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Chu d& 1
CAC BAI TOAN VE QUAN HE CHIA HET TREN TAP HOP SO

I. MOT SO KIEN THUC CAN NHO.
1. Dinh nghia phép chia.

Cho hai s6 nguyén a va b trong d6 b # 0 ta luén tim dwgc hai s6 nguyén q va r duy
nhat sao cho a=bq+r, véi 0<r< |b| . Trong d¢6 a 1a s6 bi chia, b la s6 chia, q la thuong, r la
sO du.

Khi a chia chob thi cics6 du r e {0; 1,2;3;...;

bl
e Néu r=0 thi a=bq, khi d6 ta néi a chia hét cho b hay b chia hét a. Ky hiéu: a:b hay
bla.

Vay a chia hét cho b khi va chi khi t6n tai s6 nguyén q sao cho a =bq .

e Néu r=0,khi détandiachiabcésodular.

2. M6t s6 tinh chat cin nhé

e Tinh chat 1. Moi s& nguyén khac 0 ludn chia hét cho chinh né.

e Tinh chat 2. S6 nguyén a chia hét cho s6 nguyén b va s6 nguyén b chia hét cho s6 nguyén c thi s6
nguyén a chia hét cho s nguyén c.

e Tinh chat 3. S6 nguyén a chia hét cho s6 nguyén b va ngwoc lai thi a=+b.

e Tinh chit4. Néu a.b:m va (b,m):l thi a:m.
e Tinh chat 5. Néu hai s nguyén a va b cing chia hét cho m thi (a * b) m .
e Tinh chét 6. Néu a chia hét cho m va n, trong do (m,n) =1 thi a:mn.

e Tinh chat 7. Néu s6 nguyén a chia hét cho s6 nguyén b va s6 nguyén c chia hét cho sd nguyén d
thi tich ac chia hét cho tich bd.

e Tinh chit 8. Trong n sd nguyén lién tiép ludn ton tai mot s6 nguyén chia hét cho n.

e Tinh chat9. Néu a—b #0 vdi a, b 1a cac s6 ti nhién thi a" —b" (n e N) chia hétcho a—-b.

e Tinh chat 10. Néu a+b # 0 vdi a, b 1a cdc s tir nhién va n 1a s6 tir nhién 1é thi a™ + b" chia hét

cho a+b.

3. Mot s6 dau hiéu chia hét.

bit A=aa_,..a,aa,, véia_ ;a_ ,;..a,5a,;a, lacacchitsd. Khi d6 ta cé cac ddu hiéu chia hét

nhuw sau.

e Dé4u hiéu chia hét cho 2: S& tu nhién A chia hét cho 2 khi va chi khi a, € {0; 2:4; 6;8}
e Dau hiéu chia hét cho 5: S§ tw nhién A chia hét cho 5 khi va chi khi a, € {0;5}

Tt d6 suy ra A chia hét cho 10 khi va chikhi a, =0.
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e Dau hiéu chia hét cho 4 va 25: S ti nhién A chia hét cho 4(hodc 25) khi va chi khi a,a, chia hét
cho 4 (hoac 25).

e Dau hiéu chia hét cho 8 va 125: S6 tu nhién A chia hét cho 8(hodc 125) khi va chi khi a,a,a, chia
hét cho 8 (hodc 125).

e Dau hiéu chia hét cho 3 va 9: S6 te nhién A chia hét cho 3(hoac 9) khi va chi khi tong cac chit s6
cta sO A chia hét cho 3(hodc 9).

e Dau hiéu chia hét cho 11: S6 ty nhién A chia hét cho 11 khi va chi khi hiéu gitra tong cac chir s
& hang lé va tong cac chit s6 ¢ hang chin la mot s6 chia hét cho 11.

4. Dong du thirc.

¢ Dinh nghia: Cho m 1a s6 nguyén duwong. Néu hai s6 nguyén a va b cho cung sd du khi chia cho
m thi ta n6i a dong du véi b theo modun m. Ki hiéu a=b (mod m) .

e Mot s6 tinh chat cua dong thic.

o Tinh chat 1. Néu asb(modm) thi b=a modm).

b=af
o Tinh chat 2. Néu a=b(modm) va b=c(modm) thi a=c(modm).
o Tinh chat 3. Néu a=b(modm) va c=d(modm) thi a+c=b+d(modm).
Néu a=b(modm) va c=d(modm) thi a—c=b—d(modm).

o Tinh chat 4: Néu a=b(modm), d Ia wc chung ctia a va b, biét rang (d, m) =1
Khi 6 ta 6 % =2 (modm).
d d

e Dinh ly Fermat. Néu p la sd nguyén t& va a khong chia hét cho p thi a" ' = 1(mod p) .
5. U6c chung 16n nhat va boi chung nhé nhat
a) Dinh nghia wéc chung 16n nhat, boi chung nho nhat.
e Udc chung 16n nhat ctia hai hay nhiéu s 1a s& 16n nhat trong tap hop cac wdc chung ctia cac sd
do.
e Bdi chung nho nhét cua hai hay nhiéu so 1a s6 nho nhat khac 0 trong tap hop cac bdi chung cta
cac s6 do.
e Ki hiéu w6c chung 16n nhat ctia a va b la: UCLN(a, b) hodc (a, b)

Ki hiéu bdi chung nho nhat ctia a va b la: BCNN(a, b) hodc [a, b]
b) Mot s6 cht y vé UCLN - BCNN.
e Hai s6 a va b goi 1a nguyén t6 cing nhau néu UCLN cua chiing la 1.
e Néu a chia hét cho b thi UCLN(a, b) =b
e UCLN(a, 1)=1vaBCNN(a, 1) =a
e N&u UCLN(a, b) = 1 thi BCNN(a, b) = ab
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) Mot s8 tinh chat ctia wéc chung 16n nhat va boi chung nhé nhat.
e V&imoi a, b, k 1a cdc s6 ti nhién khac 0 thi UCLN(ka, kb) = k.UCLN(a, b).
e V4i moi a, b, k 1a cac s ty nhién khac 0 thi BCNN(ka, kb) = k. BCNN(a, b).
e Vdiavabla cac s6 ti nhién khac 0 thi a.b = UCLN(a, b).BCNN(a, b)
I. MOT SO Vi DU MINH HOA.
Bai tap vé quan hé chia hét trén tap s6 thuong cé mot sd dang nhu sau

e Chting minh phép chia hét, phép chia cé du.

e Tim sO duw trong phép chia.

e Tim diéu kién cua bién d€ xay ra quan hé chia hét gitra hai biéu thuc.

e St dung tinh chat chia hét d€ giai phuwong trinh nghiém nguyén, giai cac bai toan vé s6
chinh phuong, chitng minh hai s8 bang nhau, chiing minh phan s6 tdi gian...

e Tim UCLN, BCNN hogc chiing minh UCLN, BCNN thoa man mét tinh chat nao dé.

Cac dang bai tap trén duoc minh hoa thong qua cac vi du sau day

Vidu 1. Chox, y, z la cac s§ nguyén duwong phan biét. Chting minh réang:

(x—y)5 +(y—z)5 +(z—x)5 chia hét cho 5(x—y)(y—z)(z—x)

Loi giai
Dit a=x—y;b=y—z khi d¢ ta duoc z—x=—(a+b).
Bai todn quy vé chimg minh (a+b) —a’~b chia hét cho 5ab(a+b). Ta s
(a+b) -a’—b’ =5a’b+10a’h* +10a’b’ +5ab* =5ab(a’ +2a’b+2ab’ + b’
=5ab [(a3 - b3)+(2a2b +2ab’ )} =5ab [(a +b)(a2 —ab+b? ) +2ab(a +b)}
=5ab(a+b)(a’ +ab+b’)

Dé thay 5ab(a+b)(a2 +ab+b2)55ab(a+b).

Do do (a+b)5 —a” —b’ chia hét cho 5ab(a+b) hay ta duoc (X—y)5 +(y—z)5 +(z—x)5 chia hét

cho 5(x—y)(y—z)(z—x).

Vi du 2. Cho x, y, z la cac s6 nguyén thdéa man (x—y)(y—z)(z—x) =X+y+z.

Chting minh rang x+y +z chia hét cho 27.

Loi giai
e Néu x, y, z c6 sd du khac nhau khi chia cho 3 thi cac s6 (x —y); (y —z); (z —x) khong chia hét
cho 3, ma ta lai c6 x+y +z chia hét cho 3. Diéu nay mau thuan vdéi gia thiét ctia bai toan.

e Néu trong ba sd x, y, z c6 hai sd chia cho 3 ¢6 cung s6 dw. Khi d6 trong (x —y); (y —z); (z —x)

c6 mot hiéu chia hét cho 3. Ma ta lai c6 x +y + z khong chia hét cho 3. Diéu nay mau thuan véi gia

thiét cua bai toan.
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e Néu ba s6 X, y, z chia cho 3 cho cung s6 du, khi d6 (x —y); (y—z); (z —x) cung chia hét cho 3.
Nén suy ra duoc (x — y)(y—z)(z —x) chia hét cho 27. Ttr d6 ta dwgc X+ y + 2z chia hét cho 27.

Vay bai toan duoc chitng minh.

Vi du 3. Cho a, b, ¢ 1a cac s6 nguyén. Chting minh rang néu (a3 +b’+c° )59 thi mot trong ba s0 a,

b, c chi hét cho 3.

Loi giai

Véi a, b, cla cac s6 nguyén khi do6 ta c6 a=3q, +1,;b=23q, +1,;c=3q, +1, v6i q;;q,,q; la cacs6
nguyén va cacsé du 1,;1,;T, € {—1,' 0;1} .
Dé thdy 1’ =1;1, =1,;1, =1,. Ttr d6 ta dwoc

a’=(3q, +1,) =9k, +1;b° =(3q, +1,) =9k, +1,;¢ =(3q, +1,) =9k, +,
Khi d6 ta duoe a’ +b’ +c* =9(k, +k, +k, )+ (5, +1, +r,).
Ma theo gia thiét ta c6 (:;13+b3 +C3)§9.Do d6 nén ta suy ra (1‘1 +71, +r3)f9.
Dé thay |r1 +1, +r3|£3, dodésuyrar +r,+1,=0.

Do r;;r,;1, € {—1; 0; 1} nén tir r, +1, +1, =0 suy ra trong r;;r,;1, c6 mot s6 bang 0. Diéu nay co6

nghia la trong ba s6 a, b, ¢ c6 mot s6 chia hét cho 3.

Vi du 4. Tim k d€ ton tai s ti nhién n sao cho (n2 —k)§4 voi k e {O; 1,2; 3} .

Loi giai
Gid str ton tai sO k e {O; 1,2; 3} dé ton tai sO ti nhién n sao cho (n2 —k)f4. Khi dé ta xét cac
treong hop sau
e Trudong hop 1: Néu n =4q véi q 1a s8 tw nhién. Khi d6 n* —~k =16q” —k.
Do d6 dé (n2 —k)§4 thi k:4 nénsuyra k=0.
e Truong hop 2: Néu n=4q*1 véi qla s8 tw nhién. Khi d6 n* ~k=16q> +8q+1-k
Do d¢6 dé€ (nz —k)f4 thi 1-k:4 nénsuyra k=1.
e Truong hop 3: Néu n =4q+2 véi qla sd tu nhién. Khi d6 n* —k=16q° +16q+4 -k
Do d6 dé (n2 —k)54 thi k:4 nénsuyra k=0.

Vay v6i k=0 hodc k=1 thiludn ton tai sd tw nhién n d& (n2 - k) 4.

Vi du 5. Chiing minh rang n(2n”+7) chia hét cho 3 véi moi s& nguyén duong n.
g 8 guy g

Loi giai

Ta sé& chitng minh bai todn nay bang phirong phap quy nap toén hoc
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e V6i n=1, khi dé ta cé 1.(2.12 +7)=9§3(c’[1’mg).
e Gia st ménh dé dting voin, tiic la ta c6 n(2n’ +7):3.
e Ta can chimg minh ménh dé diing véi n+1. That vay, ta c6
(n+1).[2(n+1)2 +7} =(n+1)(2n2 +4n+9) =2n°+6n°+13n+9
=(3n3 +7n)+(6n2 +6n+9)
D&y la n(2n®+7)=(2n"+7n):3 v (6n® +6n+9):3. Do dota duoc (n+1)| 2(n+1)'+7 |:3.

Vay theo nguyén ly quy nap ta duoc n(2n2 + 7) chia hét cho 3 v6i moi s6 nguyén duong n.

Vi du 6. Chttng minh rang 5™ +7 chia hét cho 8 véi moi s8 nguyén dwong n.

Loi giai
e Véi n=1, khi d6 ta cé 5° +7 = 32:8 (dtng)
e Gia st ménh dé dting véi n, tic 1a ta c6 57" +7:8.
e Ta can chiing minh ménh dé dung véi n+1. That vay, ta co

51 47 =25.5" +7 =245 + (57 +7)

P&y la 5 +7:8 va 24.5°"18. Do dé ta dugc 5" +7:8.

Vay theo nguyén 1y quy nap ta dugc 5°" +7 chia hét cho 8 véi moi s6 nguyén duong n.

Vi du 7. Cho 2014 s6 tie nhién bat ki x;X,;...; X
2014 hodc mot sO s6 co tong chia hét cho 2014.

»01 - Chitng minh rang ton tai mdt s8 chia hét cho

Loi giai
Xétday sdsau S, =x;S, =X, +X,;S5, =X, +X, +X;;..;S,5, =X, +X, +...+X

*7 2014
S.;..;S

2014 *

e Néu trong cacs6 S,;S c6 mot s6 chia hét cho 2014 thi bai toan duoc chiing minh.

2753707 22014

e Néu trong cacs6 S,;S,;S;;...;S,,,, khdng c6 sd nao chia hét cho 2014. Khi d6 trong day s6 d6
ton tai hai s6 c6 cing s& dw khi chia cho 2014.

Khong mét tinh tong quat ta gia sithais6 do1a S; va S, v6i 1<i<j<2014 .
Khi d6 ta duoc Sj —S,:2014 hay ta dugc (x1 +X, +...+xj)—(x1 +X, +...+xi)52014
Suy ra X;,; +X;,, +...+x,:2014.

Vay bai toan duoc chiing minh.
Nhdn xét: Ta c6 thé'tong qudt hoa bai todn nhw sau: Cho n s6'tw nhién X ;X,;...;X_ . Chitng minh rang

trong n s6'trén c6 mot s6'chia hét cho n hodc mét s6'sd’cé tong chia hét cho n.

Vi du 8. Cho cacs6 nguyén a ;a,;..;a_ .Dat A=a +a,+..+a_va B= ai’ +a; +...+ai. Chuing
minh rang A chia hét cho 6 khi va chi khi B chia hét cho 6.

Loi giai
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Trudc hét ta chiing minh b dé: Véi moi s8 nguyén a ta ludn c6 a® —a'6.

That vay, ta co a’-a= (a—l)a(a+1) .

Ta thay trong ba s0 tu nhién lién ti€p c6 mot s6 chia hét cho 2 va cé mot s chia hét cho 3, lai ¢6 2
va 3 nguyén t6 cing nhau nén ta suy ra duoc a’ —a = (a - 1)a(a + 1)56 . Xét hiéu sau

Y 3 3 (.3 3 3
B—A—(a1 +a, +...+an)—(a1+a12 +...+an)—(a1 —a1)+(a2—a2)+...+(an—an)

Ap dung bd dé trén ta duoc (ai’ —a1)§6; (a3 —a2)36; e (af1 —an)§6

2

Do d6 ta dugc B—A:6. Suy ra A chia hét cho 6 khi va chi khi B chia hét cho 6.

Vidu9. Choa, m, nlacac sd nguyén duong véi a # 1. Chiing minh rang (am - 1)§(a“ - 1) khi

va chi khi m chia hét cho n.

Loi giai
e Diéu ki¢n can: Gia sir (a™ ~1)i(a" ~1)

Do a, m, n la céc s8 nguyén duong véi a =1 nénsuyra a™ —10.

Do d6 tir (a™ —1)i(a" ~1) tasuy ra dugc (a™ ~1)2(a"~1) nén m 2n.

bat m=qn+r véi q,reN,0<r<n.

Dodé a™~1=a™" -1=a'(a™-1)+(a" -1).

Nhan thdy (a™ ~1)i(a" 1) va (a™ ~1)(a” ~1) nén ta suy ra duoc (a" ~1})i(a" ~1).

Matacd 0<r<n nén 0<a'-1<a"-Inénsuyraa -1=0=r=0.

Vay ta dugc m = qn hay m chia hét chon.

e Diéu kién du: Gia st m chi hét cho n. Khi d6 dat m =nq vdi q la s6 tw nhién.
Taco a” ~1=a™~1=(") ~1=(a" 1) (2" (a") "4 (@) 1
Tw d6 suy ra (am —1)§(a“ —1) .

Vay bai toan duoc chitng minh.

Vi du 10. Cho 5 s6 nguyén phan biét tuy y a ;a,;a,;a,;a,. Xét tich sau day

P=(a -a,)(a,-a,)(a,-a,)(a, —a,)(a,~a,)(a, -a,)(a, —a,)(a, ~a,)(a, —a,)(a, —a;)

Chiing minh rang P chia hét cho 288.

Loi giai
Ta c6 288 =2°3% va (25,32) =1 nén dé chitng minh P chia hét cho 288 ta di chiing minh P chia
hét cho 2° va 3%.

e Chting minh P chia hét cho 3.
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© Theo nguyén I{ Dirchlet thi trong b&n s§ nguyén phan biét a ;a,;a,;a, ton tai hai s6 nguyén cé
cung s8 dw khi chia cho 3 hay ton tai hai s6 nguyén c6 hiéu chia hét cho 3, khong mat tinh tong
quat ta gia stt hai s6 d6 la a,;a,, khi d6 (a1 -a, )33 . Xét tvong tu cho bon s6 nguyén phan biét
a,;a,;a,;a, ta cung dugc it nhat mot hiéu chia hét cho 3. Nhu vay trong P lu6n ton tai it nhat hai
hiéu chi hét cho 3. Tir &6 suy ra P chia hét cho 9 hay P chia hét cho 3°.

e Chting minh P chia hét cho 2°.

Ciing theo nguyén li Dirichlet trong nam s& nguyén phan biét tiy y a,;a,;a,;a,;a, luon ton tai it
nhat ba s8 c6 cling tinh chdn 1. Ta xét cac tredong hop sau

+ Truong hop 1: Trong ndm s8 c6 it nhat bon s8 cd cling tinh chén 1é, khi d6 bdn s& nay tao ra sau
hiéu hia hét cho 2, do d6 suy ra P chia hét cho 2° hay P chia hét cho 2°.

+ Truong hop 2: Trong ndm s8 c6 ding ba s6 ¢6 cuing tinh chan 1é, khong mat tinh téng quat ta gia
stbasdddla a;;a,;a,. Khidoénéu a ;a,;a, cung lasdlé thi ta suy ra duoc a,;a, cunglaso
chan, do d¢ ta dwgc bon hiéu a, —a,;a, —a,;a, —a,;a, —a, la cdc s6 chan. Connéu a ;a,;a,cung
12 s6 chén thi ta suy ra dugc a .5 cung las61é, do d6 ta duwegc bon hiéu

a,—a,;a, —a,;a,—a,;a, —a, lacdcso chan.

Mit khac trong ndm s6 a;a,;a,;a,;a, ton tai it nhat hai hiéu chia hét cho 4. Do d6 trong bon hiéu
a,—a,;a, —a,;a, —a,;a, —a, co it nhat mo hiéu chia hét cho 4.

1 27

Suy ra (al—az)(a1 —a?))(a2 —a3)(a4—a5)§25 hay P chia hét cho 2°.

Vay ca hai treong hop ta déu duwoc P chia hét cho 2°.
Nhu vy ta duoc P chia hét cho 2° va 3 nén P chia hét cho 288.

4 4
x—1+y 1
y+1  x+1

Vi du 11. Cho x, y 1a cac s6 nguyén khac —1 thdéa man la s6 nguyén.

Chtg minh rang (x4y44 - l)f(x + 1) .

Loi giai

4 4
Dat x -1 :3; y -1 :£,trong dé a,b,c,deZ va (a,b):(c,d):l.
y+1 b x+1 d
Theo gia thiét ta c6 %+§ = % la s6 nguyén, nén ta suy ra duoc (ad+bc)§bd

Suy ra ta dugc (ad+bc)3b nén ad:b, mataco (a,b)zl nénsuyra d:b.
Hoan toan tuong ty ta duwoc b:d . Tir d6 ta duwoc b=d.

4 4

- -1 :
aLx 1.}7 la s6 nguyén nén suy ra ac:bd.
bd y+1 x+1

Lai ¢ (x4 —1)3(x+1); (y4 —1)§(y+1) nén

Ma ta c6 (a,b)=(c,d)=1 nénsuyra b=d=1
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x*-1_, y'-1 A :
1 e”Z; 1 € Z nén ta duoc (y4—1).(x+1)

Tir d6 suy ra
Ta c6 x4y44—1=( 4y44—x4)+x4'—1=x4(y44—1)+(x4—1)
Do (y4 —1)§(x+1) nén (y“—l)f(x+1) va lai c6 (x4—1)3(x+1)

Do d6 ta suy ra duoc (x4y44 —1)f(x+ 1).

Vi du 12. Cho a, b 1a c4c s8 nguyén. Ching minh rang ab (az -b’ )(a2 + bz) chia hét cho 30.

Loi giai
Ta c6
ab(a’~b?)(a” +b?)=(a’ +b*) ab(a” ~1)-ab(b* -1)
=(a*+b’)[ab(a—1)(a+1)-ab(b-1)(b+1)]
Véi moi s nguyén a vab thi ab(a—1)(a+1) va ab(b—1)(b+1) ludn chia hét cho 6.
D¢ chimg minh ab(a’ —b” )(a” +b*) chia hét cho 30 ta can chimg minh duoc
ab(a’ —b”)(a” +b) chia hét cho 5. Xét cac truong hop sau;
e Néu trong hai s6 nguyén a va b c6 mot 6 chia hét cho 5, khi d6 ab(a® ~b”)(a” +b? ) chia hét

cho 5.

e Néu a vab cd cung sd du khi chia cho 5 thi ta dwgc a—b chia hét cho 5 nén

ab(a2 —-b? )(a2 + bz) chia hét cho 5.

e Néu a vab cé s§ du khac nhau khi chia cho 5 thi ta dwoc a” +b* chia hét cho 5. Tir d6 ta suy ra
duoc ab(a2 —-b? )(a2 + bz) chia hét cho 5.

Nhu vay trong moi treong hop ta déu co ab(a2 -b’ )(a2 + bz) chia hét cho 5.

Do 5 va 6 nguyén t6 cung nhau nén tir cac két qua trén ta suy ra ab (a2 -b’ )(az + bz) chia hét cho

30.

Vi du 13. Cho a, b, c 1a cac s6 ty nhién d6i mot c6 s6 du khac nhau trong phép chia cho 5. Chting
minh rang trong ba s A =3a+b+c;B=3b+c+a;C=2a+2b+c c6 duy nhat mot s§ chia hét

cho 5.

Loi gidi
Xét hai sO D:4a+c=(c—a)+5a;E=4b+c:5b+(c—b).
Do a, b, ¢ d6i mét ¢6 s6 du khac nhau khi chia cho 5 nén ta c6 ¢c—a;c—b;a—b khong chia hét cho

5. Do d6 D va E khong chia hét cho 5. Ta xét cac s6 sau
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A-B (3a+b+c)—(3b+c+a):2(a—b) A—C=(3a+b+c)—(2a+2b+c)=a—b
A—D:(3a+b+c)—(4a+c):b—a A—E:(3a+b+c)—(4b+c):3(a—b)
B—C:(3b+c+a)—(2a+2b+c):b—a B—D:(3b+c+a)—(4a+c):3(b—a)
B—E:(3b+c+a)—(4b+c):a—b C—D:(2a+2b+c)—(4a+c):2(b—a)
C-E=(2a+2b+c)—(4b+c)=2(a—b) D-E=(4a+c)—(4b+c)=4(a—b)

Nhan thdy tat ca cac sd trén déu khong chia hét cho 5. Tit d6 suy ra A, B, C, D, E c6 s0 du khac
nhau khi chia cho 5. Ma ta biét rdang mot s& tu nhién khi chia cho 5 c6 5 s6 dw khac nhau 14 0, 1, 2,
3, 4. Tt 6 suy ra trong 5 s6 A, B, C, D, E ¢6 duy nhat mét s6 chia hét cho 5. Ma ta da biét D va E
khong chia hét cho 5 nén. Do d6 trong ba s6 A, B, C c6 duy nhat mét sd chia hét cho 5.

Vi du 14. Tim cdp s6 nguyén duong x, y théa man x+1 chia hét choy va y +1 chia hét cho x.

Loi giai
Twr diéu kién cuia bai toan ta suy ra dugc x+1>y;y+1>x
Tt d6 ta duoc x—1<y <x+1, khi d6 do x, y la cac s6 nguyén duong nén suy ra y =x—1 hodc
y =X hodc y =x+1. Ta xét cac treong hop sau:
e Néu y =x—-1, khi d6 ta dugc x—1:y va x+1:y
Suy ra (x+1)—(x—1)fy:>2§y:>y=1;2
+V6i y =1 ta duwogc x=2
+V6i y =2 ta duwoc x=3
e Néu y =x, khi d6 ta duge x:y va x+1:y
Suy ra (x+1)—x3y:1§y:>y=1,t1‘rd(’)tadvz(yc x=1
e Néu y=x+1,khidotr y+1:x taduwoc x+2:x=2:x=>x=1,2
+Véi x=1 ta duoc y =2
+V6i x =2 ta duwoc y=3

Vay cac b sd nguyén duong (x; y) thoa man yéu cau bai toan la (1;1),(1;2),(2;3),(2;1),(3;2).

Vi du 15. Tim tat ca sd nguyén dwong n sao cho voi moi sd nguyén duong 1é a thoa man véi

a’ <n thin chia hét cho a.

Loi giai
Goi ala s§ nguyén 1¢ 16n nhat sao cho a® <n. Tir d6 ta suy ra dugc n<(a+2)’.
Néu a>7 thita duoc a—4;a—2;a la cic s§ nguyénlé va ni(a—4);ni(a-2);n’a.
Chi y laba s8 a—4;a—2;a 1abas§1¢ lién tiép nén chiing nguyén 5 véi nhau theo timg doi mot.
Tir d6 ta duoc ni| (a—4)(a—2)a] nénsuyra | (a—4)(a—2)a|<n
Tir d6 ta duoc (a—4)(a-2)a<(a+2) < a’~7a’+4a—4<0 s a’(a-7)+4(a—1)<0, dicu

naylavolidoa=>7.
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~ Nhuw vay v6i a>7 bai toan khong xay ra, nén ta duoc a <7 . Chu y a la s nguyén duong 1é nén

tr a<7 tadugc ac {1; 3;5} . Ta xét cac truong hop cu thé

e V4i a=1, khi dé ta duwoc 1<n < 3% nén suy ra ne {1;2;3;4;5;6;7;8}

e Véi a=3, khi d6 ta duoc 3> <n <5 va ni3 nénsuy ra ne{9;12;15;18;21;24|
e Véi a=5, khi d6 tadugec 5° <n<7” van:3.5 nénsuyrane {30;45}

Két hop cac két qua trén ta duoc n e {1,' 2;3;4;5;6,7,8;9;12;15;18;21;24; 30; 45}

Vi du 16. Xac dinh tét ca cac s6 nguyén duong n sao cho 2" —1 chia hét cho 7.

Loi giai
Néu cho n nhan cac gid trila 1; 2; 3; 4; 5; 6 thi gi tri caa 2" Tan luot 1a 2; 4; ; 16; 32; 64. Khi d6 sO
du ctia 2" khi chia cho 7 lan lwot 1a 2; 4; 1; 2; 4; 1. Cha y la cac s6 1; 2; 3 va 4; 5; 6 thoe t& tu chia 3
c6 s0 du la 1; 2; 3. Biéu nay goi y ta chitng minh 2" chia cho 7 ¢6 s6 du lan luot 1a 2; 4; 1 tuong
tng véin chia3 dw 1; du2; duw 0.
That vay, xét cacs6 n =3k +1;n =3k +2;n=3k+3 vdi kla s6 tu nhién, khi d6 ta xét ting truong
hop nhu sau:
e Véi n=3k+1, khiddtacs 2" =27 =2,(2*) =2.(7+1)" =2.(7a+1) chia7 du 2, véiala s
mot sO tw nhién.
e V6in=3k+2, khido tacd 2" =22 =4,(2°) =4,(7+1) =4(7b+1) chia7 du 4, v6ib las5
mot sO tw nhién.
e V6i n=3k+3, khidé tacd 2" =2 =4.(2°)" =(7+1)"" =7c+1 chia7 du 1, véi c 1a s8 mot
sO ti nhién.
Nhu vay d€ 2" —1 chia hét cho 7 thi 2" chia cho 7 phai c6 s6 dw la 1, diéu nay chi c6 thé xay ra khi
n chia hét cho 3. Vay véin la cac boi cua 3 thi 2" —1 chia hét cho 7

Vi du 17. Tim s6 te nhién n d& A = n(n2 ¥ 1)(n2 + 4) chia hét cho 120.

Loi giai
D& thay 120 =2°3.5 va (2°,3)=(3;5)=(2°,5) =1 nén dé A chia hét cho 120 thi A phai dong thoi
chia hét cho 2%, 3, 5. Do dé dé tim céc sd tu nhién n sao cho A chia hét cho 120 thi ta can tim n d€
A déng thoi chia hét cho 2°, 3, 5.
e Tim n d& A chia hét cho 2°. Ta xét cac truong hop sau:
+ Néu n =2k, véi k 1a s6 mdt s6 tw nhién. Khi &6 n” +4 chia hét cho 4. Nén A chia hét cho 2°
+Néu n=2k+1, véi k 1a s8 mét s6 tu nhién. Khi d6 n* +4va n* +1 déu khong chia cho 4. Nén
A khong chia hét cho 2°.
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" Nhu vay d& A chia hét cho 2° thi n phai la s& chén.

e Tim n d€ A chia hét cho 3. Ta xét cac treong hop sau:

+Neéu n =3k, v6i k la s6 mot s6 tw nhién. Khi d6 A chia hét cho 3.

+Néu n=3k=+1, vdik 1a s6 mot s8 ty nhién. Khi dé6 n* +4va n”> +1 déu khong chia cho 3 . Nén
A khong chia hét cho 3.

Nhu vay dé A chia hét cho 3 thi n phai la bdi s6 cua 3.

e Tim n dé€ A chia hét cho 5. Ta xét cac truong hop sau:

+ Néu n =5k, vdi k 1a s6 mot sO tie nhién. Khi d6 A chia hét cho 5.

+Néu n=5k=+1, véik 1a s6 mdt s6 tw nhién. Khi dé n” + 4 chia hét cho 5. Nén A chia hét cho 5.
+Néu n=5k+2, véi k 1a s8 mét s6 tu nhién. Khi d6 n? +1 chia hét cho 5. Nén A chia hét cho 5.
V6i moi sO tie nhién n thi A ludn chia hét cho .

Két hop cac két qua trén ta thdy d€ A chia hét cho 120 thi n phai 1a s8 chan va la bdi cua 3.

Vi du 18. Cho a* +b” 1a bdi s8 ctia 5 véi a va b 1a cac s8 nguyén. Chiing minh réng hai s&
A=2a+b va B=2b—-a hodchaisé A'=2a-b va B'=2b+a chia hét cho 5.

Loi giai
Cach1.Tacé a® +b* =a’® —4b” +5b” =(a—2b)(a+2b)+5b
Do a’ +b’ 1a bdi s§ ctia 5 nén suy ra (a —2b)(a+2b)§5.

Do 5 1a s6 nguyén t6 nén tir (a—2b)(a+2b)§5 suy ra a—2b:5 hodc a+2b:5. Dén day ta xét cac
treong hop sau:

e Néu a—2b:5, khi d6 B=2b—a chia hét cho 5.

Mit khac ta lai 6 2b—a =(2b+4a)—5a nén 2b+4ai5=2(2a+b):5=A=2a+bi5,do2va5
nguyén t6 cung nhau.

e Néu a+2b:5,khi d6 B'=a+2b chia hét cho 5. Do d6 ta dwoc —a—2b:5.

Ma ta lai cé —a—2b=—5a—(2b—4a) nén suy ra 2b—4a35:>2(b—2a)§5:>A':2a—b55 do2
va 5 nguyén td cung nhau.

e Néu a—2b:5 va a+2b:5 khidbca A, B, A’, B’ cing chia hét cho 5.

Cach 2. V6i moi s6 nguyén a va b ta ludn viét duwoc dudi dang a =5k;a=5k+1;a =5k +2 va

b=5m;b=5m=*1;b=5m=2 trong d6 k va m la cac s6 nguyén.

Theo bai ra thi a* +b* 1a boi s ctia 5 nén ta cé cac truong hop sau:

e Néu a =5k va b=>5m, khi d6 tacd A, B, A’, B’ cung chia hét cho 5.

e Néu a=5k+1 va b=5m+2, khi d6 ta cé A’, B’ cung chia hét cho 5.

e Néu a=5k+1 va b=5m-2, khi d6 ta c6 A, B cung chia hét cho 5.

e Néu a=5k—-1 va b=5m+2, khidétacod A, B chia hét cho 5 hodc A’, B’ chia hét cho 5.
e Néu a=5k—-1 va b=5m -2, khi dé tacod A, B chia hét cho 5 hodc A’, B’ chia hét cho 5.
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Vidu19. Xac dinh cac cap s6 nguyén duwong (a;b) sao cho a’b+a+b chiahét cho ab’ +b+7 .

Loi giai
e Truong hop 1: Néu a < b, khi d6 do an b nguyén duong nén b>a+1. Tt d6 ta duoc
ab’+b+7>ab’ +b=b(ab+1)2(a+1)(ab+1)=a’b+ab+a+1>a’b+a+b

Do d6 trong treong hop nay khong tim duoc cdp s6 (a ; b) nguyén duong thoa man yéu cau bai
toan.

a’b+a+b

ab*+b+7

e Truong hop 2: Néu a > b, khi d6 ta dat k>0.

Ta c6 i+l (ab2+b+7):a2b+a+ab+73+7l>a2b+a+b.
b b b b

2
Tt‘rdésuytai+l>al2)+—a+bnéntac’[u’ock<i+l.
b b ab"+b+7 b b

2
Lai thdy néu b > 3 thi khi d6 b—%=b m 7 > (0 nén ta duoc

a 1 (ab2+b+7):a2b+a—a b—Z —1—Z<a2b+a<a2b+a+b
b b b b
2
Tt d6 suy ta i_l<a]:2>+—a+b nén ta duoc k>i—l.
b b ab*+b+7 b b

, AV y y 1 . .. e .
Két hop cac két qua trén ta dwoc b=1 hodc b =2 hodac k > %— 5 Dén day ta lai xét cac truong
hop nho nhu sau:

+ Néu %—%<k<%+%,khi détaduoc a—1<kb<a+1 nénsuyra a=kb

a’b+a+b

by =k > 0ta tim dwoc (a;b) = (7k2;7k) véi k la s6 nguyén duong.

Két hop voi
+Néu b=1, ta can tim a nguyén duong dé (a’ +a+1)(a+8).

Taco a(a+8)—(a’+a+1)=7a—1nén (a’ +a+1)i(a+8) khivachikhi (7a—1)i(a+8).
Lai c6 7(a+8)—(7a—1)=57 nén (7a—1)i(a+8) khiva chi khi 57:(a+8)

Cac udclonhon 8 ciia 5712 19 va 57 nén tasuy ra a+8=19=a=11 va a+8 =57 =a—49
+Néu b =2, ta can tim a nguyén duong ¢ (2a’ +a+2)i(4a+9)

Taco a(4a+9)-2(2a’ +a+2)=7a—4 nén (2a’ +a+2)(4a+9) khi (7a-4)(4a+9)

Lai c6 7(4a+9)-4(7a—4)=79 nén (7a—4)i(4a+9) khi va chi khi 79(4a+9).
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Udc s616n hon 9 cia 79 1a 79 nén ta dwoc 4da+7 =79 = a = 3—25 khong phai la s6 nguyén, do dé
trong treong hop nay khong c6 gia tri a thoa man.
Vay cac cap so nguyén duong (a; b) thda man yéu cau bai toan 1a (11;1),(49;1),(7k2;k) voikla

sO nguyén duong,.

Vi du 20. Tim tat ca cac bd s6 nguyén duong a, b, ¢ thdéa man cac diéu kién a <b <c va abc-1
chia hét cho (a - 1)(b - 1)(c —1) .

Loi giai

Tl gia thi€t cua bai toan ta a > 1 nén ta suy ra duoc a>2;b > 3;c>4. Khi d6 ta dat dat

abc—1 (a=1+1)(b-1+1)(c-1+1)-1
O G C R C eI
PR S S 1 . 1 . 1
a—1 b-1 c-1 (a—l)(b—l) (b-1)(c-1) (c-1)(a-1)
<1+1+1+1+1+1<4
2 3 6 3

Ta lai thdy d >1,nén ta dwoc 1<d <4 .D& abc—1 chia hét cho (a—1)(b—1)(c—1)thi d phai la
sO nguyeén, do do tir cac két qua trén ta duoc d =2 hodac d =3.

Mait khac néu a >4 thi ta duwoc b>5;c>6, khi d6 d<1+;+1+1+i+ 1 1 119<

4 5 14 20 "5 15 60
Do d6 ta duwoc 1<d <2 nén khong ton tai s6 d nguyén. Tk dé suy ra a<4.
Két hop lai ta duwoc 1<a <4, maalasdnguyénnén a =2 hodc a=_3.Dén day ta xét cac truong
hop sau:
2bc-1

®1E)

Dé thay v€ trai ctia ddng thuic trén 1a s8 1é va vé phai ctia dang thuc trén 1a s& chan.

e Truong hop 1: Néu d =2 va a=2.Khi dé =2 2bc-1=2(b-1)(c-1)

Do d6 truong hop nay khong ton tai cac s6 nguyén dwong b, ¢ théa man yéu cau bai toan.
2bc-1

(b—l)(c—l)

Hay ta duwoc (b—3)(c—3)=5. Chuyla 5=1.5 va b<c, nén ta suy ra duoc {

e Truong hop 2: Néu d =3 va a=2. Khi d6 =3 2bc-1=3(b-1)(c-1)

b-3=1 b=4
=
c-3=5 c=8
Do d6 ta duwgcbd s6 a =2;b =4;c =8 thoa man yéu cau bai toan.
e Truong hop 3: Néu d =2 va a =3. Khi do ta dugc

3bc-1

2(b-1)(c-1)

Chayla 11=1.11 va b <c, nén ta suy ra duoc {

=2 3bc—1=4(b-1)(c—1) < (b—4)(c—4)=11

b-4=1 b=5
=
c—-4=11 c=15
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Do d6 ta duwgcbd s6 a =3;b =5;c =15 thoa man yéu cau bai toan.
3bc-1
2(b-1)(c-1)

Dé thay vé trai ctia dang thitc trén khong chia hét cho 3 va vé& phai cta dang thiic lai chia hét cho

e Truong hop 4: Néu d =3 va a=3.Khi dé =3¢ 3bc—1=6(b-1)(c-1)

3. Do d6 truong hgp nay khong ton tai cac s6 nguyén a, b thoa man yéu cau bai toan.

Vay cac b sO thoaman bai toanla a=2;b=4;c=8 vaa=3;b=5;c=15.

Vi du 21. Chting minh rang trong 2" —1 s8 nguyén bat ki bao gid ciing tim dwoc 2" s6 nguyén

ma tong cua chung chia hét cho 2", v6i n 1a mot sd nguyén duong.

Loi giai
Ta st dung phuong phap quy nap dé chiing minh bai toan.
e Véi n=1, khi d6vdi ba s6 nguyén bat ki bao gio ciing tim dwgc hai s6 nguyén c6 cung tinh
chan, 1é nén tong cua hai s6 d6 ludn chia hét cho 2.
e Gia sit ménh dé dung véi n =k, tizc 1a ta 6 trong 2! —1 s nguyén bat ki bao gio ciing tim
duoc 2* s6 nguyén ma tong ctia chiing chia hét cho 2%, véi k la mot s6 nguyén duong.
e Ta can chitng minh ménh dé dting véi n=k+1.Tacé 28" —1= 2(2l<+1 = 1) +1.
Theo gia thiét quy nap ta c6 c6 trong 2" —1 s8 nguyén bét ki bao gio cling tim duoc 2° s8
nguyén ma téng ctia chting chia hét cho 2*. Gia st tong ctia 2* sd nguyén déla S,, do S, chia hét
cho 2* nén ta dwoc S, = 2%a véiala mot s6 nguyeén.

241 —1 s6 nguyén khac véi 2" —1 s6 nguyén néi trén ta ciing tim duoc 2* s6 nguyén c6

Trong
tong chi hét cho 2". Gia st tong ctia 2* s§ nguyén d61a S,, do S, chia hét cho 2* nén ta duoc
S, = 2%b v6ib1a mot s nguyen.
Nhu vay ta da c6 2" +2* =2 s§ nguyén c6 tong S, +S, = 2" (a + b)
Do d6 trong 24" —1=2 (2l<+1 - 1) +1 s& nguyén thi s8 s6 nguyén con lai 1a

2k+l+1 1= 2k+1 — 2<2k+1 _ 1) +1=— 2k+1 — 2k+l -1
Theo gia thiét thi trong 2" —1 s8 nguyén cong lai bao gio ciing tim dugc 2 s8 nguyén ma téng
ctia chting chia hét cho 2*. Gia st tong ctia 2* sd nguyén dé1a S;, do S, chia hét cho 2 nén ta
duoc S, =2".c véi c la mot s§ nguyén.
Trong ba s a, b, ¢ ludn ton tai hai s6 6 cung tinh chan, lé. Khong maét tinh tong quét ta gia st hai
sdd6laavab, khidé a+bi2. Tirdé tadwoc S, +5, =2"(a+b)i2""!
Chayla S, +S, latdng caa 2" +2% = 2" 5§ nguyén. Tt d6 suy ra cé trong 2"* —1 s nguyén

bét ki bao gio cling tim dwoc 2" s6 nguyén ma téng ctia chting chia hét cho 2", véi k 1a mot s§
nguyén duong.

Nhu vay ménh dé ding véi n=k+1.
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- Vay theo nguyén li quy nap thi bai toan duoc ching minh.
//

y Vi du 22. Tim t4t ca cac s nguyén duong a, b sao cho a +b? chia hét cho a’b-1.

Loi giai
Gia st a+b” chia hét cho a’b—1, khi d6 ton tai s6 nguyén dwong k sao cho a+b* = k(azb - 1)
Hay ta duwoc a+k = b(ka2 —b) . P4t m =ka’ —b véi m la mot s§ nguyén.

Khi d6 ta duoc mb=a+k. Tt d6 suy ra mb—-m—b=a+k—ka’ hay ta duoc
mb-m-b+l=a+k-ka’+1<(m-1)(b-1)=(a+1)(k+1-ka)
Do a, b, k la cac s6 nguyén duwong nén ta suy ra duoc m >1.

Do d6 ta suy ra duoce (b—1)(m—1)>0, diéu nay dén dén (a+1)(k+1-ka)>0.

Ma ta c6 a la s8 nguyén dwong nén ta suy ra duoc k+1-ka>0 hay k(a—1)<1.

Ma k ciing 1a s6 nguyén duong nén tir k(a—1)<1 ta duoc k(a—1)=0 hodc k(a—1)=1.
+Néu k(a—1)=0 tasuy radwoc a—~1=0=>a=1, khi d6 ta duoc (b—1)(m-1)=2

Do 2 1a s6 nguyén td nén tix (b—l)(m—1)=2 ta duoc b—1=1 hodc b—-1=2. Tt d6 suy ra

b=2 hodcb=3.
Do d6 trong truong nay ta dugc hai cdp s6 nguyén duwong thoa man bai todnla a=1;,b=2 va
a=1b=3

+ Néu k(a—l)zl, khi d6 ta dwoc k=1;a =2, khi d6 ta dwoc (b—l)(m—l):O. Tt day suy ra
b=1 hodcm=1.

V6i m =1, két hop véi hé thiee mb =a+k ta suy ra duwoc b=3

Do d6 trong treong nay ta dugc hai cdp s6 nguyén duwong thoa man bai todnla a=2;b=1 va

a=2b=3

Vay cac cap sO nguyén duong (a;b) thoa man yéu cau bai toan la (1;2),(1;3),(2;1),(2;3).

Vi du 23. Tim tat ca cac s6 nguyén sao cho tap hop {n,n +1,n+2,n+3,n+4,n+ 5} 6 thé chia

thanh hai tap hop sao cho tich tat ca cac phan tir ctia tp hop nay bang tich tat ca cdc phan ti cia
tap hop kia.

Loi giai
Chu y la trong nam s6 nguyén lién tich c6 duy nhat mot s6 chia hét cho 5.
Nhu vay néu tap hop {n, n+1,n+2,n+3,n+4,n+ 5} thda man tinh chat duoc cho trong bai
toan thi tadp hgp nay phai chita hai s chia hét cho 5.
Tt d6 suy ra hai sO chia hét cho 5 phailanva n+5, conlaicacsd n+1,n+2,n+3,n+4 thi

khong thé chia hét cho 5.
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~ Matkhac trong sausé n,n+1,n+2,n+3,n+4,n+5 néu cé mot s6 chia hét cho s6 nguyén t&

// P =7 thi5sd con lai khong thé chia hét cho p. Khi d6 tap hop {n,n +1,n+2,n+3,n+4,n+ 5} sé
khong thé tach thanh hai tap hop c6 tinh chdt nhu trong bai toan.

Tkt désuy racac n,n+1,n+2,n+3,n+4,n+5 khong thé chia hét cho mét sd nguyéntd p>7.
Diéu nay dan dén cac s8 n+1,n+2,n+3,n+4 chi cé thé chia hét cho hai s6 nguyén t&1a 2 va 3.
Hay ta viét dwoc n+1=2"3",n+2=2%3"% n+3=2%3" n+4=2%3" véi k1 (i=1;2;3;4)
la cac s ty nhién.

e Néu n+1 chiahét cho 3 thi suy ra n+4 chia hét cho 3, suy ra n+2 va n+3 khong thé chia
hét cho 3, do d6 ta dwoc 1, =1, =0, nén ta dwoc n+2= 2% n+3=2" 13 hai s chin, diéu nay
volivi n+2 va n+3 lahai s6 nguyén lién tiép.

e Néu n+2 hodc n+3 chia hét cho 3, khi d6 1dp lai cac 1ap ludn nhu trén ta cling duwoc mau
thuan.

Nhu vay tat ca cac treong hop dau khong tim duoc n thoa man bai toan.

Vi du 24. Cho a va b 1a cac s6 nguyén khac nhau théa man ab (a + b) chia hét cho a* +ab+b”.

Chtig minh rang |a —b| >3/ab .

Loi giai
Goi d = (a,b) . Khi @6 ton tai cdc sO nguyén x, y sao cho a =dx;b=dy voéi (X,y) =1.

ab(a+b
Do ab(a+b) chia hét cho a* +ab+b” nén suy ra %ez
a“+ab+b

dxy(x+y)

2

€Z.Do dé dxy(x+y) chia hét cho x* +xy +y’
X +Xy+y

Suy ra ta duwoc

Tir (x,y) =1 ta suy ra duoc (x* +xy +y*,x)=(y*,x) =1 va (x* +xy +y*,y) =1
Ciing tir (x,y) =1 taduoc (x+y,y)=1nén (x> +xy+y*,x+y)=(y* x+y)=1
Tl d6 ta dwoc d chia hét cho x> +xy +y* nén d > x* +xy +y>.

Taco la—bf =d’[x—y[ =d*(x* +xy +y*) d|x—y|>d* (x* +xy +y?)

Mat khic d* (x> +xy +y* ) > d’xy =ab.

Do d6 ta suy ra duoc |a—b|3 >ab hay |a—b| >3fab .

Vi du 25. Cho m, n 12 hai s8 nguyén t3 cting nhau. Tim wéc chung 16n nhat cia m+n va m” +n?.

Loi giai
Dit A=m+n va B=m”+n’. Goi d 1a wéc chung 16n nhat ctia A vaBvéi d > 1.

Khi d6 ta c6 Aid;Bid hay ta dwoc m+nid;m*+n’:id.
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Ta lai c6 AZ—B:(m+n)2—(m2 +n2):2mn.Mé1 (A2 —B)fd nén suy ra 2mn:d.
Laico m+n:d nén 2n(m+n)fd:>2mn+2nzfd

Két hop v6i 2mnid ta dwgc 2n”id . Hoan toan tuong ty ta chitng minh dwoc 2m?*id.

Theo bai ra thi m va n nguyén t8 cling nhau nén m va n khong cling tinh chin. Ta xét cic trudng
hop sau:

e Truong hop 1: Trong hai s6 m van c6 mot s& chdn va mot s8 1¢, khi d6 m +n 1a s6 1é nén tir
m+n chia hét cho d ta suy ra duoc d 1a s§ 1. Ttr d6 ta dwgc m” va n’ cung chia h& cho d. Ma ta
lai c6 m va n nguyén td cuing nhaunénsuyra d =1.

e Trudong hop 2: Ca hai s6 m va n déu 1a s&'1é, khi d6 tr m +n 1a s6 chdn nén ttr m+n chia hét
cho d véi d 16n nhét ta suy ra dwoc d 1a s8 chan.

bit d =2d', khi d6 tt 2m?:d va 2n®:d ta dwgc m*:d' va n*:d’.

Do m va n nguyén td cung nhaunénsuyra d'=1,dodé d=2.

Vay ta c6 kai két qua nhu sau:

+Néu trong hai s6 m van cd mot s8 chan va mot s8 1é thi (m +n,m>+n’ ) =1

+ Néu ca hai s6 m va n cung lé thi (m+n,m2+n2)=2.

Vi du 26. Cho a, b, ¢, d la cac s6 thuc duwong thoa man (aC + bd)f(a2 +b? )

Chting minh rang: (a2 +b%,c* + d2) >1.

Loi giai
Ta co (aC + bd)2 + (ad —bc)2 = (a2 +b? )(C2 +d? ) . Ta st dung phuong phap phan chiing dé
chting minh bai toan.
That vay, gia st (a2 +b?,c* + dz) =1. Khi d6 ta xét hai treong hop sau:

e Truong hop 1: Néu a’ +b” khong phai 1a s§ chinh phuong, khi d6 ton tai mot woc p la s6

nguyén t6 va cé s mii 1, chang han la p***' (k € N). Do d6 a* +b*ip™*!

Tir (ac+bd)” +(ad—bc) =(a’ +b”)(c*+d?) va gia thiét ta suy ra duoc (ad—bc) (a” +b?)
Do d6 (ad —be) ip™! nén (ad ~bc)’ ip?

Lai 6 (ac+bd)i(a® +b*) nén (ac+bd):p®™*' nén (ac+bd) ip**

Tir d6 suy ra (ac+bd) +(ad —bc) ip™ nén ta duoc (a® +b?)(c? +d*)ip™ 2.

Tir (a® +b”,¢* +d*) =1 va p 1a sd nguyén t ta duoc (p,c* +d*) =1 nén (p™***,c* +d*) =1,
Do d6 ta dugc a® + b’ ip***?, diéu nay vo i.

e Truong hop 2: Néu a’ +b” 1a mot s6 chinh phuwong, khi &6 a® +b” =t (t eN )
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~ Tac (ac+bd)§(a2 +b2) nén ac+bd:t* hay ac+bd=t2x(xeN*)

T (ac+bd)2 +(ad—bc)2 :(a2 +b2)(c2 +d2) ta suy ra (ad—bc)2 't* nén ad —bcit.
Dat ad—bc:ty(yeN*).

ac+bd = t*x

ad-bc=ty :>d(ac+bd)_c(ad_bc):dtZX—Cty=t(th—Cy)

Nhu vay ta duoc {

Do d6 b(c2 +d2):t(dtx—cy) nén b(c2 +c2)5t.
Ma ta co (a2+b2,cz+d2):1 nén (t,c2+d2):1.

Do dé bt hay b>t=+/a?+b* > b, diéunay vo li.
Nhu vay ca hai truong hop déu dan dén mau thuan. Do d6 diéu gia st ban dau 1a sai.

Ttr d6 ta co (a2 +b*, A+ d2) >1, bai toan dugc chiing minh.

Vi du 27. Tim tat ca cac s nguyén duong n sao cho n=a” +b” véi a, b 1a cac s8 nguyén duong

nguyén t§ ciing nhau va ab chia hét cho s8 nguyén t6 nho hon hodc bang Jn.

Loi giai

Ta sé& chitng minh a va b bang nhau hogc 1a hai s8 nguyén duong lién tiép.
That vay, trudc hét ta gia st a=Db, khi dé do (a,b) =1lnénsuyraa=b=1.
Vé6i a=b =1 ta dwgc n =2, khi d6 khong c6 s6 nguyén td nao nho hon V2.
Nhu vay n =2 la mot gia tri can tim.
B4 - cr . 3 , 2 2 2 Ry \/_

ay gio ta gia st a > b, khi dé ta co (a—b) <a’+b°=n.Khidé a-b<+n.
T donéu a—b#1 thi a—b c6 mdt wdc s6 nguyén t& p va khi d6 thi theo gia thiét ab:p.
Ma (a,b) =1 nén suy ra a hodc b chia hét cho p. Ma a—b chia hét cho p nén ca a, b déu chia hét
cho p. Tt &6 suy ra p la mot wéc chung ctia a va b, diéu nay mau thuan véi (a,b) =1.
Tt d6 ta suy ra dugc a, b 1a hai sd nguyén dwong lién ti€p hay a=b+1.
Mat khac ta c6 (b —1)2 <b” <n.Gia st p 1a wéc nguyén t8 ctia b—1, khi d6 ab = b(b + 1) chia
hét cho moi sd nguyén t6 p. Do b—1 va b nguyén td cung nhau nén b khong thé chia hét cho p. Tt
d6 suy ra b+1 chia hét cho p, do d6 ta duoc p=2.Ngoairanéu b—1 chia hét cho 4 thi b(b + 1)

khong chia hét cho 4 nén ta dugc b—1¢ {O; 1,'2} dodd be {1,' 2; 3} .
bén day tuwong ting ta tim duoc a € {2; 3;4}. Do d6 ta duoc cac cap s6 (a;b) = (2;1),(3;2),(4;3).
Tt d6 ta dwoc n e {5; 13; 25} thoa man yéu cau bai toan.

Vay céc tw nhién n théa man yéu cau bai toan la n € {2;5;13;25} .
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Vi du 28. Tim tat ca b ba s6 nguyén duo*ng(a,' b; C) sao cho a’ +b’ + ¢’ chia hét cho

a’b; b’c; c*a.

Loi giai
Cach1.Goi d = (a, b, c) . Dé thay néu bd ba s6 nguyén (a,' b; c) thoa man yéu cau bai toan thi bo

ab.c

ba s6 nguyén [ —j cting thoa méan yéu cau bai toan. Do d¢ ta chi can xét treong hop

d’d’d
(a;b;c) thoa man yéu cau bai toan véi (a,b,c) =1.Giasw (a,b) =s>1. Néu p la mot wéc
nguyén t3 ctia s thi a va b chia hét cho p. Theo gia thiét thi a’ + b’ + ¢’ chia hét cho a’b; b’c; c’a
nén a’ +b’ + ¢’ chia hét cho p.

Tl d6 ta dwoc ¢’ chia hét cho p nén c chia hét cho p. Nhu vay p 1a mot uéc chung ctia a, b, c. Digu
nay trai voi gia thiét (a,b,c) =1. Nhu vay ta duoc (a,b) =1.

Hoan toan tuong tw ta cting dwoc (b,c) = 1;(C,a) =1

Do a’ +b® +¢® chia hét cho a’b; b’c; c’a nén a’ + b’ +¢® chia hét cho a*; b?; ¢

Va tir (a,b) = (b,c) = (C,a) =1 ta duoc (az,bz) = (bz,cz) = (cz,a2) =1

Suy ra a’ +b’+¢’ chiahét cho a’b’c?, do d6 a’ +b’ + ¢ >a’b’c?.

Do vai tro ctia a, b, ¢ nhu nhau nén khong mat tinh tong quat ta giast a<b<c.

21.2

. e , a
Khi ddtacod 3c® >a’+b*+c® >a’b*’c* = c>

a’b?

Gia st a>1, khi do

>b’*2b’ +a(a-b)=a’ —ab+b’ hay c>a’ +b’-ab.

Mitkhicdo b>a>2 nén b*>2b>a+b.Matacé c>b*nén c>a+b.

(a+b)(a2—ab+b2) _a’+b?

2
c? C

3 3

<1.

Tt cac két qua trén ta duoc

Ay A X . : a
Diéu nay mau thuan véi a’ +b’ic> =

la s6 nguyén.
c

Nhu vay ta duogc a =1, khi d6 ta duoc 1+b® + ¢’ ib’c” .Ta xét cac truong hop sau:

+Néu b =c, ta suy ra duoc b=c=1.Do d6 bd s6 nguyén duwong (1; 1;1) thoa man yéu cau bai
toan.

+Néu b =1, ta ciing dugc b s6 nguyén duwong (1; 1; 1) thoa man yéu cau bai toan.

+Néu b =2, ta suy ra dugc ¢ =3. Do d6 bd s6 nguyén duong (1; 2; 3) thoa man yéu cau bai toan.

2
+NéEu ¢>b >3, khidé tr 1+b° +c° >b?c? ta duoc 2¢° >1+b3+C3,suyra 2¢ > b? hay C>?.
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2
Tkt 2c > b’ ta dugc 2¢ >b* —b+1 hay b7 -b+l
c
2

Miit khdc néu b >5 thita c6 <> 2> b+1 hay 2H 1< L

2 4 c 2

(b+1)(b*-b+1) b +1
Tt cac két qua trén ta duoc 5 <1, diéu nay mau thuan v6i —— 1a sd nguyén
c c

duwong.

Tt d6 ta duoc b =3 hodc b =4. Tht truc tiép ta thady khong c6 c nguyén duwong thoa man.

Nhu vay bo ba s6 nguyén duong (a; b; C) thoa man bai toan la (k; k; k),(k; 2k; 31() va cac hoan vi
cua chung véi k la mot s6 nguyén duong.

Cach 2. Goi d:(a,b),khi dé ta duoc a’b:d’. Do dé a’> +b’ +c’:d® va cid.
Suy ra (a,b)=(b,c)=(C,a):(a,b,C)

b

Dat (m;n;l)=[ g

C ~ N\ A ~ ~ 2 ~ A A N . 7 \
’HJ , thé thi b0 ba so (m; n; l) cling théa man yéu cau bai toan va

a
d
(m,n,l) =1

Tl d6 ta suy ra duge m® +n° +1°im’n’1*. Khong mat tinh téng quét ta gia st 1>n>m.

2.2
mn

Tacd 31 >m® +n° +1° >m?n?l?*, dodd 1>

4_ 4
mn

Matacé m® +n’il*> néntaciing c6 2n° >m’ +n’ > 1> >

- \ 9 A \ A A &) 7
Néu m > 2 thi n32.2—4<2Sm,d1eunaymauthuanv01 n>m.Dodém=1.
Néu n>2 thi 1 >n vinvalnguyén td cung nhau.
2 2

Do d6 ta duoc 31, >1° +n° +1>1°n? vé11>n7,dodc’) n~°’+1212>’“Z van<é.

Dbén day ta xét tirng treong hop ctia n thi thu duoc két qua nhu trén.

Vi du 29. Tim s6 nguyén duong n d€ phuong trinh sau ¢6 nghiém httu ti:

x“+(x+2)n+(x—2)n =0.

Loi giai
bé phuong trinh x" + (x + 2)n + (2 - X)n =0 6 nghiém thi n phai la s6 nguyén duong lé.
Ta xét hai treong hop sau:
e Véi n =1, khi d6 phuwong trinh da cho tro thanh x+x+2+2-x=0 < x=-4, thoa man.

e V6i n > 1. Gia st phwong trinh da cho c¢6 nghiém httu ti x:B,peZ;qu* va (p,q)=1.
q
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Thay x = P vao phuong trinh da cho ta dugc (EJ + [B + 2] + (2 —Bj =0.
q q q

Hay ta duoc p" +(p+2q) +(29-p) =0.

Don lasd1éné tacé [(p+2q)“ +(Zq—p)n}[(p+2q)+(2q—p)}

Hay ta dugc [(p+2q)n +(2q—p)n}4q, tir d6 suy ra p" i4q.

Matacé (p,q)=1 nén tir p"i4q ta suy ra dugc q =1;p=2m véim la s8 nguyén.

Thay vao p" +(p+2q) +(2q-p) =0 taduoc (2m)" +(2+2m)" +(2-2m)" =0

Hay ta dugc m" +(1+m)" +(1-m)" =0.

Lai donlasslénén (1+m) +(1-m)"i2 nén m":i2 nénm la s§ nguyén chin. Suy ra m" 4.
Donlasslénén (1+m)" =1+m(mod4);(1-m) =1-m(mod4)

Suyra (1+m)" +(1-m)" =2(mod4). Diéu nay mau thudn véi m" +(1+m)" +(1-m)" =0.

Do d6 khi n >1 thi phwong trinh trén khong c6 nghiém hiru ti.

Vay v6i n =1 thi phuong trin dacho c6 nghiém hitu ti.

Vi du 30. Cho m va n 1 hai s§ tw nhién v6i n >m > 1. Biét rang khi viét trong hé thap phan thi ba

chi s8 tan cling ctia 1978" va 1978™ bang nhau. Tim m va n sao cho m +n nho nhat.

Loi giai
Do ba chit s6 tan cuing ctia 1978" va 1978™ bang nhau, lai c6 n >m >1 nén ta dugc
1978" ~1978™ =1978™ (1978" ™ ~1):1000
Chu y 1a 1000 = 8.125 va 1978™ 1a s8 chdn nén 1978" ™ —1 la s6 1¢, do d6 1978™ chia hét cho 8
va 1978™™ —1 chia hét cho 125.
Dé thdy 1978 =2.989 nén d& 1978™ chia hét cho 8 thi m > 3.

Lai tir 1978"™ —1 chia hét cho 125 ta duoc 1978™™ =1(mod5)=>(-2)" " =1(mod5)

n—m

Do d6 16Tsl(m0d5),suyra eN hay n-m=4k,keN".

Ta can xc dinh k nho nhat d& 198" —1:125.
Ta ¢6 1978 = -22(mod 125) = 1978* = 22* (mod 125) = 1978* = (121.4)" (mod 5)

Tir &6 ta duoe 1978* = 6(mod 125) = 1978** = 6* (mod 125)

Talaicé 6" =(5+1)" PP L (mod125)
2
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" Nen suy ra 1978" ™ —1= 51<+@.52 (mod125).

k(k-1
Do d6 ttr 1978" ™ —1 chia hét cho 125 ta dwoc 5k +(T).52 chia hét cho 125

Hay ta dugc k chia hét cho 25. Ta chon k nhé nhat 1a 25. Tt d6 ta suy ra duwoc n—m =100.
b€ tong m +n nho nhat thi chon m va n déng thoi nhé nhat. Do dé tt n—-m =100 va m >3 ta
chon duwgc m = 3;n =103 nén d€ tong m +n co gia tri nhé nhat la 106.

Vi du 31. Chit s§ hang don vi trong hé thap phan ctia s§ M =a’ +ab+b’(véi a, b 1a cac s6 tu
nhién khac0)1a 0
a) Chttng minh M chia hét cho 20. b) Tim chit s6 hang chuc caa M.

Loi giai
a) Vi chit s6 tan cung ctia M la 0 nén M chia hét cho 5. Xét cac truong hop sau
+Caavabdéulasdlénén a® va b®> déulasd e, suy ra M la s6 1é, truong hop nay khong xay ra
+ Mot trong hai s8 a va b cé mot s& chan va mot sd 16, khdong mét tinh tong quat ta gia stz a 1a sd e,
b 1a 6 chén. Khi d6 a” 1a s§1é va b? 1a s chdn nén M 1a s8 1é, truong hop nay ciing khong xay ra.
Do d6 cé hai s8 a va b déu 1a s8 chan. Khi d6 M chia hét cho 4, tir d6 suy ra M chia hét cho 20
b) Ta c6 (a2 +ab+b2)(a—b) =a’-b’ 5> (a3 —bS)(a3 +b3)§5
Laico a®—a’ =a’ (a—l)(a+1)(a2 +1)§5, twong tu ta c6 b® —b*i5
Do d6 ta duge a® —b*:5, tir d6 ta duge ab(a—b):5 nén ta c

ab(a-b)(a-b)i5< ab(a2 —2ab+b2)35

Suy ra abM:5. Tt 46 suy ra ab.3ab:5= ab:5
Tacé M=a’+ab+b’:5=bM=ab(a+b)+b’:5 ma ab(a+b):5 nén b*:5= b5
Suyra a’=M-b(a+b):5=a’i5=>a!5 nén M:25

Lai ¢6 4 va 25 1a hai s6 nguyén t6 cung nhau nén M:100 hay chtt s6 hang chuc ctia M 14 0.

Vi du 32. Phan tich s6 tw nhién 2003°™* thanh tich ctia hai s8 tw nhién a va b. Hoi a+b ¢6 chia hét
cho 2004 khong?

Loi giai
Do 2003 1a s6 nguyén t5 nén khi phan tich s6 2003** thanh tich ctia hai s8 a va b thi mdi s6 la mot
lity thita ctia 2003. Diéu nay c6 nghia la a =2003™ ;b =2003" véi m,ne N’ va m+n=2004.
Do m+n la s8 chdn nén m ba n ¢4 ciing tinh chan lé.
Lai thay 2003.2003 = 2002.2004 +1 va tich (2004x+1)(2004y +1) c6 dang 2004z +1 véix, y, z
la s6 ty nhién. Ta xét cac truong hop sau
e Trudng hop 1: Véi m va n cling la s6 chdn, khi d6 ta dat m =2k va n=21, véi k valla cac sd
tw nhién. Ta c6
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a=2003" =2003* =(2003)" =(2002.2004+1)" =2004p+1

b=2003" =2003* =(2003*) =(2002.2004 +1)' =2004q +1

Do d6 a+b =2004(p+q)+2 nén khéng chia hét cho 2004.

e Truong hop 2: Véi m van cung la sd 1é, khi d6 dét m =2k +1 va n=21+1, véik valla cacsd
tw nhién. Ta c6

a=2003" =2003*" =2003.(2003? )" =2003.(2002.2004 +1)" = 2004p +2003
b=2003" =2003*" =2003.(2003*) =2003.(2002.2004 +1) =2004q +2003

Do d6 a+b =2004(p+q+1)+2002 nén khéng chia hét cho 2004.

Vay tong a+b khong chia hét cho 2004.
Nhin xét: Ta c6 thé'phdt biéu bai todn tong qudt nhiw sau: Cho p la s6 nguyén t6"va n la s6'tw nhién théa
man p" phin tich dwoc thanh tich cia hai s6'tw nhién a va b. Khi @6 a+b chia hét cho p+1 khi n la so’

chin va a+b khong chia hét cho p+1 khin laso'lé.

Vi du 33. Tong 1+l+—+—+...+i+l = i, trong d6 2 phén s8 t6i gian. Chiing minh rang
2 3 4 17 18 b b

b chia hét cho 2431.

Loi giai

Do mAu céc s8& hang cta tong la 2; 3; 4;...; 18. Goi M la bdi chung nho nhat cua 2; 3; 4;...; 18.
bat M=k, =2k, =3k, =...=18k,,.

Khi d6 quy dong mAau cac phan s6 ta duoc

1+%+%+i+"-+%+%= k, +k, +11;i+m+k18 ={a)

Do 11 1a s6 nguyeén t6 va cac cac boi s6 khac 0 ctia n6é déu 16n hon 18 nén trong cacs6 k; k... k

c6 duy nhat mot s6 khong chia hét cho 11 con cac s6 con lai thi chia hét cho 11.

T d6 suy ra k, +k, +...+k ; khong chia hét cho 11.

Tt d6 lap luan twong tw ta ciing duoc k, +k, +...+k , khong chia hét cho 13 va 17..
Mat khéac hién nhién M cia hét cho 11; 13; 17.

Do k +k, +k,+..+k, a a {k1+k2+...+k18=ta

=— ma — la phan s6 t6i gian nén ta dwoc , VOi t
b M=tb

M b
la mét s6 nguyén duong. Ttr d6 ta duwoc t khong chia hét cho 11; 13; 17.

Suy ra b chia hét cho 11; 13; 17. Do 11; 13; 17 la cac s6 nguyén t6 nén ta dugc b chia hét cho
11.13.17 hat b chia hét cho 2431.
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Nhin xét: Ta c6 thé phdt biéu bai toan tong quat nhiw sau: Néu p la mot s6'nguyén t6va n la s6'tw nhién
o S T T a a o o o
théa man p<n<2p théaman 1 +E+—+ ...+—1+— =— v0i 5 la phan so'toi gian thi b chia hét cho
n-1 n

p.

Vi du 34. Cho hai s6 nguyén duong x, y v6i x >1 thoa man diéu kién 2x*> —1=y". Chting minh

rang x chia hét cho 15.

Loi giai
Chuy rang 15=3.5 va (3,5) =1, nén ta quy bai toan vé chtiing minh x chia hét cho 3 va cho 5.
e Chiing minh x chia hét cho 3.
Dit y° =a véi ala s8 nguyén duong. Khi d6 ta c6 2x* —1=a’ hay 2x> :(a+1)(a2 —a+1).
. ) .. la+1d
Goi d:(a+1,a —a+1),kh1dotaco ) .
a~—a+1:d
T d6 ta duoc a? —a+1—(a+1)(a—2)fd nén 3:d,suyra d=1 hodc d=3.

a+1=2 +1=x>
+Néu d=1 thitir 2x° =(a+1)(a2—a+1) ta duoc { , hoic {a X

a’—a+1=x a’—a+1=2

Dé thdy a’ —a+1=2 < a’ —a—1=0 khong cé nghiém nguyén duong.

a+1=2 {a=1
=

) , loai vi khong théa man x > 1.

Do doé ta cé )
a‘—a+1l=x

x=1
+Néu d =3, khi d6 tir 2x* =(a+1)(a* —a+1) ta dugc 2x*9 nén x* 19 = xi3.
e Chiing minh x chia hét cho 5.

Dit y’ =b, véib 1a s6 nguyén duong.

Khi d6 ta c6 2x* ~1=b® hay 2x* =(b+1)(b* —b’ +b* ~b+1).

b+1:d

GQid=(b+1,b4—b3+b2—b+1).Dodo’tadu(yc .
b*-b’+b*-b+1:d

Khi d6 (b* b’ +b* ~b+1)—(b+1)(b’ —2b* +3b—4):d nén 5:d, suyra d =1 hodc d =5.
+Neéu d=1 thitir 2x* =(b+1)(b* ~b*+b* ~b+1) ta duoc

b+1=2 b+1=x"
hoac
b*-b*+b*-b+1=x* b*-b*+b*-b+1=2

Dé thdy b* -b’+b*-b+1=2 < b* —b’ +b> —~b—-1=0 khong cé nghiém nguyén duong

b+1=2 {b=1

= , loai vi khong théa man x >1.
b*-b’+b*-b+1=x>

Dodétacé{
x=1
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+Néu d =5, khi d6 tir 2x* =(b+1)(b* ~b’ +b* ~b+1) ta duoc 2x*125 nén xi5.

Vay ta duoc x:15. Bai toan duoc chiing minh.

Vi du 35. Cho a va b 1a cic s8 nguyén duong théa man diéu kién x* +y” +1 chia hét cho 2xy +1.

Chtmg minh ring: xy(x—y)=0.

Loi giai

x2+y2+1

Do x* + y2 +1 chia hét cho 2x+1 nén ta dat k = v6i k 1a s6 nguyén duong.

2xy +1
Nhan thay khi x =y thi k=1 va nguoc lai van dting. Do d6 ta di chitng minh k=1.
Gia st cap sO nguyén duong (ao ; bo) v6i a, + b, bé nhat thoa man yéu cau bai toan.
Khéng mat tinh tong quat ta gia st a; > b, .
x*+b] +1

hay x* -2kbx+b; +1-k=0.
2xb, +1

Xét phuong trinh k =

Khi d taco A" =b2k? =b? ~1+k=(k-1)[ b (k+1)+1]>0
Do d6 phuong trinh ludn ¢ nghiém. Dé thay a, 1a mdt nghiém ctia phuong trinh nén theo dinh 1i
Vi — et thi phuwong trinh con c6 thém mot nghiém nita. Goi nghiéem do la a, .
Khi d6 ta c6 {aO Ay =2k,
a,.a, =b; —k+1
Tt hé thirc thit nhat ta duoc a, 1a s6 nguyén.
Giast a, <0, khi d6 a’ —2kba, +b; +1-k >al +2kb, +b’ +1-k >0, ditunay vo li vi a, la
mot nghiém cta phuong trinh x* —2kb x+b3 +1-k=0.
Tt d6 suy ra a, = 0. Ta xét cac treong hop sau.
e Truong hop 1: Néu a, =0, khi d6 ta duoc a,b, =0, diéu nay dan dén xy=0.
e Trueong hop 2: Néu a, >0, khi dénéu a, > b, thi ta duegc

by -k+1 p-1+1
¥+bo <u+b0 =a,+b,
a

a,+b, =

a

0 0

Déu nay mau thuan véi cac chon (a0 ; bo) v6i a, +b, bé nhat.

- . 2a) +1 o
Tvzdotadvz(ycao:bo.Khldotadur(,)?cl<:2 > 1=1.Turdaytasuyradu(ycx:y.
a, +

Két hop cac két qua trén ta dwoc xy (x - y) =0. Vay bai toan duoc chitng minh.

2
Vi du 36. Cho cac s6 nguyén duong a, b thoa man diéu kién (4&2 - 1) chia hét cho 4ab—1.

Chimg minh rang a=b .
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Loi giai
Trong vi du truedce cac sO hang déu c6 bac hai, khi d6 ta dua vé phuwong trinh bac hai mot
cach dé dang. Trong vi du nay c6 s& hang c6 bac bon nén ta khong thé dua truc tiép vé phuong
trinh bac hai. Do d6 ta can thay doi diéu kién cua bai toan d€ dua vé dang tot hon.
7 2 2 /, 2 2 3 /,
Ta co (4a - 1) chia hét cho 4ab—-1 nén b (4a —1) —4a b(4ab - 1) chia hét cho 4ab—1.
Ttr d6 suy ra
| b*(16a* 8a” +1)~16a’b” +4a’b |i(4ab-1)

= (-8a’b*+ b +4a’b)i(4ab—1)=[-8a’b” + b’ + 4a’b + 2ab(4ab-1) |i(4ab-1)

= (b* - 2ab+4a’b)i(4ab—1)=| b’ —2ab+4a’b-a’ (4ab-1) |:(4ab-1)

= (a2 —2ab+b2)5(4ab—1)
Thuc chit ctia qua trinh bién ddi trén 1 ha cc s& hang bang cach triét tiéu cac s6 hang c6 bac 16n
hon 2.
Dén day ta quy bai toan vé chiing minh a =b khi biét (a’ —2ab+b’)i(4ab-1).

2 2
Dt k=2 ~280+D" 1 46K 12 88 tw nhien.
4ab-1

+ Néu k=0, khi d6 ta dwoc (a—b)2 =0 néna=>b
+Néu k >0, khi d6 gia st cdp s6 nguyén duwong (ao;bo) thoa man bai toan va a, + b, nho nhat .
Khong mat tinh tong quat ta gia st a, > b, .

x*-2bx+b}

Xét phuong trinh Ixb, -1 ¢ =k hay x° —(2bO +4kb0)x+b§ +k=0.

Khi d6 a , 1a mot nghiém ctia phuong trinh trén. Do dé theo dinh ly Vi — et thi phwong trinh con
a,+a, =2b,+4kb,

c6 mot nghiém nita. Goi nghiém do la a, thi ta duoc )
a,.a, =by+k

b*+k

0
a

Tt day ta duoc a, la sd nguyén duong. Khi d6 a, >a, nén >a, < k>a)-b].

0
a; —2a,b,+b}
4a b,

Hay ta duoc >aj—b; nén a,—b, >(a, +b,)(4a,b, 1) >a, +b,, diéu nay la vo

lido a, va b, la cac s6 nguyén duong.
Vay bai toan dugc chitng minh.
Nhdn xét: Dat a=k; b =2n v6i k va n la cic s6' nguyén dwong. Khi dé tir a=b ta dwoc k =2n. Tir do

ta phdt biéu dueoc bai todn: Cho k la s6 nguyén dwong. Chieng minh rang dé'tai s6 nguyén dieong n sao cho

(42 ~1)" chia hit cho 8kn ~1 thi k phii la s&'chin.
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Vi du 37. Chttng minh rgmg véi mbi s8 tw nhién n >4 ludn ton tai cap sO ty nhién x, y véi

n . n , . . 1
Eﬁx<n va ESy<n thoa man x2—y chia hét cho n.

Loi giai
Ta xét cac treong hop sau

e V6i 5<n <8 hay ta dugc 2° +1<n < 3%, khi dé tachon y=2% va x=n-2.
X A~ \ > ~ 7 A [N n \ n

DethayxvaythoamancacdleuklenESX<1’1VaESy<n.
Taco x*—y=(n-2) -2 =n’-4n+4-4=n’—4n=n(n—4) chiahé chon.
oV(’yin=9,khic’[étachonx=5;y=7thixvéythéamén%£x<nVé%ﬁy<n.
Tacé x> —y =5"~7 =18 chia hét cho 9.
e V6i n>10, khi d6 ludn tn tai s tw nhién k sao cho k* +1Sn£(k+1)2.
Tl‘rdo’taduqckZ?)védo2k<k2<nnénk<%.

2 X~ 1 n n
Tachon y=k* va X:n—k,dethayE:n——<n—k<n haytac’[ueQCE<x<n.
Mit khéc y=k*> <k*+1<n.
Lai 6 2y —n 22y ~(k+1) =2k (kK + 2k+1) =k 2k -1=k(k-2)-1>0=y > 7

Ao 1wy , a1 asa 1. 1N L
Nhu vay cac sO x va y théa man cac diéu kién —<x<n va —<y<n.
2 27

Ta co xz—y=(n—k)2 ~k*=n*-2nk+k*-k* =n2—2nk=n(n—2k) chia hét cho n.

Vay voi n >4 taludn tim dwoc cac sO x, y thoa man yéu cau bai toan.

Vi du 38. Tim bd cac sd nguyén x, y, z 16n hon 1 thoa man cac diéu kién:

xy+1:iz; yz+1:x; zx+1:y.

Loi giai
Cach 1. T xy+1:z; yz+1:x; zx+1:y ta suy ra duoc (xy+1)(yz+1)(zx+1)§xyz

Hay ta duoc [xzyzz2 +xyz(x+y+z)+xy+yz+xz+1}3xyz nén (xy +yz+xz+1)ixyz.
Tt d6 ta duoc xy +yz+zx+12>xyz

Do vai trd binh dang ctia x, y, z nén khong mat tinh tdng quat ta gia st x>y >z>?2.

Do d6 xyz<xy+yz+zx+1<3xy+1<3xy+xy =4xy nénsuyra 2<z<4,suyra ze{2;3}.

Ta xét cac treong hop sau:

e Truong hop 1: Véi z =2, khi d6 tir (xy+yz+xz+1)fxyz ta duge xy +2x+2y +1:2xy .
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Do d6 xy +2x+2y+122xz nén xy <2x+2y+1<4x+1<5x=y<5.

Do y >z=2 nénsuy ra ye{2;3;4}.

+Khi y =2, thay vao Xy +2x+2y +1:2xy ta duoc 4x+5:4x = 5:4x, khong thoa man.

+Khi y =3, thay vao xy +2x+2y +1:2xy ta dugc 5x+7:6x, suy ra 5x+7 26x =7 > x.

Két hop véi diéu kién x >y =3 ta duoc x €{3;4;5;6;7}. Thi Ian luot cac truong hop ta thay

x =7 théa man.

+Khi y =4, thay vao xy +2x+2y+1:2xz ta duge 10x+9:8x = 10x+9:2x = 9:2x, khong thoa

man.

e Truong hop 2: Vi z =3, khi d6 tir (xy+yz+xz+1)§xyz ta duge xy +3x+3y +1:3xz

Do d6 xy +3x+3y +12=3xz nén 2xy <3x+3y+1<6x+1<7x=2y<7 =y <3.

Két hop véi diéu kién y >z =3 ta suy ra duoc y=3.

thay vao xy +3x+3y +1:3xz ta dugc 6x+10:9x = 6x+10:3x = 10:3x, khéng thoa man

Vay b ba s6 nguyén dwong thoa man yéu cau bai toan la (X; y; Z) = (7; 3; 2) va cac hoan vi.

Céch 2. Tir xy +1iz; yz+1ix; zx+1y tasuy ra duoc (xy +1)(yz+1)(zx+1)ixyz

Hay ta duoc [xzyzz2 +xyz(x+y+z)+xy+yz+xz+1}5xyz nén (xy +yz+xz+1)ixyz.

Do vai trd binh dang ctia x, y, z nén khong mat tinh tdng quat ta gia st x>y >z>2.

Dt xy+yz+zx+1=kxyz(keN*).

Tacod kxyz=xy+yz+2zx+1<Xyz+Xxyz+Xyz+Xxyz =4xyz = k <4 nén ta duoc ke{1;2;3}.

e V6i k=1, khi d6 ta dwoc Xy +yz+2zx+1=xyz nén
xyz=xy+yz+zx+1<4xy:>z<4:>ze{2;3}

+Thay z=2 vao xy +yz+zx+1=xyz ta duoc xy—2x—2y=1<:>(x—2)(y—2)=5.

R . x=2=5 |x=7
béyla x—22>y-22>0 nén ta suy ra duoc

= .
y-2=1 y=3
Do d6 ta duoebd s8 (x;y;z) =(7;3;2) théa man bai toan.

+Thay z=3 vao xy +yz+zx+1=xyz ta duoc 2xy—3x—3y=1<:>(2x—3)(2y—3)=11.

, loai do khong théa man

. R 2x-3=11 x=7
béyla 2x-32>2y-32>0 nén ta suy ra duoc

2y-3=1 - y=2

y2z.

e V6i k=2, khi dd ta duoc xy +yz+2zx+1=2xyz nén 2xyz=xy+yz+zx+1<4xy =2z<2.
Truong hop nay loai do khong théa man z > 2

e V6i k=3, khi dd ta dugc xy+yz+2zx+1=3xyz nén 3xyz=xy+yz+zx+1<4xy = 3z<4.
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Truong hop nay loai do khong thoa man z > 2

Vay b ba s6 nguyén dwong thoa man yéu cau bai toan la (X; y; Z) = (7; 3; 2) va cac hoan vi.

Vi du 39. Goi n la s6 nguyén duong thoa man 2n ¢6 8 wéc duong, 3n c6 12 wéc dwong. Hay xac
dinh s6 wéc duong ctia 12n.

Loi giai
Ta c6 nhan xét: Gia st A =a”.b”...c” vdi a, b, cla cac s6 nguyeén t8 va
a,p,..reN;a, B,.., y=1.
Khi d6 s6 cac uée duong ctia Ala (a+1)(B+1)...(y +1).
Chayla 8=7+1=(3+1)(1+1)=(1+1)(1+1)(1+1). Khi d6 ta xét cac truong hop sau
e Truong hop 1: Néu 2n=p’ véi p 1a s6 nguyén t6. Khi d6 ta dugc p=2 nén n=2°.
Do d6 3n =3.2° c6 s6 uéc duwong la (1+1)(6+1) =14, truong hop nay loai.
e Truong hop 2: Néu 2n =p’.q véi p, q la cdc s8 nguyén t5 khac nhau.
+N&u q=2<p, khidévéi p=3 thi 3n=3" c6s8 wécduongla 4+1=5 va p>3 thi 3n=3p°
6 s0 udc duong la (1 + 1)(3 + 1) =8, ca hai kha nang déu khong thoa man yéu cau bai toan.
+Né&u p=2<q, thi khi d6 véi q =3 thi 3n =23 c6 s6 wéc duong la (2+1)(2+1) =9, khong
thoa man yéu cau bai toan. Véi q >3 thi 3n=223.q c6 s6 wéc duong la (2+1)(1+1)(1+1) =12
thoa man yéu cau bai toan. Do d6 12n =2*3.q 6 s wéc duongla (4+1)(1+1)(1+1)=20.
e Truong hop 3: Néu 2n = p.q.r véip, q, r la cac s6 nguyén td khac nhau. Khi d6 gia sit r nho
nhat trong ba s8 p, g, r thi ta dugc r=2. Ta gia sit q < p, khi d6 véi q =3 thi 3n=3’p 6 6 wéc
duongla (2+1)(1+1)=6 vavéi >3 thi 3n=3.p.q c6s6 uécduongla (1+1)(1+1)(1+1)=8
, ca hai kha nang déu khong thoa man bai toan.

Vay s0 udc duwong cta 12n la 20.

Vi du 40. Cho cic s8 nguyén a vab thoaman S=a’ +b* +ab+ 3(a + b) +2013 chia hét cho 5. Tim
s0 du khi chia a—b cho 5.

Loi giai
Tacd S=a”+b? +ab+3(a+b)+2013 chia hét cho 5 nén ta duoc
4a’ +4b* +4ab+12(a+b)+12:5< (2a+b+3) +3(b+1) 15
Dit x=2a+b+3;y=b+1 thi ta dwoc x* +3y”:5.

Ta biét rang mot s6 chinh phiong khi chia cho 5 ¢6 cac s8 du 1a 0; 1; 4. Do d6 ta xét cac truong hop

sau

+ Néu y2 chia hét cho 5, khi d6 x* cting chia hét cho 5. Ttr d6 ta duoc
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2. . .
{(2a+b+3) :5:{2a+b+3:5 {2a+b+3'5:>(2a+b+3)—(3b+3)55

. = .
(b+1)i5 b+1:5 3(b+1):5
Twr d6 ta duoc 2(a —b)35 = a—Db:5(vi2va5nguyén to cing nhau)
Do d6 du trong phép chia a—b cho51a0.
+N&u y” chiacho 5 dw 1, khi d6 x> chia cho 5 du 2. Truong hop nay loai.

+Né&u y” chia cho 5 du 4, khi d6 x* chia cho 5 du 3. Truong hop nay loai.
Vay du trong phép chia a—b cho51a0.

Vi du 41. Tim s6 nguyén dwong n sao cho n ¢6 tat ca k wéc tunhién d ;d,;d,;...;d  thoaman

diéukién 1=d, <d, <d, <..<d_< n(k > 15), dong thoi thoa man hai diéu kién sau:

i) n=d, +d, +d,_ i) (d, +1) =d,, +1

Loi giai
Vi d,, laudcciannén ton tai d, € N véiie {1;2;...;1(} saocho d,.d; =n
Matacdé n=d,+d,, +d,, nénsuyra 0<(di —1)d15 =d,,+d, <2d,.
T détadwoc 0<d —-1<2=d, =2.
Vid, =1néntlr d =2 tasuyraduoci=2 van=2d, néntadwocd, =n hay k=16.
T désuyran=2d,, =d,.d,, =d,.d, , nén ta duoc Z(d13 +d14)=d3.d14 =d,d,;.
Goi d =(d dM), khi d6 ton tai cac s6 tye nhién p, q thdtaman d,, = pd;d,, =qd va (p,q) =1.

137

Thay vao dang thtic 2(d13 + d14) =d,d,, =d,d,, ta duoc
2d(p+q)=dqd, =dpd, = 2(p+q)=qd, =pd,

2p= q(d3 - 2)

2q= p(d4 - 2)

Vid,<d, nén p<q,dodé 0<q(d,-2)=2p<2q=0<d,-2<2=d,=3.

Ttr d6 suy ra {

Do d6 ta duwoc 2(p+q):2q:>q=2p:>d4 =6.

Mit khac tir (d, +1)° =d,; +1 tacs 2(d, +1) =2(d,, +1)=n+2.

Do d6 suy ra 2(d§+3d§+3d5):n.Do d, =3 nén ni3 suyra d,:3, dan dén ni9.
Ma d, >d, =6=d, =9.Do dé ta duoc d,, +1=(d, +1)’ =1000=d,, =999.

Suy ra n=2d,, =1998. Thit lai ta thdy n =1998 thoa man yéu cau bai toan.
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Vi du 42. Tim s6 nguyén duong n 16n nhat sao cho s6 2013 viét duoc thanh a, +a, +a, +...+a_
trong d6 cac sd a;a,;a,;...;a, la cac hop s6. Két qua trén thay d6i nhw thé nao néu thay s6 2013

bang s& 2014.

Loi giai
Ta xét bai toan tong quat: Tim s6 nguyén duong n 16n nhat sao cho s6 nguyén duong A (A > 3)
viét duoc thanh tong a, +a, +a, +...+a,_ trong d6 cacs6 a;a,;a,;...;a, la cachop so.
Giast A=a, +a,+a,+..+a_trong do6 a,;a,;a,;..;a, la cac hop s6. Khi d6 theo dé bai ta
phai tim s6 n 16n nhat c6 thé.
Cht ¥ rang d€ ¢ n 16n nhat thi cac hop s8 a,;a,;a,;..;a, phai nhé nhat. Dé thay 4 1a hop
s6 chdn nhé nhat va 9 1a hop sd 1é nhé nhat. Do d6 véi moi s6 nguyén dwong A ta luén
c6 A =4a+r, trong d6 ala s6 nguyén duong va r e {0; 1,2; 3} . Dén day ta xét cac truong
hop sau
e Truong hop 1: Néu r =0, khi d6 A =4a.Ma 4 1a hop s6 nho nhdt nén s6 k 16n nhat
lan=a
e Treong hop 2: Néu r=1, khi d6 A=4a+1.Ma 4 1a hop s6 nho nhdtnén n<a
Xét n=a. Vi Alas0lénén ton tai it nhat mot s6 a, voi i=1;2;...;n 1a s6 1é. Khong mat
tinh tong quat, gia st a, 1é, suy ra a, 29. Khi d6
a,+a,+..+a >9+4(a-1)=4a+1+4>4a+1=A
Xét n=a-1, khi dé6 ta co A=4a+1=4(a—2)+9. Do déonléonnhatla n=a-1
e Truwong hop 3: Néu r=2, khi d6 A =4a+2. Twong ty truong hgp 2 tacd n<a.
Xét n=a taco A=4a+2 =4(a—1)+6 nénsdnlénnhatla n=a
e Truong hop 4: Néu r=3, khi d6 A =4a+3.Ma41a hgp s6 nho nhdtnén n<a.
Xét n=a. Vi Alas0lénén ton tai it nhat mot s6 a, voi i=1;2;...;n 1a s6 1é. Khong mat
tinh tong quat, gia st a, 1é, suy ra a, 29. Khi d6
a, +a,+..+a >9+4(a-1)=4a+3+2>4a+3=A
Xét n=a-1,khidotacé A=4a+3=4(a—3)+15=4(a=3)+6+9.Do d6 nlon nhat
lan=a-1
Két luan: Véi s6 nguyén duong A >3 va A chan thi A phén tich dwoc thanh a hgp s8.
Vi s6 nguyén duong A >3 va A lé thi A phan tich dwgc thanh a—1 hop s6, trong d6 a la
thwong trong phép chia s6 A cho 4.

Ap dung: V6i A =2013=4.503+1 thi ta dwoc n 16n nhat1a 502 va A =2013 =501.4+9.
Véi A =2014 =4.503+2 thi ta degcn l6n nhatla 503 va A =2013=502.4+6.

Vi du 43. Tim tt ca cdc s6 nguyén duong thdéa man (a + 2)5b va (b + 3)5a
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Loi giai
. ~ ~ -\, . . . a
Gia str a, b 1a cdc s6 nguyén duwong thoa man diéu kién bai toan, khi dé ta co

o . . . _ |a+2=mb
Ttr d6 ton tai cac s6 nguyén duwong m va n théa man .
b+3=na

Cling ttr trén ta suy ra duoc a+2>b va b+3>a nén b<a+3<b+5. Ta xét cac trueong hop sau
e Truwong hop 1: Néu a+2 =b, khi d6 tix (2) ta dugc b+3=a+5 chia hét cho anén 5 chia hét
cho a, suy ra a chi cé thé'la 1 hoac 5.

Vé6i a=1 thitaduoc b=3,véi a=5 thi b=7 déu thdéa man yéu cau bai toan.

e Truwong hop 2: Néu a+2=b+1, khi d6 tix (1) ta suy ra b+1 chia hét cho b nén 1 chia hét cho b,
tir d6 suy ra b=1 nén a =0, khéng thoa man yéu cau bai toan.

e Treong hop 3: Néu a+2=b+2=a=Db, khi d6 tir (1) ta suy ra duoc b+2 chia hét chob nén 2
chia hét cho b, suy ra b chi c6 1 hodc 2

V6i b=1 ta dugc a=1 thdéa man yéu cau bai toan, véi b =2 ta duoc a =2 khong thoa man yéu
cau bai toan.

e Truong hop4:Néu a+2=b+3=a=Db+1, khi d6 tix (2) ta suy ra duwoc a+2 chiahétchoa
nén 2 chia hét cho a, do d6 a chia c6 thé 1a 1 hoac 2.

Vi a=1 ta duoc b=0 khong thoa man yéu cau bai toan, véi a =2 ta duwgc b=1 thoa man yéu
cau bai toan.

e Truong hop 5: Néu a+2=b+4 =a+1=b+3, khi d6 tix (2) ta suy ra duoc a+1 chiahétchoa
nén 1 chia hét cho a, dod6é a=1, suy ra b =-1 khong thoa man yéu cau bai toan.

e Truong hop 6: Néu a+2 =b+5, khi d6 tix (1) ta suy ra dugc b+5 chia hét cho b nén 5 chia hét
cho b, do @6 b chi ¢6 thé'la 1 hoac 5

Vé6i b=1 taduwoc a=4 vavdi b=>5 ta duoc b=8 déu thdéa man yéu cau bai toan.

Vay cac cap sd nguyén duong (a; b) thoa man yéu cau bai toan la

(1,1),(1,3),(2:1),(4:1),(5:7),(8;5) -

Vi du 44. Tim tat ca cac cdp sO nguyén duong a, b théa man 4a+1 va 4b—1 nguyén t6 cung
nhau, dong thoi a+b la wéc cia 16ab+1.

Loi giai
Gia str cic s§ nguyén duong a, b théa méan yéu cau bai toén, khi d6 ta c6 (4a+1,4b—1)=1 va
16ab+1i(a+b).

Tacé (4a+1)(4b+1)=16ab+1+4(a+b)i(a+b).

Laicé 4a+1+4b-1=4(a+b)i(a+b). Ma (4a+1,4b-1)=1.
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Néu ca hai s6 4a+1 va a+b cung chia hét cho mdt s6 nguyén t6 p nao do, thitr 4a+1+4b—1

chia hét cho (a+b) ta suy ra dwoc 4b—1ip, diéu nay mau thudn véi gia thiét (4a+1,4b—1)=1.
Tir d6 suy ra (4a+1,a+b)=1.

Tacé (4a+1)(4b+1)i(a+b) va (4a+1,a+b)=1nénsuyra 4b+1i(a+b).

Nguoc lai gia sir a, b 1a cc s8 nguyén duong thoa man 4b+1i(a+b)

Khi d6 tir (4a+1)(4b+1)i(a+b) tasuy duoc 16abi(a+b).

Néu hai s6 4a+1 va 4b—1 cung chia hét cho p thi p la s6 nguyén t5 lé.
Ta lai cé 4a+1+4b—1:4(a+b)f(a+b), suy ra 4b+1:p.

Do d6 ta dwgc 4b+1— (4b — 1) =2!p, diéu nay mau thuan vdi p 1a s6 nguyén td le.

Tir d6 ta duoc (4a+1,4b—1)=1.

Nhu vay hai s6 nguyén duong a, b thoa man (4a +1,4b—- 1) =1 va 16ab§(a + b) teong duong voi
hai s6 nguyén duong a, b théa man 4b + lf(a + b).

Chti y 1a 4b+1 lasd1é va 4b+1<4(a+b) néntir 4b+1i(a+b) ta suy ra duoc

4b+1=a+b a=3b+1
4b+1=3(a+b) " | b=3a-1

Nhu vay cap s6 nguyén duwong (a;b) la (C; 3c —1),(3C+ 1;C) véi ceN .

Vi du 45. Tim tat cd cac cap so tu nhién (n;k) v6i k>1 saocho A =17"""+4.17" +7.19°" ¢6

thé phan tich dwoc thanh k s0 ti nhién lién ti€p.

Loi giai
Ta ¢6 nhan xét: Tich cta bdn s tu nhién lién tiép thi ludn chia hét cho 8 va trong bon sd tw nhién
lién tiép c6 hai s6 chén lién tiép.
Trudc hét ta chting minh A =172"" +4.17°" +7.19°" khong thé phan tich duoc thanh tich ctia
bon s6 ty nhién lién ti€p tro 1én.

+Xétn 1458 chin, khi d6 ta duoc 17" =(16+1)" "

=16a+1 vdiala modt so ty nhién. Do d6
177" chia 8 du 1. Twong tu ta c6 4.17°" chia 8 du 4.

Lai c6 7.19™ =7.(16+3)" =7| 16b+(3)"" | - 7[16b +(9)" } ~7(16b+8c+1) voib, c 1a céc 53
tw nhién, do d6 7.19°" chia 8 du 7.

Nhu vay A =172""+4.17*" +7.19°" chia 8 du 12 hay A =17"""" +4.17°" +7.19°" chia 8 du 4.

=16a+1 vdiala modt so ty nhién. Do d6

+Xétnlas§ chin, khi d6 ta duoc 177" = (16 +1)" "

177" chia 8 du 1. Twong tu ta c6 4.17*" chia 8 du 4.
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Lai ¢6 7.19™ =7.(16+3) " = 7[16b + (3)5“} = 7[16b +3.(9)" } =7(16b+3.8c+3) véib, cla cc

s& tw nhién, do dé 7.19°" chia 8 du 5.

Nhu vay A =172""+4.17*" +7.19°" chia 8 du 10 hay A =17"""" +4.17°" +7.19°" chia 8 du 2.
Trong ca hai truong hop A déu khong chia hét cho 8 nén khong thé phan tich dugc thanh tich ctua
bdn sd tie nhién lién ti€p tro 1én.

biéunay conghiala k<4,laico k>1 . Tl d6 ta duoc k =2 hoac k =3.Dén day ta xét tinng
treong hop cu thé.

e Truong hop 1. V6i k =2, khi d6 gia st ton tai s tw nhién x d€ A = x(x+ 1).

+Néu n =0 thita duwoc A =12 va x =3 thoa man yéu cau bai toan.

+Néu n >0 third rang 172" >4.17*" +7.19°"

Do détacd A =172 +4.17%" +7.19" <177 417"

Ma talai 6 A =x(x+1)=172"" +4.17*" +7.19" > 172" nén x > 172"

Tt d6 suy ra x (x + 1) > A, diéu nay v li. Do d6 khong ton tai n thoa man bai toan.

e Truong hop 2. Véi k =3, khi d6 gia st ton tai s6 ty nhién x d€ A = (x—l)x(x+ 1) voi x>1.
Khi d6 néu x 1a s6 1@ thi A chia hét cho 8, diéu nay mau thuan véi A khong chia hét cho 8. Do d6 x
phai 1a s8 chan. Khi d6 ta thay X(X - 1)(x + 1) = X(X2 - 1) chia cho 5 c6 cac s6 du 1a 0 hodc 1 hoac
-1.

Ma ta lai c6 172" = (15 N 2)2006n

=15a+(2

)200611

=15a+(5-1

)1003n

=15a+5b+(-1

1003n . .
) voia va

b 1a cac s6 tu nhién. Twong tu ta c6 4.17°" = 4.15¢c +4.5d + 4.(—1)n vdi ¢, d 1a cac so tw nhién.
Lai c6 7,19 =7.(20-1)"" =7 20e-+(-1)" |=7.20¢ +5.(~1)" +2,(-1)" voielamots5

nhién, Nhu vy A chia5c6 8 dula (<1) " +4.(-1)" +2.(~1)" hay la 2 hoge -2

)1003n
Do dé trong trrong hop nay cling khong c6 n théa man bai toan.

Vay cdp s ty nhién thoa man bai toan la (n; k) = (O; 2) .

b*>+ab+a+b-1
a’+ab+1

Vi du 46. Tim cap cac sd nguyén (a; b) sao cho la moét s6 nguyén.

Loi giai

Ta ¢ b2+ab+a+b—1=(a+b)2 +a+b—(a2 +ab+1)

2

2tab+a+b- a+b) +(a+b 2y
Do do b jb a+tb-1 la s6 nguyén khi va Chikhi( 2) ( )=X = 1a sO nguyén voi

a”+ab+1 a”+ab+1 ax+1
x=a+b

2
ST +ab+a+b-1 . A

Véi a=0 hodc x =0 hodc x=-1 thi hién nhién k:b ab+a+b la s6 nguyeén.

a’+ab+1
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Ta xét a;tO;er{O;—l}.

2
ax? +ax x(ax+1)+ax+1-x-1 x+1
Ta cb el = ( )

ax+1 ax+1 ax+1
Ta xét cac treong hop sau

e Truong hop 1. Voi a >0

. .~ x+1 .
+Néu x<0=ax+1<0;x+1<0 nén e 7 thi ta duoc

ax+1

—x—lZ—ax—1<:>(a—1)X20<:>a:1

o . o x+1
+Néu x>0=ax+1>0;x+1>0 nén

eZ thi x+12ax+1<:>(a—1)x$0<:>a=1
ax+1

e Truong hop 2. Voi a<0

o . Xx+1
+Néu x<0=ax+1>0;x+1<0 nén
ax+1

eZ thi -x-1>ax+1< (a+1)x+2<0 voli

+1
+Néu x>0=ax+1<0;x+1>0 nén X e Z thi
ax+1

x+12—ax—l<:>(a+1)x+220<:>(a;x)=(—1;x),(—2;1),(—2;2),(—3;1)

Toém lai cdc c6 cac treong hop sau
+ a=0,beZ
+a+b=0;a,beZ
+a+b=-1a,beZ
2
vazl1ok=2F2P_y
b+2
2_
b 2:—b—2+L:>b—2e{i1,i2}:>be{0,1,3,4}
-b 2-b

2
+ (a;b) = (—2;3),(—2;4),(—3;4)th‘1 keZ.

+a=-1=>k=

Vay cac cap (a;b) can tim la

S={(0:t),(t-t),(£-1-1),(1;t),(-1;0),(-1;3),(-1;4),(-2:3) ,(-2:4),(-3;4)} véi teZ.

2 2

Vi du 47. Chting minh rang néu a, b 1a cac s8 nguyén duong sao cho k = la s6 nguyén thi

ab-1
k=5.

Loi gidi
Déng thiic dé bai tuong duong véi a® —kab+b* +k=0.
Khoéng mét tinh tong quat giast a>b. Véia=2;b=1tacéd k=5.
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Xét a+b>3. Gia s (ao;bo) la cdp nghiém c6 tong nho nhat. Xem a’-kab+b*+k=0 la

phuong trinh bac hai an a thi theo dinh li Vi-et thi phwtong trinh trén con c6 nghiém kb, —a, hay

ta c6 con c6 nghiém (kb0 —ao;bo) . Theo diéu gia st ta c6 a, <kb,—a, hay E—OS %
0
2 2 b
T k=2 +b ta suy ra Qo 20y k =k.
ab-1 b, a, a,b,
Do 20 <X vy a,b, 23 nén k££+l+E hay k<6.
b, 2 2 3

b
Mat khac ;—°+—022 nén k > 3. Nhu vay ta duoc 3<k<6
0 aO

V6i a=3;b=1 tacing tim dugc k=5.

V6i a=b=2 hay a=4;b=1 thi khong tim duoc k.

Xét ab > 5, lai dung danh gia twong tw nhw trén ta c6 k <3.

Xét k=3 thi a’+3ab+b* =3 suy ra ab>6. Thit véi a=6;b=1 hodc a=3;b=2 déu khong

théa nén ab >7. Lai dung danh gia nhu trén ta dwoc suy ra k < % (mau thuan véi k nguyén 16n

hon 2).

Vay chicé k=5 thdéa man bai toan.

Vi du 48. Tinh tong tat ca cac s6 nguyén duwong nho hon 2016 sao cho binh phuong cua sd d6 chia
17 c6s6 dwlag.

Goi x 1a s6 nguyén théa man yéu cau bai toan, khi d6 ta dwgc x* =17k +9 véi k 1a cac s6 tu nhién,

x> -9 B (x—3)(x+3)
17 17 '

Khi d6 ta duoc k =

T (x=3)(x+3) o [x=3=17n

Do k Ia s6 tw nhién va 17 la s6 nguyén t6 nén suy ra ——————= € N khi xay ra ,
17 Xx+3=17n
vGin la sO ty nhién.
e Xét truong hop x—3=17n, vi x phu thudc vao n nén ta ki hiéu x_ 1a cac gia tri thoa man
x—3=17n.
Theo bai ra ta c6 x <2016 nén ta duwgc 17n+3 <2016 =>n <118
x,=17.1+3

) oL x,=17.2+3
Tt désuyra n=1;2;3;...;118, khi d6 ta duoc

X, =17.118+3

17.(1+118).118
+3.118

Tir 46 ta duoc A=17(1+2+3+..+118)+3.118 =
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e Xét treong hop x+3=17n, vi x phu thudc vao n nén ta ki hieéu x_ la cac gia tri thoa man
x+3=17n.

Theo bai ra ta c6 x <10000 nén ta dwoc 17n-3<2016 =>n <118

x,=171-3

Tt &6 suy ra n=1;2;3;...;118, khi d6 ta dugc X, =17.2=3

X, =17.118-3

17.(1+118).118 s

Tir d6 ta dwoc B=17(1+2+3+...+118)-3.118 = 118.

Nhu vay tong ctia cac s6 tw nhién thoa man yéu cau bai toan la

17.(1+118).118+3.1 17.(1+118).118

S=A+B= 18+ -3.118 =17.118.119

Vi du 49. Tim tat ca cac s6 c6 ba chit s6 chia hét cho 11 sao cho thwong s6 ctia phép chia s& d6 cho

11 béng t6ng binh phuong ctia cac chit s8 ctia s6 d6.

Loi giai
Goi s0 c6 ba chir s6 thoa man yéu cau bai toan la A = abc véi ae {1; 2,'...9};b,c € {O; 1; 2;...9} .
Do A chia hét cho 11 nén ta dwoc a—b + ¢ chia hét cho 11.
Két hop vdi a € {1;2;...9},‘b,c € {0;1;2;...9} ta suy ra dwoc a—b+c=0 hodca-b+c=11
e Véi a—b+c=0, khi d6 taduwoc b=a+c.

Tacéo A=100a+10b+c=99a+10b+a+c=99a+11b.
Khi A chia 11 thi thwong s ctia phép chia bang tdng binh phuong céc chit s6 ctia A nén ta duoc

%=az+b2 +c” hay ta dwoc 9a+b=a’ +b* +c

Két hop véi b=a+c ta duoc 9a+(a+c)=a2+(a+c)2+c2 < 10a+c=2a’+2ac+2c>.

Do a>1 nén ta dwoc 10a+c>2a+2c+2c*> = 2c* +c<10a-2a’ S22—5

Do dé suy ra 2c” +c<12=c<?2
Ciing tir 10a+c =2a’ +2ac+2c” ta suy ra dugc c 1a s6 chén. Tir d6 ta duoc ¢ =0 hogc c=2.

+V6i ¢ =0, khi d6 ta duwoc a =b nén s6 can tim c¢6 dang A =aa0.
Do dé6 %=50:2a2:>a:5:>a:b:5.T1‘rdétat‘1mdu(yc A =550.

+V6i ¢ =2, khi d6 ta duoc tir 10a+c =2a* +2ac+2c” ta duwoc 10a+2 =2a” +4ac+8

Hay ta duoc a® —3a +3 =0. Nhan thdy phuong trinh trén khong c6 nghiém nguyén duong nén
khong ton tai s6 A thoa man bai toan.

e V6ia—b+c=11, khi d6 taduwgc b+11=a+c.
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Do a, b, cla cac chit s nén tr b+11=a+c ta suy ra dugc a >2

Tacé A=100a+10b+c=99a+10b+a+c=99a+11b+11.

+Xét a=2,khidé c=9;b=0.Ta duwgc A =209 khong thoa man bai toan.

