SO GIAO DUC VA PAO TAO KI THI CHON HQC SINH GIOI TINH
TINH HA NOI
; : : LOP 9 THCS NAM HOQC 2023-2024
DE THI CHINH THUC MON THI: TOAN

Thoi gian lam bai 150 phit, khéng ké thoi gian giao dé

(Dé thi c6 mdt trang)

Bai 1 (5,0 diém)
a) Giai phuong trinh X = X +8 =4vx+3
a’ b* ¢’

= + +
b) Chu’ng minh rang biéu thirc (a-b)a-c) (b-c)b-a) (c-a)c-b) co
gia tri 14 s6 nguyen, trong do a, b, ¢ 1a ba sO thuc doi mot phan biét.
Bai 2 (5.0 dlem)
a) Cho ba s0 nguyén a, b, ¢ thoa mén a+b+c va ab-bc-ca cung chia hét cho 3. Chimg
minh rang ab-bc-ca chia hét cho 9.

b) Cho da thire P =X +ax+b o st vohiem 1a 1+V3 (a, b 1a céc sb hitu ti).
Chtng minh rang da thitc P(x) chia hét cho da thae X~ - 2x - 2.
Bai 3 (2,0 diém). Cho cac sb thuc khong 4m a, b, ¢ thay d6i thoa mén a®+b” +c” =l

. Tim gi4 tri 1én nhét va gia tri nho nhat cua bidu thie Q =Ja+b+yb+c+c+a
Bai 4 (6,0 dlem) Cho duong tron (I) ndi tiép tam giac nhon ABC (AB<AC). Duong
tron (I) tlep xuc véi cac canh BC, CA lan lugt tai cac diém D, E. Qua diém B, ké
duong thang vudng goc voi dudng thang BI, cat duong thang Al tai diém J. Goi P 1a
hinh chiéu vudng goc cua diém J trén duong thang BC.

a) Ching minh rang BD=CP.
b) Goi N la giao diém cua hai duong thang A va BC. Chting minh rang

1 1 2
- 4+ =

Al AJ AN

¢) Goi Q la giao diém cua hai duong thang JP va DE. Goi K 1a trung diém cua PQ.

Ching minh rang duong thang BK vuéng goc voi duong thang AP.

Bai 5 (2,0 diém).

a) Tim tat ca cac sb6 nguyén duong x, vy, z théa mén 3 ¥ 2’ f] +2°

b) Cho mdt hinh chir nhat ¢6 dién tich bang 1 Nam di@m diém phﬁr~1 bié‘g dugc dat tuy

¥y vao hinh chir nhat sao cho khong c6 ba diém nao thdng hang (mo61 diém trong nam

diém do co6 thé d}IQ'c dat trén canh hoac dat nérr} trong hinh chix phat). ‘

1) Chirng minh rang moi tam giac tao béi ba diém trong nam diém da cho déu co dién
1

tich khong vuot qua 2.




11) V&1 moi cach dat nam di€m vao hinh chir nhat nhu trén, goi n 1a s6 tam gidc ¢6 ba
1

dinh 1a ba diém nam trong nam diém d6 va c6 dién tich khong vuot qua 4. Tim gia

tri nho nhat cua n.

] HUONG DAN GIAI
Bai 1 (5,0 diém)
a) Giai phuong trinh X - X +8 =4Jx+3
K = a” N b- N ¢
b) Chimg minh ring biéu thirc (a-b)a-c) (b-c)b-a) (c-a)c-b) co
gid tr la ) nguyén, trong do a, b, ¢ 1a ba s6 thuc d6i mot phan biét.
Loi gidi. a) Piéu kién: X =-3. Phuong trinh da cho ¢ thé dugc viét lai thanh

(x2- 2x+1)+(x +3- 4/x+3+4)=0
(x- 1Y +(yx+3- 2) =0.

hay ) (D
Vi (}{_ l): = v (-\,,‘K+3- 2)_ =0
(x- 1) =(Jx+3-2) =0

tuc 1a x=1 (théa man). Vay phuong trinh c6 nghiém duy

nén (1) xiay ra khi va chi khi

nhét x=1.

b) Ta cod

K :a:{b- c)+b’(c-a)+c(a-b) :a:{b- c)+b(c-b+b-a)+c(a-b)
(a- b)b-c)a-c) (a- b)b-c)a-c)

z{a:- b’)b-¢c)- (b"-c*)a-b) (a-b)b-c)a+b-b-c) 1

(a- b)(b- c)a- c) ~ (a-b)b-cNa-¢)

Do d6, biéu thirc K ludn nhan gi tri nguyén Ia 1.

