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NGUYEN HAM. TICH PHAN

Trong chuong nay, ching ta sé tim hiéu nhitng van dé sau:
nguyén ham; nguyén ham ctia moét sé ham sé so cap; tich phan;
ung dung hinh hoc ctda tich phan.

§1 NGUYEN HAM

Mot hon da roi tit mém da cé dd cao 150 m
so v6i mit dit theo phuong thing diing. Biét
tdc do roi ctia hon dd (tinh theo don vi m/s)
tai thoi diém ¢ (tinh theo gidy) dugc cho bdi
cong thic v(r) = 9,81.

Qudang duong roi duoc S cua

hon dd tai thoi diém t duoc cho bdi
cong thitc nao? Sau bao nhiéu giay
thi hon dd cham dén mdt dat?

(Nguon: https://shutterstock.com)

I. KHAI NIEM NGUYEN HAM
fP Cho ham s8 F(x) = 2%, x € (= o0 ; + o). Tinh F' (x).

N

Nhdn xét: Cho him s6 f(x) = 3x%, x € (— 0 ; +0). Do F'(x) =f(x) v6i moi x € (— o ; + )
nén ham s6 F(x) dudc goi 1a nguyén ham cta ham so6 f(x) trén khodng (- o ; + o).

V6i K 1a mdt khodng, doan hoiic nita khodng ctia tap sd thuc R, ta ¢6 dinh nghia sau:

[ Cho ham s0 f(x) x4c dinh trén K. Ham s8 F(x) dugc goi 12 nguyén ham ctia ham
s0 f(x) trén K néu F'(x) = f(x) v6i moi x thudc K.

3
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Vidu 1 & Hay gii thich vi sao ta ¢6 cdc két luén sau: Ey
B 1 Ham sd F(x) = cot x 1A
a) Ham s0 F(x) = — 12 nguyén ham ctia ham s6 f(x) =x*  nguyén ham ciia ham s&
. 5 nao? Vi sao?
trén R;
b) Ham s6 F(x) = sin x la nguyén ham cta ham so
f(x)=cos x trén R.

Gidi S N
a) Ham s6 F(x) = x? 12 nguyén ham ctia ham s6 £(x) = x* trén R vi (%] = x* v6i moi
xe R.

b) Ham s6 F(x) = sin x 1a nguyén ham ctia ham s& f(x) = cos x trén R vi (sin x)' = cos x
véi moi x € R.

GEPY Choham s6 Fx)= X'~ I,x e RvaG) =2’ + 5, x e R.

a) Ca hai ham s6 F(x) v G(x) ¢6 phai la nguyén ham cta ham s& f (x) = 3x* trén R
hay khong?

b) Hiéu F(x) — G(x) c6 phai 1a mot hiang s6 C (khong phu thudc vao x) hay khong?

Trong tridng hop tong quat, ta c6 dinh I sau:

V L - - =
Cho K 1a mot khoéng, doan hoéc ntia khoang ctia tap s6 thuic R.
Gia st ham s6 F(x) 1a mot nguyén ham ctia ham s6 f(x) trén K. Khi do:
a) V6i mbi hiing s6 C, ham s6 G(x) = F(x) + C ciling 12 mdt nguyén ham ctia ham
sO f(x) trén K.

b) Ngudc lai, v6i mdi nguyén him H(x) ctia ham s6 f(x) trén K thi ton tai hing s&
C sao cho H(x) = F(x) + C v6i moi x thudc K.

Vidu2 | Tim tit ca cac nguyén ham ctia ham s6 f(x) = 5x* trén R.
Gidi
Do (x°) =5x* nén x° 1a mdt nguyén ham ctia ham s6

f(x) =5x*trén R. E 2 Tim tit ca cdc nguyén

A : N i R g 3o ham caa ham so
Vay moi nguyén ham cua ham s6 f(x) = Sx™ déu c6 dang

x>+ C, véi C 1a mot h?mg s, f(x)=cos x trén R.
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[ Ho (hay tap hop) tit ca cdc nguyén him ctia ham s6 f(x) trén K dugc ki hiéu 1a
[ £(x)dx.

Nhdn xét

* Néu F(x) 1a mot nguyén ham ctia ham s& f (x) trén K ﬂ’

thi moi nguyén ham ctia ham s8 f(x) trén K déu c6 dang ' 1 cO:

F(x) + C v6i C la mot hiing s6. Vi vy, [Fr(odx=F(x)+C.
j f(x)dx = F(x) + C.

* Moi ham s6 lién tuc trén K déu c6 nguyén ham trén K.

Chii y: Biéu thic f (x)dx goi 1a vi phin cta nguyén ham F(x), ki hiéu 12 dF(x). Vay
dF(x) = F'(x)dx = f (x)dx.

Vidu 3 = Chiing t6 ring: V
_ ¢ b 3 Chiing to ring
a) [kdx =kx +C v6i k1a hiing s6 thuc;

i jkxzdx=§x3 +C (k # 0).
b) [hrdx = Exz +C v6i k 12 hing s6 thuc khéc khong.

Gidi

a) Do (kx)' = k nén kx 12 mot nguyén ham ctia hAm s6 f (x) = k trén R. Vay Ikdx =kx+C.

b) Do (%sz =kx nén %xz 12 modt nguyén ham ctia ham s8 f(x) = kx trén R.
" k >
Vay j.kxdx=5x +C (k#0).

Nhan xét: jocix =C va jdx Y o)

Il. TINH CHAT CUA NGUYEN HAM

Cho K 1a mot khoéng, doan hogdc ntia khoang ctia tap so thuc R.

Cho f(x) 12 ham s& lién tuc trén K, k 12 hing s6 thuc khac khong.

a) Gia st F(x) 1a mot nguyén ham ctia ham s6 f(x) trén K. Hoi kF(x) c6 phai 1a nguyén

ham ctia ham s6 kf(x) trén K hay khong?
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b) Gi4 stf G(x) 12 mot nguyén ham ctia ham s6 kf (x) trén K. Dt G(x) = kH(x) trén K. Hoi
H(x) c6 phai 1a nguyén ham ctia ham s6 f(x) trén K hay khong?

¢) Néu nhan xét vé jkf(x)dx va kj £(x)dx.

Tu Hoat dong 3, ta co:

Tinh chat 1

[ kf (x)dx = k[ f(x)dx v6i k 1a hiing 56 khdc 0.

Vidu4 = Cho nlas6 nguyén duong.

n+1

a) Chiing to ring Ix”dx == _np
n+1
b) Cho k 12 hiing s& thuc khéc khong. Tinh jkx”dx.
Gidi
n+1Y n+1
a) Do = x" fieén 12 mdt nguyén ham ctia ham s6 f(x) = x” trén R.
n+1 n+l
xn =] % :
Vay jx”dx = HE . %’ )
n+1 4 Chung to rang
: k" (n+Dx"dx = x"*' +C
b) Ta co: jkx”dx:k_[x”dxz +@ I n+ Dxdx = x '
n+1

o -
&

=) Cho f(x), g(x) 1a hai ham s& lién tuc trén K.

L]
a) Gia st F(x), G(x) 1an lugt 1a nguyén ham ctia ham s6 f(x), g(x) trén K. Hoi F(x) + G(x)
6 phéi 12 nguyén ham ctia hAm s& f(x) + g(x) trén K hay khong?

b) Gid st H(x), F(x) 1an lu¢t 12 nguyén ham ctia him s6 f (x) + g(x), f(x) trén K. Dit
G(x) = H(x) — F(x) trén K. H6i G(x) ¢6 phai 12 nguyén ham ctia ham s6 g(x) trén K
hay khong?

¢) Néu nhén xét v& [[f(x)+g(x)ldx va [ f(x)dx + [ g(x)dx.

Ti Hoat dong 4, ta co:
Tinh chat 2

¢ [F(0)+g(0)ldx = [ fx)dx+ [ g(x)dx.
¢ [F(0)-g(0ldx = [ f(x)dv - [ glx)dx.
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Vidu5 | Tim I(2x+5)cbc. E?

5 Tim
Gidi
Ta c6: j(2x+5)dx:j2xdx+j5dx=x2+5x+c.

j(2x2 —3x + 5)dx.

Vidu 6 & Mot qua bong dugc ném 1én tit d6 cao 24,5 m vdi van toc dudge tinh bdi cong
thic v(f) = — 9,81+ 19,6 (m/s).

a) Viét cong thic tinh do cao clia qua bong theo thdi gian 7.
b) Sau bao nhiéu lau ké tii khi ném 1én thi qua béng cham dat?
Gidi
a) Goi A(1) 1a @) cao clia qua bong tai thoi diém 7 (A(7) tinh theo mét, ¢ tinh theo gidy).
Khi do, ta co:
h(t)= j(—9,8t +19,6)dr = —4,9t* +19,61 +C.

Ma qua béng duge ném 1én tif @6 cao 24,5 m tic 1a tai thoi diém 7 = 0 thi & = 24,5
hay h(0) = 24,5. Suy ra C = 24.5.

Vay cong thic tinh dd cao & (f) cua qua béng theo thoi gian 7 la:
h(t) =—4,9" +19,61 +24,5.

b) Khi qua béng cham dat thi A(¢) = 0. Ta c6: — 4,92 + 19,6t + 24,5 = 0. Gidi phuong
trinhtadudgcr=-1;r=5.Mar>0nénit=>35.

Vay sau 5 gidy ké tif khi dugc ném 1én thi qua béng cham dat.

B siiTap

1. Ham sd F(x) =x° + 5 1a nguyén ham cta ham s&:

4
A. fx) = 322 B.Ax) = %+5x+C.
4
C. fix) = XT +5x. D. fix) = 32 + 5x.
2. Tim nguyén ham cta cdc ham s& sau:
a) f(x)=3x2 +X; b) f(x)=9x2—2x+7; c)fix) = J(4x—3)(x2 +3)dx.

3. Tim nguyén ham F(x) cia ham s8 f(x) =6x> +2x -3, biét F(- 1) = — 5.
7
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4. Mot vudn uom ciy cinh bdn mot ciy sau 6 nim trong va udn tao déng. Toc d6 ting
tridng trong sudt 6 nim dudc tinh x4p xi béi cong thic ' (f) = 1,5t + 5, trong d6
h(t) (cm) 1a chiéu cao cta ciy khi két thic ¢ (ndm) (Nguén: R. Larson and B. Edwards,
Calculus 10e Cengage 2014). Cy con khi dudc trong cao 12 cm.

A e 9 R 9 A w
a) Tim cong thuc chi chiéu cao cua cdy sau 7 ndm.

b) Khi dudgc ban, cdy cao bao nhiéu centimét?

5. Tai mot 1€ hoi dan gian, t6c do thay doi luong khach tham du duoc biéu dién bing
ham s&
B'(t) =201’ —300¢° +1 000t ,
trong d6 ¢ tinh bing gid (0 <t < 15), B'(¢) tinh bing khach/gi6.
(Nguén: A. Bigalke et al., Mathematik, Grundkurs ma-1, Cornelsen 2016).
Sau mot gid, 500 ngudi da c6 miit tai 1€ hoi.
a) Viét cong thiic cia ham s6 B(#) biéu dién s6 lugng khach tham du 1& hoi véi
0<1<15,
b) Sau 3 gid s& ¢6 bao nhiéu khach tham du 1& hoi?
¢) S6 lugng khach tham du 1€ hdi I6n nhét 1a bao nhiéu?
d) Tai thoi di€ém nao thi t6c d6 thay d6i luong khach tham du 1€ hdi 1 16n nhat?

6. D01 v6i cdc du 4n x4y dung, chi phi nhin cong lao dong dudc tinh theo s6 ngay
cong. Goi m(1) 1a s6 lugng cong nhan dudgce st dung & ngay thii £ (ké tif khi khéi cong
du an). Goi M(?) 1a s6 ngay cong dugc tinh dén hét ngay thii 7 (ké tit khi khdi cong
du 4n). Trong kinh t&€ xdy dung, ngudi ta da biét ring M ' (f) = m(7).

Mot cong trinh xAy dung du kién hoan thanh trong 400 ngly. SO lugng cdong nhan
dudc st dung cho bsi ham s&

m(r) = 800 — 21,
trong do ¢ tinh theo ngay (0 < 7 < 400), m(f) tinh theo ngudi (Ngudn: A. Bigalke et al.,
Mathematik, Grundkurs ma-1, Cornelsen 2016). Pon gid cho mot ngay cong lao dong la
400 000 ddng. Tinh chi phi nhin cdng lao ddng cha cong trinh d6 (cho dén lic
hoan thanh).
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§2 ' NGUYEN HAM CUA MOT sO HAM SO SO CAP

Mot con Iic 10 xo dao dong diéu hoa theo phuong ngang

Wiy trén mit phing khong ma st nhu Hinh 1, ¢6 van toc tic
can bang ¥
l thdi cho bdi v(z) = 4cos ¢, trong d6 ¢ tinh bang gidy va v(r)
_ | tinh bing centimét/gidy. Tai thdi diém 7 = 0, con lic d6 &
: +—» vitrf cAn bing.
0 M) *
Hinh 1

Phutong trinh chuyén dong ciia con ldc @é duoc xdc dinh
bdng cdch nao?

I. NGUYEN HAM CUA HAM $O LUY THUA
1. Ham s6 luy thira

Cho s6 thuc a. Him s6 y = x* dugc goi 12 ham sé luy thita.

Chiing han, cdc hAm s6 y = x°; y=x * y= xg; y= x‘ﬁ 12 nhiing hAm s& lu§ thiia.
Tap xéc dinh ctia ham s6 luy thita y = x* tuy thudc vao gia tri clia o. Cu thé nhu sau:
* V6i o nguyén duong, tap xac dinh 1a R;

* V6i o nguyén am hoiic bing 0, tip xdc dinh 1aR \ {0};

* Vé6i o khong nguyén, tap xac dinh la (0 ; + o0).

Ta thtta nhin dinh Ii sau:

P |

am s0 luy thita y = x* (« € R) ¢6 dao ham v6i moi x > 0 va (x%) =ax® .

2. Nguyén ham ciia ham s6 lu§ thira
Ham s6 F(x)= %xz ¢6 12 nguyén ham ctia ham s8 f(x) = x hay khong?

[ o+ 1

" , X
Véi a # -1, ta cé: _[x“dx= +C.

a+1

9
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Vidul @ Tim:

a) [x* dx; b) [V dx.
Gidi
£ 5
a)jx4dx= +C=—+C
4+1 5
ﬁ+l

b) '[x*/gdxz 2 4

\/§+1 :p
1 Tim:

I’iduZ Tlim. 4 2
1 1 { Jor* =52 + Dax.
a) |—dx; b) | x2dx; c) |—=dx.
B | e
Giai
L go— [x-2dy =2 + e
a)J.x—z —jx —_2+1+ =-—X + ——;-l' "
1
1 27! 3
b)szcix=x—+c:3x2+c:2x“/;+c.
1 3 5
—+1
1 S 1 gb "
& - 2 Tim:
c) Ild.x=jx 2dx =~ +C=23-C=2"x+C. m.:,l
Jx 5 1
] a) [x3dx; b) [——dx

~ - 2 ~ ~* 1
Il. NGUYEN HAM CUA HAM SO f(x)=—
X
& 2
a) Tinh dao him ctia hAm s6 y = In | x | trén khoang (0 ; + ).
b) Tinh dao hAm ctia hAm s6 y = ln| x] trén khodng (-« ; 0).
[ 1
[~dx=n|x[+C.
X
rr ~ 3
Vidu3 | Tim j—dx.
X
Gidi 3 Tim | 2
3 | 2%
Ta co: I—dx = SJ—dx = 31n‘ % ‘ +C.
5. X
10
Poc ban méi nhét trén hoc10.vn Ban mau gép y



Poc ban méi nhat trén hoc10.vn

ll. NGUYEN HAM CUA HAM SO LUGNG GIAC

a) Ham s0 y = — cosx ¢6 12 nguyén ham ctia hAm s6 y = sinx hay khong?

b) Ham s0 y = sinx ¢6 la nguyén ham cta ham sd y = cos x hay khong?

¢) V6ix #kn (k € ), ham s0 y = — cotx ¢6 1a nguyén ham ctia hAm s0 y = — hay khong?
sin” x
. " L s A T o s 1
d) Vé6i x¢g+kn (k € Z), ham s6 y = tan x c6 12 nguyén ham ctia ham s0 y = >
Ccos™x
hay khong?
. Isinxdx=—cosx+C. °j 12 dx=—cotx+C.
sin” x
1
. Icosxdx=sinx+C. . j > dx=tanx +C.
COS“ X
Vidu4 @ Tim:
a)j?acosxdx; b)J(sinx+cosx)dx.
Gidi V
; Tim:
a) _f3cosxdx=3jcosxdx=3smx+€. s lm_
a) ISSlnxdx;
b) j(sinx+cosx)dx=Isinxdx+jcosxdx b) I(Zsinx—Scosx)dx.
=—cosx + sinx + C.
Vidu5 | Tim:
a) j( de; b) [(1+tan” x)dx.
sinx cos’x
Gidi
a) J.[ 12 - 12 &= j dx — j dx=—cotx—tanx +C.
sin“x €os"x ) sin® x cos’ x )
b) [ (1+tan” x)dx = 1+Smf]dx 5 Tim:
) cos x a) I(l + cot’x)dx;
p
d 1 1
= 5 ]dx=tanx+C. b)J'
L COSTR 1+ cos2x
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Vidu 6 = Giai bai toan trong phan mé dau.
Gidi
Gia sti con 1ic chuyén dong theo phuong trinh: s = s(¢). Suy ra s'(f) = v(), do d6 s() 1a
modt nguyén ham cua v(r). Ta ¢6:
Iv(t)dr = j4costdr = 4_[cosrdr =4sint +C.
Suy ra s(t)=4sint+C.
Tai thoi diém 7 = 0, ta ¢6 s(0) = 0, tdc 1a 4sin0 + C =0, hay C = 0.

VAy phuong trinh chuyén dong cta con lic 1a: s(r) = 4sint.

IV. NGUYEN HAM CUA HAM SO MU

X

SSY) Tinh dao ham ciia ham s8 F(x) = 1“
na

(a>0,a=1). Tu do, néu mdt nguyén

ham ctia ham s& f(x) = a".
V ¥ = R T w

X

+C.

Véi a>0, a=#1, taco: Jaxdx= 4
Ina

Nhén xét: Ap dung cong thic trén, ta c6: je"dx =e" +C.

Vidu7 | Tim:

2) j3*‘dx; b) Iezxdx; ¢) jz“ldx.

Gidi )

a) [3%dx = > ¢ %’
In3 ) 6 Tim:

(e2)
ln(ez)
0) IZ'”ldx=j2 . 2*dx=2j2-’~‘dx=2.

a) j4“2dx;

b) [e*dx = [(e? ) o=
b) J'(SHZ —e”])dx.

+C= lez"‘ +C.

2 1

2.X x4+
+C= = L.
In2 n2

Vidu8 & Mot xe 6 to dang chay véi tdc d6 72 km/h thi ngudi 14i xe bt ngd phét hién
chudng ngai vat trén dudng cich d6 80 m. Ngudi 14i xe phan dng mdt gidy sau d6 bing
c4ch dap phanh khin cap. K& tii thdi diém ndy, 6 td chuyén dong cham dan déu véi toc dd
12
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v(f) = — 10t + 30 (m/s), trong d6 ¢ 14 thoi gian tinh bing gidy ké tit lic dap phanh. Goi s(z) 12

quing dudng xe 6 to di dugc trong ¢ (gidy) ké tii Itic dap phanh.

a) Lap cong thiic biéu dién ham s& s(1).

b) Thoi gian ké tif lic dap phanh dén khi xe 6 6 diing hén 1a bao nhiéu gidy?

¢) Quang dudng xe 6 t6 da di chuyén ké tii lic ngudi 14i xe phét hién chuéng ngai vat trén
dudng d&n khi xe 6 to ditng hén 14 bao nhiéu mét? Xe 6 t6 liéu ¢ gip tai nan do va cham
vGi chudng ngai vat trén dudng hay khéng?

Gidi

a) Ta da biét, cong thiic tinh quing dudng s(¢) xe 0 t0 di dudc trong 7 (gidy) 12 mot nguyén
ham ctia ham v(7). Do

[ (=10 +30)dr = -5¢ + 301+ C

nén ta c6: s(f) = — 5 + 30t + C véi C 1a hing s6 nao d6. Do s(0) = 0 nén C = 0. Suy
ra s(¢) = — 5 + 30z

b) Xe 6 to ditng han khi v(#) = 0, tiic 12 — 10z + 30 = 0 hay 7 = 3.
Viy thdi gian ké tit liic dap phanh dén khi xe 6 t6 diing hin 1a 3 gidy.

c) Ta c6: toc @6 72 km/h ciing 1a tde @6 20 m/s.
Do d6, quing dudng xe 6 td con di chuyén dudc ké tii Itic dap phanh dén khi xe diing hin
1a: s(3)=-5.3%2+30.3 =45 (m).
Viy quing dudng xe 6 t6 d di chuyén ké tii ltic ngudi 14i xe phat hién chuéng ngai vat
trén dudng dén khi xe 6 to diing han la: 20 + 45 = 65 (m).
Do 65 < 80 nén xe 6 to da diing hin trude khi va cham véi chudng ngai vt trén dudng.
Vi thé, tai nan da khong xéy ra déi véi xe 0 to do.

Vidu 9 | Muc nudc trong hd
chia cta nha may dién thuy
triéu thay d6i trong su6t mot
ngay do nudc chay ra (khi
thuy tridu xudng) va nudec
chdy vao (khi thuy triéu 1én)

(Hinh 2). Toc dd thay ddi ctia TS TEiCl (et
muc nudc trong hd chda duge e = e t =
cho bdi ham s& ~

1
H(t) = «21—6(58- 120t + 480), Hinh 2

trong d6 ¢ tinh bing gio (0 <t < 24), 1'(¢) tinh biing mét/gis. Tai thoi diém ¢ = 0, muc nude
trong hd chida 12 6 m (Nguén: A. Bigalke et al., Mathematik, Grundkurs ma-1, Cornelsen 2016).
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a) Viét cong thic x4c dinh ham s6 A(z).

b) Muc nuéc trong hd chda cao nhat va thap nhit bing bao nhiéu (1am tron két qua dén
hang phan mudi clia mét)?

¢) Muc nuée trong hd chida thay ddi nhanh nhat khi nao? Téc dd thay ddi ctia muc nude
trong ho chia khi d6 1a bao nhiéu?

Gidi

2) Ta c6: [R(r)dr = jl(slr2 —120¢ +480)dr = 1](5:2 —120¢ +480)dt

216 216

= rzdr—@jtdwﬂ dr=it3—irz+£t+(}
216 216 216 648 18 9
Suy ra h(t) WL PN W
648 18 9

Tai thoi diém 7 = 0, muc nudc trong ho chiia 12 6 m nén 4(0) = 6, suy ra C = 6.

Vay muc nudc trong hd chita dudc cho bsi ham so:

h(t) _ S U (0<t<249).
648 18 9
b) Ta tim min A(z) va max h(?).
[0 ; 24] [0 ; 24]

e h'(1) = 0 52— 1201 + 480 = 0
SP_24t+96=0 1 =12—43 holic 1 =12+4+3.

* Bang bién thién:

t 0 12— 443 12 + 483 24

h'(7) + 0 = 0 +

h(12 —43)~ 11,1

Wy 6— \ a8

h(12 +4+/3)~ 0,9

Do do6, ta ¢6: min A(t) = min{h(0); h(12 + 4\/5)} =h(12 + 4\/5) ~0,9;
[0;24]

max h(1) = max{h(24); h(12=43)) = (12— 43) ~ 11,1

Vay muc nudc trong ho chia cao nhét khoéng 11,1 m va thap nhat khoang 0,9 m.

14
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¢) Ta tim max A'(z).
[0 24]

. h"(:)=L(101—120);
216
K'(H)=0khiz=12.

* Bang bién thién ctia ham s /'(1):

t 0 12 24
h'(1) - 0 +
20 20
9 9
h'(1)
_10
9
" 2 20
Do d6, ta co: [f?%h'(r) = max {h'(O); h’(24)} =h'(24) = E

Vay muc nudc trong hd chita thay d6i nhanh nhat khi # = 0 va ¢ = 24. T6c d6 thay doi

clia muc nude trong hd chida khi d6 1a ? m/h.

B sAi TAr

1. j(Zsinx—fﬁcosx)dx bing:
A. 2cosx — 3sinx + C. B. 2cosx + 3sinx + C.
C.—-2cosx + 3sinx + C. D. — 2cosx — 3sinx + C.

2. [77dx bling:
7,1’+l

A.7*.In7+C. B. +C.
x+1
7X
C. +C. D. 7"+ C.
In7
A ~ 7 ~ ~ 3x -
3. Nguyén ham ctia ham sd f(x) = T bang:
x
A. 23x* + C. B."T6+C.
X
¢, ulE +C D. 2xVx + C.

15
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4. Nguyén ham ctia ham s6 f(x) = 1 — tan’x bing:

A.2 - tanx + C. B. 2x — tanx + C.
3
Cx-BE o0 D. - 2tanx + C. ‘
8 T
a)jax6—4ﬁ+3x%dm b)Izldn
8x
1 1
c) | —dx; d) dx;
I oy
6. Tim:
a) I(S sin x + 6¢cosx)dx; b) J‘(2+co‘[2 x)dx;
c) j23*dx; d) j(2.32x-—ex+l)dx.

7. CAy ca chua khi trong c6 chiéu cao 5 cm. Toc¢ d0 ting chiéu cao ctia ciy ca chua sau

khi trong dudc cho bdi ham s6
v(t)=-0,17 + 7,

trong d6 ¢ tinh theo tuin, v(¢) tinh bing centimét/tuan. Goi h(f) (tinh bing centimét)
l1a d6 cao cta cay ca chua 6 tuan thi ¢ (Nguon: A. Bigalke et al., Mathematik, Grundkurs ma-1,
Cornelsen 2016).
a) Viét cong thiic xac dinh ham s& A(f) (1 > 0).
b) Giai doan ting trudng cua ciy ca chua do6 kéo dai bao lau?
¢) Chiéu cao ti da chia ¢dy ca chua d6 12 bao nhiéu?
d) Vao thoi di€ém cay ca chua d6 phdt trién nhanh nhit thi ciy ca chua s& cao
bao nhiéu?

8. Mot quan thé vi khuin ban diu gdm 500 vi khuin, sau d6 bit dau ting trudéng. Goi
P(1) 1 s6 lugng vi khuén ctia quan thé d6 tai thdi di€ém ¢, trong d6 ¢ tinh theo ngay
(0<1<10). Toc d6 ting trudng ctia quan thé vi khuin d6 cho bdi ham s6 P'(1) = k+/t.
trong d6 k 12 hiing 6. Sau 1 ngay, sd luong vi khuin clia quin thé d6 da ting 1én
thanh 600 vi khuin (Nguén: R. Larson and B. Edwards, Calculus 10e, Cengage 2014). Tinh
s6 lugng vi khuén ctia quan thé d6 sau 7 ngay (lam tron két qua dén hang don vi).

16
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§3 TiCH PHAN

Hoa si thiét k&€ logo hinh con ¢4 cho mdt yA

y A
doanh nghiép kinh doanh hai san. Logo la T A
hinh phiing gi6i han bdi hai parabol véi cic \/ ;/‘U 2 dm
kich thuéc dugce cho trong Hinh 3 (don vi 0 > N
trén moi truc toa do la decimét). £ 3 din
R %
vl - A .~ pd \:

Lam thé nao dé tinh dién tich v

2 2 B T i e . S ——

i lag(). | dm 4 dm 4 dm

Hinh 3

,—\A._;. v '
I. DINH NGHIA TICH PHAN
1. Bai toan dan t6i khai niém tich phan
C6 nhiéu bai toan thuc tién dan t6i khai niém yA

tich phan. Mot trong nhiing bai todn quan
trong nhat 1a tinh dién tich ctia nhiing “hinh
thang cong”. 4 -

7P Cho ham s6 y = f(x) = +2 (Hinh 4).
Xét hinh phing (dudc t6 mau) gdm tit ca
diém M(x ; y) trén mit phing toa do sao cho B e
| <x<2va0<y<x’ Hinh phing d6 dudc
g0oi 12 hinh thang cong AMNB gi6i han bi do
thi ctia ham s6 f(x) = x, truc Ox va hai dudng
thaamgx —

=y

0
Hinh 4

Chia doan [1 ; 2] thanh n phin bing nhau bdi cdc diém chia:

1 2
X, =1L x =1+;, Xy =1+;, -

,x, =1+"=2 (Hinh 5).
n

17
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a) Tinh dién tich T3 cua hinh chti nhat dung trén doan V4
[x, 5 x,] véi chiéu cao 1a f (X,)-
Tinh dién tich T, cta hinh chii nhat dyng trén doan
[)c1 : xz] vé6i chiéu cao 1a f (xl).
Tinh dién tich T, cua hinh chti nhat dung trén doan
[x, : x,] V6i chiéu cao 1a f(x,).

