BAT DPANG THUC SCHUR VA PHUOGNG PHAP DOI
BIEN P,Q,R

Vo6 Thanh Van
Lép 11 Toan-Khéi chuyen THPT-DHKH Hué

Nhur cac ban da biét, bt déng thirc Schur 1a mot bat déng thirc manh va co nhiéu tng dung, tuy nhlen né van
con kha xa la véi nhidu ban hoc sinh THCS ciing nhu THPT. Qua bai viét nay, t6i mudn ciing cép thém cho
cac ban mot ki thuat dé sir dung t6t BDT Schur, d6 1a két hop vai phuong phap doi bién p, g,

Trude hét, t6i xin nhic lai vé bat dang thirc Schur va phwong phap ddi bién p, ¢, 7

1 BAat dang thdc Schur

Dinh 1y 1 (Bat ding thirc Schur) Véi moi sé thuc khéng dm a, b, ¢, k, ta luén ¢é
a*(a—b)(a—c)+b*(b—c)(b—a)+c(c—a)(c—b) >0.

Hai trudng hop quen thudce duge st dung nhidula k =1 va k = 2
ala—b)(a—c)+b(b—c)(b—a)+clc—a)(c—>b) >0 (i)

a*(a—b)(a—c)+b*(b—c)(b—a)+c*(c—a)(c—1b) >0 (ii)

2 Phuong phap déi bién p, g,

Dbi véi mot s6 bai bat déng thirc thuin nhét dbi xtmg c¢6 cac bién khong 4m thi ta co thé ddi bién lai nhu sau
Pitp=a+ b+ c,q = ab+ bc+ ca,r = abc. Va ta thu dugc mot s6 dang thirc sau

ab(a+b) +be(b+c)+calc+a) = pg—3r
(@+b)b+c)(cta) = pg—r
ab(a® + b?) + bc'b? + ) + ca(? + a®) = p*q—2¢° —pr
(a+b)atc)+(b+c)b+a)+ (ct+a)c+b) = p°+q
A+ +E = pP—2
a*+b*+c* = p®—3pg+3r
v+t = pt—4p?q+ 243 + pr
a?b? + 22+ c2a® = ¢ —2pr

a*b® + b2 + 3a® ¢ — 3pgr + 3r?
a*d* + vt + ctat = ¢t —ApgPr + 2p%r? + dgr?
Dit L = p%q® + 18pqr — 27r? — 4¢® — 4p3r, khi @6
pq—3r+ L
2
(a—b)(b—c)(c—a) = +VL

a®b+b%c+ e =



C6 thé thdy ngay loi ich ctia phuong phép nay 1a mbi rang budc giita cic bién p, g, r ma cac bién a, b, c ban
dau khong c6 nhu

p° = 3q
p3 > 27r
¢ > 3pr
pqg = 9r
2p3 +9r > Tpq
pa+3pr > 4¢°
pt 44> +6pr > Bp’q

Nhimg két qua trén day chéc chin 13 chua du, cac ban c6 thé phat trién thém nhiéu déng thirc, bat ding thirc
lién hé giira 3 bién p, ¢, . Va di€u quan trong ma t6i muon ndi dén 1a tir bat dang thirc (i) va (ii), ta cod

r>

.2
p(4q9 p°) (tr ()

C —p*)(p* — q)
> o

(tur (i1))

Tuy nhién trong mot s6 truong hop thi c6 thé cac dai lugng 4q — p>co thé nhan gia tri am 1an gia tri duong
nén ta thuong st dung

r > max {07 p(4q4— p*) }
"> max {0’ (49 — pz;}ﬁ —4q) }

C6 1& dén day cac ban da hiéu duoc phan nao vé bit déng thirc Schur va phuong phap doi bién p, ¢, r. Sau day
la mot s6 vi du minh hoa, nhung trudc hét, cac ban hay tép lam thir roi xem dap an sau
3 Cac vi du minh hoa

3.1 Bt ding thiic Schur

Vidu 1 Cho cdc sé dwong a, b, c. Chirng minh rdang

(a+0b)3 N (b+¢)3 N (c+a)? .-
8ab(4a + 4b + ¢) 8bc(4b + 4c + a) 8ca(4dc + 4a+b) —

(Vo Thanh Van)

LOI GIAL Dat

(a+b)3 (b+c)? (c+a)d
P= + +
8ab(4a + 4b + ¢) 8bc(4b + 4c + a) 8ca(4c + 4a +b)

Q = 8ab(4a+ 4b+ c) + 8bc(4b + 4c + a) + 8ca(4c + 4a + b)
32(a+ b+ c)(ab+ be + ca) — T2abc

Ap dung bat dang thirc Holder, ta co
P?.Q>8(a+b+c)?



