Chwong 11
PHAN THUC PAI SO
Chuyén dé 11. PHEP CONG VA PHEP TRU CAC PHAN THUC PAI SO
A. Kién thirc cin nhé
1. Cong hai phan thitc cung miu thirc
Quy tdc. Mubn cong hai phan thirc cting mau thirc, ta cong cac tir thirc v6i nhau va giit nguyén mau
thtrc.
2. Cong hai phan thirc c6 miu s6 khac nhau
- Quy tdc. Mubn cong hai phan thirc c6 mau thirc khic nhau, ta quy dong mau thirc rdi cong cac phan
thirc ¢6 cung mau thirc vira tim duoc.

- Chii y. Phép cong cac phan thirc ¢ cac tinh chit sau:
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1. Phan thirc doi

- Hai phan thie duoc goi 1 d6i nhau néu tong cua ching bang 0.
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2. Phép trir

, . C A . C
Quy tdc: Mudn trir phan thl'J:cE cho phan thl'ch , ta cong ) v6i1 phan thuac doi cua D :
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B. Mot s6 vi du
Vi du 1. Thuc hién phép tinh:

PAR G ) B (x*- 1)2 -1 -1

aA: + +
) (Z+1)-x PG+ -1 x-G+1)

Giai
Tim céch gidi. Quan sat ki cic phan thirc, nhan thirc tir thirc cia mdi phan thirc déu phan tich da thic thanh
nhan tir dugc, do vay ta nén phan tich thanh nhan tir ca tir thirc va mau thire va rat gon phan thtrc trude khi
thuc hién phép cong.
Trinh bay loi giai.

Ta co:



(Jc2 - x+1)(x2 +x- 1) (x+x3— 1)(x- x* +l) (Jc2 - x- l)(x2 - x+1)

T ) ) A D Ax ) e x- DR 4 x4

2 2 2
_x 4+x-1 x- x“+1+x“- x+1

= 2 - .2 2
X +x+]l x +x+] x +x+1
b)
X +x+1
= 4=——=].
2
x +x+1

Nhan xét. Trong khi thyc hi¢én phép cOng, trir cac phan thirc dai s6, néu phan thurc nao rat gon duoc, ban
nén rut gon trude khi thyuc hién.
Vidu 2. Cho a, b, c thoa manabc =1. Tinh gia tri

a b c
= + +
ab+a+1 bc+b+1 ac+c+1

Giai

Thay 1 =abc vio biéu thic, ta co:

__a . abc.b N c
ab+a+1 bc+abeh+abc ac+c+abe
a ab 1
= = + +
ab+a+1 l+ab+a a+l+ab
_ab+a+1 _
ab+a+l
Nhén xét.

e Loi giai trén tinh té khi giit nguyén mdt phan thirc va thay s 1 vao vi tri hop li dé rat gon phén thirc,
dua cac phan thirc vé cling mau.

e St dyung ki thuat trén ban co thé giai duoc bai toan sau: Cho a, b, ¢, d thoa man abed =1. Tinh gié tri cia

biéu thurc:
_ 1 N 2
1+2a+3ab+4abc 2 +3b+4bc+bcd
3 4
+ + )
3+4c+cd +2cda 4+d+2da+3dab
3 7
Vi du 3. Rt gon biéu thirc: B = ! + ! + 22a2+ 44a -+ 8861 <
a-b a+b a +b° a +b" a +b
Giai

Tim cach giai. Quan sat cdc phan thirc, chung ta nhan thy khong c6 mau cua hang tir ndo phan tich duoc
thanh nhan tir nén viéc quy déng mau thirc tit ca cac hang tir 1a khong kha thi. Nhan thdy mau cta hai phan
thirc dau c6 dang a —b va a + b, thyc hién trudc tong ciia hai phan thirc nay cho ta két qua gon.Véi suy luan
ay, chung ta tiép tuc cong két qua Ay voi phan thie tiép theo.
Trinh bay loi giai

2a 2a 4a’ 8a’

Taco:B = + + +
a-b d+b adt+brt A& +b




4a’ d4a’ 8a’ 8a’ 8a’ B= 164"

= B = + + = B = + = B =—"
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Vidu 4. Cho(a+b+c) =a* +b* +c*. Rat gon biéu thirc:
i g

o a b’ c?