Tinh dién tich Tn _ cua hinh chii nhat dung trén
doan [x _ ;x ] v6ichieucaolaf(x ).

b)bitS =T +T,+T,+...+T . Ching minh ring: !

1
S, == Lflg) +f00) +£G@) + ..+, ),

A LB ~ - A ~ 7 by "
Tong S, got la 16ng tich phan cap n cua ham s6 O xo=1 X Xpoy X, =2 %

. ;
f(x) = x* trén doan [1 ; 2]. Hinh 5

Nhan xét: Ngudi ta ¢6 thé ching minh dugc ring lim S, =FQ2)-F (1):% véi

n—+o

; ’ 7 .
F(x) 1a mot nguyén ham ctia ham s6 f(x) = x* trén doan [1 ; 2]. SO thuc 3 dudc goi la
dién tich hinh thang cong AMNB (Hinh 5).

VAY Syinh thang cong avvg = F (2) — F (1) v6i F (x) 1a mdt nguy€n ham ctia ham s6.f (x) =22
trén doan [1 ; 2].

Trong trudng hop tong quat, cho ham s6 y = f (x) lién tuc, khong Am trén doan [a ; b].

Hinh phing gém cic diém c6 5
toadd (x;y)saochoa<x<bh ' N
va 0 <y < f(x)duge goi la hinh
thang cong AMNB gi6i han béi y=fix)
do thi ctia ham s3 y = f (x), truc | T
Oxva hai duong thing x = a, T2
x = b (Hinh 6). Bing cach chia 7|
doan [a ; b] thanh n phin bing Al 0 B
nhau ta lap duoc tong tich phan

cap n cha ham s8 y = f (x) trén

18
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doan [a ; b] 1a
b-a

n—1

S =T, +T +T,+.+T —[ ] [Fxy) + 7 () +]x) +ant f(x, )]

Nhan xét: Ngudi ta ¢6 thé chiing minh dugc ring Hliﬁn;le” =F(b)—F(a) v6i F(x) la
mdt nguyén ham ctia hAm s6 f(x) trén doan [a ; b]. Hiéu F(b) — F(a) dudc goi 1a dién tich
hinh thang cong AMNB gi6i han bdi @6 thi cia ham s0 y = f (x), truc Ox va hai dudng
thing x = a, x = b. Cu thé, 6 Hinh 6, ta c6: - e coais A= F(b) — F(a) v6i F(x) 1a mot

nguyén ham ctia ham s& f(x) trén doan [a ; b].

Vidul | Choddthihamsoy=f(x)=x+1(xe[0;1]). y A
Xét hinh thang vuéng OMNB gidi han béi do thi
ctia ham s6 f (x) = x + 1, truc Ox va hai dudng
thing x =0, x = 1 (Hinh 7).

a) Tinh dién tich hinh thang vudéng OMNB.

b) Gia st F(x) 12 mdt nguyén ham ctia ham s6
f(x)=x+1trén doan [0 ; 1]. Tinh F(1) — F(0).
Ti d6 hdy chiing to ring

Shinh thang vudng OMNB — F(1) - F(@F
Gidi B

a) Ta co:

=y

1 Hinh 7
5. (OM + BN) . OB

Stanh thang vubng OMNB —

1 3
=—.1+2).1=—.
2 ( ) 2

-

b) Ta co: P 2 s
32 Cho do thi ham s6 y = fix) = 2x
J‘(x~+~ I)dx= dex+jldx =—+x+C. (x € [0 ; 2]). Xét tam gidc vuong
2 OAB gi6i han bdi dd thi chia ham s6
2 £ (x) = 2x, truc Ox va dudng thing
Nhu viy F(x)= 7+ x 1a mét nguyén ham -1
clia ham s6 fix) = x + 1 trén doan [0 ; 1]. a) Tinh dién tich tam gidc vudng
OAB.
Ta co: , , b) Gid sii F (x) 1a mot nguyén ham
1 0 3 ctia f(x) = 2x trén doan [0 ; 2]. Tinh
F)-F )= (7“}[7*0] 5 F (2) — F (0). Tit d6 hay ching to
rﬁng Slam ific vudn =F (2) -F (O)
Vﬁy Shinh thang vubng OMNB = F( 1) - F(O) ’ oo
19
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2. Dinh nghia tich phan

- Cho ham s6 f(x) .
’!

a) Ching to F(x)= ? G{x)= ? +C la cdc nguyén ham ctia ham s6 f(x) = x,

b) Chiing minh riing F (b) — F (a) = G (b) — G (a), tic la hiéu s6 F (b) — F (a) khong phu
thudc viéc chon nguyén ham.

7

ho f(x) 1a ham sd lién tuc trén doan [a ; b]. Gid st F(x) 1a mot nguyén ham cta
f(x) trén doan [a ; b].

Hiéu s F (b) — F (a) dugc goi 1a tich phén tit a dén b ctia him s6 f(x), ki hiéu la
b
[Feydx.

Chii y

« Ki hiéu F(x)\‘z = F(b) — F(a) va doc 1a F(x) thé can tii a dén b.

b
Vay [f@)dx = F(0)) = F(b) - F(@.

Goi: j 12 ddu tich phén; a 12 cin dudi, b 12 cin trén; f(x) dx 12 bi€u thic dudi diu tich

phan va f(x) 12 ham s& dudi diu tich phan.

a b a
« Ta quy udc: jf(x)dx =0 j f)dx =— j £(x)dx.
a a b

-

Vidu2 ] Tinh: %’

3 1 2 Tinh Icosudu.
a) _[6xdx; b) [e’ dr. 0

Giai
3 3

a) [6xdx = 3x2’2 =3(32-2%) =39 —4) = 15.
2
1

b) |e'dr =¢
0

1
=el —e=¢—-1.
0

20
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Chii y: Tich phan ctia hAm s8 f tit @ d&n b chi phu thudc vao fva cdc cin a, b ma khong

b b
phu thudc vao bién sd x hay ¢, nghia 12 j. f(x)dx = _[ f(Hde.

Il. TINH CHAT CUA TiCH PHAN
| 1

So sénh [2xdx va 2[xdx.
0 0

Tinh chat 1.

I Cho ham s8 y = f(x) lién tuc trén doan [a ; b]. Khi d6, ta c6:

b b
[k (o) dx = k[ £ (x)dx (k12 hiing s6).

n -

2
Vidu3 | Cho [cosxdx=1. Tinh J’zcosxdx. g
0

3 Cho J'sinxdx —
0

S 0 | 2

Gidi
Vi

> Tinh jisinxdx.
I2cosxd.x=2 03
0

cosxgle =2 . 1=2,

O'—-——al\.)l.‘-\

“SEY So sénh:

a) j(2x+3)dx va j2xdx+i3dx;
0 0 0

b) j(2x—3)dx va ijdx—j?adx.

0 0 0

Tinh chat 2.

I Cho cdc ham s6 y = f(x), y = g(x) lién tuc trén doan [a ; b]. Khi d6, ta c6:

b b b
[0+ g01dx = [f(x)dx + [g(x)dx;

b ff b
[l - g(oldx = [ £(x)dx — [g(x)d.

21
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1
Vidu4 @ Tinh j‘(xz + x)dx.
0

Gidi

0 3

1 1 1 3 2
1
Taco: [(% +x)dx=[2>dr+ [xdy =x—|‘ +x—|; =(——0]+(
0 0 0 3 2

PP So sénh ijdx+j%2xdx va J%Zxdx.
0 1 0

Tinh chat 3.

1
—ss0)

)
4 Tinh j(x3 — x)dx.
1

s

I Cho ham s0 y = f(x) lién tuc trén doan [a ; b]. Gia sti ¢ 12 s§ thuc tuy ¥ thudc doan

[a ; b]. Khi d6, ta c6:
b G b
[Feode = [fde+ [f(x)dx.

1
Vidu5 | Tinh | |x|dx.
~1
Gidi
1 0

| 1 0 I
Tacd: [|xfdx= [ |x]dr+[[x]dr = [ (-x)dx+[xdx
1 —~=] 0 - 0
| {0_[_1]}(1_0):;1:1_
2 =172 o 2)] 2 5 2

l1l. TICH PHAN CUA MOT SO HAM SO SO CAP

1. Tich phan cta ham s lu§ thiia

b a+1 b bo:+]_aa+1
Nhan xét: V6i a # —1, ta c6: jx“dx - _
" e+l [ o+1
Vidu 6 @ Tinh:
| 4 l 3
2) [(4* 437 -2dv. b) [——d: 0) jxﬁdx.
0 1 2\/; 1

22
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Gidi

1 | 1 1
a) j (4x° +3x* -2)dx = j 4x3dx +J’3x2dx —jzdx
0 0

0 0
_ 4 3'__ 1
25 |0+x‘0 2x|0
=(1*-0H+(1°-0)-(2.1-2.0)=0. 9
4 141 6 Tinh:
b) [—=dx=—[x 2dx 2
!2& 2{ a) j?dx;
1
14 4 32
=x? =\/;|I=\/Z—\/I=1. b) [x? dx;
1 1
- J2 )C‘EJF1 . 3‘EH—1 c) j.%/;dx
c) jx dx = = : 1
1 N2 +1; J2+1

2. Tich phan cta ham sé f(x) =%

> o ~ A’ 1 -A ~ e
Nhan xét: V6i ham s6 f(x) =— lién tuc trén doan [a ; b], ta cé:
X

b=ln|b|—1n|a|.

21
_[—dx=ln|x
X

-1
Vidu 7 | Tinh Izdx.
X

Gldl %y € 7
-1, 7 Tinh j—dx.
[ =dx=2In|x 1 3x

X

—e

=2In|-1|-2In|-e|=-2.

-1
—e

3. Tich phan ciia ham sé luong giic

Nhan xét
b ;
. 2
° _[smxdx = —cosx| =—cosb—(—cosa) =cosa—cosbh.
a

a

b
.. :
'jcosxdx=smx| =sinb —sina.
a

a

23
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* V6i ham s6 f(x) =

lién tuc trén doan |a ; b], ta c6:
sin” x
b
1 b
I —dx =—cotx
,sin” x a

* V6i ham s§ f(x) =

=—cotb—(—cota)=cota—cotb.

lién tuc trén doan [a ; b], ta c6:

CoS™ X
4 | b
.[ 5 dx=tanx =tanb—-tana.
, COs™ X %
Vidu8 | Tinh:
1 18
4 4 | 1
a) I(sinx+cosx)dx; b)j —h——— |d~.
3 FSIn 2 cos” x
Gidi 6

T T T

4 4 4 m m
a) j(sinx +cosx)dx = Isin xdx +Icosxdx = —cosx|61 +sinx‘61
0 0 0

T ) B
=—cos——(—co0s0)+sin——sin0 -

\/E \/E ps Tinh:

" _(_1)+ 0 =1.
AR

m

%
a) I(Ssinx —2cosx)dx;
0

2 3
— dx.
[sin2 x cos’ x]

1

sin” x

|

dx — 5
COS” X

dx

o

p—
O A | 3
o QA |
O R | 2

| 1
[ - DR )dx=
sin“x cos” x
b)
m T

= —cotx|4 —tanx“"1
1 n

DA ——] A

6 6

T T T T
=—-COot——| —Ccot— |—tan——| — tan—
i)

43

:—I+\/§—1+L:—2+—.

3 3

4. Tich phan ctia ham sé mii

p x "8 g o
. " L , v a a” —a
Nhan xét: Véia>0,a # 1, ta co: Ia gt = =
lna‘ Ina
(# A
s 4 ~ ~, ~ ” ﬁ X X }6 ﬁ (94
Chii y: Ap dung cong thic trén, ta c6: je dx=¢"| =¢" —¢
[#4

24
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Vidu 9 | Tinh:

| 1 1
a) je-"dx; b) jz-"dx; ¢) j(3.2-"—e-")dx.
0 0 0
Gidi
L 1
a) le’dx=¢*| =e' -’ =e—1.
b 0
0 -
‘- ol I =
b) |2%dx = = —~ = . ~ 9 Tinh:
5 ln20 In2 In2 In2 -
1 I I 1 | a) I3 dx;
o) [(3.2" —e¥)dx = j3 2% dx —je-*dx . 3j2-“dx —je-“dx :
0 0 0 0 0 % o X
3 : b) [(2.3* —5e")dx.
= (-1l 48 0
In2 In2

Vidu 10, Ning lugng gi6 trén dat lién 12 mot
trong nhiing cong nghé ning lugng tdi tao dang
duoc phat trién & quy md toan cau. Ning luong
gi6 khong truc tiép phat thai khi nha kinh, khong
thai ra moi trudng cdc chat 6 nhiém khdc, ciing
nhu khong tiéu thy nuide d€ lam mat cho cdc nha
mdy. Cac turbine gié thudng cd ba canh quay
trén mot truc ngang, 14y dong niing tif qué trinh di
chuyén dong khong khi (gié) @€ chuyén ddi thanh
dién ning thong qua mot mdy phat dién duge két
ndi v6i 1u6i dién. Hinh thang cong (t6 mau vang)
trong Hinh 8 md td mot phan mit cit diing cla
canh turbine, dugc gidi han bdi cac dudng thang

x=2,x=25,1trgc Oxva d6 thi ham sO (Nguon: https//shutterstock.com)
| >
= f(x)=——(x" —=33x" +120x —400).
y= f(x) 20 0( )

(Nguon: A. Bigalke et al., Mathematick, Grundkurs ma-1 Cornelsen 2016).
Hay tinh dién tich hinh thang cong do.

y(m) )
y=J\

§4m
[},355 “/ﬁ:‘;mk

LI T -
‘ 2

10 15 20 25 x(m)
Hinh 8

h
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Gidi

Dién tich ctia hinh thang cong dudc tO mau vang la:

25 1

184299

I=[ ———(x"-33x" +120x - 400)dx
) 800
I (25 25 25 25
- [x3dx—33[x2dx+120jxdx—4oojdx
800
\ 2 2 y 2
1 ( 4[? 25 25
ot | E _11x3| +60x2’ —400,»5\25
800 , 2 2 -
\

B eiiTip

3
1. Tich phan | izdx ¢6 gid tri bing:
P X

AL B. -~

6 6

n
3

2. Tich phan | sinxdx c6 gia tri bing:

—

Ll

7
. T . T
A. sin——sin—.
5 7

C. COSE—COSE.
5 7

I Ax
3. Tichphan/= j%dx ¢6 gid tri bing:
0

P B.

In3’ n3’

3

I‘I'l2 ’

3200 ™
e B, e
648 648

kY L
B. sin—-sin—.
7 5

D COSE—COSE.
3 5

4. Cho I f(x)dx =-10, F(x) la mdt nguyén ham ctia ham s6 f(x) trén doan [- 2 ; 3],

3
F(3)=- 8. Tinh F(- 2).

26
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4 4 3
5. Cho [f(x)dx =4, [ f(x)dx=6. Tinh [ f(x)dx.
0 3 0

6. Tinh:

1 21 4 1

a) |(x® -4 +3x%)dx; b) [—dx; ¢) | —=dx;
{ Jl.)f4 1x\/;
n n n
2 2 4

d)j(4sinx+3c:osx)clx; e) jcotzxdx, g) Itanzxdx;
0 n 0

4

0 -1 1

h) je‘xdx; i) [e**2dx; k) j(3.4x—5e'~*)dx.
.| -2 0

7. a) Cho mdt vat chuyén dong véi van téc y = v(f) (m/s). Cho 0 < a < b va v(t) >0
b

véi moi ¢ € [a ; b]. Hay gidi thich vi sao Iv (1)df biéu thi quing dudng ma vt di
a

dugc trong khoang thdi gian tli @ dén b (a, b tinh theo gidy).

b) Ap dung cong thic & ciu a) d€ giai bai todn sau: Mot vat chuyén dong véi
van tdc v(f) = 2 — sint (m/s). Tinh quang dudng vat di chuyén trong khoang thoi

gian tif thoi diém ¢ = 0 (s) d&n thoi diém ¢ = %Tn (8).

v (m/s) A
8. MOt vat chuyén dong vdi van tdc duge cho béi do thi off...... .
& Hinh 9. '
a) Tinh quing dudng ma vat di chuyén dugc trong !
1 gidy dau tién. .
b) Tinh quang dudng ma vat di chuyén dugc trong 0 I 2 1(s)

A A = A
2 gidy dau tién. Hinh 9
9. O nhiét d6 37 °C, mot phan ting hod hoc tii chit ddu A, chuyén hod thanh chit san
phim B theo phuong trinh: A — B. Gia st y(x) 1a ndng dd chit A (don vimol L™ 1)
tai thoi gian x (gidy), y(x) > 0 v6i x 2 0, thoa man hé thidc: y'(x)=—-7. 10" Yy(x) voi
x > 0. Biét ring tai x = 0, ndng do (dau) cta A 13 0,05 mol L™ ',
a) Xét ham s0 f (x) = In y(x) v6i x = 0. Hiy tinh f'(x), tif d6 hdy tim ham so f (x).

b) Gia sti ta tinh ndng dd trung binh chat A (don vi mol L™') tii thoi diém a (gidy)
|

—da

dén thoi diém b (gidy) v6i 0 < a < b theo cong thiic

b
[ y(x)dx. Xdc dinh néng

do trung binh ciia chat A tii thoi diém 15 gidy dén thoi diém 30 gidy.
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§4 | UNG DUNG HiNH HOC CUA TiCH PHAN

Gom Bét Trang 12 tén goi chung cla cdc loai
dd gébm Viét Nam dugc sin xult tai lang
Bat Trang, thudc xa Bat Trang, huyén Gia Lam,
Ha Noi. V6i hon 700 nim tudi, gobm B4t Trang
ndi ti€ng & trong v ngodi nude vé chat lugng
gdm va d6 tinh x40 clia cdc san phidm. Nhiing
chiéc chén trong bo Am chén udng tra & Hinh 10

c6 dang khoi tron xXoay. B dm chén Bdt Trang
(Nguon: https://shutterstock.com)
Hinh 10
? Thé tich ciia cdce khéi tron xoay duoc tinh nhu
{ LA thé nao?

I. TINH DIEN TiCH HiINH PHANG

1. Dién tich hinh phiang giéi han bai do thi ham s6 y = f(x), truc hoanh va hai
duong thingx=a, x=b

GSEP Choham s6y = f(x) = x* —2x> —x+2c6 dd thi 4
dudc minh hoa & Hinh 11.

a) Quan sat Hinh 11, hiy cho biét cc hinh phang H,, H,,
H_1an lugt dugc gidi han boi cac dudng thing va do thi
ham s nao.

b) Tinh dién tich SHl ; SH2 ; SHq cua cac hinh phéng do.

¢) Goi H 1a hgp cla cic hinh phing H, H, H. Hinh
phing H dugc goi la hinh phing gi6i han bdi db thi A

’ ; A
ham s0 y = f(x), truc hoanh va cac duong thaing x =0, ~
x = 3. Ching 6 ring dién tich S, cta hinh phing H .
3 0\ cfiE e
¥ _ _ 0 INERY 2 3 Y
bling S, =Sy, +S,, +5, = [|f(0)|dx. \7/ x
0
Hinh 11

Trong trudng hop tong quat, ta ¢ dinh If sau:
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I Cho ham s8 y = f(x) lién tuc trén doan [a ; b]. Khi @6, dién tich § ctia hinh phéng
gidi han b&i d6 thi ham s8 y = f(x), truc hoanh va hai dudng thing x =a, x = b la:

b
S =[]/ (x)|dx.

Vidul & Cho ham s6y = x° ¢6 dd thi nhu Hinh 12.

VA

Yy

Hinh 12

Hinh 13

Tinh dién tich hinh phéng gi6i han bdi dd thi ca ham s y = x°, truc Ox va hai dudng

thingx=—1, x=1.

Giai

Dién tich hinh phing gidi han bi dd thi ctia ham s6

y =x, truc Ox va hai dudng thing x=—1,x=1 la:

1%l = [ elae + [letlas
0

Poc ban mai nhat trén hoc10.vn

a

1 Trong Hinh 13, tinh
dién tich hinh phéng
gidi han boi do thi cta
ham s8 y = x> — 2x, truc
Ox va hai dudng thing
k=1 x=3
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2. Dién tich hinh phang giéi han boi dd thi cia cac ham s6 y = f(x), y = g(x)
va hai duong thangx =a,x =5

Cho cdc himsd y=2", y=x.

VA

Goi S  la dién tich hinh phing gi6i han bdi truc Ox, hai /
dudng thing x = 1, x = 2 va dd thi ham s6 y = 2%,
Goi S, 1a dién tich hinh phing gi6i han bdi truc Ox, hai 7
dudng thing x = 1, x =2 va @ thi ham s8 y = x.
S /
Goi S la dién tich hinh phﬁng gi6i han béi cdc do thi :
ham s8 y = 2%, y = x vi hai dudng thing x = 1, x = 2 £
(Hinh 14). . -
a) Biéu dién S theo S5 Sog | :
e . 0 i 2 ¥
b) So sdnh S va [ (2"~ x)dx. Bw i
1

Trong trudng hop tdng quat, ta ¢ dinh If sau:

z

o cdc ham s6 y = f(x), y = g(x) lién tuc trén doan [a ; b]. Khi d6, dién tich hinh
phing gidi han bdi @6 thi clia cdc ham s6 y = f(x), y = g(x) va hai dudng thing

x=a.x=0bla

b
S =[|f(x)-g(x)|dx.

Vidu2 | Tinh dién tich hinh phing dugdc gidi han bdi dd thi cdc ham s6 y =x° + 2x + 1,
y =X+ x + 3 v2 hai dudng thing x = 1, x = 3.

Giadi.

Dién tich hinh phing da cho la:
3 3 2 3

N =J.|(x3 +2x+1)—(x3 +x+3)‘dx =I|x—2‘dx =I|x_2|dx+J‘x_2,dx
1 1 1 2

2 2 2
+[x——2x]
! 2

2 3
= [@-x)dx+ [(x-2)dx =(2x—x—]
1 2 -

3
=1.

)
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Vidu 3 | Tinh dién tich hinh phing gidi han bdi dd thi cdc ham sd

= —lx2 +2x,y =%x:’I —%x—%vé hai dudng thfmgx =1.x=4,
VA . —-,l)—tz & B
Gidi =
Ta ¢6: —lxz +2x>lx2 —Ex—l v6i moi x € [1 ; 4]
2 2 2 2 >
) Oy 1 4 X
(Hinh 15). Vay dién tich hinh phang do6 la:
4
S = (—lx2+2x)—(lx2—§x—l]‘dx
1 2 2 2
= ||| —=x"+2x |—[gFx" — g e :
_l -( ] [2 2 2} ) Hinh 15
t ., 9 /1 |§ 2 Tinh dién tich hinh
=I —Xx“+—x+— |dx 2 e e
i, 2 phing gidi han bdi cac

dd thi ham s6 y = 10 — »%,
.,.%: , =2 % 2 va hai dudng

thing x=-2,x=2.

Vidu4 | Trén clia s6 c6 dang hinh chii nhat,

hoa s7 thiét k& logo hinh con ¢4 cho mot doanh

Y4
nghiép kinh doanh hai san. Logo la hinh phang BM D 3sf(x) e
o \|E
0
< >r< >

gi6i han bdi hai parabol véi cac kich thudce dugc

=y

cho trong Hinh 16 (don vi trén mdi truc toa do 4 3 dm
s . e '=g(x)
la decimét).
ldm 4 dm 4 dm
a) Lap phuong trinh céc parabol y = f(x)
Hinh 16

vay = g(x).

b) Tinh dién tich cta logo.
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¢) Logo chi cho phép 50% lugng dnh sdng di qua. Lugng 4nh sdng di qua todn bd ciia s6
sau khi lam logo s& gidm bao nhiéu phan tram (lam tron két qua dén hang phan mudi)?
Gidi

a) « Gia sti parabol y = f(x) cho béi f(x) = ax* + bx + ¢ (a # 0). Do parabol y = f(x)
di qua diém D (0 ; 2) nén ¢ = 2, suy ra f(x) = ax> + bx + 2 (a # 0). Vi parabol
y = f(x) di qua céc diém C (- 4 ;0), E (4 ; 0) nén ta c6:

16a-4b+2=0
l6a+4b+2=0.

o 1
H¢ phuong trinh trén ¢6 nghiém la a = — b=0.

Viy f(x) = —%xz +2.

e Gia st parabol y = g(x) cho bdi g(x) = alx2 + be + ¢, (a, #0). Do parabol y = g(x)
di qua diém G (0 ; — 3) nén ¢, =-3, suy ra g(x) = a]x2 +bx—3 (a, #0). Vi parabol
y = g(x) di qua céc diém C (- 4 ; 0), E (4 ; 0) nén ta c6:

1661] —4b| -3=0
]_6(11 +4bl —3 :0

H¢ phuong trinh trén c6 nghiém la a, = %, b =0.
Viy g = a2~ 3
1y & 16 -
b) Dién tich cta logo la: § =S, + §,, trong d6 S, la dién tich hinh phang gi6i han boi
p 1 2 3 2 5 . N 2
céc parabol f(x)= —gx +2, g(x)= Ex —3va hai dudng thing x = -5, x = 4,

S, ladién tich hinh phéng gidi han bdi cic parabol f(x) = —%xz +2. g(x)= %xz -3
va hai dudng thing x = 4, x = 4.

Do do, ta co:

—4 4
S=[1/)-g®|dx+ || f(x)-gx)|dx
= —4
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I

-4 4
[ () - F(Idx+ [ [F(x) - g(x)]d
-5 —4

[k e [ )

5 24
4
—ixz’ - x|_4 9 sy +5x|4
48 > =5 _a -4
305 . 640, 1345
48 48 48
1345
Viy § =——(dm?).
Ay T

¢) Goi  1a lugng 4nh sang di qua mdi dm? ctia logo. Suy ra lugng 4nh sang di qua logo

1a %I. Mt khéc, dién tich cta ctias61a (8 + 1) . (2 +3) =45 (dmz) va lugng dnh

sdng di qua mbi dm?ctia phin cita s6 nim ngoai logo 1a 2z. Suy ra, lugng 4nh sdng di

qua ctia s trude khi 1am logo 12 45 . 2t = 90¢ va lugng 4nh sdng di qua phan ciia 0

[45_ %] L
48 24

Do d6, tong Iigng dnh sang di qua ctia s6 sau khi 1am logo la:

ndm ngoai logo la:

1345 815 2975
t+ = L
48 24 48

Ti s phan trim cta lugng dnh sang di qua ctia s6 sau khi 1am logo so véi lugng dnh

sdng di qua clia s0 trude khi lam logo la:

% = 68,9%.

(2 975 . 90:) 100% < 297 500
48 4320

Vay luong 4nh sdng khi di qua toan bd ctia s6 sau khi 1am logo s& giam di x4p xi 13:
100% — 68,9% = 31,1%.
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Il. TINH THE TiCH CUA HiNH KHOI

1. Thé tich cua vat thé

Sk Cit khi 1ap phuong c6 canh bing 1 bdi mot mit /

phing tuy y vuﬁng?g(’)c vOi truc Ox tai x, v6i 0 <x < I ta ;:S(x)

nhén dugc hinh phang c6 dién tich 1a S (x) (Hinh 17). 1

a) Tinh S(x). s s

b) So sanh thé tich khéi 14p phitong d6 véi j‘s(x) dx. o x 1 g
0 Hinh 17

Trong trudng hop tong quat (Hinh 18), ta ¢6 dinh 1i sau:

o J

Hinh 18

WCE& mot vat thé bdi hai mit phang vudng gée véi truc Ox taix = a vax = b (a < b).
Mbt mit phing tuy y vuong géc véi Ox tai x (a < x < b) cit vat thé d6 theo hinh
phéng cé dién tich 12 S (x). Gia s ham s6 S (x) lién tuc trén [a ; b]. Khi d6, thé
tich V ctia phin vat thé giéi han bdi hai mit phing trén dudc tinh bdi cong thiic

V= ]J‘S(x)dx.