Ta can chig minh
8(a+b+c)>Q

& 8(a+b+c)® > 32(a+b+c)(ab+ be + ca) — T2abe
& (a+b+c)® >4(a+b+c)(ab+ be+ ca) — Yabe (ding theo bit dang thirc Schur).
Vay ta c6 dpcm. O
Vidu 2 Cho cdc sé dwong a, b, c. Chirng minh rdang
(a® +2)(b? +2)(c* 4+ 2) > 9(ab + be + ca).

(APMO 2004)

LGOI GIAIL Khai trién bat déng thuc trén, ta cdn chimg minh

a?b?c® +2(a®b? + b2 + *a®) + 4(a® +b* + ¢*) +8 > 9(ab + be + ca)

Ta co
a?+ b2+ >ab+be+ca

(a®b* +1) + (b*c® + 1) + (2a® + 1) > 2(ab + bc + ca)
9abe

a+b+c
> 4(ab+ be + ca) — (a + b+ ¢)? (theo bat dang thirc Schur)

2?2 +1+1 > 3Va2b2c2 >

Ap dung cac bat déng thic trén, ta c6

(a®b%c? 4+ 2) + 2(a®b? + b2c? + 2a® + 3) + 4(a® + b* + )
> 2(ab + bc + ca) + 4(ab + be + ca) + 3(a® +b* + ¢*)
> 9(ab+ bc+ ca).

Bét ding thirc dwoc chimg minh. Dang thic xay ra khi va chi khia = b= ¢ = 1. O
Vidu 3 Cho cdc s6 dwong a,b, c. Chitng minh rang
2(a® + 0% + %) +abc+8>5(a+b+c).
(Trdan Nam Diing)

LOI GIAL Sir dung bat ddng thie AM-GM, ta co

6VT = 12(a®>+b*+c?)+3(2abc+1)+45—-5-2-3(a+b+c)

> 12(a® +b% + %) + 9Va2b2c + 45 — 5 [(a+ b+ ¢)* + 9]
9ab

= 7(a2+b2+c2)+¥—10(ab+bc+ca)
abc
27ab

> 7(a2+b2+c2)+ﬂ—lo(ab—kbcﬁ-ca)
a+b+c

Mat khac, sir dung bat dang thirc Schur,

9
] - 2_9 (a2 h? a2
P (ab+bc+ca) — (a+b+c) (ab+ bc+ ca) — (a” +b” + ¢*)



Do d6

27
a+b+c
> 7(a® +b* + %) +6(ab+ be + ca) — 3(a® +b* + ¢*) — 10(ab + be + ca)
= 4(a®> 4+ b* +c —ab—bc — ca) > 0.

7(a® +b* 4+ %) + — 10(ab + be + ca)

Bét ding thirc dwoc chimg minh. Dang thic xay ra khi va chi khia = b= ¢ = 1. O
Vidu 4 Cho cdc s6 khong am a, b, ¢, khong c6 2 sé ndo dong thoi bang 0. Chitng minh rang

a n b n c_ S 18
B+cd  ad+e3 ad+b T 5(a2+b2+c2)—ab—be—ca’

(Michael Rozenberg)
LO1 GIAL Bét ddng thte cin ching minh twong dwong véi

Za(a+b+c)> 18(a+b+c)
B+ T h5a?+b2+c?)—ab—be—ca

cyc

a? a 18(a+b+c)
< - ; >
;bd+¢:‘5 +Czycb2+027bc “ 5(a?4+b2+c?)—ab—bc—ca

Ap dung bat dang thirc Cauchy-Schwarz, ta co

Z a? < (a® + b + c2)?
Bt = S a2(b3+ )

cyc cye
Z a (a+b+c)?
p” b2+ c2—be ~ Ya(b?+c? —be)
cyc
Ta can ching minh
(a2+bQ—|—02)2+ (a+0b+c)? S 18(a+b+c)
a2 +c3)  Yab®+c2—be) T 5(a? + b2+ %) —ab—bc—ca
cye cye