+Xét a=3, khi d6 ta duwoc c=8;b=0 hodc c=9;b=1.Ta dugc A =308 hodc A =319 khong
thoa

+Xét a>4.Khi d6 A chia 11 thi thuong s3 ctia phép chia bang tdng binh phuong cac chir s§ ctia A

nén ta dwoc

%:a2+b2+c2 hay ta dwoc 9a+b+1=a’+b’+c’

Két hop voi b=a+c—11 ta duoc
9a+(atc—11)+1=a’+(a+c-11) +c* & 10a+c-10=2a* +2ac+2c* ~22(a+c)+121

Thu gon ta duwgc 32a+23c—-131= 2a® +2ac+2c*. Do a >4 nén ta duoc

32a+23c-131>2a* +8c+2c” = 2¢* —15c<32a-2a*-131<-5
Do d6 suy ra 2¢* —15c <-5=> ¢ <7. Tt 32a+23c—-131=2a’ +2ac+2c” ta suy ra dwoc c 1a s5 1é.
Do d6 ta duwgc ¢ =1;3;5;7. Dén day xét cac truong hop cta c thi duge b =0;a =8 thdéa man. Do
d6s6 can timla A =803.

Vay cac s0 thoa man 550 va 803.

Vi du 50. a) Tim tat ca s6 tu nhién cd thé viét thanh tong ctia hai s6 nguyén 16n hon 1 va nguyén to
cung nhau.
b) Tim tat ca s6 tw nhién cd thé viét thanh tong ctia ba s6 nguyén 16n hon 1 va déi mot

nguyén to cung nhau.

Loi giai

Trudc hét ta 6 nhan xét: Voi hai s6 nguyén duong a vab véia > b, néu d la wéc chung 16n nhat
ctaavabthidlawdccua a—-b.
Ta cling chiing minh dwoc (k,k + 1) = 1;(21( +1,2k + 3) = 1,(21( -1,2k + 3) véi k la s6 nguyén
duwong.
Lai 6 (3k—2,3k+4)=1,(3k—4,3k+4)=1 véiklasle.

(3k-5,3k+7)=1,(3k-7,3k+5) =1 véiklas§ chin.
S6 3 nguyén t6 cung nhau vdi cac s6 ¢d dang 3k +1;3k -1 véi r=2;4;5;7.
a) Gia str sO tir nhién n théa man yéu cau bai toan, khi d6 n=a+b vdi a, b 1a cac s6 nguyén 16n
hon 1 va (a,b) =1.

Dé thdy n=5 thi ta viét dwgc n=2+3 thoa man yéu cau bai toan. Véi n=6 thi khong thoa man

yéu cau bai toan. Ta can xét voi cac s nguyén n>7.
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e Néu n=2k+1 véiklasdnguyénva k>3, khi d6 ta duoc n=2k+1=k+(k+1) thdéa man
yéu cau bai toan.

e Néu n =4k véikla s8 nguyén va k >3, khi d6 ta dwoc n =4k =(2k—1)+(2k+1) théa man
yéu cau bai toan.

e Néu n=4k+2 véikla sd nguyén va k>3, khi d6 ta duwoc n=4k+2=(2k-1)+(2k+3)
thoa man yéu cau bai toan.

Do d6 cac sd nguyén n >7 déu théoa man yéu cau bai toan.

Vay cac s6 nguyén n=5 va n>7 déu thoa man yéu cau bai toan.

b) Gia st s6 ti nhién n thoa man yéu cau bai toan, khi d6 n=a+b+c vdi a, b, cla cac s6 nguyén
16nhon 1va (a,b)=(b,c)=(c,a)=1.Khi dé ta duoc n>9

Déthdy n=10=2+3+4, n=12=2+3+7,n=14=2+5+7, n=15=3+5+7,
n=16=2+5+9 thoa man yéu cau bai toan. Véi n=9;11;13;17 thi khong thdéa man yéu cau bai

toan. Ta can xét voi cac s6 nguyén n >18.

e Néu n =4k véiklasgnguyén va k>3, khi d6 ta duoc n =4k =2+(2k-3)+(2k+1) thoa
man yéu cau bai toan.

e Néu n=4k+2 véiklas§nguyén va k>3, khi d6 ta dugc n =4k +2=2+(2k—1)+(2k+1)
théa man yéu cau bai toan.

e Néu n=6k+1 véiklasdnguyén va k>3, khi d6 ta duoc n =6k +1=3+(3k—4)+(3k+2)
véiklasdle va n=6k+1=3+(3k-7)+(3k+5) véiklass chin, théa man yéu cau bai toan.

e Néu n=6k+3 véiklasdnguyén va k>3, khi d6 n=6k+3=(2k-1)+(2k+1)+(2k+3)
thoa man yéu cau bai toan.

e Néu n=6k+5 véiklasdnguyén va k>3, khi d6 ta dugc n =6k +5=3+(3k—2)+(3k+4)
véiklasdle va n=6k+1=3+(3k-5)+(3k+7) véiklasd chin, thoa man yéu cau bai toan.
Do d6 véi moi n>18 déu théa man yéu cau bai toan.

Vay cac s nguyén n =10;12;14;15;16 va n>18 déu thdéa man yéu cau bai toan.

Vi du 51. Tim tat ca cac s6 tee nhién a, b, c nhé hon 20 thoa man a(a + 1)+b(b +1) = C(C+ 1) trong

d6 a la s6 nguyén t6 va b chia hét cho 3.

Loi giai
Tt gia thiét a(a+1)+b(b+1)=c(c+1) taduwoc 1<a<c,0<b<c.

Bién doi gia thiét ctia bai todn ta duoc a(a+1)=c* —b’+c—b=(c-b)(c+b+1).

Do a la sO nguyén t6 nén c—b hodc c+b+1 chia hét cho a.

+ Néu c—b chia hét cho a thi ta dwgc a <c—b nén tir a(a+1)=(c—b)(c+b+1) ta suy ra dugc

a+1>b+c+1.Dod6é b+c+1<a+1<c-b+1,suyrab=0vaa=c.
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Vay bo sd tu nhién (a; b; c) thoa man la (a; O;a) véi a la sd nguyén t6 nho hon 20.

+Néu b+c+1 chiahét cho a. Khi d6 ta dat b+c+1=ka vdi k la s6 nguyén duong,.

Doa<cvab>0nén k>2.

Thay vao hé thuc a(a+1) :(c—b)(c+b+1) ta dwoc a+1:k(c—b):> a :k(c—b)—l

Thay ti€p vao a(a +1) = (C—b)(C +b +1) ta duoc
b+c+1=Kk*(c-b)-k e 2b=(k+1)[ (k-1)(c~b)-1]

Vic-b2>1 nén (k+1)(k—2)£2b<40 nén suy ra duwgc k<7.

Ttr d6 ta dwoc k e {2; 3;4; 5;6} . Ta xét cac truong hop sau:

e V6i k=2, khi d6 do b chia hét cho 3 nén ta dat b = 3m véi m la s6 tu nhién khac 0.

Khi 6 thay vao 2b =(k+1)[ (k—1)(c~b)-1] ta dugc c=5m+1.

Khi m >4 thi ¢>20 dodétaxét m=1;2;3.

Cht y dén a la s6 nguyén t6 nho hon 20 nén ta duoc cac bd s6 (a ;b; C) thoa man la

(5:3;6),(13;9;16)

e V6i k=3 va b=3m thi ta dwoc 4c =15m +2 . Khi d6 ta tim dwoc bo so (5; 6;8) thoa man bai

toan.

e Véi k=4 va b=3m thita dwoc 15c=51m —5. Dé thay 15 va 51 chia hét cho 3, con 5 khong

chia hét cho 3 nén treong hop nay khong ton tai bo sd thoa man.

e V6i k=5 va b=3m thi ta duoc 4c =13m +1, truong hgp nay khong tim thdy bo s6 nao thoa

man.

e V6i k=6 va b=3m thita duoc 35c =111m +7, truong hop nay khong tim thay bo s6 nao

théa man.
Vay cac bo so tu nhién (a;b;c) thoa man bai toan la: (5;3;6),(13;9;16),(5;6;8)Vé (a,'O;a) voi a
la s& nguyén t& nho hon 20.

Vay cac cap s6 nguyén duong (a ; b) thoa man yéu cau bai toan la

(1,1),(1,3),(2:1),(41),(5:7),(8;5)-

Vi du 52. Tim s6 nguyén duwong n nho nhat sao cho 2" —1 chia hét cho 2011.

Loi giai
Cht y ring a=b(modm) cénghiala a—bim.
Vi 2011 la s6 nguyeén t6 va (2,2011) =1 nén theo dinh li Fecmat nho ta co 2*" — 1(m0d 2011).

Hay 2" —1:2011.
Gia st s6 nguyén duwong n nho nhét thoa man 2" —1 chia hét cho 2011. Khi d6 n <2010.

Giastt 2010 =nq+r véiq,rlasdtenhiénva 0<r<n
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Ttr 2" —1(mod 2011) suy ra 2" =1(mod 2011)

Ma ta c6 2*"* —1(mod 2011) nén ta duge 2" —1(mod 2011)

Do d6 ta duge 27 (2" ~1):2011. Ma do (2*,2011) =1 nén (2" ~1):2011.

Lai do r <n van la s6 nguyén duong nho nhat nén ti (Zr —1)32011 ta dwoc r=0.

Tt d6 suy ran la wdc cta 2010. Médt khéc ta lai co 2" _1=1023<2011 nén n > 10
Chuy rgmg 2010=2.3.5.67 nén n e {15; 30;67;134;201; 335;402;670;1005; 2010} .

Ta 6 2"° =592(mod 2011) nén 2% =592* (mod 2011) hay 2* = 5507 (mod 2011)
Tir d6 ta lai duoc 2% =550% (mod 2011) hay 2* =850(mod 2011)

Do d6 2%.2” =850.2” (mod 2011) hay 27 = 206(mod 2011).

Nén ta dwoc 2'* =206% (mod 2011) hay 2 =205(mod 2011)

Va 2 =206° (mod 2011) hay 2*” =2010(mod 2011).

Ta cling c6 2° =205.2010(mod 2011) nén 2** =1806(mod 2011)

Lai ¢6 2 2010 (mod 2011) hay 2*” =1(mod 2011), suy ra (2" ~1):2011

Vay n =402 la gid tri can tim.

Vi du 53. Cho a va b 1a cac s6 nguyén duwong thda man diéu kién x> +y* +1 chia hét cho 2xy +1.

Chiimg minh ring xy (x—y)=0

Loi giai

X’ +y?+1

Do x> +y”+1 chia hét cho 2xy +1 nén ta dat k = véi k la s6 nguyén duong.

2xy +1
Nhan thay khi x =y thi k=1 va nguoc lai van dting. Do d6 ta di chitng minh k=1.
Gia st cdp s6 nguyén duwong (ao ; bo) v6i a, + b, bé nhat thoa man yéu cau bai toan. Khong
mat tinh tong quat ta giaste a, > b, .
x*+b] +1

hay x*>-2kbx+b; +1-k =0.
2xb, +1

Xét phuong trinh k =

Khi d taco A" =bok? b ~1+k=(k-1)[ b (k+1)+1]>0.

Do d6 phuong trinh ludn cé nghiém. Dé thay a, 1a mot nghiém ctia phuong trinh nén theo dinh 1i
Vi — et thi phuwong trinh con c6 thém mot nghiém nita. Goi nghiéem do 1a a, .

a,+a, =2kb,

Khi do ta cé )
a,.a, =by—k+1
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Ttr hé thirc thiz nhét ta duoc a, la s6 nguyén.

Gia st a, <0, khi d6 a’ —2kba, +b; +1-k >al +2kb, +b: +1-k >0, dieunay vo li vi a, la
mdt nghiém ctia phuong trinh x* —2kb,x+b; +1-k =0.

T d6 suy ra a, = 0. Ta xét cac treong hop sau.

e Truong hop 1: Néu a, =0, khi d6 ta duoc a,b, =0, diéu nay dan dén xy =0.

e Trueong hop 2: Néu a, >0, khi dénéu a, > b, thi ta dugc

b?-k+1 Z_1+1
Do X b <2 T —a, + b,
aO aO

a, +b, =

Déu nay mau thun véi cac chon (ao ; bo) v6i a, +b, bé nhat.

2a2 +1
Tir 6 ta duoc a, = b, . Khi do ta duoc k = =2

2a(2) +1

=1. T day ta suy ra duoc x=y.

Két hop cac két qua trén ta dwoc xy (X - y) =0. Vay bai toan duoc chiing minh.
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Chu d& 2
CAC BAI TOAN VE SO CHINH PHUONG, SO LAP PHUONG

1. MOT SO KIEN THUC CAN NHO.
1. S8 chinh phwong,.
e Dinh nghia: S§ chinh phuirong 1a s bang binh phuong ding ctia mot s& nguyén.
e Mot so tinh chat
o Tinh chat 1: S§ chinh phuong chi c6 thé cé chit s8 tan cling bang 0, 1, 4, 5, 6, 9. Suy ra s c6 chit
s6 tan cung bang 2, 3, 7, 8 thi khong phai 1a s8 chinh phuong
o Tinh chat 2: Khi phén tich ra thtra s6 nguyén t0, s6 chinh phwong chi chita cac thira s6 nguyén to
v6i 58 mii chan.
o Tinh chat 3: S6 chinh phwong chi c6 thé c6 mdt trong hai dang 4n hodc 4n + 1. Khong c¢6 s chinh
phuong nao c6 dang 4n + 2 hodc 4n + 3 véi n la s6 nguyén.
o Tinh chat 4: S6 chinh phwong chi c6 thé c6 mot trong hai dang 3n hodc 3n + 1. Khéng ¢6 s6 chinh
phuong nao c6 dang 3n + 2 véin la sd nguyén.
o Tinh chét 5: S§ chinh phuong tan cling bang 1 hodc 9 thi chit s8 hang chuc la chir s8 chan.

S6 chinh phuwong tan cting bang 5 thi chit s8 hang chuc 1a 2

S8 chinh phuong tan ciing bang 4 thi chit s8 hang chuc la chir s chan.

S6 chinh phuwong tan cting bang 6 thi chit s8 hang chuc 1a chit s 1é.
o Tinh chat 6: S6 chinh phuwong chia hét cho s6 nguyén t6 thi chia hét cho binh phuong s6 nguyén
to do

SO chinh phuong chia hét cho 2 thi chia hét cho 4.

SO chinh phuong chia hét cho 3 thi chia hét cho 9.

SO chinh phuong chia hét cho 5 thi chia hét cho 25.

S6 chinh phuong chia hét cho 8 thi chia hét cho 16.
o Tinh chat 7: Néu hai sd nguyén duong nguyén t6 cung nhau c6 tich la mét s6 chinh phwong thi
moi s6 déu 1a sd chinh phuong
o Tinh chat 8: Néu hai s6 nguyén lién ti€p cd tich 1a mot sd chinh phuong thi mot trong hai s6
nguyén lién tiép d6 bang 0
o Tinh chat 9: Hai s6 chinh phuong a* va (a + 1)2 duoc goi la hai s6 chinh phuong lién tiép. Gitra
hai s chinh phuong lién ti€p khong cé s6 chinh phuwong nao.
o Tinh chit 10: Néu a? = m.n vdi a, m, n 1a s6 tu nhién va (m,n) =1 thim, nla cic s6 chinh
phuong.
2. S6 1ap phuwong dang
¢ Dinh nghia: Mot s6 nguyén dugc goi la sO lap phuong dung néu né viét duoc thanh lap phuong
cua mot sO nguyén.

e Mot s0 tinh chat cAn nhé
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o Tinh chat 1: Néu s6 nguyén a chia 3 c6 s6 dwla 1 thi a® chia 9 c6s6 dwla 1.
o Tinh chat 2: Néu s nguyén a chia 3 c6 s6 dwla —1 thi a® chia 9 c6sd dwla —1.
IL. MOT SO Vi DU MINH HOA.
Bai tap vé s0 chinh phwong, so lap phuong ding thuong c6 mot s6 dang nhu sau:

e Chiing minh mét s6 la s6 chinh phuong, s6 lap phuong dung hodc khong thé la s6 chinh
phuong, s6 lap phuong dung.

e Tim s6 nguyén dé biéu thirc c6 gia tri la mot sd chinh phwong, s6 lap phuong ding.

e Tim s0 chinh phuong, s lap phwong ding thoa man mdt s6 diéu kién nao do.

e St dung tinh chat cta s6 chinh phuong, s lap phwong ding dé giai phuwong trinh nghiém
nguyén, chitng minh bai todn chia hét, chiing minh hai s6 nguyén bang nhau, ...

Céc dang bai tap néu trén dueoc minh hoa thong qua cac vi du sau.

2.6.10...(4n-2)
(n+ 5)(n + 6)...(211)

la mét s6

Vi du 1. Chting minh rang véi mdi s§ nguyén n>6 thi a_=1+

chinh phuwong

Loi giai
Ta co

2" [135..(2n-1) |- (n4)! 2" (n+4)!

Wl (2n)! "246..2n

2".123..n(n+1)(n+2)(n+3)(n+4)
2"1.234..n
=1+(n+1)(n+2)(n+3)(n+4)=(n>+5n+5)

=1+

2
Do dé ta duoc a, =(n’ +5n+5) lasg chinh phuong,

Vi du 2. Chting minh rang A =1°+2° 43’ +4° +...+ 2016 1a s6 chinh phuong.

Loi giai

2 2 2 2 2
Tacé A= 1 4.1+ 2 4.2+ 3 4.3+ 4 4.4+.+ 2016 4.2016
2 2 2 2 2

Tedd A= GJZ (22 -0? )+@J2 (32 —12){%)2 (42 —22)+ +(&216j2 (20172 —20152)

12Y (01Y (23 (12Y 20162017 ) (20152016 )
HayA=| — | | =— | +| = | | = | +...+ -
2 2 2 2 2 2

(2016.2017

2
Suyra A= J = (1008.2017)2 . Vay A la s6 chinh phuong.

Vidy3.Cho S=123+234+..+n(n+1)(n+2) véinlasd twnhién khéc 0. Chtmg minh ring
4S+1 la s6 chinh phuong.
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Loi giai
Tir S$=12.3+234+..+n(n+1)(n+2) tacod
45=1234+234.(5-1)+345.(6-2)+..4+n(n+1)(n+2)[ (n+3)—-(n-1)]

=1234+2345-1234+3456-..+n(n+1)(n+2)(n+3)-(n-1)n(n+1)(n+2)
=n(n+1)(n+2)(n+3)

Do d6 ta duwoc

4S+1=n(n+1)(n+2)(n+3)+1=(n*+3n)(n’ +3n+2)+1
= (n2 +31r1)2 +2(r12 +3n)+1 = (n2 +31r1+1)2

Vay 4S+1 la s6 chinh phuong.

Vi du 4. Chting minh N =2012*" +2013*" +2014*" +2015*" khong phai 1a s& chinh phuwong véi

moi n la s6 nguyén duong.

Loi giai
Ta c6 2012* c6 chit s6 tan cting bang 6 nén 2012*" c6 chir s§ tan cting bang 6.
2013* c6 chit s6 tan cling bang 1 nén 2013*" ¢6 chir s8 tan cling bang 1.
2014 c6 chit s6 tan ciing bang 6 nén 2014"" c6 chir s§ tan cting bang 6.
2015*" c6 chit s6 tan cting bang 5.
Do d6 ta c6 N =2012"" +2013*" +2014*" +2015"" ¢6 chit s6 tan ciing bang 8.
Mit khéc, khong c6 s8 chinh phirong nao c6 chit s8 tan ciing bang 8. Vay N khong phai 1a s8 chinh
phuong.

Vi du 5. Cho x, y 1a nhitng s nguyén 16n hon 1 sao cho 4x’y* —7x+7y 1a s6 chinh phuong.
Chting minh rang x =y

Loi giai

T gia thiét ta co

4x°y* —7x+7y = (2xy—1)2 +Axy -7x+7y—-1> (2xy—1)2

4y ~7x+7y = (2xy +1) —4xy —7x+7y-1<(2xy +1)’
Dit A =4x’y* ~7x+7y. Khi d6 ta duoc (2xy 1) <A <(2xy +1)’
Suy ra —4xy +1<-7x+7y <4xy+1
Néu x>y >2 thi -7x+7y <0<4xy+1 va -4xy+1<-8x+1<-7x+7y nén ta suy ra dugc
A =4x*y?, diéu nay vo li.
Twong ty néu y > x> 2 ta duoc diéu vo 1i.

Do d¢ ta suy ra dugc x =y . Bai toan dwoc chitng minh.
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Vi du 6. Cho 2 s8 nguyén a, b théa man a’*+b*+1= 2(ab+a+b). Chtng minh a va b la hai s&
chinh phuong lién tiép.

Loi giai
Ta c6 a2+b2+1:2(ab+a+b)<:>a2+b2+1—2ab+2a—2b:4a<:>(a—b+1)2 =4a

1a s6 chinh phuong suy ra a la s6 chinh phuong a = x* (x 1a s6 nguyén).
Khi d6 ta duoc

(xz—b+1)2 =4x> <::>x2—b+1:2x<:>b:(x—1)2

Vay a va b 1a hai s6 chinh phuong lién tiép

Vi du 7. Tim cac s8 nguyén n sao cho A =n* +n’ +n” 1a s§ chinh phuwong.

Loi giai
bit A=n*+n’+n’=n’ (n2 +n+1).
Vé6i n=0 ta duwgc A =0 la s6 chinh phuong.
Vé6i A #0, khi d6 &€ A 1a s6 chinh phrong thi n* +n+1 phai la s§ chinh phuong,.
Dat n* +n+1=k*(keN), suy ra

4(n?+n+1)=4K & (2n+1) +3=(2k) < (2k-2n-1)(2k+2n+1)=3

Vi 2k+2n+1>2k—2n—1(keN;neZ) nén ta duoc

2k-2n-1=1
2k+2n+1=3 n=-1
=
2k-2n-1=-3
2k+2n+1=-1

n=0

Vay cacgiatrican timla n=0; n=-1.

Vi du 8. Tim s& nguyén n >2008 sao cho 2°0% 422012 4 22013 4 92014 | 72016 4 o1 13 5§ chinh

phuong.

Loi giai
Dt A = 22008 | 92012 | 52013 | 52014 | 52016 L o T4 o4
- 22008 + 22012 + 22013 + 22014 + 22016 + 2n — 22008 (1 + 24 + 25 + 26 + 28 + 2n—2008)
— 2008 (369 n 2n—2008)
Khi d6 A la s6 chinh phuong khi va chi khi 369 +2" 7 =b” véi be N'.
D3t a=n—-2008 1a s& nguyén duong, ta c6 phuong trinh 369 +2° = b’
Xét trong hé dong du mod3 ta cé: 369 = O(mod 3);2a = {1;2}(m0d 3);b2 = {O;l}(mod 3)

Suy ra 2° El(m0d3) suy raalasSchidnhay a=2c, ceN .
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~ Phuong trinh tré thanh 369 =b* —2* < 41.33=(b—2°)(b* +2°)
y
4 Do b+2°>b-2° suyra

(b+25b-2%) e {(41;9);(369;1);(41.3;3)} < (b;2°) €{(25;16);(185;184);(63;60)} < (b; ) e {(25;4)}

Vay n=a+2008 =2c+2008 =2016 1a sd can tim

Vi du 9. Tim tat ca cac bd hai s6 chinh phuong (n,' m) ma mdi s§ c6 dung 4 chit s8, biét rang moi

chit s6 ciila m bang chit s6 twong ting ctia n cong thém voi d, & day d la mot s6 nguyén duwong nao

do cho trude.

Loi giai
Dat n=x" =p.10° +q.10° +r.10+s;m =y* = (p+d).10> +(q+d).10> +(s+d).10+(s+d)
O day x, v, p,qr,s€N val<p<p+d<9,0<q<q+d<9;0<r<r+d<9;0<s<s+d<9
Khi dé taco (y+x)(y-x)=y*-x* =d.1111=d.11.101 (1)
Tt (1) suy ra sd nguyén td 101 la wdc cia y —x hodc y +x.
Do 10° <n<m<10* nén 32<x<y<99.Dodb 64 <x+y<200; 0<y—x<67
=y+x=101, y—=x=11.d. Do d(’)xvéykhéctinhchénlé,dlé.
Do 64 <2x=101-11d nén 11d <37.Suyra d <3, vay d=1 hoac d =3.
+Voi d=1 thi x+y=101; y—x=11 suy ra (x;y):(45;56), do dé (n; m)=(2025; 3136)
+V6i d=3 thi x+y=101; y—x=33 suyra (x;y)=(34;67),do dé (n; m)=(1156; 4489)

Vay 6 2 b6 s6 thoa man (2025; 3136)va (1156 ; 4489).

Vi du 10. Tim tat ca cac s6 hitu ty x sao cho A = x” +x+6 1a mot s6 chinh phuong.

Loi giai
Dé thdy x =0, x =1, x = —1khéng thoa man. Vi x khéc cac gid tri nay, trudc hét ta chiing minh x
phai la s6 nguyén.
+ Vi x* +x+6 1a mot s8 chinh phuong nén x” + x phai la s& nguyén.

- m . N Lo A 1s Ae 1
+ Gid st X =— voim van cé wdc nguyén I6n nhat la 1.
n

2 2
. m m m +mn . A . . 1w A .
Ta 6 X* +X = —+—=———— lasdnguyén khi m” +mn chia hét cho n’ nén m* + mn chia
n> n n

hét cho n, vi mn chia hét cho n nén m? chia hét cho n va do m va n c¢6 wéc nguyén 1én nhét la 1, suy
ra m chia hét cho n (méu thuan véi m va n ¢ wdc nguyén 16n nhat 1a 1). Do d6 x phai la s6

nguyén.

bat x2+x+6=k2(keZ).Ta co

4 +4x+24 = 4K & (2x+1) +23=4K> & (2k +2x+1)(2k-2x~1)=23
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bén day ta cd cac treong hop sau

. 2k+2x+1=23 k=6
+ Truong hop 1: =
2k-2x-1=1 x=5
. 2k+2x+1=1 k=6
+ Truong hop 2: S
2k-2x-1=23 X=-
2k+2x+1=-23 =
+ Truong hop 3: =
2k-2x-1=-1 =
. 2k+2x+1=-1 k=-
+ Truong hop 4: =
2k-2x-1=-23 X=5

Tht lai ta duoc x =—6; X =5 la cac gia tri can tim.

Vi du 11. Gia stt m va n 1a cac s8 nguyén duong véi n>1.Dit S=m’n’ —4m + 4n. Chting

minh rang:
w . 2 2 2 24
a) Néu m >n thi (mn —2) <n°S<mmn”.

b) Néu S la s6 chinh phuong thi m =n.

Loi giai
a) Ta chting minh (mn2 —2)2 <n*(m’n*-4m+4n)<m’n*
Bang cach xét hiéu
H= (mn2 —2)2 -n’ (mzn2 —4m +4n) =m’n* —4mn® +4-m”n* +4mn” -4n’ = —4n’ <0
Mit khac n*(m”*n® —4m +4n)-m’n* =4n’(m-n)>0 vin>1, m>n
Do d6 ta duoc (mn2 —2)2 <n’*(m’n*-4m+4n)<m’n*
2

2
MJ <5<(mn)’

b) Néu m >n khi d6 theo cau a ta dwoc [
n

2

-2 -2

Mit khic ™2 _(p 1) =2
n n

nm?*-2

n

Vim,neN*,m>n>1néntaduwoc 0<mn-1<
Suy ra (mn —1)2 <5< (mn)2 nén S khong thé la s6 chinh phuong.
Néu m <n thi S>m”n?, lai thay S< (mn+2)2.

Do d6 & S 1a s& chinh phuong thi S = (mn + 1)2, khi d6 ta duoc

m’n*—4dm+4n=m’n*+2mn+1<4n-4m+2mn =1

khong ton tai m,n thdéa man vi vé& phai la s6 chdn
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Tt cac lap luan d6 ta dwoc m =n.

Vi du 12. Véi mdi s8 thuc a ta goi phan nguyén ctia a la sd nguyén 16n nhat khong vuot qud a va

2
N ’ , f 1 1
ky hiéu la [a]. Chting minh rang véi moi s6 nguyén duong n, biéu thic r1+[3 n—f +§}

khong biéu dién duwoc dudi dang 1ap phuong ctia mét s6 nguyén duwong.

Loi giai

43/r1—i+l =a:>a313/r1—i+l<a+1<::>a3—aZ+4—aSn<a3+2az+7—a+l
27 3 27 3 3 3 3

4a 7a 1 3
:>a3+?£n+a2 <a3+3a2+?+§:>a3 <n+a’ <(a+1)

Ta co

Suy ra n+a’ khong la lap phuong ctia mot s8 nguyén.

Vi du 13. Cho a, b, ¢, d 1a cac s§ nguyén 1é sao cho 0 <a<b<c<d va ad =bc. Chiing minh rang
néu a+d va b+c lacaclay thracta2thia=1.

Loi giai
Giast a+d=2" va b+c=2" véimvan la cac sd nguyén duong.
Tacd a<c nén tacd a(d—c)<c(d—c), suy ra ad—ac=bc—ac<c(d—c)
Tt d6 ta dwoc b—a<d—-c hay a+d>b+c nénsuyra m>n.

Talai co bc:b(b+c—b)=b(2n —b) va ad:a(a+d—a)=a(2m —a)
Do d6 tir ad = bc ta duoc b(2n —b):a(Zm —a)
Hay ta duoc a.2™ —b.2" =a’ -b* = 2" (b—a.Zm_n) :(b—a)(b+a).

Do détacé (b—a)(b+a)i2". Mit khacnéu a+b va b-a ciing chia hét cho 4 thi b chia hét cho
2, diéu nay mau thuan véi b 1a s6 1.

Tt d6 ta suy ra dwgc b—a chia hét cho 2" hodc a+b chia hét cho 2™".

Goi x 1a mot trong hai s6 a+b va b—a thitacé 0 <x<b+a<b+c=2" nén ta suy ra dugc
x=2""

Goi y la wéc nguyén t6 chung cua a va b thi y la wéc nguyén td chung cua a+b va b—a. T doé ta
suy ra dugc y = 2. Mat khac do a, b 1a cdc s6 1é nén ta suy ra a, b nguyén t6 cung nhau.

Taco 2" ' =2"-2""=b+c— (b + a) =c*a nén tuong ti nhu trén ta suy ra duoc a va c nguyén
t6 cung nhau.

Twr d6 suy ra a va bc nguyén t6 cing nhau, ma bc:a nén ta suy ra duoc a=1.

Vi du 14. Tim céc s6 nguyén a, b sao cho a* +b* + (a + b)4 la s6 chinh phuong.

Loi giai
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Ta c6 nhan xét: Mot s6 chinh phuwong chan thi chia hét cho 4 va mot sd chinh phuong 1é thi chia 4
du 1.

Ta xét cac treong hop sau
e Trong hai s8 a va b c6 mot s8 chn va mot s6 1¢, khong mat tinh tdng quéat ta gia strsd chdn la a
vas§1é lab. Khi d6 a* chia hét cho 4, con b* va (a+b)’ chia4du 1.
T ddsuyra a* +b* + (a + b)4 chia4 du2, nén a* +b* + (a + b)4 khong thé'la sd chinh phuong.
e Cahaisdavab déulasdlé khi dé a+b lasd chdn. Tir d6 ta duoc a* va b* chia4du1va
(a + b)4 chia hét cho 4.
Tt d6suyra a* +b* + (a + b)4 chia4 du2, nén a* +b* + (a + b)4 khong thé la s6 chinh phuwong.
e Cahai sd a vab déu la s6 chdn, khi d6 ta dit a =2m;b =2n véi m, n 1a cdc s6 nguyén.
Khi d6 ta cé a* +b* +(a+b)4 =16m*+16n* +16(m +n)4 = 16[m4 +n*+(m +n)4}

N 4 14 4o a1 o4, 4 STV
béa’+b +(a +b) la s6 chinh phuong thi m” +n +(m +n) phai 1a s6 chinh phuwong.

Tiép tuc ly luan twong tw nhu trén ta suy ra dwoc a:2" va b:2" véik la s6 tu nhién bat ki, diéu

nay chi xay rakhi a=b=0.

Vay véi a=b=0 thi a* +b* +(a+b)’ las§ chinh phuong.

Vi du 15. Chting minh rang néu x” +2y 1a mot s§ chinh phuwong véi x va y 1a cac s8 nguyén

duong thi x* +y 1a tong ctia hai s§ chinh phuwrong.

Loi giai
Do x va y la cic s8 nguyén duong, dong thoi x* +2y 1a mot s§ chinh phuong nén ta co
x* +2y > x
Tl d6 ta suy ra dugc x* +2y = (x + t)2 véi t la mot s6 nguyén duong.
Do d6 x* +2y =x* +2xt +t* = t* =2y - 2xt = 2(t - xt)

Suyra t*i12=t*14 = t:2. D4t t =2m véi m mot s§ nguyén duong.

Tl d6 ta cé 2y =t* +2tx =4m’ + 4mx = y =2m” + 2mx
Suy ra x2+y=x2+2m2+2mx=x2+(x+m)2.

Vay x” +y la tong ctia hai s6 chinh phuong.

Vi du 16. Tim t4t ca c4c s6 nguyén m sao cho m* + m® +1 1a mot s§ chinh phuwrong.

Loi giai
Giastt m* +m’ +1 1a mot s8 chinh phuong. Khi d6 dit m* +m?® +1=n? véi n la mot s6 nguyén.

Tacs m*+m’ +1=n’ & 64m* +64m’ +64 = (8n) < (8m*+4m~1) +8m+63=(8n)’
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Ta xét cac treong hop sau:
e Néu m =0, khi d6 16 rang m* + m’ +1=1 1a mdt s5 chinh phuwong.

¢ Néum#0 va m>-8
Khi d6 tir (8m?+4m 1) +8m +63=(8n)’ ta cé (8n)’ > (8m’ +4m ~1)
Do 8m?+4m 120 nén (8n)’ >(8m?+4m) . Tir d6 ta duoc
(8m”+4m 1) +8m+63>(8m> +4m)’
& (8m?+4m) ~2(8m*+4m)+1+8m+63>(8m*+4m) < ~16m’> > 64 <> m* <4
Do m” la s& chinh phuong nén ta duge m* € {1;4} = m e {-2;-1;1;2}
Kiém tra tryc tiép ta thdy m e {-2;-1;2} thoa man yéu cu bai toan.
e Néu m <8, Khidé tir (8m?+4m 1) +8m +63=(8n)" tacé (8n)’ <(8m’ +4m 1)
Do 8m? +4m~120 nén (8n)’ <(8m*+4m—2) . Tir d6 ta duoc
(8m® +4m 1) +8m +63 <(8m? +4m -2’
& (8m?+4m) ~2(8m?+4m)+1+8m +63>(8m?+4m) —4(8m>+4m)+4
& 4m* +4m+15<0

biéu nay vo li nén trong treong hop nay khong c6 m nguyén thoa man bai toan.

Vay cac sd nguyén m thoa man yéu cau bai toan la m € {—2; -1,0; 2} .

Vi du 17. Cho a va b 1a cac s6 nguyén sao cho ton tai hai sd nguyén lién ti€p c va d thoa man diéu

kién a—b =a’c—b’d. Chiing minh rang |a - b| la mét s6 chinh phuong.

Loi giai
Do ¢ va d 12 hai s8 nguyén lién tiép nén ta c6 d = c+1. Tt dé ta duoc
a—b:azc—bzd<::>a—b=a2(:—b2(c+1)<::>a—bzc(az—bz)—b2
<a-b=c(a-b)(a+b)-b’ <:>(a—b)[c(a+b)+1}=b2
Goi d la wéc chung Ién nhat cia a—b va c(a+b)+1
a—b:d

Khi d6 ta co .
{c(a+b)+1:d

nén ta duoc (a—b).[c(a+b)+1}§d2

Do d6 twr (a—b)[c(a+b)+l] =b’ tasuy ra dwoc b*:d* = bid
Ma ta ¢ a—b:d nén suy ra dugc a:d. Do d6 a+b:d

Két hop véi C(a+b)+1fd ta suy ra dugc 1:d nén d=1.

Tirdé ta e (a—b,c(a+b)+1)=1.Do dé [a—b| lamot s& chinh phuong.
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© | Vi du 18. Tim t4t ca céc s6 nguyén duong a va b sao cho a’b” — 4(a + b) la mot s6 chinh phuong,.

4 Loi giai
Gia st a’b? —4(a +b) =x?,voi x e N. Tt d6 ta duoc x < ab. Ta xét cac treong hop sau
e Truong hop 1: Néu x =ab -1, khi d6 ta duoc a’b* —4(a+b)= (ab—l)2
Tir d6 ta duoc —4(a+b)=-2ab+1<> 4(a+b)=2ab-1, diéunay vd li vi hai vé& khac tinh chan
lé.
e Trudng hop 2: Néu x <ab-2, khi d6 ta dwoc x* <(ab —2)2

Do d6 a’b? —4(a+b)<(ab-2) < ab<a+b+1.
Do vai tro ctia a va b nhu nhau nén khong mat tinh tong quat ta gia st a<b.
Néu a>3,khidé ab>3b>a+b+b>a+b+1,traivéi ab<a+b+1.

Do d6 suy ra a <2, ma ala sO nguyén duong nén ta duoc a=1 hodc a=2.
+Véi a=1,khi d6 ta dwoc b* —4(1+b)=x* < (b-2-x)(b-2+x)=8
béyla b-2-x va b—2+x cung tinh chdn 1¢,laic6 b-2+x>b-2-x>0
b-2-x=2 {b:S

Nén tir phuong trinh trén ta duoc =
b-2-x=4

x=1
+V6i a=2,khi d6 ta duoc 4b” —4(2+b)=x" < (2b-1-x)(2b-1+x)=9
D&yla 2b—1+x22b-1-x>0

2b-1-x=3 {b=2 V{zb—l—x=1 {b=3
oac

Tt d6 ta dwoc = =
{2b+1—x=3 x=0 2b-1+x=9 x=4

Vay cac cap s6 nguyén duong thoa man bai toan la (a;b) = (1;5),(5;1),(2;2),(2;3),(3;2).

Vi du 19. Tim tat ca cac s6 nguyén t& p va q sao cho p” +3pq+q’ 1a mot s§ chinh phuwong.

Loi giai
Gia st p*> +3pq+q° =k* véi p, q 1a cdc s6 nguyén 5 va k 1a s6 nguyén duong,
Néu p=q=3 thitacé p’+3pq+q’> =9+3.9+9 =45 khong phai la s5 chinh phuong.
Néu p va q cting khéc 3, khi d6 do p va q 1a cdc s6 nguyén t6 nén p* va q° chia 3 dw 1.
Do d6 p* +3pq+q” chia 3 du 2, diéu nay dan dén k* chia 3 du 2, diéu nay vo li vi s§ chinh
phuong chia 3 c6 s6 du la 0 hodc 1.
Nhu vay trong hai s6 nguyén t6 p va q c6 duy nhat mot so la 3.

Khong mat tinh tong quat ta gia st p =3, khi d6 ta cd
q° +9q+9=Kk* < 4q° +36q+36 =4k’ < (2q+9-2k)(2q+9+2k) =45

Chayla 45=1.45=3.15=5.9 va k >1 nén ta xét cac treong hop sau
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2q+9-2k=1

= 4q+18=46=4q=28=q=7, thoa man.
2q+9+2k=45

e Truong hop 1: Néu {

2q+9-2k =3

= 4q+18=18 = q =0, khong thoa man.
2q+9+2k=15

e Truong hop 2: Néu {
2q+9-2k=5

=4q+18 =14 = q=-1, khong thoa man.
2q+9+2k=9

e Truong hop 3: Néu {

Vay cdp s6 nguyén to thoa man yéu cau bai toan la (p,' q) = (3;7),(7,' 3) .

2 2 2
Vi du 20. Tim s6 ty nhién bé nhat n > 1 sao cho 1427 +3 +..4n la mot s6 chinh phuong.
n
Loi giai
. . , n(n+1)(2n+1) .
Bang quy nap toan hoc ta chitng minh dwoc 1+2° +3" +...4+n" = 6 véineN .
2,32 2 (n+1)(2n+1
Do dé ta duoc 1+2°+3" +...+n =( )( )
n 6
2432 2 n+1)(2n+1
Gia sip LF 2 H9 Foo P ok 68 chinh phuong Khi a6 (N )(20+1) 1a mot s8 chinh
n
phuong.
(n+1)(2n+1) ,
Dat ¢ =m” vdi m la mot s6 nguyén duwong.

Khi d6 ta duoc (n+1)(2n+1)=6m*. Deyla 2n+1 lass1é, do dé n+1:2, suy ranlasdle.
bat n=2k-1 vdi ke N,k >1.Khi d6 tw (n+1)(21’1+1)=6m2 ta duoc k(4k—1)=3m2.

Do 3 1a s6 nguyén t6 nén ta suy ra duwoc k:3 hodc 4k—1:3.

+Xét ki3, khi d6 ta didt k=3d,d e N". Do d6 tir k(4k—1)=3m” ta duoc d(12d -1)=m?.

Do k va 12k -1 nguyén t8 cing nhau nén ta dwoc d =u?;12d —1=v> véi u, v 1a cac s8 tw nhién.

Dé thay 12d —1 chia 3 dw 2 ma lai c6 v chia 3 du 0 hodc du 1 nén khong thé 12d —1=v>.
+Xét 4k —1:3, khi d6 ta dwoc k—1:d.bat k=3d +1.
Tir d6 ta duoc (3d+1)(4d+1)=m?.

Dé thay (3d+1,4d+1):1 néntacod 3d+1=u*;4d+1=v? véiu, v 1a cic s8 tw nhién.

Nhan thdy v lasGléénviasdlé va v >3 nén ta cho v nhan cic giatri 3;5;7;9;11;13;15;..., khi
do6 ta duoc cac gia tri d twong ung la 2;6;12;20;30;42;56;....

Do d6 ta c6 3d +1€{7;19;37;61;91;127;169;...} .

Nhén thay 169 1a s6 chinh phwong va la s6 chinh phuwong bé nhat trong day s6 trén.

Do d6 n bé nhét twong tng véi k bé nhatla k=3d +1=169 nén n=2.169-1=337.
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Vay s0 tu nhién bé nhat thoa man yéu cau bai toan la n =337 .

a’ +b?

P

Vi du 21. Cho cac sd nguyén a, b va sd nguyén t6 p thoa man € Z. Cho biét p la tong cua

2 2

hai s6 chinh phuong. Chting minh réng 2 cting la tong ctia hai s6 chinh phuong.

P

Loi giai
bit p=c®+d? véic d 1a cac sd nguyén.
guy

a2+ b2 :(a2+b2)(C2+d2) (ad+bc)2+(ac—bd)2 =[ad+bcj2+[ac—bdjz

Ta co

P p’ p’ P P
2 2 2 2 2 2 2 2
_a?4b? (a'+b?)(c+d®) (ad—bc)’+(ac+bd) (ad—bcj (ac+bdj
Ta cting co = > = 5 = +
P P P p P
Mt khéc ta cd (ac+bd)(ac—bd) =a’c*—b*d*=a? (c2 +d2)—d2 (a2 +b2)
a’ +b’? : .
Do p=c®+d? va €eZ=a’+b’*ip nén az(c2+d2)—d2(a2+b2):p
p
: +bd:
Do d6 ta dugc (ac+bd)(ac—bd):p:> ac _p
ac—bd:p
*4+b* _(ad-be) (ac+bd) +b
e Trudong hop 1: Néu ac+bdp, khi do tir = =[a CJ J{a J taco 17
P p p p
2, 1.2 _
Két hop véi a+b € Z ta suy ra duoc ad bCeZ.
p
cal+bt
Do do cling la tong cua hai s6 chinh phuong.
P
*+b* _(ad+bc) (ac-bd)  ac—bd
e Trudng hop 2: Néu ac—bdp, khi do tir = =[a Cj +[a j taco & eZ
P p P P
2 2
Két hop véi a+b € Z ta suy ra duoc ad + be e’Z.
P
Jat+b> o
Do do cling la tong cua hai s6 chinh phuong.
p

2 2

Nhu vay trong ca hai treong hop ta déu co cing la tong cta hai sd chinh phuong.

P

Vi du 22. Cho a, b, c 1a céc s8 tw nhién théa man a® +b* + ¢’ =(a —b)2 +(b- C)2 +(c —a)2 . Chting

minh rang cac s6 ab;bc;ca va ab+bc+ca la cac s6 chinh phuong.

Loi giai
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Tl gia thiét a> + b’ + ¢ = (a—b)2 +(b—c)2 +(C—a)2

Suyra a’+b”+c” = 2(5;12 +b’ +c2)—2(ab+bc+ca)
Hay ta duoc a’ +b” +c* =2(ab+bc+ca) < (a+b+c)2 =4(ab+bc+ca)
Do do 4(ab +bc+ ca) la s6 chinh phuong, ma 4 la s6 chinh phuong nén suy ra ab+bc+ca la sd
chinh phuong.
Ciing tir a* +b* +c* =2(ab+bc+ca) ta duoc
a’ +b” +c” +2ab—2bc—2ca = 4ab <:::>(a+b—c)2 =4ab

Tl d6 suy ra ab la s6 chinh phuong.
Hoan toan tuong tu ta cting dwgc bc;ca la cac s6 chinh phuong.

Vay cac sd ab;bc;ca va ab+bc+ca la cac s6 chinh phuong.

Vi du 23. Tim s6 nguyén t8 p théa man p°> —4p+9 1a s6 chinh phuong.

Loi giai
Pt p’ —4p+9="t" véi teN.Khidotaco p’ —4p+9="t < p(p’ —4)=t*-9
Hay ta duoc p(p’ —4)=(t-3)(t+3).
Do p la s& nguyén t6 nén tir hé thirc trén ta suy ra dugc t—3:p hodc t+3:p.
e Truong hop 1: Néu t—3:p, tadatt-3=pk, ke N.
Khi d6 ta duoc p(p* —4)=pk(t+3) < p’ —4=kt+3k < p’ =kt+3k+4.
Mit khdc talai c6 t-3=pk < (t-3) =p’k® & £ ~6t+9 = p’k?
Do désuy ra t* —6t+9 =Kk’ (kt+3k+4) < t* - (k*+6)t+9-3k> —4k> =0
Xem t° —(k3 +6)t+9—31<3 —4k* =0 1a phuong trinh bac hai an ta.
Khi d6 ta c6 A =1 (k* +24k +16).

Dé phuong trinh trén cé nghiém nguyén thi A phai 1a s chinh phuwong. Mudn vay k* +24k +16
phai la s6 chinh phuong.

+V6i k=0, khidétacd t=3,suyra p’ —4p+9=9=p(p’—4)=0=>p=2

+V6i k=1, khi d6 A =41 khong phai la s6 chinh phuwong

+Voi k=2, khi d6 A =320 khong phai la s6 chinh phuong

+V6i k=3, khi d6 A =39 1a s8 chinh phuong.

Khi d6 ta cé phuong trinh t* —31t-108 =0, giai ra ta duoc t =36.

Tir d6 cd 2 _4)=33.39, tir day ta tim duwoc p =11 thoa man yéu cau bai todn.
P{P y P y
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+V6i k >3, khi d6 ta chimg minh duoc (k) <k*+24k+16 < (k> +4)
Ttr d6 ta c6 cac treong hop nho sau

2
-Néu 1<4+241<+16=(1<2 +1) < 2k*-24k-15=0
-Néu k' +24k +16 = (K’ +2)2 oK —6k-3=0

2
- Néu k* +24k+16 = (k* +3) < 6k* —24k -7 =0
Céc truong hop trén déu khong cho k ¢é gia tri nguyén.
e Truong hop 2: Néu t+3:ip, tadatt+3 =pk,keN.
Khi d6 ta duoc p(p’ —4)=pk(t-3) < p’ —4 =kt -3k < p* =kt -3k +4.

2

Mt khéc talai c6 t+3=pk < (t+3) =p’k® & t* +6t+9=p’k’

Do d6 suy ra £ +6t+9 =k’ (kt—3k+4) < t* +(6 -k}t +9+ 3k’ ~4k” =0
Xem t +(6—k3)t+9+31<3 — 4k’ =0 la phuong trinh bac hai an ta.

Khi d6 ta c6 A =Kk’ (k* —24k+16).

Dé phuong trinh trén cé nghiém nguyén thi A phai la s§ chinh phuong. Mudn vay k* —24k +16
phai la s6 chinh phuong.

+Véi k=0, khi d6 t=-3 loai

+V6i k=1, khi d6 A nhan gia trj am

+V6i k=2, khi d6 A nhan gid trj am

+V6i k=3, khi d6 A =15 1a 58 chinh phuong.

Khi d6 ta c6 phuong trinh t* —21t+54 =0, giai ra ta dugc t=3 va t=18.

Tl d6 ta tim dwoc p=2 va p=7 thoa man yéu cau bai toan.

+V6i k >3, Khi d6 ta chitng minh duoc (K ~4)" <k* 24k +16 <(k*)

Tt d6 ta c6 cac treong hop nho sau

2
-Néu 1<4+241<+16=(1<2 —1) < 2k*—24k+15=0
- Néu k4+24k+16=(k2—2)2 oK —6k+3=0

’ 4 2 2 2
- Néu k* +24k+16 = (k* =3} < 6k* —24k+7 =0
Cac truong hop trén déu khong cho k ¢d gia tri nguyén.

Két hop ca hai trvong hop ta duoc p e {2; 7; 11} thoa man yéu cau bai toan.

Vi du 24. Cho ba s8 tu nhién a, b, c théa man a—b 1a s§ nguyén t& va 3c” = c(a + b) +ab. Ching

minh rang 8c+1 1a s& chinh phuong.

Lién hé tai liéu word toan zalo: 039.373.2038 TAI LIEU TOAN HOC




Website:tailieumontoan.com

Loi giai

Tacé 3c* =c(a+b)+ab < 4c* =c* +ab+bc+ca=(c+a)(b+c).

Goi (a+c,b+c):d,khi dé ta duoc (a+c)—(b+c)§d hay a—b:d.

Do a—b la sd nguyén t6 nén ta suy ra dugc d =1 hodc d =a—Db. Ta xét cac trwong hop sau:

e Truonghop 1: Xét d=a—b, khidé tir (a+c,b+c)=d hay (a+c,b+c)=a-b
Do dé ta dugc a+c=(a—b)x;b+c=(a—b)y véix vaylacicsd tunhién.

Dodé (a+c)—(b+c)=(a-b)x—(a=b)y=(a—b)(x-y) hay a—b=(a-b)(x-y)
Tir d6 ta duoe x—y =1=>x=y+1.

Taco 4% =(c+a)(b+c)=(a-b) xy=(a-b) y(y+1)

Nhan thédy 4c* va (a—b)’ 1as§ chinh phuong nén y(y +1) 1a s§ chinh phuong.
May va y+1 1a hai s& ty nhién lién tiép nén ta suy ra duge y(y+1)=0.

Do d6 4c® =0=> c=0. Tir d6 ta duoc 8c+1=1 la s8 chinh phuong.
e Truong hop 2: Xét d =1, khi d6 ta c6 (a+c,b+c)=1.

Ma ta c6 4c” =(c+a)(b+c) nén a+c va b+c déulasd chinh phuong.

Dit a+c=m’b+c=n’ véi m,neN.Khidé (a+c)-(b+c)=m’-n*=(m-n)(m+n)

Hay ta dugc a—b=(m-n)(m+n) va a-b lasdnguyéntdnéntaduoc m-n=1=m=n+1.
Mit khéc 4¢* =(c+a)(b+c)=m’n* =n*(n+1)’, do d6 2c=n(n+1).

Tir d6 ta duoc 8c+1=4.2c+1=4n(n+1)+1=(2n+1)’

Do d6 8c+1 la so chinh phuwong.
Vay trong ca hai truong hop ta déu c6 8c+1 la s6 chinh phuong.

Vi du 25. Cho ba sd nguyén duong a, b, ¢ thdéa man C(ac + 1)2 = (5C + 2b)(2c + b) . Chting minh

rang c la mot s6 chinh phuong 1é.

Loi giai
Cach 1. Ta bién doi gia thiét nhu sau
c(ac+ 1)2 =(5c+2b)(2c+b) < 2b* +9cb +10c” - c(ac +1)2 =0
Xem 2b* +9cb+10¢* ~c(ac+1)" =0 1a phuong trinh bc ha &n b, khi do A, =c| c+8(ac+1)" .
Va phuong trinh cé nghiém nguyén nén ta ¢ A, phai la s6 chinh phuwong.

Dat A, =c[c+8(ac+1)2}=x2,xeN*.
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Goi d=(c,c+8(ac+1)’), khid6 taco | c+8(ac+1)] |-cid = 8(ac+1)"id
Lai ¢6 c:d nén ta suy ra dwoc (d,(ac+1)2)=1.T1‘r d6 suy ra 8:d hay de{1;2;4;8}
Ta di xét cac truong hop sau:

7

e Truong hop 1: V6i d =8, khi do tr d=(c,c+8(ac+1)2) ta suy ra (

+(ac+1)2j=1

| n
| n

2
Lai ¢6 c[c+8(ac+1)z}=x2 nén < E+(ac+1)2 1 X

8|8 8
Tur d6 ta duwoc x:8, ta diat x =8k, ke N . Tir d6 suy ra §[§+(ac+1)2}:k2.

Tirdé dn dén — =1 va —+(ac+1) =5 véi t,se N va (t,5)=1
8 8

c = 8t?

t? +(8t2a + 1)2 =g Chi § rang (8t2a +1)2 <t + (Stza + 1)2 < (8t2a +2)2

Suy ra

Do dé ta dwoc (8t2a + 1)2 <s’< (8t2a + 2)2 , ma (8t2a + 1)2 ;(8t2a + 1)2 la hai s6 chinh phuong lién
ti€p. Do d6 khong ton tai s thoa man.
\ I - 31 2 c cC 2
e Truong hop 2: V6i d =4, khi do tir d:(c,c+8(ac+1) ) ta suy ra (Z,Z+2(ac+1) j=1
Lai co C[C+8(ac+1)1 =x" nén i va i+2(ac+1)2 la cac s6 chinh phuong.

Néu i a s6 chin thi i+ 2(ac+1)" 148 chdn, do d6 (i,i+ 2(ac+ 1)2j =2, diéu nay mau thuin

véi (£,£+2(ac+1)2j=1.
4’4

C 4 2 \ C \ ~ 7 A C . 7 ~ 3
Do d6 1 la s61é, ma 1 la s6 chinh phwong nén 1 chia4 césddulal.
Mit khac do c1a s8 chn nén ac+1 las§1¢, do do ta duoc (ac+1) chia 4 cds§ dula 1.

Tt d6 suy ra i+ Z(ac + 1)2 chia 4 6 s6 du la 3. Diéu nay vo li vi i+ 2(ac + 1)2 la s6 chinh

phuong.
Vay truong hop nay loai.

\ /& . /4 \ \ ~ 4 C \ A1 2 \ C \ n
e Truong hop 3: V6i d = 2, khi d6 hoan toan twong ty nhu trén ta xét 5 la s6 le, ma 1 la so

chinh phuong nén % chia 4 c6s6 dula 1.
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Mit khac do c1a s8 chdn nén ac+1 las§1¢, do do ta duoc (ac+1) chia 4 cds8 dula 1.
4 C 2 . 4 ~ \ A \ A s \ C 2 \ n 7
Ttr d6 suy ra E+ 4(ac + 1) chia 4 c6 s6 du la 5. Diéu nay vo 1i vi E+ 4(ac + 1) la s6 chinh
phuong.
Vay truong hop nay loai.
e Truong hop 4: V6i d =1, khi d6 hoan toan twong ty nhu trén ta xét cla sd 1é.
Vado (§,§+ (ac + 1)2j =1,1aicé c[c+ 8(ac + 1)2} =x" nén cla s8 chinh phuong.
Nhu vay tir cac treong hop trén ta duoc ¢ la mot sd chinh phuwong 1é.
Cach2.Goi d = (b,c), khi détacé b=dn;c=dm véi m,ne N va (m,n) =1.
Thay vao c(ac + 1)2 = (5C + 2b)(2c + b) ta dugc m (dam + 1)2 = d(5m + 2n)(2m + n)

Tir d6 suy ra m(dam +1) id. Ma ta 6 (d,dam +1)=1 nén din dén mid.

Dat m =dk, ke N’, khi d6 (n,k)=(d,n)=1.

Khi d6 tir m(dam +1)’ =d(5m +2n)(2m +n) ta duoc k(d?ak+1) =(5dk +2n)(2dk +n)
Do d6 (5dk+2n)(2dk +n)ik, ma ta c6 (k,2dk+n)=1 nén suy ra 5dk +2n‘k = 2n'k.
Lai c6 (k,n)=1 nén dan dén 2ik, do d6 k € {1;2}. Ta xét cac truong hop sau

e Truong hop 1: Xét k=2, khi d6 ta c6

2(ad? +1)=(10d +2n)(4d +n) < (ad” +1)" =(5d +n)(4d +n)

w2
Do (5d+n,4d+n)=(d,4d+n)=(d,n):1 nén {Zjiz;;z,vc&i x,yeN va (X,y)=1.
Ny 22 . _ _xy-1 __xy-1
T déosuyrad=x" -y .Dodé 2ad+1=xy < a ¥E <a 2(x2—y2).

2

Déy rang (x+y)2 >4xy >xy—1 va 2(x2 —yz) —(x+y)2 =(x+y)2 [Z(X—y)2 —1} >0

Do dé 2(x* ~y?) > (x+y?)>xy 1. Dieunay din dén a<1, vo i

Do dé treong hop nay loai.

e Truong hop 2: Xét k =1, khi d6 ta degc d =m nén c=d*;b=dn. Do dé dang thtrc ctia bai
(5d+2n)(2d +n) (*).

todn tro thanh d? (ad? +1)2 = (52 +2dn)(2d* +dn) & (ad® +1)2

5d +2n = x>
2

, voi x,yeN* va (x,y)=1.

Do (5d+2n,2d+n)=(d,2d+n)=(d,n)=1 nén {2d+n=y
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, d=x*-2y’
Tt &6 ta dwoc .
n=>5y> -2x°
d=4t* -2y’

Néu x 1a s8 chén thi x =2t,te N, khi d¢ .
n=>5y" -8t

ey 2 el 2 2.2 2 2)\? ~ s S oA
Khi d6 (*) tro thanh (ad + 1) =4ty & a<4t -2y ) +1=2ty, r6 rang phuong trinh nay vo
nghiém do hai v& khéc tinh chén lé.
Diéu nay c6 nghia la x phai la s 1é. Tt d6 suy ra d 1a s6 1é nén do d6 ¢ =d” 1a s8 chinh phuong 1é.

Két hop hai treong hop ta duoc ¢ 1a mot s6 chinh phuwong 1é.

Vi du 26. Cho day cac sd ti nhién dwoc xac dinh boi cong thitc u_ = 3(n2 + n) +7 voi
n=123;....

Chting minh rang trong day s6 trén khong c6 s6 nao la mot 1ap phuong dting.

Loi giai
Thit mét s6 treong hop ta thay

+V6in=1 thi u, =3(1* +1)+7 =13 khong phai la 1ap phuong dting.
+V6i n=2 thi u, =3(2*+2)+7 =25 khong phai la 1ap phuong ding.
+V6i n=3 thi u, =3(3"+3)+7 =43 khong phai la 1ap phuong dtng.
Ta sé chitng minh véi s ti nhién n bat ki thi u = 3(n2 + n) +7 khong phai 1a 1ap phuong dung.
That vay, gia st ton tai s0 ty nhiénn d€'s6 u = 3(1‘12 + n) +7 la mot lap phuong dung.
Khi d6 ta dit u_ = C‘B(n2 + n) +7 =a’ véi ala mdt s6 nguyén duong.
Do 3(1‘12 +n) = 3n(n+ 1) 1a s6 chén nén suy ra a’ la s51é hay ala sd 1é.
bit a=2k+1,ke N, khi d6 tr 3(n2 +n)+7 =a’ ta duoc
3(n?+n)+7 =(2k+1) & 3(n?+n+2) =8k’ +12k* +6k

Do 3(r12 +n+2)§3 va (121(2 +6k)§3 nén suy ra 8k’:3.
Do (3,8) =1 va 3 1asd nguyén td nén ta duoc k:3.Ddt k=3m véi m la sd nguyén duong.
Khi d6 thay vao 3(112 +n+ 2) =8k’ +12k’ + 6k va ta duoc

3(n” +n+2)=827m’ +129m” +6.3m < n’ +n+2=6(12m*+6m’ +m)

Nhan thdy néu n chi hét cho 3 thi n®+n+2 chia3cosddula?2 néun chia3codsd dwlalthi
n’+n+2 chia3 césd dulal, néun chia3césddwla2thi n>+n+2 chia3 cdsd dula?2. Do dé

n’ +n+2khdng chia hét cho 3 nén khdng chia hét cho 6.
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Tt &6 ta thdy dang thitc trén khong thoa man.

Vay gia st trén la sai hay u_ = 3(n2 + n) +7 khong phai la lap phuong dung.

; \ L oN - A X © 1 , e N T 42
Vi du 27. Tim cdc s6 ty nhién x sao cho la binh phuwong ctia mot s6 hitu ti.

4x+6
Loi giai
3 2
o X a s NS LA . (s \
Gia st 76 = (E) , v&i a, b 1a cac s6 tw nhién trong d6 b > 0 . Ta xét cac truong hgp sau
X+

e Xéta=0,khidéo x-3=0=>x=3.
e Xét a #0, khi d6 khong mat tinh tong quat ta gia st (a,b)=1 nén (a2,b2):1.

x—3=ka?
4x+6 = kb?

, voi k 1a s6 ty nguyén.

2
Do do ttr X3 -2 ta suy ra duoc
4x+6 \b

Tir &6 suy ra (4x+6)—4(x—3)=b’k—4a’k < 18 =k(b—2a)(b+2a).
Do d6 b+2a va b—2ala cac udc ctua 18

Chu y rang b+2a>0;b+2a>b-2a, lai thdy b+2a va b—2a clnglasdleé

Tt d6 ta c6 bang gia tri nhw sau

b+2a b-2a k 4a a b>0 X
2, loai
1 -1 -18
4 -1
1 -3 -6 1
10, loai
1 -9 -2 .
loai
1 6 2, loai
-1 -6 4 1 1 -3
3 -3 -2 6, loai
8
9 1 2
10, 2 5 11
9 -1 -2 .
loai
Nhu vay ta duoc
P V6 x=3 thi 222 _
4x+6
PV x=-3 th X232 B3 g

4x+6  4(-3)+6

+Véi x =11 thi

x-3 11-3 8 4 (2Y
4x+6 41146 50 25
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a’-1 b’-1 -1 d*°-1
5a 5b 4c 4d
d6 p 1a s8 nguyén duwong. Chting minh rang (a - c)(b - C)(a + d)(b + d) la mot s6 chinh phuong.

Vi du 28. Cho a, b, ¢, d la cac s6 nguyén thuc thoa man =p, trong

Loi giai
T gia thiét ctia bai toan ta dwoc a’ +5pa—1=b* +5pb—1=0;c* +4pc-1=d* +4pd-1=0.
Xét hai phuong trinh bac hai an x 1a x> +5px—1=0 va x* +4px-1=0.
Khi d6 ta thdy a, b 1a hai nghiém ctia phuong trinh x*> +5px—1=0 va c, d 1a hai nghiém cta
phuong trinh x* +4px—1=0.

a+b=-5p  |c+d=-4p
va .
ab=-1 cd=-1

Theo dinh 1y Vi - te ta dwoc {
Taco (a—c)(b—c)(a+d)(b+d)=[ab—(a+b)c+c’|[ab+(a+b)d+d’ ]
Ap dung cac hé thize Vi - et trén ta dugc
[ab—(a+b)c+c® |[ab+(a+b)d+d’ |=(c* +5pc—1)(d* ~9pd-1)
Chii y réng (c* +5pc—1)(d” —9pd 1) =(c* +4pc—1+pc)(d* +4pd —1-9pd)
Két véi ¢ +4pc—1=d* +4pd -1=0 ta dwoc
(a-c)(b-c)(a+d)(b+d)=-9p*cd =9p* =(3p)’
Vay (a—c)(b-c)(a+d)(b+d) la mot s8 chinh phuong.
Nhin xét: Ta c6 thé phat bidu mét s8 bai tuong tw nhu sau:
Bai 1. Cho p, q 1a mot s8 nguyén duong. Gia st phuong trinh x* +5px—1=0 ¢6 hai nghiém la
X,;X, va phuong trinh x* +4px—1=0 cé hai nghiém x;Xx,.
Chimg minh réng (x, —x, )(x, =x, )(x, +x, )(x, +x, ) 1a mot s& chinh phuong.
Bai 2. Cho p 1a mot s8 nguyén duong. Gia st phuong trinh x* + px+1=0 c6 hai nghiém 12 a_;a,
va phuong trinh x* +qx+1=0 c6 hai nghiém b,;b,.

Chting minh rang (a1 -b, )(a2 —b, )(a1 +b, )(a2 + bz) la hiéu ctia hai s6 chinh phuong.

2

p+1 v p +1
2 2

Vi du 29. Tim s6 nguyén t6 p dé la cac s6 chinh phuong.

Loi giai

2 ?. Y . s ~ A 3\ 2 ~ + \
Gia st ton tai cac s6 nguyén duong x va y thoa man - x* va

p+1=2x" (1)

Khi d6 ta duwoc .
{pZ +1=2y* (2)
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Trit theo v€& ctia dang thiic (2) cho déng thitc (1) ta dugc p(p - 1) = 2(y + x)(y - x) (3)
Suy ra ta duoc 2(y+x)(y—x)§p (4)

Mat khac tlr (1) ta thay plasdlé va x>1.Tacé p+1=2x" =x>+x* >x+1=> p>x.
Tkt (2) talai cé y >1 nén pz+1=2y2 =yz+y2 >y2+1:>p>y.

Tt (3) ta suy ra dwoc y > x. Tt d6 ta deoc 0 <y —x<p.

Chu y p lala s& nguyén t6 1é nén tir (4) ta suy ra duge x+y:p.

Ma ta lai c6 0 < x+y <2p nén ta duoc x+y = p. Thay vao (3) ta duoc p—1=2(y—x).

Ttr d6 suy ra }I—szT+1 nén ta duwgc x = pzl;y: 3p_1.

2
Thay x:p;;1 vao (1) ta duoc p+1:2(pT+1] Sp=7.

Thay p=7 vao (2) ta duoc 7> +1=2y* = y =5.

Vay p =7 théa man yéu cau bai toan.

Nhan xét: Ngoai cach giai nhur trén ta con c6 thé giai bang cach xét cdc kha nang ctia p: Véi p chin

p?+1 (4kx1) +1
2

khong xay ra, voi p =4k +1 khi d6 ta dugc =8k’ +4k +1. Dén day ta im

cac gia tri ctia k d€ 8k* £ 4k +1 1a céc s6 chinh phuong.

Vi du 30. Cho s6 nguyén duong a, . Ta lap cac s6 nguyén duong a,;a,;a,;...;a,,; thoa man dieu

kién a_, = ai +2013, véi n=1;2;3;...;2014. Hoi trong 2015 s§ nguyén dwong a,;a,;a,;...; a8,

c6 bao nhiéu sd chinh phuong.

Loi giai
Ta c6 nhan xét: Mot s8 chinh phwong chan thi chia hét cho 8 hodc chia 8 dw 4. Mot s8 chinh
phuong 1é thi chia 8 dw 1.

Goi n la sd nho nhat d€ a  1a s6 chinh phuong. Khi d6 ta xét cac treong hop sau
e Truong hop 1: Véi a_ 1a s8 chén.
Khi d6 ta duoc a’ i8 nén a’ +2013 chia 8 du 5.

Néu n <2013 thi a,,, =a’ +2013 chia8duw5. Vi 5° +2013 chia8 du2nén a’, +2013 chia 8 du
2.

Do dénéu n<2012 thia_, =a’ , +2013 chia 8 du2.
Lap luan twong tie nhu trén thi khi n<2011 thia ,, = af% +2013 chia 8 du 5.

Cu tiép tuc 1ap ludn nhu vay ta duoc véi m e N va m>n thi a_ chia 8 duw 2 hodc dw 5. Do do6

a_ khong thé'la s6 chinh phuong.
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e Trueong hop 2: Véi a_ lasG lé.
Khi d6 a  chia 8 du 1.

Vi 1° +2013 chia 8 du 6 nén véi n <2013 thi a_, =a’ +2013 chia8 dw 6, do d6 a_,, khong thé
la s6 chinh phuong.

Ciing tir a__, 1a s6 chan nén 1ap luin tuong tw nhu trudng hop 1 ta duoc voi m>n+1 thi a_
khong thé'la sd chinh phuwong.

Nhu vay trong day s6 a;;a,;a,;...;a

,015 €0 khdng qua mdt s6 chinh phuwong va néu c6 thi a, 1a s6

chinh phuong duy nhat.

Vi du 31. Tim t4t ca cac s6 nguyén to p sao cho la lap phuong ctia mot s6 ty nhién.

p’-p-2
2

Loi giai
Dat % =n° véin la mot s tu nhién.
Vi p 1a sd nguyén t6 nén ta xét cac truong hop sau:
e Truong hop 1: V6i p =2, khi d6 ta duwoc n =0 thoa man yéu cau bai toan.
e Truong hop 2: Véi p > 2, khi d6 ta c6 p-p-2 —2})—2 =n’ o p(p—l) = 2(11+1)(r12 —n+1).
Tl d6 ta dwoc n+1:p hodc n® —n+1ip (vi p 1a s8 nguyén t5 1@).
+Néu n+1:p thitadwoc n+1>p. Tir d6 ta dwoc 2(n2 —n+1)2n2 +(n—1)2 +1>n>p-1.
Tir d6 ta duoc p(p—1)<2(n +1)(n2 -n+ 1) . Do d6 trueong hop nay lai
+Néu n”> —n+1ip, khi d6 ta ddt n> —n+1=kp véik 1a s5 tw nhién khéc 0.
Thay vao phuong trinh p(p—l) = 2(n+1)(r12 —n+1) ta duoc p = 2(n+1)k+1 .
Teddsuyran’-n+1= 2(1r1+1)l<2 +k hay n’ —(21(2 +1)r1—(2k2 +k—1) =0.
Xem phuong trinh trén la phirong trinh bac hai 4n n. Khi d6 do 2k* +1 1a s6 1é nén dé phuong
trinh trén c6 nghiém nguyén thi A = (Zk2 + 1)2 + 4(21(2 +k- 1) phai la s6 chinh phuong 1é.
Tathdy (2K2 +1)° <A< (2K +4) . Dod6 A= (2K +1) +4(2K2 +k~1)= (2K +3) .
Tl d6 ta tinh duwoc k=3 suy ra n =20 nén p =127 . Thi lai ta thdy p =127 thoa man yéu cau
bai toan.

Vay cacsécantimla p=2 va p=127.

Vi du 32. Gia sit K 1a tich ctia tam s6 tu nhién lién ti€p va Q la la mot s6 chinh phwong nhé nhat
thoa man diéu kién Q > K. Chting minh réng Q—K 1a mot s chinh phuong.

Loi giai

Lién hé tai liéu word toan zalo: 039.373.2038 TAI LIEU TOAN HOC




Website:tailieumontoan.com

Giast K=a(a+1)(a+2)(a+3)(a+4)(a+5)(a+6)(a+7) véi aeN.
Hay ta duoc K =(a’ +7a}(a* +7a+6)(a’ +7a+10)(a’ +7a+12)

Khi d6 ta xét cac truong hop sau.

e Treong hop 1: Néu a=0, khi dé K=0 nén Q=1, suy ra Q—-K =1 la mdt s6 chinh phuong.
e Truong hop 2: Néu a =1, khi d6 k =8!=40320 nén suy ra 200 < \/E <201.

Ta chon Q=201% khi &6 Q—K =201% —40320 =81 =9 1a mot s§ chinh phuong.

e Truong hop 3: Néu a > 2, khi d6 d4t x =a’ +7a nén x >18.

Ta duge K =x(x+6)(x+10)(x+12)=(x* +6x)(x* +22x+120) =x* +28x +252x +720x.
Taxét (x* +14x+26) =x* +28x> +248x" +728x+676. Do d6 ta duoc

I<—(x2 +14x +26)2 = (x4 +28x% +252x% + 720x) —(x4 +28x> +248x> + 728x + 676)
=(2x-2) -6802(2.18-2) 680> 0

2
Do d6 K > (x2 +14x+26)
Lai xét (x* +1dx+ 28)2 = x* +28x° + 2527 +784x + 784 . Do dé ta duoc

(x2 +14x+ 28)2 _K= (x4 4285 +252x% + 784X + 784) —(x4 +28% +252x7 + 720x)
— 64x+784 >0

Do d6 (x* +14x+28) > K. Nhu vy ta duge (x* +14x+26) <K <(x* +14x+28) .

2

Tir d6 ta chon Q= (x* +14x+27)" hodic Q=(x* +14x+28)
+Véi Q:(x2 +14x+27)2 khi d6 ta duoc Q —K =36x+729—2x> > 0.

Tir d6 ta dugc (x—9)° <446 = x <30 nén ya duoc 18 <x <30.

bén day ta suy ra dugc a=2 hodc a=3.

Khi a=2 thi x=18 suy ra Q—K =27 1a 58 chinh phuong va khi a =3 thi x =30 suy ra
Q-K =97 1a 56 chinh phuong.

+Véi Q= (x2 +14x + 28)2 khi d6 Q—K = 64x +784 = 64<a2 + 7a) +784=(8a+ 28)2 1a s8 chinh
phuong.

Vay trong moi truong hop xay ra ta luén c6 Q-K la moét sd chinh phuong.

Vi du 33. Cho x, y, z la cac s6 nguyén duong nguyén td cung nhau theo tirng déi mét va thoa man

diéu kién (x - z)(y - z) = z” . Chting minh réng tich xyz 1a mot s8 chinh phuong.

Loi giai

Trudc hét ta chitng minh X -z va y —z la hai s6 nguyén td cung nhau.
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x—z:d
That vay, goi d la wdc chung 1én nhit ctia x—z va y -z, khi d6 ta duoc { 4
y—Zz:

Twr d6 ta duoc (x—z)(y—z)fdz.Mé ta co (x—z)(y—z)=z2 nénsuyra z°:d* = zid.
o x=zid  |xid
Cing tir N S
y—-z:d |y:d
Ma theo bai ra thi (x,y)=1, ttr d6 ta dwoc d =1.Do d6 x—z va y—z la hai s6 nguyén t6 cling
nhau.

Lai tte (X—z)(y—z) =7’ nén ta dugc x—z va y—z 1a hai s6 chinh phuong.

4
y—z=n’

)
bat {x—z—m m;n € N. Nén ta duwoc (x—z)(y—z)zmz.n2 =z =z=mn.
Ta c6 x+y=(x—z)+(y—z)+2z=m2+n2+2mn=(m+n)2.

Cling tte (X—z)(y—z)=z2 ta suy ra duoc xy=z(x+y), do dé xyz=2" (x+y)=[z(m+n)]2

Hay tich xyz la mét s chinh phuwong.

Vi du 34. Tim s6 ty nhién 1é nhé nhat sao cho n* biéu dién duwoc thanh tong cua mot so6 1é cac sd

chinh phuong lién tiép.

Loi giai
Gia stt n® biéu dién dwoc thanh tong cia 2k +1,k € N s8 chinh phuong lién tiép.
Khidétacd n’ =(a—k) +(a—k+1) +..+a° +..+(a+k)" vialasd twnhién.
Suy ra ta dwoc n* = (2k+1)a2 +2(1+22 +3° +...+k2)
Hay ta dwoc 3n” =3(2k+1)a” +k(k+1)(2k +1).
Chi y ring n 1a s6 ty nhién 1é, nén ta djt n=2t+1, dodé n=(2t+1) =4t(t+1)=8s+1 véis

va tla cac s6 ty nhién. Ta cling cé alasdlé nén a =8r+1, vdir la s6 tu nhién.

Do d6 tir 3n* =3(2k +1)a’ +k(k+1)(2k+1) ta dwoc
3(8s+1)=3(2k+1)(8r+1)+k(k+1)(2k+1)

Dé thdy 3(8s+1) va 3.2k(8r+1) chia 8 du 1 nén suy ra 6k +k(k+1)(2k+1) chia hét cho 8

Suy ra ta duoc k[ (k+1)(2k+1)+6 |i8. Ta xét céc truomg hop sau:

e Truong hop 1: Néu k1 s8 chdn thi (k+1)(2k +1)+6 lass1é nén dé k[ (k+1)(2k+1)+6 |8
thi k phai cha hét cho 8.
+V6i k=8, khidé tir 3n* =3(2k+1)a” +k(k+1)(2k+1) ta duoc n* =17a* +17.24.
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// Néu n chia hét cho 3 thi a chia hét cho 3, khi d6 n? va a’ chia hét cho 9 nhung 17a%+17.24

khong chia hét cho 9. Con néu n khong chia hét cho 3 thi n’ chia 3 dw 1 va do d6 a khong chi hét

cho3nén a’ chia 3 du 1, suy ra 17a* +17.24 chia 3 du 3. Do d6 véi k =8 thi khong ton tai a thoa
man phuong trinh.

+Voi k =8p >16, khi d6 ta duoc n’ >772

e Trudng hop 2: Néu k 1a s§'1é thi ta dit k =8p+q véip, qlasd tunhién va q €{1;3;5;7}
Khi d6 thay vao k| (k+1)(2k+1)+6 |:8 ta duoc | 8p+6+(q+1)(29+1)]:8

Thtr tirng treong hop cu thé ta dwoc q =5 théa man, do dé k=8p+5.

+V6i k=5, khi d6 tir 3n” =3(2k+1)a” +k(k+1)(2k+1) ta duoc n* =11a*+110

Hay n’ = 11(212 +10). Do n? 1a s§ chinh phuong va 11 1a s6 nguyén t6 nén a* +10:11
Tacé a’+10=a’-1+11=(a—1)(a+1)+11 nénsuyra (a—1)(a+1):11.

Cht y rang s61é a >k =5 nén ta thir v6i a =21;23;... thi duoc a =23 thda man.

Khi d6 ta duwoc n =77 . Thir lai ta dwoc 772 =18% +19% +...+ 277 + 28? thoa man yéu cau bai toan.
k(k+1)(2k+1)

+V6i+Véi k=8p+5213, khi d6 ta duoc n* > (2k +1)k* + >77°.

Vay s6 ty nhién lé nho nhat thoa man yéu cau bai toanla n=77.

Vi du 35. Xét phuong trinh x” +ky® —2kxy” —k =0 véi k 1a s6 nguyén duwong. Chitng minh réang
phuong trinh trén c6 nghiém nguyén (X; y) thoéa man x >0;y >1 khi va chi khi k 1a mot s6 chinh

phuong.

Loi giai
e Diéu kién can: Bién ddi tuong duong phuong trinh da cho ta dugce x* —2kxy” + k(y3 - 1) =0.
Xem day la phuong trinh bac hai an x thi ta c6 A =4k’y* — 4:1((}73 - 1) .
Gia st phurong trinh da cho c¢6 nghiém nguyén (x,' y) théaman x>0;y >1.
Khi d6 A =4k’y* —4k(y3 - 1) phai 1a s6 chinh phuwong.
Do y>1 nén y’ —1>0 vakla s§ nguyén duong nén ta duoc A >1.Taco
A—(2ky? —y—1) =4k?y* —4k(y* 1) ~(2ky? ~y 1) =4k+4ky? ~y* ~1-2y
=(y*+1)(4k-1)-2y > y*+1-2y =(y-1) >0
Do d6 ta duwogc A > (Zky2 -y —1)2 .Lai co
(2ky? -y +1) —a=(2ky* —y 1) —[4k%y* ~4k(y* ~1) | =4ky* ~ 4k +y* +1-2y

=4k(y*-1)+(y-1)" > (y-1)(4ky +y +4k-1)>0
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2

. 2 2 gs 2 2 2

~ Dodd A <(2ky —y+1) . Tt d6 ta dwoc (21<y —y—l) <A <(21<y —y+1)
2

Do A 1a s8 chinh phuong nén suy ra 4k*y* — 4k(y3 - 1) = (21<y2 - y) .

Khi d6 ta c6 4k’y* —4ky’ +4k = 4K’y* —4ky’ +y* = 4k =y°.

Doy, k 1a s8 nguyén duong nén ta suy ra y =2a vdi a la s6 nguyén duwong, do d6 k =a* hay k 1a

s0 chinh phuong.

e Diéu kién du: Gia st k 1a s6 chinh phuwong, khi d6 dat k = t* véi t 1a s6 nguyén duong,.

Khi d6 phuong trinh da cho tré thanh x” +2t*xy” + 7y’ —t* =0 < x* —t* + y (t—2x) =0

Khi d6 phuong trinh c6 nghiém nguyén la (x; y) = (t,‘ 2t) véi t la s6 nguyén duong 16n hon 1.

Vay bai toan duoc chirng minh xong.

Vi du 36. Tim s8 nguyén dwong n d& (5n+5)(4n+2) lamét s& chinh phuong.

Loi giai
Gia stt s6 nguyén duong n thdéa man (5n + 5)(4n + 2) la mét s chinh phwong.
Khi d6 ta dit (5n+5)(4n+2)=a’ véialamot sd nguyén duong .
Déyla (5n+5)(4n+2)=10(n+1)(2n+1) nén suy ra a® chia hét cho 10 hay a* chia hét cho 2
va 5. Do 2 va 51a s6 nguyén t6 nén a chia hét cho 2 va 5. Ttr d6 suy ra a =10m vdi la s6 nguyén
dwong.
Do dé tir phuong trinh (5n+5)(4n+2)=a’ ta duoc (n+1)(2n+1)=10m’
T phuong trinh trén ta suy ra n phai la s0 1é, khi d6 ta dat n=2k+1 véi ke N.
Khi d6 tir (n+1)(2n+1)=10m” ta dwoc (2k+2)(4k+3)=10m* = (k+1)(4k+3)=5m"

Goi d =(k+1,4k+3), suy ra 4(k+1)—(4k+3)id=1id=d =1

k+1=5p° k+1=q .
P hoac{ E ,voi p;qeN .

Neén tir (k+1)(4k+3)=5m" ta duoc {4k+3=q2 4k +3 = 5p?

7. k + ]‘ = 5p2 A 2 A A? \ A 7 . I3 A~ \
e Véi A3 ta thdy 4k +3 =q" khong xdy ra vi sd chinh phuong chia cho 4 ¢6 s6 du la 0
+3=q

hodc 1. Nén hé phuong trinh trén khong c6 nghiém nguyén.

k+1=qg> 4k +4 =4q°
OV('yi{+ q :{ - d

= 4q° —1=5p*, khi d6 tir ta thdy p la s5 1é.
4k+3=5p* |4k+3=5p’ a P P

bédt p=2b+1 véi beN, thay vao trén ta dwoc 4q2 —5(2b+1)2 =le Z(q2 —5b? —5b) =3, 10
rang phuong trinh nay cling khong c6 nghiém nguyén nén hé trén khong cé nghiém nguyén.

Vay khong c6 s6 nguyén duong n thoéa man bai toan.

Nhan xét: Ta c6 thé phat biéu bai toan trén dwdi dang phuong trinh nghiém nguyén la:
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+ Tim nghiém nguyén duong ctia phuong trinh (x + 1)(2x + 1) =10y”

+ Bai toan tong quat ctia bai toan trén: Phuwong trinh (X + 1) (2X + 1) =2p.y’, trong d6 p=4k+1 1a

sO nguyén td, khong c6 nghiém nguyén duong.

Vi du 37. Cho m > n la cac s6 nguyén duong 1é va n* —1 chia hét cho m* —n” +1. Chting minh

rang m”—n”+1 la mot s§ chinh phuong,.

Loi giai
Theo gia thiét ta c6 n” —1 chia hét cho m* —n’ +1 nén ta dugc m* —(m2 -n’+ 1) chia hét cho
m? —n?+1. Tt d6 ta dwoc m? §(m2 -n’ +1).
Tt &6 ton tai s8 nguyén duwong k d&€ m” = k(m2 -n’+ 1)

m+n m-n
2

m+n m-n
+
2 2

-1

2
Cht y rang mzz( j vam’-n’+1=4.

TN A . m+n m-n. . A
Do m va n la cac s6 nguyén duong 1¢, lai c6 m >n nén > ; > la cac sO nguyén duwong.

bt x = m;n;y: mz_n,khi dé ta duoc (x+y)2 :k(4xy+1).

Dbé€ chitng minh duwoc 4xy +1 1a sd chinh phuong ta can chitng minh k la s6 chinh phwong.
That vay, gia st cdp s6 nguyén duong (XO ; yo) véi X, +y, nho nhat thoa man thoa dang thirc
trén.
Khi d6 ta duoc (XO +Y, )2 = k(4x0y0 + 1).
Xét phurong trinh bac hai an x 1a x* - (4k-2)y x+y; ~k=0.
Khi d6 x, la mot nghiém ctia phuong trinh trén. Nhw vay theo hé thirc Vi — et thi phwrong trinh
con c6 mot nghiém nita la x, . Khi do ta duoc {XO s (4k - 2) Yo .

X, X, =y5 -k
Ttr hé thirc thit nhat x, +x, = (41( - 2) y, tasuy ra dwoc x, 1a s6 nguyén. Ta xét cac trieong hop
sau
e Néu x, <0 thi tir hé thic thit hai x,.x, = yg —k taduoc y2: -k <0=y; <k.
Khi d6 ta c6 X2 —(4k—2)y,x, +y2 —k =(x, +,) +k(~4x, ~1)>0, ditu ndy mau thudn vi x, la
nghiém ctaa phuwong trinh.
e Néu x, =0, khi d6 tr x,.x, =y, —k taduoc y; —k=0=k =y; 1a 8 chinh phwong.

e Néu x, >0 thi ta duoc y; -k >0=k>y;.Khidé (x,;y,) la mot nghiém ctia phurong trinh

(x+y)2 = k(4xy+1).
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y Theo cach chon cap so6 (xo;yo) ta duwoc X, +y, <X, +y, =y, <X, <X, .

Tir 46 dan dén y; —(4k-2)y; +y; —k=(4-4k)y; —k >0, diéu nay vo li vi k 1a s nguyén
duong.

Vay ta duoc k 1a s§ chinh phuong nén dan dén m” —n” +1 1a s§ chinh phuong,.

Vi du 38. Tim cac cdp sd nguyén (a;b) sao cho hai s6 a® +4b va b” +4a déu la s8 chinh phuong.

Loi giai
Cach 1. Ta sé chitng minh cac cdp s6 sau thoa man yéu cau bai toan
(a:b)=(0:%),(K*;0),(—4;-4),(-5;6),(-6-5),(k; 1-k),(1-k k) ke Z
That vay, do vai tro ctia a va b nhu nhau nén khong mat tinh tong quat ta c6 thé gia st |a| > |b| .
+N&u b=0, khi d6 d¢ a® +4b va b’ +4a déu la s3 chinh phuong thi a=k* véi ke Z.
+Né&u b # 0, khi ddta xét phuong trinh x> +ax—b=0 c6 A=a’+4b.
Do a® +4b déu 1a s8 chinh phuong nén phuong trinh trén sé cé hai nghiém nguyén la x, va x, .

1 1

X, X

X, +X,| |a

b

. LA L X7 1
Mat khac két hop vdéi hé thire Vi - et ta duwoc —++— 2= >1

1
Pl el

Tl d6 suy ra mot trong hai nghiém nguyén ctia phwong trinh trén, chéng han x, théa man |x1| <2

2 X1X2

Tt do ta duoc x, € {—2;—1; 1; 2}. Ta xét cac treong hop sau:
e Truong hop 1: Néu x, =2, khi d6 tit phuong trinh x* +ax—b =0 ta dwoc b=2a+4.
Tirdé b* +4a=(2a+4) +4a=4a’+20a+16=(2a+5) ~9 lasd chinh phuong
x 2 2 . Ny
Dat (2a+5) —-9=y" vdi yeN, tlr d6 ta duoc (2a+5—y)(2a+5+y)=9.

2a+5-y=1_ _ |2a+5-y=-9 _ |2a+5-y=3 _ |2a+5-y=-3
Suy ra hoac hoac hoac
2a+5+y=9 2a+5+y=-1 2a+5+y=3 2a+5+y=-3

Giai cac hé trén ta thu dwoc a=-4 va a=-1

Véi a=—4, khi d6 b=—4. Tir d6 ta duoc (a;b)=(—4;—4) théa man yéu cau bai toan.

Vi a=—1,khi d6 b =2. Trudng hop nay loai do khéng théa man |a| > |b|.

e Truong hop 2: Néu x, =-2, khi d6 tir phuong trinh x* +ax—b =0 ta duoc b=4-2a.
Tirdé b® +4a=(4-2a) +4a=4a’~12a+16=(2a~3) +7 lasg chinh phuong

Dit (2a—3) +7=y* véi y e N, tir d6 ta duoc (y —2a—-3)(y —2a+3)=7.

Giai phuong trinh trén ta duoc (a;b)=(3;-2),(0;4), trong d6 nghiém (0;4) bi loai do khong
théa man [a| > |b|. Chui y 1a (3;-2) c6 dang (k;1-k).
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e Truong hop 3: Néu x, =1, khi d6 tit phuong trinh x* +ax-b=0 taduoc b=a+1.

Tirdé b* +4a=(a+1) +4a=a>+6a+1=(a+3) ~8 lasd chinh phuong

Dt (a+3)2 ~8=y’ véi yeN, tirdd ta duoc (a+3-y)(a+3+y)=8.

Giai phuong trinh trén ta duoc (a; b) = (—6; —5),(0,' 1), trong d6 nghiém (0;1) bi loai do khong
thoa man |a| > |b|

e Truong hop 4: Néu x, =-1, khi d6 tir phuong trinh x* +ax—b =0 ta duoc b=1-a.

T ds b*+4a=(1-a) +4a=a’+2a+1=(a+1) las§chinh phuong
Vaa’+4b=a’+4(1-a)=a’~4a+4=(a—2) las chinh phuong.

Do do (a; b) = (k; 1- k) vdi k 1a s6 nguyén thoa man yéu cau bai toan.

Chu y voi (a; b) thoa man yéu cau bai toan thi (b ; a) cling thoa méan yéu cau bai toan.

Vay két hop cac truong hop lai ta dwgc cac cdp sd nguyén (a ; b) nhu trén thdéa man yéu cau bai

toan.

Cach 2.
+Né&u a =0, khi d6 d¢ a® +4b va b’ +4a déu la s8 chinh phuong thi b=k? véi ke Z.
+Né&u b =0, khi d6 d¢ a® +4b va b® +4a déu la s8 chinh phuong thi a=k* véi ke Z.
Ta xét treong hop ab # 0, khi d6 ta thdy a* va a’ +4b cung tinh chén 1¢, b> va b* +4a cung
tinh chan lé.
2
Néu b>0, khi dotacd a’ +4b>(fa|+2) =a’ +4[a|+4 = |b| > |a|+1
2
Néu b <0, khi d6 ta c6 a* +4b <(|a|-2) =a”—4|a|+4=>|b|>[a|-1
Hoan toan twong tw ta c6 véi a >0 thi |a| > |b| +1 vavéi a<0 thi |a| > |b| -1
Khong mat tinh tong quat ta gia st a < b, khi d6 ta xét cac truong hop sau
e Truong hop 1: Néu a va b cung duong, khi d6 tir trén ta suy ra dugoc a>b+1 va b>a+1, diéu
nay mau thuan.

e Truong hop 2: Néu a va b cung am, khi d6 ti trén ta dugoc a=b hodc a=b-1.

+Néu b< -5, khi d6 (b+4)" <b* +4a<(b+2)’ nén b*+4a khong thé 1a s chinh phuong.
+Néu b> -5, khi d6 ta dwoc b e {-1;-2;-3;4;-5}

Xét cac truong hop cu thé ta duoc (a ; b) = (—4,' —4) ,(—6; —5) thoa man yéu cau bai toan.

e Truong hop 3: Néu a am va b duwong, khi d6 tie |b| > |a| +1 va |a| > |b| —1 tasuy ra duoc
b=1-a.
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Tirdé b* +4a=(1-a) +4a=a>+2a+1=(a+1) 15§ chinh phuong
Va a®+4b=a’+4(1-a)=a’ —4a+4=(a—2) las§chinh phuong.
Do do (a; b) = (k; 1- k) vdi k 1a s6 nguyén thoa man yéu cau bai toan.

Vay cac cap s6 nguyén thoa man yéu cau bai toan la

(a:b)=(0:K%),(K%;0),(~4;-4),(-5:=6),(-6-5),(k;1-k),(1-k k) ke Z.

Vi du 39. Tim s0 te nhién n d€'sd 3" —1 la lap phuong ctia mot mot s tw nhién.

Loi gidi
it 3" —1=a’ véialas§ tw nhién. Khi d6 ta duoc 3" =a’ +1< 3" = (a+1)(a’ —a+1)

a+1=3"

2

N _a+1_3y,trongc’[é x,y €N va

Do d6 a+1 va a® —a+1 1a cdc wdc cua 3". Suy ra {

X+y=n.
Tk a+1=3" = a=3"+1, thay vao phuong trinh thi hai ctia hé ta duoc
(3 +1) (3 +1)+1=3" = 3> -3 43=3
e Néu x > 2, khi d6 3°* —3*" chia hét cho 9, do d6 3** —=3**' +3 chia 9 duw 3 nén 3" chia 9 du 3.
Do x>2 néna=3"-128.Dodé tir a’ —a+1=3" tadwoc 3’ =a(a—1)+1287+1=57
Suyra y>4,do dé 3¥ chia hét cho 9. Mau thuan véi trén.
Nhu vay treong hop nay khong c6 n thdéa man.
e Néu x=1,khidétlr a+1=3" tadugc a=2,dodé 3"=a’+1=2°+1=9 nén n=2

e Néu x=0,khidétir a+1=3"taduoca=0,dodé 3"=a’+1=0’+1=1nén n=0

Vay cac s0 tu nhién thdéa man yéu cau bai toanla n=0 va n=2.

2 2 2
, n , . X +y +z n L, n
Vi du 40. Cho céc s6 nguyén duong X, y, z thoa man Ty Tz nhan gia tri nguyén duong.

xyz+1

2 2 2
y X t+y +z i 1X TP C N1
Chiing minh rang XTY T2 6 thébidu dibn duoc thanh tong ctia hai s6 chinh phuong.

xyz+1

Phan tich va huwéng dan gii

x> +y?+2°

Clng twong ty nhw cac vi du trén ta dat n= va can chiing minh duoc n la tong

xyz+1
ctia hai s8 chinh phuong. Ta viét lai dang thitc trén nhw sau x* +y° +2z° =n (xyz + 1) .
Gia st (x0 Y ZO) la mot bd sd nguyén duwong théa man yéu cau bai toan, diéu d6 ¢ nghia

1a x(z] + yg + zg = n(xoyoz0 +1) hay ta viét lai duoc x(z) —NX,Y,Z, + yf) + zé -n=0.
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Xét phuong trinh bac hai x*—nxy,z,+y;+z, —n=0, khi d6 ta thdy x, la mot nghiém cta
phuong trinh. Theo dinh 1i Vi - et thi ngoai nghiém x; phwong trinh con c6 m6t nghiém do 1a x; .
X, +X, =Ny, z,

Nhu vay theo dinh lia Vi — et ta c6 { !

2 2
XXg=Ypt2Z,—n
Tt hé thtrc trén ta suy ra duoc x; nhan gia tri nguyeén.
Khéng mat tinh tong quét ta chon x, +y, +z, bé nhatva x, 2y, > z,. Ta xét cac truong hop sau
e Truong hop 1: Néu y; +z; <n, khi d6 x, 1a s§ nguyén am
a2 2 2 2 2 2 w2 2 2 s ~ s
Tt do 0=x; —ny,z, X, +y, +Z, —N=X; +Nn+y, +z; —n=Xx; +y, +z, >0, diéunay vo li.
e Truong hop 2: Néu y: +z, >n, khi d6 x, la sd nguyén duong.
Khi d6 (x1 Yo zo) la mét bd s6 nguyén dwong thoa man yéu cau bai toan.
Theo cach chon (XO; Vo ZO) ta suy ra duoc x, <X, . Khi do tir hé thirc Vi —et ta c6
2, .2 2
Yo tzy—n-nyz, = (x0 —1)(x1 —1)—1 > (x0 —1) -1
o N 2 2 L2, 2 2
+Néu x, >y, thita duoc (x0 —1) -12y,-1.Dodé6 y, +z,—n—-ny,z, 2y, -1
Tir d6 ta duoc z; +1>ny,z, +n Zn(zg +1) nénsuyran=1.
+Néu x, =y,, khi d6 ta dugc 2y; +z; = n(ygz0 + 1)
Do dé z; =y, (nz,-2)+n2z (nz,-2)+n>z; (nz, -2)
Tt dau ta suy ra duwoc nz, <3 nén n=1 hoac n=2.
oY _1_Nn2 2 N _nN_12 2
Chayraing n=1=0"+1"van=2=1"+1".
e Truong hop 3: Néu y: +z, =n thi ¢ nghia la n viét dwoc thanh tong ctia hai s§ chinh phuong.

Vay bai toan dugc chitng minh xong.
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Chu dé 3
CAC BAI TOAN VE SO NGUYEN TO - HOP SO

I. MOT SO KIEN THUC CAN NHO.
1. Pinh nghia.
e SO nguyén td la s6 ty nhién 16n hon 1, chi ¢6 hai wéc la 1 va chinh no.
e Hop s6 1a s tu nhién 16n hon 1, ¢6 nhiéu hon hai wéc.
2. Mot s6 tinh chat.
e Néu s nguyén t6 p chia hét cho s6 nguyén té q thi p=q.
e Néu tich abc chia hét cho s6 nguyén t6 p thi it nhat mot thira s6 cua tich abc chia hét cho s&
nguyén to p.
e Néu a va b khong chia hét cho s6 nguyén td p thi tich ab khong chia hét cho s6 nguyén to p .
3. Cach nhén biét mot s6 nguyén té.
a) Chia s d6 lan luot cho cac s6 nguyén t6 da biét tir nho dén 16n.
e Néu cé mot phép chia hét thi s6 d6 khong phai la s6 nguyén to.
e Né&u chia cho dén ltc s8 thuong nho hon s8 chia ma céc phép chia van con s6 du thi s§
dé la s6 nguyén to.
b) Mot s6 ¢6 2 wdc s6 1on hon 1 thi s6 d6 khong phai la s6 nguyén to.
4. Phén tich mot s ra thira s6 nguyén té:
e Phan tich mot sO tu nhién 16n hon 1 ra thira s6 nguyén t0 la viét s6 dé dwdi dang mot tich cac
thira s nguyén to.
+ Dang phan tich ra thira s6 nguyén t ctia mdi s8 nguyén t& 1a chinh s& dé.
+Moi hop s6 déu phan tich duoc ra thira s6 nguyén to
Chang han A = a*b’..c, trong d6 a, b, cla cac s nguyén td va a, f3, ..., y e N

Khi d6 s6 cac wéc s6 ctia A dugc tinh bang ((Z + 1)(ﬂ+ 1)...(7 +1)

aoz+1_1 bﬁ+l_1 Cy+1_1
a-1 b-1 = c-1

Tong cac wdc s8 ctia A duge tinh bang
5. S6 nguyén t6 cuing nhau.
Hai s& a va b nguyén td cung nhau khi va chi khi (a,b) =1.
Cac s6 a, b, c nguyén t6 cung nhau khi va chi khi (a,b, C) =1.
Céac s0 a, b, ¢ d6i mot nguyén t6 cung nhau khi va chi khi (a,b) = (b,c) = (C,a) =1.
IL. MOT SO Vi DU MINH HOA.
Bai toan lién quan dén s6 nguyén td, hop s6 thuwong cé dang nhu tim s6 nguyén t0, hop s6

théa man tinh chat nao d6, chitng minh moét s6 la s6 nguyén t6 hay hop s6, chttng minh cac quan

hé chia hét, st dung tinh chat vé s6 nguyén td d€ giai cac phuwong trinh nghiém nguyén, ...
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Vi du 1. Tim t4t ca cic s6 nguyén t6 p d& 4p° +1 va 6p° +1 ciing 1a s6 nguyén t6.

Loi giai
Vi p 12 s6 nguyén t& do d6 ta dwoc 4p° +1>5 va 6p° +1>5
Dit x=4p” +1=>5p” —(p-1)(p+1); y =6p° +1=> 4y =25p" —(p-2)(p+2)
Khi d6
e Néu p chia cho 5 du 4 hodc du 1 thi (p—l)(p+ 1) chia hét cho 5
Suy ra x chia hét cho 5 ma x > 5 nén x khong 1a sd nguyén té.

e Néu p chia cho 5 du 3 hodc du 2 thi (p—2)(p+ 2) chia hét cho 5

Suy ra 4y chia hét cho 5 ma (4,5) =1 nény chiahétcho5ma y >5

Do d6 y khong la s6 nguyén t6
Vay p chia hét cho 5, ma p la s6 nguyén tdnén p=>5.

Thte véi p=>5 thi x=101; y =151 la cdc s6 nguyén t&

Vi du 2. Chitng minh rang néu 2" —1 1a s6 nguyén t& (n > 2) thi 2" +1 la hop s6.

Loi giai
Xét ba s8 tw nhién lién tiép 1a 2" —1;2";2" +1.
Trung ba s6 tu nhién lién tiép trén c6 duy nhat mot s6 chia hét cho 3.
Do n>2 nén 2" —1> 3, ma theo gia thiét thi 2" —1 la s nguyén t5, do d6 2" —1 khoéng chia hét
cho 2. Lai ¢6 2" khong chia hét cho 3. Do d6 suy ra 2" +1 chia hét cho 3.

Mado n>2 nén 2" +1>3. Tt d6 ta duoc 2" +1 1a hop s6.

Vi du 3. Cho p, g, 1, s 1a cic s6 nguyén 6 16n hon 3. Chiing minh rang p> —q° +17 —s” chia hét
cho 24.

Loi giai
Trudc hét ta ching minh véi p 1a s nguyén t8 16n hon 3 thi p* —1 chia hét cho 24.
That vay, ta co p2 -1= (p—l)(p+1).
Do p la s6 nguyén t6 Ién hon 3nén p—1 va p+1 1a hai s6 chén lién ti€p.
Suy ra ta duoc p* —1= (p - 1)(p + 1) chia hét cho 8.
Mat khac ta lai c6 (p - 1) p(p + 1) chia hét cho 3, ma p la s6 nguyén t6 16n hon 3 nén p khong chia
hét cho 3. Do d6 p* —1= (p—l)(p+ 1) chia hét cho 3.
béyla (3;8) =1 nén ta dwoc p2 -1= (p—l)(p+ 1) chia hét cho 24.

Chting minh hoan toan twong tw thi ta dugc q2 -1’ -1 -1 cting chia hét cho 24.
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- Tacdp’—q°+1° -5 =(p2 —1)—(q2—1)+(r2—1)—(s2 —1).

Do d6 ta duoc p2 - q2 +1° —5s” chia hét cho 24.

Vi du 4. Tim tat ca cac cdp s6 nguyén t& (p; q) sao cho p* —2q” =1.

Loi giai
Ter p° -2q° =1 ta dwoc p> =2q° +1. Do d6 ta suy ra dwoc p 1a s6 nguyén t& 1é.
Tir d6 ta dat p=2k+1 véi ke N .
gy 2 2 2 2 2
Khi d6 ta duoc (2k+1) =2q° +1<> 4k* +4k+1=2q" +1< 2k(k+1)=q
Do d6 q° 1a s8 chdn nén q la s& chdn. Ma q 1a s8 nguyén t6 nén q=2.
Thay vao p> —2q° =1 ta suy ra dugc p=3.

Vay cép s6 nguyén to (p; q) = (3; 2) théa mam yéu cau bai toan.

Vi du 5. Tim tat ca cac s tw nhién n sao cho trong day n+1;n+2;...,n+10 cé nhiéu sd nguyén t&

nhat.

Loi giai
Cach 1. Tathdy n+1;n+2;..;,n+10 la 10 s ty nhién lién ti€p. Khi d6 ta xét cac truong hop sau:
+ Truong hop 1: Vi n =0, khi d6 day s6 trén trd thanh 1; 2; 3; ...; 10. Trong day s6 nay co cac s6
nguyeén t61a 2; 3;5; 7.
+ Truong hop 2: V6i n =1, khi d6 day so trén tro thanh 2; 3; ...; 11. Trong day s6 nay c6 cac s6
nguyén t61a 2; 3; 5; 7; 11.
+ Truong hop 3: V6i n > 1, khi d6 day sd trén gom 10 s8 tw nhién lién tiép bat dau tir 3. Chu y la
trong cac s 16n hon 3 khong c6 s6 chdn nao 1a s6 nguyén td, ngoai ra trong ndm sd tw nhién 1é lién
ti€p co it nhat mot s6 1a boi cua 3.
Nhu vay trong cac day s6 nhu vay khong c6 qua 4 s6 nguyén to.
Vay voi n=1 thidaysé n+1;n+2;..;,n+10 cé nhiéu sd nguyén t& nhat.
Cach 2. Goi S la s cac sd nguyeén td tiong ng voi n.
Khi d6 ta dwoc S, =4;S, =5;S, =4.
Xét n>3, khi d6 day s6 n+1;n+2;..;,n+10 c6 5 s6 chan 16n hon 3 nén ndm s8 chan nay khong
phai la s6 nguyén t6. Trong nam sO 1é con lai ¢ it nhat mot s6 chia hét cho 4. Ttr d6 suy ra véi cac
gidtrin=3 thi S <4.

Vay véi n=1 thiday sé n+1;n+2;..;n+10 cé nhiéu sd nguyén t& nhat.

Vi du 6. Tim s0 nguyén duwong n sao cho tét ca cac s6 sau day déu la nguyén to.

n+1, n+5 n+7, n+13, n+17, n+25, n+37

Loi giai
Taco n+37=n+2+75n+17=n+3+72,n+25=n+4+73;n+13=n+6+7.1
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Nhu vay cacs6 n+1,n+5n+7, n+13,n+17,n+25,n+ 37 khi chia cho 7 sé ¢6 7 s6 du

khac nhau. Do d6 trong 7 s0 trén ¢ mét s6 chia hét cho 7.
Vin+l,n+5n+7,n+13,n+17,n+25,n+37 déulasd nguyén t6 va trong do6 cac sd

nguyénté n+7,n+13,n+17,n+25,n+37 déulénhon 7. Do do6 chicéd thé n+1 hodac n+5

chia hét cho 7.

e Néu n+1:7 va n+1 1as6 nguyén t8, khi d6 n+1=7 = n =6. Khi d4 tat ca cdc sd da cho déu

la s6 nguyén to.

e Néu n+5:7 va n+5 lasdnguyén t6, khi dé n+5=7=n=2.Khi d6 n+25=27 khong

phai 14 s6 nguyén tG.

Vaysocantimla n=6

N - 1
Vi du 7. Chting minh réng véi moi s nguyén t& p thi p° + pT khong phai la tich ctia hai s6 tw

nhién lién tiép.

Loi giai
Do p la s6 nguyén t6 nén khi p 1a s8 chdn thi p=2, con néu p 1a sd 1é thi p c6 cac dang

p=4k+1 hodc p=4k+3.Khi dé ta xét cac truong hop sau

e Truong hop 1: Néu p=2 suyra p’ +pT_1 khong nguyén

e Truong hop 2: Néu p =4k +1, khi d6 ta dugc p3+pT_1:(4k+1)3+2k 1a s 1é nén p3+;1

2
khong thé'1a tich ctia hai s tu nhién lién tiép.

-1
e Truong hop 3: Néu p=4k+3.Giast p’ + p2 la tich cua hai s6 ty nhién lién tiép
-1
Khiddtacs p’+-——= x(x+1) < 2p(2p? +1)=(2x+1) +1 vdi x 1a 56 tu nhién.

Tird6 suy ra (2x+1)" +1ip volivi p=4k+3.

Tt cac truong hop trén, ta ¢é diéu phai chiing minh.

Vi du 8. Tim t4t ca cic s6 nguyén t8 p sao cho 2P +p” ciing 1a s6 nguyén td.

Loi giai
Ta xét cac treong hop sau:
e Néu p=2, khi d6 ta dugc 2° +p* =2% +2* =8 la hop 6.
e Néu p=3, khi d6 ta dugc 2° +p* =2° +3? =17 1a s8 nguyén 3.
e Néu p >3, khi d6 do p 1a s6 nguyén t6 nén p khong chia hét cho 3.
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Taco 2P +p° = (ZP + 1)+(p2 —1) . Khi d6 ta duge 2P +1= (2 +1)(2IH +2P7 4+ 1) chia hét cho
3. Laico (p - 1) p(p + 1) chia hét cho 3, ma p 1a s6 nguyén t6 16n hon 3 nén p khong chia hét cho 3.
Dodé p*—1= (p—l)(p+1) chia hét cho 3.