Bai 2 (5.0 diém)

a) Cho ba s6 nguyén a, b, ¢ thoa man a+b+c va ab-bc-ca cung chia hét cho 3. Chimg
minh rang ab-bc-ca chia hét cho 9.

b) Cho da thire P =X +ax+b (o st pohiem 1a 1+V3 (a, b 1a céc sb hitu ti).
Chtng minh rang da thitc P(x) chia hét cho da thac X~ - 2x - 2.

Loi gidi. a) Tir gia thiét ta c6 (@+b)Na+bc)ab-be-ca) pin gt cho 3, hay
a’+b’+ 3’ﬂb chia hét cho 3. Tur d6 suy ra a’+b’ cling chia hét cho 3.

V&i moi s0 nguyén x, ta c6 x chia cho 3 du 0 hodc 1. Suy ra a* va b* khi chia cho 3 ¢6
s6 du 12 0 hodc 1. Nhu vay, dé, a’ +b” chia hét cho 3, ta phai c6 azrvé b? cung chia hét
cho 3, tirc a va b cung chia hétqchol 3. Mat khac, do a,+b+c chia hét chq 3 nén c cling
phai chia hét cho 3. Tu day, dé thay ab-bc-ca chia hét cho 9. Ta c6 di€u phai chiing
minh.

b) Tur giai thiét, taco T+ V3)y=0 hay



{a+6}~,/'__=-{a +b+10)

T __a+b+10

Néu 2 +6 #0 ta c6 a+6 13 mot sd hiru ti, mau thuan vi V3 mot s6 vo

ti. Do d6 a=-6. Tir d6 suy ra @ *b+10 =0 (e b=-4. Vay
P(x)=x"-6x-4=(x"-2x-2)(x+2)

R& rang P(x) chia hét cho X - 2x - 2.

Bai 3 (2,0 diém). Cho céc sb thuc khong 4m a, b, ¢ thay d6i thoa man @ +b” +¢” =l

Tim gi4 tri 16n nht va gid tri nhé nhét cita biéu thire Q =Va +b +b+c+Je+a

Loi giai. Gia tr1 16n nhat cta biéu thirc Q. V61 moi s6 thuce x, y va z, ta co

(x-y)+(y-z) +(z-x)* =0

- 2xy +yz +zx) =2(x> + y* + 7%)
Tu do6 suy ra , hay

(x+y+z) <3(x +y* +2°)
Str dung két qua nay, ta duoc

Q' =|(Va+b+b+c +\.-"c:+a)r 5[3(a+b+b+c+c+a)]:

_36(a+b+c) <36.3(a” +b” +c?) =108.

Suy ra @ <{108. Mit khac, dé thdy diu dang thic xay ra khi va chi khi
a=b=c zﬁ.

3 Vay gié tri 16n nhét cta biéu thirc Q 1a Y108,
- Gia tri nho nhat cia biéu thoc Q. T gia thiét, ta co
O<abes<l 1y day, ta co AZ2D2DT py go arbzated my

a2+ b2 >(a? +b3):.

El:.. b:. C: =l. Slly ra

0<a”+b” =1- ¢ =1 4
o AJa+b=ya’+b’ E,,(a:+b:): =a +b".

