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Gidi thiéu

Tap ky yéu ctia Ky thi Olympic Toan Sinh vién va Hoc sinh 1an thit 24 tap
hop mét sb bai cling véi cac dap an do cac trudng va hoc vién tham gia ky
thi dé xuét. Do gi6i han vé thdi gian nén  day chiing t6i chi tip hop bai tip
tit nhitng dé dugc soan bing LATEX, nhiing dé thi dé xuét é dang file *.doc
hoic *.pdf ma khong c6 file LATEX di kém déu khong xuét hién trong tap ky
yéu nay. Ching tdi cling gilt nguyén cach trinh bay dé va dap an nhu dé xuét,
chi stta lai mét s6 16i nhd ma chiing t6i phat hién ra trong qua trinh bién tap.

Nhom bién tap






Phan I

KY THI OLYMPIC TOAN SINH
VIEN LAN THU 24






Thong tin vé ky thi
Thong tin chung

Ky thi Olympic Toan danh cho sinh vién 14n tha 24 dudc t§ chic tit 11-
17/4/2016 tai Truong dai hoc Quy Nhon. Nam nay ngoai ky thi danh cho
sinh vién, H6i Toan hoc con phébi hop véi Trudng Pai hoc Quy Nhon t6 chite
ky thi danh cho hoc sinh trung hoc phé thong chuyén.

e

MAC
10C SINH VIEN

Céc trudng doan chup anh luu niém tai 18 khai mac

D4 c6 88 doan tit cac trudng dai hoc, cao dang, hoc vién trong ca nuéc tham
du ky thi, ¢4 665 sinh vién du thi cac m6n Dai so va Giai tich. Tai ky thi danh
cho hoc sinh trung hoc phd thong chuyén, da cé 11 trudng gl doan tham
du, véi tong so 47 hoc sinh.
Cd quan to chic

e B0 Giao duc va bao tao

e Lién hiép cac Hoi Khoa hoc va Ky thuat Viét Nam

e Trung uong Ho6i Sinh vién Viét Nam

e Hoi Toan hoc Viét Nam

e Truong dai hoc Quy Nhon
Ban t0 chiic
Pbng trudng ban: GS.TSKH. Phling H6 Hai (H6i Toan hoc Viét Nam), GS.TS.
Nguyen Hong Anh (Pai hoc Quy Nhon)
Pho ban: Dai dién Bo Gido Duc & Dao Tao, Dai dién TW Hoi Sinh vién Vi€t
Nam, GS.TSKH. Pham Thé Long (Ho6i Toan hoc Viét Nam), PGS.TS. Dinh
Thanh Dtic (Pai hoc Quy Nhon).
Uy vién: TS. Nguyén Thai Hoa (Pai hoc Quy Nhon), TS. Ngé Lam Xu4n
Chau (bai hoc Quy Nhon), TS. Mai Thanh Tan (Pai hoc Quy Nhon), TS.
Doan Trung Cuong (Vién Toan hoc), TS. Lé Cudng (Pai hoc Bach khoa Ha
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No6i), TS. Nguyén Chu Gia Vuong (Vién Toan hoc), TS. Nguyén Duy Thai Son
(Pai hoc Su pham bDa Nang), TS. Ngé Quoc Anh (Pai hoc KHTN - PHQG Ha
No1).

Hiéu trudng Trudng Pai hoc Quy Nhon Nguyén Hong Anh doc dién vin bé mac
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Két qua

V6i két qua thi caa thi sinh, Hoi ddng thi di thdng nhit danh sach sinh vién
dugc trao giai. S6 luong giadi dudc trao cu thé nhu sau:

BANG A
Moén Dai s6 Moén Giai tich
- Giai nhét: 21 giai. - Giai nhét: 23 giai.
- Giai nhi: 40 giai. - Giai nhi: 41 giai.
- Giai ba: 59 giai. - Giai ba: 55 giai.
- Khuyén khich: 5 giai. - Khuyén khich: 10 giai.
BANG B
Moén Dai s6 Mon Giai tich
- Giai nhét: 9 giai. - Giai nhét: 10 giai.
- Giai nhi: 18 giai. - Giai nhi: 17 giai.
- Giai ba: 35 giai. - Giai ba: 28 giai.
- Khuyén khich: 10 giai. - Khuyén khich: 13 giai.

Gidi dic biét

Ban t6 chtic ky thi d4 quyét dinh trao 12 gidi diic biét cho cac sinh vién hoic
dat diém cao nhat cia mot moén hodc dat hai giai nhat ctia ca hai mon.
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Thit truéng B6 GD&DT Bui Vin Ga, Phé Chu tich HDND tinh Binh Dinh V6 Vinh Quang va
céac sinh vién doat giai dic biét.

Cht tich Hoi Toan hoc Nguyén Hitu Du va doan DPHSP Ha Noi - nhét toan doan
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Trao & luén luu, tit trai qua phai: Tong thu ky Hoi Toan hoc Phiing H6 Hai, Hiéu trudng
DH Quy Nhon Nguyén Hong Anh va Hiéu trudng Dai hoc Phii Yén Trin Vin Chuong
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Phat biéu khai mac Olympic Toan hoc
Sinh vién - Hoc sinh 2016

Phung H6 Hai [}

Olympic Toan hoc sinh vién d4 duoc t8 chite lién tuc trong sudt 24 nim qua.
Day thuc su la mot ngay hoi cho nhiing sinh vién yéu Toan. Su dam mé, hang
hai tham gia ctia cac ban sinh vién tai cac ky Olympic da mang lai cho chiing
t61, nhitng ngudi t6 chic rat nhiéu déng vién, khong chi trong hoat dong t&
chtic ky thi Olympic nay, ma trong ca cong tac giang day va nghién ctu tai
cac co so.

Ky thi Olympic Toan hoc 14 noi sinh vién tit moi mién dat nudc, t6i so tai. Ho
c6 thé 13 sinh vién Tong h0p, sinh vién Bach Khoa, sinh vién Su pham, hay
sinh vién Xay dung, sinh vién Giao thong, sinh vién Nong nghiép, sinh vién
Tai chinh, sinh vién Ngén hang, sinh vién Kién tric. Rat nhleu nganh nghé
khéc nhau, nhit nhiéu dinh huéng khac nhau trong cudc song va su nghiép.
Nhung ho c6 mét miu s6 chung, d6 13, néi mot cach gian di, ho thich toan.
Niém vui, hanh phtc trong Toan hoc rat dic biét, rAt khé chia sé cho ngudi
khéc. Chinh vi thé mét dip d€ nhiing ngudi thich toan gip nhau, chia sé véi
nhau dam mé ctia minh ¢ ¥ nghia rit quan trong. Olympic Toan hoc sinh
vién vi thé khong chi 1a ky thi, n6 con la dip d€ chting ta gip nhau, thach
thitc nhau bang nhUng bai toan, hanh phuc vi nhUng 16i giai hay, 16i giai dep.
Trong khuén khé ky thi Olympic Toan hoc Sinh vién Toan quoc nam nay, Hoi
Toan hoc phdi hop véi véi trudng Pai hoc Quy Nhon t6 chitc mot ky thi danh
cho Hoc sinh phé théng trung hoc. Chiing t6i hy vong ky thi nay véi cach
thtic t6 chitc ¢6 nhiéu khac biét véi nhitng ky thi hoc sinh gioi khac, sé mang
lai cho cac ban hoc sinh niém vui. C4c ban hay tan dung co héi nay dé giao
luu, hoc hoi v6i cac anh chi sinh vién, tim h1eu thém vé truong Dai hoc Quy
Nhon. Toi hy vong, trong vai nam téi, mot ) trong cac ban sé tré thanh sinh
vién trudng Dai hoc Quy Nhon, va Iy tudng nhét doi véi toi, 14 sinh vién Khoa
Toan.

Thay miit cho ban t6 chiic, t6i xin chic sttc khde cac vi dai biéu, toan thé cac
thay 6 gido va chiic cac ban hoc sinh-sinh vién, thi tét va choi that vui.

1Phé chii tich kiém Tong thu ky Hoi Toan hoc Viét Nam, Trudng ban t6 chitc Ky thi
Olympic Toan hoc Sinh vién - Hoc sinh Toan quoc lan thit 24.
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THONG BAO
Ky thi Olympic Toan Sinh vién lan thu 25
Phu Yén - 4/2017

Thong tin chung

Co quan t6 chiic
e B0 Giao duc va Dao tao
e Lién hiép cac hoi khoa hoc va ki thuat Viét Nam
e Trung udng Hoi sinh vién Viét Nam
e Hoi Toan hoc Viét Nam
e Dai hoc Quy Nhon
Thoi gian va dia diém
T 10-16/4/2016 tai Trudng Dai hoc Phil Yén, thanh phé Tuy Hoa, Phii Yén
Ban t6 chitc
Pong trudng ban: Ong Tran Van Chuong - Hiéu trudng trudng bai hoc Phi

Yén; GS.TSKH Phung Ho6 Hai - Phé chi tich kiém T6ng thu ky Hoi Toan hoc
Viét Nam

Pho ban: Dai dién B6 Gido duc & Dao tao (Lanh dao Vu cong tac Hoc sinh
sinh vién), Dai dién TW Hoi sinh vién Viét Nam; GS.TSKH Pham The Long
- Phé chu tich Héi Toan hoc Viét Nam; PGS.TS Nguyén Huy Vi - Phé hiéu
trudng trudng Dai hoc Phu Yén.

Uy vién: TS Lé Dic Thoang, Trudng khoa Khoa hoc Tu nhién, Pai hoc Ph
Yén; ThS Lé Thi Kim Loan, Pho truéng phong Dao tao, Dai hoc Phua Yén; TS
Lé Cudng, Dai hoc Bach khoa Ha N¢i; TS Doan Trung Cudng, Vién Toan hoc;
TS Nguyen Chu Gia Vugng, Vién Toan hoc; TS Nguyén Duy Thai Son, Dai
hoc Su pham Da Nang; TS Ng6 Quoc Anh, DPHKHTN-DHQG Ha Noi.

Dang ky

Cac doan ding ky tham du truc tuyén tai trang web ctia Hbi Toan hoc Viét
Nam theo dia chi http://vms.org.vn (chon: Hoat déng/Olympic Toan Sinh
vién/Dang ky tham du).

Thoi gian ding ky: tit ngay 01/01/2017 dén trude ngay 20/3/2017.
Chuong trinh
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e Ngay 10/4/2017: Cac doan dang ky.
e Ngay 11-14/4/2017: Khai mac, t6 chitc thi, chim thi, xét giai
e Ngiy 15/4/2017: Téng két va trao giai

e Ngay 16/4/2017: Hbi thdo vé coéng tac chuin bi ky thi Olympic
sinh vién nam 2018.

Lién hé

Cac vAn dé cin hé trg tit Trudng Dai hoc Phii Yén (gitp lién hé chd & hoic gi6i

thiéu dia chi khach san/nha khach, dia diém thi, huéng dan duong di,...):
Ong Duong Chi Vién
Email: phonghcqt@pyu.edu.vn
bién thoai: 0907646816

Cac vAn dé lién quan téi t§ chic chung ctia ky thi:
GS. TSKH. Phung H6 Hai

Email: olymtoansv@gmail.com
bién thoai: 0904134384

Céc théng tin vé ky thi déu dudc cip nhit trén trang web cta Hoi Toan hoc
Viét Nam tai dia chi httt://vms.org.vn
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Dé cuong cac mén thi

MON DAI SO

Phan I: SO PHUC VA DA THUC

1. Sb phitc, cac tinh chét co ban. Mé ta hinh hoc ctia sb phiic.

2. Da thitc mét bién: cac phép toan clia da thiic, sb hoc ctia da thitc (phan
tich thanh nhén t, uéc chung 16n nhat, nguyén to cung nhau).

3. Nghiém cta da thtc, dinh 1y Bezout, dinh 1y Viete, da thitc dbi xing*.

4. Bai toan xac dinh da thtc (ndi suy, phuong phap hé sb bét dinh,...)

Phén II: DAI SO TUYEN TINH

1. Hé phuong trinh tuyén tinh.

a.

Hé phuong trinh tuyén tinh. Ma tran.

b. Giai va bién luin hé phuong trinh tuyén tinh bang phuong phap khit

d.

Gauss-Jordan.

Nghiém riéng va nghiém téng quat ctia hé phuong trinh tuyén tinh. Hé
phuong trinh tuyén tinh khéng suy bién.

Khéng gian nghiém ctia hé phuong trinh tuyén tinh thudn nhét.

2. Ma tran va dinh thtc

a.

Ma trdn, cac phép toan ctia ma trdn va mot so tinh chat co ban.

b. Hang ctia ma tran, cach tinh.

Qq

Ung dung ctia ma trn vao viéc nghién cttu hé phuong trinh tuyén tinh.
Dinh ly Kronecker-Capelli.

Dinh thtc: dinh nghia (quy nap theo cap va theo phép thé), khai trién
Laplace, tinh chat cta dinh thiic, cac phuong phap tinh dinh thiec.

Ma trén nghich ddo, cic phucng phéap tim ma trdn nghich dao (phan
bt dai s6, bién doi s cap).

Ung dung ctia dinh thtc vio viéc giai hé phuong trinh tuyén tinh: Dinh
ly Cramer.

Ma tran ddng dang va tinh chéo héa dugc ctia ma trin®.

Mot so dang ma tran dac biét: ma tran Vandermonde, ma tran doi
xiing, ma tran phan doéi xiing, ma trdn Hermite, ma tran truc giao*.
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3. Khong gian tuyén tinh va anh xa tuyén tinh.

e

d.

€.

a. Dinh nghia, khéng gian con, cac vi du lién quan téi Dai s6, Gii tich.
b.

Co s6 va so chiéu.

4 A 7 A R Iy

Anh xa tuyén tinh, ma tran biéu dién.
Toan t@ tuyén tinh, tri riéng, véc to riéng.

Da thitc dic trung, da thitc tbi thi€u, Dinh Iy Cayley-Hamilton*.

Phan I1I: TO HOP

1. Chinh hop, t6 hop, tam giac Pascal, hé s6 nhi thc.

. Cac quy tic dém co ban: quy tic cdng, quy tic nhan, nguyén Iy bu trit.

. Phén hoach clia sb tu nhién.

2
3
4. Nguyén ly quy nap, nguyén ly Dirichlet, nguyén ly cuc han.
S

. Chudi liiy thtta hinh thitc. Ham sinh. Ung dung ctia ham sinh*.

TAI LIEU

1. Lé Tuin Hoa: Dai sb tuyén tinh qua cac vi du va bai tdp, NXB PHQG Ha
Nbi, 2006.

2. Nguyén Hitu Viét Hung: Dai sb tuyén tinh, NXB PHQG Ha Noi, 2000.

3. V. Prasolov: Polynomials, Springer, 2004.

4. K. H. Rosen, Discrete Mathematics and Its Applications, Ban dich tiéng
Viét: Toan hoc roi rac va Ung dung trong tin hoc, NXB Gido duc, Ha Noi,
2007.