Chii y: Néu S(x) = S khong ddi v6i mdi x € [a ; b] thi V= (b —a)s.
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Vidu5 = Tinh thé tich khoi ling tru, biét dién tich ddy bing B va chiéu cao biing h.
Gidi
Chon truc Ox song song vé6i dudng cao ctia khdi ling try, con hai ddy ndm trong hai mit
phing vudng géc véi Ox tai x = 0 va x = h (Hinh 19). Khi @6, mot mit phing vudng
gbc véi truc Ox, cit ling tru theo hinh phing c6 dién tich S (x) = B khong ddi véi mdi
x € [0; ). Ap dung chi y trén, ta c6: V = Bh.

-

E: Cit mot vat thé boi
hai mit phing vudng
g6c véi truc Ox tai x = |
va x = 2. Mot mit phing
tuy y vuong géc véi Ox
tai x (1 < x < 2) cét vat
thé d6 theo hinh phing
c6dién tich 1a § (x) = 2x.
Tinh thé tich V clia phan
vat thé dugc gidi han
bGi hai mit phing trén.

Hinh 19

Vidu 6 | Cho khdi chép c6 chiéu cao bing i va
dién tich ddy bdng B. Chon truc Ox vudng géc véi
miit phang ddy tai diém 7 sao cho gbc O trung véi
dinh ctia khoi chdp va c6 hudng xac dinh béi vecto
OI (minh hoa & Hinh 20). Khi d6 OI = h. Mot miit
phing (P) vudng goc véi truc Ox tai x (0 < x < h), cit

khdi chép theo hinh phing c6 dién tich S(x). Ngudi
2
ta chiing minh dugc ring S(x) = B ;—2 Tinh thé tich

khéi chép do.

Hinh 20

Gidi
Thé tich khoi chép d6 la:
% i o2 x’ " W Bh
V=[Sx)dr=[B= dx=B— =B—="".
g . h 3, 3P 3
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Nhan xét

o Cho khéi ling tru c6 chiéu cao bing h
va dién tich ddy bing B. Thé tich V ciia
khoi ling tru d6 dugc tinh bdi cong thiic
V = Bh.

e Cho khéi chép cé chiéu cao bing h va
dién tich ddy bing B. Thé tich V ctia khoi

chép dé dugce tinh béi cong thiic V = BTh

Hinh 21

Vidu 7 = C6 Hanh d6 bé tong mot dudng
di trong vuon (phﬁn dugc td mau) vdéi kich
thuée dudc cho trong Hinh 22. Biét ring
dudng cong AB dudc cho bdi dd thi cia mot
ham s6 lién tuc va dudng cong DC nhén
dugc tit dudng cong AB bing cich tinh tién
theo phuong thing diing 1én phia trén 2 m.

Ngoai ra, cO Hanh quyét dinh d6 16p bé
tong day 15 cm va gid tién 1 m® bé tong 1a

1 080 000 ddng. Tinh s& tién c6 Hanh can
diing d€ d6 bé tong con dudng do.
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4 Cho khéi chép cut déu tao béi khoi
chép dinh S, dién tich hai ddy lan luot 1a
B, B’ va chiéu cao h. Chon truc Ox chia
dudng cao ctia khéi chép va géc O tring
v6i dinh § (Hinh 21). Hai mit phing day
ctia khoi chép cut déu 1an luot cit Ox tai
Ivar.

bit O = b, O'= a (a < b). Mot mit
phging (P) vudng gb6c véi truc Ox tai
x (@ <x <b), citkhdi chép cut déu theo
hinh phing ¢6 dién tich § (x). Ngudi ta

2
chiing minh ring S(x)= Bx—z, Tinh thé
b

tich khdi chép cut déu do.

A
Y

10 m
Hinh 22

Ban mau
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Gidi
Xét hé truc toa do Oxy nhu Hinh 23 (don vi
trén mdi truc toa do 12 mét).

Trong hé truc toa d6 do, dudng cong AB
dudgc cho bdi @6 thi cia ham so lién tuc
y = f(x), 0 £x < 10. Suy ra, dudng cong
DC dudc cho boi dd thi cia ham s6 lién tuc
y=f(x)+2,0<x<10. Ap dung cong thic

tinh dién tich, ta c6: Hinh 23
i 10 10
A phiing dudc t6 mau ABCD I [(f (x)+2) - f(x)]dx = I 2dx = Zx‘o =20 (m?).
0 0

Do d6, thé tich khoi bé tong dung dé d6 con dudng 1a: 20 . 0,15 = 3 (m?).
Viy s0 tién ¢d Hanh cin diing dé dé bé tong con dudng d6 la:

1 080 000 . 3 = 3 240 000 (ddng).

= 4

2. Thé tich ctia khéi tron xoay

Y Xét nita hinh tron tim O, ban kinh r (Hinh 24). Niia hinh tron d6 12 hinh phang
gidi han bdi truc Ox va do thi ham s y = f(x).

a) Tim ham sd y = f(x).

b) Quay niia hinh tron @6 quanh truc hoanh, ta nhin dugc hinh cau tim O ban kinh r
(Hinh 25). Xét diém M(x ; f(x)) (— r <x < r) niim trén niia dudng tron tim O ban kinh .
Goi H(x ; 0) 12 hinh chiéu ctia diém M trén truc Ox. Khi quay ndia hinh tron quanh truc
hoanh, doan th:?mg HM tao nén mot hinh tron tam H ban kinh f(x).

Tinh dién tich S(x) ciia hinh tron d6 theo £(x).

Tu d6, st dung cong thic tinh thé tich vat thé, hiy tinh thé tich V ctia hinh ciu tam O

ban kinh r.

YA

y = fx)
= 1f(x)

=y

Hinh 24 Hinh 25
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Trong trudng hgp tong quét, cho him s6 y = £ (x) lién tuc, khdng Am trén doan [a ; b).
Hinh phéng gidi han bdi d@d thi ham s& y = f (x), truc hoanh Ox va hai dudng thing
x = a, x = b khi quay quanh truc Ox tao thanh mdt hinh khéi goi 12 khdi tron xoay. Khi
ciit khoi tron xoay dé bdi mot mit phang vudng géc véi true Ox, ta duge mot hinh tron
¢6 bén kinh 1a f(x).

Ta c6 dinh 1i sau (Hinh 26):

YA
%0 ham s6 y = f(x) lién tuc, khong 4m trén
doan [a ; b]. Hinh phfing (H) gi6i han bdi do thi
ham s y = f(x), truc hoanh va hai dudng thing
X = a, x = b quay quanh truc Ox tao thanh mot

oL

. 0 ‘.
khoi tron xoay c0 theé tich bang a0
b Tt N 4
2 o
V= nj[f(x)] dx.
a Hinh 26

Vidu8 . Cho hinh phing gi6i han bsi @ thi ham s6 f(x) = x, truc hoinh va hai
dudng thing x = 1, x = 2. Tinh thé tich khdi tron xoay tao thinh khi cho hinh phing d6
quay quanh truc Ox.

-

Gidi ./ ® Cho hinh phing gidi
Thé tich khdi tron xoay tao thanh khi cho hinh han bdi do thi ham so
phing giGi han bdi dd thi ham s& f(x) = x, truc f@y= sin%, truc hoanh
hoanh va hai dudng th'fing x =1, x =2¥quay va hai dudng thing x =0,
quanh tryc Ox la: x = Tinh thé tich khéi
B : T e x> _ (8 1) T=m tron xoay tao thanh khi

y= ﬂJ.x - ﬂ? = 3 3) 3° cho hinh phéng d6 quay

1 1 quanh truc Ox.

Vidu9 @ Xét chi€c chén trong bd

Am chén udng tra 6 phan mé diu, ban
Duong uéc ligng dugc ring chiéc
chén dugc tao thanh khi cho hinh
phéng gi6i han bdi @6 thi ham s&

Hinh 27
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f(x) =0,14x° — 0,87x* + 1,92x + 0,85, truc hoanh va hai dudng thing x = 0, x = 3 quay
quanh truc Ox (don vi trén mdi truc toa do 1a centimét) (Hinh 27).

Tinh thé tich cta chiéc chén (Iam tron dén hang don vi ctia centimét khoi).

Gidi

Thé tich khdi tron xoay tao thanh khi cho hinh phing gii han béi dd thi ham s&
f(x) =0,14x> — 0,87x% + 1,92x + 0,85,

truc hoanh va hai dudng thing x = 0, x = 3 quay quanh truc Ox la:

3
V=n j (0,14x> —0,87x% +1,92x +0,85)% dx

=n j (0,0196x% —0,2436x° +1,2945x* —3,1028x> +2,2074x2 + 3,264 x +0,7225)dx

3
=1(0,0028x" —0,0406x° +0,2589x° —0,7757x* +0,7358x> +1,632x* +0,7225x) .
=13,3293% ~ 42 (cm?).

Viy thé tich ctia chiéc chén khoang 42 cm?.

B eii Tap

1. Hinh thang cong ABCD & Hinh 28 c6 dién tich bang:

A. ![%—-Hs}u. B. j[ +x+%}1x \
[ Y [ L

2. Thé tich khoi tron xoay tao thanh khi cho hinh phing giGi han bdi @b thi ham
s& f(x) =+/x, truc hoanh va hai dudng thang x = 0, x = 2 quay quanh tryc Ox la:

Vi

=y

Hinh 28

2

A. ni&dx. B. njxdx. C.ix/;dx. D.}xdx.
0 0 0
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VA

3. Cho dd thi ham s8 y = ¢ va hinh phing dugc to
mau nhu Hinh 29.

a) Hinh phang d6 dudc gi6i han bsi cdc dudng nao?

b) Tinh dién tich hinh phing dé. /

& 0 1
Hinh 29

=y

" ; 1Y
4. Cho do thi cdc ham s6 y = [5] ,y=x+ 1 vahinh
phing dudc t6 mau nhu Hinh 30.
a) Hinh phéng d6 dudc gidi han bdi cdc duding nio?
b) Tinh dién tich hinh phéng dé.

5. Cho d6 thi ham s6 y = i) va khéi tron xoay nhu
Hinh 31. %
a) Hinh phing dudc gidi han bdi cdc dudng nao dé
khi quay quanh truc Ox ta dugc khéi tron xoay nhu
Hinh 31?
b) Tinh thé tich khdi tron xoay dé.

Hinh 31
6. Cho dd thi ham s6 y = f(¢) nhu Hinh 32.
a) Tinh dién tich hinh phing gidi han b&i dd thi |
ham s6 y = f(£), truc Ot va hai dudng thfmg =0 / \‘ = £(1)
=2
1 o 1 3
b) Hoi J f(u)du biéu thi cho phin dién tich cta
0
hinh phing gidi han bdi cic dudng nao trong 2
Hinh 327 '
Hinh 32

40
Poc ban ma&i nhét trén hoc10.vn Ban mau gép y



g

10.

Ngudi ta du dinh lﬁp kinh cho ctia cia mot méi vom

c6 dang hinh parabol. Hay tinh dién tich mat kinh
can 13p vao, biét ring vom ctia cao 21 m va rong &

70 m (Hinh 33).

Hinh 34 minh hoa miit cit ding ctia mot con kénh
ddt trong hé truc toa dd Oxy. Pdy ctua con kénh la
mot dudng cong cho bdi phuong trinh

3 (43, <2
=f(x)=——| —=x"+5x" |.
y = f(x) : 00( 3 ]
Haiy tinh dién tich hinh phing t6 mau xanh trong
Hinh 34, biét don vi trén mdi truc toa dd 13 mét.
Cho tam gidc vuébng OPM c¢6 canh OP nim trén

truc Ox.

Gia st POM = a, 0M=l(0£asg;l>0).

Goi JV 1a khéi tron xoay thu dude khi quay tam
gidc d6 xung quanh truc Ox (Hinh 35). Tinh thé
tich ctia o theo a va l.

Sau khi do kich thuéc cta thung rugu vang
(Hinh 36), ban Quén xac dinh thung rudu vang cé
dang hinh tron xoay dugc tao thanh khi cho hinh
phing gidi han bdi d6 thi ham s6&

y=-0,011x" - 0,071x + 40,

truc Ox v hai dudng thing x = — 35, x = 35 quay
quanh truc Ox. Tinh thé tich thung rugu vang do,
biét don vi trén mdi truc toa do 13 centimét.

Poc ban mai nhat trén hoc10.vn
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BAI TAP CUOI CHUONG IV

1. Cho ham sO f(x)=2x+e". Nguyén ham F(x) ctia ham s8 f (x) trén R sao cho
F(0) =2 023 1a:

A. x>+ e +2023. B.X2+é&+C.
C. 2 +&+2022. D.x* + ¢,

2
2. BiétF(x) = 12 mot nguyén haim cta ham sd f(x) trén R. Gid tri cia j [2+ f(x)]dx

béng: 1
e B B.7. C.9. B
4 4

1 1
3. Biét [ [£(x)+2x]dx = 2. Khi d6, j £(x)dx bing:
0 0

Al B. 4. c 2 D. 0.
4, Tim:
a) jzx(x3 —x+2)dx; b) j[2x+%de; ¢) j(3+2tan2x)dx;
I
d) [(1-3cot® x)dx; e) [(sinx+2"dy; @) [(2.6™ —e *)dx.

5. a) Cho ham s f(x) = x* + ¢™. Tim nguyén ham F(x) ctia ham s6 f(x) trén R sao cho
F() =2 023.

b) Cho haim s& g(x) = L (x > 0). Tim nguyén ham G(x) ctia ham s& g(x) trén khoang
X

(0 ; + o0) sao cho G(1) =2 023.

6. Tinh:
1 2 5 4
a) [ (x+2)dx; b) [ dx; o) [x*Vxdx;
1 1 1
0 2 | 7%
d) [ 2> 2dx; e)jsz 35+ 14y, g) [——dx
-1 0 O11

7. Mot khinh khi cAu bay véi d6 cao (so v6i muc nude bién) tai thoi diém 713 A(1), trong
d6 ¢ tinh bing phuit, A(z) tinh bing mét. Téc dd bay ctia khinh khi cau dugc cho bi
ham s&

v(t) =— 0,12 + 1,21,

42
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véi ¢ tinh bing phit, v(¢) tinh bing mét/phiit. Tai thdi diém xuit phat (¢ = 0), khinh
khi cau 6 do cao 520 m va 5 phut sau khi xuét phat, khinh khi cau da 6 do cao 530 m
(Nguon: A. Bigalke et al., Mathematik, Grundkurs ma-1, Cornelsen 2016).
a) Viét cong thic x4c dinh ham s8 A(r) (0 <t < 29).
b) D cao t6i da ctia khinh khi cau khi bay 1a bao nhiéu?
¢) Khi nao khinh khi ciu sé& tré lai dd cao khi xuat phat?

8. M0t cong trinh xdy dung dy kién hoan thanh trong 100 ngay. S6 lugng cong nhéan
dugc st dung tai thoi diém ¢ cho bdi ham s&

m(t) = 500 + 50/t —10¢ ,

trong d6 ¢ tinh theo ngay (0 < ¢ < 100), m(¢) tinh theo ngudi (Nguon: A. Bigalke et al.,
Mathematik, Grundkurs ma-1, Cornelsen 2016).

a) Khi nao ¢6 360 cong nhan duge st dung?
b) Khi nao s6 cong nhan duoc sti dung 16n nhat?
¢) Goi M(f) 1a s6 ngay cong dudc tinh dén hét ngay thii 7 (k€ tit khi khdi cong cong

trinh). Trong kinh t&€ xdy dung, ngudi ta da biét ring M ' (f) = m(t). Tong cong cin
bao nhiéu ngay cong dé hoan thanh cong trinh xiy dung d6?

9. Trong bai nay, ta xét mot tinh hudng gia dinh c¢6 mot hoc sinh sau ki nghi da mang
virus cim quay tré lai khuon vién trudng hoc biét lap véi 1 000 hoc sinh. Sau khi
¢6 su tiép xtc gitia cdc hoc sinh, virus ctim ldy lan trong khuon vién truong. Gia
thiét hé théng chong dich chua duge khdi dong va virus cim dugc 1ay lan t nhién.
Goi P(t) 1a s6 hoc sinh bi nhiém virus ctim & ngay thi 7 tinh tif ngdy hoc sinh mang
virus ctim quay trd lai khuon vién trudng. Biét riing toc do 14y lan clia virus ctim ti
1& thuan véi s6 hoc sinh khong bi nhiém virus ctim theo hé s6 ti 18 1a hing s6 k = 0.
S6 hoc sinh bi nhiém virus cim sau 4 ngay 12 52 hoc sinh. X4c dinh 8 hoc sinh bi
nhiém virus ciim sau 10 ngay.

10. Mot chi€c xe & t6 chay thii nghiém trén mdt dudng thing bit du tii trang thai ding
yén. Toc do cua chiée xe 6 t6 d6 (tinh biing mét/gidy) 1an lugt & gidy thd 10, thid 20,
thu 30, thad 40, thd 50 va thid 60 duge ghi lai trong Bdng 1.

Thoi gian (gidy) 0 10 | 20 30 40 50 60
Tée do (mét/gidy) 0 5 21 40 62 78 83
Béng 1
43
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a) Hay xdy dung ham s6 bic ba y = f (x) = ax® + bx* + cx + d (a = 0) dé biéu dién cic
s0 liéu & Bdng 1, tdc 12 6 hé truc toa dd Oxy, dd thi ctia ham s& d6 trén nita khoang
[0 ; +00) “gan” véi cac diém O(0 ; 0), B(10 ; 5), C(20 ; 21), D(30 ; 40), E(40 ; 62),
G(50;78), K(60 ; 83) (Nguén: R. Larson and B. Edwards, Calculus 10e, Cengage 2014).

b) Hiy tinh (gan diing) quing dudng ma xe 6 td d6 da di duogc tinh dén gidy thi 60
cua qud trinh thi nghi¢m.
11. Gia st A, B lan luot Ia
dién tich cac hinh dudc t6
mau 6 Hinh 37.
a) Tinh cac dién tich A, B.
b) Biét B = 3A. Biéu dién
b theo a. —

v/

y A /

N
=Y

12. Hinh 38 minh hoa miit cit ding clia mdt biic
tudng cii ¢6 dang hinh chit nhit véi mot cong

ra vao ¢O dang hinh parabol véi cdc kich thude
dugc cho nhu trong hinh dé. Ngudi ta du dinh
son lai mt ngoai ctia biic tudng d6. Chi phi dé
son bic tudng 13 15 000 ddng/1 m* Téng chi
phi d€ son lai toan bd mét ngoai ctia biic tudng

10 m

dé sé 1a bao nhiéu? -
2m 4m 2m

Hinh 38
13. Cho khoéi tron xoay nhu Hinh 39.
a) Hinh phing dugc gii han béi cdc dudng y ;‘ fo)=x-4x+5

nao dé khi quay quanh truc Ox ta dugc khdi
tron xoay nhu Hinh 39?

b) Tinh thé tich khdi tron xoay do.

Hinh 39
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HOAT DONG THUC HANH
VA TRAI NGHIEM

CHU DE 2: THUC HANH TAO PONG HO MAT TROI

I. NOI DUNG CHINH CUA CHU BE

1.Dong ho Mit Troi (Ngudn tham khdo: Denis Savoie, Sundials, Design, Construction,
and Use, Springer 2009)

Céch day khoang 5 000 — 7 000 ndm, con ngudi da xay dung dugc lich (trong mot ndm)
va thoi gian (trong mot ngay dém) dé theo ddi va quan sét céc hién tugng cla thé gidi ty
nhién, vin hanh nén san xuit néng nghiép va quan Ii cdc sinh hoat clia con ngudi trong
x4 hoi. D6i v6i nhiing khodng thdi gian 16n nhu nim thi ¢6 thé x4c dinh tuong ddi chinh
x4c ngay cé khi chua c6 chiéc ddng hd diu tién. Tuy nhién, nhiing khoang thoi gian duéi
mot ngay thi rit kh6 xac dinh chinh xéc. Vi th€, viéc ché tao cdc dung cu xéc dinh thoi
gian chinh x4c hon ludn dugc con ngudi quan tAm dic biét. Cac thiét bi dé do thdi gian
bing cédch theo ddi 4nh sdng Mt Troi da dugc phat trién va st dung rong rdi tif hang
ngan nim truée Cong nguyén, ching han nhu cot nip ciu, gnomon (thanh kim loai thing
ding dugc dit trén bé miit phing) va céc loai ddng hd Mt Troi khic.

Dong hd Miit Troi duge cho 1a mot trong nhiing loai dong ho dau tién dugc phét trién boi
con ngudi. N6 da dugce sti dung tif hang ngan nam truée Cong nguyén trong cdc nén vin
minh ¢6 dai nhu Ai Cap c6 dai, Babylon, Hy Lap va La M4. Ngay nay, miic du ddng hd
Mit Troi khdng duge sti dung phd bién nhu cdc loai dong hd khac, nhung né van dugc
st dung trong mot s6 tng dung dic biét nhu do dac dia chat, nghién cidu thién vin hoc
va céc hoat ddng ngoai trdi nhu sinh ton.

Pdng ho Mit Troi dudc sii dung dé do thdi gian bing céch theo doi dnh sang Mt Troi.
Nguyén tdc hoat dong ciia n6 12 theo ddi vét clia 4nh sdng Mt Trdi hién trén mot bé miit
phang c6 cdc vach chia tuong ting @€ do thdi gian.

f M v
@ FEer B ACT HE T1ORALAN

S S L Y
- ) 1 \I

Péng hé Mat Troi ¢ 6 Ai Cap Péng hé Mt Troi ¢ Taganrog
(khodng nam 1500 TCN) (Nguon: https://shutterstock.com)
(Nguén: University of Basel)
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Sau ddy, ta s& tim hiéu dong hd Mit Troi ngang (ti€ng Anh: typical horizontal sundial)
14 loai dong hd ¢6 miit dong hod duge dit song song véi mit dat va kim chi thoi gian thi
nghiéng theo géc tring véi chi s6 vi do noi ta dang diing.

2. Pong ho Mat Troi ngang

a)
Hinh 1

Pdng hd Mit Trdi ngang (Hinh 1a, b) ¢6 hai bd phan chinh:

* Dia mit ddng hd duge dit song song vdi mit dat, trén mit dia ¢6 khic cdc dudng chi
thoi gian trong ngay (Hinh 2).

* Kim chi thoi gian 12 mot thanh kim loai mong, nghiéng véi mit dong hd theo goc trung
v6i chi s6 vi @ noi ta dang ding. Hon nita, d€ mot dong hd Mt Trdi chi dude gis chinh
xéc, kim phai chi ding vé cuc Bic (ta ¢6 thé st dung la ban d€ thuc hién viéc nay) (Hinh 3).

Khi Mt Troi di chuyén trong ngay, bong ctia kim s& d6 xudng thiang hang vdi cdc dudng
trén mit dia. Ti d6, ta x4c dinh dudc thdi gian trong ngay. Ching han, trong Hinh 2,
béng ctia kim d6 xudng thing hing véi dudng xdc dinh 11 gid trén mit dia. Vay thoi
diém d6 1a 11 gio trua.

Kim chi thoi gian
Hinh 2 Hinh 3
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3. Cach xac dinh cac duong chi thoi gian trong ngay trén mit dia cna dong
ho Mat Troi ngang

Trén bé mit dia, vé nifa cung tron tim O, dudng kinh AB sao cho dudng trung truc ciia
doan thing AB song song véi phuong chi ciic Nam — cuc Bic cia la ban.

* Tia Oy trén dudng trung tryc do6 1a vach chi 12 h;

* Tia OA la vach chi 6 h;

* Tia OB la vach chi 18 h;

* Bé xdc dinh vach chi 7 (h) (6 < r < 18) ta 1am nhu sau:

Tim g6éc 6 € (0° ; 90°) sao cho

)!
tan @=sin a® . tan(Jr — 12| . 15°), i
trong d6, a l1a chi s vi d6 ctia noi dit dong hd Mt Troi t
(Ngudn: R.R.J. Rohr, Sundials: History, theory, and practice, 0
Translated by G. Godin, New York, NY: Dover, 1996,
ISBN 0-486-29139-1). 2 0 g b
Hinh 4

Chéng han: Thanh phd Ha Noi ¢6 @ = 21; thanh phd
Hué c6 a@= 16; thanh phdé H6 Chi Minh ¢6 a= 11.

Khi d6, vach chi 7 gid (6 < t < 18) 12 tia Ot xuét phat tit
tim O sao cho yOt =@ (Hinh 4).

Biing céch tinh todn tryc ti€p (hodc tra ctu trén web: hups://www.anycalculator.com/

horizontalsundial.htm), ta thiy gid tri ciia géc @ (lam tron dén hang don vi) dugc cho &
Bdng 1, Bdng 2 ng véi thanh phd Ha Noi ¢6 @= 21, Thanh phd Ho Chi Minh ¢6 a=11:

Gio Gée 6 (do) Gio Goc 6 (do)
6h 18 h 90 6h 18 h 90
7h 17 h 53 7h 17h 35
8h 16 h 32 8 h 16 h 18
9h 15h 20 9h 15h 11
10h 14 h 12 10 h 14 h 6
11h 13h 5 11 h 13 h 3
Bing 1 Bdng 2
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Bdng 3 thong ké céc chi s6 vi dd a cua céc tinh, thanh phd ¢ nudc ta (1am tron dén hang
don vi ctia d0) (Nguon tham khdo: https://geokeo.com/database/state/vn/1/):

Chi so Tinh, thanh pho
a =22 | Ha Giang, Cao Bing, Bic Kan, Tuyén Quang, Lao Cai, Yén Bdi, Dién

Bién, Lang Son, Lai Chau, Son La

a =21 | Hoa Binh, Phi Tho, Thai Nguyén, Bic Giang, Ha Noi, Vinh Phiic, Bic
Ninh, Quang Ninh, Hai Duong, Hai Phong, Hung Yén

a = 20 | Ha Nam, Nam Dinh, Thai Binh

a =19 | Ninh Binh, Thanh Ho4, Ngh¢é An

a =18 | Ha Tinh

a =17 | Quang Binh, Quang Tri

a = 16 | Thita Thién-Hué&, Pa Ning

a =15 | Quang Nam, Quang Ngai

o =14 | Binh DinE,_ Kon Tum, Gia Lai N

a =13 | Phi Yén, Ddk Lik

a = 12 | Khanh Hoa, Ninh Thuén, Pic Néng, Lim Ddng, Binh Phudc

a = 11 | Binh Thuan, Ty Ninh, Binh Duong, Pong Nai, Thanh phd H6 Chi Minh

a =10 | Ba Ria-Viing Tau, Long An, Tién Giang, Bén Tre, Vinh Long, Ddng
Thap, Tra Vinh, Can Tho, An Giang, Kién Giang, Hiu Giang

a=9 |Soc Trang, Bac Liéu, Ca Mau

Bdng 3

4. Cach lam dong ho Mat Troi ngang

Ta chon vat liéu la tAm nhua tring hodc bia cing dé lam dia mit ddng hd va kim chi
thoi gian.

Bude 1. Lam dia mit dong hd bang cach sau:

+ Trén bé mit dia, v& nia cung tron tam O, dudng kinh AB.

+ Sau do, xac dinh cdc vach chi 12 h, 6 h, 18 h nhu da néu 6 Muc 3.

+ Lap bang tinh gid tri ctia g6c € (1am tron dén hang don vi) tuong tu Bdng 1,
ting véi chi s6 vi @ ctia noi dit ddng hd Mt Troi.

+ Xac dinh vach chi 7 (h) (6 <t < 18) nhu da néu 6 Muc 3.

