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A–1 Supposeonthecontrarythatthereexist
���������	��


with�������
���
and � ��� � �����

with � � � �
��

. Then� ��������� � � � ����� while

������� � � � � ������
 , contradiction.

A–2 The integral convergesiff ����� . The easiestproof
uses“big-O” notationandthe fact that

���� "! � ��#$� ��	 �!&%(') �*)�+! � �
for , ! ,.- �

. (Here
*)�/! � �

means
boundedby a constanttimes

! �
.)

So 0 !1 �.2 0 ! � ! ��#�� ��3 �4 � %�! 2 � �� ! ��#�� ���4 � %('(!5 6*)�+!87 � ���9�
hence: 0 !1 �;2 0 ! � ! ��#�< ���4 � %>=?!5 @*)�/! 7 � �
andsimilarly: 0 ! 2 0 ! 2A�B� ! ��#�< ���� � %>=C!. @*)�/! 7 � ��D
Hencetheintegralwe’re lookingat isE6FG ! ��#�< ��� �52H� � %>=C!5 6*)�+! 7 � �JI ! D
The term

! ��#�< *)�/! 7 � �
is boundedby a constanttimes! 7LK #�<

, whoseintegralconverges.Thusweonly haveto
decidewhether

! 7LM #�< � �N2@� � %�= converges.But
! 7&M #�<

has divergent integral, so we get convergenceif and
only if �1�O� (in whichcasetheintegral telescopesany-
way).

A–3 Let P and Q bethenumbers
I � DRD�D�ITS

and U � D�DRD U S , re-
spectively. We aregiventhat

� U>VW2 I V � ��X S 7 V  PZY X�/[)\^]`_ �
and

�ba VJ2`U>V � ��X S 7 V  Q
Y X@�+[)\c]d_ � for ef�� �RD�DRD9�$g
. Sumthefirst relationover eh� � ��DRD�D9��g andwe

get Qi2	P  g PjY Xk�+[)\c]d_ � , or Q  PlY Xm�/[)\^]d_ � .
Now addthefirst andsecondrelationsfor any particu-
lar valueof e andwe get

�na V 2 I V � ��X S 7 V  Q  PoY X�/[)\^]`_ �
. But weknow Q  P is divisibleby 7, and10

is coprimeto 7, so
I Vp2 a VpY Xk�/[)\^]d_ � .

A–4 Let q>r	� ! �  `s�sRsb N! rW2ut �/v 2 � � %�v , sothat q�w)�Oq�xy�X
. Theseform a cyclic sequencethat doesn’t change

whenyou rotatethenecklace,exceptthattheentirese-
quencegetstranslatedby a constant. In particular, it
makessenseto choose

! V for which q�V is maximumand
makethatone

! w ; thisway q�Vhz X for all e , whichgives! �  "s�sRs( {! V�z|e �/v 2 � � %>v , but theright sidemaybe
replacedby ep2 � sincetheleft sideis aninteger.

A–5 Everyone(presumably)knows that thesetof solutions
of a systemof linear first-orderdifferential equations
with constantcoefficients is

v
-dimensional,with ba-

sis vectorsof the form
a V � ����}~ V (i.e. a function times

a constantvector),wherethe
}~ V are linearly indepen-

dent. In particular, our solution
}!h� ���

canbewritten as� wV�� �8� V a V � ����}~ � .
Choosea vector

}� orthogonalto
}~ �(��DRDRD��?}~ w but not to}~ � . Since

}!�� ����� X
as
�����

, thesameis trueof
}� s }! ;

but that is simply
� }� s }~ � � � � a � � ��� . In otherwords, if� V��� X , then

a V � ��� mustalsogo to 0.

However, it is easyto exhibit a solution which does
not go to 0. The sumof the eigenvaluesof the matrix� � � � V�� � , alsoknown asthetraceof

�
, beingthesum

of the diagonalentriesof
�

, is nonnegative, so
�

has
an eigenvalue � with nonnegative real part, anda cor-
respondingeigenvector

}~ . Then U��R� }~ is a solutionthat
doesnot go to 0. (If � is not real,addthis solutionto
its complex conjugateto geta realsolution,which still
doesn’t go to 0.)

Henceone of the � V , say � � , is zero, in which case}!�� ��� s }� � X for all
�
.

A–6 View thisasarandomwalk/Markov processwith states� e �n�C� t � the triplesof integerswith sum0, correspond-
ing to thedifferencebetweenthefirst, secondandthird
rowswith theiraverage(twicethenumberof columns).
Adding a new columnaddson a randompermutation
of the vector

��� � X � 2 � � . I prefer to identify the triple� e �n�C� t � with thepoint
� eJ2 �c�  A� � 2�t ���  A� tB2�e ��� � in

theplane,where
�

is a cuberootof unity. Thenadding
a new columncorrespondsto moving to oneof thesix
neighborsof thecurrentpositionin a triangularlattice.

