Chuyén dé s dung ti ép tuy én dé tim | 6i gi di
trong ch dng minh b at dang th dc

SU DUNG TIEP TUYEN DE TiM L Ol GI Al TRONG
CHUNG MINH B AT PANG THUTC

Ta biét tlep tuyén aiado thi ham $ y=f(x) tai moi diém bat ki trén khang Ibi ludn ram
phia tréndo thi va tiép tuyén tai moi diém trén khang 16m ludn @m phia déi d6 thi,
con ki diém udn caiadd thi thi tiép tuyén xuyén qua nén ta cé arhxét sau.

Nhgn xét Néu y=ax+b la #p tuyén ciado thi ham é y = f(x) tai diem A(X,; Yo)

( A khdng phi la diém uon), khidé ton tai mot khaang (a;B) chradiém X, sao cho

f(x)2ax+b OxO(a;B) haic f(x)<ax+b OxO(a;B). Pang thic xay ra khi x=%

Tu day ta co:f(x)) + f(xy) +...+ f(x,) 2a(x; +x, +...+x,)+nb (hoic

fOxp)+ fxy)+..+f(x,) <alx;+x,+...+x,)+3n) (*) véi moi x,,x,,....x, 0(a; B)

vadang thic xay ra khix, =x, =...= X, = X,

Néu cac ben x; c6 tdng > x; =k (k khong ddi) thi (*) duoc viét lai dusi dang sau
i=1

S+ f(xy)+...+ f(x,) 2ak+nb(haic f(x)+f(x))+...+ f(x,) <ak+nb)(*).

Bay giv ta van dung nHin xét naydé ching minh ndt sb bat dang thic.

Bai todn 1.Choa,b,cOR vaa+b+c=6.Cmr:a* +b* +c* =22(a°> +b* + %)

Nhgn xét Ta thy dang thrc xay ra khia=b=c=2 va Bdt cain ching minh c6 dng
(a4—2a3)+(b4—233)+(c4— 233)2 0o f@YFfOITE)C

Trongdé f(x)=x*-2x3. Ta co tp tuyén caadd thi ham & tai y = f(x) diém c6
hoanhdo x =2 la:y=8x-16. Ta hy wng c6 & danh gia: f(x)=8x—16 v6i xR
Taco: f(x)—(8x-16)=x* - 23— &+ 16= k- 2F k?— 2+ 4¥ 0Ox . Vay ta co bi
giai nhu sau.

Loi giai. Tacé:a* —2a° —(8a—-16)=(a-2)*(a* -2a+4)=20 OaOR
=a*-2a’28a-16 OaOR. Tuong i ta ding c6

b* =20’ 28b-16 ;c* —2¢* =8¢ —16 . Cong 3 kit dang thic nay hi véi nhau ta co
a*+b*+c*-2@3%+b3+cd)=8@+b+c)- 48= C (dpcm).

Chay. Vi y=8x-16 la tiép tuyén ciadd thi ham ¢ y=x*-2xC tai diém c6 hoanhto
x=2 nén ta cowsphan tich f(x)-(8x-16)=(x-2Y(x) vdi k =2 va g(2)= 0.
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Bai toan 2. ChOa,b,cZ—gVé.a+b+c=1.CmI‘: 2a + 2b + zc _2.
4 a+1 b +1 ¢ +1 10

( Vo dich Toan Ba Lan 1996)

Nhgn xét. Ta thiy dang thic xay ra khia=b=c :% va Bit da cho c6 dng

f(@)+ f(b)+ f(c)<— trongd f(x)=—>— véi xO[->;2] . Tiép tuyén ciadd thi
10 X +1 4 2

ham $ y= f(x) tai diém c6 hoanhio xzé a : y=36;((;- 3
xet 3OH3_ (0383 x _ (@& 132(4+ 3o oxop 37
50  x°+1 50(x“ + 1) 4 2
Vay ta co bi giai nhu sau .
Loi gidi. Taco
36a+3 2a _ (- 1F (a+ 3) L0 0as -3 2a _ 38+ 3
50  a“+1 50@% + 1) 4 a“+1 50
Vay : a_ b L ¢ 36(a+b+c)+9__
a?+1 b+l P+l 50 10

Pay la nét bai toan hay varbng d6i kho, thdng tirdong ching ta dngip nhirng bit
dang thrc di xung ba bén voi diéu kién cac bén khdng am. T 1oi giai trén ta thy
diéu kién aia bai toan laat chit va én thiét.