Buoc 2.

Buoe 3.

48

Lam kim chi thoi gian ¢6 dang nhu & Hinh 3 sao cho géc ulv ¢6 dd 16n bing chi

s0 vi do cha noi dit dong hd Mit Troi.

Pia mit ddng hd dugc dit song song véi mit dat, kim chi thdi gian dudc gin vao

mit ddng hd sao cho I = O, Iu = Oy (Hinh 3 va Hinh 4), mit phing chita kim
vudng géc véi mit ddng hd va kim chi vé diing cuc Bic.
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Il. 601 Y TO CHUC CAC HOAT PONG

Thuc hanh tao dong hd Mit Trdi ngang.

Tién trinh t6 chiic c4c hoat dong bao gdm: phan chuin bi; phan thuc hién; phan tong két.
1. Phan chuén bi

Gido vién thuc hién nhiém vu sau:

— Chia I6p thanh nhiing nhém hoc sinh va giao nhiém vu cdc nhém thic hanh tao ddng
hd Miit Troi ngang biing bia ciing.

— Y&u cau mdi nhém hoc sinh chuén bi bia ciing, kéo, thudc ké, gidy A4, bing keo trong
hodc keo dan.

M&i nhém hoc sinh trao déi, thio Iuin dé x4c dinh rd nhiém vu ciia nhém va
thuc hanh nhiém vu dugc giao.

a) Nhiém vy 1. Xéc dinh vi d6 ctia dia phuong noi nha trudng xay dung (c6 thé st dung
Google Maps).

b) Nhiémvu 2.Lap bang tinh gi4 tri cha géc & (1am tron d&én hang don vi) tuong tu Bdng 1,
ting vé6i chi s6 vi do do.

2. Phan thyce hién

MGdi nhém hoc sinh thuc hanh tao dong hd Mit Troi ngang theo cac budc nhu da néu
trong Muc 4.

3. Phan tong két

Lam viéc chung cé 16p dé thuc hién cdc nhiém vy sau:

— Cé4c nhém bdo c4o san phim ctia nhém. Tit d6, ¢4 16p gbép ¥ cho sdn phadm ctia mbi nhém.
— Tong két va rit kinh nghiém.

lll. DANH GIA

Hinh thiic danh gia cua hoc tap du an.

1. Panh gia hoat dong ca nhan

— Mbi ¢4 nhén tu ddnh gid vao phi€u ¢4 nhén.

— Nhém ddnh gi4 tling thanh vién trong nhém vao phi€u d4nh gi cd nhan.

2. Panh gia hoat dong va san phim ctia nh6m

— Nhém ty ddnh gi4 lai hoat ddng ctia nhém va cho di€ém vao phiéu ddnh gid hoat dong
ciia nhom.

— Gi4o vién va cdc nhém d4nh gid, rdi cho diém phan trinh bay cua tliing nhém vao phiéu
danh gia hoat dong nhom.

49
Poc ban ma&i nhét trén hoc10.vn Ban mau gép y



PHUONG TRINH MAT PHANG
DUGNG THANG, MAT CAU
TRONG KHONG GIAN

Trong chuong nay, ching ta sé tim hiéu nhiing néi dung sau:
phuong trinh mat phang trong khéng gian; phuong trinh
duong thang trong khéng gian; phuong trinh mat cau trong
khoéng gian.

S1 | PHUONG TRINH MAT PHANG

Ngudi ta mudn san xuat mot chi tiét mdy duoc cit ra tit

mot 6ng tru thép biing gia cdng co khi chinh xdc (Hinh 1). )

D& 1am chi tiét mdy d6, ngudi ta cAn xdc dinh phuong

trinh ctia mit cit trong mot hé toa do thich hop va dua N
N -

nhiing dit liéu d6 vao hé thong mdy tinh diéu khién céc
mdy gia cong co khi ki thuit sd.

Trong khong gian vdi hé toa do Oxyz,
phuong trinh ciia mdt phdng la gi?

Lam thé nao dé lap dugc phuong trinh cia ’
mdit phdng? Hinh 1

. VECTO PHAP TUYEN CAP VECTO CHIi PHUGNG A’ D’
CUA MAT PHANG

1. Vecto phap tuyén

Cho hinh hop chit nhat ABCD.A’B’C’D’ (Hinh 2). i‘,ﬁ --------------- i 0
Gid cta vectd AA’ ¢6 vudng géc véi mit phing (ABCD)

.
hay khong? Hinh 2
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Y

ho miit phing (P). Néu vecto 7 khic 0 va c6 n
gid vuong géc v6i mit phing (P) thi 7 duodc goi la p
vecto phdp tuyén clia mit phang (P). y ;

O Hinh 3, vecto i 1a mdt vectd phdp tuyén ctia miit
phﬁng (P). Hinh 3

Nhdn xét: Néu i 1a vecto phap tuyén clia mot miit phang

thi k7i (k # 0) cling la vectd phdp tuyén ctia mit phing d6.
Vidul = Trong khong gian véi hé z ?

toa do Oiryz, hay chi ra mot vecto 1 Trong khong gian véi

phap tuyén cua mdt phang (Oxy). hé toa d6 Oxyz, hay chi ra

— 2 S mot vectd phép tuyén cla:
VA S) ‘ a) Mt phiing (Oy2);

Vecto k=(0;0:1) c6 gid la truc ? y b) Miit phing (Ozx).

OzvaOz L (Oxy)nénk=(0;0;1) ,

12 mot vecto phdp tuyén cua mit Hinh 4

phing (Oxy).

Y

2. Cip vecto chi phuong
Cho hinh hop ABCD.A’B’C’D’. Cho biét hai D’
vectd AB, A'D’ 6 ciing phuong hay khong. Nhin xét vé R /2
vi tri tuong doi gilta gia ctia mdi vects AB, A’D’ va miit '
phing (ABCD) (Hinh 5).

‘ Cho miit phiing (P). Hai vecto khong ciing phuong
c6 gid song song hodic nim trong mit phing (P) A
duoc goi 12 cdp vecto chi phutong clia miit phing (P). Hinh 5

-

Vidu2 | Quan sit Hinh 5. ‘V
2 Trong khong gian véi

a) A'B’, A’D’ ¢6 la ciip vecto chi phuong ctia mit phing hé toa do Oxyz, hy chi ra
(A’B’C’D’) hay khong? Vi sao? mot ciip vecto chi phuong

ne N 2 ¥ Oi ﬁ.t hs O 5
b) BC, CD c6 la cédp vecto chi phuong clia mdt phang Egi;zl;u?onz;)_p ang (Oxy)

(A’B’C’D’) hay khong? Vi sao?
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Gidi

a) Do hai vecto E, A’D’ khong ciing phuong va ¢6 gid ciing nim trong mit phing
(A’B’C’D’)nén A'B’, A’D’ 1a cip vecto chi phuong cua mat phi?ing (A’'B’C’D’).

b) Do hai vecto EE, CD khong cling phuong va cé gid cling song song vGi mit phing
(A’B’C’D’)nén BC, CD la cdp vecto chi phuong ctia mit phﬁng (A’B’C’D).

3. Xé4c dinh vecto phap tuyén clia miit phang khi biét ciip vecto chi phuong

>

“>*EP Cho cap vectd chi phuong @ = (1 ; 0 ; 1),

L

b =(2:1;0) cia mit phing (P).

a) Hay chi ra toa do ctia mét vecto n (n # 6) vuong goc i
v6i ca hai vecto @ va b (Hinh 6).

b) Vecto 7i c6 la vecto phap tuyén clia mit phing (P) hay P :
khong? Hinh 6

Néu hai vecto a =(a ; 4, ; a3), b =(b, ; b, ; by) la cdp vecto chi phuong cua
a

b,

a,
b

a, a
b, b,

a, 4z |a;

b, b

.

L]

mit phing (P) thi 7i=[a, b | =( : ] 1a mot vects phép

I
tuyén clia mit phing (P).

Vidu3 = Cho mit phing (P) c6 ciip vectd chi phuong 1a
a=(01:;3:;5), b=(-3; ;1.
Hiy chi ra mot vectd phédp tuyén ctia mit phing (P).

Gidi
3 Trong Vi du 3, vecto

Mot vecto phdp tuyén cua mét phang (P) la: =3 1:=2:1) o6 B

_ I:A 5:| 3 55 1| (1 3 vectd phdp tuyén cla mit
=180 = 1 1’ =313 -1 phing (P) hay khong?
Vi sao?
=(8:;-16;8).

Il. PHUONG TRINH TONG QUAT CUA MAT PHANG
Trong khdong gian v6i hé toa dd Oxyz, cho mit phﬁng (P)diquadiémA(1;—1;2)
va c6 vecto phdp tuyén 12 71 =(1;2; 3).
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Gia stt M(x ; y ; z) 12 mot diém tuy ¥ thude miit phfmg (P) T

(Hinh 7). w={1:2:3)
a) Tinh tich vo huéng 7 . AM theo x, y, . /A -152)
b) Toa dd (x; y; z) ctia diém M c6 thoi man phuong trinh: \ /

Mx;y;2) /
x + 2y + 3z -5 =0 hay khong?

Nhan xét: Ta néi mit phing (P) c6 phuong trinh téng qudt Hinh 7

la:x+2y+3z-5=0.

Trong trudng hop tong quat, ta c6:

* Trong khong gian v6i hé toa @0 Oxyz, mdi mit phing (P) ¢6 phuong trinh dang
Ax+ By + Cz+ D =0, trong d6 A, B, C khong dong thdi bing 0.

* Ngudc lai, mbi phuong trinh Ax + By + Cz + D = 0, trong d6 A, B, C khong ddng thoi
biing 0, @&u xdc dinh mot mét phing trong khong gian véi hé toa @ Oxyz.

[ Phuong trinh Ax + By + Cz + D =0 (A, B, C khong ddng thdi bing 0) 1a phuong trinh
tong qudt cha mit phang. Hé s D goi 1a hé 56t do chia phuong trinh tong qut.

Nhdn xét

Ta c6 thé chiing minh dugc ring néu mit phang (P) P i

c6 phuong trinh tdng quét 13

Ax+By+Cz+ D=0, / (P):Ax+By+Cz+D=0

trong d6 A, B, C khong dong thdi bing 0, thi vecto A2+ B+ C2>0) |
n=(A;B;C) la mjt vecto phdp tuyén ctia mit  # y
phing (P) (Hinh 8). Hinh 8

Vidu4 © Phuong trinh nio sau ddy 13 phuong trinh tng quit ctia mit phéng?

AxX+y+z-1=0. B.x+y+z-1=0.
C.x+y+z2-1=0. D.x+y+z-1=0.
Gidi

Ta thdy chi c6 phuong trinh x + y 4+ z — 1 = 0 14 phuong trinh t6ng quét ctia mit phing.
Chon D.
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Vidu5 = Chira mot vectd phdp tuyén ctia mit phing (P): p
4 Chi ra mdt vecto phap

Zx=yek g=1=0 tuyén ctia m&i mit phing
Gidi sau:
Tac6: 2x—y+z-1=0 2. x+(=1).y+1.z-1=0.  DE:x=y=0;
b) (@):z-2=0.

Miit phang (P) nhan 7i = (2 ; — 1 ; 1) 1am vecto phép tuyén.

IIl. LAP PHUONG TRINH TONG QUAT CUA MAT PHANG BIET MOT sO
PIEU KIEN

1. Lap phuong trinh tong quét ctia méit phing di qua mot diém va biét vecto
phéap tuyén

Cho mit phing (P)di quadiém I(x,;y,:z,)
c6 n=(A;B;C) la vecto phdp tuyén. Gia sl
M(x ;y; z) 1a mot diém bat ki thudc miit phing (P) A )
(X, VN /
(Hinh 9). J O /
N . / y
a) Tinh tich v hudéng n . IM. M(x;y;z) /
4 i = /
b) Hay bi€u dién 7i . IM theo x,, ¥, Z,: X, ¥, Z VA Bon o
A B, C.

I Mt phing (P) di qua diém I(x,; Y, %, va nhan n=(A;B;C) lam vecto phip
tuyén c6 phuong trinh tong quat la:

Ax+By+ Cz+D=0v6i D=-Ax,— By, - Cz,

I?z(A:B:C}

Chii y¥: Mit phing (P) di qua diém I(x,3y,32,) vanhin n=(A; B ; C) lam vectd phdp
tuyén ¢6 phuong trinh 1a:
Ax —xo) + B(y - yo) + C(z — 2:0) =1

Vidu 6 = Lap phuong trinh mit phang (P) di quadiém I(1;2;7)vanhdn i=3;2;1)
lam vecto phdp tuyén. :

Gidi -
5 ChohaidiemM(2;1:;0),

Phuong trinh mit phéng (P) 1a: N(O ; 3 ; 0). Lap phuong
3.0-D+2.(y-2+1.(z-7)=0 trinh mit phdng trung triic
cta doan thang MN.

&3x+2y+z-14=0.
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2. Lap phuong trinh tong quét ciia miit phiang di qua mét diém va biét cip
vecto chi phuong

“SX» Cho mit phing (P) di qua diém I(1 ; 3 ; - 2)
cé cap vecto chi phuong la u=(1;1;3), v=(2;-1;2)

(Hinh 10). )
a) Hay chi ra mot vectd phép tuyén 7 ctia mit phing (P). y < K1:3:-9)
b) Lap phuong trinh mit phang (P) di quadiém I(1;3:-2), P

biét vecto phép tuyén . Hinh 10

Ze

¢ lap phuong trinh mit phing (P) di qua diém I(x, 5y, z,) cO cdp vectd chi
phuong 12 i, v, ta ¢6 thé 1am nhu sau:
Budc 1. Tim ii =i, v].

Budc 2. Lap phuong trinh mit phiang (P) di qua diém IG5 5, 5 2 nhan n lam
vecto phap tuyén.

Vidu 7 = Lap phuong trinh mit phing («) di qua diém I(-= 3 ; 1 ; 0) c6 cip vectd chi
phuongla u=2;1;-1), v=(-1;3;2).

-

i -1 -1 2W@ 2 1 ‘9 .
: } tic 6 Cho mat phang (P) di
3 2|12 -Y1 3 quadiém I(x,; y,; z,)- Lap

127 =(5;-3;7). Khido, 7 1a vecto phdp tuyén clia mit Ph“dn.% tﬁPh mat Pljéﬂg
phéng (). (P), biét mit phing do:

a) Vudng géc véi truc Ox;

2

Xét vectd 7i =[ii, V] = U

Viy miit phing (&) ¢ phuong trinh 1a: b) Vudng géc Vi truc Oy;
5.+3)+(-3).(-1)+ Mg =0 ¢) Vudng géc véi truc Oz.

S 5x—3y+ 77+ 18=0.

3. Lap phuong trinh tong quat ctia mit phang di qua ba diém khong thang hang

GEEP Chobadiém H(-1;152),1(1;3;2),K(- 1:4;5) .
cung thudc mit phang (P) (Hinh 11).

a) Tim toa d6 cua céc vecto HI, HK. Tudé hay ching to H K
ring ba diém H, I, K khéng thing hang. oo

b) Lap phuong trinh mitphang (P)diquadiémH(-1;1;2), P /
biét ciip vecto chi phuong la HI, HK. Hinh 11
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i DE 1ap phuong trinh mit phing (P) di qua ba diém H(a, ; b, ; ¢), l(a
K(a, ; b, ; c,) khong thiing hang, ta ¢6 thé 1am nhu sau:

a2t 6],
Buée 1. Tim cip vecto chi phuong ctia mit phing (P) l1a:

HI =(a,—a;:b,—b ; ¢, —¢,), HK =(g,—d,:b,~b :¢,—¢)
Budc 2. Tim ii =| HI, HK |.

Buodc 3. Lap phuong trinh mit phing (P) di qua diém H(a, ; b, ;c))nhin n lam
vecto phdp tuyén.

Vidu8 = Lap phuong trinh mit phing () di qua ba diém A(1 ;0;2), B(1;1 ;1) va
it 31 520,

Gidi

Tacé: AB=(0;1;-1), AC=(=1;1;0).

— 1 -1 |-1 0] |0 1 A
Xét veeto i =| AB, AC | = : :  tdeTa fi=(1;1; 1),
1 OO =1 -1 1
Khi @6, 7 1a vecto phdp tuyén clia mit phing (). ?
. 7 Lap phuong trinh mit
Vay mét phang («) c6 phuong trinh la: phing di qua ba diém
M(13;2:1),N0;3;2)va

Sx+y+2z-3=0,

Vidu9 @ ChobadiémA(a;0:;0),B(0;b;0),C0;0;c)
v6iabc #0 (Hinh 12). Viét phuong trinh mit phing (ABC).

Gidi
Ta co: Ez(ua;b;O)ia, E=(-—a;0;(;)¢6.

|

tiic 12 7i = (bc ; ca ; ab). Do i # 0 nén 7 12 vecto phap
tuyén ctia miit phing (ABC).

Xét vecto

ﬁ:[ﬁ,ﬁ]:ﬂb 0
0 ¢

-a b
-a 0

0 —-a

¢ —-da

2

.

b

BO:b:;0)

A(a ;0;0)

Hinh 12
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Viy mit phing (ABC) c6 phuong trinh Ia:
bec.(x—a)+ca.(y—=0)+ab.(z-0)=0
& bex + cay + abz — abe =0 XX 2o
a b c

Chui y: Mit phfmg di qua ba diém A(a :0;0),B(0:b:0), CO:0:c)véiabe#0co
phuong trinh la:

X vV 2z

—+=+—=1.

a b c

Phuong trinh @6 con dudc goi 1a phuong trinh mdt phdng theo doan chdn.

Vidu 10. Khéi rubik dugc gin véi hé toa dd Oxyz c6 don
vi bing @6 dai canh hinh 14p phucng nho (Hinh 13). Xét
bon diEm A(3:0:0),B(0:;3:0),C0O0;0:2)vaD(1;1;1).
a) Lap phuong trinh mit phing di qua ba diém A, B, C.
b) Bon diém A, B, C, D ¢6 ddng phing hay khong?

Giai

a) Phuong trinh miit phing (ABC) la:
£+2+£=1 (*) Hinh 13
B A 2

b) Thay toa dd ctia diém D vao v€ trai ciia phuong trinh (¥),

j 8 Lip phuong trinh mit
phing di qua ba diém
phéng (ABC). A2 4 ;0),B0;3;0),

: ’ C(0F0; 4).
Vay bon diém A, B, C, D khong ddng phing.

ta c6: é+%+% #1. Suy ra diém D khong thudc mit

IV. DIEU KIEN SONG SONG, VUONG GOC CUA HAI MAT PHANG

1. Diéu kién song song ctia hai mit phing

Cho mit phing (P, .
2x+2y+2z+1=0(1) i

va mit phing (P,):

x+y+z-1=0(2). T

a)Goi 7, =(2:2;2), 7, =(1;1;1)1An lugt la _ P2 T -

vectd phdp tuyén cta hai mit phfmg (P), (P,)

(Hinh 14). Tim lién h¢ gita n, va 2n,. Hinh 14
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b) Tim cdc h¢ 50 ti do D, D, lan lugt trong hai phuong trinh (1), (2). So sdnh D, va 2D..

¢) Néu vi tri tuong d6i chia hai miit phging (P]), (Pz)'

Trong trudng hgp tong quat, ta ¢6 dinh If sau:

VCho miit phiing (P,) 6 phuong trinh tong quét 12 Ax+By+Cz+D =0
va mit phing (P,) c6 phuong trinh tdng quét 1a A x + B,y + C,z+ D, = 0.
Goi n,=(A,; B,:C)), n,=(A,;B,;C,) 14n Iugt 12 vecto phép tuyén cla hai
mit phing (P)), (P,).

: 1, = ki
Khi d6: (P,) // (P,) khi va chi khi ton tai s6 thuc k= 0saocho { | 2
- D, # kD,.
Vidu 11 Cho hai mit phiing .
(P):2x—y—-3z+1=0, [ 9 Cho m # 0. Chiing
(P,): 6x—3y—9z+ 1 =0. minh ring cdc mit phing
; . v P:x—m=0,
Chiing minh rang (PI) /l (Pz)' (©): y—m =0,
Gidi R):z—m=0

1an lugt song song véi cic
mat phang (Oyz), (Ozx),
n=2;-1;-3), n,=(6;-3;-9). 5

Vi fiy =3/, vaD, =1#%3.1=3D nén(P)// (P,).

Hai miit phing (P,). (P,) c6 vectd phdp tuyén lan lugt 1a

2. Piéu kién vudng géc ciia hai miit phiing

Cho miit phing (P,) c6 phuong trinh tong quét 1a:
x+2y+2z+1=0 e
va mit phing (P,) ¢6 phuong trinh tong quat 1a:
3x-2y+z+5=0.
Goi ni; =(1;2;1), n, =(3;—-2; 1) lan lugt 1a vecto phap
tuyén ciia hai mit phing (P)), (P,). Hai vecto 7, 7, c6 !
vudng géc vdi nhau hay khong?

Ngudi ta ching minh dugc ring hai mit phfing (P). (P)
vuong goc voi nhau. Hinh 15
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Trong trudng hop tong quét, ta c¢6 dinh 1f sau:

I Cho mit phing (P,) ¢6 phuong trinh tong quét 1a Ax+By+Cz+D =0va
mit phing (P,) ¢6 phuong trinh tdng quét 1a A x + By + C,z + D, = 0. Khi do:

(P)L(P)<AA,+BB,+CC,=0.

Vidu 12 Cho hai mit phing
(P):x—-y-2z+4=0,
(Pz):x—y+z+5=0.

Chiing minh ring (P]) 1 (Pz)‘

-

Gidi .

Hai mit phing (P,), (P,) ¢6 vectd phdp tuyén lan lugt “ 10 Chiing minh ring hai
N s . A ) mat phiang (Ozx) va (P):
an=01;-1;-2), iy=0; -1 X + 22— 3 =0 vudng géc
Vid .ii,=1.1+(-1.(-1)+(=2).1=0nén v6i nhau.

fiy L7i,. Vay (P) L(P)).

V. KHOANG CACH TU MOT DPIEM DEN MOT MAT PHANG

@ ([)» Cho mit phing (P) c6 phuong trinh téng quat M,
lAAx+ By + Cz+ D=0v60 n=(A; B;C) la vectd o
phdp tuyén. Cho diém MO(Z s 9ed). Goi H(x, 575 %, 1a T i >
hinh chi€u vudng géc cla diém M, trén mit phing (P) /"'/ o /
(Hinh 106). P '

Hinh 16

a) Tinh toa do cia HM|, theo i,

b) Néu nhén xét vé phuong clia hai vecto 7i = (A ; B ; C), HM,, .
Tit d6, hiy suy ra riing
i HM,| = lil . |[HM,| =[A . 2+ B . 3+C .4+ D|.

¢) Tinh cac do dai |ﬁ ; HMO‘ theo A, B, C, D. Tu d6, hay néu cong thic tinh khoang
cich tif diém MO(Z . 3 ;4) d&n mit phfing (P),
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Mot c4ch tdng quit, ta c6:

%=

dugc tinh theo cong thic: d(M,,, (P))=

oéng cdch tif di€ém M (x, ; ¥, ; z,) dén mit phang (P):
Ax+By+Cz+D=0A%>+B*+ C*>0)

JA2 + B2 +C2

|Axy + By, +Czy + D)

Vidu 13 Cho miit phing (P): 2x — 2y — z + 3 =0 va diém M (3 ; 1 ; - 5). Tinh khoéng

cdch tit diém M, d&€n mit phing (P).

Gidi ) N
. , , 11 Ching minh ridng
Khoing cach tii di€m M, dén mat phang (P) 1a: khoang cdch tii diém
2.3+(=2). 1+(=1).(=5)+] M(a ; b ; ¢) dén cdc mit
d(M,, (P))= i phing (0yz). (0zx), (Oxy)
\/22 =T (1) lan lugt bang lal, 1Bl Icl.

Vidu 14, Cho mit phing
(P)): x — iy — 4z + 5§l

va mit phiang (P)): x -2y —2z+ 1 =0.

a) Ching minh ring (P)) // (P,).

b) Tinh kho4ng céch gitia hai mit phéng song song (P, (P,).

Gidi

a)Tacon, =(2;-4;-4), i1, =(1;-2;-2) lanlugtla
hai vecto phdp tuyén cia cdc mit phing (P.), (P,). Do
n =2n,, D=3=2=2D, nén(P) // (P,).

-

b) Chon diém M, .. ;0350 |e(P). Suy rakhodng cich 9 ,
2 12 Cho mit phing

tii di€m M, dén mit phing (P,) la: () 6x 8y 3=0
3 v mit phing
“5“ , (P,): 3x—4y +2 =0,
d(M,, (P)))= \/12 (2P (- 2) - 6 a) Ching minh ring
(P) I/ (P).

Do khodng cich gifta hai mit phing song song (P), b) Tinh khoang céch gifia

(P,) bing dM,, :
phing song song (P), (P, bing &
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VI. MOT sc‘Sx UNG DUNG CUA PHUONG TRINH MAT PHANG TRONG
THUC TIEN

Phuong trinh mit phing ¢6 nhiéu ting dung trong thuc tién nhu trong thiét k& xay dung,
tinh todn cac yéu to ki thuat, ... Ta s& tim hiéu qua mot s& vi du sau day.

Vidu 15/ Hinh 17 minh hoa B(10 ;20 ; 10)
hinh anh hai mai nha cia mot C(0 : 20: 10)

nha kho trong khong gian véi hé g oh
toa dd Oxyz (don vi trén mbi truc e
toa do 1a mét). Cdc bic tudng ~ Nl A(10;0;9)
ctia nha kho déu dugc xay vuong Wy
gdc vOi mit dat. B{0:0:9 PG50 ?6‘)“-

a) Lap phuong trinh ctia hai mat
phing tuong ting mai mai nha.

b) Tim toa do cta diém Q.

¢) Tim toa dd cta vecto P—Q

0

Hinh 17

Gidi
a) Hai mit phfmg tiong ing mdi m4i nha 1a (ABP) va (CDP).
* Domit phiing (ABP) c6 ciip vectochiphuongla AB = (0;20;1), AP=(-5;0;—3)
nén c¢6 mdt vecto phap tuyén la:
—_— 20 1 0 20
[AB,AP] =
0O -3 -5 0
Ma mit phﬁng (ABP) di qua di€ém A(10 ; 0 ; 9) nén c6 phuong trinh Ia:
-60(x-10)-5(y-0)+100(z-9)=0<= 12x+y - 20z + 60 = 0.

* Do miit phiing (CDP) ¢6 ciip vecto chi phuong 1a DP = (530 ; — 3), DC =(0320; 1)
nén ¢6 mot vecto phap tuyén la:

[EJ-D—C-]z 0 —3;—3 5§15 O
20 1 1 0 [0 20

Ma mit phing (CDP) di qua diém D(0 ; 0 ; 9) nén c6 phuong trinh la:
60(x-0)-5(-0)+100z-9)=0< 12x -y + 20z - 180 = 0.

b) Vi cédc biic tudng cua nha kho déu dude xiy vudng géc v6i mit dat nén véi hé toa do
trén ta co Q(x ; 20 ; 2).

| 0
-3 =5

» ]

J=(-60;—5;100).

.

b

]=(60;—5;100).

Do diém Q thudc mit phiang (ABP) nén toa do cia diém Q thoa man:

12x + 20 — 20z + 60 = 0, tidc 12 3x — 5z = - 20.

61
Poc ban ma&i nhét trén hoc10.vn Ban mau gép y



Do diém Q thudc miit phﬁng (CDP) nén toa do cia diém Q thoia min
12x — 20 + 20z — 180 = 0, tic 1a 3x + 5z = 50.
3x-5z=-20 = 5
Ta c6 hé phuong trinh: re = ! g
3x+5z=50 z=17
Vay 0(5;20;7).

) VGi P(5:0:6) vaQ(5;20;7) tacé: PO =(0;20;1).