Whatwe’d like to argueis that for largeenough
v

, the
ratio of theprobabilitiesof beingin any two particular
statesgoesto 1. Thenin fact,we’ll seethateventually,
aboutsix timesasmany matriceshave �`���B2 � � �.�� 2 � than ������� � . This is a pain to prove, though,
andin factis waymorethanweactuallyneed.

Let �4w and
� w be the probability that we are at the

origin, or at a particularpoint adjacentto the origin,
respectively. Then � w?� � � � w . (In fact, � w(� � is�>%(�

timesthesumof theprobabilitiesof beingat each
neighborof theorigin at time

v
, but theseareall

� w .)



So the desiredresult,which is that �4w % � wm� 'C%(� for
somelarge

v
, is equivalentto

� w(� � % � w�� 'T%�� .
Supposeon the contrarythat this is not the case;then� w - � �b'C%(� � w for some constant

v
. However, ifv � �(� , theprobability thatwe choseeachof thesix

typesof moves
�

times is already
�b�(� ��� %^� � �   �  �¡£¢

,
which by Stirling’s approximationis asymptoticto a
constanttimes

� 7&¤ #$�
. This term aloneis biggerthan� �b'T%�� � w , so we musthave

� w(� � % � wm� 'T%��
for somev

. (In fact, we musthave
� w?� � % � wm� � 2m¥ for any¥B¦ X .)

B–1 For a given § , no more than threedifferentvaluesof§ �/! � arepossible(four would requireoneparteachof
sizeat least1,2,3,4,andthat’s alreadymorethan9 el-
ements).If no such

! ��¨
exist, eachpair

� § �/! ��� §8© �/! ���
occursfor at most1 elementof

!
, andsincethereare

only
�£ª5�

possiblepairs,eachmustoccurexactlyonce.
In particular, eachvalueof § �/! � mustoccur3 times.
However, clearlyany givenvalueof § �+! � occurstc§ �/! �
times,where t is the numberof distinct partitionsof
thatsize.Thus § �/! � canoccur3 timesonly if it equals
1 or 3, but we have threedistinct valuesfor which it
occurs,contradiction.

B–2 For thosewho haven’t taken enoughphysics,“rolling
withoutslipping”meansthattheperimeterof theellipse
andthecurve passat thesamerate,soall we’re saying
is that theperimeterof theellipseequalsthe lengthof
oneperiodof thesinecurve.Sosetup theintegrals:E �$«x 3 � 2¬�4­�®�¯B° � �  "� �&± \ ­^° � � I °

� E ��«?²x 3 �4 |� � % ��± \ ­ !&% � � � I ! D
Let °l� !³% � in the secondintegral and write 1 as­�®�¯ � °  ± \ ­ � ° andyou getE �$«x 3 � � ­�®�¯ � °  � � ± \ ­ � ° I °

� E ��«x
: � � ­�®�¯ � °  "� � �  � � � ± \ ­ � ° I ° D

Sincethe left sideis increasingasa function of � , we
haveequalityif andonly if � � �|� �  � � .

B–3 For
v � �

we obviously get 45, while for
v � �

the
answeris 0 becauseit both changessign (becausede-
terminantsarealternating)andremainsunchanged(by
symmetry)whenyou switch any two rows other than
the first one. So only

v � '
is left. By the multilin-

earityof thedeterminant,theansweris thedeterminant
of thematrix whosefirst (resp.second)row is thesum
of all possiblefirst (resp. second)rows. Thereare90
first rows whosesumis thevector

�/=T´?X � =CXC´ �
, and100

secondrowswhosesumis
�/=T´?X � =T´(X �

. Thustheanswer
is
=T´?X5ª�=T´?X 2 =c´(X1ª�=TXC´ � =c´5ª�=c´(X � '?XC'C´(X D

B–4 The infinite continuedfraction is definedas the limit
of the sequenceµ�x6� '?'?XT_ � µ�w(� � � 'C'(XT_ 2 �>% µ�w .
Notice that the sequenceis strictly decreasing(by in-
duction)andthusindeedhasa limit µ , which satisfiesµO� '?'?XT_ 2 ��% µ , or rewriting, µ � 2 '?'(Xc_ µ  O� � X .
Moreover, wewantthegreaterof thetwo roots.

