai AABC ta dung AA,BC déng dang v6i AABC (h.2). Goi I 1a giao (khdc A,) ciia
dudng thing AA, véi dudng tron ngoai tiép AA,BC.
Vi A+ A <180° = A < 180° =
= BAC < 180° - BAC =
A khong thudc hinh tron ngoai ti€p AA,BC = 1 thuoc

doan thing AA,; (1)
Vi:

B+ B < 180°
C+C <180
ABA, < 180° Hinh 2
= ¢ : :
ACA, < 180°
= [ thudc cung BC (khong chita A,) cia dudng tron ngoai ti€p AA,BC (2)
Tir (1) va (2) ta thdy : I d6ng thoi thuéc doan AA, va cung BC (khong chita A,) clia dudng tron
ngoai tiép AA,BC. o
Hon th€, ban doc ¢6 thé thdy : I thuoc AABC va:

BIC = 180° - A4

JCIA = 180° - B
AIB = 180° - C
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Ly diém M béitkita c6 : , -
xMA + yMB +zMC =B’C’. MA +C’'A’. MB + A’B’. MC

= BC' .MA+ E—Q—.CAI.MA + E.AlB.MC
BC BC

CA,.MB + A,BMC
BC

Ap dung b8 dé cho AA,BC va diém Mtacé:

= B’C’(MA +

MA, .BC
BC

= B'C(MA + MA,) > B'C". AA, = x. AA, |
Ding thic x4y ra < M déng thdi thuoc doan AA, va cung BC (khéng chita A)) clia dudng

xMA + yMB + zMC > B'C'(MA +

tron ngoai tiép AA,BC

BMC = 180° - A
Ming I {CMA = 180° - B )
AMB = 180° - C

Vay : (xMA + yMB + zMC) nh6 nh4t khi M théa man (*) va gid tri nho nhat d6 bing : XAA,

II. N&u max {Z+X§+E€’+E} =180

Chinghan: A + A’ = 180

Tuong tu nhu trudng hgp I véi chid ¥ ring : A chinh 14 giao clia doan AA, védi cung BC (khong
chita A,) ciia dudng tron ngoai ti€p AABC, ta thdy : (xMA + yMB + zMC) nho nh4t khi M triing
A va gié tri nho nhat d6 bing : XAA, = yAB + zAC..

III. Néu max A+X 1§+§ 6’+E} > 180°.

Ching han: A + A’ > 180°
Qua A ké cdc dudng thing yy' ; zz sao cho : B thudc tia Ay ; C thudc tia Az. Ly diém M bét ki.

1) Néu M nam trong géc )TA\z h.3)
Vi: A+ A’ > 180"nen ta dung dugc céc
tia Ay,, Az, thda man diéu kién:
y,Az, + A" = 180°
Cictia Ay,, Az, ndm trong géc y/A\z h.3)

' Ci

M ném trong géc y,Az,
B Z

Treén tia Ay,, Az, l4n luot 14y céc diém B, ; A

C, saocho: AB,=AB;AC, =AC. Hinh 3
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Ap dung trudng hop II cho AAB,C, tacé :
xMA + yMB, + zMC, > yAB, + zAC,
= xMA + yMB, +:MC, > yAB + zAC
Vi AABB, cin tai A nén :

MB 2 MB,
Tuong tu nhu vay :
MC 2 MC,
Suyra: xMA + yMB + zMC 2yAB + zAC ' ‘ 3)

2. Néu M nim trong géc zAy (h.4) . y

Vi A+ A >180° nén ta dung dugc tia
Ay, ndm trong géc _';A\Z thdéa man diéu kién :

yAz + A'=180° (h.4). Tréen Ay, ldy
diém B, sao cho: AB, = AB.

Ap dung trudmg hop II cho AAB,Ctacé

xMA + YMB, + zMC 2 yAB, + zAC
= xMA +yYMB, + zMC 2 yAB + zAC

Vi AABB, can tai A nén : MB > MB,

Hinh 4
Suyra:

XMA + yMB + :MC 2 yAB + zAC (4)

3) Néu M ndm trong géc y'Az‘ (h.5) ‘
Trén Ay’ ; Az’ 14y cdc diém B’, C’ sao cho : AB’ = AB; AC’ = AC. Ap dung trudng hop 1 cho
AAB'C’tacé: :
XMA + yYMB' + zMC’ 2 yAB + zAC’
= xMA + yMB’ + zMC’ > yAB + zAC

Vi AABB’ can tai A nén MB > MB’

Tuong tu nhu vay : MC 2 MC’

Suy ra:

XMA + YMB + zMC 2 yAB + zAC (5)

4) Néu M ném trong géc z'Ay: Tuong ty
nhu trudng hop 2 ta cé

xMA + yMB + zMC 2> yAB + zAC (6)

T (3); (4):(5); (6) tacé:

xMA + yMB + IMC 2 YAB + zAC VM

Péng thitc x4y ra <> M triing A.
Viay : (xMA + yMB + zMC) nho nhat khi M tring A va g1a tri nho nhat d6 bing: yAB + zAC.

Hinh 5
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Két luan:

A — Néu x, y, zkhong phai 1a d6 dai ba canh cia mot tém gidc nao dé :

1) y + z < x thi (xMA + yMB + zMC) nho nhét khi M tring A

2) z+ x <y thi (XMA + yMB + zMC) nho nh4t khi M trung B

3) x + y <z thi (xMA + yMB + zMC) nhd nhat khi M tring C

B - Néu x, y, z 12 d6 dai ba canh clia mot tam gidc nao dé.

Ta ki hiéutam gidcd6 laA’B'C(BC =x;CA’=y,; A’'B’ =2)

DMax {4+ A, B+ B, C+C) <180° thi (xMA + yMB + zMC) nhé nhat khi :

BMC = 180° - A
CMA = 180° - B
AMB = 180° - C

2) Néu A + A > 180°thi (xXMA + yMB + zMC) nho nhit khi M triing A
3)Néu B + B’ > 180" thi (XMA + yMB + zMC) nhd nhat khi M tring B
4)Neéu C + C 2 180° thi (xMA + yMB+zMC) nhé nhat khi M trimg C
Dé ket thiic xin néu mot vai bai tap 4p dung

Bai tdp 1: Cho AABC. Hay tim trén mat phing tam gidc diém M sao cho :
(MA + ?MB + —21-MCJnh6 nhat

Bai tdp 2: Cho AABC. Hiy tim trén mat phang tam gidc diém M sao cho :
(BC.MA + CA . MB + AB . MC) nho nhat

Bai tdp 3: Cho AABC. m, ; m, ; m, theo thit tu 1a do dai cic trung tuyén xuit phattr A ; B; C.
Hay tim trén mat phang tam gidc diém M sao cho (m,MA + m,.MB + m;MC) nho nhét.

MOT VAI TINH CHAT CAC NGHIEM CUA MOT
PHUONG TRINH BAC CAO

PHAN HUY KHAI
Vién Todn hoc

Bai viét nay gidi thiéu véi cdc ban mot vai quy tic dé khdo sét tinh chét cic nghiém cla mot
phuong trinh bac cao, tir d6 trong nhiéu trudng hgp ta c6 thé dp dung d€ giai nhiéu bai todn cu thé.
Phuong trinh bac n ¢6 dang téng quat

P(x) = a,x" + ax"" +.+a ,x +a =0 _ (1
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trong d6 a, = 0. Ta ki hiéu P’(x), P"(x) twong ting 12 dao ham bac nh4t va bac hai ciia P(x), PY(x) 1a
dao ham bac i chia P(x), i = 1, 2, ... (xin nhéc lai 1a P(x) = (P“V(x))’

Nhu da biét, phuong trinh (1) c6 t6i da 12 n nghiém thyc. D€ khao sit s6 nghiém, cling nhu dé
danh gid nghiém clia (1), ngudi ta thudng dung cac dinh li sau day:

Pinh li 1: Néu P(a) P(B) < 0, thi trong khoang a < x < 3, (1) ¢6 it nhat mét nghiém.

Su diing dan cta dinh 1i 1 suy ra tir ché vi moi da thic P(x) déu la lién tuc ma P(a) va P(B) trdi
d4u, nén ton tai it nhat moi gid tri Xy & < X, < B sao cho P(xy) = 0.

Dinh Ii 2: (dinh 1i Rolle). Néu P(a) = P(B), thi tén tai it nhat mot diém x,.a < X, < B sao cho
P(x)=0. - | :

That vay theo dinh 1i Lagrange, ta c6 t6n tai X, & < X, < B théa man diéu kien P(B) — P(c) =
B - o) =P’(x,). Tt d6 suy ra P’(xo) = 0.

Dinh li 3 (dinh 1i Newton). Néu P(x,) = 0 va PY(x,) > 0 véi moi i= 1,2, ..., n thi néu x 1a mo6t
nghiém b4t ki cta (1), ta déu c6 x < x,.

Ching minh : Ta c6 P’ (x) = a,n! = const, do dé tir gia thuyét c6 P (x) > 0 v6i moi x (ndi riéng véi
moi X > 0). Tir d6 suy ra P™"(x) 1a ham déng bién khi x > X, tic 1a P~ "(x) > P* ~"(x,) = 0,
VX > X,, vay P®~2(x) lai 12 ham déng bién khi x > x,, do d6 P(x) > P(x,) > 0. Diéu d6 c6 nghia la
moi X > X, déu khong phai 12 nghiém cta (1).

Ta c6 d.p.c.m.

Du6i day ching t6i dua ra mot vai vi du minh hoa cho céc dinh 1i néu & trén.

‘Vidu I: Cho phuong trinh ’

Px)=x'-3x*+(2m-2)+m-3=0 )

Tim m dé (3) ¢6 nghiém x1, x2, x3 thoa mén diéu kién x, < -1 < x, < x,

Piéu kién can: Gia st thoa min ddu bai, khi d6 theo dinh 1i Bezu, ta cé P(x) = (X ~ X )(X — X,)(X
—X;). Rorang P(x) >0 néu x, < x<x, Vithe P(-1)=m-5>0=>m<-5.

Diéu kién du. Dao lai gia sim < -5. Khidétacé P(-1)=m —~5>0. DoP(0) =m -3 <0, nén
theo dinh I{ 1, t6n tai nghiém x, ma -1 <x, < 0. RS rang ton tai a (ma a >0 di 16n) sao cho f(-a) <0, vay
t6n tai nghiém x, ma -a < x, <-1. Lai ton tai b > 0 dd 16n ma f(b) > 0, do d¢6 ép dung dinh 1i 1 mot l4n
nifa suy ra ton tai nghiém x; ma 0 < x; < b. Nhuw vdy tacé —a < x, <-1 <x, <0< x; < b, tifc 1a
X; < -1 <X, < X;. Tém tai m < -5 1a gid tri c4n tim.