) + 2 + 2 .
a +2bc b°+2ac c” +2ab

Giai

Tim cach gidi. Nhan thiy néu quy dong mau truc tiép 1a khong kha thi boi cac mau hién tai khong phan tich
thanh nhan tir dugc va néu quy dong thi biéu thirc rit phirc tap, mit khac chua khai thac dugc gia thiét. Phan
tich gia thiét ta duoc ab +bc +ca =0, khai thac yéu t6 nay vao miu thic ta duoc:
a* +2bc =a* +2bc- ab- bc- ca vaphan tich thanh nhan tir dugc. Do vay ta c6 1oi giai sau:
Trinh bay loi giai
Tu(a+b+c) =a* +b> +*. tach:a” +b* +c” +2(ab+bc +ca) =a* +b* +¢* nénab +bc +ca =0
Xét @’ +2bc =a® +2bc- ab- bc- ca =a’ - ab- ca+bc =(a- b)a- ¢).
Tuong ty ta co: b* +2ac =(b- a)(b- ¢);c? +2ab =(c- a)(c- b).

a’ b’ c’

; 5P = + +
Podotaco t = ) a- ) (- )b ) (- a)le- b)
_ a*(b- ¢)+b*(c- a)+c*(a- b)
(a-b)b- c)c-a)

=

(a-b)(b-c)c-a) _

AL ir 5 ’ \ A P £ P =- =1.
Phan tich tir thirc thanh nhan tir, ta co: (a-0)b-)e-a)

3x° +3x+3 A B 1
3 = >+ +
X-3x+2 (-1 x-1 x+2

Vidu 5. Tim A, B théa man:
Giai
Tim cach giai. Dé tim hé s6 A va B, chiing ta bién ddi vé phai. Sau d6 dong nhét hé s6 hai vé.
Trinh bay loi giai
Taco:x - 3x+2=x"-2x- x+2=x(x+D(x-1-2G-1)
=(x- 1)(x2 +Xx- 2)
=(x- D' (x+2)
Tt do suy ra:

3x*+3x+3 4 LB o]
-1 G+2) -1 x-1 x+2

~AG+2)+BGe- DG +2) +(x- 1D)°
- (- 1D°(x+2)




= 32 +3x+3=(B+1D)x* +(U+B- 2)x+(24- 2B+1)

B+1+3 (=3
Pong nhat hé sdtaco:{ A+B-2=3 = {B _2
24-2B+1=3 B
Vi du 6. Thuc hién phép tinh:
x*- yz V- xz - xy

A

GG GG Gr(+z)
Giai
Tim cach gidi. Suy nghi trude bai nay, ta c6 hai hudng phan tich:
Huéng thir nhat. Quy dong mau, thyc hién phép cong nhu thuong 1¢.
Huréng thir hai. Tach mdi phan thire thanh hiéu cta hai phan thirc, roi khir lién tiép. Trong bai nay, cach nay

khong ng’fm, song thé hién duoc nét dep va sang tao.

Trinh bay loi giai

x’- yz V- xz Z-xy
ich 1. Taco: A= ¥ '
Cdch 1. Ta co G+yp)i+z) G+2)+x) G+2)(y+2)

4 :(X2 - yZ)(y+Z)+(y2 - xz)(x +,z)+(z2 - xy)(x +y)

G+ ) +2)(y+2)

xzy +x’z- yzz- yz2 +ch2 +y22- X'z +xz° +yz2 - xzy- xyz

A= =0
(r+ ) +2)(y+2)

Cdach 2. Ta co:

x*-yz Xaxy-xp-yz x(x+y)-yx+z) | x oy 0
(x+)x+z)  G+p)x+2) (x+y)(x+z) x4z x+y
Tuong tu

yi-xz  _y  z @
(y+z2)(y+x) x+y y+z

z - x z x

r = 3)

(z+x)(z+y) _y+z- X+z
Tu (1), (2) va (3) cong vé vai vé ta duge 4 =0.