5. Ngb Viét Trung: Dai sb tuyén tinh, NXB DPHQG Ha Noi, 2002.

Ghi chi: Cdc néi dung 6 ddu * danh cho sinh vién du thi bdng A.
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MON GIAI TiCH
Phén I: DAY SO VA HAM SO

1.
2
3.
4
5.

6.
7.

Day hoi tu, ddy don diéu, diy bi chin, ddy din ra vo cuc.

. Céc tinh cht va phép toan vé day héi tu.

Tim gi6i han cta day so.

. Ham don diéu, ham bi chidn, ham tuan hoan, ham chan va ham 1é, ham

nguagc.

Gi6i han ctia ham so.

Tinh lién tuc, céc tinh chat cia ham lién tuc.

Ham 16, bAt dang thitc Jensen*.

Phén II: GIAI TICH TREN HAM MOT BIEN

1. Phép tinh vi phan ham mot bién.

a.
b.

/o

Pinh nghia va cac phép toan vé dao ham.
Cac dinh ly ctia Fermat, Rolle, Lagrange, Cauchy, THopital.
Cong thic Taylor, cong thitc Maclaurin.

Cuc tri, gia tri 16n nhit va gia tri bé nhit clia ham sb.

e. Ham 16i kha vi*.

e a0

50

[y

. Phép tinh tich phan ham mdot bién.

a. Nguyén ham va tich phén bit dinh.
b.

Cac phuong phap tinh tich phan bat dinh.
Tich phén cac ham hitu ty, ham vo ty, ham lugng giac.
Dinh nghia va cac phuong phap tinh tich phan xac dinh, tinh kha tich.

Dinh ly co ban cta phép tinh vi tich phin (dao ham cua tich phén xac
dinh theo cin cta tich phan, cong thiic Newton-Leibniz).

Tich phan phu thudc tham sb.
Céc dinh 1y vé trung binh tich phén.
BAt dang thitc tich phan.

Su hoi tu va phan ky clia tich phan suy rong, cac tiéu chudn so sanh
d6i véi tich phan ctiia ham duong*.
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3. Chuoi s0, day ham va chuoi ham.

a.

Re A N » A geA PN A \ A
Chuoi so, tiéu chuan Cauchy vé diéu kién can va da cho su hoi tu ciia
chuoi*.

. Cac tiéu chuan so sanh, tiéu chuan tich phan (Cauchy), tiéu chuan doi

v6i chudi dan diu (Leibniz), héi tu tuyét dbi va héi tu c6 diéu kién,
tiéu chuan cén thitc (Cauchy), tiéu chuén ti s6 (D’Alembert)*.

Céc tiéu chudn hdi tu Abel, Dirichlet*.
Chubi ity thira*.

Tiéu chuan hoi tu déu cho day ham va chuoi ham mot biéen, cac tinh
chéat co ban cua day ham va chu6i ham héi tu déu*.

Phén I1I: KHONG GIAN METRIC*

1. Khong gian metric.

2. Top6 trén khong gian metric.

3. Anh xa lién tuc, ddng cu, dong phoi.

4. Cic tinh chét diy da, compact, lién thong.

TAI LIEU

1. J. Dieudonné, Co sd gidi tich hién dai (Phan Dtic Chinh dich, tip 1), NXB
PH&THCN, 1978.

2. G.M. Fichtengon, Co sé gidi tich todn hoc, NXB DH&THCN, 1986.

3. WA.J. Kosmala, A friendly introduction to analysis, Pearson Prentice Hall,
2004.

4. Nguyén Xuan Liém, Gidi tich todn hoc, NXB Gido duc, 1997.

5. Nguyén Duy Tién, Bai gidng gidi tich, NXB DPHQG Ha Noi, 2005.

Ghi cha: Cdc néi dung 6 ddu * danh cho sinh vién du thi bdng A.
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Chuong 1

Pé thi chinh thic

1 Dé thi danh cho Hoc sinh phd thong

NGAY THI THU NHAT

Su phdn b6 clia s6 nguyén tb trong tdp hop sb tu nhién, cdch xdy dung cdc sb
nguyén t6 la nhitng bai todn dugc quan tdm tit rdt ldu trong Sb hoc. Dudi day
chung ta s tim cdch chiing minh truong hgp ddc biét cua mot trong nhlmg ket
qua dep nhat cua Sb hoc: dinh ly Dirichlet vé su ton tai vo han so nguyén tb
trong mot cdp sb céng ma sb hang ddu tién va cong sai nguyén tb ciing nhau.

A. Khai niém cép

Bai 1. 1. Cho a,n la cac so nguyen nguyén tb cing nhau v6i n > 2. Ching
minh rang ton tai mét sé nguyén ducng ¢ nhé nhit véi tinh chit a¢ = 1
(mod n). ) nguyén ¢ dudc goi la cap ctia ¢ modulo n va dude ki hiéu la
ord,(a). (Xem 10i giai trang [63])

Bai 1.2. Chitng minh ring v6i moi sé nguyén duong k, ¢ = 1 (mod n) khi
va chi khi ord,,(a) | k. (Xem 13i giai trang[63])

Bai 1.3. Chitng minh ring ord,(a) | ¢(n), trong dé ¢ ki hiéu ham sb phi clia
Euler, dinh nghia bdi cong thic: p(1) = 1vavéin > 1,

1
o(n)=n H (1 — ]—9> :
p 14 udc nguyén tb clia n
(Xem 16i gidi trang[63])
(Nhic lai rang ki hiéu z | y nghia 1 = 1a mot u6e cta y.)

B. Su tOn tai sO nguyén to trong mot sO cap sO cong

23



24 CHUONG 1. PE THI CHINH THUC

Bai 1.4. Chitng minh ring ton tai v6 han sb nguyén tb c6 dang 4k + 3. (Xem

16i gidi trang [63])

Bai 1.5. (i) Chiing minh rang uéc nguyén tb 1& ctia mét sb ¢6 dang n? + 1
luén dong du véi 1 modulo 4.

(ii) Chitng minh rang ton tai v6 han sb nguyén tb c6 dang 4k + 1.
(Xem 16i gidi trang [63])

Bai 1.6. (i) Ching minh rang uéc nguyén td # 3 cla sb tu nhién c6 dang
n? —n + 1 phai dong du véi 1 modulo 6.

(ii) Chitng minh rang ton tai v6 han sb nguyén tb c6 dang 6k + 1.
(Xem 16i gidi trang [64])

C. Su ton tai sb nguyén tb trong cip sb cong c6 dang nk + 1

Trong cac bai tip sau day, ta cb dinh mét sé nguyén k > 3. Vi a 1a mot
s6 nguyén £ 0 va p 1a mét sb nguyén tb, ta dung ki hiéu vp(a) d€ chi s6 rnﬁ
dting clia p trong phén tich clia a ra thita sb nguyén tb, néi cach khac p»@ | a
nhung p* @+ } q.

Bai 1.7. Gia st p 1a mot wéc nguyén tb clia k* — 1. Ki hiéu ¢ 1a cap cua k
modulo p. Chitng minh rang v, (k° — 1) = v,(k* — 1). (Xem 15i giai trang .)

Ta nhic lai rang mot sé nguyén dUOng dugc goi la khong ¢6 ude chinh
phuong neu trong phan tich ra thuta so nguyen tb clia né, mbi sb nguyen
tb déu xuét hién v6i so mi < 1. Nhu vay, cac so nguyén duong khong co uée
chinh phuong ddutiénla1,2,3,5,6,7,10,11,13,14, 15,17, . . ..

Bai 1.8. Ki hiéuD la tap tit ca cac u6c nguyén duong d clia k sao cho d < k

mé 7 la mot s6 nguyen khong c6 udce chinh phufdng Ki hiéu D1 ={deD|
s6 uoc nguyén tb ctia Elalé}, Dy ={deD| s6 udc nguyén tb clia Ela chan}.

Dit
A=]J*" -1, B=]]* -

deDr deD2

(Ta qui udc A =1 néu Dy =0 vatuong tu B = 1 néu D, = ().) Chting minh
rang v6i moi s6 nguyén tb p ma p | k¥ — 1 nhung p # 1 (mod k) thi ta ¢
vp(A) = v,(B) + v,(k* — 1). (Xem 10i gidi trang[64])

Bai 1.9. Chitng minh rang 4* — 1 c6 mét uéc nguyén tb c6 dang nk+1. (Xem
16i gidi trang [65])

Bai 1.10. Ching minh ring ton tai vé han sb nguyén t6 c6 dang nk + 1.
(Xem 16i gidi trang [65])
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NGAY THI THU HAI
Muc tiéu cta bai thi nay 1a tim hi€u mét sb trudng hop riéng cta dinh 1y
Markov: néu P(z) la mot da thtic v6i hé so thuc va c6 bac khong vugt qua n
thi
P'(z)] < n? P(z)|.
‘rg'?gl (@) <n ‘rglg\ ()]

Chiing minh ctia dinh ly Markov vugt qua chuong trinh toan THPT. Ta sé tim
cach ching minh nhitng truéng hop riéng khi n < 3 caa dinh ly va khao sat
mot sb bai toan xung quanh céc trudng hop doé.

Trong cac bai toan dudi d4y, bién sb = chi nhén gia tri thuc.

A. B4t ding thiic Markov cho da thiic bac nhét

Bai 1.11. Gid st a, b 1a hai sb thuc sao cho |az + b| < 1 khi |z| < 1. Chting
minh rang:

(i) (2 diém) |a| < 1.
(i) (2 diém) |bx + a| < 1khi |z] < 1.
(Xem 16i gidi trang [65])
B. Bét dang thitc Markov cho cac da thiic bic hai va bac ba

Bai 1.12. Gid stt a, b, ¢ 12 ba s thuc sao cho cac gid tri cta da thiic az?+ bz +c
tai 1,0, —1 déu thudc doan [—1, 1].

(i) (3 diém) Chiing minh rang |2ax + b| < 4 khi || < 1.
(ii) (3 diém) Chitng minh rang |ca? + bz + a| < 2 khi |z| < 1.
(Xem 16i gidi trang [66])

Bai 1.13. Gia st a,b, ¢, d 14 bdn sb thuc sao cho cac gia tri a, 8,7, 0 cta da
thitc az® 4 bz? 4 cx + d tuong Ung tai —1, —3, 5,1 déu thudc doan [—1,1].

(i) (1 diém) Chiing minh ring v6i moi sb thuc A, B, ta c6 ding thitc |A +
B|+|A — B| = 2max{|A4|, |B|}.

(i) (3 diém) Béng cach biéu dién 3az? + 2bx + ¢ theo a, §, ~,d va z, hay
chiing minh rang |3az? + 2bx + ¢| < 9 khi |z] < 1.

(iii) (2 diém) Chting minh rang |dz® + ca? + bx + a| < 4 khi |z| < 1.

(Xem 16i gidi trang [66])
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C. Hai bat ding thitc khac cho cdc tam thitc

Bai 1.14. Cho a,b, ¢ 12 ba s thuc va n 1a mét sb nguyén duong. Gia st da
thitc f(x) = ax®™ + bx + ¢ ¢ cac gia tri tai 1,0, —1 thudc doan [—1, 1]. Chiing
minh rang:

2n —1

M (2diém) |f(2)] < e

(ii) (2 diém) V6imbil < M < oo, tacéd | f(x)| < 2M?* —1khil < |z| < M.

+1khi |2 < L.

(Xem 16i gidi trang [68])

2 Dé thi mon Dai s6

Bai 2.1 (Bang A). Cho a, b 14 cac sb thuc va

—a b 0 0
0 —a b 0
A=10 0 —a
b 0 0 —a

1. Tinh dinh thiic cua A.

2. VGi cac gia tri a, b nao thi A kha nghich va trong truéng hop dé hay tinh
AL,

3. Cong ty cdy xanh d6 thi thuc hién Du 4n thay thé cac cdy gia cbi va
cay khong dung chung loai bdi cdc cdy moi. Cong ty thuc hién chUOng
trinh trong bbn thang. Trong mbi thang cong ty sé chat bo 10% tong SO
cay xanh trong thanh pho t1nh t6i ngay diu tién cla thang, dong thoi
thuc hién trong thém mot sb ciy xanh. Cu thé trong thang thit nhét sé
trong thém 100 cay, thang thi hai trong thém 102 cay, thang tha ba
trong thém 104 cay, thang cu01 cung trong thém 106 cay. Tai budi tong
két Du an ngudi ta cho biét, tong s6 cy hién tai trong thanh pho da
tang thém 80 so v4i trudce khi thue hién Du an. Hoi hién nay thanh pho
c6 bao nhiéu cdy xanh?

(Xem 16i gidi trang [69])

Bai 2.2 (Bang A). Ky hiéu V' 1a khong gian véc to clia cac da thiic c6 bac nhé
hon hoac bang n v6i hé so thuc. Xét anh xa tuyén tinh

®:Vi]z] > V[z], chobdi @(p(z))=p(z+1).
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1. Tim ma tran biéu dién ctia @ theo co s6 {1,z,22,...,2"} clia V.
2. Ching minh ring ton tai cac sb thuc ag, a1, . . . , a, v6i tinh chit sau day:

v6i moi da thic hé s thuc p bac < n thi

plx+n)+a,_1p(r+n—1)+ -+ ap(z + 1) + agp(z) = 0.

(Xem 16i gidi trang [69])

Bai 2.3 (Bang A). V6i mbi s6 nguyén duong n > 2 xét da thiic P,(z) =
nz" — 2" ! — ... —x — 1. Hbi P,(z) c6 bao nhiéu nghiém thuc:

(i) Khin — 2,3?
(i) Khin > 4?
(Xem 16i gidi trang[70})

Bai 2.4 (Bang A). Xét mang 16 x 16 tao thanh tit cdc diy diém nhu Hinh 1
(khoang cach giita cac hang va cac cot la 1 don vi).

Hinh 1. Mdng 16 x 16 diém

1. (3 diém) Tim sb hinh vuéng véi dinh trén mang va c6 dién tich bing 4
(don vi dién tich).

2. (3 diém) Tim sb hinh vuéng véi dinh trén méang va c6 dién tich bing
25 (don vi dién tich)?
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(Xem 16i gidi trang[71].)

Bai 2.5 (Bang B). Ky hiéu D 1a phép dao ham trén tp cac da thitc hé sb thuc
R[z] va T 1a anh xa ttt R[z] vao chinh nd, cho béi T'(p(z)) = xp(x).

(i) Chitng minh rang 4nh xa D khong 1a don 4anh va anh xa 7" khong 1a
toan anh.

(ii) Chitng minh rang &nhxa Do T — T o D : R[z] — R[z] 12 song anh.