Giés&a+b—|—c:1Védétab+bc—|—ca=q,abc=7‘=>rZmax{O,Mq;é(l*q)}.Tacénchﬁngminh

(1 - 29)? 1 18
5 + >
@?—(q+2)r qg—6r  5—11¢

Bét dang thic cudi dé dang chimg minh bang cach xét 2 truong hop 1 > 4q va 4¢q > 1.
Pang thuc xady ra khi @ = b = c hodc a = b, ¢ = 0 hodc cac hoan vi tuong tng. O

Vidu5 Cho cdc s6 dwong a,b, ¢ théa man a* + b* + ¢* = 3. Chitng minh rang

1 n 1 n 1 <1
4—ab 4—bc 4d—ca

(Moldova TST 2005)



LOI GIAL Quy dong mau so rdi khai trién, ta can chimg minh
49 — 8(ab + be + ca) + (a + b+ c)abe < 64 — 16(ab + be + ca) + 4(a + b + ¢)abe — a*b*c?

& 16 + 3(a + b+ c)abe > a?b*c? + 8(ab + be + ca)
Ap dung bat ding thirc Schur va gia thiét a* + b* 4+ ¢* = 3, ta ¢6

(a® + 03 + & + 3abe)(a + b+ ¢) > [ab(a + b) + be(b + ¢) + calc +a)] (a+ b+ ¢)

& 3+ 3abc(a+ b+ c) > (ab + be)? 4 (be + ca)? + (ca + ab)?
Ap dung bat dang thirc AM-GM, ta co

(ab+ bc)* + (be + ca)® + (ca + ab)? + 12 > 8(ab + be + ca)

= 15+ 3abc(a + b+ ¢) > 8(ab + be + ca)

Mit khéc ta lai ¢
1> a?b?c2.

Vay ta c6 dpem. Dang thic xay ra khi va chikhia =b=c=1. g
Vidu 6 Cho cdc sé khéng dm a,b, ¢ théa man ab + bc + ca = 3. Chiing minh rang
a® + b + & + Tabe > 10.
(Vasile Cirtoaje)

Ap dung bat dang thirc Schur, ta c6

{0 PP 102200))

Ta can chirng minh

p3 —9p+10r > 10
Néupz 2+/3 thi ta ¢c6
pPP—9p+10r—10>p>—9p—10>12p—9p—10=3p—10 >0

Néu p < 2v/3 < 4 thi
3 3 10 2 1 2
p>—9p+10r —10 > p f9p+§p(127p )710:§(p73)[(167p )+3(4—p)+2]>0.

Vay ta c6 dpem. Dang thic xay ra khi va chikhia =b=c = 1.

Vidu 7 Cho cdc sé diwong a,b, ¢ théa min a + b + ¢ = 3. Chitng minh rang

12 1 1 1
3+—2>25|—-+-+—-|.
abc a b ¢

(V Thanh Vin)

t



LO1 GIAL D6i bién theo p, ¢, r, bat déng thirc can chimg minh duogc viét lai nhu sau

3r+12 > 5q
Mit khéc,theo bat déng thirc Schur, ta ¢6
3p(4q — p?
3> % _ 49

Ta can ching minh
49— 9412 > 5q

< g < 3 (ding).
Vay ta c6 dpem. Dang thic xay ra khiva chikhia =b=c = 1. g

Vidu 8 Cho a,b,c la cdc s6 thuc dwong théa mén a® + b + ¢ = 3. Chitng minh rang

‘ ‘ (Pham Kim Hung)
Quy dong, rat gon va doi bien theo p, q, r, bat dang thuc can chung minh tuong duong véi

8p+3r > 12+ bq
Ap dung bat dang thirc Schur, ta c6

p(4qg —p®)  p(2q—3)

3r > =
=3 3
Tir gia thiét
P’ —20=3
2
p‘—3
= g=
1=

Thay 2 diéu trén vao bit ding thirc can ching minh, ta c6

p(p? — 6) S 124 5(p* —3)
3 = 2

8p +
(@2 -3)(p-3)7*=0
Bét dang thirc cudi diing nén ta c6 dpem. Pang thirc xay ra khi va chi khia =b=c¢ = 1.