Now how to computetheeighthroot of µ ? Noticethat
if
!

satisfiesthe quadratic
! � 2@� !� ¶� � X

, thenwe
have X � �/! � 2·� !1 |� � �/! �  � !1 |� �� ! < 2 � � � 2 ' � ! �  |� D
Clearly, then,thepositive squarerootsof thequadratic! � 2A� !1 "� satisfythequadratic

! � 2 � � �  k' � ��#$� !) � � X
. Thus we computethat µ ��#$� is the greater

root of
! � 2 =c_>!� ¸� � X

, µ ��#�< is the greaterroot
of
! � 2 _>!d 
� � X

, and µ ��#�¹ is the greaterroot of! � 2 �?!5 º� � X , otherwiseknown as
�+�y 0 ´ � %?'

.

B–5 This problem is dumb if you know the Sprague-
Grundytheoryof normalimpartialgames(seeConway,
BerlekampandGuy, Winning Ways, for details).I’ ll de-
scribehow it applieshere.To eachpositionyou assign
a nim-value asfollows. A positionwith no moves(in
whichcasethepersonto movehasjust lost) takesvalue
0. Any otherpositionis assignedthesmallestnumber
notassignedto a valid movefrom thatposition.

For a singlepile, oneseesthatanemptypile hasvalue
0, a pile of 2 hasvalue1, a pile of 3 hasvalue2, a pile
of 4 hasvalue0, a pile of 5 hasvalue1, anda pile of 6
hasvalue0.

You addpiles just like in standardNim: thenim-value
of thecompositeof two games(whereateveryturnyou
pick a gameandmake a move there)is the“base2 ad-
dition without carries”(i.e. exclusive OR) of the nim-
valuesof theconstituents.Soourstartingposition,with
pilesof 3, 4, 5, 6, hasnim-value

'¬»6X£»º�4»6X � � .
A positionis a win for theplayerto moveif andonly if
it hasa nonzerovalue,in which casethewinning strat-
egy is to alwaysmove to a 0 position. (This is always
possiblefrom a nonzeropositionandnever from azero
position,which is preciselythe condition that defines
thesetof winning positions.)In this case,thewinning
move is to reducethepile of 3 down to 2, andyou can
easilydescribetheentirestrategy if yousodesire.

B–6 Obviously ¼ ��½���¾ haveto begreaterthan1, andnotwo
canboth be rational,so without lossof generalityas-
sumethat ¼ and

½
areirrational. Let ¿ !8À � ! 2¸Á !JÂ

denotethefractionalpartof
!
. Then

� �AÃ � ¼ � if and
only if

ah�/�d% ¼ ��� ��� 2 �>% ¼ � � �TÄ ¿ XJÀ . In particular, this
meansthat

Ã � ¼ �CÅ ¿ � ��DRD�D9� vhÀ containsÆ �/vÇ ·� � % ¼8Èh2 �
elements,andsimilarly. Hencefor every integer

v
,v �ÊÉ vË |�¼ Ì  É vu |�½ Ì  É vu |�¾ Ì 2 � D

2



Dividing throughby
v

andtakingthe limit as
v �Í�

showsthat
�>% ¼  |�>% ½  |�>% ¾ � � . Thatin turn implies

thatfor all
v

,Î 2 vN º�¼ Ï  Î 2 v) |�½ Ï  Î 2 vN |�¾ Ï � ' D
Our desiredcontradictionis equivalentto showing that
the left side actually takes the value 1 for some

v
.

Sincetheleft sideis aninteger, it sufficesto show that¿C2 �/vu º� � % ¼ À� ¿C2 �+vu |� � % ½ À - � for some
v

.

A resultin ergodictheory(thetwo-dimensionalversion
of theWeil equidistributiontheorem)statesthatif

� ��Ð�� q
arelinearly independentover therationals,thentheset

of points
� ¿ v Ð À � ¿ v q À is dense(and in fact equidis-

tributed)in theunit square.In particular, ourclaimdef-
initely holdsunless� % ¼  � % ½ � � for someintegers� � � � � .
On the other hand, supposethat such a relation
does hold. Since ¼ and

½
are irrational, by the

one-dimensionalWeil theorem, the set of points� ¿T2 vW% ¼ À � ¿T2 vW% ½ À is densein the setof
�/! ��¨J�

in the
unit squaresuchthat � !) � ¨ is aninteger. It is simple
enoughto show thatthis setmeetstheregion ¿ �+! ��¨^�¬�� X � � ¢ �;Ñ !) ¨ - �(À unless�  � is aninteger, andthat
would imply that

�>% ¼  º��% ½ , a quantitybetween0 and
1, is aninteger. We haveourdesiredcontradiction.
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