Trong hai bai toan trénds can ching minh la cac Bt cédicu kién vadeu cé ding (**).
Vay dau hiéu dé chiing ta c6 liénung dén phrong phap nay |ad dang thic cin
chirng minh ¢6 dng (*) haic (**), tuy nhién cé nrﬁu treong hyp Bdr can ching minh

chu’aqxuat rién dang (*) hay (**) nhung qua njt sd bude bién doi hoic danh gia ta
chuyén Bdt da cho ¢ (*) hay (**). Ta xét bai toan sau.

Bai toan 3.Cho a, b, ¢>0 va a+b+c=3. Cmfu + b +Jc =ab+bc +ca.
(V6 dich Toan Nga 2002)

Nhgn xét. Méi d¢au nhin vao Bt ta chra thy xuat hién dang (*) hay (**), tuy nhién
chang tatu y dén dang thrc (a+b+cj=a+b*+c*+2ab+2bc+ca thi @ da cho co6 th viét
lai nhu sau :a? + 2/a+b%+ 2/b+c?+ 2/c=2 9= f @)+ f p)+ f €)= € trongdd
f(X) = X% + 2Jx véi 0<x< 3. Ta caidng thic xay ra khi a=b=c=1 vaép tuyén ciadd
thi ham & y= f (X) = x? + 2¢/X tai diém c6 hoanhid x=1 13 y=3x.

Xét: f(x) —3x = (v'x =12 (x+ 2/x)= 0 OxO (0;3. Vay ta c6 bi giai nhu sau.
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Loi gigi. Bdtdad cho tongduong Wi: a2 +2Ja +b%+2/b+c?+ 2/c= 9
Tacé: a>+2/a-3a=(a-17@+ 2/a)> 0=a?+2/ & 3a.

Tuong tr: b® + 2Jb=2; c?+2Jc= 3c. Cong ba RBit trén ta caipcm.
Chu y:Véi bai toan trén ta co &sir dung BDT C6 sidé ching minh

Bai toan 4. Cho cac & thuc a,b,c>0 thd man a+b+c=1. Cmr :

a b C 9
+ + > —

1+bc 1+ac 1+ab 10

b+c a+c 1-b b+a
)Y =(—)%; ab<( : )* =(

2 _d-a,
=(—)" <
5 ) =( 5 )75 cas( 5 5
. a b (o 4a 4b 4c
nen + + > + +
1+bc 1l+ac 1+ab a’'-2a+5 b°-d+5 c’- 2+ ! ,
(Nhdn xét : bang thic xay ra khi a=b=c=1/3 vadp tuyen ciado thi ham &

1—C2
2)

Loi gigi. Ta co bc <(

4x oz 99x -3
= =——— tai diém c6 hoanhio x=1/3la :y =
YEI0E St . yE )
- —1\2 —
Ta ch - . 4x _99x 3:(3x 1)2(15 IIX)ZO e 0(0:1)
x°=2x+5 100 100(x“ —=2x +5)
Suy ra . —; a_ . b, 5 x 2996+b+c)_ 9:—9<ipcm.
a’-2a+5 b*-2Db+5 ¢c°-2Z+5 100 1

Trong nhéu truong hop, Bdt thirc cn ching minh 1a than nhit khi d6 ta c6 ti chuin
hda Bit va chuyn Bdt can ching minh \¢ dang (*) haic (**). Cac bai toan sawgsho
chung ta thy rd van dé nay.

Bai toan 5. Cho a,b,c lai¢ dai ba anh tam giac. Cmr.

1 1 1 9 1 1 1
—+—+—+ >4 + + .
a b ¢ atb+c atb b+tc c+ta

Nhgn xét. Ta thy Bdt can chrng minh clva cé dng (*) hay (**), tuy nhién v Bdt can
ching minh la than nhat nén ta co th gia st a+b+c=1 ma khong lam it tinh ©tng
guat @a bai toan.

