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A-1 Suppos@nthecontrarythatthereexistt;,t, € T with A-5 Everyone(presumablyknows thatthe setof solutions

tits € U andul,uz € U with uius € T. Then
(t1ta)urus € U while t1t2(uius) € T, contradiction.

A-2 The integral corvergesiff a = b. The easiestproof

uses‘big-O” notationandthe factthat (1 4+ z)'/? =
1+ /2 + O(z?) for |[z| < 1. (Here O(z?) means
boundedby a constantimesz?2.)

So

Vit+a—+z=z"*/1+ajz—1)
=2'2(1 4 a/2z + O(z™?)),

hence

VVE+a—ve=2"1+a/dz+ 0z ?)

andsimilarly

V Ve —Vz —b=z*(1+b/4z + O(z~2).

Hencetheintegralwe’re looking atis

/ 24 ((a - b)/4z + O(z~2) dx.
b
Thetermz!/40(z~2) is boundedby a constantimes
z~7/*, whoseintegral converges.Thuswe only have to
decidewhetherz—3/%(a — b)/4 corverges. But 2~3/4
has divergentintegral, so we get corvergenceif and
onlyif a = b (in which casetheintegraltelescopesary-
way).

A-3 Let D andFE bethenumbersi; ...dg ande; ... eg, re-

spectiely. We aregiventhat (e; — d;)10°~% + D = 0
(mod 7) and(f; —€;)10° i+ E =0 (mod 7) fori =
1,...,9. Sumthefirstrelationoveri = 1,...,9 andwe
getE—D+9D =0 (mod 7),orE+D =0 (mod 7).
Now addthefirst andsecondelationsfor ary particu-
lar valueof i andwe get(f; — d;)10°~*+ E+ D =0
(mod 7). Butweknow E + D is divisible by 7, and10
is coprimeto 7,so0d; — f; = 0 (mod 7).

A-4 Letsy = x1+- -+ x—k(n—1)/n,sothats,, = so =

0. Theseform a cyclic sequencehat doesnt change
whenyou rotatethe necklace gxceptthatthe entirese-
guencegetstranslatedby a constant. In particular it

makessensdo chooser; for which s; is maximumand
malkethatonez,,; thisway s; < 0 for all ¢, whichgives
1+ -+ x; <i(n— 1)/n, buttheright sidemaybe
replacedoy i — 1 sincetheleft sideis aninteger.

of a systemof linear first-orderdifferential equations
with constantcoeficients is n-dimensional,with ba-
sis vectorsof the form f;(¢)d; (i.e. a function times
a constantvector), wherethe #; arelinearly indepen-
dent. In particular our solutionZ(t) canbe written as

Yo cifi(t)tr.

Choosea vectorw orthogonalto s, . . . , o, but notto
7. SinceZ(t) — 0 ast — oo, thesamds trueof & - Z;
but thatis simply (& - #1)e f1(¢). In otherwords, if
¢i # 0, thenf;(t) mustalsogoto O.

However, it is easyto exhibit a solution which does
not goto 0. The sumof the eigervaluesof the matrix
A = (ay;), alsoknown asthetraceof A4, beingthesum
of the diagonalentriesof A, is nonngative, so A has
an eigervalue A with nonneyative real part, anda cor-

respondingeigervectord. Thene is a solutionthat
doesnotgoto 0. (If A is notreal, addthis solutionto
its complex conjugateo geta real solution,which still

doesntgoto0.)

Henceone of the ¢;, say ¢y, is zero, in which case
Z(t) - =0 forall t.

A-6 View thisasarandomwalk/Markov procesith states

(1,7, k) thetriples of integerswith sumO, correspond-
ing to thedifferencebetweenrthefirst, secondandthird
rows with their averagg(twice the numberof columns).
Adding a new columnaddson a randompermutation
of the vector (1,0, —1). | preferto identify the triple
(i, 7, k) with thepoint (i — j) + (j — k)w + (k —4)w? in
theplane,wherew is acuberoot of unity. Thenadding
anew columncorresponds$o moving to oneof the six
neighborsof the currentpositionin atriangularlattice.