Vi du 2: Cho phuong trinh

Px)=x"-5x*+15x*-x*+3x-7=0 3)

Chiing minh rang phuong trinh (3) c6 nghiém thuc duy nhat. Ta c6

' P’(x) = 5x* - 20x* + 45x* - 2x + 3
P’ (x) = 20x* — 60x> + 90x - 2
P’*’(x) = 60x* — 120x + 90
P¥(x) = 120x — 120
PO(x) =120

Dé thdy P(1), P’(1), P’(1), P”’(3), P(1), P®(1) déu duong. Theo dinh li Newton, thi moi x > 1

déu khong phai 1a nghiém cua (3).
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RO rang khi x < O thi P(x) < 0, vy moi x < 0 cling khong phai 12 nghiém ctia (3). Ta c6 P(0) =
 -7<0,P(1) >0, do d6 theo dinh Ii 1, thi (3) c6 it nhdt mo6t nghiém x ma 0 < x < 1. Mat khéc dé
thdy P’(x) > 0 khi 0 < x < 1, nén R(x) 1a ham thuc sy tang trén khoang (0, 1), do dé6 x ciing 1a

~nghiém duy nhat clia (3) trén khoang &y. Nhu vay ta di dén diéu phai ching minh.

Vidy 3: Cho a, b, ¢ 1a ba s6 thuc khdc nhau. Dit m = min(a, b, ¢), M=max(a, b, ¢)
Ching minh rang

3m<a+b+c-\/a2 +b +c*-ab - bc - ca
<a+b+cla +b +¢* -ab-bc-ca <3M
Khong gidm tng qudt c6 thé gid sta<b < c.
Xét da thic
P(x)=(x—-a)(x-b)(x-c)
R6 rang phuong trinh P(x) = 0 c6 3 nghiém x,=a, X, = b, X; = ¢. Theo dinh 1i Rolle phuong
trinh '

P(x)=3¢-2(a+b+c)x+ab+bc+ca=0

c6 hai nghiém x,, X, ma a<x,<b<x,<c.

;—_a+b+c-\/a2+b2+cz'-ab-bc-ca
=
Tix 3
x—__a+b+c+\/a2+b2+c2-ab-bc-.ca
, =
3

suy ra d.p.c.m

Dé€ keét thic cho bai viét, xin dua ra mot vai bai tap dé cic ban luyén tap v6i c4c phuong phép
vira trinh bay & trén dé khéo sit nghiém cia mot phuong trinh béc cao.

1) (Dinh 1f Budan - Fourier). Xét phuong trinh

P(x) = ax" +ax" '+ ...+a,_ X+a,=0 : .(*)

trén doan [a, b]. Gia sit P(a)P(b) # 0. Ki hiéu v(x) 12 s6 14n déi ddu trong day P(x), P’(x), ...,
P®(x). Chitng minh ridng néu goi k 12 s6 nghiém cfia (*) trén doan [a, b], thi k = v(a) — v(b) — 2m,
_trong dé m 1a s6 tu nhién nao ddy. (N6i cdch khic k c6 cung tinh chan 1& véi v(a) — v(b)).

2) (DPinh 1f Descartes). Xét phuong trinh (*), trong d6 aga, # 0. Ki hieu v Ia s6 14n déi ddu cua
day ay, a,,..., a,. Goi k 14 s6 nghiém cta (*), thi k = v - 2m, véi m 12 s6 tu nhién nao d4y.

3) Chitng minh ring phuong x* - 5x* + 4x — 1 = 0 ¢6 5 nghiém thuc.

4) Cho ham s6 y = x* — 6x* + 4x + 6. Chiing minh ring ham s6 dat cuc tri tai 3 diém A, B, C va
goc toa d6 O la trong tam cua tam gidc ABC. '
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UNG DUNG TiCH PHAN PE CHUNG MINH BAT BANG THUC

NGUYEN SINH NGUYEN
Pa Néng

Trong chuong trinh THPT ta cé mot ing dung ctia phép tinh tich phan:
Dién tich hinh phdng gidi han bdi hai duong thdng x = a, x = b va dé thi ctia hai ham y, = fi(x)
vay, = fo(x) lién tuc trén [a, b] sao cho fi(x) 2 fy(x), véi moi x € [a, b] dugc cho bdi céng thirc

b
S = [[f,(®) -f,()dx (xem Gidi tich 12 Ngé Thiic

’ Yi=f1(x)
Lanh trang 128, Phan Ditc Chinh trang 159, Trdn Vdn 1

Hao trang 137). Trong cdc ki thi tot nghiép PTTH cua
mién Nam truéc ddy hdu nhu ndm ndo ciing cé dang todn W
ndy. & day, bai bdo ndy dé cap dén mot img dung bai todn
tinh dién tich bing tich phan nay dé ching minh moét s& _ of @ b x
bét déng thic. Phuong trinh ndy c6 hiéu luc d6i véi cc bat
déng thitc c6 chita ham mii hay loga.

Hinh 1

Vidu 1. Cho céc s6' p > 1, q >1 lién hé véi nhau bdi 1 +

LY
p q

: 14 q
Thé'thi véi moi a, b duong ta c6 ab < LI L (Bdt ddng thitc Young)
p q

Gidi. Xét dudng cong y = x*' v6i x >0, p> 1. Ta
cling ¢6 x = y*'. Ta thdy (hinh 2) t6ng dién tich S,, S, 16n
hon dién tich hinh chit nhat ACBO. Ta tinh S,, S,:

P P
Sl = J.P ldx - f—o = —a—-
p p
b q N b7
R
0 q
Vay SAOBC=abSSI+SZ Hl‘llhz
P q
:bab<a—+b— dpcm y
p q '

Vi du 2. Cho a, b cdc s6 lén hon hay bang 1. Chiing
minh rang v
ab < e*! + binb.
Gidi. Xét dudng cong y = Inx (x = 1) va céc diém
A, B, C (hinh 3). Dién tich hinh chit nhat ACBO khéng 1én
hon téng dién tich S, S,. Hinh 3
Ma S o =bla—-1)
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a-1
va S, = J.eydy =e

0

a-1

:ea-l _1

0

b
S, = finxdy = xinx - x|' = binb - b+ 1

1
Vay(a—1)b<blnb-b+1=¢e*"'~1=blnb-b+e*!

< ab<blnb +¢e*! ~ dpem.

1-n

1
Vi du 3. Chitng minh rdng véi moi s6 tw nhiénn > 1 ta cé n!< n "2
Giai. Trong mat phing toa do, 14y cic diém A, c6 hoanh do X 4 =1 (G=1,...,n). GoiBlacic

diém trén dudng cong y = Inx c6 hinh chiéu trén truc hoanh 13 A; (i = 1, 2, ..., n). Dién tich hinh
thang cong A B,A, 16n hon téng dién tich cdc hinh thang A A,B,, B,A,A,B;, ..., A,_,A,B,B,.,

Inl+In2 In2+/n3 In(1-1) + Inn
+ o+
2 2 2

< ].lnxdx
i

& Inl + In2+n3+..+Infn-1)+ 1”7” <nlnn-n+1

1
& nn! < (n + —;—jlnn -n+1l= ln(n ze]"‘]

1-n

n+ -
< nl<n e

Cic ban thir van dung phuong phdp nay dé Y
chitng minh cdc bét ding thitc:
l.ba+1)<e*+blnbvsia,b>0
nel
2.(n+ Dab<a"*' + nb " |
(a, b> 0, n nguyén duong) 5 P .
3. Ching minh ring v6i moi n nguyén duong Aha A Ant An X
1 ‘ Hinh 4

Inn+1)<1+ i +.o.+ —
2 n

PHEP BIEN HINH PONG DANG PAC BIET VA
UNG DUNG VAO VIEC GIAI TOAN HINH HOC

NGO THE PHIET
Dba Ndng

Cho hai cap diém A, A’ va B, B’ v6i A’B’ = kAB trong d6 k > 0 1a mét s6 thuc duong. C6 hai

phép déng dang bién A thanh A’ va B thanh B’. Mot phép giit nguyén huéng ctia mit phing goi 12
phép ddng dang thudn. Mot phép déi huéng clia mat phing goi 12 phép do“ng dang nghich. Sau day
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12 mot phép déng dang thuan dac biét ¢6 tam, d6 12 tich chia mot phép vi tr ¢6 ti s6 k >0 va mot phép quay
cling tam v&i phép vi tu c6 gée quay 0° < o = 180° < 360°. ‘

Goi H(O, k) 12 phép vi tu tam O ti s6 k>0va R(O, o) 12 phép quay tam O géc quay o vdi 0° <
a = 180 < 360° thi 9(0, k, a) = H(0, k). R(0, o) = R(O, o) ; H(0, k) goi 12 phép déng dang tam O ti
s0 k géc quay a.

|OM" = kOM
Vay: ¢(0,k,a) : M — M’ sao cho ¢/ =—"—=
(OM, OM’) =a

Bai toan 1. Cho tir gidc ABCD noi tiép trong duong tron tam O ; quay tit gidc quanh O mot
goc o, vdi 0" < o < 360" thanh tik gidc A;B,C,D,. Chitng minh rang giao diém ciia cdc cdp duong
thing ABva A,B,; BC va B,C, ; CD va C,D, ; DA va DA, la 4 dinh ciia mét hinh binh hanh.