3k +3k +1

Vidu 7. Choa,,a,...a, dugc xac dinh boi cong thirc: 4 =

(kz +k)3 voi moi k =1

Hay tinh gid tri cua téng: l+a +a,+.+a.
( Tuyén sinh 16p 10, Truong THPT chuyén PHKHTN, PHQG Ha Néi, nam hoc 1999 — 2000)
Giai



Tim cach gidi. Bai toan c6 tinh quy lut, thay sb vao tinh 1a khong kha thi. Do vy chung ta nghi dén viéc
tach mdi phan thtc thanh hiéu cua hai phan thirc, rdi khtr lién tiép. Nhan thdy 3k* + 3k +1 =(k + 1) - i , nén
chung ta c6 101 giai sau:
Trinh bay loi giai
32 +3k+1 e+ - &1 1

(+k)  KG+)  F G+

Ta cod: 4 =

Do doé:

S=l+a +a,+..+a,

=1+ 1-L +[L-L + _-_]— -L—%
23 22 3 7T 9 10° 10° 1000
Vi du 8. Rut gon biéu thic:
1 1 1 1
= 2 + 2 + 2 + 2
X -5x+6 x"-T7x+12 x"-9x+20 x -11x+30
Giai
1 1 1 1
Taco: M =—; +— +t— +t
X -5x+6 x -Tx+12 x -9x+20 x -11x+30
1 1 1 1
= + + +
(x-2)(x-3) (-3)x-4) G-4)x-5) (x-35)(x-6)
1 1 1 1 1 1 1 1
= - + - + - + -
x-2 x-3 x-3 x-4 x-4 x-5 x-5 x-6
1 ) 1 -4
x-2 x-6 (x-2)x-6)
C. Bai tap van dung
3x+1 a b

7 . J A < A . o + .
11.1. Xac dinh cac so a, b biét: G+1) G+1)  G+1)

Huwoéng din giai — dap s6
Ta co:
3x+l= a__ . b ©3x+l= a +bx+b
G+ G+1) G+ +1) G+1) (e+1)

o 3x+1 _bx+a+b
(x+1)  (x+1)

b =3 b =3
< 3x+l=hbx+a+bhe =
a+b =1 =

11.2. Rt gon biéu thic:

220X 412004180 5¢°-125  (w+3) - X
Gx+5) -4x*  ox*- @x+5) 3(x* +8x+15)

Hwéng din giai — dap sé

Ta co:



20x+3)  5Ge-5)G+5) (+3)3.(Gc+1D)

A= + -
(x+5)5(x+1) 5Ge+D(G-5) 3(xc+3)(x+5)
_ 4(x+3) +x+5_ x+1 _4(x+3)2+(x+5)2-()c+1)2
(x+5)(+1) x+1 x+5 (c+1)(x+5)
_AxT +24x 436+ X7 +10x+25- x° - 2x- 1
(x+D(x+5)
4 +32x+60 4G +3)(x+5)  4(x+3)
(x+5)(x+1) (x+35)(x+1) x+1
4_ 2_ 2_
11.3.Cho P = a-a_ 3a 2a+a 4

> )
a +a+l a a-2

a) Rut gon biéu thirc P;
b) Tim gié tri nho nhat cta biéu thuc P.
Huéng dén giai — dap sb

4 2 2
a -a 3a-2a+a-4

a) Taco: P =—
a +a+l a a-?2

ala- 1)(a2 +a+1) (a-2)(a+2)
= “3g424—7 77
(2 +a+1) a-2

=a’-a-3a+2+a+2=a*-3a+4.
Piéu kiéna #2.

b) P=d’-3a+2,25+1,75=1,75+(a- 1,5)" =1,75.D4u" =" xdy ra< a =15.