Whatwe’'d like to argueis thatfor large enoughn, the
ratio of the probabilitiesof beingin any two particular
stateggoesto 1. Thenin fact,we’ll seethateventually
aboutsix timesasmary matriceshavea = b — 1,b =
¢ — 1thana = b = c. Thisis apainto prove, though,
andin factis way morethanwe actuallyneed.

Let C,, and A,, be the probability that we are at the
origin, or at a particularpoint adjacentto the origin,
respectiely. ThenCp,4y1 = A,. (In fact, Cpqq is
1/6 timesthe sumof the probabilitiesof beingat each
neighborof the origin attime n, but theseareall A,.)



Sothe desiredresult,whichis thatC,, /A,, > 2/3 for
somelargen, is equivalentto 4,1 /A, > 2/3.

Supposeon the contrarythat this is not the case;then
A, < c¢(2/3)" for someconstantn. However, if
n = 6m, the probability thatwe choseeachof the six
typesof movesm timesis already (6m)!/[m!®65™],
which by Stirling’s approximationis asymptoticto a
constantimesm—%/2. This term aloneis biggerthan
¢(2/3)", sowe musthave 4,1 /A, > 2/3 for some
n. (In fact,we musthave 4,,;1/A,, > 1 — e for ary
€>0.)

B-1 For a given w, no more thanthreedifferentvaluesof

w(x) arepossible(four would requireone part eachof

sizeatleastl,2,3,4,andthat’s alreadymorethan9 el-

ements).If no suchz, y exist, eachpair (7 (z), 7' (z))

occursfor at most1 elementof z, andsincethereare
only 3 x 3 possiblepairs,eachmustoccurexactly once.
In particular eachvalue of 7(z) mustoccur3 times.
However, clearlyany givenvalueof 7 (z) occurskr (z)

times, wherek is the numberof distinct partitions of

thatsize. Thusw(z) canoccur3 timesonly if it equals
1 or 3, but we have threedistinct valuesfor which it

occurscontradiction.

B—2 For thosewho haven't taken enoughphysics,“rolling

withoutslipping” meanghattheperimeteof theellipse
andthe curve passat the samerate,soall we're saying
is thatthe perimeterof the ellipse equalsthe length of
oneperiodof thesinecurve. Sosetup theintegrals:

2m
V/(—asin )2 + (bcos 6)2 db
0
2ma

= V1+ (c/acosz/a)? dz.
0

Let § = z/a in the secondintegral and write 1 as
sin” @ + cos? § andyou get

27
Va2 sin? 6 + b2 cos? 6 df
0

27
= / \/a2 sin? 6 + (a2 + c2) cos?  d6.
0

Sincethe left sideis increasingasa function of b, we
have equalityif andonly if b2 = a® + ¢.

B-3 For n = 1 we obviously get45, while for n = 3 the

answeris 0 becausat both changesign (becausale-
terminantsarealternating)andremainsunchangedby
symmetry)whenyou switch ary two rows otherthan
thefirst one. Soonly n = 2 is left. By the multilin-
earity of thedeterminantthe answelis the determinant
of the matrix whosefirst (resp.secondyow is the sum
of all possiblefirst (resp. second)ows. Thereare90
first rows whosesumis the vector(450,405), and100
secondowswhosesumis (450,450). Thustheanswer
is450 x 450 — 450 x 405 = 45 x 450 = 20250.

B—4 The infinite continuedfraction is definedas the limit

of the sequence.y = 2207,L,41 = 2207 — 1/L,.
Notice that the sequencas strictly decreasingby in-
duction)andthusindeedhasa limit L, which satisfies
L = 2207 — 1/L, or rewriting, L? — 2207L + 1 = 0.
Moreover, we wantthe greaterof thetwo roots.