(Xem 16i gidi trang[71])

Bai 2.6 (Bang B). Ky hiéu V 1a khong gian véc to cac da thitc ¢6 bac nho hon
hoac bang n v6i hé so thuc. Xét anh xa tuyén tinh

®:V =V, chobdi @(p(x)) =plx+1)—px).
(i) Tim ma tran biéu dién ctia ® theo co sé {1, z, 2%, ..., 2"} clia V.
(ii) Chting minh rang "' = 0.

(iii) Tim mot co sé dé theo d6 ma tran clia & c6 dang dudi day:

010 ---0
001 -0
000 1
000 0

(iv) Xéc dinh tht ca cac da thitc p thod man: p(a + 1) + p(a — 1) = 2p(a) v6i
moi sO nguyén a.

(Xem 15i gidi trang[71})

3 Dé thi mén Giai tich
Bai 3.1 (Bang A). Cho (u,)>, 1a diy sb6 dudc xac dinh bédi cac diéu kién
Uy = A, Upyiq =up —u, +1 VYn>1.
1. Tim tit ca cac gia tri thuc ctia a dé day sb (u,)>>, héi tu.

2. Tim gi6i han ctia ddy sb (u,)>2, khi né héi tu.

(Xem 16i gidi trang[72])
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Bai 3.2 (Bang A). Phin nguyén clia sb thuc = duge dinh nghia 1a sb nguyén
16n nhat khéng vuot qua z, va dudc ki hiéu 13 [z]. Hiéu = — [z] dudc goi 1a
phén 1& clia z, va dudc ki hiéu 1a {z}.

Gia st a, b1 cac sb thuc duong va n 13 sb tu nhién. Chiing minh ring

nh_)rglo (a{nb} + b{na}) =0

khi va chi khi a va b 14 cac s6 nguyén. (Xem 10i giai trang )
Bai 3.3 (Bang A). Cho a > 112 mét sb thuc va f : R — R 13 mot ham s6 théa
man dong thoi hai diéu kién
e (f(az))? < aP22f(z) v6i moi sb thuc x;
e f bichén trén trong mét lan cin nao do cua 0.
2
Chiing minh rang | f(x)| < L voi moi so thuc z. (Xem 16i gidi trang [73])
a
Bai 3.4 (Bang A). Cho f : R — R la mét ham s6 kha vi v6 han 1an va thoa
man dong thai hai diéu kién

! > . — )
FO)F(0) >0, lim f(x) =0
1. Chitng minh ring ton tai mot day sb (z,),—, tdng ngat va khong am
sao cho
F®(2n) =0
v6i moi sé nguyén duong n (trong dé, f™ ki hiéu dao ham cip n cla

.

2. Ton tai hay khong mét ham sb f thda man moi yéu cAu cta dé bai va
khong dong nhat bang 0?

(Xem 16i gidi trang[74])

Bai 3.5 (Bang A). V6i mbi sb thuc 0 < o # 1, goi f. 13 ham sb dugc xac dinh
trén khoang (1, co) bdi cong thic

fa(:c):/z 4t e = 1),

Int

1. Chitng minh ring f, 1a mét phép ddng phdi, tic 1a mét song 4nh lién
tuc, ti khoang (1, 00) 1én mot khoang 7, C R nao do sao cho anh xa
ngudgc f, ' : I, — (1,00) cling lién tuc.



30 CHUONG 1. PE THI CHINH THUC

2. Tim 1,.
(Xem 16i gidi trang[75])
Bai 3.6 (Bang B). Cho (u,)>, 1 day sb dudc xac dinh béi cac diéu kién

UL = Ay Upi1 = Uy + (U — 2016)2 Vn > 1.

1. Tim tit ca cac gia tri thuc ctia a d€ day sb (u,)>>, héi tu.

2. Tim gi6i han ctia day s6 d6 khi né hdi tu.
(Xem 16i gidi trang[76])
Bai 3.7 (Bang B). Cho o 1a mét sb thuc va f : [0,1] — R 13 ham sb dugc xac
dinh bdi cong thiic

0 néu z = 0.

x%s8in = néu z #0,

Chitng minh cac khing dinh sau:
1. f lién tuc néu va chi néu o > 0.
2. f kha vi néu va chi néu o > 1.
3. f kha vilién tuc néu va chi néu o > 2.
(Xem 16i gidi trang[76])
Bai 3.8 (Bang B). Cho a > 11a mét s6 thuc va f : R — R 12 mot ham s6 thda
man dong thai hai diéu kién
o (flax))? < ad22f(x) v6i moi sb thuc x;

e [ bi chin trén trong khoang (—1,1).
2
Chting minh rang | f(z)| < L voi moi so thuc z. (Xem 16i gidi trang|77.)
a

Bai 3.9 (Bang B). Gid st f : R — R 1a mét ham s6 kha vi lién tuc hai 14n va
théa man diéu kién

x| =40 T
Chitng minh rang phuong trinh f”(z) = 0 ¢6 it nhit mo6t nghiém. (Xem 15i
giai trang [77])
Bai 3.10 (Bang B). Cho f : (1,00) — R 1a ham s dudc xac dinh bdi cong
thic

f(a) :/x A > 1),

NG Int
Hay tim tip tt ca cac gid tri clia f. (Xem 15i gidi trang )



Chuong 2

bé dé xuat mon Pai so

1 Ma tran

1

Bai 1.1 (Pai hoc Nong LAm Hué). Choa € R, I, = 0

(1) ) la ma tran don

(1) 8 ,K:<8 (1)).XécdjnhmatrénX:(a]2+J)2016+

vi cép 2,J= <
(aly + K)*™6 (Xem 16i gidi trang[79])

Bai 1.2 (Pai hoc TAy Bic). Cho cac ma trin A, B € Mat, (R) théa man cac
diéu kién sau:

ABA = A, AB + BA = 2I.
Chitng minh rang: AB = BA = I. (Xem 10i giai trang )
Bé\i 1.3 (Pai hoc Tay Bic). Cho cic ma trdn A, B € Mat, (R) théa méan cac
dieu kién sau:

A*=A;B*=B;C*=C.

Chitng minh ring néu A+ B+C =0thi A = B = C = 0. (Xem 1i gidi trang
80
Bai 1.4 (Dai hoc Ky Thuét Hau Can CAND). Ky hi€u S1,(Z) la tap hgp ma
tran thuc cap 2 véi cac phan ti 1a cac sO nguyén va c6 det(A) = 1.
1) Cho vi du vé cac ma tran A, B, C € SLy(Z) théa man A2 + B? = C2,
2) Chiing minh ring khéng ton tai cdc ma trin A, B,C' € SL,(Z) sao cho
A* 4+ B* = C*. (Xem l0i gidi trang[80])
Bai 1.5 (Dai hoc Ky Thuat Hau Cin CAND). Cho A, B 13 cic ma tran thuc
vudng cap n théa man A% + B2 = /3(AB — BA).
Chttng minh rang néu C' = BA — AB kha nghich, thi n 1a bdi s6 cia 6. (Xem
16i gidi trang[81])

31
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Bai 1.6 (Da1 hoc Hung VIIOng) Cho A = [ajlij=1... 3041975 la mét ma tran
vudng cip 3041975 voi cac phan tit thuc. ChlIng minh rang, tdn tai mét
ma trdn cOt X c8 3041975 x 1 véi cac phan t&t khéng dong thdi bang 0
sao cho AX = A'X, 6 day A’ 1a ma trén chuyén vi cia ma trdn A (A! =
[afj]mzl 3041975, aﬁj aj; v6imoii,j = .,3041975). (Xem 16i gidi trang

82)

Bai 1.7 (bai hoc Cong nghiép Thuc pham) Cho A la ma tran vuong cap n,
théa man diéu kién A* = 0 véi mot so nguyén duong k nao do (ta goi A la
ma tran lily linh). Chting minh rang

1. Ma tran (I — A) kha nghich

2. Hay biéu dién ma tran (I — A)~' qua A.
(Xem 16i gidi trang [82])
Bai 1.8 (Pai hoc Hong Dtc). Tinh

2016

-1 -2 2 81 2
1 -1 -1 04 2
-1 -1 2 01 6
0 0 0 -21 1
0 0 0 01 -1
0 0 0 21 1

(Xem 16i gidi trang[82])

Bai 1.9 (Pai hoc Tay Bic). Cho b, ¢, d 1a cac sb thuc khac 0. Hiy tim hang
clia ma trén sau:

i 5 b ¢ d c
L e b
A= 2. °¢ 2 4
P b d
d c d+b 5
R A ]

(Xem 16i gidi trang[83])
Bai 1.10 (Dai hoc Tay Bic). Tim hang clia ma tran A, € Mat, (R)

a b b
A= |0 @ bl
b b a

(Xem 16i gidi trang[83])
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Bai 1.11 (Pai hoc Tan Trao). Cho A 1a ma trin vuéng cip n > 2, A = (@),
trong d6 a;; = i + j, i,j = 1,2,...,n. Tim hang ctia A. (Xem 10i giai trang

84h)

Bai 1.12 (Dai hoc Hung Vuong). Cho z, z, € C\ {0}. Tinh hang ctia hé vécto
. s 1

{a, ?} trong C-khéng gian vécto C2 véi o = (|21 + 2|, 5(\21| + |22])), F =

(

21 22
_+_

2] [
Bai 1.13 (Pai hoc Bach Khoa Ha Noi). Cho n € N* va A = [a;;] la mét ma
trin thuc, vudng cap n sao cho A'A = A trong dé A' 1a ma tran chuyén vi
cta A. Chltng minh rang:

,1). (Xem 16i giai trang (841)

1. rank(A) = trace(A);
2. 0< > a5 <n.
ij=1

(Xem 16i gidi trang [85])

Bai 1.14 (Pai hoc Su pham Hué). Cho A 13 mét ma trin vuéng phtc cip n
sao cho trace(A*) = 0 v6i moi k = 1,--- ,n. Chlitng minh rang A 1a ma trin
liy linh. (Xem 13i gidi trang [85])

Bai 1.15 (Pai hoc Su pham Hué). Gid st A;, Ay, -+, A,y 13 cic ma trdn
vudng cip n. Chitng minh ring tim dugc n + 1 sb z1, s, - - , 7,4 KhONg
déng thoi bﬁng 0 sao cho ma tran x;A; + 2943 + -+ + T, 1Ayl SUY bién.
(Xem 16i gidi trang [85])

Bai 1.16 (Pai hoc Sut pham 2). Cho A € Mat(n, R) 13 ma tran liy linh cip k.
Chiing minh cac két qua sau:

1) Hé cac ma trin {I,,, A, ..., A*"1} 1a hé ma trdn déc 14p tuyén tinh.

2) rank(A + A% + ...+ A2M) = rank(A + A% + ... + A%15), (Xem 10i giai trang
851

Bai 1.17 (Dai hoc Cong nghiép Thuc phim). Cho A 1a ma trin vudng cap 2
va k la so6 nguyén duong. Chitng minh rang A* = 0 khi va chi khi 4% = 0.
(Xem 15i gidi trang [86})

Bai 1.18 (Pai hoc Tay Bac). Tim ma trin X € Mat,(R) sao cho:

) [-10
eaax[ 0],

(Xem 16i gidi trang[86])
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Bai 1.19 (Dai hoc Tan Trao). Cho A la ma trén vudng thuc, cip4x2, Bla
ma trin vudng thue, cap 2 x 4 thoa man

1 0 -1 0
o 1 0 -1
AB = -1 0 1 0
0o -1 0 1

Tim ma trdn BA. (Xem 16i giai trang [86])

Bai 1.20 (Pai hoc Tan Trdo). Ching minh ring: Ton tai ma trin vudng cip
n € N v6i cac phan ti hitu ty théa min A~! = ] + A7 khi va chi khi n chin.
Trong d6 A7 1a ma tran chuyén vi ctia 4; A~! 1a ma trin nghich dao clia A.
(Xem 16i gidi trang [87])

Bai 1.21 (Pai hoc Tan Trdo). Chiing minh rang: Moi ma trdn vudng 13 kha
nghich khi va chi khi da thitc cuc tiéu clia né c6 hé s6 tu do khac khong.
(Xem 16i gidi trang [87])

Bai 1.22 (bai hoc Hung Vuong). Cho A = [a;j]; j—, la mot ma tran vuong
cip n théa méin
T+ A+ A ... AP0 =,

Chting minh rang A2 — J 1a mét ma trin kha nghich. (Xem 10i giai trang )

Bai 1.23 (Dai hoc Giao théng VAn tai). Cho ma trin vudng cip hai

1 -1
=0 2)
a) C}\n'l’ng minh ,ré“lng néu Ala ma tran vuong thuc cép hai sao cho AM = M A
thi ton tai hai so thuc «, 8 dé

A=al + M,

& day I 1a ma tran don vi cap hai.
b) Ap dung cau a, hay tim ma tran vuoéng thuc cap hai X sao cho

X2016 - X2010 = 6M.
(Xem 16i gidi trang[88])

Bai 1. 24 (bai hoc Giao thong VAn tai). Cho n > 3va Ala mOt ma tran Vuong
thuc cap n sao cho cac phan th tren mbi hang ctia A 1ap thanh mét clp s6
céng. Chiing minh rang ton tai cac sb thuc «, 3 sao cho

A® +aA? + BA=0.
(Xem 16i gidi trang[89])
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Bai 1.25 (Pai hoc Giao thong VAn tai). Cho hai ma trdn A = (_11 _11) ,

B = (1 :D va cho 10 ma trdn M,, M, ..., M, thoa man ba diéu kién sau

1
day:
i) Cac phAn ti ca cdc ma trn M;,i = 1,2,...,10 1a cic sb nguyén.
ii) V6imbichisbi, 1 =1,2,...,10, ma trdn M; hoic giao hoan v6i A hodc
giao hoan véi B.
2016 0
2 2 2
iii) M1+M2+...~|—M10—( 0 —2008)'

Tinh t6ng
N = M} + M+ ...+ M,

(Xem 16i gidi trang[90])

B,a?li 1.26 (Hoc Vién An ninh Nhan dan). Cho cac ma tran thuc A, B vuong
cap n théoa man A® = B = [, va AB = BA. Chung minh rang I, + A + B
kha nghich. (Xem 16i gidi trang [91].)

Bai 1.27 (Hoc Vién An ninh Nhin dan). Cho N 1a ma trin vuéng cip n ma
A > , A > A M 1 \ A A A
tat ca cac phan tu déu bang — va ma trén thuc A vuong cap n sao cho
n
AF = N v6i s0 nguyén duong k nao do.
n

Gia stt A = [a;;],, . Chting minh rang Z al, > 1. (Xem loi giai trang )

,j=1

Bai 1.28 (Dai hoc Bach Khoa Ha Néi). Cho cac ma trdn A, B vudng cip n
thoa man A 1a ma trin kha nghich va A2 — B = AB.