Vidu 9 Cho cdc s6 khong am a,b, c théa man a + b + ¢ = 3. Chitng minh rang

1 n 1 n 1
9—ab 9—-bc 9-—-ca

3
< -.
-8
(Crux mathematicorum)
LO1 GIAIL Bai nay da dugc anh Hung st dung cho phan bét dang thire Chebyshev trong cubn "Sang tao bat
dang thirc". Bay gid cac ban s€ duogc thay mot 101 gidi khac vdi bat dang thue Schur va phuong phap doi bién
P, q, T rat tu nhién.

Bién dbi bat ddng thirc can chimg minh va chuyén vé dang p, ¢, r, ta ¢6

8(243 — 18p + 3r) < 3(729 — 81q + 27r — r?)



& 243 — 99q + 57r — 3r2 > 0
Theo bt ding thirc AM-GM thi

6
3 = 3 <a_|—§—~_c) 2 3(abc)2 = 7‘2

Theo bét déng thirc Schur, ta c¢6
_ 2 _
.~ Pla—p7) _4¢-9
- 3 3
= 57r > 19(4¢ — 9)

Nén ta can ching minh
72 —23¢—3r2 >0
& 3(1 —1r?) +23(3 — q) > 0 (dung).
Vay bat dang thic dugc chig minh. Pang thirc xay ra khi va chikhia = b= ¢ = 1.

O
3.2 Phuong phap déi bién p,q,r
Vidu 10 Cho cdc s6 khéng am a, b, ¢ théa man a + b+ ¢ = 3. Chitng minh rang
a’b n b2c n c2a <1
4—bc 4—ca 4—ab "
(Pham Kim Hung)
LOI GIAL Quy ddng mau sb roi khai trién, ta can ching minh
a’bc
4-) a*b>
P ED D v
cyc cyc
Str dung bat dang thirc quen thude 4 — 3" ab > abe, ta can chimg minh
cyc
be > a’b’c
abc
- 4 —bc
cyc
ab
S1>
Z4 —be
cyc
< 64 — 322ab + SZach + élzzazb2 > abc (Zazb + abc)
cyc cyc cyc cyc
Tiép tuc sir dung bat déng thirc trén,ta cin ching minh
64 — 322@5) + SZazbc + 4Za2b2 > 4abc
cyc cyc cyc
S 16-8¢+¢—r>0
vGi g = ab + bc + ca,r = abe.
Ap dung bit dang thitc AM-GM, ta c6 g2 > 97 nén can ching minh
e
16 — 8q + ¢* — 5 =0
< (¢—3)(g—6) >0.
Bét ding thirc cudi hién nhién ding nén ta c6 dpem.
Pang thuc xay ra khi va chi khia = b =c=1hoaca = 2,b = 1,c = 0 hodc cac hoan vi tuong ng. 0



Vidu 11 Cho cdc sé dwong a,b, c. Chitng minh rang

1+1+1> 3a n 3b n 3c
a b ¢ T a?2+2bc b242ca 2+ 2ab

(Duwong Dirc Lam)

Dita:= 1,b:= 7 ,c:= 1, bit ding thirc can ching minh tuong duong véi

Za > 3abcz2 T e

cyc
a(a? — be
* e 20
a3
& 3;2@27—1-1)0 > §a
Ap dung bat dang thirc Cauchy-Schwarz, ta c6

o (=)
Z

>
2a2 +bec ~ 23 a3 + 3abe

cyc

3 <§a2>2 > (Zy)) (2%}3 + 3abc>

Gia sitr a + b+ ¢ = 1, chuyén vé dang p, ¢, r, bit ding thirc trd thanh

Dén day, ta can ching minh

3(1—2¢)*>2—6g+9r
St dyung bét ddng thuc ¢ > 3r, ta cAn chitng minh
3(1 —2¢)% > 2 — 6¢ + 3¢?
&3 —12¢+12¢% > 2 — 6q + 3¢
& (1 —3q)? > 0 (dung).
Viy ta c6 dpem. Pang thirc xay ra khi va chikhia = b = c.
Vidu 12 Cho cdc s6 khéng am a, b, c. Chirng minh rang

1
at(b+c)+b*(c+a) +cta+b) < latb+ ).