Tt d6 suy ra 2° +p° = (2p +1)+(p2 —1) chia hét cho 3nén 2P + p” 1a hop s8.

Vay véi p=3 thi 2° + p* =2° +3? =17 1a s6 nguyén t3.
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Vi du 9. Tim tat ca cac b ba s6 nguyén t& (p; q; r) sao cho pqr=p+q+r+200.

Loi giai
Khoéng mét tinh tong quat, gia sit p < q <r. Viét lai phuong trinh da cho vé dang
(rq—l)(p—1)+(r—1)(q—1) =202 (1)
Néu p 1é thi g, r cing lé, do do [(rq—l)(p—l) + (r —1)(q—1)]§4, nhung 202 khong chia hét cho
4,voly. Vay p=2.
V6i p=2. thi (1) tré thanh 2rq —r—q =202 < 4rq—2r-2q+1=405 < (2q-1)(2r-1)=5-3*
Do 3<2q-1<2r-1nén 9<(2q-1)° £(2q-1)(2r-1)=405=3<2q-1<20
T d6, do 2q—1 la wdc cuia 5.3* nén 2q-1e {3;5;9;15}
Néu 2q-1=3 thi q=2 va r =68 khong la s6 nguyén t5, loai.
Néu 2q-1=5 thi q=3 va r=41
Néu 2q-1=9 thi q=5 va r=23
Néu 2q-1=15 thi q =38 khong la s6 nguyén td, loai.

Vay tat ca cac by ba s6 nguyén t6 phai tim la (2; 5; 23),(2; 3;41) va cac hoan vi

Vi du 10. Tim ba s6 nguyén t0 lién ti€p nhau sao cho tong binh phuong cuia ba s6 d6 cling la mot

sO nguyeén to.

Loi giai
Goi ba s6 nguyén t0 lién ti€p nhau can tim la x, y, z va X <y < z. Ta xét cac truong hop sau:
e Truong hop 1: Véi x=2;y=3;z=>5. Khi 46 x* +y’ +z° =38:2 1a hop s6. Truong hop nay
khong thoa man.
e Truong hop 2: Véi x=3;y =5;z=7.Khi d6 x* +y’ +z° =83 1a s§ nguyén t5.
Vay b ba sd (3;5,'7) la bd ba sd nguyén t0 lién tiép can tim. 0,54
e Truong hop 3: Véi x>3.Khido y>5 va z>7. T d6 suy ra x, y, z chia 3 ¢ s6 dw la 1 hodc
-1
Do dd x=3k+1L,y=3l£1,z=3m=1 véi k, ], meN"
Suy ra Xz;yz;z2 chia 3 duv 1 nén (x2 +y2 +Zz)f3 nénlahopso.

Vay b ba sd (3;5,'7) la bd ba sd nguyén t0 lién tiép can tim.

Vi du 11. Tim c4c s8 nguyén t8 p, q, r théaman p?+q° =r

Loi giai

Do p va qla cac s nguyén to nén p;q =2, do ddsuyra r >3, marla sé nguyén té nén r 1a so 1é.
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Tt d6 suy ra p? va q° khéc tinh chdn 1é nén p va q khéc tinh chan 1é.

Nhu vay trong hai s8 p, q ¢ mot s6 chan, khong mat tinh tong quat ta gia s s6 d6 la q.

Khi d6 q =2 nén ta dwoc p* +2P =1 . Dén day ta xét cac truong hop sau:

e Néu p=3, khi d6 tacd 3° +2° =1 hay r =17 1a mot s8 nguyén 5.

e Néu p >3, doplasdnguyén td nén c6 dang p =3k +1 hodc p=3k+2 vdiklasdnguyen
duong.

Tir d6 suy ra p° chia 3 dw 1 hay p’ :3n+1(neN*).
Lai c6 plasdlénén 2° =(3-1)" =3m-1(m e N’).
Tt d6 ta dwoc p° +2° =3n+1+3m-1= 3(m+n)f3 nén la hgp s6. Do do truong hop nay loai.

Vay b0 ba s6 nguyén t6 can tim la (p; q;r) = (2; 3;17),(3; 2,'17) .

Vi du 12. Tim cac s6 nguyén td p,q,r thoa man cac diéu kién sau:

5<p<q<r;49<2p’-1*;2q° -1* <193

Loi giai
Tir 49 <2p” —1%;2q° =17 <193 ta c6 2q° —193 <1’ <2p*-49,dod6 q> —p* <72.
Mt khéc tir diéu kién 5<p<q<r ta dugc r>11, do d6 2p*> 249+121=170 hay p>11.
Vi (q—p)(q+p)£72 nén q—p =2 hoac q—p=4.Xéthai truong hop sau:
e V6i q—p=2va q+p<36,khidé tadwoc p=11;q=13 hodc p=17;q=19.
+Néu p=11;q =13 thi 145 <r* <193, suy ra r =13 = q (loai)
+Néu p=17;q =19 thi 529 <r* <529, suy ra r =23 (nhan).
e V6i q—p=4 va q+p<18, khong ton tai vi p=>11.
Vay ba s6 nguyén t6 can timla p=17;q=19;r=23.

Vi du 13. Tim tat ca cac bd ba s6 nguyén td a, b, c d6i mot khac nhau thoa man diéu kién

20abc < 30 (ab +bc+ ca) < 21abc

Loi giai
2 1 1 1 7 e
Ttrglathletsuyra—<—+E+—<E.Khongglamtmhtongquatglasua>b>c>1.
a C

Suy ra z<§:>2C<9,dod(') C€{2;3}
3 ¢

. 2 1 1 1 7 1 11 1 1 2 .1 1
e Véic=2suyra —<—+—+—<—=>—<—+—<—=>—<—va —<—
2 a b 10 6 a b 5 6 b b 5

Dodé be {7;11}
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+Véib=7,khidéml<1+l<lsuyrai<1<£:>ae{19;23,-29;31;37,-41}
6 a b 5 42 a 35

+V(’yib=11t&l<l+l<lsuyrai<l<£:>a=13,doa>b
a b 5 66 a
oVéiC=3tirgiéthié'tsuyral<l+l<£:>l<z:>b<6:>b=5(dob>C)
3 a b 3 3 b
Thayb=5Véol<l+%<£taduroc6<a<175:>a:7.
a

Vay c6 cac b ba s6 nguyén t6 khac nhau (a; b; C) thod man la:

(19;7;2),(23;7;2),(29:7:2),(31,7;2),(37;7;2),(41;7;2),(13;11;2),(7;5;3) va céc hoan vi cua

no.
pq m’+1
Vi du 14. Tim tat ca cac s6 nguyén t0 p, q sao cho ton tai sd ty nhién m thoéa man = .
p+tq m+l
Loi giai
2 2
, m-+1 2(m” +1 4
e Néu p=q thitw P9 _ ta duoc p=(—):2m—2+ .
p+q m+l m+1 m+1

Do m € N va p la s6 nguyén t6 nén 4f(m+1):>m =0m=1m=3

Tt d6 ta duwoc p=2; p=>.

e Néu p = q thi pqva p+qlanguyén td cung nhau vi pq chi chia hét cho cac wéc nguyén td la p
va qcon p+q thi khong chia hét cho p va khong chia hét cho q.

Goi r 1a mot wde chung cia m* +1 va m+1, khi d6 [ (m+1)(m-1) [ir=(m*-1}ir
Do dé [(m2+1)—(m2—1)]5r:>25r suyrar=1hodcr=2.

p+tq=m+1

+Véi r=1 suyra { , khi d6 p va q la hai nghiém cua phwong trinh

pPq= m”+1
x* —(m+1)x+m’+1=0
Tacé A=-3m’+2m-3= —(m—l)2 —(Zm2 +2> <0 nén phuong trinh trén v6 nghiém

2pq=m2+1

+Véi r=2 suyra { , khi d6 p va q la hai nghiém cua phwong trinh

2(p+q)=m+1
2x? —(m+1)x+m2 +1=0
Tacé A=-7m’+2m-7= —(m—l)2 —(6m2 +6) <0 nén phuong trinh v6 nghiém.

Vay bo cac sd nguyén t6 can tim la (p;q) = (2;2),(5;5)
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Vi du 15. Tim céc s8 nguyén 3 p, q va s6 nguyén x thoa man x° + px+3q=0.

Loi giai
Tacé X’ +px+3q=0< x(x4 +p):—3q.
Vi q la sO nguyén t0 va x la s nguyén nén tit phuwong trinh trén suy ra x € {—1,‘ -3;,-q;— 3q} .
Ta xét cac treong hop sau:
+Né&u x =-1, khi d6 tir phuong trinh trén ta duwoc 1+ p =3q. Do qla s6 nguyén t6 nén
e Khi q=2 thitadugc p=5
e Khi q>2 thi 3q lasd1¢é nén p 1a s6 nguyén t& chdn, do d6 p=2 nén q =1 khong phai la s&
nguyén to.
+Né&u x =-3, khi d6 tir phwong trinh trén ta dwoc p+81=(q, do d6 p la s6 nguyén t6 chdn va q
1a s6 nguyén t& 1é. Tt d6 ta duwoc p=2;q=83.
+Né&u x =—q, khi d6 tir phuong trinh trén ta duwgc p+p* = 3. Trwong hop nay khong x4y ra do p
va qla s nguyén tdnén p+q* > 3.
+Né&u x =-3q, khi d6 tir phwong trinh trén ta dwoc p+81p* =1. Truong hop nay khong xdy ra
do p va qla s6 nguyén tnén p+81q* >1.
Vay cac bo sd (x,' p;q) thoa man yéu cau bai toan la (—1,' 5;2),(—3,‘ 2; 83) .
Nhdén xét: Tt phwong trinh X(x4 + p) =-3q ta suy ra dugc x chia hét cho 3 hogc x* +p chia hét

cho 3. Bén day ta xét cac truong hop nhu trén. Tuy nhién véi cach lam nay viéc ly luan sé phtec tap
hon.

1 2
p; va P 2+ 1 la cac s6 chinh phuwong.

Vi du 16. Tim s6 nguyeén t6 p dé

Loi giai

p+l1 , _p’+1

Gia st ton tai cac s6 nguyén duong x va y thdéa man > X" va =y

p+1=2x" (1)
p’+1=2y" (2)

Trir theo vé& ctia déng thitc (2) cho déang thiic (1) ta dwoc p(p - 1) = 2(y + X)(y - X) (3)

Khi @6 ta duoc {

Suy ra ta dugc 2(y+x)(y—x)fp (4)
Mt khac tir (1) ta thiy plasdlé va x>1>Tacé p+1=2x> =x"+x* >x+1=>p>x.
Tr (2 talaico y>1nén p’+1=2y* =y’ +y’ >y’ +1=>p>y.

Tw (3) ta suy ra dugc y > x. Ttr d6 ta duoc 0 <y —-x<p.
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Chu y p 1a la s6 nguyén t6 1é nén tir (4) ta suy ra duoc x =y:p.
Ma talai c6 0 <x+y <2p nén ta dugc x+y =p. Thay vao (30 ta duoc p—1=2(y—x).

Ttr d6 suy ra y—X:pT-i_1 nén ta duwoc x:pll;y:3p4_1‘

2
Thay x=pT+1 vao (1) ta dwoc p+1=2[pT+1j Sp=7.

Thay p=7 vao (2) ta dwoc 7> +1=2y* = y =5.

Vay p =7 thoa man yéu cau bai toan.

Nhan xét: Ngoai cach giai nhu trén ta con c6 thé giai bang cach xét cac kha nang cta p: Véi p chén

pr+1 (4k£1) +1
2

khong xay ra, voi p =4k +1 khi d6 ta duge =8k* +4k +1. Dén day ta tim

cac gié tri ciia k d& 8k® 4k +1 13 cc s6 chinh phuong.

(x+1)(2x+1)
2012

Vi du 17. Chting minh rang néu ton tai s nguyén duong x théa man la mot s&

chinh phuong thi x 1a hop s6.

Loi giai
(x+1)(2x+1)
2012
(x+1)(2x+1)
2012
V12012 chia hét cho 4 nén (x+1)(2x+1)i4. Ma 2x+1 lasdlénén x+1:4.

Gia st ton tai sO nguyén duong x thdéa man la mot s6 chinh phuwong.

Khi d6 ton tai s6 nguyén duong q dé =q’ hay (X + 1)(2X + 1) =2012q°.

Tt d6 ta duoc x =4k —1 véi k la s6 nguyén duong.

Thay vao phuong trinh trén ta dwoc 41((81( —1) =2012q° < k(8k - 1) =503q".
béyla (k, 8k - 1) =1 va 503 1a s6 nguyén t6. Nén ton tai cac s6 nguyén duong a va b sao cho

. .. |k=503" _ |k=a’
q=ab va (a,b)zl.Turdotacocache , va -
8k-1=Db 8k —-1=503b

AN N [N \ 2 . 2 7 ’ A \
+Voi 5 hé nay vo nghiém vi b chia 8 chi ¢6 cdcsd dwla0, 1, 4.

{k::503a2

k=a’
SVoi] .Khi d6 ta duoc x=4k—1=4a> ~1=(2a~1)(2a+1).
8k —1=503b>

x+1)(2x+1
Néu a =1 thi x =3, khi d6 ta duoc ( )( ) _7 khong phai la s6 nhinh phuwong.
2012 503

Néu a>2 khidd x= (Za - 1)(2a + 1) la mot hop s0. Vay bai toan dwgc chiing minh.
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Vi du 18. Tim tat ca cac s6 nguyén to p sao cho

2
prZ la 1ap phuong ctia mét s6 ty nhién.

Loi giai

2
-p-2 , A
bat % =n> véin la mot s5 tu nhién.

Vi p 1a sd nguyén t6 nén ta xét cac truong hop sau:

e Truong hop 1: V6i p =2, khi d6 ta dwgc n =0 thoa man yéu cau bai toan.

e Trudng hop 2: Véi p>2, khi d6 ta c6 %:rﬁ & p(p-1)=2(n+1)(n*-n+1).
Tir d6 ta dwoc n+1:p hodc n® —n+1ip (vi p 1a s6 nguyén t5 1¢).

+Néu n+1ip thitaduoc n+1>p. Tirdé taduoe 2(n’ ~n+1)2n’ +(n-1) +1>n>p-1.
Tir d6 ta duoc p(p—1)<2(n +1)(n2 -n+ 1). Do d6 truong hop nay lai

+Né&u n’ —n+1:ip, khi d6 ta dit n* —n+1=kp véi k 1a s8 tu nhién khéc 0.

Thay vao phuong trinh p(p—1)= 2(n+1)(r12 —n+1) taduge p=2(n+1)k+1.

Tk désuyran’-n+1= 2(n+1)1<2 +k hay n’ —(21(2 +1)n—(2k2 +k—1):().

Xem phuong trinh trén 1 phuong trinh bac hai an n. Khi d6 do 2k* +1 12 s6 1é nén dé phuong
trinh trén c¢6 nghiém nguyén thi A = (21(2 + 1)2 +4 (21(2 +k- 1) phai la s6 chinh phuong 1é.
Tathdy (2K2 +1) <A< (2K +4) . Dods A=(2k*+1) +4(2k* +k-1)=(2k*+3)".

Twr d6 ta tinh duoc k=3 suy ra n=20 nén p=127. Tht lai ta thdy p =127 thoa man yéu cau
bai toan.

Vay cacs6 can timla p=2 va p=127.

Vi du 19. Tim tat ca cac sO nguyén td p va sd nguyén duong x, y thoa man:

{p—l-Zx(x-i—Z)

p2—1:2y(y+2)

Loi giai
Dé thdy tir hé trén ta duoc y > x.
-1=2x(x+2
- {P (x+2)

p2—1=2y(y+2):>p2 —p=2y°* +4y-2x* —4x:>p(p—1):2(y—x)(y+x+2)

Taco p-1=2(x*+2x)= p+1=2(x+1) <2p’ = x+1<2p

Laicé p*~1=2y(y+2)=p*+1=2(y+1) <2p* > y+1<p
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y. y-X<p s :
Ttr d6 ta duoc {X+y+2<2p' Do d¢ tit phuong trinh p(p—1)=2(y—x)(y+x+2) ta

c6 cac treong hop sau

e Truong hop 1: Néu 2ip = p=2, khi d6 1=2x*+4x, treong hop nay loai.

e Truong hop 2: Néu y-xip, diéu nay mau thuan vi y-x<p

e Truong hop 3: Néu x+y+2ip, khi dé két hgp voi x+y+2<2p ta suy ra duoc
X+y+2=p.

Do dé ta duoc p(p—l):Z(y—x)p:p—1:2(y—x)

=>p+l=4x+4=>p-1=4x+2

Khidétacc’){p Ty :{p yrexs

p-1=2y-2x p-1=2y-2x
Thay vao p—1=2(x2+2x) ta duwoc 4x+2=2x" +4x=>x=1.

Twr d6 ta tinh dwge p=7 va y=4. Vay bd s6 (p;x;y) can tim la (7;1;4)

Vi du 19. Cho bay s& nguyén t6 khdc nhau a,b,c,a+b+c,a+b—-c,a+c—-b,b+c—a trong dé
hai trong ba s6 a, b, ¢ 6 tdng bang 800. Goi d 1a hiéu gitta s& 16n nhat va sd nhé nhat trong bay s

nguyén to d6. Hoi gia tri 1on nhat ctia d c6 thé nhan 1a bao nhiéu.

Loi gidi
Do vai tro ctia a, b, ¢ nhw nhau nén khong mat tinh tong quat ta giastt a<b <c.
Khi d6 s6 nguyén t6 16n nhatla a+b+c va s6 nguyén td nho nhatla a+b—c.
Do dé ta duoc d = (a +b+ C) —(a +b- C) =2c, nén d€ c6 d lan nhat ta can chon duoc sd nguyén
t0 ¢ 1on nhat.
Cht y rang a, b, c 1a cac s6 nguyén t51é vinéu a =2 thikhi d6 b+c—a 1a s8 chdn 1én hon 2 nén
khong thé'la s6 nguyén t6. Do d6 ca bay sd nguyén t6 da cho déu 1a so 1é.
Ta xét cac treong hop sau
e Truong hop 1: Néu a+b =800, khi d6 s6 nguyén t6 a+b—c >3 nén ta duoc ¢<797.Vi7971a
sO nguyén td va ta can 1dy c 16n nhat nén ta chon ¢ =797.
Khi d6 ta dwgc a+b+c=1597 va a+b—c=3.Vi1597 va 3 déu la cac s6 nguyén t6 nén ta can
chon céc s6 nguyén t6 a, b sao cho 797 +a—b va 797 + b—a la cac sd nguyén t6.
La chon a =13 thi ta dwgc b=787 va 797 +a—b =23;797 + b—a =1571 déu la cac s6 nguyén
to.
Liac d6 ta dwoc d =2¢=2.797 =1594 .
e Truong hop 2: Néu b+c =800, khi d6 ¢ <800. Néu ta chon ¢ =797 thi ta dugc b=3.
Ma talai c6 a <b nén a =2 khong théa man. Do d6 ¢ <797 nén d <2.797 =1594 .
e Truong hop 3: Néu a+c¢ =800, khi d6 ¢ <800. Néu ta chon ¢ =797 thi ta duwoc a=3.
T d6 ta duwoc a+b—-c>5 nénsuyra b>799, do d6 b > ckhéng thoa man.
Do d6 ¢ <797 nén d =2c<15%4.
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Vay gia tri 16n nhat ctia d la 1594 véi cac s6 nguyén t& duoc chon trong treong hop 1 va
a+b=800.

2 2
4 A ~ .2 2 \ Y 14 ~ A 7 el ~ A o« A X +
Vi du 20. Cho s6 nguyeén to p. Gia stt x va y la cac s0 tu nhién khac 0 thoa man diéu kién X TPy
Xy
X2 + 2
la s8 tw nhién. Chiing minh rang X TPy _ p+1.
Xy
Loi giai

Goi UCLN((x,y)=d(deN"}, khi d6 ton tai c4c 5 tw nhién a va b d& x =da;y =db va
(a,b) =1.

2 2 2.2 2.2 2 2

Ta cg X_TPY _da 42-pda _a +pb N
Xy d"ab ab

Tir d6 ta dwoc a* +pb*iab=>a’ +pb’ib=a’ib.

Do (a,b)zl nén ta suy ra dwoc b=1.Suyra a’ +p'a=p:a.

Do p la sd nguyén td nén ta dwoc a =1 hoac a =p. Khi d6 ta xét cac treong hop

x*+py’  d’+pd’

e V6i a=1, khi d6 ta dugc X =y =d nén suy ra >
Xy d

X2+py2 _d2p2+d2p

e Véi a=p, khi d6 ta dwoc x =dp;y =d nén suy ra 5 =p+1.
Xy d’p
2 2
Vay ta ludn cé X+i=p+1.
Xy

Vi du 21. Tim t4t ca cac s8 nguyén t& a, b, ¢(c6 thé bang nhau) théa man

a(a+1)+b(b+1):c(c+1).

Loi giai
Tir gia thiét ta nhéan thdy a < ¢;b < ¢. Khi d6 khéng mat tinh tong quat ta giaskt 2<b<a<c.
Tw gia thiét ta co a(a+1):c(c+1)—b(b+1):c(c+b+1)—b(c+b+1):(c—b)(c+b+1)
Do a+1<c+b+1 néntix a(a+1)=(c—b)(c+b+1) ta suy ra dugc c—b<a.
Dodd c<a+b nén c+b+1<a+2b+1,doddtaduwoc c+b+1<3a+1.
Laico a<cnéntir c+b+1<3a+1 tasuyraduoc c+b+1=3a hodc c+b+1=2a.
Vi a, b, cla cac s nguyén t6 nén ta suy ra c la s6 nguyén td l1é. Dén day ta xét cac truong hop sau:

e Truong hop 1: Néu c+b+1=2a.Do 2a va c+1 la cac s& chdn nén b 1a s8 nguyén t3 chan, tir
détadwoc b=2 nén c=2a-3.

Thay ¢ =2a-3 vao dang thiic a(a+1> = (C—b)(c+b+1) varat gon ta duoc a+1= 2<2a—5)
hay 3a =11, khi d6 a khong phai la s6 nguyén.
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. Truong hop 2: Néu c¢+b+1=3a thay vao dang thic a(a+1):(c—b)(c+b+1) va thu gon ta
duoc a+1=3(c—b) hay c=3a-b-1.
T d6 suy ra a+1=3(3a—2b—1) hay 3b=4a—-2.Do d6 b 1a s6 nguyén t& chdn hay b =2, suy

rataduoca=2 vac=3a-b-1=3.

Vay cac s6 nguyén t6 thoéa man yéu cau bai toanla a=b=2 va c=3.

Vi du 22. Tim s6 nguyén duong n 1én nhat sao cho s 2016 viét dwoc thanh a, +a, +a, +...+a_
trong do6 cac sd a;;a,;a,;..;a_ la cac hop s6. Két qua trén thay doi nhu thé nao néu thay s 2016

bang s 2017.

Loi giai
Ta xét bai toan tong quat: Tim s6 nguyén duong n 16n nhat sao cho s6 nguyén duong A (A > 3)
viét duoc thanh tong a, +a, +a, +...+a_ trong dé cacsd a,;a,;a,;...;a, la cac hop so.

Giastt A=a,+a,+a,+..+a_trong dd a ;a,;a,;..;a_ lacac hop s6. Khi d6 theo dé bai ta
phai tim s6 n 16n nhat c6 thé.

Cht ¥ rang d€ cé n 16n nhat thi cac hop s8 a,;a,;a,;...;a, phai nho nhat. Dé thay 4 1a hop
s6 chdn nhé nhat va 9 1a hop sd 1é nhé nhat. Do d6 véi moi s6 nguyén dwong A ta luén
c6 A=4a+r, trong d6 ala sd nguyén duong va re {0; 1,2; 3} . Dén day ta xét cac truong
hop sau

e Truong hop 1: Néu r=0, khi d6 A =4a. Ma 4 1a hop s6 nho nhat nén s6 k 16n nhat
lan=a

e Truong hop 2: Néu r=1, khi d6 A=4a+1. Ma 41a hop s6 nho nhdtnén n<a

Xét n=a. Vi Alasdlénén ton tai it nhdt mot s6 a, véi i=1;2;...;n 1a sd 1é. Khong mat
tinh tong quat, gia st a, 1é, suy ra a, >9. Khi d6

a,+a,+..+a, 29+4(a-1)=4a+1+4>4a+1=A

Xét n=a-1,khidétacé A=4a+1=4(a—-2)+9.Dodénlénnhdtla n=a-1

e Truong hop 3: Néu r=2, khi d6 A =4a+2. Tuong tu treong hop 2 tacd n<a.

Xét n=a tacod A=4a+2=4(a—1)+6 nénsdnlénnhatla n=a

e Truong hop 4: Néu r=3, khi d6 A =4a+3. Ma4 la hgp s6 nhd nhatnén n<a.

Xét n=a. Vi Alasdlénén ton tai it nhat mot s6 a, voi i=1;2;..;n la s6 1é. Khong mat
tinh tong quat, gia st a, 1é, suy ra a, >9. Khi d6

a +a,+..+a 29+4(a-1)=4a+3+2>4a+3=A

Xét n=a—1,khidétacs A=4a+3=4(a-3)+15=4(a-3)+6+9. Do d6nlén nhat

lan=a-1
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~ Kétluan: V6isd nguyén duong A>3 va A chan thi A phan tich duoc thanh a hop s8.

// Vi s6 nguyén duong A >3 va A 1é thi A phan tich duoc thanh a—1 hop s6, trong d6 a la
' thuong trong phép chia s6 A cho 4.

Ap dung: Véi A =2016=4.504 thi ta dugcn 16n nhat1a504 va A =2016=504.4.

V6i A=2017 =4.504+1 thi ta dwgcn 16n nhatla 503 va A =2017 =502.4+9.

Vi du 23. Tim tét ca s6 nguyén td p, q, r théa man phuong trinh (p + 1)(q + 2)(1‘ + 3) =4pqr.

Loi giai
Gia st p, g, r la cac sO nguyén t6 théa man phuwong trinh (p + 1)(q + 2)(1‘ + 3) =4pqr.
Tacod p,q,r=2.Khi dé ta xét cac truong hop sau
e Néu r =2, khi d6 phuong trinh trén tré thanh 5(p+1)(q+2)=8pq.
Do (5,8) =1 va 51a udc nguyén td ctia pqnén ta duoc p=>5 hodac q=5.
+Véi p=5, khi d6 ta dugc 5(5 +1)(q+ 2) =8.5q = q =6 khong phai la s6 nguyén to.
+Vo6i q =5, khi d6 ta duoc 5(p+ 1)(5 +2) =8.5p = p =7 thdéa man yéu cau bai toan.
e Néu r =3, khi d6 phuong trinh trén tré thanh (p+1)(q+2)=2pq
Tt d6 ta duoc (p—l)(q—2)24:1.4=2.2 .Dopvaqlacicsdnguyéntdnén q—2#2;,q-2+4.
-1=4 =5
S
e Néu r >3, khi do6 tacé 4pqr= (p+1)(q+2)(r+3) < 2r(p+1)(p+2)

Neén ttr d6 ta suy ra duoc { , thoa man yéu cau bai toan.

Hay ta dwoc 2pq<(p+1)(q+2):>(p—1)(q—2)<4.

Do d6 p—1<4;q-2<4 vaplas6nguyén t6 nén ta dugc p=2 hodc p=3.

+Voi p=2 thi tit phrong trinh da cho ta dugc 3(q+ 2)(1‘ +3) =8qr.

Do (3, 8) =1 nén 3 phai la wéc nguyén td ctia qr, ma q va r la cac s6 nguyén t6, lai c6 r >3 nén
suy ra duwge q=3. Tt d6 ta duoc r =5 thda man yéu cau bai toan.

+V6i p=3 thi tir phurong trinh da cho ta duoc (q+2)(r+3)=23qr

Hay ta duge 2qr—3q-2r=6<(q-1)(2r-3)=9=19=33.

, khong thoa

2r—-3=9 r=6
Laico r >3 nén 2r—3 >3, do d¢ tir phuong trinh trén ta duoc =

q-1=1 q=2
man yéu cau bai toan.

Vay cac b ba s6 nguyén to (p; q;r) thoa man yéu cau bai toan la (7; 5;2),(5,‘ 3,‘3),(2; 3;5) .
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Vi du 24. Cho s0 ty nhién n > 2, xét cac s6 a,;a,;...;a, va cacs6 nguyén td phan biét p;p,;..; P,

théa man diéu kién p, [a, —a,|=p, [a, —a,|=...=p,[a, —a,|. Ching minh ring a, =a, =...=a, .
Loi giai
bat p, |a1 —a2| =P, |a2 —a3| =..=p,la, —a1| =k voikla mot s6 khong am.
k k k
Khi @6 ta duoc |a1—a2|:—; a, —a3|=—;...; a, a1|:—
pl p2 pn
kt kt kt
Hay a, —a,=—%;a,—a,=—>=;..;a,—a, =—= vdi t;t,;..;t nhan gia trila 1 hodc —1.
p1 p2 pn

. t t t t
Cong theo vé& tat ca cac dang thirc trén ta duge k(—l 24+ 2+ —“J =0
pl p2 p3 pn
t t t t

t t t t
Dit M=—1+—2+—3+...+—“:>M——1:—2+—3+...+—“:L
P P, Ps P. Pr P, Ps Pn P2PsPa

nguyeén. Tt d6 ta duoc p,.p,...p, (1\/Ip1 - tl) = Qp, . Hay ta duoc

. Suy ra Qla mét s&

P (Pz P3P M _Q) =4-P,-Ps--Pn
Néu M 1a s8 nguyén thi tir dang thikc trén suy ra vé trai chia hét cho p, con vé phai khong chia hét
cho p,, diéu nay vo li. Do d6 M khong thé 1a s6 nguyén, suy ra M #0.
o[ttt t
Dodoti k| —+—=2+—+..+—= |=0 tasuy raduoc k=0
pl p2 p3 pn

biéu nay dan dén p, |a1 —a2| =p, |a2 —a3| =..=p, |an —a1| =0

an—al|=O nén a, =a, =..=a_.

Hay suy ra duogc |al —a2| = |£;12 —a3|

Vi du 25. Ton tai hay khong s nguyén t& a, b, ¢ thoa man diéu kién a” +2011=c.

Loi giai
Gia st ton tai cac sd nguyén t6 a, b, ¢ thoa man diéu kién a” +2011 = c. Khi d6 ta xét cac treong
hop sau:
e Néu c =2, khidé a” +2011=2, diéu nay v6 li do a, b 1én hon 1.
e Néu c> 3, khi d6 do cla s6 nguyén td nén cla sd 1é.
Tir a° +2011=c ta suy ra dugc a® +2011 la s§ 1é nén a” 1a s6 chdn hay a la s8 chin.

Do a la s6 nguyén t8 nén ta dugc a =2 . Nhu vay 2° +2011 1a s8 nguyén t8. Ta xét cac kha ning

Sau
+Khi b=2 thi ta dwoc 2° +2011=2015 13 mot hop s6.
+Khi b>3, dob las8 nguyén td nén b las61é. Ta dit b=2k+1,keN".

Khi d6 ta c6 2° +2011 =27 +2011=2.2% + 2011 = 2.4* +2011=2.(3+1) +2011
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Dé thay 2(3 + l)k chia 3 dw 2 va 2011 chia 3 dw 2 nén ta duoc 2.(3 + l)k +2011 chia hét cho 3.

Do d6 2° +2011 chia hét cho 3. Suy ra 2° 42011 1a mot hop so.

Vay khong ton tai cdc s6 nguyén t8 a, b, c &€ a® +2011=c.

Vi du 26. Cho a, b, ¢, d 1a cac s8 nguyén duong thoa man ab = c¢d . Chting minh rang

a"+b"+c" +d" 1a mdt bop s6.

Loi gidi
bat A=a"+b" +c"+d". Goi kz(a,c) voi k>1.
Khi d6 ton tai cac sO nguyén duong a,;c, d€ a=ka;c=kc, va (a1' Cl) =1.
Tir dang thitc ab =cd ta duoc a,.b =c,.d, két hop véi (al,cl) =1 ta duoc b:c, va d:a,.
T désuyrab=c;s;d=sa, voi se N’ . Do d6 ta duoc

A=a"+b"+c"+d" =al k" +c/s" +c] k" +a]s" =(a;‘+crl‘)(k“ +s“).

Dé thay a} +¢] >1,k" +s" >1. Do d6 suy ra A 1a mot hop s8.

Vi du 27. Tim t4t ca cac s6 nguyén to p sao cho v6i moi s6 nguyén t6 p d6 ludn ton tai cac s6

nguyén duong n, X, y thoa man p" =x" +y°.

Loi giai
Ta xét cac treong hop sau
e V6i p=2,khidétontain=1va x=y=14d8 2" =1°+1°.
e V6i p=3,khidétontai n=2 va x=1y=2 d& 3° =1°+2°,
e V6i p>3, khi do6 gia st ton tai cac s nguyén duong n, x, y v6in bé nhat thoa man
pn:X3+y3'
Do p>3 nénsuy ra(x;y)#(1;1), dodé x* —xy +y’ =(x—y)2+xy>1 va x+y>1.
U3 3 _ 2 2\ A 3 3\: N 3\: 2 2
Tacd X" +y —(x+y)(x —-Xy+y )nen (x +y ).(x+y) va (x +vy )(x —-Xy+y )
Do d6 suy ra (x + y) va (X2 — Xy + yz) phai cung chia hét cho p.
2 2 2\ _ Y Y P R 3 A
Suy ra (X+y) —(x -Xy+y )—3xy chia hét cho p. Dop lasdonguyéntova p =X +y’ nénta
duoc x va y chia hét cho p.
3 3
Tt d6 suy ra n >3, khi d6 chia ca hai v& ctia p" =x’ +y° cho p° ta dwoc p"~° z[ij +(XJ .
P
y

\ 4 Y . ~ 4 n A X 2 ~ A A . 7 A
Tt d6 suy ra ton tai sO tir cac s nguyén dwong n—3;—;-— thda man yéu cau bai toan.Tuy nhién

diéu nay lai ma thuan v6i viéc nhon n nho nhat.
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Vay v6i p >3 thi khong ton tai cac s6 nguyén duong n, x, y thoa man pn =X+ y3 .

Do d6 cac s6 nguyén t6 thoa man yéu cau bai toanla p=2 va p=3.

2 2
: XA iAo e @A +Db
Vi du 28. Cho a, b, c la cac s6 nguyén khac khong va a # ¢ thoa man diéu kién —=2—b2.
c C+

Chttng minh ring a* +b” +¢” khong phai la s8 nguyén t3.

Loi giai
a’ +b?

2b2

= <:>a(c2+b2):c(a2+b2)<:>(a—c)(b2—ac)=0.

,a
Taco —=
C

Do a # C nén ta duoc b> —ac=0=b* =ac. Tir d6 ta dwoc
a2+b2+c2=a2+ac+C2:a2+2ac+c2—ac=(a+c)z—b2=(a—b+c)(a+b+c)

Do a, b, cla cac s nguyén va a # ¢ nénsuyra a° +b’ +c” >0. Do dénéu a’ +b* +c* 1a mot s6

nguyén t6 thi c6 bon truong hgp sau xay ra:

e Truong hop 1: Véi a—b+c=1va a+b+c=a’+b’ +c’

Khi d6 ta dugc a+c=b+1nénsuyra a’ +b’ +c* =2a+2c-1

Tirdo tasuy ra (a—1) +(c~1) +b* =0=a=c=1, diéu nay trdi voi gia thiét a = c

e Truong hop 2: Véi a+b+c=1vaa-b+c=a’+b’>+c*.

Khi d6 ta dwoc a+c=-b+1 nénsuyra a’ +b*+c” =2a+2c-1

Tirdo tasuy ra (a—1) +(c—1) +b* =0=>a=c=1, diu nay trdi voi gia thiét a = c

e Truong hop 3: Véi a—b+c=-1va —(a+b+c)=a’+b’+c’

Khi d6 ta dwoc a+c=b—1 nénsuyra a’+b*+c*=-2a-2c-1

Tt d6 ta suy ra (a+1)2+(c+1)2+b2=O:>a:C:—1,c’[i‘éunéytréivéigiéthié’ta;tC

e Truonghop 4: Véi a+b+c=-1va —(a-b+c)=a’+b* +’

Khi d6 ta dugc a+c=-b—1 nénsuyra a’ +b’ +c’ =—2a—-2c-1

Tedétasuyra (a+1) +(c+1) +b* =0=a=c=-1, ditunay tri véi gia thiét a #

Nhu vay néu néu a® +b” +c* 1a mot s6 nguyén t& thi tat ca cac truong hop déu mau thuin véi gia

thiét a # ¢. Do d6 a” +b” +c” khong thé 1a mot s8 nguyén .

3 2

, O » a8 AT

Vi du 29. Tim tat ca cac s6 nguyeén duong n sao cho phan nguyén ctia N la mot s6
n

nguyeén to.

Loi gii
n’+8n’+1 _n’ 8n

bat A=———=—+—+—"_ Ta xét cac truong hop sau:
3n 3 3 3n
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e Truong hop 1: Néu n = 3k véi k 1a mot s nguyén duong, khi d6 ta dwoc A =3k® + 8k + i

D& thay 3k” +8k < A <3k* +8k+1 nén suy ra [A]=[3k2 +8k+i}=3k2 +8k =k(3k+8).

D& [ A] 1a mot s8 nguyén t& thi k=1, khi d6 [ A]=11 la d6 nguyén t5. Tir d6 ta tim duoc n=3
e Truong hop 2: Néu n = 3k +1véi k la mét s6 nguyén, khi dé ta duoc

1 =3k*>+10k+3+
9k +3 9k+3

Dé thdy 3k*+10k+3 < A <3k” +10k +3+1 nén suy ra

A=3K 42k + L+ 8k +o 4
3 3

[A]={3k2+10k+3+
9k +3

}:318 +10k+3=(k+3)(3k+1).

Nhu vay dé I:A:I la mot s6 nguyén td thi k+3 =1 hoac 3k+1=1, tir d6 ta tim dwgc k=1.
Khi d6 I:A] =3 lamotsdnguyéntéva n=1.

e Truong hop 2: Néu n =3k +2 véi k 1a mét s6 nguyén, khi dé ta duoc

16 1

A=3k2+4k+§+8k+?+ 2

=3k> +12k+6 + +=
9k +6 9%k+3 3

Ta thdy 0 < +§ <1 nén suy ra

9k +3

[A]=[3k2+1zk+6+ !
9k

+E}:3k2+12k+6:3(k2 +4k+2)
+3 3

Suy ra v6i moi k thi I:A:I ludn la s6 nguyén to.

Vay d& [A] lassnguyént§thi n=1 hojc n=3.

Vi du 30. Cho a, b, ¢, d la cic s6 nguyén duong thdéa man dong thoi cdc diéu kién a>b>c>d va

ac+bd = (b +d+a- C)(b +d-a+ C). Chting minh rang ab +cd khong phai la s6 nguyén t6.

Loi gidi
Bién d6i twrong duong gia thiét ctia bai toan ta duwoc
ac+bd=(b+d+a—c)(b+d—a+c)
sactbd=(b+d) ~(a—c) ©a’—ac+c? =b* +bd +d?
Khi d6 ta dwoc (ab+cd)(ad+bc) = ac(b2 +bd+d2)+bd(a2 —ac+c2)
Hay ta dugc (ab+cd)(ad +bc) = (ac +bd)(a2 —ac+ Cz)
Tt d6 suy ra (ab + Cd)(ad + bC) chia hét cho ac+bd

Ga st ab+cd 1a s6 nguyén t6, Khi do tx a>b >c>d ta duwgc ab+cd >ac+bd >ad +bc.
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Tt d6 suy ra (ab +cd,ac+ bd) =1 nén tw (ab + Cd)(ad + bC) chia hét cho ac+bd ta suy ra duwoc

ad +bd chia hét cho ac+bd, diéunay lavd li vi ac+bd >ad+bc>0.

Vay ab+cd khong phai la sé nguyén t6.

Vi du 31. Tim t4t ca cic s6 nguyén t& p sao cho p” +11 c6 dting 6 w6c phén biét( ké ca 1 va chinh

no).

Loi gidi
+Néu p=2,khi détacod p*+11=4+11=15 c6 ding bon udc phan biét 14 1; 3; 5; 15,

+Néu p=3, khi d6 tacé p> +11=9+11=20 c6 diing sau wéc phan biét 1a 1; 2; 4; 5; 10; 20. Do d6
taco p=3 thoa man yéu cau bai toan.

+Néu p>3. Khi d6 p 1a sd nguyén t5 1¢. Ta thay p’ la mot s§ chinh phuong 1é nén (p* ~1):4, do
d¢ ta suy ra duoc (p2 +11)f4.

Lai thdy p khong chia hét cho 3 nén p” chia 3 dw 1, do d6 ta duoc <p2 - 1)53 nén (p2 + 11)53 .

Do 3 va 4 nguyén t6 cung nhau nén ta suy ra duoc (p2 + 11) 12.

Lai thay 12 ¢ dtng sdu wéc 1a 1;2; 3;4; 6; 12. Ma do p>3 nén p* +11>12.

Ta thay p° +11 1a bdi ca 12 va 1én hén 12 nén p” +11 phai c6 nhiéu hon sdu wéc phan biét.

Vay véi p=3 thi p’ +11 c6 dling séu wéc phan biét.

Vi dy 32. Cho p la mot s6 nguyén t8. Tim cac s& nguyén k sao cho 'k’ —kp 12 mot s6 nguyén

duong.

Loi giai

Ta xét cac treong hop sau

+Néu p=2, khi do ta o [k —kp =k =2k = [(k? ~2k+1) -1 =/(k-1)' -1

P& (k*~2k+1)-1 thi (k~1)" ~1 1a mot s chinh phuong.
Nhu vay (k - 1)2 -1 va (k - 1)2 la hai s0 tu nhién lién tiép. T d6 ta duoc (k — 1)2 —-1=0 va
(k - 1)2 =1. Truong hop nay loai.

+Néu p> 2, khi d6 p 1a s nguyén t6 1é. Néu k chia hét cho p, khi d6 ton tai s6 nguyén duwong n

dé k=np. Tt d6 ta duoc \/k2 -kp= \/npz (n - 1) , nhu vay dé€ 'k’ —kp 1a mot s6 nguyén
duong thi p’n(n—1) phaila s§ chinh phuong, ma (n,n-1)=1 nénnva n—1 phai la hai s&

chinh phwong. Diéu nay khong thé xay ra. Do d6 k khong thé chia hét cho p.
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Tt d6 ta duoc k va p 14 hai s6 nguyén t8 cing nhau, diéu nay dan dén k va k—p 1a hai s6 nguyén

t6 cung nhau. Tt d6 dé\/ k*—kp = \/ k (k - p) 1a mét s& nguyén duong thi k va k—p phai la hai
s8 chinh phuong. Dt k = m? va k- p= n® véi m,ne N’

Khi d6 ta dugc p=m? —-n’ =(m—n)(m+n).Doplé sO nguyén to nén ta dwgc p=m+n va

(p+1)

m-n=1.Do d6 ta tinh dwoc k=T.

2
+1
Vay véi k = (P 1 ) va p la s6 nguyén t& 1é thi \/k*> —kp 12 modt s6 nguyén dwong.

Vi du 33. Cho p la mot s6 nguyén t6. Gia st a,;a,;...;a,_ la cdc s6 nguyén duong d6i mot khac

nhau théa man —+—+..+—=1. Biét rang s6 nguyén duong 16n nhdt trong cic s

a; a, a,

a;;a,;.;a la 2p. Tim céc s6 nguyén a;;a,;.;a .

Loi giai
Khong mat tinh tong quat ta gia st a, = 2p, khi d6 a, la s6 nguyén duong 16n nhat trong cac s

nguyén da cho a;;a,;..;a

m*

2p-1

a, a, a_ 2p 2p a, a 3 a_ ay,..a,

nguyén duong.

Suy ra 2pb = (2p - 1)a2a3...am, do dé ta duoc (Zp - 1)612613...am chia hét cho p.

Do 2p—1 khong chia hét cho p va p la s6 nguyén t6 nén trong tich a,a,...a_ cé motsd a, chia hét
cho p v6i i > 2. Khéng mat tinh tong quat ta gia st a, chi hét cho p. Khi d6 trong cac s6 nguyén

dwong trén c6 a, va a, laboi cia p, ma s6 16n nhat a, = 2p nén ta duoc a, = p, dong thoi cac s6

a,;a,;..;a,_ khong chia hét cho p.
2p-3 1 1 1 1 1 1

Tt d6 ta lai co P :1————:1————=—+...+—=;V(’yiclésé'nguyén
2p 2p p a, a, a, a, a;a,.a,

duwong.
Suy ra ta dwoc 2pc = (2p - 3)a3a4...am nén ta duoc (2p - 3)a3a4...am chia hét cho p. Nhung do

cacsO a,;a,;..;a_ khong chia hét cho p. Nén 2p—3 phai chia hét cho p. Ttr d6 ta tinh dugc p=3
Nhu vay tacé a, =2p=6 va a, =p=3 nén cacss a,;a,;...;a, phainhohon 6 va khong chia hét
cho 3. Tkt d6 ta dwoc a,;a,;..;a_ € {1; 2;4;5} .

1 1 1
Cing ttt —+—+...+—=1suyra aj;a,;..;a_ e{2;4;5}
a1 a2 an
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Tathé'y1—l—l=lVél+l<lnéntasuyradu(yca2=2.T&clétacél+l+l=1.
6 3 2 4 5 2 6 3 2

Vay cac s0 nguyén duong can timla a, = 6;a, =3;a, =2.

Vi du 34. Tim tét ca cac sO nguyén t& p,; P,; Ps; Pss Pss Pes P, Pg  thoa man diéu kién:

Py +p; +P5+P; +Ps+Pe +P; = Ps

Loi giai
Ta c6 nhan xét: Vi p 1a s8 nguyén t6 thi: Néu p 1a s8 chin thi p> =4 va néu p la s& 1é thi
(p2—1)§8.
Do P,; P, Ps; Pas Psi Pes Py Py 1a cac sO nguyén t6 nén p;P,; Py Pas Psi Pes Pri Ps = 2
Tir gia thiét p2 +p5 +ps+p; +Ps+P. +Pa =ps tasuy ra dugc p; =28 nén p, la s§ nguyén 5 1é.
T d6 ta duoc (p§—1)58.
Goi k 12 s6 céc s8 chén trong day PiPaiPss Pus Pss Pes Py VOI 0<k<7.
Khi d6 ta dwoc p2 +p2+ps+ps+ps+p: +p, =4k+A trong d6 A 1a tdng binh phuong ctia
7 —k s61é trong day p,;P,; Ps;PuiPsi Pes Py -
Tir d6 ta duoc (pf +ps+ps+p;tP:+p: +p§)—[4k—(7—k)] chia hét cho 8
Hay ta duoc (pf +po+pitp.+pL+ps +p§)—3k—7 chia hét cho 8
Ma talai c6 Pl +pa+ps+p; +pP:+p: + P> =p; nén p; —3k—7 chiahét cho 8
Lai ¢ (pz —1)58 nén suy ra 3k+6 chiahétcho8 ma 0 <k <7 néntaduoc k=6.
Diéu do c6 nghia 1a trong day P,; P,; Ps; Pas Pss Pes Py €0 6 56 nguyén t& chin, khong mat tinh
tong quatcacs6 dola p,=p,=p, =p,=Ps =P, =2-
Tir d6 ta duge 24+ p2 = p; < (p, —p, ) (ps + P, ) =24

Do p,;p, déulasdleva p, —p, <p, +p, nén ta duoc

{m P, ::{Ps (MQMh@m{m P, :3{p8 dloai)
ps+p, =2 P; Pstp, =6 p, =1

Vay b0 cac sd nguyén t6 can tim la (pl; P, P3Py Py Pss Pyrs Ps) trong do

(pl;pz;ps;p4;p5;p6;p7) 1a cdc hoan vi cua (2;2;2;2;2;2;5) con p, =7 cd dinh.

Vi du 35. Tim bon s6 ti nhién X, <X, <X, <X, sao cho tat ca cacsb p,; P,; P;; P4, P5s Py d€u la sd

nguyen to vol p; =X, —=X5;P, =X; =Xy, Py =X, =X Py =X, — Xy Ps =Xy — X P =X X

Loi giai
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T gia thi€t p, =X, —X5; P, =X, = X,; P53 =X, =X P, =X, —X,; Ps = X3 —X,; P = X, — X, ta duoc
Py =P, t Py Ps =P, t P3P =Py TP, + P5- Taxét cac treong hop sau:

e Trudng hop 1: Xét cc s6 p,; p,; P, cung la s6 1é hodc cung 1a s6 chan. Khi d6 p,; p, cung la s6
ch&n va 16n hon 2 nén khong thé 1a s6 nguyén t6. Treong hop nay loai.

e Truong hop 2: Xét cac s6 p,; p,; P, c6 mot s6 chan va hai s6 1é. Khi d6 p, laso chan va 16n hon
2 nén khong thé'1a s6 nguyén t6. Truong hop nay loai.

e Truong hop 2: Xét cac sd p,; P,; P, €6 mot sO 1é va hai s& chan. Khi d6 c6 cc kha nang sau:
+Néu p, lasdlé thi p,;p, 1asd chdn, khi dé p, =p, =2.Khi d6 p, =4 la hop s6, loai

+Néu p, lasd1é thi p,;p, 1as6 chdn, khi d6 p, =p, =2.Khi dé p, =4 1a hop s0, loai

+Néu p, las61é thi p;;p, la s6 chin, khi do P, =P, =2.Khi dé ta dwoc p, =p, =p, +2 va
Pe=P,t4.

Nhuw vay ta can tim s nguyén to 1é p, dé p, =p, =p, +2 va p, = p, +4 cling la s6 nguyén t6.
Hoan toan dé dang ta tim dwoc p, =3;p, =5;p, =7 .

Nhuw vay cac s6 nguyén t6 lan lwotla p, =2;p, =3;p, =2;,p, =5p; =5p, =7 .

Tt d6 ta duwoc 2=x, —X;;3 =X, —X,;2=X, —=X;;5 =X, =X

;D =X, = X6 =X, X,

Suy ra X, =X, +2;X, =X, +5;X, =X, +7 v6i X, 1a s6 tu nhién tuy y.

Vi du 36. Cho cac s6 nguyén duong a, b, ¢, d thoa man a’ +b’ +ab=c’ +d’ +cd . Chiing minh
rang a+b+c+d lahop s6.

Loi giai
Tacé a’ +b’> +ab=c* +d’ +cdc>(a+b)2—ab:(c+d)2—cd.
Hay ta duoc (a+b)2—(c+d)2 :ab—cd<:>(a+b+c+d)(a+b—c—d):ab—cd.

b€ chtiing minh a+b+c+d 1a hgp sd ta sit dung phuong phap phan ching.
That vy, giast a+b+c+d lasdnguyéntd. Dat a+b+c+d=p.

Khi d6 p(a+b-c—d)=ab—cd nén tasuy ra duoc (ab—cd)ip

Do d6 ta duoc (ab—cd)+c(a+b+c+d)ip hay ab+c(a+b+c)ip e (a+c)(b+c)ip.
Mt khac do p 1 s6 nguyén t8 va a,b,c,d >0 nén 0<c+a,c+b<p.

Tir d6 ta duoc (c+a,p)=(b+c,p)=1, diéu nay lam cho (a+c)(b+c)ip mau thuan,

Do d6 diéu gia st trén la sai hay a+b+c+d 1a hop so.

4 N 4 ' A \ 2 2 \ n A ' \
Vi du 37. Tim cac s6 nguyén duong m va n sao cho p=m*+n” la s§ nguyén t6 va m’> +n’ -4

chia hét cho p.

Loi giai
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Gia st (m;n) 1a cip s6 nguyén duong thoa man p=m? +n” 1a s§ nguyén t5 va m’ +n° -4 chia
hét cho p. Khi d6 ta c6
(m3 +n’ —?))f(m2 +n2) = (m+n)(m2 +n’ —4)3(m2 +n2)
@[—mn(m+n)—4}f(m2+n ) [3mn(m+n)+12} (m +n )
Tt d6 ta duoc [(m3+n3—4)+3mn(m+n)+12} (m +n ):[(m+n) +8} (m +n )
Hay ta duoc (m+n+2)[m2+n2+2mn—2(m+n)+4}5p
Do p la s6 nguyén t6 nén ta cé hai treong hop sau:
e Truong hop 1: Néu m +n+2:p hay (m+n+2 ( )
Tkt d6 ta dwoc m+n+2<m’+n <:>m(m 1)+n(n 1)32
Cht y rang m va n la cac s6 nguyén duong nén ta c6

( )+n(n 1)= m=1,n=2
m(m 1)+n(n 1)<2:> m(m 1)+n(n ) I=>m=2;,n=1
(m 1)+n( ) m=n=1

Thir lai cc cip s8 trén ta thay (m;n)=(1;2),(2;1),(1;1) thoa man yéu cau bai toan.

e Truong hop 2: Néu [m” +n’ +2mn-2(m+n)+4]ip

Hay ta dugc [m”+n’ +2mn-2(m+n)+4 i(m*+n’) =[2mn-2(m+n)+4]i(m? +n*)
Tacé 2mn-2(m+n)+4=2(m-1)(n-1)+2>0

Do d6 ta duoc c6 2mn—2(m+n)+42m*+n* & 4mn-2(m+n)+42(m+n)’

Ma theo bt déng thic Cauchy tacé (m+n) >4mn.

m+n2:4mn m=1
( ) R
n=1

Tt d6 ta suy ra duoc
2 (m + n) =4
Thtr lai ta duoc (m; n) = (1; 1) thoa man yéu cau bai toan.

Vay cac cap s can tim la (m;n) = (1;2),(2,‘1),(1;1).

Vi du 38. Tim s6 nguyén t6 bé nhat sao cho p viét duoc thanh 10 tong c6 dang:

2 2.2 22 2 .2 2
p=Xx; +y; =X, +2y, =x; +3y; =...=X;, +10y;,
Trong d6 X,;X,;...;X;, VA Y,;¥,;...y,, la cdc s6 nguyén duong.
Loi giai.
_u2 2_ 2 2 _ 2 2 2 2 o s 1A
Do p=x] +y; =X, +2y, =X; +3y; =...=X;, + 10y, voi X;X,;...;X,;, V& Y,;¥,;-..Y,, lacacs6

nguyén duong nén ta duoc p >10.
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e Tt p=x}, +10y7, suy rasd du r(O <r< 9) khi chia p cho 10 chinh 1a s6 du ctia X}, khi chia
cho 10. Do Xfo s0 chinh phuong nén co chit s6 tan cung co6 thé 0;1;4;5;6;9 nén khi chia xfo cho
10 ta dwoc r e {0; 1,4;5; 6;9} .Doplasdénguyéntdlénhon10nén r e {1;9} .

e Tit p=X: +3y. suy rasd du cta p khi chia cho 3 chi c6 thé 1a 1.

e Tit p=X; +8y. suy rasd du S(O <s< 7) khi chia p cho 8 chinh 1a s8 du ctia X khi chia cho 8.
Do X; s8 chinh phuong nén s € {O; 1;4} .Doplasénguyéntdlénhon10nén s=1.

Nhu vay p chia 3 va 8 cung c6 sd dwla 1 nén p—1 chia hét cho ca 3 va 8. Ma 3 va 8 nguyén t& cung
nhau nén suy ra p—1:24. it p=24m, véin la s6 nguyén duong,.

Mat khac do p chial0cosddu re {1;9} nén p—1 chia 10 c6 s6 dw 1a 0 hodc 8. Suy ra 24m chia 10
c6 s0 du 0 hodc 8 hay 24m 6 chit s6 tan cung la 0 hodc 8, do d6 m c6 chit s6 tan cung la 0 hodc 2
hodc7. Tadat m=10a+u véi a,ueN va ue {0;2;7} .

e Tit p=X; +7y> suy rasd du t(O <t< 6) khi chia p cho 7 chinh 1a s8 du ctia X khi chia cho 7.
Do X: s6 chinh phuong nén t € {0,' 1; 2;4}. Do p la s nguyén t6 16n hon 10 nén t e {1; 2,'4} .

Tt d6 ta duwoc p—1 chia 7 c6 s6 du la 0 hodc 1 hodc 3. Do dé 24m chia 7 ¢6 s6 du 1a 0 hodc 1 hodc
5. Do d6 m chia 7 ¢6 s8 dur la 0 hogc 1 hoge 5. Dat m =7b+v véi b,veN va ve{0;1;5}.

T p—1=24m ta duoc p=24m+1. Do can tim p nho nhat nén ta tim m nhoé nhét.

Ta tim cac s6 m <50 thoa man dong thoica m=10a+u va m=7b+v.Khicho 0<a<4 va
0<b <6 thi taduoc m € {7;12;22;40;42;47} . Tir d6 ta xét cac truong hop sau:

+Véi m=7 thi p=24.7+1=169 =13 lahop s

+Véi m=12 thi p=24.12+1=289=17? la hop s6

+Véi m =22 thi p=24.22+1=529=23" la hop s6

+V6i m =40 thi p=24.40+1=961=31" la hop s8

+Véi m =42 thi p=24.42+1=1009 la s6 nguyén to.

Khi d6 ta ki€m tra xem 1009 c6 phan tich duoc vé dang x> +y> =x; +2y. =...=x;, +10y7, khong.

1009 =15 +28* =19% +2.18* =31 + 3.4 =15° +4.14* =17° +5.12
=25 +6.8° =1° +7.12* =19 +8.9* =28 +9.5* = 3° +10.10°

Vay p=1009 1a s6 nguyén t6 nho nhat théa man yéu cau bai toan.

Vi du 39. Tim tat ca cac s8 nguyén t& p va q théa man p’ —q° = (p + q)z.

Loi giai

Gia st p va q 1a cdc s8 nguyén t3 thoa man p’ —q° = (p+ q)z. Khi d6 ta duge p° —q° > 0.
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Tt d6 ta dwoc p3 > q5 > 2’ nén ta duoc p>3.

Suy ra p khong chia hét cho 3. Ta xét cac treong hop sau:

e Néu q=3,khi d6 p* -3 =(p+3) & p’ —p*—6p-252=0 < (p-7)(p* +6p+36)=0.
Do p* +6p+36>0 nén ta duoc p-7=0=>p=7.

e Néu q#3 khid6é p=3m=1;q=3n+1 véim, nla cac s6 nguyén duong.

+Véi p=3m+1va q=3n+1thi p’-q’i3 va (p+q)2 chia 3 du 1, nén khong thoa man yéu
cau bai toan.

+ V6éi p=3m+1va q=3n-1 thi p’~q’ chia3du2va (p+q) chiahé cho 3, nén khong thoa
man yéu cau bai toan.

+V6i p=3m-1va q=3n+1 thi p°~q’ chia3du1va (p+q) chiahétcho3, nén khong thoa
man yéu cau bai toan.

+Véi p=3m-1va q=3n-1 thi p’—q’:3 va (p+q)2 chia 3 du 1, nén khong thoa man yéu
cau bai toan.

Vay cdp s6 nguyeén t& (p; q) thoa man yéu cau bai toan la (3; 7) .

Vi du 40. Cho a, b 1a cic s6 nguyén duong théa man diéu kién a® +b* +1 chia hét cho ab. Chting

s aHbtl
minh rang —ah la s6 nguyén to.
a

Loi giai

2 2 . 1 N . N o a’+b*+1
Do a” +b” +1 chia hét cho ab nén ton tai s6 nguyén duwong k dé — 5 = k(l) .
a

Ta can chting minh k 1a mot s6 nguyén to.
Gia st cap sd nguyén duong (ao ;bo) thoa man (1) va a, + b, nho nhat .
Khong mat tinh tong quat ta gia sit a, > b,,.

2,12
X" +b; +1
Xét phuong trinh ——— =k < x* —kb,x+b; +1=0 c6 &n x.

XD,

Khi d6 a, 1a mot nghiém ctia phuong trinh trén. Do dé theo dinh ly Vi — et thi phwong trinh con
a,+a, =kb,

c6 mot nghiém nita. Goi nghiém do la a, thi ta dwoc 5
a,a, =b;+1

oy . \ b2 +1
Ttr d6 ta suy ra dwoc a, nguyén duwong va a, =kb,—a; = .
0
, bi+1 _aj—2a,+2 2
Néu a,>b,>1 thitacé a, =——< 2 0 =a,—-2+—<a,
a a a

0 0 0
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Do d6 a, +b, <a, +b,, diéu nay trai véi cach chon a, +b, nho nhit.
Do do6 ta suy ra dugc a, =b,, khi d6 ta duoc (Zag +1)5a3 = 15a3 =a,=1.

Tt d6 suy ra k =3 la s6 nguyén to.

Vidu4l.Cho x=a+b—-c;y=c+a-b;z=b+c—a vdia, b, cla cic s8 nguyeén t3. Gia st rang
X’ =y va Jz —\/§ la binh phuong cua mét s6 nguyén t6.
Tim gia trictia T = (a+2)(b—10)(c+2).

Loi gidi
Do x=a+b-c;y=c+a-b;z=b+c—a védia, b, cla cdcsd nguyén td nén x, y, z la cac s&
nguyeén.
2a=x+y [2a=x+x
Ciing tir gia thiét trén va x> =y tadugc {2b=x+z={2b=x+z .

2c=y+z  |2c=xX’+z

Xét phuong bac hai x* +x=2a < x> +x-2a=0.

Dé thdy A =8a+1>0 nén nén phuong trinh cé hai nghiém.

Goi hai nghiém dd 1a x; va x,. Néu méot trong hai nghiém la s6 nguyén thi nghiém con lai cling
nguyén.

+x,=-1

N

X
Theo dinh li Vi — et ta c6 { !

X, X,
Do 2 va a la sd nguyén t6 nén tir x,.x, =—2a ta dwoc X, € {—2,' —a;2;a} . Ta xét cac truong hop
sau:

+Neéu x; =-2, khi d6 ta tim dwoc a =1 khoéng phai la s6 nguyén td.

+Néu x, =—a, khi d¢ ta duoc a’-3a=0,doalass nguyén t6 nén a = 3. Tt d6 ta tim duoc hai
nghiém ctia phuong trinh la x, =-3 x, =2.

+Neéu x, =2, khi d6 ta tim dwoc a =3, tit d6 ta tim dwoc hai nghiém la x, =2 va x, =-3.
+Néu x =a, khi d6 taduoc a°—a =0 nén a=0 va a =1, loai vi khong phai 12 s8 nguyén t8.
Tém lai phuong trinh trén c6 hai nghiém nguyénla x =2 va x=-3, dong thoitacé a=3.

e Véi x =2 khi d6 ta duwoc y=4.Do do \/;—2=p2 véi p 1a sd nguyén tG.

I
N

Do x 1 s8 chdn va 2b =x+z nén z 1a s8 chdn. Khi d6 p 1a s6 chan, dan dén p
Khi d6 ta duwoc z=36, suy ra ¢ =20, loai do c khong phai la s6 nguyén t6.

e Véi x=-3, khi d6 ta duoc y=9. Do d6 Jz-3= p’ véip la sd nguyén t6.
Do x 125818 va 2b = x+ 2z nén z 14 s6 chan. Khi d6 p 12 s6 chan, dan dén p=2.

Khi d6 ta duwoc z=49, suyra ¢=29 va c =23 la cdc s nguyén to.
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Tir d6 ta duoe T=(a+2)(b-10)(c+2)=(3+2)(23-10)(29+2)=2015.

Vi du 42. Tim s8 nguyén t6 p sao cho 2005™*” —p**® chia hét cho 2005+ p .

Loi giai
Ta c6 20052 _ p2006 _ (20052005 n pzoos ) _ <p2006 n pzoos )

Dé thay 2005 +p*™ chia hét cho 2005+p .

Do d6 d& 2005°" —p™™ chia hét cho 2005+ p thi p* +p** phai chia hét cho 2005+ p .

2005 (p + 1) chia hét cho 2005+ p . Ta xét hai truong hop sau:

Hay ta can ¢ p
e Néu p 1a wdc ctia 2005, khi d6 p=>5 hodc p=401.

+Véi p=>5 thi ta duge p™” (p+1)=6.5""" khong chia hét cho 4 va p+ 2005 =2005+5 = 3000
chia hét cho 4, do d6 p =5 khong thoa man.

+V6i p =401 thi ta duoc p™ (p+1)=402.401""" va p+2005 = 401+2005 = 2406 = 6.401.

2005 (

Do d6 ta duwgc p™ (p+ 1) chia hét cho p+2005 nén p =401thoa man yéu cau bai toan.

e Néu p khong phai la wéc ciia 2005, khi d6 (p,5) =(p,401)=1.
Tir d6 ta duoc (p™™,2005+p) =1 va p+1<p+2005.

Do d6 p*™® (p + 1) khong chia hét cho 2005+p .
Vay chi cé p =401 thoéa man yéu cau bai toan.
Nhan xét:
+ C6 thé ly luan theo cach khac d€ bo qua hai treong hop trén nhu sau:
p™™ (1+p)=p™ (2005 + p—2004)
Do d6 p**” (1+p)3(2005+p) < 2004p**:(2005+p).
Ma ta c6 2004 < 2005+ p nén p** va 2005+ p c6 mot ude chung khac 1. Do d6 p 1a wéc caa
2005.
+ Cht y rang 2005 + p khong phai 1a s8 nguyén t6 nén 2005+ p c6 thé chia hét cho p hodc c6 wée
chung véi p+1. Do d6 khong dwoc ly luan kiéu nhu: T p**” (1 + p)f(2005 + p) ta suy ra duoc
p*”$(2005+p) hodc p+1:(2005+p)

Vi du 43.
a) Chitng minh ring khéng ton tai cic s6 nguyén t3 a, m, n thoa man a” =m? +n’
b) Chting minh rang khong ton tai cic s§ nguyén tS a, b, m, n, p thoa man

a’+b*=m’+n’+p’

Loi giai
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2 a s A LN s a2 2, 2
a) Gia st ton tai cac sO nguyeén t6 a, b, m théaman a” =m” +n

Khi d6 dé thay a la s6 1¢, nhw vay trong hai s6 m va n ¢ mot s6 1é va mot s6 chan.

Khong mét tinh tong quat ta gia st m 1a s6 chdn, do m 1a s6 nguyén t6 nén ta suy ra dwoc m =2.

Tir d6 ta dwoc a’ =4+n”* < a’-n? :4<:>(a—n)(a+n):4

. , . a-n=1
Chu y rang a van la cdc sO nguyén to va a >n neén ti trén ta duoc 4
at+tn=

Do d6 ta dwoc a = g , khong phai la s6 nguyén to,

Vay khong ton tai cac s6 nguyén t6 a, m, n thda man yéu cau bai toan.

b) Gia st ton tai cac s6 nguyén td a, b, m, n, p thoa man a’+b*=m?*+n’+ p2 .

Nhan thay mdi s8 ¢ v& trai khac mdi s6 & vé phai vid gia st néu p=b, khi dd tacé a> =m?* +n’.
Tuy nhién khong ton tai cac s8 nguyén t3 thoa man a®> =m?* +n’.

Ta xét cac treong hop sau:

e Trong hai s a va b c6 mot s6 chan va mot s8 16, khong mat tinh tong quat ta gia str a 1a sd 1é.
Khi d6 do a 1a s8 nguyén t6 nén ta dugc a =2. Do b 1a s8 nguyén t3 1é nén b’ chia 4 dw 1. Tir &6
ta dugc a’ +b” chia 4 dw 1. Mt khac do @’ +b” 1as61é nén m” +n’ +p” lasd1é nénm, n, p
dong thoi la so le.

Khi d6 m?;n’; p2 chia 4 cung c6 s6 duw 1a 1 nén m?+n’+ p2 chia 4 c6 s6 duw 1a 3.

Do d6 trong treong hop nay khong ton tai cac s6 nguyén t6 thoa man.

e Cahaisdnguyéntdavabdéulasdle khidodita=2m+1,b=2n+1 véimvanlasd

nguyén duong. Khi d6 tacé a> +b* = (2m +1) +(2n+1)" =4m(m+1)+4n(n+1)+2

Suy ra a* +b” chia 8 c6 s8 dw1a 2.

Lai c6 a> +b” 1a 58 chdn nén m* +n’ +p* 14 s6 chin, do d6 trong ba s6 m, n, p c6 mdt s6 chdn va
hai s6 1é hodc ca ba s6 m, n, p déu la sd chan.

+ Néu trong ba s6 m, n, p c6 mot s& chan va hai s81¢, ta gia str p 1a s chdn nén p=2.Khi d6 m
van 12 s6 nguyén t31¢, suy ra m* +n” chia 8 c6 s6 du1a 1, suy ra m” +n’ +p* chia 8 c6 s6 du la
6.

+ Néu ca ba s m, n, p déu la s6 chan, khi d6 m =n=p=2,suyra m? +n? +p2 =12 nén chia 8
c6s6 dula4.

Nhu vay a’+b? chia8c6s6duwla2con m>+n’ + p2 chia 8 ¢4 s6 du 1a 4 hodc 6

Do d6 trong treong hop nay khong ton tai cac s6 nguyén to thoa man.

Nhu vay khong ton tai cac sO nguyén t6 a, b, m, n, p théa man a’+b*=m?*+n’+ p2 .

Vi du 44. Cho a, b, c la cac s6 nguyén thoa man — +% = 1
a C
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a) Chting minh rang a +b khoéng thé 1a s6 nguyén t6.
b) Chitng minh rang néu ¢ >1 thi a+c¢ va b+c khong dong thoi la s6 nguyén td.

Loi giai

a) T l+l:l ta duoc C(a+b)=abdo dé abf(a+b).
a b c

Giastt a+b lasdnguyénts, via<a+b nén (a, a+b)=1 ma abf(a+b) nén af(a+b), diéu

nay vo li. Do d6 a+b khéng thé la s& nguyén t6.

b) Ta co
c(a+b):ab:>bc:ab—ac:>ab+bc=2ab—ac:>b(a+c)=a(2b—c)2b(a+c)fa

Tuong tu ta ciing ¢ a(b+c)=b(2a—c):>a(b+a)§b.
Giastt a+b va b+c déulasdnguyéntd a<a+c nén (a,a+c)=1,tu0ngtu (b,b+C)=1 ma
b(a+c)5a:>b§a.

Tuong tu ta dwgc a:b dodd a=b.Suyra a+c=Db+c=3c nén khéng thé la s6 nguyén t6 do
c>1.

Vay c>1 thi a+c va b+c khong dong thoi la s6 nguyén t6.

Vi du 45. Cho day s0 tu nhién 2; 6; 30; 210; ... dugc xac dinh nhw sau: s6 hang thit k béng tich ctia k
sO nguyeén t6 dau tién(k =12, 3;...). Biét rang c6 hai s6 hang ctia day s& d6 cé hiéu bang 30000.

Tim hai s6 hang do.

Loi giai

Xét day s6 6 dang 2; 2.3; 2.3.5; .... Gia st hai sd can chonla a=2.3.5..p_; b=2.3.5..p_ vdi
P.; Pu (n < m) la cac s6 nguyén t6 thi n va tht m.
Taco b-a=235..p —2.3.5..p, =30000 < 2.3.5.p, (pn+1 Pz Po — 1) =2.3.5.1000
Ta thay 2.3.5.1000 ton tai wdc ctia 3 nén a va b ¢6 chita s6 nguyén t6 3 nén p,_ =3 va 1000 khong
c6 wdc nguyeén td khac 2 va 5 nén a khong cé wéc khac2 va5nén p <5.Tir d6 ta duoc
+Néu p,_ =3, taduoc p, ,-p,.,-P,, =10000, khong ton tai p,_ thoa man
+Néu p, =5, tadwoc p,_,,-p,.,-P,, =1001=7.11.13 = p_ =13, tir 46 ta duoc

a=23.5=30; b=2.3.5.7.11.13 = 30030

Vi du 46. Tim s6 nguyén t6 p d& p° —p+1 1a 1ap phwong ciia mot s8 nguyén 6 khac.

Loi giai
Gia st p 12 s6 nguyén t& thoa méan bai toan, khi d6 ton tai s6 nguyén t§ q &€ p* -p+1=q’.

Bién doi dang thirc trén ta duge p(p—-1)= (q—l)(q2 - q+1).
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Tt d6 suy ra (q—l)(q2 +q+1)fp. Cht y rang p 1a s8 nguyén t8 nén ta suy ra dugc q —1:p
hoic q> +q+1ip.

Néu q—1:p thido qlasdnguyéntdnén q—1=p hay q>p.

Diéu nay dan dén p* —p+1=q” >p’ hay p(p—1)>(p—1)(p’ +p+1), dén day ta thay
p>p’+p+1, diéunay voli do p 1a s6 nguyén td.

Nhu vay ta phai c6 q° +q+1ip. Tiec 1a ton tai s§ nguyén duong k &€ q° +q+1=kp.

Khi d6 tir p(p—l):(q—l)(q2 +q+1) ta duge p-1=k(q-1)

Kéthop véi ¢ +q+1=kp ta duoc q* +(1-k*)q+(k* —k+1)=0.

Ta thay q* +(1-k)q+(k* ~k+1)=0 la mot phuong trinh bac hai c6 &n la q. D& tim duoc
q ta can xac dinh dwoc gid tri cua k.
C6 hai hudng d€ xac dinh k d6 1a sit dung diéu kién c6 nghiém ctia phuong trinh bac hai va

stt dung hé thirc Vi —et.
e Hudng th nhat la d€ phuong trinh ¢d nghiém nguyén dwong thi A phai la sd chinh phuong.

Chti y rang A = (k2 —1)2 —4(1(2 -k+ 1) < <k2 —1)2. Lai thdy A c6 cung s6 du khi chia cho 2.

Do d6 ta suy ra duoc A < (k2 - 3)2, dén day thi ta dugc
(k2 -1) —4(k*~k+1) < (K2 -3) > k<3

Do k la s6 nguyén duong nén k € {1; 2; 3} . Dén day ta xét cac truong hop thi thu duwoc k=3
thoa man A 1a s6 chinh phuong va tir d6 ta duwoc p=19;q =7 thoa man yéu cau bai toan.
e Hudng thit hai la sit dung hé thitc Vi — et d€ xac dinh cac gia tri k hodc q.
Néu q la s6 nguyén t6 thoa man bai toan thi q la nghiém ctia phuwong trinh

q’ +(1—k2)q+(k2 —k+1)=0

Nhu vay phuong trinh trén c6 mot nghiém nita va ta goila g, .
Khi d6 theo hé thirc Vi—ettacé q+q, =k’ -1 va q.q, =k> —k+1.
Tir cac hé thitc trén ta suy ra duoc q, la s6 nguyén duong,.
Néu q, > 2 khi d6 dé thdy q.q, > q+q, nén k> —k+1>k* -1 hay k<2. Tuong tw nhu trén ta
thay k=1 hodc k =2 khong thda man.
Tt d6 dan dén trong hai s8 q va q, cd mot sd1a 1. Do q la s6 nguyén tdnén ¢, =1.
Thay vao phuwong trinh trén ta dugc 17 +(1—1<2 ).1 +(k2 -k +1) =0=k=3.
bén day ta suy ra duoc q =7 va p=19 thoa man bai toan.

Nhdén xét: Tt bai toan trén ta c6 mot s6 diém cha y nhuw sau:
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e Do q la mot s6 nguyén té nén ta co q—12p hayq > p, tit day ta thdy dugc truong hop q—1:p
khong thdoa man. Mo rdng bai toan trén ta c6 bai toan: Tim tat ca cac s6 nguyén t6 p sao cho

p2 —p+1 1alap phuong dting ctia mot s§ tw nhién. Chu y rang ltic nay q khdng con 1a s§ nguyén
t0 thi cach giai thich nhu trén khong con hop 1i.

e Trong hai huéng tim sd k thi huwdng thit nhat ¢d vé tie nhién hon, tuy nhién trong huéng thit hai
ta lai thay duoc cai dep cta dinh 11 Vi - et trong bai toan sd hoc.

Vi du 47. Gia st bon s6 nguyén a, b, ¢, d d6i mot khac nhau va thoa man hé diéu kién sau:
a’-2ac—5d =b*-2bc-5d =0
¢®—2ca-5b=d*-2bd-5b=0

Chting minh rang a+b+c+d 1a mot hop sb.

Loi giai
Bai toan yéu cau cau chimg minh a + b+ c+dla mét hop s6, nhu vay ta sé di chiimg minh
tong d6 chia hét cho mot s6 nguyén khac 1 nao d6 hodc di tim gia tri ctia tdng. Quan sat gia thiét ta
nhan thay c6 dang bac hai nén ta sé quy vé phuong trinh bac hai dé€ stt dung dinh 1i Vi —et.
Ti hé thiee a® —2ac—5d = b® —2bc—5d =0, néu xét phuwong trinh bac hai ¢6 dn x 1a
x* —2cx—5d =0 thi ta dwoc a, b 1a nghiém.
Hoan toan tuong tu ta xét phuong trinh x* —2ax —5b, khi dé ¢, d 1a ngiém ctia phwrong

trinh.
a+b=2c c+d=2a
Ttr d6 theo dinh 1i Vi —et ta cé va

ab =-5d cd =-5b
K&t hop hai hé thirc trén ta dwgc abed =25bd nén suy ra ac =25
bong thoi ta cd a+b+c+d=2(a+c) hay a+c=b+d.
Mt khéc tir gia thiét ta c6 a* —2ca—5d =0=>a*~5d =50 va ¢*—2ca—5b=0=c*-5b =50
Tt cac hé thirc trén ta co
a’+c>—5(b+d) =100 < (a+c)* —2ac—5(a+c) =100

a+c=15

& (a+c)’-5@+c)-150=0 <
a+c=-10

e Néua+c=15, ma a+c=b+d néntaduwoc a+b+c+d=30.
e Néu a+c=-10, khi d6 két hop véi ac =25 ta dwoc a=c=-5 trai voi gia thiét
Vay tir d6 ta dwgc a+b+c+d =30. Do d6 suy ra a+b+c+d la hop sé.
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Chu dé 4
CAC BAI TOAN VE CAU TAO SO
1. MOT SO KIEN THUC CAN NHO.

S6 tynhién A=a a_,..a, duocbiéu dién duéi dang tong céc liy thira nhu sau:

_ _ n n-1
A=aa ,.a,=a .10"+a 10" +..+a

n 0

Trong d6 a_;a ;a, la cacchit sd va a_ khac0.

e
1. MOT SO Vi DU MINH HOA.

Céc bai toan vé chir s6 thuong lién quan dén tim cac ch s6 cua mot s6 thoa man céc tinh
chat chia hét, thoa man la s6 chinh phwong va s6 lap phuong diung hodc thoa man méot tinh chat

nao do.

Vi du 1. Tim cac s§ abcdmn biét rang abcdmn.2 = cdmnab.

Loi giai

Ttr abcdmn.2 = cdmnab ta duoc (%.10000 + Cdmn).Z — cdmn.100+ab

Hay ta dugc 20000ab + 2cdmn = 100cdmn + ab => 19999ab = 98cdmn => 2857.ab = 14.cdmn.
Tir d6 ta duoc 14.cdmn 2857 . Ma ta thay (14,2857)=1 nén suy ra cdmn 2857 .

Ttr d6 ta dwoc cdmn e {2857,' 5714; 8571} . bén day ta xét cac truong hop cu thé nhu sau:

+Néu cdmn = 2857, khi d6 tir 2857.ab = 14.cdmn ta suy ra dwoc ab=14.
Do d6 ta dugc abcdmn = 142857

+Né&u cdmn = 5714, khi d6 tir 2857.ab = 14.cdmn ta suy ra dwoc ab = 28.
Do d6 ta duoc abcdmn = 285714

+Néu cdmn = 8571, khi d6 tir 2857.ab = 14.cdmn ta suy ra duoc ab=42.
Do d6 ta duwoc abcdmn = 428571.

Vi du 2. Tim cdc chir s6 a, b sao cho 62ab427 chia hét cho 99.

Loi giai
Céch1.Tacd 99=9.11 va (9,11) =1 nén ta cé 62ab427 chia hét cho 99 khi va chi khi 62ab427
chia hét cho 9 va chia hét cho 11.

e Tacb 62ab427 chia hét cho 9 khi va chi khi (6+2+a+b+4+2+7):9 hay (a+b+3):9

Tir d6 ta duoc (a+b+3){9;18} nénsuyra (a+b+3)e{6;15}

e Tac6 62ab427 chia hét cho 11 khi va chi khi (6 +a+4+7)—(2+b+2):11 hay (a~b+2):11
Tir 46 ta duoc (a—b+2)e{0;11} nénsuyra (a—b)e{-2;9}.

Ttr d6 ta xét cac truong hop sau
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+ Truong hop 1: tru’ong hop nay khong ton tai cac chit s6 a, b thoa man.

a+b=15

a-b=
+ Truong hop 2: { , truong hop nay khong ton tai cac chit s6 a, b thoa man.
+ Truong hop 3: {

-2 a=2
a+b=6 b=4

+ Truong hop 4: { tru’(‘mg hop nay khong ton tai cac chit s6 a, b thoa man.
a

+b=
Vay cac chit s6 thdéa man yéu cau bai toanla a=2;b=4.

Céch 2. Ta c6 62ab427 = 62.100000 + ab.1000 + 427 = 62630.99 +ab.990 + 10.ab + 57
Suy ra 62ab427 chia hét cho 99 khi va chi khi 10.ab+57 chia hét cho 99.

Tir d6 ta duoc 10.ab+57 =99.k véi k 1a mot s6 tu nhién.

Dé thay 10.ab+57 c6 chit s8 tan cung la 7, do d6 99.k phai c6 chit s0 tan cung la 7 nén ta duoc
k=3

Tt d6 suy ra 10.ab+57 =99.3 = ab =24

Vay cac chit s6 thoa man yéu cau bai toanla a=2;b=4.

Vi du 3. Tim cac s8 abc biét rang (E+a)f68 (cac chir sO a, b, c cd thé giong nhau)

Loi giai
P&y 1a 68 =4.17 va (4,17)=1 nén (abc+cba )68 khi va chi khi (abc+cba )i4;17

Taxét (abe-+ cba )i4, khi d6 ta duoc (100a+10b+c+100c+10b+a) =101(a+c)+20b chia hé
cho 4 hay ta duoc 101(a + b) chia hét cho 4. Vi (4,101) =1 nénsuyra a+c:4.

Tt dosuyra a+ce {4; 8;12;16} (1)

Xét (ﬁ+£)517, khi d6 ta duoc (100a+10b+c+100c+10b+a)=101(a+c)+20b chia hét

cho 17 hay ta duoc 102(a + b) +17b+3b —(a + b) chia hét cho 17. Suy ra 3b— (a + c) chia hét cho
17.

Tir &6 ta duoe 3b—(a+c)€{0;17} (2).

Két hop (1) va (2) ta xét cac truong hop sau

+ Néu 3b—(a+c)=0:>3b=a+b nén ta duoc

e Véi a+c=4 suyra 3b=4, truong hop nay loai.
e Véi a+c=8 suyra 3b =8, truong hop nay loai.
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e Véi a+c=12 suyra 3b=12 hay b=4.Khi d6 v6i a+c =12 ta duoc cac cdp chir sd (a;c)
thoaman 1a (3;9),(4;8),(5;7),(6:6).(7;5),(8;4).(9;3)-
Tt d6 ta suy ra duoc E IS {349; 448;547,646;745;844; 943} .

e V6i a+c =16 suy ra 3b =16, truong hop nay loai.
+Néu 3b—(a+c)=17,suy ra 3b>17 = b e {6;7;8;9} . Khi d¢ ta c6

e V6i b=6, tr 3b—(a+c):17 suy ra a+c =1, truong hop nay loai.

e V6i b=7, tr 3b—(a+c) =17 suy ra a+c =4, truong hop nay c6 cac cap sd (a;c) thoa man la
(1;3),(252),(3;1). Tir do ta suy ra duoc abc € {173;272;371}.

o V6i b=8§, tr 3b—(a+c):17 suy ra a+c =7, truong hop nay loai.

e V6i b=9, tir 3b—(a+c)=17 suy ra a+c =10, truong hop nay loai.

Vay ta duoc cac s§ thoa mén bai toan la abce € {173;272; 371;349; 448; 547; 646; 745, 844; 943

Vi du 4. Tim s8 abcd thoa man diéu kién abed +bed +cd +d = 4574 .

Loi giai

Ttr gia thiét abed +bed +cd +d = 4574 ta viét duoc lai thanh 1000a +200b +30c + 4d = 4574
Tt d6 suy ra 4d cd chit sO tan cung la 4, nén ta dugc d =1 hodc d = 6. Ta xét cac truong hgp sau
e Truong hop 1: Vi d =1, khi d6 ta duwoc 1000a +200b + 30c + 4 = 4574

Do d6 100a +20b +3c =457, suy ra 3c c6 chit s6 tan cung la 7 nén ta dugc ¢ =9.

Tt d6 ta lai c6 10a+2b =43, rd rang phuong trinh vé nghiém.

Do d6 truong hop nay khong ton tai s6 abed thoa man yéu cau bai toan.

e Truong hop 2: Véi d =6, khi d6 ta duwoc 1000a + 200b + 30c + 24 = 4574

Do d6 Do @6 100a +20b +3c =455, suy ra 3¢ ¢ chir sO tdn cung 1a 5 nén ta duwoc c=5.
Tl d6 talai c6 10a+2b =44, nén 2b ¢d chir sd tan cung la4, suyra b=2 hodac b=7.

Véi b=2 tadwoca=4 vavdi b=7 taduwoc a=3.

Nhu vay ta duoc hai s6 thoa man yéu cau bai toan 1a abcd = 4256 va abcd = 3756 .

Vi du 5. Tim céc chir s6 a, b, ¢ biét _1_ + _1_ + _1_ = 1 .
ab.bc bcca caab 3321
Loi gidi

Quy déng mau s6 ta dugc 81.41(a+ ab+ E) =11.ca.ab.bc.

Tt d6 ta duoc 11.ca.ab.bc chia hét cho 41, ma 41 1a s6 nguyén t6 nén trong cac s6 ca; ab; bc ¢
mot s6 chia hét cho 41. Khong mat tinh tong quat ta gia st sd d6 la ca, khi d6 ca e {41,‘ 82} .

Ta xét cac treong hop sau
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e V&i ca =41, khi d6 ta dugc c =4 va a =1. Thay vao déng thirc
8141(ca+ab-+bc)=11.caabbc

Ta thu dugc 81.41(41+1b+b4)=11.411b.b4 hay 81.(41+1b+b4)=11.1b.b4.

Tt d6 suy ra 11.1b.b4 chia hét cho 81, ma ta c6 (11,81) =1 nén 1b.b4 chia hét cho 81.

Cht y 1a 1b khong chia hét 27 nén 1b chia hét cho 3 hoic 9, khi d6 1b =12;15;18 nén tuong tng
ta duoc b=2;5;8. Tt cac truong hop cu thé ta thdy b =5 yéu cau bai toan.

Do d6 ta duoc bd chit s8 (a;b; ) théa man yéu cau la (1;5;4).

o Vi ca= 82, khi d6 ta dugc c =8 va a=2. Thay vao dang thttc
81.41(ca+ab-+bc)=11.caabbc

Ta thu duoc 8141(82+2b+b8) =11.82.2bb8 hay 81.(82+2b+b8)=222bb8.

Tt dang thitc trén ta dugc b 1a s chan. Ma do (22, 81) —1 nén 2b.b8 chia hét cho 81.

Ta lai thay 2b khong chia hét cho 81 nén suy ra b8 chia hét cho 3, do b 1a s8 chin nén ta duoc
b=4.

Tl d6 ta dwoc 24.48 chia hét cho 81, diéu nay vo li nén trong treong hop nay khong ton tai chit s6
b thda man yéu cau bai toan.

Hoan toan twong tir véi cac truong hop 5; be 6 mot sO chia hét cho 41.

Vay bo cac chit s6 (a; b; c) thoa man yéu cau la (1; 5,'4),(4; 1;5),(5; 4;1) .

Vi du 6. Tim s6 abcd thoa man abed +72 1a mdt s§ chinh phuong va abd = (b+d —2a)’

Loi giai
Taco 1<a<9va0<b,c,d<9.Twddésuyra b+d-2a<16.
Ma ta lai c6 ﬁ=(b+d—2a)2 nén suy ra 10° <abd <16°.
Suy ra ta duoc abd e {10%;11%;12%;13%;14%;15%;167}.

Hay ta duoc abd e {100;121;144;169;196;225; 256}

Do abcd +72 1a mét s6 chinh phwong nén dit abed +72 =k* véi ke N .
Cac s6 chinh phwong ¢6 chir s tan cung 1a 0; 1;4; 5; 6; 9 nénsuy ra d € {2; 3;4;7; 8;9} .

Két hop véi abd e {100;121;144;169;196;225; 256} ta suy ra duoc abd =144 hodc abd =169.
+V6i abd =144, khi d6 ta duoc a=1;b=d = 4. Ma ta lai thdy 144 # (4+4-2.1)" nén

abd =144 khong théa man yéu cau bai toan.
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+V6i abd =169, khi d6 ta duoc a=1;b=6;d =9. Ma ta lai thdy 169 =(6+9-2.1) nén

abd =169 thoa man yéu cau bai toan.

T d6 ta duoc 16¢9 +72 = k* nén k? las§1é, do d6 k 1a s§ 1¢.

Mt khéc ta c6 1609 +72 <16¢9 +72 <1699 +72 nén suy ra 41> <k> <437,
Tl d6 suy ra k> = 41% hay 16¢9+72 =41 =169 =1609 = c =0.

Vay s0 can tim 1a abed =1609.

Vi du 7. Tim tat ca cac s6 tw nhién c6 bdn chir sd biét rang s6 d6 bang lap phuong cua tong cac chi

~ 2 7
SO Cua no.

Loi giai

Goi s0 ti nhién c6 bon chir s6 can tim 1a abed vdi a,b,c,deN va 1<a<9;0<b,c,d<9.
N . 14 3

Theo bai ra ta ¢ abcd = (a+b+c+d) .

Ta c6 nhan xét: Mot sO tu nhién va tong cac chit sd ctia nd khi chia cho 9 ¢6 cung so du.

bat m=a+b+c+d<meN*),khi d6 abed vam cé cung s6 du khi chia cho 9.

T d6 ta duwoc abcd —m:9 hay ta duoc M—m=9k(keN*).
Ma ta c6 E=(a+b+c+d)3 nén ta duoc m3—m:9k<:>(m—1)m(m+1)=9k
Do d6 (m—l)m(m+1)§9.

Ta biét rdng trong ba s8 tu nhién lién tiép c6 duy nhat mot s chia hét cho 3 ma tich ctia ching chia

hét cho 9 nén trong ba s6 d6 c6 duy nhat mot s chia hét cho 9.

Ta c6 1000 < abed <9999 = 1000 <m® <9999 = 10 <m < 21

Do d6 ta dwgc 9<m-1<20;11<m+1<22. Ta xét cac truong hop sau:

e Néu m:9, khi d6 m =18. Do d6 ta dwoc abed =18° =5832.

The lai ta thdy 5832 =(5+8+3+2) ding.

e Néu m+1:9,khidd m+1=18 = m =17 . Do d6 ta dugc abed =17° =4813.
Thr lai ta thiy 4913 =(4+9+1+3) diing.

e Néu m-1:9, khi d6 m-1=18 = m =19. Do d6 ta duoc abed =19° = 6859 .
Thtt lai ta thdy 6859 = (6 +8+5+ 9)3 khong dung. Do d6 truong hop nay loai.

Vay cac s thoa man yéu cau bai toan la 5832 va 4913.

Vi du 8. Tim s8 chinh phuwong c6 bon chit s6 khac nhau sao cho khi viét s6 d6 theo thit twe nguoc

lai ta dwgc mot s& ¢6 bon chir s6 cling la s6 chinh phuong va chia hét cho s6 ban dau.

Loi giai
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Goi s6 can tim 1a abed = x? vdia, b, ¢, d 14 cac chit s6 va x 1a mot s6 tu nhién. S6 viét theo chiéu

nguoc laila dcba = y2 véiy la mot sO tie nhién. Vi ca hai s6 déu c6 bon chit s6 nén ta suy ra dugc

a>0;d>0.
Theo bai ra ta cd y* = kx* véi k 1a mot s8 tw nhién 16n hon 1.

Vi a, d la cac chir s6 tan cung cua s6 chinh phwong nén a,d € {1; 4;5; 6;9} (*)

Mait khac do k>2 va dcba = y2 c6 bon chit s6 nén a =1 hoac a =4. Ta xét cac truong hop sau

e Véi a=1, khi d6 ta dwgc dcbl =k.1bcd . Ttr d6 suy ra ca d va k déu la s6 1é. két hop vdi (*) ta
suy raduoc d=9 va k=9.

Do dé6 ta c6 9¢cb1=9.1bc9 nén c=89b+8=b=0;c=8.

Do d6 s6 can tim la abed = 1089 = 33* va dcba = 9801 =997;9801 =9.1089.

e Véi a =4, khi d6 ta duwoc dcb4 = k.4bcd . Nhan thay khong ton tai chit s6 tan cung d thdéa man

(*) va dang thiec dcb4 = k.4bcd . Vay truong hop nay khong cé s6 nao thoa man.

Két luan s6 can tim la 1089.

Vi du 9. Tim tat ca cac s6 nguyén duwong N c6 ba chi s sao cho tong ctia N véi cac chir sd cia N
va s0 viét duoc boi cac chir sd cia N nhung theo thit tu nguoc lai thi ta dwoc moét s6 chinh

phuong.

Loi gidi
Goi s0 théoa man yéu cau bai toan la N = abc véi 1<a,c<9,0<b<9.
Khi d6 theo bai toan ta c6 abc+a+b+c+cba 1a mét s chinh phuong.
Djt abc+a+b+c+cba=m?, khi dé ta dugc 102(a+b+c)-81b=m’
Tl d6 ta dwoc m*:3=>m:i3=m’:9 nénsuyra a+b+ci3.
bat m=3k,a+b+c=3h vdi k,heN;1<h<9.
Khi d6 tir 102(a+b+c)-81b=m’ ta dwoc 34h—9b=k".

Suy ra k* va 34h c6 cting s6 du khi chia cho 9 hay k* va 7h c¢6 cting s6 du khi chia cho 9.

Xét khi k chia cho 9 ¢6 s6 dw [an lwot 1a 0;1;2;3;4;5;6;7;8;9 thi k* chia cho 9 ¢6 s6 du [an luot 14
0;1;4;7 nén 7h c6 s6 du khi chia cho 9 Ian lwotla 0;1;4;7, ttr d6 h chia cho 9 ¢6 s6 du Ian luot 1a
1;,4,7;9.Vi1<h<9 nénsuyra he {1;4,' 7;9}. Ta xét cac truong hop sau:

e Truong hop 1: V6i h =1, khi d6 ta duwoc a+b+c=3.Do a+c>2 néntadugc b<1.

Ttr d6 ta tim dugc a =b =c =1 thdéa man. Do d6 ta duwoc N =111.

e Truong hop 2: V6i h =4, khi d6 ta duoc a+b+c=12.

Tt 34h—-9b =k? ta duwoc k> =136—9b. V6i 0<b <9 ta duoc k? € {64;100}.

Ttr d6 ta dwoc k=8 hoac k=10.

+V6i k=8 thitaduoc 8’ =136-9b=b=8 nén a+c=4
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+V6i k=10 thi ta duoc 10* =136 -9b=>b =4 nén a+c=4

Tk day ta duoc cac sO N 1a 183;381;282;147,;741;246;642; 345; 543; 444 thoa man yéu cau bai
toan.

e Truong hop 3: V6i h =7, khi d6 ta duwoc a+b+c=21.

Tir 34h—-9b =k ta duoc k* =238 -9b. Véi 0 <b <9 ta khong tim duoc k* & {64;100}.

e Truong hop 4: V6i h=9, khi d6 ta duoc a+b+c=27=a=b=c=9.
Do d6 N=999.
Vay cac s0 ¢ ba chir s6 thoa man yéu cau bai toan la

N e {111;183; 381;282;147,;741;246,642;345;543; 444, 999}

Vi du 10. Tim s6 tie nhién ¢6 2n chit s6 ¢6 dang a,a,a,...a, ,a, théa man dang thitcsau:

aa,a,..a, ,a, =aa,+aa,+..+a, ,a, +2006

Loi giai

bit T=aa,a,..a, ,a, vaP=aa,+aa, +..+a, a, +2006.

Ta thay T >a,.10°"" 210**" va P <81n+2006 < 100n +2100 =100 (n +21)

Ma do T =P nén ta suy ra duogc 10*"" < 100(n + 21).

Bang phuong phap quy nap toan hoc ta chitng minh dwoc 10*' <100 (n + 21) khong dang véi
n>3. Tird6 suy ra n <2, khi d6 ta dwoc a,a,a,a, =a,a, +a,a, +2006 .

Ta xét cac treong hop sau

o Néu a, =1,khi d6 a,a,a,a, <2000 va a,a, +a,a, +2006 > 2000, diéu nay dan dén méu thuan.
e Néu a, =3, khi d6 a,a,a,a, >3000 va a,a, +a,a, +2006 <3000, didu nay din dén mau

thuan.

a,a,a, =aa, +a,a, +2006 ta duwoc a,a,a, =2a,+a,a, +6.

e Néua, =2,khidotr a
Hay ta dwoc 98a, +a, (10—a4)+a4 =6, nén ta duoc a, =0.
Ltc nay ta duoc a, (10—a4)+a4 =6.Néu a,>1 thia, (1O—a4)+a4 >10, mau thuan.

Tte d6 ta duoc a, =0 vaa, =6.

Vay sd can tim 1a 2006.

3 N
Vi du 11. Tim cdc chit s0 a, b, ¢, d théa man aa...abb...bcc...c+1= (dd...d + 1) , biét rang so lan

xudt hién cta a, b, ¢, d trong cac bi€u thirc trén 1a nhu nhau.

Loi giai
Goi s0 Tan xuat hién cuia cac chit s6 a, b, ¢, d trong dang thtic trén la n. Khi d6 ta xét cac truong hop

sau
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e Truong hop 1: Néu n =1, khi d6 déng thic trén tro thanh abe+1=(d+1) .
Vi 101< (d +1)3 <1000 nén ta suy ra dugc 4 <d <9.Khi d6 ta cho d nhan cac gia tri 4; 5; 6; 7; 8; 9

thi ta duoc cac s6 abc twong tiing boi bang sau

d 4 5 6 7 8 9

abc+l | 125 216 343 512 729 | 1000

abc 124 215 342 511 728 999

) - — 3
e Truong hop 2: Néu n =2, khi d6 dang thic trén trd thanh aabbcc+1= (dd + 1)

— 3
Vi 100001 < (dd + 1) <1000000 nén ta suy ra dwoc 5<d <9.Khi d¢ ta cho d nhén cac gia tri 5;
6;7;8; 9 thi ta thdy chi c6 d =9 thoa man. Ttr d6 ta duoc a=b=c=9.
e Truong hop 3: Néu n > 3, khi dé ta dat x=111...1 = 9x+1=10". Ttr 46 ta duoc
%/_/

n

aa...abb...bcc..c+1=a.x.10™ +b.x.10" + c.x + 1 =d°’x® + 3d*x* + 3dx + 1
o ax(9x + 1)2 + bx(9x + 1) +ox =d®x® +3d%x? + 3dx

o [81ax2 +(18a +9b)x} —(d3x2 + 3d2x) =3d —(a +b+ c)

Twr d6 suy ra 3d—(a+b+c)3x.
Ma ta lai c6 x 2111 va 3d—(a+b+c)<26. Tir d6 ta dwoc 3d—(a+b+c)=0.
Lap luan tuong tw ta dwoc 3d” —(18a+9b)=0 va d’-8la=0.

Tt &6 ta duoc d°:81=d =9.Dén day tasuy raduoc a=b=c=9.
Vay cac b sd (a,b,c,d) thoa man yéu cau bai la
(1,2,4,4);(2,1,5,5);(3,4,2,6);(5,1,1,7);(7,2,8,8) khi mdi chit s§ a, b, ¢, d xuat hién mot lan va

(9,9,9,9) v6i mbi chit s a, b, ¢, d xudt hién n nguyén duong lan.

Vi dy 12. Tim s6 tw nhién c6 ndm chit s6, biét rang néu nhan s8 d6 véi 2 thi dwgc mot s6 ¢6 6 chir
s0 d6i mot khac nhau va khac chir s6 0, néu dem nhéan s6 dé véi 5, 6, 7, 8, 11 thi cing duoc sd co
sau chit s6 duoc viét boi cac chit sd nhw s6 nhan duoc khi nhan né véi 2 nhung viét theo mot th
tw khac.

Loi giai

Goi s6 can tim la N =abcde vdi a,b,c,d, e 1a cac chit s6 va 2N = mpqrst véi cac chitsdm, p, q,
rs, t1a cac ch s6 khac nhau timg d6i mot va khac 0.

Do dem nhan N véi 5, 6, 7, 8, 11 thi cling duoc s6 ¢ sau chit s6 dugc viét boi cac chit s6 nhw sd 2N
nhung viét theo mot thit twe khac. Do d6 cac chit s6 cua 5N;6N;7N;8N; 11N khac nhau ting do6i

mot va khac 0.

Ta co 2N <£2.99999 =199998 nén suy ra m =1. Ta xét cac chit sO ctia N nhu sau:
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4" Xét chit sO e ta dwoc

e Néu e la chit s6 chdn thi tan cling ctia 5N 14 0, diéu nay trai vdi gia thiét cac cc chir s6 cua 5N
khac 0.

e Néu e =5 thi chit s6 tan cung 2N la 0, diéu nay trai véi gia thiét cac cac chir s6 ctia 2N khac 0.
e Néu e =1 thi ciac chir s6 ciia 2N;5N;6N;7N;8N; 11N Ian lwotla 2;5;6;7; 8; 1.

Khi d6 cac s6 2N;5N;6N;7N;8N; 11N déu dugc viét boi cac chit s6 2; 5; 6; 7; 8; 1 nhung viét theo
thi tu khac nhau. Dé thay 6N chia hét cho 3 nhung tdng cac chit s6 ctia 6N 1a
2+5+6+7+8+1=29 khong chia hét cho 3, diéu nay mau thuan.

e Néu e =7 thi cc chir s6 cua 2N;5N;6N;7N;8N; 11N Ian lwotla 4;5;2;9; 6; 7.

Khi d6 cac s6 2N;5N;6N;7N;8N; 11N déu duoc viét boi cac chir s6 4; 5; 2; 9; 6; 7, tuy nhién
trong cac chit s6 d6 khong co6 chit s6 1. Do d6 treong hop nay loai.

e Néu e =9 thi cc chir s6 cua 2N;5N;6N;7N;8N; 11N Ian luot1a 8; 5; 2; 3; 2; 9.

Khi d6 cac s6 2N;5N;6N;7N;8N; 11N déu dugc viét boi cac chit 8; 5; 2; 3; 2; 9, tuy nhién trong
cac chit s6 d6 khong cé chir s6 1. Do d6 truong hop nay loai.

Nhu vay ta duoc e =3, khi d6 cac chir s6 cia 2N;5N;6N;7N;8N; 11N Ian luotla 6; 5; §; 1; 4; 3.
Tt d6 ta suy ra dwoc t=6.

+ Xét chir sO p ta duoc
Do 2N <5N < 6N <7N <8N < 11N nén cac chir sO dau tién caa 2N;5N;6N;7N;8N;11N lan

lwotla1; 3;4;5; 6; 8. Tt d6 suy ra 8N > 610000 nén 2N >152500. Lai c6 11N < 870000 nén
2N < 159000

Nhu vay ta duwoc 152500 < 2N <159000 nén suy ra p=5.

+ Xét chit sO s ta duoc

e Néu s =3 thi 2N =15qr36, khi d6 6N =3.2N c6 tan cung la 08, diéu nay trai voi gia thiét cac
chit s6 khac 0.

e Néu s =8 thi 2N =15qr86, khi d6 8N =4.2N c6 tan cung la 44, dieu nay trai voi gia thiét cac
chit s6 khac nhau titng doi mot.
Do vay ta duoc s=4.

+ Xét chir s6 q var ta dugc

e Néu q=_8;r=3 thi 2N =158346, khi d6 8N =4.2N = 633384, diéu nay trai vdi gia thiét cac
chit s6 khac nhau titng doi mot.
Do vay ta duoc q=3;r=8 va 2N =153846.

Tl d6 ta suy ra s6 phai tim la N =76923. Thtt lai ta thdy théa man yéu cau bai toan.

Vi du 13. Tim tdt ca cac s6 c6 ba chit s6 chia hét cho 11 sao cho thwong s6 ctia phép chia s6 d6 cho

11 bang tdng binh phuong cta cac chit s6 ctia s8 d6.

Loi giai

Goi s0 c6 ba chit sO thoa man yéu cau bai toanla A = abc véi a e {1; 2;...9};b,c € {0; 1; 2,'...9} .
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Do A chia hét cho 11 nén ta dwoc a—b + ¢ chia hét cho 11.

Két hop voi a 6{1;2;...9};b,CE{0;1;2;...9} ta suy ra dugc a—b+c=0 hoica-b+c=11
e V6ia—-b+c=0,khidétadugoc b=a+c.

Taco A=100a+10b+c=99a+10b+a+c=99a+11b.

Khi A chia 11 thi thuong s8 ctia phép chia bang t&ng binh phurong cac chit s§ ctia A nén ta dugc

%:a2+b2 +¢” hay ta dwoc 9a+b=a’+b”* +c

Két hop véi b=a+c ta dwoc 9a+(a+c)=a2+(a+c)2+c2<:>10a+c=2a2+2ac+2c2.
A 2 2 2 2 25
Do a>1 nénta dwoc 10a+c>2a”+2c+2¢c” = 2c” +c<10a-2a S?

Do d6suy ra 2¢* +c<12=>¢c<2
Cing tit 10a+c =2a’+2ac+2c% ta suy ra duoc cla sd chan. Tt d6 ta duwoc ¢ =0 hodc c=2.

+V6i ¢ =0, khi d6 ta dwoc a =b nén s6 can tim c6 dang A=aal.
Do dé %=5O:2a2:>a=5:>a:b=5.T1‘rdétat‘1mdLch A =550.

+Véi ¢ =2, khi d6 ta dwoc tir 10a + ¢ =2a” +2ac+2c” ta duwoc 10a+2 =2a* +4ac+8

Hay ta dwoc a’ —3a +3 =0. Nhan thdy phuong trinh trén khdng c6 nghiém nguyén dwong nén
khong ton tai s6 A thoa man bai toan.

e V4i a—b+c=11, khi d6 ta dugoc b+11=a+c.

Do a, b, cla cac chit s6 nén tr b+11=a+c ta suy ra dugc a >2

Tacé A=100a+10b+c=99a+10b+a+c=99a+11b+11.

+Xéta=2,khidd c=9;b=0.Tadwgc A =209 khong thoa man bai toan.

+Xét a=3, khi d6 ta duoc c=8;b=0 hodc c=9;b=1.Ta dugc A =308 hodc A =319 khong
thoa

+Xét a>4.Khi d6 A chia 11 thi thuong s& ctia phép chia bang tdng binh phuong cac chir s§ ctia A

nén ta dwoc

%:a2+b2+c2 hay ta dwoc 9a+b+1=a’+b’+c’

Kéthop véi b=a+c—11 ta dugc
9a+(atc—11)+1=a’+(a+c-11) +c* & 10a+c-10=2a* +2ac+2c* ~22(a+c)+121
Thu gon ta dugc 32a+23c—-131= 2a’ +2ac+2c*. Do a>4 nén ta duoc

32a+23c—131>2a*+8c+2c* = 2c¢* —15c<32a—-2a*-131<-5

Do d6 suy ra 2¢” —15c <-5=> ¢ <7. Tt 32a+23c—-131=2a’ +2ac+2c” ta suy ra dwoc c 1a s5 1é.
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Do d6 ta dwgc ¢ =1;3;5;7. Dén day xét cac truong hop cta c thi duwge b =0;a =8 thdéa man. Do
dés6cantimla A =803.

Vay cac s thoa man 550 va 803.

Vi du 14. Tim cac chi* s a, b, ¢, d, e thoa man diéu kién ab+cde = vabcde .

Loi giai
D3t x=ab va y =cde véi a,beN va 10<a<99;100 <b<999.

Theobairataco x+y = \/m hay ta dwoc (x + y)2 =100x+y.

Tir d6 ta duoc (x+y)’ ~1000(x+y)-999y =0.

bat t=x+y thi teN va 110<t<1089.

Tl d6 ta dwoc t* —1000t+999y =0.

Phuong trinh bac hai 4n t phai c6 nghiém nén A" =250000-999y >0, do d6 y < 250.
Goi t, va t, la hai nghiém ctia phwong trinh trén.