1. Ma trin B c6 thé 1a ma tran l{iy linh khéng? Tai sao?
2. Chting minh rang AB = BA.
(Xem 15i gidi trang[92])

2 Dinh thic

Bai 2.1 (Pai hoc Tay Bic). Tinh dinh thitc

il ) T3 Ty
—XT9 X1 Ty —x3
—Xx3 —XT4 T i)
—Xy I3 —T9 T

D—
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biét rang z,, x5, 23, x4 12 cac nghiém cta phuong trinh z* — 1223 + 42 — 2016 =
0. (Xem 16i giai trang[92])

Bai 2.2 (Pai hoc Ky Thu4t Hiu CAn CAND). Cho hai bé sb thuc (aq, as, . .., a,)
va (bl,bg, N ,bn) vOi a; 7& Clj,bi 7é bj, (Vl 7& ]) va a; 7é b],V(Z,j) Xét ma trén
1

M = [m,;] cAp n v6i m;; = - Chting minh rang det(M) # 0. (Xem 15
gidi trang [93])

Bai 2.3 (Dai hoc An Giang). Tinh dinh thic cAp n cia ma trin sau trén R

ai—bj

3 -4 0 ---0 0
1 3 —4 0 0
0o 1 3 0 0
A= .
00 0 3 —4
00 0 1 3

(Xem 15i gidi trang[94})

Bai 2.4 (Dai hoc Hong Dtic). Tinh dinh thitc cAp 2016 sau:

11 1 1 1 1
1 1 1 0 0 0
0 1 1 1 0 O
o 0 0 0 1 1

(Xem 16i gidi trang[94])

Bai 2.5 (Hoc Vién An ninh Nhan din). Cho cac sb thuca; < ay < -+ < a,
vab, < by <---<by

Xét ma tran M = [my;] cip n, v6i my; = e’ . Chitng minh rang det(M) > 0.
(Xem 16i gidi trang [95])

Bai 2.6 (Pham Van Dong). Cho ma trin
L+v3

9
1 —1++3
9 2

A:

Tinh A%"'6, (Xem 16i giai trang[97})
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Bai 2.7 (Pai hoc Péng Thap). Chitng minh rang véi cac sb thuc a, b, ¢, d tly
y ta co:

1 a a* a* 1 a a® a
1 b b b 1 b b b
1 ¢ & & =(at+b+ctd 1 ¢ & &
1 d &% d* 1 d &% &

(Xem 16i gidi trang[98])

Bai 2.8 (Dai hoc Céng nghiép Thuc phdm). Tinh dinh thic sau

D— a - ¢ b
c —x
b a —x

(Xem 16i gidi trang [98])

Bai 2.9 (Dai hoc Su pham 2). Cho A 1a ma tran vu6ng cip n trén trudng sb
thuc bat ki. Chting minh rang:

det(AAT +161,) > 2*".
(Xem 16i gidi trang[99])
Bai 2.10 (Dai hoc Su pham 2). Cho f(x) 1a da thitc bac chin c6 hé sb thuc

théa min f(z) > 0,Vz € R. Chiing minh rang det f(A) > 0 v6i moi ma tran
thuc vudéng cap n. (Xem 16i gidi trang )

3 Hé phuong trinh

Bai 3.1 (Dai hoc Tay Béc). Cho a;; 14 cac sb nguyén (i,j = 1,2, ...,n). Giai hé
phuong trinh:

1 _

5371 = a1121 + a19T9 + ... + A1,Ty

1

2—21’2 = (9121 + Q999 + ... + a9, T,
1 _

2_nx’n = Ap1T1 + Ap2%2 + ... + AppTn

(Xem 16i gidi trang[99])
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Bai 3.2 (Pai hoc K§ Thuit Hau Cin CAND). Cho cac sb6 nguyén ai; ,(i,j =
1,2,...,n) . Giai hé phuong trinh

( 1
1171 + a12%2 + ... + A1 Ty = 20116%
2171 + Q2222 + . .. + A2 Ty = MZUQ

+ ot !
Ap1T1 + Apala + ...+ ATy = ——Tp,
| @121 2T2 5016

(Xem 16i gidi trang [100])

Bai 3.3 (Pai hoc Hai Phong). Giai hé phuong trinh tuyén tinh:
(21, 421y +3z3=4
To +2x3 +3x,=4
Tp_o+ 20,1+ 3x, =4
Tpo1+2x, +3z,=4

T, +2r7 “+3z9=4

(Xem 16i giai trang )

Bai 3.4 (Pham Vin Déng). Cho A4 = (a;;) € Map6(R) thoa mén A? = —A.
Giai hé phuong trinh tuyén tinh sau

a11Z1 + a12T2 + ... + a1 2016%2016 =
Q2171 + A22T2 + ... + A2 201602016 = X2
9016 11 + 2016 22 + . .. + 2016 2016T2016 = L2016

(Xem 10i giai trang )
Bai 3.5 (Pai hoc Nong LAm Hué). Tim « d€ hé ¢ nghiém tam thudng

ary + x2 + -+ - + Tog15 + To016 = 0
1+ axe + - 4 X015 + T2016 = 0

1+ To + -+ - + azo1s + T2016 = 0
x1+x2+---+x2015+ax2016:0

(Xem 10i gidi trang )
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Bai 3.6 (Pai hoc Nong LAm Hué). Giai phuong trinh

T l’3 1'4

13 13 134
17 17 17
19 19 194

=0.

—_ = = =

(Xem 10i giai trang )

Bai 3.7 (Dai hoc Bach Khoa Ha Noi). Cho A 13 ma trén truc giao cap n 1é.
Chitng minh rang hé phuong trinh (A — A")X = 0 ¢6 nghiém khéng tim
thudng. (Xem 16i giai trang[103])

Bai 3.8 (Pai hoc Su pham 2). Cho 4, B 13 cic ma trin vudng cung cip n trén
trudng sb thuc. Chiing minh ring khong gian nghiém ctia hai phuong trinh
AX = 0va BX = 014 bang nhau khi va chi khi ton tai ma trAn kha nghich C
sao cho A = C'B. (Xem 15i giai trang[103])

Bai 3.9 (Pai hoc Néng Lam Hué). Cho cac ma trin vudng cip n = 2016 sau

11 1 -~ 1 1

o 1 1 --- 1 1

Ava=| D0 LT
0 0 0 1 1

0O 0 0 0 1

1 2 3 2015 2016

o 1 2 --- 2014 2015

B | A
o o 0 --- 1 2

o o 0 - 0 1

Tim X,,x, € A x X = B (Xem 10i giai trang [104})

4 Khong gian véc to va anh xa tuyén tinh

Bai 4.1 (Dai hoc Hung Vuong). Cho n + 1 sb thuc ag, a1, . . ., a, d6i mot khac
nhau c nhau. Chiing minh rang: )

() Hé {(X —ax)" |k =0,1,...,n} la doc lap tuyen tinh trong R-khong gian
vécto R[X] (khong gian vécto cac da thic v6i hé so thuc).

(11) det ([(ai_l — aj_l)n]i7j:1 n—l—l) 7£ 0. (Xern loi glél trang 105)

-----
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Bai 4.2 (Pai hoc Su pham Hué). Cho A 13 mét ma trn vudng phtc cip n va
Z(A) = {B | AB = BA} 1a tip hop cac ma trdn vudng phtic cip n giao hoan
v6i A. Ching minh Z(A) la khong gian vécto con cta khéng gian vécto cac
ma tran vubéng phc cap n va dim Z(A) > n. (Xem 10i giai trang )

Bai 4.3 (Pai hoc Su pham Hué). Cho A 13 ma trin vudng thuc cip n c6 hang
bang r va S(A) 1a tip hop cac ma tran vudng thue X cip n théa man AX = 0.
Chting minh S(A) la khong gian véctd con ctia khdng gian véctd cac ma trin
vudng thuc cip n va dim S(A) = n(n — r). (Xem 15i giai trang )

Bai 4.4 (Dai hoc Su pham Hué). Cho V 1a khong gian vécto hitu han chiéu
trén trUOng s6 hitu ti Q, M 1a mot tu dong cau cua V' sao cho M(z) # z, Vz €
V\O Gia st MP = Idy, v6i p 1a mot s6 nguyén to Chting minh rang s6 chiéu
ctia V chia hét cho p — 1. (Xem 15i gidi trang|1 )

Bai 4.5 (Dai hoc An Giang). Cho K la trudng va K, [z| la khong gian véc
to clia cac da thitc c6 bac nhd hon hoidc bing n trén K. binh nghia 4nh xa
@ : Kn+1 (2] = K41 [x] cho b6i p(p ( ) = (x+1) Chting minh réng ¢ lamot
toan td tuyén tinh. Tim ma trdn biéu dién cta ¢ theo ¢ s6 {1,z,22,..., 2"}
cta K, [z]. Tim cac gia tri riéng caa ¢. Xac dinh da thic cuc t1eu cua .

(Xem 10i giai trang )

Bai 4.6 (Dai hoc An Giang). Gia su R [z] 1a khéng gian véc to ctia cac da thic
trén R Chitng minh rang anh xa dao ham D : R [z] — R [z] cho bdi D(p(z)) =
p/(z) 1a mét toan tit tuyén tinh. Chu’ng minh rdng 4nh 7' : R [ ] >R [ ] cho
béi T'(p(x)) = zp(x) la mot toan th tuyen tinh. Hay xac dinh cac toan ti tuyén
tinh D + T, DT va T'D. Chting minh rang DT — T'D = Id trong d6 Id la anh
xa tuyén tinh dong nhét trén R [z] va tu d6 suy ra (T'D)? = T?D? + T D. Hay
tim mét anh xa tuyén tinh S : Rfz] — Rz] sao cho DS = Id. Chting minh
rang D va S khong 1a dang chu. (Xem 10i giai trang|1 )

Bai 4.7 (Pai hoc An Giang). Chiing t6 rang khong gian véc to M, (R) 1a mot
khéng gian Euclid véi tich v6 hudng xac dinh bdi (A|B) = tr(ABT). Tim cac
khong gian con bu truc giao cia khong gian con cac ma trin duong chéo va
ctia khong gian con cac ma trn déi xting ctia M, (R). (Xem 15i gidi trang

108])

Bai 4.8 (Pai hoc Giao thong Van téi). Cho anh xa ¢ : R[z] — R[z] xac dinh
béi
¢o(P(r)) = P(z* + ) — P(z®) v6imoi P(z) € R[z].
a) Chiing minh ring ¢ 13 mét toan ti tuyén tinh.
b) Chiing minh rang ¢ kh6ng phai la mot ty dang cau cta Rlz].
¢) Tim tat ca cac gia tri riéng cla . (Xem 10i giai trang )
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Bai 4.9 (Pai hoc Pong Thap). Cho A = (a;;) 12 ma trén vudng cip n trén
trudng s6 thuc. Ta goi sb thuc dugce xac dinh béi coéng thitc trace(4) =
Yo aila vét clia ma trn A. Trong khéng gian M, (R) cic ma trin vudng
thuc cap n, cho V 1a khong gian vector con thda diéu kién trace(X?2) = 0 véi
moi X € V. Héy tim gi4 tri 16n nhét cta dim V (sb chiéu ctia V) (Xem 15i

gidi trang [110])

Bai 4.10 (bai hoc Cong nghlep Thuc phadm). Gia st V' 1a mot khong gian
Euclide n chiéu trén trudng so thuc véi tich vo huéng thong thuong

= Zuiviﬁu = (u;),v=(v;) €V,
i=1

va D : V — R 1a m6t 4nh xa tuyén tinh. Ching minh ring ton tai mé véc to
f €V, sao cho
D (u) = (f,u),VueV.

(Xem 10i giai trang )

5 Gia tri riéng va véc to riéng
Bai 5.1 (Dai hoc Hai Phong). Tim cac gia tri riéng ctia ma tran:
1 V2 V2
A=1V2 1 V2
V2 V2 1

(Xem 16i giai trang )

Bai 5.2 (Dai hoc Dong Thép). Tim mot ma trin vudng thuc cip 3, khong
phai 1a ma trdn tam giac, sao cho 2015, 2016 va 2017 la cac gia tri riéng caa
nd. (Xem 16i gidi trang[111])

Bai 5.3 (Pai hoc bong Thap) Cho V la mét khong g1an vector thuc httu han

chiéu va ¢ 1a mot toan ta tuyen tinh trén V sao cho o = Idy, v6i k € N*,
Chitng minh rang téng cac gia tri riéng ctia ¢ néu c6 1a mét sb nguyén. (Xem

16i giai trang [112])
6 ba thic

Bai 6.1 (Pai hoc Tay Bic). Cho da thitc f(z) cé cac hé sb thuc théa man diéu
kién f(x) > 0 v6i moi x > 0. Chting minh rang ton tai vo so cac so duong a, b
sao cho f?(a) < f(a+0b)(f(a)+b). (Xem 10i gidi trang|112])
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Bai 6.2 (Dai hoc Tay Béc). Tim mét da thic khdc da thic khong v6i hé )
nguyén c6 bac nhoé nhat nhén s6 thuc z = 1 + v/2 + /3 1am nghiém. (Xem

1oi giai trang )
Bai 6.3 (Pai hoc Tay Bac). Xét R—khoéng gian vec to R,[z] cac da thiic cé
bac khéng vudt qua n. Chiing minh rang hé cac da thtc

folz) =1, fulz) = r(r — 1)...lg(!x —k+1)

la mét co s6 ctia R, [x]. (Xem 16i giai trang )

Bai 6.4 (Dai hoc K§ Thuit Hau Cin CAND). Goi P,[z] 1a tip hop tt ca cac
da thtic bic khéng qué 2 trén trudng sb thuc.

Cho anh xa ¢ : Py[z] — Ppfz] nhusau:  véi p(x) = ag + a1@ + azz?

thi o(p) = (5ag + 6a; + 2as) — (a1 + 8as)r + (ap — 2az)x?

1) Chiing to rang ¢ 13 mot toan t tuyén tinh va xac dinh ma trin A tuong
{ing ctia ¢ dbi v6i co s6 {1, z, 22} clia Py[x].

2) Tim gia tri riéng, vector riéng ctia A va xem né ¢ chéo hda duge khéng
(néu dudc hay chéo héa né va tim ma tran chuyén 7' cling v6i ma trin 7!
tuong ing). (Xem 1di giai trang[113])

Bai 6.5 (Dai hoc Hung Vuong). Tim tit ca cac da thic P(X) € R[X] thda
man dieu kién

k=1,2,...,n

P*(z) — P*(y) = P(z +y)P(z — y)
v6i moi z,y € R. (Xem 101 giai trang|114.)
Bai 6.6 (Dai hoc Hai Phong). Tim tit ca cac da thitc P(x) v6i hé sb thuc thoa

man:
P(z)P(22* — 1) = P(2*)P(2z — 1).