Tom lai, ta co

Chung minh tuong tu, ta cling co

Jb+c =b’+¢%, Jo+a =c? +a .
Tir cac két qua trén, ta suy ra

Q=a +b +b’+c +¢ +a” =2
Dau dang thic xay ra chang han khi a=1 va b=c=0. Vay gia tri nho nhat cta Q 1a 2.
Binh luan. Dé ching minh Q 22, ta con c6 hai cach tiép can khac nhu sau
Cach 1. Khong mét tinh tdng quat, gia sitr @ =b =¢_ Sir dung bét ddng thic AM-GM,
ta co

Ja+b +a+c=23(a+b)a+c)=23a> +ab+ac+bc

>Hal+b> +c’ +be =241+ be =2.




Lai co Vb+¢ 20 pgp Q=2.
Cach 2. Tuong tir nhu trong 101 gidi da trinh bay & trén, ta co

a2a%.b=b" ;¢ =’ Tyt day, voi cha
(a+b)(a +c) =a’, (b+c)(b+a) =b°,(cta)(ath) =c

Q' =(Va+b+b+c +Jc+a):_
2(a+b+c}+2[.ﬁa+b}(a+c}+J{b+c}(b+a}+\/(c+a}(c+b}]

2"’{3+b+c}+2(a+b+c}=4fa+b+c}24(a:+b:+C:)=4

< <] A
0 <a.b.c =1 nén

,taco

Suy ra Q=2.

Bai 4 (6,0 diém). Cho dudng tron (I) ndi tiép tam giac nhon ABC (AB<AC). Puong

tron (I) tiép xtc véi cac canh BC, CA lan luot tai cac diém D, E. Qua diém B, ké

duong thang vudng goc voi duong thang BI, cit duong thang Al tai diém J. Goi P 1a

hinh chiéu vudng goc cia diém J trén duong thang BC.

a) Ching minh rang BD=CP.

b) Goi N 1a giao diém cua hai dudong thang AJ va BC. Chimg minh ring
1 1 2

¢) Goi Q la giao diém cua hai duong thang JP va DE. Goi K la trung diém cua PQ.
Chiing minh rang duong thang BK vudng goc voi duong thang AP.
Loi giai.




a) C6 J 1a tam dudng tron bang tiép goc A cta tam giac ABC.

~ CP =BD :BA + B;C. - AC

Hoic lay trung diém M cua 1J, khi 46 MB=MC, MD=MP nén BD=CP.
b) Tinh chat cua hang diém di€u hoa (kién thurc 16p 10)

IA JA
= —_—=
Cé: BI, BJ 1a phan giac trong,ngoai cua tam giac ABN  IN IN cach bién doi dai
A A |
sO: dat IN N tor do tinh duoc Al, AJ theo a, k. Thay vao ta c6 diéu

phai chung minh. Cach khéc:

IN JN AN AN AN AN 1 1 2
_:_:}_-]:]- == + :2:}_-1»-_:_
IA JA Al ’ Al Al Al AN AJ AN

c¢) Bai quen thudc. Goi DI cat AP tai S. Ké

JRLAC,CO JP Al IR

Do

DI PD DS DP
Y —

IC L DE, PQ L DC = AIDC ~ADPQ (g. - -
QLDbC= QD= 5650~ BP PK

= ADSP ~APBK (c.g.c)

= Bsp =PBK = BK L AP.
Bai 5 (2,0 diém).
a) Tim tat ca cac sb6 nguyén duong x, y, z thoa man 3° +2° =1+27
b) Cho mdt hinh chir nhat ¢6 dién tich bang 1. Nam diém diém phan bi¢t dugc dit tuy
¥ vao hinh chir nhat sao cho khong c6 ba diém nao thang hang (moé1 di€ém trong nam
di€m doé co6 thé duoc dit trén canh hodc dat nam trong hinh chir nhat).
1) Chtirng minh rang moi tam gidc tao bdi ba diém trong nam diém da cho déu co6 di¢n
1
tich khong vuot qua 2.
11) V&1 moi cach dat nam di€m vao hinh chir nhat nhu trén, goi n 1a s6 tam gidc ¢6 ba
1
dinh 13 ba diém nam trong nam diém d6 va c6 dién tich khong vuot qua 4. Tim gia
tri nho nhét cta n.
Loi gidi. a) Xét cac truong hop sau.
Truong hop 1: y=1. Trong truong hgp nay, ta cd