Giai. Goi E, F, G, H l4n luot 12 trung diém
cdc canh AB, BC, CD, DA. Goi M, N, P, Q lin
luot 1a giao diém ctia AB va AB,, BC va B,C,,
CD va C,D, , DA va D\A,. Goi S 1a trung diém

A,B,. Tacé:
EoM = £
2
OM = OFE
o
cos—
2
Vay phép dong dang
: 1 o
(P 0’ y T . E —> M
o 2
cos—
2
Tuongte: F— N
G->P
H->Q
Vay MNPQ ~ EFGH

EFGH la hinh binh hanh. Suy ra MNPQ 1a hinh binh hanh.
Bai toan 2. Cho AABC bt ki. Vé phia ngodi tam gidc dé cdc tam gigc BCM va CAN sao cho:

BMC = ANC = 90°
™M 1 . CN _

]
BM 3 AN " 2
AK _

(O N

Trén canh AB Idy diém K sao cho

Tinh KMN va ti s6 XM
KN
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Giai. Tir K dung vé phia ngoai tam gidc KH L ABva KH = —é—AB

Tacé:
S
tgHBK = — vatgHAK = —
3 2
Suyra:
HBK = CBM = o, véi tgor, = %
HAK = CAN = a, véi 150, = %
. BH  BC 1
Tacé: — = — =
BK BM cosQ,
(Eie, 371‘) - (ZTM’, EE) —a,
| Suy ra phép dong dang
(p(B, ! ,a,) ‘K —> H;
coso.,
M-C
Vay: '
HC _ _1
KM cosoL,
(KM, Hc) = q

Tuong tr: ¢ (A, coso,, o) : H > K;

C—>N
— = CosQ,
Suy ra H
\(Ac, KN) = a,
Vay

(kM. KN) = (KM, HC) + (HC,KN) = o, + o,

KM KM HC _ cosq,
KN  HC KN  cosa,

1
thMN = tg(al + az) = tga‘l - tgaz - 3
1
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Vay KMN = 45°

Talaicé cos’a, = —-5—}-———
tg-a, + 1
2 1
cos’at, = ————
tgto, + 1
- (KM)z _tga, +1 9
KN tga, +1 8

KM _ 9 _ 32

KN V8 4
Bai toan 3. Trén cdc canh cia AABC bdt ki dung vé

C
phia ngoai cia tam gidc d@ cho cdc tam giac ABM, BCN < ‘
va CAP sao cho: v : P > o N
C/‘A\P = CBN = 450 459
ACP = BCN = 30° '
A v O B
ABM = BAM = 15° M

Chdng minh APMN vuéng cén tai M.

(D¢ thi todn quéc té'ldn thir 17 nam 1975)
Giai. Xét

F= (p[N, '112 1050) .9 (P, k 105°) . R(M, 150°)

PC _ sind5° _
. 0 —_—— - —‘—“——. ) —
v6i k= S5 [5yy [PA - sin30
s5in30 NB _ sin30° 1
NC sind5° &k
« Suyra:
B RM, 150°) 5 A 2Pk 105%) »C ¢(N.£,105”) \ B

Vay F(B) = B.
F 12 mot phép déng dang thuan c6 :

tis6k.i=1
ek

g6c 150° + 105° + 105° = 360°
va giilt nguyén B. Vay F 1a phép d6ng nhdt. Suy ra F(M) = M.

Vay : M —BM150%) | ar ek 105) o ar "”N'ilé’ 105%) M
Suyra APMM’ ~ APAC
ANMM’ ~ ANBC
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Pi biét APAC ~ ANBC , M

T dé APMM’ ~ ANMM’ '

Hai tam gidc nay ¢6 MM’ chung va c6 huéng
nguoc nén bing nhau (d6i xing qua truc MM’). Vay

PMM' = NMM’ = PAC = 45° P N
= PMN = 90°, MP = MN

Vay APMN vuéng can tai M. M

Sau day Ia cac bai tap tuong tu:
‘1. Cho AABC bt ki. Dung trén cic canh cia tam gidc va phia ngoai ciia tam gidc cdc tam gidc
déu ABM, BCN, ACK. Goi P, Q ldn luot 1a tdm cla cdc tam gidc BCN va ACK. Chitng minh :
a)CM L PQ
b) CM = PQ\3

2. Cho i gidc 161 ABCD. Trén cdc canh va phia ngoai clia ti gidc ta dung cdc tam gidc déu
ABM, CDN, BCI va ADJ. Goi P, Q 1a tAm ctia cdc tam gidc BCI va ADJ. Chuitng minh

MN L PQva MN = PQx/_
3. Cho AABC bit ki. Dung vé phia ngoai clia tam gidc da cho cdc tam gidc EBA, FAC sao cho
AEB = AFC = 90° |
{tg@ = tgl:":&z’ =2

Trén BC 14y diém H sao cho BH = -;—BC

Tinh EAF va i s6 2L
HF

4. Cho hai dudng thing m, n cét nhau tai S tao v6i nhau mét géc ¢. Qua S dung hai dudng
thang bitkia,b.ChoM e m; Nen;haMA La,vaMB L b;NA, 1 a,vaNB, L b. Tim géc tao
bdi A,B, va AB? » | S

5. Cho AABC bt ki. Dung trén tdc canh cla tam gidc va vé phia ngoai cdc tam gidc ABM,
BCN, ACP, thoa man cic diéu kién sau day :

a) AACP ~ ABCN va ¢6 huéng ngugc nhau.

b) AABM can c6 diy AB (hodc M 1a trung diém chia AB)

¢) Téng céc goc c6 huéng BMA , APC va CNB (hoic AMB, BNC va CPA ) bing 360°
PMN = 2PAC

Chitng minh
PM =MN

138



VE MOT BAI TOAN HINH HOC PHANG

TRAN THANH THIEN
boéng Nai

Dudi day 1a mot bai todn thi vo dich Lién X6 cach day khoang hon 10 nam :

“Cho tam gidc ABC. Trén ba canh cua tam gidc ABC, vé phia ngoai tam gidc ta dung ba hinh
vuong. Xac dinh hinh dang ctia tam gidc ABC néu 6 dinh clia ba hinh vuéng (khong phai 1a dinh
clia tam gidc) ndm trén mot nira dudng tron”. Xin gidi thiéu véi ban doc mot so 10 giai.

Lot gidi thir nhdt (Hinh 1)

Truéc hét, ban doc c6 thé chitng minh dugc két qua K
quen thudc sau : Vi hai hinh vuéng ABKI va ACGH néi
trong d4u bai thi trung tuyén AM cilia tam giac AIH vuéng
g6c v6i BC va trung tuyén AN cia tam gidc ABC vuong N
g6c voi IH. Dong thoi, ta ciing chiing minh duoc : C

am =5 4v-2 M
, 2 2

Trd lai bai todn : Goi O la tam dudng tron ngoai ti€p

AABC. Gia st 6 dinh cha ba hinh vuéng thudc dudng tron.

Dé dang thdy rang tam dudng tron 4y chinh 1a O. Vay

ON vuodng géc véi BC, OM vuoéng géc v6i TH. Tir d6 suy ra, -~ Hink1
ON // AM, AN // OM, nén ti gidc ANOM Ia hinh binh

hanh.

H G

Vay OM = AM = %g, suy ra goc BOC bang 1 vuong.

Tuwong tu, géc AOC va géc AOB cung bang 1 vuéng. Diéu nay vo ly.
Két lugn : Khong c6 tam gidc nao théa min yéu cdu bai todn.
Loi gidi thit hai (Hinh 2)
Chiing ta gia sit hinh vuong thit ba 1a BCFE. D& thay K
AAFC = AGBC (c.g.c), suy ra : AF = GB. _ E
Mat khic OA = OB, OF = OG, suy ra AAOF = I - \GB
ABOG.
Viy : AOF = lﬁ,.
Tirdé : AOG = BOF,
Nén AAOG = ABOF(c.g.c)
Do d6 AG=BF,suyra: AC=BC.
Hoan toan tuong ty AC = AB. .
Vay tam gidc ABC déu. Thir lai, néu tam gidic ABC
déu thi dinh cla ba hinh vuong trén mot dudng tron,,

Hinh 2
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Loi gidi thit ba : (Hinh 3)
Goi P, Q 1 céc trung diém cia AC va HG. Hién nhién O, P, Q thing hang va OP L AC,0Q L
HG. Ta chon chiéu duong clia truc OP theo huéng chia vécto PQ .

Khidé: OP = RcosB

(R 1a ban kinh dudng tron (ABC). PQ = AC = 2RsinB

Vay 0Q* = (OP + PQ)* = R*(cos B + 2sinB)’
= R%(cos® B + 4cosBsinB + 4sin’B).

Talaicé: HQ® = (RsinB)* = R’sin’ B

Vay OH? = R*(cos’ B+ 4cosBsinB + Ssin’B)
= R*(2sin2B - 2cos2B + 3)

Tuong tw: OG* = R*(2sin2A - 2cos2A + 3)
OK* = R*(2sin2C - 2cos2C + 3)

Do OH=0G =OK nén:

sin2A - cos2A = sin2B - cos2B (1)
sin2B - cos2B = sin2C - cos2C (2)

(1) < 2cos(A + B)sin(A — B) + 2sin (A + B)sin(A-B) =0

~ B
sinfA-B)=0
o
| cos(A + B) = - sin(A + B) O
‘ A 4 2 C
[sin(A - B) =0 A=B
A= <~ Y4
_tg(A+B)=-] C=Z
(Vi A, B, Cla céc géc cia tam giac) Q
“ G
B=C
Tuong tr: (2) < A n Hinh 3
T4

Vay tam gidc ABC chi c6 thé 1a tam gidc déu hoic 12 tam gidc vudng can. Di nhién, trong ba
101 gii it nh4t hai 10i giai sai.C4c ban hoc sinh thir xét 101 gidi nao sai. Chiing t6i thi€t nghi viéc 1am
d6 c6 thé gitp ich phdn nao cho cdc ban tranh cdc sai 14m trong viéc gidi cdc bai todn néi chung va
c4c bai todn hinh hoc phéng néi riéng.
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PHEP CHIEU VUONG GOC VO VIEC XAC PINH
KHOANG CACH GIUA HAI DUGNG THANG

THAI VIET THAO
Truong THPT Phan Bi Chdu, Nghé An

Bai viét nay gidi thiéu cling cdc ban tng dung cta phép chi€u vuong géc trong viéc xac dinh
khoang cich giita hai dudmg thing chéo nhau. Qua d6 1am phong phii thém c4ch gidi loai todn niy,
déng thdi cho thady mot cich nhin va sy van dung sing tao phén I thuyét da duogc hoc trong chuong trinh
hinh hoc. ‘ ’

Ta biét rdng phép chi€u vudng gczc—béo t(iigfi s6 o,
cic_duang thﬂg cung phuong va néu MA = kMB thi M N\B
M'A'=kM'B’ v6i M’, A’, B’ tuong ting 1 4nh cla
M, A, B qua phép chi€u vuong géc.

Xét hai dudng thing chéd nhau AB va CD. Ta
dung 1 mat phdng (P) vuéng géc v6i AB tai O (O €
AB). (Xem hinh 1). Al

Gia st doan MN 1a doan vudng géc chung cua : B’
AB, CD ; hinh chiéu cta A, B, N trén (P) 1a A’, B’, \
N’. R6 rang MN = ON’ (h.v€). Nhu viy d(AB, CD) =
d(O, A’B’) (Ta ki hiéu d(AB, CD)' la khoang cédch

giita 2 dudng thing AB va CD, (hinh 1) d(O, A’B’)
12 khodng cdch giita diém O va A’B’.