(Xem 16i giai trang )

Bai 6.7 (Dai hoc Bach Khoa Ha Noi). Cho céc da thiic p(z) = 2° — 4z + 2 va
q(z) = 42 — 4z — 1. Goi a 1a nghiém 16n nhat ctia p(r) va b 1a nghiém nhé
nhat cta ¢(z). Ching minh rang: a + 2b = 0. (Xem 16i giai trang[115})

Bai 6.8 (Dai hoc An Giang). Cho A la ma trén vudng cip n kha nghich trén
K. Chttng minh rang ton tai da thic p(z) € K [z] sao cho A™' = p(A). (Xem

16i gidi trang )

Bai 6.9 (Pai hoc Su pham 2). Tim tit ca cic da thitc bac 5 hé sb thuc P(z)
théa man:

P(z) —1 chia hét cho (z +1)3
v6i moi z € R. (Xem 16i giai trang|115])

{P@) +1 chiahét cho (z — 1)3
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Bai 6.10 (Pai hoc Su pham 2). Cho da thiic P(x ) = ag+a17+...+az0162°°1%, ap:
asore # 0 ¢6 2016 nghiém duong. Chitng minh rang: “‘2015 4 ’ > 2016%. (Xem
16i gidi trang[115])

Bai 6.11 (Pai hoc Hong biic). Cho da thiic P(x) bic n > 2, c6 n — 1 nghiém
T1, ..., T,—1 phan biét, trong d6 x, 1a nghiém kép. Chiing minh rang:

Tog —T1 T3 — 11 Tp—1 — X1

Pla) | Plas)  Plan)

£0

(Xem 161 giai trang )
Bai 6.12 (Pai hoc Hong Dtic). Cho P(z) 1a mét da thiic bac 2016 sao cho

k
P(k) = 59016 vOi moi k = —2015, —2014, ..., —1,0. Tinh P(1). (Xem loi
giai trang(116])

Bai 6.13 (Pham Vin Dong). Tim cac da thitc f(z) v6i hé sb hitu ti c6 bic nhé

nhét sao cho , [ ,
f(V3+V9) =3+ V3.
(Xem 16i giai trang )

7 To hop

Bai 7.1 (Dai hoc Tin Trdo). Chéng minh ring: Tit 6 sb vo ty tuy ¥ ludn cb
thé chon ra dudc 3 so, chang han, a, b, ¢ sao cho a + b, b+ ¢, c + a cling la cac
sO vO ty. (Xem 10i giai trang )

Bai 7.2 (Pai hoc Hai Phong). Chitng minh rang tit 6 s6 vo tf cho trude bao git
cling chon dugc 3 s6 vo ti (goi la z, y va 2) sao cho cactbng z +vy,y + 2,2 +x
dong thoi 1a s6 v6 ti nhung khong thé cling 14 s6 hitu tf. (Xem 10i gidi trang

117)

Bg‘li 7.3 (Dai hoc Bach Khoa Ha Noi). Goi a,, 14 sb cac chudi tam phan (chubi
gom cac ky tu’0’,’1” hodc ’2") d6 dai n sao cho khong c¢6 hai ky tw’0” hay hai
ky tu ’1’ lién nhau.

1. Tim cdng thtc truy hdi cho a,,

2. Tim cong thic tuéng minh cho a,,.

(Xem 10i giai trang )
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Bai 7.4 (Dai hoc An Giang). Cho p(z) la da thitc bac 2 v6i cac hé sé nguyeén.
Gia st p(k) chia hét cho 5 v6i moi s6 nguyén k. Chiing minh rang tat cac cac
hé s6 ctia p(z) déu chia hét cho 5. (Xem 10i giai trang[119])

Bai 7.5 (Dai hoc Hong Dtic). Cho mét ma tran A cip 2016 ¢ 3024 hé sb 1 va
cac he so con lai 1a 0. Chitng minh rang c6 thé chon dugdc 1008 dong va 1008
cOt ctia A sao cho cac s6 1 déu nam trén 1008 dong va 1008 cot nay. (Xem 106i

giai trang )

Bai 7.6 (Dai hoc Giao thong Van tai). Mot cong ty cay xanh do6 thi thuc hién
mot chu’dng trinh thay thé cac cay gia cbi va cay khong dtng ching loai béi
cac cdy méi. Cong ty thuc hién chuong trinh trong sau thang. Thang thi
nhét chit bd 5% sb cdy do minh quan 1y va trong 200 cdy méi. Thang thit
hai chit 5% tOng sb ciy & cubi thang tht nhit (5% clia tdng sb ciy cii va
mai) va trong 205 cdy méi. Cac thang tht 3, 4, 5, 6 cong ty chit 5% tng sb
ciy & cubi thang trude dé va trong méi sb cdy tuong tng 1a 210, 215, 220,
225. Sau sau thang chuong trinh két thiic thi téng sb cy do cong ty quan Iy
tang thém 600 ciy so véi lic chua thuc hién chuong trinh. Hay tinh sb cay
cta cong ty quan ly sau khi thuc hién xong chuong trinh. (Xem 16i giai trang

119)

Bai 7.7 (Pham Vin Ddng). C6 bao nhiéu sb tu nhién ¢6 9 chit sb trong dé cb
3 chit s6 1é khac nhau va 3 chit sé chin khac nhau ma mébi chit sé chin cé
mit 2 14n?

b. Cho hinh chit nhat ABCD ¢6 AB =3, BC = 4.

Chiing minh ring tit 7 diém bAt ky trong hinh chi nhat ABCD luén tim
dudc hai diém ma khoang cach giita chiing khéng 16n hon /5. (Xem 16i giai

trang )

Bai 7.8 (Dai hoc Dong Thap). Cho cdc day $6 (22), (), (2),n € N v6i 29 =
a,yo = b, 29 = ¢, a,b, cla cac so thuc cho truée va

In+1 = Tp + Un
Yn+1 = Yn + Zn
Zn+1 = Zn,

Tinh 220165 Y2016, 22016 theo a, b, C. (Xem 1oi glél trang )

Bai 7.9 (Pai hoc Dong Thap). Trong nha kho, s luong Il‘!f;i loai chubi, t4o,
1é va xoai 1a 16n hon 2016 qua. Hoi ¢6 bao nhiéu cach lay ra 2016 qua dé
phuc vu cudc thi Olympic sinh vién ndm 2016 qua sao cho

e SO qua chuoi la chan;

e S6 qua t4o chia hét cho 5;
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e S6 qua 1é it hon 10;
e S qua xoai khéng nhiéu hon 1.

(Xem 16i gidi trang [121])

Bai 7.10 (Dai hoc Dong Thap) . Xac dinh s6 luong hinh vuéng vé dudc sao
cho moi dinh ctia hinh vuéng déu nam trong mang 16 x 16 tao thanh tif cac
day diém nhu Hinh 1 (cac diém cach déu nhau).

(Xem 10i giai trang )

Bai 7.11 (Pai hoc Cong nghiép Thuc pham). Co 25 ban nam va 25 ban nit
cung ngoi vao mot ban tron. Chitng minh rang luén c6 mét ban ngdi canh
hai ban nit. (Xem 10i giai trang )

Bai 7.12 (Pai hoc Cong nghiép Thuc phdm). Cho da thitc P(z) ban n théa
man

P (k) k=0,1,2,-- ,n.

= CT’
n+1

Tinh P(n +1). (Xem loi giai trang )

Bai 7.13 (Dai hoc Néng LAm Hué). C6 13 vién bi kich thuée gibng nhau,

trong d6 c6 1 vién bi la, c6 trong lugng khac nhiing vién bi con lai (ndng hon

hodc nhe hon). Hiy chi cach dung cén tiéu ly 3 1an d€ tim ra vién bi la dé.

(Xem 10i giai trang )
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Chuong 3
Pé dé xuit mon Giai tich

1 Day so
Bai 1.1 (Pai hoc Bong Théap). Cho (z,,) 1a day s6 thuc bi chin théa man diéu
kién
1 .y .
Tpgo < 5(%“ + x,), véimoin € N.
(a) Chiing minh réng day sf) (X,,) xac dinh béi X,, := max{z,,z,.1} hoi tu.
(b) Chiing minh rang day so (x,) hoi tu. (Xem 106i giai trang )

Bai 1.2 (Pai hoc Ky thuit Hiu cin CAND). Cho da thiic P,(z) = 2" — x —
2016 (n € N,n > 2). Chting minh rang:

1. P,(z) c6 duy nhét nghiém trong khoang (1,2016);
2. Goi nghiém trén 1a ,, khi d6 day ~,, n = 2,3 .. ., 1a don diéu giam.

(Xem 10i giai trang )
Bai 1.3 (Pai hoc Huing Vuong). Cho day sb {,} xac dinh bdi:

r1 =9

1
Tpi1 = ?(:ci -z, + 16), Vn > 1.

Tim n1_1>ri100 Z o (Xem loi giai trang|126})

i=1

Bai 1.4 (Pai hoc Su pham Hué). Cho day sb (z,), xac dinh nhu sau:

T = 1,
Tpy1 = m+1)(z, +1),n>1.

Tinh Jim T, (1 + i) . (Xem 16i gidi trang |126))

47
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Bai 1.5 (Pai hoc An Giang). Cho day (a,), .y Xac dinh bdi

aq 2 0
Apy1 = 2016"a, neN

n’

Tim cac gia tri diu a; d€ lim a, = 0. (Xem 15i gidi trang [126])
n—oo

Bai 1.6 (Dai hoc Su pham Ha N6i 2). Cho {x,} théa man lirf (2Tpy1 — Tn) =
n—-+0o0

z. Chting minh rang: lim z, = z. (Xem 10i giai trang|127})

n—-+o0o

Bai 1.7 (Pai hoc Hong bitc). Cho diy sb z,, théa méin

T = 2015,
I T2 Tn
T+§+”.+; = (n + 2016)x,11

Tim lim /7,. (Xem 10i giai trang|(127])

n—-+0o0o

N e . A 7 7 . 3 ~ 1 "
Bai 1.8 (bai hoc Hong btic). 1. Chtng minh rang day u, = (1 + —)
n

tang nghiém ngat.
2. Tim gi6i han

1
: _— y\n+1 ~\n
Jimnl(14 =)™ = (L))

(Xem 10i giai trang )
Bai 1.9 (Pai hoc Tay Bac). Cho ug = 0, u,
lim v2. (Xem loi giai trang|128.)

n—oo

Bai 1.10 (Dai hoc Giao théng Van tai). Cho day {z,}°°, xac dinh béi z; = b
va

Up—1

~ 2016

+ (—1)",Vn > 1. Hay tinh

Tnpr = 22 4+ (1 —2a)z, +a%, n=1,2,3,..

Tim tit ca cac gia tri clia a, b sao cho diy nay c6 giéi han hitu han. Tim gi6i
han d6. (Xem 10i gidi trang )

Bai 1.11 (Dai hoc Pham Vin Déng). Cho day 56 (u,,) dugc xac dinh béi cong
thtc truy hoi nhu sau:

Uy =

(SR

201
016u, Vn > 1.

Ul = 50150, + 17 =

Tim s hang téng quat u, cla diy sb trén. Tit d6 tim gi6i han lim u,. (Xem
n—oo

16i gidi trang )



1. DAY SO 49

Bai 1.12 (Pai hoc X4y Dung). Tim cac sb thuc duong « sao cho diy sb sau
hoi tu

1 ,s
U = %,unH = 5(04 +u?) véi Vn > 1.
Xac dinh hrf u, khi d6. (Xem 16i giai trang(129])
n—-+0o0

Bai 1.13 (Pai hoc Ng4n Hang TP Hb Chi Minh). Cho déy sb (u,) théa min

Uy = 1, Uy = 2,
Up 1Upyy —u2 =1, v6imoin > 1.

Tinh gi6i han sau

(Xem 16i giai trang )
Bai 1.14 (Pai hoc T4y Bic). Tinh o6 biét day sb {t, }nen cho boi

Ug = 2;
Vn € N*, u,, = 2up_1 +n — 2.

(Xem 16i giai trang )
Bai 1.15 (Pai hoc T4y Bac). Tinh w6 biét day sb {ty, }nen cho boi

ug = 1;
vn € N*, u,, = 3u,_1 + 2".

(Xem 16i giai trang )

Bai 1.16 (Pai hoc Tdy Bic). Cho f : [1;+00) — R thda mén diéu kién
flz+1)=2016f2(x) + f(x),Vz € [1;4+00), V6i f(1) = 2016~'. Hay tinh

W, 1) J(n)
@ g o)

(Xem 161 giai trang )
Bai 1.17 (Pai hoc Ngan Hang TP Hb Chi Minh). Tinh gi6i han sau

"1
li — — .

(Xem 16i giai trang )
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2 Chuoi so

Bai 2.1 (Pai hoc K§ thu4t Hau cAn CAND). Cho day sb {a,}°>, xdc dinh nhu
sau:

1
a1:—§, an — (2+ap)any =0,(Yn > 1)

Chiing minh réng déy {a,}32, hoi tu, nhung chudi » (1 + a,) khong héi tu

n=1
va tong ctia chudi nay bang +oco. (Xem 10i gii trang )
Bai 2.2 (bai hoc Héng Diic). Cho u, = V1+V2+ -+ /n.
1. Tim gidi han

. Up
lim

N——+00 4 /n3 '

2. Tuy theo s € R, hiy xét sy hdi tu cta chudi

(Xem 10i giai trang )

Bai 2.3 (Pai hoc Déng Thap). Cho (a,) la day sb thuc sao cho chudi sb > a,

n=1

hoi tu va a, > any1 > 0 v6i moi n > 1. Chitng minh ring lirf na, = 0.
n—-+0o0o

(Xem 10i giai trang )

Bai 2.4 (Pai hoc An Giang). Cho day sb (an),cn Xac dinh bdi

n
Qg

(n— k)’

1
ag = ]_, Api+1 =
n+1 —
Chting minh chubi sau hoi tu va tim téng ctia chudi
oo

n=0

S

3

(Xem 10i giai trang )

Bai 2.5 (Pai hoc Su pham Ha Noi 2). Cho day {z,} théa man 2, € (0,1),
Tpi1 = &y — na? v6in > 1. Chling minh rang chuoi > 7 | , hoi tu.
(Xem 10i giai trang )
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7 +o0
Bai 2.6 (bai hoc Giao théng VAn tai). Gia st {a,} 1a day s6 duong va >_ a,

n=1
\ ~ +w
héi tu. Chling minh ring chudi 3 alf /"
134})

Bai 2.7 (Dai hoc X4y Dung). Cho day sb duong {a, }}> théaman lim a, =

n—-+0o00

cling héi tu. (Xem 16i gidi trang

n=1

Ap+1
G,

1-— phén ki. (Xem 10i giai trang [135])

0. Chting minh rang chudi Z

n=1

Bai 2.8 (Hoc Vién An ninh Nhén d4n). Cho day s6 {z,}°°, xac dinh nhu sau:

tr= =5, = (U 2(1 4 20)) 201 =0 (0 > 1)

2 )
e e
Chtng minh rang chuoi Z(l + x,) hoi tu va tinh téng ctia chubi nay. (Xem

n=1
16i giai trang )

3 Ham so

Bai 3.1 (Pai hoc Péng Thap). Gia st C[0, 1] 12 tAp hop tht ca cac ham gid tri
thuc lién tuc trén [0, 1]. Trén C0, 1] xét hai métric d, p sau

d(f.9) = max | F2)~g(a)]. plF.9) = /u’ D)lds véi moi £, € C[o, 1]
Chting minh rﬁr\lg anh xa d6ng nhét id : (C[0,1],d) — (C0,1], p) lién tuc
nhung anh xa dong nhat id : (C[0, 1], p) — (C[0, 1], d) khong hen tuc. (Xem
loi giai trang )

Bai 3.2 (Pai hoc bbng Thap). Cho (X, d) 1a khong gian métric day da va
f: X — X la anh xa lién tuc sao cho ton tai a, 8 € [0,1) v6i a + 3 < 1 thoa

man
d(z, f(z))d(y, f(y))
2016 + d(x,y)

v6i moi z,y € X. LAy zy € X, xét day (z,,) xac dinh béi

d(f(z), f(y)) < + pd(x, y)

x1 = f(v0), 29 = f(21),..., %y = f(x,-1) v6i moi n € N".