Vidu 16 Trong khong gian véi hé toa dd Oxyz (don vi trén mdi truc toa do 12 kilomét),
mot mdy bay dang 6 vi tri A(3 ; —2,5;0,5) va s€ ha canh ¢ vi tri B(3 ; 7,5 ; 0) trén dudng
bang (Hinh 18).

a) Sau bao nhiéu phiit may bay tii vi tri A ha cénh tai vi trf B? Biét toc d6 ciia may bay 1a
300 km/h trén quang dudng AB (lam tron két qué dén hang don vi cua phuit).

<y

(Ngudn: hitps://shutterstock.com)
Hinh 18

b) C6 mdt 16p may dugc mod phong bGi mot mit phﬁng (a) di qua ba diém M(9 ;0 ; 0),
NO ;=9:0), PO ;0; 0,9). Tinh do cao cua mdy bay khi mdy bay xuyén qua ddm
may dé ha cénh.

Gidi

2) Ta c6: AB =+/(3-3)* +(7,5+2,5) +(0-0,5)> =/100,25 (km).

Do do6, thoi gian dé mdy bay tif vi tri A ha cdnh tai vi tri B 1a:
—“1?(,)00(’)25 (h) = —”1?(,)00(’)25 .60 (phat) = “102 2 (phit) =4/4,01 (phit) =2 (phit).

b) Gi4 st diém C(x } Ve s 2p) lavi i ma may bay xuyén qua ddm may dé ha canh, suy
raC e (a). Ap dung phu?dng trinh mit phing theo doan chin, ta thdy mit phing (a)
cO phuong trinh la:

———t+—=1x—y+10z=09. Suyrax,.—y.+10z.=9.
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Mat khéc, vi A_C; , AB 13 hai vecto cung hudng nén tdn tai sO thuc 7 > 0 sao cho
AC =tAB. Do
AC =(xp =350 +2,5; 20— 0,5);
E=(3—3;7,5+2,5;0—0,5)=(0;10;—0,5)
X,—3=0¢ X-=3
nén {y.+2,5=10t <qy.=10t-2,5
7 —0,5=-0,5¢ zo =—0,5t+0,5.
ViCe(@®)nén3 -(10r-2,5)+ 10(-0,5¢+0,5) =9 1=0,1. Suyra C(3 ; - 1,5 ; 0,45).

Vay tai vi tri C, dd cao cua mdy bay 1a 0,45 km.

B eiiTap

1.

Phuong trinh nao sau ddy la phudng trinh tdng quit ciia mit phing?
A -xX*+2y+3z+4=0. B.2x—y*+z+5=0.
C.x+y-22+6=0. D.3x—-4y-5z+1=0.

Mit phing x + 2y — 3z + 4 = 0 ¢c6 mot vecto phdp tuyén la:
A n=(2;-3;4). B. i, =(1; 2883).
C.iy=(1;2; £ D.n,=(1;2;4).

Lap phuong trinh mét phiing (P) di qua diém I(3 ;-4 ;5)vanhin i=2:;7;-1)
lam vecto phép tuyén.

Lap phuong trinh mat phf’mg (P) di qua diém K(-= 1 ; 2 ; 3) va nhin hai vecto
u=(1;2;3), v=(4;5;6) lam cdp vecto chi phuong.

Lap phuong trinh mit phang (P) di qua:

a)PifmI3;-4;1)va vuong géc véi truc Ox;

b) Piém K(- 2 ; 4 ; — 1) va song song véi mit phing (Ozx);

¢) Piém K(— 2 ; 4 ; — 1) va song song véi mit phing (Q): 3x + 7y + 10z + 1 = 0.
Lap phuong trinh mat phfing (P) diquabadiémA(1;1;1),B0;4;0),C(2;2;0).

Lap phuong trinh mit phang theo doan chdn ctia mit phing (P), biét (P) di qua ba
di€fm A(5;0:0),B(0;3;0),C0;0;6).
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8. Cho hai mit phing (P): 4x—y—-z+1=0,(P): 8x—2y-2z+1=0.
a) Chiing minh ring (P) 11 (P,).
b) Tinh khoang cich giita hai mit phiang song song P), (P)).

9. a\) Cho hai mit phang (P):x+2y+3z+4=0,(P): x+y—-z+5=0. Chiing minh
rang (P)) L (P,)).
b) Cho miit phfmg (P): x—2y—2z+ 1 =0vadiém M(l ; 1 ; - 6). Tinh khodng céch
tif diém M dén mit phing (P).

10. Trong khong gian véi hé toa do Oxyz,
cho hinh chép S.OBCD c6 day la
hinh chif nhét va cdc diém O(0 ; 0 ; 0),
B2;0;0),D0:;3;0),50;0;4
(Hinh 19).

a) Tim toa d6 diém C.

b) Viét phuong trinh mit phing (SBD). ,
¢) Tinh khoang cach tif diém C dén miit r‘}B
phing (SBD). Hinh 19

11. Hinh 20 minh hoa hinh anh mdt toa nha trong khong gian véi hé toa dd Oxyz (don
vi trén moi truc toa dd 13 mét). Biet A(50 ; 0 ; 0), D(0 ; 20 ; 0), B(4k ; 3k ; 2k) véi
k > 0 va mit phing (CBEF) c6 phuong trinh li z = 3.
a) Tim toa d0 cua diém B.
b) Lap phuong trinh mt phfmg (AOBC).
¢) Lap phuong trinh mét phang (DOBE).
d) Chi ra mot vecto phdp tuyén clia moi
miit phing (AOBC) va (DOBE).

Zil

Hinh 20

12. Hinh 21 minh hoa mot khu nha dang xay
dung dudgc gin hé truc toa dd Oxyz (don
vi trén céc truc 1a mét). Mdi cot bé tdng
¢6 dang hinh ling tru tf gidc déu va tAm
clia mit ddy trén 1an luct la cdc diém
A(2;1;3),B4;3;3),C(6;3;2)5),
D4 ;0;28).
a) Viét phuong trinh mit phiang (ABC).

~ A ” A <
b) Bon diem A, B, C, D c6 dong phang (Nguon: https://www.shutterstock.com)
khﬁng? Hinh 21
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§2 | PHUONG TRINH DUGNG THANG

CAu Bai Chdy n6éi Hon Gai va Bii Chdy . —
(Quéang Ninh). Dy cap ctia cau ggi nén hinh
anh duong thing trong khong gian véi hé toa
d6 Oxyz (Hinh 22).

Trong hé toa do Oxyz,

phuong trinh cia duong thing
la gi? Lam thé nao dé lap duoc
phitong trinh ciia duong thdng?

Cdu Bdi chdy
(Ngudn: https://shutterstock.com)
Hinh 22

I. PHUONG TRINH DUGNG THANG
1. Vecto chi phuong ciia dudng thang

Cho hinh hoép ABCD.A’B’C’D’ (Hinh 23). Gia A D’
clia vecto A'C’ va dudng thing AC c6 vi tri tuong d6i nhu 5.
thé€ nao?

V - - e %*1:‘_: -------------- D
Cho dudng thing A va vecto i khic 0. Vecto i plZ
dugc goi 1a vecto chi phitong clia duong thing A

~ . ? — = 5 | \
néu gid cha # song song hoic tring véi A. Hinh 23

Nhén xét: Néu i 1a vecto chi phuong ctia mot dudng thang thi ki (k # 0) ciing 1a vecto
chi phuong ctia dudng thing do6.

Vidu1 | Trong Hinh 23, cic vectd E, 5 va A'B’ ¢o
13 vecto chi phuong ctia dudng thing AB hay khong? Vi sao?

-

%Tmng Hinh 23, vecto
o B BD’ c6 1a vectd chi
Do vectd AB khic 0 va cé gid 1a duong thing AB nén  phuong cla dudng théng
vectd AB 1a vectd chi phuong ctia dudng thing AB. BD hay khong? Vi sao?

Gidi
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Do cdc vectd CD, A’B’ khédc 0 va ¢ gid 1an Iugt la cdc dudng thing CD, A’B’ song
song v6i dudng thing AB nén hai vecto d6 déu 12 vecto chi phuong clia dudng thing AB.

2. Phuong trinh tham s6 ciia duong thang
74 Trong khong gian véi hé toa do Oxyz, cho vk
dudng thing A di qua diém M (1 ; 2 ; 3) va ¢6 vecto
chi phuong ii =(2;—-3;5). Xét diém M(x ; vy ; 2)
nam trén A (Hinh 24).

a) Néu nhan xét vé phuong cla hai vecto ii va M M.

0

b) C6 hay khong sd thuc 7 sao cho MM = tii?

d) Hay biéu dién x, y, z qua .

d) Toa dd (x : y ; z) ciia diém M (nim trén A) ¢6 thod
man hé phuong trinh:

Hinh 24

x=1+2¢
y =2 -3¢t hay khong?
z=3+3t

Nhdn xét: Ta néi dudng thing A c6 phuong trinh tham sé 1a:

x=1+2¢
y =2 -3¢ (¢ 1a tham s3).
z=3+51

Trong trudng hop tong quadt, ta c6:
* Trong khong gian véi hé toa @6 Oxyz, néu A la dudng thing di qua M (x,:,3 2, va
c6 vecto chi phuong # =(a ; b ; ¢) thi A co phuong trinh dang
X =x,+at
y =y, +bt (t1atham s0).
Z=Z5tct
X=X, +at
* Ngudc lai, mdi hé phuong trinh < y = y, + bt trong d6 a, b, ¢ khong dong thdi biang 0
Z2=7,tct

va t1a tham s&, xdc dinh dudng thing A di qua M (x5, z,) va co mot vecto chi phiong
I8 =(a; b e€).
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P

HE phuong trinh < y =y, + bt , trong d6 a, b, c khdng ddng thoi bing 0, ¢ 12 tham s,

JC=)CO+CH

z=z0+ct

dugc goi 1a phuong trinh tham sé cha dudng thing A di qua M (x, 5 Y,y 3 2y Vaco
vectd chi phuong i =(a; b; c).

Trong cdc vi du, bai tap sau day, néu khéng chii y gi thém thi ta hiéu la xét trong khong
gian vai hé toa do Oxyz.
Vidu 2

a) Viét phuong trinh tham s& ctia dudng thing A di qua diém A(2 ; — 1 ; 4) va c6 vecto
chi phuong i =(3;4;-5).

x=—1+2¢
b) Cho dudng thing A c¢6 phuong trinh tham s& 1a: { y=5-7¢ (¢ 12 tham s0).
z2=9t

Chi ra toa dd mot vecto chi phuong ctia A va mot diém thude dudng thing A.

Giai

a) Phuong trinh tham s& clia dudng thing A la:
x=2+3t
y=—1+4t (¢1a tham sb).
z=4->5t

-

b) Toa dd cua mot vectd chi phuong cua A la E’
i=02;—-T9). 2 Viét phuong trinh tham
3 > sO clia dudng thing A, biét
’ == L S0 Adi qua diém C(1 ;2 ;- 4)
Ung véit=0tacéd: {y=5-7.0=5 va vudng gbéc vG6i mit
2=9.0=0. phing (P):

L, . 3x—-y+2z—-1=0.
Suy ra diém B(— 1 ; 5 ; 0) thudc dudng thang A.

3. Phuong trinh chinh tic ctia duong thiang
Cho dudng thang A ¢6 phuong trinh tham s6:

x=2+3t
y =4+7¢ (t1a tham s06).
7=5+8¢
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Toa dd (x; y; z) clia diém M (ndm trén A) c¢6 thod min hé phuong trinh
x—2 y—-4 z-)
3 ¥

hay khong?

=2 y—4 g2

Nhdn xét: Ta n6i dudng thang A ¢6é phuong trinh chinh tdc 1a: 2 2

Trong trudng hop tong quat, ta co:

* Trong khong gian véi hé toa @6 Oxyz, néu Ala dudng thing di qua diém M(x ;3,:%)
va c6 vecto chi phuong u = (a; b; ¢) (v6i abe # 0) thi A ¢6 phuong trinh dang:

X=Xy Y=Yy Z—Z
a b ¢

A*o _Y~do 2~
) a b ¢
thang A di qua M (x,; y, ; z,) va c6 mot vecto chi phuong 1a v =(a; b; c).

Y

N&u abc# 0 thi hé phuong trinh —

s 54 ko, Z i 5
* Ngudgc lai, v6i abc # 0, moi hé phuong trinh O x4c dinh dudng

— x [— [—

0o_Y7Y 7% dudc goi 1a phuong
) ) a b C
trinh chinh tac cha dudng thang A di qua M (x, ; y, ; z,) va c6 vecto chi phuong

h=(a:b:c)

Vidu3 | Viét phuong trinh chinh tic ctia dudng théng A V

: - a : 3 Viét phuong trinh chinh
a d A(l ; : to chi phuo . A : o
1 qua diem A( 3 ; 6) va co6 vectd chi phuong thc dila dutong thiing A, biét

= Sl phuong trinh tham s& cla
Gidi Ala:
Phuong trinh chinh tic ctia dudng thing A di qua diém x=-—1+2
A(1 ;3 ;6) vaco vecto chi phuong 4 =(9;2;13) la: y=3-5¢
x-1 y-3 z-6 z=,6+9r
9 2 13~ (7 12 tham 56).

4. Lap phuong trinh dudng thiing di qua hai diém cho truéc

(%Y Trong khong gian v6i hé tog do Oxyz, cho hai di€m A(1 ;2 3) vaB(3 ;5 ; 9).
a) Hay chi ra mot vecto chi phuong ctia dudng thang AB.

b) Viét phuong trinh tham s6 ctia duong thing AB.

¢) Viét phuong trinh chinh tic ctia dudng thing AB.
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udng thang A di qua hai diém Atr.c3.5 20, B, 1 ¥, 12,) c0:
X=X+ (X — X))t

* Phuong trinh tham 6 1a: {y =y, +(y, —¥,)¢ (7 1a tham sd).

z2=2y+(zg — 7yt

by rd g by x_x - Z_z P
* Phuong trinh chinh tic la: 0. J o E (VOLX, # X, Yo £ Vs g £ 2y)-
17% N A%

Vidu 4 = Lap phuong trinh chinh tic va phuong trinh tham s6 ciia duong thing AB biét
A4;1:;2)vaB(5;8;0).
Gidi
* Phuong trinh chinh tic ctia dudng thing AB la:
x—4 y-1 2z-2 A x—4 _ y—1 _ 2—2.

5-4 8-1 642 I 7 4 p
. x Y " 2 -

Phuong trinh tham s6 ctia dudng thang AB la: B Vig phiong trinh
x=4+t chinh tic ctia dudng thing
y=1+7t (t1a tham s6). OM biét M(a ; b ; ¢) v6i

abc # 0.
z=2+4t

Il. VI TRi TUONG POI CUA HAI PUOGNG THANG
Trudc hét, ta ¢6 dinh nghia sau: Trong khong gian, hai vecto dugc goi 1 cing phitong
néu cdc gid clia ching cling song song véi mot dudng thing, ba vectd dudc goi la
ddng phdng néu cdc gid cta ching cung song song véi mot mit phing.
Ngudi ta cling chiing minh dugc nhiing diéu kién sau.
Trong khong gian Oxyz, cho ba vecto
L_i] =(a1 ; bl ;Cl); ﬁg =(a2 ;bg ;Cg); ﬁg =(a3 ; b3 ;C3)-
* Hai vecto u,, u, la cung phuong khi va chi khi [u,, #, | = 0.

* Ba vecto 4, u,, u; la déng ph'c:‘mg khi va chi khi [#,, u,] . uy = 0.

Cho hai dudng thing phan bigt A, A Ian ot
di qua cdc diém M 1» M, va tuong tng c6 vectd chi phuong R A
1a u;, u,. M, " P
a) Gia su A, song song vGi A, (Hinh 25). Cac cdp vecto sau - - M,

¢6 cung phuong hay khong: i, va i, ; u,va M|\M,? Hinh 25
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e
(1> u5)

M,

Us _o

b) Gia su A, va A, cit nhau (Hinh 26). Hai vecto Uy
c6 cung phuong hay khong? Ba vecto u,, u, va MM,

U,

c6 ddng phing hay khong?

—
i

¢) Gia su A, va A, chéo nhau (Hinh 27). Hai vecto u,, i,

c6 cung phuong hay khéng? Ba vecto u,, u, va MM, Hinh 26
c6 ddng phing hay khong? '[[Hr ]
M,

Ta c6 dinh 1i sau:

Trong khong gian v6i hé toa d0 Oxyz, cho hai dudng Ay
thdng phan biét A, A 1dn lugt di qua cdc diém M, M,
va tiong ung cO u,, u, l1a hai vecto chi phuong. Khi do,

Ml
a.cu: Hinh 27

| i, i, cling phuong ’_’:"1’ ;1’2] -0

ANTA S & | = .

iy, M, M, khong cing phuong " | [, 1,M, | =0,
- u,, i, khong cung phuong Piil, Ez] £0

AcatA, &0 T —— " S
Uy, iy, MM, dong phang [ iy, @i, | . MM, =0.

A, va A, chéo nhau < [ i, i, | . MM, # 0.

Chii y: Trong mot s trudng hop, dé xét vi tri tuong ddi cua hai dudng thing, ta c6 thé

gidi hé phuong trinh dugc lap tit nhiing phuong trinh xdc dinh hai dudng thing d6, sau

d6 xét cdp vecto chi phuong clia hai dudng thing d6 c6 ciing phuong hay khong (néu
A . A

can thiét).

-

Vidu5 = Xdac dinh vi tri tuong ddi cta hai dudng thing Es Biing cédch gidi hé

A, A, trong moi tridng hgp sau: phuong trinh, xac dinh
x=145¢ v =24101 vi tri tuong d6i cha hai
: 2 dudng thing
a) Aiqy=2-1t, , Ayiqy=4-2t, ;
- ) - X =1
z=3+24 z=1+41, Arlyei
b)A]:x 2_y 3:Z+4,A2:x+2:y 1_z 2;
3 2 1 2 1 =3 x=2
x=6+3¢ va Aiiy =t,
& A]:x+3:}, Iz 2, A:dy=8+21 z=0.
1 ~1 “ z=—1-t.
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Gidi

a) Pudng thing A, diqua diém M (1;2;3)vaco 4y =(5;-1;2) lavectd chi phuong.
Pudng thing A, diqua diém M,(2;4;1)vaco uy =(10; -2 ; 4) 1a vecto chi phuong.
Taco: 2u; =(10; - 2;4)=u,, suy ra u,, u, cung phuong;

PO T 5 .
MM,=(0;2;-2) va 3 # 7 nén u,, M,M, khong cung phuong.
Vay A 1T A,.
b) Budng thang A di qua diém M (233 ;—4) vacé i =(3;2:1) la vecto chi phuong.
Dudng thang A, di qua diém M,(—2;1;2) vaco i, =(2; 1; — 3) la vecto chi phuong.
Ta co6: ] * %, suy ra u,, u, khong cung phuong;

2 48
I

NG
— W

3 2
2 1

.
b -

MM, =(-4;,-2;6), [al,azj{

Dz(—7;11;—1).

Do [ii, iy |. MM, =(=T7) (=) +11.(=2)+(~=1).6=0 nén i, i, MM,
ddng phing.
Vay A, cit A,
¢) budng thing A, diqua diém M (-=351;2)vacé 4 =(1;-1;2) 1avecto chi phuong.
Pudng thﬁng A, di qua diém M2(6 ;0 — 1) vaco U, =8;:2;5 1) 1a vectd chi
phuong. Ta c6:
w9 2|
2 -1

2 1
- 143

I —1
3 2

.
’

MM, =(9;7;=3), [al,,;z]{

]=(—3;7;5).

Do [, i, |. MM, =(-3).9+7.7+5.(-3)=7=0 nén &, i,, MM, khong
ddng phing.

Vay A, va A, chéo nhau.

. c6¢c

1. Géc giita hai dudng thing

Cho hai dudng thing A, A, trong khdng gian ¢6
vecto chi phuong lan lugt 12 @,, i,. Gia st A}, A, 1a hai
dudng thang ctung di qua diém 7 va lan ludt song song
(hoiic tring) v6i A, A, (Hinh 28). e
a) Néu moi lién hé giiia hai géc (A, A,) va (A}, A

Hinh 28
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b) Goi A va B 1a cdc diém lan lugt thudc hai dudng thﬁng A, va A, 820 cho IA = U,
IB =u,. So sanh:

cos(A, A,), Cos(a, E)| cos(i,, U, )|.
¢) So sanh cos (A, A)) va |E£1 ' ﬁf‘
i) |

Ve

Trong khong gian véi hé toa dd Oxyz, cho hai dudng thing A, va A co vecto
chi phuong 1an lugt 12 u,=(a, ;b ;c), u,=(a, ; b, ;c,). Khidg, ta co:

|f:1]a2 +bb, +cc,

2 12 .2 2. 12 2
\/a] +b] +6 .\/a2+b2+cz

cos(A, A,) =

Nhén xét: A| LA, < a,a,+b,b, + c,c,=0.

Vidu 6 © Tinh géc giita hai dudng thing LSAY biét:

A :i{y=2-31, v A :dy=5+1, (1, 1,12 tham s).
z=3 z=06

Giai
Hai dudng thﬁng Al va Az c6 vectd chi phuong lan luct 1a ﬁl =(1;—\/§ S0,
i, = (=3 :1:0). Ta c6:

’1.(—\/5)+(—J§).1+0.0 23 3

cos(A, A,) = =
SN EEY I AN T R R

Suy ra (A, A) = 30°,

Vidu 7 = Cho hai dudng thing

A luXo B 4 3 y-3 23
3 2 1 = 2 -1 )
Chiing minh ring A, L A,. V
Gidi 6 Cho duong thing
Y A X Y I
Pudng théng A, va A, c6 vecto chi phuong lin lugt 1a A==

h=03;2;1), d4,=(-1;2;-1). Tinh c6sin ctia goc gilia

Tacé: iy .ii, =3.(-1)+2.2+1.(=1)=0, dudng thiing A va cic truc
- toa do.

SuyraA LA,
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2. Géc gilta dudng thing va mit phing

“% N Cho miit phing (P) c6 vectd phdp tuyén la i, >
dtrdng thing A c6 vecto chi phuong 1a i va dudng thing

A ct mit phang (P) tai 1. Goi A’ 12 hinh chiéu cta A trén
miit phing (P) (Hinh 29).
a) Hiy xdc dinh géc gitia dudng thing A va mit phing (P).
Ta ki hiéu géc d6 1a (A, (P)). 2

b) So sanh sin(A, (P)) va

’
.
.
’
/

Hinh 29

i Trong khong gian véi hé toa @6 Oxyz, cho dudng thiang A c6 vecto chi phuong
u=_(a, ;b ;c) va mit phﬁng (P) c¢6 vecto phép tuyén 7 = (a, s by 5 cy). Goi
(A, (P)) 1a g6c gitia dudng thﬁng A va mit phﬁng (P). Khi do,
.0 a,a, +bb, +c,c
sin(A, (P)) =|cos(i, 1)| = ‘* J = BN, + o) .
il il 2 b2 4t a2 b2+

Vidu8 | Cho mit phing (P) c¢6 vectd phdp tuyén

n=(1;2;2)va duong thfing A c¢6 vectd chi phuong 7 Cho mit phing (P)
ii=(2;2;—1). Tinh sin cha géc gitta dudng thing Avad  ¢6 vectd phdp tuyén
fi=(A;B;C). Tinh sin
ciia gée gitia mit phing (P)
va cdc truc toa do.

miit phing (P). Géc giita dudng thing A va mit phing (P)
bing bao nhiéu dd (1am tron két qua dén hang don vi)?
Gidi

1.2+2.2+2.(-1)|

Ta c6: sin(A, (P)) =
\fl2 +2" 2% . \f22 A0 +(- 1)2

= g Suy ra (A, (P)) ~ 26°.

Vidu9 = Trong khong gian v6i hé toa d§ Oxyz,
cho hinh lang try ding OBC.O’B’C’ v6i O(0 ; 0 ; 0),
Ba:0:0;C0:a:0),010:0:3a),a>0.

a) X4c dinh toa 36 cua diém B’.

b) Viét phuong trinh mit phing (O’BC).

¢) Tinh sin clia géc gitta dudng thing B’C va mit phing
(O’BC).

Gidi. (Hinh 30)

a) Ta c6: BB'=00"=(0; 0 ; 3a).Suy ra Xg = Xp =24, "/2”
Vi == 0, Egi= 0 =3a, ticla B’'(2a ;0 ; 3a). Hinh 30
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b) ViB(2a ;0;0), C(0;a;0),0°(0;0 ;3a)nén mit phing (O’BC) c6 phuong trinh 13
i+X+i=1c>3x+6y+2z—6a=0.
2a a 3a

¢) Mt phfmg (O’BC) ¢6 mdt vecto phédp tuyénla i =(3:6:2).
D_oﬁ’(Za :0; 3a), CO ; a ; 0) nén B'C = (-2a;a;—3a), suy ra vecto
B'C=(-2a;a;-3a) cung phuong v6i vectd u=(—2;1;-3). Vi th€ vecto
i =(=2;1;—-3) 12 mdt vecto chi phuong ctia dudng thing B’C. Suy ra sin ciia géc
gitta dudng thing B’C vi mit phing (O’BC) bing:
B.-2+6.1+2.(-3] 6 314
V162422 22+ P+ (-37 W14 49

3. Géc giita hai mit phiing

[) Cho hai miit phing (P,) va (P,). Ldy hai dudng
thing A, A, sao cho A L (P,), A, L (P,) (Hinh 31).

a) Néu cich xédc dinh géc gitta hai dudng thing Al

b) Géc d6 ¢6 phu thude vao viée chon hai dudng thing
Ap; A, nhu trén hay khong?
I Gdc giita hai mdt phdng (Pl) va (Pz) l1a géc gitia

hai dudng thang lan lugt vudng gée véi hai miit
phing d6, ki hiéu Ia ((P,), (P,).

Hinh 31

Vidu 10 Trong khong gian, cho hinh ldp phuong p-
ABCD.A’B’C’D’. Tinh géc giita hai mit phing (ABCD)
va (CDA’B’).

Gidi. (Hinh 32)

Trong hinh vuéng ADD’A’, tac6: AD’ 1L DA’.

Do CD L(ADD’A")nén AD’ L CD.SuyraAD’ 1 (CDA’B’).
Mit khéc, ta c6: AA” L (ABCD), suy ra goc giua Hinh 32

hai mat phfmg (ABCD) va (CDA’B’) la goc giua hai 7

duong thang AA” va AD’, d6 la géc A’AD’. Vi tam B:: Trong Vi du 10, tinh
gidc A’AD’ vudng cén tai A’ nén A’AD’=45°. Vdy  géc giita hai mat phing
((ABCD), (CDA’'B’)) = A’AD’ = 45°. (BCC’B’) va (CDA’B’).

' -
1] ’ .
1t .
1 *
'4!’ __________________ ot

;

l

’
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“SK ¥ Cho hai mit phang (P ) va (P ). Goi
B =LA 5 8y 56, n,=(A,;B,;C,).

1an lugt 1a hai vecto phdp tuyén clia (P P); Ay s, lan
lugt 1a gia cua hai vecto n,, n, (Hinh 33). So sanh:

a) cos((P,), (P,)) vacos(A, A,);
b) cos (A, A)) va [cos(7, 7i,)|-

Ta c6 dinh i sau: Hinh 33

2o

rong khong gian vé6i hé toa @6 Oxyz, cho hai miit phiing (P)), (P,) c6 vecto phap
tuyén lan lugt 12 7, = (A, ; B, ; C)), n, =(A,; B, ; C,).

Khi @0, ta co:

cos( (B (P,) = AA, + BB, +C,C,|

VAT RE G 5 N

Vidu 11 = Cho hai mit phing (P)): \/gx +z+5=0

-

va (P): —\3x+z-7=0. gV

Tinh géc gilta hai mit phing (P,) va (P,). ;C%hgh‘;‘;‘tf;‘g;]g (Bjico

Gidi i=(A;B;C).

Do (P,), (P,) ¢6 hai vecto phdp tuyén 1an luot 1a Tinh cdsin cia géc gitia
~ . mdt phang (P) va cdc mat
n1=(\/§;0;1), n2=(—\/?_r;0;1) phiing toa do.

nén

V3.(-+3)+0.0+1.1 1

cos((P), (Py)) = ==

\/(\/_) $i% 1> \f( \/_) i1 2

Suy ra ((P,), (P,)) = 60°.
IV. MOT S UNG DUNG CUA PHUONG TRINH DUGNG THANG TRONG

THUC TIEN

Tuong tu nhu phuong trinh miit phing, phuong trinh dudng thing c6 nhiéu tng dung
trong thuc tién.