Vay gia tri nho nhét ctia P 1a 1,25 dat dugc khi a =1,5.

4 2
11.4. Cho biéu thire: 0 = %41 2 *3x+1
x - x+l1 x+1

a) Rut gon biéu thire Q;
b) Tim gia tri nh6 nhat cua Q.
Hwéng din giai — dap sé
xt+x ) 2x* +3x +1

a) Taco:0 = +1
) Q x- x+1 x+1

(PK:x #-1)

x(x+1)(x2 - x+1) | QCx+D(x+1)
= +]-
x - x+1 x+1

=x"+x+1-2x =x"- x.
b) 0 =x>- x+0,25- 0,25 =(x- 0,5) - 0,25 >-0,25.
Vay gia tri nho nhét ciia Q 13 -0,25 dat dugc < x =0,5.

241 a’-1 +a4-a3+a—1

11.5. Thyc hién phép tinh: M =~ a .
a a - da a-a



Huéng dén giai — dap sb

a+l -1 a*-d+a-1
+ +

a az-a a-a3

_al +1+(a' D@ +a+1) g*- g 4q-1

a ala-1) ) a(a®-1)
_a+] +a2 ra+l (a*- D) +1)- a(a®-1)
o a a(a®-1)

_a’+l+a’+a+l d’+l-a _a*+2a+l

a a a

2 2 2

+ 2.
11.6. Dat —=—+—2_ =4
Xy X +y

8 8 8 8
ey e 3 , X + X -
Tinh gia tri cta bicu thuc: M =—; 4 Tt 24 <
X -y x+y

Huéng dén giai — dap sb
(x2+yz)2+(x2_ y2)2
(xz_ yz)(x2+y2)

2(x4+y4) x4+y4
= =

Tir gia thiét= g =

= q= -4
x4_y4 x4_y4 >
2 2
a2 eyt eyt W) et yY)
Tach:—+—=—F——F+—F—7= ——
a x -y x+y G-y +)%)
a+2_2(x8+y8):x8+y8 _a+1_a2+4
2 a -yt *-3y' 4 a 4a
2 4 2
oy = +4  4a _a” +24a +16

+— =
4a  a*+4  da(a®+4)
11.7. Tim gia tri nguyén cua x dé biéu thirc sau nhan gia tri nguyén

22X+ X7 +2x+5

A
2x+1
Huéng dén giai — dap sb
24+1)Q2x+1)+4
Ta co: 4 :(x )( * ) =x>+1+ 4
2x+1 2x+1
PéAdeZ thi €Z e 2x+le ] » xe(0;- 1.

2x+1



, 2(x-y)
11.8. Chox + y =l vaxy #0 . Rat gon biéu thirc: 4 = 3x - 3y +—— Y
y'-1 x-1 xy +3

Hwéng din giai — dap s6

Xy +2(x-y) xt- x- y+y 2(x- y)
B1enc101y3_1 -1 X3y +3 (y 1)(x-1) x’yt+3

(X - 4) (x-y) 2(x y)
xy(y +y+1)(* +x+1) xX'y* 43

(dox+y=l= y-1=-xvax-1=-y)

_ G- DG+ )03 +32)- (- ) 26 )
T O +x+l) X’y +3

G- G2 +p2-1) +2(x- y)
xy[x2y2+xy(x+y)+x2+y2+xy+2] x2y2+3

(x- 1)(x -x+y -1) 2(x- y) (x-l)[x(x 1)+1(1-1)] 2(x-y)

+ 2 2
xy[x V- +(x+},) +2] xPyt+3 xy (x V- 2 +3) x'y“ +3
_(x- y)[x(- y)+y(-x)] 2(x- y) (x- (- 2x1) 2(x- v)
xv[xzvz+3] x*yt+3 xy (x Vv +3) 243

-2(x- 1) 2(x- )

x1+3 x1 243

=0.