(a) Chiing minh € la day Cauchy.
(b) Chitng minh ring ton tai duy nhit z* € X sao cho z* = f(z*). (Xem 15i

gidi trang [136])
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Bai 3.3 (Pai hoc K§ thuat Hiu cAn CAND). Cho ham sb f(x) hen tuc trén
doan [a,b] (a < b), va kha vi trong khoang (a, b). Chting minh rang ton tai
diém ¢ € (a, b) sao cho

2 , 2
o < fi(e) <

(Xem 10i giai trang )

Bai 3.4 (Hoc Vién An ninh Nhin dan). Tinh giéi han

s

a—c

2
lim sin™  + cos™ x.dx
n—oo 0

(Xem 16i gidi trang )

Bai 3.5 (Pai hoc TAy Bic). 1. Tim da thic bac thip nhit nhén gia tri cuc
dai bang 6 tai # = 1 va cuc tiéu bang 2 tai x = 3.

2. Cho da thiic P(z) v6ibic nhd hon 2016 sao cho ca ba gié tri P(0), P(1), P(—1)

déu khac khéng. Gia st dao ham cip 2013 clia
f(z)

) voi f(z) va g(x) 1a cac da thic. Hiy tim bac nhé nhit ¢ thé cta
glr

/().
(Xem 10i giai trang )

Bai 3.6 (Dai hoc T4y Bic). Chitng minh ring luén ton tai it nhat mot sb thuc
€ (0;1) sao cho ta co

viét duéi dang

3 —x

1

t2015dt 2016
/ A+ +).. . 1+ 1ta)l+a?).. (1+aD0)

a

(Xem 10i giai trang )

Bai 3.7 (Pai hoc TAy Bic). Tim tp gi4 tri clia ham sb sau

/ —, Vo > 1.
Int’
(Xem 16i gidi trang )
Bai 3.8 (Pai hoc TAy Bac). Tinh giéi han sau:
sinln(1 + x) — In(1 + sin :c)
m

4z
2

x—0 sin

(Xem 16i giai trang )
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4 Phép tinh vi phan

Bai 4.1 (Dai hoc Déng Thap). Cho f : R — R 1a ham sb kha vi dén cép hai,
thdéa man f(0) = 1, f/(0) = 0 va f"(x) — 7f'(z) + 12f(z) + 24 > 0 v6i moi

e (0, —i—oo) Chitng minh rang f(z) > 12€3* — 9¢** — 2 v6i moi z € (0, +00).
(Xem 16i gidi trang [141])

Bai 4.2 (Pai hoc K§ thuat Hau cin CAND). Cho ham f € C*[0,1] (tic 1a f
kha vi lién tuc trén [0, 1]) théa mén

/Olf(:v)dx: 1 /lef(:)s)d:)s:2, /lezf(x)dx:&

Chitng minh rang v6i mdi k € [—24,60] ton tai ¢ € (0,1) sao cho f'(c) = k.
(Xem 10i giai trang )

Bai 4.3 (Dai hoc Hung Vuong). Cho f ( ) 13 ham kha vi cAp 2 trén [a,b] va
trén doan ndy f cé it nhit ba khéng diém khac nhau. Chitng minh rang ton
tai ¢ € (a,b) sao cho

1" () +8064f(c) =2020f'(c).

(Xem 16i giai trang )

Bai 4.4 (Dai hoc Su pham Hué). Cho ham s6 f: R — R kha vi cAp ba va c6
it nhat 5 nghiém phéan biét. Chitng minh rang f + 6"+ 12" + 8" c6 it nhat
hai nghiém phén biét. (Xem 10i giai trang )

Bai 4.5 (Pai hoc Su pham Hué). Cho a, b, ¢ 1a cac s6 thuc théa min a < b < ¢
va f 1a ham kha vi trén [a, ¢]. Chitng minh t6n tai ¢; € (a,b) va ¢, € (a,c),
c1 < cgsaocho f(a)— f(b) = (a—0b)f'(c1) va f(a)— f(c) = (a—c)f'(cz) (Xem
loi giai trang )

Bai 4.6 (Pai hoc An Giang). Gia st f 1a mot ham kha vi lién tuc dén cap hai
thoa f(0) =0, f'(0) =1va

#'(x) — 2016 (z) + 2015f(x) >0, Va € [0,00).

Chting minh rang

1
flz) > 3011 (e —€*) Yz € [0,00).

(Xem 10i giai trang )
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Bai 4.7 (Dai hoc Su pham Ha Noi 2). Cho f la ham kha vi trén doan [0, 1]
va théa man f(0) = 0, f(1) = 1. Ching minh rang ton tai cac s6 khac nhau
Ty, Ta, ..., T trong [0, 1] sao cho

2016 4
2. )

= 2016.

(Xem 16i gidi trang[143])

Bai 4.8 (Pai hoc Su pham Ha N01 2) Cho f la da thiic v6i hé so thuc va
f(z0) # 0,29 € R. Chtng minh rang tdn tai da thiic g v6i cac hé ) thuc sao
cho da thu’c p(z) := f(x)g(z) cb cac tinh chét

p(z0) = 1,p'(x0) = 0,p"(0) = 0.

(Xem 10i giai trang )

Bai 4.9 (Pai hoc Su pham Ha N6i 2). Gid st f 1 ham s c6 dao ham t6i cip
2 trén R. Gia st

sup | f(x)| < oo, sup | f"(x)] < co.

z€eR z€eR

Chitng minh rang sup | f'(z)| < 2\/Sup |f(z)|sup | f"(x)]. (Xem 16i giai trang
z€R

zeR zeR

143])

Bai 4.10 (Pai hoc Hong bire). Cho ham sb f : [a,b] C (0, +oo) — R kha vi
lién tuc. Chitng minh rang ton tai ¢, d € (a, b) thoa man ¢ < d va

c(c —a)f'(c) = a(b—c)f'(d).

(Xem 10i giai trang )

Bai 4.11 (DPai hoc Giao théng VAn tai). a) Cho f(x) lién tuc trén [0, 7] va
kha vi trong (0, %) sao cho f(0) = f(5) = 0va f*(z) + [f'(x)]* # 0 v6i moi
z € (0,%). Chitng minh rang ton tai ¢ € (0, %) sao cho

fle) + f'(c)
fle) = f'(e)

b) Cho f : [0,1] — [0,00) 1a mét ham lién tuc. Khao sat su héi tu ctaa day
{u,}°°, cho bdi

tanc =

Uy, = n/l[f(t)]”dt, n=123,..
0

(Xem 16i gidi trang )
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Bai 4.12 (Hoc Vién An ninh Nhin dan). Cho ham f kha vi lién tuc dén cip
4 trén [—1, 1] va théa man f'(—1) = f'(1).
Chting minh rang ton tai ¢ € (—1,1) sao cho

2£(0) ~ £(-1) ~ £1) = 5 7(e)

(Xem 10i giai trang )

Bai 4.13 (Dai hoc Pham Vin Déng). Gid st f 13 ham sb c6 dao ham lién tuc
trén doan [0, 1] va thoa man diéu kién f(0) = f(1) = 0. Ching minh rang ton
tai it nhat mot diém x, € [0, 1] sao cho

|f' (o) 24/0 |f(z)|dz.

(Xem 161 giai trang )

Bai 4.14 (Dai hoc Pham Van Dong). Gid st f : [0,1] — R 1a ham s6 kha vi
hai lan trén doan [0, 1], théa méan diéu kién f(1) > 0, va v6i moi = € [0, 1] :
f"(x) < 1. Chttng minh rang

-2l <

(Xem 161 giai trang )

Bai 4.15 (Dai hoc Xay Dung). Cho f la ham s6 lién tuc trén [a, b], ¢ 1a ham
s0 kha vi trén [a, ] thoéa mén (f(a) — ¢'(a))(f(b) — ¢'(b)) < 0. Chiing minh
rang ton tai ¢ € (a,b) sao cho f(c) = ¢'(c). (Xem 16i gidi trang )

Bai 4.16 (Pai hoc Ngin Hang TP Hb Chi Minh). Tim tit ci cac ham sb
f:10,1] — [0,1] théa man
[f (@) = f)] = [z =y,
v6i moi z,y € [0,1]. (Xem 16i giai trang )
Bai 4.17 (Dai hoc Tay Bic). Tim tit ca cac ham sd f : R — R lién tuc théa
man diéu kién f(z) = — f(2?),Vr € R. (Xem l0i gidi trang )
Bai 4.18 (Pai hoc Tay Béc). Cho ham f kha vi trén doan [a; b] thda man diéu
kién
F(a) = F(b) = 0va f(x) £ 0,%x € (a:D).

Chitng minh rang luén tbn tai day {z, }nen C (a;b) sao cho

lim

% (e~ Df(an)
(Xem 16i giai trang )

= 2016.
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5 Phép tinh tich phan

Jus

2
Bai 5.1 (Pai hoc Dong Théap). Tinh tich phan / asinz + fcosz

0

dx vOi a >

acosx + Bsinx

B> 0. (Xem loi giai trang|147])

Bai 5.2 (Dai hoc Ky thuat Hiu cAn CAND). Cho ham f € C?[—1,1] (titc 13 f
kha vi lién tuc dén cap 2 trén [—1, 1]) théa man f(0) = 0. Chling minh rang

[ 1rwa o] [ )

(Xem 10i giai trang )
Bai 5.3 (Dai hoc Hung Vuong). Cho f(z) 1a ham lién tuc trén [0; 1] thda man
max f(z) =2; m[(i)rh flz) = 5 Chitng minh rang

xe|0,

z€[0,1]
/ P 25
der. | ——d —
O/f(x) xo/f(rr) =

(Xem 161 giai trang )
Bai 5.4 (Pai hoc Su pham Hué). Tim tit c4 cdc ham lién tuc f : R — R thoéa
man
b b
(a®>+ab+b*) [ f(z)dr = 3/ 2 f(x)dx

v6i moi a,b € R. (Xem 16i giai trang )
Bai 5.5 (Pai hoc Su pham Hué). Cho cdc ham sb f, ¢ lién tuc va nhén gi tri

f

duong trén [0, 1]. Gia st fg va = déng bién trén [0, 1]. Chting minh ring

1 1 d 1 d
X i
f(z)dz / — / g(x)dx / —_
/ (z) ~ ?) g(x)
0 0 0
(Xem 16i gidi trang[149])
Bai 5.6 (Pai hoc Su pham Hué). Cho f : [a,b] — [0,00) 12 ham lién tuc va
khac 0. Tinh ,
J T (@)dx
lim *
n—oo

[ f(x)dx

a

(Xem 10i giai trang )
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Bai 5.7 (Dai hoc An Giang). Cho f la mét ham lién tuc trén [0, 1] sao cho v6i
moi z € [0, 1]

1— 22

[tz

Chting minh ring
1
1
/ fA(t)dt > =.
0 3
(Xem 101 giai trang )

Bai 5.8 (Dai hoc Su pham Ha Néi 2). Cho f 13 ham s lién tuc trén R va thod
man

f(z) > 0,Vz > ()Vél/Oo f(z)dx < 0.
0

\ 1 n 2.
Chiing minh rang lim — [ xf(z)dz =0. (Xem 10i giai trang|150|)
0

n—oo N,

Bai 5.9 (Pai hoc Hong Diic). Cho ham sb f € C([a, b]) théa mén f(a) > 0
va f'(x) > (t — 2)(z — a)'™3, Yz € [a,b], t > 3. Chling minh rang

( / f(x)dary_l < / ()

a

(Xem 10i gidi trang )

Bai 5.10 (Pai hoc Giao théng Van tai). Gid st f : [0,1] — R la ham kha vi
sao cho dao ham cta né lién tuc trén [0,1] va n la mét sO nguyén duong.
Chting minh rang

(Xem 10i gidi trang )

Bai 5.11 (Pai hoc Pham Van bong). Gia st f 1a ham sb kha vi lién tuc trén
doan [0, 1], théa mén diéu kién f(0) =0, vavéimoiz € [0,1]: 0 < f'(z) < 1.

Chitng minh rang
1 2 1
( / f(x)dx) > [ ()
0 0

Cho moét vi du vé& ham f ma dang thitc xay ra. (Xem 10i giai trang )
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Bai 5.12 (Pai hoc Xay Dung). Gia st f la ham khong &m trén [0,1] va
1
/ f(x)dz = 1. Chting minh rang
0

/01 (z— /1“f(u)du)2f(a:)dm < %.

0
(Xem 161 giai trang )
Bai 5.13 (Hoc Vién An ninh Nhan d4n). Chitng minh bit ding thiic

1—|—sin:1:> S s ™

sinx-ln( /2:172,—§<x<§

1 —sinzx
(Xem 10i giai trang )
Bai 5.14 (Pai hoc T4y Bic). Tim gi6i han sau

+o0 =
e n

lim
n—00 1 + ;CQ
0

(Xem 161 giai trang )

Bai 5.15 (Dai hoc Giao thong VAn téi). Cho f : [0,1] — R la ham kha vi sao
cho dao ham cua né lién tuc trén [0, 1] va f(0) = 0. Chitng minh rang

/0 |f'(z) f(z)|dx < %/0 | ()P d.

(Xem 10i giai trang )

6 Phuong trinh ham

Bai 6.1 (Dai hoc Ddng Thap). Cho A € R. Tim tit cd cdc ham sb f : R — R
lién tuc tai = 0 va théa man diéu kién sau

flx+y)=f(Ax) + f(A\y) véimoi z,y € R.
(Xem 161 giai trang )

Bai 6.2 (Dai hoc Hung Vuong). Tim tt ci cac ham sb f : R — R thda mén:
f(f(z)) = —2015f(z) + 2016z, Vx € R.