. s . . t, +t, =1000
Khi d6 theo dinh li Vi - te ta duoc
t,t, =999y
Ttr hé thitc trén ta suy ra duoc t, >0;t, >0 vanéu t, e N thi t, e N.
Nhu vay te t,t, =999y ta duoc tt, :3, dong thoi ta lai co t, +t, chia 3 du 1. Nhu vay trong hai
sO ti nhién t, va t, thi c6 mot s6 chia hét cho 3, con mét s6 khong chia hét cho 3.

Gia str t, chia hét cho 3 va t, khong chia hét cho 3. Ta c6 999 =27.37 va (27,37)=1.

Ttr d6 ta duoc t, chia hét cho 27 va t, khong chia hét cho 3.

Néu t,:37, khi d6 ta duoc t,:999, do d6 t, =999;t, =1. Khi d6 thay vao hé thirc Vi — et trén ta
duoc b=1, diéunay v li. Do d6 t,:27 va t, khong chia hét cho 37.

Tt d6 ta co { ! 7 m;neN".

Nhu vay ta duoc 27m +37n =1000 hay n =999 -27m -36n+1.

Do dén chia9 c6s6 dwlal. Bat n =9k +1 vdik la s6 nguyén duong.

bén day ta duwgc 27m + 37(91( + 1) =1000 hay 273k =1000—-27m —37 <936 .

Tk d6 dan dén k < 3. Mit khac ciing tir 273k =1000 —-27m — 37 ta duwoc k chia 3 du 3.
Do désuy ra k=2, suy ra n=19;27m =297 nén 37n=703.

Vay ta duoc t, =297;t, =703, dan dén y =209 4

+Néu x+y =297 thi ta duoc x =88

+Néu x+y =703 thi ta duoc x =494, truong hop nay loai.

Vay cacchts6cantimla a=b=8;c=2,d=0;e=9
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Vi du 15. Tim s6 tw nhién c6 bén chit s6, biét rang s§ d6 bang tdng binh phuirong ctia 8 tao béi hai

cht s6 dau véi s6 tao boi hai chit s6 sau va hai chit s6 cudi cung bang nhau.

Loi giai

Gia st s6 ty nhién 6 bdn chir s6 can tim ¢ dang abcc véi a,b,ceN va 1<a<9;0<b,c<9.

Theo bairata cé abcc=ab +cc . Ddt x=ac;y = cc(x,y e N).

Suyra 10<x<99;,0<y<99.

Theo bai ra ta c6 abcc = 52 +E2 < 100ab + cc =£2 +Ez < 100x+y=x"+y’

Ta viét lai phurong trinh trénvé dang phuong trinh bac hai an x 1a x* —100x + (y2 - y) =0

Khi d6 tacé A =2500 —(y2 - y) . D& phuong trinh ¢ nghiém thi A" = 2500 — (y2 - y) >0

Khi d6 ta dugc y(y—1)<2500 nén (y—1)" <y(y-1)<2500=y-1<50=y <51.

Do y la s ¢6 hai chit s6 gidng nhau nén ta duogc y € {1 1,22;33; 44} . Ta xét cac truong hop sau:

e Néu y =11, khi d6 ta thdy A =2390 khong phai la s§ chinh phirong nén ta khong tim duoc x
nguyeén.

e Néu y =22, khi d6 ta thdy A =2038 khong phai 12 s§ chinh phuirong nén ta khong tim dwoc x
nguyeén.

e Néu y =33, khi d6 ta thdy A" =1444 =38’ 1a 55 chinh phuong.

Khi d6 thay vao phuong trinh x> —100x + (y2 — y) =0 ta dwoc x> —100x +1056 =0

Giai phuong trinh trén ta dwoc x =12 va x=88.

Thtt lai ta thay 1233 =127 +33” va 8833 =88 +33* déu dung.

e Néu y =44, khi d6 ta thdy A =608 khong phai 1a s§ chinh phuong nén ta khong tim duogc x

nguyén.

Vay cac s0 tu nhién can tim la 1233 va 8833.

Vi du 16. Tim cac chirsd a, b, c v4i a > 1 sao cho \/ﬁ = (a+b)\/z

Loi giai
T vJabc =(a+b)\/z ta dwoc &=(a+b)2c.

Tir 6 suy ra 100a+10b-+c=(a-+b)"c <> 10(10a+b) =c| (a+b)" -1|

Do a1 nén 10(10a+b) 2100 dodo c| (a+b)’~1|2100

Doddotadwoc c>1vaa+b=>4.
Néu a+b khong chia hét cho 3 thi ta c6 (a + b)2 chia 3 du 1. Do d6 ta suy ra duoc 10a+b chia

hét cho 3 hay a+b chia hét cho 3, diéu nay vo 1i.
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Nhu vay a+b chia hét cho 3 nén 10a+b chia hét cho 3.

Nhu vay tie 10(10a +b) = C[(a +b)2 —1} ta suy ra dwgc c chia hét cho 3. Do cla chir s6 nén suy ra

c khong chia hét cho 5. Do d6 ta lai suy ra duoc (a + b)2 —1 chia hét cho 5.
Ma ta co (a+b—1)(a+b+l) va5lasonguyén tonén a+b—1 hodac a+b+1 chia hét cho 5.
Két hop v6i a+b chia hét cho 3 ta dwgc a+b =6 hoaca+b=9.

e Truong hop 1: V6i a+b =6, thay vao hé thirc 10(10a +b) = C[(a +b)2 —1} ta duoc

10(9a+6)=24c < 5(3a+2) =4c

Tl d6 ta suy ra duoc c chia hét cho 5, diéu nay trai véi ¢ khong chia hét cho 5. Nén trueong hop nay

khong ton tai cac chit sO a, b, ¢ thoa man.
e Truong hop 1: Vi a+b =9, thay vao hé thire 10(10a+b) = C[(a +b)2 —1} ta dwoc
10(9a+9)=80c < 9(a+1)=8c

Tt d6 suy ra c chia hét cho 9, nén ta dugc c=9,dodé a+1=8=a=7=b=2.

Vay cacchts6 can timla a=7;b=2;c=9.

_— 2
Vi du 17. Tim cac s6 abcd thoa man abed = (ab + Cd) .

Loi giai

- - 2 J— N - 2 — N
Ta c6 abcd=(ab+cd) <:>ab.100+cd:(ab+ca) .bat x=ab;y =cd.

Ta c6 1000 < abed <9999 nén suy ra 32 <ab+cd <99 hay 32 < x+y <99
Khi d6 ta duoc

100x+y=(x+y)2 <::>99x:(x+y)2 —(x+y)<:>99x=(x+y)(x+y—1)
Ttr d6 suy ra (x + y)(x +y-— 1) chia hét cho 99. Ta xét cac truong hop sau
e Truong hop 1: Trong hai thira s& (x + y) va (x +y-— 1) c6 mot thira s6 chia hét cho 99.
Do 32<x+y<99 nén 31<x+y—-1<98,dodd x+y:99 va x+y =99
To d6 ta dugc abed = 99° =9801= (98 +1)*, théa méan yéu cu bai toan,
e Truong hop 2: Ca hai thira s6 (x + y) va (x +y-— 1) khong c6 thira s6 nao hét cho 99.
Chti y réng (X + y) va (X +y —1) nguyén t6 cung nhau va (9,11) nguyeén t6 cung nhau.
Do d6 (x+ y) va (x + y—1) chia hét cho 9 hodc cho 11. Do d6 ta c6 bang sau:

x+y:11

+ Truong hop 1:{ v_1:0
x+y-1:
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X+y 33 44 55 66 77 88
x+y-1 32 43 54 65 76 87
bung

V6i x+y =55, khi d6 abed =55% =3025=(30+25)" thoa man.

. X+y:9
+ Truong hop 2: R
X y —1:
X+y 34 45 56 67 78 89
x+y-1 33 44 55 66 77 88
Dung

V6i x+y =45, khi d6 abed = 45 = 2025 =(20+25)" thoa man.

Vay cac s0 thoa man yéu cau bai toan la 2025; 3025, 9801.

Vi du 18. Tim hai s& chinh phuong phan biét a,a,a,a

a,a;a, va bb,b.b, thoa man diéu kién:
-b

a, 1:a2_b2:a3_b3:a4_b4

Loi giai

Dit a,a,a,a, =a’ va b,b,b.b, =b* véia, bla cdc s6 tw nhién.

Khéng mat tinh tong quat ta gia st a,a,a,a, >b b,b.b, néntaduoca>b.
Do a’ va b? 1a cac s8 chinh phurong c6 bon chit s6 nén 1000 < a*;b* <9999
Ttr d6 ta dwoc 32<b<a<100.

baita, -b, =a,-b,=a,-b

,=a,-b,=c>0,ceN.Khido6taco

aa,a,a, —bb,b,b, =1000(a, —b,)+100(a, -b, )+10(a, b, )+(a, -b,) =1111c

1727374 1727374

Ma talai c6 a,a,a,a, —b,b,b,b, =a*~b* =(a-b)(a+Db)
Tir d6 ta duoc (a—b)(a+b)=1111c=11.101c.

Do 11 va 101 1a cac sd nguyén t6, lai c6 a+b <200;a—b <100 . Khi dé ta c6

a+b=101_ _ |a+b=101c

hodc
a-b=1lIc a-b=11

_101+11c

a+b:101:>{2a=101+11c =T

=
a-b=11c 2b=101-11c _101—11C

e Truong hop 1: Véi {
b

2
Do b>32 nén tlt b=101-11c suy ra c<3 vachty rang a+b =101 1a 58 1& nén ta suy ra dugc
clasolé. Teddtacd c=1 hoac c=3.
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I (U 55 )
- - =3135
+Véi c=1 ta dwoc 2 — {a1a2a3a4
po101-11_ " |bb,b,b, =2025
2
101+11
a= =67
= 4489
+Véi ¢ =3 ta duoc 2 — {a1a2a3a4
po01-11 ., |bb,b,b, =1156
2
\ a+b=101c
* Truonghop2:Voi ¢~ khid6do a+b<200;a—b <100 nén taduoc c =1
a—b=

_101+11_
atb=101 |77 5 ~ a,a,aja, =3135

Suy ra = =1 —
a-b=11 10111 b b,b.b, = 2025

b 1727354

45
2

Vay cac cap s6 chinh phuong can tim 1a 3136 va 2025; 4489 va 1156.

Vi du 19. Tim s0 ty nhién E thod man diéu kién E = (a + b)2 4c.

Loi giai
Tt gia thiét bai toan ta co:
_ 100a+10b _ 10(10a+b) 10[(a+b)+%a|

100a+10b+c=4c(a+b) & ¢ = _ a
4(a+b) -1 4(a+b) -1  4(a+b) -1

Taco 4(a+b) ~11asslévado 0<c<9 nén 4(a+b) ~15.

Ma 4(a + b)2 12 s6 chn nén 4(a + b)2 phai c6 tan cung la 6 suy ra (a + b)2 phai co tan cung
la 4 hoac 9. (¥)
2.5ab

Mitkhdc c=————— va 4(a+b) ~11las§le
4a+by -1

= 4(a+b) ~1<500 = (a+b) <125,25 ()
Kéthop (*) va (") tacd (a+b) €{4; 9; 49; 64} =a+bel2; 3; 7; 8}
+Néu a+be{2; 7; 8} thi a+b 6 dang 3kt 1(keN) khidé 4(a+b) ~1 chiahét cho3 ma
(a+b)+9a=3k+1+9 khong chia hét cho 3=> 10 (a+b)+9a | khong chia hét cho 3 nén c

khong thudc tap hop N.

, 10(3+9a) 6(1+3a) ,
+Néua+b=3taco c= = = ; .Vi0<a<4 val+3a:7 suyraa=2,khidd

c=6; b=1.Tacdsd 216 thoa man.

Vay s6 216 1a s6 can tim.
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| Vi du 20. Cho s6 c6 bon chit s8 2012. Ta tach s8 2012 thanh hai s8 theo ba cach la
2‘012} 20|12; 201|2. Néu ta dem nhan hai s6 trong mdi canh tach roi cong ba tich lai thi duoc

2.012+20.12+201.2 = 666 . Hay tim tat ca cac s6 ¢ bon chit s6 sao cho khi ta lam theo canh nhw
trén voi s6 d6 thi cling duoc két qua la 666.

Loi giai

Goi 56 c6 bon chit s6 thoa man yéu cau bai toan la abed vdi a, b, ¢, d 1a cac chit s6 va a khac 0.

Khi d6 ta thye hién céc cach téch s6 abed thanh hai s3 12 a\bcd@\a ;abc|d. Theo bai ra ta c6

a.bed +ab.cd +abe.d = 666

< a(100b+10c+d)+(10a+b)(10c+d)+d(100a+10b+c) =666

<> 100ab +110ac+111ad +10bc+11bd + cd = 666
Do d6 ta dugc d khac 0 va ad < 6. Ta xét cac treong hop sau
e Truwong hop 1: Néu ad =6, khi d6 111ad =666 .
Ma ta lai ¢6 100ab +110ac+111ad +10bc+11bd + cd =666, suy ra ab=ac=bc=bd =cd =0.
Ttr d6 ta dwoc b =c =0 nén ta co cac s thoa man 1a 1006; 2003; 3002; 6001.
e Truong hop 2: Néu ad =5, khi d6 111ad =555 va a=1;d =5 hodc a=5;d =1.

511b+551c+10bc =111

Khi d6 tir 100ab+110ac+111ad +10bc+11bd +cd =666 ta duoc .
155b +115¢c+10bc =111

Ta thay khong c6 chit s8 b, ¢ thoa man mot trong hai dang thitc trén. Do d6 treong hop nay khong
c6 s0 nao théa man yéu cau bai toan.
e Truong hop 3: Néu ad =4, khi d6 111ad =444 va a=1;d=4 hodca=4;d=1 hodca=d =2

+Néu a=1;d =4 khi d6 ta duwoc 144b +114c+10bc =222, ta thdy khong c6 chi s6 b, ¢ thoa
man.

+Néu a=4;d =1 khi d6 ta duoc 411b+441c+10bc =222, ta thdy khoéng c6 chit s6 b, ¢ thoa
man.

+Néu a =d =2 khi d6 ta dwgc 222b+222c+10bc =222 suy ra ta dugc b=0;c =1 hoéc
b=1;,c=0 thoa man. Vay ta dugc cac s6 thoa man yéu cau bai toan la 2102; 2012.

e Truong hop 4: Néu ad =3, khi d6 111ad =333 va a=1;d=3 hodc a=3;d =1.
311b+331c+10bc =333

Khi d6 tir 100ab +110ac+111ad +10bc+11bd +cd =666 ta duoc .
133b+113c+10bc =333

Ta thay khong c6 chi s8 b, ¢ thoa man mot trong hai dang thitc trén. Do d6 treong hop nay khong
6 sO nao théoa man yéu cau bai toan.

e Truong hop 5: Néu ad =2, khi d6 111ad =222 va a=1;d=2 hodca=2;d=1.

211b +221c+10bc =444

Khi d6 tir 100ab +110ac+111ad +10bc+11bd + cd = 666 ta dwoc .
122b+112c+10bc =444
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"+ Néu 211b+221c+10bc = 444, khi d6 ta dugc b <2;c < 2. Thit cac kha nang ta thdy khong cd
chit s6 b, c théoa man.

+Néu 122b+112c +10bc =444, khi d6 ta dwgc b <2;c < 2. Thir cac kha nang ta thdy khong c6
chit s6 b, c thda man.

Do d6 truong hop nay khong cé s6 nao thoa man yéu cau bai toan.

e Truwong hop 6: Néu ad =1, khid6é 11lad =111 vaa=d=1.

Khi @6 tir 100ab +110ac+111ad +10bc+11bd + cd =666 ta dugc 111b+111c+10bc = 555
Tt dang thitc trén ta thdy b=0;c =5 hodc b=5;c=0 thoa man.

Do d6 ta dugc cac s6 thoa man yéu cau bai toan la 1051; 1501.

Vay cac s0 ¢6 bon chir sO thoa man yéu cau bai toan la 1006; 2003; 3002; 6001; 2102; 2012; 1051;
1501.

Vi du 21. Tim tt ca cac s6 ¢ bén chit s& abed thoa man abed =a® +2b* +3¢* +4d? + 2006 .

Loi giai

Tt abed =a” +2b” +3c¢” +4d* +2006 nén ta suy ra dwoc a>2.

Mit khac do b, ¢, d déu khong 16n hon 9 nén ta suy ra duoc
abed =a’® +2b” + 3¢” +4d” +2006 < 2006 +9° (1+2+3+4) = 2816

Tt d6 ta duoc a =2, khi d6 thay vao gia thiét ctia bai toan ta duoc bed =2b? +3c? +4d> +10
Lap luan tuong te nhu trén ta dwoc bed <739 nén ta duwoc b<7.

e Néu b=7, khi do ta duoc 7cd =108 +3c* +4d* <108+9?(3+4) = 675, dieu nay vo Ii.

e Néu b =6, khi d6 ta dwoc 6cd =3c* +4d> +82<9%.7+82 =649 .
Tir d6 ta duoc ¢ <4, khi d6 talai c6 6cd = 3c* +4d” +82 < 3.4% +4.9% + 82 = 454 , didu nay vo Ii.
Do d6 v6i b =6 khong ton tai s6 thdéa man yéu cau bai toan
Tt day vé sau ta ludn gap dang thic
bed =2b? +3¢? +4d? +10 & 3¢* +4d* ~10c —d = 100b—2b* - 10
Hay ta dwoc ¢(3c—10)+d(4d-1)=100b-2b*-10.
Do d6 dé tién cho viéc kiém tra sau nay ta lap bang sau day

c 0 1 2 3 4 5 6 7 8 9

c(3c-10) | 0 | -7 | -8 | -3 8 5 6 7 8 9

d 0 1 2 3 4 5 6 7 8 9

d (4d - 1) 0 3 14 33 60 95 138 | 189 | 248 | 315

Chti y réng ttr bed =2b% +3¢? +4d? +10 ta suy ra dugc c va d cling tinh chdn 1é.
e Néu b=>5, khi d tr bed =2b? +3c” +4d” +10 ta dugc 3c? +4d? ~10c - d =440

Vé6i d <7 thi ta duge 3c” > 244, didu nay khong xdy ra véi ¢ <9.
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Do d6 d =8 hodc d =9, khi d6 tir két qua trong bang trén ta suy ra 3c” +4d* —10c—d =440 vd
nghiém.

e Néu be {0; 3; 4} , 1ap luan twong ty nhu bang trén ciing dan dén vo nghiém.

e Néu b=2, khi dé 3c® +4d* —10c—d =182, 1ap luan tuong tw nhuw trén ta dugec d =7;c =1
théa man.

e Néu b=1, khi d6 3c* +4d* —10c—d = 88, 1ap luan twong tu nhu trén ta duoc d =5;c =1 thoa

man.

Vay cac s0 can tim la abed =2217;2115.

. - —\2
Vi du 22. Tim s6 ¢6 sau chit sO abcdeg biét rang abcdeg = (abc + deg) .

Loi giai
it x =abc; y = deg (100 < x <999;y £999).

Khi dé ta co 1000x+y=(x+y)2 hay ta duoc 999x=(x+y)(x+y—1).
Do x <999 nén (x+y)(x+y—1)<999” dodé x+y<999.

o Néu x+y =999 thi tir 999x =(x+y)(x+y—1) ta duoc x=998 va y =1.

Khi d6 s6 can tim la abcdeg =998001.
e Néu x+y<999.Tacod 999 =27.37 va (x+y,x+y—1) =1, d€ y rang 37 1a s8 nguyén t3.

Khi d6 trong hai s6 x+y va x+y—1 c6 mot s6 cia hét cho 27 va mot s6 chia hét cho 37. Ta ¢6 cac
treong hop sau.

+Truong hop x+y chia hét cho 27 va x+y —1 chia hét cho 37.
Khi d6 ta dwoc x+y-1=37m,me N, suyra x+y=37m+1.

Tt x+y chia hét cho 27 ta duoc 37m +1:27

Do d6 10m +1:27 = 80m +8:27 = 81m —(m —8):27 = m —8:27 .
Do dé6 talai dwoc m=27n+8,neN

Tir &6 suy ra x+y—1=37(27n+8)=999n+296..

Nhung do 0 <x+y—-1<997 nén ta duoc x+y—-1=296.

Kéthop véi 999x =(x+y)(x+y—1) ta duge x =88, loai.

+ Truong hop x+y chia hét cho 37 va x+y —1 chia hét cho 27.
Khidétacd x+y=37m,meN’,suyra x+y-1=37m-1.

Tt x+y—1 chia hét cho 27 ta dwoc 37m —1:27

Do d6 10m —1:27 = 80m —8:27 = 81m —(m +8):27 = m +8:27 .
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Do d6 ta lai dwoc m =27n—-8,neN’

Tir &6 suy ra x+y =37(27n-8)=999n—29.

Nhung do 0 <x+y <998 nén ta duoc n=1, do dé x+y=703.
Két hop voi 999x =(X+y)(x+y—1) ta duoc x =494;y =209.

Kho d6 s6 can tim 1a abcdeg = 494209.

Vay cac s6 co sau chit s6 hda man yéu cau bai toan la abcdeg = 494209;998001 .
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Chu dé 5
PHUONG TRINH NGHIEM NGUYEN

1. MOT SO PHUONG PHAP GIAI PHUONG TRINH NGHIEM NGUYEN.
Phwong phéap 1. Stt dung cac tinh chat vé quan hé chia hét.

Khi giai cac phuwong trinh nghiém nguyén can van dung linh hoat cac tinh chat vé chia hét,
dong du, tinh chan 1¢,... d€ tim ra di€m dic biét ctia cdc 4n s6 cling nhw cac biéu thirc chira an
trong phuwong trinh, tir 6 dwa phuwong trinh vé cac dang ma ta da biét cach giai hodc dua vé
nhitng phuong trinh don gian hon..

e Xét s8 dw hai vé€ ctia phuong trinh d€ chi ra phuong trinh khong cé nghiém, tinh chan 1é ctia cac
Ve, ...

e Dua phuong trinh vé dang phuong trinh wéc so.

e Phat hién tinh chia hét ctia cac an.

e St dung tinh dong du cua cac dai lwgng nguyén.

Vi du 1. Chttng minh cdc phuong trinh sau khong c6 nghiém nguyén:
a) x> —y® =1998 b) x* +y* =1999

Loi giai
a) Dé dang chiing minh duoc x?; y2 chia cho 4 chi ¢ s6 dw 0 hodc 1 nén x> — y2 chia cho 4 c6 so
du 0, 1, 3. Con vé€ phai 1998 chia cho 4 du 2. Vay phuong trinh da cho khong c6 nghiém nguyén.
b) Dé dang chitng minh dwoc x?; y2 chia cho 4 ¢4 s8 du 0 hodc 1 nén x* + y2 chia cho 4 ¢6 cac s6

du 0, 1, 2. Con vé phai 1999 chia cho 4 du 3. Vay phuong trinh khong c6 nghiém nguyén.

Vi du 2. Tim cac nghiém nguyén ctia phuong trinh: 9x+2 =y’ +y

Loi giai
Bién d6i phuong trinh: 9x+2 =y (y +1)
Ta thdy vé trai cia phuong trinh 1a s6 chia hét cho 3 du 2 nén y (y + 1) chia cho 3 du 2.
Nhu vay chi ¢6 thé y =3k +1 va y+1=3k+2 véi k 1a mot s6 nguyén.
Khi d6 ta duoe 9x+2 =(3k+1)(3k+2) <> Ix=9k(k+1) < x=k(k+1)
Thtt lai ta thay x = k(k + 1) va y =3k +1 thoa man phuong trinh da cho.

x=k(k+1)

vdi k 1a s6 nguyén tuy v.
y=3k+1 g vy

Vay nghiém ctia phuong trinh la {

Vi du 3. Giai phuong trinh nghiém nguyén x* —5y” =27

Loi giai
Mot s6 nguyén x bat ki chi c6 thé biéu dién duéi dang x =5k hoac x=5k+1 hodc x =5k=£2
, trong d6 k la mot s6 nguyén. Khi do ta xét cac truong hgp sau:

Lién hé tai liéu word toan zalo: 039.373.2038 TAI LIEU TOAN HOC




Website:tailieumontoan.com

e Néu x =5k, khi do tir X’ ~5y* =27 ta duoc (5k)’ —5y* =27 < 5(5k* —y? ) =27. Dieu nay vo
1i vi vé€'trdi chia hét cho 5 v6i moi k va y la s6 nguyén, con vé€ phai khong chia hét cho 5
e Néu x=5k+1, khi d6 tir x> —5y” =27 ta duoc

(5k£1)’ ~5y* =27 < 25k* 10k +1-5y* =27 < 5(5k* i2k—y2) =26
biéu nay vo 1i vi v€ trai chia hét cho 5 v6i moi k va y la s6 nguyén, con vé€ phai khong chia hét cho 5
Néu x =5k *2, khi d6 tir x* —5y” =27 ta dwoc
(5k+2)" —5y? =27 > 25K* £ 20k +4 - 5y* =27 < 5(5k> 4k —y? ) =23

Dbiéu nay vo li vi v€ trai chia hét cho 5 véi moi k va y la s6 nguyén, con vé€ phai khong chia hét cho 5

Vay phuong trinh da cho khong c6 nghiém la sd nguyén

Vi du 4. Tim nghiém nguyén duong ctia phuong trinh sau 19x” +28y* =729.

Loi giai
Céch 1. Viét phuong trinh da cho duéi dang (18x” +27y* )+(x* +y*) =729
Tl phuong trinh trén suy ra x* +y” chia hét 3
Chti ¥ 1a mot s8 chinh phuong khi chia cho 3 ¢4 s6 du 1a 0 hodc 1. Nén tit x* + y” chia hét 3 ta suy ra
duoc x va y déu chia hét cho 3.

bat x=3u;y = 3V(u; Ve Z) . Thay vao phuong trinh da cho ta dwoc 19u” +28v* =81
Tt phwong trinh 19u® +28v* =81, lap ludn twong tw trén ta suy ra u=3s;v = 3t(s,' te Z)

Thay vao phuong trinh 19u? +28v? =81 ta dwoc 19s” +28t* =9

Tl phuong trinh 19s” +28t* =9 suy ras, t khong dong thoi bang 0

Do d6 ta duoc 19s® +28t* >19 > 9. Vay phuong trinh 19s” +28t*> =9 v6 nghiém va do d6 phuong
trinh da cho cling v6 nghiém.

Cach 2. Gia st phuwong trinh da cho c6 nghiém

Dé thay 28y” chia hét cho 4 va 729 chia 4 du 1. Tir d6 ta suy ra 19x” chia 4 du 1.

Mit khac mdt s chinh phwong khi chia 4 ¢6 s6 dw 1a 0 hoac 1, do do 19x? chia 4 ¢4 s8 du 1a 0 hodc

3, diéu nay mau thuan véi 19x” chia 4 du 1. Vay phuong trinh da cho vo nghiém.

Vi du 5. X4c dinh t4t ca cac cdp nguyén duong (x; n) thda man phuong trinh: x° +3367 = 2"

Loi giai
D¢ st dung duoc hang dang thitc a® —b’ = (a ~ b) (a2 +ab+ bz) ta chitng minh n chia hét cho 3.

Nhan thdy 3367 chia hét cho 7 nén tir phuong trinh x° +3367 =2" suy ra x° va 2" c6 cling s6 du
khi chia cho 7(hay x° =2" (mod 7)).
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Néu n khong chia hét cho 3 thi 2" khi chia cho 7 chi ¢ thé cho s6 du la 0 hodc 2 hoéc 4, trong khi do6

x> khi chia cho 7 chi ¢6 thé cho s6 du 14 0 hodc 1 hodc 6. Do d6 d€ x° va 2" cé cung sO w khi chia
cho 7 thi n phai chia hét cho 3.

bat n=3m (m eN’ ) . Thay vao phuong trinh da cho ta dwoc x° +3367 = 2°™"

Hay ta duoc (2’“ —x)((Zm - x)2 +3x.2™ ) = 3367

T phuong trinh trén ta suy ra 2™ —x la wéc nguyén duong ctia 3367

Hon nira (Zm - x)3 <2°™ _x3 =3367 nén (2’“ - x) € {1; 7; 13} . Ta xét cac truong hop sau

e Xét 2™ —x =1, thay vao x’ +3367 =2°" tasuy ra 2" (Zm — 1) =2.561, phuong trinh v6 nghiém.
e Xét 2™ —x =7, thay vao x’ +3367 =2°" ta suy ra 2" (2’“ - 13) =2.15, phuwong trinh v6 nghiém.

o Xét 2" —x =13, thay vao X’ +3367 =2°" tasuyra 2" (2™ =7)=24.32. Tir dé ta c6 m =4 nén
tasuy radwoc n=12 va x=9.

Vay cédp s6 nguyén duong (x;n) thdéa man yéu cau bai toan 1a (9 ; 12)

Vi du 6. Tim cac nghiém nguyén ctia phwrong trinh: 2x° +4x =19 -3y’

Loi giai
Bién d6i twong dwong phuong trinh ra dugc
2x? +4x+2=21-3y’ < 2(x+1) =3(7-y?)
Tathdy 3(7-y*)i2=7-y’2=ylassle
Talai c6 7—y* 2 0nén chi ¢ thé y* =1.Khi do ta duoc 2(x+1)" =18

T dé ta dwoc x=2 va x=-—4

Suy ra cac cap sO (2;1),(2;—1),(—4; 1),(—4;—1) la nghiém cta phuong trinh da cho.

Vi du 7. Tim cac nghiém nguyén ctia phurong trinh: x* —2x-11=y”

Loi giai

Cach 1. Bién d6i twong duwong phuong trinh ta duoc
X -2x-11=y* & X’ -2x+1-12=y* & (x-1) ~y* =12 & (x-1+y)(x-1-y) =12

Ta c6 cac nhan xét:
+ Vi phuong trinh da cho chita y c6 s8 mii chan nén c6 thé gia st y > 0. Thé thi
x=1+y=2x-1-y
+Ta co (x—1+y)—(x—1—y)=2y nén x—1+y va x—1-y cung tinh chén lé. Tich cua ching
bang 12 nén chiing cing 1a 3 chan.

Vi cac nhan xét trén ta co6 hai truong hop
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x-1+y=6 x=5
=
x=1-y=2 y=2
x—1+y=—2:> x=-3
x-1-y=-6

e Truong hop 1: Ta co {

e Truong hop 1: Ta co { )
y=-

Vay phuong trinh da cho ¢ cac nghiém la (x; y) = (5,‘ 2),(5; —2),(—3; 2),(—3,' —2)

Céch 2. Viét thanh phuong trinh bac hai ddi véi x 1a x* —2x—(11+y*) =0

Khiddtacd A =1+11+y> =12+y?

Diéu kién can dé bac hai ¢ nghiém nguyén A’ 1a s8 chinh phurong.

Tir 46 ta dat 12+y* =k’ (k € N) hay ta duoc k* —y* =12 < (k+y)(k-y)=12

Giast y>0 thi k+y>k-y va k+y >0 lai c6 (k+y)—(k—y)=2y nén k+y va k—y cung
tinh ch&n 1¢ va phai cing chan.

k+y=6

k-y=2

Ttr cac nhan xét trén ta cé {

Do d6 ta dwoc y =2, khi do ta duoc x> =2x-15=0, suy ra X =3 hoac x=5
Vay phuong trinh da cho ¢ cac nghiém la (x; y) = (5,‘ 2),(5; —2),(—3; 2),(—3,' —2)

Vi du 8. Chitng minh rang phuong trinh sau khong cé nghiém nguyén: x* +y” +z° =1999

Loi giai
Ta biét rang s& chinh phuirong chén thi chia hét cho 4, con s8 chinh phwrong 1€ thi chia cho 4 du 1 va
chia cho 8 du 1.
Tong X2 + y2 +27° 1as81é nén trong ba s6 x?; y2 ;77 phai c6 mot s6 1é va hai s& chdn hoic ca ba s&
deéu lé.
+ Truong hop trong ba s6 x*; y*;z° c6 mot s3 1é va hai s6 chan thi vé tri ctia phwrong trinh da cho
chia cho 4 du 1, con vé€ phai la 1999 chia cho 4 dw 3, truong hop nay loai.
+ Truwdong hop ba s6 x*;y*;z* déu 1@ thi v& trdi cua phwrong trinh chia cho 8 du 3, con vé& phai 1a
1999 chia cho 8 du 7, treong hop nay loai.
Vay phuong trinh da cho khong c6 nghiém nguyén.

1 1 1
Vi du 9. Tim cac nghiém nguyén duong cua phuong trinh: —+—+——=—
X y 6xy 6

Loi giai
Nhan hai vé€ cua phuwong trinh v6i 6xy ta duoc 6y +6x+1=xy

Pua vé phueong trinh wéc s6 ta duoc x(y—6)—6(y —6) =37 < (X —6)(y—6) =37
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Do vai tro binh dang ctia x va y nén khong mat tinh tong quat ta gia st x>y >1, thé thidox vay
nguyén duong nén ta duoc Xx—6=2y—-62=-5.
xX—6=37 x =43
fa
y—-6=1 y=7

Vay phuong trinh da cho c6 cac nghiém la (x,' y) = (43; 7),(7; 43)

Do d6 chi c6 mot treong hop xdy ra {

Vi du 10. Tim céc s6 ty nhién x va cac s8 nguyén y sao cho: 2* +3 =y’

Loi giai
Lan luot xét cac gia tri tw nhién cua x nhu sau
+Né&u x=0 thi y* =4 nén y =42
+Né&u x =1 thi y* =5, phuong trinh khong c6 nghiém nguyén
Néu x >2, khi dd 2" +3 las6lé nénylasdlé. Lai co 2*:4 nén 2* +3 chia cho 4 du 3, con y2 chia
cho 4 du 1. Do d6 phuong trinh khong cé nghiém.
Vay cac nghiém ctua phurong trinh 1a (x; y) = (0; 2),(0; —2)

Vi du 11. Giai phuong trinh véi nghiém nguyén duong: 2* +57 = y?

Loi giai
Xét hai treong hop:

e Truong hop 1: Néu x 1a s6 nguyén lé. Bat x =2n + 1(n IS N). Khi dé ta cé

2 =2"""'=24"=2(3+1)" =2(3a+1)=6a+2 véialamét sd nguyén duong.

Khi d6 v€ trai cia phuwong trinh la s6 chia cho 3 du 2, con vé€ phai 1a sd chinh phuwong chia cho 3
khong du 2. Do do treong hop nay loai.

e Truong hop 1: Néu x 1a s8 nguyén chan. Dat x = Zn(n € N*). Khi d6 ta cd
y? =2 =57 < (y+2")(y-2")=3.19
Tathdy y+2" >0 nén y—-2">0va y+2" >y-2"

Do d6 c6 cac treong hop nhu sau

y+2" 57 19
y-2" 1 3
2" 28(loai) 8
n 3
y 11
X=2n 6

Thtt lai ta thdy 2° +57 =11* dtng. Vay nghiém ctia phuwong trinh la (6; 11).

Lién hé tai liéu word toan zalo: 039.373.2038 TAI LIEU TOAN HOC




Website:tailieumontoan.com

Vi du 12. Giai phuong trinh nghiém nguyén: x° +y° = 6xy —1

Loi gidi
Bién d6i tong duong phuong trinh ta duoc x° +y° =6xy -1 <> (x+ y)3 —3xy(x+y)=6xy-1
bdt a=x+y;b=xy véia, bla cicsé nguyén.
Khi d6 phuong trinh trén tré thanh a® ~3ab=6b—-1<>a’ +1=3b(a+2)
Tt &6 ta suy ra duoc a’ +1:a+2 hay ta duoc (a3 +8—7)5(a+2) nén 7:a+2

3

Suyra a+2 lawdccta?, tacing cd b= —+, nén ta cd bang gia tri nhw sau
3 (a + 2)
a+2 1 -1 7
a -1 -3 5
b= a’+1 Khoéng Khong
= 0 A 6 A
3 (a + 2) nguyeén nguyén

Tt d6 ta c6 cac nghiém ctia phuwong trinh a’-3ab=6b-11a (a;b) = (—1;0),(5;6)

e Véi (a;b)=(—1;0) ta duoc {X+y=_1:>{x=0;y=—1

xy =0
x+y=5:> x=2y=3
x=3y=2

x=-1y=0

e Vi (a,'b)

(5;6) ta duoc {xy 6

Thtt lai ta dregc cac nghiém ctia phwong trinh la (x; y) = (0; —1),(—1; O),(2;3),(3; 2) .

Vi du 13. Giai phuong trinh nghiém nguyén: 3x* -2y’ —=5xy +x -2y -7 =0.

Loi giai
Phuong trinh terong duong voi i
(8> —6xy ) +(-2y* +xy ) +(x—2y) =7 & 3x(x=2y) +y(x~2y) +(x~2y) =7
& (x=2y)(Bx+y+1)=7=17=71=-1.(-7)=-7.(-1)

Do d6 ta c6 4 treong hop sau:

13
—2y=1 —2y=1 X7

+Truong hop 1: X=ey = x=ey = 7 ,(loai)
3x+y+1=7 3x+y=6 3
77

. xX-2y=7 X=2y=7 x=1 .

+Treong hop 2: & & ,(nhan).
3x+y+1=1 3x+y=0 y=-3

TAI LIEU TOAN HOC
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17
—2y=-1 —2y=-1 |[*T7
+truong hop 3: ey = Xy = 7 ,(loai).
3x+y+1=-7 3x+y=-8 5
y="3
. 11
-2y=-7 —2y=-7 T 7
+ Truong hop 4: Xy = xTey = 7 ,(loai)
3x+y+1=-1 3x+y=-2 19
i

Vay phuong trinh da cho c6 nghiém nguyén la (1; - 3).

Phwong phép 2. Dua hai vé€ vé tong cac binh phuong.
Y twong ctia phieong phap 1a bién d6i phuong trinh vé dang vé trai 1a tdng ctia cac binh
phuong va vé phai la tong cta cac sd chinh phuong.

Vi du 1. Tim cac nghiém nguyén ctia phuong trinh x* +y* —x—y =8

Loi giai
Bién d6i twong duwong phuong trinh ta duoc
X4y’ —x—y=8c4x* +4y’ —4x—4y =32
o (47 —ax+1)+(4y’ ~4y+1) =34 & (2x-1) +(2y-1) =34

Déyla 34 =3%+5%. Do d6 tir phuong trinh trén ta c cac treong hop sau

_1V = a2 1V =2
EZX 1))2 321105lC sz 1))2 52
2y-1) =5 2y-1) =3
|2x—1|:3 |2x—1|:5
Khi dé6 ta duwoc oac
2y-1=5 2y-1=3

Giai lan luot cac phuwong trinh trén ta thu duoc cac nghiém nguyén la

(2:3),(3:2), (12, (2-1)

Vi du 2. Tim nghiém nguyén ctia phuong trinh x* +xy +y” =3x+y-1

Loi giai
Bién d6i phuong trinh ta dwoc
x> +xy+y* =3x+y—-1<2x* +2xy +2y* =6x+2y -2
= (x+y) +(x-3) +(y~1) =8=0%+2>+2?
Khi do ta xét cac treong hop sau:

+Voi x+y=0,ta duoc(—y—3)2+(y—l)2 =8=>y=-1,x=1.
+V6i x-3=0, tadugc (~y-3) +(y-1) =8=>y=-1,x=1.

+V6i y-1=0, taduoc (x+1) +(x-3) =8=x=1
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Vay phuong trinh c6 cac nghiém nguyén la (1; —1), (3; —1), (1;1)

Vi du 3. Tim nghiém nguyén ctia phuong trinh: 4x° +y” +4x—6y —24=0

Loi giai
Bién d6i twong dwong phuong trinh ta duoc

4 +y? +4x—6y-24=0 & (2x+1) +(y-3) =34

. (2x+1) =32 (2x+1)" =5°
Chuyla 34 =3 +5" nén ta co cac truong hop 5 hoac )
(y-3) =5 (y-3) =%
Ta xét bang gia tri tvong ting nhu sau
2x+1 3 3 -3 -3 5 5 -5 -5
y—-3 5 -5 5 -5 3 -3 3 -3
X 1 1 -2 -2 2 2 -3 -3
y 8 -2 8 -2 6 0 6 0

Ttr d6 ta cd cac nghiém nguyén ctia phweong trinh la

() =(1:8),(1:-2).(-2:8).(-2-2).(2;6),(2:0).,(-36).(-3;0)

Vi du 4. Giai phuong trinh nghiém nguyén: 2x° —2x’y +y* =128

Loi giai
Bién d6i twong dwong phuong trinh da cho ta duoc
2x° —2x7y +y? =128 <:>(X3 _y)2 +(X3 )2 _82482 = (—8)2 82 —g? +(—8)2 _ (—8)2 +(—8)2

Tt d6 ta c6 cac treong hop sau

5 _yv=8 =0 =0
+ Trueong hop 1: {X y :{y :{y 5

x> =8 X =
X-y=-8 |y=16 [y=16
+ Truong hop 2: = =
§1oP {x3:8 x*=8 |x=2
x’—y=28 y=-16 |y=-16
+ Truong hop 3: = =
§1oP {x3=—8 {x?’:—S x=-2

S_y=-8 =0 =0
+ Truong hop 4: {Xa y8 = {Y :{y
X =~

Vay phuong trinh c6 nghiém nguyén la (x; y) =(2; O), (2; 16), (—2; —16), (—2; O).
Cach khac 1: Dat t =x°, khi d6 phuong trinh tro thanh
2 -2yt +y’ =128 < 48 —4yt+2y> =256 < (2t —y) +y* =167 +0° =0 +16°

Cach khac 2: Dit t =x°, khi d6 phuong trinh tro thanh
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2t7 —2yt+y’ =128 < 2t -2yt +y* 128 =0

Xem phuong trinh trén la phuong trinh ant, ta cé A, = -y’ +256
Phuong trinh c6 nghiém khi va chi khi A, >0<> —y* +256 >0 < -16 <y <16
Dén day xét cac truong hop cta y thé vao phuong trinh ta tim dwoc x.
Phwong phép 3. St dung céc tinh chit ctia s6 chinh phuwong.
Mot s6 tinh chat cta s6 chinh phuwong thuong duoc dung trong giai phuwong trinh nghiém
nguyén
e Mot s6 tinh chat vé chia hét ctia s6 chinh phwong
e Néua’<n<(a+ 1)2 v6i a 1a s8 nguyén thi n khong thé 1a s6 chinh phwong.
e Néu hai 5§ nguyén duwong nguyén t& ciing nhau c6 tich 1a mot s§ chinh phurrong thi mdi s& déu
la s& chinh phuong

e Né&u hai s8 nguyén lién tiép c6 tich 1a mot s6 chinh phrrong thi mot trong hai s6 nguyén d6 bang
0.

Vi du 1. Ton tai hay khong s6 nguyén duong x sao cho voéi k la s6 nguyén thi ta co

x(x+1):k(k+2).

Loi giai
Gia st ton tai s6 nguyén duong x dé€ x(x + 1) = k(k + 2) véi k nguyén.
Tacd x> +x=k> +2k = x> +x+1=k’ +21<+1=(1<+1)2
Do x 1 s8 nguyén duong nén x> < x” +x+1= (k + 1)2 (1)
~ N A A 2 2 2 2
Ciing do x la s6 nguyén duog nén (k+1) =x"+x+1<x +2x+1:(x+1)
Tir d6 ta duge x* <(k+1)° <(x+1), dieu nay vo Iy

Vay khong ton tai sO nguyén duong x dé X(X + 1) = k(k + 2)

Vi du 2. Tim cac s8 nguyén x dé biéu thitc sau 1a mot s6 chinh phuwong: x* +2x° +2x* +x +3

Loi giai
Dat x* +2x° +2x* +x+3 =y’ véi y 1a mot s8 tu nhién.
2
Ta thdy y* =(x4+2x3+x2)+(x2 +x+3):(x2 +x) +(x2+x+3)
Ta sé& chitng minh a’ < y? <(a+2)2 véi a=x"+x

2
1 11
That vay, ta cé y* —a’ =x2+x+3:(x+5j +Z>O.Lai co
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a+2 Pyt X2 +x+2 2—X4+2X3+2X2+X+3
y

2
=3x*+3x+1=3 x+l +1>O
2 4

Do a’ <y’ < (a+2)2 nén y’ = (a+1)2 hay ta duoc

x=1

x4+2x3+2x2+x+3=(x2+x+1)2<:>x2+x—2:0<:>{ )
X =—

V6i x =1 hodc hodc x =-2 biéu thirc da cho béng 9 =3

Vi du 3. Tim cac nghiém nguyén ctia phuong trinh: x* +xy +y” = x’y’

Loi giai
Thém xy vao hai v& ta dugc X* +2xy +y* =X’y +xy < (x+ y)2 =xy(xy+1)
Ta thdy xy va xy +1 la hai s6 nguyén lién ti€p, tich ctia 1a mét s6 chinh phuwong nén ton tai mot s6
bang 0.
+Xét xy =0.Khi d6 tir x* +2xy +y” =x’y’ +xy tadugc x> +y’> =0 nén x=y =0
+Xét xy +1=0.Khi d6 ta duwoc xy =-1 nén (x;y) = (—1;1) hoac (x;y) = (1;—1) (-1;1)

Thtt lai ta duoc cac nghiém ctia phwong trinh la (O; 0),(1; —1),(—1; 1) .

Vi du 4. Tim cac cdp s6 nguyén (a; b) thoa man (a —1)2 (a2 + 9) =4b” +20b +25.

Loi giai

Taco (a-1) (a?+9)=4b’ +20b+25 < (a-1) (a+9) =(2b+5)
Do d6 a’ +9 1a s8 chinh phuong. Do |a|2 <a’+9< (|a| + 3)2, nén ta co cac truong hop sau
~Trudng hop 1: a®+9=(|a|+3) < a=0=9=(2b+5)" & b=-1b=4.
- Truong hop 2: a”+9 = (|a| + 2)2 = 4|a| =5, khong c6 s6 nguyén théa man.

2
- Truong hop 3: a’ +9:(|a|+1) elal=4=a=4a=—4.
+V6i a=4 taduoc 9.25=(2b+5) & b=5b=-10

+V6i a=—4 tadugc 25.25=(2b+5) < b=10; b=-15
Vay ta cd cac cdp s6 nguyén thdéa man bai toan la

(a; b)=(0; -1), (0; -4), (4 5), (4 —10), (—4; 10), (-4; -15)

Vi du 5. Tim nghiém nguyén ctia phuong trinh: x* —2y* =1

Loi giai
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Do x va y trong phuwong trinh déu c6 s8 mii chdn nén khong mat tinh tdng quat ta gia st
x=0;y=0.

Tl phuong trinh ta suy ra duoc x 1a 58 1&. Do d6 x* chia 4 du 1 nén ta suy ra 2y~ chia hét cho 4
hay y 1a s& chan.
bédt x=2m+1;y =2n véim, nla cac s6 ti nhién. Khi d6 ta dwogc
2
(2m+1) -2(2n) =1 (4m® +4m +1) —1=8n’ & (4m” +4m)(4m? +4m +2)=8n’
Thu gon ta dwoc (m2 + m)(Zm2 +2m+ 1) =nZ.

Dat m®+n” =a suy ra 2m” +2m +1=2a+1, khi d6 phuong trinh tré thanh a(2a+1)=n".
Ta xét cac treong hop sau:
e Néu m =0, khi d6 ta suy ra duoc x=1,y=0
e Néu m >1, khi d6 ava 2a+1 1a hai s6 nguyén duong va ching nguyén td cung nhau.
Do tich ctia a va 2a+1 la mét s6 chinh phwong nén ca a va 2a+1 cungla s6 chinh phuwong.
bit a=k*, keN thita duoc m?> +m =k?, ta co
m’ <m’+m<m?+2m+1=(m+1)" nén m? <k <(m+1)’
Suy ra k? nam gitra hai s3 chinh phuong lién ti€p nén k> khong thé 1a s§ chinh phuwrong.

Vay phuong trinh c6 cac nghiém nguyén la (x; y) = (1; O),(—l;O)

Vi du 6. Tim cac nghiém nguyén ctia phuong trinh 9x” —6x = y°

Loi giai
Bién ddi tuong duong phuong trinh ta dugc 9x* —6x =y’ < (3x - 1)2 =y’ +1
Tl d6 ta suy ra dugc y° +1>0 =y’ > -1= y > 1. Ta xét cac truong hop sau
e Xét y =—1, khi d6 thay vao phuong trinh ta duoc (3x - 1)2 =03x-1=0=x= % , loai.
e Xét y =0, khi d6 thay vao phuong trinh ta dugc 9x* —6x =0 <> 3(3x-2)=0< x=0
e Xét y =1, khi d6 thay vao phwong trinh ta dwoc (3x - 1)2 =2, loai.
e Xét y>2, khi d6 tir phuong trinh trén ta duoc (3x—1) = (y+1)(y* -y +1)

y+1:d

Goid=(y+1,v*—=y+1), khi d6 ta cd
01 (y y y ) 1doO ta CO {yz—y+lfd

Tt d6 suy ra y’ —y+1=y(y+1)—2(y+1)+35d nén 3:d.

Mat khac (3x - 1)2 khong chia hét cho 3 nén ta suy ra dwoc d =1.
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Do d6 hai s8 nguyén duong y+1 va y”> —y+1 nguyén t5 cing nhau, ma tich ctia chting 1a mot s&
chinh phuong. Do d6 mbi s6 1a mot s& chinh phuong.

Tuy nhién (y—1)" <y? ~y+1<y® nén y> —y +1 khong thé 1a mot s§ chinh phuong.

Do d¢ trong truong hop nay phwrong trinh khong c6 nghiém nguyén.

Vay phuong trinh c6 cac nghiém nguyén la (x; y) = (0,' 0) .

Vi du 7. Tim tat ca cac bd ba s6 nguyén (x,' y; z) thda man dang thiic sau:

2xy+6yz+3zx—|x—2y—z|=x2 +4y2+9z2 -1

Loi giai
Déng thtic da cho tuong duong véi 2x° +8y” +182° —4xy —12yz —6zx = 2(1—|x—2y—z|)
Hay ta duoc (x—2y)2 +(2y—3z)2 +(3z—x)2 = 2(1—|x—2y—z|)
Do (X—Zy)2 ZO;(Zy—3Z)2 ZO,‘(3Z—X)2 >(0 nénsuyra 1 Z|X—2y—z|.
Do X, y, z 1a cac s6 nguyén nén ta suy ra duoc |x -2y - Z| =0 hodc |X -2y-— z| =1.Dén day ta xét
cac truong hop sau:
e Néu |x—2y—z| =1, khi dé tir (X—Zy)2 +(2y—3z)2 +(3z—x)2 = 2(1—|X—2y—z|)
Ta duwoc (x—2y)2 +(2y—32)2 —i—(3z—x)2 =0 nén (X—Zy)2 = (2y—32)2 = (SZ—X)2 =0
Suy ra x =2y =3z, thay vao |x -2y - Z| =1 ta duoc |Z| =1, diéu nay dan dén x, y khdng nhan gia
tri nguyen.
e Néu |x—2y—z| =0 thita dwoc x-2y-z=0.
Khi d6 ta ¢6 phuong trinh z* +(2y -3z) +4(z-y) =2.
Do z* >0 va (2y—3z)2 >0 nén ta duoc OSél(y—z)2 <2.
Ma ta thay 4(y—z)2§4 nén suy ra 4(y—z)2 =0 dodéy=z.
Thay vao phuwong trinh z* +(2y—32)2 +4(z—y)2 =2 taduwoc z° =1 hay z=+1.
+Néu z =1 thitadwoc x=3;y=1
+Néu z =-1 thita duwoc x=-3;y =-1.
Thtt lai vao phuong trinh ta dwgc cac nghiém la (x; y; z) = (3; 1; 1),(—3; -1; —1).

Phuwong phap 4. Phuwong phap danh gia.

Trong khi giai cac phuong trinh nghiém nguyén rat can danh gia cac mién gia trj ctia cac
an, néu sO gida tri ma bién s6 cd thé nhan khong nhiéu c6 thé dung phwong phép thi truc tiép dé
kiém tra. D€ danh gid duoc mién gia tri ctia bién sd can van dung linh hoat cac tinh chét chia hét,
déng du, bat dang thic ...
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e Phuong phap sap thit tw cc an.
e Xét khoang gia tri cua cac an.

e Stt dung cac bat dang thizc Cauchy, Bunhiacopxki.

Vi du 1. Tim ba s6 nguyén duong sao cho téng ctia chiing bang tich ctia chiing

Loi giai
Cach 1. Goi cac s6 nguyén duong phai tim lax, y, z. Khi dd tacd x+y+z=x.y.z (1)
Chti ¥ rang cac dn x, y, z c6 vai trd binh dang trong phuong trinh nén c6 thé sap x&p thit tu gia tri
clla cac an, chéng han 1<x<y<z
Do d6 ta dwoc xyz=x+y+z<3z
Chia hai vé€ cua bat dang thirc xyz <3z cho s6 duwong z ta dwoc xy <3
Tt d6 suy ra xy € {1; 2; 3} . bén day ta xét cac truong hgp sau
e V6i xy =1, khi d6 ta c6 x =y =1. Thay vao phuong trinh ban dau ta dwoc z+2 =z, v
nghiém
e V6i xy =2, khi d6 ta 6 x =1;y =2. Thay vao phuong trinh ban dau ta duoc z=3
e V6i xy =3, khi dé ta c6 x =1;y = 3. Thay vao phuong trinh ban dau ta duoc z =2, truong
hopnay loaivi y<z
Vay ba s6 phai tim 1a 1; 2; 3.

, 1 1 1
Cach 2. Chia hai vé€ cia phueong trinh x+y+z=x.y.zcho xyz#0 ta dwoc —+—+—=1
yZ Xz Xy

Kh@ngméfttinhtfingquaittagié\sfrnyZZZl.Khic’[é1:i+i+iﬁi2+i2+i2:i2
yZ Xz Xy z° z° z° z

Suyra 1< %, do d6 ta duogc z* <3 nén z=1. Thay z=1 vao phuong trinh ban dau ta dugc
z
x+y+1=xy<:>xy—x—y=1<:>(x—1)(y—1)=2

A . , x—-1=2 x=3
Tk x>y néntacd x—1>2y—-1>0.Do do ttr (x—l)(y—1)=2 ta duoc

=
y-1=1 y=2
Vay ba s6 phai tim 1a 1; 2; 3.

Vi du 2. Tim nghiém nguyén dwong cua phwong trinh sau 5 (x +y+z+ t) +10 = 2xyzt.

Loi giai
Vi vai tro cia X, y, z, t nhe nhau nén c6 thé gia st x>y>z2=>t.
Khi d6 ta duge 2xyzt =5(x+y+z+t)+10 <20x+10

Suy ra ta duoc yztsl5:>t3 <15=t<2.Suy ra ta duoc te{l;Z}

+V6i t=1,khi d6 ta cé 2xyz =5(x+y+z)+15<15x+15
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Suy ra 2yz<30 =22’ <30=2z<3.Dodé ze{1;2;3}

e Néu z =1, khi d6 ra duoc 2xy=5(x+y)+20<:>4xy=10(x+y)+40<:>(2X—5)(2y—5)=65
Giai phuong trinh trén ta dwoc x =35; y =3 hodac x=9; y=5.

Do d6 treong hop nay ta dwoc hai nghiém la (X; y; z;t) = (35; 3; 1;1),(9; 5; 1;1)

e Néu z =2, khi d6 ta duoc 5(x +y)+25 = 4xy <> 4xy —5x -5y =25

Giai twong tu cho cac truong con lai va truong hop t = 2. Cudi cung ta tim duoc nghiém nguyén
duong cua phuong trinh da cho 1a va cac hoan vi ctia cac bd s6 nay.

1 1
Vi du 3. Tim cac nghiém nguyén duwong cta phuong trinh —+— = 3
Xy

Loi giai

Do vai trd binh dang ctia x va y trong phuong trinh nén khong mat tinh tong quat ta gia st x>y .

Khi d6 hién nhién ta cé l < % nén y >3

y

MétkhécdonyZlnénlsl.Dodétadu(ycl=l+l£l+l=znény£6

Xy Xy yy Yy
Ta xac dinh dwoc khoang gia tri ciay la 4 <y <6. Ta xét cac truong hop sau
+V(’yiy=4,khid0’taduroclzl—l:i,suyrax=12

x 3 4 12

. .y 1 1 1 . A 1N X A

+V6i y =5, khi d6 ta dugc —=———=—, loai vi x khong la s6 nguyén

x 3 5 15
+Vc’yiy=6,khidétaduocl=l—l=l,5uyrax=6

x 3 6 6

Vay cac nghiém ctia phuwong trinh la (4,' 12),(12;4),(6; 6)

Vi du 4. Tim ba s8 nguyén duwong d6i mot khéc nhau x, y, z théa man: x° +y° +z° = (x +y+ 2)2

Loi giai

Vi vai tro ctia X, y, z nhu nhau nén c6 thé giast x <y <z.

‘ SryP 4z ’ x+y+z) ’
Apdungbé’tdéngthﬁcx +}; Tz 2(x+y+zj tac()( Y ) 2(X+y+z]

3 3
Tt d6 véi moi x;y;z>0 tasuyra x+y+z<9.
Dau bang khong xay ra vi x, y, z ddi mot khac nhau. Do d6 ta duoc x+y+z <8
Mat khac x, y, z la cac s6 nguyén duwong khdc nhau nén x+y+z>1+2+3=6
Tt d6 ta duegc 6 < x+y+2z <8 nén ta suy ra x+y+ze{6;7;8}

T day két hgp véi phuong trinh ban dau ta tim duocx, y, z
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Vay bo ba s6 nguyén duwong thoa man yéu cau bai toan la (x; y; z) = (1; 2; 3) va cac hoan vi cia bo ba

sO nay.

Vi du 5. Tim nghiém nguyén ctia phueong trinh: 7 (x2 +Xy + yz) =39 (x + y) .

Loi giai
T phuwong trinh ta thay 39 (x + y)f7 , ma 7 va 39 nguyén t6 cung nhaunén X +y:7.
bat x+y=7m (m € Z) thi ta duoc phuong trinh x* +xy +y” =39m
Tir d6 suy ra (x+ y)2 —(x2 +xy + yz) = (7m)2 ~39m hay xy =49m?*—39m.

Theo bat dang thitc Cauchy ta lai cé xy < %(x + y)2 nén ta duoc 49m’ —39m < %(x + y)2

Hay ta duoc 49m” 24(49m2—39m)<:>m(52—49m)20<:>0£m£%.
Do m la s6 nguyén nén ta suy ra dwgc m =0 hodac m =1. Ta xét cac truong hop sau
+Vé6i m =0 suy ra x+y =0, khi d6 ta dwoc phwong trinh
X xy+y? =0 (x+y) ~xy=0=xy =0 x=y=0
+Véi m =1 suyra x+y =7, khi d6 ta dwoc phuong trinh
X +xy +y? =39 & (x+y) —xy =39 & xy =10

+y=7 =2;y=5
Tfrdo’tacéhé{xy :{X y

xy =10 x=5y=2

Vay cac nghiém nguyeén ctia phuong trinh la (x; y) = (0;0),(2,' 5),(5; 2)

Vi du 6. Tim tat ca cac bo ba s6 nguyén duong (X; y; z) thoa man —+— 7
y z+

Z 5
+—=—
x 2

Loi giai

Gia st (X; y; Z) la mot nghiém ctia phueong trinh. Khi d6, theo bat déng thitc Cauchy
§+l=i+ y +z+123 X 'y ‘z+1=3
2 x y z+1 x yz+1l x

Suy ra 121 hay x <2. Do x nguyén dwong nén ta duwgc x=1 va x=2

e oA v 2 N 2l . o1y X
e Vi x =2, khi d6 trong bat dang thitc trén phai xay ra dau dang thtec, tiicla —=——=

Giai h¢ diéu kién trén ta thu duoc (x;y;z)=(2;2;1)
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1
e Voi x =1, khi d6 phuong trinh da cho tré thanh —+ Y iz= >

y z+1 2

Khic’[ézsl+ y +z=§:>zﬁ2
y z+1 2

+V6i z =1 thay vao phuong trinh trén ta duoc y> -3y +2=0<y=1y=2
+V6i z=2 thay vao phuong trinh trén ta duoc 2y’ -3y +6 =0

Phuong trinh nay c6 biét thitc A =-39 <0 nén khong cé nghiém.

Vay nghiém ctia phuong trinh la (x; y,‘z) = (2; 2;1),(1; 1;1),(1,' 2;1).

Phwong phép 5. St dung tinh chat ctia phwong trinh bic hai.

Y twdng ctia phrrong phap la quy phuong trinh da cho vé dang phuong trinh bac hai mot
an, cac an con lai dong vai tro tham so. Khi d6 cac tinh chat ctia phuwong trinh bac hai thuong dwoc
st dung dwdi cac dang nhw sau:
¢ St dung diéu kién c6 nghiém A >0 cua phwong trinh bac hai.

e St dung hé thirc Vi —et.

e Sit dung diéu kién A la s6 chinh phuong.

Vi du 1. Tim cac nghiém nguyén ctia phuong trinh x +y +xy =x° +y”

Loi giai
Phuong trinh da cho twong duong véi x° — (y + l)x + (y2 - y) =0
Xem phuong trinh trén 1a phwong trinh bac hai an x va y 1a tham s0. Khi d6 diéu kién can dé
phuong trinh ¢6 nghiém 1a A>0 hay A=(y+1) —4(y?—y)=-3y’ +6y+1203(y-1) <4
Do d6 ta duoc (y - 1)2 <1.Dbéy la d€ phuong trinh c6 nghiém nguyén thi A phai la s6 chinh
phuong.
Do dé tir (y—l)2 <1 ta suy ra duoc (y—l)2 =0;1nén y-1=-1;0;1

Dbén day ta xét tirng treong hop cu thé

x=0
+Véiy=0.1<hidéttrphuongtrinhbachaitaduocxz—x=0©{ .
X =
. . 42 en s R . 2 x=0
+V6i y =1. Khi d6 tit phwong trinh bac hai ta duoc x™ -2x=0 < 5
X =
x=1

+V6i y =1.Khi d6 tlir phurong trinh bac hai ta dugc x> —3x+2=0<:>{
X =

Thw lai ta dwgc cac nghiém ctia phuong trinh da cho la (0;0),(1;0),(0;1),(2;1),(1;2),(2;2).

Vi du 2. Tim cac s6 nguyén x d€ 9x +5 1a tich ctia hai s6 nguyén lién ti€p

Loi giai
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Cach 1. Giai st 9x+5= n(n + 1) véin nguyén thi:
36x+20 =4n” +4n = 36x + 21 =4n* +4n+1= 3(12x+7) = (2n +1)’

S6 chinh phuong (Zn + 1)2 chia hét cho 3 nén ciing chia hét cho 9. Ma ta lai c6 12x+7 khong chia
hét cho 3nén 3 (12x + 7) khong chia hét cho 9. Diéu nay mau thuan nén khdng ton tai s6 nguyén x
théa man yéu cau bai toan.

Cach 2. Giai st 9x+5= n(n + 1) voin nguyén

Khi d6 ta dwoc n* +n—-9x-5=0

b€ phuong trinh bac hai d6i vdi n ¢6 nghiém nguyén, diéu kién can la A la s6 chinh phuong.
Nhung A=1+4 (9x + 5) =36x+21 chia hét cho 3 nhung khong chia hét cho 9 nén khong 1a s&
chinh phuong.

Vay khong ton tai sO nguyén nnao d€ 9x+5=n (1’1 + 1), ttec 1a khong ton tai s6 nguyén x dé

9x +5 la tich ctia hai s6 nguyén lién tiép.

Vi du 3. Tim cac nghiém nguyén ctia phurong trinh: x* +2y” +3xy —x—y +3=0

Loi giai
Viét thanh phuong trinh bac hai déi véi x: x* +(3y —1)x+ (Zy2 —y+ 3) =0 (2)
Taco A =(3y-1) —4(2y*~y+3)=y*-2y-11
biéu kién can va du dé€ phuong trinh (2) c6 nghiém nguyén la A 1a sd chinh phuong
Tir d6 ta &t y* -2y -11=k*(keN) (3)
Giai (3) vdi nghiém nguyén ta duwoc y =5 hoac y =-3
+Véi y =5, thay vao phuong trinh (2) dwoc x* +14x+48 =0 < x=-8; x=-6
+V6i y =-3 thay vao phuong trinh (2) duge x* —10x+24=0< x=6;x=4
Vay phuong trinh ¢6 cac nghiém nguyén la (X; y) = (—8,' 5),(—6,' 5),(6; —3),(4; —3)

Vi du 4. Tim nghiém nguyén ctia phuong trinh: x* +2y” +3xy —x-y+3=0.

Loi giai
Phuong trinh da cho duoc viét lai thanh x* +(3y —1)x+ (Zy2 -y+ 3) =0
Xem phuong trinh trén 1a phwong trinh bac hai an x ¢ y la tham s6, khi d6 ta ¢
A=(3y-1) —4(2y’ -y+3)=y*-2y-11
Dé phuong trinh bac hai ¢6 nghiém nguyén thi A phai la s6 chinh phuwong.
Pat y* —2y—11=k*(keN). Khi d6 ta c6

v -2y-11=k* & (y-1) -k’ =12 & (y-1-k)(y-1+k)=12
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Dod6 y—1-k va y—1+k lacdc wéc cta 12. Lai c6 y—1-k va y—1+k cung tinh chan.

Lai thdy y—1+k >y—1-k nén c6 bang gia tri cua chiing minh sau:

y—-1+k 6 )
y-1-k 2 6
y-1 4 —4
y 5 -3

+V6i y =5 thay vao phuong trinh da cho ta duoc x* +14x+48 =0 < x = —6;x = -8.

+Véi y = -3 thay vao phuong trinh da cho ta duoc x2-10x+24=0<=x=4;x=6

Vi du 5. Tim cac nghiém nguyén ctia phuong trinh: x° +y° =x* + 2xy +y’

Loi giai
Bién d6i twrong duwong phuong trinh ta duoc

(x+y)( —xy+y7) = (xry) e | TY O

x> =xy+y’—x-y=0
+Néu x+y =0, khi d6 phuong trinh c6 nghiém nguyén (x;y) = (t; —t),t e’
+ Néu xz—xy+y2—x—y=0<:>x2—(y+l)x+y2—y=0.
Xem phuong trinh trén 1a phuwong trinh bac hai dn x, khi d6 ta cd
A :(y+1)2 —4<y2 —y):—3y2 +6y+1
Dé phuong trinh trén cé nghiém thi A >0 <> 3y* -6y -1<0 < E’;(y—l)2 <4.
Do y la s6 nguyén nén (y—l)2 la s6 chinh phuong nén ta dugc (y—l)2 € {0;1}
Ttr d6 ta suy ra dugc y—1e{—1;0;1}, do dé ye{0;1;2}.
e Véi y =0, thay vao phuong trinh x*> —xy +y” —x—y =0 ta dugc x> —2x=0=x=0;x =2
e Véi y =1, thay vao phuong trinh x*> —xy +y> —x -y =0 ta dugc x* —3x+2=0=>x=1;,x=2
e Véi y =2, thay vao phuong trinh x*> —xy +y> —x—y =0 ta dugc x* —x=0=>x=0;x=1.
Vay phuong trinh da cho cdc nghiém nguyén la (x;y) = (O;1),(1;2),(2;1),(2;2),(1;0),(t,—t) voi

tla mot s6 nguyén bat ki.Vay phuong trinh c6 cac nghiém nguyén la

(6y)=(-8:5).(-6:5).(6:-3),(4:-3)

Vi du 6. Tim cac nghiém nguyén cua phwrong trinh: 5(X2 +Xy + yz) =7 ( X+ Zy) .

Loi giai

Tir phuong trinh 5(x” +xy +y*) =7 (x+2y) tacé 7(x+2y)i5=> (x+2y):5
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Dit x+2y =5t,t € Z, khi &6 phuong trinh trén tro thanh x* +xy +y” =7t

Tl x+2y =5t = x =5t -2y thay vao x* +xy +y’ =7t ta duoc 3y’ —15ty + 25t -7t =0
Coi day la phuong trinh bac hai d6i véi y, ta c6 A = 84t - 75t

bé phuong trinh bac hai c6 nghiém thi A>0 < 84t -75¢t° 20<:>0£t£§—§

Vi te Z=t=0 hodc t=1. Thay vao 3y’ —15ty +25t* -7t =0

+Véi t=0 taduwoc y=0 doddé x=0

+Véi t=1taduoc y=3=>x=-1hoac y=2=x=1

Vay phuong trinh ¢6 ba nghiém nguyén la (x; y) = (0; O),(—l; 3),(1;2)

Vi du 7. Tim nghiém nguyén duong ctia phuong trinh: 2 (x + y) +xy=x"+y’.

Loi giai
Phuong trinh da cho tré thanh x* — (y + 2)x +y>-2y=0
Xem phuong trinh trén 1a phwong trinh bac hai an x co y la tham s6. Do d6 d€ phwong trinh c6
nghiém thi ta can ¢

6—4+3 6+43

<y<L
A

A=(y+2) —4(y*-2y)=-3y’+12y+420 &
Ma y nguyénnéntaco y e {O; 1;2; 3;4} . Dén day ta xét cac truong hop sau
+V6iy=0=>x"-2x=0<x=0;x=2.
+V6i y =1=> x> =3x—1=0, phuong trinh khong c6 nghiém nguyén
+Voiy=2=>x"-4x=0<x=0;x=4.
+Véi y =3 = x* —5x +3 =0, phuong trinh khong c6 nghiém nguyén
+Véiy=4=x"-6x+8=0<x=2;x=4.

Vay céc nghiém ctia phurong trinh 1a (x;y) =(0;0),(2;0),(0;2),(4;2),(2;:4),(4:4) .

Vi du 8. Tim tét ca cac s6 nguyén duong k sao cho phuong trinh x* +y” +x +y =kxy ¢ nghiém

nguyén duong.

Loi giai
Gia stt k 1a mot gia tri sao cho phuong trinh x* +y” + x +y = kxy c6 nghiém nguyén duwong. Khi
dé ton tai nghiém (x0 Vo ) ctia phuong trinh véi x, +y, nho nhat. Khong mat tinh tong quat, c6
the gia str x, 2y, . Xét phuong trinh bac hai x* - (ky, —1)x+y* +y, =0

Theo gia str ¢ trén thi X, 1a mot nghiém ctia x* —(ky, —1)x +y,’ +y, =0. Theo dinh ly Viet thi
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yﬁ Y

0

x, =ky,-1-x, = cling 1a mot nghiém cta x° —(ky0 —1)x+y02 +y,=0.

Dé thdy x, la mot s§ nguyén duong, vi thé (x1 ;yo) cting la mét nghiém nguyén dwong cua da
cho. Ttr gia thiét x, +y, nho nhat ta suy ra x, +y, > X, +Y,

2
YO+YO >x

Tirc 1a o, Suy ra v, +y, = x;. Tir day ta c6 bat dang thiec kép

2
Ve <x: <yo+y, <(y,+1)

2
Suy ra X, =y, . Thay vao phuong trinh x” +y” +x+y =kxy ta dwoc 2+-—=Xk. Suy ra X, chi c6
0
thé bang 1 hodc 2, twong ting k bang 4 hoic 3.
Véi k =3 thi phuong trinh c6 nghiém (2 ; 2) vavoi k=4 thia phuong trinh c6 nghiém (1; 1).
Vay k=3 va k=4 la tat ca cac gia tri can tim.
Nhan xét: Ta cling c6 thé danh gia k khac mot chut, nhu sau:

Céch 1. T ddng thirc X +y; +X, +y, =kX,y,, chia hai v& cho x,y, ta duoc

ﬁ+&+i+i:k

Yo X0 Yo X

Mat khac, cing theo ly luan ¢ trén thi ky, —1-x, 2 x, nén suyraX—OSE—L.

Yo 2 2y,
Tfrdo’tacéksk—i+h+i+i:£+L+&+ig£+é
2y, Xo Yo X 2 2y, X X 202

Tir d6 suy ra k<5. Hon nita k chi c6 thé bang 5 khi x, =y, =1,truong hop nay dan dén mau
thudn. Véi k=3 thi phuong trinh c6 nghiém (2;2) va véi k=4 thia phuong trinh ¢ nghiém
(1,1).

Truong hop k <2 16 rang la vd nghiém.

y

2
+ N N A
Yoo Yo ¢ Y, +1.Nhu vay y,+1 ndm ngoai hai nghiém ctia
X
0

Céch 2. Ly luan nhu trén thi x, <x, =
tam thirc f(x) =x> —(ky0 —1)x+y§ +Y,, suy ra f(yO +1) >0.

s 20001 02 4 aae b .
T d6 ta duwoc k < ————+=2+—<4.Pén day ta xét tuong tu nhu trén
Yo Yo

Phwong phéap 6. Phuwong phap lui dan vo han.
Y twong ctia phrrong phap 1t dan v6 han ¢6 thé hiéu nhu sau:
Gia st (XO,' Yo ZO) la nghiém cua f(x; y; z) = 0. Nho nhiing bién d6i va suy luan so hoc ta

tim dugc mot nghiém khac (x1 Y Z1) sao cho cac nghiém quan hé v6i bo nghiém dau tién
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: ~ bdi mot ti s6 k nao do, chz?mg han x, =kx;;y, =ky,;z, =kz,. Lap luan tuong tu ta lai dioc b s6

nguyén (xz; Y, zz) thoa man x, =kx,;y, =ky,;z, =kz,. Qua trinh ctt tiép tuc dan dén
X,;¥o;Z, cung chia hét cho k" véin la mot s6 ti nhién tuy y . Diéu nay xay ra khi va chi khi

x =y =z=0.D€rd rang hon ta xét cac vi du sau

Vi du 1. Tim cac nghiém nguyén ctia phuong trinh: x° +2y° =47’

Loi giai

Tl phuong trinh x° +2y° =4z7° (1) ta thdy
Hién nhién x:2. Dét x = 2x, véi x, nguyén. Thay vao phuong trinh (1) r6i chia hai vé& cho 2 ta
duoc:

4xi’ + y3 =27’ ()
Do d6 y:2.Diat y =2y, véi y, nguyén. Thay vao phuong trinh (2) r6i chia hai vé& cho 2 ta duoc:

2 +4y’ =2° 3)
Do d6 z:2.bdt z=2z, véi z, nguyén. Thay vao phuong trinh (3) réi chia hai v€& cho 2 duoc:

X} +2y] =4z @
Nhu vay néu (x; y; z) la nghiém ctia phuong trinh (1) thi (x1 Y Z1) cting la nghiém ctia phuong
trinh (1) trong d6 x =2x,,y =2y,,z=2z,.
Lap luan hoan toan twong tw nhu trén ta duoc (x2 Y zz) cting la nghiém cua phuong trinh (1)
trong d6 x, =2x,,y, =2y,,z, =2z,.
Ctt ti€p tuc nhu vay ta di dén x, y, z ciing chia hét cho 2" véi k 1a s6 tu nhién tity y. Digu nay chia
xay ra khivachikhi x=y=z=0.
D6 la nghiém nguyén duy nhat ctia phuwong trinh da cho.
Nhan xét: Tir phwong trinh di cho ta phdt hién ra cdc bién x, y, z cung chia hét cho 2, khi dé thiec hién phép
dat x=2x,,y =2y,,z =2z, va thay vao phuong trinh ban diu ta dugc X, +2y°> =4z}, tir phuong trinh
nay lai thiy cdc bién x,;y,;z, ciing chia hét cho 2. Tir d6 ta dwoc X;y;z cung chia hét cho 2%. Qud trinh
dwoc thiec hién nhw vdy lién tuc thi ta dwoc x;y;z cung chia hét cho 2% v6i k la 56 nguyén dwong bat ki.

Tir ddy ta suy ra dwoc X=y=z=0.

Vi du 2. Tim nghiém nguyén ctia phuong trinh: x* +y* =7z

Loi giai
Ta biét rgmg mot s chinh phwong khi chia cho 7 ¢6 s6 du 1a 0; 1; 2; 4.
Do d6 tir phuong trinh trén ta suy ra dugc x° +y” chia hét cho 7, do d6 x> va y* cling chia hét

cho 7.

Do 7 1a s6 nguyén t8 nén suy ra x” va y> cung chia hét cho 49.
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// Tt d6 ta dwoc 7z* chia hét cho 49 nén z* chia hét cho 7, suy ra z chia hét cho 7.

Dat x=7x,;y =7y,;z="7z, va thay vao phwong trinh da cho ta thu duoc Xf + yf = 7zf .

Lap lai cac chitng minh nhu trén ta suy ra dwoc Xx,;y,;z, chia hét cho 7, do d6 x; y; z chia hét cho
72

Ti€p tuc cac suy ludn ta suy ra dugc x; y; z chia hét cho 7% keN.

Tt d6 suy ra x =y =z =0. Vay phuong trinh cé nghiém nguyén la (x; y;z) = (0; O;O).

Vi du 3. Tim nghiém nguyén ctia phuong trinh: x* +y” =az’, véi a =4k — 1<k € N*)

Loi giai
Ta viét lai phwong trinh 1a x* +y* = (41( - 1)22 o X +y?+27 =4kZ?
Do d6 suy ra X +y* +2z* 1a 58 chén, khi d6 c6 hai truong hop xay ra
e Truong hop 1: Trong ba s8 x, y, z 6 hai s6 1é va m6t s6 chdn. Nén trong ba s6 x°,y”,z* coa hai
58 1é va mot s chan.
Ta biét rang s& chinh phuwong chan thi chia hét cho 4 va s6 chinh phuong 1é thi chia 4 du 1.
Do d6 x* +y” +z* chia 4 du 2, ma 4kz’ chia hét cho 4.
Suy ra treong hop nay phwong trinh khéng c¢é nghiém nguyén.
e Truong hop 2: Caba s6 x, y, z déu la s8 chan. Khi d6 ta dat x = 2x,;y =2y,;z=2z, vathay vao
phuong trinh da cho ta dugc X7 +y? +2z; = 4kz]
Lap lai cac chitng minh nhu trén ta suy ra dwoc X,;y,;z, chia hét cho 2, do d6 x; y; z chia hét cho
22,
Ti€p tuc cac suy ludn ta suy ra dugc x; y; z chia hét cho 2¥ keN.

Tt d6 suy ra x =y =z =0. Vay phuong trinh c6 nghiém nguyén la (x; y;z) = (0; 0;0).

Vi du 4. Tim nghiém nguyén ctia phuong trinh: x* +y* +z* =x’y’

Loi giai
Ta c6 nhan xét: Mot s6 chinh phuong 1é khi chia cho 4 ¢6 s6 dw 1a 1 va mot s6 chinh phuwong chin
thi chia hét cho 4.

Do x’y” 1a s6 chinh phuong nén khi chia cho 4 c6 s§ du 1a 0 hodc 1.

e Néu x’y” la s 1é thi x vay ciing 1a s 18, khi d6 x* va y* chia cho 4 c6 s8 dula 1.

T d6 x> +y” +2z° chia cho 4 c6 s6 du 1a 2 hodc 3, diéu nay vo 1.

e Néu x’y” 1a 56 chan, khi d6 c6 hai truong hop xdy ra

+ Truong hop 1: Trong hai s6 x va y c6 mot s8 chan va mot s 1é. hong mat tinh tong quat ta gia st
x 12 s8 chén va y la s§ 1é. Khi d6 x* +y? chia 4 du 1 nén x* +y* +z* chia cho 4 ¢4 s§ du 1a 1 hodc

1, diéu nay vo li.
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* + Truong hop 2: Ca hai s x va y déu 12 s6 chdn, khi d6 x* +y* va x*y? ciing chia hét cho 4, do d6
z* phai chia hét cho 4 hay z 1a s3 chan.
bét x=2x,;y =2y,;z=2z, vbi X;y,;z,la sd nguyén va thay vao phuong trinh ban dau ta duoc

2
1

2 2. 2 2 422
Y1 & X +y; 2z =4X7y;

4x7 +4y? +4z7 =16x
Dén day lap luan tuong tw nhu trén ta duoc X,;y,; 2, 1a cc s6 chdn. Do d6 bang phuong phap lui

dén v6 han ta chimg minh duoc phuong trinh c6 nghiém duy nhila (x;y;z) =(0;0;0).

Vi du 5. Tim cac nghiém nguyén ctia phuong trinh x° +15y° =18z’

Loi giai

Gia stt by ba sd nguyén (XO Y ZO) la nghiém cta phwrong trinh.
Dé thdy néu mot trong ba s8 trén bang 0 thi hai s8 con lai cfing bang 0 nén (0,' 0; 0) la mét nghiém
cta phuong trinh.
Xét ca ba s6 déu khac 0, dat d =(x0;y0;zo), khi dé ta co x, =dx,;y, =dy;z, =dz, véi x;y,;2,
nguyén va (X1;Y1?Z1) =1.
Ta duoc x° +15y° =18z . Tl d6 suy ra x, chia hét cho 3.
Dt x, =3x, va thay vao phuong trinh x; +15y; =18z ta dwoc 9x; +5y° =6z, suy ra y, chia
hét cho 3. D4t y, =3y, ta lai duoc 3x] +45y; =2z . Suy ra z, chia hét cho 3.
Suy ra X,;y,;2Z, ¢ wéc chung la 3, mau thuan (xl; Vi Z1)
Vay phuong trinh chi c6 mot nghiém nguyén duy nhat la (O ;0; O)
I1L. MOT SO DANG PHUONG TRINH NGHIEM NGUYEN.

Phuong trinh nghiém nguyén rat da dang va phong pht, nd c6 thé 1a phuong trinh
mot an hay nhiéu an. N6 ¢ thé la phuong trinh bac nhat hodc bac cao. Ciing c6 nhiing
phuong trinh dang da thtc hodc dang lay thtta. Ta c6 thé chia phuong trinh nghiém

nguyén thanh mot s6 dang nhu sau.

1. Phuong trinh nghiém nguyén dang da thirc.

Vi du 1. Tim cdc nghiém nguyén ctia phwong trinh: 6x+15y +10z =3

Loi giai
Dé thdy 6x va 15y chia hét cho 3 nén tir phuong trinh ta dwoc 10z:3 nén z:3.
bat z =3k vdi k la mot sd nguyén. Khi d6 phuong trinh da cho tro thanh
6x+15y +10.3k =3 < 2x+5y +10k =1
DPua vé phuong trinh hai an x, y v6i cac hé s6 twong ting 2 va 5 la hai s6 nguyén t& cuing nhau

_1-10k-5y

2x+5y =1-10k < x —51(—2y+1_Ty

Lién hé tai liéu word toan zalo: 039.373.2038 TAI LIEU TOAN HOC




Website:tailieumontoan.com

1- 1-
Do x, y, k 1a cac s6 nguyén nén 2}’ la s6 nguyén. Dat t = 2}’ véi t nguyén.
y=1-2t
Tir d6 ta dwoc {x = -5k —2(1-2t)+t =5t -5k -2
z =3k

Vay nghiém cua phuong trinh la (x; y; z) = (5t —-5k-2;1-2¢; 3k) véit, kla cac s6 nguyén tuy y.

Vi du 2. Tim nghiém nguyén ctia phuong trinh: x* +y* —xy =2x -3y —2.

Loi giai
Céch 1. Phuong trinh da cho duoc viét lai thanh y* + (3 - x) y+ (x2 —2Xx+ 2) =0
Xem phuong trinh trén 1a phwong trinh bac hai an x ¢ y la tham s6, khi d6 ta ¢
A=(3-x) —4(x* -2x+2) =-3x* +2x +1
D€ phuong trinh y* + (3 - x)y + (x2 —2x+ 2) =0 c6 nghiém thi A >0 hay ta cd
1

—3X2+2x+120<:>3x2—2x—1SO<:>(X—1)(3X+1)SO<:>—§£x£1

Do x nhan cac gia tri nguyén nén ta duoc x =0 hoac x=1
+Véi x =0, thay vao phuong da cho ta duge y> +3y +2=0< y=-1y=-2
+V6i x =1, thay vao phuong da cho ta dwoc y* +2y+1=0< y=-1

Vay phuong trinh c6 cac nghiém nguyeén la (x; y) = (O; —1),(0; —2),(1; —1).

Céch 2. Phuong trinh d cho duoc viét lai thanh (x—y )" +(x—2)" +(y+3) =9

Ta thdy 9 6 hai cach viét thanh tong cuia ba s6 chinh phuong d61a 9=0+0+9 hodac 9=1+4+4.

Khi d6 ta xét cac gia tri ctia |x — y|;[x - 2|;|y + 3| bing bang sau:
x=y| | [x-2| | [y+3| Nhén xét
3 0 0 | x=2y=-3valx—y|=3
0 3 0 | x=y=-3valx-2/=3
0 0 3 | x=y=2val3+3=3
xe{0;4},ye{-1,-5! va [x-y|=1
: ? ? Khiité cr}ﬁ c6 i:o;y}=—1 |th6a |man
xe{1;34},y e{-1,-5} va [x—y|=2
? ! ? Khiité chi c}(; x{: 1,'y=}—1 tLéa}rién
2 2 1 | xe{0;4},ye{-2,-4} va [x-y|=2
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Khi d6 chi c6 x=0;y =-2 thoa man

Tt bang trén ta dugc cac nghiém cua phuwong trinh la (x; y) = (0,‘ —1),(0,' —2),(1,' —1) .

Vi du 3. Tim cac nghiém nguyén ctua phwrong trinh: (ZX -y- 2)2 =7 (x -2y -y* - 1)

Loi giai
Bién d6i twong dwong phuong trinh ta duoc
(2x-y-2)" =7(x-2y-y*-1) = 2(2x-y-2) -7(2x-y-2)+7(2y +3y) =0
Dit t =2x—y -2 véi t nguyén, khi d6 phuong trinh trén trd thanh 2t* -7t + 7(2y2 + 3y) =0.
Dbén day ta c6 thé giai quyét phuong trinh theo hai cach sau:
Cach 1. Tiép bién doi twong duwong phuong trinh ta duoc
2t =7t+7(2y” +3y) =0 < 16t* =56t +49+7 (16y” + 24y +9) =112
Hay ta duoc (4t - 7)2 + 7(4y + 3)2 =112 . Do t nguyén nén (4t - 7)2 >0.
Suy ra ta dugc 7(4y+3) <112 nén ~4 <4y +3<4 & -7 <4y <1
Do y nhan gia tri nguyén nén ta duoc y € {—1; 0} .
e Véi y =-1, thay vao phuong trinh 2(2x -y —2)2 —7(2x— y —2)+ 7(2y2 + 3y) =0 ta duoc
phuong trinh (2x-1)" =7x, suy ra x>0 va (2x-1) ix.
Dé thay (x,2x—1) =1 nén tir (2x—1)2 ‘x taduwoc x=1.
Thay (X; y) = (1; —1) vao phuong trinh ban dau ta thdy khong thoa man.
e Véi y =0, thay vao phuong trinh 2(2X —y—2)2 —7(2x— y —2)+ 7(2y2 + 3y) =0 ta duoc
phuong trinh 4(x~1) ~7(x~1)=0 < (x~1)(4x~11)=0. Ttr day ta duoc x =1
Thay (x; y) = (1; 0) vao phuong trinh ban dau ta thay thoa man.
Vay phuong trinh ¢6 nghiém nguyén duy nhat la (x; y) = (1; 0) .
Cach 2. Ta xét cac treong hop sau:
e Véi y =-1, thay vao phuong trinh 2(2x -y —2)2 —7(2x— y —2)+ 7(2y2 + 3y) =0 ta duoc
phuong trinh (2X —1)2 =7x,suyra x>0 va (2x—1)2 X
Dé thdy (x,2x—1) =1 nén tir (2x—1)2 ‘x taduwoc x=1.
Thay (X; y) = (1; —1) vao phuong trinh ban dau ta thay khong thoa man.

e Véi y <-2 hodc y 20, khi d6 ta duoc 2y2+3y=y(2y+3)20
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Do d6 tlt phuong trinh 2t* -7t +7(2y2 + 3y) =0 ta suy ra duwoc 2t =7t <0 hay t(2t —7) <0.
Tir d6 ta dwoc 0<t<3.

Mit khéc ciing tir phirong trinh 2> -7t + 7(2y2 + 3y) =0 tasuy ra duoc t*:7 nén ti7.

Do d6 ta suy ra dwoc t=0, suy ra 7(2y2 +3y):0:>y(2y+3):0: y=0.

Tt d6 ta tim duwoc x =1. Thay (X; y) = (1; 0) vao phuong trinh ban dau ta thay thoa man.

Vay phuong trinh ¢6 nghiém nguyén duy nhat la (X; y) = (1; 0) .

Vi du 4. Tim nghiém nguyén duwong ctia phuong trinh: 2xyz=x+y+z+16

Loi giai
Do vai tro ctia X, y, z trong phuong trinh nhui nhau nén khong mat tinh tong quat ta gia st
1<x<y<z.
Khi d6 ta duwoc 2xyz<3z+16.
N A A , 16
Do z nhan gid tri nguyén duong nén ta c6 2xyz <3z+16 <> 2xy <3+—<19
z

Tl d6 ta dwoc xy <9.Laido 1< x <y nénsuyra xy >x°

Tt &6 ta duoc x> <9. Do x nguyén duong nén ta duoc x € {1; 2,'3} .

+Voéi x =1 thay vao phuwong trinh ban dau ta dugc 2yz =y +2z+17 hay ta dugc
2yz—y-z=17 < (2y-1)(2z-1)=35

Chayla 1<y <z nén ta cé cac truong hop sau

2yv-1=1 =1 2yv-1=5 =3
y = y hoac y = y
2z-1=35 z=18 2z-1=7 z=4

+Vo6i x =2 thay vao phuong trinh ban dau ta dwoc 4yz =y +z+18 hay ta duoc
dyz-y-z=18 (4y—1)(4z—1) =73

4y-1=1

, hé khong cé nghiém nguyén duong.
4z—1=73 OB ONENEMAELY 8

Chaylal<y<z néntaco’{

+V6i x =3 thay vao phuwong trinh ban dau ta duoc 6yz =y +2z+19 hay ta duoc

6yz—y-z=19 < (6y—1)(6z-1)=115

by-1=1 . |6y—-1=5
hoac
6z—-1=115 6z—-1=23

Chayla 1<y <z nén ta cd cac treong hop sau {

oy-1=1

loaido x<vy.
6z-1=115 6z-1=23

7Z =

. . ; . R . |6y—=1=5 y=1
Ta thay khong c6 nghiém nguyén dwong va =
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// Vay phuong trinh da cho c6 cac nghiém nguyén la (x,' y; Z) = (1,‘ 1; 18),(1; 3;4) va cac hoan vi cua

ching.

Vi du 5. Tim nghiém nguyén dwong nho nhét ctia phuong trinh: 7y* —6x*> =x—y, véi x>y >0

Loi giai
Bién d6i twrong duwong phuong trinh ta duoc
7y’ —6x’ =x—y oy  =6x" -6y’ +x-y <y’ =(x—y)(6x+6y+1)
Goi d=(x,y),khi dé ta duwgc x =dm;y =dnvdi m,neN" va (m,n):l.
Tt d6 suy ra x—yzd(m—n).Dét m-n=k,dox>y>0nén k=m-n>0.
Thay x—y =dk vao phuong trinh y? =(X—y)(6x+6y+1) ta duoc
(dn) =dk.(6dm +6dn+1) hay dn® =k(6dm +6dn +1) < dn? = 6dmk + 6dnk + k
Ta c6 (m,n)zl nén (n,m—n)=1 hay (n,k)=1.Lai c6 dn?:k nén suy ra d:k.

Mit khac tir dn? = 6dmk +6dnk + k suy ra 6dmk +6dnk +k chia hét cho d nén ta duoc k chia
hét cho d. Nhu vay ta suy ra dugoc k=d hay d=m-n.

Do d6 ta suy ra duoc x—y =d* = x=d* +y=d* +dn.Suy ra dm =dn +d’

Do d =k nén tir dn” =6dmk +6dnk + kta c6 n* =6dm +6dn +1.

Tir d6 ta duoc n* =6(dn+d’)+6nd+1=6d’ +12nd +1 hay n* ~12nd —(6d* +1) = 0.

Xem phuong trinh trén 1a phuwong trinh bac hai dn n thi giai ra ta duwoc n=6d + m .

Tl nghiém trén ta suy ra dwoc d nho nhat thi n nho nhat, tir d6 dan dén x va y nho nhat.

+Khi d =1 ta duwoc n=6+\/ﬁ, loai.

+Khi d=2 taduge n=62+42.4+1=12+13=25

Tl d6 ta duge x =dn+d* =2.25+2* =54 va y=dn=2.25=50.

Vay nghiém nguyén duong nhé nhat ctia phuwong trinh la (x; y) = (54; 50) .

Vi du 6. Tim cdc nghiém nguyén duwong ctia phuong trinh: 4xyz =x+2y+4z+3.

Loi giai
Do x, y, z la cac gia tri nguyén duong nén ta xét cac treong hop sau

e V6i x =1 thi tit phuong trinh da cho ta c6 phuong trinh 4yz =2y +4z+4
Hay ta duoc 2yz—y—2z=2<:>(y—1)(22—1):3.

Tt dosuyra y—1 va 2z—1 la cdc woc cua 3. Chu y la y, z nguyén duong nén ta cd cac treong

y = y 2hoéc y=1=3 = y=4
2z-1=3 z=2 2z-1=1 z=1

hop sau
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e Voi x 22 thi phuong trinh da cho ta duoc 2y+4z+3=x(4yz—1)22(4yz—1)=8yz—2
Hay ta duoc 8yz—2y—4z£5<:>(2y—1)(4z—1)£6.
Doy va znguyén duongnén 4z—-1>3 nén 2y -1<2=2y<3=y=1.
Thay vao phuong trinh ban dau ta duwoc 4xz =x+4z+5< 4xz-x-4z=5< (x—l)(4z—1) =6
Do d6 x—1 va 4z—1 la cdc wéc cta 6. Chuyla 4z—1 las61é va 4z—12> 3 nén ta duoc
4z-1=3 z=1

=
x=1=2 x=3

Vay phuong trinh c6 cac ngiém nguyén dwong la (X; y;z) = (1; 2;2),(1; 4,'1),(3,' 1;1).

Vi du 7. Tim cdc nghiém nguyén dwong ctia phuong trinh: xyz =2 (x +y+ z) .

Loi giai
Cach 1. Khong mat tinh tong quat ta gia st X<y <z.
Khi d6 tir phuong trinh xyz = 2(x +y+ z) ta duoc xyz<3.2z=xy<6.
Do x, y nguyén duong nén ta suy ra duoc xy € {1; 2;3;4;5; 6} . Ta xét cac truong hop sau:
+Voixy =1, ta cé x =y =1. Thay vao phuong trinh ban dau ta duoc z =—4, loai.
+Voixy =2, tacd x =1,y =2. Thay vao phuong trinh ban dau ta duoc 2z =2z+6, loai.
+Voixy =3, tacd x=1;y = 3. Thay vao phuong trinh ban dau ta duwoc z =8, nhan.
+Voixy =4, tacd x=1,y =4 hodc x =y =2. Thay vao phuong trinh ban dau ta duoc
Khi x=1;y=4 thi z=5 vakhi x=y=2thi z=4.
+Voixy =5, tacd x =1,y =5. Thay vao phuong trinh ban dau ta duoc z =4, loai do khong thoa
man diéu kién y<z.
+Voixy =6, tacd x=1,y =6 hodc x=2;y =3. Thay vao phuwong trinh ban dau ta duoc
Khi x =1,y =6 thi 2z =7 (loai) va khi x=2;y =3 thi 2z =7 (loai).
Vay bo ba s can tim 1a (1;3;8),(1,4;5),(2;2;4).
Cach 2. Do x, y, z nguyén duong nén ta bién d6i twrong duwong phuong trinh thanh

1 1 1 1

Xy yz 7x 2
Khong mat tinh tong quat ta giastt 1<x<y<z.
Khi dé ta c6 l=i+i+iﬁiz+i2+i2=i2 suy ra x> <6 nén x* e{l;4}:>xe{1;2}

Xy yz zx X X X X
Ta xét cac treong hop sau:

+Véi x =1, thay vao phuong trinh xyz = 2(x +y+ z) ta duoc

2(1+y+z)=yz<:>(y—2)(z—2)=6

Lién hé tai liéu word toan zalo: 039.373.2038 TAI LIEU TOAN HOC




Website:tailieumontoan.com

Chayla y—2<z-2 nén ta duoc
z-2=6 z=5

2.1 -3 _2-2 =4
y :{y . {y 3{}'

+V6i x =2, thay vao phuwong trinh xyz =2(x+y+z) ta dwoc
2(2+y+z)=2yz<:>(y—1)(z—1)=3

1=1 -2
y :{y

Chiuyla y—-1<z-1 nén ta duoc
z-1=3 z=4

Vay bo ba s6 can tim 1a (1;3;8),(1;4;5),(2;2;4).

Vi du 8. Tim cdc nghiém nguyén cta phuong trinh: 6x° — xy(llx + 3y) +2y° =6.

Loi giai
Bién d6i twong duwong phuong trinh nhu sau:
6x° —xy (11x+3y)+2y’ =6 < 6x* - 12Xy + X’y —2xy’ +2y’ =6
& (x=2y)(6x* +xy—-y*)=6=(x-2y)(2x+y)(3x-y) =6
Tl d6 ta dwgc x —2y;2x+y;3x—y la cadc wdc so cua 6.

Mat khdc ta lai thdy x—2y +2x+y =3x—y nén chi xay ra cac truong hop sau:

x=1

3x-y=3
+Treong hop 1: {x—-2y =1 <:>{ 0
y:

2x+y=2

3x-y=3
+ Truong hop 2: < x—2y =2, hé phuong trinh v nghiém.
2x+y=1

3x-y=-1
+ Truong hop 3: {x—2y =-3, hé phuong trinh v6 nghiém.
2x+y =2

3x-y=-1
+ Truong hop 4: { x—2y =2 , hé phuong trinh v6 nghiém.
2x+y=-3

3x—-y=-2
+ Truong hop 5: {x—2y = -3, hé phuong trinh v6 nghiém.
2x+y=1

3X-y=-2
X
+Truong hop 6: {x—2y =2 <:>{

2x+y=-3

Vay phuong trinh da cho c6 cadc nghiém la (x; y) = (1;1),(—1;— 1)
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Vi du 9. Tim cac nghiém nguyén ctia phuong trinh: x° —y® = xy +8

Loi giai

Céch 1. Bién d8i twong duong ta duge x° -y’ =xy +8 < (x —y)(x2 +Xy + yz) =8+xy
Tl d6 ta duoc |x—y|.|x2 +xy+y2| =[xy +8|
Dé thdy x #y, vinéu x =y thi phuong trinh da cho tré thanh 0 =x* +8, loai.
Do X, y la cac s6 nguyén nén |X—y| >1.Tie dosuy ra |x2 +xy+y2| < |xy+8|
Hay ta dwoc x° +xy +y”* < |xy +8| . Xét hai trerong hop:
+Néu xy +8<0.Khi d6 x* +xy +y’ <|xy +8] tré thanh

xX* +xy+y’ <—xy-8 <::>(x+y)2 <-8
Trueong hop nay loai
+Néu xy +8>0. Khi d6 x* +xy +y’ £|xy+8| tro thanh

X +xy+y’ <xy+8 < x> +y’ <8
Tt d6 ta suy ra x*; y2 IS {0; 1;4}
e Néu x =0 thi tir phuong trinh ban dau ta dugc y° =-8 =y =-2
e Néu y =0 thi tit phwong trinh ban d4u ta duge x* =8 = x =2
e Néu x va y khac 0, khi d6 thi x*; y* € {1;4}.
Do x #y nén chi cd cac kha nang la {Xz =1 hodc {Xzz =4
y =4 y =1

Ttr d6 ta thay trong hai s6 x va 'y ¢6 mot s& chan va mot sd lé. Khi d6 vé trdi cua phuong trinh da
cho 1é con v€ phai cua phuong trinh da cho chdn, do d6 cac kha nang trénkhdng xay ra.

Vay cac nghiém ctia phweong trinh la (x,' y) = (0,‘ —2),(2,' 0) .
Cach 2. Bién d6i twong duwong phung trinh ta duoc

X’ -y’ —xy =8 < 27x° 27y’ —27xy =216 < 27x° =27y’ —1-27xy =215
Hay ta duoc (3x)3 + (—3y)3 + (—1)3 - 3.3x.(—3y)(—1) =215. Ap dung hing dang thuc:
1
a’ +b’ +c’ —3abc :E(a+b+c).[(a—b)2 +(b—c)2 +(c—a)2}
Véi a =3x;b =-3y,c=-1, ta bién d6i phuong trinh trén thanh

(3x+3y) +(1-3y) +(3x+1)’

(3x-3y-1). >

=215
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2 2 2
bat A= (3X+3y) +(1_23y) +(3X+1) nén ta dwoc (3x—3y—1).A =215

Dé thdy A >0 nén A va 3x—3y—1 1a wéc tw nhién cta 215. Phan tich ra thita s8 nguyén t& thi 215

cO bon wdc tuw nhién 1a 1; 5; 43; 215.

Do 3x—3y -1 chicho3du2nén 3x-3y-1e {5; 215} . Tte d6 ta xét hai treong hop:

e Trudng hop 1: Véi {3)(_3}’_1:5.
A=43
Khi d6 tir 3x—3y—1=5 x—y =2.Thay y =x-2vio A =43 ta dugc
[3x+3(x~2)] +[1-3(x~2)] +(3x+1)" =86
Rat gon ta duge x(x—2)=0 <> x=0; x=2. Tir d6 tim duoc cdc nghiém la (0;-2),(2;0)

3x—-3y-1=215

e Truong hop 2: Véi {

Khi d6 ta duoc (3x +3y) +(1-3y) +(3x+1)’ =2

Nhan thdy tong ctia ba s§ chinh phuong bang 2 nén cé mot s& bang 0, hai s8 bang s8 1. S8 bang 0
khong thé'la 1-3y hodc 1+3x, do ddé tacod 3x+3y =0.

3x+3y=0
Tirdotacshe (1-3y) =11 ig, nghiém bén khong théa man 3x— 3y —1=215.
(3x+1) =1 a
Vay céc nghiém ctia phurong trinh 1a (x;y) = (0;-2),(2;0).
Cach 3. Bién ddi tuong duong phuong trinh ta duoc
Xy’ =xy +8 & (x—y) +3xy(x—y)=xy+8
bidt a =x-y; b =xy, khi d6 tit phuong trinh trén ta duwoc
a’+3ab=b+8<a’-8=-b(3a-1)
Tirdo suy ra (a®—8)i(3a—1) nén 27(a’~8)i(3a—1) hay (27a’~1-215)(3a—1)
Do (27a° ~1)i(3a—1) nén ta duoc 215:(3a~1) hay 3a~1 la wéc ciia 215
Do d6 ta dugc 3a—1e {+1;+5;+43;+215}

Do 3a—1 chiacho3du2nén 3a—-1¢ {—1; 5; —43,'215} . Ttr 6 ta c6 bang sau

3a—-1 -1 5 —43 215
a 0 2 -14 72
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a’-8
1-3a

b= -8 0 —-64 -1736

Ch y rang (x - y)2 +4xy >0 nén a’ +4b >0, do d6 trong bdn tredng hop trén chi co
a=2;b=0 théa man. Do d6 ta duoc x—y =2; xy =0

Ttr d6 ta c6 cac nghiém ctia phuong trinh la (X,‘y) = (O; —2),(2;0) .

Vi du 10. Tim nghiém nguyén ctia phwrong trinh: 3(x2 - Xy + y2) =7 (X + y)

Loi giai
Cach 1. Ttr phuong trinh ta duogc 7(x + y)53, ma (3,7) =1 nénsuyra x+y:3.
Dt x+y =3m, m € Z, khi d6 phuong trinh trd thanh x* +y* —xy =7m.

Tt d6 suy ra (x+y)2—(xz—xy+y2)=(3m)2—7m hay 3xy =9m*-7m.

Theo bat dang thitc Cauchy ta lai c6 xy < i(x + y)2 nén ta dwoc 9m?* —7m < %(x + y)2

Hay ta duoc 3.9m’ > 4(9m” ~7m) < m(28-9m) >0 QOSms%S.

Do m la s6 nguyén nén ta suy ra dugc m = {O 51, 2; 3} . Ta xét cac truong hop sau
+V6i m =0 suy ra x+y =0, khi d6 ta duwoc phirong trinh

x> =Xy +y> =O<:>(x+y)2—3xy=0c>3xy=0<:>x=y=0
+V6i m =1 suy ra x+y =3, khi d6 ta dwoc phuong trinh

X —xy+y’ =7 < (x+y)2 —-3xy =7 < 3xy =2
Trueong hop nay phwong trinh khong c¢6 nghiém nguyén
+Véi m =2 suyra x+y =6, khi d6 ta dwoc phuong trinh
x> —xy+y’ =14 < (x+y)2 —3xy =7 < 3xy =22
Truong hop nay phuong trinh khong c¢é nghiém nguyén
+Véi m =3 suyra x+y =9, khi d6 ta duoc phuwong trinh
X% —xy +y* =21 & (x+y) ~3xy =21 & 3xy =60 < xy =20

+y=9 =4;,y=5
Tt‘rd()tacéhé{x y :[X y

xy =20 x=5y=4
Vay cac nghiém nguyeén ctia phuong trinh la (X; y) = (0;0),(4; 5),(5;4)
Cach 2. Ttr phuong trinh ta dwogc 7(x + y)53, ma (3,7) =1 nénsuyra x+y:3.

Dt x+y =3m, m € Z, khi d6 phuong trinh trd thanh x* +y* —xy =7m.
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X+y=3m
Ttr d6 ta cod 9m?—-7m -

XV =
T3
Theo dinh li Viet thi x va y 1a nghiém ctia phwong trinh 3X* —9mX + (9m2 - 7m) =0

Tacé A=-27m’ +84m . D& phuong tinh c6 nghiém thi A =-27m’+84m >0« 0<m < ?

Do m la s6 nguyén nén ta suy ra dugc m = {O; 1;2; 3} . Ta xét cac truong hop sau
+V6i m =0 suy ra x+y =0, khi d6 ta dueoc phrrong trinh

x* =xy +y’ :0<:>(x+y)2—3xy=0<:>3xy=0<:>x:y=0
+V6i m =1 suy ra x+y =3, khi d6 ta dwoc phuong trinh

X —xy+y’ =7 < (x+y)2 —-3xy =7 < 3xy =2
Trueong hop nay phwong trinh khéng c¢é nghiém nguyén
+Véi m =2 suyra x+y =6, khi d6 ta dwoc phuong trinh
X —xy+y* =14 & (x+y) ~3xy=7 < 3xy =22

Trueong hop nay phwong trinh khéng c¢é nghiém nguyén
+Véi m =3 suyra x+y =9, khi d6 ta duoc phuwong trinh

X% —xy +y* =21 & (x+y) ~3xy =21 & 3xy =60 < xy =20

L x+y=9 |x=4y=5
Tt d6 ta co hé =
xy =20

Vay cac nghiém nguyeén ctia phuong trinh la (x; y) = (0;0),(4; 5),(5;4)

Vi du 11. Tim céc s6 nguyén duong m dé phuong trinh x* —mxy +y” +1=0 c6 nghiém nguyén

duong.

Loi giai
Trong tat ca cac nghiém nguyén duong (x; y) thoa man phwong trinh, gia st (XO ; yo) la mot
nghiém théa man x; +y, nho nhat.
Do vai tro ctia x va y nhir nhau nén khong mat tinh tong quat ta c6 thé gia st x, <y, .
Xét phuong trinh bac hai cé any 1a y* —mx,y +x; +1=0 (*).
La co6 y, la mot nghiém cta phuwong trinh (*). Ta goi nghiém con laila y, .
Yo Y1 =mX,

Khi d6 theo hé thirc Viet ta co { ) .
VoY1 =X, +1
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~ Dédangnhan thay y, ¢6 gia tri nguyén va tir cach chon (x0 ; yo) ta suy ra duoc y, <y,.Dén day

ta xét cac treong hop sau

y 1 S
e Truong hop 1: Néu x, =y, thi tir phuwong trinh ban dau ta dwgc m =2+—-. Nén dé m va x,
X
0

co gia tri nguyén thi x, =1 va m =3.
V6i m =3 ta thay (x; y) = (1; 1) la mot nghiém nguyén dwong ctua phwrong trinh da cho.
e Truong hop 2: Néu y, =y, thitlr y,.y, =x; +1 hay ta dwoc (y0 —xo)(y0 +x0) =1.

YO_X0:1:>{Y0:1

1 . Treong hop nay loai vi (xO ; yo) nguyén duong.
Yo% =

x,=0

Tt d6 ta suy ra duoc {
0

e Trueong hop 3: Néu x, <y, <y, khidé taduwoc y,2x,+1 y, 2x,+2.