11.9. Cho 3 s6 thuc x, v, z thoa man x +y +z =0 vaxyz #O0.

2 2 2

X z
Tinh P =—————F+— yz 7t 7 2
Y4z -xT zZ+x -y x4y -z

( Tuyén sinh 16p 10 THPT chuyén TP. H6 Chi Minh, nam hoc 2014 — 2015)
Hwéng din giai — dap so
Tux+y+z=0= x’+)’ +2° =3xz.
Tir gia thiét, tacoy+z =-x & y* +z° - x> =-2xp.

Lam tuong tu, thay vao P, ta dugc:

_xz +y2 +Zz _x3+y3+23_3xyz _i

-2yz -2xz -2xy -2xyz -2xyz 2
p=23

2

. , S 1
11.10. Cho ba s0 thuc x, y, z d6i mgt khac nhau théa man diéu kién < + ; + 2 =0
, z zX X

Tinh gi4 trj bidu thirc 4 =——> 2

+ +
X +2yz Y 4+2zx z+2xy
(Tuyén sinh I6p 10, Truong THPT chuyén TP Ho Chi Minh, ndm hoc 2013 — 2014)

Huéng dén giai — dap sb



1 1 1
Tach:—+—+—=0= xy+yz+zx =0 yz =-xy- zx.
X y z
vz vz _ vz
x2+2yz xz-xy-zx+yz (x- y)(x- z)

zx zx xy xy

vz G-2)G- 0 2420 G- 0G-p)

Tuong tu:

_ vz zx Xy
S 0 T M R | (e R s | Gy

yz(z- y)+xy(y- x)+ zx(x- Z) -1
(- (- 2)z- %) -

11.11. Choax +by =c;by +cz =a;cz +ax =b va a+b+c #0 . Tinh gié trj ciia biéu thirc:

P:1+1+1.
x+1 y+l1 z+1

Hwéng din giai — dap so
Tir gia thiét suy ra:

a+b+c=2(ax+by+cz)= a+b+c=2(c+cz)=2c(1+2)

R 1 2c
Nén: =
z+1l a+b+c
. 1 2 1 _ 2
vong i a+b+c’ y+z a+b+c
1 1 1 2a+2b+2c
Suy ra: P = + + = =2

x+1 y+l 2+l a+b+c
11.12. Cho a, b théoa man 44> +2b° - 7ab =0 va 44> - b> #0

3a- b+5b- 3a
2a-b 2a+b

Tinh gi tri ctia biéu thic: 4 =

Hwéng din giai — dap s6

5 6a’ +ab- b* +10ab- 6a* +3ab _14ab- 6b> _

Tac = =
4q* - b* 7ab - 3b*

P+ 5 +20 P +3 +1013+503

11.13. Tinh gid tri ctia biéu thirc: 4 = + + +...
st YL 3-2 #-3 51 50°

Hwéng din giai — dap so
Xét phan thuc tong quat:
Qn+1) +n° (Gn +1)[(2n +1) - nQn+1)+n’
(+1) - n® 3n* +3n+1

G +1D)(Bn? +3n+1)

3n° +3n+1

=3n+1




Do do: A =G.1+1)+B2+1D)+B3+1)+...+(3.5+1)

=3(0+2+3+...+50)+50 =3875.
, ‘ 1 1 1
11.14. Cho cac sb thuc x, v, z théa mén diéu kién: x° +)° +2° +— +— +— =6.
Y x° oy oz
TinhP :x2020 +y2020 + 22020
Hwéng din giai — dap so

Tur gid thiét chuyén vé, ta co:

x2-2+L2+y2_2+L2+Zz_2+L2:0
* Y z
1
X =—
2 2 N X x> =1 $2020 1
Al I +}"L "’Z'l :0=>«y:L=> y2 =l {2 =
) J z Y 2 _ 2020 __
"= z =1
1
zZ =—
z
= P=1+1+1=3.
3 5 2n+1