Trong timg bai to4n, c6 thé chon mat phing (P)
qua C, hodc D hay 1 diém dac biét nao d6 trén dudng
thing CD. Cu thé ta xét c4c bai todn sau:

Bdi todn 1. Hinh tit dién ABCD c6 canh CD
vuong géc véi mat phing ABC, M la trung diém ca
DB, N la trung diém ctia AB, K 12 diém trén CD sao

cho CK = éCD. ‘ ‘Hinh 2a

Ching minh rang khoang cich gitta hai dudng
thing BK va CN bing khoang cdch giifa hai dudng
thang AM va CN (hinh 2a).

Gii. Ta chiu tt dien ABCD lén mat phing (P)
vubng géc véi CN tai N. . '

Ki hieu A,, B, D,, M,, K, 12 hinh chiéu ciia A, At TN ;1
B, D, M, K trén (P), chd ¥ rang hinh chiéu cia CN Hinh 2b
va N chinh 1a N. '

Theo gia thiét CD L (ABC) = CD L CB.

Dt

M,
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CD 1 CA. Do d6 ND, // CD va ND, L AB, tai N (xem hinh 2b). Ta ¢6 : d(BK, CN) = d(N,
BK)); d(AM, CN) =d(N, A,M,). Suy ra cdn chimg minh d(N, B,K,) = d(N, A M)).

Tir gia thiét M 1a trung diém BD = M, la trung diém B,D, ; ciing nhu th€ N 1a trung diém A,B,,
mat khic CK = —é—CD = NK, = éNDl (K € ND,). Tix cdc ding thic trén dé dang suy ra K, 1a
trong tdm AA,B,D,. Mit khac AA KB, can tai K, nén suy ra d(N, B K,) = d(N, A;M,) (dpcm).

Bai todn 2. Cho tit dien ABCD canh a. Goi M Ia trung diém canh
AB, N 1a trung diém canh CD. Hiy tim khoang cich giﬁa hai dudng
thing BN va CM. '

Giai. Vi ABCD la t dién déu, nén tir gia thiét ta suy ra BN L CD.
Ta chi€u tif dien ABCD lén mat phéng P vuong géc véi BN tai N. R6 ring
CDc®.

Goi H 1a chan dudng cao ké tir A t6i mat BCD.

Khidé A—->4, B—L5N, C—t5C, D—L>5D, H—L>N,

(Ki hieu A—-—> A, titc A, 12 anh clia A qua phép chi€u vuéng géc

A

lén P). Tur gia thiét suy ra :

AC=AD,ANLCD A
Tacé NA = HA = a.\g va d(MC, NB) = d(N, CM,). Chii § ring

MA = MB = M,A, = M,N (M, & A,N) (xem hinh 3b) Mi
Va d(N, CM,) = NH, trong tam gidc vudong CNM, ta c6 :
N;{2=N22+N;4f%55+%=£a§-:>NH=a}/(§_o ¢ 5 N P
Vay d(MC, NB) = "‘I/é_o

Bai todn 3. !

Trong mat phang P cho hinh vuéng ABCD canh a. Goi O 1a giao diém cha hai dudng chéo.
Trén dudng thang Ox vuéng géc véi mat phing ABC tai O 14y 1 diém S. Goi o 1a géc do mat bén
hinh chép SABCD tao véi ddy. Hay xdc dinh duong vuong géc chung cia SA va SD va tinh d¢ dai
dudng vuodng géc chung dé.

Giai. Goi M, N la trung diém ctia AB va CD (xem hinh
4), khi d6 O 1a trung diém MN va mat phang SMN vudng géc
v6i CD tai N. Hinh chiéu clia SA trén mat phang nay 13 SM
(vi AB L (SMN). ‘ ;

Do dé d(CD, ) =d(N, SM)=NKNK L SM). Do d6 NK =
NMsina = asinc.

Dé vé& duong vuéng géc chung clia CD va SA, tir K ké KE
// AB, E € SA. Trong mit phang DNKE tir E ké EF // NK, cit
DC tai F. Thi EF la dudng vuéng géc chung ctia CD va SA.
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Bai todn 4. Cho hinh lap phuong ABCD. A B,C,D,
canh a, M, N la trung diém cta AB va B,C,. Tim khodng
cich gifta hai dudng thing AN va DM va vé doan vudng

g6c chung cua chiing.
Giai: (xem hinh 5). Goi K 12 trung diém ctia BC. AK cit
DM tai I. Vi ABCD 1a hinh vuéng, nén DM L AK tai L
Mat khic AA, L [ABCD] = AA, L DM. Do - d6 DM L
[AKNA,]. Hinh chi€u clia AN lén mat phang ndy la chinh
né. Vi vay d(DM, AN) = d(I, AN) = IL(L L AN). IL chinh
la doan vuoéng goéc chung‘ cia DM va AN. Tatinh [L. : IL =
NK _afs 2 _2a5 |
AN 15

< =
2ax/—

AlLsin LAI = Al . .
3a

Vay khoang cach giita MD va AN bang
Cudi cung xin mdi cdc ban giai bai tap sau
Bai todn 5. Lang tru tam gidc déu ABC. A|B,C, ¢6 9

canh déu bang a. Tinh khoang cdch giita hai dudng thang
A,Bva B,C, va chi ra doan vudng géc chung ctia chiing.

DUNG PHUONG PHAP TOA DO DE GIAI CAC BAI TOAN HiNH

. B]

Al

Y.
~-

~-
~.
~.

~a

~.

~

NGUYEN PHI PHUC
Gido vién THPT Phwong Lam - Déng Nai

Véi nhiéu bai todn hinh hoc cé chita y&u t6 “khoang céch”, “cling phuong” va dac biét 1a yéu
t6 “vubng géc”, néu khéo chon heé truc toa do thi cé thé chuyén duoc thanh bai toan dai s6 c6 nhiéu
hita hen cho kha ning tim ra 11 gidi. D6 lay y tudng st dung phuong phap toa do dé giai toan.

Trong bai viét nay xin trinh bay viéc sit dung “Phuong phép toa do” dé tim toi 10i gidi mot s6

bai todn véi kién thitc co ban khong vugt qud chuong trinh todn 16p 10 PTHT

1 Sach gido khoa (SGK) Hinh hoc 10 (*), ta ¢ cic dinh

Trong Chuong I - §5, Chwong II -

nghia :
1.M(x,y) < O—M=;é: + y—ez. = OHe, + OKe,
2. a =(a;, a;) & a = a,e. + a,ex e

3. x = OM cosa
4.y = OM sina. (0° < o < 180°%)

H O
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Két hop dinh nghia va cdc tinh chét duge néu trong SGK Hinh hoc 10, ta ching minh dugc hai
két qua quan trong sau: '
B6 dé 1 : Trong mat phing Oxy cho

a=(a,a)b=(,b)

 Tacé: a cung phuong véi b

44 =ab, -ab =0

b b

<

Chiémg minh : 1) @ = 0 hodc b = 0. Hién nhién diing
Dax0vwab=0
Né’ub,=0:5ct‘lngphuorngl;<:>a,=0®a1b2—a2b,=0
N&u b, =0: a cing phuong b <> a, =0 < ab,—ab, =0

Néu b, #0,b,#0: Zz:cl‘lngphtrcmg b< a = kb

a, = kb
= (k # 0) © ab, = a,b

a, = kb,
o [0 % =0
b b

B6 dé 2 : Trong mat phéng Oxy cho a =(a,, a,), b (b, by)
Tacéod: Z.B = (al, az). (b], bz) = albl + azbz
Z = ; = 1 ——i = ——2. =
Chitng minh: Ta cé Iall I:l =N {i . @ =1
e L e, €. e =0
Khidé : ab = (ae, + a,e,)(be, + b,e;)

_ vl - - )
= abe + ab,e.e, + abe, e + abe

ab, + ab,

Sau day 12 mot s6 bai tap minh hoa.
Bai 1. (SGK HH 10, trang 60)
Cho AABC vuoéng tai A, cdc canh g6c vuong 12 b va ¢, M 13 mot diém trén canh BC sao cho

BAM = o . Chitng minh ring : AM = be
¢ cosa + b sina

Loi gidi : Chon he truc toa do nhu hinh v&. Khi d6 : A(0, 0), B(b, 0), C(0, c), M(x, y).
Tu dinh nghia : x = AMcosa, y = AMsina.
Nén M(AMcosoc, AMsino)

™ Hinh hoc 10, Trdn Van Hao chi bién, Nxb Gido duc 1993.
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DoM € BC = CM cung phuong véi CB

. y
AM cosa AM sina - ¢ -0 c
b -C
= AM(ccosa + bsina) = bc
= AM = be - : y
ccosa + bsina o

Bai 2. (SGK HH 10, trang 50)

Cho AABC can tai A. Goi H 1a trung diém clia BC, D 1a hinh chiéu clia H trén AC, M 1a trung
diém cha HD. Ching minh AM vuéng géc véi BD.

Loi giai : Chon heé truc toa d6 nhu hinh vé&

Khi d6 : H(0, 0), A(c, a), B(-c, 0), C(c, 0), D(x, y)
{D—'H 1 AC

Tacod: —_ —_—
AD cung phuong AC

("x’ ')’)(C, 'a) = 0

o ix y-a

=0

¢ -a
cx - =0
- fro

ax + ¢y = ac’

X = 2

& +ct

Vay D( 2ac ca s ),Mlétrungdié’mcﬁaHDnén ‘
a +c¢ a + ¢

a‘c c’a
M ,
[Z(az +c¢t) 2Adt + ) j

2d%c + ¢* c*a ][ a‘c -c*a - 24° ]

a +c T ad +AENUASP + D) AP+ )

- BDAM - (
_ 2d*¢ + act . -c*a® - 2a'c® 0
2d® + ) 2d* + c*)
Vay BD L AM (dpcm)
Bai 3. (Dé thi hoc sinh gidi toan quéc — Nam 1979) _ .
Diém M nim trén dudng trdn ngoai ti€p tam gidc déu ABC. Ching minh gid tri cha MA* + MB*
+ MC* khong phu thuéc vao vi tri cha M.

145

10- TTSNTC



Loi giai. Goi /, R 1 tam va ban kinh duong tron & oy

: BT [Looiiioe, B
ngoai ti€p A déu ABC. Ta c6 : A(0, 0), B(3TR %\EJ PabM A4S
v
c(g’zﬂ, E;E-J I(R,0), M(x,y) € € =MI =R

= M= R2:>x +y*=2Rx
Tacé: MA* + MB* + MC* =

_ S o , 2 ‘
2 242 __%52 '_R_\/E :
= (x +y)+(x 2)4—[}} z]jl
: , , 2
3R) [ Rﬁ”
X -—| + |y + —
2 2

=(2Rx) + (3R2 = Rx - RN3y P + (3R = Rx + R[3y }
- = 6R + 6RY? + 18R — 12R’x
= 6R(x +y*)+ IS8R’ — 12R’x
= 6R%. 2Rx + I8R' — 12R°x = 18K’
Vay gid tri MA’ + MB' + MC" khong phu thuoc vao vi tri M.