Két hop véi y,.y, =x; +1 tadwoc x; +12x; +3x,+2 = 3x,+1<0, ditunay vo li vi x, > 0.
Nhu vay dé phuong trinh da cho c6 nghiém nguyén duong thi m =3 va khi d6 phuwong trinh c6
nghiém nguyén duong la (x; y) = (1,' 1) .

Vi du 12. Tim cac s6 nguyén duong x, y, z sao cho 2xy —1= z(x—l)(y—l).

Loi giai
Cach 1. Vi cac s6 nguyén duong x, y, z thi ta c6 2xy -1 lasd 1é, do d6 Z(X —1)(y - 1) cting la sd

lé. Ttr d6 ta duoc x, y 1a s8 chan va z 1a s6 1é. Do vai tro cta x va y nhw nhau nén khong mat tinh
tong quat ta co thé gia st x>y .

bit a=x-1;b=y—-1 nén a, bla cac s6 nguyén lé va a > b. Khi d6 phuong trinh da cho tré thanh

2(a+1)(b+1)—1=zab<:>2(ab+a+b+1)—1:zab©z+g+i=z
a b ab

,2 2 1 .. o , (s .
Do d6 —+—+— la s0 ti nhién khac 0. Ta xét cac treong hop sau

a b ab

a(d4a+1 . .
e Néu a=b, khi do z+z+i:4aj1 la s6 ty nhién khac 0 hay QEN :>4+16N
a b ab a a a

Tl d6 ta dwoc a=b=1.Suyra y =z =2. Thay vao phuong trinh da cho ta duwoc z=7.
Thtt vao phuong trinh ta duoc (x; y;z) = (2; 2; 7) thoa man.

e Néu a>b =1, khi d6 ta xét cdc kha nang sau
2 2 1 2 2 1_1_9 2

+V6i b>4 thia>5 khid6 0<—+—+—<—+—+—=—nén —+g+i khong 1a so tu
a b ab 5 4 20 20 a b ab

nhién khac. Do d6 kha nang nay loai. Ttt d6 suy ra b<4, mablasdlénén b=3 hoic b=1.

+Vdi b=1, khi @6 ttr z+%+ib 1a s tw nhién khéc 0 ta dwoc EEN* vaa>1taduoca=3.
a a a

Tt d6 suy ra x =4;y =2, thay vao phueong trinh da cho ta dugc z=5
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Thtt vao phuong trinh ta duoc (x,' y; Z) = (4; 2; 5) théa man.

+Vé6i b=3, khi d6 tir 3+3+i 1a s6 tw nhién ta duoc 3+leN* vaa>3 tadwoca="7.
a b ab 3 3a

Tt d6 suy ra x =8;y =4, thay vao phuwong trinh da cho ta dwoc z =3
Thtt vao phuong trinh ta duoc (x,' y; Z) = (8,' 4; 3) théa man.
Xét dén vai tro ctia x va y ta dugc cac nghiém ctia phuong trinh la
(x;y;z) =(2;2;7),(2;4;5),(4;2;5),(4;8;3),(8;4;3)
Cach 2. V6i cac s6 nguyén duong x, y, z thi ta c6 2xy—1 lasd 1é, do dé z(x —1)(y - 1) cting la s&

1é. Tt d6 ta duoc x, y 1a s6 chan va z 14 s§ 1é. Do vai trd ctia x va y nhie nhau nén khong mat tinh
tong quat ta co thé gia st x>y > 2.

Bién d6i twrong duwong phuong trinh ta duoc
2xy—1=z(x—1)(y—1)@[(Z—Z)X—z][(z—Z)y—z]=Z+2

Néu z =1, khi d6 tir phuong trinh trén ta duoc (x+1)(y+1) = 3. Diéu nay mau thuan véi

x2y2=2.Do d6taduwoc z>3. Khi d6 ta lai co

(Z—Z)x—z2(z—2)y—zZZ(z—2)—z=z—4>O

Két hop véi phuwong trinh trén ta dwoc z+22(z—4)2 c>(z—2)(z—7)£0c>2£z£7.

T d6 ta dugc 3<z <7, ma zla s 1é nén ta xét cac treong hop sau

e Néu z =3, khi d6 tir phwong trinh da cho ta duoc (x—3)(y—3)=5.Ké’t hopvéi x>y 22 ta

x-3=5 x=38
=

y-3=1 y=4

e Néu z =5, khi d6 tir phwong trinh da cho ta duoc (3x—5)(3y—5) =7 .Kéthopvéi x=2y=>2

3x-5=7 x=4

=
3y-5=1 y=2

e Néu z =7, khi d6 tir phuong trinh da cho ta dwoc (5x—7)(5y —7)=9. Két hop véi x >y 22

suy ra duoc {

ta suy ra duoc {

5x-7=9

5x-7=3 x=2
(vo nghiém) hodc
3y-7=1

= .
3y-7=3 y=2
Xét dén vai tro ctia x va y ta duoc cac nghiém ctia phuong trinh la

(xyiz)=(2:27),(24:5),(425),(48:3),(843)

ta suy ra duoc {

2
Vi du 13. Tim nghiém nguyén cua phwong trinh: (x2 - yz) =10y +9.

Loi giai

Ta thay 10y+920<:>y2—%, do y nguyén nén ta duoc y >20.
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Chd y 1a khi thay x bang —x thia phuong trinh da cho khong ddi, do dé ta c6 thé gia stt x >0
Ta xét cac treong hop sau:

+Néu y =0 thi phuong trinh da cho tro thanh x* =9, truong hop nay phuong trinh khong c6
nghiém nguyén.

+Néu x =0 thi phwong trinh da cho tré thanh y* =10y +9 < y(y3 - 10) =9. Suy ra 9 chia hét
choy, két hop véi y >0 ta duoc y € {1; 3;9} . Thay lan luot cac gia tri d6 vao y(y3 —10) =9 ta
thay khong c6 gia tri nao thoa man.

+Néu x>1 va y>1, khi d6 ta duwoc x+y=>2.

10y +9

Phuong trinh da cho duoc viét lai thanh (x+y)(x~y) =
X+y

2

Do x+y >2 nén ta duoc (X+y)(X—Y)2 >2(x-y)

10y +9 - 10y +10x
X+y X+y

Do x2>1 nén ta duoc 10x>10>9, do d6 suy ra 10.

T cac két qua trén ta suy ra duoc Z(X—y)2 <10= (x—y)2 <5

Talai cé (X —y)2 la wéc cua 10y +9 nén (x—y)2 lasoleé.

Ttr d6 ta dwoc (x - y)2 =1, thay vao phuong trinh da cho ta duoc (X + y)2 =10y +9.

Clng ttr (x—y)2 =1 tadwoc x—y =1 hodc x-y=-1

e V6i x—y =1 taduoc x=y +1 thay vao phuong trinh (x + y)2 =10y +9 ta dwoc
(2y+1) =10y +9 < 2y> ~3y -4=0

Phwong trinh trén khong c6 nghiém nguyén.

e V6i x—y =-1 ta dwoc x =y -1 thay vao phurong trinh (x + y)2 =10y +9 ta duoc
(2y-1) =10y +9 & 2y* ~7y -4=0

Giai phuong trinh trén ta dwoc nghiém nguyén la y =4, tir d6 ta duoc x =3.

Vay phuong trinh da cho c6 cdc nghiém nguyén la (X; y) = (3;4),(—3;4) .

Vi du 14. Tim cac nghiém nguyén ctia phuong trinh: x* +x° +x* +x =y’ +y

Loi giai
Bién d6i twrong duwong phuong trinh ta duoc
XXt x =y ry o+ 0+ +Ax+ =4y’ +4y +1
=N (Zx2 +x)2 £33 +4x+1=(2y +1)

e Véi x =-1, thay vao phuong trinh ta dwoc y =-1.
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o Xét x# -1, ta sé ching minh (2x> +x) <(2x¢ +x) +3x +4x+1<(2x +x+2)
That vdy, dé thdy 3x” +4x+1=(3x+1)(x+1) do &6
+Khi x> —% thi ta dwoc (3x+1)(x+1)>0
+Khi x <1 thi (3x+1)(x+1)>0
Tir d6 ta duoc(2x +x) < (2% +x) +3x> +4x+1
Mit khéc ta c6
(22 +x+2) —[(2x2 #x) +3x +4x+1}
= (22 +x) +4(2x +x)+4— (2 +x) - 3x* ~dx~1=5x* +3 >0
Nhu vay ta co (2x3+x) <(2x2 +x) +3x2 +4x+1< (23 +x+2)
Do (25 +x) +3x* +4x+1 1a 58 chinh phuong nén ta suy ra duoc
(2x2 +x) +3x2 +ax+1= (2 +x+1)
& (26 +x) 435 +ax+1=(2x +x) +2(2x +x)+1

=0
&3¢ +x+1=2(2¢ +x)+1& X —2x=0<:>[x
x=2
+Véi x =0, thay vao phuong trinh ban dau ta dwoc y* +y=0=y=0;y =-1
+Véi x =2, thay vao phuong trinh ban dau ta duwoc y* +y=30=y =5,y =-6

Thir lai ta duoc cac nghiém nguyén ctia phuong trinh la

(xy)=(0;0),(0:-1).(2;5).(2:-6).(~1;0),(-1;-1)

2
Vi du 15. Tim cac s6 nguyén duong X, y thoa man diéu kién (x2 —9y2) =33y +16.

Loi giai

Do y la s6 nguyén duwong nén 33y +16 > 0. Khi d6 ta duoc

(x> -9y* )2 =33y +16 < x* —(3y) =+/33y +16 & x* =(3y)" +,/33y +16

Ta xét cac treong hop sau:

x> =16 x =14
&
X" =2

e Xét y =1, khi d6 ta duoc { ) \/E.Doxlél sO nguyén duong nén suy ra X =4.
X=+

e Xét y>2.Khi d6 dé thdy 6y +1>6y—1>./33y+16
That vay, ta co 6y —1>0 khi do
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(6y—1)2 >33y +16 < 36y° —12y +1> 33y +16 <> 9y (4y —5)-15>0

B4t dang thitc cudi cing ding do y > 2.

Tirdé tacod (3y) —/33y+16 >(3y) —(6y-1)=(3y 1)

Dodé (3y-1) <(3y) —+/33y +16 <(3y) va (3y) +33y +16 <(3y) +6y+1=(3y+1)".
Suy ra ta dugc (3y ) <(3y) +4/33y +16 <(3y +1) .

Nhu vay (3y)2 *./33y +16 bi kép gitra hai s6 chinh phwong lién ti€p nén (3y)2 33y +16
khong thé 12 s6 chinh phuong. Do d6 phwong trinh x* = (3y)2 + /33y +16 khong c6 nghiém
nguyeén.

Do d6 khi y > 2 thi phwong trinh da cho khong cé nghiém nguyén duwong.
Vay phuong trinh c6 mot cdp s6 nguyén duwong thoa man bai toan la (x; y) = (4; 1) .
Nhdn xét: Ngoai cich gidi nhw trén ta co thé gidi bai todn theo cdc cdich sau:
Cdch 1. Xdc dinh gidi han gid tri ctia x r0i xét tirng gid tri dé'tim y
Dé thiy x~3y #0 dodd (x~3y) 21
2
Tir dé suy ra (x2 —9y2) =(x- ?ay)2 (x+ 3y)2 >(x+ E’;y)2
Lai thiy 06 x 26 thi (x+3y) 2(6+3y) =9y* +36y +36 >33y +16

Do d6 06 x 26 thi (x> ~9y* )" >33y +16. Déh diy ta suy ra duge x <6 nén x =1,2;3;4;5.
Xét tirng gid tri ciia x dé'tim y tuong ng.

Cdch 2. Xdc dinh gi6i han gid tri cia y v0i xét tirng gid tri dé’ tim x.

Cing tir (x* ~9y*)" =(x=3y)’ (x+3y)" > (x+3y) 2(1+3y)’ >9y* +6y

Suy ra ta dwoc 33y +16 >9y” + 6y < 9y? —27y—16<0<:>(y+1)(y—4)<0:>y<4

Tir 4o ta dwoc v =1;2;3. Dén ddy xét cdc gid tri ciia y dé’kiém tra 33y +16 ¢ phdi la s6’ chinh phwong
khong.

Vi du 16. Tim tat ca cac cdp sd nguyén (x; y) théa man phuong trinh: x* +y° =xy® +1.

Loi giai
Bién d6i twong dwong phuong trinh ta duoc
x'+y’ =xy’ +1ext —1+(y3 —xy3):0 c:>(x—1)(x3 +x° +x+1)+y3 (1-x)=0
x-1=0

— 3 2 -y =
< (x=1)(x7+x +x+1-y") =0 X’ +x*+x+1-y’ =0
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e V6i x—1=0 < x =1, khi d6 thay vao phuong trinh ban dau ta dwoc 1+y® =y’ +1, phuong

trinh nay c6 nghiém véi moi y nguyén. Do dé phuong trinh c6 cac nghiém (X; y) = (1; t) véi teZ

o V6i X’ +x*+x+1-y’ =0 X’ +xX* +x+1=y’.
1) 3
Ta cé x> +x+1:[x+§j +Z>0 nén tir phuong trinh trén ta suy ra duoc x° <y”.

Lai c¢6 v6i moi x nguyén ta ludn cé x(x + 1) > (. Do d6 ta duoc

x‘°’+x2+x+1Sx3+x2+x+1+2x(x+1):(x+1)3

N, 3 3 A . 3 3 3 A 3 3
Tt dosuyra y S(x+1) . Két hop lai ta duoc x° <y S(x+1) nén tasuy ra y =(X+1).

X = x=0
Do d6 ta dwoc X(x+1)=0<:> R

x+1=0 x=-1
+Khi x =0, thay vao phuong trinh ban dau ta duoc y =1.
+Khi x = -1, thay vao phuong trinh ban dau ta dugc y =0.

Vay cac cap s6 nguyén thoa man phuong trinh la (x; y) = (0;1), (—1;0), (1; t) voi teZ.

Vi du 17. Tim céc s6 nguyén dwong x, y théa man x* +y” +13y +1< (y - 2)x2 +8xy

Loi giai

Cach 1. Biét doi twong duong bat phuong trinh trén ta duoc

x'+y? +18y +1<(y—2)x" +8xy & (x* +2x* +1) =X’y +y* +13y -8xy <0

<:>(x4 +2x° +1)—2y(x2 +1)+y2 +x2y—8xy+13y30<::>(x2 —y+1)2 +y(x2 —8x+13)£0
Dé thay (x2 -y+ 1)2 >0 nén tir bat phuong trinh trén ta duoc y(x2 —8x+ 13) <0.
Ma ta cd y 1a s6 nguyén duong nén tie y(x2 —8x +13) <0 ta duoc x* —8x+13<0.
Tacé x* —8x+13<0 < (x—3)(x-5)<0 < 3<x<5.
Ma ta lai c6 x la s nguyén duong nén x € {3; 4; 5} , dén day ta xét cac truong hop cu thé
) 3 2 2 2 2
e V6i x =3, thay vao (x* —y +1) +y(x* —8x+13)<0 taduoc (10-y) <0=y=10.
2

e V6i x =4, thay vao (x* —y+1) +y(x*—8x+13)<0 ta duoc

2
(17—y)2—y£0<:>y2—35y+289£0<:>(y—§j SQ@MSys

35+\/@
4 2 2

Do y la s8 nguyén duong nén suy ra y € {14;15;16;17;17;18;19;20;21} .
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e V6i x=5, thay vio (x* —y+1) +y(x* ~8x+13) <0 taduoc (26-y)' <0=y=26.
Vay céc cap (x;y) théa man bat phuong trinh la

(3;10),(4;14),(4;15),(4;16),(4,17),(4;18),(4;19),(4;20),(4;21),(5;26)
Céch 2. Bién d6i twong duong bat phirong trinh trén ta duroc

Xt 4y? +13y +1<(y-2)x +8xy & (¢ +1) +y? +13y <x%y +8xy

Ap dung bat ding thitc Cauchy cho hai & khong am ta duoc (x* +1) +y* 22y (x* +1)
Kéthop véi (x*+1) +y?+13y 2y +8xy ta duge 2y(x* +1)+13y <xy +8xy
Hay ta duoc yx* +15y —-8xy <0 < y(x* —8x+13) <0
Do y la s6 nguyén duong nén ta c6 x> —8x+13<0 < (x—3)(x-5)<0<3<x<5.

Ma ta lai c6 x la s nguyén duong nén x € {3; 4; 5} , dén day ta xét cac truong hop cu thé nhu trén

ta duoc cac gia tri y twong tng.

Vi du 18. Giai phuong trinh nghiém nguyén: x* -y’ —xy = 32.

Loi giai
Tl phuong trinh x° —y° —xy =32 ta suy ra dugc x va y déu la s6 chén.
Bién d6i twrong duwong phuong trinh ta duoc
x* -y’ —xy =32 <:>(x—y)(x4 +Xy +x°y? +xy° +y4) =32+xy

Lai c6 x* +xX’y + X’y +xy’ +y* :(x+y)(x3 +y3)+x2y2 = (x+y)2 (x2 —xy+yz)+x2y2 >0
Do d6 tir (x —y)(x4 +xXy + X7y +xy’ + y4) =32+Xy ta suy ra dwoc

|x—y|(x4 +Xy + X7y +xy° +y4) =[32+xy|
Dé thay néu x =y thi it phuong trinh trén ta dwoc 32+ x> =0 vd nghiém. Do d6 suy ra x # y .
Ttr do6 suy ra |x - y| >1, nén tir phuong trinh trén ta dwoc x* +x°y +x°y” +xy’ +y* < |32 + xy| .
Néu 32+xy <0 thi tir bat déng thic trén ta dugc x* + Xy +x°y? +xy° +y* <-32-xy
Hay ta duoc (x2 —xy+y’ )(x + y)2 + (XZy2 +Xy + 32) <0, tuy nhién bat dang thtrc nay khong

dung.

Do vay ta suy ra dwoc 32+ xy > 0. Tl bat déng thtrc trén ta suy ra dwoc
X'+ Xy +x°y? +xy’ +yt <32+ xy
Hay ta duoc (x2 —xy +y’ )(x + y)2 + (x2y2 — xy) <32.

Do (x2 —xy+y’ )(x+ y)2 >0 nén tir bat déng thiic trén ta suy ra dwoc xy (xy —1)<32.
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Tir day ta suy ra dwge —6 < Xy <7.Ma x va y la cac s8 chdn khac nhau nén ta dwoc xy =0 hodc

Xy =—4.

+Véi xy =0, khi d6 ta suy ra dugc x =0 hodc y =0. Dén day ta tim duoc cac nghiém ctia
phuong trinh la (x;y) = (0,'—2) hoac (x; y) = (2;0)

+Véi xy =-2, khi d6 ta suy ra dwoc x =2;y =-2 hodc x =-2;y = 2. Thay vao phuong trinh da
cho ta thdy khong thda man.

Vay phuong trinh da cho c6 cdc nghiém nguyén la (X; y) = (O;—Z), (2;0).

Vi du 19. Tim sau s6 nguyén duwong sao cho téng ctia sdu s§ d6 bang tich ctia ching.

Loi giai
Goi cac s6 nguyén duong can tim la a,b,c,d, e, g.
Theobairatacé a+b+c+d+e+g=abcdeg.
Khong mat tinh tong quattagiast a<b<c<d<e<g.
Khidétr a+b+c+d+e+g=abcdeg ta duoc abcdeg=a+b+c+d+e+g=6g
Suy ra abcde <6.Do a,b,c,d,e,g nguyén duong nén abcde € {1; 2;3; 4;5} . Ta xét cac truong
hop sau:
e Véi abcde=1,tacé a=b=c=d=e=1, thay vao a+b+c+d+e+g=abcdegta duoc
5+g =g, phuwong trinh khong c6 g thoa man.
e V6i abcde=2,taco a=b=c=d=1e=2, thay vao a+b+c+d+e+g=abcdeg ta duoc
6+g=2g = g =6, phwong trinh khong cé g nguyén duong théa man.
e V6i abcde=3,taco a=b=c=d=1,e=3, thay vao a+b+c+d+e+g=abcdegta dugc
7+g=3g = 2g =7, phuong trinh khong c6 g nguyén duwong thoa man.
e V6i abcde=4,taco a=b=c=d=1,e=4 hodca=b=c=1,d=e=2.
+Khi a=b=c=d=1;e=4 thay vao a+b+c+d+e+g=abcdeg ta duoc 8+g=4g=3g=38,
phuong trinh khong c6 g nguyén duong théa man.
+Khia=b=c=1,d=e=2 thayvao a+b+c+d+e+g=abcdeg taduwoc 7+g=4g = 3g =7,
phuong trinh khong cé g nguyén duong thoa man.
e Véi abcde=5,taco6 a=b=c=d=1e=5, thay vao a+b+c+d+e+g=abcdegta duoc
9+g =>5g = 4g =9, phuong trinh khéng c6 g nguyén duong thoa man.
e V4i abcde=6,taco a=b=c=d=1,e=6 hodca=b=c=1,d=2;e=3.
+Khia=b=c=d=1,e=6 thay vao a+b+c+d+e+g=abcdeg taduoc 10+g=6g=>g=2,
loai do khong thoaman g >e.
+Khi a=b=c=1;,d=2;e=3 thay vao a+b+c+d+e+g=abcdeg ta duoc 5g =8, phuong
trinh khong ¢ g nguyén duong thoa man.

Vay cac sd nguyén duwong can tim la 1; 1; 1; 1; 2; 6.
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2. Phuong trinh nghiém nguyén dang phan thitc.

, . in N . xy 2003
Vi du 1. Tim nghiém nguyén cua phwong trinh: ——=——.
. ghiem nguy p 8 Xty 2004
Loi giai
Cach 1. Ttr phueong trinh XY 2003 ta suy ra dwgc x va y khac 0.
x+y 2004
Do d6 ta duoc X+y =% l+l= L
xy 2003 x y 2003
Khoéng mét tinh tong quat ta gia st x <y, khi d6 ta xét cac truong hop sau
e Truong hop 1: Néu x =1, khi d6 phuwong trinh tré thanh 1 +l =1+ L 3 =y =2003
y
e Truong hop 2: Néu x> 2, khi d6 ta c6 l+1Sl+l:1. Do do l+l<1+L
x 'y 2 2 Xy 2003

Suy ra trueong hop nay phwong trinh khong c6 nghiém nguyeén.

, R A o . 1
e Truong hop 3: Néu x < -1, khi d6 ta c6 — <0 nén tir phuong trinh ta suy ra duwoc —>0.
X y

Do d6 y >0 nén lai suy ra duoc lSl.Tl‘rc’[é ta duoc l+l<1
y Xy

Do d6 l+1<1+ 1
Xy 2003

Suy ra treong hop nay phwong trinh khong c¢é nghiém nguyén.
Vay phuong trinh c6 cac nghiém nguyén la (x;y) =(1;2003),(2003;1) .
Céach 2. Dé thdy x+y #0, khi d6
Xy 2003
x+y 2004

<> 2004% xy —2004.2003x —2004.2003y +2003° = 2003
<> (2004x —2003)(2004y —2003) = 2003’

&> 2004x =2003(x +y ) <> 2004x —2003x -~ 2003y =0

S . 14 Ay \ A 2 .
e Néu x =y, khi dé tir phwong trinh ban dau ta duwoc x=y = ﬂ, loai.

e Néu x >y, khi d6 2004x —2003 > 2004y — 2003 nén ta dwoc 2004x —2003 = 2003? hodc
2004x—-2003 =-1

Voi 2004x —2003 = -1 suy ra x khong nhan gia tri nguyén.

Véi 2004x —2003 = 2003* ta dwoc x = 2003, suyray=1

e Néu x <y, hoan toan tong tu ta dugc x =1;y =2003.

Vay phuong trinh ¢6 cac nghiém nguyén la (x; y) = (1; 2003) , (2003,' 1) .

Lién hé tai liéu word toan zalo: 039.373.2038 TAI LIEU TOAN HOC




Website:tailieumontoan.com

Vi du 2. Tim nghiém nguyén ctia phurong trinh: iz + % = %
Xy
Loi giai
1 1 1
Ttr phuong trinh ta duoc x # 0;y =0, khi d6 ta duwoc —+— = - = 7(x2 +y2) =x’y’
Xy

Do d6 tir phuong trinh trén ta suy ra dugc x’y” chia hét cho 7, do d6 ta suy ra duoc x va y ciing
chia hét cho 7. Chti y 1a x va y 1a cac s6 nguyén khac 0 nén ta dwoc x* >49;y” > 49
1 1 2

1 1 1
Suyra —+—<—+—=—<—. Do d6 phuwong trinh khong c6 nghiém n én.

Vi du 3. Tim cac s6 nguyén duwong x, y, z khac nhau tirng d6i mot d€ biéu thic sau la mot s6
nguyén duong:
1 11 1 1 1

— et ——+—
X y 2z Xy yz zX

Loi giai
1 1 1

Gia st —+—+—+—+—+—=m véi m la mot sd nguyén duong.
X 'y z Xy yz zX

Ny 1 11 1 1

Ttr do ta dwgc —+—+—+—+—+—=mM S X+ Y +Z+Xy +yZ+2X=MXyZ
X 'y z Xy yz zx

e Xét x 12 58 chan, khi d6 tir phwrong trinh trén ta suy ra y +z+yz la s6 chén.
Do d6 yz+y+z+1 las6lé hay (y+1)(z+1) lasGlé.Suyra y+1 va z+1 cunglasGlénény va
z cling la s6 chén.
Hoan toan twong tw ta duwoc néu y 1a s6 chdn thi x va z cing 1a s& chan, néu z 1a s6 chdn thi x va y
ciing 14 s chan.
e Xét x 1a 6 1¢, khi d6 theo nhw trén thi y khong thé 1a s chan va do d6 z khong thé 1a sd chan.
Hoan toan tuong tw cho cac truong hop con lai.
Vay x, y, z cé cling tinh chn 1.
Khoéng mét tinh tong quat ta gia st x <y < z, khi d6 ta xét cac truong hop sau:

+Véi x> 3, khi d6 do cling tinh ch&n 1é nén ta duoc y > 5;2>7 .

Khic’[étacémsl+—+l+i+l+i<1,tréivéiyéudéule

3 5 7 15 35 21
1 11 1 1
=t —+—
4 6 8 24 12

+Vc’yix=2,khic’[étacéy24;226,Dodc’)tadu’ocm£%+ %

Do m la s6 nguyén duong nén ta duoc m =1. Khi d6 ta duoc
2+y+z+2y+22+yz=2yz<:>(y—3)(x—3)=11

Chti y rang y < z nén tit phuong trinh trén ta dugc y=4;z=14.
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+ Véi x=1,khidotacd y=3;z>5, Do d6 ta duoc msl+l+l+l+i+l:3—2
3 53 15 5 15
Do m 1a s6 nguyén duong va m >1 nén ta dugc m =2 . Khi d6 ta duoc
1+y+z+y+z+yz=2yz<:>(y—2)(x—2)=5
Chti ¥ rang y < z nén tit phuong trinh trén ta dugc y=3;2=7.

Vay cac b sd nguyén duong thoa man bai toan 1a (x; y; z) = (1; 3;7),(2; 4; 14) va cac hoan vi.

2
Vi du 4. Tim cac s6 nguyén x, y thoa man X2+ Yz:l
x“+y- 20
Loi giai
2 A Lo X2y 7 Y 2, 2 A
Gia st cac s6 nguyén x,y théa man ——=—_Khid6é do x" +y” >0 nén ta dugc x+2y >0.
X +y
x+2y 7 2 2
Ta c6 =— & 20(x+2y)=7(x"+y").
Ty 29 B0 ) (x+v')
+2 x+2yv =7k .
Métalaico’(7,20)=1nént1‘r X2 yzzltaduroc ) Y2 ,keN .
X" +y x"+y" =20k

Ta c6 5(x2 +y2) =x’ +4xy +y’ +4x* —4xy +y’ :(x+2y)2 +(2x—y)2
Suy ra 5.20k =(7k)" +(2x~y)’ & (2x—y)  =k(100-49k).

5.20.(x+2y)
7
Do d6 ta duwge 0 <x+2y <15.Matalai c6 x+2y =7k nénsuyra k=1 hodac k=2.

Lai tir 5(x* +y2)=(x+2y)2 +(2x-y)’ ta duoc (x+2y)<5(x*+y?)=

e Véi k=1, khi dé tir (2x —y)2 = k(lOO —49k) ta duwoc (2x—y)2 =51, phuong trinh khong c6
nghiém nguyén.
e V6i k=2, khi d6 tir (2x—y) =k(100-49k) ta duoc (2x~-y) =4
Tt d6 ta dugc 2x—y =2 hodc 2x—-y =-2.
Kéthop véi x+2y =14 ta dugc x =2;y = 6. Thit lai ta thdy thoa man.
Vay cdp s6 nguyén thdéa man yéu cau bai toan 1a (X,‘ y) = (2,‘ 6) .
Cach khac. Ta c6 thé dung bat dang thitc Bunhiacopxki d€ danh gia
(x+2y) < (1+22)(x2 +y2) = 5(x2 +y2)
Tt d6 suy ra duwoc 0 <x+2y <15.
Ttr d6 ta di giai cac hé phuong trinh {X; 2y2= 4 \£ {X; 2}’2: 1
X" +y" =20 X" +y° =40

3. Phuong trinh nghiém nguyén c6 chita can.
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Vi du 1. Tim cdc nghiém nguyén cua phwong trinh: y = \/ X+2vx—1+ \/ x—2vx-1

Loi giai
biéu kién xac dinh ctia phuwong trinh la x > 1
y=y(x=1)+ 1+ 2¢x—1 +J(x~1)+1-2¢x-
= x=1+1]+[x-1 1‘ K114 x-1 1‘

Xét hai treong hop
+V6i x =1 thi ta thu duoc y=2.

+Véi x> 2 thita thu duoc y =vx—-1+1+vVx-1-1=2vx~-1

Do d6 y* = 4(x—1) .Do x>2 nén cé thé dat x—1=1t> véi t nguyén duong.

,x=t+1 A\ 1 A . .
Ta co ot (t ez ) la nghiém ctia phurong trinh da cho
y =

Vay cac nghiém ctua phuong trinh 1a (x; y) = (1; 2), (t2 +1; 2t) vdi t la s6 nguyén duong tuy y.

Vi du 2. Tim cac nghiém nguyén ctua phwong trinh: \/ X+YX+VX+ Jx = y

Loi giai

biéu kién xac dinh ctia phuong trinh1a x>0,y 20

Binh phuong hai vé& ciia phuong trinh rdi chuyén vé ta dwge \x + VX + Jx = vy —x
Dit y* —x = k(k € N) thi ta duwoc phuwong trinh \/x+\/x+x/_ =k

Binh phuong hai v€ cia phwong trinh roi chuyén vé ta duoc \/x + Jx =K —x

Dt k> —x = m(m € N) thi ta duoc phurong trinh /x + Jx =m

Binh phuong hai v€ cua phurong trinh ta duoc X + Jx =m?

Ta biét rang v6i x nguyén thi Jx hoiclasd nguyén hoac la s6 vo ti. Do X+ Jx =m? (m € N) nén
Jx khéng 1 58 v6 ti. Do d6 +/x 1a s& ty nhién.

Ta co x+\/_ m @x/_(\/;-i-l)

Hai s0 tie nhién lién ti€p Jx va X +1 c6 tich 1a s§ chinh phuong nén mdi s6 phai la mot s§ chinh
phuong. Do d6 s8 nhé bang 0 hay ta dwoc Jx =0=>x=0. Tir do suy ra x =0;y =0 thoa man
phuong trinh da cho.

Vay nghiém cta phurong trinh 1a (x; y) = (0 ; O) .

Vi du 3. Tim cac nghiém nguyén ctia phuong trinh: Jx + \/§ =+/1980 (1)
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Loi giai
biéu kién xac dinh ctia phuong trinh la 0 < x;y <1980 . Khi d6 phuwong trinh twong dwong voi
Jx =/1980 —fy < x=1980 +y-2,/1980y <> x =1980+y —12,/55y
Do x, y 1a cac sd nguyén nén 12\/% cling phai la s6 nguyén. Ta biét rang véi y nguyén thi
\/ﬁ hoac la s6 nguyén hodc 1a s6 vo ti. Do d6 \/ﬁ la s6 nguyén, titcla 55y la s chinh
phuong
T d6 ta dat 55y =k* < 5.11.y =k? (k € N) .Do 5 va 11 1a cdc s6 nguyén td nén tir 5.11.y =k’ ta
suy ra dugc y =11.5.a° =55a° (a € N) .
Hoan toan trong tu ta ciing duoc x = 55b° (b € N)

Thay vao phuong trinh ba dau ta duoc a+/55 +b\/55 =64/55 < a+b =6

Khoéng mét tinh tong quat ta gia st y <x thi a<b. Ta co6 cac truong hop sau

a b x = 55a’ y =55b*
0 6 0 1980
1 5 55 1375
2 4 220 880
3 3 495 495

Vay phuong trinh da cho cac cdc nghiém la

(x;y)=(0;1980),(1980;0),(55;1375),(1375;55),(220;880),(880;220),(495;495)

Vi du 5. Giadi phwong trinh nghién nguyén: (X + y\/g )Z =41+ \/g .

Loi giai

e Nhan thay véi z =0 phuong trinh trén khong c¢6 nghiém.

e Néu z 1a mot s6 nguyén duong thi ton tai cac s6 nguyén duong a, b dé (X + y\/g ) —a+by5

Khi d6 ta duoc a+ b5 =y1+/5 < a2 +5b?+2aby/5 =1++/5.

Do a, b 1a cac s6 nguyén duwong va J5 1assvo ty.
a’+5b” =1

2ab\/g=\/g,

Nén ta duge a® +5b” +2aby/5 =1+/5 = { hé phuong trinh khong c6 nghiém

nguyeén.
e Néu z 1a mot s6 nguyén am thi ton tai cac s6 nguyén duong a, b dé

- \/_Z= 1 _ 1
( YS) (x+y\/g)_z a+by5

Khi dé6 ta duwoc
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\/1+\/_<:> a +5b2+2ab\/_)(1+\/—) 1<:>4(a +4b2+2ab\/_) J5-1.

a+b\/_

Do a, b 1a cac s6 nguyén duwong va J5 1assvo ty.

4a* +20b” =-1
Nén ta dwoc 4:(a2 +4b” + 2ab\/g) ~J5-1= { , hé phuong trinh khong c6

8ab/5 =+/5

nghiém nguyén.

Vay phuong trinh da cho khong c6 nghiém nguyén.

Vi du 6. Tim tat ca cac cap sO nguyén p, q thoa man diéu kién \/p—2 +\/q—3 = \/pq—Zp—q+1

Loi giai

Diéu kién xac dinh ctia dang thiicla p—2>0;q-3>0;pq-2p—q+1>0. (p, qla cic s8 nguyén)

Binh phuong hai v€ ctia \/p—2 +\/q—3 = \/pq—Zp—q+1 va thu gon ta duwoc

ZJpj-Jq?=pq—3p—2q+6<32 (p—2)(q—3) :(p—Z)(q—3)

Tiép tuc binh phuwong hai vé thi ta dugc 4(p - 2)(q - 3) = (p - 2)2 (q - 3)2 . Ta xét cac truong hop
sau

o Néu p=2, khi d6 \[p—2+4/q-3=+/pq-2p—q+1 tr6 thanh \/q—3 =,/q -3, dung v6i moi
sOnguyén td q =3 tuy y.

e Néu q=3 thi \/p—Z +\/q—3 :\/pq—Zp—q+1 tré thanh \/p—2 =/p—2, dGng véi moi s6
nguyéntd p>2 tuyy.

o Xét p>2 va q>3.Khidétr 4(p-2)(q-3)=(p-2) (q-3) tacs 4=(p-2)(q—3) véip,
q la cac s6 nguyén. Chi xay ra cac truong hop :

+Vo6i p-2=1,q-3=4 taduwoc p=3;q=7

+Véi p—2=2;q-3=2 taduwoc p=4;q=5

+V6i p—2=4;q-3=1 taduoc p=6;q=4

Vay tat ca cac cdp s6 nguyén p, q thoa man (2; q),(p,' 3)(3; 7),(4;5),(6;4) vi cac s6 nguyén to
p=2vaq=z3.

Vi du 7. Tim nghiém nguyén duong ctia phuong trinh \/x + 23 = \/§ +z

Loi giai
Ta co m=\/§+\/;<:>x+2\/§:y+z+2\/;

Hay ta duoc (x—y—2z)+2v3 =2,Jyz = (x—y—z) +43(x~y—z)+12=4yz.
Ta xét céc trudmg hop sau:

e Truong hop 1: Néu x—y—z# 0, khi d6 tir (x—y—z)2 +4\/§(x—y—z)+12:4yz
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ZJLyz—(x—y—z)2 -12
4(x—y—z)

e Truong hop 1: Néu x—y -z =0, khi d¢6 ttr (x—y—z)2 +4\/§(x—y—z)+12:4yz

Tacod V3 =

, diéu nay vo ly do x, y, z 1a cac s6 nguyén duong.

. Thr lai ta thdy thoa man.

— — = =4' =]_' =
Taduroc{x y~z O@{X iy=Lz=3

yz=3 x=4y=3z=1
Vay cac nghiém nguyén duong cta phueong trinh la (x; y; z) = (4; 3; 1),(4,' 1; 3)

4. Phuong trinh nghiém nguyén dang liy thura.

Vi du 1. Giai phuwong trinh véi nghiém tu nhién: 2* +2% +2” =1024

Loi giai
Do vai tro ctia X, y, z trong phuong trinh nhui nhau nén khong mat tinh tong quat ta gia st
O<x<y<z

Chia hai vé& ctia phrrong trinh 2* +2” +2* =1024 cho 2* >0 ta dugc 1+2"7 +277% =219

Do 2 >1 nén 2" 1abdi cua 2.

Ta lai thady néu x =z thi x = y = z khi d6 phuong trinh trén tro thanh

1+2°+2° =2"* & 3 =2""", phuong trinh nay khong c6 nghiém. Tir d6 suy ra x <z nén 2° la
boi cta 2.

Suyra 1+2" " laboi cta2. Dodé 2" =1 nén x=y.

Thay vao phuwong trinh 1+ 277 +2°7 = 2! ta dwoc

14+14277% =210% (50 4 277X D10 oy 2(1 ¥ 22-“) = Q10X oy ] 4 Xl Z 99X

9-x A 9-X 1\ 1. A: -~ N , , ol = 1 x=8 X
Do 277" >1 nén 2° " labdi caa 2. Ttr 6 ta duwgc Do d6 5 = 9 =
Z

297x —

y=38
9

Vay nghiém ctia phuong trinh trén la (x,' y; z) = (8; 8; 9) va cac hoan vi.

Vi du 2. Tim cac s8 tw nhién x, y théa man 2* +57 = y*

Loi giai
Do x, y 1a cac s0 tu nhién nén ta xét cac truong hop sau:
e Truong hop 1: Xét x 1a s 1¢, khi d6 ta &t x=2n+1(neN)
T phuong trinh da cho ta duge 2°™' +57 = y*.
Ta c6 57 chia hét cho 3. Lai c6 2*"" =2.2"" =2.4" =2(3+1)" =2(3k+1)=6k+2(keN)
Tl d6 ta dwoc 2°™*! +57 chia 3 du 2. Ma y” 1a s6 chinh phuong nén chia 3 du 0 hodc du 1.
Do dé trong trirong hop x 1é thi phwong trinh khong c6 nghiém tu nhién.
e Trudng hop 1: Xét x 1a s8 chin, khi d6 ta dat x=2n(neN)
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Tir phuong trinh da cho ta dugce 2°" +57 = y* hay ta duoc y* =27 =57 & (y—2")(y +2") = 57.

Doy, nla cac s6 tu nhién nén ta thdy y+2" >0 nén y-2" >0 va y+2" >y-2">0.

Tt d6 ta c6 bang gia tri nhu sau:

y+2" 51 19
y—2" 1 3
on 28(loai) 8
n 3
y 11
X=2n 6

Thtt lai ta thay 2° +57 =117 dtng.
Do d6 cap s ty nhién can tim la (x;y) = (6,'11) .

Vi du 3. Tim cac s8 nguyén duong x va s nguyén y théa man 7* +24* = y*.

Loi giai
Nhan thdy néu (x,' y) la nghiém ctia phuong trinh da cho thi (x; - y) cling la nghiém ctia phuong
trinh, do d6 ta chi xét v6i y 1a mot s6 tu nhién.
Ta xét cac treong hop sau:

e Truong hop 1: Voi x < -1, khi d6 ta co 0<7XS%<%; 0<24XS2L<%.

Tl d6 ta dwoc 7% +24* = y* <1, diéu nay vo li vi y 1a s8 tu nhién.

e Trudong hop 2: Véi x =0, khi d6 ta duge y* =2, treong hop nay loai vi y* 1 s8 chinh phuong.
e Truong hop 2: V6i x € N, khi d6 tlt phuong trinh 7* +24* = y* ta suy ra duoc y* 1a s6 chinh
phuong 1é. Ma ta biét mét s chinh phuwrong 1é khi chia 8 thi ¢6 s8 dwla 1 nén y? chia 8 du 1.

Ma ta lai c6 24" chia hét cho 8 nén tir phuong trinh da cho ta suy ra dwgc 7* chia 8 duw 1. Ttr d6 ta
suy ra duoc x 1a mot s6 tw nhién chdn hay x = Zk(k eN’ ) .

Khi d6 phuong trinh da cho tré thanh 77 +24° = y* < (y - 24" )(y +24" ) = 7%,

—245 =7"
Do 7 la s6 nguyén t6 nén tir phuong trinh trén ta suy ra duoc {y ok _ ke’ véimeN,m<k.
ytex =

Tl d6 ta dwoc 724 ™ —7™ =224 & 7™ (72k-2m —1) —2.04%,

Do 2.24* khong chia hét cho 7 nén tir phuwrong trinh trén ta suy ra duwgc 7™ =1=>m =0.

Tl d6 ta dwoc y = 24" +1, thay vao phuong trinh ban dau ta dugc

7% 4247 = (24k +1)" © 2.24* +1=7 = 49" > 48"
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Néu k>2 thi 48% —2.24% =24* (Zk - 1) >1 nén phuong trinh trén khong théa man.
Tl d6 ta suy ra duoc k=1.Nén ta dwoc x=2 va y=24+1=25.

Nhu vay cac cdp sO nguyén (X,‘ y) thoa man yéu cau bai toan la (2; 25),(2; - 25).

Vi du 4. Tim tat ca cac nghiém nguyén duwong ctia phuwong trinh x* +y* +z* =2 (x +y+ z)

Loi giai
Ta xét cac treong hop sau
e Truong hop 1: Xét x>2;y>2;2>2,khidd tacd x* +y” +z* =x2+yz+z2 22(x+y+z)
Déng thtic xdy ra khi va chi khi x=y=z=2.

e Trudng hop 2: Xét truong hop trong ba s6 x, y, z ¢6 it nhat mot s6 nhé hon 2, chang han z <2,
khi d6 z=1(Néu x =1 hodc y =1 ta c6 cac nghiém khac).

Khi dé te x* +y” +2* :2(x+y+z) ta duoc x¥ =2x+y+1.
+Néu y <4, khi d6 ta duwoc y =2 hoac y =3
Véi y=2,khid6 tir x) =2x+y+1 taduoc x> =2x+2+1=>x=3
Véi y=3,khi d6 tir X =2x+y+1 taduoe x> =2x+3+1=>x=2
+ Néu x <4, khi d6 ta dwoc x =2 hodc x=3
Véoi x=2,khi dotir x* =2x+y+1 taduoc 2 =22+y+1=2" =y+5=y=3
Véi x=3,khidotir x* =2x+y+1 taduoc 3’ =23+y+1=3" =y+7=y=2
+N&u x >4;y >4, khi d6 bang phuong phap quy nap ta sé chting minh x* > xy .
That vay, véi y =4 ta dugc x* =xx° > 4x.
Gia st bat dang thitc dting véi k >4, thi ta duge x* > kx
Khi d6 ta duoe x.x* > kxx = 4kx = x*"' > x(k +3k) > (k+1)x, diéu nay 6 nghi 1a bat déng thirc
dan véi y =k +1.
Nhu vay theo nguyén li quy nap thi véi y >4 thi x* >xy.
Talaicd x>4;y >4 nén (x—4)(y—4)20, tir d6 ta duoc
Xy 2 2x+2y +2(x+y—8)22x+2y > 2x+y +1
Tw dé suy ra x* > 2x+y+1.
biéu nay cé nghiala véi x> 4;y >4 thi x” =2x+y+1 khong c6 nghiém nguyén duong.
Vay phuong trinh da cho c6 cac nghiém nguyén duong la
(x;y;z)=(2;2;2),(1;2;3),(1;3;2),(2;1;3),(2;3;1),(3;1;2),(3;2;1)

Chit yj: Trong phuong trinh trén ba dn x, y, z ¢6 vai tro khong binh ding ma la hodn vi vong quanh, do d6
khong thé'sip thi tw cdc dn kidu x>y > z.
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| Vi du 5. Ton tai hay khong cac s8 nguyén x, y, z thdéa man dang thiic sau:

[x —2005y|+ |y —20072| +|z - 2009x| = 2011* +2013" +2015*

Loi giai

Dt A =|x—2005y|+|y —20072|+|z-2009x|; B = 2011* +2013” +2015".

Ta c6 nhan xét a+ |a| € {O; Za} véi moi s6 nguyén a. Do d6 a+ |a| ludn 1a 8 chan.
Do d6 [x 2005y +|y —2007z| +|z — 2009x| + (x — 2005y ) + (y —2007z) + (z - 2009x ) 1a mot s5
chan.
Tir &6 ta duoe A —(2008x+2004y +2006z) la s8 chdn nén A 1a s& chén.
Ta xét cac treong hop sau:
e Néu cabasO x, y, z déu la s6 nguyén am.

1 1 1 1 11
20117 20137 2015 3 3 3
Do d6 0 <B <1 nén B khong thé 1a s6 nguyén. Nhu vay khong co s6 tw nhién x, y, z théa man

Khi d6 ta duwoc B =2011*+2013" +2015" = =1.

dang thtc.
e Néu trong ba s3 x, y, z cé dting hai s6 nguyén am, chang han hai s6 d6 1a x, y.
1 1
+
2011 20137

Do d6 ta dugc 2015” < B <1+2015” nén B khong thé 1a s6 nguyén. Nhu vay khong co so tu

nhién x, y, z théa man déng thirc.

Khi d6 ta duwoc B =2011*+2013" +2015" =

+2015" < %+%+2015Z =1+2015".

e Né&u trong ba s8 X, y, z c6 ding mot s6 nguyén am, chang han hai s& d6 1a x.

Khi d6 hoan toan twong tu ta suy ra duoc B khong phai la s6 nguyén. Nhu vay khong c6 so tw
nhién x, y, z théa man déng thirc.

e Néu cabasd x, y, zdéu la s6 tw nhién, khi d6 B =2011" +2013” +2015” la s6 1é. Ma A lai la s6
ch&n. Nhu vay khong c6 s6 tu nhién x, y, z théa man dang thuc.

Vay khong ton tai cac s6 nguyén théa man yéu cau bai toan.

Vi du 6. Tim nghiém nguyén duong ctia phuong trinh: 3* —32 = y*

Loi giai
Ta xét cac treong hop sau
e Truong hop 1: Néu x las6 1¢, khi d6 x =2k +1,k e N.
Phuong trinh da cho tro thanh 3% =32 = y* hay 3.9 -32 =y”.

Ta thdy 9 chia 8 dw 1 nén 3.9 chia 8 du 3. Tir d6 suy ra 3.9 —32 chia 8 du 3.

Ma mot s6 chinh phuong khi chia cho 8 khong ¢6 s6 du la 3.

Nhu vay voi x la s6 nguyén 1é thi phuwong trinh da cho khong c6 nghiém nguyén duong.
e Truong hop 2: Néu x 1a s6 chdn, khi d6 x =2k, ke N.
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Phuong trinh da cho trd thanh 3% —32 = y* hay ta dwoc (3k - y)(Bk + y) =32.

Dé thdy 3" +y >3"—y >0 va 3" +y;3" -y cling 1a s8 chdn. Do d6 tlt phuong trinh trén ta duoc

cac kha nang sau:
3k _y=2 k _ = =
+Voi y = 3 9:> k 2:> x=4
3 +y=16 y=7 y=7 y=7

|3 -y=4 =6 . . , A .
+Voi = 5 hé khong c6 nghiém nguyén.
y =

Vay phuong trinh c6 nghiém nguyén duong la (x; y) = (4; 7).

Vi du 7. Tim nghiém nguyén dwong ctia phwong trinh: 3* +171=y">.

Loi giai
Nhén thay véi x =1 khong thoa man phuong trinh. Do d6 x > 2
Viét phurong trinh da cho vé dang 9.(3" 2y 19) =y”. D&y la s8 nguyén thi diéu kién can va du la
X*? +19 = z°1a 58 chinh phuong véi z 1a s8 nguyén dwong.
Néu x-2=2k+1(keN") lass1é thi 3™ +19=(3*" +1)+18 =4.B+18 chia hét cho 2 nhung
khong chia hét cho 4 nén khong thé la s6 chinh phuong.
Do d6 x-2=2k(keN’) lasd chin. Tacs 37 +19=2" & (2-3")(2+3")=19.

z-3=1 {z:10 {z=10

Vi 19 1a s6 nguyén t8 va z—3" < z+ 3" nén . =
z+3°=19 k=2

&
3*=9

Vay nghiém nguyén dwong ctia phuong trinh la (X; y) = (6; 30) .

Vi du 8. Tim X, y nguyén duong théa man 3* +111= (y—3)(y—5) .

Loi giai
bédt y—4=a vdialasdnguyén va a>-3, Khi d6 ttr phuong trinh da cho ta duoc.
3 +111=(a+1)(a-1) <3 +112 =2
Néu x 1a s01é, ta dat x =2k +1, véi k 1a sO nguyén khong am. Ttr d6 ta cd
3 +112=3""+112=3(9" =1)+3+112=3.(9-1)(9*" + 9" +..+1)+3+112
=24q+3+112=4(8q+28)+3
Do d6 3* +112chia cho 4 du 3 nén a® chia cho 4 du 3, diéu nay v6 ly vi s§ chinh phuong chia cho
4 chi duw 0 hoc 1. Vay x phai chdn hay x =2k véi k nguyén dwong
Nhu vay tac6 3% +112=a’ < (a+3")(a—3")=112. Do d¢ ta duoc 112ia+3*

Via>-3=a+3>0 vaa+3" >a—3k:>(a+3k)2 >112=a+3>10
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// Do d6ésuy ra a+ 3 e {14,' 28; 56;112} . Ta xét cac truong hop sau

e Néua+3“=14=a-3"=8=2a=2=a=11=>x=2y=15
e Néua+3"=28=a-3"=4=2a=32=a=16= 3" =144 (loai)
e Néua+3"=56=a-3"=2=2a=58=a=29=x=6;y=33

e Néu a+3*=112=a-3" =1:>2a:113:a:1172 (loai)

Vay cap s6 nguyén dwong thoa man yéu cau bai toan la (X; y) = (2;15),(6; 33).

Vi du 9. Tim cac s8 tu nhién x, y thda man diéu kién x> —5x+7 =37

Loi giai
Ta xét cac treong hop sau
e Truong hop 1: Néu y =0, khi d6 phuong trinh da cho tro thanh x> —=5x+6=0.
Giai phrong trinh trén ta dwoc x = 2;x =3 nén phuong trinh da cho cé nghiém (2;0),(3; 0) .
e Truong hop 2: Néu y =1, khi d6 phuong trinh da cho tré thanh x> —=5x+4=0.
Giai phwong trinh trén ta dwoc x =1;x =4 nén phuong trinh da cho cé nghiém (1,' 1),(4,' 1) .
e Truong hop 2: Néu y > 2, khi d6 3" chia hét cho 9. Ta xét cac truong hop s6 du cua x khi chia
cho 3.
+Né&u x =3k, k € N, khi d6 x* —5x+7 khong chia hét cho 3, do d6 khong chia hét cho 9. Suy ra
phuong trinh da cho khong cé nghiém.
+Néu x=3k+1,ke N, khi d6 x* —5x +7 =9k* =9k + 3 khong chia hét cho 9. Suy ra phuong
trinh da cho khong c6 nghiém.
+Néu x =3k, k e N, khi d6 x* —5x+7 =9k* —3k +1 khdng chia hét cho 3, do d6 khong chia hét
cho 9. Suy ra phuong trinh da cho khong c6 nghiém.
Do d6 khi y > 2 thi phuong trinh da cho khong c6 nghiém nguyén.

Vay cac cap s ty nhién thoa man yéu cau bai toan la (x;y) = (2;0),(3;0),(1;1),(4;1).

Vi du 10. Tim tat ca cac b ba s6 nguyén duong (a; b;C) thoa man (a5 +b)(a +b5) =2

Loi giai
Do vai tro ctia hai s6 nguyén duong a va b nhu nhau nén khong mat tinh tong quat ta gia st
a>b>1.
Khidétacd a’+b>a+b’>2.
Ttr diéu kién ctia bai toan ta suy ra dwge a va b 1a cac s8 chan hodc cting 1é. Khi d6 ton tai cac s6
a’+b=2"

a+b’>=2" ,(mZn).

nguyén duong m va n théa man {

Cong theo v& hai dang thitc trén ta dugc a° +b’ +a+b=2" +2"
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Hay ta duwoc (a+b)(a4 —a’b+a’b’*—ab’ +b* +1) =2" (2“““ +1).

Néu a va b cling 1a s8 chén, khi d6 a* —a’b+a’b*—ab’ +b* +1 la s lé.

Khi d6 tir (a+b)(a4 —a’b+a’b’ —ab’ +b* +1):2n (2“”‘ +1) suy ra (a+b)i2".

Matacoé 2+2<a+b<a+b’=2" nénsuyra a+b=2" va b=b’ nén b=1, diéu nay mau
thuan véi b 1a s6 chan.

Tl d6 suy ra a va b phai la s§ 1¢, khi @6 a* —a’b+a’b* —ab’ +b* +1 chia 4 du 2.

Do d6 tir (a+b)(a4 —-a’b+a’b’ —ab’ +b* +1):2n (2’“’“ +1) suyra (a+b)i2"".

Ma 1+1<a+b<a+b’=2"nénsuyra a+b=2" hoic a+b=2"".Taxét cdc truong hop sau
e Xét a+b=2"", khi d6 két hop véi a+b’ =2" tasuy ra dugc b’ —b=2"-2"",

Do &6 ta dwoc b(b4 —1) =2""nén 2" ''b, mablasdlénén b=1.Do dé6 suy ra 2" =0, didu
nay vo li.

e Xét a+b=2", khi d6 két hop véi a+b’ =2" tasuy ra dwoc b°>~b=2"-2"=0.

Do détaduwgc b>’=b=b=1.

a’+b=2"

a+b’=2"

a’+1=2"

Thay vao h¢
a+1=2"

ta duoc {

T d6 ta duwoc a* —a* +a*—a+1=2™".

Doalasdlénén a*—a’+a’—a+1 lasGlénén 2™ " lasGlé.Suyra 2™ " =1=>m=n.
Terdétaduoc a’+1l=a+1=a’=a=a=1.

Tathay a=b=1 vao (a5+b)(a+b5):2C thi tim dwoc c=2.

Vay bo s6 nguyén duong (a,' b;c) thoa man yéu cau bai toan la (1; 1;2).

5. Hé phuong trinh nghiém nguyén.

X+y+z=3

3

Vi du 1. Tim cdc nghiém nguyén cua hé phwong trinh: s 3
X' +y +z" =3

Loi giai
Ta c6 hing dang thiic (x+y+z)3 —(x3 +y° +z3)=3(x+y)(y+z)(z+x)
Do dé tir hé phuong trinh trén ta duoc
27—3=3(x+y)(y+z)(z+x)<:>8=(x+y)(y+z)(z+x)
bit x+y=cy+z=a;z+x=Db.Khidd ta duwoc abc=8.
Do a, b, c nguyén nén a, b, c la cadc wéc cua 8. Suy ra ta duoc a;b;ce {il;iZ;i4;i8}
Do vai tro ctia X, y, znhw nhau nén ta c6 thé gia st x<y<z,khidé a>b=>c.

Ta co a+b+c=2(x+y+z)=6:>a22.Khi do ta xét cac treong hop sau:

Lién hé tai liéu word toan zalo: 039.373.2038 TAI LIEU TOAN HOC




Website:tailieumontoan.com

) b+c=4 b=2
+Véia=2 tacd =

bc=4

Tit d6 taduoc x=y=z=1

_|b+c=2 .
+Voia=4 tacd b2 , hé nay khong cé nghiém nguyén.
C=
b+c=-2 |b=-1
+Véia=8 taco =
bc=1 c=-1

Tt d6 ta tinh dwoc x=y =4;z=-5

Vay hé trén o6 céc nghiém 1a (x;y;2) =(L1;1),(4:4;5),(4:5:4),(5:4:4).

Vi duy 2. Chtiing minh khong ton tai cac s6 nguyén x, y, z théa man hé sau:
x* =3xy +3y*—z> =31
x> +xy +8z* =100

Loi giai
e . L _ . |X*=3xy+3y*-z* =31
Gia st ton tai cac sO nguyén x, y, z thoa man h¢ phuwong trinh ¢ 5
X" +xy+8z" =100
Khi d¢ tir hé phuong trinh trén ta duoc

9x? —23xy +24y” =348 < 5(2x* —5xy +5y* ) =(x—y)  +348
Dé thay 5(2x2 —5xy + 5y2) chia hét cho 5. Ma (x - y)2 chia 5 dw 0 hodc du 1 hodc dw 4 va

348 chia 5 du 3, do d6 (x - y)2 +348 chia 4 dw 3 hodc su 4 hodc du 2. Nhu vay khong ton tai cac s6

nguyén X, y, z théa man hé phuong trinh trén.

X+y=Z

3

Vi du 3. Giai hé phuwong trinh nghiém nguyeén: { s
X"+y’ =z

Loi giai
Néu z =0 thi hé phuong trinh c¢6 nghiém (x,'—x; O) voi xeZ.
Néu z#0 thi tir hé phuong trinh ta c6 X* —xy +y> =x+y < X —(y+1)x+y* -y =0

Xem phuong trinh trén 1a phwong trinh bac hai an x nén ta duoc

3-J12 34412
3

Ay =(y+1)2—4(y2—y)20<:>

Do y € Z nén ta duoc ye{O; 1; 2}.

- Néu y =0, khi d¢ ta c6 hé phuong trinh {
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» L ) x=0 x=0;,z=1
- Néu y =1, khi d6 ta duwoc x" -2x=0< =

x=2 x=2;,z=3
- Néu y =2, khi dé ta dugc x2—3x+2=0<:{X=1 :{X:l" 2=3
X = x=2;,z=4
Vay hé phuong trinh ¢ cac nghiém nguyén la
(X;—x; 0), (1; 0; 1), (O; 1; 1), (2; 1; 3), (1; 2; 3), (2; 2; 4)

, ‘ " NI L XY yzzx=8
Vi du 4. Tim nghiém nguyén cta hé phwong trinh: .
X+y+z=>5

Phan tich va 1oi giai
bay la hé phuong trinhcd cau truc ddc biét. Do s6 an nhiéu hon s6 phuong trinh nén thong

thuong ta nghi dén phuong phép danh gid. Do vai trd binh dang ctia cic an nén ta cé thé danh gia
mot an nao do6, chéng hanla an z.
Chti y rang néu xem z la tham s8 va x, y 1a dn s3 thi h¢ phuong trinh trén 1a hé d8i xting hai dn
dang 1. Ta viét lai hé:

xy+(y+x)z=38 xy+(5-z)z=8 xy=8-(5-z)z

y+(y+x)z=8 _ |xy+(5-2)z=8 _ |xy=8-(5-2)

X+y=5-z X+y=5-z X+y=5-z

Nhu vay theo dinh Ii Vi — et thi x va y la hai nghiém ctia phuong trinh bac hai
t* —(5-z)t+8—(5-2)z=0

Trong phuong trinh bac hai trén thi z déng vai tro tham sd, khi dé néu xac dinh dugc gid tri ctia z
thi xem nhu bai toan dwoc giai quyét.
Ta biét rang dé phuong trinh ¢4 nghiém thi A >0 hay ta duoc 3z -10z+7 <0< 1<z < % Do z
nhan gia tri nguyénnén z =1 hoac z=2.
e V6i z=1, khi d6 phuong trinh tré thanh t* —4t+4 =0, dén day ta tim dugc x=y =2 thoa
man.
e V6i z =2 khi d6 phuong trinh tré thanh t* —3t+2=0, dén day ta tim duoc x =2;y =1 hodc

x=1;y =2 théa man.

Vay hé phuong trinh 6 cic nghiém nguyén 1a (x;y;z) =(2;2;1),(1;2;2),(2:1;2).

Lién hé tai liéu word toan zalo: 039.373.2038 TAI LIEU TOAN HOC




Website:tailieumontoan.com

BAI TAP TU LUYEN
Cha dé 1
CAC BAI TOAN VE QUAN HE CHIA HET TREN TAP HOP SO

Bai 1. Chting minh rang tir 53 s6 tw nhién bat ki ludn chon dugc 27 s6 ma téng ctia ching chia hét
cho 27.

1. 1.1y 1.1 1
Bai 2. Cho a, b, c1a cac s6 nguyén khac 0 thoa man (—+—+—j ==t+—=+-.
a b c a- b” ¢
Chting minh rang a’ +b’ + ¢’ chia hét cho 3.
Bai 3. Cho cdc s6 nguyén a ;a,;..;a, .Dat A=a, +a,+..+a_va B=al+a]+..+a’.Ching
minh rang A chia hét cho 30 khi va chi khi B chia hét cho 30.
Bai 4. Chting minh rang A =n° —n” chia hét cho 60 véi moi s8 nguyén duong n.
Bai 5. Chting minh rang véi mdi s3 tw nhién n 16n hon 1 thi ¢ gitta n” va (n + 1)2 ludn tim duoc
cac sO tw nhién a, b, ¢ théa man a” +b? chia hét cho c.

S 1x

Bai 6. Cho x va y la cac s6 nguyén duong thoa man X 1a s6 nguyén duwong. Chiing minh rang

ton tai s6 nguyén duong z sao cho X+y+2z =Xxyz.

Bai 7. Chiing minh rang ton tai hai s§ nguyén x, y khong chia hét cho 2011 va théa man diéu kién
x> + 8043y2 =4.2011", vdin la s6 te nhién khéc 0.

Bai 8. Cho cac s nguyén a, b, ¢, d. Chting minh rang P chia hét cho 12 véi:

P=(b-a)(c—a)(d-a)(c—b)(d-b)(d-c).

2 2

ty
X=y

Bai 10. Cho hai s6 nguyén dwong a va b. Dem chia a® +b” cho a+b ta dugc thwong 1a q va du la

Bai 9. Tim tat ca cac s6 nguyén duong x, y sao cho la s6 nguyén va la wdc cua 1995.

r. Xac dinh cac cédp s6 a, b sao cho q2 +r=1977.
Bai 11. Tim s6 nguyén 16n nhat chia hét cho tat ca cac s nguyén duwong bé hon cin béc ba cta né.

Bai 12. Chting minh réng v6i moi s nguyén duong n thi 2" +1 khong chia hét cho 7.

Bai 13. Tim céc chit s6 x, y trong phép tinh sau: 109"’ = 23673xy67459221723401.

Bai 14. Gia st m, n 1a cc s8 tw nhién véi n > 2. Chiing minh rang 2™ +1 khong chia hét cho
2" -1.

Bai 15. Tim s6 nguyén duwong k nho nhat sao cho moi tap con k phan t cta tap hop

{1; 2;3;...; 50} chtra hai phan tr a va b thoa man ab chia hétcho a+b.
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n’+4

Bai 16. Xét phan s6 A =
n+5

. Hoi c6 bao nhiéu s6 ty nhién n thoa man 1<n <2015 ma phan
sO A chua t61 gian.
Bai 17. Cho n la mdt s6 nguyén duong chan va cho a, b 1a hai s6 nguyén dwong nguyén td cing

nhau. Tim a va b biét rang a" +b" chia hét cho a+b.

1 1 1 , A
Bai 18. Cho n la mot s6 nguyén duong. Xét phuwong trinh —+—=— vodi x, y la cac s6 nguyén
X y n

duong.

a) Phuong trinh trén c6 thé c6 2016 nghiém nguyén duong (X; y) duoc khong.

b) Tim s6 n nho nhat d€ phuong trinh trén c6 dung 2013 nghiém nguyén duong (x; y) .

Bai 19. Tim tat ca cac by ba s6 nguyén duwong (m in; 1) thoa man cac diéu kién sau:
m+n :(m,n)2 n+l= (n,l)2 ;1+m :(l,m)2

Bai 20. Cho cac s nguyén X,; X, ;...; X,y,s- Vi€t cac sd nguyén doé theo mot thix t khac ta duoc

Y1 V25 Yoors - Chtng minh réng A= (x1 -y, )(x2 - }72)...(x2015 - yzmS) chia hét cho 2.

Bai 21. Chon s6 nguyén a,;a,;a,;...;a, nhan gia tri 1 hoac —1 thoa man

a,a, +a,a, +..+a a, =0.Chtng minh rang n chia hét cho 4.

Bai 22. Chiing minh réng A =2" +6" +8" +9",n e N chia hét cho 5 khi va chi khi n khéng chia
hét cho 4.

Bai 23. Ton tai hay khong s6 tw hién n théa man 2003" +1 chia hét cho 10***.

Bai 24. Tim cac s8 nguyén duong a va b sao cho a’ +ab+b?* chia hét cho 7°.

(n - 8)2 —-48

Bai 25. Tim cac s6 nguyén duong n dé€ A =
n+5

co gia tri 1a s6 nguyén duong.
Bai 26. Ba sO nguyén duwong a, p, q thoa man cac diéu kién:

i) ap+1 chiahétchoq

ii) aq+1 chiahétchop

Pq
2(p+q)

Chting minh rang a >

Bai 27. Chting minh réng véi moi s8 nguyén m, n thi mn(m2 - n’ ) 6

Bai 28. Tim tat ca cac s8 nguyén t& p c6 dang p=a’+b’ +c” véi a, b, c 1a cac s8 nguyén duong
sao cho a* +b* +c* chia hét cho p

Bai 29. Cho cdc s6 tu nhién a, b, ¢ thoa man a” + b? +¢* =2051. Chtng minh rf?mg tich abc chia
hét cho 3 nhung khong chia hét cho 12.

Lién hé tai liéu word toan zalo: 039.373.2038 TAI LIEU TOAN HOC




Website:tailieumontoan.com

" Bai 30. Cho a, b 1a cac s6 nguyén duong sao cho aTTl+ b+l

la 1 s6 nguyén.

a
Goi d la wéc cua s6 a va b. Chiing minh d<+a+b
Bai 31. Cho ba s6 ty nhién x, y, z thoa man: x? + y2 =z%. Chting minh xy:12

(a+b)2 +a+b

ab

mot wdc s chung bat ki ctia a va b. Chiing minh réng: d < [\/a + b}

Bai 32.Gia st a va b 1a cac s6 nguyén duwong sao cho la mét s6 nguyén. Goi d 1a

(Ki hiéu [X:I la s6 nguyén 16n nhat khong vuot qua x).
Bai 33. Cho a, b, cla cac sd nguyén sao cho 2a+b, 2b+c, 2c+a déu la cac sd chinh phuong.
a) Biét rdng it nhat mot trong ba s& chinh phuong trén chia hét cho 3. Chting minh réng tich
(a - b)(b - C)(c —a) chia hét cho 27.
b) Ton tai hay khong cac s6 nguyén thoa man diéu kién ban dau sao cho
(a - b)(b - C)(C —a) khong chia hét cho 27.

Bai 34. Chting minh ring véimoi ne N thi 32" +2 chia hét cho 11.

Bai 35. Gia st a, b, c 1a cac s6 nguyén sao cho a’ +b? +¢? chia hét cho 4. Chting minh réng a, b, c
dong thoi chia hét cho 2.

Bai 36. Chting minh rang trong 10 s6 nguyén duong lién tiép khong ton tai hai s8 cé wdc chung
16n hon 9.

Bai 37. Chitng minh rang néu n la s& nguyén duong thi 2(12013 +220 +...+n2°13) chia

hét cho n(n + 1) )

Bai 38. Cho p la mot s8 nguyén t8. Tim p dé€ tong cac woc nguyén duong ctia p* 1a mot s6 chinh
phuong.

Bai 39. Cho s8 tu nhién c6 hai chir s8, biét rang s§ d6 chia hét cho 7. Chiing minh rang hiéu cac lap
phuong cuia hai chi s6 cta s6 d6 chia hét cho 7.

Bai 40. Cho a, b 14 hai s6 nguyén duong théa man a+20 va b+13 cung chia hét cho 21. Tim s6
dw ctia phép chia A =4*+9° +a+b cho 21.

Bai 41. Chiing minh néu n 1a s6 nguyén duwong thi 25" +7" —4" (3“ + 5“) chia hét cho 65.

Bai 42. Cho s0 tw nhién A =155*710% 4% 16 . Hay thay d4u * boi ba chit sd phan biét tw 1 dén 9 dé
A ludn chia hét cho 396.
Bai 43. Cho 2014 s§ tu nhién bat ky. Chiing minh rang trong s& cac s§ d6 c6 mot s chia hét cho

2014 hodc c6 mot s s6 ma tong cua cac s dy chia hét cho 2014.
Bai 44. Gia stt n 1a mot s6 nguyén duong va a , a,, ..., a, lacac sd nguyén Ié.

Dit A_=aj +a, +---+a’. Chitng minh rang A_ chia hét cho 16 khi va chi khi n chia hét cho 16
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Bai 45. Chttng minh rang néu p 1a s6 nguyén t& 16n hon 3 thi (p + 1)(p - 1) chia hét cho 24.
Bai 46. Tim cac sO nguyén x, y khong nho hon 2 sao cho xy —1 chia hét cho (X - 1) (y - 1)

Bai 47. a) Tim s6 nguyén duong bé nhat @& F=n’ +4n* —20n —48 chia hét cho 125
2

e N\ . ~ A X \ ' A
Bai 48. Ta tim hai s6 nguyén dwong x, y sao cho z = > la s6 nguyén duwong
Xy +
4 2
N\ N A kd 4 ~ ~ A m + n \ A ~ A
Bai 49. Tim tat ca cac cap s6 nguyén duong (m ; n) sao cho ————— la mot s6 nguyén.
7" =3"

4

\: . SRSV A X
Bai 50. Tim cac cdp s6 nguyén duong x, y sao cho —

la s& nguyén duong.
xy+1

Bai 51. Tim s8 du trong phép chia s6 nguyén duwong S =a” +b* cho 5, trong d6 a =222...2 voi
2004 cht s6 2 va b =333...3 v6i 2005 chit s6 3.

3 3

X +1+y +1

Bai 52. Cho x, y la cac s6 nguyén khéc —1 thoa man
y+1  x+1

la s6 nguyén.
Chting minh rang (x2016 - 1)f(y + 1) .

p] N ~ 2 4 n ~ 2 \ ]‘ 1 A \ ' A
Bai 53. Tim tat ca cac sO hitu ti x, y sao cho x+y va —+— deéu la s nguyén.
X

Bai 54. Tim tat ca cac cdp s6 nguyén duong (X; y) sao cho 4x* +6x+3 chia hét cho 2xy 1.

Bai 55. Tim s6 nguyén duong n nho nhat sao cho 2" —1 chia hét cho 2011.
Bai 56. Cho céc s6 nguyén duong x, y thoa man x> +x+2 chia hét cho xy —1. Tinh gid trj ctia biéu

2
thie A = X tX+2
xy —1

Bai 57. Tim cac sO nguyén duong x va y thoa man
a) 4x* +8x+3 chia hét cho 4xy -1
b) 2xy —1 chia hét cho (x - 1)(y - 1)
¢) x* +2 chia hét cho xy +1
d) x® +x chia hét cho xy -1

Bai 58. Tim cac s& nguyén duong x va y sao cho x* —2 chia hét cho xy +2.

Bai 59. Trong day s6 gom 6 s8 nguyén duong sap theo thit tu ting dan thda man s6 ding sau la
bdi ctia s6 ding triede nod va tong ctia sau s6 do6 1a 79. Tim day s6 ma s thit sau c6 gia tri I6n nhat.
Bai 60. Cho n 1a mdt s8 nguyén dwong va céc s8 nguyén duong a,;a,;a,;...;a, cé tong bang
2n—1. Chiing minh rang ton tai mdt 6 s§ trong cac s6 nguyén duong trén c6 tong bang n.

Bai 61. Cho s6 nguyén duwong n thoa man (n, 10) =1. Chting minh rang: (n4 - 1)540
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* Bai 62. Ching minh ring A =n* —5n° —2n? —=10n +4 chia hét cho 49 v&i céc s6n chia 7 dw 3 va
khong chia hét cho 49 trong cac treong hop con lai.

Bai 63. Tim s0 ty nhién n sao cho s6 2015 viét dugc thanh tong cua n hop s6 nhung khong thé viét
thanh tong ctia n+1 hop so.

Bai 64. Cho m va n la hai s6 nguyén duong thoa man diéu kién 3™ +5" chia hét cho 8. chting
minh rang 3" +5™ ciing chia hét cho 8.
Bai 65. Chon 100 s8 tw nhién khac nhau bat ki sao cho mdi s6 déu khong vuot qua 2015 va mbi s&

déu chia 17 du 10. Chting minh rang trong 100 s8 trén ludn chon duoc ba s8 c6 tong khong 16n
hon 999.

Bai 66. Cho x va y 1a cac s8 nguyén. Biét rang 2x* —3xy +y” —16x+22y va x* —3xy + 2y’ +x—y
déu chia hét cho 97. Chitng minh rang xy —12x+15y chia hét cho 97.

Bai 67. Tim cac cap sO nguyén duong (a ;b) sao cho 2a+1 chiahét chobva 2b+1 chia hét cho a.
Bai 68. Chtrng minh rang khong ton tai s nguyén n thoa man (20142014 +1) chia hét cho
n’+2012n.

Bai 69. Cho P(x)=x’—3x" +14x—2. Tim s& céc s& tw nhién x nho hon 100 ma P(x) chia hét cho
11.

Bai 70. Tim dang tong quat ctia s6 nguyén dwong n thoa man M =n.4" +3" chia hét cho 7.

Bai 71. Cho cac s6 nguyén duong x, y, z va biéu thtkc

(x2—y2)3+(y2 —22)3+(z2—x2)
x* (y+z)+y* (z+x)+2° (x+y)+2xyz

3

P=

Chiing minh rang P 1a s nguyén chia hét cho 6.
2

, -1 y*-1 . i
Bai 72. Cho x, y la cac s6 nguyén thoa man X 5 - y - Chting minh rang x* —y” 140

3

Bai 73. Tim tat ca cac sd nguyén duong n va s6 nguyén t6 p thoa man dong thoi cac diéu kién

n<2p va (p—l)n +1 chia hét cho nP".

HUONG DAN GIAI

Bai 1. Ta chtéing minh tit 5 s6 ty nhién bat ki luén tim dwgc 3 s6 ma téng ctia chung chia hét cho 3.
That vay, mdi s8 tw nhién khi chia cho 3 thi c6 phan dw1a 0, 1 hoac 2

Néu trong 5 s& dit c6 mot s6 bang 0, mot s& bang 1, mot s6 bang 2 thi tong ctia ba s8 tw nhién
twong tng véi ba sd du nay la chia hét cho 3

Néu 5 s6 du chi nhan khong qua 2 trong 3 s6 0, 1, 2 thi theo nguyén tac Dirichlet thi ton tai 3
s0 dw nhan cung mot gia tri va tong ctia ba so tu nhién twong tng la chia hét cho 3

Tt 53 sO tu nhién da cho chon dugc 3 s6 ma tong cua ching la ai chia hét cho 3. Xét 50 s con
lai chon duoc 3 s6 ma tong 1a a2 chia hét cho 3. Lap lai 1ap luén nay tr 53 s0 ta chon dwgc 17 b,
mdi bo gom 3 s6 ¢6 tong lan lwot 1a ai, az, ... ai7 sao cho médi tdng déu chia hét cho 3.
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Chiing minh twong tu nhan thay tir 5 s8 tw nhién bat ki ma mdi s6 déu chia hét cho 3 ta chon
duoc 3 s6 ¢6 tong chia hét cho 9. Vay tir 17 s0 ta chon duwgc 5 bd modi bod gom 3 sO co tong lan luot
lab,b,, ..., b, saocho b,:9 véi ie{l; 2; 3; 4; 5}

Tt 56 chiahétcho91a b, b,, ..., by chon duoc 3 s6 ma tong ctia chiing la chia hét cho 27.

5
Tong cua 3 s nay chinh la tdng ctia 27 s6 ban dau. Vay tir 53 s6 tw nhién bat ki luén chon dwoc 27

sO ma tong ctia chung chia hét cho 27.

2
Bai 2. Tur gia thiét l+l+1 =l2+i2+l2 ta duoc 2 i+i+l =0
a b c ab bc ca

a~ b° ¢
Tkt d6suyra a+b+c=0.
Dé dang chting minh dwoc khi a+b+c=0 thi a’ +b’ +c’ = 3abc
Do d6 ta suy ra dwoc a’ +b’ +c’ chia hét cho 3.
Bai 3. Truedc hét ta chiing minh bd dé: V6i moi s8 nguyén a ta ludn c6 a’ —a:30.
That vay, ta cé
a’-a =(a—1)a(a+1)(a2 +1)=(a—1)a(a+1)[(a2 —4)+5}
:(a—Z)(a—1)a(a+1)(a+2)+5(a—1)a(a+1) .
Ta thay trong ba s0 tu nhién lién ti€p cd mot s6 chia hét cho 2 va cé mot s chia hét cho 3, lai ¢6 2
va 3 nguyén td cung nhau nén ta suy ra duoc (a —1)a(a + 1)36 . Tt &6 ta dugc a’ —a 6
Ma talai c6 (a—2)(a—1)a(a+1)(a+2)i5 va 5(a—1)a(a+1):5 nén a’ —ai5.
Ma 5 va 6 nguyén t6 ciing nhau nén suy ra a’ —a:30.

Xét hiéu sau B—A:(ai’+a§ +...+ai)—(a1+a2+...+an)=(af

—a1)+(a§ —a2)+...+<af1 —an)
Ap dung bd d¢€ trén ta duoc (ai’ —a1)530; (ag —a2)330; ) (ai —an>f30

Do d6 ta dugc B—A:30. Suy ra A chia hét cho 30 khi va chi khi B chia hét cho 30.

Bai4.Taco A=n’-n’=(n-1)(n+1)n’(n’+1) va 60=345.

Do 3, 4, 5 nguyén t6 v6i nhau theo titng d6i moét nén d€ chitng minh A chia hét cho 60 ta can
chiing minh A chia hét cho 3, cho 4, cho 5.

e Dé thdy (n—1)n(n+1):3 nénsuyra Ai3.

e Néu n 12 s8 chdn thi ta ¢ n? 4, con néu n 1a s 1é thi (n—l)(n+1)§4. Do d6 taludn céd A:4
e Ta can ching minh A chia hét cho 5.

Chuyla n? ¢ cac chir s6 tin cungla0;1;4;5;6;9

+Né&u n” c6 cac chir s§ tan cting 1a 0 hodc 5 thi n*:5.

+Né&u n” c6 cac chit s6 tan cting 1a 1 hoc 6 thi n* —1:5

+Néu n” c6 cac chit s6 tan cting 1a 4 hodc 9 thi n” +1:5.

Do dé taluén cé A:5
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K&t hop céc két qua trén ta suy ra duoc A:60.

Bai 5. Xét s6 tw nhién n>1, khidé tadit a=n’+2;b=n’=n+1Lc=n’+1.
D& thiy n® <a;b;c<(n+1) . Taco
a’+b’ =(n2 +2)2 +(r12+n+1)2
=(1r12 +1)2 +2(nz+1)+1+(n2 +1)2+2r1(r12+1)+n2
=2(n? +1) +2n(n® +1)+3(n’ +1)=(n? +1)(2n + 2n +5)
=(2n’ +2n+5).c

Do d6 suy ra a* + b’ chia hét cho c. bai toan dugc chitng minh.

X2 +x

1 la s6 nguyén duong ta suy ra duoc (x3 + x)f(xy - 1) hay

Bai 6. Ttr gia thiét

x(x2 +1)E(xy—1) :
Do (x, xy—l) nén ta suy ra dugc (x2 +1)§(Xy —1) .

Tl d6 ta dwoc (x2 +1+xy—1)3(xy—1), suy ra (x2 +xy)5(x—1) = x(x+y)i(x-1)

Ciing do (x,xy - 1) nén ta dwoc (x + y)f(xy - 1) )

Tl d6 suy ra ton tai s6 nguyén duong z thoa man x+y = z(xy—l) =>Xx+y+z=xyz. Trdd taco
diéu phai chirng minh.

Bai 7. Ta c6 x* +8043y” = 4.2011" < x* +(4.2011-1)y* =4.2011"

bat a =2011, khi d6 ta sé chitng minh ton tai hai s6 nguyén x va y khong chia hét cho a va thoa
man diéu kién x* +(4a—-1)y* =4a".

That vay, ta sé st dung phuwong phap quy nap dé€ chirng minh.

e Véi n=1, khi dé tacd x =y =1 thoéa man yéu cau bai toan.

e Gia st bai toan dung voi n, tir la ton tai hai sO nguyén x va y khong chia hét cho a va thdéa man
didu kién x* +(4a—1)y* =4a".

e Ta sé ching minh bai toan dang véi n+1.

That vay, tur X2 + (4a - 1) y2 =4a" suy ra

i N KO O

Ta c6 hai cach phan tich

(gj {@} +(4a_1)!(§j2 {gj] _ {%} +(4a_1)[";yjz
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_ %‘ﬂl(%—l)(x;yjz

Khi d6 ta duoc 4a™" =X} +(4a—1)Y; hodc 4a™"' =X +(4a—1)Y;

Dbén day ta xét cac truong hop sau

e Néu Y, khong chia hét cho a, ta c6 X, —Y, =2ay:a nén X, khong chia hét cho a. Két hop véi
hé thire 4™ = X2 +(4a-1) Y]

o suyra X, va Y, théa man yéu cau bai toan trong trieong hop

n+1.

e Néu Y, khong chia hét cho a, ta c6 X, =Y, =2ay:a nén X, khong chia hét cho a. Két hop voi
hé thirc 4™ = X2 + (4a - 1) Y; suy ra X, va Y, thoa méan yéu cau bai toan trong trueong hop
n+1.

Bai toan dung véi n+1.

Nhu vay theo nguyén 1i quy nap thi bai toan dwgc chitng minh.

Bai8.Taco 12=3.4 va (3,4) =1 nén dé€ chitng minh P chia hét cho 12 ta di chttng minh P chia

hét cho 3 va 4.

e Chiing minh P chia hét cho 3.

Theo nguyén li Dirichlet thi trong bdn sd nguyén a, b, ¢, d ludn ton tai hai sd c6 cung s6 du khi
chia cho 3. Khong mat tinh tong quat ta gia st hai s6 d6 1a a va b, khi d6 b—a chia hét cho 3. Do
d6 P chia hét cho 3.

e Chuiing minh P chia hét cho 4.

Mot s6 nguyén bat ki khi chia cho4c64s6dula0, 1,2, 3.

+ Néu trong bon s6 a, b, ¢, d khi chia cho 4 ¢6 hai s6 c6 cing s6 dw, khong mat tinh tong quat ta gia

str hai s6 dé 1a a va b, khi d6 ta dwoc b—a chia hét cho 4.

+ Néu trong bon sO a, b, ¢, d khi chia cho 4 ¢6 bon s6 du khac nhau, khi d6 sé ¢é hai s6 du chan va
hai s6 du 1¢, suy ra trong bdn s8 a, b, ¢, d c6 hai s6 nguyén chan va hai s& nguyén lé. Gia stz hai s&
chanla avab, hai sd1é1a cvad, khi d6 ta dwoc b—a va d—c cung chia hét cho 2 nén P chia hét
cho 4.

Nhu vay trong moi treong hop ta ludn c6 P chia hét cho 4.

Tt cac két qua trén ta suy ra dugc P chia hét cho 12.

2 2

ty
X-y
1995. Hay ta dugce x* +y* = k(x—y) v6i 1995 chia hét cho k. Cha y la 1995=3.5.7.19.

=k eZ véiklawdc cia

Bai 9. Theo bai ra ta can tim cap s6 nguyén duong (X; y) sao cho

Ta c6 nhan xét: Vi cac sd nguyén t6 p =3;7;19, néu X2+y23p thi X:p va y:p.
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Thay vay, ta chiing cho treong hop p =3, cac truong hop con lai chiing minh twong twe

Ta c6 x* va y” 1a cac s8 chinh phirong nén khi chia cho 3 ¢6 s8 dw 1a 0 hodc 1. Ma ta lai c6

x* +y?ip nénsuy rax’ va y’ cling chia hét cho 3. Ma 3 1a s6 nguyén t6 nén ta suy ra dwoc x:p
va y:p.

Ta xét cac treong hop sau day

+ Néu k chia hét cho 3, khi d6 x* +y* chia hét cho 3 nén x va y cuing chia hét cho 3.

Khi d6 ta duoc x] +y> =Kk, (x1 _Y1) voi k, las6 nguyén va 5.7.19:k,

Néu k, chia hét cho 7 khi d6 ta dwoc X2 +y; chia hét cho 7 nén x, va y, ciing chia hét cho 7.
Khi d6 ta duoc X +y2 =k, (x2 —y2) voi k, 1as6 nguyén va 5.19:k,

Néu k, chia hét cho 19 khi d6 ta dwoc X: +y; chia hét cho 19 nén x, va y, cung chia hét cho 19.
Khi d6 ta duoc x; +y: =k, (x3 —y3) voi k, lasénguyén va 5:k, hay k, =5

+ Truong hop k chia hét cho 7 va k chia hét cho 19 ta 1ap ludn hoan toan twong tu, dén cudi cung ta
thu dugc mot dang thizc dang a” +b* = 5(a —b) véiavab lacac s6 nguyén duong(vido a>b
nén khong thé xay ra truong hop a’ +b* =a—b).

T day ta duoc (2a—5)2 +(2b+5)2 =50.Do d6 ta suy raduwgc a=3;b=1hodca=2;b=1.
Nhu vay ta duoc cdp s6 nguyén duwong (x;y) can tim la (3k;k),(2k;k),(k; 3k),(k,' Zk), trong
do k duoc xac dinh 1a cac wdc nguyén duong khac 5 ctia 1995.

(a+b)2 a’+b* _a+b

Bai 10. Tacd a’ +b* > >
a+b 2

, suy ra ta duoc

+b
Do chia a® +b* cho a+Db ta dwoc thuwong 1a q nén ta suy ra duoc q > aro,

Matacd r<a+b néntadugcr<2q.

Mit khéc s6 chinh phuong 16n nhat ma nhé hon 1977 la 447 ta duoc 1977 = 44% +41.
SG chinh phuwrong ké tiép 1a 43°, ta c6 1977 =43 +128.
Ma talai c6 128 >2.43 va 41<2.44 néntaco q=44 var=41

Tir d6 ta dugc a® +b* = 44(a+b)+41 hay ta dugc (a—22)" +(b-22)" =1009.

. (a—22) =287
Chu y la 1009 = 28" + 157 nén tit phwong trinh trén ta duoc ) hoac
(b—22) =15
2 2
(a-22) =15
(b-22) =28
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o |(a-22) =2 a-22=428 3 . a=50b=37 _
+Véi = ,kéthop vdi a,be N ta dugc thoa man.
(b—22)2=152 b-22=+15 a=50;b=7
2
o |(a-22) =15 (a-22=%15 N . a=37;b=50  _
+ Vi = ,kéthopvdi a,be N taduoc thoa man.
(b—22)2=282 b-22=428 a=7;b=50

Vay ta duoc cac cdp s6 nguyén duong (a ; b) thoa man bai toan la
(50;37),(50;7),(37;50),(7;50)

Bai 11. Goi N 14 sd nguyén duong thoa man yéu cau bai toan va n la s6 nguyén duong 16n nhat bé
hon hogc bang can bac ba ctia N. Khi d6 ta thay

e Néu n=7 thi N phai chia hét cho 3.4.5.7 = 420. Nhung N phai bé hon 8’ —~1=511, do dé s6
N 16n nhét phai 1a 420.

e Néu n > 8 thi N phai chia hét cho 3.5.7.8 =840, tix d6 ta dwgc N > 729 = 93, suy ra N phai
chia hét cho 9. Khi d6 N lai phai chia hét cho 3.5.7.8.9 = 2520 . Néu tié€p tuc suy luan nhu vay thi
bai toan s& khong thé két thuc duoc. Do d6 ta sé chting minh rang cac s6 N > 2000 thi khong thoa
man yéu cau bai toan.

That véy, dé ¥ 1a véi x 1a s nguyén I6n hon 4 thi ta Tuén ¢6 2(x* ~1) > x*
x> N
Tir &6 suy ra [ x | > khi x> 4. Do d6 véi N >2000, ta co n’® >

Ta goi p, laly thira 16n nhét cia s6 nguyén k ma khong 16n hon n, khi d6 p, > E .

3

Tte d6 ta duwoc p,.p,.ps >2—0>%.Ta c6 N >2000 nénsuyra 7 <11<n. Tt d6 ta duoc

P, Ps; Ps;7;11 déu khong 16n honn. Ma ta ¢6 77p,.p,.ps > N, diéu nay mau thuan.
Do d6 cac s6 N > 2000 khoongthoar man yéu cau bai toan.
Vay s6 nguyén duong 16n nhat thoa man yéu cau bai toan la 420.
Bai 12. Néu cho n nhén cac gia tri la 1; 2; 3; 4; 5; 6 thi gia tri cia 2" lan luot la 2; 4; 8; 16; 32; 64. Khi
d6 s6 dw cua 2" khi chia cho 7 lan lwgt 1a 2; 4; 1; 2; 4; 1. Chu y la cac sd 1; 2; 3 va 4; 5; 6 thoe t tue
chia 3 ¢6 s6 du la 1; 2; 3. Diéu nay goi y ta ching minh 2" chia cho 7 ¢6 s6 du lan luot1a 2; 4; 1
twong tng véin chia 3 duw 1; du 2; duw 0.
That vay, xét cac s6 n =3k +1;n =3k +2;n =3k +3 vdikla s6 tu nhién, khi d6 ta xét ting truong
hop nhu sau:

K
e Vi n=3k+1, khidétacs 2" =2 =2,(2°) =2.(7+1)" =2.(7a+1) chia7 du2, véialasg
mot sO tw nhién.

K
e V6i n=3k+2, khiddtaco 2" =272 =4,(2°) =4,(7+1)" =4,(7b+1) chia 7 du4, véiblas§

mot sO tw nhién.
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e V6i n=3k+3, khido tacd 2" =2 =4,(2°)" =(7+1)"" =7c+1 chia7 du 1, véi c 1a s8 mot

sO ti nhién.

Tl d6 ta thdy v6i moi s6 nguyén duwong n thi 2" chia 7 ¢6 s6 duwla 1; 2; 4. Do d6 2" +1 chia cho 7

s€ ¢ cac sd du la 2; 3; 5, diéu nay c6 nghia la 2" +1 khong chia hét cho 7.

Bai 13. Ta c6 109" —1=(109-1)(109° +109° +...+1) =9.12(109° +109° +...+1)..

Do d6 109" —1 chia hét cho 9.

Mat khac ta lai co6

109" ~1=(109"-1)(109° +1) =(109° ~1)(109+1)(109* ~109° +...+1)
=10.11(109° - 1)(109* ~109° +...+1)

Do di ta lai c6 109" —1 chia hét cho 11.

T cac két quy ra ta suy ra 23673xy67459221723401 -1 chia hét cho 9 va 11.

Ta 6 23673xy67459221723401~1 chia hét cho 9 khi va chi khi (x+y +73):9 = (x+y +1)i9

Va 23673xy67459221723401 -1 chia hét cho 1khi va chi khi (y —x—9):11

Tt d6 ta co {(X+Y+1):9 .
(y-x-9):11
Chtiy réng x va y 1a cac chitsdnén 0<x;y <9.Dodé 1<x+y+1<19nén suyra x+y+1 chicé
thé nhan gia tri la 9 hodc 18. Lai thdy -18 <y —x—-9<0 nén suy ra y —x—9 chi c6 thé nhan gia
trila 0 hodc —11. Tt d6 ta c6 cac truong hop sau day xay ra:
x+y+1=9

+ Truong hop 1: { 9-0’ hé phuong trinh nay vo nghiém.
y—XxX=7=

. x+y+1=9 x=5
+ Truong hop 2:

& , hé phuwong trinh nay vo nghiém.
yox-9=-11" |y=3 "L 0" yvons

\ x+y+1=18 e s
+ Truong hop 3: , hé phuong trinh nay v6 nghiém.
y—-x-9=0
\ x+y+1=18 e s
+ Truong hop 4: , hé phuong trinh nay v6 nghiém.
y—-x-9=-11
Vay cac chits6 can timla x =5 va y=3.
Bai 14. Ta xét cac truong hop sau:

e Truong hop 1: Néu m <n, khi d6 do n > 2 nén 2“‘1(2—1)>2.Suyra 2" +1<2" -1

Ma m<n nén m+1<n suyra 2™ +1<2"" +1.

Tl d6 ta dwoc 2" —1>2" +1 nén 2™ +1 khong chia hét cho 2" —1.
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0TrubnghopZ:Né’um=n.Khidétaco2 +1_2°+1_2"-1+2 14 2

"1 2"~1 2"_1 2" -1’

Don>2nén 2"-1>2,dodod

2 , A
" khong phai la s6 nguyén,

2 +11 khong thé'la s6 nguyén nén 2™ +1 khong chia hét cho 2" 1.

Do do6

e Truong hop 3: Néu m >n.Khi dé tadit m =kn+r voik nlacicsdtenhiénva O0<r<n.
Tt d6 suy ra r =m —kn, khi d6 ta c6

om 1 gmingin _gmon g omokn g 2MR(2_1)4274 1 2m (2 1) L2+

2" -1 2" -1 2" -1 2" -1 2" -1
2m—kn 2kn _1 "
% la s6 nguyén va 2 +1 khong phai la s6 nguyeén.
2m—kn (2kn _ 1) 2r n

+
2" -1 2" -1

m

Dé thdy

Do do6

khong thé 1a mot s6 nguyén.

Twr d6 ta dwoc

+11 khong thé'la s nguyén nén 2™ +1 khong chia hét cho 2" —-1.
Vay trong moi truong hgp thi 2™ +1 khong chia hét cho 2" —1.
Bai 15. Gia st a, b 1a hai phan tir cua tap hop S la tap con cua tap hop {1,' 2;3;...; 50} thoa man
diéu kién ab chiahétcho a+b.
Goi (a,b) = ¢, khi d6 ton tai hai s6 tu nhién a,;b, saocho a=ca,;b=cb, va (al,bl) =1
Thé thi tir ab chia hét cho a+b ta dwoc c’a,b, chia hét cho C(a1 + bl) hay ca b, chia hét cho
(a1 +b1).

o (al,bl) =1 nén suy ra (al,a1 +b1) = (bl,a1 +b1) =1 nén tr ca,b, chia hét cho (a1 +b1) ta
suy ra dugc Cf(a1 +b1).
Do S 1a tap con cua tap hop {1; 2;3;...; 50} nénsuyra a+b<99,dodo C(a1 + b1) <99
Chuayla Cf(al +b1) nén tasuy ra a, +b, <9.Mata cling thdy a, +b, >3.
Tt d6 ta ¢ thé tim dwgc cap so a, b thoa man bai toan.
e Véi a, +b, =3 ta duwoc cac cap s6 (a;b) la

(6:3),(12;6),(18;9),(24;12),(30;15),(36;18),(42;21),(48; 24)

). (2412)
*Véi a, +b, =4 ta dwoc cic cip 58 (a;b) 1a (12;4),(24;8),(36;12),(48;16)
eVéi a, +b, =5 ta duwoc cac cap s6 (a, ) 1a (20,5) (40;10),(15;10),(30;20),(45;30)
( (

eVéi a, +b, =6 ta duoc cac cap s (a; )la 30,6)
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*Véi a, +b, =7 ta duoc cac cip s§ (a;b) 1a (42;7),(35;14),(28;21)
*Véi a, +b, =8 ta dwoc cac cap s6 (a;b) 1a (40;24)
Bai 16. Gia st A la mot phan s6 chua t6i gian. Dat d = (n2 +4,n+ 5), suyrad>1.

n®+4:d

Khi d6 ta duoc .
n+5:d

= (n+5) —(n’+4)id=10(n+5)-29:d > 29:d=d =29.

Nguoc lai néu n+5:29 thi ta duoc n+5=29k(keN*). Suy ra n=29k-5

Khi d6 ta duoc n +4 = (29k - 5) +4=29(29k> 10k +1):29

Nhu vay phan s6 A chua t6i gian.

Nhu vay ta can tim xem cé bao nhiéu gia tri ctia k d€ phan sd A chua t6i gian.

Theobairatacé 1<n <2015 nénsuyra 1<29k-5<2015=1<k<69.

Nhu vay ta c6 thé chon duoc 69 gia tri cua k d€ phan s6 A chua t6i gian.

Do d6 trong khoang tir 1 dén 2015 ta c6 thé chon duoc 69 sd tie nhién n dé€ phan s6 A chua t6i gian.

Bai 17. Do n 1a s nguyén duong chin nén ta dit n =2k véi k 1a 8 tw nhién khéc 0.

Khiddta 6 a” -b" =a® ~b* = (a 17| (o) (a*) "0 () T (b)] |

Do a’ —b* =(a—b)(a+b) chiahét cho a+b.Do dé a" —b" chiahétcho a+b.

Ma ta o a” +b" chia hét cho a+b nén taduge | (a” +b")+(a” ~b") |:(a+b) hay 2a"i(a+b)
Vaciing c6 | (a"+b")~(a” ~b") [i(a+b) hay 2bi(a+b).

Nhu véy a+b la mét udc chung cua 2a” va 2b"

Nhung do a va b nguyén 5 cing nhau nén (a",b") =1, do d¢ suy ra (2a",2b" ) = 2.

Khi d6 ta duwoc 2 chiahétcho a+b nénsuyraa=b=1.

Bai 18.

a) Bién ddi twong duong phuong trinh ta dwoc
1 1 1 2
—+—=—on(x+y)=xy < (x-n)(y-n)=n
T o nbery) =y e (xon)(y-n)

T phuong trinh ta nhan thdy X >n va y >n nén x—n va y —n la cdc wéc nguyén duong cua
n’.

Mdi nghiém nguyén dwong ctia phirong trinh 1a mot cdp s6 nguyén duong (X,‘ y) thoa man
phuong trinh (x - n)(y - n) =n’. Do d6 mdi wéc nguyén dwong n’ tuwong ting cho ta mot cap sd
X—n va y—n thoa man phuong trinh va ttr d6 cho ta mt nghiém nguyén duwong. Tt d6 s6
nghiém nguyén duwong ctia phuwrong trinh chinh 1a s§ wéc nguyén duong ctia n*.

Gia st ta phan tich duoc n = pj .pg...p; VOi p;; P, Py 1a cdcs6 nguyeén to.
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Khi d6 ta duoc n’® = p;*.p>°...pi° nén s6 uéc nguyén duong ctia n’ la (2a+1)(2b+1)...(2c+1)
la mét s6 1é. Do d6 s6 nghiém nguyén duong cua phuong trinh trén la mot s6 1é.

Vay phuong trinh trén khong thé ¢6 2016 nghiém nguyén duong (x; y) duoc.

b) Gia stt n* = pi*.p3°..pi° V6i P,;P,;-i Py 12 cac 58 nguyén t6, khi d6 s8 nghiém nguyén duong
ctia phuong trinh Ia (2a+1)(2b+1)...(2c+1).

Ta can tim n nho nhat dé€ s6 nghiém nguyén duong (Za + 1)(2b + 1)...(2C + 1) =2013.

Chuyla 2013=3.11.61, khi d6 ta xét cac treong hop sau.

+Véi 2013 =2.1006 +1, khi @6 n* =p;"* = n=p,""

Gid tri nho nhat caan la n =2

+V6i 2013=3.671=(2.1+1)(2.335+1), khi d6 n* = p{".p; = n=p;* p,

Gid tri nho nhat cianla n =23

+V6i 2013 =11.183=(2.5+1)(2.90+1), khi &6 n* = p;’.p}* = n=p;.p;’

Gid tri nho nhat cian la n=2".3"

+V6i 2013 =33.61=(2.16+1)(2.30+1), khi &6 n* =p;>.py’ = n = p;°.p3’

Gid tri nho nhat cian la n=2%.3"

+V6i 2013 =3.11.61=(2.1+1)(2.5+1)(2.30+1), khi d6 n* =p.p}’p;’ = n=p,.p;.p3’

Gid tri nho nhat cian la n=2%.35.

So sanh céc két qua trén ta thay n =2%.3%5 la gia trj nho nhat d€ phuong trinh 6 ding 2013
nghiém nguyén duong (x; y) .

Bai 19. Goi d =(m,n,1) va dit m=dm ;n=dn;;1=dl, véi m,n,l, eN va (m,,n,1)=1.
Goid_ = (mvnl)rdm =(n1,11),dlm (Il,ml).

Khidétacod d(m, +n,)=d’d’ =m +n =dd’

+m, =d.d}

Hoan toan tuong tu ta dwege n, +1, = d.clf11 1

Tl d6 suy ra Z(m1 +n, +11)=d(dim +d?, +d12m)

. d . d . . d
Vi (ml+1'11 +ll):(2 d) va (m1 +r11):(2 d) nén 11:(2 d)
. . .od . d
Hoan toan tong tu ta duoc m, : ;n

2.4d)

=1vadoddd<2.

Ma do (ml,nl,ll) =1 nén suy ra

2.4)
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béylad,_ ;d ;d _ d6i motnguyén té cung nhau, do d6 chung c6 thé viét dugc thanh
l,=1,d,d_;m =m,d .d ;n=n.d .d,
, _ 2 A _
Dodé m,d_.d, +n,d .d =dd nénm,d_+n,d =dd_.

.611n1

Khoéng mét tinh tong quat ta gia st d__ khong léonhon d_;
Khidétacé2d_ >dd_ =m,d,_+n,d >d,_+d >2d__

Nhu vay tadugoc d=2;m,=n,=1vad__=d_ =d, ,nhungdod_;d ;d, d6imotnguyén
td cingnhaunénsuyrad =d_ =d, =1.Twdétasuyradwoc m, =n, =1 vatl

m, +1, =d.d] tacingduocl =1.Dodésuyram=n=1=2.

Bai 20. Ddt z, =X, —y,;Z, =X, —y,;... ~ Vo015 - Khi do ta cé

2015 2015

Zy T2yttt Zyys = (Xl _Y1)+(X2 _Y2)+"'+(X2015 _Y2015)

:(x1 +X, +...+x2015)—(y1 +y, +...+y2015):0

Néu tat ca cac s6 nguyén z,;z,; ... déulasoléthi z +z,+..+z

li.

Zoois »o15 1a Mot sO 1¢, diéu nay vo

A 7 A A 77 Y A A T
Nhu vay trong cac sd nguyén z,;2,;...; Z,,s cO it nhat mot s6 chan.

Tir dé suy ra z,.2,...2,,. :2 hay ta dwoc A = ( X, _Y1)( yz) ( X015 y2015) chia hét cho 2.

Bai 21. Do cac sd nguyén a ;a,;a,;...;a, nhan gia tri 1 hoac -1 nén a,a,;a,a,;..;a a, € {—1;1} .
Matacé a,a, +a,a, +...+a_a, =0 nén so tich nhan gia tri 1 br?mg s0 tich nhan gia tri —1.

Do d6 ¢ mot s6 chan cac tich a,a,;a,a,;..;a,a, nénnla sO chan.

biat n= Zm(m eN’ ) Khi dé trong cac tich a,a,;a,a,;...;a a, co m tich nhan gia tri 1 va m tich
nhan gid tri —1. Ta c6 (al.az...a2 )2 =1.Malai c6 (al.az...an) =aa,.a,a,..a.a, = 1“‘.(—1)m

Do d6 ta duwoc 1= (—l)m , suy ram la sd chan.

bat m = Zk(k IS N*) ta dwoc n= 4k(k IS N*) hay n chia hét cho 4.

Bai 22. D& thay véimoi ne N’ ta luén c6 5" =17 (mod 5);8" =3" (mod5);9" = 4" (mod 5).
Tir d6 suy ra 2" +6" +8" +9" =1"+2" +3" +4" (mod5).

Do d6 2" +6" +8" +9" chia hét cho 5 khi va chi khi 1" +2" + 3" +4" chia hét cho 5.

Véi neN’ taludn béu didn dwoc dudi dang n=4t+r véi teN va re{0;1;2;3}.

Do dé tacod 1" +2" +3" +4" =1+2*" + 3 1 4% =1+16'2" +81'.3" +256"' 4"

Dé thdy 16' =1(mod5);81' =1(mod5);256" =1(mod5)

Nén ta suy ra dugc 1" +2" +3" +4" =1+2" +3" +4' (mod 5) . Ta xét cac trrong hop sau:
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e Néur=0,khid6 1" +2" +3" +4" =1+2°+3" +4’ =4(mod 5)

o Néu r=1,khid6 1" +2" +3" +4" =1+2' +3' +4' =10(mod 5)

o Néu r=2,khid6 1" +2" +3" +4" =1+2% + 3% + 4% =30(mod5)

e Néur=3,khid6 1" +2" +3" +4" =1+2° +3’ +4’ =100(mod5)

Tt cac truong hop trén ta nhan thdy: Khi r =0 thi 1" +2" + 3" +4" khong chia hét cho 5 va do d¢6
A khong chia chia hét cho 5. Khi r e{l; 2; 3} thi 1" +2" + 3" +4" chia hét cho 5 va do d6 A chia

chia hét cho 5.
Vay A chi hét cho 5 khi va chi khi n khong chia hét cho 4.

Bai 23. Dé thdy 2003 = 3(mod8) nén ta dwoc 2003" = 3" (mod 8).

Ta xét hai treong hop sau:

e Néunla s6 chin, khi d6 n=2k,(keN).

Do d6 3" =3 =9 =1(mod8). Suy ra ta duge 2003" +1=2(mod8).

Ma ta lai c6 10*™ chia hét cho 8. Do d6 khi n chén thi 2003" +1 khoéng chia hét cho 10**.
e Néunlasglé, khidé n=2k+1,(keN)

Do d6 3" =3 =3.9 =3(mod8). Suy ra ta duoc 2003" +1=4(mod8).

Ma ta lai c6 10*™ chia hét cho 8. Do d6 khin 1é thi 2003" +1 khong chia hét cho 10***.

Vay khong ton tai s& tu nhien n d& 2003" +1 chia hét cho 10°*.

Bai 24. Ta xét cac dang thitc sau
(a-2b)(2a-b)= Z(a2 +ab+b2)—7ab
(a—18b)(18a-b)=18(a* +ab+b*)-7°ab
(a—1353b)(1353a—b) =1353(a’ +ab+b*)-109.7°ab
Chuyla (2,7)=(20,7)=(1353,7) =1
Tl cac dang thiic trén ta thdy dé€ a’ +ab+b” chia hét cho 7° thi a va b phai théa man mot trong
cac diéu kién sau:
+ Ca a va b cting chia hét cho 7°

+ a=72p;b=72q,(p;qu+) v6i p=2q(mod7) hodc q=2p(mod?7).
+ a:7p;b:7q,<p;qu+) voi pElSq(mod73) hodc q518p(m0d73).
+a=1353b(mod 7" ) hoic b=1353a(mod7°).

121
n+5

Bai 25. Ta c6 (n—8) —48=n’-16n+16, do d6 ta dwoc A=n-21+

Lién hé tai liéu word toan zalo: 039.373.2038 TAI LIEU TOAN HOC




Website:tailieumontoan.com

VineZ =n+52>6,do do dé A la sd nguyén duong thitc n+5 1a wdc nguyén duong 16n hon 6
cua 121. Do d6 ta dwoc

+n+5=11=>n=6=>A=-4

+n+5=121=>n=116= A =96

Vi A la s6 nén duwong nén ta chon A=96 va n=116.

Bai 26. Ttr gia thi€t ta duoc (ap + 1)(aq + 1) pq= (azpq +ap+aq+ 1) ‘Pq

Ma a’pqipq nén ta dwoc (ap+aq+1)ipq.

Do a, p, q la cac s6 nguyén duong nén ap+aq+1; pq la cac s6 nguyén duong.