Now how to computethe eighthroot of L? Noticethat
if z satisfieghe quadraticz? — axz + 1 = 0, thenwe
have

0= (2*—azx+1)(z* +az +1)
=2*— (a®> - 2)2? + 1.

Clearly, then,the positive squarerootsof the quadratic
z? — bz + 1 satisfythequadraticz® — (b* + 2)'/2z +

1 = 0. Thuswe computethat L'/2 is the greater
root of z2 — 47z + 1 = 0, L'/* is the greaterroot
of 2> — 7z + 1 = 0, and L'/8 is the greaterroot of

z? — 3z 4+ 1 = 0, otherwiseknown as(3 + v/5) /2.

B-5 This problem is dumb if you know the Sprague-

Grundytheoryof normalimpartialgamegseeConway,

BerlekampandGuy, Winning Ways, for details).I’ Il de-
scribehow it applieshere.To eachpositionyou assign
a nim-value asfollows. A positionwith no moves(in

which casehe persorto move hasjustlost) takesvalue
0. Any otherpositionis assignedhe smallestnumber
notassignedo avalid move from thatposition.

For asinglepile, oneseeghatanemptypile hasvalue
0, apile of 2 hasvalue1, a pile of 3 hasvalueZ2, a pile
of 4 hasvalueO, a pile of 5 hasvaluel, anda pile of 6
hasvalueO.

You addpilesjustlike in standardNim: the nim-value
of thecompositeof two gamegwhereat everyturnyou
pick agameandmake a move there)is the “base2 ad-
dition without carries” (i.e. exclusive OR) of the nim-

valuesof the constituentsSoour startingposition,with

pilesof 3,4, 5, 6, hasnim-value2 ¢ 0 1 0 = 3.

A positionis awin for theplayerto moveif andonly if
it hasa nonzerovalue,in which casethe winning strat-
egy is to alwaysmove to a 0 position. (This is always
possiblefrom anonzergpositionandneverfrom azero
position, which is preciselythe conditionthat defines
the setof winning positions.)In this case the winning
mave is to reducethe pile of 3 down to 2, andyou can
easilydescribeheentirestratgy if yousodesire.

B-6 Olviously a, 3,y haveto begreatethanl, andnotwo

can both be rational, so without loss of generalityas-
sumethata andg areirrational. Let {z} = z — |z]
denotethe fractionalpartof . Thenm € S(«) if and
onlyif f(m/a) € (1-1/a,1)U{0}. In particularthis
meanghatS(a)N{1,...,n} containg(n+1)/a] —1
elementsandsimilarly. Hencefor everyintegern,
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Dividing throughby n andtakingthelimit asn — oo
shavsthatl/a + 1/8 + 1/v = 1. Thatin turnimplies
thatfor all n,

} 2,

(o)t

Our desiredcontradictionis equivalentto shawving that
the left side actually takes the value 1 for somen.
Sincetheleft sideis aninteger, it sufficesto shav that
{—(n+1)/a} +{-(n+1)/8} < 1 for somen.

A resultin ergodictheory(thetwo-dimensionalersion

of theWeil equidistrilutiontheoremxtateghatif 1,r, s
arelinearly independenotver therationals thenthe set

of paints ({nr}, {ns} is dense(andin fact equidis-
tributed)in theunit squareln particular our claimdef-
initely holdsunlessa/a + b/3 = ¢ for someintegers
a,b,c.

On the other hand, supposethat such a relation
does hold. Since a and g are irrational, by the
one-dimensionalWeil theorem, the set of points
({-n/a},{—n/B} is densein the setof (z,y) in the
unit squaresuchthatax + by is aninteger. It is simple
enoughto show thatthis setmeetstheregion {(z, y) €
[0,1]2 : z + y < 1} unlessa + b is aninteger, andthat
wouldimply thatl/a + 1/4, aquantitybetweerD and
1,is aninteger We have our desiredcontradiction.