(Vasile Cirtoaje)

LOI GIAL Chuén héa cho p = 1, bat dang thirc trd thanh

1
(1-3¢)q+ (5¢ — 1)r < 5

Dén day ta st dung mot thu thuat khi dung bat dang thirc Schur, d6 1 chia truong hop dé giai quyét



£ 1 411 ,
Neu g < ¢ thitaco

1 1/1-3¢+3¢\> 1
1-— —1r<(1- = Z(1— Qg < (24 TOdY
(1-3¢)g+ (5¢ — )r < (1 —3q)q 3( 3q) 3q_3( 5 > 5

Néu g > %,tac()

1 11
= —(—88¢°+32¢—3)+ — < o

(1-3¢)g+ (5¢ — 1)r < (1 —=3q)g+ (5¢ —1) - 5 =

O

Vay bat dang thirc dugc ching minh.
Ding thic xay rakhia = 0,b = %, c= %Vé céac hoan vi O
V6i ki thuat xét truong hop dé giai, chung ta c6 thé d& dang giai quyét cac bai toan sau

Bai toan 1 Cho cdc s6 khéng am a, b, ¢ théa mén a + b+ ¢ = 1. Chitng minh rang

1
(a® + %) (b* 4+ *)(c* +a?) < 35

HUGNG DAN. Nhan vao rdi rt gon, chuyén bit ding thirc vé dang p, ¢, 7, ta cin ching minh

1

2 3
— 23 — (2471 —4g) < —
¢ =20 —r(2+7r—4g) < o

Dén day chung ta xét 2 truong hop ¢ < % vag > 1. O

Bai todn 2 Cho cdc s6 dirong a,b, ¢ théa man abc = 1. Chitng minh rang

a b c 3
Zr3trstas sy
(Dwong Dirc Lam)
HUGNG DAN. Dua bat dang thirc vé mot ham theo p
f(p) =27p* — (54 + 12q)p + 9¢* — 58¢ + 120 > 0
Dén day chung ta chia thanh 2 truong hop 18¢ > 58 + 12p va 18¢ < 58 4 12p 0

Vi du 13 Cho cdc s6 khéng am a, b, ¢ théa man a2 + b% + ¢ = 8. Chimg minh rdng
4(a+b+c—4) <abe.
(Nguyén Phi Hiing)
LO1 GIAL Theo gia thiét, ta co p? — 2¢ = 8. Mat khéc, theo bat déng thirc Schur bac 4, ta cé

(4g—p*)(P* —q)  (P* —16)(p* +8)

> =
"= 6p 12p
Vi vy, ta can chimg minh
(p* —16)(p* + 8)
>4(p—4
T2 >4(p—4)
—4 2(n2 —8
=" +2=8) - gang).
12p
Ding thirc x4y ra khi va chi khi @ = b = 2, ¢ = 0 hodc cac hoan vi twong tmng. 0



Vi du 14 Cho cdc s6 dwong a, b, ¢ théa man a + b+ ¢ = 1. Chitng minh rang

Va2 +abe Vb2 + abe \/02—|—abc< 1
b+ ca c+ ab a+bc T 2Vabe

LO1 GIAL Déi bién thanh p, ¢, 7, ta c6 bd dé

*(1—q)

<
"= 2239

Ap dung BDT Cauchy-Schwarz, ta c6

Va2 + abe
ot

a—+c
b+c
cyc cyc

Sa?+ > ab
cyc cyc < a+ C)

(a+b)(b+c)(c+a) pv b+c

[Z (a+b)(b+c)

b+c)(b+a)

Ta co

a+c 1 b 1 (@a+0b+c)?
= — < —
b+c ZbJrc ZbJrc*ZbJrc > a2+ > ab
cyc cyc cyc cyc

cyc cyc

Nén ta can ching minh

Sa?+ > ab
cyce cyce Z 1 . 1 < 1
(a+b)(b+c)(c+ a) cycb—i—c >a?+ > ab| ~ dabe
cyce cye
Ll-af(ltg 1) _1
g—r\g—r 1l—q/)  4r
— 2 _
L) o
q—r r
4(1 — ¢
LM ) _a g,
q—r r
St dung bo dé, ta co
41— ¢*) ¢ _,  a(1-39)(5-Tq)

VT < 2(1—q)  ¢2(1—q)

_ — 2) —
e R = (1-q)(4—-T7q+¢)

Wl

Viy ta c6 dpem. Dang thic xay ra khi va chikhia = b =c =
Nhan xét 1 Voi bai toan nay, chung t6i co 2 cau hoi thu vi xin danh cho cac ban
1. Chitng minh b6 dé ma chiing t6i da néu ¢ trén.