Pq

S ap+aq+1=>pq,do a(p+q)>1 néntadwoc 2a(p+q)>pg=a>
uy ra ap +aq pq. do (p q) nén ta dwoc (p q) Pq 2(p+q)

Bai todn dwoc chitng minh xong.

Bai 27. Ta c6 m.n(m” —n?) = mn[(m2 —1)—(.‘(12 —1)] = mn(m—l)(m+1)—mn(n—1)(n+1)

Vi m(m - 1) la tich ctia 2 s6 nguyén lién ti€p nén chia hét cho 2 va m (m - 1)(m + 1) la tich 3 s&
nguyén lién tiép nén chia hét cho 3, ma (2; 3) =1.Do do mn(m —1)(m + 1)56

Tuong tu ta duoc mn(n—l)(n+1)§6

Do vay ta c6 mn(m2 -n’ )56 véi moi s6 nguyén m, n.

Bai 28. Khong mat tinh tong quat ta giast a<b<c.

Ta c6 p’ :(a2 +b® +c? )2 ‘p nén (a4 +b* +c* +2a’b* +2b*c? +2c2a2)5p ma ta lai c6
(a4+b4+c4)fp nén ta duoc 2(512b2+b2c2 +c2a2)fp. Mit khéc do a,b,c>1 va p>3 nén ta
duoc (p,Z) =1 suy ra (azb2 +b*c? +C2a2)fp. Do do [azb2 +c’ (a2 +b’ +C2)—C4:|Ep suy ra
(azb2 —c4)§p nén (ab—cz)(ab+c2)§p.

Lai c6 ab<2ab<a’+b’ nén 1<ab+c’ <a’+b’+c* =p, do dé (ab+c2,p):1. Tl d6 ta
duoc (ab—c2)§p hay (c2 —ab)fp

Mit khac 1<a<b<c nén 0<c’-ab<c’<a’+b’+c’=p. Do dé c’—-ab=0 hay
c? =ab, tir d6 ta dwoc p=3a2, ma p la s6 nguyén td nén a’=1, p=3.
Bai 29.
+Ta ¢6 2051 chia cho 3 du 2, suy ra a’+b*+¢c? chiacho3du?2

Mot s6 chinh phuong chia cho 3 du 0 hodc 1, do d6 trong 3 s a, b, ¢ phai ¢ 2 s0 chia cho 3 du 1, sO

con lai chia cho 3 dw 0 nén abc chia hét cho 3.

+ Ta cfing c6 2051 chia cho 4 du 3, suy ra a” +b” +¢” chia cho 4 du 3
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Mot s6 chinh phuong chia cho 4 chi dw 0 hodc 1, do dd a, b, ¢ phai cung chia cho 4 du 1, suy ra a,
b, ¢ khong chia hét cho 4 nén abc cling khong chia hét cho 4. do d6 abc khong chia hét cho 12.
Tl d6 ta duoc abc chia hét cho 3 nhung khong chia hét cho 12.

Bai 30. Ta 6 a+1+b+1_a2+b2+a+b_(a+b)2+(a+b)_
. a ab - ab
2
Do a—+1+b+1€N:>(a+b) ;(aer)eN:>(a+b)2+(a+b)=kab;keN (1)
a a

Néu d 1a wéc chung cua a va b thi

a=rnd;b=nd(m,neN):>a+b=(m+r1)d;ab=mr1c12
:>(1)<:>(m+1r1)2 d*+(m+n)d = kmnd’ :>m+n:[kmn—(m+n)2}d:1d;leN

—a+b=1d>>d*> = d <+a+b. Bai todn duoc chirng minh.

Bai 31. Trudce hét ta c6 nhan xét: Véi sO ti nhién n

- Néu n=3k+1=n’=9k*+6k+1

- Néu n=4p+1=n’=16p> +8p+1

- Néu n=4p+2=n’=16p° +16p+4

+N@&u x, y, z déu khong chia hét cho 3 thi x*, y*, z* déu chia cho 3 dw 1, khi d6 x* +y* chia

cho 3 du 2 va 7z’ chia cho 3 du 1, mau thudn véi x”* +y” =z . Do d6 trong hai s8 x, y ton tai it

nhat mot sd chia hét cho 3, suy xy:3

+Néu x, y, z déu khodng chia hét cho 4 thi x*, y*, z* déu chia cho 4 du 1 hodc 4, khi d6 xay ra

cac treong hop sau

-Né&u x* +y” chia cho4 dw2 va z* chia cho 4 du 1, mau thuan véi x* +y* = z*. Do d6 trong hai

sO x, y ton tai it nhdt mot s6 chia hét cho 4, suy ra xyf4

-Néu x* + y2 chia hét cho 8 va z”> chia cho 8 dw 4, mAu thudn vdi X2 + y2 =z?.Do dé trong hai

s0 X, y ton tai it nhat mot s8 chia hét cho 4, suy raxy:4.

Vivi xy:3 va xy:4, ma 3 va4 nguyén t6 cuing nhau nén ta dugc xy:12

Bai 32.

+Né&u d <0 thi bat dang thitc can ching minh hién nhién ding

+Néu d >0.Giast a=dm; b=dn (m, n la s6 nguyén duong)

(a+b)2 +a+b a’+b*+a+b
ab ab

Do d6 ta duwoc

+2 lasdnguyénnén a’+b*+a+biab

Ta co
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d’m? +d°n’ +dm+dn§(d2mn) = d[d(m2 +n2)+m+n}[d(dmnﬂ
:>d(m2 +n2)+m+n§dmn:>m+nfd

:>d3m+n:>ds?:>d23a+b:>ds\/a+b

Nhu vay d 1a s6 nguyén khong vuot qua Va+b, ma [\/a + b} la s6 nguyén 16n nhat khong vuot

qua m,dodo’ dS[MJ
Bai 33.
a) bat x* =2a+Db; y2 =2b+c; z*> =2c+a (X,y,zeN)
Khong mat tinh tong quét ta gia str z*13. Tacd x* +y” +2z” =3(a+b+c)i3 nén x* +y*i3
bédt x=3t+r; y=3h+m (t,heN,' r,me{—l;O;l}).
Ta c6 x2+y2=[3(3t2+3h3+2tr+2hm)+r2+m2}§3:>r2+m253
Matacd 0<r’+m?<2 néntaduoc r’ +m>’=0=m=r=0
Do d6 ta duoc x:3; y:3.Ttr d6 ta duoc 2a+b:3; 2b+c:3; 2c+a:3.
Lai c6 2a+b=3a—(a—b); 2b+c:3b—(b—c); 2C+a=3c—(c—a)
Nén ta duoc a—b:3; b—c:3; c—a:3 suyra (a—b)(b—c)(c—a)527
b) Xétbdisd a=0; b=1;, c=2.Khi db6 tadwoc 2a+b=1; 2b+c=4; 2c+a =4 la cac s6 chinh
phuong. Ma ta lai c6 (a —b)(b - C)(C —a) = (—1).(—1).2 = 2khong chia hét cho 27.
Vay a=0; b=1; c=2 1abg s6 thdéa man yéu cau bai toan.
Bai34.Tacé 2™ =22* =2.16" =2(15+1)" =2(5k +1), (ke N*¥)
Nén ta dwoc 2™ =10k +2, do d6 ta duoc
32" 23102 290437 =9(22.11+1) =9(11q +1), (e N*)
Suyra 3" +2=11(q+1) hay 3°" +2 chia hét cho 11.

Bai 35. Vi a? + b? + ¢ chia hét cho 4 nén a? + b* +¢? 1a 8 chén, suy racabasda, b, ccung chan
hoéc trong ba s8 a, b, ¢ c6 modt s6 chdn va hai s6 1¢

+ Truong hop 1: Ca ba s6 a, b, ¢ déu 1a s8 chdn nén a, b, ¢ cing chia hét cho 2.

+ Truong hop 2: Trong ba s8 a, b, ¢ c6 mdt s§ chén va hai s8 18, khi d6 a® +b* + ¢ c6 dang
(2k)" +(2m+1)" +(2n+1)" véi k,m,n 1a cdc s§ nguyén

D2 thay (Zk)2 +(2rn+1)2 +(2r1+1)2 =4(k2 +m? +n2)+4(k+m+n)+2 chia 4 dw 2. Do &6

treong hop nay khong xay ra.

Vay a, b, ¢ cung chia hét cho 2.
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Bai 36. Goi a va b la hai s0 bat ky trong 10 sO nguyén duong lién ti€p véi a > b (a ;be Z+)

Suyral<a-b<9.

Goi n la wéc chung ctiaavab, khidé a=n.x; b= n.y(n; X;y € Z+) (n, x, y lasdnguyén duong).

Vi a>b:>x>y:>x—y21:>1£n.x—n.y£9@lgx—ysgzgzlanﬁ9
n n n

Vay trong 10 s6 nguyén duwong lién ti€p khong ton tai hai s6 c6 wdc chung 1én hon 9.
Bai 37. Nhan xét: Néu a, b 1a hai s§ nguyén dwong thi a*" +b*"" f(a + b) .
Khi d6 ta co
2 (12013 +270 4 4P ) = (12013 +n* ) + (22013 + (n - 1)2013 ) +ot (n2013 +170 ) : (n + 1) (1)
Mat khac
2 (12013 +22P 4 L +n®P )
=17 (1) ) (22 (0 =2) 7 (1) 41+ 207 (2)
Do (n,n+1)=1 vakéthop véi (1), (2) ta duoc 2(12013 +27 4+ nmls) chia hét cho n(n+1).
Bai 38. Do p 14 s6 nguyén t3 nén cac udc s8 nguyén duong cua p*la 1; p; p’; p°; p*
Pit S=1+p+p’ +p’ +p*
Giastr S=n’(neZ)=4n’ =4p' +4p’ +4p’ +4p+4 (1)
Tacod 4p* +4p° +p° < (Zn)2 <4p*+p*+4+4p’ +8p’ +4p
= (2p2 + p)2 < (Zn)z < (sz +p+2)2 & 4n’ = (2p2 + p+1)2 (2)
Tk (1) va(2)suyra p°—2p-3=0<p=3
Thtt lai voi p =3 ta thdy thdéa man. Vay s6 nguyén t6 can timla p=3.
Bai 39. Goi s ¢6 hai chits61a ab (a,beN; 0<a<9;0<b<9)
Ta 6 ab:7 hay 10a+b:7.
Suy ra (10a+b)’i7 & 1000a° +b° +3.10ab(10a+ b):7 < 1001a’ —a® + b’ +3.10ab(10a + b):7
Ta c6 1001a’i7 va 3.10ab(10a+b):7. Nén suy ra b> —a’i7
Bai 40. Tt gia thiét suy ra a=1 (mod3),a=3k+1(keN); b=2 (mod 3), b=3q+2(qeN).
Suyra A=4*+9"+a+b=1+0+1+2 (mod 3) hay A=4 (mod 3) (1)
Lai c6 4° =4’ =4.64* =4 (mod 7)

9° =931 = 2% (mod 7) = 9" =4.89 =4(mod 7).

T gia thiét ta consuy ra a=1(mod7), b=1 (mod 7).
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~ Dandén A=4"+9"+a+b=4+4+1+1(mod 7) hay A=10 (mod 7).

Tir (1) suy ra A =10 (mod 3) ma 3 va 7 nguyén t& cing nhau nén A =10 (mod 21).

Vay A chia cho 21 du 10.

Bai 41. Chimg minh néu n 1a s8 nguyén dwong thi 25" +7" —4" (3" +5" ) chia hét cho 65.

Tacd 65=513, dit A=25"+7"-4"(3"+5")

Taco A=25"+7"—4"(3"+5")=(25"-20" ) (12" -7")

Vi (25" -20")i5; (12" =77 )(12-7) = (12" =7"):5 do d6 A chia hét cho 5

Lai ¢ A=25"+7"—4"(3"+5")=(25" —12") (20" - 7"

Vi (25" -12")i(20-12) = (25" 7" )13 va (20" ~7")i(20-7) = (12" ~7"):13 do do A chia
hét cho 13.

Vi 5 va 13 la hai s6 nguyén td cung nhau nén A chia hét cho 65.

Bai 42. Goi a, b, c1a cc chit s6 can tim véi 1<a,b,c <9.Khi d6 ta caAn xac dinh a, b, c d€

A =155a710b4c16 1udn chia hét cho 396.

Do a, b, cla cac chit s6 phan biétnéntacd 1+2+3<a+b+c<7+8+9<6<a+b+c<24.

Ta c6 396 =4.9.11 ma 4, 9, 11 nguyén t6 v6i nhau theo ting ddi mot. Do d6 ta can tim s6 A dé€ A
chia hét cho 4; 9; 11.

® Vi A c6 hai chit s0 tan cing la 16 nén A chia hét cho 4.

e SO A chia hét cho 9 khi va chi khi tong cacchits6 cuia Ala 1+5+5+7+1+4+1+a+b+c chia
hét cho 9hay a+b+c+3 chia hét cho 9.

Két hop voi diéu kién 6 <a+b+c<24 suyra a+b+c chicodthéla6, 15, 24.

e S8 A chia hét cho 11 khi va chi khi (5+a+1+b+c+6)—(1+5+7+4+1) chia hét cho 11 hay
a+b+c—6 chiahétcho 11.

Két hop voi diéu kién 6 <a+b+c<24 suyra a+b+c chicothéla6, 17.

Nhu vay dé€ A chia hét cho 9 va 1l thi a+b+c=6.Do a, b, c khdc nhau nén ta suy ra cac by sd
(a;b;c) théa man yéu cau la (1;2;3),(1;3;2),(2,1,3),(2;3;1),(3;1,2),(3;2,1).

Tht lai cac cac bd sO trén ta thay A chia hét cho 396.

Vay dé A chia hét cho 396 ta c6 thé thay cac dau * boi cac bo so sau:

(1,2;3),(1;3;2),(2:1;3),(2:3,1),(3;1,2),(3;2;1)

Bai 43. Goi 2014 s6 ty nhién da chola a,a,, -, a,, -

Xétday S, =a,; S, =a, +a,; ...; Sy, =@, +a, +-+ay,

Chia tat ca cac s6 hang ctia day cho 2014 ta c6 cac truong hop sau:

Truong hop 1: Néu c6 mot s6 hang nao cta day chia hét cho 2014 thi bai toan duoc chitng minh.
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Truong hop 2: Néu khong co sd hang nao ctia day chia hét cho 2014 thi vi c6 tat ca 2014 phép chia
ma sO du chi gom 1, 2, ..., 2013 do d6 theo nguyén ly Dirichle c6 it nhat hai s& hang ctia day ¢

cung s§ dw khi chia cho 2014. Goi hai s6 hang do1a S, va S..
Khong mat tinh tong quat, gia st 1<i<j<2014 thi
S,=a,+a,+---+a, vaS =a, +a,+-+a+ -+a
Licdd S, —5,: 2014 = a, , + ---+a,: 2014 Tkt d6 ta c6 diéu phai chitng minh.
Bai 44. Chti y rang, vdi a 1a s6 nguyén 1é ta co (a - 1)(a + 1) :8 (tich ctia hai s8 chdn lién tiép ludn
chia hét cho 8) va (a* +1)i2 nén a* —1=(a—1)(a+1)(a’ +1): 16.
Khi do, vi a,, a,, .., a_ lacacsdnguyénlénéntacé A —n= (a‘l1 —1) +(a;1 —1)+ - ~(af1 —1)516.
Tt d6 ta c6 diéu phai chitng minh.
Bai 45. Vi p la s6 nguyén td 16n hon 3 nén ta duwoc p =3k +1 hodc p=3k+2 vdikla sd tu nhién
khac 0.
+Néu p=3k+1=(p+1)(p-1)=(3k+2).3k chia hét cho 3

+Néu p=3k+2=(p+1)(p-1)=(3k+3)(3k+1) chiahét cho 3
Vay p la s6 nguyén t& 1én hon 3 thi (p+1)(p-1) chia hét cho 3
Mt khac vi p 1a s8 nguyén t516n hon 3 nén p 1a s§ 1é. Suy ra p+1va p—1 la hai s§ chan lién tiép
Pt p-1=2n=p+1=2n+2,tacé (p+1)(p-1)=2n(2n+2)=4n(n+1)
Do n(n+1) chiahét cho2nén 4n(n+1) chia hét cho 8
Do d6 (p+1)(p-1) chia hétcho 8
Vi 3 va 812 hai s6 nguyén t8 cling nhau ta duoc (p+1)(p—1) chia hét cho 24.
Bai 46. Ta c6 xy —1i(x—1)(y—1) suy ra xy —1i(xy +1-x—y)
Ma (xy +1-x-y)i(xy+1-x-y)
~1)i(x-1
Suy ra [(x~1)+(y —1)}§(x—1)(y—1):>{Ez_l)?((y_l))jx=y
Do d6 ta duge x* ~1i(x~1) = x+1ix-1= 2ix-1=x=2; x=3
Tir d6 ta duoc cac cap s3 thoa man 1a (2; 2), (3; 3)
Bai 47. Ta c6 F=n’+4n’ -20n-48 =(n—4)(n+2)(n+6):125

Vi 125:5 nén trong F ton tai mot thira s§ chia hét chia 5
+Néu n+2:5 thi n—4=n+2-6 khong chia hét cho 5 va n+6 =n+2+4 khong chia hét cho 5
nén dé F chia hét cho 125 thi n+2:125 nén n bé nhat 1a 123
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+Néu n—4:5 thi n+6=n-4+10 chia hét cho5va n+2 =n-4+6 khong chia hét cho 5 nén d€
F chia hét cho 125 thi

Hodc n—4:25 nén n bé nhatla 4

Hodc n+6:25 nén n bé nhat 1a 19

Vay dé€ F chia hét cho 125 thi n bé nhét can chon la 4.

Bai 48.

+Véi x=y tacd z=1.Vay moi by ba s6 (x; X; 1) trong d6 x 1a sd nguyén duong tuy y déu thoa
man

x> +2

Xy +2
+Véi x > y. Gia stt b ba s6 nguyén duong (X; y; z) thoa man dé bai
Khi d6 ta c6 y(x2 +2)5(xy+2) hay [x(xy+2)—2(x—y)]§(xy+2) =2(x-y)i(xy+2)

Do d6 ton tai sd k nguyén duong sao cho 2(X —y) = k(xy+ 2) (1)

+Véi x<y,suyra X’ +2<xy+2= <1 (khdng thoa man dé bai)

Véi k22, suyra x—y2xy+2=(x+1)(y-1)+3<0 (vo i)

Voi k=1 tacd 2(x—y)=xy+2 :>(x+2)(y—2)=—6

Do x, y nguyén duwong va x>y suyra y=1 va x+2 =6 nén ta dwoc x=4; z=3

Thir lai thoa man dé bai

Vay (x; y; z) = (4,' 1; 3) va cac bd s6 (x; X; 1) trong d6 x 1a sd nguyén duong tuy y la thoa man
dé bai

Bai 49. Dat A = 1;1:—4—311:. Dé thay 7™ va 3" cung lasd 1@ nén 7™ —3" 1a s§ chan.

Do d6 dé€ A 1a sd nguyén thi (m4 + n2)5(7m - 3“), mudn vay m va n phai cing tinh chdn 1é.
Ta xét hai treong hop sau:

e Truong hop 1: Xét m va n cling 1a so 1é.

Khi d6 ta cé 7™ =3" =—1(mod4) do dé 7™ —3" 4

Mat khéc ta thdy m* —1=(m-1)(m+1) nén m* =1(mod4)=> m* =1(mod 4)

Hoan toan twong tu ta cling c6 n” = 1(mod 4).

Do d6 ta dwgc m* +n® = 2(mod4) .

Tt d6 suy ra m* +n” khong chia hét cho 7™ —3" nén A khong nguyén.

e Trudng hop 2: Xét m va n cling la s8 chén.

Khi d6 ta c6 7™ =3" =1(mod8), do d6 d& A nhén gi4 tri nguyén thi m*+n’ phai chia hét cho 8.

Ma m*:8, suy ra n” {4 nén ta duoc n chia hét cho 4.
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Dat m =2a;n =4b vdi a, b 1a cac sd nguyén duong.

m*+n® 16(a4 +b2)

Tt d6 ta duoc A = o o g . Do A nhan gia tri nguyén va khac 0 nén |A| >1.
‘ 16(a* +b?) ‘ 16(a* +b?) )

T d6 ta duoc 21@—z7a—9|.
‘(7a—9b)(7a+9“) 7% +9P

Mt khac 72 —9° 14 s6 nguyén ch&n va 7% #9° nén ta duoc

70 -9*|>2.

Tirdo suy ra 16(a* +b*)22(7* +9°)>2(7° +7°).

Goi ¢ =max{a;b} khi d¢ ta c6 16¢* +16c* >16a* +16b” >2(7* +7°) > 2.7°

Ta sé chtiing minh khi ¢ >4 thi 16¢* +16¢” < 2.7°

That vay, véi c =4 thi bt dang thic trén dting.

Gia st bat dang thiec trén ding véi ¢ >4, khi d6 ta ¢ 16¢* +16¢” <2.7°

Ta can chiing minh bat dang thiic trén ding véi c+1, tic la ta can chitng minh dwoc
16(c+1) +16(c+1)" <2.7¢"

Ta co

2.7°>16¢* +16c2 < 2.7 > 7(16c4 +16c2)

=27~ 16(c+1)" +16(c+1)’ |>7(16* +16¢*)-| 16(c+1)" +16(c 1)
=27 - 16(c+1)' +16(c+1) |>16[ ¢’ (c=4)+c(c ~6)+* ~2+3c* |>0

Do d6 ta duoc 16 (c + 1)4 +16 (C + 1)2 <2.7¢". Theo nguyén ly quy nap thi bat dang thiec trén
dwoc chting minh.

Tt két qua trén ta suy ra dwoc 1< c < 3. Thir truc ti€p cac két qua trén ta dwoc a=b =1 thda
man.

Tl d6 ta suy ra duoc m =2;n =4 thoa man yéu cau bai toan.

Vay cdp s can tim la (m;n) = (2;4).

4
—a vdéiaeN .

. cr oo w A . . gy g, X
Bai 50. Gia st cdp s6 nguyén duong x, y thoa man bai toan, khi do ta ddt — 1
Xy +

Khi d6 ta dwoc x* +2 = a(xzy +1) hay x? (x2 —ay) =a—2. Ta xét cac truong hop sau.

e Truong hop 1: Vi a =1, khi d6 t xz(x2 —ay):a—Z ta duoc x2(x2 —y)z—l.

. o, . x> =1 x=1
Do x, y nguyén duong va x” >0 nén ta duoc 4 | =
x*-y=-1 |y=2

Thay vao biéu thitc ban dau ta duoc (X; y) = (1; 2) thoa man yéu cau bai toan.
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e Truong hop 2: Vi a =2, khi d6 tir x* (x* —ay) =a—2 ta dugc x* (x* ~2y)=0.

Do x, y nguyén duong va x* >0 nén ta dugc x* =2y =0 = x> =2y, suy ra x la s§ nguyén duong
chén. Tt d6 ta dwoc x = 2k;y = 2k* véi k nguyén duong théa man yéu cau bai toan.

e Truong hop 3: V6i a>2, khi do tir x* (x* —ay) =a—2 ta dugc a—2>0va a—2ix".

Nén taduoc a—2>x" =>a>x"+2>x",dodé x* —ay <x* -x’y <0.

Tir 6 ta duoc X (x* —ay) <0, diéu nay vo li vi a—=2>0.

Do d6 treong hop nay khong ton tai cac s6 nguyén duwong thoa man.

Vay cac cdp s6 nguyén duong thoéa man bai toan la (X; y) = (1; 2) ,(Zk; 2k2) v6i k nguyén duong.
Bai 51. D& thdy a =222...2 =222..20 +2 nén a chia 5 dw 2. Tit d6 suy ra a” chia 5 dw 2° nén a”

va 2" chia cho 5 ¢6 cting s6 du.

Tuong te b =333...3=333...30+3 nén achia5 du 3. Tt d6 suy ra b* chia 5du 3" nén b* va 3°
chia cho 5 ¢6 cung s6 du.

Nhu vy S=a’ +b* va 2° +3" ¢4 cling s8 du khi chia cho 5.

Lai c6 b=2333...3=333...32+1=4k +1 vdi k la s6 nguyén duong.

Nén ta dugc 2° =21 =2.2% =2.16* =2(15+1)" =2.15m+2,m e N’

Tl d6 suy ra 2° chia 5 dw 2.

Mat khac a =222...2 =222..20+2 = 4q + 2 vdi q la s6 nguyén duong.

Nén ta duge 3* =342 =323 =9.819 =9(80b+1)=9.80b+9 =9.80b+5+4

Tt d6 ta dwoc 37 chia 5 du 4.
Suy ra 2° +3* khi chia cho5c6sd dulaInén S=a"+b? khichia cho5c6sd dwlal.
x’+1 a_ y’+1

y+1 b’ x+1

Bai 52. Dat = %, trong d6 a,b,c,deZ va (a,b) = (C,d) =1.

c ad+bc

Theo gia thi€t ta c6 3.t
b d bd

Suy ra ta dugc (ad+bc)5b nén ad:b, mata cod (a,b):l nénsuyra d:b.

la s nguyén, nén ta suy ra duoc (ad + bC)fbd

Hoan toan tuong ty ta duwoc b:d . Tt d6 ta duwoc b=d.

ac_ X+1y’+1
b'd y+1 x+1

Lai c6 (x3 +1)f(x+1); (y3 +1)§(y+1) nén 14 s6 nguyén, do ds ac:bd.
Ma ta c6 (a,b)=(c,d)=1 nénsuyra b=d=1

3

3
X +1eZ;y +1
y+1 x+1

Tw d6 suy ra € Z nén ta duoc (x3 + 1)§(y + 1)
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Taco x = 1=(x') 1= (x 1) (x) 7 () (x)) 7 1
Do x*—1=(x*+1)(x’ =1) nén (x*~1})i(y+1)
Twr d6 ta suy ra duogc (x2016 —1)§(y+ 1).

C
=— trong do
'y d g

Bai 53. Do x, y la cac s6 hitu ti va x, y khac 0 nén ta dat x =

U‘Im

a,b,c,deZ;b,d >0, dong thoi (a,b)=(c,d)=1
ad +bc ad +bc

Khi d6 x+yzi+£: .Do x+y la sd nguyén nén
b d bc

eZ=(ad+bc)ibd.

ad d:b . .
Tt d6 ta dwoc { s {:‘)cfd'w (a,b)z(c,d)zl nén d:b va b:d,suyra b=d
Lai c6 l+l:R g: bc+ad l+l 14 s6 nguyén nén ad +be eZ:>(ad+bC)faC
X y a c ac Xy ac
ad+bc ad?c ) )
Tt d6 ta duwoc . .V‘1(a,b)=(c,d)=1 nén c:a va a:c,suyra a =c hodc
ad+bc bc:a
Tt cac két qua trén ta duoc a_c hoac a__¢ nén x =y hodc x=-y.
b d b d

e Véi x =Yy ta duoc x=y=% nén x+y=2bTa.Do x+yeZ va (a,b)=1 nén 2:b.Tirdb ta

duoc b e {1;2}.

Lai co l+l=& do l leZ va (a,b)zl nén 2:a, tir d6 ta dwoc ae{il;irZ}.

X y a Xy

, . 1
Nhuw vay ta duoccacsdx, yla x=y e {il; iZ;iE} .

11
e Véi x =~-y.Khi d6 ta duoc x+y=0;l+l=0 nén x+y va —+— déula s6 nguyén.
Xy X

Thtr lai ta dwoc cac cap s6 hitu ti thoa man bai toan la
11 1 1
(x:y)=(11),(-1-1),(2:2), (-2:-2), (2 ZJ (_E’_zJ (6-t)tez

Bai 54. Do x, y 1a s6 nguyén duwong nén 2xy —1>0. Do 4x* +6x +3 chia hét cho 2xy —1 nén ton

- A 4x* +6x+3
tai sO nguyén duwong m sao cho ——————=
2xy -1
2
2
Tt d6 ta duoc my=4x y+6xy+3y=2xJr3+ x+3y+3.
2XY—1 ny_l

Lién hé tai liéu word toan zalo: 039.373.2038 TAI LIEU TOAN HOC




Website:tailieumontoan.com

Do x, y 1a s6 nguyén duwong va 2x+ 3y + 35(2xy - 1) nén ta duoc 2xy —1<2x+3y +3
Ttr d6 suy ra ZX(y —1) <3y +4. Ta xét cac trrong hop sau:

7
2x -1

e Néu y =1, khi d6 ta dwoc m =2x+4+

Do m la sd nguyén duong nén 2x—1 1a wdc duong ctia 7. Suy ra 2x—-1€ {1; 7} .
T d6 ta duoc cac cap s6 thoa man bai toan la (x; y) = (1;1),(4;1) .

7
2y -2

e Néu y >2, khi do tir 2x(y—1)£3y+4 ta duoc x < By+4 :%+

2(y—1)

Do x la sO nguyén duwong nén ta duoc X € {1; 2;3; 4;5} .

s§+Z:5.
2 2

+Néu x =1 thi ta dwoc m = la sd nguyén va 2y —1>3. Tt d6 ta duoc y=7.

2y -1

Do d6 cédp s6 (x; y) = (l; 7) théa man yéu cau bai toan.

+Néu x =2 thitadwoc m =

y— la sd nguyén va 4y —1>7. T d6 ta duwoc y =8
y—

Do d6 cap s6 (x,‘y) = (2;8) thoa man yéu cau bai toan.

+Néu x =3 thita duwoc m =

p— la sd nguyén va 6y —1>11 nén 6y —1=>57, khong co gia tri
y —

y nguyén duong théa man.

+Néu x =4 thi ta dwoc m = la sd nguyén va 8y —1>17 nén 8y —-1=91, khong c6 gia tri

8y -1

y nguyén duong thoa man.

+Néu x =5 thita duwoc m =

la s6 nguyén va 10y —1>19. Tt d6 ta dwoc y =2
10y -1

Do d6 cip s (x;y) =(5;2) thoa man yéu cau bai toan.

Vay cac cip s§ nguyén duong théa méan yéu cau bai toan la

(y) = (1), (1), (17).(2:8).(5:2).

Bai 55. Cht y rdng a=b(modm) cénghiala a—bim.

Vi 2011 la s6 nguyén 8 va (2,2011) =1 nén theo dinh Ii Fecmat nhé ta co 2*'° —1(mod 2011).

Hay 2*" —1:2011.
Gia st s6 nguyén duwong n nho nhét thoa man 2" —1 chia hét cho 2011. Khi d6 n <2010.

Giast 2010=nq+r véiq,rlasStuenhiénva 0<r<n
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Ttr 2" —1(mod 2011) suy ra 2" =1(mod 2011)

Ma ta c6 2*"* —1(mod 2011) nén ta duge 2" —1(mod 2011)

Do d6 ta duge 27 (2" ~1):2011. Ma do (2*,2011) =1 nén (2" ~1):2011.

Lai do r <n vanlas® nguyén duwong nho nhat nén ti (Zr —1)32011 taduoc r=0.

Tt d6 suy ran la wdc ctia 2010. Médt khéc ta lai co 2" _1=1023<2011 nén n > 10

Chu y réng 2010=2.3.5.67 nén n e {15; 30;67;134;201; 335;402;670;1005; 2010} .

Ta 6 2"° =592(mod 2011) nén 2% =592* (mod 2011) hay 2* = 5507 (mod 2011)

Tir d6 ta lai duoc 2% =550% (mod 2011) hay 2* =850(mod 2011)

Do d6 2%.2” =850.2” (mod 2011) hay 27 = 206(mod 2011).

Nén ta dwoc 2'* =206% (mod 2011) hay 2 =205(mod 2011)

Va 2 =206° (mod 2011) hay 2*” =2010(mod 2011).

Ta cling 6 2°* =205.2010(mod 2011) nén 2** =1806(mod 2011)

Lai ¢6 2 2010 (mod 2011) hay 2*” =1(mod 2011), suy ra (2" ~1):2011

Vay n =402 la gid tri can tim.

Bai 56. Dé thay xy # 1. Ta xét cac truong hop sau

e V6i x=1 va y =2, khi d6 tir gia thiét ta dwgc 4 chia hét cho y—1 hay y—1 la wdc ctia 4. Chuy

réng woc cua 4 gom 1; 2; 4 nén ta tim duoc y € {2; 3; 5}.

+Véi x=1va y=2 taduwoc A=4

+Voi x=1va y=3 tadwoc A=2

+Voi x=1va y=5 taduwoc A=5

e V6i y=1 va x>2, khi d6 tir gia thiét ta dwoc x* +x+2 chia hét cho x—1 hay 4 chia hét cho

x—1, suy ra x—1 la wéc cua 4 nén ta dugc x € {2;3;5} .

+Véi x=2 va y=1taduoc A=8

+V6i x=3 va y=1taduoc A=7

+V6i x=5 va y=1taduoc A=38

e V6i x>2 va y>2,khidédo x* +x+2 chia hét cho xy —1 nén ta dugc y(x2 +x+2) chia hét

cho xy -1, tit d6 suy ra x+2y+1 chia hét cho xy —1.

x+2y+1
xy -1

+Néu k =1 thitaduwoc x+2y+1l=xy-1< (X—Z)(y—l) =4.

Dt k= , chiy rang do x>2 va y >2 nén ta duoc xy—1> 3.
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Giai phuong trinh tich trén ta duoc cac nghiém la (x,' y) = (3; 5),(4; 3)(6,‘ 4).

Khi d¢ ta tinh duoc cac gia tri twong tmg ciia Ala 1; 2; 4.

+Néu k22, khi d6 ta dwge x+2y +12xy -1 (x-2)(2y-1)<4

Véi y >3 va x >2 thi bat dang thiic trén khong xay ra, con véi x =2 va y =2 thi k khong nhan

gia tri nguyén duong.

Vay cac gid tri nguyén duwong ma A nhan duocla A e {1; 2;4;7; 8} .

Bai 57.

a) 4x* +8x+3 chia hét cho 4xy -1

Tt 4x* +8x+3 chia hét cho 4xy -1 suyra y (4x2 +8x+ 3)5(4xy -1)

Do d6 ta dugc [ x(4xy —1)+2(4xy —1)+(x+3y +2) |:(4xy 1)

Hay (x+3y+2)5(4xy—1).

Do x+3y+2 va 4xy —1 la cac s6 nguyén duong nén suy ra
dxy-1<x+3y+2= X(4y—1)£ 3y+3

Dodo,xs3y+3:12y+13:3(4y—1)+15:§+1—5:§+1_5:2
4y-1 4(4y-1)  4(4y-1) 4 4(4y-1) 4 43

Do x la s& nguyén duwong nén ta duoc x € {1; 2} .
+V6i x =1, khi d6 ta dwoc 15:(4y —1) nén ta dwoc y =1 hodc y =4
+V6i x =2, khi d6 ta duoc 35:(8y —1) nén ta duoc y =1.
Vay cac cap s6 nguyén duong théoa man yéu cau bai toan 1a (x; y) = (1; 1),(1;4),(2; 1)
b) 2xy —1 chia hét cho (x—l)(y—l)
bit a=x-1;b=y-1.Khong mat tinh tong quat ta giast a>b.
Do 2xy —1 chia hét cho (x—l)(y—l) va 2xy—11as6lénén x-1;y—11asd1é suyraavabla
s 1é.
Do x va y la s6 nguyén duong nén a va b 1a s6 nguyén duong.
Khi d6 tir 2xy 1 chia hét cho (x—1)(y ~1) ta duoc [2(a+1)(b+1)-1]:ab=>(2a+2b+1):ab
Do a va b la cac sd nguyén duong nén ti trén ta dugc
ab<2a+2b+1<>ab-2a-2b+4<5« (a—2)(b-2)<5
Cht y rang do ala cacs61é nén a—2 lasd1é, do d6 a—2 e{—1;1;3;5} nén a 6{1,'3;5,'7}.
Ta xét cac treong hop sau:

e Truwong hop 1: V6i a=1, khi d6 do a > b va b nguyén dwong nén ta suy ra duoc b=1.
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Tt d6 ta duoc x =2;y =2, thir lai ta thay (x;y) = (2;2) thoa man yéu cau bai toan.

e Truong hop 2: Véi a =3, khi d6 tir (2a+2b+1)iab ta duoc 7+2b:3b suyra 7+2bib=7:b.
Kéthop véi a>b tasuyradugc b=1.

Tt d6 ta duoc x =4;y =2, thir lai ta thay (x; y) = (4,' 2) thoa man yéu cau bai toan.

e Truong hop 3: V6i a =5, khi d6 tir (2a+2b+1)iab ta duoc 11+2b:5b suy ra
11+2b:b=11:b.

Kéthop véi a>b tasuyradugc b=1.

Tl d6 ta dugc x =6;y =2, thir lai ta thay (x; y) = (6 ; 2) khong théa man yéu cau bai toan.

e Truong hop 4: Véi a =5, khi d6 tir (2a+2b+1)iab ta duoc 15+2b:7b suyra
15+2b:b=15:b.

Két hop voi a>b ta suy ra duoc b e {1; 3;5} .

Tt d6 tuong ting ta dugc (x,'y) = (8;2),(8;4),(8;6) thir lai ta thdy (x; y) = (8;4) thoa man yéu
cau bai toan.

Vay cdp s6 nguyén duong thdéa man yéu cau bai toan la (x;y) = (2;2),(4;2),(2;4),(8;4),(4;8) .
c) x*> +2 chia hét cho xy +1

Do x> +2 chia hét cho xy +1 nén ton tai s6 nguyén duwong m sao cho x* +2 = m(xy + 1)

Hay ta dugc x> —mxy=m -2 < x(x—my) =m —2. Ta xét cac truong hop sau

e Néu m =1, khi d6 ta duoc x(x— y) =—1 nén ta dugc x=1;y =2 thoa man yéu cau bai toan.
e Néu m =2, khi d6 ta duoc x(x—2y)=0.Do x#0 nénsuyra x—2y=0< x=2y.

Do d6 x =2k;y =k vdi k la s nguyén duong thoa man yéu cau bai toan.

e Néu m > 2, khi d6 tir x(x—my)zm—Z ta dwoc m—2:x nén m > X.

Tir d6 ta duge x—my < x—xy < 0. Mt khac ta lai 6 x—my =———= >0, do d6 ta duoc mau
thuan.

Vay cap s nguyén dwong thoa man yéu cau bai toan la (X; y) = (1,' 2) ,(Zk; k) vdi k 1a s6 nguyén
duong.

d) x* +x chia hét cho xy -1

Trudc hét ta chitng minh x va xy —1 nguyén td cung nhau.

That vay, goi d=(x,xy—1),kh1’ do ta duge xid;xy —1:d nén ta duoc xy—(xy—l)fd:d=1.

Tt x° +x chia hét cho xy—1 ta duoc x(x2 +1)§(xy—1).
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Do (x,xy—1)=1nén suy ra x* +1ixy —1. Tir d6 ta dugc (x2 +1+xy—1)§(xy—1)

Hay ta duoc x(x+y)f(xy—1) .
Lai do (x, xy—l) =1 nén ta suy ra duoc (x + y)f(xy —1)
Khi d6 ton tai s6 nguyén duong z d€ x+y = z(xy—l) S X+y+Z=XyZ.

Nhu vay ta di tim nghiém nguyén dwong cho phuwong trinh x+y +z=xyz.

Chia hai v€ cua phuwong trinh x+y+z =x.y.zcho xyz # 0 ta duoc i+i+i=1
yZ Xz Xy
Khong mat tinh tong quat ta gia st x>y >z >1.Khi do6 1:i+i+iﬁi2+i2+i2:i2

yz Xz Xy z° z° z° z
Suy ra IS%,do d6 ta dugc z° <3 nén z=1. Thay z =1 vao phuong trinh ban d4u ta duoc
z
x+y+1=xy<:>xy—x—y=1<:>(x—1)(y—1)=2

R , ) x-1=2 x=3
Tk x>y néntacd x—1>2y—-1>0.Do do ttr (X—l)(y—1)=2 ta duoc

y-1=1 < y=2
Do d6 nghiém nguyén duong ctia phuong trinh la (X; y; z) = (1; 2; 3) va cac hoan vi.

Vay cap s6 nguyén dwong thoa man yéu cau bai toan la

(o) = (52).(21),(13),(31),(23).(32)

Bai 58.

Céch 1. Ta c6 x* —2 chia hét cho xy +2 nén y(x* =2 chia hét cho xy +2, khi ¢

Xy =2yi(xy +2) = x(xy —2)-2(x+y)i(xy +2) = 2(x+y)ixy +2.

Do x vay la cac sO nguyén duong nén x+y va xy +2 la cac sd nguyén duong.

Do do6 tie 2(x+y)fxy+2 ta suy ra dugc 2(x+y)2y+2<:>y(x—2)£2x—2.

Dén day ta xét cac truong hop sau:

e Véi x=1, khi d6 ta dwoc —1§(y+2), treong hop nay khong xdy rado y+22>3.

e Véi x =2, khi d6 ta duge 252(y+2) hay 15(y+1), trudng hop nay khéng xdy rado y+1>2.

X2 _ 5, 2 4

e V6i x =3, khi do tu y(x—2)£2x—2 ta duoc y <
X=2 X—2

Tte d6 ta deoc 0<y <4 ,khidoésuyra -2< <2.Kéthop voi x 2 3 ta suy ra duoc xe{3;4}.

X—2
+Khi x =3 thi ta duoc 73(3y+2):>3y+2=7:>3y=5:>y:§,loai.

+Khi x =4 thi ta duoc 14i(4y +2)=7}(2y+1)=2y+1=7 =y =3, nhén.
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Vay cédp s6 nguyén duong thdéa man yéu cau bai toan la (x; y) = (4; 3)
Cach 2. Ta cé x* -2 chia hét cho xy +2 nén y(x2 - 2) chia hét cho xy +2, khi d6

Xy =2yi(xy+2)=x(xy-2)-2(x+y)i(xy +2) = 2(x+y)ixy +2
Khi d6 ta duoc 2(x+ y) = k(xy+ 2)(1( eN’ ) Tt d6 ta xét cac treong hop sau
e Néu k=1,khidétaco 2(x+y)=xy+2<(x-2)(y-2)=2
Do x va y nguyén duong nén ta cd {x—2=2:>{x=4 hodc {X—Zzl :>{X:3
y—-2=1 y=3
Thtt lai ta thay (x; y) = (4; 3) thoa man yéu cau bai toan.
e Néu k=2, khi d6 tir 2(x+y)=k(xy+2) tasuyra
2(x+y)22(xy+2):>x+y2xy+2:>(x—1)(y—1)+1£0
Do x va y nguyén duwong nén bat dang thitc cusi cing khong ¢ x va y thoa man.
Vay cdp s6 nguyén dwong thoa man yéu cau bai toan la (X; y) = (4; 3) .
Bai 59. Gia st sau s6 nguyén duong a,;a,;a,;a,;a;;a, théa man thoa man yéu cau bai toan
Tacd a, <a,<a,<a,<a,<a, vaa, +a,+a,+a,+a,+a, =79
Ta c6 nhan xét, néu a, >12 thi a, >2a, =24 va a, >2a, =48.
Khidé a, +a,+a,+a, +a, +a, >12+24+48>79 khong thoa man yéu cau bai toan.
Do d6 ta dwoc a, <12.
D€y la trit s6 dau tién thi cac s6 con lai trong day s0 trén 1a bdi ctia s6 ding trude n6, do do ta co
mot cach chon bon s6 dau tién la a, =1;a, =2;a, =4;a, =8.
Tacé a, =ma, =8m va a, =na, =8mn v6i m, n la cac s6 nguyén dwong lén hon 1.
Mat khac talaic6 a, +a, +a, +a, +a, +a, =79. Ttr d6 ta duoc
1+2+4+8+8m+8mn=79=m(1+n)=8
Giai phuwong trinh nghiém nguyén trén két hop véi diéu kién s6 thit sau cua day 16n nhat ta duoc
m =2;n =3 nén ta duoc a, =48.
Vay day s6 can tim la 1; 2; 4; 8; 16; 48.
Bai 60. Ddt b, =a ;b, =a, +a,;..;b_=a, +a,+..+a_.
Viaa,;a,;..;a, lacacsdnguyén duong nén ta duwoc 1<b, <b, <..<b =2n-1.
Ta xét cac treong hop sau:
+Néu n sd nguyén duong b ;b,;...;b_ khi chia cho n ¢6 cac s6 du khac nhau thi ton tai mot s6

chia hét cho n. Khong mat tinh tong quat ta gia st s d6la b, véi ke {1; 2;3;...; n}
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Khidétacd 1<b, <2n-1 nénta duoc b, =n.Do d6 ta duoc a, +a, +a, +...+a, =n.
+Néu n s nguyén duong b,;b,;...;b_ khi chia cho n c6 hai s§ dw bang nhau. Khong mat tinh
tong quat ta giases6 dola b, va b, véi k,l e {1; 2; 3;...;n} va k>1
Ttr d6 ta dwoc b, —b, :n hay ta duoc (a1 +a,+a, +...+ak)—(a1 +a, +a, +...+a1)5n
Tir d6 ta dwoc a,,, +a,,, +...+a, :n.
Vay ludn ton tai mdt s§ s§ trong cac s8 nguyén duong trén cé tdng bang n
Bai61.Tacé n*—1=(n-1)(n+ 1)(n2 + 1) . Ta can chting minh
n'-1= (n - 1)(1‘1 + 1)(112 + 1) chia hét cho 8 va 5 va 5 va 8 nguyén t6 cung nhau.
Theo gia thiét (n,lO) =1 nén n khong chia hét cho2va5
Do d6 n=2k+1 (k € N) thay vao biéu thtic trén ta duoc
(2k+1-1)(2k+1+1)(4k> +4k +1+1) =8k (k+1)(2K* + 2k +1)i8
Ma n’ =1;4 (mod5) Vn, vi n khdng chia hét cho 5 nén loai treong hop n” = 0(mod5)
Véin® = 4(mod>5) thi n® +1 chia hét cho 5 ta ¢
Vi n* =1(mod5) = (n—1)(n +1) =0(mod5) nén n-1:5 hodc n+1:5
Vay ta da c6 n* —1 chia hét cho 40.
Bai 62. Chia biéu thitc A cho n—3 ta thu dwoc
A=n*-5n"-2n"-10n+4= (n—3)(n3 -2n® —8n—34)—98
(n-3)[(n-3)(n’ +n-5)-49]|-98

=(n-3)"(n*+n-5)-49(n-1)
Ta xét cac treong hop sau

e Khin chia7 du 3 thi n—3 chiahét cho7nén (n—3)" chia hét cho 49.

Tt d6 ta duwoc A = (n—3)2 (n2 +n—5)—49(n —1) chia hét cho 49.

e Khin chia 7 khéng duw 3, khi d6 n=7t+r voit, rlacacsdtunhiénvare {0;1;2;4;5;6}.

Khi d6 dé thdy n—3=7t+r—3 véi r—3#0 nén n—3 khong chia hét cho 7.

Lai cé n? +n—5=(7t+r)2 +7t+1-5=49¢t> + 21t +r’ +r—5.

Véi re{0;1;2;4;5;6} thi r’ +r—5 khong chi hét cho 7 nén suy ra n* +n—>5 khong chia hét cho
7.

Tt dédsuyra A= (1‘1—3)2 (n2 +n—5) —49(n—1) chia hét cho 49.

Vay bai toan duoc chiing minh xong.
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~ Bai63.Ta phat bi€u bai toan dudi dang: Tim s6 nguyén duong n 16n nhat sao cho s6 2015
viét duoc thanh a, +a, +a, +...+a, trong d6 cacso6 a ;a,;a,;...;a, la cac hop so.
Cht y rdng d€ c6 n 16n nhét thi cichop s8 a,;a,;a,;...;a, phai nho nhat. Dé thay 4 1a hop s6 chin
nho nhét va 9 1a hop s6 1é nho nhat.
Ta c6 2015=4.503+3. Ma 4 1a hop s6 nho nhat nén n <503.
Xét n=503. Vi A la s6 1é nén ton tai it nhat mot sO a, véi i=1;2;..;n la s6 1é. Khong mat
tinh tong quat, gia st a, 1é, suy ra a, 29. Khi d6

a,+a,+..+a, >9+4(503-1)=4.502+9 > 2015
Xét n=503-1, khi d6 ta c6 2015 =4.503+3 =4.500+15=4.500+6+9. Do d6 n 16n nhat
la n=502.
Bai 64. Truedc hét ta co cac nhan xét:
+V06i x, y la cac s6 nguyeén thi ta luén c6 (8x + 1)(8y + 1) chia 8 du 1.

+Véi k =2n 1a s8 nguyén chin thi 3" chia 8 dw 1 va 5° chia 8 du 1.
Thay véy, tacé 3 =3 =9" =(8+1) =8a+1 véialasd nguyén.

5% =5 =25" =(24+1)" =8b+1 véiblas§ nguyén.
+Véi k=2n+1 1asd nguyén 1é thi 3 chia 8 dw 3 va 5° chia 8 du 5.
Thay véy, tacé 3 =3 =3.9" =3.(8+1)" =3.8a+3 véialasdnguyén.
5% =51 =525" =5,(24+1) =5.8b+5 v6iblasd nguyén.

Ap dung cac nhan xét trén cho bon truong hop sau

e Truong hop 1: Néu m 1a s8 chan va n 1a s8 chan, khi d6 ta co

3" +5" =8a+1+8b+1=8(a+b)+2 khong chiahét cho 8, véia, b la cdc s8 nguyén.

e Trudng hop 2: Néu m 1a s8 chdn va n 1a s& 1¢, khi d6 ta c6

3" +5"=8a+1+8b+5= 8(a + b) +6 khong chia hét cho 8, véi a, b la cac s6 nguyén.

e Trudng hop 2: Néu m la s&'1é van 1a s6 chan, khi d6 ta 6

3" +5"=8a+5+8b+1= 8(a + b) +6 khong chia hét cho 8, vdi a, b 1a cac s6 nguyén.

e Truong hop 2: Néum la s6 1é van la s 1, khi d6 ta co

3" +5"=8a+3+8b+5= 8(a + b) +8 khong chia hét cho 8, véi a, b 1a cac s6 nguyén.
Nhu vay véi m va n la cac s6 nguyén duong lé thi 3™ +5" chia hét cho 8.
Khi d6 ta cé 3" =8c+3 va 5™ =8d +5 nén ta duoc 3" +5™ =8(c+d)+8 ciing chia hét cho 8,
Bai toan dwgc chitng minh xong.
Bai 65. Gia st n la sO tie nhién chia 17 du 10, khi d6 n#0 van cé dang n=17k+10 véi ke N.
Goi 100 sd tw nhién dwoc chon la 17k, +10;17k, +10;17k, +10;...;17k,,, +10.
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Khong mat tinh tong quat ta gia st k, <k, <k, <..<k,,.

Néu k,, >118 thikhi d6 17k, ,, +10>17.118 +10 = 2016 . Do d6 k

100 —

<117.

100 —
Ta sé chitng minh k, <20. That vay, gia st k, > 21.
Khidotr k, <k, <k, <..<k,,suyrak, 2k, +Lk, 2k, +Lk, 2k, +1;..;k,, 2k, +1

>2117+1=118,

100 —

Neén tir k, 221 suyra k, 221+1=22;k, >22+1=23;k, >23+1=24;..;k
diéu nay trai voi k,, >118. Do d6 k, <20.

Vi k, <20 nénsuyra k, <19;k, <18.

Véi két qua trén ta chon ba s6 nho nhét trong 100 s6 trén la 17k, +10;17k, +10;17k, +10

Khi d6 ta duoe 17k, +10+17k, +10+17k, +10<(17.18+10)+(17.19+10)+(17.20+10) = 999
Vay ta ludn chon duoc ba s6 ¢6 tong khong 16n hon 999. bai toan dwgc chirng minh.

Bai 66. Ta c6 X° —3xy +2y° +x—y = (x— y)(x -2y +1) va 97 la s6 nguyén t6 nén ta duoc

X—-y:97

23Xy +2yi+x -V )97 <
(¢ =3xy+2y* +x-y) x—2y +1:97

Ta xét cac treong hop sau
e Truong hop 1: Vi x—y:97 khi dé x = y(mod 97), tir d6 ta duoc

2x* = 3xy +y* —16x +22y = 6x(mod 97) = x = y = 0(mod 97)
Do d6 suy ra xy —12x+15y = O(mod 97) hay xy —12x+15y chia hét cho 97.

e Truong hop 2: Vi x—2y +1:97 khi d6 x =2y —1(mod 97). Tir d6 ta duge

(
+Néu y-3=0(mod97) < y=3(mod97)=>x=5(mod 97)
Suy ra xy —12x+15y =5.3-12.5+15.3 =0(mod 97

2a+1:b
Bai 67. Gia st a, b nguyén duong va .

2b+1:a
Khi d6 ta c6 (2a+1)(2b+1)iab=>(2a+2b+1):ab=>2a+2b+1=kab(keN")
Suy ra ta duock, a, b déu le.

Viazl,b21=(a-1)(b-1)20=a+b<ab+1=2a+2b+1<2ab+3<5ab

Két hop voi 2a+2b+1=kab ta dugc kab <5ab nénsuyra k<5.

Do k la s tw nhién 1é nén dén day ta co cac truong hgp sau
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e Truong hop 1: Vi k=5=2a+2b+1=>5ab, khi d6 tir 2a+2b+1=2ab+3 =5ab ta suy ra

dugc 3ab=3=a=b=1.Rorang a=b=1 thoaman 2a+1:b va 2b+1:a.

e Truong hop 2: V6i k =3, khong mat tinh tong quat ta gia sit a > b, khi d6 ta c6
3ab=2a+2b+1<5a=3b<5=b=1=3a=2a+3=a=3

Rorang b=1;a=3 thoaman 2a+1:b va 2b+1:a.

e Truong hop 3: V6i k=1, k =3, khong mat tinh tong quat ta gia sit a > b, khi d6 ta c6

ab=2a+2b+1<5a=b<5=be{l;3;5]

+V6i b=1, khi d6 déng thtic ab=2a+2b+1 tro thanh a=2a+3 voly

+Véi b =3, khi d6 dang thitc ab=2a+2b+1 tro thanh 3a=2a+6+1=>a=7.

Rorang b=3;a=7 thoaman 2a+1:b va 2b+1:a.

+Véi b =5, khi d6 dang thirc ab =2a+2b+1 tro thanh 5a:2a+10+1:>a:% (loai)

Vay xét dén vai tro ctia a va b ta duoc cac cdp s6 nguyén duong can tim la
()= (151)(1:3),(31),(7:3)(37)
Bai 68. Gia st ton tai s6 nguyén n thdéa man (20142014 +1) chia hét cho n’ +2012n.
Ta n® +2012n=(n’-n)+2013n =n(n-1)(n+1)+2013n,
Vi n—1;n;n+1 laba s6 nguyén lién tiép nén c6 mot s6 chia hét cho 3.
Suy ra n(n - 1) (n + 1) chia hét cho 3, lai c6 ma 2013 chia hét cho 3 nén n’ +2012n chia hét cho
3.
Mit khac 2014*™ +1=(2013+1)"" +1=2013k +2 véi k la s tu nhién

Do d6 (2014 +1) chia cho 3 du 2. Diéu nay dan dén mau thun.
Vay khong c6 s6 nguyén nao thdéa man diéu kién bai toan da cho.
Bai 69. BO dé: Cho x, y la cac s0 tie nhién va s6 nguyén t6 p c6 dang p =3k +2 thi
x* =y’ (mod p) < x=y(mod p).
That vay, ta c6 x = y(mod p)= x> =y’ (mod p), dtng.
Véi x’ =y®(mod p) = x** =y™(mod p).
Vi x, y cung chia hét cho p thi hién nhién dung.

3k+1 _

Véi (x, p) = (y, p) =1tacd x"' = yp_1 = 1(mod p) =X

3k+1 (

y mod p)

= xx™ =y.y’* (mod p) = x = y(mod p) vi x** = y** (mod p).
Ap dung bd d8, ta c6
P(x)=P(y)(mod 11) & (x~1)’ +11(x~1)+10=(y~1)" +11(y -1)+10(mod 11)

& (x-1) =(y-1) (mod 11) & x~1=y~1(mod 11) & x =y (mod 11).
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Do d6 P(x)=P(y)(mod 11) < x =y (mod 11).

Suy ra v6iméi n e N, trong 11 gia tri P(n), P(n +1),. e P(n +10) , €6 duy nhat mdt gia tri chia
hét cho 11. Do d¢, trong cac s6 P(l),P(Z),. . .,P(99) c6 dung 9 s6 chia hét cho 11, con P(O) =2
khong chia hét cho 11.

Vay c6 dung 9 s6 thoa man yéu cau bai toan.

Bai 70. Ta xét cac truong hop sau

e Trudng hop 1: Véin la s6 chén, khi d6 n =2k v6i k nguyén duong.

Khi d6 ta c6 M = 2k.4™ +3% =2k.16" + 9.

Ta 6 16 va 9 cung du v6i 2 chia 7 nén 16" va 9% ¢6 cing s& du véi 2 khi chia cho 7

Do d6 M cung du véi (2k.2k + Zk) = 2k.(2k + 1) khi chia cho 7 nén 2k +1 chia hét cho 7 hay k chia
7 du 3, suy ra ta dugc k =7p+3 voi p la s6 twe nhién, tir d6 ta dwoc n=14p+6.

e Truong hop 2: Véinlas61é, khi d6 n =2k +1 vdi k nguyén duong

Khi d6 ta c6 M =(2k+1).4% 1+ 3% =4(2k +1).16" +3.9"

Do d6 ta dwge M cung du véi (k + 4).2k +3.2" = (k + 7).2k khi chia cho 7.

Do d6 k chia hét cho 7 hay k =7q vdi q la s6 tu nhién. Tt d6 ta dwoc n=14q+1.

Vay n=14p+6 hodac n=14q+1, véi p va qla cac s tw nhién.

Bai 71. Tacd a° + b’ +¢? —3abc=(a+b+c)(a2+b2+c2—ab—bc—ca)

Suy ranéu a+b+c=0 thi a’ +b’ + ¢’ = 3abc

Vi (x2 —}72)+(§72 —ZZ)+(ZZ—X2)=O nén

(=3 sl =) () =3( )= ()
=3(x—y)(y—z)(z—x)(x+y)(y+z)(z+x).
Lai co
X* (y+z)+y* (z+x)+2° (x+y)+2xyz
:(x2y+y2x)+z2 (x+y)+(2xyz+yzz+x22)
:xy(x+y)+z2(x+y)+z(x+y)2 :(x+y)(xy+22+zx+zy)
=(x+y)[x(y+z)+z(y+2z)]=(x+y)(y+2)(z+x)
Suy ra ta dwgc P=3(x—y)(y—z)(z—x)eZ.
Trong ba s nguyén duong x, y, z ludn c6 hai s6 ciing tinh chdn 1, khong m4t tinh tdng quat ta gia
st d6 la x va y, khi d6 ta duoc x—yi2 . Do d6 ta duge P=3(x—y)(y-z)(z-x)i6
2

fa— 2_
Bai 72. Bién d6i gia thict = : L :YT1@3(><2 ~1)=2(y’-1) = 3% -2y’ =1
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Vi 56 chinh phuong chia 5 du 0 hodc 1 hodc 4, ma 3x*> —2y” =1 nén x* va y* chia cho 5 c6 cling
s& dw 1, tir d6 ta duoc x* —y2 :5

Vi s8 chinh phuong chia 8 du 0 hodc 1 hodc 4, ma 3x* —2y” =1 nén x* va y” chia cho 8 c6 cling
s8 du 1, tlr d6 ta dwoc x* —y*i8

Do 5 va 8 nguyén t& cling nhau nén ta dwoc x* —y?* 140

Bai 73.

e Xét n=1 thi moi sO nguyén td p déu thoa man.

e Xét p=2 van=>2,khidétr n<2p taduwoc n<4,suyra ne{2;3;4}.

+Véin=2 tacd (2 —1)2 +1 chia hét cho 2.

+V6i n=3 tacd (2-1) +1 khong chia hét cho3.

+V6i n=4 tacd (2 - 1)4 +1 khong chia hét cho 4.

e Xétn>2 va p>3.Khidéplasslénén (p—1) +1 lasslé valabdicia n”"' nénnlasd ty
nhién 1é, do d¢ ta dwoc n <2p.

Goi q 1a wéc nguyén t6 nho nhat ctia n. Khi d6 do (p - 1)n +1 chia hét cho n?™" ta duoc

(p—l)n +1 chia hét cho q. Ttr d6 suy ra (p—l)n =-1 (modq) va (p—l; q) =1.

Do n, q déu lé nén (n;q—l) =1 nén ton tai u,ve N’ sao cho un—v(q—l) =1.

Khi ay ulé va (p - 1)un = (p - 1)(p - 1)V(q_l) = (—1)u = (p - 1)1V (mod q) =>p= O(mod q)

Suy ra p chia hét cho q, ma do p, qla cacs6 nguyéntdnén q=p.

Tt d6 do n < 2p ta suy ra duoc n=p
P P B
Vay p*' laudccta (p-1)" +1= > (-)F*Cip* =p? [Z c (1) Py 1]
k=1 k=2

P _
Do mdi s8 hang ctia ZC; (—l)p « pk_2 déu chia hét chopnén p-1<2 = p<3.Boi vay
k=2
n=p=3.
Vay cédp s6 thoa man bai toan la (n;p) = (2;2),(3;3),(1;p) véi p 1a sd nguyén t6.
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Chu dé 2
CAC BAI TOAN VE SO CHINH PHUONG, SO LAP PHUONG
Bai 1. Tim tat ca cac s6 nguyén duong n d&€ n” +391 1a s8 chinh phuong.

Bai 2. Tim tdt ca cac s6 nguyén n sao cho A=(n—2010)(n—2011)(n—2012) la mot s6 chinh

phuong.

Bai 3. Tim céac s6 nguyén x d& V199 —x* —2x +2 1a mot s8 chinh phuong chén.
. n (2n - 1) _

Bai 4. Tim s6 nguyén duong n sao cho —————= 1la s0 chinh phuong .

Bai 5. Tim s6 ty nhién n 16n nhat khong vuot qua 2012 sao cho M =26n+17 la mot s6 chinh
phuong.

Bai 6. Tim c4c s6 nguyén t0 p sao cho \/1+ p+p +p’ +p* lasdhituty

Bai 7. V6i mdi s8 nguyén duong n, ky hiéu S_ 1a tdng ctia n s6 nguyén t& dau tién (
5,=2,5,=2+3,.., S, =2+3+5,....). Ching minh rgmg trong day s6 S,,S,,S,, ... khong ton tai
hai s0 hang lién ti€p déu la cac s6 chinh phuong .

Bai 8. Tim tdt ca cac s6 nguyén t6 p sao cho 2p+1 la lap phwong cia mot s te nhién.

Bai 9. Tim s6 nguyén x d& vx* +x+3 1a s& hitu ti.

Bai 10. Cho x, y 1a cdc s6 nguyén duong va x” +2y la s6 chinh phuong. Chting minh rang x* +y
béng tdng ctia hai s6 chinh phuong.

Bai 11. Tim s6 ty nhién n dé n+5 va n+30 déu la sd chinh phwong.

Bai 12. Tim tat ca cac s6 tu nhién n sao cho n+2015 va n+2199 déu la cac s6 chinh phwong.
Bai 13. Tim cac s8 nguyén k d& k* —8k® +23k* — 26k +10 1a s6 chinh phuong.

Bai 14. Tim t4t ca s6 nguyén x d€ x* +x+1 1a s& chinh phuong

Bai 15. Tim s6 nguyén dwong n sao cho n® +n* —n’ +11a s chinh phuong

Bai 16. Tim tat ca cac cdp s6 nguyén duong (m ; n) sao cho 2™ +3" 1a mot s6 chinh phuong.

2

N A PN n N\ g7 > . AN [N IO A 7 . M \
Bai 17. Cho s0 ty nhién n sao cho la tich cua hai s6 tir nhién lién ti€p. Ching minh rang n la

tong ctia hai s6 chinh phuong lién tiép.
11 1

~ A el ~ A A 1
Bai 18. Cho cac sO nguyén a, b, c thoa man diéu kién —+—+—=——.
a b c abc

Chting minh rang (1 +a’ )(1 +b’ )(1 +c’ ) la mot s6 chinh phuong.
Bai 19. Tim cdp s6 nguyén duong (x; y) thoa man x° + 3y va y” +3x déu la s6 chinh phuong.

Bai 20. Tim tat ca cac s8 nguyén duong n sao cho 3" +n” 1a mot s§ chinh phuong,

Bai 21. Ton tai hay khong s8 tw nhién n 1é sao cho n'' +199 1a mét s§ chinh phuwong
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* Bai 22. Cho c4c s8 nguyén duong a, b, ¢ 1a thoa man (ab + 1)(bc + 1)(Ca + 1) la s6 chinh phuong.
Chting minh rang ba s3 ab+1;bc+1;ca+1 déu la s5 chinh phwong.

Bai 23. Ton tai hay khong cac s8 nguyén duong a, b, c sao cho a’ +b+¢;b’ +c+a;c® +a+b déu
la cac s6 chinh phuong.

Bai 24. Chitng minh rang 2" + 2”9 khong thé 1a s6 chinh phuong véi p va q 1a cic s8 nguyén
khong am.

Bai 25. Cho s6 nguyén duong n théa man 2n+1 va 3n+1 la s3 chinh phuong. Chting minh rang
n chia hét cho 40.

Bai 26. Chting minh rang néu abc 1as8 nguyén t& thi b”> —4ac khong thé 1a s& chinh phuong.

Bai 27. Cho n 1a s6 nguyén dwong. Chting minh rang néu 2n 1a téng cta hai s8 chinh phuong thi n

cling la tong cta hai sd chinh phuong.

Bai 28. Cho a va b la cac s6 tu nhién. Chttng minh rang néu ab 1a s6 chan thi ta luén tim dwoc s§

nguyén c d&& a’ +b” +c? 1a mot s chinh phuong.

Bai 29. Cho s6 nguyén duong n >1 va sd nguyén t6 p thoa man (p —1)31’1 va (n3 — 1)fp. Chuing

minh rang 4p —3 1a mot s3 chinh phuwrong.

Bai 30. Chiing minh réng néu n 1a mot 1ap phuong dtng thi n® +3n +3 khong thé 1a mot lap

phuong dung.

Bai 31. Tim tat ca cac s8 nguyén t8 p sao cho p° —p+1 la lap phuong ding ctia mdt s8 tu nhién.

x> +y?+30
Xy

Bai 32. Cho cac s6 nguyén x, y duong thoa man A = la mét s6 nguyén. Chiing minh

rang A la liiy thira bac 5 ctia mot s6.

Bai 33. Tim s6 ty nhién n d€ s6 3" —1 la lap phuong cia mot mot s6 ty nhién.

Bai 34. Tim tat ca cac s6 nguyén td p sao cho ton tai s6 nguyén duong n ma sd A sau la lay thtra
bac 5 ctia modt s8 nguyén duong: A=2+n+n’+n’+...+n""

Bai 35. Cho sd nguyén duwong n ¢ dung k wéc nguyén duong la d,,d,, ..., d, théa man diéu kién
d, +d, +..+d, +k=2n+1. Chitng minh rang % la s6 chinh phuong.

Bai 36. Tim s6 nguyén t6 p va s6 nguyén duong n sao cho p" la tong lap phuwong cua hai s6
nguyén dwong lién tiép.

Bai 37. V6i s8 tie nhién n tlty ¥ cho trudc. Chiing minh rang s6 m = n(n + 1)...(n + 7) +7! khong
thé biéu dién dugc dudi dang tdng ctia hai s6 chinh phuwong.

Bai 38. Cho x, y 1a cdc s6 nguyén thoa man 2x* +x = 3y” +y. Chting minh cac s8 sau déu la s&
chinh phuwong: x—y; 2x+2y +1;3x+3y +1.

ab+2
a+

2
Bai 39. Cho a, b 1a s8 hitu ty thoa man a’ +b” =4 —( J . Chting minh +ab+2 1a s6 hitu ti
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// Bai 40. Gia st m, n 12 cdc sO tu nhién thoa man 4m® +m =12n° +n. Chting minh réng m-n la

lap phuong ctia mot s6 nguyén.

Bai 41. Tim tat ca cac s6 nguyén duong n chi c6 cac wdc nguyén td la 2 va 5 thoa man n+25 la
mot s6 chinh phuwong.

Bai 42. Tim cac tam gidc vudng c6 do dai cac canh la mot nguyén duong va dién tich tam giac
vuong do6 la mot s6 chinh phuong.

Bai 43. Chttng minh rang néu s 2n 1a téng ctia hai s8 chinh phuong(lén hon 1) phan biét thi
n’ +2n 1a tong ctia bdn s6 chinh phrrong(16n hon 1) phan biét.

Bai 44. Cho a, b 1a c4c s6 nguyén duong thda man diéu kién a’ +b? chia hét choab +1. Chting

a’+b?

minh rang la s6 chinh phuong.

ab+1

Bai 45. Cho a, b, ¢ 1a cac s6 thuc duwong théa man 0 <a’ +b* —abc < c. Khi d6 a’ +b* —abc 1a s

chinh phuong.

a’+b’+c*—ab—ac—ab
2

Bai 46. Cho cac s6 nguyén théa man A = la s6 chinh phuong.

Chiing minh rang a=b =c.

Bai 47. Cho a, b, ¢, d 1a cac s6 nguyén dwong d6i mot khac nhau thoa man diéu kién biéu thic A

a b C d
+

+ . Chttng minh rc:?mg tich abcd 1a mot s6
a+b b+c c+d d+a

nhan gia tri nguyén voi A =

chinh phuong.
Bai 48. Viét cac s6 c6 5 chit s6 tir 11111 dén 99999 sau d6 sap x&p cac sd d6 theo mot thix tw bat ki ta
duoc mot s twe nhién. Ching minh r@?mg s0 moi duoc tao thanh khong thé 1a mot 1y thira cua 2.

X_

Bai 49. Tim céc sd nguyén x sao cho la binh phuong cua mét phan sd

x-9

Bai 50. Tim s6 nguyén duong x dé X-

la binh phuong ctia mét s6 hitu ti.
x+43

HUONG DAN GIAI

Bai 1. it a®> =n” +391 vdi a la s tw nhién khac 0.

Khi dé6 ta duoc (a —n)(a +n) =391, do @6 a—n; a+n la wdc ti nhién cua 391.

a+n=2391 a=196
Ma a—-n>0; a+n>a—n, nén ta duoc

a-n=1 < n=195

Vay gia tri can tim la n =195.

Bai 2.

Ta xét cac treong hop sau

+Xét n =2001 hoac n =2011 hodc n =2012 thi déu thoa man thdéa man yéu cau bai toan.
+Xét n #2001, n #2011, n #2012, khi d6
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- Néuné thi (n—2010; n—2011) =(n-2011; n—2012)=(n-2010; n—2012) =1. Do d6 d¢ tich
la s6 chinh phuong thi n—2001; n-2011; n—2012 la ba s& chinh phuong. Nhung

n—-2011; n—2012 1a hai s6 nguyén lién ti€p nén khong thé cing la s6 chinh phuong.

Néu n chén thi (n—2010;n-2012)=2;(n-2010;n-2011) =(n-2011;n-2012)=1. Do &6 d&
tich la s& chinh phuong thi

n—-2010 =2a?
n-2011=b* , Véi a,b,ceN ;(a;c)=1
n-2012 =2¢*

cta=1

Suy ra Z(C2 —a2)=2<:>(c—a)(c+a)=1©{c_a =1<:>{a Zi), treong hop nay loai

Vay n=2010; n=2011; n=2012 la c4c s can tim.
Bai 3. Goi s6 chinh phuong chén la (2t)2 voi teN
Ta céd
V199 —x* —2x +2 =(2t)2 <4200 (x+1)* +2 =4t
=42 <24200 > 42 <16 > 2 <4=0<t <2
Vi te N nén ta co6 cac truong hop sau
+Véi t =0 phuong trinh (1) vo nghiém.
+Véi t =1, giai phuong trinh (1) dwoc hai nghiém x, =13;x, =-15
+Véi t =2, gidi phuwong trinh (1) dwoc hai nghiém x, =1;x, =-3
Vay cac sd nguyén can tim la x=-15; x=-3; x=1;, x=13

n(2n—1)

Bai 4. Dat =q’ < n(2n-1)=26q" véi qla s§ twnhién

Do v& phai 1 s6 chin va 2n -1 la s81é nén n phai la s§ chin. Dt n=2k (ke N).

Tir d6 ta dwoc k(4k—1)=13q". Nhan thdy (k; 4k—1)=1 nén ta duoc

k =u? hos k =13u’
oac
4k -1=13v? 4k -1=v?
k=u’

+ Xét truong hop , » khi do ta dugc 4k = 1Bv?+1=12v +v* +1
4k-1=13v

Tt &6 suy ra v +1:4 hay v* chia 4 du 3, diéu nay vé li. Do d6 truong hop nay khong xay ra

k =13u’

I khi d6 ta duoc 4k = v’ +1, tuong tu nhu trén tho treong hop nay
—1=v

+ Xét truong hop {

cting khong xay ra.

Vay khong tim dwoc n théa mam yéu cau bai toan
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K*-17

Bai 5. Dit 26n+17 =k’ (ke Z) =>n= <2012 =k <228 va klasdlé

Khi d6 ta co cac truong hop sau
2 —

+Voi k=227, tacé n= % ¢ N (loai)
2 —

+Voi k=225, tacd n:%ﬁﬂ\l (loai)

2_
+Vé6i k=223, tacd 1‘12%21912

Vay vdi s6 ty nhién 16n nhat n =1912 thi M =26n+17 la mét s6 chinh phuwong.

Bai 6. Ta c6 \/l+p+p2+p3+p4 las6hitu ty khi 1+p+p’ +p° +p* =n’*, neN
S A+4p+4p° +4p° +4p* =4n® (1)
= p’+4p° +4p* <4n’ <4 +4p+4p’ +4p° +4p* +5p°
<:>(2p2+p)2 <(2n)2 <(2p2 +p+2)2 S 2p*+p<2n<2p’ +p+2
Do d6 ta dwoc = 2n =2p” +p+1. Thé vao (1) ta duoc
4+4p+4p” +4p° +4p* :(2p2 +p+1)2 < p-2p-3=0

Giai phuong trinh trén ta dwoc p =-1 (loai) va p=3

Vay véi p=3:>\/1+p+p2 +p°+p* =11 la s8 hitu .

Bai 7. Gia stt s6 nguyén t6 thitn la p_ . Gia str ton tai s6 ti nhién m dé

Spa=k% 8, =1 (k;1eN')

Vi§ =2,5,=2+3=5,5,=2+3+5=10,5, =2+3+5+7 =17 , khong phai la cac s6 chinh
phuongnén m>4.Tacd p_ =S_-S,_ =(l—k)(1+k).

1-k=1

Vi 1a s0 nguyén td nén
P 7250 REY {1+k=pm

2
Suyra p, =21-1=2,/S_ ~1=8§ :(PmT”j (*)

Vi m >4 nén

S, <(1+3+5+7+..4p, )+2-1-9

2 2 2 2
=12—02+22—12+32—22+...+(pm+1J —(pm_lj =(—pm+1J —8<(—pm+1j

2 2 2 2
Diéu nay mau thuan véi (*). Vay khong ton tai s6 thu nhién thoa man yéu cau bai toan.

Bai 8. Néu 2p+1 la lap phuong ctia 1 s0 tw nhién thi s6 d6 phai la s 1é. Gia st
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2p+1=(2m+1)’ < 2p+1=8m’+12m’ +6m +1< p=m(4m?+6m+3)
RS rang dé p 1a s6 nguyén t6 thi m =1 hay p=13. Thirlai 2.13+1=27 =3’ dting.
Vay chi c6 1 s6 nguyén t6 duy nhat thoa diéu kién dé baila p=13.

Bai 9. Ta c6 VX +x+3 lasd hitu ti khi x> +x+3 1a mot s6 chinh phuong do x nguyén
Pat x* +x+3 =Kk’ (ke Z). Suy ra 4x* +4x+12 = 4k” < (2k +2x+1)(2k-2x-1) =11
Vi s6 11 1a s6 nguyén t6 nén ta c6 cac treong hop sau

2k +2x+1=11 {x=2

+ Truong hop 1: =
2k-2x-1=1 k=3

. 2k +2x+1=1 X=-3
+ Truong hop 2:

<
2k-2x-1=11 k=3

. 2k+2x+1=-11 x=-3
+ Truong hop 3: =

2k-2x-1=-1 k=-3

. 2k+2x+1=-1 x=2
+ Truong hop 4: K

21(—2x—1:—11<:>
Vay cac gia tri can tim la x=2; x =-3
Bai 10. Dat x* +2y” =k’ (ke N) suy ra 2(x2 +y) =k*+x?

Do d6 k* +x* 1as8 chdnnén k> va x> cling tinh chan, 1é hay k va x cling tinh chan, 1é
Suy ra x+k; x—k cting chén, lé.

bat k+x=2p; k—-x=2q (p; qu)tl_xnhién)

Tt d6 ta duoc k=p+q; x=p—q

Do d6 ta dugc 2(x2+y):(p+q)2+(p—q)2 :2(p2 +q2):>x2+y:p2 +q°.

Vay x* +y bang tong ctia hai s§ chinh phuong.

Bai 11. it n+5=x°; r1+30=y2 (x;yeN, x;y>0),

y:—x =25<:>(y—x)(y+x)=1.25

Laicé y—x<y+x nén {i;iz;ﬁ {i:;i
Thay vao ta tinh duwgc n =139 thod man yéu cau bai toan.

Bai 12. Gia st a va b 13 cic s8 tu nhién sao cho n+2015=a%; n+2199 =b>.
Suyra (b-a)(b+a)=184 hay (b-a)(b+a)=223

Vi b—a va b+a la cac s6 c6 ciing tinh chdn 1é va b—a <b+a nén chi xay ra hai treong hop
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b-a=2 . |b—a=4
U R A

5
+ Truong hop thit nhat (I) = {b 4 = n =10. Théa man.

21
+ Truong hop thit hai (II) @{a 5 = n =-1574 <0. Khong thoa man.

Vay n=10 la s6 can tim
Bai 13. Tim cac s& nguyén k d& k* —8k® +23k* — 26k +10 1a s chinh phuong,.
Dat M = k* —8Kk® +23k> —26k +10. Ta c6

M = (k" —2Kk® +1) -8k (k* 2k +1) +9k* ~ 18k +9

= (k=1 = 8k(k=1) +9(k=1)" = (k=1)" | (k-3) +1|

M Ia s chinh phuong khi va chi khi (k—1)° =0 hodc (k—3)" +1 14 s8 chinh phuong.
+ Truong hop 1: (k—l)2 =0eok=1.
+Truong hop 2: (k—3)" +11a 58 chinh phuong, dit (k-3) +1=m* (m e Z)

o m’—(k-3) =1e (m-k+3)(m+k-3)=1

VimkeZ=m-k+3eZm+k-3eZ nén {m_k+3:1 v {m—k+3=—1

m+k-3=1 m+k-3=-1
Giairatadwoc k=3

Vay k=1 hodc k=3 thi k* -8k’ +23k* —26k +10 1a s8 chinh phuong

Bai 14. Dat x> +x+1= y2 (y IS Z). Phuong trinh dwgc viét lai thanh x? +x+1—y2 =0

Xem phuong trinh trén la phirong trinh bac hai 4n x, ta c6 A =4y* -3
b€ phuong trinh c6 nghiém nguyén thi A phai la s6 chinh phuong
Nén 4y* -3 =k’ (k € N) = (2y—k)(2y+k) =3, ma 2y +k >2y—k nén ta cé cac truong hop

sau

2v+k= =1
+ Voi y* 3<:> y
2y-k=1 k=1

2y+k=-1 =-1
+vei i =17
2y-k=-3 k=1
Thay y =1; y =—1 vao phuong trinh trén ta duwoc x=0; x =-1.

Bai 15. Xét n=1 ta dugc A=2 va n=2 ta dugc A =73 déu khong phai la sd chinh
phuong
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Xét n>2 tacd A=n’+n*—n’+1 1asd chinh phuong nén 4A =n°+4n* —4n’ +4 1a s8 chinh
2
phuong. Ta c6 4A:(2n3+n—1) +4—(n—1)2

2n’ +n-1

+Néun=3 thi 4—(n-1) =0 nén A:( 5

2
J =28 1a 58 chinh phuong

+Néun>3 tacd 4—(n-1) <0 nén 4A<(2n’ +n-1)

Ma 4A (20" +n-2) =4n’ —n’+4n>0 nén (2n° +n-1) >4A> (20’ +n-2)

Do d6 véi n >3 thi A khong thé'la s6 chinh phuwong.

Vay v6i n =3 thi A la mét s6 chinh phuwong.

Bai 16. Giastt 2™ +3" =a’ v6i ae Z. Dé dang nhén ra a la s6 1é nén a” chia 3 du 0 hojc dw 1.
Talaicé 2™ +3"=2" =(-1)" (mod3) nén a’ =(-1)" (mod3).

Ttr d6 suy ra m phai la s chdn. Do d6 ta suy ra duoc 2™ 4.

Taco 2™ +3"=3" = (—1)n (mod 4) ma a’ chia 4 du 0 hodc du 1 nén suy ra n ciing 1a s& chén.
it n=2k ke N’ Khi d6 ta duge 27 +3" =a’ < 2" =a’ -3 < 2" =(a-3")(a+3")

Tt d6 ta suy ra a-3"=2%a+3"=2"véir>s>1,r+s=m.

Suy ra 2.3% =27 ~2°=2°(2"* ~1), do d6 ta dugc s =1 nén 2" —1=3".

Tacé r+1=m nénrlas6lé suyra r—1 1asd chin.

-1 -1
Do d6 271 —1=3* @(2 2 —1][2 2 +1J=3k

r-1 r-1
Ta c6 [2 2+ 1] - [2 2 - IJ =2 nén mot trong hai thira s6 khong chia hét cho 3.
-1
Tl d6 ta suy raduwoc 2 2 —1=1=r=3.Pén day ta duoc k=1.
Vay cdp s6 nguyén duong (m ; n) = (4; 2) théa man yéu cau bai toan.

2

Bai 17. Gia st —

= a(a + 1) v6i a la mot s8 twe nhién. Tt d6 ta dwoc

n’=3a>+3a+1=4n>~1=12a°+12a+3=(2n-1)(2n+1)=3(2a+1)
Do 2n—1 va 2n+1 la hai s6 tu nhién 1é lién ti€p nén ta co hai truong hop sau
2n-1=3p’

e Truong hop 1: {Zn P=g

Tl d6 ta dwoc q° =3p” +2 hay q° chia 3 du 2, diéu nay vé li vi s6 chinh phuong chia 3 du 0 hodc
du 1. Do d6 truong hop nay khong xay ra.
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. 2n-1=p°
e Truong hop 2: o412 32
n+1=3q

Twr d6 ta duoc p la s61é, nén ta dat p=2k+1, véi k1a mot s6 tu nhién.
Khid6 2n-1=(2k+1) < 2n=4Kk* +4k+2 & n? =2k* +2k+ 1 n? =K + (k+1).
Vay ta c6 n la tong cua hai s6 chinh phuong lién tiép.

1

11 1
Bai 18. Tt gia thiét —+ —+—=—— taduoc ab+bc+ca=1
a b c abc

Tacé a’+1=a’+ab+bc+ca=(a+b)(a+c)

Hoan toan tuong ty ta duge b* +1=(b+c)(a+b);c* +1=(c+a)(b+c)
Do d6 ta duoc (1+a’)(1+b*)(1+c*)=(a+b) (b+c) (c+a) .

Do d6 (1+a*)(1+b?)(1+¢*) 1a mot 3 chinh phuong,

Bai 19. Ta xét cac truong hop sau:

e Néu x =y, khi d6 ta can tim x sao cho x* +3x =k* véi k 1a mot s8 nguyén duong.
Tacd 3 +3x=k? & 4 +12x+9=4K>+9 & (2x+3) —(2k) =9
Hay ta duoc (2x—2k+3)(2x+2k+3)=9.

N R . A 2x+2k+3=9 x=1
Chu y rang 2x+ 2k +3 > 2x -2k + 3 nén tir phuwong trinh trén ta duoc =
2x-2k+3=1 k=2
Tt d6 ta dwoc (x; y) = (1,' 1) thao man yéu cau bai toan.
e Néu x # y, khi d6 khong mat tinh tong quat ta gia st x<y.
Dit y* +3x =a’, véi a la s8 nguyén duong. Khi dé ta cé y* <y’ +3x=a’ <y*+3y < (y+ 2)2 .

Do ds taduge a® =(y +1)" hay y* +3x=(y+1)' e 3x =2y + 1y =22,

Lai do x* + 3y la s6 chinh phuong nén ta dit x* +3y =b” véi b 1a s8 nguyén duong.

Tir d6 ta duoc x2+3.3X2_1 =b” < 2x" +9x-3=2b" < (4x—4b+9)(4x+4b+9) =105

Chayla 4x+4b+9 > 4x—-4b+9 nén giai phuong trinh trén ta duoc x =1 hodc x=11

+V6i x =1 tasuy ra dwoc y =1, truong hop nay loai do x<y.
+Véi x =11 ta suy ra duoc y =16, treong hop nay ta dwoc (x,‘y) = (11;16) théa man.
Vay cac cap s6 nguyén duong thoa man yéu cau bai toan la (X;y) = (1;1),(11;16),(16;11).

Bai 20. Gia sit 3" +n” =m’ véi m la mot s8 nguyén duong.
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L An 2 2 n 4 m_n:3k
Tacé 3" +n° =m <:>(m—n)(m+n)=3 , do do ta dwoc .
m+n=3"
Do m+n>m-n nén n—-k>k=n-2k>0 hay n-2k >1. Ta xét cac truong hop
e Truong hop 1: Néu n—2k =1, khi d6 tir hé phuong trinh trén ta duoc

2n=3""-3"=35(3"* -1)=23" = n=3"=2k+1
D& dang chimg minh duoc véi k22 thi 3* =(2+1) > 25 +1> 2k +1

Tir d6 ¢ 3" =2k +1 thi k=0 hodc k=1, tlr &6 ta im duoc n=1 hodc n=3.

e Truong hop 2: Néu n—2k > 2, khi d6 ta dwoc k <n—k—-2 nén 3* <3"*7?

Dod6 2n =3"* -3* >3"* 32 =37+ (37 1) =8.3"*

Do k 12 s8 nguyén duong nén n—k—2>1, do d6 ta dugc 3" = (2 +1)n_k_2 >1 +2(n—1< —2)
Tir o suy ra 2n>8[ 1+2(n—-k—-2)| hay ta dugc 8k+12>7n.

Mit khéc talai c6 n>2k+2 nén 7n =14k +14. Do d6 ta duwoc8k +12 > 14k +14, diéu nay vo li.
Do d6 trong treong hop nay khong c6 so tie nhién n théa man.

Vay cac s0 tu nhién thdéa man bai toan la n =1 hodc n=3.

Bai 21. Trudc hét ta co hai nhéan xét:

+V6i x, y 1a cc s8 nguyén dwong va p 1a s6 nguyén t& dang p =4k +3 théa man x* +y”ip, khi
dé x va y cung chia hét cho p.

+ Cho hai s8 nguyén duong x va y nguyén t& cing nhau. Khi d6 moi wéc nguyén t3 caa x* +y’
déu c6 dang p=4k+3.

Tré lai bai toan: Gia st ton tai s tw nhién n 1é sao cho n'' +199 1a mot s& chinh phuong,.

bt n'' +199 = m? véi m 12 mdt s6 tw nhién. Do n 14 s6 1é nén n chia 4 ¢6 s6 dw 1a 1 hodc 3.

Néu n chia 4 du 3, khi d6 n"' +199 = (4k - 1)11 +199 chia 4 c6 s6 dw1a 2 hay m” chia 4 ¢6 s8 du la
2, diéu nay vo ly. Do d6n chia4 c6 s6 dula 1.

Taco n"+199=m’ < m’+43’ =n" +2" =(n+2)(n"” -2n° +..-512n+2")

Hay ta dwoc m®+43° =(n+2)b véi b=n'"-2n"+..-512n+2".

Vinchia4 césddulalnén b=n'""-2n" +...—512n+2" ¢4 s6 dw 1a 3 khi chia cho 4.

Tl d6 suy ra b c6 mét wéc nguyén td la p va p chia 4 dw 3 hay p c6 dang p=4k+3.

Theo nhan xét thit nhat thi m? +43% b = m? + 432 :p nén ta duoc 43:p suyra p=43.

Néu n+2:43 thin chia 43 c6 s6 du 1la —2. Ttr d6 ta dwoc

b=n"-2n"+4n®-8n" +16n° —32n° + 64n* —128n° + 256n”* —512n + 2" chia 43 du 8.
biéu nay vo 1i vi b chia hét cho 43. Do d6 n+2 khong chia hét cho 43.

Tacéd m*+43% =(n+2)bi43 = m*:43 = mi43, tir d6 ta duoc m* +43°143° = (n+2)bi43".
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~ Matacd n+2 khong chia hét cho 43. Nén suy ra bi43* hay b=43%a véi aeN va (2,a) =1.

y
4 Hon nita vi m chia hét cho 43 n33n m =43q,q € N. Do d¢ ta duoc

(n+2)b=m’+43" =43’ (q’ +1) < (n+2)43’°a=43"(q’ +1) <> q* +1=(n+2)a
Ma ta co (1, q) =1 nén theo nhan xét thit hai thi q° +1 khéng c6 wéc nguyén t6 nao dang 4k +3.
Nhung don chia4 duw1nén n+2 chia4 du 3 hay n+2 c6 dang 4k + 3. Diéu nay mau thuan.
Vay khong ton tai sO ti nhién n théa man yéu cau bai toan.
Bai 22. Trong cac b sd nguyén duwong (a :b; c) thoa man bai toadn ta xét bd sd (a :b; c) sao cho
a+b+c co gia tri nho nhat. Khong mat tinh tong quat ta chon ¢ = max{a;b; C} .
Dé thay a =b = c =1 khong thoa man bai toan nén ¢ = max{a;b;c} >1
Goi t la s6 thoa man phuong trinh bac hai an t sau

t* +a’+b’ +* —2(ab+bc+ca+ta+tb+tc)—4abct—4 =0
& t*-2t(a+b+c+2abc)+a’ +b* +c* —2(ab+bc+ca)-4=0
Ta nhan thiy phuong trinh bac hai trén tuongduong véi ba phuong trinh sau
(a+b—c—t)2 :4(ab+1)(ct+1)
(a+c—b—t)2 =4(ac+1)(bt+1)
(b+c-a-t) =4(bc+1)(at+1)

Gia phuong trinh bac hai trén ta duoc t,, =a+b+c+2abc£2,/(ab+1)(be+1)(ca+1).

Do (ab+1)(bc+1)(ca+1) 1a s8 chinh phuong nén t nhan céc gia tri nguyén.

Két hop ba phuong trinh trén ta duoc 4° (ab+1)(ac+1)(bc+1)(ct+1)(bt+1)(at+1) 1a s chinh
phuong, do d6 (ct+1)(bt+1)(at+1) 1a s& chinh phuong.

-1 -1 -1 -1

Laicd at+1>0;bt+1>0;ct+1>0 nén t>—;t>—;t>—.Dod6 t>—F— > 1.
a b C max{a;b;c}

Ta xét cac treong hop sau:

e Néu t =0, khi d¢ tir phuwong trinh bac hai ta duoc
(a+b+c)2 :4(ab+bc+ca)+4 = (a+b—c)2 :4(ab+1)
Suy ra ab+1 la s6 chinh phuong.
Chtng minh goan toan twong tw ta dwgc bc+1;ca+1 la cac s6 chinh phuong.
e Néu t >0, khi d6d do a+b+c co gia tri nhé nhat nén ta duoc t > ¢ va t chi nhan mét trong hai

gidtri t,, =a +b+c+2abci2\/(ab+1)(bc+1)(ca +1)

Ma theo dinh li Vi —et ta co
tit,=a’+b’+c’—2(ab+bc+ca)-4<c* —a(2c-a)-b(2c-b)<c’.
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Diéu nay dan dén mau thuan. Nén truong hop nay khong c6 gid tri t thda man.

Vay bai toan duoc chiing minh xong.

Bai 23. Gia str ton tai cac s6 nguyén duong a, b, c d& a’ +b+c;b’ +c+a;c’ +a+b déu la cacsd
chinh phuong.

Khi d6 do a, b, ¢ 1a cac s6 nguyén duwong nén ta cé a* +b+c>a’

Do d6 ta duoc a +b+c2(a+1)2 hay tacé a’+b+c>a’+2a+1< b+c>2a+1
Hoan toan tuong tw ta dwoc c+a>2b+1,a+b>2c+1.

Tir 46 ta duoc 2(a+b+c)22(a+b+c)+3< 023, diéu nay vo li.

Vay khong ton tai cac s6 nguyén duong a, b, ¢ thoa man yéu cau bai toan.

Bai 24.

o Xét truong hop p = q, khi d6 2°F +2°1 =2.2%P = 2%P*! khong phai la s6 chinh phuong.
e Xét truong hop p # q, Khi d6 khong mat tinh tong quat ta giast p>q=>0.

Khi d6 ta dugc 2°P +2%9 = 4P + 49 =49 (4p—q + 1).

~ 2
De thdy 49 = (Zq) la s6 chinh phuong. Ta can chiing minh 471 +1 khong phai la s6 chinh
phuong.
That vay, gia st 4”1 +1 la sd chinh phuong.
Do p>q nén 479 +1 1as§1é va 479 +1>1, do dé tadit 47 +1=(2n+1)", v6inla mot s§
nguyén duong.
Khi d6 ta duoc 4”9 +1=4n(n+1)+1 hay 4" 9" =4n(n+1).
Tl d6 suy ra 4" 9" chia hét chonva n+1
Do n la s6 nguyén duong nén n(n + 1) >1, do d6 mot trong hai s6nva n+1 lasdlé.
Do d6 4" 9" chia hét cho mot s&1¢, khi d6 4”9 =1 nén 1in(n+1), diéu nay v .
T d6 suy ra 471 +1 khong thé 1a s6 chinh phuong.
Vay 2°P +2°1 khong thé'1a s8 chinh phuong.
Bai 25. Gia st s6 nguyén duwong n théa man 2n+1 va 3n+1 la s6 chinh phuong.
Dit 2n+1=x" va 3n+1=y” véix, y la cac s6 nguyén duong.
Tl cach dat trén suy raxlasdlé va 2n=x*>-1=2n = (x—l)(x+1).
Do x 1a s6 1é nén (x—l)(x+1)f4 nén ta dwoc 2n:4 = n:2 hay nla s6 chén.
Donlasdchannén 3n+1 lasd1é, tir d6 suy ra y la s 1é.
Talaicé 3n+1= y2 = 3n=(y—1)(y+l).

Chti y réng tich ctia hai s8 chan lién tiép chia hét cho 8 nén ta dugc (y - 1) (y + 1) :8=3n:8
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~ Ma 3 va8nguyén td cuing nhau nén suy ra n chia hét cho 8.

D€y rang mot 6 chinh phuong khi chia cho 5 ¢6 thé ¢ s6 du 1a 0; 1; 4.
Ciing theo cach dat trén ta duwoc 2n+1+3n+1=x"+y* =5n+2=x" +y’
Do d6 ta dugc x* +y” chia 5 du 2, tit d6 suy ra x° va y” chia cho 5 cling c6 s6 dw la 1.
To d6 talai 6 y*> —x*5 hay (3n+1)—(2n+1):5=ni5.
Ma 5 va 8 nguyén t8 cing nhau nén suy ra n:40. Bai todn duoc chiing minh.
Bai 26. Ta sit dung phuong phap phan ching d€ cieng minh bai toan.
Gia st b’ —4ac 1a mot s8 chinh phuwong, khi d6 ta dit b*> —4ac=k*, ke N".
T d6 ta duoc 4ac =b* —k*. Ta ¢6

4a.abc = 4a(100a +10b +c) = 400a® + 40ab + 4ac = 400a’ + 40ab + b? ~ k?

=(20a+b) ~k* =(20a+b+k)(20a+b-k)
Do abc la s6 nguyén td nén ¢ >0 nén suy ra ac >0, do d6 tir 4ac =b”* —k* ta suy ra duoc b>k.
T 46 dan dén 20a+b+k>20a+b-k >20a.
— (20a+b+k)(20a+b—-k)

T trén ta suy ra duoc abc = 1 =m.n
a

Do 20a+b+k>4a va 20a+b—-k>4a néntasuyraduoc m>1van>1.

Suy ra abc khong phai la mot s& nguyén t8. Diéu nay mau thuan véi gia thiét caa bai toan.
Vay diéu gia st trén 1a sai hay b® —4ac khoéng thé 1a s chinh phurrong.

Bai 27. Gia st n la s6 tu nhién thoa méan yéu cau bai toan. Dit 2n=a’ +b” véi a,beN'.
Tit &6 suy ra a® +b” 1a s§ chédn nén a va b c6 cting tinh chén lé.

Dodb a—b va a+b la cac s6 chén.

batna+b=2m;a—-b =2k vdi m va kla cac s6 nguyén duong.

Khi d6 ta duoc a=m+k;b=m—k.Do dé tir 2n=a’ +b* ta duoc

2n :(m+k)2 +(m—1<)2 =2n=m’+2mk+k’+m’ -2mk + k* :2<m2 +k2)

Do d6 ta duoc n=m? +k’ hay n 1a tdng ctia hai s§ chinh phuong.

Bai 28. Do ab la s8 chn nén it nhat mot trong hai s6 a va b 1a s8 chan. Ta xét cac treong hop sau
e Truong hop 1: Ca hai s8 a va b déu 1a s8 chdn. Khi d6 a* va b® cling chia hét cho 4.

Dit a’ +b” =4k véi k 1a mot s6 tw nhién. Khi d6 ta chon c=k—1.

Th& thi a® + b +¢* =4k + (k- 1)2 = (k+ 1)2 hay a’ + b’ + ¢ 1a mot s& chinh phuong.

e Truong hop 2: Trong hai s8 a va b c6 mot s8 chdn va mot sd 1é.

Suy ra trong hai s8 a® va b® ¢6 mot s6 chia hét cho 4 va mot s8 chia 4 ¢6 s8 dwla 1.

Do d6 ta duwoc a? +b* =4k +1 vdi k 1a mét s6 tw nhién. Khi d6 ta chon ¢ = 2k.
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The th a* +b* +¢* =4k +1+(2k)’ =(2k+1)" hay a® +b? +¢* lamét s& chinh phuong,.

Nhu vy ca hai truong hop ta luén chon duoc s6 nguyén ¢ d&& a® +b* +¢® 1a mot s§ chinh phuong,
Bai 29. Tt gia thiét (p—l)fn véi n>1 vasénguyén td p ta duoc p—1>2n=p>n.

Lai ¢4 (n3 —1)§p = (n—l)(n2 +n+1)§p, khi d6 ta dugc (n2 +n+1)fp.

Déat n* +n+1=kp véikla s6 nguyén duong.

Ta cé (p—l)fn nén p chiancésddulal, dodd kp chian cé s6 du la k.

Tt d6 ta dwoc n® +n+1 va k khi chia chon ¢6 cung sO du voi nhau, do d6 k va 1 khi chia chon cé
cung sO du.

bdt p=an+1va k=bn+1 véia, blacacsénguyénva a>0;b>0
Khi d6 ta c6 n* —i—n—i—l=(ar1—|—1)(br1+1)<:>r12 +n+1:abn2+(a+b)n+1

Hay ta duwgc abn+a+b=n+1.

Néu b >1 thita dwoc abn+a+b>n+2>n+1, trdi véi abn+a+b=n+1
Do d6 ta duwgec b =0, khi d6 k =1 nén suy ra n? +n+l=p
Ny, 2 2 2
Tir d6 ta duoc 4p—3=4(n’ +n+1)-3=4p> +4p+1=(2p+1)
Hay 4p—3 la mot s6 chinh phuong.
Bai 30. Ta sit dung phuwong phap phan chitng dé chiing minh
Gia st n* +3n+3 la mot lap phuong dung.
Khi d6 do n la mot lap phwong dung nén ta duoc n(n2 +3n+ 3) la mot lap phwong dung.
Déy rang n(n2 +3n+ 3) =n’+3n’+3n
Matacdé n’ <n’+3n*+3n< (n+1)3 nén ta duwoc n’ < n(n2 +3n+3) < (n+1)3
Do d6 n(n”+3n+3) khong thé 1a mot lap phuong ding. Diéu nay dan dén mau thuan,
Vay diéu gia st 1a sai hay thi n” +3n + 3 khong thé 1a mot 1ap phuong dting.
Bai 31. Gia st s6 nguyén t& p théa man p’ —p+1 la lap phuong ding ctia mot s§ tu nhién.
Khi d6 ta dit p> —p+1=a’ véi a la mot s8 tu nhién.
Tir d6 ta duoc p(p-1) = (a—l)(a2 +a+1) . Tt day tasuyra a>1.
Do p 1a s6 nguyén t8 nén ta dwoc a—1:p hogc a’ +a+1ip.
e Néua-1l:p néntaduwoca—-1=kp,keN,dodsé a=kp+1.
Khi d6 tr p> —p+1=a’ tadugc p’—p+1 =(1<p+1)3 o p’-p+1=Kp’ +3k’p’ +3kp+1

Nhan thdy véi k>2 thi hién nhién p* —p+1<k’p’ +3k*p? +3kp+1 dodé k<1.
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+Véi k=0, khi d6 ta dwoc p° —p+1=1<:>p(p—1)=0, diéu nay vo li do p 1a sd nguyén t6.

+Voi k=1, khi d6 ta duoc p3 —2p2 +4p=0< p2 —2p+4=0, khong ton tai p thoa man.
Vay voi a—1:p thi khong ton tai s6 nguyén t6 p thdéa man yéu cau bai toan.

e Néu a’+a+1ip, khidé (p,a—1)=1vacé p(p-1)i(a—1) nénsuy ra dugc p-lia—1.

2
bat p:(a—l)b+1 véi be N, khi d6 tlr a® +a+1:p ta suy ra dugc atarl la s6 nguyén
(a-1)b+1
2 — —
dwong hay ta dugc M: a+2+3b—a2 la s6 nguyén duong.
ab-b+1 ab-b+1

Tt d6 ta phai c6 |3b—a—2| >ab—b+1. Ta xét cac truong hop sau

+ Truong hop 1: Néu 3b—a—-22>ab-b+1, khi d6 ta duoc b(4—a)2a+3.

Tir d6néu a2 4 thi ta duoc b(4-a)<a+3, diu nay mau thun, do dé vi 1<a nén a=2 hosc

a=3.Khi a=2 thitlr p’—p+1=a’ taduoc p(p—1)=7, phuong trinh vé nghiém. Khi a =3

thi tir p* —p+1=a’ ta duge p(p—1)=26, phuong trinh v6 nghiém.

+ Truong hop 2: Néu 3b—a—2<—(ab-b+1)=2+a—-3b>ab-b+1=b(a+2)<a+1,dicu

nayvolivia+l<a+2.

+ Trudong hop 3: Néu 3b-a-2=0=a=3b-2,khidé tir p=(a—1)b+1 ta duoc
p=3b(b-1)+1=3b-3b+1 vaa’+a+1=(3b-2) +(3b-2)+1=9b>~9b+3

a’+a+1 9a’-9a+3 _
p 3a®-3a+1

Ttr do6 suy ra

Do @6 tie p(p—l):(a—l)(a2 +a+1) ta duoc p—1:3(a—1) nén suy ra (b—l)(b—3)=0

Ttr d6 ta dwoc b=1 hodac b=3.

V6i b=1 thi p=a, khi dé ta dugc p’ —p+1=p’ < p(p’—p+1)=1, didu nay vo i

V6i b=3 thi p=3a—2, khi d6 ta duoc 9a” —15a+7 =a’ <> (a—1)(a—7)=0 nén a=1 hoic

a="7.Tht tryc ti€p ta dwoc a =7 théa man yéu cau bai toan. Khi d6 ta dwoc p=19.

Vay p =19 la s6 nguyén td uy nhat théa man yéu cau bai toan.

Bai 32. Goi (X0 ; yo) la mot cap s6 nguyén thoa man yéu cau bai toan va x, +y, cé gia tri nho

nhat.

X2 +ys+30
Xo¥o

Do vai tro nhu nhau caa x;, va y, nén ta c6 thé gia st x, <vy,.

Khi d6 ta duoc A = hay y; — Ax,y, +Xx; +30=0

Xét phuong trinh bac hai y* — Ax,y +x; +30=0.
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Do (x0 ; yo) thoa man yéu cau bai todn nén y, la nghiém ctia phuong trinh
y?—Ax,y+x;+30=0.
Do phuong trinh trén la phwong trinh bac hai nén ngoai nghiém vy thi phwong trinh con c6 mot
nghiém nita la y, . Khi d6 theo hé thirc Vi - et ta c6 {y" e ZZAXO :

Yo¥, =X; +30
Do y,;X,;A lacacs6 nguyén y, las6 nguyeén.
Nhu vay (XO ; yo) va (XO ; yl) déu thoa man phuong trinh bac hai trén va theo canh chon x;, +y,
c6 gia tri nho nhat ta dwoc x, +y, <X, +y, =y, <y,.Dodd x, <y, <y, . Taxét cac truong hop
sau:

2 2
xo—i-co—i-?)O=2+2EZ

e Truong hop 1: Xét x, =y, khi d6 thay vao A ta duoc A =
X,X, X

0
Tir d6 suy ra 30ix; = x; =1=x,=1,dodé A=32.
e Truong hop 2: Xét y, =y,, khidé tir y,y, = x¢ +30 ta duoc
xs+30=y5 < (y, =%, )(y, +%,) =30
Dé thdy y, —x, va y, +X, c6 cing tinh chdn lé, ma 30 =1.30 =2.15=3.10 = 5.6 nén khong c6
X, va y, thoa man.

Vo =X, +1

e Truong hop 3: Vdi x, <y, <y,, khi dé ta dwoc {y1 Sy 413, +2
Do do tir y,y, =x§ +30 ta duoc 30+x3 Z(XO +1)(x0 +2):> X, <9.

Khi x, =9 taduoc y,y, = 92+30=111=1.111=3.37. Do ¥, <Y, nén ta suy ra duoc

(yo;yl) = (1;111),(3;37), loai do khong thoa man x, <y, .

Khi x, =8 ta duwoc y,y, = 8% +30=94=1.94=2.47.Do ¥, <Yy, nén ta suy ra duoc
(voiy,)=(1;94),(2;47), loai do khong théa man x, <y, .

Khi x, =7 taduwoc y,y, = 72+30=79=1.79 . Do Y, <Y, nén ta suy ra duoc (yo;yl) = (1;79),
loai do khong thoa man x, <y, .

Hoan toan tuong tu cho cac truong hop con lai ta déu khong tim duoc (yo ; Y1) théa man.

Nhu vay ta duwoc A =32 =2° 1a lily thira bac 5 ciia mot s6 nguyén dwong khi x =y =1.

Bai 33. Dit 3" —1=a’ véiala sd tu nhién. Khi d6 ta duoc 3" =a’ +1¢ 3" =(a+1)(a’ —a+1)

a+1=3"

2

. _a+1_3y,trongc’[é x,y €N va

Do d6 a+1 va a® —a+1 1a cdc wdc cua 3". Suy ra {

X+y=n.
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Tkt a+1=3"=a=3"+1, thay vao phuong trinh thit hai cua hé ta dwoc
(3 +1) (3 +1)+1=3" &3> -3 43=3

e Néu x> 2, khi d6 3** —=3*"! chia hét cho 9, do &6 3> —=3*' +3 chia 9 du 3 nén 3’ chia 9 du 3.
Do x>2 néna=3"-128.Dodd tr a’ —a+1=3" taduoc 3’ =a(a—1)+128.7+1=57

Suyra y>4,do d6 3¥ chia hét cho 9. Mau thuan véi trén

Nhu vay treong hop nay khong c¢é n théa man.

e Néu x=1,khidé tir a+1=3" taduwoc a=2,dod6 3" =a’+1=2"+1=9 nén n=2

e Néu x=0,khi d6 tir a+1=3" taduoc a=0,dod6 3" =a’+1=0>+1=1nén n=0

Vay cac s tu nhién thoa man yéu cau baitoanla n=0 va n=2.
nf-1.
n-1 4

Bai 34. Nhan xét: Néu p, q 1a hai s6 nguyén t6 va n > 2 la s6 nguyén duong thoa man
thi hodc p=q hoac q = 1(mod p) .

Chttng minh:

Tt gia thiét ta suy ra n” —1:q. Goi k 1a s8 nguyén dwong nho nhat théa man n* —1:q.
Khi d6 p chia hét cho k. Do p la s6 nguyén t6 nén k € {1; p} .

e Néu k=1 thi nzl(modq). Khi @6 nP' +---+n+1 Ep(modq) .