75
Poc ban ma&i nhét trén hoc10.vn Ban mau gép y



Vidu12. Trén mot suén ndi (c6 do nghiéng déu),
ngudi ta trong mot ciy thdong va mudn giti né khong bi
nghiéng bing hai sgi diy neo nhu Hinh 34. Gia thiét
cdy thong moc thing ding va trong mot hé toa d@d phi
hop, cdc di€ém O (gdc ciy thong) va A, B (ndi budc day
neo) c6 toa do tuong ting 1a O0 ; 0 ; 0), A3 ;-4 2),
B(—5;—-2:1), don vi trén mdi truc toa dd la mét. Hinh 34
Biét ring hai diy neo déu dudc budc vao ciy thong tai diém (0 ;0 ; 5) va duoc kéo cing
tao thanh cdc doan thing.

a) Tinh do dai ciia mdi diy neo dudc sif dung.
b) Tinh géc tao bdi mdi ddy neo va mit phang sudn ndi (lam tron két qua dén hang don
vi cua dj).

Gidi
a) Do diém C(0; 05 5) nén AC =[(3=0)% + (= 4-0)2 +(2=5)> =34 (m);

BC = /(= 5-0)* +(= 2=0)* +(1-5)> =+/45 =3/5 (m).
b)Tacé: OA=(3:-4:2), OB=(-—5:-2:1) nén

EZ e
Vi thé, vecto 7i =(0; 1; 2) 1a mdt vectd phap tuyén ctia mit phing (OAB).
Mat khac, do CT&=(3;—4;—3), R=(S;2;4) nén ta co:

CA.ii| B.o+(=4H.1+(=3).2] 10

lcal .15l NN G J170°

suy ra (CA, (OAB)) ~ 50°. Viy géc tao bdi ddy neo CA va mit phing sudn nii 13
khoang 50°.

L) ]

]=(0;—13;—26).

* sin(CA, (OAB)) = ‘cos(a, ﬁ)| =

* sin(BC, (OAB)) = |cos(BC. ii)| = C.i| [5.0+2.1+4 .9 5

Bl .lil 5.5 3
suy ra (BC, (OAB)) ~ 42°. Vay géc tao bdi day neo BC va mat phﬁng suon nai la
khoang 42°.

Vidu 13 Trong khong gian véi hé toa dd Oxyz, mot cabin cdp treo xuat phat tii diém
A(10 ;3 ; 0) va chuyén dong déu theo dudng cédp c6 vecto chi phuong la ii =(2 ;-2 ;1)
v6i tde dd 12 4,5 m/s (don vi trén mdi truc toa do 13 mét) (Hinh 35).

a) Viét phuong trinh dudng c4p.
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b) Gid sti sau 7 (s) ké tii ltic xudt phat (z > 0), cabin d&n diém M. Tim toa dd cta diém M.

¢) Cabin diing & di€ém B c¢6 hoanh do x, =550. Tim dd dai quang dudng AB (lam tron két
qua dén hang don vi ctia mét).

d) Pudng cdp AB tao véi mit phiang (Oxy) goc bao nhiéu @ (1am tron két qua dén hang
don vi cua do)?

B
) M N
u ) "
10 %53 y
! A(10:3;0)
.rﬂ‘“
550
(Nguon: https://shutterstock.com) 3
Hinh 35
Gidi
g o A .. ek —-10 y-3 7
a) Phuong trinh chinh tac cua dudng cap la: -

b) Do téc @ chuyén dong cla cabin la 4,5 m/s nén do dai AM bing 4,5¢ (m). Vi vay
AM| = 4.5t (12 0).
Do hai vectd AM va i 1a cung phuong va cing huéng nén AM = kii v6iklasd thuc

duong nao d6. Suy ra: [AM| = kldl = k . /22 + (= 2)2 +1 = 3k. Do d6 3k = 4,51. Suy ra
- Vi the, ta c6: AM = e 3¢ ; —3¢; 2 |.

2 2 2
Goi toa dd cta diém M la s Vs %

- 3t

Xy =3t+x, x,, =3t+10
nén dYmM == 3F+Yy o JYyy=—3t+3
3t 3t

Viy diém M c6 toa do 1a [3:+10;—3t+3;%).
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¢) Do Xp= 550 nén 3z + 10 = 550, tidc 12t = 180 (s). Do d6, ta ¢6 diém B(550 ; — 537 ; 270).
Viy AB = J(sso —10)? + (- 537-3)* +(270 - 0)? =,/656 100 =810 (m).

d) Pudng thing AB c6 vecto chi phuong i =(2; — 2 ;1) va mit phing (Oxy) ¢ vecto
phdp tuyén k =(0;0;1). Do dé, ta c6:

sin(A, (Oxy)) |c0s(u k)l ‘|| |};|‘ =%

Vay (A, (Oxy)) ~ 19°.

. BAI TAP

Pudng thing di qua diém A(3 ;2 ;5) nhin ii = (- 2 ; 8 ; — 7) lam vectd chi phuong
¢6 phuong trinh tham s6 1a:

x=—2+3t x=3-2t x=3-2t x=3-2¢t
A Jy=8+2t B.y=2-8¢ C.iy=2+38¢ D.iy=2+8¢
z=-—"T+35t. z=5-Tt. z=5+7t. z=5-"7t.

2. Duong thﬁng di qua di€ém B(— 1 ;3 ; 6) nhan # = (2 ; — 3 ; 8) lam vecto chi phuong
c¢6 phuong trinh chinh tic la:

A x—1=y+3=z+6_ B.x+l y-3 z—6.
2 -3 8 2 -3 8
C.x+1=y—3=z—6. D.x+l=y—3=z—6.
-2 3 8 2 3 8

3. Mit phing (P): x — 2 =0 vudng géc véi mit phing nao sau day?
A.(P):x+2=0. B.(P,):x+y-2=0.
C.(P):z-2=0. D.(P):x+z-2=0.

x=1-t
4. Cho dudng thing A c6 phuong trinh tham s6 { y =3+2¢ (¢ 1a tham s0).
z=—-1+3t
a) Chi ra toa do hai diém thudc dudng thang A.
b) Biém nao trong cc diém C(6; -7 ;= 16), D(=3; 11 ; — 11) thudc dudng thing A?
5. Viét phuong trinh tham s& va phudng trinh chinh tic ctia dudng thing A trong mdi
triong hgp sau:
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a) A di qua diém A(— 1 ;3 ; 2) va ¢6 vecto chi phuong i = (-2 ;3 ; 4);
b) A di qua hai diém M(2; —1;3) vaN(3;0;4).

- . H re e 2y . Y Z A ~
6. Xdc dinh vi tri tuong doi cta hai dudng thang A, A, trong moi trudng hop sau:

I y-2 z-3 x=-l11-6f
a) Allxz_ =yI =Z__1 va AZ: y=_6_3t (Ilfclthamsﬁ');
z=10+3¢
x=1+3t 1
b) A;:4y=2+4t (t1a tham s6) va AL WO L )
1 , . —
z=3+5¢
C)A'x+]——y_l—£VaA.x_l_y_3_2—1
"4 3 | 2" > i

7. Tinh géc giita hai dudng thing A A, trong mdi trudng hop sau (1Am tron két qua
dén hang don vi cta do):

(x:—l+q x=—1+V65

a) A {y=4+3, va Ay dy=d+1, (1,112 tham s6);
z=0 z=35
(x=—1+21

b) Ap{y=3+1 (tlélthams6)véA2:x;l=y1_l=z_24;
z=4-t

:x+3=y—-2=z~—l LA X+2 =y—2=z—4'

1 1 -1 - =1 3 1

C) A

8. Tinh géc gitia dudng thing A va mit phing (P) trong mdi trudng hdp sau (1am tron
két qua dén hang don vi cta do):

x=1+\/§t

a) Aily=2 ( 12 tham s8) va (P): 3x+z-2=0:
z=3+1
x=1+1¢

b)A:{y=2-¢t (t1athams®) va(P): x+y+z-4=0.
z=3+1

9. Tinh géc gilia hai miit phing P)x+y+2z-1=0va(P).2x-y+2z-2=0.
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10. Trong khong gian véi hé toa dd Oxyz, cho hinh chép S.ABCD c6 c4c dinh 14n lugt

la
S(O;O;QJ, A[E;O;OJ, B(—E;O;O), C(—E;a;()], D(E;a;O]
2 2 2 2 2
viia > 0 (Hinh 36).

a) Xac dinh toa d0 cua cac vecto S_A.
CD. Tu d6 tinh goc gitda hai dudng
thing SA va CD (lam tron két qua dén

hang don vi cta d9).

b) Chi ra mdt vecto phdp tuyén ctia mit
phéng (SAC). Tit &6 tinh géc gitta dudng
thing SD va mit phing (SAC) (Iam tron
két qua dén hang don vi cha do).

11. Trong khong gian v6i hé toa dd Oxyz
(don vi trén mdi truc toa do 1a kildomét),
mot mdy bay dang 6 vitriA(3,5;-2;0.4)
va s€ ha cdnh 6 vi tri B(3,5 ;5,5 ; 0) trén
duong biang EG (Hinh 37).

a) Viét phuong trinh dudng thang AB.

b) Hiy cho biét géc trugt (gbc giita
dudng bay AB va miit phing nim ngang
(Oxy)) ¢6 nam trong pham vi cho phép
tlf 2,5° d&n 3,5° hay khong. Hinh 37

¢) C6 mot 16p may duge mo phong bdi mot mat phflng (o) di quaba diém M(5;0;0),
N©O;-5;0), P(0;0;0,5). Tim toa d ctia diém C 1a vi tri ma mdy bay xuyén qua
dd4m may dé ha canh.

d) Tim toa d6 ctia diém D trén doan thang AB 12 vi tri ma mdy bay & d6 cao 120 m.

e) Theo quy dinh an toan bay, ngudi phi cong phai nhin thay diém dau £(3,5;6,5 ; 0)
ctia dudng bing & d6 cao t6i thidu 12 120 m. Hoi sau khi ra khéi ddm may, ngudi phi
cong c6 dat dugc quy dinh an toan d6 hay khong? Biét riing tAm nhin ctia ngudi phi
cong sau khi ra khéi ddm may 14 900 m (Nguon: R.Larson and B.Edwards, Calculus 10e,
Cengage, 2014).

80
Poc ban ma&i nhét trén hoc10.vn Ban mau gép y



PHUGNG TRINH MAT CAU

- Hinh 38 md tad mjt mat cau trong khong gian.
- >

Trong khong gian voi hé toa do Oxyz,
phutong trinh ciia mdt cau duoc lap
nhit thé nao?

(Ngudn:https://shutterstock.com)
Hinh 38

I. DINH NGHIA MAT CAU

Néu quay dudng tron tam /

ban kinh R quanh dudng kinh AB mot
vong (Hinh 39) thi hinh tao thanh
dugc goi 1a mit cau. Nhiing diém
thudc mit cau d6 cdch I mot khoing

> ik . i
bang bao nhiéu? Hinh 39 (Nguon:
https://www.shutterstock.com)

W L [ A ~
C

ho tridc diém 7 va sé duong R. Mit ciu tim / ban kinh R 1a tap hop tit ca cic
diém trong khong gian cdch diém 7 mot khoang bing R.

Duong kinh

A\
b
. [
o

Bll.n k’ll I?

* Diém M thudc mit ciu tim 7 ban kinh R khi va chi khi IM = R.
* Diém M nim trong mit cAu tAm / ban kinh R khi va chi khi IM < R.
* Diém M nim ngoai mit cAu tim / ban kinh R khi va chi khi IM > R.
81
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Vidul & Trong khdng gian v6i hé toa do Oxyz, cho mit cau thm I(— 2 ; 1 ; 5) bdn
kinh 3. Céc diém A(10; 1;2), B(0; 1 ;4) va C(0 ; 3 ; 4) ndm trong, nam trén hay nam
ngoai mit cau d6?

Gidi f

_ 2 2 2 _ 9
Do IA = \10—(-2) +(1-1?+2-57 =153 >3 [g qronotpan o v
nén diém A(10 ; 1 ; 2) ndm ngoai mit cau do. hé toa &6 Oxyz, cho diém

I(1;2;3) va mit cau tam
j — 2 2 2 A 0

diém B(0 ; 1 ; 4) ndm trong mit ciu dé. Tinh ban kinh R ctia miit

au dé.
Do IC = J(O0—(-2)*+(B-12 +(@-52 =9=3 nén _
diém C(0 ; 3 ; 4) ndm trén mit cau do.

Trong bai hoc nay, néu khong cé chii ¥ gi thém thi ta hiéu cdc bai todn dugc xét trong
khong gian voi hé toa do Oxyz.

Il. PHUONG TRINH MAT CAU
Cho hai difm M(x ;y:z)val(a; b ;c).
a) Viét cong thic tinh khodng cdch gitia hai diém M va .

b) Néu mdi lién hé giiia x, y va z @& di€m M nam trén mit cau tAm / ban kinh R.

Phuong trinh ctia mit cau tim I(a ; b ; ¢) b4n kinh R 1a:
(x—a’+(y-b’+(z-c)’ =R~

Vidu2 | Viét phuong trinh clia mit ciu, biét:

[ 2 Tim tim va ban kinh cua
a) Tam /(1 ; 2 ; 3) ban kinh R = 10;

miit cu ¢6 phuong trinh:

b) Tam I3 ; — 1 ; — 5) va di qua diém B0 ; 2 ; 1). s e
Gidi
a) Phuong trinh ctia mit cAu tim I(1 ; 2 ; 3) bdn kinh f
R=101a: (x- 1)’ + (y - 2)* + (z—-3)?> = 100. 3 Viét phuong trinh ctia
b) Bén kinh mijt ciu I3: gk u, e .
: a) Tam O bén kinh R véi
R=IB=y0-32+Q2+1? +(1+5)? =/54. 0 12 gbc toa do;

Phuong trinh clia mit cau tim /(3 ; — 1 ; — 5) bon kinh ~ b) Pudng kinh AB vdi
A(1;2;1),83:4;7).
R=+54 1a:(x =32+ (v + 12 + (z + 5)> = 54.
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Nhan xét
* Cho miit cau tdm I(a ; b ; c) ban kinh R ¢6 phuong trinh la:
(x—a)’+(y-b’+(z-c)* =R~
Ta c6 thé viét phuong trinh d6 vé dang:
X +y*+72-2ax-2by—2cz+d=0véid=a’+b*+c*-R%.
Viy mdi miit cAu déu c6 phuong trinh dang: x* + y* + 2> — 2ax — 2by — 2cz +d = 0.
* Ngudc lai, xét phuong trinh ¢6 dang: x*> + y* + z° — 2ax — 2by — 2cz +d = 0.
Tacé:xz+y2+z2—2ax—2by—26z+d=0
X -2ax+a+y -2by+ b +72-2cz+P=a’ +b*+c*-d
Sk-a+-b*+@z-c)l=a+b*+24d
Do d6, phuong trinh x* + y? + 2% — 2ax — 2by — 2¢cz + d = 0 x4c dinh mot mit ciu khi va
chi khi @*> + b* + ¢* — d > 0. Ngodi ra, néu a’ + b* + ¢* — d > 0 thi phuong trinh d6 xdc

dinh miit cAu tim I(a ; b4 c) vaban kinh R =a?+b + ¢ —d.

Vidu 3 © Mbi phuong trinh sau ¢6 12 phuong trinh mét cau hay khong? Vi sao?
A2+ Y+ -2x=2y+2z+1=0;
b)x?+y*-2x+6y—-8z7—-3=0.
Gidi
a) Phuong trinh 2x” + y? + 72 — 2x — 2y + 2z + 1 = 0 khdng phéi 1 phuong trinh clia mot
miit cau vi cdc hé s clia x° va y* khdc nhau.

b) Phuong trinh x* + y* — 2x + 6y — 8z — 3 = 0 khong phai 1a phuong trinh ctia mot miit
cAu vi khong ¢6 biéu thiic 7>,

Vidu 4 & Phuong trinh ndo sau day la phuong ? —
- 9 A v A .? ~ - 4 s 7 i . N .
trinh cua m§t mét cau? Tim tam va ban kinh cua | 4 Chiing minh riing phuong trinh

mit cau (néu o). R+ +2—6x—2y—dz—11=0

a) x> +y* +2° —4x+ 10y — 2z + 14 =0; Ia phudng trinh ciia mdt mit cAu. Tim
b) 2+ ¥+ 22+ 2x + 4y — 62+ 20 =0. tdm / va ban kinh R clia mt cau do.

Gidi

a)Tact: ¥ +y*+72—4x+10y—2z+14=0
S+ +22-2.2.x+2.5.y-2.1.z+14=0
Sx-22+G+52+(-17=16.
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Viy phuong trinh @3 cho 13 phuong trinh mit ciu tdm /(2 ; — 5 ; 1) bdn kinh
R=+16=4.
b)Tacé: ¥’ +y* + 22 +2x+4y—62+20=0
S +yY+2+2.1.x+42.2.y-2.3.2+20=0
SE+1D)P++2+(zZ-32=-6<0.
Vay phuong trinh da cho khong 1a phuong trinh mit cau.

1. MOT S6 UNG DUNG CUA PHUONG TRINH MAT CAU TRONG THUC TIEN

Phuong trinh mit ciu ¢6 nhiéu ting dung trong thuc tién nhu trong thiét k& xay dung, tinh

to4n cdc yéu to ki thudt,... Ta s& tim hiéu qua mot s6 vi du dudi day.

Vidu5 = Trong khong gian v6i hé toa dd Oxyz
(don vi trén mdi truc 1a kilomét), mot tram thu
phat song dién thoai di dong (Hinh 40) dugc dat 6
vitril(—=3;2;7).

a) St dung phuong trinh mit ciu d€ mo ta ranh
giGi bén ngoai cia vung phi séng trong khong

- AN # e ” = A
gian, biét rang tram thu phat song do dudc thiét (Nguon:https://shutterstock.com)
k& v6i béan kinh phu s6ng 1a 3 km. Hinh 40

b) Piém A(- 2 ; 1 ; 8) nidm trong hay nim ngoai mit ciu d6? Néu ngudi diing dién thoai
& diém A(— 2 ; 1 ; 8) thi ¢6 thé st dung dich vu ctia tram nay hay khong?

¢) Diém B(2;3;4) nim trong hay nim ngoai mit ciu d6? Néu ngudi diing dién thoai & diém
B(2; 3 ; 4) thi c6 thé sii dung dich vu clia tram nay hay khong?

Gidi

a) Phuong trinh mit cAu d€ mo6 ta ranh giGi bén ngoii ciia viing phii séng trong khong
gian la:

(x+3P+(-27+(z-77*=09.

b) Ta co: A=+~ 2~ (=3P +(1-2)2 +(8-7)* =3 <3.

Vi IA < R nén diém A nidm trong mit cAu. VAy ngudi ding dién thoai & diém
A(=2; 1;8)c6 thé sti dung dich vu clia tram nay.

¢) Taco: IB=A[2—(- HP+(3-2)* +(4-7)2 =35 >3.
Vi IB > R nén diém B nim ngoai mit cau. Vay ngudi ding dién thoai 6 diém B(2 ;3 ; 4)
khong thé st dung dich vu ctia tram ndy.
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Vidu 6 = Trong khong gian véi hé toa do Oxyz
(don vi trén mdi truc 1a mét), mdt ngon hai ding
(Hinh 41) dugc dat 6 vi tri 1(21 5 35 ; 50).

a) St dung phuong trinh mit ciu dé mo ta ranh
gidi clia vung phu sdng trén bién cta hai ding,
biét ring ngon hai ding dé dugc thiét k& véi
ban kinh phu sang 1a 4 km.

b) Néu ngudi di bién & vi tri C(42 ; 37 ; 0) thi ¢6
thé nhin thdy dugc 4nh sdng tii ngon hai ding
hay khong?

c¢) Néu ngudi di bién & vi trf D(5 121 ; 658 ; 0) thi ¢6 thé nhin thiy dudc 4nh sdng tif ngon
hai dang hay khong?

Gidi

a) Phuong trinh mit cAu d&€ mo t4 ranh gidi bén ngodi clia viing phii sdng trén bién cia
hai dang la:

(Nguon:https://shutterstock.com)
Hinh 41

(x — 212 %@.— 35)% + (z— 50)> = 4 000

b) Ta c6: IC =/(42-21)* + (37-35)" +(0-50)°

= /2 945 < 4000. A=

Vi IC < R nén diém C ndm trong mdt ciu. Vay ngudi & Trong V7 du 6, gia st
di bién & diém C(42 ; 37 ; 0) thi c6 thé nhin thdy dugc ~ ngudi di bién di chuyén

4nh séng tif ngon héi ding. theo dudng thang tii vi tri
121 ; 35 ; 50) dén vi tri

¢) Ta c6: ID =+[(5 121-21) + (658 — 35)” + (0 — 50)° Diogrel ; 658 ; 0). Tim
vi tri cudi cung trén doan

=4/26 400 629 > 4 000. thing ID sao cho ngudi

. i il N o e e = di bién con cé thé nhin
V‘l 12 > R_Ilen diém D ndam ngoai mdt Cdu.ydy ngU(’il thdy dugc 4nh sing ti
di bién ¢ di€m D(5 121 ; 658 ; 0) khong theé nhin thay ngon hai ding.

dugc anh sdng ti ngon hai dang.

B Bl Tap

1. TAm cta miit cau (S): (x—2)2+(y—3)2+(z+4)2= 16 ¢o6 toa do la:
A.(-2;-3:4). B.(2:;3;-4). C.(2;-3;-4). D.(2;-3;4).

2. Bén kinh ctia mit ciu (5): (x — D* + (v — 2)> + (z — 3)> = 9 biing:
A.3 B.9. ¢ 8l D. 3.
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3. Miit cau (S) tim I(- 5 ; — 2 ; 3) bdn kinh 4 ¢6 phuong trinh 1a:
A x-57+@-2’+@z+3)=4 B.(x— 5%+ (y -2+ (z + 3)* = 16.
C.x+5+(y+2°+(z-3=4. D.(x+5+(y+2)0>+(z—3)*=16.

4. Cho mit ciu c6 phuong trinh (x = 1)* + (y + 2)* + (z = 7)* = 100.
a) Xdc dinh tim va bdn kinh clia mit cAu.
b) M6i diém A(1 ;1 1), B9 ;4 ;7), CO ;9 ; 10) ndm trong, nim ngoai hay nim
trén mét cau d6?

5. Cho phuong trinh x* + y* + 2 —4x — 2y — 10z + 2 = 0.

Chiing minh ring phuong trinh trén la phuong trinh cia mdt mit cau. Xéc dinh tim
va ban kinh ctia mit ciu dé.

6. Lap phuong trinh mit cau (S) trong mdi trudng hgp sau:
a)(S)cotam I(3 ;-7 ; 1) va ban kinh R = 2;
b) (S) c6 tam I(— 1 ; 4 ; — 5) va di qua diém M3 ; 1 ; 2);
c) (S) ¢6 dudng kinh 1a doan thﬁng CDv6iC(1;-3;-1)vaD(-3;1;2).

7. He thong dinh vi toan cau (tén tiéng Anh
la: Global Positioning System, viét tit la
GPS) 12 mot hé théng cho phép xdc dinh
chinh xdc vi tri cia mot vit thé trong
khong gian (Hinh 42).

Ta c6 thé md phéng co ché hoat dong clia
hé thdng GPS trong khong gian nhu sau:
Trong cuing mot thdi diém, toa dd cia mot
di€ém M trong khong gian s& dugc xdc dinh
bdi bon vé tinh cho trude, trén moi vé tinh
c6 mot mﬁy thu tin hiéu. Bfmg cich so Anh: Vé tinh GPS dang bay trén quy dao
sdnh su sai 1éch vé thoi gian tif ldc tin hiéu quanh Trdi Dat.

dugc phat di véi thdi gian nhan phan hoi (Nguon: https://vi.wikipedia.org)
tin hi¢u d6, m&i mdy thu tin hiéu xéc dinh mese

dudc khodng cdch tit vé tinh dén vi tri M can tim toa do. Nhu vy, diém M 1a giao
diém cta bon mit cau véi tim 1an lugt 1a bén vé tinh da cho.

Ta xét mot vi du cu thé nhu sau:

Trong khong gian véi hé toa do Oxyz, cho bon vé tinh A3 ; — 1 ; 6), B(1 ;4 ; 8),
C(7:;9:6), D(7;—15;18). Tim toa d6 cua diém M trong khong gian biét khoang
céch tii cac vé tinh dén diém M lan lugt 1a MA =6, MB =7, MC = 12, MD = 24.
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BAI TAP CUOI CHUONG V

Cdc bai todn dudi day, néu khong cé chii ¥ gi thém thi ta hiéu xét trong khong gian vdi
hé tog do Oxyz.

1. Mit phing (P): 3x — 4y + 5z — 6 = 0 ¢6 mdt vecto phép tuyén Ia:
A fi =(3:4;5). B.7i,=(3;-4;5).
Cim=l—3:433) D.n,=@3;4;-)5).

x=2  y=3 gl

2. Duong thing d: 5

c6 mot vecto chi phuong la:

A G =(2;3;1). B. i, =(6;3;9).
C.ii;=(3:;9:6). D. &, =(1;253).

3. a) Mit cau (S): (x— 11)? + (v — 12)* + (z — 13)? = 100 ¢6 bén kinh 1a:

A. 10. B.Al. . B D. 13.
b) Toa dd tAm cta mit cau (S): (x =5 + (y + 6)> + (z — 7)* = 8 la:
A(=3:6;7) . (5:6:-T7). c5;—6;7Y D.(~53637.

4. Khoang cich tit diém M(a ; b ; ¢) @én mit phing x —a—b - c =0 la:
|b+c|

\.Ia2 +b%+¢?

5. Chobon diemA0;1;3),B(-1:;0:5),CR2;0;2)vaD(l;1;-2).

A. la+bl. B. |b+cl. C. lc+adl. D.

a) Tim toa dd cua cac vecto fTB AC va mot vectd vudng goéc vdi ca hai vecto do.
b) Viét phuong trinh tham s6 va phuong trinh chinh tic cta cdc dudng thing AB va AC.
¢) Viét phuong trinh tdng quét ctia mit phing (ABC).
d) Chiing minh riing bén diém A, B, C, D khong ddng phing.
e) Tinh khoang céch tif diém D dén mit phiang (ABC).

6. Viét phuong trinh téng quat ctia miit phing (P) trong mdi trudng hgp sau:
a) (P) di qua di€ém M(- 3 ; 1 ; 4) vi ¢6 moOt vecto phdp tuyénla i=(2; - 4;1);
b) (P) di qua diém N(2 ; — 1 ; 5) va ¢6 ciip vecto chi phuong 1a u=>0;-3-2)va
U, =(-3;4;1);
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¢) (P) di qua diém (4 ; 0 ; — 7) va song song véi mit phing (Q): 2x +y —z -3 =0;
: - | _
d) (P) di qua diém K(- 4 ; 9 ; 2) vi vudng géc vdi dudng thing A: XT = % - %.

7. Viét phuong trinh ctia mit cau (S) trong mdi triéng hop sau:
a)(S)cotim I(4 ;-2 ; 1) vaban kinh R =9;
b) (S) c6 tam I1(3 ; 2 ; 0) va di qua diém M(2 ;4 ;- 1);
¢) (S) c¢6 dudng kinh la doan thiang AB véi A(1;2;0) vaB(—1;0;4).

8. Xac dinh vi tri tuong ddi chia hai duding thang A va A, trong mdi truding hop sau:

¥l ¥y 20 _E#13 y—3 z4lT

a) A va A

3 4 -1 2 5 4 7 °
b) Al:Jc—2=y+1=z—4 e Az:Jc+10=y+19=z—45;
2 3 =7 -6 = 21
x Al:x+3=y—5zz—2 o Aj:x+13=y—9=z:+13_
1 1 3 a5 -2 "
x=l+f[ x=—3+t2
9. TinhgécgiﬁahaiduéngthﬁngAl vilAz,bié‘ft Ay y=2—\/§tl va A,iiy=1+t,

(t,, 1, 1a tham s8) (1am tron két qua dén hang don vi ctia d9).