+
| A |

Bai 4. (Dé thi vo dich Anh — nam 1983)

Cho AABC. Goi I 1a tam dudng tron ngoai ti€p AABC, D 1a trung diém canh AB, E 1a trong tam
cua AACD. Chiing minh rdng néu AB = AC thi IE vuong géc v6i CD:

Lai giai : Chon heé truc nhu hinh vé (O 1a trung diém BC)

Khi d6 O(0, 0), A0, a), B(-c, 0), C(c, 0), D| =<, & ,E[E, 21 ™
2" 2 6' 2
_ —_ C a
DI L BA + £y % ¢ a =
{* Ba (x 3 y 2) (c, a)
OF L BC (4 y).Cc,0) = 0
y‘
x =0 A
P aZ _ CZ
= D E
Y 2a
2 2
Vayl| 0, “—— < c .
2a . B . 0- C X

[ 2 2 2
—JE. DC = &, S |[3¢, el g
6 2a)\2" 2) 4 4

= IE 1 DC (dpcm) -
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Luu y : (*) : Cong thifc toa d¢ trong tm tam gidc.
Xem bai tap 4 trang 33 SGK HH 10.

Bai 5. (D¢ thi vo dich Bungari — nam 1981)

Pudng phan gidc trong v ngoai clia géc C clia AABC cit dudng thing AB 6 L va M. Chiing
minh ring néu CL'= CM thi AC* + BC? = 4R* (R 1a ban kinh dudng tron ngoai tiép AABC):

Loi giai : Néu CL = CM thi ACML vuéng can (do CL L CM theo tinh chat hai duong phan
gidc cua géc). '
Chon hé trué nhu hinh v& (O 1a trung diém cta ML)
Khi dé6 : O(0, 0), A(a, 0), B(b, 0), C(0, ¢), L(c, 0), M(-c, 0)
Theo tinh chat dudng ‘phﬁn gidctacd:
AL _ AC AL ACT
LB CB LB*  CB
(c - a) _ at +
(b - ¢) b+ P

Sabf +alt-d*b-c*b =0 (a-b)(cP—ab) =0

2

¢
& bh = —
a

Vay B(fi, 0] nén
d

2 2 2 2 2 c 'az + ¢’ i
AC* + BC* = (@ + ")+ | + | = | —— ; (1)
a

Goi I(x, y) 1a tam dudng tron ngoai ti€p AABC. Ta cé :

((x-a +y =" + (-

Al = CI Al* = CI? )
And 2 2 A 2 2 X - C2 5
Al = BI Al° = BI (x -a)} +y = +y
. a
2ax -2y = -t [ 4
= (12 + CZ } oy 2a
e 2a y =c¢
2 2
Vay ; (E_L CJ
2a
2 2 .
nén 4R = 4ACI* = 4 if_fi - a + \ )
2a : a

Tir (1) va (2) = AC* + BC* = 4R (dpcm)
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Bai 6. (D& thi todn Qudc t€ 14n thit 23)

Trén cic dudng chéo AC va CE cla luc gidc déu ABCDEF, ta 14y hai diém M va N sao cho
AM _CN .
‘AC  CE
Biét ring B, M, N thing hang. Tim k.
Loi giai : Dat 2R 1a 46 dai ban kinh dudng tron ngoai ti€p luc gidc déu ABCDEF. Chon hé truc
nhu hinh vé.

Khi d6 A(, 0), B(R, +3R), CO, 2+3R), y
E(3R, V3R), M(0, m), N(x, y) véi V3R<m <2+3R.
Tac6: MN cing phuong véi BM

X y-m
R m- \/—R
<&
x y-2\/§R X
=0
-3R 3R
- (m - \BR)x + 3Ry = -mR
x + 3y =
_ 6R* - \3mR
- 3m - 2R
y_7mR-6J§R2
J3m-2R

Vay

6R> - \3mR TmR - 6/3R?
N ,
3m - 2R \3m - 2R

Theo bai todn ta c6 :
AM CN

S5 = T5 € AM = CN (do AC = CE) & AM? = CN'
ac = CE
o _ (SR - 3mRY | (1mR - 63K )
\/’m - 2R \/—m - 2R

& 3m® - 43R’ + 16\V3R>m - 48R* = 0
& (m - 2RGm + (6 - 43 3)Rm* + a2 - 8V3)R*'m + 24R%) =
& m = 2R '
AM _ m__ 2R _ 1
23R 23R 3

Pat f(m) = 3m’ + (6 - 4¥3 )Rm? + (12 - 843 )R?m + 24R°>.
Tacé: V3 R<m2v3 R = (m+R)*< (23 +1)*R?

Vay k =
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=.m?-2Rm + (23 PR*>0 _
= (6 - 4v/3 )Rm’® + (12 - 843 )R’m + 24R*> 96R* - 483 R*>0
= f(m)>0 ,
Pé két thic, xin mdi c4c ban giai mot s6 bai todn sau bing phuong phép toa do. o
Bai 1 : Cho AABC can tai A, BC = a, dudng cao AH = h. Goi K 12 hinh chi€u cua B lén canh
AC. Tim diéu kién giita a, h dé K thudc canh AC, khi d6 tinh AK.
Bai 2 : Goi M 1a trong tdm cta AABC. Chiing minh ring
AB? + BC? + CA? = 3(MA? + MB? + MC).
Bai 3 : Cho AABC. Tim tap hop diém M sao cho AM.AB = AC.AB.

Bai 4 : Cic dudng cao cla A nhon ABC cét nhau & O. Trén doan OB va OC ngudi ta 14y hai
diém B,, C, sao cho ’

AB,C = AC,B = 90° |

Ching minh ring AB, = AC, (D¢ thi v6 dich NewYork 1976).
Bai 5 : Trén cung AB clia dudng trdn ngoai ti€p hinh chit nhat ABCD, ngudi ta 14y diém M
khic A va B. Goi P, Q, R, S 1a hinh chi€u cla diém M trén cdc dudng thing AD, AB, BC, CD.

Chitng minh ring PQ vuéng géc véi RS va giao diém cua chiing ndm trén mot trong hai dudng chéo
cua hinh chit nhat ABCD (P& thi v6 dich Nam Tu 1983). '

SUY NGHI TU MOT HINH THAT GIAC BEU

MAI XUAN THANG
Thai Binh

Trong mot 14n suy nghi vé c4c tinh ch4t clia hinh da gidc déu 7 canh ; t6i thdy tir d6 c6 thé suy
ra mot s6 bai todn thu vi vé cdc hé thic trong tam gidc. That vay :
Gia st ADCBEGF 1a da gidc déu noi ti€p dudng tron
tam O. Ta thdy mdi canh cla da gidc truong mot cung la
—2-;1 va géc noi ti€p cung nay la Z;— '

Néu goi canh cia da gidc laa va AB=c; AC=b. Goi
I 12 giao diém clia AC va FD. N6i OD cit ACON vaBF &
M. Tir d6 suy ra OD L AC; OD L BF ; déng thdi N, M la
trung diém cia AC, BF. Goi K 12 giao diém ctia AB va CF
suy ra K € OD. Ta thdy ti gidc ACBF 14 hinh thang cén va

m=f(—A\C+A’C\K=2—:—.
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Trong AKNC vuéng ta c6 : cosl = E = 2 | | (1)
' 7 KC a
B ,
Trong AKMB ta c6 : cos™ = 2 - ¢ )
7 BK  2(c-a)
Tir(1)va (D) suyra: = = —S c>bo—ab=ac<>be=ab+ac
a 2c-a)
be _abrac L _ 1,1
abc abc a b ¢
Vay ta c¢6 baitodn sau : |
Bai I : Trong AABC c6 BC=a, AC=b, BA=cva 44 = 2B = C
Chirng minh rang : L1 + !
a b ¢
(Pé 137 va dé 107 clia bo dé tuyén sinh mon Todn)
Ti€p tuc suy nghi ta o6 : CI Ia phan gidc cia DOF = 2 = 2 ¢
cpHiesiyne et s " IF T CF
— ID = ab .
a+c
Déng thdi CID = DCF = —271 — AIDC ~ ACDF.
2
= D, = be < DC’ =ID.DF hayd’ = ab
CD: DF - R a+c
b ¢
o b =ala+c) o =25 4
( ) PP 4)
Mat khac, trong AFDC cé
cos DFC = MF =S cosz—7t = ‘ (5).
DF 7 2b :
Goi D Ia trung diém ciia AF => BP | AF va 6 cos BAP = cos>r- = AP _a
' ‘ o 7 AB " 2¢
3n a ’
Va cos— = — 6)
1y > T 20 , (.)
Tur (1), (5) va(6) tacé :
K ‘ T - 2n 3 I(b ¢ a ' '
COS— -COS— + COS—— = —| — - — + — ; @)
7 7 7 2\a b ) ~ |
TG = 2.8l aa,a_ L, i) aler (8)
‘ a b c b ¢ \b ¢) . a
T dg : cosl ,—co-sgj—t— + 0033—7t = L ' 9
7 .7 7 2 .
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Ma AFK = 37’1 = AAKF cin & A va AK =KC = AF = a

—~ KF=KB=c-avaBF=CF=AB=c

(Thay (8) vao (7) ta ¢ hé thitc 9). Vay ta cé bai todn :



Bai 2 : Trong AABC ¢6 44 = 2B = C . Chiing minh ring :

a)£—£+—:1;
c b a
3n i

T 2n
b) C0S7 - COS— + COS— =

9)

(Thi vé dich todn quoc té'tai Ba Lan)

Tiép tuc khai thac cic quan hé giitaa,b,ctacod:

@)  obmaa+cob-azaco IF0 o9
c "b-a .
-(3) < ab+ac=bec = 4 =L
b-a b
Tir () va (**) ta c6 = th . % & c?=b(a+b)
C
Lai thay :
(10)<:>C-b= b ,
¢ c+b - & =— o d =c¢c-b)
3) o b _a a C
c+b
c c
3) © —=1+—
(3) p
a a a b ¢ ¢ a+c
S —=1-- S>—-—+ —=24+|—- )
b < b ¢ a b 2
. b b
va-— = -—
c ¢
2 "
224 SP@rD) 022 (Theo (10))
bc
s . o da b c
Vaytalaicéhé thic: |— - — + — =2
b ¢ a
a ¢ pY
Khidé(8)<:>(—-—+—j =/
c b aj)
at c? b’ a b c
C>—2'+—é—+—2-2—"— — | =
¢ b a b c a
2 2 2
o L+ 2+ .22=1(Theo 12)
c b’
a’ b cz_
Q?‘+?'+Z-2——5

(*)

(%) .