2*-1=3"
T — 2 , r . M A [N 1 r
Suy ra“” =l(mod 3). Néu z 1a s6 1&, tirc z=2k+1 vé1 k 1a sO tu nhién, thi ta co
Az 2kt 9 4k —n 7 ~ 1 ~ . N
28 =277 =24" =2 (mod J}, mau thuan. Do d6 z 1a s6 chan tirc z=2k véi k nguyén
duong.
Khi do, ta co

3= =2% . 1 =(2% - 1)(2% +1).



k_ 1. 0k N . .
Suy ra -2+ g1 Ity thtra cia 2. Ma hai s0 nay khong cung chia hét cho 3

(2 +1)- (25- 1) =2 y y _ ,
(do khong chia hét co 3) nén trong hai s0 nay phai c6 mdt s

bing 1. Lai co 2°-1<2"+1 pen 2°- 1 =1 e k=1. Mot cach twong (mg, ta tinh
dugc z=2 va x=1. Thtr lai ta thay thoa man.
Truong hop 2: Y =2 i 3*>1 nén tir phuong trinh d3 cho, ta c6 2°>2", tuc z>y.

Suy ra 2 va 27 cung chia hét cho 4. Tu do taco = = ! (mod 4) &y x 1a 56 1¢, tirc

/ Aax a3+ _=9 R )
x=21+1 vi 114 s ty nhién, thi 3 = =39 =3 (mod 4)

chén, tirc x=21 véi 1 1a s6 nguyén duong.
_Gia st Y= Khi do, ta co 25,2 cung chia hét cho 16 nén 3" =1(med 16) Néu1

I , an 4+ E —
la s6 1¢, tic 1=2t+1 véi t 1a sb tu nhién, thi 5 —  —0-81 =9(mod16) " pq,
thuan. Do d6 1 la s6 chan, tic =2t vo1 t la s6 nguyén duong. Suy ra
A a4t t — o 7 . 1Y = 5
3° =37 =8I' = 1 (mod 5) py g4 27 - 2715 hay la 2 =1 (mod 5)

X X . N ‘A V25T =24 =8 3
- N€u z-y 1a so 1é, tic z-y=2u+1 véi u la so tu nhién, thi - 2.4" =42 (mod 3},
mau thuan. Do do6 z-y 1a s6 chan, tirc z-y=2u véi u l1a s6 nguyén duong. Khi do, ta co6
27 =2 (4" - 1)33

, mau thuan. Do d6 x 1a s6

.Lai co 3" 3 nén 1 chia hét cho 3, mau thun.
- Nhu vy, ta phai ¢6 ¥ =3, Néu y=2 thi ta ¢6 3* +3=2", suy ra 2° 3, mau thuln.
Do d6 y=3. Khi do 2" - 3" =7,

Tu day, ta co 2* =1 (mod 3}. Chtng minh twong tu truong hop 1, ta suy ra z 1a sd
chan, tirc z=2m vé1 m nguyén duong. Khi do ta co
(jl'l'l - 3| )(EI'I'I + 3| ) :?'

vi 2T - 32T 432043 ,}D nén 2 -3 =L 27 +3°=T 1y go m=2, I=1, hay ta
c6 z=4 va x=2. Th lai, ta thay thoa man.
Vay c6 hai bd s (X, y, z) théa man yéu cau la (1; 1; 2) va (2; 3; 4)
b)
i) Trudc hét, ta chimg minh két qua sau: Cho hinh chir nhat ABCD c6 dién tich S.
Xét ba diém E, F, G khong thang hang thu¢c mién mat phang gidi han béi hinh chiv

1

SEFG {_:_S

nhat ABCD. Khi d6 2
A M B




Qua ba diém E, F, G ké cac dudng théng vudng goc voi dudong thang AB. Trong céc
duong thang nay, co mot duong thang nam giita hodc trung voi mot trong hai duong
thang kia. Khong mat tinh tong quat, gia st d6 1a duong thang d qua diém F. Khi do,
duong thang d sé cit doan EG tai diém P nao d6. Goi M, N theo thir ty 13 giao diém
ctia dudng thang d va hai duong thang AB, CD. Khi d6, ta co

Serc =Serr +Scpr =Spun + S :]_-d“”; P“"[N}-Nm]_-d{GJVIN}IVIN

d(A,MN).MN +— d(B MN).MN —]—AB MN = : 55

m|—-

trong d6 d(X,ZT) dugc ky hi¢u l1a khoang cach tir diém X dén duong théng ZT.