(Xem 10i giai trang )
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Bai 6.3 (Pai hoc Hung Vuong). Tim tt ci cac ham sb f : R — R thda mén:
flafly) —2) =2y — f(z), Vz,yeR

(Xem 10i giai trang )
Bai 6.4 (Dai hoc An Giang). Tim tt ca cdc ham f : R — R thda man diéu
kién

fley) + fle—y) + fle+y+1) =ay+2c+1, VryekR

(Xem 10i giai trang )
Bai 6.5 (Dai hoc Su pham Ha N6i 2). Tim tht ca cdc cip hamsé f, ¢ : R — R
thod man
f@) = f(y)
r—y
(Xem 10i giai trang )

Bai 6.6 (Dai hoc Hong Diic). Tim tit ca cac ham sb lién tuc f : R — R thda
man

=g(z +y), Vo #y.

fla+ flx+y)+ flay) =o+ fle+y) +yf(z), VeyeR

(Xem 10i giai trang )

Bai 6.7 (Dai hoc Giao thoéng VAn tai). Tim tit c cdc ham lién tuc f : R — R
théa man
3f2z+1) = f(z)+ bz Vr eR.

(Xem 16i gidi trang )

Bai 6.8 (Dai hoc Pham Vin Dong). Tim tit ca cac ham sb f : [1,4+00) —
[1, +00) thoa man diéu kién

f(xf(y)) :yf(x)7 Va,y € [17+OO)'

(Xem 16i gidi trang )

Bai 6.9 (Pai hoc X4y Dung). Tim tit ca ham sb thuc f(z) lién tuc trén [0, 1]

thdoa man

z+1
2

) =5 (75 + 11

(Xem 16i giai trang )

)),vxe [0,1].
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Bai 6.10 (Pai hoc Ngin Hang TP H6 Chi Minh). Cho ham sb lién tuc f :
0; 1] = [0; 400) théa man

flx)+ f(1l—2)=1 véimoizx € [0;1].

Chitng minh ring

1 ! 3
3 </0 xf(z)dr < 3

’ » 1 2« A 17 o 3 2+ A 2 A1 A A A x \
Co thé thay 3 bai s6 16n hon hoac 3 bdi so nho hon dé ket luan trén van con
ding hay khong? (Xem 16i gidi trang )

Bai 6.11 (Dai hoc Tay Bac). Giad st f : R — R cho béi f(z) = 227 + 2 — 1.
1. Chéng minh anh xa f la song anh.
2. Giéi phuong trinh f(z) = f~!(x),z € R.

(Xem 16i gidi trang [162])
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Chuong 4
Pap an dé thi chinh thic

1 Dap an dé thi danh cho Hoc sinh THPT

NGAY THI THU NHAT
A. Khai niém cép

Bai u Xét luy thua a™ (m > 1). Do chi co moét sb hitu han cac 16p dong
du modulo n (c6 n 16p ca thay) nén pha1 tdn tai my; > my d€ o™ = o™
(mod n). Do (a, m) = 1 déng du nay dan dén g™ =1 (mod n). Nhu vay,
tap cac sb nguyen duong k sao cho a* =1 (mod n) la khong rong, néi riéng
c6 mot phan tit nhd nhét c.

Bai [1.2] Néuc-ord (a) | kthlrorangn | a® =1 | " — 1. Ddo lai, gia
st k la mot sb nguyén dlIOng thod man a* = 1 (mod n). Viét k = cq + r v6i
0<r<ecThéthil=d"=(a? a" = a (mod n). Tt dinh nghia ctia ¢ ta
phai c6 r = 0, nghia la c | .

Bai Theo dinh 1y Euler, a®™ = 1 (mod n). Tit d6, két luan ctia bai todn

cho thay ¢ | ¢(n).

B. Su tOn tai sO nguyén to trong mot sO cap sO cOng

Bai Gia st chi t6n tai hitu han s6 nguyen tb pr,...,pn €O ~dang 4k + 1.
Xét so 4 [, pi—1. So nay nhat thiét phai c6 mot u6c nguyén tb dang 4k + 3.
Nhung uéc nguyén t6 nay khong thé 1a mét trong cac p;, vO Iy

Béi (i) Gid st p | n? + 1, p nguyén t6 = 3 (mod 4). Theo dinh Iy Fermat

63
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nho P~ =1 (mod p), nghia la (— )2’“rl =1 (mod p), vo ly.

(ii) Gla stt chi ¢c6 mot s6 hitu han cac s6 nguyén t0 = 1 (mod 4) la Py Ppe
Xét sb6 (2] _1p1) + 1. Theo (i), mot w6c nguyén tb bt ki ctia sb nay (hién
nhién 13 18) déu =1 (mod 4) va khéng thé 1a mét trong cac p; dudc, vo Iy

Béi (i) Xétp | n2 — n + 1, nguyén tb, p # 3. Chi y rang do n® +n — 113
1€, ta phéi c6n =1 (mod 6) hodcn =5 (mod 6). Gid st p = 5 (mod 6). Ta
c6n® = —1 (mod p). Tt d6

nP~t =n% ™ = (—1)n  (mod p).

Két hop v6i dinh 1y Fermat nhd, ta suy ran = —1 (mod p). Thé nhung khi d6
n*—n+1=3 (modp) voly

(ii) Gia st chi c¢6 hitu han s6 nguyen th =1 (mod 6) 1a py,...,p,. Xétn =
31I._, p;- Khi d6 mét udc nguyén tb clia n? — n+ 1 (hién nhién # 3) déu =1
(mod 6) va khac cac udc p;, vo ly.

C. Su ton tai sb nguyén tb trong cap sb cong dang nk + 1
Béi Chti ¥ rang p | k¥ — 1 nén (k, p) = 1 va theo tinh chat vé cp thi ¢ | .
bat k£ = ck’. Nhu vay,

KE— 1=k — 1= (k¢ — 1)(B® D 4 k=2 1),
BGivi k° =1 (mod p), va chti ¥ rang (p, k') = 1, nén ta cb
R =D 4 e =2 i =14 14+ 1=K Z0 (mod p).

Nhu vay, k* — 113 tich cGia k¢ — 1 v6i mot sb nguyén khong chia hét cho p. Vi
vay, v,(k¥ — 1) = v,(k® — 1). Luu y rang, v6i moi d sao cho ¢ | d | k thi & —1 |
k?—1| k¥ —1 nén r6 rang ta cling phai ¢d v, (k°—1) = v,(k? —1) = v, (k* —1).

Bai[1.8] Ta vén ky hiéu ¢ cho cAp clia k modulo p. Ta biét rang véi moi d,
p | k¥—1khi va chi khi ¢ | d. Hon nita, néu ta diit v = v,(k* — 1) thi theo nh4n
xét cubi ctia trong l4p ludn caa bai toan d trén, v6i moid € D = D; UD,,

plk'—1 = v,(k"—1) =

Tt d6 suy ra, v,(A) = s,v,v,(B) = spv, trong db s, (tuong ing, s;) ki hiéu sb
cac phﬁn t@ d € D; (tuong Ung, d € D,) sao cho ¢ | d, ndi cach khéc, sao cho
klauée cha k.

Chii ¥ ring theo dinh 1y Fermat nhd ¢ | p —1nénnéuc = kthik | p—1
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hay p = 1 (mod k) trai véi gia thlét bai toan. Nhu’ vay, ¢ < k. Ta ki hiéu
qi,-..,qn la tat ca cac uéc nguyén tb phan biét ctia £ (nhu véy, N > 1). Thé

thi s, bang sb cac cach ChQIl 1,3,..., phan tr cla tap {q1,...,qn}, nOi cach
khéc, bang M+E)+-=L[a+1)Y - (1-1)"] = 2¥1. Tuong ty, s,
béng s cac cach chon 2, 4, phan ti ctia tap {q1, ..., qv} (cha ¥ diéu kién
d+#khay ® #1),dodébang L [1+ 1)V + (1 - 1)V] —1=2""1—1. Tasuy
ra v,(A) = 2"y = v,(B) + v, (k" — 1).

Bai u Ta suy luan bang phan chiing. Gia st moi udce nguyen t ctia k¥ — 1
déu ;é 1 (mod k). Chu y rang moi udc nguyén tb cia A va B déu 1a udc
nguyen t clia mot nhén tu’ co dang k? —1véid | k nao do6 nén cung la uée
ctia k¥ — 1. Vi thé, theo két luén ctia bai toan|1.8]d trén, ta phai c6

A= (k" -1)B. (¥

Bay gi0, chti ¥ rang D # () nén ta ¢ thé chon d; 13 phin t& nhé nhét cla
D =D UD, ThEthhmoid € D,d # dytacdd > dy va ki —1 = —1
(mod kd(’“) cing nhu k¥ -1 = -1 (mod k%+1). Nhu vy, trong dang thic (x)
& trén, mbi nhan tk, ngoai trit nhin t&t k% — 1, déu = —1 (mod k%*1). Chinh
vi vy, rit gon (x) modulo k! cho ta (—1)" = (—1)*(k® + 1) (mod kbt
v6i r, s ndo d6. Thé nhlmg h1en nhién dong du’ trén khong thé x4y ra. Diéu
mau thufin nay chiing té su ton tai ctia mét wéc nguyén tb ctia k* — 1 dong
du v6i 1 modulo k.

Bai Viéc ton tai v han sb nguyen tb le 13 hién nhién (cha han dudc
suy ra tu bai E}b nén ta sé g1a st k > 3. Két luan ctia bai toan cho thay
ton tai it nhat mot so nguyen th=1 (mod k). Gia st chi ton tai mot so hitu
han céc sb nguyen tb c6 dang nhu vay va goip = kno + 1 la s6 nguyén t 16n
nhét trong cac sb nguyén t6 = 1 (mod k). Thé nhung, Van theo két luén cua
-, 9, bay gio ap dung cho kny thay vi k, ¢6 it nhat mot sb nguyen thqg=1
(mod 2l<;n0) Thé nhung khi d6 ¢ = 1 (mod k) va ¢ > p, mau thuén véi tinh
cuc dai caa p.

NGAY THI THU HAI

Bai Bang cach xét cac gia tri tai —1 va 1, gia thiét |az + b] < 1 khi
|z| <1ldemlai|—a+b <1vala+b <1.

(i) Tit bAt ding thitc tam gidc, ta ¢ |2a| = |(a + b) — (—a + b)| < |a + b| +
| —a+0b| <2,nghiala |a| < 1.
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(ii) D€ chitng minh |ba +al <1khifz|<1ta chi cin kiém tra tai z = +1.
Néi cach khéc, ta cin kiém tra rang |a +b] < 1vala—b| <1, nhung
cac bét dang thitc nay di dudgc thiét 1ap & trén.

Bai bitd = a+b+c,e = a— b+ c. Nhu vay, theo gia thiét thi
lc|, |d], ] < 1. (i) D€ kiém tra bt ding thitc |2az + b| < 4, ta chi cin kiém
tra tai cac gia tri # = +1. N&i cach khdc, ta cAn kiém tra rang [2a + b < 4 va
124 — b| < 4. Tt cac dang thitcd = a+b+c,e=a—b+ctasuyra

1 1

1 3 1 N A
—(d—e) = §d —2c+ ¢ Tu do, theo bat

NerVéy,2a+b:(d+e)—20—l—2

dang thitc tam gidc,

3 1 3 1
2a+ b < =|d| + 2 “lel < 2424+ = =4.
|2a + ]_2\ | + |cy+2|e\_2+ +2

Hoan toan tuong tu, ta cling ¢6 |2a — b| < 4.
(ii) Ta co

cx2+bx+a:c(x2—1)+g(1—|—m)—l—g(l—x).

Tu do, dua vao bat déng thitc tam giac, ta o6 khi |z| < 1,

“(1-a)

d
—(1
( +:B)+2

lcx® + br + ¢ = c(x2—1)+2

<l 1|4 S+ o]+ 21— 2]
- 2 2

1
:1—x2+§(1+x+1—x):2—x2§2.

Bai[1.13] (i) D& thiy: ca hai vé ctia ding thtic cin chling minh la khong doi
khi ta hoan d01 vi tri ciia A va B, hodc khi ta d6i ddu mét trong hai sb 4, B.
Vi thé, chi cAn xét trudng hop A > B > 0; va chinh trong trudng hop nay,

A+ B|+|A—B|=A+B+A—B=2A=2max{A, B} = 2max{|A], | B|}.
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(ii) Xem

(0 = —a + b — ¢ + d

a b c
= —= - - = d

B 8+sz 5+
- 2 4+ 2 4+ S 44

7 8 4 2
k5:a+b+c+d

nhu mét hé phuong trinh véi cic 4n sb a,b,c,d. Gidi hé d6 ta tim dugc
“nghiém”:

(

a:—2§+4§—4§—|—2§
622%_2§_2%+2§’_
c = % - 4§ + 4% o
a gl
d = - of 4 9T 2
y 6 T3 T 73 6
Thay chting vao g(z) := 3ax? + 2bx + ¢, ta c6
glz) = —%(12$2—8aj—1)+4§(3m2—x—1)—4%(3x2+x—1)—|—2(12x2+8x—1).

Nhlmg theo gia thiét, max{]cd 18], 11, |6 \} < 1, nén ap dung b4t dang thiic
tam giac va két lu4n cta cau (i), ta thay neu |x| < 1 thi

lg(x)] < —(|12:p2—8x—1|+|12x2+8x—1|)+—(|3x2—x—1|+|3x2+m—1|)
1 8 1 8
= gmax{HQx — 11, 8|z|} + = max{]3m — 1, |z|} < 3’ 11+§~2:9.
(iii) Thay cac “nghiém” a, b, ¢, d tim du’c_icd (ii) vao h(x) := dx® +cax® +br +a
ta suy ra

[L’2

by = =2 (1-L) -0+ 40— (1__)

)
~o(+3) (- )

Vay, khi |z| < 1, ta ¢6 danh gia:

|h(x)] < %(1—%2) (1—1’)+§(1—x2)(1—g)+§(1—x2)(1+g)+

+§<1_%2)(1+x)
_ %(1—%2)%(1—:52)

= 4-—322<4.
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Bai|l.14, (i) Tacoéa =

1
(d+e)—c, b= §(d_€>’ Nhu vay,

1
2
d. o €2 2n
f(x):5(:5”—1—:6)—1—5(:5"—3:)—1—0(1—36 ).

Theo gia thiét, max{|c|, |d|, |¢|} < 1, nén dua vio két luan ctia bai toan[1.13]
(i), khi |z| < 1 thi

1
|f(2)] < 5(|x2n+$|—|—]x2”—x|)+|1—x2”| = max{z”", |z|} +1—2*" = 14|z|—2*".