(10)

(1D

(12)

(13)
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g

i

‘ 2 2 2
e (3] (5] (5] -3
2a 2b 2c 4

(14)

NI

Py , 21 , 4n
& |C0S" — + CcoS" — + coST — =
7 7 5

Tu (14) ta ¢6 bai toan.
Bai 3 : Trong AABC ¢6 44 =2B = C thi

cos’A + cos’B = cos’C = -i—

Dé két thiic bai viét nay, t6i chi mudn néi v6i cdc ban ring : chi bing kién thitc phé thong co s&
doi khi ciing c6 thé gidi duoc cdc bai todn cta c&p PTTH néu ta chiu khé suy luan todn hoc va rén
luyeén tu duy l6gic tir mot bai todn cu thé. Tuy nhién cic ding thitc trén c¢6 thé chimg minh dé dang
bang luong gidc, ching han :

coslt— = -cos§£ =]- 20032:4—1-!— ; cos—zt—- = 2cos21t- -1
7 -7 7 7
coslg—ﬂ— = -cos-‘—J1 =1- 2cos2£
7 7
Khi do :
cos-Tt— - cos—2-1t— + coséE =3-2 cos21 + cosz-gf— + cosziq— '(15)
7 7 7 7 7
Thay (9) vao (15) tacé : cos’T coszf-?lt— + coszﬂ el
7 7 4
(két qua cna 14)
Tém lai : Trong tam gidc ABCc6 4A = 2B = C = -4-7”— thi ta c6 céc he thic giita cdc canh a, b,
¢ nhu sau :
a’ =c(c-b)
1)£=i+—]- 2)4b* =afa+c) 3)3—2+—C-=2
a b ¢ o, b ¢ a
¢ =bla+b)
a ¢ b a & b
4)—-—+—=] 5) —+—=+==95
) c b a )z b’ at
Ngoai cdc hé thifc trén, cdc ban c6 thé ty ching minh dugc cdc hé thitc sau :
6)3+—C—+2+1=2£
c b a a
7) g + 2 + £ = .gl_).
b ¢ a a

8)a’ +b +¢ =ab? +be? + cd?
V6i cdch suy nghi tuong tu, chiing ta c¢6 thé tim tdi cdc hé thuic tir cac hinh da gidc déu 8 canh,
12 canh, 18 canh....
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PHUONG PHAP TRAI TU DIEN

TRINH VINH NGOC
HaTinh

Khi giai cdc bai todn vé tf dién, ngoai nhitng loai ti dién vdi tinh chét clia né ma hoc sinh da
duge lam quen nhu tit dién vuong, déu, gin déu, tryc giao..., cdn ¢6 nhimg tt dién véi dit kién ma
céch giai né wong d6i dic biét. N6 doi hoi hoc sinh tu duy sic sao, biét tim méi quan hé trong dit
kién mdi tim ra 10i giai hodc 10i giai don gian hon. Trong bai viét nay trinh bay suy nghi vé cich
giai d6 ma toi dat tén 1a : phuong phap trai tit dién.

Noi dung chli yéu clia phuong phép nay 1a dya vao dit kién chia bai todn da cho nhit 1a dit kién
t6ng cdc géc phing bang 90° hoac 180°, tir d6 khai trién tit dién, trai t dién 46 1én mot mat phing
sao cho phil hop, tic 12 dugc mot da gidc c6 tinh chat dac biét va giai bai todn dé trén da gidc méi
tao thanh.

Bai todn1:
Ti dien SABC c6 cdc mat SAB, SBC, SCA twong duong va téng cdc géc phing & dinh S bing
180°. Chitng minh tf dién SABC 12 uf dién gin déu.

Bai todn nay da c6 c4ch gidi trong huéng din giai dé thi tuyén sinh, nhung tuong d6i dai va khé
hiéu d6i véi hoc sinh.

Sau nhiéu dém suy nghi khai théc gia thi€t téng cdc géc phing & dinh S bing 180°, t6i di c6
cdch giai sau :
Gidi : Cit td dién theo céc canh SB, AB, BC réi trai lén mat phang (SAC). Goi SA=2a,SB=b,

SC = c. Do dt(SB,C) = dt(SAB’) nén dudng cao AH ciia ASAB’ bing dudng cao CK ctia ASB,C.
Mat khic vi ASB' + B,SC + CSA = 180° nén B’, S, B, thing hang = tit 'gidc AHKC la hinh
chit nhat = SL = CK = AH (SL 12 dudng cao ciia ASAC) => AC =SB = b (do dt (SAC) = di(SCB,))

= tf gidc SB’AC 1a hinh binh hanh = AB’ = SC = c. Tuong tu SA = B,C = a. Vay tit dién SABC la
t dién gdn déu.

) S
. o] b.
aTp B~"H S K ™. B
. M oYY i
Y
A ->C
\V h
B A L C

Bai todn 2 : T dien ABCD c6 cic géc phdng & dinh A bing 1 vuong va AB = AC + AD.
Ching minh ring téng cc géc phing & dinh B bang 1 vuong.
' (Hinh hoc khong gian Sarugin)
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Ta c6 thé giai bai todn ndy bang phuong. phap
luong gidc bing cich goi a, B, v 1a 3 géc phang & dinh

SthiO<a, B, y< % va ta chi viéc chiing minh cos (o

+ 3) = siny nhu viéc xét cic tam gidc vudng la xong.
Diéu nay khong kho khan lam xin nhuong ban doc.

O day 161 mudn trinh bay cich giai thit 2. Bai todn

yéu cdu ching minh o + B+y= —7;— nghia 12 téng o + B

+ y bang 1 g6c vuong cua 1 hinh vuong, 1 hinh chit
nhat... Va v6i gia thiét AB=AC+ AD gO’l cho ta “lap ghép” cdc mat ben cla ti dlen di cho,vata
¢6 mot két qua thu Vi.

Gidi : Cat cdc mat bén clia tf dien ABCD réi ghép lai hinh v&. R rang APQR la h‘mh vuong.
= 14’1_‘2\C+513\1)+51§4:1?/Q\1)+1)/Q\C‘+5Q\P=%(dpcrn)
- Céch ching minh don gian — xin nhudng cho céc ban ty lam.

- Bai todn 3 : Hinh chép déu SABC dinh S ¢6 ASB = 30" AB =a. Liy B, c lan luoT thuoc
canh SB, SC. Xic dinh vi tri ctia B’, C’ sao cho chu vi tam glac AB’C’ nhé nhat.

Gidi : Cit tt dién theo cdc canh SA, AC, AB réi trai mat xung quanh (hinh vé&) ta ¢6 :

ASAA’ 1a tam gidc vuong can. Do dai chu vi cla AAB’C’ bang do dai dudng gap khiic
AB’C’A’. D¢ dai nay ngén nhat khi va chi khi A, B’, C’, A’ thing hang tic 1a khi B’ = B,, C=C,
titc 12 ta da x4c dinh duoc vi tri clia B, C’ trén SB, SC. ‘

D& chit ché hon ta cén tinh BB,, CC, . Do ASA' = 90°

= S:X-E, =45 = 54\13(, = 30" => AABB, can tai A. Ap d_Ljng dinh 1y ham s6 sin cho AABB,

v 2a ’ | |

PR

ta tinh dugc BB, =

Cuéi cuing dé két thic bai viét nay, 101 xin néu 1én mot bai toan ma chac cic. ban yeu todn da
biét né va cich giai.

Bai toan 4 : Dé thi hoc sinh giodi quéc gia mon Toan 12 nam hoc 1991 — 1992.
Gia sit t dien ABCD théa man céc diéu kien
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1) ACD + BCD = 180°

2) Téng céc géc phang & dinh A bing t6ng cdc géc phing & dinh B va bing 180". Hay tinh dién
tich toan phén cuia tit dién theo AC + CB=k va ACB =« .

Bai todn nay da dugc giai bang cich quay cdc ACAB, CAD, CBD theo thit ty quanh céc truc AB,
AD, BD dén nam trén mat phang (ABD) dé thanh cic AC,AB, C,AD, C,BD sao cho C,, D nim khéc
phia déi v6i AB ; C,, B nam khac phia déi véi
dudng thang AC, v.v... (Cdc ban c6 thé xem
161 giai trong THTT s6 thang 1/1993). b
- O day do diéu kién t3ng cdc goc phing
¢ dinh A va B déu bang 180" goi cho ta tinh A
thang hang cua cdc dinh sau khai trién va - '
diéu kien ACD + BCD = 180°goi cho ta A B G C3
diéu kién cho mot 1t gidc phang noi tiép. Boi \V W ‘
vay ta c6 thé giai n6 bang cdch trai nhy sau : ¢ ‘ D

Gidi : Cat ut dién theo céc canh CA, CB,

CD réi ghép cdc ACAD, CBD, CAB xuéng mat phang (ABD)tacé : -

A, C,, G, thang hang

B, C,, C, thang hang

T gidc C,C,DC, néi tiép (hinh v&).

Dén day cach tinh S, giéng nhu 101 giai & THTT s6 thang 1/1993.

Toi xin chan thanh cam on cdc déng nghiép trong T toan trudmg PTTH nang khi€u Ha Tinh da
g6p y cho bai bdo nho nay cia toi.

DA THUC BAT KHA QUY

TRAN XUAN DANG
Truong Lé Hong Phong, Nam Dinh

Pinh nghia 1 : Gia st f(x) 1a mot da thic véi cac hé s6 hitu ti. f(X) duoc goi 1a bat kha quy
trén Q néu f(x) khong viét duge dudi dang tich ciia hai da thic c¢6 bac khong nho hon 1 véi cac hé
s6 hitu ti. oo ‘

Dinh nghia 2 : Gia sir f(x) 1a mot da thic véi cdc hé s6 nguyén. f(x) duge goi 1a bat kha quy
trén Z néu f(x) khong viét duoc dudi dang tich cta hai da thirc ¢6 bac khong nho hon 1 védi cac hé
sO nguyén. |

Dinh nghia 3 : Da thic f(x) v01 cac hé s6 nguyen dugc goi 1a nguyén ban néu va chi néu cic
hé s6 ciia n6 nguyen t6 cung nhau.
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Chi ¥ ring néu f(x) 1a mot da thic véi cdc hé s6 hifu ti thi c6 thé viét né mét cdch duy nhat
dudi dang

fx) = %ﬂ(x)

trong d6 —Z- 1a mot phan s6 t6i gian (a, b € Z) va f,(x) 1a mot da thic nguyén ban.