Tir két qua vira chimg minh trén, ta d& dang suy ra diéu phai chimg minh.

ii) Trude hét, ta s& chimg minh 1 =2 That vay, gia st 1 <l. Goi hinh chir nhat da
cho 14 hinh chit nhat ABCD. Chia hinh chit nhat ABCD thanh bdn hinh chit nhét nho
béng nhau AMRQ, BMRP, CPRN, DQRN nhu hinh v€ bén dudi.

Xét hai hinh chir nhat AMND va BMNC. Ta thdy mdi diém trong nim diém da cho
s& thudc mot trong hai mién mit phang giéi han boi hai hinh chir nhat nay. Do d6, c6
ba diém thudc cing mot hinh chit nhat. Khong mat tinh tong quat, gia st ba diém do6
l1a H, K, S va ching cung thudc hinh chit nhat AMND.

Xét hai hinh chir nhat AMRQ va DQRN. Ta thdy mdi diém trong ba diém H, K, S s&
thudc mot trong hai mién mat phang gi¢i han boi hai hinh chir nhat nay. Do d6, co
hai diém thudc cung mot hinh chit nhat. Khong mat tinh tong quat, gia sir hai diém d6
l1a H, K va ching cung thudc hinh chit nhat AMRQ.

A M B

K
Q P
XV

D N C

Ap dung két qua da chimg minh & phan i), ta ¢6
1 1
Stixs EES;‘LM.‘\'[} ZER
Goi hai diém con lai trong nam diém laVvaWw. Néu c6 mot diém nao d6 trong hai
diém nay thudc da giac ABPRND, chang han 1a V thi bang cach str dung két qua da
. N, SHK\-‘ El ~ .
ching minh ¢ phan i), ta cling co 4 Suy ra n =2 mau thuan. Do d6, ca hai
diém V, W phai ndm trong hinh chit nhat CPRN.
Neéu S thugc mdt trong hai hinh chit nhat DQRN hoac BMRP thi bang cach stir dung
1
A Y Ja . 9 A e r SS\'“" =7 A X r M N
két qua da chung minh & phan 1), ta cé 4 mau thuan. Do d6 S nam trong hinh

chit nhat AMRQ.



Goi S, 1a dién tich cta tr giac (khong nhat thiét 16i) tao boi cac diém H, K, S va V.
Khi d6, 1o rang
S, =S, *+S,: +S ]+S +S : :

1 1
VMAQ T TVOR T TVMR —E NOR T SPMR :E““g“*g 5

Mat khéac, trong ba tia VH, VK, VS luén c6 mot tia nam gitra hai tia con lai, chéng
han la VK. Do dé
S, =S

1 VEH

+S.. EﬂmlS )

VKS VHEKH > SVKs)| -

) o min| S,y Sygs| =— .  Siks =~
Két hop véi két qua trén, ta suy ra 4 Tu do, két hop véi 4
ta c6 N =2 mau thudn. Vay ta phai c6 n =2,

Mat khac, ta c6 n=2 dugc théa man trong truong hop sau.

Vay gia tri nho nhat ciia n 13 2.
Binh luan. Bai 5a) 1a mot sy twong ty hoa ciia bai s6 hoc trong dé chon doi tuyén Viét
Nam dy thi IMO 2019: Tim tét ca cac s6 nguyén duong X, y, z thoa méan
T +2" =1+2°,

Truong hop dac biét cua bai toan ciing da duoc sir dung dé chon doi tuyen DPai hoc
Vinh tham dy ky thi hoc sinh gidi cap Quéc gia 2019: Tim tat ca cac s6 nguyén
duong x, y, z thoa man

142" =3 +2.4°