Vay p= O(modq) nén p=q.

e Néu k =p. Theo dinh Iy Fermat nho thi n9™' —1:q (hién nhién q khong chia hét cho n).
Do dé q—1ip hay q=1(modp).

Nhéan xét duoc chitng minh.

Tro lai bai todn: Dt A=a° véi aeN .

2 ~ 4 s . N\ I4 n
O day ta xét voi n > 2 thita co ]
n_

=a’ —1:(a—1)(a4 +a’+a’ +a+1)

Néu q la mot wéc nguyén t6 bat ki cia a—1 thi theo b6 dé ta suy ra q=p hodc q=1 (mod p) .
Vay tat ca cac wéc nguyén duwong ctia A hodc chia hét cho p hodc chiap du 1.

+Néu a-1ip nén a El(modp).Khi dé a* +a’+a’? +a+155(modp). Vay pe{5;2}.
+Néu a—1=1(modp) thi a=2(modp).Khidé a* +a’ +a’* +a+1=31(modp).

Vay pe{2;3;5;31}.

Véi p =2 thi hién nhién c6 v6 s6 gia tri n thoa man.

Véi p=3 thi n=>5 thoa man.

Vo6i p=31 thi n=1 thoa man.
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Véi p=5 thi n=2 thoa man

Vay pe {2; 3; 5;31} .

Bai 35. Trudce hét, ta cd nhan xét: Néu s6 n=2°t véi t 1¢, cd so wdc 1é la mdt sO 1é thi t 1a sd chinh
phuong.

That vay, ta phan tich t=p{'.p;>.p7...p,* thi s6 wdc lé cia n ciing chinh la s6 wéc cta t va la
(a1 + 1)(a2 + 2)...(ak + 1).

Do s6 luong nay la 1é nén tat ca dai lwong a, +1,i=1;2;3;...;k déulé hay a, chan, suy ra t 1a s&
chinh phwong, diéu phai chitng minh.

Tro lai bai toan: Ta xét hai truong hop:

e Truong hop 1: Néu k 1a s§ chan thi ta dugc p, +p, +...+d, =2n+1-k lé. Do d¢, s6 luong wdc
1é cianlale. Ta viét n=2°u” véiulassle.

Gia str s8 woc ctia u” 1a m 1é. Ta can chitng minh s 1é.

Do k chén va s6 luong wdc 1é ctia n 1é nén s8 lwgng wéc chén cta n 1a 1é.

Céc wdc chdn ctia 2° 1a 2;2%;2%;...;2° va co tat ca s udc.

Mbi wéc d6 di kem véi mot trong m wdc ctia u? tao thanh thém cac wdc chin ctian vala ms

7 2 \ A 7 < 12 N A 2 \ 7 n 2\ ~ s
Do dé ms le, ma sO lugng wdc chan la 1é nén budc s 1. Ttr d6 suy ra 5 la s6 chinh phwong.

e Truong hop 2: Néu k 1é thi 1ap luan twong ty ta dwoc s6 lwong wéc 1é 1a chdn va s6 lwong wéce
chén 1a 1é. Dén day dé thdy diéu vo i nén trueong hop nay khong thé xay ra.

Vay ta luon co % la s6 chinh phuong

Bai 36. Ta xét cac truong hop sau:

+V6i p=2, khi d6 dé thay 2" =m® + (m + 1)3 v6i m la s6 nguyén duong.

D& thdy 2" 1as6 chdnva m’ +(m+1) Lasd1é donén 2" =m’ +(m+1)’ vo nghiém

+V6i p=3,khidévéi n=2 tacd p* =3 =12 +(1+1)’

+Véi p >3, khi d6 gia st ton tai s8 nguyén duong n théa man diéu kién p" =m’ + (m + 1)3 véi
m la mét s6 nguyén duong.

Tacé p" =m’ +(m+1)3 :(2m+1)(m2 +m+1)

Do m la s nguyén duong nén 2m+1>1; m*+m+1>1

2m+1=p'

2

,voir;seN .
m° +m+1=p°

Tt d6 ta dwoc

Dé thiy m’ +m+1>2m+1 nén p° > p", suyra (2m+1,m2+m+1):pr >3
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Mat khéc goi d =(2m+1,m’ +m +1) khi d6 ta c6 {

2m+1:d m(2m+1)§d
=
m°+m+1:d

2 Z(m2 +m+1)§d
Do d6 suy ra 2(m2 +m+1)—m(2m+1)fd:>m+2§d

Nén ta dwoc 2(m+1)—(2m+1)5d:> 3:d,suyrad=1 hodc d=3

biéu nay mau thuan véi (Zm +1,m?>+m+ 1) =p" >3

Do @6 véi p >3 thi p" khong thé'la tong lap phuong cta hai s6 nguyén duwong lién tiép.

Bai 37. Dé thay 128 =2°.2%.2.2, ma trong 8 s8 nguyén lién ti€p ton tai mot sS chia hét cho 8, mot

sO chia hét cho 6, mot sd chia hét cho 4 va mdt s6 chia hét cho 2.
Do d6 tich ctia 8 s6 nguyén lién tiép chia hét cho 128 =2°.2°.2.2.
Tirdésuyra n(n+1)..(n+7)+7!=128k ke Z

Giastt m =a’ +b’, khi d6 ta dugc a® +b* =128k +7!

Dé thay 128k +7! chia hét cho 4 nén m =a’ +b” chia hét cho 4.
Suy ra a, b déu 1a s8 chan. Dt a =2c¢;b =2d véi ¢, d 1a s6 tw nhién.

Tt &6 ta duoce ¢® +d® =32k +1260. Ta lai suy ra dugc suy ra ¢, d déu 1a s& chan.

Dit ¢ =2p;d =2q véi p, q1a cac s§ tu nhién. Dén day ta lai duoc p* +q° =8k +315

Vi s6 chinh phwong khi chia 4 chi ¢6 sd du 1a 0 hodc 1, nén p2 + q2 chia cho 4 dw 0 hoac 1 hoac 2.
Ma 8k +315 chia 4 dw 3. Nén p® +q” =8k +315 khong xay ra.

Vay khong thé bidu dién s6 m = n(n + 1)...(1’1 + 7) +7! dudi dang tong ctia hai sd chinh phuong.
Bai 38. Tir 2x” +x =3y’ +y = 2x" =2y’ +x—y =y’ = (x—y)(2x+2y +1) =y’
M3t khac tir cling tir 2x” +x =3y’ +y ta duogc
3x* =3y’ +x-y =x" = (x—y)(3x+3y +1)=x*
Do d6 ta duoc (x— y)2 (2x+2y +1)(3x+3y +1) =xy*
Suy ra (2x +2y + 1)(3x +3y + 1) la s6 chinh phuong.
Goi (2x+2y+1, 3x+3y +1)=d, khi dé ta duoc

2x+2y+1:d :
{3X+3y+1fd:(3X+3Y+1)_(2X+ZY+1) =(x+y):d
Tir d6 talai 06 2(x+y)id = (2x+2y+1)-2(x+y)=1id nén d =1
Suy ra (2x+2y+1, 3x+3y+1)=1.

Do d6 2x+2y +1 va 3x+3y +1 déu la sd chinh phuong.
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Lai co (x —y)(2x+ 2y +1) =y” nén suy ra x—y la s8 chinh phuong

Vay x—y; 2x+2y +1;3x+ 3y + 1 déu la cac s6 chinh phuong.

P 2
Bai 39. Dit s=a+bva p=ab.Tacé a’ +b’ :4_(ab+2j <:>(a+b)2 —2ab+@=4
a+b (a+b)
2
<:>sz—2p+(p+22) =4 st -2psi+(p+2) =45
s

=3 —252(p+2)+(p+2)2 =0 (52 —p—2)2 =0

os-p-2=0p+2=5 a\/pj:|s|<:> ab+2 =[a+b|

Via, blasd hitu ti nén [a+b| 1a s hitu ti. Vay vab+2 1as8 hitu ti

Bai40. Tacé 4m’+m=12n+n< AJ:(m3 —n3)+(m—n) =8n’

Hay ta duoc (m —n)(4m2 +4mn +4n® + 1) =8n’ (1)

Gia stt p 1a mot wéc nguyén t6 chung cia m—n va 4m” +4mn+4n° +1

Do 4m” +4mn+4n® +1 la sd 1é nén p la sd 1é.

Tt (1) suy ra 8n’ip ma plas6nguyéntdlé nén nipsuyra m:p

Mit khéc p 1a woc ctia 4m? +4mn +4n” +1 nén ta dugc p=1, diéu nay vo li vi p 1a s6 nguyén t6.
Do d6 m—n va 4m’ +4mn +4n” +1 khong c6 wdc nguyén t6 chung

Tt &6 suy ra (m—n,élm2 +4mn +4n” +1) =1.

Do 8n° = (21’1)3 nén suy ra m—n la lap phuong ctia mot s6 nguyén.

Bai 41. Gia st x 1a mot s6 nguyén duong thda man yéu cau bai toan. Khi d6 ta dat x +25 = y* véi
yeN.

Theo gia thiét ta bi¢u dién dwoc x =2°5" =y* -24 véi a,beN.

Tt d6 ta duwoc (y —5)(y +5) =25° (1) .

e Néu b=0 thitr (1) ta duoc (y—5)(y+5)=2a.

y-5=2" \
Suy ra ,voiu,veN;u<v vau+v=a.
y+5=2"

, treong hop nay loai.

=
2V—u _ 1 2V—ll

, ) . 24 =2 24 =2
Do dé ta duoc 2 —2“:1092“(2 “—1):10:>

=6
e Néu b >0, khi d6 ta dwoc (y—5)(y+5)35.Mé ta cod (y+5)—(y—5)55 nén ta duoc y:5.

Dat y =5t, véi t e N. Khi d6 ta duoc (t—1)(t+1)=2"5"7 (2).
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Ma ta lai c6 (t —1) +(t+ 1) =2t 1a s6 chdn nén két hop véi (2) ta dugc (t—l), (t +1) cung la s6
chan.

Dbén day ta xét cac truong hop sau:

t—-1=2"

12970 5P ,,voimneN;m+n=a.Suyra ongb2 _om _»o
t41=2"5"

+ Truong hop 1: {

-Néun>m thi m=1va2"5"?=4,suyran=2 va b=2.Khi détaduoca=3.
Tir d6 ta dwoc x =2°5% =200 nén x +25 =225 =15 thoa man bai toan.

-Néu m>n thi n=1va 57 -2"" =1 (3)

Vi 1=1(mod3) va 2, 5khéng chia hét cho 3nén 5°% =2(mod3) va 2™ =1(mod3), do dé ta
duoc b-2 las§1é. Dat b=2k+1(keN), suyra 5" =25*".5=5(mod8).

Do d6 tir (3) ta suy ra dugc 2™ ' = 4(m0d8) netn m=3;b=3;a=4.

Khi @6 x =2*5° =2000 nén x + 25 = 2025 = 45> thoa man yéu cau bai toan.
t+1=2"

1=2 5b2,véi m,neN;m+n=a.Suyra 2™ -2"5"% =2
t-1=2"5"

+ Truong hop 1: {

-Néu n>m thi m=1 va 2”52 =0, treong hop nay loai.
-Néu m>n thi n=1va 2™ -5"7 =1(4).
Lap luan twong tw nhw trén ta duge 5°72 = 1(mod 3) nén b 1a s6 chan. Pat b = 2k(1< € N)
Khi d6 ta duoc 5°7 =25 =1(mod8) nén két hop véi (4) ta dugc 2™ =2(mod 8)
Do d6 ta dugc m =2;b=2;a =3, khi dé x =25 =200 nén x+25=225=15" thoa man yéu cau
bai toan.
Vay c6 hai s6 nguyén dwong thoa man yéu cau bai toan la 200 va 2000.
Bai 42. Gia st ton tai tam giac vudng co canh a, b, ¢(v6i a la canh huyén) thoa mén yéu cau bai
1
toan. Khi d6 ta c6 a> =b” +c” va dién tich ta gidc vuéng 1a S = Ebc =k’ hay 2S =bc =2k?, véi k
la mét s6 nguyén duong.
Trong cac tam giac vuong do ta xét tam giac vudng cd canh huyén bé nhat va a, b, ¢ d6i méot
nguyén t& ciing nhau. Ta x& chitng minh t6n tai m van d¢ a=m’ +n*;b=m? —n*;c=2mn véi
m, n khac tinh ch&n 1é va nguyén t& cing nhau.
That vay,
Khi d6 tir 2S5 =bc =2k’ ta duoc (m2 —nz)mn =k* hay (m-n)(m+n)mn =k

Do m, n khéc tinh chén 1é va nguyén t8 cling nhau nén ta dugc
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Goi d =(m+n,m—n), khi d6 d la s6 1é va la wdc ciia 2m, 2n, suyra d =1.
Nhu vay bon s6 m +n, m —n, m,n nguyeén td cung nhau theo tirng d6i mot.

Ma ta lai c6 (m—n)(m+n)mn =k? nén m+n,m—-n,m,n déu la cic sd chinh phuong.
Pit m+n=x;m-n=y*;m=2z*;n=t" véix, y, z, t 1a cic s8 nguyén duong.
(x+y)2+(x—y)2 :2(x2+y2):4m:(22)2

Khi d6 ta c6 %(x+y)(x—y)=%(x2—zz)=n=t2

2z=2ym<m?*<m?’+n’=a

Nhu vay tam giac vudng c6 cac canh x+y;x—y;2z théa man dién tich 1a mét s6 chinh phuwong,
tuy nhién canh huyén 2z < a, mau thuan véi cach chon tam giac vudng c6 canh huyén nhé nhat.
Vay dién tich cac tam gidc vudng cé cac canh la cac s6 nguyén khong thé 1a mét sd chinh phuong,.
Bai 43. Gia stt 2n =a’ +b? véi a, b 1a cac s6 tu nhién théaman a>b >1.

Khi dé ta c6 4n> =(a2 +b? )2 —a*+b*+2a’b? :(a2 b2 )2 +4a’b’.

a’—b? a’—b?

2

2 2
Do d6 ta dugc n’ { J +(ab)’. Khi d6 ta duoc n’ +2n:( j +(ab)’ +a* + b,

Do a>b >1 nén suy ra (ab)2 ;a%;b* 1a cac s8 chinh phirong phan biét 16n hon 1.

2 2

2
Nhu vay ta can chiing minh [a J la s& chinh phuong 16n hon 1 va khac véi ba s6 chinh

phuong trén.
That vay, do 2n=a’ +b” 1a s§ chdn nén a’ va b” cuing tinh chén lé.

2 b2

Laicé a>b>1 nénsuyra la s nguyén duong.

2 2 2 2

2
e Néu (a ;b ] =1thi 2 ;b =1,suyraa’=b*+2<b’+2b+1=(b+1)’

2
2 1.2
Do d6 b* <a’ <(b+1)2, diéu nay vo li vi a” 1a s8 chinh phuwong. Tt d6 suy ra (a 2b J #1.

2 2 2

2 2
e Néu (a 2b ] =a’ thia 2b =a,suyra b’ =a’-2a.

Doa>b>1néna>2,suyraa’—4a+4<a’-2a.

Tir d6 ta dugc (a—2)° <b? <(a—1)°, diéunay vo 1 vi b* 1a s8 chinh phuong.

a’—b? Y
Tt‘rdésuyra[ > jiaz.
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a’-b?
1

=b,suyraa’=b*+2b<(b+1).

Tt &6 ta duoc b* <a’ < (b + 1)2, diéu nay v6 li vi b* 1a s6 chinh phurong.

a2 b\
Tfrd(’)suyra( 5 j;ébz.

2 2 2

2 142 _
e Néu (a 2b j =(ab)" thi zb =ab, suy ra a’ +b* ~2ab=2b*> = (a~b)  =2b".

Do dé ta duoc a—b=b+/2, didu nay vO li vi a—b la s nguyén duong va b2 1a s vo ty.

T +(ab).

Tt cac két qua trén ta suy ra dwoc n” +2n tdng ctia bon s8 chinh phuong(1én hon 1) phan biét.

2_b2

Ttr d6 suy ra (a

a’+b?
ab+1

Bai 44. Do a” +b? chia hét choab +1. Khi d6 ton tai s6 nguyén duong k d& =k vatacan

chiing minh k la s6 chinh phuong.

2 2
C0 dinh k, ta quy bai toan vé tim nghiém (a;b) cua phuong trinh a b k (1)
ab+1

Gia st cap sO nguyén duong (ao ;bo) thoa man (1) va a, + b, nho nhat .
Khéng mat tinh tong quat ta gia st a; = b, .

x> +b]

Xét phuong trinh =k < x*-kbx+b; —k=0 cé an x.

xb. +1

0
Khi d6 a, 1a mot nghiém ctia phwong trinh trén. Do dé theo dinh ly Vi - et thi phwong trinh con

. A A - . A R \ a0+a1:kb0
c6 mot nghiém nita. Goi nghiém do la a, thi ta dwoc )

a,.a, =b;—k

Tt day ta duoc a, la sd nguyén.
Néu a, 1a s8 nguyén am thi ta dwoc aj —kb,a, +b; -k >a? -k +b? —k >0, diéu nay vo ly.
Do dé a, 20, khi d6 (a1;b0) la mot cap sO thoa man (1).
Khi d6néu a, >0 thitacé a,+b, <a,+b, nén a, <a,,suyra a; <aja, =b; —k<b] nénta
dwoc a, <b,, diéu nay mau thuln véi a,>b,.
Tt d6 ta suy ra duwoc a, =0, do d6 ta dwoc k = bg la mot s chinh phwong.
Tém lai néu a =0 thita duoc k=b” vanéu b=0 thi ta dwgc k =a” déu la s& chinh phuwong.
Vay bai toan dugc chitng minh.
Bai 45.
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Gia str ton tai cac s8 nguyén duong a, b, ¢ thoa man 0 <a”+b* —abc<c ma k=a’ +b’ —abc
khong phai la s6 chinh phuong. Khi détaco 0 <k<c.
Khéng mat tinh tdng quat ta gia st a > b. Xét phuong trinh bac hai an x 1a x> —~bex+b* —k =0.
Khi d¢6 a la mot nghiém cua phwrong, khi d6 theo dinh 1i Vi — et thi phwong trinh con ¢ mot
nghiém nitala x =a,.

. a+a, =bc
Tw d6 ta dwoc 5

aa, =b" -k

Ttr d6 ta suy ra duoc a, la s6 nguyén.
+Né&u a, =0, khi d6 tlr hé thirc a.a, =b* —k ta dwoc k =b” 1a s5 chinh phuong, diéu nay mau
thuan véi gia st & trén.
+Néu a, <0, khidé k=a’ +b*>—a,bc>al +b’*+bc>c, mau thudndo O <k <c.

Nhuw vay ta duoc a, 1a s6 nguyén duong.

. e s . b’-k . b*-k .
Ciing theo dinh li Vi—éttaco a, = va <a nénta dwoc a, <a.
a a

Ta thdy cap sO (al;b) cting la mot nghiém. Khi d6 ta c6 a, +b <a+b, diéu nay sé vo li khi ta
chon cdp s6 (a;b) vOi a+b bé nhat.

Tt &6 ta thdy khong thé ton tai k @& k =a’ + b”> —abc khong phai la s§ chinh phuong.
Nhu vay a* +b® —abc phai la s6 chinh phuong.
a’+b*+c*—ab-ac—ab

Baid46. Tix A = 5 ta duoc 4A=(a—b)2+(b—c)2+(c—a)2.

Do vai tro ctia a, b, ¢ nhu nhau nén khéng mat tinh tong quat tagiast a>b>c.

bit x=a-b>0;y=b-c>0,suyra a—c=(a—b)+(b—c)=x+y.
Tt d6 ta dwoc 4A=x2+y2+(x+y)2 S2A=x"+y’ +xy.
Néu x va y cting tinh 1é hogc khac tinh chan 1é thi x* +y” +xy la s 18, trong khi 2A 1a s8 chan.

Do d6 x va y phai cling 1a s& chdn. Ta xét cac trieong hop sau:

e Truong hop 1: Néu A =0, khi d6 ta suy ra duoc x=y=0,dodé a=b=c.

e Truong hop 2: Néu A =k* >0, khi d6 it nhat mot trong hai s8 x va y 16n hon 0.

Dit x =2x,;y =2y,.Khidé x* +y” +xy chia hét cho 4.

Khi d6 A =k’ la s8 chdn nén k 1a s8 chén, dat k =2k,.

Do d6 tir 2A = x> +y” +xy tadugc 2°k] =4x] +4y] +4x,y, hay 2.k’ =x7 +y +x,y,.

Lap luan twong tu nhu trén cho dén mot lac A =k* =n ta duwoc 22“”1(]21 =2" Xi +2" yi +2°xy,,

trong d6 k_ 1a s6 nguyén duong nhung dang thirc van xdy ra.
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Khi d6 ta duoc n=2"k’, diéu nay vo li.

2 2 2
Véykhisé’A:a +b“+c"—ab—-ac-ab

la s6 chinh phuong thi a=b=c.

2
.. . . . X X+z
Bai 47. Ta c6 nhan xét néu x, y, z la cac s6 duong va x <y thi —< .
y y+z
Ap dung bat dzfmg thirc trén cho cac s6 duog a, b, ¢, d ta duoc
a a a+c+d
< <
a+b+c+d a+b a+b+c+d
b b b+d+a
a+b+c+d b+c a+b+c+d
C - C c+a+b
a+b+c+d c¢+d a+b+c+d
d - d - d+b+c
a+b+c+d d+a a+b+c+d
b C d

Tir d6 ta dwoc 1< <3.

+ + +
a+b b+c c+d d+a
a b C d

Do A nhan gia tri nguyén nén ta duwoc A =2 hay + + + =2
a+b b+c c+d d+a

Tedodindén | -2 1]+ 2 [ 1), 4 _g
a+b b+c (c+d d+a

b d B
ey (a_c){(b+c)(a+b)_(a+d)(c+d)}_O.

A d
Do a #d nén ta suy ra duoc =

(b+c)(a+b) (a+d)(c+d) '
Bién doi va thu gon ta duoc bd” —db” +abc—acd =0 hay (b—d)(ac—bd)=0=ac=bd
Do d6 abed = (ac)2 la mét s6 chinh phuong.

Bai 48. Goi A 1a s8 méi dugc tao thanh. S§ A duoc tao ra tit viée sap xép cac s6 c6 5 chi s8 ti
11111 dén 99999 nén A 6 tat ca 99999 —-11111+1=88889 sd c6 5 chir sO.

Tach s6 tu nhién A thanh tdng cac s6 hang c6 dang abcde.10™ véi n=0;1;2;3;...;88888.

D3t s =abcde, khi d6 abcde.10°" = s(9.11111+1)n = s(9m +1)n = s(km +1) =skm+s.

Chtiyrang m=11111 va ke N'.
Khi 6 abcde.10°" va s c6 cting s& du khi chia cho m =11111.

Nhu vay s0 A khi chia cho M ¢6 cling s6 du v6i B 1a tong ctia cac s6 ¢ 5 chit s6 tir 11111 dén
99999.

(11111+99999).88889
2

Taco B=11111+11112+...499999 =
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Do @6 2B =11111.888890, do &6 2B chia hét cho m nén B chia hét cho m.
T d6 ta dugc A chia hét cho m hay m =11111 1a mot wdc cua A.

Ma ly thira ctia 2 khong c6 wéc la sd 1é, do d6 A khong thé la mot lay thira cta 2.

x-=17 [ a

2
Bai 49. Giai st (Ej v6i aeN,be N . Khi dé ta xét cc truong hop sau:

x-9
e Truong hop 1: Néu a =0, khi d6 ta duwoc x =17
e Truong hop 2: Néu a # 0, khi d6 khong mat tinh tong quat ta gia (a,b) =1.

Do (az,bz):l nén ta c6 x—17 =a’k va x—9 =b’k véi k nguyén
Tir d6 ta duoc (x—9)—(x=17)=(b* —a’ )k < 8 =(b+a)(b-a)k

Ta thdy a+b va b-ala wéc ctia 8. Cht y rang (b+a)—(b—a)=2a nén a+b va b—acung tinh

chdnlé. Talaicé b+a>b-ava a+b>0. T dd ta 6 cac treong hop nhu sau

1. b+ta 2. b-a 3. k 4. b 5. a 6. x=b%k+9
7. 4 8. 2 9. 1 10. 3 11. 1 12. 18
13. 4 14. -2 15. -1 16. 1 17. 3 18. 8
19. 2 20. -2 21. -2 22. 0(loai) 23. 24.

25. 2 26. -4 27. -1 28. ~ 29. 30.

1(loai)

Nhu vay ta c6 cac két qua la

+V6i x=17 thi L= 0
17-9 8
2
#V6ix=18 thi 07 1 _[1
18-9 9 (3
+Véi x =8thi 8_197=9:32
-37 :
Bai 50. Gia stt =12 vei a, b la cac s6 nguyén duong va (a,b):l,
x+43 \b

Tt &6 ta duoc x—37 =ka” va x+43 =kb” véi k 1a s6 nguyén duong.
Do d¢ ta duoc kb* ~ka* =80 = k(b-a)(b+a)=80.Cha yla 80=1.2"5.
Do (a, b) =1 nén ta cd thé xét cac truong hop sau:

e Trudong hop 1: Trong hai s8 a va b ¢6 mot s& chdn va mot sd 1é.

Khi d6 b—a va b+a cunglasdlé. Tt d6 ta duoc a+b=5b-a=1va k=16.

Dodétacé a=2;b=3 nén x—-37=16.2> = x=101.
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e Truong hop 2: Hai s6 a vab déu la s 1é. Khi d6 ta ddt a=2m—-1;b=2n-1 vdi m, nla cac sd

nguyén duong.

Khi d6 tir k(b —a)(b + a) =80 ta duoc k(n — m)(m +n—1) =1.2%5.

Chtyla m+n-1>n-m,lai thdy m+n—-1 vd n—m khéc tinh chdn 1é.

Do d6 ta duoc (n—m;m+n-1)=(1;2),(1;4),(1,20),(5;20),(2;5),(45).

Giai lan luot tieng treong hop ta tim duoc (m;n) = (1;2),(2;3),(10;11),(8; 13),(2;4),(1;5)

Tt d6 ta suy ra duoc (a;b) = (1;3),(3;5),(19;21),(15; 25),(3;7),(1;9) .

Dén day ta tim dwoc cac gid tri cua x1a x € {38; 47,55;82;199; 398} .

Vay cac sO nguyén duong thoa man yéu cau bai toan la x € {38; 47,55;82;101;199 ;398} .

Bai 3. Cho cac s6 nguyén a,b,c thoa a’b +b’c+c’a = 3abc (1)

a) Hay chi ra mét by ba s6 nguyén a, b, c ddi mét khac nhau thoéa man (1).

b) Chiing minh rang abc 1a 1ap phuong ctia mot s6 nguyén.

Loi giai.

a) Ta chon bd (a; b; c) = (4; -2; 1) thoa man dang thic (1)

b) Tt phuwong trinh ta suy ra (a,b,c) =1.

Gia st p la wdc nguyén td ctia abc nén trong ba s6 a,b,c cd mét sd chia hét cho p, Khong mat

tinh tong quat ta gia stt sd do 1a a.

Suy ra ta duoc a=p™a, véia, € N*;(al,p) =1.Khi do dzfmg thitc trén tro trd thanh
p*Maib+b’*c+c’p™ =3pTa,be (*)

Do d6 b’cip.Tagiast bip=b= pk.bl;(bl,p) =1, thay vao (*) ta dugc

m-+k

p>"*a’b, + p* . bic+cp™ =3p™* ab,c

+Néu 2k > m, ta suy ra duwoc ¢*ip vo li

+Néu 2k <m, ta suy ra duoc bicip= cip voli.

Do d6 m =2k = abc =p°*a,b,c véi (al,p) = (b1/P) = (C,p) =1.

Gia stt abc 6 cac wéc nguyén t6 phan biét p,,p,, ..., p, - Khi d6, theo chitng minh trén ta c6

3a;_ 3a, 3o

abc =p,"'p,”...p, (pixlpgz.”p:k)s
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Chu dé 3
CAC BAI TOAN VE SO NGUYEN TO - HOP SO
Bai 1. Chting minh rang néu p 1a s nguyén t3 16n hon 3 thi (p + 1)(p - 1) chia hét cho 24.
Bai 2. Tim tit ca cac bo ba s6 nguyén duong (m P q) sao cho p, q la s6 nguyén td va
2" p*+1=q’.
Bai 3. Tim sau s8 nguyén t8 p,; P,; Ps; P.; Ps; Pe théaman p? +ps +p3 +p; +p: = ;-
Bai 4. Cho sd nguyén t0 p dang 4k + 3. Ton tai hay khong s6 nguyén a nao thoa diéu kién
(a2 + 1) p
Bai 5. Tim s8 nguyén t8 p sao cho cac s6 2p® —1; 2p” +3; 3p” +4 déu la sd nguyén td.
Bai 6. Tim tat ca cac cdp s6 nguyén t6 (p,' q) théa man p° -5q° =4.

Bai 7. Ton tai hay khong cip s nguyén t8 p, q thoa man 5% +2007 = 5> +q?

Bai 8. Tim tét ca cac bd s nguyén t&(cé thé bang nhau) sao cho tich cta chiing bang 10 Tan tong

cta chung.

Bai 9. Gia stt p 1 s6 nguyén t5, a va b 1a céc s6 twnhién (a < b) thoa méan diéu kién: Tong cac phan

s6 t&i gian c6 mau 1a p ndm gitta a va b ¢6 tong bang 2011. Tim cac sd p, a, b.

Bai 10. Tim s6 ty nhién n sao cho s6 2015 viét dugc thanh tong cua n hop s6 nhung khong thé viét

thanh tong ctia n+1 hop so.

Bai 11. Cho s6 nguyén t& p > 5. Chiing minh rang ton tai s6 c6 dang 111...1 chia hét cho p.

Bai 12. Chting minh réng trong 12 s nguyén t& phan biét luén chon ra dwoc sau s nguyeén t ki

hiéula p,;p,;Ps; Py Ps; P, thoa man diéu kién (p1 -p, )(p3 —pél)(p4 + pé) chia hét cho 1800.

Bai 13. Tim s6 nguyén t6 p d€ 2p+1 viét duoc thanh 1ap phuong ctia mét s6 ty nhién.

Bai 14. Tim tat ca cac s8 nguyén t8 p sao cho p” +2018 1a mot s6 nguyeén t6.

Bai 15. Tim tat ca cac s8 nguyén t8 p dang p=n"+1, ne N, biét rang p khong c6 nhiéu hon 18

chit s6.

Bai 16. Tim tat ca s8 nguyén t& p sao cho tdng tat ca cac udc tw nhién ctia p* 1a mdt s§ chinh

phuong.

Bai 17. Chting minh rang néu 1+2" +4" 1a mot s6 nguyén t3 véi n 1a s6 nguyén duong thi n = 3

v6i k 1a s6 nguyén duong.

p™ -1 -1
p-1 q-1

Bai 19. Mot s6 nguyén t c6 dang 2% 4 l(n IS N) c6 thé biéu dién dugc dudi dang hiéu cua hai liy

Bai 18. Xac dinh tat ca cac sd nguyén t6 p, q sao cho véin>1,neZ.

thira bac nam cua hai s0 tie nhién khong?
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Bai 20. Cho a, b 1a cdc s8 nguyén va p la s8 nguyén t5 1é. Chtiing minh rang néu p* 1a uéc caa

a’+b” va a(a +b)2 thi p* ciing la wéc ctia a(a+b).

Bai 21. Cho n 1a s6 nguyén dwong. Chting minh rang néu 2n+1 va 3n+1 1a cac s8 chinh phuong

thi 5n+3 khong thé la s6 nguyén to.

Bai 22. Tim s8 nguyén t3 p, q théa man diéu kién p* =8q+1.

Bai 23. Tim t4t ca cac s& nguyén t8 p, q sao cho ton tai s8 nguyén duong n thdéa man dang thic:
p(p+1)+q(q+1) = n(n+1)

Bai 24. Cho s6 nguyén td p. Dét tap hop A = {p -n’ |n eZ,n’< p} . Chiing minh rang ta c6 thé

tim dwoc s6 ty nhién a va b thudc tap hop A sao cho a >1 va a chia hét cho b.

Bai 25. Biét rang s 27000001 khi phan tich thanh thira s8 thi c6 dting bén thita s8 nguyén t3. Tinh
tong cua bon thira s6 nguyén td do.

Bai 26. Cho p 1a s8 nguyén t& 16n hon 5. Chting minh rang p—4 khong thé viét duoc thanh liy
thira bac bon cua mot sd nguyén duong,.

Bai 27. Cho p va q la hai s6 nguyén t§ phan biét. Chting minh rang ton tai cac sd nguyén duwong m
va n trung binh cdng ctia tat ca cac wdc te nhién cia A =p™.q" 1la mot mot sd nguyén.

Bai 28. Cho p va q la cdc s8 nguyén t6 sao cho p>q >3 va p—q=2.Chiing minh rang p+q
chia hét cho 12.

Bai 29. Cho n >1 la s8 tw nhién 1é. Chting minh rang cdc s6 n va n+2 cung la s§ nguyén t& khi va
chi khi (n - 1)! khong chia hét chonva n+2.

Bai 30. Cho p 1a s6 nguyén t& 16n hon 5. Chting minh rang p*" +3p*" —4 chia hét cho 5.

Bai 31. Tim b0 ba sd nguyén t0 lién tiép sao cho tdng cac liy thira bac bon cta ba s6 nguyén to do

la mot s6 nguyén to.
Ne n A, 2 7 A~ N A? 3 2 6n-61 \ A A A
Bai 32. Tim tat ca cac s6 tuw nhién m, n d&€ A =3"" """ +4 la s nguyén to.

Bai 33. Cho n la mot s6 nguyén véi n > 2. Chtng minh rang néu k> +k+n 1a mot s6 nguyén t&

7. . ~ A 2 ~ n \ \ A n A ~ 7. . ~ A
v6i moi sd nguyén k théaman 0 <k <, }5 thi k> +k+n 1a mot s6 nguyén to véi moi s6 nguyén k

thda man \/§Sk£n—2.
_ <, p+l

Bai 34. Tim tat ca cac cap s8 nguyén x, t théa man x° (x2 + yz) =yP", trong d6 p 1a sO nguyén t6.
Bai 35. Chting minh rang néu s6 nguyén k 16n hon 1 thoa man k* +4 va k* +16 1a cac s8 nguyén
t0 thi k chia hét cho 5.

Bai 36. Cho da thitc bac ba f(x) voi hé sO cua x® 1a mot sd nguyén duong va biét £(5)—£(3) =2010.
Chting minh rang f(7)—f(1) 1a hop s6.
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. Bai 37. Chting minh rang véi moi s& nguyén t8 1¢ p déu khong ton tai cac s§ nguyén duong m; n

\ 1 1 1
thoa man diéu kién — = —+t—-
p m’ n

Bai 38. a) Hay chi ra mot by bon s6 nguyén dwong phéan biét ma tong ba sd bat ki trong bon s6 do
la mot s6 nguyén to.
b) Chitng minh rang khong ton tai ndm s nguyén dwwong phan biét ma tdng ba sS bat ki

trong chung la mot s6 nguyén to.
Bai 39. Cho phuong trinh 2x” + mx +2n+8 =0 (x 1a 4n s§ va m, n 1a céc s nguyén). Gia str
phuong trinh c6 cdc nghiém déu 1a s6 nguyén. Chiing minh rang m?* +n?* 1a hop s
Bai 40. Tim tat ca cac s8 tu nhién n d¢ n’ —n* —7n +101a mot s6 nguyén t6.
Bai 41. Tim s8 tw nhién n d& A 1a s8 nguyén t3 biét A=n’-n*-n-2
Bai 42. Tim tat ca cac s8 nguyén t& p c6 dang p=a’+b’ +c” véi a, b, c 1a cac s8 nguyén duong
sao cho a* +b* +c* chia hét cho p
Bai 43. Tim tat ca cac s6 nguyeén t6 p sao cho ton tai cap s6 nguyén (X; y) thoa man hé:

p+1=2x°
{pz +1=2y°
Bai 44. Tim s6 nguyén t6 p va g sao cho cacsd 7p+q va pq+ 11 ciing la cac s6 nguyén t6.
Bai 45. Tim céc s8 nguyén khéng am a,b sao cho a* —b® —5a +3b +4 1a s6 nguyén t6.
Bai 46. Cho da thic f(x)= ax’ +bx’ +cx+d véialasd nguyén duong. Biét £(5)— £(4)=2012.
Chtg minh rang f(7) —f(Z) la hop so.
Bai 47. a) Tim hai s8 nguyén duong p, q sao cho p* —q° =7

b) Chiing minh rang néu n la sd nguyén duong 16n hon 1 thi n*+4" khéng phai la s§

nguyén to.

Bai 48. Tim hai s8 nguyén a,b d& a* +4b* 1a s6 nguyén t6.

. x+yv2013

Bai 49. Tim tat ca cac b s6 nguyén duong (X;y;z) théa man la s6 hitu ty, dong thoi
( ) y +2z+2013

x* +y? +2z* 1a s6 nguyén to.
N e \ 7 ~ - A 7 \ \ ~ \ A~ “A 2 ~ 1 1 1
Bai 50. Cho a,b 1a cac s0 ty nhién 16n hon 2 va p la s6 1a s6 tu nhién théa man — = —+ ? .
p a
Chting minh p la hop sd
Bai 51. Cho a, b, ¢, d 1a cic 58 nguyén duong théa man: a’ +ab+b* =c* +cd +d*.
Chting minh a+b+c+d lahop so.

Bai 52. Tim cc s8 nguyén t8 p, q théa man p* =8q+9.
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Bai 53. Cho p =5 la sd nguyén td va n 1a s6 nguyén duong sao cho cacsd p—1;p;n;n+1 ddi mot
khong c6 wde chung 16n hon 2. Chting minh rang khéng ton tai x, y nguyén duong théa man
phuong trinh:

24x+X +. X =y
Bai 54. Tim tat ca cac sd nguyén duong n va s6 nguyén t6 p thoa man dong thoi cac diéu kién
n<2p va (p—l)n +1 chia hét cho nP".
Bai 55. Chting minh ring néu p 1a udc nguyén t6 ctia 2% +1 (v6in 1a s8 ty nhién 1én hon 1) thi
p—1 chia hét cho 2".
BAI TAP TU LUYEN
Bai 1. Vi p la s6 nguyén t6 16n hon 3 nén ta duoc p=3k+1 hodc p=3k+2 vdikla sé ty nhién
khac 0.
+Néu p=3k+1=(p+1)(p-1)=(3k+2).3k chia hét cho 3
+Néu p=3k+2=(p+1)(p-1)=(3k+3)(3k+1) chiahét cho 3
Vay p la s6 nguyén t& 16n hon 3 thi (p + 1)(p - 1) chia hét cho 3
Mit khéc vi p 1a s8 nguyén t& 16n hon 3 nén p la s6 1é. Suy ra p+1va p—1 la hai s6 chan lién tiép
Dit p-1=2n=p+1=2n+2,tacé (p+1)(p-1)=2n(2n+2)=4n(n+1)
Do n(n + 1) chia hét cho 2 nén 4n(n + 1) chia hét cho 8
Do d6 (p+1)(p—1) chiahétcho8
Vi 3 va 8 1a hai s6 nguyén t6 cung nhau ta duoc (p + 1) (p - 1) chia hét cho 24.
Bai 2. Bién d6i 2™.p° +1=q’ thanh 2™.p’ = (q—l)(q4 +q°+q*+q+ 1)
Do q*+q*+q*+q+11énén q—1=2"p" véi k=0;1;2
+Néu k=0 khiddtacd q—1=2" Tir d6 ta duoc
5
(2m+1) -1
2m

P’ = =2%m 152%™ 110.2"™ +10.2™ +5

Néu m >1 thi p° ES(modS)V()linénsuy ra m=1, ttt d6 ta duoc p=11;q =3.
+Néu k=1 khidétacé q—1=2"p do d6 ta dwoc p=(q—1)(q4+q3+q2+q+1)
Do d6 dé plasdnguyéntdthi q—1=1=q=2, titdésuyra q=231.

Thay vao phuong trinh ban dau ta dugc 2™.31° +1=2°, phuong trinh khéng c6 m nguyén duong
thoa man.
+Néu k=2 khidé tacé q—1=2"p* dodétaduwoc 1=q*+q°+q° +q+1 ditunay volidoqla

sO nguyén to
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Vay bd (m;p;q)=(1;11;3) labd duy nhat can tim.
Bai 3. Ttr gia thiét suy ra p, >2 = p. = 1( mod8).
Ma pi2 = 1;4(m0d 8) nén trong 5 s6 p, (i = 1,_5) c6 bon s8 bang 2, mdt s6 1én hon 2.
That vay, gia st k 12 s6 s6 chdn trong day P P2/ Ps/PysPs- Suy ra
p; +p;+p:+p;+p: =4k+A (Alatdng binh phwong ctia 5-k s8 1é)
(P} +p3+p3 +pi+p:)=4k+(5-k).1(mod 8) = 3k +5(mod 8)
Ma (pf +pa+pitp; +p§)51(mod 8) nén 3k+4i8=k=4.
Nhan xét duoc chiing minh xong.
Bay giotagiast p,=p,=p,=p, =2, p;s >2
Tt d6 suy ra p. —p: =16 <::>(p6 —pS)(p6 +p5)=16
Tte d6 giai duoc p, =5;p, =3.
Vay b0 cac s6 nguyén t6 cac s6 can tim 1a (pl;pz;p3;p4;p5;p6) trong dé (P1?P2?P3/'P4/'P5) duoc
xac dinh la (2; 2;2; 2,'3) va cac hoan vi, con c6 dinh p, =5.
Bai 4. Gia st c6 s6 nguyén a dé (a2 + l)fp hay tac6 a’ = —1(mod p)

Suyra af' = (—l)pT_1 (mod p) hay a""'-1= (—l)pT_1 —1(m0d p)
Nhung theo dinh li Fecmat thi a?”' —1=0(mod p)

p1
2

Nén ta dwoc (—1) -1= O(mod p) ma p la s6 nguyén t6 dang 4k + 3 nén

1

(—1)% ~1=0(mod p) < -2 =0(mod p), diéu nay v li.
Nén khong ton tai s6 nguyén a thdéa man yéu cau bai toan
Bai 5. Néu p=7k+i véik, inguyén va i ={+1;+2;+3} . Khi d6 p* chia cho 7 c6 cac s§ du la 1;4;2
e Xét p>2=>2p° -1, 2p*+3>7;3p  +4>7
+Néu p’® chiacho 7 du 1 thi 3p” +4 chia hét cho 7 nén trai yéu cau bai toan.
+N&u p” chia cho 7 dw 4 thi 2p® —1 chia hét cho 7 nén trai yéu cau bai toan
+Néu p’ chia cho 7 du 2 thi 2p” +3 chia hét cho 7 nén trai yéu cau bai toan
e Xét p=2 thi 3p’ +4 (loai)
e Xét p="7k véik nguyén duong, vi p nguyén t6 nén p =7 languyén to
Khi d6 ta c6 2p° —1=97;2p” +3 =101;3p” + 4 =151 déu la cic s8 nguyén t&

Vay p =7 théa man yéu cau bai toan.
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Bai6.Taco p’ —5q° =4 < p’ —4=5q" < (p-2)(p+2)=5q°
Dopvaqlasdnguyéntdnén 0<p—2<p+2 nén p—2 chicd thé nhan cac gia tri 1;5;q;q°

Ta c6 bang gia tri twong tng

p-2 p+2 p q
1 5q° 3 1
5 q’ 7 3
q 5q 3 1
q’ 5 3 1

Do p, q la cac sd nguyén t& nén chi c6 cdp (p; q) = (7 ; 3) thda man yéu cau bai toan.

Bai 7. Ta gia st ton tai cdp sO nguyén t6 p, q thdéa man phuong trinh.

Khi d6 5% +2007 =5 +q* < 5% =5 = q* —2007

Do p va q 1a céc s8 nguyén td nén p>2;q>2, do d6 5% ;5 cling ¢6 chir s tan cling 12 5.
Tir d6 suy ra 5 —5°7 chia hét cho 10.

Mit khac vi q° 1a s6 chinh phirong nén q° khong thé tan ciing bang 7, do d6 q° —2007 khong thé
chia hét cho 10. Diéu nay dan dén mau thuln véi 5% — 520 = q’ —2007

Tl d6 suy ra khong ton tai cdp sO nguyén t6 p, q thoa man bai toan.

Bai 8. Chuyla 10 =2.5 vdi 2 va 5 1a cac s6 nguyén t6. Do d6 ta nhan thdy trong cac s6 nguyén t6
théa man yéu cau bai toan c6 2 va 5.

Goi p;;P,;-- P, cacso con lai trong b cac sd nguyén td thoa man yéu cau bai toan.

Khoéng mat tinh tong quat ta giast p, <p, <..<p, .

Theo bairatacd 2.5.p,.p,...p, = 10(2 +5+p,+p, +...t+ pn)

Hay ta dwoc p,.p,...p, =7 +p, +P, +--+P, (1)

Nhan thdy véi hai s6 nguyén t6 a va b ta ludn ¢ (a —1)(b —1) >1=ab>a+b.

Tt d6 ta duwoc p,.p,..-p, P, = (p1 +p, +..t pn_1)pn.

Suyra 7+p, +p, +...+p,2(p, + P, +--+P, )Py

Dat s=p, +p, +...+p, ,, khido tadwoc 7+p_+s=sp < (s—l)(pn —1) <8.

Ta xét cac treong hop sau
e Truong hop 1: V6i s =2, khi d6 n=2 va p, =2. Thay vao (1) ta duoc p, =9, khong théa man
yéu cau bai toan.

e Truong hop 1: V6i s > 2, khidé p <5.
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~ +Vé6ip, =5suyras<3,dodé n=2vap, e{2;3}.Th&1aitathé’y p, =3 va p, =5 thoa man.

4 +Véi p, =3 suyra s<5, do d6 c6 bd s nguyén t3 (p,; p,;-.; P, ) 1a (2),(3),(2;2),(2:3),(5)
théa man yéu cau bai toan.
+Véi p_ =2 khi dé ta dugc 2n+7 =2", truong hop nay loai.
Vay b0 sd nguyén td thoa man yéu cau bai toan la (2; 3;5; 5).

k(k+1)

Bai 9. Chu y la tong ctia k s0 tie nhién dau tién dugc tinhla 1+2+3+...+k = 5

e 1A N ea g .Y e N e R 1a ; n . \ \
MOoi phan s6 toi gian cd gia tri nam gitra a va b vdi mau la p cd dang a+ m+—, trongddé m van la
cac so ti nhién thoaman 0<m<b-a-1va 0<n<p-1.

Tuwong ting véi mdi gid tri cia m ¢ p—1 gia tri ctia n va twong tmg véi mdi gid tri cian c6 b—a
gia tri cia m. Nhu vay s6 phan s t6i gian thoa man yéu cau bai toan la (p - 1) (b - a).
Tt d6 tong cac phan s6 thdéa man yéu cau bai toan 1a
1+2+..+(p-1
(b _ a) ( )
p

+(b-a)(p-1)a+(p-1)[1+2+...+(b-a~1)|=2011.

p—1)(b—a—1)(a+b)'
2

b-a)(p-1
Tir d6 ta duoc 2011=%+(b—a)(p—1)a+(

Hay ta dugc 2011 = (b-a)(p-1)(a+b) (b—a)(p-1)(a+b)=2.2011.

2
Do 2011 1a s8 nguyén t8, con b—a va a+b clng tinh chdn 1é. Lai c6 b—a<a+b.
b-a=1 a=1005
Do d6 tir (b—a)(p—1)(a+b)=2.2011 ta dwoc {a+b=2011<><b=1006.
p-1=2 p=3

Vay ta duoc a =1005;b =1006; p = 3 1a cac s6 thoa man yéu cau bai toan.

Bai 10. Ta phat biéu bai toan dudi dang: Tim sd nguyén duong n 16n nhét sao cho sd 2015
viét duoc thanh a, +a, +a, +...+a, trong d6 cacso6 a ;a,;a,;...;a, la cac hop so.

Chu y rdng d€ c6 n 16n nhat thi cac hop s8 a,;a,;a,;...;a, phai nho nhat. Dé thay 4 1a hop s6 chén
nho nhat va 9 1a hop s6 1é nho nhat.

Ta c6 2015=4.503+3. Ma 4 1a hop s6 nho nhat nén n <503.

Xét n=503. Vi A la s6 1é nén ton tai it nhat mot sO a, véi i=1;2;..;n la s6 1é. Khong mat
tinh tong quat, gia st a, 1é, suy ra a, >9. Khi dé

a,+a,+..+a, >9+4(503-1)=4.502+9 >2015

Xét n=503-1, khi d6 ta c6 2015=4.503+3 =4.500+15=4.500+6+9. Do d6 n 16n nhat
la n=502.
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© Bai 11 Xét day s6 1;11;111;...;111..1. Gia st trong day s& trén khong c6 s6 nao chia hét cho p. Khi
—_—
P

d6 chia cac s6 trong day trén cho p ta duwoc day cacso dula 1;2;..;p—-1.

Ma khi chia p s6 1;11;111;...;111...1 cho p thi ta duoc p s6 du. Nhu vay theo nguyén li Dirichlets
P

thi trong p s6 du trén c6 hai s§ du bang nhau.

Gia str hai s6 khi chia cho p c6 s6 du giéng nhau 1a 111...1 va 111...1 véi m,ne N ;m >n.
— —

m n

Khi d6 ta dwoc 111...1-111...1=111...1000...0 chia hét cho p.

m n m-n n

Do p la s6 nguyén t6 nén (p,lOOO...O) =1,do do6 111...1 chia hét cho p.

m-n

Ma 1<m-n<p nén 111..1 ciing nam trong day s& trén. Diéu nay dan dén mau thuan véi gia

m-n
st hay diéu gia st 1a sai. Do vay luon ton tai s6 c6 dang 111...1 chia hét cho s6 nguyén to p.

Bai 12. Vi ba s6 nguyén td dau tién la 2, 3, 5 nén trong 12 sd nguyén t6 trén co it nhat 9 s6 nguyén
t0 16n hon 5.

e Vi cac s6 nguyén td 16n hon 3 nén 9 s6 nguyén to trén chia 3 du 1 hodc dw 2. Theo nguyén i
Dirichlets thi ton tai it nhat 5 sd khi chia cho 3 ¢ cung s6 du. Ma 5 s6 nay khong chia hét cho 5 nén
trong 5 s6 nay ton tai it nhat hai s6 c6 cung s6 dw khi chia cho 5. Khong mat tinh tong quat ta c6

the gia strhai s8 d6 1a p, va p,, khi d6 ta dwoc (p, —p, ):5. Ngoai ra hién nhién ta con c6

(p,-Pp,)i3 va (p,—p,)i2. Nén ta suy ra duoc (p, —p, )30.

e Xét 7 s6 nguyén t6 con lai sau khi da lai di ndm s6 chia cho 3 c6 cung s6 du. Khi dé theo nguyén
li Dirichlets ludn ton tai 4 sd ¢6 cung s6 du ki chia cho 3. Xét 4 s6 d6 trong phép chia cho 5 ta c6 cac
treong hop sau:

+ Néu trong bdn s d6 ma ta c6 (p, —p, )5 vahiénnhién ta cé (p,—p, ):3, (p, —p,)i2. Do tacé
(2,3,5)=1nénsuyra (p, -p,):30. Dén day ta chi can 18y hai sd 1¢ p, va p, d&cé (p, +p,):2.
Twr d6 ta duoc (p1 -p, )(p3 —p4)(p4 + p6) chia hét cho 1800.

+ Néu trong bon s6 d6 khi chia 5 c6 s6 du theo thit tw 1a 1; 2; 3; 4. Khi d6 ta chon duoc hai sd p,
chia5du 1va p, chia5 du 4. Ttr d6 ta dwoc (p5 +p6)§5.

Dong thoi khi d6 ta dwegc hai s6 con laila p, va p, thoa man (p3 -p 4)33.

Chtyla (p, +p,):2va (p,—p,)i2. Do dé suy ra (p, +p, )i10 va (p,—p,)i6

Vay ta cling duoc (p1 —pz)(p3 —pﬁx)(p4 + p6) chia hét cho 1800.

Do d6 véi 12 s6 nguyén t6 phan biét ta ludén chon ra duoc sau sd 1a p;; p,; Ps; P.; Pss P thoa man

diéu kién (p, =p, )(p, —p, ) (P, + P, ) chia hét cho 1800.
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Bai 13. Ta thdy v6i p=2 thi 2p+1=>5 khong thé viét duoc thanh 1ap phuong ctia mot s tu
nhién,

Dodésuyra p=>3.

Giast 2p+1=Kk’ véi ke N . Do 2p+1 las§1énén k’ 1asg1é hay k la s5 lé.

Khi d6 d6 ta duge 2p = t*—1=(t-1)(£ +t+1).

Do k la s6 1é nén suy ra (Z,t2 +t+1) =1 nén ta duoc t—1:2.

Mit khac do plasé nguyén tdnénsuyra t-1=2=1t=3.

Thay vao 2p=t’> -1 ta dwoc p =13 1a s6 nguyeén té.

Bai 14. Ta xét cac truong hop sau:

e Né&u p=2 khi d6 ta dugc p® +2018 = 2022 1a mdt hop s6.

e Né&u p =3, khi d6 ta dugc p* +2018 =2027 1a mdt s3 nguyén t3.

e Néu p >3, do p la s8 nguyén t& nén nén p 1a s§ nguyén t& 1é. Tl d6 p* 1a s6 chinh phuong 1é
nén p2 chia 3 du 1. ttr d6 ta duwoc. Dat p2 =3k+1véi keN'.

Tir d6 ta duoc p” +2018 =3k +1+2018 = 3(k +673) nén khong thé la mot s8 nguyén t3.

Vay véi p=3 thi p* +2018 1a mot s8 nguyén t3.

Bai 15. Do ne N nén ta dit n=2"m véi k 1a s§ ty nhién va m la s6 tw nhién le.

Khi dé tacéd p=n" +1=n"+1 =(nzk )m +1 chia hét cho n> +1.

Do p la s6 nguyén t8 nén suy ra m =1. Tl d6 ta duoc n =2, dén day ta xét cac treong hop sau
e Néu k=0, khi d6 n=1 nén ta dugc p=2.Nhu vay n=1 théa man yéu cau bai toan.

e Néu k >1, khi d6 ta dat k=2".m, véi k, la s§ tu nhién va m, la s& ty nhién lé.
Do m, la sd tie nhién 1é nén (ZZkl'“) " +1 chia hét cho 22" +1.

Ma p 1a s8 nguén t8 nén ta suy ra dugc m, =1, nén ta c6 k=2" suy ra n= 2"

+Véi k, =0, khi d6 n =2 nén ta suy ra dugc p=>5 la s nguyén t6. Do d6 n =2 thoa man yéu
cau bai toan.

+Véi k, =1, khi d6 n =4 nén ta suy ra dugc p =257 la s6 nguyén t6. Do d6 n =4 théa man yéu
cau bai toan.

+Véi k, 22, khi d6 n >16 nén ta suy ra duoc p > 16" +1=2%+1

Tt d6 suy ra p>16.2% +1=16.1024° +1>16.1000° +1=16.10" +1
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Ma ta thay 16.10" +1 c6 19 chit s6 nén p cd it nhat 19 chit s8, diéu nay tréi véi gia thiét gia thiét
cua bai toan. Do vay trong treong hop nay khong c6 n thoa man.

Vay cac s0 tu nhién n thdéa man bai toan la n € {1; 2;4} .

Bai 16. Do p 1a s6 nguyén t& nén p* ¢ 5 udc tunhién 1a 1;p; p*;p’;p’-

Khi d6 tong ctia cac wdc ty nhién caa p* 1a 1+p+p° +p° +p’.

Giastt 1+p+p’ +p’ +p* =n’ véinla mot s6 tu nhién.

Khi d6 tacd (2n) =4n® =4 +4p+4p® +4p° + 4p*

Ta c6 (2p2 +p)2 =4p* +4p’ +p° va (2p2 +p+2)2 =4p* +4p’ +9p” +4p+4

Do d6 ta duoc (Zp2 + p)2 < (21r1)2 < (2p2 +p+ 2)2 nén suy ra (2n)2 = (2p2 +p+ 1)2

Hay ta dugc 4n® = 4p* +4p’ +5p +2p+1. Kéthop véi (2n) = 4n® =4 +4p+4p* +4p° +4p
Suy ra 4+4p+4p’ +4p’ +4p* =4p* +4p° +5p” +2p+1

Hay ta dwoc p’—2p-3=0=>p=3.

Nguoc lai véi p=3, khi d6 3* =81 ¢ 5 woc twnhién 1a 1;3;3%;3%;3" va 1+3+3%+3° +3" =117,
Vay s6 nguyén t6 thdéa man yéu cau bai toanla p=3.

Bai 17. it n=3"m véi k, m la cac s6 nguyén dwong va (m,3) =1.Gia st m >1 khi do ta xét

hai treong hop sau:

e Treong hop 1: m =3a+1 véi ala mot s6 nguyén duong. Khi d6 ta co
k

140" 44" =142° (3a+1) n 43k.(3a+1) —1+ 23k.(3a+1) n 23“.(6a+2)
bat x = 2% thita duoc 142" +4" =1+ 4 x5 = x(x361 —1)+x2 (x6a —1)+x2 +x+1
Dé thay x™ —1E(x2 +x+1) va x™ —1E(x2 +x+1)
Do d6 ta dwgc 1+2" +4" chia hét cho x> +x+1. Suy ra 1+2" +4" 1a mot hop s6.
e Treong hop 1: m =3a+1 véi ala mot s6 nguyén duong. Khi d6 ta co
140" 44" =14 23k.(3a+2) n 43k.(3a+2) —1+ 23k.(3a+2) n 23k.(6a+4)
Pit x =2 thi ta dwoc 1+2" +4™ = 14+ X £ x5%2 = 2 (x3a —1)+x(x6a —1)+x2 +x+1
Dé thay x™ —1E(x2 +x+1) va x™ —1§(x2 +x+1)
Do d6 ta dwgc 1+2" +4" chia hét cho x> +x+1.Suy ra 1+2" +4" 1a mot hop s6.

Nhu vay khi m >1 thi 1+2" +4" déu la mot hop s6.

Do d6 d& 1+2" +4" 1a mot s6 nguyén t6 thi m =1 hay n =3" véi k 1a sd nguyén duong.

. ) 2n+1_1 3_1 2n+1_1 3_1
Bai 18. Ta co pp—l :C(I]—l @(p—l)(pf—lj:(p—l)(q —1J
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//// Hay ta duoc (P—l)(pzlr;i;p] ) (P—l)[%J = p(pn _1)(pn +1) =(p-1)a(qa+1):

Néu q <p" -1 thi ta duoc p(pn —1)(p“ +1) > (p—l)q(q+1). Do d6 q=p"

Ma qla s6 nguyén td va p" khong nguyén t6 nén suy ra ta phaicé q=p" +1

Cling tt p(p“ —1)(p“ + 1) = (p—l)q(q+ 1) ta duoc trong tich p(pn —1)(p“ + 1) c6 mot thira s6
chia hét cho q. Ma talai c6 q=>p" +1 nén d€ diéu d6 xay ra thi q=p" +1.

Khi d6 ta dwoc p(p“ —1) =(p-1)(q+1) hay p(pn —1) = (p—l)(p2 + 2).

Khai trién va thu gon ta duoc p" —3p+2 =0 nén suy ra duoc 2 = p(3 - p“_1 ) , ttr d6 2 chia hét
cho p nén ta dugc p=2. Tt day ta tinh dugc n=2. Do d6 ta duoc q=5.

Vay ta duoc cap s0 nguyén t6 thoéa man yéu cau bai bai toanla p=2 va q=5.

Bai 19. Gia st s6 nguyén t& dang 2 +1 (n € N) phan tich duoc thanh hiéu cta hai Iy thira bac
nim ctia hai s8 te nhién 1a a, b. Téclatacé 2% +1=a° —b°.

Mataco a’ —b’ =(a—b)(a4 +a’b+a’b’ +ab’ +b4).

Do a, b 1a cac 6 ty nhién nén ta c6 a* +a’b+a’b’ +ab’ +b* > 1.

Ta thdy a—b va a* +a’b+a’b” +ab’ +b* 1a cic udc s6 tyw nhién ctia 2% +1. Do 2% +1 1as8
nguyéntonéntasuyra a—b=1hay a=b+1.

Tir d6 ta duge 2% +1=(b+1) ~b° =5b* +10b° +10b* + 5b+1

Do d6 ta duoc 2% = (b + 1)5 —b® =5b* +10b® + 10b* + 5b nén suy ra 2715, didu nay vo li.

Do d6 khong thé bidu dién s§ nguyén 8 c6 dang 2* +1(n e N) thanh hi¢u cta hai lity thira bac
nam cua hai sO ty nhién.

Bai 20. Ta c6 2a’b = a(a+b)2 —a(a2 +b2).

Do p* la wéc cta a® +b” va a(a +b)2 nén p* ciing la wéc ctia 2a’b .

Do p la s8 nguyén t8 1é nén suy ra p* 1a wéc ctia a’b.

Néu a khong chia hét cho p® thi s§ mii ctia p trong a® khong vuot qua 2, khi d6 a® khong chia
hét cho p*. Do d6 b phai chita p?, dieu nay c6 nghia 1a b chia hét cho p?, tir d6 ta dwoc b* chia
hét cho p*. Tir d6 suy ra a® +b* khong chia hét cho p*, diéu ndy méau thuan voi gia thiét.

Do vay a phai chia hét cho p® nén a’® khéng chia hét cho p*. Ttr a’ +b” khong chia hét cho p*
ta suy ra duoc b? chia hét p4 ,do d6 b chia hét cho p2

Dan dé&n a+b chia hét cho p* nén suy ra a (a + b) chia hét cho p*.
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Vay p* ciing la wéc cta a(a+b).
Bai 21. Do 2n+1 va 3n+1 la cac s§ chinh phuong nén ta dat 2n+1=a’ va 3n+1=b” vdia, b
la cac s6 nguyén duong.
Tacé 5n+3=8n+4—(3n+1)=4(2n+1)-(3n+1)=4a>-b’* =(2a—b)(2a+b).
Do a, b la cac s6 nguyén duong nén 2a+b>1.
Gia sit 5n+3 la s6 nguyén t5, khi d6 tir 5Sn+3 = (Za —b)(2a + b) ta suy ra duwgc 2a—-b =1
Hay ta dugc 2a=b+1.Dodé 5n+3=(2a-b)(2a+b)=2a+b=2b+1
Mit khéac ta c6 3n+1=b” nén tit 5n+3 =2b+1 ta suy ra duoc
2n+3n+1+1=2b & b*~2b+1=-2n(b-1) =-2n
Ma n la s6 nguyén duwong nén (b - 1)2 la s6 am, diéu nay la vo 1i.
Do d6 5n+3 khong thé'la s6 nguyeén t6.
Bai22.Tacé p’ =8q+1<>8q=(p-1)(p+1).
Do p* =8q+1 nén p’ lasd1é, suy ra p la s§ 1¢, khi d6 dat p=2k+1 véi k 1a mot s8 nguén
duwong.
Tir d6 ta duoc 8q =2k(2k+2)=4k(k+1) nén 2q =k(k+1).
Néu q =2 khi d6 4 =k(k+1), khong c6 s8 thy nhién k théa méan déng thiic. Do d6 q > 2.
Ma q 1a mét s6 nguyén t6 nén ta duoc (2,q) =1.Tk 2q = k(k + 1) ta xét cac treong hop sau
+Néu k =2, khi d6 ta duogc q=k+1=3. T d6 ta duoc p=>5;q =3 théoa man yéu cau bai toan.
+Néu q =k, khi d6 ta duoc k+1=2=k=1 nén q=1, truong hop nay loai.
Vay cdp s6 nguyén td thoa man yéu cau bai toan la (p; q) = (5; 3).
Bai 23. Bién d6i tuong duong dang thiic trén ta dugc
p(p+1)+q(q+1)=n(n+1)<:>p(p+1)=(n—p)(n+q+1)
Gid stz ton tai cdc 58 nguyén t3 p, q va sd nguyén dwong thda man yéu cau bai toan, khi d6 tir dang
thitc trén ta suy ra duwoc n—q chia hét cho p hodc n+q+1 chia hét cho p. Ta xét cac truong hop

sau:

e Néu n—q chiahétchopthisuyran-q=p,dodé n+q+1>p+1.
Tir d6 suy ra p(p+1)<(n—p)(n+q+1), diéu nay mau thudn.
e Néu n+q+1 chiahét cho p, khi d6 ton tai s6 ty nhién k sao cho n+q+1:kp(k¢0)

Do do6 ttr p(p+1)=(n—p)(n+q+1) ta suy ra duoc p+1=k(n—q).

Mit khéc ta lai co (p+q)(p+q+1)=p(p+1)+q(q+1)+2pq2n(n+1).
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~ Khong mét tinh tong quat ta gia st p>q. Do n(n+1) >p(p+1) nén n>p.

Ciang tt n+q+1=kp taduoc kp>n>p nén k>1.

Hon nita kp<(p+q)+q+1s3p+1<4p nénsuyra k<4.

Nhu vay 1<k <4 vaklasd tunhién nén ta duoc k=2 hodc k=3.

+Vé6i k=2 thitaduge n=2p—q—1va p+1=2(n—q) nénsuyra 3(p—1)=4q.

Do d6 q chia hét cho 3, ma q la s6 nguyén td nén suy ra q=3.

Thay vao 3(p—1)=4q ta suy ra duoc p=5, tlt d6 ta tim dwoc n=6.

+Véi k=3 thitaduge n=3p—-q—-1va p+1=3(n—q) nénsuyra 2(2p-1)=3q.

Do d6 q chia hét cho 2, ma q la sO nguyén tdnénsuy ra q=2.

Thay vao 2(2p—1)=3q ta suy ra duoc p=2, tir d6 ta tim duwoc n=3.

Véy cac bdi s§ (p;q;n) thoa man yéu cau bai toan 1a (3;5;6),(5;3;6),(2;2;3).

Bai 24. Goi m”(m € Z) la binh phuong 16n nhat bé hon p. Ta dit p—m?* =k(keN).

Khi d6 ta c6 p—(m—k)2 =(m2 +l<)—(m2 —2km+k2) =k(2m-k+1)

Tl d6 suy ra p—(m—k)2 chia hét cho k hay chia hét cho p—m?.

Néu k =m thi ta duoc p chia hét cho m, diéu nay v li vi p 1a s6 nguyén t6. Néu m —k =m thi
khi @6 p=m?, diéu nay ciing v6 li vi p 1a s6 nguyén t5. Nhu vay k#m va m-k=m.

Néu k—m =m thi khi d6 ta duoc p=m?+2m =m(m +2), diéunay vo i vi p la s5 nguyén tc.
Nhu vay néu k #1, khi d6 tie p—(rn—k)2 chia hét cho p—m2 ta chon a:p—(m—k)2 va

b= p—mz. Tt d6 ta duoc a va b thudc tap hop A thoa man cho a >1 va a chia hét cho b.

Néu k=1 khi dé tir p—(m k)’ chiahét cho p~m? tachon a=p—(m-1) =2m va

b=p- m?. Tir d6 ta dwoc a va b thudc tap hop A thoa man cho a >1 va a chia hét cho b.

Bai 25. Chu ¥ 1a 27000001 = 27000000 +1 = 300° +1.
Ap dung cic hang déng thirc dang x° +1= (x +1)(X2 - X+ 1) va (x—y)(x+ y) =x* -y’ ta duoc
27000001 = 27000000 +1 = 300° +1= (300 +1)(300* ~300+1)
=301.(300% ~300+1) = 301.[(3002 +2.300+1) —3.300]

= 301.[(300 +1) - 302} =301.(301-30)(301+30) =301.271.331

Cha y 1a 271 va 331 la cac s6 nguyén t0. Lai c6 301 =7.43 la tich cua hai s& nguyén té.
Tt d6 ta duoc 270000001 =7.43.271.331 la tich ctia bon thita s6 nguyén to.
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Tt d6 ta duoc tong cua cac thira s6 nguyén to dola 7 +43 +271+331=652.
Bai 26. Gia stz p la s6 nguyén t6 16n hon 5 théa man yéu cau bai toan.

Khi d6 ton tai s8 nguyén duong q sao cho p—4=q*. Tir &6 ta dwoc p=q* +4.

2
Tacéd q' +4=q" +4q* +4-4q* = (q2 +2) —(Zq)2 = (q2 —2q+2)(q2 +2q+2).
Chti y rang p > 5 nén ta suy ra dugc q > 1.
Do dé q*—2q+1>0nén q° -2q+2>1va q*+2q+2>1
Do d6 q* —2q+2 va q’ +2q+2 la cdc w6c tw nhién 16n hon 1 ctia s8 nguyén 3 p. Diéu nay 1a vo
li.
Do d6 khong ton tai s6 nguyén t6 p thoa man bai todn hay p—4 khong thé viét dwoc thanh lay
thira bac bon cua mot sd nguyén duong.
Bai 27. Do p va q la cac s6 nguyén t6 nén p™ c6 cac wdc tw nhién la 1, p; p’;...p™ ' p™ va q" cac
cac woc tynhién 1a 1;q;q%..,9" ' q"-
Do d6 tong tat ca cac wéc cua A =p™.q" duoc xac dinh la

(1+p+p2 +o+p™! +p“‘)(1+q+q2 +..+q"! +q“)

Va s cac wdc tu nhién cia A =p™.q" duoc xac dinh la (m + 1)(n +1).

Khi d6 trung binh cdng tat ca cac wdc ty nhién cuia A =p™.q" la

(1+p+p2 +...+pm’1+pm)(1+q+q2+...+q“’1+q“)
M= (m1)(ne1)

+ Ta thay néu hai sd nguyén td p va q déu la sd 1é, khi d6 ta chon m =p va n=q. Thé thi

(1+p+p2 +otp™ +pm)(1+q+q2 totq™! +q“) (pp+1 —1)(qq+1 —1)

(p+1)(a+1) (p*-1){a" 1)

Chi ¥ 1a khi p va q la cac s§ 1é thi (pP*! ~1)i(p* 1) va (q*" ~1)i(q” 1) nén ta duoc M la s

nguyeén.

+Néu p=2 vaqlasdnguyén tsle, khi dé tachon n=q va m=q+q° +...+q%". Thé thi

l+p+p° +.+p™ ' +p™)(1+q+q° +...4+q" " +q"
M=( L P P )( a7 a q)=1+2+22+...+2““1+2‘“

(p+1)(q+1)

Do d6 M la mét sd nguyén

+N&u q=2 vaplasdnguyén t5 1é khi d6 tachon m=p va n=p+p’ +...+p?". Thé thi

M (1+p+p2+...+p“"1+pm)(1+q+q2 +...+q“’1+q“)

=14+242%+... 42" 42"
(p+1)(q+1)
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- Do d6 M la mot sd nguyén

Vay bai toan duoc chitng minh.

Bai 28. Do q la s6 nguyén t6 16n hon 3 nén q khong chia hét cho 3, do d6 q=3k+1 véiklasd
nguyén duong.

+Véi q=3k+1, khi d6 tlt p—q =2 tasuy raduoc p=3k+3 =3(k+1) chia hét co 3, ma p lai
16n hon 3 nén p khong phai la s6 nguyén t6. Do d6 trueong hop nay loai.

+Vo6i q=3k-1, khido tr p—q =2 tasuyraduoc p=3k+1. Tk d6 ta duoc p+q =6k chia hét
cho 6. Mdt khéc do p va q la cac sO nguyén t6 lon hon 3 nén p va qlahaisd 1é. Lai c6 p—q =2 nén
p va q la hai sd 1¢ lién tiép. Ttr d6 suy ra p+1 va q+1 1a hai s8 chan lién ti€p, do d6 trong hai s&
p+1va q+1 c6 mot s6 chia hét cho 4. Néu p-+1chia hét cho 4 thi ta dugc p=4m-1(meN’),
khi d6 tit p—q =2 ta tinh dwoc q=4m—3. Tkt d6 ta duoc p+q=8m —4 chia hét cho 4. Néu
q+1 chia hét cho 4 thi ta duoc q = 4m—1(m € N*), khi d6 tt p—q =2 ta tinh dwgoc p=4m+1.
Tl d6 ta duoc p+q=8m chia hét cho 4. Do d6 trong cac truong hop ta déu c6 p+q chia hét cho

4.

Ma ta thay 3 va 4 nguyén t6 cung nhau nén ta suy ra dugc p+q chia hét cho 12.

Bai 29.

e Djéu kién can: Gia st s6 n va n+2 cung la s6 nguyén t0. Ta can chitng minh (1’1 - 1)! khong
chiahétchonva n+2.

That vay, ta c6 nhan xét la néu p 1a mot wdc nguyén td ctia m! thi p s€ la mot wdce cua s6 ty nhién
a nho hon hodc bang m.

Tathdy n>n-1van+2>n-1.Manva n+2 cunglasdnguyén t6 nénn va n+2 khong thé
1a wéc ctia bat ki s8 tu nhién a nao nho hon hodc bang n—1. Do d6 n va n+2 khong thé 1a uéc
cua (n —1)! . Hay (n—l)! khong chia hét chonva n+2.

e Diéu kién du: Gia st (1’1 - 1)! khong chia hét chon va n+2. Ta can chitng minh s6 n va n+2
cung la s6 nguyén to.

That vay, ta gia st nguoc lai n khong phai la s6 nguyén t6, khi d6 n = a.b(a,b eN;a,b> 1) vaa,
b khong vt qua n—1. Ta xét cac kha nang sau

+Néu a # b thi a, b cling la cdc wéc cta (1’1 - 1)! nén (n - 1)! chia hét cho ab =n. bDiéu nay vo li vi
theo gia thiét (n —1)! khéng chia hét chon. Do d6 khong thé' cé a = b .

+Néu a=b>2,khidé n=ab=a?

Via>2néna-2>1=a(a-2)>1=a’-1>2a.Thdétacé a<2a<a’~1=n-1.
Lai ¢6 2n =2a’ =a.2a nén két hop véi a <2a <n—1 tasuy ra duoc (n—l)! chia hét cho 2n. Diéu

nay v li vi theo gia thiét (n—1)! khong chia hét cho n. Do d6 khong thé cé a=b>2.
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+Néu a =b =2 thikhi do6 ta dugc n =4, truong hop nay ta khong xét do n phai la so 1é.

Nhu vay moi treong hop ta déu chi ra dwge mau thuan, diéu d6 c6 nghia 1a diéu ta gia str sai hay
n phai la mot s6 nguyén to.

Bay gio ta chitng minh n+2 clng la s6 nguyén t6.

That vay, ta gia st nguoc lai n+2 khong phai la s6 nguyén t6, khi d6 n+2=a.b (a, be N) .don
lasdnguyéntdlénén n+2 lasdlénéna, blasélé va n+22>5.Do n+2 khong phaila sd
nguyén tdnén a;b>2, maa, blénén a;b >3. Khong mat tinh tong quat ta giastt 3<a<b.

n+2 n-1

Tt d6 ta duoc > - >b. Ta xét cac kha nang sau

+Néu a # b khi d6 a, b cling la cac udc cua (n 1) nén (n 1) chia hét cho ab =n+2. Diéu nay
v i vi theo gia thiét (n—1)! khong chia hét cho n+2.Do d6 khong thé cé a#b.
+Néua=b,khidé n+2=ab=a? :>2(r1+2)=2a2 =2a.a

n+2 n-1

Do do6 ttr >T>b ta dwoc n—1>2b=2a>a, suyra (n 1) chia hét cho 2(n+2).

Diéu nay v i vi theo gia thiét (n—1)! khong chia hét cho n+2. Do dé khéng thé c6 a=b.

Nhu vay moi tredng hop ta déu chi ra dwoc mau thuan, diéu d6 c6 nghia la diéu ta gia s sai hay
n+2 phaila mot s6 nguyén to.

Vay bai toan duoc chiing minh hoan tat.
Bai 30. D& thay p™ +3p*" —4 = [(p8 ) —1} + 3|:(p4 ) —1}
Ma ta c6
(") -1=(p"-1)| () (") 4 ()" +1}=
(0 =1=(p* 1) ()" () (0
Trong d6 M=(p*)" +(p ) H(p) T N () (pt) T+ (pt)
Tir d6 ta duge p* +3p™ —4=(p* ~1)M+3(p* ~1)N =(p* -1)| (p* +1)M+3N}
Do p 14 56 nguyén 8 16n hon 5 nén p ¢6 dang p =5k +1;p =5k +2 véik 1a s tu nhién khic 0.
+Néu p=>5k+1, khi do ta duoc p* ~1=(5k 1) ~1=(25k* +10k) chia hét cho 5.
Tl d6 ta dugc p* —1 chia hét cho 5
+Néu p=5k+2, khi d6 ta duoc p*+1=(5k+2) +1=(25k? £10k+5) chia hét cho 5.

Tt d6 ta dwoc p4 —1 chia hét cho 5.

Vay ta dugc p*" +3p*" —4 chia hét cho 5.
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~ Bai 31. Gia st b ba s6 nguyén t6 can tim la p, q, r va khong mat tinh tong quat ta gia st p<q<r.

Khi d6 ta xét cac treong hop sau:

+ Truong hop 1: V6i p=2;q=3;r=>5, khi d6 p* +q"* +r* 1a 58 chén 16n hon 2 nén 1a hop s6.

+ Trudong hop 2: V6i p=3;q=5;r=7,khi d6 p* +q* +1* =3107 chia hét cho 13 nén 1a hop s8.
+ Truong hop 3: Véi 3<p <q<r, khidd do p, q, r la cdc s6 nguyén td nén c¢é dang 3n+1. Do d6
Ity thira bac bon ctia chting déu chia 3 ¢6 s8 dwla 1. Tir d6 suy ra p* +q* +1* chia hét cho 3nén la
hop so.

Nhu vay khong c6 ba sd nguyén t6 lién tiép thoa man yéu cau bai toan.

Bai 32. D& A la s§ nguyén t& thi 3m® +6n—-61eN.

Chtr y la 3m® +6n—63 chia hét cho 3 nén ta dit 3m’ +6n-63 =3k(k e N)

T d6 ta duwoc 3m° +6n—-61=3k+2.

Do d6 suyra A=3"""" 14 =3%21+4-93" +4=927"+4=9(27"~1)+13

D& thay 27% —1=(27-1)(27"" +27"2 +...+1) =26(27"" +27"7 +_..+1) chia hét cho 13.

Do d6 A =3 14 =3%2 14 chia hét ho 1.

D¢ A la sd nguyén t8 thi A =13 nénsuyra 3°?+4=13=93"=9=k=0

T d6 ta duwoc 3m’ +6n-61=2=m?*+2n=21=m’ <21

Chuyla m? nhan gia tri lé nén ta duoc m? =1 hoic m* =9

+Véi m® =1 thita dwoc m =1, tir d6 suy ra n =10

+Véi m? =9 thi ta duoc m=3,ttdésuyran=6.

Vay c6 hai cdp s0 thoa man yéu cau bai toan la (m;n) = (1;10),(3,‘6)

Bai 33. Khong may kho khan dé€ kiém tra duoc tinh chat trén ding véi n=2 hodc n=3.

Véi n =4 ta thady khong c6 s6 nguyén k thoa man. Ta can chting minh tinh chat trén diung véi
nx>5.

* 2 ? N A ~ A ~ . . ~ Py 2 ~ n \ A . n ~?
Gia st k’ + k+n 1a mot s8 nguyén t8 véi moi s8 nguyén k théa man 0 <k <, / 3 va ton tai so 1 dé

\ A ~ 7. n . \ ~ 2 A /4 ~ 2 ~ NA A
I> +1+n 1a mot hop s6 véi . ’5 <1<n-2.Goi p la s6 nho nhat trong cac sd 1 thdéa man diéu kién

va I> +1+n lamdthop s8. Tadit p’+p+n=ab véi a,beZ;1<a<b.

Thé thi khi 1 < p thi 1 +1+n 1a mét s6 nguyén t6.

Trudc hét ta sé chitng minh a>p+1. Gia st nguoclai p+1>a thitaco 0<p—-a<p va
(p—a)2 +p—a+n=p2+p+n+a(a—2p—1)=ab+a(a—2p—1)=a(b+a—2p—1)

Tt (p—a)2 +(p—a)+n la mot s6 nguyén td ta suy ra duoc b+a-2p-1=1
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(a+b)2

Suyra a+b= 2(p + 1), &p dung bat dang thirc Cauchy ta c6 ab <~——>= (p+1)2

Do d6 tit p* +p+n=ab tadugc p* +p+n<(p+1)

T day suy ra p>n—1, diéu nay mau thuan véi cach chon p nho nhat. Nhw vay ta di dén két luan

duoclaa=p+1.
Lai tt n < 3p” = p’ +p+n<4p2+p<(2p—|-1)2 tir d6 suy ra p° +p+n:ab<(2p+1)2
Do d6 ta suy ra duoc a <2p+1.

Tt cac két qua do ta suy ra duwoc p+1<a<2p+1nén 0<a-p-1<p.
Khi d6 thi (a—p—1)° +(a—p—1)+n 1a mdt s8 nguyén .
Mat khac ta c6 (a—p—1)2+(a—p—1)+n:p2 +p+n+a(a—2p—1)=a(b+a—2p—1)

Do d6suyra b+a—2p-1=1 nén a+b=2(p+1)

Mit khéc theo bét déng thirc Cauchy thia+b>+ab = 2/p> + p+n > 2|/p* + p+p+1=2(p+1)
Nhu vay ta thu dwgc mau thuan. Do d6 gia st ban daula sai hay ta ¢6 diéu phai chiing minh.

Bai 34. Dit t =X véi t 1a s8 nguyén khong am. Khi d6 phuong trinh tré thanh t* +y*t -y =0.
Xem phurong trinh trén 1a phuong trinh bac hai an t thi ta ¢ A = y* +4y**'. Dén day ta xét cac
treong hop sau:

e Néu p=2,khidés A=y* +4y’ =y° (y2 +4y).

D€ phurong trinh c6 nghiém nguyén thi A phai 1a s6 chinh phuwong hay y* +4y phaila s§ chinh
phuong.

Dit y* +4y =a’ véi ala s nguyén, khi d6 ta duoc (y+2—a)(y+2+a) =4.

Dé thdy y+2—a va y+2+a cung tinh chn 1é nén ta cé cac trudng hop sau

+Néu y+2—-a=y+2+a=2 thitaduoc y=a=0, khi d6 ta dugc x=0.

+Néu y+2—-a=y+2+a=-2 thitaduoc y=-4;a=0, khi d6 ta duwoc t =-8, khong thoa man
diéu kién t 1a s6 nguyén khong am.

e Néu p >3, khi d6 do p la s8 nguyén td nén p lass1é. Pt p=2n+1,neN .

Khi d6 A=y*+4y*™*? =y* (1 +4y*n? )

Dé phuong trinh ¢ nghiém nguyén thi A phai 1a s§ chinh phiong hay 1+4y*"? phaila s§ chinh
2n-2

phuong. Dt 1+4y*"? =m?’ véi m 1a s6 nguyén.

Khi d6 ta duoc (m —2y"! )(m + 2y“_1) =1.

n-1

Dé thdy m —2y"™" va m+2y"" cling tinh chén 1é nén ta dwoc cac truong hop sau:
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+Néu m—2y"" =m+2y""' =1 thi ta dugc y =0;m =1, khi d6 ta tim duwoc x=0.

+Néu m—-2y"" =m+2y"" =-1 thi ta duwoc y =0;m =-1, khi d6 ta tim dugc x=0.

Vay cédp s6 nguyén thdéa man yéu cau bai toan 1a (x; y) = (O,‘ 0)

Bai 35. Vi k >1suyra k» +4>5, k> +16>5

+Xét k=bn+1(neZ)=k*>=25n"+10n+1=k*+4:5

Suy ra k’ +4 khéng la s8 nguyén t8.

+Xét k=5n+2 (neZ)=>k*=25n*+20n+4=k*+16:5

Suy ra k* +16 khong la s8 nguyén td.

+Xét k=5n+3(neZ)=k*>=25n"+30n+9=k*+16:5

Suy ra k* +16 khong la s8 nguyén td.

+Xét k=5n+4 (neZ)=>k>=25n"+40n+16 =>k*+4:5

Suy ra k* +4 khong la s6 nguyén t8.

Do vay véi k* +4; k* +16 1a cac s8 nguyén t3 thi ki5.

Bai 36. Theo bai ra f(x) c6 dang f(x) =ax’ +bx® + cx+d véi anguyén duong.

Tac6 2010 =£(5)—f(3)=(5"~3)Ja+(5"~3")b+(5-3)c=98a+16b+2c
=16b+2c=(2010— 98a)

Lai c6
£(7)—£(1)=(7"-1°)a+(7* =1*)b+(7 1) c = 342a +48b + 6¢ = 342a + 3(16b + 2c)

= 342a+3(2010-98a) = 48a + 6030 = 3(16a +2010)
Vi a nguyén duong nén 16a+2010 >1 . Vay f(7) —f(l) la hop s6

Bai 37. Theo gid thiét p>2. Gid st — =+~ hayla m’n’ =p(m”+n*). (1)
p m" n

Suy ra m*n”:p. Do p nguyén t§ nén mn:p, vi th€ m:p hodc nip.
Két hop véi (1) suy ra m* +n”ip. Do dé mip va nip.

Suy ra m > p; n > p. Khi d6 ta dwoc l=i2+izsi2+i2 2

p m n p p P

Diéu nay dan dén p < 2. Mau thuan.

5.

Vay v6i moi s6 nguyén t6 1é p déu khong ton tai cac sd nguyén duong m; n thoa man yéu cau bai
toan.
Bai 38. a) Xétbo 56 (1; 5; 7; 1) ta o

1+54+7=13;1+5+11=17; 1+7+11=19; 5+5+11=23
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Ma 13; 17; 19; 23 1a cac s6 nguyén t6.
Do dé6 (1; 5,7; 11) la mét bo s thoa méan yéu cau bai toan.
b) Ta cé nhan xét: Mot s6 ti nhién khi chia cho 3 ¢ cacsd dwla0; 1; 2.

Ta xét cac treong hop sau:

+ Néu trong ndm s tw nhién phan biét nay cd ba so chia cho 3 ¢ cung s6 du. Khi d6 tong ba s6 do6

chia hét cho 3 va tong nay 16n hon 3 nén téng do 1a hop s6.

+ Néu trong ndm so tw nhién phan biét nay cd ba s khi chia cho 3 ¢6 s6 du khac nhau. Khi d6 s6

dula0; 1; 2 va tdng ba s6 d6 16n hon 3 nén téng dé chia hét cho 3 hay tong dé la hop s6.
Nhu vay voi 5 s6 tu nhién bat ki ta luén chon duoc ba s6 ma tong cta ching 1a hop s6.
Vay khong ton tai bd nam sd tw nhién phan biét thoa man yéu cau bai toan.

Bai 39. Goi X, X, 1a 2 nghiém cua phuwong trinh trén, theo hé thirc Vi — et ta duwoc
m
+X, =——; X, X, =n+4
2
Tacé m*+n’ = (2x1 +2x, )2 +(x1x2 —4)2 =42 + 40X +30x +16 = (xf +4)(x§ +4)
Vi x}+4; X5 +4 lacacs8 nguyén 1énhon 1 nén m” +n’ 1a hop s8
Bai40.tacé P=n’-n’-7n+10=n’-2n>+n*-2n-5n+10 =(n—2)(n2 +n—5)
Vi n’+n-5; n—2 1a cac s8 ty nhién. Do d6 ta duwoc P nguyén t6 khi
n-2=1 n=3
) =
n"+n-5=1 n=2

Xét n =3 ta duwoc P =7 la s6 nguyén to

Xét n =2 ta duoc P =0 khong phai la s6 nguyén t6

Vay n =3 la gia trj can tim.

Bai 41. Phan tich A =n®-2n” +n’ —21r1+n—2=(n—2)(n2 +n+1)
Don-2<n’+n+1, VneN.

Vay A la s8 nguyén t6 khi va chikhi n—2=1 va n’ +n+1 1a s6 nguyén t&

n=3 1\ ~ A t/\/
= a sO nguyén to
A=3*+3+1=13 5w

Vay voi n =3 thi A la s6 nguyén t6

Bai 42. Khong mat tinh tong quat ta giast a<b<c.

2, .
Ta ¢ p2=(a2+b2+c2) ‘p nén (a4+b4+c4+2a2b2+2b2c2+2c2a2):p ma ta lai co

(a4+b4+c4)fp nén ta duoc 2(a2b2+b2c2+c2a2)5p. Mit khéc do a,b,c>1 va p>3 nén ta
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duoc (p,Z) =1 suy ra (azb2 +b’c? +c2a2)fp. Do do [azb2 +c? (a2 +b’ +C2)—C4:|Ep suy ra
(aZbZ-—c4)§p nén.(ab-—cZ)(ab-+c2)§p.

meéab<2ab3a2+b2né11<ab+c2<a2+b2+c2=p,dodé(ab+c{p)=1.Tﬁdbta
duoc (ab—c2)5p hay (C2 —ab)fp

Mit khac 1<a<b<c nén 0<c’-ab<c’<a’+b’+c’=p. Do dé c’—-ab=0 hay
¢’ =ab, tlt d6 ta duoc p=3a®, ma plasdnguyéntdnén a’=1, p=3.
Bai 43. Khong mat tinh tong quat ta c6 thé gia st x >0,y >0 . Tir phuong trinh p+1=2x" suy ra
plasd1é. Dé thdy 0 <x <y <p = y—x khong chia hét cho p (1)
Do dé ta cé 2y* —2x* =p* —p=>(y-x)(y+x)=0(modp) = y +x=0(mod p)
Do 0<sx<y<p=0<y+x<2p=Xx+y=p=y=p-—X thay vao hé da cho ta duoc

+1=2x" +1=2x" +1=2x2 =4x-1
P Pl o P X o {P7
p’+1=2(p-x) 1=p’—4px+p+1 |p=4x-1 2x% = 4x

Giai hé nay ta dugc p=7,x =2 thay vao hé ban ddutasuyra y=5.Vay p=7.
Bai 44. D8 thdy c4c bd 58 (p; q)=(2; 3), (3; 2) théa méan yéu can bai toan.
Ta sé chting minh khéng con b s6 nao khac thoa méan yéu cau bai toan.
That vay, khi p>3; q>3, dopvaqlasdnguyéntdonén p=3k+1 hoacp=3k+2 va
q=3n+lhoac q=3n+2.
+Xét truong hop p=3k+1, q=3n+1 hodc p=3k+2, q=3k+2 thi pq+11déu chiahétcho 3
nén trueong hop nay loai.
+Xét truong hop p=3k+1, q=3n+2 hodc p=3k+2, q=3k+1 thi 7p+q déu chia hét cho 3
nén treong hop nay ciing loai
Vay (p; q) = (2; 3), (3; 2) 1a cdc bd sO can tim
Bai 45. Dit A =a’—b’ -5a+3b+4, dé thdy A 1a s§ chén. Do d6 A la s6 nguyén t& khi va chi khi
A=2,hay A=a’-b*-5a+3b+4=2,suyra (a+b-4)(a-b-1)=2.

Ta xét cac treong hop sau :

. a+b-4=1
+ Truwong hop <a=4b=1
a-b-1=2
. a+b-4=2
+ Truong hop <a=4,b=2
a-b-1=1
a+b-4=-1
+ Truong hop <a=1b=2.
a-b-1=-2
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a+b-4=-2

+ Trueong hop {a—b—lz—l <a=1b=1

Bai 46. Ta c6 (5)—f(4)=2012 < 61a+9b+c=2012

£(7)-£(2)=(343a+49b+7c+d)-(8a+4b+2c+d)=335a+45b +5c
= 305a +45b + 5¢+30a = 2012+ 30a = 2(1006 +15a)

Vi a 1a s6 nguyén nén ta dugc f(7) —f (2) chia hét cho 2 va 1006 +15a khac 1

Do do f(7)—f(2)1é1 hop s6

Bai 47.

a) T gia thiét ta cd (p—q)(p+ q) =7

Ma p va q nguyén duong nén p—q,p+q déu la uéc nguyén duongctia 7va p—q<p+q-.

Do d6 ta duoc {p 9 :{P

p+q=7 q=3
b) Néu n 1a s6 chdn thi A =n"+4" 12 58 chdn 16n hon 2 nén A khong phai la s6 nguyén t3.
NéunlasSlethi A=n’+4"=(n*+2") ~2n2.2" =(n?+2") ~n?2""
bédt n+1=2k véi k nguyén duong ta c6
A= (n2 +2" )2 -n*2™ = (n2 +2" +n.2" )(n2 +2" —n.2" )
Vi (n2 +2" +n.2k) >1
Va (n2 +2" —n.2k) = (n — ok )2 + (2n - 221"2) >1 nén A khong phai la s6 nguyén to.
Bai 48. Ta c6 a* +4b* =(a’ —2ab+2b” )(a’ +2ab+2b’
Vi a’? —2ab+2b*>0; a’ +2ab+2b*>0.
Nén a* +4b* nguyén t8 khi va chi khi mot thira s8 1a 1 con thira s& kia 1a s6 nguyén t8. Khi d6 ta

o cac treong hop sau

{@—ble

b*=0

¥abf=o

+Trudng hop 1: a* —2ab+2b> =1 (a-b) +b* =1&

b’ =1
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{(a+b)2 =1

b*=0

{(a+b)2 -0

b’ =

+Trudng hop 2: a* +2ab+2b* =1 (a+b) +b* =1

2
- Vé6i {(Trb) _1:>b=0:>a2=1:>M=1 (loai).
b*=0

2
- Vi {(a +b) =0 {a =Lb=-l  daman)
b*=1 a=-1,b=1
Vay cac cap s6 (a;b) can tim la (1;1),(1; —1),(—1;1),(—1;—1) .
x+yv2013 m

Bai 49. Ta c6 ——(m,neN*,(m,n)=1)

y+2zv2013 n

_ =0
@nx—my:(mz—ny)\/2013 :{nx my :>1=X:2:>xz=y2
mz-ny=0 y z n

Do d6 x> +y* +2° =(x+z)2—2xz+y2 :(x+z)2—y2 =(x+y+z)(x+z-y)

2 2 2
, A X+ +7Z"  =X+Vy+2Z
Vi x+y+z>1va x2+y2+z2 la s6 nguyén to nén y y
x-y+z=1

Tl d6 suy ra X =y =z =1, thit lai ta thdy thoa man.

Vay x=y =z=1 lagia tri can tim

Bai 50. Goi wéc chung 1én nhat ctia a va b la d khi d6 ta c6 a=md; b=md, (m;n)=1

Tt gia thiét ta dwoca’b® = pa® + pb> = m’n’d* = pm’d® + pn°’d* = m’n’d* = pm® + pn’.

2 2

2:..2

m?*in : .

:{p S = pim’vapin’
pn®im

2

Néu a=b>2:>p=a7eZ:>a=2k do dé p=2k>>2 lahop s§

Néua#b=m=#n= plahop s6.
Vay P la mét hop so.
Bai 51. Ta c6
a*+ab+b’=c*+cd+d> & (a+b) —ab=(c+d) —cd
< (a+b+c+d)(a+b-c-d)=ab-cd (1)
bit s=a+b+c+d.Giast s=p lamot sd nguyén td = a+b+c=-d(mod p). Tk (1) suy ra:

ab—cdEO(modp):>ab+c(a+b+c)EO(modp):>(c+a)(c+b)50(modp)
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o N a+c=0 (modp)

Vi p la s6 nguyén to nén suy ra
b+c=0 (modp)

Didunay voly vi 1<a+c;b+c<p (a b, ¢, d 1a cdc s6 nguyén dwong va cé tdng bang p).

Vay s >1 vakhong la s nguyén td nén s phai la hop so.

Bai 52. Do p’ =8q+9 las§lénénplé. Dat p=2k+1(keN).

Tacé p* =8q+9 < (p—3)(p+3)=8q < (2k—2)(2k+4)=8q < (k—1)(k+2)=2q.

Viqlasdnguyéntdova 0<k-1<k+2 nén co 2 truong hop xay ra:

‘ {k—1=1 {kzz {p=5
Truong hop 1: & =

k+2=2q q=2 |q=2

. k-1=2 k=3 p=7
Truong hop 2: = =

k+2=q q=>5 q=>5

Vay cap s6 (p; q) thoa man bai toan la (5,' 2), (7; 5).
Bai 53. Gia st ton tai cac s6 nguyén duong x va y thoa phuong trinh. Ta xét cac treong hop sau

e Truong hop 1: Véi x=1,tacé p+1=y"", suyra p=y"" —1=(y—1)(y“+y“_1+...+y+1)

D 7 y_1:1 _ 2 n _ An+l
odéoy” =>p=1+2+2"+..+2"=2"" -1
yi+y T+ +y+l=p

Suy ra 2™ = 1(m0d p).
Goi k 1a s6 nguyén duong nho nhat thoa man 2~ = 1(mod p), taco k>3.
Vi 2" =2P" =1(mod p)= (n+1,p-1)ik voli, vi (n+1,p-1)<2.

e Truong hop 1: V6i x =2, ta co

Pl exP? 4 +x+1=

Il
~<
5
T
=
|
—_
Il

(y—l)(y“ +y"! +...+y+1)

Xét q la mot wéc nguyén t6 bat ki cua

x—11 ,tacod (x,q) =1 nén x¥' = 1(modq)

Ma xP —1:q va qlasé nguyén td nén x—1:q hodc q—1:p.
Néu le(modq) thi 1+x+x* +...+x"" Ep(modq), suy ra p:q hay p=q hodc
qzl(modp).

P

— thi p=q hoac qzl(modp).

Suy ra tat ca cac wdc nguyén to q cuia

Dan t6i hais6 y—1 va y" +y" +...+ y+1 hodc chia hét cho p hoéc c6 s8 duw 1a 1 khi chia cho p.

+Néu y—150(modp)<:> ysl(modp), suyra y" +y"" +...+y+1sn+1(modp)
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Vi (n+ 1,p) <2 nén n+1 khong chia hét cho p va (n,p) <2nén n+1 chia cho p ¢ s6 dw khac 1.
Do d6 treong hop nay khong xay ra
+Néu y-1 sl(modp) oy Ez(modp).

Khi dd y" +y" " +..4y+1=2""~1(modp).

Ta c6 2™ —1 khong chia hét cho p vi (n +1,p- 1) <2

Tac 2" -2 = 2(2“ —1), ma (n,p—l) <2 nén 2" —1 khéng chia hét cho p.

Do d6 2™' —1 chia cho p c6 s8 du khéc 1.

Tém lai trong cac treong hop ta déu cé diéu gia stt ban dau la sai. Bai toan duoc chitng minh.
Bai 54.

e Xét n=1 thi moi sO nguyén t6 p déu thoa man.

e Xét p=2 van=>2,khidétr n<2p taduwoc n<4,suyra ne{2;3;4}.

+V6in=2 tacd (2-1)° +1 chia hét cho 2.

+V6éin=3 tacs (2-1) +1 khong chia hét cho 3.

+V6i n=4 tacd (2 - 1)4 +1 khong chia hét cho 4.

e Xétn>2 va p>3.Khidéplasslénén (p—1) +1 lasdlé valabdicia n”' nénnlasd tu
nhién 1é, do d¢ ta dwoc n <2p.

Goi q 1a wéc nguyén t6 nho nhat ctia n. Khi d6 do (p - 1)n +1 chia hét cho n®™" ta duoc
(p—l)n +1 chia hét cho q. Ttr d6 suy ra (p—l)n =-1 (modq) va (p—l; q) =1.

Do n, q déu lé nén (n;q—l) =1 néntontai u,ve N sao cho un—v(q—l) =1.

Khi &y u 1é va (p - 1)un = (p - 1)(p - 1)V<q71) = (—1)u = (p - 1)1V (mod q) =>p= O(mod q)
Suy ra p chia hét cho q, ma do p, qla cacs6 nguyéntdnén q=p.

Tt d6 do n < 2p ta suy ra duoc n=p
P p .

Vay B e (p-1) 1= B0l < S )
k=1 k=2

p _
Do mbi s6 hang ctia ZC; (—1)p * p*? déu chiahétchopnén p-1<2=>p<3.
=2
Boivay n=p=3.
Vay cdp s6 thoa man bai toan la (n;p) = (2;2),(3;3),(1;p) véi p 1a s nguyén t6.

Bi 55. Vi 2% +1ip (*) nén ta duoc 2 =-1(modp)=2*" =1(modp)(1).
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Do p la s8 1é nén theo dinh If Fermat ta c6 27" = 1(m0d p) (2) .

Goi h 1a s8 nguyén duong bé nhat théa man 2" = 1(mod p) .

Tt (1) va (2) ta dugc 2" th va p—1‘h nénsuyra h=2" (0 <m< 1'1+1).
Néu m <n thitr 2° =1(mod p) tasuy ra duoc 2* =1(modp).

Két hop voi (*) ta suy ra duoc 2:p, diéunay vo li vi p lasd lé.

Do vay h=2"" nén p-1:2"" suyra p-1:8.

Gidstr 1,;1,; o) 14 c4c s8 chén trong khoang (g,pj khi d6 PP =1 P =Ty, la cacso le

VA YALY

trong khoang [O,%J.

< -1 ,
Giasw s;;8,;...; sm(p) la cac s6 chan trong khoang (O, %) Khi d6 n(p)+ m(p) = p2 la cac s6
chin trong khoang (O,p) va tap hop {sl;sz;...; sm(p);p—rl;p—rz;...;p—rn(p)} chinh Ia tap hop

{1; 2;...;pT_1}. Do d6 ta duoc

_]_ n|
(pTJ' = 51'52'-'Sm(p)~(P —rl).(p -1, )(p - rn(p)) = (—1) (°) 8850+ T Ty Ly

ne) 5 (Pl
—1) wE .[ij!(modp)

Il
—

-1

Suy ra ta duwgc 2 2 = (—1)n(p) (mod p)

e}

Mit khac tir p—1:8 ta dugc p=8k+1 vdi k la s8 tw nhién khac 0.

Pl Polipm
2

Do d6 ttr viéc chon h ta dwoc =>p-1 2™ Bai toan duoc chttng minh.
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Chu dé 4
CAC BAI TOAN VE CAU TAO SO

Bai 1. Chit s6 hang chuc ciia mét sO ¢ 2 chit s6 16n hon chit s6 hang don vi la 1. Néu d6i cho 2 chit
~ ~ A ALY 5 A NA n ~N s ~ NG AN
s0 cho nhau sé dwgc mot s6 bang g s0 ban dau. Tim s6 c6 2 chir sO ban dau .

Bai 2. Tim mdt s6 6 hai chit s8, biét rang chit s3 hang chuc 16n hon chir s8 hang don vi la 5 va néu
dem s d6 chia cho tong cac chir sd ctia né thi duoc thwong la 7 va du la 6.

Bai 3. Cho s8 tu nhién c6 hai chit s6, biét rang s§ d6 chia hét cho 7. Chitng minh rang hiéu cac lap
phuong cua hai chi s6 cta s6 d6 chia hét cho 7.

Bai 4. Tim s6 chinh phuong ¢4 4 chit s6, biét re‘“mg khi giam mdi chit s6 mot don vi thi s
moi duoc tao thanh cling la mot s6 chinh phuong ¢é 4 chir so.

Bai 5. Tim cac sd nguyén duong c6 5 chit s6 abcde sao cho abc— (10d + e) chia hét cho 101?

—2
Bai 6. Tim cac chitsd a, bsaocho ab = (a + b)3

Bai 7. Tim s6 abcd biét rang abc.c =dac vdi a, b, ¢, d la cac chir s6 khac nhau.

Bai 8. Tim céc chit s6 a, b, ¢ biét rang abc —ca = ca —ac

Bai 9. Tim hai s0 tu nhién lién tiép, mdi s8 ¢é hai chit s6, biét rf?mg néu viét 16n trudce s6 nho thi ta
duoc mot s6 ¢6 bon chir s6 la s6 chinh phuong.

Bai 10. Cho s6 twe nhién A c6 n chit s6 9, hoi ¢ thé phan tich A thanh tong cua hai s tu nhién khac
la B va C sao cho khi d6i thay d6i vi tri cac chi s6 cua s6 B thi ta thu duoc s C.

Bai 11. Viét cac s6 c6 5 chir s§ tir 11111 dén 99999 sau d6 sap xép cac s8 d6 theo mot thir tu bat ki ta
duwgc mot sO tw nhién. Ching minh r?mg s0 mdi duoc tao thanh khong thé la mot lay thira cta 2.
Bai 12. Tim cdc s8 ty nhién c6 hai chit s§ xy sao cho 2.xy = (x+ 2)2 + (y +4L)2

Bai 13. Cho m la mét s6 nguyén duwong. Hay tim cac chir s& x(x # 0) vay sao cho A 1a mot s6

chinh phuong véi A =xy5+100m (m+5).

Bai 14. Tim cic chit s6 x, y trong phép tinh sau: 109" = 23673xy67459221723401.

Bai 15. Tim s6 ¢ ba chit s6 abc sao cho s6 A =abcabc...abc gom 6003 chir sd chia hét cho 91.

Bai 16. Tim cac chir sO a, b, ¢ sao cho:

a) SO 7ab9 chia hét cho 63. b) S6 1lab2c chia hét cho 1125.

e n A, 5 , A 7 v ~ A 3 R
Bai 17. Tim tat ca cac sO cd nam chir sO abcde sao cho Vabcde =ab.

Bai 18. Cho s0 ty nhién n c6 hai chit s6, chit s6 hang chuc la x va chit s6 hang don vi la y(nghia la

x#0 van=10x+y).Goi M =

X+y
a)Timndé M=2. b) Tim n d€ M nho nhat.

Bai 19. Cho s6 tw nhién A =155*710%4*16 . Hay thay dau * boi ba chit s6 phéan biét tu 1 dén 9
d€ A luon chia hét cho 396.
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Bai 20. Tim hai s6 tw nhién c6 dang ab va ba v6i a # b thoa man dang thive: — =—214_ |
ba b33..3a

2014

Bai 21. Tim s8 abcd biét ring abed + bed + cd +d = 4574
Bai 22. Tim s8 tw nhién c6 nhiéu hon ba chit s8, biét rang néu ta bo di ba chit s& cudi thi dugc mot
s6 méi ma 1ap phuong ctia né bang chinh s8 can tim.
Bai 23. Tim s0 tuw nhién ¢ bon chit s6, trong d6 hai chit s6 dau gidng nhau va hai chit s6 cudi
giong nhau, thoa man mdi diéu kién sau day:

a) S5 d6 bang tong cac binh phurong ctia s8 tao boi hai chit s§ dau va s8 tao boi hai chit s&
sau.

b) SG d6 bang tich ctia hai s ma mdi s8 1a s6 ¢ hai chit s§ giéng nhau.
Bai 24. Tim s8 tw nhién c6 ndm chit s& sao cho sao cho s6 d6 bang lap phueong ctia tdng ndm chit
s0 ctia no.

HUONG DAN GIAI

Bai 1. Goi x 1a chit sd hang Chuc(O <x< 9), y 1a chit s6 hang don vi (0 <y< 9)

Vi chit s& hang chuc 16n hon chit s6 hang don vi la 1 nén ta duoc x—y =1

C axe I - - N
Vi dai cho 2 chit s6 cho nhau sé dwgc mot s6 bang g s0 ban dau nén ta duoc

yx=g.;<:>10y+x:%(10x+y)<:>4x—5y=0

4x-5y =0 y =

Bai 2. Goi s8 can tim ¢6 2 chit s§ 1a ab, véi a,be{0,1,2,3,4,5,6,7,8,9}, a#0.

x-y=1 x=5
Tt d6 ta c6 hé phuong trinh { y = { 1 (thoa man). Vay 54 la s6 can tim

Theo gia thiét ta c6 hé phuong trinh:
a-b=>5 a-b=5>5 a-b=5>5 a-b=5>5 a=8
= = = =
10a+b=7(a+b)+6 3a—-6b=6 a-2b=2 a—-2b=2 b=3
Vay s6 can tim la 83
Bai 3. Goi sO c6 hai chir s6 1a ab (a,beN; O<a<9; OSbS9).Ta 6 ab:7 hay 10a+b:7.
Suyra (10a+b) 7 < 1000a’ + b’ +3.10ab(10a+b):7
Hay 1001a’ —a’ +b’ +3.10ab(10a +b):7

Tac6 1001a’:7 va 3.10ab(10a+b)57 .Nénsuyra b’ -a’7

Bai 4. Goi s6 chinh phuong can tim 1a x> = abed =1000a +100b+10c+d véi x € N*
Ta duge 1000 < x* <9999 = 31 < x < 100.