Mu6n vay ta quy déng miu s6 cdc hé s6 clia f(x) r6i dat USCLN cua cic tir s6 thanh nhan tir.
Ta thdy ring f(x) va f,(X) c6 cing mot bac.

D& chimg minh cach viét d6 1a duy nhat (xé xich d4u) gia sit f(x) = -Z Fix) = % (%) trong d6

f1(x) va f,(x) déu nguyeén ban.
Khi d6 ta cé
adf (x) = bef,(x)

Nhu vay |ad| va |bc| déu Ia USCLN ciia céc he s6 clia cing mot da thitc v6i cdc he s6 nguyen.
Tir d6 suy ra diéu phai chitng minh.

B4 dé Gaoxo : Tich cla hai da thitc nguyén ban 12 mot da thitc nguyén ban.

Chimng minh : Thét vat gia slr i cho cdc da thitc nguyén ban

fX)=a,+ax+...+ax +... +ax" (a #0)

g(X) =by+bx +... + bx + ... + bx" (b, # 0)
Va gia su

fR)BR)=co+CX+ .o +C X+ + ey, X"

Néu f(x) g(x) khong nguyén ban thi ton tai mot s6 nguyén t6 p la uéc s& chung ciia tat ca céc
hé s6 ¢y, €y, ..., Cnai Vi tdt ca cdc he s6 cla f(x) khong d6ng thoi chia hét cho p do f(x) 1a nguyén
ban, nén trong cic hé sg a,, a,,..., a, s& c6 mot s6 ddu tién, gia sk a, khong chia hét cho p. Tuong tu
gia sir b; 1a he s6 ddu tién chia g(x) khong chia hét cho p. Ta c6

Ci +j = z arbs

r+s=i+j
Xét ba trudng hop :
1)i=1,j =1.Khidé

Z ab = z ab + Z ab, + ab,

FHs=i+) res=i+j Fas=i+j
Néur<ithia : p. Néus<jthib,: p.
Mat khéc a,b; khong chia hét cho p. Vay c;, ; khong chia hét cho p
2)i=0,j=1.Khidé ‘
C.j =¢; = ahb, + Z ab,
Fes<j

s<j

Vay c;, ; khong chia hét cho p.
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§
3)j=0,i2> 1. Tuong tu nhu trudng hop 2 ta cling ¢ c;, ; khong chia hét cho p.
4)i=0,j=0.Khi d6 c, = a,. b, khong chia hét cho p.
Trong moi trudng hop ta d€u c6 c; , ; khong chia hét cho p. Diéu nay trdi v6i gia thiét. Vay
f(x). g(x) 1a nguyén ban. . |

Dinh li 1 : Néu da thic f(x) véi cic hé s6 nguyén c6 bac n > 1 bat kha quy trén Z thi né cling
bat kha quy trén Q.

Chirng minh : That vay gia st nguqc lai rdng da thic f(x) kha quy trén Q, tic 1a f(x) =
f1(x). fo(x) trong d6 fi(x), fo(X) 1a cdc da thitc vGi cdc hé s6 hitu ti va ¢6 bac nho hon n.

Tacé f(x)=—+ g,(x) (i=1, 2) trong d6 b‘ la mot phan sO t6i gian va g(x) 1a mot da thic

i

nguyén ban.

T d6 f(x) = Z Z 2,(x).2:(%).

1*~2

.. ., a..a
Gia st 2

= % véi (g, 1) = 1. Khi d6 ta c6 f(x) = %gl(x).gz(x).
%2

Néu ¢; 1a moét hé s6 nao d6 cla tich g,(x).g,(X) thi c;.q phai chia hét cho r vi cdc hé s6 clia f(x)
la nhitng s6 nguyén. Vi (g, r) = 1 nén c; phai chia hét cho r. Vay r 1a mot udc s6 chung cua cic he
s6 cua tich g,(x).g,(X).

Nhung theo b6 dé Gaoxo thi g,(x).g,(x) 12 nguyén ban. Vay r = + 1. Tr d6 f(x) = * q.
2,(x).8,(x) v6i £ q.g,(x) va g,(x) la cdc da thitc v6i cac hé s6 nguyén va cé bac nhd hon n. Vay f(x)
12 kha quy trén Z, trdi véi gia thiét. Vay f(x) bdt kha quy trén Q.

Pinh Ii 2 : Cho da thitc f(x) = a, + a,Xx + .... + a,x" (n > 1) trong d6 a,, a,,..., a, 1a nhitng s6
nguyén va mot s6 nguyen t6 p thoa man céc diéu kién sau :

1) a, khong chia hét cho p

2) a,, ay,..., &, chia hét cho p(0O<k<n)

3) a, khong chia hét cho p

Néu f(x) viét dugc duéi dang tich cua hai da thifc vdi cac hé s6 nguyén thi bac cia mot trong
hai da thitc d6 khong nho hon k + 1.

Chitng minh : Gia st f(x) = h(x).g(x) trong d6
h(x) =by+ bx + ... + b x"
gX)=co+ X+ ... +C X" ‘

Ta cé a = by Co- Via, | p va khong chia hét cho p? nén trong hai s6 by, ¢, 6 mot s& chia hét
chopva s6 con lai khong chia hét cho p. Gid st b, : p va c, khong chia hét chop. Via,=b,.c,_,
khong chia hét cho p nén b,, cling khong chia hét cho p. Goi i, 1a s6 nho nhét trong s6 cic sd i thoa
man b; khong chia hétchop thiO<ip<m.Tacé a, =¢,.b, + Z b, khéng chia hét cho p.

i+j=i
0<i<iy
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Vay i, 2k + 1. Mat khic m > i), viy m = k + | (dpcm) véi k = n-1ta nhan duoc tiéu chuin
Aidenstai (Eisenstein) : Cho da thitc f(x) =a,+ax+....+ax"(n>1),trongdéa, € Z(1=0,1,...,
n); ay 4y, ...., &, chia hét cho s6 nguyén t6 p ; a, khong chia hét cho p* va a, khong chia hét cho
p. Khi d6 f(x) bat kha quy trén Q.

Ap dung dinh 1i 2 ta c6 thé gidi dugc bai todn sau :

Bai toan : Gia sl f(x) = x" + 5x" "' + 3 trong d6 n 1a mot s6 nguyén 16n hon 1. Ching minh
rang f(x) khong viét dugc dudi dang tich cua hai da thitc c¢6 bac khong nho thua 1 véi cdc hé s6
nguyén. (Dé thi toin quéc € nam 1993) - -

Gidi : Gia stt f(x) = fi(x). fo(x) trong d6 f,(x), f(x) 1a cdc da thic v6i cdc hé s6 nguyén va cé
bac khong nho thua 1. ‘

Pa thitc f(x) thda man cdc gia thiét ctia dinh 1i 2 véi p = 3, k = n — 2. Vay trong cic da thic
f1(x) va f(x) c6 mot da thic ¢6 bac khong nhé hon n — 1. Gié st f,(x) c6 bac khéng nho honn - 1.
Khi d6 f,(x) c6 bac bang 1. Vay f(x) c6 nghiém nguyén (f,(x) =x + b voi b € Z). Gia st x =X, (X,
€ Z) 1a nghiém nguyén cta f,(x) thi x, phai 1a uGc s6 cna 3. Tir d6 suy ra X, = £1, +3. Mat khac dé
dang chimg minh dugc f,(1) = 0, f,(-1) # 0, f,(3) # 0, f,(-3) # 0. Diéu v6 li nay ching td f(x)
khong viét duoc dudi dang tich ciia hai da thic c6 bac khong nho thua 1 véi cac hé s6 nguyen.

Pinh 1i 3 : Gia sir g(x) 12 mot da thic c6 bac khong nho hon 1 va c6 cdc hé s6 hitu ti. Khi dé
v6i méi da thiic f(x) v6i cdc hé s6 hitu ti c6 mot va chi mot cap da thitc q(x), r(x) v6i cac hé s6 hitu
ti sao cho f(x) = g(x).q(x) + r(x) va deg r(x) < deg g(x) néu r(x) = 0.

Ching minli : Trude hét ta ching minh bang quy nap theo bac cia da thitc f(x) su ton tai clia
cap da thic q(x), r(x).

Giastg(x)=b,+bx+ ... +b,x"(m=1,b,#0)

Néu f(x) = 0 hoac deg f(x) < m thi chi viéc chon q(x) = 0 va r(x) = f(x). Gia st két luan ding
véi mdi da thic c6 bac nhd hon n (n > m) va gid slt f(X) = a, + a,X + ... + a,X" (a, # 0)

bat f,(x) = f(x) ——bq’—‘- X"™ g(x). Ta ¢é ngay f,(x) = 0 hoac deg f,(x) < n. Theo gia thiét quy nap

m

c6 cap da thitc q,(x), r;(X) sao cho f,(x) = g(x). q,(x) + r(x) trong d6 r,(x) = 0 hodc deg r,(x) < m.

T d6 f(x) = g(x) {q, () + %x" ""j' + r,(x) = g(x)q(x) + r(x) véi

m

q(x) = q,x + %x”'"’, r(x) = r,(x)
Céc ban hay ty chiing minh tinh duy nhét ctia q(x), r,(X)
Pinhli 4 : Cho da thitc f(x) khac 0, c6 cac hé s6 hitu ti va c6 mot nghiém la a. Néu f(x) bat
kha ciuy trén Q thi f(x) 1a mot da thitc ¢6 bac nho nhe‘it v6i cdc heé s6 hitu ti va c6 mot nghiem 1a a.

- Chitng minh : Vi f(x) khdc 0 va c6 mot nghiém 1 a nén deg f(x) > 1. Gia sl f(x) 1a da thic
vGi cdc hé s6 hitu ti va c6 mot nghiém 13 a va c¢6 bac nho nhét. Néu deg f(x) > deg f,(x) thi theo
dinh 1i 3 (chi ¥ rang deg f,(x) = 1) t6n tai c4c da thic q(x), r(X) véi cdc hé s6 hitu ti, trong d6 hoac
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r(x) = 0 hoac degr(x) < deg f,(x) va degq(x) > 1. Vi f(x) bat kha quy trén Q nén r(x) # 0va degr(x)
< deg f,(x). Ta ciing c6 degr(x) = 1 vi r(a) = 0. Diéu nay trdi vdi dinh nghia cia f,(x). Vay f(x) l1a
mot da thitc c6 bac nho nhat véi cdc hé s6 hitu ti va c6 mot nghiém 12 a. Ap dung dinh i 4 ta c6 thé
giai duoc bai todn sau : |

Bai toan : Tim da thic cla x cé bic nhd nhét Vériv cac hé¢ s6 nguyén c6 mot nghiém la
V2 + 403 ‘

(Dé thi chon HSG PTTH toan quoc ndm hoc 1983 - 1984)

Hudng dan : Pa thic f(x) = x° - 6x* — 6x” + 12x — 36x + | s& 1a mot da thiic cla x c6 bac nhd
nhat véi cdc hé s6 nguyén cé mot nghiém la V2 + 33 ’

Cu6i cing la mot s6 bai tap danh cho ban doc :

Bai 1 : Gia st a, a;,..., a, 12 n s6 nguyén khdc nhau timg doi mot. Ching minh ring da thic

(x—a)x—ay)... (x—a,) - | bat kha quy trén Q.