10. Tinh géc giita dudng thing A v mit phing (P) (Jam tron két qua d&n hang don vi
x=—1+2¢
cta d0), bi€t A:{y=4-3t (tlathamsd)va (P):x+y+z+3=0.
z=—1+4t

11. Tinh goc giita hai miit phing (P)) va (P,) (lam tron két qua dén hang don vi cha do),
biét (P):2x+2y-z-1=0va(P)x-2y-2z+3=0.

12. Trong khong gian véi hé truc toa do Oxyz, cho hinh 1dp phuong OBCD.O’B’C’D’
¢c600:;0:;0),Ba:;0:0,D0:;a:;0),00;0:;a)véia>0.
a) Chiing minh ring dudng chéo O’C vudng géc véi mit phing (OB’D’).

b) Chiing minh riing giao diém ctia dudng chéo O’C va miit phing (OB’D’) 1a trong
tam cua tam gidc OB’D’.
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¢) Tinh khoang céch tit diém B” d&én mit phing (C’BD).
d) Tinh cdsin cua goc gitia hai mat ph‘fmg (CO’D) va (C’BD).

13. Hinh 43 minh hoa dudng bay ctia mot chiéc truc thiing H cit cdnh tii mot sin bay.
Xét hé truc toa dd Oxyz ¢6 gbc toa dd O 1a chan thdp diéu khi€n cua sin bay;
truc Ox la huéng dong, truc Oy 1a hudng béc va truc Oz la tryc thing ding, don vi
trén mdi truc 12 kildomét.

Truc thing cit cdnh i diém G.
Vecto r chi vi tri cta trygc thang tai
thoi di€m ¢ phiit sau khi cat cdnh (> 0)
cotoadola: r=(1+1;0,5+2¢; 21).

a) Tim géc @ ma duong bay tao véi

phuong ngang.

b) Lap phucng trinh dudng thing £ (D)

GF, trong d6 F la hinh chiéu cta |
Hinh 43

diém H 1én mit phang (Oxy).
¢) Truc thiing bay vao miy & do cao 2 km. Tim toa dd diém ma m4y bay truc thing
bit ddu di vio ddm may.

d) Gia st mot dinh ndi nim & diém M(5 ; 4,5 ; 3). Tim gia tri cua t khi HM vudng
gbc véi duong bay GH. Tim khoang cdch tii mdy bay truc thing dén dinh nii tai
thoi diém do.

14. Trong khong gian véi hé toa dd Oxyz, dai kiém soét khong luu san bay cé toa do
O(0 ; 0 ; 0), mdi don vi trén truc ting v6i 1 km. Mdy bay bay trong pham vi cich
dai kiém soat 417 km s€ hién thi trén man hinh ra da. MOt mdy bay dang & vi tri
A(— 688 ; — 185 ; 8), chuyén dong theo dudng thing d cé vectd chi phuong 12
i =(91;75;0)vahuéng vé dai kiém soat khong luu (Hinh 44).

a) Xac dinh toa d0 cua vi tri sém
nhat ma mdy bay xuat hién trén man
hinh ra da.

Ll

b) Xéc dinh toa dd cua vi tri ma may
bay bay gin dai kiém soat khong luu /
nhat. Tinh khodng céch gitta mdy bay |
va dai kiém sodt khong luu lic do6.

¢) Xdac dinh toa d§ cta vi tri ma may
bay ra khoi man hinh ra da.

Hinh 44
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MOT SO YEU TO XAC SUAT

Trong chuong nay, ching ta sé tim hiéu nhiing néi dung sau:
Xac suat co diéu kién; cong thiic xac suat toan phan, cong thic Bayes.

XAC SUAT cO PIEU KIEN

Moét 16p hoc ¢6 17 hoc sinh nti va 13 hoc sinh
nam. O 16p hoc dd, c6é 3 hoc sinh tén 1a Thanh,
trong d6 ¢ 1 hoc sinh nii va 2 hoc sinh nam. Thay
gi4o goi ngau nhién mot hoc sinh 1&n bang. Xét
hai bién c6 sau:

A: “Hoc sinh duge goi lén bang c6 tén 1a Thanh”;
B: “Hoc sinh dugc goi 1én bang 1a hoc sinh ni”.

Xdc sudt ciia bién c6 A véi diéu kién bién cé B da xdy ra
duoc tinh nhu thé nao?

Trong muc nay, ta ludn gia thiét phép thii 7 ¢6 khong gian mau 1a tp hgp Q gdm hitu
han phan tl va cdc k&t qua cta phép thii 1a ddng kha ning, céc bién c§ déu lién quan dén
phép tht dé.

I. DINH NGHIA XAC SUAT cO PIEU KIEN
@ ) Trong bai todn 6 phan mG diu, hay tinh:

a) Xdc suat dé hoc sinh dudc goi 1én bang c6 tén 13 Thanh, biét ring hoc sinh d6 14 ni;

b) Ti s6 M T do, hdy so sanh xdc suat tinh dugc G ciu a) véi ti s M
P(B) P(B)

Trong trudng hop tong qudt, ta cé dinh nghia sau:

i Cho hai bién ¢6 A va B. X4c sudt ciia bién ¢d A v6i diéu kién bién ¢6 B da xay ra
dugc goi 1a xdc sudt ciia A vdi diéu kién B, ki hiéu 1a P(A | B).
P(An B)

Néu P(B) >0thi P(A|B) = P(B)
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Nhan xét
« Tl dinh nghia ctia x4c suit c6 diéu kién, ta suy ra: Néu P(B) > 0 thi
P(A ~ B)=P(B) . P(A | B).
« Ngudi ta chiing minh dugc ring: Néu A, B 13 hai bi€n ¢6 bat ki thi
P(AnB)=PA).P(BIA)=P(B).P(AI|B).

Cong thdc trén dudc goi 1a cong thitc nhén xdc sudt.

Vidu 1 @ Cho haibién cd A, B c6 P(A) = 0,4; P(B) = 0,6; P(A n B) =0,2. Tinh céc xdc
suat sau: P(A | B); P(B | A).

Gidi
Tacé: P(AIBy=20B) 02 1 i

_1}(1’3m¢1)_0,2_05
P(B) 0, G P(A) 0,4

) .

Vidu2 © Trong ki kiém tra mon Todn clia mdt trudng trung hoc phd théng c6 200 hoc
sinh tham gia, trong d6 ¢6 95 hoc sinh nam va 105 hoc sinh nii. Khi cong b6 két qué cta ki
kiém tra d6, c6 50 hoc sinh dat diém gioi, trong d6 ¢6 24 hoc sinh nam va 26 hoc sinh ni.
Chon ra ngau nhién mdt hoc sinh trong s6 200 hoc sinh d6. Tinh xéc sudt dé hoc sinh dugc
chon ra dat diém gidi, biét rang hoc sinh d6 la nii (lam tron két qua dén hang phan tram).
Gidi

-

Xét hai bién ¢ sau:

A: “Hoc sinh dugc chon ra dat diém gii”; %Mﬁt hop ¢6 6 qua bong mau
xanh, 4 qua béng mau do; cic
qué béng ¢6 kich thude va khoi
Khi d6, xdc suit dé hoc sinh dudc chon ra dat diém  lugng nhu nhau. Lay ngau nhién
gioi, biét ring hoc sinh d6 1a nii, chinh 12 xdc sult lin lugt hai qua bong trong hdp,
ciia A véi didn kén B, lay khong hoan lai. Tim xdc suat
' dé 1an thi hai 18y dugc qua bong
Do ¢6 26 hoc sinh nii dat diém gidi nén mau dd, biét ring lin thd nhat
P(AnB) 26 0.13 da 1dy dugc qua béng mau xanh.
200

B: “Hoc sinh dudc chon ra 1a hoc sinh nti”.

Do ¢6 105 hoc sinh nii nén P(B) = ;OT?) =0,525. Vi thé, ta c6:

P(AnB) 0,13 _
P(B) 0,525

P(AIB) = 0,25.

Vay x4c suat d€ hoc sinh dugc chon ra dat di€ém gidi, biét ring hoc sinh d6 1a nit, 12 0,25.
n(An B)

Nhén xét: Cho hai bién ¢ A va B véi P(B) > 0. Khi d6, ta c6: P(A|B) = (B)
n

*).
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Vidu3 = Trong 10 000 40 so mi xuat khiu ctia mdt doanh nghiép dét may c6 1 000 do
SO mi tri’ing. Cac 4o so mi trﬁng do gSm ba cG: 40, 41, 42, trong d6 ¢6 200 do ¢d 40. Chon
ra ngau nhién mot chiéc 4o trong 10 000 40 s6 mi xuat khau. Gia st chiéc 40 so mi dugc
chon ra la 40 so mi trang. Tinh xéc suit dé chiéc 4o s6 mi d6 c6 cd 40.

Gidi
Xét hai bién c6 sau:

' E_z Trong hop dung 500 chié
A: “Ao dugc chon ra c6 ¢d 407; eI chiéc

thé cling loai ¢6 200 chiéc thé
B: “Ao dudc chon ra la o so mi tring”. mau vang. Trén mdi chiéc thé

L o eaill cw wad o ) i mau vang c¢6 ghi mot trong nim
Khi d6, xéac suat dé chiéc 4o so mi dugc chonracé 4. 1, 2, 3, 4, 5. C6 40 chic

cG 40, biét ring chi€c 40 s6 mi d6 1a 40 s6 mi tring,  thé mau vang ghi 6 5. Chon ra

chinh 12 x4c sudt c6 diéu kién P(A | B). ngiu nhién mot chiéc thé trong
. A g i ) hop dung thé. Gia sit chiéc thé
Ap dung cong thic (%), ta c6: dugc chon ra ¢6 mau vang. Tinh
AnB) 200 ic suat dé chiéc thé doé ghi sd
P(A|B)= n(An B) _ ~0.2. xdac suat dé chiéc theé do ghi s6 5.
n(B) 1000

Vay x4c suit dé chiéc 40 sd mi duge chon ra c6 ¢d 40, biét ring chiéc 40 so mi d6 1a 4o
SO mi trﬁng, 12 0.,2.

Xdc suit c6 diéu kién cé nhiéu ting dung trong thuc tién. Chang han, ta c6 thé lam quen
véi ting dung clia xdc suét c6 diéu kién trong Y hoc, Kinh t&€ qua nhiing vi du sau.

Vidu4 & Mot cong ty dugc phadm gidi thiéu mdt dung cu kiém tra sém bénh s6t xut
huyét. V& kiém dinh chat lugng ctia sén phdm, ho cho biét nhu sau: S6 ngudi dugc thi 1a
9 000, trong s& d6 ¢6 1 500 ngudi da bi nhiém bénh st xuat huyét va c6 7 500 ngudi khong
bi nhiém bénh sét xuat huyét. Khi thi bing dung cu clia cong ty, trong 1 500 ngudi da bi
nhiém bénh s6t xuat huyét, c6 76% s6 ngudi d6 cho két qua duong tinh, con lai cho két qua
am tinh. Mit khéc, trong 7 500 ngudi khong bi nhiém bénh s6t xuat huyét, c6 7% s ngudi
d6 cho két qua duong tinh, con lai cho két qua 4m tinh khi kiém tra.

a) Chon s6 thich hgp cho [ ? ] trong Bdng 1 (don vi: ngu6i). So sanh s& ngudi c6 két qua
duong tinh khi thit nghiém véi s6 ngudi bi nhiém bénh sat xuét huyét.

Két qua thii nghiém
Duong tinh Am tinh
Tinh trang bénh

Nhiém bénh
Khong nhiém bénh

Bdng 1
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b) Chon ngiu nhién mdt ngudi trong s6 nhiing ngudi thit nghiém. Tinh x4c suat d€ ngudi
dugc chon ra bi nhiém bénh sat xuét huyét, biét ring ngudi d6 ¢6 két qua thli nghiém
duong tinh (1am tron két qué dén hang phin mudi).

¢) Nha san xuat khéng dinh dung cu cho két qua diing véi hon 90% sd trudng hop c6 két
qué duong tinh. Khing dinh d6 c6 diing khong?

Gidi

a) » Trong 1 500 ngudi da bi nhiém bénh sét xuit huyét, s6 ngudi cho két qua duong tinh
(khi ki€m tra) 1a: 76% . 1 500 = 1 140 (ngudi).

Trong 1 500 ngudi da bi nhiém bénh s6t xuat huyét, sd ngudi cho két qua 4m tinh (khi
ki€m tra) 1a: 1 500 — 1 140 = 360 (nguoi).

« Trong 7 500 ngudi khong bi nhiém bénh sot xuit huyét, s6 ngudi cho két qua duong
tinh (khi kiém tra) 1a: 7% . 7 500 = 525 (ngudi). Do d6, s6 ngudi khong bi nhiém bénh
sot xuit huyét cho két qua am tinh (khi kiém tra) la: 7 500 — 525 = 6 975 (ngudi).

Tu d6, Bdang 1 dudc hoan thién bbi Bdng 2 (don vi: nguoi).

Két qua thii nghiém
Duong tinh Am tinh

Tinh trang bénh
Nhiém bénh 1 140 360
Khong nhiém bénh 525 6 975

Bang 2
Tt Bdng 2 ta thiy s& ngudi c6 két qua duong tinh khi thit nghiém 1a:
525 +1 140 =1 665 > 1 500.
b) Xét cic bién ¢6 sau:
A: “Ngudi dude chon ra trong s6 nhiing nguioi thii nghiém 12 bi nhiém bénh sot xuét huyét”;
B: “Ngudi dudc chon ra trong sd nhiing ngudi thii nghiém cho két qua duong tinh (khi

kiém tra)”.
T céc di liéu thong ké & Bdng 2, ta c6: ;
1665 37 p
PB) = 5000 " 200° 3 Véicéc gi thi€tnhué Vidu 4,
1140 19 chon ngiu nhién mot ngudi trong
PA~B)=——=——. s0 nhitng ngudi thit nghiém. Tinh
9000 150 xdc suit dé ngudi duge chon ra
. 16 37 78 bi nhiém bénh s6t xuit huyét,
Vay P(A1B) = 150 200 111 68,5%. biét ring ngudi d6 c6 két qua thi
; . hiém am tinh (1am tron két qua
¢) Do 68,5% < 90% nén khing dinh clia nha sn xuit 5 E:;;I;h::l ;13;?) PSS
la khdng ding.
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Chii y: Nguoi ta chiing minh dugc tinh chét sau chi ra mdi lién hé giita x4c suit c6 diéu
kién va bién c6 doc lap:
Cho A va B 1a hai bién c6 v6i 0 < P(A) < 1, 0 < P(B) < 1. Khi d6, A va B 1a hai
bién c6 doc 14p khi va chi khi

P(A)=P(A| B)=P(A|B) va P(B)=P(B| A) =P(B| A).

Nhén xét: Tinh chat trén gidi thich vi sao hai bién ¢6 1a doc 14p néu viéc xdy ra hay
khong xdy ra clia bién ¢6 nay khong 1am 4nh hudng dén xac suét x4y ra ctia bién cd kia.

Il. SU DUNG SO DO HiNH CAY DE TiNH XAC SUAT CO PIEU KIEN

- Bé4c An cua mot khic g8 thanh ba khéi nhé. Méi khéi nho duge son bing mot
trong hai mau xanh hoiic ving. V& so dd hinh cdy biéu thi cdc kha niing ma bic An c6
thé son mau cho khiic gb doé.

Vidu5 & Mot hdp c6 8 vién bi mau dé va 5 vién bi mau vang; cic vién bi c6 kich thuée
va khdi lugng nhu nhau. C6 5 vién bi trong hop duge ddnh s0, trong d6 ¢6 3 vién bi mau
dd va 2 vién bi mau vang. Lay ngau nhién mot vién bi trong hdp. Diing so dd hinh cay,
tinh x4c suat dé vién bi duoc 14y ra ¢c6 mau do, biét riing vién bi d6 dugc d4nh so.

Gidi
Xét hai bién c6 sau:
A: “Vién bi dugc lé‘fy ra cd mau do’’;
B: “Vién bi dugc 13y ra c6 dénh s6”.
Khi d6, x4c suat d€ vién bi dudc 14y ra c6 mau do, biét riing vién bi d6 dugc danh sd, chinh
1a xdc sudt ¢6 diéu kién P(A | B).

So @ hinh céy biéu thi cdch tinh x4c suit ¢ diéu kién P(A | B), dugc vé nhu sau:

(Vién bi dudc 1ay ra]

[ B: “Vién bi dudc 14y ra c6 d4nh s6” J {E “Vién bi dudc 14y ra khong d4nh 56}

3 2 By ; 3
P(AIB)=— P(AIB)== P(A|B)=— P(A|B)=—
5 5 8 8
A: “Vién bi dugc A: “Vién bi dugc : “Vién bi dudc A: “Vién bi dugc
14y ra ¢6 mau do” 1y ra c6 mau vang” ldy ra ¢6 mau do” 1dy ra c6 mau vang”
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Vay xéc suit dé vién bi dugc 14y ra c6 mau EV

dd, biét ring vién bi d6 c6 ddnh s6, 12 0,6. 4 Mot tii ¢6 10 hop stia chua dau va 10
hop stia chua nha dam; cac hop stia chua

Chii y¥: Ap dung cdng thiic (*), ta c6 thé tinh: ¢6 kich thuée va khdi lugng nhu nhau.

n(A~B) 3 C6 12 hop stia chua trong tii la siia chua
P(AIB)=—=—=0,6. khong dudng, trong d6 c6 6 hop stia chua
nB) 3 dau va 6 hop sita chua nha dam. Liy ngiu

nhién mdt hop sua chua trong tii. Dung so
dd hinh cy, tinh x4c suat dé hop sita chua
duoc 1ay ra 12 hop sita chua dau, biét ring
hop stia chua do6 1a stia chua khong dudng.

B eaitae

1. Cho hai bign c& doc 1ap A, B véi P(A) = 0,8, P(B) = 0,25. Khi d6, P(A | B) bing:
A.02. B. 0,8. C. 0,25. I%: B

2. Chohaibiénco A, B c6 P(A) =0,6; P(B) =0,8; P(An B)=0.4. Tinh cic x4c suit sau:
a) P(BIA); P(BIA). b) P(An B).

3. Mot hop c6 3 qua béng mau xanh, 4 qua bong mau do; cic qua béng ¢6 kich thude
va khdi lugng nhu nhau. LAy béng ngau nhién hai lan lién ti€p, trong d6 mdi lan 14y
ngau nhién mot qua bong trong hodp, ghi lai mau cta qua béng 1dy ra va bo lai qua
béng d6 vao hop. Xét céc bién cd:

A: “Qua bong mau xanh dugc 1ay ra ¢ 1an thd nhat”;
B: “Qua béng mau d6 dugc 14y ra 6 14n thi hai”.
Chiing minh riing A, B 1 hai bién ¢& doc lap.

4. Cho hai xiic xdc can ddi va dong chat. Gieo lan lugt tiing xiic xic trong hai xic xic
d6. Tinh xdc suét dé tong s6 chim xudt hién trén hai xdc xdc bing 6, biét ring xic
xic thi nhat xuat hién mit 4 chdm.

5. Mot doanh nghiép trude khi xuat khiu 4o so mi phi qua hai 1an kiém tra chat lugng
san pham, néu ca hai 1an déu dat thi chi€c 40 d6 mdéi @u tiéu chuin xuit khiu. Biét
ring binh quan 98% san phim lam ra qua dugc 1an kiém tra thid nhat va 95% san
phdm qua dudc 1an ki€m tra thif nhat sé tiép tuc qua dudc 1an ki€m tra thi hai. Tinh
xac suat dé mot chiéc do so mi dd tiéu chuin xuét khau.

6. MOt 16 san pham ¢6 20 san phdm, trong d6 ¢6 S san pham chat lugng thap. Liy lién

ti€p 2 san phim trong 16 san phiam trén, trong d6 san pham 14y ra ¢ lan thi nhat
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khong dugc bo lai vao 16 sdn phadm. Tinh x4c suat d€ ca hai sdn phim dugc 14y ra
déu c6 chat luong thap.

7. Trén gid sich c¢6 10 quyén sich Khoa hoc va 15 quyén sach Nghé thuat. C6
9 quyén sdch viét bing tiéng Anh, trong d6 3 quyén sdch Khoa hoc va 6 quyén sdch
Nghé thuit, cdc quyén sdch con lai viét bing tiéng Viét. LAy ngiu nhién mot quyén
sach. Diing so @0 hinh cay, tinh x4c suat dé quyén sach dugc 14y ra 1a sach viét bing
tiéng Viét, biét ring quyén sich dé 1a sach Khoa hoc.

8. (C6 2 linh kién dién tl, x4c suit d€ mdi linh kién hong trong mot thoi diém bat ki
lan lugt 1a: 0,01; 0,02. Hai linh kién d6 dudc lﬁp vao mot mach dién theo so dd &
Hinh la, 1b. Trong mdi trudng hop, hiy tinh xdc suat dé trong mach dién c6 dong
dién chay qua.

3 8
L Nt

a) b)
Hinh 1
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g | CONG THUC XAC SUAT TOAN PHAN.
5= CONG THUC BAYES

DAy chuyén lip rdp 6 to dién gdm céc
linh kién 12 s4n phdm do hai nha may san
xudtra. SO linh kién nha mdy I sén xuét ra
chi€ém 55% tong so linh kién, s6 linh kién
nha mdy II san xuat ra chiém 45% tong
s0 linh kién; ti 1€ linh kién dat tiéu chuin
cua nha mdy I 12 90%, cta nha mdy II 1a
X 87%. LAy ra ngiu nhién mot linh kién ti
(Nguén: https://shutterstock.com) ~ ddy chuyén 13p rdp d6 dé€ kiém tra.

2
Xdc sudt @é linh kién duoc ldy ra dat tiéu chudn la bao nhiéu? fﬁ'&\\

Trong muc nay, ta ludn gia thiét phép thii 7 ¢6 khong gian mau la tp hgp Q gdm hiu
han phan tif va cdc két qua ctia phép thii 1a dong kha ning, c4c bién ¢ déu lién quan dén
phép thii do.

I. CONG THUC XAC SUAT TOAN PHAN

Mbt hdp c6 24 chiée thé cung loai, mdi thé dudc ghi mdt trong cic s6 1, 2,
3, ..., 24; hai thé khéc nhau thi ghi hai s6 khdc nhau. Riit ngiu nhién 1 chiéc thé trong
hop. Xét bién ¢d A: “S6 xuat hién trén thé dugc riit ra 1 s6 chia hét cho 3” va bién cd B:
“S6 xuat hién trén thé dugc rit ra 12 s6 chia hét cho 4”.
a) Viét c4c tap con clia khong gian miu tuong ting
véi cdc bién cd A, B, A n B, An B (Hinh 2).
b) So sanh:
n(A) va n(An B)+n(An B).
T @6, hiy chiing t6 ring:
P(A)=P(An B)+P(An B).

¢) So sanh: P(AnB) va P(B) . P(A| B); 0
P(AnB) va P(B).P(AI|B). v

Tu @6, hdy chiing t6 ring: A
P(A)=P(B).P(A| B)+P(B).P(Al B). Hinh 2
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Ta ¢ cong thiic sau (goi 12 cong thitc xdc sudt toan phan):

I Cho hai bién ¢6 A, B véi 0 < P(B) < 1, ta ¢6:
P(A)=P(AnB)+P(An B)=P(B).P(A| B)+P(B) . P(A| B).

Vidul & Theo mot 6 liéu thong ké, nim 2004 6 Canada c¢6 65% nam gidi 1a thiia
cin va 53,4% nii gidi la thita can. Nam gi6i va nit gidi 6 Canada déu chiém 50% dan s&
cd niéc (Nguon: F. M. Dekking et al., A modern introduction to probability and
statistics — Understanding why and how, Springer, 2005). Héi ring, trong nim 2004,
xdc sudt dé mot ngudi Canada duge chon ngdu nhién 12 ngudi thita cAn bing bao nhiéu?

Gidi
Xét hai bién ¢d sau:
A: “Nguoi dude chon ra 1a nguoi thua can”;
B: “Ngudi dudc chon ra 1a nam giéi” (bién co B: “Ngudi duge chon ra 1a nit giéi™).
Tu gia thiét ta c6:
P(B)=P(B)=50%=0,5 P(A|B)=65%=0,65;, P(AlB)=53,4% = 0,534.
Theo cong thiic xdc suit toan phan, ta c6:
P(A)=P(B).P(A|B)+P(B).P(AIB)=0,5.0,65+0,5.0,534 =0,592.
Vay xdc suat dé€ mot ngudi Canada dugc chon ngau nhién 1a ngudi thita can bing 0,592.
N6i cach khéc, ti 1€ ngudi Canada thiia can 1a 59,2%.

Vidu2 & Mot hop ¢6 60 vién bi mau xanh va 40 vién bi mau do; céc vién bi ¢ kich
thude va khdi lugng nhu nhau. Sau khi thong ké, ngudi ta thay: ¢6 50% sd vién bi mau
xanh ¢6 d4n nhin va 75% s6 vién bi mau d6 ¢6 d4n nhin; nhiing vién bi con lai khéng
dan nhan.

a) Chon s6 thich hop cho [ ? | trong Bdng 3 (don vi: vién bi).

Déan nhan
C6 dan nhan Khong dan nhan
Mau bi

bo
Xanh
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b) LAy ra ngiu nhién mot vién bi trong hop. St dung cdng thic x4c suit toan phan, tinh
x4c suat @ vién bi dugc 14y ra c¢6 ddn nhin.

Giai

a) SO vién bi mau dd c¢6 din nhan 1a: 75% . 40 = 30 (vién bi).

S& vién bi mau xanh ¢6 ddn nhian 1a: 50% . 60 = 30 (vién bi).

Dén nhan
Co6 dan nhan Khong din nhan
Mau bi
Do 30 10
Xanh 30 30
Bdng 4

Sau khi hoan thién Bdng 3, ta nhian dugc Bdng 4 (don vi: vién bi).

b) Xét hai bién c0 sau:

-

A: “Vién bi dudc chon ra ¢6 dan nhan™; E’ L T
1 Hay giai bai todn trong
B: “Vién bi dudgc chon ra ¢c6 mau do”. phin md& diu bing cich
L ) lap béng théng ké nhu
Khi do, ta c6: trong Vi dy 2, biét ring ca

40 2 = Y. 2 3 hai nha m4y san xuét dugc
PB) =100 "5  PB=1=PB=1-T=13" 46000 inh kién.
PAIB) =23 puaim=2_L
40 4 60 2
Ap dung cong thiic xdc suat toan phan, ta c6:
= = 2 3 31 3
P(A)=P(B).P(AIB)+P(B) . P(AIB)=——+— - —=—.
()()()()()54525

) s = A . A - - ~ w 3
Vay xéc suat d€ vién bi dugc 14y ra c6 ddn nhin bing ="

Vidu3 | Trong trd choi hdi hoa c6 thudng cta 16p 12A, ¢d gido treo 10 bdong hoa trén
canh cay, trong d6 ¢6 5 bong hoa chiia phiéu ¢6 thudng. Ban Binh hdi bong hoa dau tién,
sau d6 ban An hdi bong hoa thi hai.

a) V& so d6 hinh cay biéu thi tinh hudng trén.

b) Tt do, tinh xdc sudt ban An hai dudc bong hoa chia phiéu c6 thudng.

99
Poc ban ma&i nhét trén hoc10.vn Ban mau gép y



Gidi

Xét hai bién ¢6: A: “Bong hoa ban An hai dudc chiia phiéu c6 thudng”;
B: “Bong hoa ban Binh hdi dugc chda phi€u ¢6 thudng”.

Khi do, ta co:

P(B)=i =l, P(E) =1-P(B)=1 _l-_. 1—, P(A|B) -—~i, P(AIE) =2.
10 2 2 2 9 9
a) So dd hinh cay biéu thi tinh hudng da cho la: -
Bong hoa ban Binh hdi ra Bong hoa ban An hai ra VZHE}I gidi bai todn trong
¢ phin mé dau bing phuong
A phip st dung so @b
P(A| B)= % hinh cay nhu trong Vi du 3.
1 v =
P(B)=— B » A
5 A

b) Ap dung cong thic xdc sudt toan phin, ta cé:

P(A)=P(B). P(A| B)+P(B) . P(AI By =~ . 24 L.