Sau khi giam di 1 don vi ¢ ¢ tat ca cac chit s6 ta dugc sO
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y*=(a-1)(b-1)(c-1)(d-1)=1000(a-1)+100(b-1)+10(c—1)+(d-1)
4 =1000a +100b+10c+d - 1111= x> ~1111
Do dé ta duge x* —y* =1111 <> (x—y)(x+y)=1111=11.101. Do x+y >x -y nén ta dugc

x+y =101 x =56 x+y=1111 x =556 )
= (Nhén) hoac = (Loai)
x-y=11 =45 x-y=1 y =555

Vay s8 chinh phurrong can tim 1a x* =56 = 3136
Bai 5. Ta c6 abc -(10d +e)101 < 101abc - | abc - (10d +e) [:101

Hay ta duoc 100abc +10d +e 101 <> abede 101

Vay s0 cac sO phai tim 1a s6 tw nhién c6 5 chit s6 chia hét cho 101

Cé tat ca 10100 sO cac sO tir nhién 5 chir s nho nhat chia hét cho 101.
Cd tat ca 99990 s céc sO tir nhién ¢ 5 chit sO 16n nhat chia hét cho 101

Vay s0 cac sO tee nhién c6 5 chit s6 chia hét cho 101 la 9999018110100 +1=891

Bai 6. Tt gia thiét suy ra ab = (a +b)\/a +b

Vi ab va a+beN" nén a+b la sd chinh phuong.
Miatkhac 1<a+b<18 nén a+be{l; 4; 9; 16}

Néu a+b=1,a+b=4; a+b=16 thi thay vao (1) khong thoa man
Néu a+b =9 thay vao ab=(a+b)va+b taduoc ab =27.Vay a=2;b=7.

Bai 7. Tt gia thiét abc.c =dac ta suy ra duwoc c khac 0 va

(100a +10b+c)c=100d +10a +c <> 100ac+10bc +¢* =100d +10a+c
Nhu vay ¢ ¢6 chit s6 tan ciing 1a ¢ nén ta suy ra dugc c € {1; 5; 6} . Ta xét cac truong hop sau

+Néu c =1, khi d6 ta duoc abc = &, treong hop nay khong xay ra do a, b, ¢, d 1a cac chix s6

khac nhau.

+Né&u ¢ =5, khi d6 tir 100ac+10bc+c*> =100d +10a+c¢ ta suy ra dugc
500a+50b+25=100d +10a+5 < 50a+10b+2=10d +a

Tt d6 ta suy ra duwoc 49a+5b+2=10d <90 nén a=1.

Khi d6 ta duwge 50+ 5b +1=10d nén suy ra 5b =...9 nén khong ton tai chix s6 b thoa man.

+Né&u c =6, khi d6 ttr 100ac+10bc+c* =100d +10a+c ta suy ra dugc
60a+6b+3=10d+a < 5% +6b+3=10d <90

Do dé a=1 nén ta duoc 59 +6b+3=10d = 62 +6b =10d

Tl d6 ta suy ra 6b <30 va 68 =...8 nén ta dwoc b=3, tt d6 suy ra d =8.

Vay s6 can tim la 1368.

Bai 8. Dé thay ca—ac <100 nén tir abc —ca = ca—ac suy ra abc —ca < 100 nén abc < 200..
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- Dodé6suyraa=1.Turdod taduge Ibc—cl=cl-1c.
// Hay ta duoc 100+10b+c¢—-10c-1=10c+1-10+c=10b+108 =18c = 5b + 54 =9c
Suy ra 5b:9 nénb chi c6 thé'1la 0 hodc 9.
+Véi b=0, khi d6 ta dwoc 9c=54=c=6
+Véi b=9, khi d6 ta duoc 5.9+54 =9c = ¢ =11, khong thoa man.
Vay céc chirs6 can timla a=1,b=0;c=6.
Bai 9. Goi hai s8 tw nhién lién ti€p c6 hai chir 5§ 1a x va x+1 véi . Goi s8 chinh phuwong 1a n* véin
la so tu nhién.

Twr d6 ta dwoc 10 <x <98 va 32 <n <99

Dit x =ab thi x+1=a(b+1) véia, bla cac chit s8. Khi d¢ ta duge n* =a(b+1)ab.

Tacé n’=a(b+1)ab=a(b+1)00+ab=a(b+1).100+ab
Hay ta duoc n* =100(x+1)+x <> n’ =101x+100 <> (n-10)(n+10) =101x.

Tt d6 suy ra (n - 10)(n + 10) chia hét cho s6 nguyén td 101. Do d6 trong hai thtra s6 n—10 va

n+10 cé mot thira sd chia hét cho 101.
Matlr 32<n<99 tadwoc 22<n-10<89;42<n+10<109.

Do d6 chico thé n+10=101=>n=91.

Tir &6 suy ra n” = 8281 nén ta duoc x =81 va x+1=82.

Vay hai s0 tw nhién lién ti€p can tim la 81 va 82.

Bai 10. Gia st A =999...9 =B+ C. Ta xét cac truong hop sau
e Truong hop 1: Xét n 1a s8 chdn, khi d6 ta c6 thé phéan tich A thanh tong ctia hai s6 B va C thoa
man yéu cau bai todn, chang han B =333...3666...6 va C = 666...6333...3, v6i B va C cling cd n

, LI { N
chit s6 trong do co > chit s0 3, > chit s6 6.

e Truong hop 2: Xét n la s0 1, khi d6 gia st ta c6 thé phan tich A thanh tong ctia hai s6 B va C

thoa man yéu bai toan.

bit B=aa,..a ;C=bb,..b_ véia;a,;..;a_b

.
n’/ ~17

b,;...b_ la cac chir s6.

Khidétacéd aja,..a, +bb,..b_=999..9.

Do a,+b, <9+9=18 néntix a,a,..a_+b,b,..b =999..9 tasuyradwoca, +a,=9.

Lap luan twong tw ta duoc a, +b, =a,+b, =...=a_+b_=9.

Do d6 tong cac chir sé cua B va Cla S=(al +b1)+(a2 +b2)-l-...+(an +bn)=9n la mot so 1é.
Theo bai ra thi khi di vi tri cac chit s§ ctia s6 b ta dwgc s8 C nén tong cac chir s§ ctia B bang tong
cac chit sO cua C. Ttr d6 ta dwoc Sz(a1 +a, +...+an)+(b1 +b, +...+bn):2(al +a, +...+an) la

mot s8 chdn. Diéu nay dan dén mau thuan. Do vay khi n 1a s6 1é thi ta khong phan tich duoc.
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Vay véin chén thi ta c6 thé phan tich A thanh téng ctia hai s6 B va C thoa man yéu cau bai toan.
Bai 11. Goi A 1a s6 méi duoc tao thanh. S6 A dwoc tao ra tir viéc sép x€p cac sO ¢d 5 chit sO tir
11111 dén 99999 nén A c6 tat ca 99999 —11111+1=88889 sd cd 5 chir so.

Tach s tw nhién A thanh tong cac s6 hang c6 dang abcde.10°" véi n=0;1;2;3;...;88888 .

Dit s =abcde, khi d6 abede.10™ =5(9.11111+1)" =s(9m+1)" =s(km+1)=skm+s.

Chayring m=11111 va ke N’ .
Khi d6 abcde.10°" va s c6 cting s6 du khi chia cho m =11111.

Nhu vay s6 A khi chia cho M ¢6 cung s6 du véi B 1a tdng ctia cac s6 ¢d 5 chit s6 tir 11111 dén
99999.

(11111+99999).88889

2
Do d6 2B=11111.888890, do d6 2B chia hét cho m nén B chia hét cho m.
T d6 ta dugc A chia hét cho m hay m =11111 1a mot wdc cua A.

Tacé B=11111+11112+...4+ 99999 =

Ma ly thira ctia 2 khong c6 wéc la sd 1é, do d6 A khong thé la mot lay thira cta 2.
Bai 12. Ta co
2xy =(x+2) +(y+4) & 2(10x+y)=x* +4x+4+y> +8y +16

S X =16x+y* +6y+20=0 < x> —16x+64 +y” +6y+9 =53

<:>(x—8)2 +(y+3)2 =53
Vi x;y € N nén (x - 8)2 va (y + 3)2 la cac s6 chinh phuong. Ma 53 thi chi c6 thé viét vé dang tong
¢6 2 58 chinh phuong 1a 53 =2 +7%. Nén ta c6 cac tredong hop sau

2

x—8) =4 x €110;6
RS

\ h :
+ Truong hop 1 (Y+3)2 — 49 ye {4;—10}

Do x, y 1a chit s6 nén ta suy ra duoc (X;y) = (6;4)

(x—8)2 =49 - {x € {15;1}

(y+3) =4  |ye{-1-5}

Vay s6 can tim la xy = 64 .

+ Truong hop 2: , loai do x, y la chi s6.

Bai 13. Dé thay A = % +100m (m + 5) chia hét cho 5 va A la s6 chinh chinh phwong nén sd A ¢
dang A =(10t+5)° =100t +100t+25 véi t 1a mot s ty nhién.
Tir d6 ta dwoc 100t* +100t +25 =100x + 10y +5+100m* + 500m

Hay ta duoc 100t* +100t = 100x +100m* + 500m + 10y — 20
Do d6 ta dugc 10y —20 chia hét cho 100. Do y 1a chit s6 nén ta suy ra duoc y =2.
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Khi d6 ta dwoc t> +t=m*+5m +x.
Dit t =m +v nén ta duoc (m+v)2 +m+v=m’+5m+x < 2m(2-v)=v’ +v-x, ding thirc
xay ra voi s6 moi m nén ta suy ra duwgc v =2. Tt d6 ta duoc X=v4+v=6.
Vay cac chirs6 can timla X =6,y =2.
Bai 14. Ta c6 109 —1=(109-1)(109° +109° +...+1) = 9.12(109° +109° +...+1}.
Do d6 109" —1 chia hét cho 9.
Mait khac ta lai co
109" ~1=(109°-1)(109° +1) =(109° ~1)(109+1)(109* ~109° +...+1)
=10.11(109° -1)(109* ~109° +...+1)

Do dé ta lai ¢6 109" —1 chia hét cho 11.
T cac két quy ra ta suy ra 23673xy67459221723401—1 chia hét cho 9 va 11.

Ta 6 23673xy67459221723401~1 chia hét cho 9 khi va chi khi (x+y+73):9 = (x+y+1)i9

Va 23673xy67459221723401—1 chia hét cho 1 khi va chi khi (y —x—9)11

x+y+1):9
Tir 36 ta co ( Y ) .

(y—x-9)i11
Chu y rang x va y 1a cac chit s6nén 0<x;y <9.Dodé 1<x+y+1<19nén suy ra x+y+1 chi
c6 thé nhan gia tri la 9 hodc 18. Lai thdy —18 <y —x-9<0 nénsuyra y—x—9 chi c6 thé nhan
gia tri1a 0 hoac —11. Tt d6 ta cd cac treong hop sau day xay ra:

. x+y+1=9 . A n
+ Truong hop 1: 9 O,he phuong trinh nay v6 nghiém.
y—x-7=

X+y+1=9 {x=5

+ Truong hop 2: B <14, ,héphuong trinh nay v6 nghiém.
y—-x-9=-11 y=3

. x+y+1=18 . o .
+ Trueong hop 3: , hé phurong trinh nay v6 nghiém.
y—-x-9=0
. x+y+1=18 . . .
+ Truong hop 4: , hé phuong trinh nay v6 nghiém.
y—-x-9=-11
Vay céc chirs6 can timla x =5 va y =3.
Bai 15. Ta c6
A = abcabc...abc = abc. 10 +abc.10¥7 +...+abc.10° +abe.10° +abe

= E(lom’ +10%7 +...+10° +10° +1)

Cha y 12 1001=10>+1 va 1001:91. Ta lai ¢6
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10 +10%7 +...+10° +10° +1=10" +10"” (10° +1) +...+10° (10’ + 1) +(10° +1)

Tir d6 ta suy ra duoc A:91 khi va chi khi abc. 10 chia hét cho 91.
Do (91,106000) nén dé A chia hét cho 91 ta can c6 abc chia hét cho 91.

Vay cac s3 can tim la abe e {182;273;364; 455; 546;637;728;819;910} .

Bai 16.

a) SO 7ab9 chia hét cho 63.

Ta 6 7ab9 = 7009 +ab0 chia hét cho 63.

Nhan thdy 7009 chia 63 du 16 nén d€ 7ab9 chia hét cho 63 thi ab0 chia 63 du 47
Tt d6 ta dit ab0 = 63t—16 véi te N

Xét a=0, khi d6 ta co b0 =63t —16. Khong ton tai s6 ty nhién t thdoa man bai toan.
Xét a#0, tir d6 ta duoc 100 < ab0 < 990

Do désuy ra 100 <63t-16<990=2<t<15.

Mat khac tir ab0 = 63t—16 ta suy ra dugc 63t—16 co chit s6 tan cung béng 0nén 63t cb chir s&
tan cling bang 6. Suy ra t ¢4 chit s8 tan cuing bang 2. Két hop véi 2 <t <15 ta dugc t=2 hodc
t=12.

e V6i t=2 thita dugc ab0=63.2-16=110,dodé a=b=1
Thtr lai ta thdy 7119 chia hét cho 63.

e V6i t=12 thi ta duoc ab0=63.12-16=740,do d6 a=7;b=14
Tht lai ta thay 7749 chia hét cho 63.

Vay ta duoc hai s6 thoa man yéu cau bai toan la 7119 ba 7740.

b) S6 1lab2c chia hét cho 1125.
Taco 1125=9.5 va (9,125) =1 nén tir 1lab2c chia hét cho 1125 ta suy ra duoc lab2c chia hét
cho 9 va 125.

Ta cd 1lab2c chia hét cho 125 nén 1lab2c chia hét cho 25, do d6 2¢ chia hét cho 25,suyra c=5.

Lai vi 1lab2c chia hét cho 125 nén b25 chia hét cho 125,dodé b=1 hodc b=6.

Mat khac do 1ab2c chia hét cho 9 nén ta dugc a+b+c+3:9 hay a+b+8:9

e V6ib=1,khidoétr a+b+8:9 tadwoc a+9:9 nén a=0 hodca=9

e Véi b=6,khidétlr a+b+8:9 taduoc a+5:9 nén a=4.

Tht lai ta duoc cac bd chi s6 thoa man yéu cau bai toan la (a; b;C) = (0,‘ 1;5),(9;1;5),(4; 6;5)

Bai 17. Dt x =ab va y = cde, khi d6 ta c6 abede = 1000x +y véi 0 <y <1000
Tir gia thiét Jabede =ab ta c6 31000x +y = x < 1000x+y = x*.

Do y >0 nén tir phuong trinh trén ta suy ra dwoc 1000x < x* = 1000 < x> nén ta dwoc x > 32.
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Mit khéac do y <1000 nén ta lai c¢6
x® =1000x +y < 1000x +1000 = x(1000 —x2) <1000 = x < 33

Tt d6 ta suy ra dugc x =32. Nén ta dugc x> =32768 hay abcde = 32768
Bai 18.
10x+y

a)Taco M=2 < =2 10x+y =2x+2y < 8x=9

X+y

Vix;yeN val<x<9;0<y<9 néntadugc x=1; y=8.Suyra n=18

b)Taco M=OXFY g, 9% 4, 9
X+y X+y 1.y
X
Vix;yeN va1<x<9 0<y<9 néntadugc0<l<9e1<1+Y<10
X X
, 9 9 19 _, .. .
Do d6 ta dwgc M =1+ >1+—=—_.Daubang xay rakhi x=1;, y=9
y 10 10
1+
X

Vay gidc tri nho nhat caa M la %, xdy rakhi x=1; y=9.

Bai 19. Goi a, b, c 1a cac chit s6 can tim vdi 1< a,b,c < 9. Khi d6 ta can xac dinh a, b, ¢ &€

A =155a710b4c16 ludn chia hét cho 396.

Do a, b, cla cdc chir s6 phan biétnéntacé 1+2+3<a+b+c<7+8+9&< 6<a+b+c<24.

Ta c6 396 =4.9.11 ma 4, 9, 11 nguyén t6 véi nhau theo titng d6i mot. Do d6 ta can tim s6 A dé A
chia hét cho 4; 9; 11.

e Vi A c6 hai chir s6 tdn cung 1a 16 nén A chia hét cho 4.

e 53 A chia hét cho 9 khi va chi khi tong cdc chits6 chia Ala 1+5+5+7+1+4+1+a+b+c chia
hét cho 9 hay a+b+c+3 chia hét cho9.

Két hop vé6i diéu kién 6 <a+b+c<24 suyra a+b+c chicothélas, 15, 24.

e S8 A chia hét cho 11 khi va chi khi (5+a+1+b+c+6)—(1+5+7+4+1) chia hét cho 11 hay

a+b+c—6 chiahét cho 11.

Két hop voi diéu kién 6 <a+b+c<24 suyra a+b+c chicothélaé, 17.

Nhu vay dé€ A chia hét cho9 va 11 thi a+b+c=6.Do a, b, c khdc nhau nén ta suy ra cac b sd

(a; b;c) thdéa man yéu cau la (1; 2;3),(1; 3;2),(2; 1;3),(2; 3;1),(3; 1;2),(3; 2;1).

Tht lai cac cac bo sd trén ta thay A chia hét cho 396.

Vay dé A chia hét cho 396 ta c6 thé thay cac dau * boi cac bo so sau:
(1,2;3),(1,3;2),(2:1;3),(2:3;1),(3;1;2),(3;2:1)

Bai 20. Dat ¢ 22.;‘30, khi d¢ ta thay 3c+10 =3.33..30+10=99..90+10 = 1@;&:102015.

2014 2014 2014 2015
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33..3b 10™° +33..30+b
e _ 10a+b ? S 210 1 c1b

Ta Cé a= = 10b = 2015 = 2015
ba b33..3a +a b.1077+33..30+a b.107" +c+a

2014 2014

Hay ta duoc 1Oa+b_1=a(3c+10)+c+b_1<:>9(a—b)= 3(a—b)(c+3)
10b+a b(3c+10)+c+a 10b+a b(3c+10)+c+a

c+3

Do a # b nén ta suy ra dugc =
10b+a b(3c+10)+c+a

Titr d6 ta cod 9bc+30b+3c+3a:10bc+30b+ac+3a<:>3c=(a+b)c<:>a+b:3.
Do a,blacicchitsd khidcOnéntir a+b=3 tadwoca=1b=2 hoaca=2;b=1.
Vay c6 hai bd s (E;E) thda man yéu cau bai toan 1a (12;21),(21;12).

Bai 21. Tt abed + bed +cd +d = 4574 ta dwoc 1000a +200b + 30c + 4d = 4574
Xét hang don vi c6 tich 4d =...4,suyra d=1 hodc d=6
+Né&u d =1, khi d6 tir 1000a +200b + 30c + 4d = 4574 ta dwoc 100a +20b + 3¢ = 457

Khi d6 xét hang don vi 3c=..7 suy ra ¢ =9. Do d6 tir 100a +20b + 3¢ =457 ta duoc
10a+2b=43

Dé thdy vé trai ctia dang thikc trén 1a s§ chén va vé phai la s6 1é nén khong tim thay cac chit s3 a, b
thoa man dang thiec 10a+2b =43.

+Néu d =6, khi d6 tir 1000a +200b + 30c +4d = 4574 ta duwoc 100a +20b + 3¢ = 455

Xét hang don vi c6 tich 3c=...5 suyra c=5. Do d6 tir 100a +20b +3c =455 ta dugc
10a+2b=44.

Khi d6 tir tich 2b =...4 tasuy raduwoc b=2 hodc b=7.
Véi b=2 tadwoc a=4 vavdi a=7 tadwoc b=3.

Do d6 cac s thoa man yéu cau bai toan la 4256; 3756.

Bai 22. GoisO can timla A =a..bcde.Dat N=a..b va P = cde.
Dé thdy A =1000.N + P . Khi bo ba chir s8 cudi tir s8 A ta dwoc s& N.

Theo bai ra ta cé6 N° = A hay ta dugc N> =1000N +P. Suy ra N(N2 —1000) =P.

Do P >0 nén ta dwoc N? >1000= N >32. Lai thdy p <1000.
Tir céc két qua trén ta duoc 32(N” =1000) < N(N? =1000) < 1000
Do d6 ta dwoc N* -1000 < 32 = N* <1032 = N < 33.

Tl d6 ta dwoc 32 <N <33 nénsuyra N=32.

Suy ra N° =32’ = 32768, thoa man yéu cau bai toan.

Vay so can tim 1a A = 32768.

Bai 23.
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a) Goi s tie nhién c6 bon chit s6 thoa man yéu cau bai toan la xxyy véi X,y € N,

1<x<9,0<y<9.

Theo bai ra ta c6 xxyy = XX +§2 hay ta duoc
1100x +11y =(11X)2 +(11y)2 < 100x+y = 11(X2 +y2) & 99x+(x+y) =11(x2 +y2)
Tt d6 ta suy ra duge x+y:ill,do 1<x<9;0<y <9 nén x+y=11
Khi d6 ta duoc 99X+11=11(X2 +y2),bié'n doi twong duong ta duoc
Ix+1=x*+y? & Ix+2xy+1=(x+y) < 2xy+9x+1=11* & x(2y +9) =120
Dé thdy 2y +9 la s& 1é va 120 chia hét cho 8 nén x chia hét cho 8, do dé suy ra X =8 nén y =3.

Nhuw vy s6 can tim 1a 8833. Thr lai ta c6 8833 = 88 + 33> dung.

Vay s0 tu nhién ¢ bon chit s6 thdéa man yéu cau bai toan 1a 8833.

b) Goi s6 tu nhién ¢ bon chit s& thdoa man yéu cau bai toan la xxyy véi X,y e N,

1<x<9,0<y<9.

Theo bai ra ta c6 xxyy =aa.bb véi a, b 1a cac chir s6 khéc 0.
Khi d6 ta duoc 1100x +11y =11a.11b < 100x +y = 11ab <> 99x +(x+y) = 11ab

Tw d6 ta suy ra dugc x+y:11,do 1<x<9;0<y<9 nén x+y =11

Lai tir 100x+y =11lab < @ =1lab=ab= Xlo—ly, do dé kéthop voi x+y =11 ta ¢ bang gid tri

nhuw sau:

xOy | 209 | 308 | 407 | 506 | 605 | 704 | 804 | 902

_ X0y
11
Chi y rang a va b 1a cac chit s6 nén trong cac treong hop trén chi c6 hai s8 tach dwgc thanh tich

ctia hai s6 t nhién c6 mdt chixso la 28 =4.7 va 64 =8.8.

ab 19 | 24 | 37 | 46 | 55 | 64 | 73 | 82

Tuong tng v6i hai treong hop trén ta c6 hai s6 can tim la 3388 va 7744.
Thtr lai ta thady 3388 =44.77 va 7744 = 88.88 thoa man yéu cau bai toan.

Vay cac s tu nhién c¢6 bon chit s6 thoa man yéu cau bai toan la 3388 va 7744.

Bai 24. Goi s6 can tim 1a abede vdia, b, ¢, d,elaciacchitsova a=0.

Theo bai ra ta cé abcde = (a+b+c+d+e)3

Dit m=a+b+c+d+e véi me N, khi d6 ta duoc abcde =m?®.

Vi 10000 < abcde < 99999 = 10000 < m® < 99999 hay ta dwgc 22 <m <46. Ma ta lai ¢4
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10000a +1000b +100c +10d +e = m?
<:>9999a+999b+99c+9d+(a+b+c+d+e):m3

< 9999a+999b+99c+9d =m’ —m =(m—1)m(m+1)

D& thay 9999a +999b +99c+9d:9 nén suy ra (m—1)m(m+1):9.

Vi trong ba sd tu nhién lién ti€p c6 duy nhat mot s6 chia hét cho 3, ma tich ba s& d6 chia hét cho 9
nén trong ba sd d6 cd duy nhat mot s chia hét cho 9. Ttr d6 ta duwoc m chia hét cho 9 hodc chia 9
du 1 hoac 8.

Két hoi véi 22 <m <46 ta dwgc m nhéan cac gia tri 26; 27; 28; 35; 36; 37; 44; 45; 46.

Tl d6 cac s6 abede twong ting thda man yéu cau bai toan duoc cho boi bang sau

m 26 27 28 35 36 37 44 45 46

abcde | 17576 | 19683 | 21852 | 42875 | 46656 | 50653 | 85184 | 91125 | 97336
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Chu dé 5
PHUONG TRINH NGHIEM NGUYEN
Bai 1. Giai phwong trinh v6i nghiém nguyén 3x+17y =159

Bai 2. Tim cac nghiém nguyén ctia phuong trinh 11x +18y =120
Bai 3. Tim cac nghiém nguyén ctia phuong trinh x (x + 1) (x + 2)(x + 3) =y’
Bai 4. Tim cac s8 nguyén x,y théa man x* +x+2y” +y =2xy” +xy +3
Bai 5. Tim tat ca cac cap hai sd nguyén (x; y) théa man x* —x’ +1=y?
Bai 6. a) Chting minh rang khong ton tai cac bo ba s nguyén (X; y; Z) thdéa man dang thic:
x*+y*=7z"+5
b) Tim tat ca cac cdp s6 nguyén (X,‘ y) thda man dang thic: (x + 1)4 - (X - 1)4 =y°
Bai 7. Tim tét ca cac bo ba sd nguyén duong (x; y; Z) théa man: xyz =x> -2z +2
Bai 8. Tim tdt ca cac cap s6 nguyén (x; y) thoa man dang thic:
(x+y+1)(xy+x+y)=5+2(x+y)
Bai 9. Tim nghiém nguyén ctia phuong trinh y° =1+ x+ x> +x°
Bai 10. Tim cac s8 tw nhién x va y thoa man 2* +1=y?
Bai 11. Tim c4c cip sd nguyén (x; y) thoa man x” —4xy +5y° =2(x—y)
Bai 12. Giai phuong trinh nghiém nguyén 5x° +8y” = 20412

Bai 13. Cho 3 s6 nguyén duong a, b, ¢ thoa diéu kién 2° =b°+1 va a>1. Tim tat ca cic gia tri caa

c thoa man dang thiec da cho.

Bai 14. Tim cdc nghiém nguyén cta phuong trinh: x° +y° —3xy-3=0.
Bai 15. Tim x, y nguyén thda man dang thite: 1+ W =x+ \/§
X+y=z

3

Bai 16. Tim nghiém nguyén dwong cuia hé phuong trinh: { s
X" +y’ =z

Bai 17. Tim céc s& ty nhién x, y thoa man: (2* +1) (2" +2)(2*+3)(2* +4)-5" = 11879

Bai 18. Giai phuong trinh trén tap s& nguyén: x***° = \/y (y+1)(y+2)(y+3)+1
Bai 19. Tim c4c cap s nguyén (x; y) thoa man: x* —2x° +6x* —4y” —32x+4y +39=0

Bai 20. Tim nghiém nguyén ctia phuong trinh: x* +2y” +3xy +2x+3y +4=0.
Bai 21. Tim nghiém nguyén ctia phurong trinh:

a) x(X* +x+1)=4y(y+1) b) X% +y® = 2xy +11
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Tim cac nghiém nguyén duwong cta phirong trinh (x2 - y)(x +y’ ) = (x + y)
Tim céc sd nguyén x d€ biéu thirc sau la s6 chinh phuwong:
a) x(x+2)(x2+2x+3) b) x* +x° +x* +x+1
Bai 24. Tim cac nghiém nguyén duwong cua phuong trinh xyz = 3(x +y+ z)
Bai 25. Tim cac nghiém nguyén duong ctia phuong trinh xyz =10 (X +y+ z)
Bai 26. Tim cac nghiém nguyén dwong cua phuong trinh:
a) bxyz =x+5y—4z+31 b) 3xyz =x+2y+3z+7
Bai 27. Tim nghiém nguyén ctia phuong trinh: x° +y° +z° =3xyz +1.
Bai 28. Cho mét tam giac ¢6 s6 do ba canh 1a x,y,z nguyén thoa man diéu kién:
2x* +3y? +2z% —4xy +2xz—20=0

Chting minh tam giac da cho la tam giac déu.
Bai 29. Tim tat ca cac s8 nguyén duong x, y thoa man x° +15y” +8xy —8x—36y —28 =0
Bai 30. Tim nghiém nguyén ctia phurong trinh:

4y° —4x°y? —4xy? + X'y +5x° +4y” +4xy +8x =0

Bai 31. a) Chting minh phuong trinh z* = (X2 - 1)(y2 - 1) +2010 v6 nghiém véi x;y;z€Z

b) Chiing minh phuong trinh z* = (x2 —~ 1)(y2 - 1) +2008 c6 nghiém véi x;y;z € Z.
Bai 32. Tim nghiém nguyén duong ctua phuong trinh sau: 195(x +y+z+ t) —1890xyzt +2008 =0

Bai 33. Giai phuong trinh nghiém nguyén: x* +3y” +4xy +2x+4y-13=0

1 1 1
Bai 34. Giai phuong trinh sau trong tap hop cac s6 nguyén duong;: T +—==
x \Jy /2009

Bai 35. Tim tat ca cac cip s (x;y) véi X,y € Z sao cho x* = y* +2y” +1

Bai 36. Giai phuong trinh nghiém nguyén: (x2 —4x+ 3) (x2 — 2x) =4 (y2+ 2)

Bai 37. Tim nghiém nguyén dwong cua phwong trinh: (X + y)4 =40y +1.

Bai 38. Tim nghiém nguyén ctia phuong trinh sau: (ZX +5y + 1)(2‘)(‘ + X%+ x+ y) =105.
Bai 39. Tim cac s§ nguyén duong x, y théa man phuong trinh xy” +2xy +x = 32y .

Bai 40. Giai phuong trinh trén tap s6 nguyén x* +5y” —4xy +4x -8y -12=0

Bai 41. Tim tat ca cac nghiém nguyén duong x, y théa man phuwong trinh

5% +6xy +2y° +2x+2y—40=0

e N ~ A . A 2 ~ 2 2 2 4 4 _ 2
Bai 42. Tim cdp so (x,y) nguyén duong thoa man (x +4y +28) —17(x +y )—238y +833.

Lién hé tai liéu word toan zalo: 039.373.2038 TAI LIEU TOAN HOC




Bai 44

Bai 45

Bai 46

Bai 47

Bai 48
Bai 49

Bai 50

Bai 51.

Bai 52.

Bai 53.

Bai 54.

Bai 55.

Bai 56.

Bai 57.

Bai 58.

Bai 59.

Bai 60.

Website:tailieumontoan.com

Tim cac s8 nguyén x, y thoa man 2x° +2x%y +x° +2xy = x+ 10
. Tim c4c s6 nguyén duong x, y théa man x° —y° = 95(x2 + y2)
. Tim t4t ca cac bo s8 nguyén x, y thoa man x* +2x* =y’
. Tim t&t ca cac cdp s6 nguyén (x,' y) thoa man x° +y° = (x + y)3
. Tim t&t ca cac cdp s6 nguyén duong (x; y) thoa man phuong trinh:
(3 +4y? +28) =17 (x* +y* + 14y +49)
. Tim t4t ca cdc s6 nguyén x, y, z thoa man: 3x* +6y”* +2z° +3y°z> —18x = 6.
. Tim c4c s6 nguyén x, y théa man phuong trinh: x° +2x” +3x+2 =y’
. Giai phuong trinh (2x -y- 2)2 =7 (x —2y-y’ - 1) trén tap so nguyén.
Giai phuong trinh nghiém nguyén: 3* -y’ =1
Xéc dinh tat ca cac cap (x,y) cac s6 nguyén thoa man 1+2° + 27" = y?
Tim tat ca cac sd nguyén x sao cho Jx va x—+/x déulacacss nguyén.
Tim tat ca cac s6 nguyén duong m va n thoa man 3™ =n’ +2n-8.
Tim cac s8 nguyén duong x, y, t véi t <6 thoaman: x* +y° —4x—2y-7t-2=0
Giai phuong trinh nghiém nguyén: x° =4y’ +x’y +y +13
Tim cac s6 nguyén t6 X, y thoa man phuong trinh (x2 + 2)2 =2y* +11y* +xX°y* +9.
Tim cac nghiém nguyén ctia phuong trinh: 2(x2 -y’ )2 =x’+y’+27°.
Tim c4c nghiém nguyén ctia phuong trinh x* +2 (x2 +y’ )2 +Xy (x + y)2 =132

Tim nghiém nguyén ctia phuong trinh: x° +x*y +xy’ +y° = 4(X2 +y? +Xy + 3) .

Bai 61. Tim tat ca cac s6 tu nhién x, y, z thoa man 2010* +2011" =2012".
Bai 62. Tim cac s6 ty nhién x, y, x théa man:

a) 2002* -2001" =1 b) 5 =1+27

) 5 +1=2" d) 2°.3 =1+5"

Bai 63

Bai 1.

. L R ) _ xy -3zt =1
. Tim cac sO nguyenx,y, z t thoa man:
Xz +ty =2

HUONG DAN GIAI

Gia st x, y 1a cac s6 nguyén thdéa man phuwong trinh. Ta thdy 159 va 2x déu chia hét cho 3

nén 17y chia hét 3, do d6 y chia hét cho 3 (vi 17 va 3 nguyén t0 cung nhau)

Lién hg
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Dat y =3t(t € Z). Thay vao phuong trinh ta dwoc 3x +17.3t =159 <>x+17t =53 <> x =53 - 17t

x=53-17t

Do d6 nghiém ctia phwong trinh la { 3t
y =

(teZ)

x=53-17t
y =3t
Bai 2. Dé thdy 18y va 120 chia hét cho 6 nén suy ra 11x:6 hay ta dwoc x:6.Dit x =6k voikla

Thtt lai ta dugc cac nghiém cta phuong trinh dwoc xac dinh la { (t € Z)

s6 nguyén. Thay vao phuong trinh 11x+ 18y =120 va rat gon ta duoc 11k + 3y =20

20-11k h k-1

Tt d6 ta duoc y = ay }7:7_41<_|.T

Lai dat t= 5 véi tnguyén suy ra k=3t +1

Tir d6 ta duoe x =6k =6(3t+1)=18t+6 va y =7 —4(3t+1)+t=3-11t
Thay cac biéu thiic cuia x va y vao phuong trinh ban dau ta thay phuwong trinh duoc nghiém ding.

, . . . o L |x=18t+6
Vay cac nghiém nguyén ctia phuong trinh da cho dugc biéu thi boi 311t (t € Z) .
y=o-
Bai 3. Néu y thoa man phuong trinh thi —y cling thoa man, do do ta c6 thé gia st y >0
Bién d6i twong dwong phuong trinh ta duoc
x(x+1)(x+2)(x+3)=y* & (x2 +3x)(x2 +3x+2) =y’

Dit x* +3x+1=a, khi d6 tit phuong trinh trén ta duoc

(a-1)(a+1)=y’ @a’-1=y’ < (a+y)(a-y)=1
Suyra a+y=a-y néntaduwoc y=0

Thay vao phuong trinh da cho ta duoc x(x + 1)(x +2)(x + 3) =0

Giai phwong trinh trén ta dwoc cac nghiém nguyén la x, =0;x, =-1;x, =-2;x, =-3

Bai 4. Bién d6i tuong duong ta duoc
X +x+2y* +y =2xy° +xy +3 < X =1+ x-2xy° +2y° - 1+y-xy =1
& (x=1)(x+1-y)=(x-1)(2y* -1) =1 (x=1)(x+1-y-2y* +1) =1

i I x=2;y=1
x-1=1 x=2 ;
{—2Y2—Y+X+2=1 {(y—l)(2y+3):0 X=2;y:—E
=S - -
{x—lz—l {x=0 x=0;y=1
| [2y* —y+xr2=-1 [ |(y-1)(2y+3)=0 x=0;y=->

Vay cédp s6 nguyén thdéa man la: (2;1), (0;1)
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Bai 5. Ta xét cac treong hop sau

+Néu x =0, thay vao phuong trinh ta dwoc y =+1.
+Néu x =-1=> y* =3, phuong trinh khong cé nghiém nguyén.
+Néu x=1=y’ =1 y=+1

+Néu x>2, tacd 4y2 :4X4—4x3+4:>(2x2 —x—1)2 <(2y)2 <(2x2—x+1)2

:>(2y)2 :(2x2 —x)2 Sax -4+ =4x -4 +4 o x=2(do x22)=> y =13
+Néu x<-2,dat t=—x>2.Khidétacd y> =t' +t°+1
=4y =4t 140 14 = (20 +t-1) <(2y) <(28 +t+1)
= (2y) =(2t" +t)2 SAt 4P r4=4t 4P 1 o t=2(do t22) >y =15
Két luan (x;y)=(0;1), (0;—1), (1; 1), (1;—1), (2,‘ 3), (2;—3), (—2; 5), (—2,‘—5)
Bai 6. a) Gia stt ton tai cdc s6 nguyén x; y; z thoa man
X' +yt=7z" +5 o x* +yt +2' =82 +5 (1).
Tac6 a* =0(mod 8); a* =1(mod 8) véi mei s6 nguyén a
x*+y*+2z* =0;1; 2; 3 (mod 8)

{asz4 +5=5(mod 8)
Mau thuan véi (1). Vay khong ton tai X; y; z théa man dang thic.
b) Phuong trinh tirong duwong voi
[(x+1)2 +(x—1)2][(x+1)2 —(x—l)ﬂ =y’ < (ZX2 +2).4x =y’ <8’ +8x=y’
+ Néu x21=8x" <8x’ +8x < (2x+1) & (2x) <y’ <(2x+1)’ (méu thudn vi ynguyén).
+Néu x<-1 va (x; y) la nghiém, ta duwoc (—x; - y) cting la nghiém, ma —x >1=>mau thuan.
+Néu x =0 =y =0 (thoéa man).

Vay x =y =0 langhiém duy nhat.

2

o A X" +2
Bai 7. Ta tim hai s6 nguyén duong x, y sao cho z =
Xy +2

la s6 nguyén duong

+Voi x=y tacd z=1.Vay moi by ba s6 (x; X; 1) trong d6 x 1a sd nguyén duong tuy y déu thoa
man

x> +2

Xy +2

+Véi x > y. Gia stt b ba s6 nguyén duong (x; y; z) thoa man dé bai

+Véi x<y,suyra X’ +2<xy+2=

<1 (khong thoa man dé bai)
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Khi d6 ta c6 y(x2 +2)f(xy+2) hay [x(xy+2)—2(x—y)}f(xy+2):>2(x—y)§(xy+2)

Do d6 ton tai s6 k nguyén duwong sao cho 2(x— y) = k(xy +2)

Véi k22, suyra x—y 2 xy +2=(x+1)(y-1)+3<0 (v 1li)

Véi k=1tacé 2(x—y)=xy+2=(x+2)(y-2)=—6

Do x, y nguyén duong va x>y suyra y=1 va x+2 =6 nén ta duoc x=4; z=3

Thtt lai thoa man dé bai

Vay (x; y; z)=(4; 1; 3) va cac b sd (x; X; 1) trong do x 1a s6 nguyén duong tuy y la théa man

dé bai

Bai 8. Ta co

(x+y+1)(xy+x+y):5+2(x+y)<:>(x+y+1)(xy+x+y):2(x+y+1)+3

& (x+y+1)(xy+x+y-2)=3=31=13=(-3).(-1) = (-1).(-3)

Xét cac treong hop

x+y+1=3 X+y=2 x=1
= =
Xy+x+y-2=1 xy =1 y=1

x+y+1=-1 X+y=-2 x=-1
= =
Xy+Xx+y—-2=-3 xy =1 y=-1

+ Truong hop 1: {
+ Truong hop 2: {

, hé phuong trinh v6 nghiém

. x+y+1=1 x+y=0
+ Truong hop 3: &
g hop Xy =5

Xy+x+y—-2=3

, hé phuong trinh v6 nghiém

. x+y+1=-3 x+y=-4
+ Truong hop 4: Rt
g hop Xy =5

Xy+x+y—-2=-1
Vay phuong trinh c6 cac nghiém la (1,' 1), (—1; - 1)

Bai 9. Dé thay x° <T+x+x*+x° < (x+1)3 do d6 ta duge x° <y° < (x+1)3

Ta xét hai treong hop sau

+ Truong hop 1: y° =x°, khi d6 ta duge X* =1+x+x* +x° < x* +x+1=0, phuong trinh vd
nghiém.

+ Truong hop 2: y° =(x+ 1)3, khi d6 ta dugc

(x+1)3:1+x+x2+x3<:>2x2+2x=0<:{X :{X y

x=-1 x=-1y=0
Vay phuong trinh c6 hai nghiém 1a (0; 1), (-1 0).
Bai10.Tacé 2*+1=y’ < 2=y’ -1 < 2" =(y+1)(y-1).

bat y+1=2", y-1=2" (m,neN; m>n).
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. _ 2" =2
Khid6 2" —2" =y +1—(y-1)=2&2" (2" " ~1)=2= gun_q_qoR=lim=2
Thoa man diéu kiéen m,ne N;m >n
Vay ta duoc x =3;y =3 la gia trj can tim.
Bai 11. Phuong trinh twong duong véi x* —2(1+ 2y )x+5y” + 2y =0, xem phuong trinh d¢ la
phuong trinh bc hai an x, khi do ta c6 A'=(1+2y) —(5y* +2y)
bé phuong trinh c6 nghiém thi
A20ey -2y-1<0e(y-1) s2oly-1<V2 o 1-V2<y<1+42
Do y la s6 nguyén nén ta duwgc y =0, y =1, y =2. Ta xét cac truong hop xay ra
cy=0=>x"-2x=0x=0,x=2
cy=1= x> —6x+7 & x=3%42
cy=2=x"-10x+24=0<x=4,x=6

Vay cac cap s6 nguyén can tim la (O;O), (2;0), (4;2), (6;2) .

Bai 12. Truedc hét ta nhan thdy s6 chinh phwong khi chia cho 3 ¢6 thé dw 0 hodc du 1. Do d6 tong
hai s& chinh phuwong chia hét cho 3 khi va chi khi ca hai s6 cing chia hét cho 3.

Taco 5% +8y” = 20412 6x” +9y” —20412 =X +y* < 3(2x* +3y” —6804) = X" +y’
2 - x*13 [x=3x, |x*=9¢
Suyra x"+y :3= o= = 2,khldotadurqc
y 3 y=3y, |y=9y;
3(2.9x} +3.9y; —6804) =9x} + 9y} < 3(2x] +3y] ~756) =x} +;
2:3 =3 2 = 9x2
X12 = {Xl % = =% , khi d6 ta duoc
y1 :3 Y1 = 3YZ
3(2:9x; +3.9y; ~756) = 9x} +9y; < 3(2x; +3y; —84) =x; +;

Suy ra xf+yf§3:>{

, . X3i3 X, =3x, X, =9x; o
Suyra x; +y;,:3= .= =9 5 2,khlc’[otac’[u’c)c
y,:3 y, =3y, Y, =9Y;

3(2:9x +3.9y; —84) = 9x; + 9y} < 3(2x] +3y; —28) =X; +y} < 5] +8y; =28

2 Y3:0
y;=0

Suy ra 8y§£28:>y§£3,5:>{y2_1:> y, =1
2=

Y; =

+Véi y, =0 = 5x, =28, treong hop nay khong xdy ra.
+Voi y, =1, khi d6 ta dwoc x, =2; x, =-2

+Voi y, =-1, khi d6 ta dwoc x, =2; x, =2
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Khi dé6 ta duwoc (x3; y3) = (2,' 1), (2; —1), (—2; 1), (—2; —1)

Vi {X = 3%, =9x, =27x, , khi d¢6 ta dwoc (x y) :(54 27) (54/' —27)/ (_54; 27)’ (_54; _27)

y =3y, =9y, = 27y3
Thir lai ta thdy phuong trinh nhan céc nghiém la (54; 27), (54; —27), (-54; 27), (-54; —27)
Bai13. Tk 2° =b°+1 (1). V6 iaeZ",a>1 nén a>2=2":4. T (1) suy ra b 1a s6 nguyén duong
le.Giast b=2n+1véineZ".
+Néu c 1a s8 nguyén duong chdn thi: ¢ =2m véi m e Z*. Khi d4 ta cé:

ab=(b?)" =| (2n+1)" | =(4n+4n+1)" —4k+1 véi ke Z'
Suy ra 2% =b® +1=4k+2:4 voly. Do d6 cla s8 nguyén duong 1é.
+Taddt c=2m+1 v6éi m e N.Suy ra
=b +1=b""" +1=(b+1)(b™" =" +---+b*~b+1)=(b+1) A véi AcZ'vaAle
Suy ra Alauwdclé caa b +1, tkclauwdclé cua 2° suyra A=1.
Tacoé b+1=b+1=c=1.Vay c=1 lagia tri can tim.

Bai14. Taco x° +y° —3xy—3=0<::>(x+y)3+1—3x2y—3xy2 —3xy—-4=0
@(x+y+1)[(x+y)2_(x+y)+1}3xy(x+y+1)=

= (x+y+1)[(x+y)2 —(x+y)+1—3xy} =
Vi x, y nguyén nén co cac treong hop sau

Xx+y+1=4 +v=3 =1 y=2
+Tru€mghop1:{ Y <:>{X y @{X y

(x+y)2—(x+y)+1—3xy=1 Xy =2 x=2y=1
X+y+1=2 x+y=1
+ Treong hop 2: —1 (loai)
x+y x+y)+1 3xy = 2 XY:?
X+y+1 1 +y=0 =1 y=-1
+ Treong hop 3: = X zj S X_ Y B
x+y x+y)+1 3xy =4 xy =-1 x=-Ly=1
x+y+1=-1 X+y=-2
+ Truong hop 4: = 11 (loai)
x+y x+y)+1 3xy =—4 xy=?
X+Y+1__ X+y=-3
+ Truwong hop 5: & hé khong c6 nghiém nguyén
& hop _ gcong guy
x+y x+y)+1 3xy =-2 Xy =
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Truong hop 6: loai
*ruong hop {(x+y)2—(x+y)+1—3xy=—1<:> xy:% (loa)

Vay phuong trinh c6 4 nghiém nguyén (X; y) = (1; 2), (2; 1), (1; —1), (—1; 1)

X+y+1=—4 {X+Y:_5

Bai 15. Ta thay 1+/x+y+3 =\/;+\/§ va x,y € N= x,yla cac sd chinh phuong.

:>,/x+y+3,\/;,\/§eN
Dat \/;:a,\/;:b, X+y+3 =c(a,b,ceN)

a+b=c+1

:>(a+b—1)2 -a’-b*=3

s 1 {a+b:c+1
=iX+y=a +b" =

, c-a’-b*=3
x+y+3=c

©2a+2b-2ab=-3<(a-1)(b-1)=2=

Bai16.Taco X’ +y’ =(x+y)’ <::>(x+y)(x2—xy+y2 —x—y):O
Vix, y nguyén duongnén x+y >0, tacé X’ —xy+y’ —x—y =0
& 2(xX —xy+y* —x-y) =0 (x—y) +(x-1) +(y-1) =2
Vi x, y nguyén nén c6 3 truong hop:
x—y =0
+Trudonghop 1: {(x-1) =1 & x=y=2;z=4
(y-1) =1

+ Truong hop 2:

\ 2 y=1
+Treong hop 3: {(x-y) =1< =z=3

Vay h¢é phuong trinh c6 ba nghiém (1; 2;3), (2,' 1,'3), (2; 2,'4)
Bai 17. Ta c6 (2* +1)(2X +2)(2X +3)(2X +4)—5y =11879

o 2 (2X +1)(2X +2)(2X +3)(2X +4)—2><.5y =11879.2
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+Xét y =0, tir phwong trinh trén ta dwoc
(20 +1)(2' +2) (27 +3)(2" +4)-1=11879 & (2* +1)(2* +2) (2 +3) (2" +4) = 11880
Dit t=2"=te N’ va phurong trinh trd thanh
(t+1)(t+2)(t+3)(t+4)=9.1011.12=> t=8=2" =8 = x =3
+Xét y >1.Khid6 2° (2 +1)(2"+2)(2"+3)(2" +4)-2"5" chia hét cho 5 va 11879.2* khong

chia hét cho 5. Nén truong hop nay khong c6 nghiém.

Vay ta tim dugc x =3; y =0 thoa man yéu cau bai toan.

Bai 18. Bién xac dinh cta phuong trinh la y(y+ 1)(y+ 2)(y + 3) >0.

2

Ta c6 x**° =\/y(y+1)(y+2)(y+3)+1<:>x2015—1=\/(y2+3y+1) 1
Dit y* +3y+1=a(aeZ). Vixnguyén nén x*"° —1 nguyén nén

a’-1=K(keZ)=a’-k’=1=(a—k)(a+k)=1=k=0

y=0=>x=1
>+3y+1=1 =-3 =1
:>(y2+3y+1)2=1<:> y2+ yr = y - X ( thoa man)
y +3y+1=-1 |y=-1=>x=1
y=-2=x=1

Vay phuong trinh c6 4 nghiém nguyén (X; y) = (1;0), (1; —1), (1; —2), (1; —3).

Bai 19. Phuong trinh twong dwong véi (x - 2)2 [(x + 1)2 + 9} = (2y - 1)2
Néu x =2 thita dwgc y = % (loai). Do do (x+ 1)2 +9 1a s6 chinh phuong.

A 2 2 2 ‘b o \
Nhén thay |x+ 1| < (x+ 1) +9< <|x+ 1| + 3) nén ta xét cac treong hop sau

Xx=-5

X =

+Truong hop 1: (x+1) +9=(jx+1[+1) = |x+1] =4:{
Véi x=-5 ta dugc y=-17; y=18
Véi x=3 ta duge y=-2; y =3
+Truong hop 2: (x+1) +9=(jx+1|+2) =|x+1|= 2 (loai)
+Truong hop 3: (x+1) +9=(jx+1+3) = x+1|=0=x=-1=y=—4; y =5
Vay ¢6 cac cip s8 thoa méan bai toan la (3; 3), (3; -2), (-5; 18), (-5; -17), (-1; 5), (-1;4)
Bai 20. Phuong trinh da cho dugc viét lai thanh x* +(3y +2)x+(2y” +3y +4) =0

Xem phuong trinh trén la phwong trinh bac hai an x c6 y la tham sg, khi d6 ta c6
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A=(3y+2) —4(2y*+3y +4) =y’ -12
D€ phuong trinh cé nghiém nguyén thi A =y” —12 phai la s6 chinh phuong.
Khi d6 dat y2 —12=m? <:>(y—m)(y+m)=12(meN).

Tkdédsuyra y+m va y—-m lacdicuwdccual2. Chuylay+m>y-m va y+m+y-m=2y

nén y+m va y—m co cung tinh chan. Do d6 ta duoc

y+m=6
y-m=2

L |lytm=-2
=y =4 hoac >y=-+4
y-m=-6

+V6i y =4, khi d6 ta c6 phuong trinh x* +14x+48 =0= x =-6;x = -8
+V6i y =—4, khi d6 ta c6 phuong trinh x* —10x+24=0=>x=4;x=6.
Vay phuong trinh da cho c6 cac nghiém nguyén la (x;y) = (—6;4),(—8;4),(4;—4),(6; —4).
Bai 21. a) x(x2 +x+1) =4y(y+1)
Bién d6i twrong duwong phuong trinh ta duoc

x(x2 +x+1)=4y(y+1)=x3 x4 x+1=4y’ +dy+1o (X +1)(x+1)=(2y+1)2
Do (2y+1)2 lasglénén x+1 va x> +1 cunglasdle.
Goi d =(x+1,x*+1), khi d6 (x* +1)—(x*~1):2 nén 2id, madlasslénén d =1.
Do d6 ta dwoc (x+1,x2 +1) =1.
Tich ctia hai s6 x+1 va x* +1 nguyén t6 cling nhau 1a mét s6 chinh phwong nén x+1 va x* +1
cting 1a s8 chinh phuong. Tt @6 suy ra x* va x” +1 1a hai s6 chinh phrrong dong thoi 1a hai s6
nguyén lién tiép, do d6 x> =0 = x=0. Tt d6 ta suy ra dugc y =0 hodc y=-1.
Tht lai vao phuong trinh ta thay thoa man.
Vay cac nghiém nguyé ctia phwong trinh la (X; y) = (1; O),(l; —1) .
b) x* +y® =2xy +11
Bién d6i twong dwong phuong trinh ta duoc
x4y’ =2xy+11 e (x+y) —3xy(x+y)=2xy +11
bdt a=x+y;b=xy véia, bla ccsé nguyén.
Khi d6 phuong trinh trén tré thanh a’ —3ab=2b+11<a’ -11= b(3a + 2)
Tir d6 ta suy ra dugc (a’ ~11)(3a+2) hay ta duoc (27a° +8-305):(a+2) nén 305:a+2
a’-11
3a+2
3a+2 -1 5 —61 305

Suy ra a+2 la wdc 305, ta cling c6 b = , nén ta co bang gia tri nhw sau
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a 1 1 71 101
3 —
p-2a —1 12 2 152 3378
3a+2

Chuyla (x + y)2 > 4xy nén ta loai cac truong hop a® <4b.
Tt d6 ta dwoc cac cap (a;b) thoa man la (1; —2).

x+y=1<:{x=2;y=—1

Khi d6 ta duwoc
x=-Ly=2

Xy = -2
Thir lai ta duoc cac nghiém ctia phuong trinh 1a (x;y) =(2;-1),(-1;2).
Bai 22. Do y > 0 nén bién déi twong duong phuong trinh va chi hai v& cho y ta duoc

(x2 —y)(x+y2)=(x+y)3 ©2y* +x(3-x)y +x(3x+1)=0
Xem phuong trinh trén la phuong trinh bac hai ¢6 dn'y, ta c6

A=x*(3-x)" —8x(3x+1)=x(x’ ~6x* ~15x—8) = (x+1) x(x-8)

Do x nguyén duong nén (x+1)° >0, nén d& phuong trinh c6 nguyén duong thi A phai la s3
chinh phuong, do dé x(x—8) phai la s8 chinh phuong.
Dat x(x—8)=a”,a e N.Khi d6 ta duoc
x(x-8)=a’ & (x—4) =a’+16 & (x+a—4)(x—a-4)=16

Nhén thdy x+a—4 va x—a—4 cung chan, dong thoi x+a—4>x—a—4 nén ta c6 bang gia tri

sau:
x+a—4 -2 —4 4 8
x—a—4 -8 —4 4 2
x—4 -5 —4 4 5
X -1, loai 0, loai 8 9
y 10 6 hoac 21

Thir lai ta duoc cac nghiém nguyén duwong cua phirong trinh 1a (x; y) = (8; 10),(9;6),(9,21)
Bai 23. a) Gia st x(x+2)(x2 +2x+3) =y’,yeN.

Khi d6 ta co x(x+2)(x2 +2x+3) =y’ < (x2 +2x)(x2 +2x+3) =y’

Dit k = x* +2x, khi d6 tir phrong trinh trén ta duoc k(k + 3) =y’

+Néu y=0,khiddétaco k=0;k=-3.

Véi k=0 taduwoe x> +2x=0=>x=0;x=-2

Véi k =-3 ta dugc x” +2x = -3 < x* +2x+3 =0, phuong trinh vd nghiém.
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+Néu y >0, khi d6 tir phuong trinh k(k+3) =y’ ta dwoc
4k(k+3)=4y® & (2k+3) —9=4y® & (2k +3+2y)(2k+3-2y) =9
Nhén thdy 2k +3+2y > 2k +3 -2y nén tit phuwong trinh ta c6 cac truong hop sau

2k+3+2y=9
2k+3-2y =1

OTru(‘)ngthlz{ =2k+3=5=k=1.

Tt d6 ta c6 phwong trinh x(x + 2) =1, phuong trinh v6 nghiém.

2k+3+2y=-1
2k+3-2y=-9

OTru(‘mghopZ{ =2k+3=-5=k=-+4

Ttr d6 ta cé phurong trinh x(x + 2) =—4, phuong trinh v6 nghiém.
Vay véi x =0 hodc x =2 thi x(x+2)(x* +2x+3) la s& chinh phuong.
b) Cach 1. Gid st x* +x° +x* +x+1=y?,y € N.Khi d6 ta c6
X3+ x+1=y? o A+ 4 +4X +Ax+ 4 =4y?
& (28 +x) +3x2 +dx+4=(2y)" & (2 +x) +2% +(x+2) =(2y)’
T d6 ta duoc (Zy)2 > (2x2 + x)2 nén ta duoc (Zy)2 > (2x2 +X+ 1)2. Do dé

It + 4+ 48 +ax 4226 +x+1)2
SAX A 44X +Ax+ 4> 4xE +4x3 +5x% +2x+1
©02x*-2x-3< (x+1)(x-3) <0< -1<x<3

Do x nhan gia tri nguyén nén x € {—1;0; 1; 2;3} , ta xét cac treong hop sau
+Néu x =-1, khi d6 ta duoc y* =1, théa man.
+ Néu x =0, khi d6 ta duoc y2 =1, thdéa man.
+ Néu x =1, khi dé ta dwoc y2 =5, loai.
+Néu x =2, khi d6 ta dugc y* =31, thdéa man.
+N@&u x =3, khi d6 ta duoc y=121=11%.
Vay khi x=-1;,x=0;x=3 thi x* +x’ +x* + x+1 1a s8 chinh phurong.
Cach 2.Gia st x* +x° +x* +x+1=y?,y e N.Khi d6 ta cé
X4+ x+1=y? o A+ 4 +4X +Ax+ 4 =4y?

(26 +x)2 13 +dx+4=(2y) = (sz +x)2 +25¢ +(x+2)" =(2y)’

T d6 ta duoc (Zy)z > (2x2 + x)2 . Mit khiéc ta co
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(262 +x+2)2 (4 4 14X 1 4x+ 4)

=(2x2 —i—x)2 +2(2x2 +x)+4—[(2x2 +x)2 +3x? +4x+4}
=8x* +4x-3x* —4x=5x*>0
Tt d6 ta suy ra duoc (2X2 +x+2)2 >4x* +4x° +4x° +4x +4
Nhu vay ta duoc (2x2 +x)2 < (Zy)2 < (2x2 +x+2)2
2 \ A~ ’ A 2 2 2 v 2 2 2
Do (2y) la s6 chinh phwong nén ta duoc (Zy) =(2X +x+1) hodc (Zy) :(2x +x+2)
\ 2 2 2
e Truong hop 1: (Zy) :(2x +x+1) hay
Ax* +4x° +4x* +4x + 4 =(2x2 +x+1)2
& 4x 14X +4x +ax+4=(2x+x) +2(2¢ +x)+1
o xP-2x-3=0=x=-1;x=3
. 2 2 2
e Truong hop 1: (Zy) =(2x +x+2) hay
2
(27 +x+2) =(4x" +4x +4x" +4x+4)
=(2x2 +x)2 +2(2x2 +x)+4—[(2x2 +x)2 +3x2 +4x+4} =0
=8x* +4x-3x*-4x=0=5x"=0=x=0
Vay khi x=-1;x=0;x=3 thi x* +x’ +x* +x+1 1a s8 chinh phuong.
Bai 24. Do vai tro ctia x y, z nhu nhau nén khong mat tinh tong quat ta co thé giasit 1<x<y<z
Khi d6 tir xyz=3(x+y+z) ta co xyzs3(z+z+z):>xyﬁ9

Tt 6 suy ra duoc x? < xy £9 do x? 12 s8 chinh phuong nén ta suy ra x? e {1,' 4;9} = Xe {1; 2;3}

Ta xét cac treong hop sau
e V6i x =1, khi d6 ttt phreong trinh xyz=3(x+y+z) ta duoc
yz=3(1+y+z)<:>yz—3y—3z=3<:>(y—3)(z—3)=12

Chuyla y<z nén y-3<z-3.Do d6 ta c6 bang gia tri sau:

y-3 1 2 3
z—3 12 6 4
y 4 5 6
V4 15 9 7

e V6i x =2, khi d6 tit phuong trinh xyz = 3(x+ y+ z) ta dwoc
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2yz=3(2+y+z)< 2yz-3y-3z=6<(2y-3)(2z-3)=21
Chayla y<z nén 2y-3<2z-3.

. 2y-3=1 y=2 _ _ |2y-3=3 y=3
Neén ta suy ra duoc & hoac &
2z-3=21 z=12 2z-3=7 z=5
e Vi x =3, khi d6 tir phwong trinh xyz=3(x+y+z) ta duoc
3yz=3(3+y+z)<:>yz—y—z=3<:>(y—1)(z—1)=4
Chaylay<znén y-1<z-1

1=1 _2
y :{y

Do d6 ta duwoc
z-1=4 zZ=

-1=2 =3
(loai do khong thoa man x <y ) hodc {Y = {y

z-1=2 z=3
Vay phuong trinh c6 cac nghiém nguyén la

(X; y;z) = (1; 4;15),(1; 5;9),(1; 6;7),(2; 2; 12),(2; 3;5),(3; 3;3) va cac hoan vi
Bai 25. Do vai tro ctia x y, z nhu nhau nén khong mat tinh tong quat ta co thé giasit 1<x<y<z
Khi do tw xyz=10(x+y+z) ta co xyleO(z+z+z):>xyS30

Tk d6 x* < xy <30 do x? 12 s8 chinh phuong nén ta suy ra x? e {1,' 4;9;16; 25} =>Xe {1; 2;3;4; 5}

Ta xét cac treong hop sau
e V6i x =1, khi d6 tir phwong trinh xyz = 10(x +y+ z) ta duoc
yz=10(1+y+z) < yz—10y-10z=10 < (y-10)(z-10) =110

Chayla y<z nén y-10<z-10. Do d6 ta c6 bang gia tri sau:

y-10 1 2 5 10

z-10 | 110 | 55 | 22 | 11
y 1| 12 | 15 | 20
120 | 65 | 32 | 22

e V6i x =2, khi d6 tr phuong trinh xyz = 10(x +y+ z) ta duoc
2yz=10(2+y+z) < 2yz-10y-10z =20 < (y-5)(z-5)=35

Chuylay<znény-5<z-5.

R y-5=1 y=6 . |ly-5=5 y=10
Neén ta suy ra duogc & hoac &
z—-5=35 z=40 z—-b=7 z=12

e Véi x =3, khi d6 tit phuong trinh xyz = 10(x +y+ z) ta duoc
3yz=10(3+y+z) < 3yz—10y -10z =30 < (3y —10)(3z-10) =190
Chuyla y<z nén 3y—-10<3z-10. Lai thdy 3y -10;3z—-10 chia 3 du 2,
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R 3y-10=2 y=4  _ |3y-10=5 y=5
Neén ta suy ra duoc & hoac &
3z-10=95 z=35 3z-10=38 z=16
e V6i x =4, khi d6 tir phuong trinh xyz:lO(x+y+z) ta duoc
4yz=10(4+y+z) < 4yz—10y-10z =40 < (2y -5)(2z-5) =65
Chayla y<z nén 2y-5<2z-5. Nén ta suy ra duoc

2v_5=5 =5
y Q{y

27z—-5=65 Z= 2z-5=13 z=9

2y-5=1 y=3 . . L y
& 5 (loai do khong thoa man x <y ) hodc

e V6i x =05, khi d6 tr phurong trinh xyz = 10(x +y+ z) ta duoc
5yz=10(5+y+z) < 5yz—10y-10z =50 < (y-2)(z—2) =14
Chuyla y<z nén y—-2<z-2. Nén tasuy ra duoc
{y—2=1 @{y=3 hosc {y—2=2<:>{y=4
z-2=14 z=16 z-2=7 z=9
Truong hop nay loai do khong théaman x<y.
Vay cac nghiém nguyén duong (x; y; z) cta phuong trinh la
(1,11;120),(1;12;65),(1;15;32),(1;20;21),
(2:6;40),(2;10;12),(3;4;35),(3;5;16),(4;5;9) va céc hoén vi ctia chiing.
Bai 26. a) 5xyz =x+5y -4z +31
Ta xét cac treong hop sau:
e V6i x =1, khi d6 phuong trinh tro thanh
S5yz=5y—4z+32 < 5yz—5y+4z =232 <:>(5y+4)(z—1)=28
Chtyrang y>1 nén 5y +4>9 va 5y +4 chia 5 du 4 nén tit phurong trinh trén ta duoc

5 = =
y+4 14:> y=2
z—-1=2 z=3

e V6i x =2, khi d6 tit phuong trinh da cho ta duwoc 5y —4z+31 =x(5yz—1)22(5yz—1)
Hay ta dwoc 10yz—-5y+4z<33 & (5y+2)(22—1)£ 31.

Chtyring y>1 nén 5y +2>7 nén 2z—1<4, do d6 suy ra ZE{l,‘Z}.

+Voi z=1, khi d6 tit phuong trinh da cho ta dugc 5xy—x—5y=27<:>(x—1)(5y—1)=28

Dé thay 5y —1 cia 5 du 4 nén tir phuong trinh ta dwoc

5y-1=4 =1 -1=14 =
Y = y hoac >y = y=3
x-1=7 x=8 x—-1=2 x=3

+V6i z =2, khi d6 tir phuong trinh da cho ta duwoc 10xy —x -5y =23 < (2x —1)(10y—1) =47
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Do x, y nguyén duong va 47 1a sd nguyén t6 nén phuong trinh trén khong c6 nghiém nguyén
duong.

Vay phuong trinh da cho c6 cdc nghiém nguyén dwon la (X; y;z) = (1; 2;3),(8; 1;1),(3; 3;1)
b) 3xyz=x+2y+3z+7
Ta xét cac treong hop sau

e Néu x =1, khi d6 phuong trinh da cho tro thanh 3yz-2y-3z=8 & (y—l)(3z—2) =10

1=1 _2 ~1=10 ~11
y Q{y . {y Q{y

béyla 3z—2 chia 3 du 1 nén ta duoc
3z-2=10

e Néu x > 2, khi d6 tir phwong trinh da cho ta duoc
2y+3z+7 =x(3yz-1)>2(3yz—1)=(2y-1)(3z-1)<10
Do 3z—-1>2 nén 2y-1<5, tr d6 suy ra ye{1;2;3}.

+Thay y =1 vao phuwong trinh ban dau ta duoc 3xz—x-3z=9 < (X—l)(3Z —1) =10

. x-1=2 x=3 x-1=5 x=6
Lai thay 3z—1 chia 3 du 2 nén ta c6 = hoac =
3z-1=5 x=2 3z-1=2 z=1

+Thay lan Iwot y =2 va y =3 vao phuong trinh ban dau ta tim dwoc x =2;z=1.
Vay phuong trinh c6 cac nghiém nguyén duwong la
(x;y;z) =(1;2;4),(1;11;1),(3;1;2),(6;1;1),(2;3;1).
Bai 27. Bién d6i twong duwong phuong trinh ta duoc (x +y+ z)(x2 +y*+2° —xy—yz— zx) =1
Dé thay x* +y* +2z° —xy —yz—2zx >0, khi d6 tir phuong trinh ta dwoc
x+y+z=1
x> +y*+2z> —xy-yz—zx=1
Tt x+y+z=1 suyra
2, 2, 2 _ 2 _ —
X" +y +z —xy—yz—zx—1:>(x+y+z) —3(xy+yz+zx)—1:>xy+yz+zx—0

x+y+z=1

x2+yz+z2 =1

Do d6 ta co hé {
Khong mat tinh tdng quat ta gia st x> > y* > z*, khi d6 tir x* +y* +z° =1 ta dwoc
x*=1;y*=2>=0

Hay ta duoc x=1,y=z=0 hodac x=-1;y=z=0

Thay vao phuong trinh ban dau ta thdy x =-1;y =z =0 khong thoéa man.

Vay phuong trinh c6 nghiém nguyén la (x,' y; z) = (1; 0; O) va cac hoan vi.

Bai 28. Ta c6 2x* + 3y2 +27° —4xy+2xz—-20=0
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Vi x,y,z € N* nén tir trén suy ra y 1 s§ chdn. D3t y = 2k (k e N') va thay vao diéu kién trén ta
dwoc
2x7 +12k* +22° —8xk + 2xz-20=0 < x* + 6k* + 2> —4xk+xz-10=0
& x* =x(4k—2)+(6K* +2* ~10) =0
Xem phuong trinh trén la phwong trinh bac hai theo an x. Khi d6 ta c6
A=(4k— z) —4(6k>+ 2* ~10) =16k — 8kz+ 2* 24k —4z” +40
=— 8k* -8kz—3z" +40
+Néu k=2, tacé z>1 suy ra A <0 nén phuong trinh trén v nghiém.
Suy ra k=1 nén y =2. Thay k =1vao biét thitc A ta dwoc
A=-8-82-32"+40=—-3z"-8z+32
-Néu z >3 thi A <0 khi d6 phuong trinh trén vo nghiém.
Suyra z=1 hodc z=2.
-Néu z=1 thi A =21 khong phai la s6 chinh phuong nén phuwong trinh trén khong c6 nghiém
nguyén. Do d¢ ta dwoc z=2.
Thay z =2, k=1 vao phuong trinh trén ta duoc
x*=2x+(6+4-10)=0 < x* —2x=0 < x(x-2)=0< x=2
Suy rax =y =z =2. Vay tam giac da cho la tam giac déu.
Bai 29. Bién d6i gia thiét da cho ta cd
x* +15y° +8xy —8x— 36y —28 =0 = (x+4y —4) —(y+2) =40
& (x+3y—6)(x+5y—2)=40
Do X, y la cac s6 nguyén duwong va X +3y —6 <X+ 5y —2 nén ta c6 thé phan tich
Chu y la (x +3y - 6) + (x +5y - 2) =2x+8y—8 va két hop véi phuong trinh da cho ta duoc
X+3y—6 va x+5y—2 cd cling tinh ch&n. Dén day ta giai tirng tredng hop:
X+3y-6=2 @{x=—13

(loai)
x+5y—-2=20

Truong hop 1: Véi {

. . | x+3y-6=4 x=7
Truong hop 2: Voi

x+5y—2=10<::> y=1
Vay nghiém nguyén duong ctua phuwong trinh la (x; y) = (7 ; 1)
Bai 30. Bién do6i twong duong phuong trinh ta duoc
4y° —4x°y? —Axy® + Xy +5x° +4y” +4xy +8x =0
= (y+1)[4y2 —4(x2 +x)y+5x2 +8x} =0
e Néu y =-1 thi véi moi x nguyén tuy y déu thoa man phuong trinh da cho.

e Néu y #—1 thi tir phuong trinh trén ta duoc 4y” —4(x* +x)y +5x* +8x =0
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Xem phuong trinh trén 1a phwong trinh bac hai an y c6 x la tham s6, khi d6 ta c6

A= 4x(x3 +2x° —4x—8) = 4x(x—2)(x+2)2
bé phuong trinh ¢6 nghiém nguyén thi A la s6 chinh phuong. Ta xét cac truong hop sau:
x=2 x=2;y=3

+Néeu A=0=|x=0 =|x=0;y=0
X=-2 x=-2;y=1

+Néu A>0=x#0;x#2;x#-2,khidbétacod x(x—2)=a2(an)

x—-1+a=1
=>x=2
: x—1-a=1
Tt d6 ta dwoc (x—l) —a"=1= . ,
x—1+a=-
=x=0
x—1-a=-1

Ta thdy ca hai gia tri x =0 va x =2 déu khong thoa man.
Vay phuong trinh da cho c6 nghiém (x; y) = (0;0),(2;3),(—2)1),(m; —1) voi m nguyén tuy y.
Bai 31
a) Ta c6 nhan xét: mot s chinh phuwong khi chia cho 8 thi c6 s6 du 0; 1; 4.
x*=0;1;4(mod 8)  [x*~1=-1;0;3(mod 8)
Khi d6 ta duoc ) )
y’=0;1;4(mod8) |y’-1=-1;0;3(mod 8)
Tl d6 suy ra (x2 —1)(y2 ) 1;0; 5(m0d 8)
Ma 2010 =2(mod 8) nén ta duoc (x* ~1)(y* =1)+2010=3;2;7(mod 8)
Trong khi z* =0; 1,4(m0d 8) Do d6 phuong trinh z° = ( —1)(y2 —1)+ 2010 v6 nghiém.
b) Tacd 2 =(x* ~1)(y* ~1)+2008 < 2 —x*y* +X* +y’ =2009
Xét phuong trinh x* +y” = 2009 . Néu phuong trinhx” +y* =2009 c6 nghiém x=x,;y =Yy, thi
phuong trinh z* —x*y” + x> + y* =2009 cé nghiém x=X,, y =,, Z=X,Y,-
Vay ta ching minh x*+y” =2009 c6 nghiém béng cach chi ra mot bd x =x,;y =y, thoa man
phuong trinh.
Ta thdy x° + y2 c6 tan cung bang 9 nén tan cling ctia (XZ,‘ yz)chi c6 thé'la (0; 9),(4,' 5) .
Nghia la tan cung cua (x;y) chi c6 thé'la (0;3),(0;7),(2;5),(8;5) (Do vai tro x, y la nhu nhau).
Béng cach tht truc tiép ta c6 mot nghiém cua X2 + y2 =2009 la x=28; y=35.
Vay phuong trinh z° = (x2 - 1)(}72 - 1) +2008 c6 nghiém.

Bai 32. Vix, y, z, t c6 vai tro nhu nhau nén ta c6 thé giast: x>y >z>t>1.
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195(x+y +z+t)—1890xyzt + 2008 = 0 < 195(x +y +z + t) + 2008 = 1890xyzt

<:>1890—195 195 195 195 2008 2788<:>t —2;S§<:>t detol

Xyz yzt xzt xyt xyzt  t’ 1

Véi t=1, khi d6 ta co
195(x+y +z)+2203 = 1890xyz

<:>1890=195+195+195+2203£2788<:>z _2723@2 lez=]

Xy Yz Xz Xyz z? 18

Véi z=1thita c6
195(x+y)+2398 = 1890xy <> 1890 = o, 195, 2598 2788 v 1
x Yy Xy oy

Khi y =1 ta dwoc 195x +2593 = 1890x , khong c6 nghiém nguyén duong trong trrong hop nay.

Vay phuong trinh da cho khong c6 nghiém nguyén duong.
Bai 33. Viét lai phuong trinh nay trong dang x* +2 (Zy + 1) x+3y? +4y-13=0 va 4p dung dinh
li trén ta c6 phuong trinh trén cé nghiém nguyén khi va chi khi sau c¢6 nghiém nguyén
=(2y+1)" -(3y* +4y-13)=K* (ke Z)
Taco (2y+1) —(3y’ +4y-13)=K &k’ =y’ +ld e v -y’ =14 o (v-y)(v+y)=
Tk dotadugc v—y=7;,v+y=2hodc v-y=2;v+y=7
Bai 34. Ttt phuong trinh trén ta suy ra x;y > 2009 . Bién d6i phuong trinh ta dugc

11 1
N T e R R
= 7VHx = xy ~7\[4ly < 49.41x = xy +49.41y - 14y/41x
Néu 41x khong la s& chinh phuong thi v/41x 1a s8 v6 ti. Khi d6 49.41x = xy +49.41y — 14y~/41x
khong thoa man. Do d6 41x 1a 8 chinhphuong, suy ra x =41a’(aeN’)
Tuong ty ta ciing c6 x = 41b* (b eN’)

tr& thanh 1 +l=

1
IIM a b 7

Ttr phuong trinh l+% =;, tasuyra a;b>7.
a

Phuong trinh —

bita=7+m;b= 7+n(m;n e N*)khi d¢ ta c6 phuong trinh

1 1 :l<:>7(14+m+r1)=(7+m)(7+n)c>mn=72

7+4m 7+n

Suy ra ra c6 cac treong hop sau
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—
b=56  |y=128576

,_{m=7 {a=14 {x=8036
+ Voi =

{a=8 {x:2624
7 =

=
b=14

n=7 y = 8036
. lm=7? a=>56 x =128576
+ Vi = =
n=1 b=8 y =2624

Thtt lai ta dwoc ba nghiém trén déu thoa phuong trinh da cho.
Bai 35.Taco x° =y’ +(2y2 +1)>y3 =Xx>y
Mitkhic x<y+1ey° +2y° +1<(y+1)’ < y(y+3)>0o y<-3 hoic y>07
Vay néu y < -3 hodc y >0 thi phwong trinh v6 nghiém
+Véiy=-3=>x"=-8=>x=-2
+Véiy=-—2=>x"=1=x=1
+Voiy=0=>x=1
Vay phuong trinh c6 ba nghiém (—2; —3); (1; —2);(1;0)
Bai 36. Bién d6i twong duwong phuong trinh ta duoc
(x2 —4x+3)(x2 —2x) = 4(y2+ 2) = (x—3)(x—1)x(x—2) = 4(y2+2)
= (x2 —3x)(x2 —3x+2) =4(y2+2) = (x2 —3X+1)2 —-4y* =9
& (3 =3x+1-2y)(X* -3x+1+2y) =9
Vi x, y nguyén nén tir phrrong trinh trén ta dwoc cac hé sau:

x> =3x+1+2y=1 _ [xX*=3x+1+2y=9  |xX*-3x+1+2y=-1
hodac hodac
x2—3x+1—2y=9 x2—3x+1—2y=1 x2—3x+1—2y=—9

o X =3x+142y=-9 [xX*-3x+1+2y=3 _ [xX*-3x+1+2y=-3
hoac hoac hoac
x* —3x+1-2y=-1 x*-3x+1-2y=3 x* =3x+1-2y=-3

Giai lan luot cac cac hé ta duoc nghiém ctia phuong trinh la

(xy)=(-1-4),(4-4),(-1,4),(44).

Bai 37. Vixx>1,y 21 nén (x+y)4 =40y +1 viét duwoc dudi dang (x+y)3 - 40y +1
X+y
Chiing minh dwoc 2(X+y)2 < (x+y)3 = 40y +1 < 40y +40x =40
X+y X+y

Suy ra 2(x+y)2 <20 suyra 1<x+y<4, dong thoi x+y laudccua 40y +1.

béyla 40y +1 lasdlénén x+ylé do do ta duoc x+y =3
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Thdésuyra 40y+1=3'=81=y=2=x=1.
Vay phuong trinh c6 nghiém nguyén duong duy nhat 1a (x; y) = (1; 2)
Bai 38. Vi 105 1a 55 1é nén 2x+5y +1 va 2" + x>+ x+y phai la cc s5 1é.
Tt 2x+5y+1 suy rayla s§ chdn. Ma ta lai c6 x* +x =X(X + 1) la tich ctia hai s6 nguyén lién ti€p
nén Ia s chin nén d& 2% + x? + x+y 1asd1é thi 2" phai 1 s& 1é. Dieu nay chi xay ra khi x =0
Tir d6 ta duoc phurong trinh (5y +1)(y +1) =105 < (5y+ 26)(y-4)=0=>y =4
Vay phuong trinh c6 nghiém nguyén (x; y) = (O; 4) .
Bai 39. Ta c6 xy” +2xy +x =32y < x(y+ 1)2 =32y
32y
(1)

Do y nguyén duong nén ta duoc y+1#0=x=

Vi (y,y+1) =1 nén (y+1)2 la wdc cua 32.

Ma 32=2° nénsuyra (y+1) =2* hojc (y+1) =2*

+ Néu (y+1)2 =2’ tasuy radugc y=1,x=8

+Néu (y+1)2 =2" tasuyradugc y=3;x=6

Vay nghiém nguyén duwong cta phwong trinh la (X; y) = (8; 1) ,(6; 3)
Bai 40. Phuong trinh twong dwong véi

(x?+4y” —4xy)+4(x—2y)+4=16-y* & (x—2y +2) =16-y

(x—2y+2)2 =16, . {x—2y+2=0

y=0 y* =16
2
Vi (x—2y+2) =16 x=2;y=0
y=0 x=-6,y=0
-2y+2=0 =4, x=
Vi X2 y+ y=4;,x=6
y =16 y=-4,x=-10

Vay phuong trinh da cho cé nghiém 1a (x; y)=(2;0), (=6;0), (6; 4), (-10; —4)
Bai 41. Ta co
5 +6xy +2y” +2x+2y =40 =0 < X7 +y* +2xy + 2x + 2y + 1+ 4x° + 4xy +y* =41
& (x+y+1) +(2x+y) =4l & (x+y+1) +(2x+y) =4 +5

Ta co cac truong hop sau
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. x+y+1=4 x=2
+ Trueong hop 1: o = 1
X+y= y=

+ Treong hop 2: {X;;(};;l:f = {; Z Z (loai)
Vay cac nghiém nguyén duong ctia phwong trinh la (x; y) = (2; 1) .
Bai 42. Bién d6i twong duwong phuong trinh ta duoc.
(3 +4y* +28) ~17(x* +y*) =238y +833
o [x+a(y+7)] = 17[x4 +(y? +7)2} o 16x' -8x (y* +7)+(y* +7) =0
s[4 -(y*+7)] =04 -y* 70 (2x+y)(2x-y) =7
Vixvay lacac s nguyén duong nén 2x+y >2x—-y va 2x+y >0.

, . R 2x+y=7 x=2
Do d6 tir phwong trinh trén ta suy ra duoc =4

2x-y=1""|y=3
Vay phuong trinh trén c6 nghiém nguyén duongla (x;y)=(2;3).
Bai 43. Bién d6i twong duwong phuong trinh ta duoc
2 + 2y +X +2xy =x+10 ¢ 25 (x+y)+2x (x+y) = (x* +x) =10
<:>2(x+y)(><2 +x)—(x2 +><)=10<:>(x2 +x)[2(x+y)—1}=10
P&yla10=1.10=2.5=(-1).(-10)=(-2).(-5)

Lai thdy x> +x=x(x+1) 1as6 chdnva 2(x+vy)-1lasdlé
y y

2
Miit khac x2+x:(x+%j —%>—1:>x2+x20.

x* +x=10 xX* +x=2
Do d6 ttt phwong trinh trén ta duoc , hoac

2(x+y)—1: 2(x+y)—1:5
x*+x=10

. Phuong trinh x* +x =10 khong c6 nghiém nguyén.
2 (x + y) -1=1

e Truong hop 1: {

=1
x> +x=2 {X {x=1;y=2
=
5

e Truong hop 1: {2(X+y)—l _

Vay c6 hai bd s6 nguyén théa man bai toan la (x;y) =(1;2),(-2;5).
Bai 44. Dat d = (x,y) khi d6 x=da;y =db véi a,be N va (a,b) =1.

Va phuong trinh tro thanh d(a-b)(a” +ab+b*)=95(a’ +b?)
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Vi (a?+b?,a” +ab+b?) =1 nén a’ +ab+b* = (a~b) —3ab la uéc cia 95=>5.19, uéc nay chia
3 dw 1 hoac 0 va 16n hon 1 nén chi c¢6 thé la 19, nhu vay (a —b)2 —-3ab=19

x =195

a-b=1 a=6
Twr d6 ta dwoc =
y =130

ab=6 b:23d:65:>{
Vay cdp s6 nguyén duong théa man bai toan la (x; y) = (195; 130)

Bai 45. Ta c6 x* +2x° =y’ c>x4+2x2+1=y3+1c>(x2+1)2 =(y +1)(y*-y +1)

Goi d:(y+1, yz—y+1),khi do (y+1)23d va y’ —y+1:d nén ta duoc 3y:d

Do d6 ta duoc 3(y+1)—3y§d:>3§d.T1‘rdé taduwoc d=1 hoac d=3

+Vdi d =3, khi d6 ta duoc (x2 +1)2 =(y+1)(y2 —y+1)§9 nén suy ra x?+1:3.

Tt &6 suy ra X* chia 3 c6 s6 du la 2, diéu nay vo li vi s& chinh phuong chia 3 ¢6 s8 dw 12 0 hogc 1.
+V6i d =1, khi d6 ta duoe d =(y +1, y* —y+1) =1

y+l=a’

Do d6 tir (x2 +1)2 =(y Jrl)(y2 -y +1) ta duwoc { v6i a,be N’ va (a,b)zl

y —y+1=b’

Tt d6 ta dwoc

b> =(a2 —1)2-((312—1)<:>4b2 = 4a* —12a° +12<:>(2b—2a2 +3)(2b+2a2 +3)=3

2
Vi (Zb)2 > (2&12 - 3) = 2b >2a’ -3 nén tit phuong trinh trén ta c6 cac tredong hop sau

. . |2b-2a*+3=1 b=1
e Truong hop 1: Voi

) =19, (loai)
2b+2a"-3=3 a =2

. . |2b-2a*+3=3 [b=1 x=0

e Truong hop 2: Voi ) =3, .=
2b+2a"-3=1 a =1 y=0

Vay cdp s6 nguyén duong thdoa man yéu cau bai toan la (x; y) = (O; 0)
Bai 46. RS rang cac cdp sO nguyén (x; y) sao cho x+y =0 la nghiém ctia phuong trinh da cho.
Ta gia st (x; y) thoa man phuong trinh ma x+y # 0
Trudc tién tir phwong trinh ta phai c6 xy =0
That vay, chia ca2 vé ctia x* +y° = (x + y)3 cho x+y ta duoc

x' =Xy +x°y? —=xy’ +y* =(x+y)2

Déng thtc trén twong duong véi (x2 +y’ )2 +x7y? = (x + y)2 (xy + 1) tit d6 suy ra xy >0
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Tiép theo, ta sé chitng minh |x + y| <4.

De dang chiing minh duoc v6i moi s6 khong am x va 'y, ta ¢d

X’ +y’ J[ Xy
2 2

JS =x7+y° 2%(x+y)5
Do dénéu x+y >4 thi X° +y° > (x+y)
Hoan todn tuong tu, néu x, y déu khong duong va dong thoi x +y <4 thi x* +y° <(x+y)’
Vay ta chi can xét cc x, y ma xy >0 va [x+y|€{1;2;3;4}, tir 46 ta tim duoc cac nghiém nguyén
thoa man la (x;y) =(0;£1),(£1;0),(2;2);(-2;-2)
Tém lai cac cap s nguyén (x;y) théa man phuong trinh Ia
(x;y)=(a;-a),(0;+1),(£1;0),(2;2);(~2;-2) véi ala s& nguyén.
Bai 47. Bién ddi tuong duong phuong trinh ta dwoc
(3 +4y? +28)" =17(x* +y* + 14y +49)

o [x ra(y +7)] =17[X4 +(y? +7)2}

S 16x 8¢ (y2 +7) 4 (y +7) =0 [ —(y+7)] =0

4 -y* -7 =0 (2x+y)(2x-y) =7

Do x, y nguyén duong nén 2x+y =2x—-y va 2x+y >0

.| 2x+y=7
Vay {2X—y=1 <:>(x;y)=(2;3)

Vay phuong trinh c6 nghiém (x; y) = (2; 3) .
Bai 48. Ta ¢ 3x° +6y° +22° +3y°2’ ~18x =6 <= 3(x~3) +6y” +22° + 3y°2* =33

Suy ra z*:3; 2z* <33, do d6 ta dwoc z’ £9:>|z| <3.Vizlasdnguyénnén z =0 hoac |z| =3

y=0
+ Truong hop z =0 khi d6 ta duoc (x—3)2+2y2 =11 suyra y’ S4<:>|y|£2:> |y|=1
yl=2

- V6i y =0, khong c6 s6 nguyén x nao thoa man
- Vadi |y|=1,khi do ta tim duwoc x =6
- Véi |y| =2, khong c6 s6 nguyén x nao thoa man

+ Truong hop |Z| =3, suy ra (X—3)2 +11y* =5=11y* <5= y =0, khong c6 s8 nguyén x nao

thoéa man
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Vay phuong trinh ¢ 4 nghiém nguyén la (0,‘ 1; 0), (0,‘ -1; O), (6,' 1; 0), (6; -1; 0).

2
Bai49. Tacd y° —x° =2x° +3x+2=2(x+%j +§>O:>x<y (1)

2
(x+2) -y’ :4x2+9x+6=(2x+zj +%>O:>y<x+2 (2)

Tk (l)va(2)tacd x<y<x+2 ma x, ynguyén suyra y=x+1
Thay y =x+1 vao phuong trinh ban dau va giai phuong trinh tim dugc x =-1; x =1 tir d6 tim
duoc hai cdp s6 (x, y) thoa man bai toan la (1,' 2), (—1,' O)
Bai 50. Phuong trinh teong duong voi
2(2x—y—2)2 = 14(x—2y—y2 —1)

©2(2x-y-2) -7(2x-y-2)+7(2y* +3y)=0 (2)
Dit t=2x—y -2 (te Z), khi d6 phuong trinh trén tré thanh 2t* ~7t+7 (2y” + 3y) =0 (3)
+Néu y =—1 thay vao phuwong trinh ban dau ta dugc

= 11++/105
8

. 11-+/105
8

(2x-1) =7x & 4 ~11x+1=0 =

Hai nghiém trén khong thudc tap hop Z.
+Néu y <-2 hodc y 20 thi 2y’ +3y =y(2y+3)20

Tir phuong trinh (3) suy ra 2t° =7t <0 < t(2t-7)<0 = 0<t<3(do te Z).

Mit khéc, theo phwong trinh (3) thi t:7 nén ta dugc t=0. Suy ra y(2y + 3) =0=y=0.
Do d6 ta duwgc x =1. Thit lai, ta thay (1; 0) thoa man phuong trinh (1).

Vay phuong trinh da cho c6 nghiém nguyén la (1; 0) .

Bai 51. Giai phuong trinh nghiém nguyén 3* -y’ =1

T phuwong trinh trén ta duoc 3* = (y + 1) (y2 -y+ 1) do d6 ton tai cac sO ti nhién m va n sao cho

y+1=3" y=3"-1
v —y+1=3"<{9" -33"+3=3"
m+b=x m+b=x

+Néu m=0 thithi x=y=0

+Néu m >0 thi 9™ —3.3™ + 3 chia hét cho 3 ma khong chia hét cho 9 do d6 3" chia hét cho 3 ma
khong chia hét cho9nén n=1
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Suy ra 9m—3.3m+3=3:>3m(3m—3)=0:>m=1 do d6 ta duoc x=y =2

Vay phuong trinh c6 hai nghiém 1a (0; 0), (2; 2).

Bai 52. Ta c6 nhan xét: Néu (x; y) la nghiém thi x>0 va (x;—y) cling la nghiém.

Nhan thay (0; 2),(0; —2) thoa man phuong trinh da cho.

Ta xét nghiém (X; y) v6i x duwong. Khong mat tinh tong quat gia st y >0

Khi d6 phuong trinh da cho tré thanh 2*(1+2*") = y* =1 hay (y—1)(y+1)=2""2(1+2"")
Suy ra y—1va y+1 1a hai s6 chdn lién ti€p, khi d6 hién nhién mét trong hai s6 d6 chia hét cho 4
vi thé (y —1)(y +1) chia hét cho 8. Do d6 ta duoc x> 3.

+ Vi 1+27*" 1a s6 1é nén trong hai s6 y—1 va y+1 phai c6 mot s3 chia hét cho 2*" va khong
chia hét cho 2*. Do vay ta c6 thé dat y =m.2*" +t véimléva t==+1.

Thay vao phuong trinh 1+ 2% +2*" =y? ta duoc (111.2"‘1 + t)2 -1= 2"‘1.2(1 + 2"“)

Hay ta duoc 1-mt =2*7 (m2 —8)

Véi t=1thi m® <8 suy ra m =1, khong thda phuong trinh 1—mt =2 (m2 —8).

V6i t =1, phuong trinh 1-mt =2*?(m? —8) tré thanh 1+m =2"*(m* -8)>2(m’-8).

Tt d6 suy ra m =3 nén ta duoc x=4;y =23

Vay phuong trinh da cho c6 bén nghiém nguyén 1a (0;2),(0;-2),(4;23),(4;-23).

Bai 53. Didu kién x e N. Dt a=+/x va b=1x—+/x .

Tur d6 ta dwoc a va b 1a céc s6 tu nhién thoa man diéu kién a® —a = b?.

Taco a’—a=b’ < 4(a’-a)=4b" & (2a-1) -4b* =1 (2a-1+2b)(2a—-1-2b) =1.
Viavab la cic s6 tw nhién nén 2a—1+2b;2a—-1-2b la cac s6 nguyén dong thoi 1a wdc caa 1.

Chiyla 1=1.1=-1.(-1) nén ta duoc 2a—1+2b=2a-1-2b<b=0.

~0
Tir d6 ta duoc b =yx—/x =0 < | -
X

Ta thady x =0;x =1 thoa man yéu cau bai toan nén x =0;x =1 1a cac gia tri can tim.
Bai54.Tacé 3" =n’+2n-8=3" =(n-2)(m+4).
bit 3" =n+4;3" =n-2 véi x,yeN;x>y va x+y=m.

Khi d6 ta c6 3* =37 =6<:>3Y(3X—y —1)=6
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3¥=3 =1
Do 3" —1 khéng chia hét cho 3 va 6 =2.3 nén ta dugc ta dugc = y
3V -1=2 xX=2

Tir d6 ta dwoc m=3;,n=5.
2 2
Bai 55. Phuong trinh da cho twong dwong véi (x —2) +(y—1) = 7(t+ 1).

Ta ¢6 nhan xét: Mot s6 chinh phuwong khi chia cho 7 ¢4 s6 dw 1a 0; 1; 2; 4. Do d6 néu tong hai s6
chinh phwong ma chia hét chi 7 thi cac hai s6 chinh phwong d6 cuing chia hét cho 7.

Nhu vay tir (x-2)" +(y-1) =7(t+1) taduoc (x-2) 17; (y 1) i7.

Do 714 s8 nguyén t6 nén ta dugc x—217; y~1:7 nén (x-2)":49; (y 1) 149

Do d6 ta dugc (x—2)" +(y—1) 149 = 7(t+1)149 = t+117.

Matalaicod 1<t<6 néntw t+1:7 suyra t=6.

Dén day ta duoc (x—2) +(y—1) =49. Chiy 14 49=0+7% =7 +0 nén ta xét cc truong hop

sau:

e Truong hop 1: Véi . Do x, y la cac s6 nguyén duong nén ta duoc

(X—2)2=0 x=2
(y-1) = 23{ =6,y =8
y )—7 y y

X =2;y =8 théa man phuong trinh da cho.

e Truong hop 1: Véi

(x—2)2=72 x=-5;x=9 ,
= . Do x, y la cac s6 nguyén dwong nén ta dugc

(y - 1)2 =0 y=1

x=9;y =1 théa man phuong trinh da cho.

Vay bd cac sd nguyén duong (x; y;t) thoa man phuong trinh ta (2; 8;6),(9; 1;6) .

Bai 56.

Céch 1. Dat x =2y +k véi k € Z rdi thé vao phuong trinh x° =4y’ +x’y +y +13 ta duoc
(2y+k) =4y’ +(2y +k) y +y+13 = 8ky? +(5k* 1)y +k’ =13 =0.

Xem phuong trinh trén 1a phuwong trinh dn y véi k 1a tham s6. Khi d6 ta thay

e Néu k=0 thi phuong trinh trén tro thanh y+13=0=y =-13, tit d6 ta dugc x =-26.

e Néu k # 0, khi d6 phuwong trinh trén la treong trinh bac hai an y ¢ k 1a tham s6.

Tacs A=(5k2~1) ~32Kk (K’ ~13)=-7k* ~10k? + 416k +1

+Xét k>4, khi d6 tacé A=7k* —10k” +416k +1< 7.4’k + 416k +1=1-32k <0 nén phuong

trinh khong c6 nghiém.

+Xét k < -1, khi d6 ta cé A=7k* —10k* + 416k +1 < 416k + 1 < Onén phuong trinh khong c6

nghiém.

+Xét 1<k <3,khiddodo keZ néntaduwoc k=1;2;3.
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- Véi k =1, khi @6 thay vao phuong trinh trén ta duwoc 8y* +4y-12=0=y=1, tr dé ta
suy ra duoc x =3.

-Véi k=2 taduwgc A=681 vavéi k=3 taduoc A=592, déu khong phai 1a s6 chinh
phuong nén phuong trinh trén khong cé nghiém nguyén.

Vay phuong trinh da cho c6 hai nghiém nguyén (x; y) la (—26;— 13), (3; 1).
Céch 2. Bién d6i tuong duong ta duwoc x° =4y’ + X’y +y+13 < (x —Zy)(x2 +Xy +2y2) =y+13
e Néu y =-13, khi d6 ta duoc (X—Zy)(x2 +xy+2y2):0:>x—2y:0:x:—26.

e Néu y #—13, khi d6 do x va y 1a cac s6 nguyén nén x—2y va x* +xy +2y” la cac uéc ctia

y+13.

2 2 2
Do d6 ta duoc |y +132 x* +xy +2y’ =(x+%} +7%2 7y

4

2

Do y la s6 nguyén nén ttr |y +13| > 7% ta suy ra duoc y € {—2;—1; 0;1;2; 3} .
Thay céc gia tri trong tdp hop trén vao phuong trinh da cho ta duoc véi y =1 thi x =3
Vay phuong trinh da cho c6 hai nghiém nguyén (x; y) la (—26;— 13), (3; 1).
Bai 57.
Cach 1. Bién ddi twong duong phuong trinh trén ta duoc
(x2 +2)2 =2y +11y* +X’y* +9 < (X2 +2)2 =y +6y° +9+y* +5y* +x’y’

= (x2 + 2)2 —(y2 + 3)2 =y* +5y* +x’y?

N (x2 -y’ —1)(x2 +y’ +5) =y’ (x2 +y’ +5)
Do x” +y* +5# 0 nén phuong trinh trén twong duong véi x* -y —1=y’ < (x —1)(x + 1) =2y’
Tt d6 ta dwoc (x—l)(x+1)§2. Ma x—1;x+1 cling tinh chdn 1é nén x—1:2;x+1:2.
Tt d6 suy ra (x—l)(x+1)f4 nén suy ra 2y’ 14 =y’ i2 < yi2.
Ma y 1a s6 nguyén t6 nén ta suy ra duwoc y =2. Ttr d6 ta duwoc x =3.
Vay ta cé x =3;y =2 théa man yéu cau bai toan.
Céch 2: ta c6 nhan xét: Néu y 1a s8 chén thi y” chia hét cho 4 va néu y la s§ 1é thi y* chia 4 du 1.
Xét truong hop y 1a s§1¢, khi @6 y* chia 4 dw 1 nén 2y* chia4 du 2, 11y’ chia 4 du 3 va x’y’
chia 4 du 0 hodc du 1. Tt d6 ta duoc 2y* +11y”° +x°y” +9 chia 4 du 2 hodc du 3. Ma ta lai ¢6
(x2 + 2)2 chia 4 dw 0 hodc dw 1. Nhu vay hai vé cua phuong trinh ¢6 s6 du khac nhau khi chia cho
4, do d6 khi y 1é phuong trinh khong cé nghiém. Ttr d6 dan dén y phai la s& 1é, ma y 1a s6 nguyén

t6 nén dan dén y = 2. Thay vao phuong trinh ban dau ta tim dwoc x =3 thda man.
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Vay ta cé x =3;y =2 théa man yéu cau bai toan.

Bai 58.

Ta c6 nhén xét: Néu x 1a s chn thi x =2t,t € Z nén x* =4t” vanéuxlassle thi x=2t+1,teZ
nén x* =(2t+1)" =4t(t+1)+1=8k+1Lke Z.

Tl phuong trinh da cho suy ra x” +y” 1a s8 chén, do d6 x va y phai cling tinh chén 1. Ta xét cac
truong hop sau:

e Truong hop 1: V&i x va y 1a cdc s6 1é. Khi d6 theo nhan xét nhu trén ta dwoc x” —y? chia hét cho

8.
Vatacd x’ +y’ +22° =8k +2+27° =8k+2(2 +1) ke Z.

Do d6 dé x* +y’ +27 chia hét cho 8 thi 2(2* +1)4 nénzlass]e.

Khi d6 ta dat z=8n+1,neZ thi taduoc x* +y* +2z” =8(n+2k)+4 hay x* +y’ +2z" chia 8

c6 s8 du 1a 4. Diéu nay mau thuan véi vé trai ciia phuong trinh chia hét cho 8. Do d6 khi x vay
cung la sd 1é thi phwong trinh khong c6 nghiém.

e Truong hop 2: Vi x va y 1a cac s6 chdn, khi d6 ta duoc 2(x2 - y2)54 va (x2 +y? )54 . Do @6 ttr
phuong trinh da cho ta hu dwoc 2z°:4 = 2?12 = z:2 hay z1a s8 chén.

Dét x =2x,;y =2y,;z =2z, va thay vao phuwong trinh da cho ta duoc
2[(2xl )2 —(Zy1 )2 T = (2x1 )2 + (2y1 )2 +2(221 )2 = 8(xf —yf )2 = xf + yf +2zf
Lap luan twong tie nhu trén ta lai dwoc x;y,;z, la cacs6 chan.
Tiép tuc nhu thé ta sé c6 x:2";y:2";z:2" véin la mot s6 tu nhién bat ki.
biéu nay chi xdy rakhi x=y=z=0.
Vay phuong trinh c6 nghiém duy nhat la (x; y; z) = (0; 0; O).
Bai 59. Bién do6i twong duwong phuwong trinh da cho ta dwoc (2x2 +xy +y’ )(3x2 - Xy + 2y2) =132.

Ta c6 2x* +xy +y’ =(§+yj2+7—)(220.
2 4
Lai c6 (3x2 —xy+2yz)—(2x2 +xy+y2) =x"-2xy+y’ =(x—y)2 >0
Do d6 3x* —xy +2y* 22x*> +xy+y~ 20.
Chty rang 132 =1.132 =2.66 =3.44 =4.33=6.22 =11.12.
Lai c6 (E’;x2 —xy + 2}72)—(2x2 +Xy + y2) 1a mot s8 chinh phuong.

, 3x* —xy +2y* =12
Do do ta duwoc
2x* +xy+y’ =11
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Ttr d6 suy ra (X—y)2 =1= x—y =121, ta xét cac truong hop sau:

e Truong hop 1: V6i x—y =1, tacéd x =y +1. Thay vao phuong trinh 2x* + xy +y* =11 va thu
gon ta duoc 4y2 +5y -9 =0. Gia phuwong trinh ta duoc y =1, do d6 x=2

e Truong hop 2: Véi x—y =-1, tacé x =y —1. Thay vao phuong trinh 2x* +xy +y” =11 va thu
gon ta dugc 4y’ —5y —9=0. Gia phuong trinh ta duwoc y =-1, do d6 x=-2.

Thtt lai ta duoc cac nghiém ctia phwong trinh la (x; y) = (2; 1),(—2; —1) .

Bai 60.

Céach 1. Phrong trinh da cho twong duong voi (X + y)3 - 2xy(x + y) = 4(x + y)2 —4xy+12.

bédt a=x+y;b=xy vdia, blacacs6 nguyén.

Khi ¢6 phurong trinh trén tro thanh a® —2ab =4a”> —4b+12

Hay ta duoc Zb(a —2) =a’—4a’ -12.

Xét a =2, khi d6 tir phuong trinh trén ta dwoc 0 =-20, vo li.

3 _ 2
Xét a # 2, khi d6 phurong trinh trén tro thanh 2b =%= a> —2a—4—2—02.
a— a—

Dob la s8 nguyén nén a—2 la uée cia 20. Do d6 a—2 e {+1;+2; +4;+5;+10; 20} .
Xét cac truong hop cu thé ta duoc cac cap s6 (a;b) = (4; —3),(0;3),(12; 57),(—8; 30) thoa man
phuong trinh 2b(a—2)=a’—4a’-12.

x+y=4
+Véi a=4;b=-3, ta c6 hé phuong tr‘mh{ y 3 , hé khong c6 nghiém nguyén.
Xy =—
.. n L x+y=0
+Véi a=0;b =3, ta c6 hé phuong trinh 3 , hé vd nghiém.
Xy =
. A L x+y=0
+V6i a=0;b =3, ta cd hé phuong trinh 3 , hé vo nghiém.
Xy =
o o . x+y=12 R
+V6i a=12;b =57, ta c6 hé phuong trinh , hé vo nghiém.
xy =57
.. A L x+y=-8
+V6i a=-8;b =30, ta c6 hé phuong trinh 30 , hé vO nghiém.
Xy =

Vay phuong trinh da cho v6 nghiém.
Cach 2. Phuong trinh da cho twong duong voi (xz +y’ )(x +y-— 4) =4xy+12.
Tt phuong trinh ta nhan thay x, y c6 cling tinh chdn 1é va x+y —4 1a s8 chan.

Dbén day ta xét cac truong hop nhu sau.

e Truong hop 1: Néu x+y—-42>4,khidéo x+y=>8.
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Tl d6 ta dwoc x> +y* > %(x+y)2 =32 va x* +y” > 2xy . Do d6 ta suy ra dugc

(x2 +y2)(x+y—4)24(x2 +y2)=2(x2 +yz)+2(x2 +y2)
2(x+y)2 +4xy =64 +4xy > 4xy +12
Nhu vay trong treong hop nay phuong trinh vé nghiém.

e Truwong hop 2: Néu x+y—-4<-2,khidd x+y<2.

Tl d6 ta duoc (x2+y2)(x+y—4)£—2(x2+y2)<4xy<4xy+12.

Nhu vay treong hop nay phwong trinh cling vo nghiém.

e Treong hop 3: Néu -2 <x+y—-4<4,khidodo x+y—4 la s6 chan nén suy ra x+y-4=0
hodac x+y—-4=2.

x+y=4
+Véi x+y—-4=0 ta duoc xy =-3, ta co he { y 37 hé phuong trinh khong c¢6 nghiém
Xy =—

nguyeén.
+V6i x+y—4=2, khi d6 tir phuong trinh trén ta dwoc 2(x* +y2):4xy+13:>xy=§.

Tir d6 ta c6 hé Y 1 56 , hé phuong trinh khong c6 nghiém nguyeén.
"2
Nhu vay treong hop nay phuong trinh cling khong c¢6 nghiém nguyén.
Vay phuong trinh da cho vo nghiém.
Bai 61. Do x, y la cac s6 tw nhién nén 2010™ >1;2011” > 1, do d6 tir phuwong trinh da cho ta duoc
2012* > 2, diéu nay dan dén z >1. Tir d6 ta dugc 2012” 1a s8 chan.
Ma ta lai ¢6 20117 1a s 1é nén 2010* phai la sd1é, do d6 ta duwoc x =0.
Khi d6 phuong trinh da cho tré thanh 1+2011" =2012", dén day ta xét cac truong hop sau:

e Néu z =1, khi d6 ta duoc phuwong trinh 1+2011" =2012, suyra y=1.

e Néu z>2, khi d6 ta duwoc 2012* =4%.503” chia hét cho 8.
Ta lai thé'y 2011 chia 8 du 3.

Do d6 néu y 1 s6 chin thi ta duoc 2011 =(8.251+3)" =(8k+1)" =8t+1 voin, k, t1a cdcs§ tu
nhién. Do d6 1+2011" chia 8 ¢4 s6 dw 1a 2. Nhw vay véi y chdn thi phiong trinh khong cd
nghiém.

Néu y la s&1é thi ta duoc 2011¥ =(8.251+3

)2n+1

=2011.(8k+1)" =8t+3 voin, k, t1a cde sd tu
nhién. Do d6 1+2011" chia 8 c6 s6 dw 1a 4. Nhw vay véi y chdn thi phwong trinh khong cé
nghiém.

Tl d6 suy rakhi z > 2 thi khong ton tai s6 tu nhién y thoa man phuong trinh.
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Vay chi c6 b s6 (X,‘ y; z) = (O; 1; 1) thda man yéu cau bai toan.
Bai 62.
a) Ta c6 2002* =2001" +1=2(mod4) suyra x=y =1
b) Néu x chan thi 5* = l(mod 3) suyra 2’ = O(mod 3) , loai.

Néu x 1é thi 5* = 5(m0d8) suyra 27 = 4(m0d8) .Suyray=2
bap s6 (x;y) = (1;2)
c) Néu x lé thi 5° +1 chia hét cho 3 con 2 khéng chia hét cho 3, loai.

Néu x chan thi 5*+1= 2(m0d4) suyra 2’ = 2(m0d4) .Suyrax=0;y=1

d) Ta c6 1+5° =2(mod4) suy ra 2*.3" =2(mod4)do d6 x=1.

Khi d6 ta c6 2.3 =1+5”
+Néu y=0thi y=0 vanéu y=1thi z=1.

+Néu y>1 thi 2.3" =0(mod9) nén 5 =—1(mod9).
Suy ra z chia hét cho 3 va z 1é.

Vay z c6 dang z = 6k + 3(k € N). Nhung khi d6 2.3¥ =1+125"" = O(mod 7) , loai
Vay phuong trinh c6 2 nghiém ty nhién 1a (1;0;0) va (1;1;1)

xy—3z’c:1<:> (Xy—3zt)2 =1

Bai 63. Ta co { )
Xz+yt=2 3(xz+yt) =12

Cong theo ting vé ta co (x2 +3t? )(y2 + 322) =13

Dép s6 (x; y; z;t) = (1,' 1;2,'0),(—1,' -1; —2;0),(1; 1; 0;2),(—1; -1,0; —2)
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