Bai 2 : Tim da thitc c6 bac nhd nhét véi cdc hé s6 hitu ti va ¢6 mot nghiém la:

{/\/2+3J§+\/§+{/\/2+3J§-ﬁ

(Pdp so : x* - 4x* - 23)

DINH Li PTOLEME TONG QUAT

NGUYEN MINH HA
DHSP Ha Ngi

Dinh If Pté-1é-mé 1a dinh li néi ti€ng trong hinh hoc phing

Pinh Ii 1 (Pto-1é-té) : Cho AABC noi tiép dudng tron (0). M 1a mot diém thuoc cung BC
(khong chita A). Khi d6 : ‘ ‘

AB. MC + CA.MB = BC.MA

Nguoi ta di téng quat dinh 1i 1 thanh bat dang thic Pto-1é-mé. Trong bai bdo nay toi xin gidi
thiéu mot hudng téng quét héa khac cia nd.

Hay ctt xem dinh Ii 1 12 dinh 1f Pto-1é-mé cho tam gidc (noi tiép). Vay cé hay khong mot dinh 1i
Pto-1é-mé cho da gidc noi tiép. Dé giai quyét van dé nay, truc hét hdy bat dau tir mot trudng hop
don gian ma ta c¢6 thé xem né 12 dinh i Pto-16-mé cho da gidc déu (noi ti€p) véi s6 canh 1é.

Pinh 1i 2 : Cho da gidc déu A)A,... A,, noi ti€p duong tron (O), M 12 mét diém' thuodc cung
Xr;‘; (khong chita A, ; ....; Ay _)

Khi dé6 :

Z MA,, = Z M4,

Osk<n L <k <n
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Chimg minh : V6imoii=0,1,....,2ntacé: )
R* = OA* = (OM + MA)
= OM® + MA? + 20MMA, = R* + MA? + 20M.MA,
Suy ra : MA? + ZWM =

= MA, +20M—Azé—=0
MA,

t

Suy ra : Z MA,, - ZMAzk_,

Osksn 1<k<n
+ 200, Z MA2 X Z MAx - -0
0<k<n MAzk 18ksn MAZI: -1
Nho gia thiét Ay, A, ... A,, 1a da gidc déu néi ti€p dudng tron (0) ta ¢6 :
mZk M———.A2k -1 s

. Z =0 (*
Osksn MAZ[( ISksn MAzk iy

Vay:
z MA,, - Z MA, =0
0sksn ISk<n
= Z MA,, = Z MA,, ,
' O<ksn Isksn

Dinh If 2 di dugc chimg minh. Trong phép ching minh trén ta thdy déng thic (*) déng vai trd
quyét dinh. Nhan xét nay goi cho ta huéng phit biéu va chitng minh mét dinh If téng quét hon.

Dinh li 3 (Pto-lé-mé tong quat) : Trong mat phing dinh hudng cho da gidc AA,... A, noi
tiép dudng trdn (O). M 1a mot diém thudc cung A 4,, (khongchita Aj; ... Ay y).

Khi dé :

0<k<n

Z {tg["leAzk .20 04y, ):i + tg|:'i—OA2k’ OAy; . 2)j|} OA,,

= Z {tg["OAzk 3» OAy . 1)] + tgl: OAy - 1» 0A2k+l):|} 0Ay; .

isksn
Trong dé :
A=Ay, ; Ay=An_y;
A1 = Ay > Ani2=4A
Trong dinh Ii trén ciing nhu trong cdc dinh Ii ti€p theo, ki hiéu (Ox, Oy) chi géc dinh hudng
gilta hai tia Ox, Oy.

Dé chimg minh dinh 1i 3, truc hét ta phat biéu va chitng minh b dé sau :

B dé 4 (})mh Ii “Con nhim”) : Trong mit phing dinh huéng cho da gidc A,A,... A, va he
véctodonvi: ¢ ; e, ;-e

Xic dinh nhu sau :
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Trong d6 : A, ., = A ; R* 1a phép quay vécto géc

quay -90° A, A
Khi d6 : AA e =0
ISI'ZSH + e-rj
Chimg minh : A, > A,
Tacé (hl) Y AA, e o Hinh 1

1sign

e | AA 0 AA
= AA R | Zlisl | = R | AA ixl
Z IRl [ A J Z ( [l AA

1sisn (i I 1€ign LT

= >R (AA,)=R" (Y44, )=R" (0)=0

1
1<ign 15i<n

Hé qua 5 : Trong mit phing dinh huéng cho da gidc
AA,... A, noi ti€p dudng tron (O) sao cho O ndm trong A A,...
A, Khi dé :

~ . An-
D <tg —l-(OAk.,,OAk) +tgF(0Ak,0AM) OA; =0 ot
0sisn 2 2
Trong d6 Ay = A, ; A,, = A, Bo.1

Ching minh :

Véi méi k = 1, 2, ..., n dung céc dudng thing d, ti€p xic
v6i (O) tai A, (h.2). Dat :

B,=d,nd,,, (6dayd,,, =d,).

Xét da gidc B,B,... B,. Gi sir R 12 ban kinh clia (0).

Tathdy: BB, = R{th(OAk_l, OAk)} + th—(OAk, OAM)]}

(8] day:B,,,=B)

A
Ap dung bé dé 4 cho da giic B,B,... B, va hé¢ véc to
OA: ; OA; ; ....; OA, d& dang nhén dugc hé qua 5. o
M

Nho hé qua 5 va phuong phép chitng minh dinh 1i 1, ta dé dang
chitng minh dugc dinh Ii 3. Viéc thuc hién chi tiét xin danh cho ban
doc.
Dinh 1i 3 c6 diing 12 su téng quat ctia dinh 1f 1 hay khéng ? Ta : Hinh 3
hay kiém tra diéu d6 (h.4).
Theo dinh 1i 3 ta c6 :

{tg{—j;(OC, OB)} + tg[-él-‘-(OA, OC)}}MC +

+{tg[%(03, OA)} + tg[—‘li(OC, OB)}}MB
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= {tg[%(OA, 0C)j| + tg[%(OB, OA)}} MA

= (tgc ; B + tgA ; CJMC + (tgﬂB ;A + th ;_ BJMB

[tgA +C | th + AWMA
2 2 )

Tird6 dé dang suy ra : _

sinC.MC +sinB.MB =sinAMA

= ABMC + CA.MB = BCMA

Nhu vay, muc tiéu ban ddu cilia ta da duoc thuc hién. Tuy nhién dé cho hoan chinh van dé dang
xét, xin gi6i thieu mot dinh 1{ nita. N6 la su tuong tu cia dinh 1i 3 cho truong hop da gidc ndi ti€p
v6i s6 canh chan.

Dinh Ii 6 : Trén mat phang dinh hudng cho da gidc AjA,... A,,_, nodi ti€p dudng tron (0). M 1a
mot di€m thuodc cung AyA,, _, (khéng chida A,,... A,, ). Khi dé :

{th-(OAz,,-n OAO)}+ th(OAo, OAz):'} MA, +

+

1 1 1
Z {tgl:_(OAzk—z’ OAsz + tgl:—(OAZk’ OA; 1.2 )j” MA,,
tsks<n-2 4 4

+

{ng(OAZ,,_“ -OAzn.z} + rngAz,,-z, oa, }} M,

{th(OAZ,,_z, OAl} + tg[-zli(OA,, 0A3)}} MA

vy {tg[i(ofam, OA%»} +

25ksn-1

+ tgl:i(oA’lk—l’ 0A2k+1)}} MA,, +

1 1 . .
+ {tg[Z(OAn OAa)] + fg{Z(OAz,,_p OAO)}} MA,, ,
Dé ban doc hiéu rd ¥ nghia clia dinh li nay xin phat biéu mot hé qua don gidn nhét cha nd.
Hé qua 7 : Cho hinh vuong ABCD noi tiép duong tron (O). M 1a mot diém thudc cung AD
(khong chita B, C). Khi dé :
MA - MD = (v2 + 1)(MB~MC)
Trude khi két thiic xin néu mét cau héi. Lieu c6 hay khong cac bat ding thic Pto-1é-mé téng
quét ma céc dinh 1i 3 va 6 chi 1a trudng hop déng thuc ctia chiing. Mong ban doc cliing quan tam suy
nghi vé vdn dé nay. :
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AP DUNG MOT TiNH CHAT cUA HAM SO LIEN TUC

NGUYEN PHU LOC
Cdn Tho

Trong bai béo ndy, ching t6i nhan manh dén mot tinh chat ciia ham s6 lién tuc véi viéc ung
dung tinh chit nay vao giai vai bai toan.

1. Tinh chat : R

Né&u ham s& f lién tuc trén doan [a, b] va phuong trinh f(x) = 0 v6 nghiém trén doajn [a, b] thi
f(x) >0 v6i Vx € [a, b] hay f(x) <0 véi Vx € [a, b].

Chitng minh
. Gia st t6n tai x,, x, thudc doan [a, b] v6i X, < X, va f(x,).f(x;) <0, vi f lién tuc trén doan
[X;, X;] nén Jc € [Xx,, X,] sao cho f(c) = 0 ; mau thuln vi f(x) = 0 v6 nghiém trén doan [a, b]. Vay
f(x)>0Vx € [a, b] hay f(x) <0 Vx € [a, b]. '

2. Ap dung ‘ v
Bai todn I : Khao sit sy bién thién clia ham s6 f(x) = Vx -4 + V9 -x
Gidi :
Mién x4c dinh : [4, 9] ‘
1 )
(x) = -
/ 2Wx-4 2No-x

f(x) = _______._M Vx -4
2NVx -4A9 -x

fx)=0 = x= 1—23-

1 1 1
Ta cé 'Sy==-—==-=>0
G 2 4 4
' 1 1 1
’8 =—--—=——'<0
@) 4 2 4 ,
NP 13) (13 ) AP
va vi ham s8 f’(x) lién tuc trén cac khoang | 4 ; Y va > 9 - nén ta c6 bang bién thién
nhu sau
X 4 ) 13 8 9
2

f’(x) +

0 )
f(x) 2\/5
JE/ 2\6
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