Khi d6 Bit ding thic da cho to thanh :(—— - 3y + (—— - H 4+ % 3 <9
l1-a a 1-b b 1-c c
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= f(a)+ f(b)+ f(c)<9 trongdo f(x)= 5X_2
X—

Kkhi a=b=c=%. Tiép tuyén ciadd thi ham é y=f(x) tai diém c6 hoankto xzé A

y =18x — 3.Phai chang ta cédanh gia: f (x) — (18x— 3)=

(3x— 1Y (- Do (1)?

Vi a,b,c 1ad¢ dai ba anh tam giac tha ména+b+c =1, gia st a=max{a,b,c} khido
l=a+b+c>2a=a <% suy raa,b,cl] (0%). Dodo (1)dung

Loi gigi. Khéng lam nat tinh Hng quat ta gi sir a+b+c=1, khit6 Bdt d& cho t& thanh

5a-1 mm-1 -1
2 + 2 + 2 <9.

a-a~ b-b° c-c

Vi a,b,c 1ad¢ dai ba anh tam giac va atb+c=1 suy ra O<a,b,c<1/2.

5a—1 _(18a-3)= (Fa- 1)2(21 D 1.1, 8- 1<1&_

a-a’ a-a’ 2 2 a-a’
Ta ding c6 hai Bt tuong tr. Cong cac it nay hi vdi nhau ta co:

°a - 1+56l 21 £ - 1 <18(@+b+c)— 9= 9 (dpcm).
a-a’> b-b* c-c?

Taco:

Pang thic xay ra khia:b:c:%.

2 2 RV
Bai toan 6: Choa,b,c>0. Cmr : (b+C2 a)2+ (c+a2b) 5+ (a+b2c) 22§
(b+c)“+a“ (c+a)“+b“° (a+b)“+c“ 5

(Olympic Toan Nt Ban 1997)

Laii giai. Vi Bdt can ching minh thidn nhit nén ta chcan ching minh Bit ding Wi
moi so thuc a,b,c tha mana+b+c=1. Khi dé Bdt da cho té thanh:
(-2a , (@-f , (@-27

1-a)’+a®? (1-b)®+b? (@1-c)?+c? E
_4a’-da+l H°-H+1 47— 4+ L
2a —2a+1 H2-DdD+1 22-2+ 15
: 1 1 27 27
- + + <=l f(a)+ f(b)+ f(o)<-=
2a°-2a+1 D°-Db+1 2°-2+1 5 (@) + 1 (b)+ T(c) 5
1 :
Trongdo f(X) =———— véi x0(0;1
940 109 2x% = 2x+1 (0:1)
Tiép tuyén czadd thi ham 6 y=f(x) tai dicm c6 hoankio x:§ la 54)(2—:__;27
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+ - 2%%+ - +
Ta cé:—54x 27_ f(x)= 2(5% 5 2% 1): 2(8 Zf) S 120 [Ox O (0;2)
2 2522 - x+1) 25— X+ 1)
54(a+b+c)+81 27

= fla+fD)+fc)< 55 = dpcm.

Chuan hod la kthuat ma chiing ta hayag trong cliing minh ft dang thrc thuin nhit.
Qua cAc hai bai toan trén tdymho viéc chuin hod ma ta c6 thivadugc bit dang
thirc d& cho ¥ dang (*) haic (**). TOy thuoc vaodic diém cia ting bai toan ma ta oh
cach chan hoa pu bp. Ta xét vi d sau

Bai toan 7 Cho a,b,c>0. Cmr :

—1+\/§(a2+b2+cz)(l+l+1)2a+b+c+\/a2+b2+02.
33 a b c

(Trich @é thi Albania 2002)

Loi gigi. Vi BDT da chodong kic nén ta chin hoa lat dang thic bing cach cho
a’ +b?+c?=1, khidé bdt cin ching minh to thanh: f (a) + f (b) + f (c) =1 trongdo:
143 1 x vei 0<x<1.Pang thrc xay ra khi azb=c=—

3V3 x NE

Tiép tuyén aaadd thi ham $ y=Ff(x) tai diém c6 hoanldo X=-L 13

NE

. Pén day ta @ dang cling minhduogc

f(x)=

_ 1+2J/3_ 2+ 2/3
= \/é X + 3
1+V3 1 1+2/3 2 2/3
m; X2 \/—3 X+ 3

Doway: f(a)+ f(b)+ f(c)=-

Ox0(0;1) vadang thic xay ra khi x = —.