2. Hay chi ra con dwong dé tim bé dé nay.

10



Vi du 15 Cho cdc s6 thie dwong a,b, ¢ théa man a + b+ ¢ = 1. Chitng minh rang

;4_ b >i
81(ab + be + ca) we=or

(Vo Thanh Vin)
LO1 GIAL Ap dung bat dang thirc Schur, ta ¢6

_p? _
o> PUg—p°) _dg-1
=9 9

Bét dang thirc can chimg minh twong duong véi

A8
8lg ' — 27

St dung bét dang thirc Schur, ta can ching minh

2
N 4 n 4q S 8
8lg 9 — 27
Bét dédng thic trén hién nhién ding theo bit déng thirc AM-GM nén ta c6 dpem. Dang thirc xay ra khi va chi
khia=b=c= % O
Vidu 16 Cho cdc s6 khéng am a,b, ¢ théa méan ab + be + ca = 1. Chirng minh rang

ab+1 be+1 ca+1
>3
a+b b+c c+a —

(Nguyén Manh Diing)

LOI GIAIL Ta co
ab+1 bc+1 ca+1
>3
a+b b+c c+a —
@Z(ab—l—l)(c—&-a)(c—&-b) >3(a+b)(b+c)(c+a)

cyc

= Z(ab +1)(c® +1) > 3[(a+ b+ c)(ab+ be + ca) — abc]

cyc
< (a? + 0% + %)+ ab+ be + ca+ abe(a + b+ ¢) + 3 + 3abe > 3(a +b + c)
s (a+b+c)?+abcla+b+c+3)+2>3(a+b+c)
DPitp=a+b+c,q=ab+bc+ ca=1,r = abc. Bit ding thitc can ching minh tr& thanh
P +r(p+3)—3p+2>0
S@-)Pp-2)+rP+3)=0

Néu p > 2 thi bat dang thirc hién nhién dung.
Néu 2 > p > /3, ap dung bit dang thtrc Schur, ta c6

p3 + 9r > 4pq

11



Ta can ching minh

4
p’—3p+2+(p+3)-
Spt+3pd —13p> +15p—18 <0
& (p—2)(p*+5p° —3p+9) <0

Bét dang thirc cudi hién nhién ding vip < 2 va

3\* 27
p3+5p23p+9—p3+4p2+<p2> +5 >0

Ta c6 dpem. Dang thirc xay ra khi va chi khi a = b = 1, ¢ = 0 hodc cac hoan vi O

Vidu 17 Cho céc s6 dwong a,b, ¢ théa man abc = 1. Chirng minh rang

1 1 1
¥+bf2+cf2+322(a+b+c)

(Vietham MO 20006, B)
LOIGIAL Ptz = Ly = 1,2 = 1 taco zyz = 1, dong thdi dbi bién thanh p, g, 7, ta ¢ bat dang thirc trd
thanh O
P’ —29+3>2
Sd4g-p* <3
Ma bit ding thirc trén ding theo bit ding thirc Schur nén ta c6 dpcm. Dang thirc xay ra khi va chi khi

a=b=c=1.

Vi du 18 Cho cdc s6 khong ém a,b, ¢, khéng c6 2 s6 nao dong thoi bang 0. Chimg minh rang véi moi k > 1,

ta luén co
a b c_ . (a+b+c)(ab+ bc+ ca)

b+c+c+a+a+b a3+ b3 4¢3

>2Vk+1.
(Pham Sinh Tan)

LO1 GIAL D6i bién bat dang thirc theo p, ¢, va chuan hoa cho p = 1. Ta can chig minh bat dang thic

1-2
g3 T >ovk+1
q—r 1—3q+3r
Ta co
1—-2q+3r i q 1 -3q+3r i q
q—r 1-3¢+3r q—r 1—-3qg+3r
1—
i LU S SN/ Y
q 1—3q+3r
Pang thic xay ra khi (a, b, c) = (Wx, T, 0) hodc cic hoéan vi tuong tng. O

Mot s6 bai tap tuong tu
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Bai toan 3 Cho cdc sé khéng am a, b, c. Chitng minh rang véi moi k > 1, ta luén cé

a b L€ k(a—i—b)(b—l—c)(c—i—a)