14 p_1
2 2.9 2
Vay xdc suat ban An héi dugc bong hoa chia phidu c¢6 thudng biang %

Il. CONG THUC BAYES
Xét hai bién ¢§ A, B trong Hoat dong 1.
a) Tinh: P(A), P(B), P(A | B) va P(B A).

. P(B).P(A|B)
P(A)

Ta c6 cong thiic sau (goi l1a cong thiic Bayes):

[ P(B).P(AIB)

Véi hai bién c6 A, Bma P(A) >0, P(B) >0, tacé: P(Bl A) = PA)

b) So sanh: P(B1 A) va
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Nhan xét: Cho hai bién ¢6 A, B v6i P(A) > 0,0 < P(B) < 1. Do
P(A)=P(B).P(AIB)+P(B).P(AI|B)
P(B).P(A|B)

nén cong thiic Bayes con c6 dang: P(B| A) = P(B). PAIB) P(E) PAl E)'
i - :

Vidu4 & Cho hai bién cd A, B sao cho P(A) = 0,6;
P(B) =0,4; P(A|B) =0,3. Tinh P(B | A).

E 3 Cho hai bién ¢ A, B
Gidi

< sao cho PA) = 04
Ap dung cOng thuc Bayes, ta co: P(B) = 0,8: P(B | A) = 0.3.
p@B14)="B)-PAIB)_04.03_,, Tinh P(A | B).
P(A) 0,6

Vidu5 @ Giastico r}l(’jt loai bénh ma ti 1é ngudi mic bénh 1a 0,1%. Gia sit c6 mot loai
xét nghiém, ma ai mac bénh khi xét nghiém ciing cé phan tng duong tinh, nhung ti 1&
phéan tng duong tinh gia 1a 5% (tic 1a trong s6 nhiing ngudi khong bi bénh ¢6 5% s&
ngudi xét nghiém lai ¢6 phan ting duong tinh).

a) Vé so do hinh cay biéu thi tinh hudng trén.

b) Khi mét ngudi xét nghiém c6é phan ting duong tinh thi kha ning méic bénh ctia ngudi
d6 14 bao nhiéu phan trim (1am tron két qua d&n hang phan trim)?

Gidi

a) Xét hai bién ¢6: K: “Ngudi dude chon ra khong mic bénh™;

D: “Ngudi duge chon ra c6 phan ting duong tinh”.

Do ti 1& ngudi mic bénh 14 0,1% = 0,001 nén P(K) = 1 — 0,001 = 0,999.
Trong s6 nhiing ngudi khong mic bénh ¢ 5% s6 ngudi c¢6 phan ting duong tinh nén
P(D | K) = 5% = 0,05. Vi ai méc bénh khi xét nghiém ciing ¢6 phén ting duong tinh
nénP(DI K)=1.

S6 dd hinh cAy 6 Hinh 3 biéu thi tinh hudng da cho. ?

D 4 Dudgc biét c6 5% dan
Oong bi mu mau, va 0,25%
phu nit bi mu mau (Nguon:

K F. M. Dekking et al., A mod-

ern introduction to prob-

ability and statistics - Un-
derstanding why and how,

Springer, 2005). Gia st s0

dan 6ng bing s& phu ni.

Chon mot ngudi bi mu

mau mdt cdch ngiu nhién.

Hoi xdc suit dé ngudi d6

1a dan 6ng la bao nhiéu?

-

P(DIK)=0,05

P(K) = 0,999

S O

P(DIK)=1

P(K) = 0,001

=|

Hinh 3
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b) Ta thay: Kha ning mic bénh clia mot ngudi xét nghiém ¢6 phén ting duong tinh chinh
1a P(K | D). Ap dung cong thiic Bayes, ta c6:
P(K|D)=—— P(Kl. P(DIK) _ 0,001 <~ 1.96%.
P(K).P(DIK)+P(K).P(DIK) 0,001+0,999.0,05

Vay xdc suat mac bénh ctia mot ngudi xét nghiém c6 phén ting duong tinh la 1,96%.

lBAI TAP

Cho hai bién ¢6 A, B v6i P(B) = 0,6; P(A | B) = 0,7 va P(A| E) =0,4. Khi do,
P(A) bang.
A.0,7. B.04. . 0,58, D. 0,52.

2. C6 hai chiéc hop, hop I ¢é 5 vién bi mau tring va 5 vién bi mau den, hop I1 ¢6 6 vién
bi mau tring va 4 vién bi mau den, cdc vién bi ¢6 cuing kich thudc va khdi lugng.
LAy ngiu nhién ddng thdi hai vién bi tit hop I bo sang hop 11. Sau d6 14y ngiu nhién
maot vién bi ti hop 1L
a) Tinh xé4c suat dé vién bi dugc 14y ra la vién bi mau tring.

b) Gia st vién bi dugc 14y ra la vién bi mau tring. Tinh x4c suét vién bi mau tring
d6 thude hop L.

3. Mot loai linh kién do hai nha mdy s6 I, s6 II cing san xuét. Ti 1&é ph& pham ctia cic
nha mdy I, IT 14n ludt 1a: 4%; 3%. Trong mot 16 linh kién dé 14n 16n 80 san phim ctia
nha may s6 I va 120 san phim clia nha mdy s& II. Mot khach hang 1ay ngiu nhién
mat linh kién tu 16 hang do.

a) Tinh x4c suat dé linh kién dugc 14y ra 1a linh kién t6t.
b) Gia st linh kién dugc 14y ra 12 linh kién phé pham. X4c suit linh kién d6 do nha
mdy nao sin xuit 12 cao nhat?

4. Mot chiéc hop c6 20 chiéc thé cling loai, trong d6 ¢6 2 chiéc thé mau xanh va 18 chiée
thé mau tring. Ban Chéu rit thé hai 1dn mot cdch ngiu nhién, mdi 1an rit mot thé va
thé dudc riit ra khong bo lai hop. Tinh x4c suat dé ¢4 hai 1an ban Chau déu riit duoc
thé mau xanh.

n

Nim 2001, Cong ddng chau Au c6 lam mét dgt kiém tra rat rong rai cac con bo dé
phét hién nhiing con bi bénh bo dién. Khong c6 xét nghiém nao cho két qua chinh xédc
100%. Mot loai xét nghiém, ma & diy ta goi 1a xét nghiém A, cho k&t qua nhu sau:
khi con bo bi bénh bo dién thi xdc suét dé c6 phan dng duong tinh trong xét nghiém
A 12 70%, con khi con bo khong bi bénh thi x4c suit dé ¢6 phan ting duong tinh trong
xét nghiém A 12 10%. Biét riing ti 18 bd bi mic bénh bd dién & Ha Lan 12 13 con trén
1 000 000 con (Nguén: F. M. Dekking et al., A modern introduction to probability and statistics —
Understanding why and how, Springer, 2005). Ho1 khi mot con bo 6 Ha Lan ¢6 phan ting
duong tinh v6i xét nghiém A thi xéc suét dé n6 bi méc bénh bo dién 12 bao nhiéu?

102
Poc ban ma&i nhét trén hoc10.vn Ban mau gép y



> BAI TAP CUGI CHUONG VI

Cho hai bién c& xung khic A, B v6i P(A) = 0,2; P(B) = 0,4. Khi d6, P(A | B) bing:
A. 0,5. B. 0,2. C.04. D. 0.

2. M0t clia hang kinh doanh t6 chic rit thim tring thudng cho hai loai san pham. Ti
18 triing thudng clia cdc loai sin pham I, IT 14n lugt 1a: 6%; 4%. Trong mot hop kin
gdm céc thim ciing loai, ngudi ta d€ 14n 16n 200 chiéc thim cho sin phim loai I va
300 chiéc thdm cho san pham loai II. Mot khach hang 1ay ngau nhién 1 chiéc thim
tif chiéc hop do.

a) Tinh x4c suit dé chiéc thim dugc 14y ra 12 tring thudng.
b) Gia st chiéc thim dugc 14y ra Ia triing thudng. Xac suat chiéc thim dé thudc loai
san pham ndo 13 cao nhat?

3. Mot xa thi bin vao bia s& 1 va bia s6 2. Xdc sudt dé xa thii d@6 bén tring bia sd 1,
bia s 2 1an lugt 12 0,8; 0,9. X4c suat dé xa thl d6 bin tring cé hai bia 12 0,8. Xét hai
bién ¢o sau:

A: “Xa thli d6 bin tring bia s6 17;
B: “Xa thii d6 bin triing bia s6 2”.
a) Hai bién c6 A va B c6 doc lap hay khong?
b) Biét xa thit d6 bin tring bia s 1, tinh xdc suét xa th d6 bén tring bia s6 2.

¢) Biét xa thii d6 khong bin triing bia s6 1, tinh x4c suit xa tht d6 bin tring bia s6 2.

4. Mot chiéc hop c6 40 vién bi, trong d6 ¢6 12 vién bi mau d6 va 28 vién bi mau vang;
céc vién bi ¢6 kich thudc va khéi lugng nhu nhau. Ban Ngan 14y ngiu nhién vién bi
tit chi€c hop d6 hai 14n, mbi 1an 14y ra mot vién bi va vién bi dudc 14y ra khong bd
lai hop. Tinh xdc suét d€ ca hai 1an ban Ngan déu 14y ra dugc vién bi mau vang.

5. Gia st trong mdt nhém ngudi c6 2 ngudi nhiém bénh, 58 ngudi con lai 1a khong
nhiém bénh. D€ phat hién ra ngudi nhiém bénh, ngudi ta ti€én hanh xét nghiém tat ca
moi ngudi clia nhém d6. Biét ring ddi véi ngudi nhiém bénh, xdc suat xét nghiém
6 két qua duong tinh 12 85%, nhung d6i véi ngudi khdng nhiém bénh thi xdc suat
dé bi xét nghiém c6 phan ting duong tinh 1a 7%.

a) V& so d0 hinh céy biéu thi tinh hudng trén.
b) Gia siti X 12 mot ngudi trong nhém bi xét nghiém c¢6 két qué duong tinh. Tinh x4c
suat d&€ X 1a ngudi nhiém bénh.

103
Poc ban ma&i nhét trén hoc10.vn Ban mau gép y



THUC HANH PHAN MEM GEOGEBRA

(NEU NHA TRUGNG CO PIEU KIEN THUC HIEN)

I. GIGI THIEU VE PHAN MEM GEOGEBRA

GeoGebra c6 nhiéu ting dung phit hgp véi nhiing nhu cau sit dung riéng biét, pham vi dp
dung rong rii trong c4c linh vuc todn hoc, ¢é thé dugc thuc hién trén phin mém tai vé
mdy tinh hoic dién thoai thong minh, hay st dung truc tiép trén trang web. Khi sti dung,
ta cai dit ngdn ngii tiéng Viét.

Il. THUC HANH PHAN MEM GEOGEBRA
1. Thuc hanh vé hinh phang giéi han béi d6 thi va tinh tich phan

a) Hinh phdng giéi han béi moét @é thi o
Vidu 1] V& hinh phing gi6i han bai db thi y = x°, \

truc hoanh va hai dudng thing x =— 1, x= 1 va tinh N 5

| B 3

3

_[ x dx. .
-1 )
Hudng dan L
Tai 6 nhap 1énh, nhap: TichPhan(x"3,-1,1) rdi bim
enter.

1
Ta duge két qua nhu Hinh 1 va | x’dx =0.

he | y A
b) Hinh phdng gidi han bdi hai do thi o

Vidu2 V& hinh phing gidi han boi hai dd thi 34
y=%,y=xvéhaidu6ngthfingx=1,x=2. "
Hudng dan
Tai 6 nhap lénh, nhap: i
TichPhanGittaHaiHamS6(4/x,x,1,2) roi bam enter. | s
Ta duge k&t qua nhu Hinh 2. B B & | 8

Hinh 2
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2. Thuc hanh vé mat tron xoay

DE v& miit tron xoay ta dung 1énh: BeMat(Pudng cong, G6c, Pudng thing)

Vidu3 = Cho hinh phing gidi han bai dd thi ham sb f(.x):sing, truc hoanh va

hai dudng thing x =0, x = g V& miit tron xoay tao thanh khi cho hinh phiang dé quay

quanh truc Ox.

Hudng ddn

=2 )
22 va

Bude 1. Tao thanh trugt géc: Nhip vao
nhép 1én giao dién va dién cac dit liéu nhu Hinh 3

d€ tao tham s6 géc. BAm OK.

Thanh truot

Tén
a

O s @

Khodng
Cyc tiéu
0"

Goc (O Sbénguyén

Thanh truet

Cuyc dai
360"

Hiéu img
S6 gia
4

Butde 2. Nhiap ham sd bing 1énh: Hinh 3
Neu(0<=x<=pi/2, sin(x/2)), r6i bam enter. Ta
duoc ham s6 c6 tén f.
Budc 3. Nhap lénh BeMat(f,a,TrucHoanh), roi
bam enter.
a=124° X
Bude 4. Kéo thanh truot @ de tao
mdt tron xoay nhu Hinh 4. Hinh 4

3. Thuc hanh vé hinh trong khong gian véi hé toa do Oxyz

a) Vé duong thdang

CACH 1. Sii dung 1énh: “DuongThang(A, B)”: V& dudng thing di qua hai diém A, B c6
toa do cho trudc.

CACH 2. Sti dung 1énh: “DuongThang(A, d): V& dudng thiing di qua diém A c6 toa do
cho trudc va song song vé6i dudng thing d cho trudc.

CACH 3. Sti dung 1énh: “DuongThang(A, (a,b,c))”: V& dudng thiang di qua diém A cho
trudc va nhan vecto ¢6 toa dd (a ; b ; ¢) lam vecto chi phurong.
Vidu 4 = V& dudng thing trong mdi trudng hop sau:
a) Pi qua hai diém A(1 ;2;5)vaB(-1;-4:2);
b) Pi qua diém C(— 1 ;2 ; — 2) va song song vdi dudng thing AB & ciu a;
¢) i qua diém D(1 ; 0 ; — 2) va ¢c6 mot vecto chi phuong i =(1;2; 3).
Hudng dan

Budce 1. Vao phan mém 3D Calculator.

105

Poc ban ma&i nhét trén hoc10.vn Ban mau gép y



Buoc 2.

a) Tai 6 nhip 1énh, nhdp: A(1,2,5) rdi bim enter;
B(-1,-4,2) rdi bam enter; DuongThang(A,B) rdi bam
enter. Ta dugc két qua nhu Hinh 5.

AN

b) — Tai 6 nhap 1énh, nhap: C(-1,2,-2) rdi bAm enter.
— Tii cAu a, trong khung nhap Iénh xuit hién Hinh 5
f : DuongThang(A, B)
= X=(1,25) +A(-2-6,-3)
suy ra tén duong thing AB la f. Nhip Iénh:

DuongThang(C.f) rdi bAm enter. Ta duoc két qua nhu %
Hinh 6.

AN

Hinh 6

c) Tai 6 nhip 1énh, nhap: D(1,0,-2) roi bam enter;
DuongThang(D,(1,2,3)) rdi bdm enter. Ta dudc két
qui nhu Hinh 7.

B

CACH 1. Nhip phuong trinh mit phiing vio 6 nhap 1énh. Hinh 7
CACH 2. Sti dung 1énh: “MatPhang(A, P)”: D& vé miit phing di qua diém A c6 toa d6
cho trudc va song song vdi mit phing P cho trudc.

CACH 3. Sit dung 1énh: “MatPhang(A, d)”: P& vé mit phing di qua diém A c6 toa do
cho trude va duong thing d cho trude.

A

b) Vé mat phﬁng

CACH 4. St dung 1énh: “MatPhang(A, B, C)”: D& v& mit phiing chifa di qua ba diém A,
B, C ¢6 toa dd cho trude.

Vidu 5 V& mit phing di qua ba diém:
A(1;2;5),B(-4;-2;4)vaC3;1;0).

Huéng dan

Budc 1. Vao phan mém 3D Calculator. x\\_‘* 4
Bude 2. Tai 6 nhap 1énh, nhip: A(1,2,5) rdi bim enter;

B(-4,-2,4) r6i bam enter; C(3,1,0) rdi bim enter;

MatPhang(A,B,C) rdi bim enter. Ta dudc két qua mat

phf’mg mau xanh nhu Hinh §. Hinh 8
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¢) Vé mdt cau
CACH 1. Nhap phuong trinh mit cAu vao & nhap Iénh.

CACH 2. St dung 1énh: “MatCau(A, r)”’: V& miit cAu tAm A ¢6 toa do cho trude va ban
kinh r cho truéc.

CACH 3. Sit dung 1énh: “MatCau(l, A)”: V& mit cAu tim I c6 toa d6 cho trude va di qua
diém A c6 toa do cho trudc.

Vidu 6 V& miit ciu trong mdi trudng hop sau:
a) Tam A(1 ; 2 ; 5) va ban kinh biing 2;
b) Tam B(~ 1 ;2 ;—2) va di qua diém C(1; 1 ; 1).

Hudng ddn
Bude 1. Vao phan mém 3D Calculator.

Butoce 2. Hinh 9

a) Tai 6 nhap 1énh, nhdp: A(l, 2, 5) réi bim enter;
MatCau(A,2) réi bam enter. Ta dudc két qui nhu
Hinh 9.

b) Tai 6 nhap Iénh, nhip: B(-1,2,-2) rdi bim enter;
C(1,1,1) rdi bam enter; MatCau(B,C) rdi baAm enter.
Ta dugc két qua nhu Hinh 10.

Hinh 10

3. Tao mé hinh miit tron xoay st dung cong nghé thuc t€ 4o ting cudng
Trudc hét, ta can tdi phan mém GeoGebra 3D Calculator trén dién thoai thong minh
hodc mdy tinh bang.

Vidu 7~ Tao md hinh céc nude

Hay mo phong céc nude ¢6 dang hinh nén cut véi céc kich thuée sau: Chiéu cao 12,5 cm,
ban kinh ddy cdc 3,55c¢m, ban kinh miéng cdc 4,75 cm.

Hudng dan
Budc 1. Viao phan mém GeoGebra 3D Calculator va nhip cdc toa do cac diém sau:
A(0,0,0); B(3.55.,0,0); C(0,0,12.5); D(4.75,0,12.5)
Butde 2. Nhap cac 1énh vé dudng tron day coc va miéng coc.
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Tai 6 nhap 1énh, nhép:
DPuongTron(A,B) rdi bAm enter; G)

PuongTron(C,D) rdi bAm enter.
Ta dugc két qua nhu Hinh 11. ><

Buoc 3. Nhap Iénh tao duong sinh cia hinh non cut.

Tai 6 nhdp lénh, nhép: PoanThéng(B,D) rdi bim enter. Hinh 11

Ta nhan dugc doan thfmg BDcéténlaf.

Budc 4. Tao thanh trugt a tii dé tao tham s6 géc a tit 0° dén
360° véi so gia la 1°.

Nhap 1énh tao bé miit v6i thanh trugt a: BeMat(f,a,TrucZ)

(Hinh 12).

Hinh 12
Budc 5. Kéo thanh trugt dé tao mit xung quanh chiéc céc
(Hinh 13).
Bude 6. An céc d6i tugng khong cin thiét. Bat ché do AR
& géc phai giao dién. Sau d6 chon vi tri dit chiéc cdc trén
man hinh thiét bi (Hinh 14).
Hinh 13

Hinh 14

4. Thuc hanh tinh phuong sai va d6 léch chuéin cho mau s6 liéu ghép nhém

Vidu 8 | Tim phuong sai va do 1éch chuin cho miu s& li¢u ghép nhém trong Vi du 4
trang 7.

Huong dan
+ Nhip vio - Hién thi Spreadsheet dé hién thi bang tinh. Tai 6 A1, nhap tén 1a “Bit diu”.
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Tai 6 A2 nhép “20”. Tai 6 B1, nhdp tén 1a “D3J dai”. Tai 6 B2, nhiap “10”. Nhip cong
thic cho 6 A3: “=A2 + B$2"”. Sao chép cong thic cho cic 6 A4:AS.

» Tai 6 C1, nhap té€n la “Nhom”. Nhap cong thic cho 6 C2: “"[*“+ A2 +";" + A3 +")"”
rdi bam enter. Sao chép cong thiic cho céc 6 C3:C7.

« Tai 6 D1, nhap tén 12 “Gi4 tri dai dién”. Nhip cong thic cho 6 D2: “=A2 + B$2 /2" rdi
bam enter. Sao chép cong thiic cho cdc 6 D3:D7.

* Tai 6 E1, nhap tén 1a “Tan s6”. Nhap cdc gia tri tan sO cua tiing nhém cho cdc 6 E2:E7.
Nhap kich thudée miu vao 6 E8 hoic st dung 1énh tinh téng.
« Tai 6 F1, nhap tén 12 “Tich”. Nhap cdng thiic cho 6 F2: “=D2 * E2” rdi bAm enter. Sao

chép cong thic cho cdc 6 F3:F7. Chon tét ca cdac 6 F2:F7, bAim vao niit roi chon

. K&t qua tinh hién thi 6 6 F8 1a tong gid tri ctia cdc & F2:F7.

« Tai 6 A10, nhap tén 12 “S6 trung binh”. Nhip cong thiic cho 6 A11: “=F8/E8” rdi bAim
enter dé tinh s6 trung binh cdng.

* Tai 6 G1, nhip tén la “Tich-dd 1éch”. Nhap cong thiic cho 6 G2: “=E2*(D2-A$11)"2”
roi bAm enter. Sao chép cong thiic cho cdc 6 G3:G7. Chon tat ca cdc 6 G2:G7, bim

vao nut roi chon . Két qua tinh hién thi & 6 G8 1a tong gi4 tri clia cac
6 G2:G7.

« Tai 6 A12, nhip tén 12 “Phuong sai”. Nhip cong thiic cho 6 A13: “=G8/E8” rdi bAim
enter dé tinh phuong sai.

* Tai 6 Al4, nhap tén 12 “P§ léch chuin”. Nhip cong thiic cho 6 A15: “=sqrt(A13)” rdi
bam enter dé tinh do 1éch chuin (Hinh 15a, b).

€2 Trang tréng trong Excel - GeoGebra

Y K> 10 | S8 trung binh
A

B c D E P G 1 1 44.1
; Bét dau - Do dai > :r;?;} Glam_aeudi: Tan sé . Tich . r.ch;Z:Zr; 12 Phu*o*ng aal
o = s = = w 13| uamw
- s uw w asu 14 DOléchchudn
I — S w a5 15.63
a) b)
Hinh 15
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BANG GIAI THICH THUATNGU

T

THUAT NGU'

cip vecto chi phuong ctia
miit phiing

cong thiic Bayes

gbc giita hai mit phiing

- A
mat cau
nguyén ham cia ham sé f(x)
trén K

phuong trinh chinh tic
ciia dudng thang trong
khong gian

phuong trinh miit cau

phuong trinh tham sé
cia dudng thang trong
khong gian

phuong trinh téng quét
ciia mit phing

tich phan tii @ dén b cia
ham s f (x) lién tuc trén
doan [a ; b]

vecto phap tuyén ciia
miit phing

vi phan cua nguyén ham F(x)

xdc sudt ciia A véi diéu kién B

110

Poc ban mai nhat trén hoc10.vn

GIAI THICH

hai vecto khong ciing phuong cé gid song song hoic nim

trong mat phang

P(B).P(A|B)
P(A)
min P(A) > 0, P(B) > 0

P(BlIA)= , vGi A, B 1 hai bién c0 thoa

gbc giiia hai gid cta hai vecto phdp tuyén cia mdi

mdt phang

tap hop cac diém trong khong gian cach déu mot diém
cho trude

him s6 F(x) néu F’(x)= f(x) véi moix € K

phuong trinh ¢6 dang A o E _byO 4<% (abc = 0)
a ¢

phuong trinh ¢6 dang (x —a)* + (y — b)> + (z— ¢)’ = R

x = XaEent
phuong trinh ¢6 dang {y=y,+ bt (a, b, ¢ khong dong
2=23+Ch
thdi biing 0 va 7 12 tham s0)
phuong trinh c6 dang Ax + By + Cz+ D =0 (A, B, C khong
ddng thdi bing 0)

hiéu s6 F(b) — F(a), v6i F(x) 1a mdt nguyén ham cta f(x)
trén doan [a ; b]

vecto ¢6 gid vuoéng géc véi mit phing

biéu thic f (x)dx, § d6 F’'(x)= f(x)

- ~ 9 -t ~ at = A - A =t " -~ £l
xdc suat ctia bién cd A véi dieu kién bién co B da xay ra

TRANG

51

100

74

81

68

82

67

19

51

90
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T —

cdp vectd chi phuong cua
miit phing

cong thiic Bayes
cong thifc x4c suit toan phin
dién tich hinh thang cong

diéu kién song song ctia
hai mit phing

diéu kién vudng géc clia
hai mit phing

dong hd Mit Troi

gdc gitta dudng thang va mit phang
g6c gitia hai duding thing

goc gitia hai mit phing

hinh thang cong

khdi tron xoay

mit cau

nguyén ham

nguyén ham ctia ham s6 luy thita
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51

100

98

18

<

58

il

74

17

)
=]

81

[#8 ]

N

T

| BANG TRACUUTUNGU

TUNGU

nguyén ham ctia ham s6 lugng
gidc

nguyén ham cta ham s6 mi

phuong trinh chinh tic cta
dudng thing trong khong gian

phuong trinh miit cau

phuong trinh mit phiang theo
doan chin

phuong trinh tham s6 clia
dudng thang trong khong gian

phuong trinh tong quat cla
miit phang

tich phan

tich phan ctia him s& lu¥ thita

tich phan ctia ham s higng giac
tich phan ctia ham s6 mia

vectd chi phuong clia duong thing
vectd phép tuyén ctia mit phing

vi phan

vi tri tiong di clia hai duting thing

x4c suat cé diéu kién

TRANG

11
12
68
81

57

67

17
23
24
26
65

51

69

90



Chiu trdch nhiém té chirc ban thdo va ban quyén néi dung:
CONG TY CO PHAN PAU TU XUAT BAN - THIET Bl GIAO DUC VIET NAM
Chu tich H6i @6ng Quan tri: NGUT NGO TRAN Al
Téng Giam déc: VO BA KHANH

Bién tap:
LE HUY PAN
Thiét ké sdch:
NGUYEN THI PHUGNG YEN
Trinh bay bia:
NGUYEN MANH HUNG
Stra ban in:

LE TRUNG DUNG —VU MANH HUY

Trong sach c6 st dung mét s6 hinh anh trén internet. Tran trong cdm on cac tac gia.

TOAN 12 - TAP HAI

In ....cuén, khé 19 x 26,5cm, tai ......
Dia chi: ........ s
S6 xac nhan dang ki xuat ban: ...-.../... /.- ...

Quyét dinh xuat ban sé: .... /...-.. ngay ... /... /....
In xong va nép luu chiéu
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Mang cudc séng vao bai hoc
Pwa bai hoc vao cudc séng

T
oan 12 la cudn séach gido khoa danh cho hoc sinh
I6p 12, thudc bo sach giao khoa “Canh Diéu’, thuc hién theo
“Chuong trinh Gido duc phé théng 2018

Sach gém hai tap va chuyén dé hoc tap dugc bién soan
dap ung yéu cdu phat trién phdm chat va ndng luc cla
hoc sinh. Cac hoat déng hoc tap dugc té chuc theo tién
trinh tir dé dén kho, hudng dén viéc kham pha, phat hién,
thuc hanh, van dung giai quyét van dé trong thuc tién,
phu hop véi trinh dé nhan thidc cla hoc sinh. Sach duoc
trinh bay hap dan, khoi ggi su to mo, kich thich hung thy,
tao dung niém tin trong hoc tdp mén Toan & hoc sinh.

Sach la san pham tam huyét cla tap thé tac gia - nhing
nha gido, nha khoa hoc giau kinh nghiém trong gido duc
phé théng.
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