, <R B = + +...+
11.15. Rut gon bi€u thirc: 12) (3) [n(n +1)] :

Hwéng din giai — dap sé
Ta tach timg phén thirc thanh hi¢u cua hai phan thirc rdi ding phuong phap khir lién tiép, ta dugc:

2k+1 _G+D-K 1 1
RG+1)  RG+1) K (e+1)

1 1 1 1 1 1 1 n(n+2)
DodoB=5-F+=-F+.+t—=-—=F=I- 7= 5
1> 22 2 3 n (n+l) (n+1) (n+107)

2x-1 5-x

11.16. Cho biéu thic 4 =

1
+ (Vo1 x #+—)
3x-1 3x+1 3

Tinh gi4 tri biéu thirc A biét ring 10x* +5x =3.
Hwéng din giai — dap sé
2x-1DBx+D+(- x)Bx-1)
Gx-1)Bx+1)

Taco: 4=

_6x7 +2x-3x- 1+15x- 5- 3x" +x

ox?-1
_3x2 +15.X' 6 _3('x2_ S.X' 2)(1)
ooy -1 9x*-1

Tur diéu kién10x> +5x +3 = 5x =3- 10x? thay vao (1) ta co:



3(x2+3-10x%-2) 3(1- 9x?)
A= 5 = 5 =-3
Ox -1 Ox“ -1

: 2x+3 6- >+9
11.17. Rt gon biéu thirc: 4 = aREA A i - xz :
xy+2x-3y-6 xy+2x+3y+6 x -9

Hwéng din giai — dap sb

2x+3y 6- xy X’ +9
Taco: 4= - -
x(y+2)-3(y+2) x(y+2)+3(y+2) (x-3)x+3)

_ 2x+3y 6- xy X +9

TGHDG-3) (+DG+3) G- 3)G+3)
Qx+39)(+3)- (6- 0)(x- 3)- (¥ +9)(y+2)

- (x-3)(x+3)(y+2)

_2X7+6x+3xp+9y- 6x+18+x7y- 3xy- x7y- 2x7- 2y- 18
- (x-3)x+3)(y+2)

(- 3)G+3)G+2)

11.18. Cho a, b, ¢ 1a ba s6 d6i mot khac nhau, tinh.

ab b ac

T (05T G R (S TGS R GRS T (S ¥

Hwéng din giai — dap so
(S = ab N bc N ac
Taco:> =470 a) (- a)a-b) @-b)b-c)

_ab(a- b)+bc(b- c)+acle- a)
B (a-b)b-c)e-a)

Xét tir thire, ta co:

ab(a- b)+bc(b- c)+ac(c- a)

=ab(a- b)+b’c- bc* +ac® - a’c

=ab(a- b)- c(a+b)a- b)+c*(a- b)

=(a- b)ab- ac- be+c*)

=(a- b)b- Na- ) =-(a- b)b- c)c- a)

-(a-0)b- c)c-a)

avS = =-1.
V& TG IDG- OG- a)
11.19. Rut gon
1 1 1 |
a)A

= =+ + + .
X 49x+20 X +11x+30 x2+13x+42 x> +15x+56°



2 N 4 N 3
x> +4x+3 x> +10x+21 x*+17x+70.

b)B =

Huéng dén giai — dap sb
a) Tacod= 1 + 1 + 1 + 1
(c+4)(x+5) (x+5)(x+6) (+6)(x+7) (x+7)(x+8)

_ | i 1 . 1 i 1 . 1 i 1 N | i |
(x+4) (x+5) (x+35) (x+6) (x+6) (x+7) (x+7) (x+8)
o I 4

TG+4) G+5) G+ +8)

b) Taco B= < + : + :
G+DG+3) G+3)(x+7) (+7)(x+10)

_ ot ottt
(x+1) +3) (+3) G+7) G+7) (x+10)
B= 1 ) | _ 9

x+1 x+10 (x+1)(x+10)

B