>2VEk+1.
b+c+c—|—a a+b a3+ b3 4¢3 > 2Vk+

(Pham Sinh Tdn)
Bai toan 4 Cho cdc s6 khong am a,b, ¢, khéng cé 2 s6 nao dong thoi bang 0. Chiing minh rang

a b c 9(ab + bc + ca)
> 6.
b+c+c+a a+b a?+b*+c2

(Pham Sinh Tan)

Vidu 19 Cho céc s6 khéng am a,b, ¢, khéng c6 2 s6 nao dong thoi bang 0. Chitng minh rang

<bic)2+<cia>2+<aib>2+<a+m§%iﬂo+@232

(Duong Purc Lam)

2ac7y: 2b y = 2¢c ta co

LO]G[AI.DatI': bt +a’ atb’

zy+yz+zzxt+ayz=4

Bét dang thirc tro' thanh
z? +y? + 2% + bayz > 8

Dua bit déng thire vé dang p, g, r, tir gia thiét, ta co ¢ + r = 4 va bét déng thirc trd thanh
p® —2q+5r > 8
Spt—Tg+12>0
Néu 4 > P, SU dungbét déng thire Schur, ta co

2
I (Cl )
- 9
dg — 2
ﬂzqﬁ(qﬁﬂ
3
qu + 36
dp+9
7(p® + 36)
2 2
=p° —-Tq+12>p" — ——= +12
b ¢ =P 4p+9 *
Nén ta chi can chimg minh duoc
7(p? + 36)
2
——— 41220
P 4p+9 tlez
< (p—3)(p* —16) <0
Didu nay ding vi4 > p > /3¢ > 3.
Néu p > 4, ta co p?> > 16 > 4¢ nén
»?
P =2q+5r2p* - 20> 5 > 8

Vay bét déng thirc dugc chimng minh. Dang thirc xay rakhi = y = 2z = 1 hodc ¢ = y = 2,z = 0 hodc cac
hodn vi twong tng. O
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Vi du 20 Cho cdc s6 khéng ém a,b, ¢ théa man a + b+ ¢ = 3. Chitng minh rang

1 n 1 n 1 <§
6—ab 6-—bc 6—ca " 5

(Vasile Cirtoaje)
LOI GIAL Chuyén d6i bat dang thirc vé nhu sau
108 — 48¢ + 13pr — 3r2 >0
S 4(9—-49+3r)+r(l—r)>0
Ta thay bat dang thirc trén dung do

b 3
a++0> _

rabcg(
3

va theo bat dang thirc Schur thi

3p(4q — p?)
9

=3r+9—4q > 0.

3r > =49—-9

Viay bat ding thirc duge ching minh.
Pang thirc xay ra khi vachikhia =b=c=1hodca=0,b=c= % hodc cac hoan vi tuong tng. O

Vi du 21 Cho cdc s6 khéng ém a, b, ¢, khéng cé 2 s6 ndo dong thoi bang 0. Chitng minh rang

a’(b+c) b (c+a) c*(a+b)
b2+C2 62+a2 a2+b2

>a+b+ec.

(Darij Grinberg)

LOI1 GIAL Ap dung bét ddng thirc Cauchy-Schwarz, ta can chimg minh

2
lZ(ﬁ (b+c)?| > (Za) lZaQ (b4 c) (D + 2)

cyc cyc cyc

Dbi bién theo p, g, r, khi d6 bat dang thirc viét thanh
r(2p3 +9r—Tpq) >0

Ap dung BDT Schur, ta c6 p® 4+ 9r > 4pq va bat dang thirc quen thude p* — 3¢ > 0, ta c6 dpcm. Pang thirc
x4y ra khi va chi khi a = b = chodaca =b,c=0. O

Vi du 22 Cho cdc s6 khéng am a,b, ¢ théa méan a + b+ ¢ = 1. Chiing minh rang
5(a® + % 4 ¢*) < 6(a® + b + ) + 1.
LO1 GIAL D6i bién vé p, ¢, 7, ta can ching minh
5—10¢g <6(1 —3¢+3r)+1

& 18r —8¢+2>0

Mic khac, bt dang thic trén dung theo bat déng thirc Schur nén ta c6 dpem. O
Va mét vi du dién hinh cho phuong phap nay la bat dang thuc Iran 1996
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Vi du 23 Cho cdc s6 khong ém x,y, z, khéng cé 2 s6 ndo dong thoi bang 0. Chirng minh rang

1 1 1 9
vt (Gt e ) 2 0

(Iran MO 1996, Ji Chen)
LOI1 GIAL St dung phuong phap d6i bién p, ¢, 7, ta chuyén bét dang thic vé dang nhu sau