1+ 23
J3
Mit khaca+b+c</3(@* +b*+c?) =+/3 nn

1+ 23
J3

<]

(a+b+c)+2+2/3.

f(a)+ f(b)+ f(c)=- A3+ 2+ 2/3=1Ta coddpcm.

Qua cac bai toan trén taathsir dung tiép tuyén trong cting minh tat dang thirc cho ta
cach tim i giai ngan gon vadon gian. Ki nang ap @ngdoi hoi su linh haat va khéo
l€o.

Cubi cling t6i xin néu ra Bt sb bai &ip dé ching ta rén IWn Ki ning sr dung tiép tuyén
trong chirng minh Bit dang thic.
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1.Cho ab.c>0. Cmp(22tb+0)  (Db+c+a)  (X+a+b)

2a+(b+c)> D%+ (c+a)® X2+ @+h)
(VO dich toan My 2003)
~albtc) b(c +a) c(a+tb) 6
2.Choa,b,c>0.Cmr: — 5 +— > +— TS
a+(b+c) b +(c+a)” c“+(@+b) S
(Trich dé thi Olympic 30-4 lop 11 nim 200§

[ 2 2 2
3. Cho cac é thuc duong X,y,z. Cmr:xyz(2x+ {4— Z: Xty +27) < 3+\/§.
(X" +y"+2)(xy + yz+ () 9
(VO dich toan Hong Kéng 1997)

4.Cho n $ thyc duong tha: m&n: > a =n. Cmr:
i=1

2S8.

x B NP S (New Zealand 1998

1+ %2 1+x2 1+ 1+ X,
5. Cho a.b.c.d >0 #fa man:ab+bc+cd +da=1. Cmr:

a’ b e’ d’ 1

+ + + >—.

b+c+d c+d+a d+a+b a+b+c 3
6.Choab,c>0.Cme—t+—2 4 ¢ > 9
(b+c)” (c+a)” (a+b)” Ha+b+to)

1 1 1

7.Choab,c>0:a>+b>+c>=1.Cmr: + + <2
l1=ab 1—-bc 1-ca 2

8.Choa,b,c>0vaa’+b?+c?=1. Cmr:(1+%+l)—(a+b+c)22\/§.
a c

9.Cho a,b,c>0 tha man:a? +b?+c2=3Cnr : 1+ibL+—1+§4(a+b+c)2 7.
a C
3

3 3
(Sa+b+c)”  (B+c+a)” (T+b+a)” 375

10.Cho a, b,c>0 .Cmr 3 3b3+(a+c)3 3:3+(b+a)3_ 1

3a°+(b+c)

a b® c?
11.Cho a,b,c>0.Cmr;] Tl 5+ 3 >1.
a’+(b+c)” \b’+(c+a)” \c’+(a+b)

12.Cho a,b,c la¢ dai cac enh tam giac . Cmr:
1 1 1 1 1 1
—++< + + _
a b c¢c a+b-c b+c-a c+a-b

13. Cho céc & thyc drong a,b,c. Cmr)’ Jatb+c +\/;2 9+3y3 .
oye b+c 2da+ b +c¢

14.Cho céc & thyc drong a,b,c,d tha man: a+b+c+d=2. Cmr
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a’ b? c? d? 16
+ + + <—.
(@®+1)? (BO*+1)* (C*+1)?* d?*+ 1> 25
2 2 2
15.Cmr: 2x + 2y + 22 <l1.

2x2 +(y +Z)2 2y2 +(Z+x)2 2Z2 +(x +y)2
16.Cho a,b,c>0 va a+b+c=1. Cni0@3 + b® + c)- 9@°+b°+c°)= 1 (China 2005)

a b C 3 )
17.Cho a,b,c>0. Cme + + > . |[—(a+b+c) (Serbhia 2005
Jb+c +Jec+a a+b \/2( ) ( )

GV: Nguyén T4t Thu N&m hoc 2005 — 2006