[(ﬁ +49)° —4p(pq—7")] 29
(pg—r)? ~ 4

Bién doi twong dwong, rit gon, ta can chimg minh
dp*q — 17p*¢* + 4¢° + 34pgr — 9% > 0

< pq(p® — dpgr + 9r) + q(p* — 5p°q + 4¢* + 6pr) +r(pg — 9r) >0

Bét ddng thirc cudi dung nén ta c6 dpem. Ding thirc xay ra khi va chi khi 2 = y = z hodc = = y, z = 0 hodc
cac hoan vi tuong ung. O
Qua cac vi du trén, ¢6 18 cac ban ciing da dugc hinh dung it nhiéu vé bat dang thirc Schur va nhing tng dung
cua no trong phuong phap ddi bién p, ¢, . Dé két thiic bai viét nay, moi cac ban cung giai mot s6 bai tp sau

Bai todan 5 Cho cdc sé khéng dm a, b, ¢ théa man a® + b3 + ¢ = 3. Chitng minh rdang
a*b* + bt + ctat < 3.

(Vasile Cirtoaje)

Bai todn 6 Cho cdc sé khéng dam a, b, c. Chitng minh rang

a®> + b+ +2abc+1> 2(ab + be + ca).

(Darij Grinberg)

Bai todan 7 Cho cdc s6 khéng am a,b, ¢ théa man a® + b* + ¢ = 3. Chitng minh rdng

12 + 9abc > T(ab + be + ca).

(Vasile Cirtoaje)

Bai toan 8 Cho cdc s6 dwrong a, b, ¢ théa man abe = 1. Chimg minh rdang

1 1 1
<3.
a2—a+1+b2—b+1+c2—c—|—1*

(Vi Dinh Quy)
Bai toan 9 Cho cdc s6 thuc a,b, ¢ théa man a® + b* + ¢ = 9. Chitng minh rang
2(a+ b+ ¢) — abe < 10.
(Vietnam MO 2002, Tran Nam Diing)

Bai toan 10 Cho cdc s6 dwong a, b, ¢ théa man abe = 1. Chitng minh rang

3 6

1 > .
+a+b+c_ ab + be + ca

(Vasile Cirtoaje)



Bai toan 11 Cho cdc s6 dwong a,b, ¢ théa man abe = 1. Chitng minh rdang
2(a® + % 4+ ¢*) +12 > 3(a + b+ ¢) + 3(ab + be + ca)
(Balkan MO)
Bai toan 12 Cho cdc s6 khong am a,b, c, khong cé 2 sé nao dong thoi bang 0. Chitng minh rang véi moi

k>3, ta
1 1 1 k 2VEk +1
+ + + > R
a+b b+c c+a a+b+cT ab+bc+ca

(Pham Kim Hung)
Bai todn 13 Cho cdc s6 khéng am a, b, ¢ théa man ab + be + ca + 6abe = 9. Chitng minh rdng
a+ b+ c+ 3abc > 6.
(Lé Trung Kién, Vé Quoc Ba Cén)

Bai toan 14 Cho cdc s6 khéng dm x,y, z, khéng cé 2 s6 nao dong thoi bang 0. Tim hang sé a nhé nhat dé
bat dang thirc sau dung
3—a
(x+y+z)” <my+yz+zw> Lyt
3 3 - 8 '

(Ivan Borsenco, Irurie Boreico)

Bai toan 15 Cho cdc s6 dwong a, b, ¢ théa man abe = 1. Chitng minh rang

a+b+c> w/a® 4+ b3+ 3
3 - 3 '

Bai todn 16 Cho cdc s6 khéng am a,b, ¢ théa man a + b+ ¢ = 1. Chitng minh rang

1 1
a+b+b+c+c+a

247
+ 2abc > T
Bai toan 17 Cho a,b,c € [1,2]. Chitng minh rang
a’(b+c) + b*(c+a) + *(a +b) < Tabe.
Bai toan 18 Cho cdc s6 khéng am a, b, ¢ théa méin a + b+ ¢ = 3. Chitng minh rdang

5—ab 5—bc bH-—-ca
+ + > ab+ bec + ca.
1+4+c¢ 1+a 1+0

(Vasile Cirtoaje)

CHUC CAC BAN THANH CONG!!!
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