Cach 1: Mit khac, 4p dung bat dang thic TBC-TBN cho 2n sb khéng 4m:

1 1 1
xQ”,\Qn_W, el Qn_\l/m
2n:;sé
ta co
x2"+—2n_1 >on x—%: |z|.
2n7\l/m — 4nn2n

Vi thé, (%) = |f(x)] < 2%71—_1 + 1, dpcm.

Cach 2: Mit khéc, ta c6 thé khao sat ham sb y = g(t) = 1+ ¢ — 2" véi
0<t<1.DEthiy ¢ (t)=1—2nt2""'>0khi0 <t <t,:= ! ;g'(t) <0

2n—\l/%’
khit, <t < 1. Vay,
(}I<1ta<xlg(t) =gt =1+t.(1 -t =1+t.2n - )2 ' =1+ (2n — 1)t
o 2n — 1
_ome1

2n—1/4nn2n
Tut do, (*) cho ta dpcm. )
(ii) Khi 1 < |z] < M < oo, dua vao (x) va két ludn cta bai toan (1), ta
co:
1
|f(z)] < 5(]1’2” + x|+ |2* — z]) + |1 — 2% = max{z®, |z|} + 2** — 1
=22"" —1<2M* — 1.
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2 Dap an de thi chinh thutc mon Dai so

Bai[2.1 (i) Pap sb a* — b,
(ii) St dung c6ng thiic Cramer,

a® a*b ab® b
b a® a’b ab?
ab®> b a® a?b
a’b ab® b d

A—l — (b4 o (14)_1

Ky hiéu y, 14 sb cAy ban diu cong ty quan ly. Ky hiu 1, ys, ys, v 12 sb ciy
tuong (ng ctia céng ty G cuodi cac thang thit 1,2, 3, 4. Tt gia thiét chlng ta co:

11 = 0,9y + 100

hay la
10y, — 9y = 1000.

Phén tich tuong tu ta nhan dudc
10y, — 9y; = 1.020; 10y3 — 9y = 1.040; 10y, — 9y3 = 1.060.
Két hop v6i ys = yo + 80 thi phuong trinh cubi cling 6 trén viét lai dugc 13
10y — 9ys = 260

VAy ta c6 hé phuong trinh tuyén tinh v6i ma tran cho béi

9 10 0 0\ /v 1.000
a0 -9 10 o fu]_[ro
0 0 -9 10| | 1.040
10 0 0 -9/ \y 260

St dung cong thic tinh ma trdn A~! § ciu trén ta tinh dugc

7929 % 1.000 + 810 % 1.020 + 900 s 1.040 + 1000 * 260
o= 10 % 181 = 800,

VAy y4 = 880.

Bai (i) Ma trén theo ¢ s6 da cho la
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(ii) da thiic déc trung cua @ c6 dang (modulo diu )
T"+ ap T" '+ +ag
Theo dinh ly Cayley-Halmilton,
O + a, 1P+ - 4 apld = 0.
Nhung dang thic nay chinh xac néi rang véi moi P € V thi

P(x+n)+ap,1Plx+n—1)+---+apP(x) =0.

Bai2.3] () n =2: Py(z) = 22>~z —1 cé hainghiém thucz = 1vaz = —1/2.
n=3: Py(vr) =32" =2 —2 — 1= (v — 1)(32% + 22 + 1). Tl d6 ta thay, P(v)
chi ¢6 duy nhat nghiém z = 1.
(ii) Py(z) = (. —1)(nz" ' +(n—1)2" 2 + ...+ 22 + 1). Ta sé€ ching minh da
thic

Qz)=nz" '+ (n—1Da" 2+ .. . +2r+1
6 duy nhat mot nghiém thuc 2 = a < 0 néu n chin va khong c6 nghiém
thuc néu n 1é. Nhén xét, Q(z) = R'(z), trong do
vt —1

R(z)=a"+2""+...+1=
() =a"+2"" " +... + po—

vay
nz™t —(n+ 12" +1

(z—1)?
Ta hiy khdo sat da thic & &t s6 S(z) = nz"™ — (n+ 1)z" + 1. Ta cd

Q(z) = R'(z) = (Ve #1).

S'(z) =n(n+az" Hz - 1).

Nhu véy, S’(x) = 0 v6i x = 0 hay z = 1. Tuy nhién, dang diéu cta S phu
thudc vao tinh chin 18 cta n:

V6i n 18, S'(z) < 0 trén (—oo, 0) va (0,1) va S'(z) > 0 trén (1, 4oc). Ham sb
dat cuc tiéu toan cuc tai = 1 va S(1) = 0. Nhu vay, S(1) = 0 khi va chi khi
=1

Véi n chan, S'(z) > 0 trén (—o0,0) va (1,+00), S'(z) < 0 trén (0,1) va
S(0) =1, S(1) = 0. Nhu vay, S c6 2 nghiém la ¢ < 0 nao do6 va 1.

Nhung cht y rang 1 khong phai 13 nghiém ctia Q vi Q(1) = n+ (n — 1) +
41 = @ Nhu vy, Q(x) khéng cé nghiém néu n 1& va ¢6 1 nghiém
duy nhét a < 0 néu n chin. Ta két luin ring P, c6 1 nghiém thuc (14 1) néu
n 18 va 2 nghiém thuc (13 a, 1) néu n chin.
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Bai Xét mot hinh vuong c¢6 dién tich S. Canh hinh vuéng c6 d6 dai la
¢ = /5. Khi d6 mét canh hinh vudng 13 canh huyén cia mot tam gidc vudng
ma hai canh géc vudng con lai 14 moét dudng thing diing va mét dudng
ngang. Khi d6 ¢ = a2 + b2 v6i a, b > 0 14 hai s6 nguyén, tuong tng véi d6 dai
hai canh tam giac vudong dé6. Do d6 S = a® + b

(i) S=4:suyraa=2,b=0hoaca = 0,b= 2. Do d6 hinh vuéng c6 hai canh
song song véi cac dudng doc va ngang. Néi riéng, mbi hinh vuéng ting véi
hai doan do dai 2 trén c6t doc va ngang. S6 doan nhu vay trén mot cOt ngang
hoic doc 13 16 — 2 = 14. b hinh vudng dién tich 4 do d6 13 N, = 142 = 196.
(ii) S = 25: Ta cb 25 = 0 + 52 = 3% + 42. Do d6 xay ra hai trudng hgp

a=0,b=>5hodaca=25b=0;

a=3b=4hodca=4,b=3.
Trudng hop thit nhét, 14p luin tuong tu nhu trén suy ra cb tit cd A = (16 —
5)% = 121 hinh vudng c6 cac canh d6 dai 5 va song song véi cac truc doc,
ngang. ) )
Trudng hop thtt hai, do tinh doi xting nén s6 hinh vuéng la B = 2C v6i C 1a
sO hinh vuong ing v6i trudng hop a = 3,b = 4. Mot hinh vuéng nhu vay ting
vGi hai doan c6 do dai 7 trén cac truc doc va ngang. SO hinh nhu vay do dé
la

C = (16 — 7)* = 81.
Do d6 s6 hinh vuéng c6 dién tich 25 trong trudng hop (a,b) = (3,4) hoic
(4,3) la
B =2.81=162.

VAy t6ng sb hinh vuéng cé dién tich 2513 Sy; = A + B = 283,

Bai (i) D& thiy 4nh xa D bién ham hing vio 0 va 4nh xa T bién mét da
thitc bat ky vao da thttc thiic c6 nghiém tai 0. Viy D khong la don anh con T
khong la toan anh.

(ii) Ta co

(DoT —ToD)(p(x)) = D(zp(x)) — xD(p(x)) = p(x) +ap'(x) —2p(z) = p(z),
v6i moi p(x). Vay anh xa D o T'— T o D la song anh.

Bai (i) Ma trén theo ¢ s6 da cho la

011 o
002 ... C
00 0 Cn!
000 0 |
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(ii) C6 thé suy ra truc tiép tit y (i) (ma trin nhan dudc 1 ma trdn dudng
chéo trén chit). Ciing c6 thé su dung nhan xét: anh xa ® lam gidm bac da
thic, tu d6 o™+ = 0.

(iii) Nhan xét rang toan td nay gidm béc ctia mi da thiic khac hang di 1 don
vi. Viy c6 thé chon co s& dang e; = p(z) - da thiic bic n, e; = &' le;.

C6 thé chi ra vi du cu thé cho cd sé hodc chiing minh nhédn dinh trén (xem
cau sau).

(iv) Do p 1a mét da thitc, diéu kién p(a + 1) + p(a — 1) = 2p(a) dlng v6i moi
a nguyén tuong duong véi p(z + 1) 4 p(z — 1) = 2p(z). D& thiy diéu kién nay
lai tuong duong véi p(x) € ker ®2. St dung co s6 da cho & cau (ii) (thAm chi
néu tinh ¥ c6 thé st dung ma trdn tim dudc & ciu (i)), ta thiy rang ker &2
chinh 13 khéng gian sinh bdi 2 vecto diu tién, néi cach khac, 13 cac da thic
c6 bac < 1.

Céch khac dua vio 14p luan vé hang: dua vao ma trin da cho trong (i), ta dé
dang thiy ®2 13 mot 4nh xa c6 hang bing n — 2. Tt d6 suy ra ker ® c6 hang
bang 2. Nhung hién nhién khong gian cc da thitc bic < 1 nam trong ker ®.
Tt d6 c6 diéu cin chitng minh.

Nhan xét. Ta ciing c6 thé 1ap luan mot cach gidi tich nhu sau: béi vi p 1a
mét da thitc diéu kién p(a + 1) + p(a — 1) = 2p(a), ma ta viét lai thanh
pla) = i(p(a + 1) + p(a — 1)), ding v6i moi a tuong duong véi p(a) =
Lpla+B)+p(a—B)) (Va, B € R). Nhu vdy p 1 mdt ham sb vita 16i vita 16m.
Diéu nay chi c6 thé x4y ra khi db thi p 13 modt dudng thing, néi cach khac,
khi p la mot da thic bac < 1!

3 Dap an dé thi chinh thitc mén Giai tich

Bai Cong thitc truy hdi dugc viét lai thanh w1 = u, + (uy — 1)%; suy ra
day so6 (u,)%; don diéu khdéng giam. Néu day hoituvé ( thil = (+((—1)* =
(=1.
Vi ddy don diéu khéng gidm nén néu né héi tu vé ¢ thiu, < ¢ =1 (Vn > 1).
bac biét,

d—at+l=u<l=0<a<l.

Dao lai, cho 0 < a < 1. Khi do6, 0 < u; < 1. Gia st v6i n > 1 nao do, ta da co
0 <u, <1.Suyra:

Un(Up —1) <0 = u,* —u, +1 < 1.

Theo cong thic truy hodi, bit ding thic cubi niy c6 thé viét dude thanh
Upe1 < 15 vAYy, 0 < u, < up,py < 1. Nguyén ly quy nap cho ta 0 < u,, < 1 vé6i
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moi n > 1. Day da cho don diéu va bi chin nén hoi tu. Két luan: cac gid tri
cantimctaala0 <a < 1.

Bai Néu a, b € N* thi ta c6 ngay:
lim (a{nb} + b{na}) =0. (4.1)
n—oo

Déo lai, gid st da c6 (@.1). Dé thdy 0 < {na} < — (a{nb} + b{na}), nén theo
dinh 1y vé gi6i han kep thi (@.1) kéo theo

lim {na} = 0, va tuong tu, hm {nb} = 0. (4.2)

n—oo

bén day co thé ching minh a, b € N* theo cac cach khac nhau nhu sau:
Cach 1: Gia st a vo ti. Khi d6 trong biéu dién thap phin

C;
a:(C,clcg...)m:C—i—Z .

i=1

ton tai mot chit sO ¢ # 0 xuat hién vé han lan; tic 13, ton tai cac chi so6

i1 <ig<---saochoc=c¢; =c, =... Xétn=10%"1 — oo,tacod
(k—00)
nCL:(CCl...Cik_l,Cik...Cik+1.. )10:>{TLCL}>(O C)lo—E>0

mau thuin véi (@.2).

o D . . ,
Vay a httu ti: @ = = v6i p,q € N*. Xétn = kq + 1 (k—> : oo, ta ¢6 {na} =
q —00

{kp+a} = {a} nén (4.2) = {a} = 0. T d6, a € N*. Tuong ty, b € N*.
CAch 2: Ta sé chitng minh rang {a} = 0. Gia st dpcm 12 sai. Khi d6 0 < {a} <
1. V6i ¢ := min{1 — {a}, {a}} > 0, theo (4.2) va dinh nghia ctia gi6i han, ton

tai np € N* sao cho 0 < {na} < ¢ v6i moi n > ny. Dac biét,
0 < {noa}, {(no + 1)a} < e. (4.3)
Lai ¢4
{(no +1)a} = {[al + {a} + [noa] + {noa}} = {{a} + {noa}}. (4.4)

Nhung 0 < {a} < {a} + {noa} < {a} + ¢ < 1 nén (4.3)-(4.4) kéo theo
e > {(no + 1)a} = {a} + {noa} > {a}, mau thuin véi dinh nghla cua ¢! Mau
thuan dé chiing t6 rang {a} = 0, tlic 1a a € N*. Tuong tu, ta cé b € N*.

Béi Trong diéu kién thit nhit, chon z = 0 ta thy f(0)2 < 0 = f(0) = 0.
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flaz)?
a3x?

V6i 2 # 0, tit diéu kién nay ta ciing ¢ f(z) > > 0. Vay, f(z) > 0 vo6i
moi . . )

Néu a = 1, diéu kién th nhat trd thanh f(z)* < 22f(z), tasuy ra f(x) < x?
vGi moi so thuc z, nén dpem la dung. Bay gio, xét trudng hop a > 1.

it o(a) o V] _ 1@

2/a  2%/a
2

phai chitng minh rang ¢(z) < 1. Theo dinh nghia ctia ¢, ta ¢6 f(z) = x—g(w).
a

> (0 v6i moi x # 0. T nay, xem z # 0 va chi con

T d6, viét lai theo g diéu kién tht nhét nhu sau:

((ax)zg(ax)) < a3x2%29($) < glaz)® < g(x). (4.1)

a

Dung (4.1), bang quy nap theo n € N, ta thiy:
T 9—n
< — . .
g(:c)_g(an) Vn e N (4.2)

Theo diéu kién thtt hai, tén tai m, M € (0, 00) sao cho (0 <) f(¢) < M khi |¢| <
N A ~ X . A \ Pl T fs .
m. Via > 1 nén cling ton tai ng € N (phu thuoc vao x) dé ‘—n’ < m v0i moi
a
n > ng; va vOi cac so tu nhién n nhu the, (4.2)) kéo theo
2

T —-n
% T
— | /a
a/?"L

— 0 (c6 thé dung quy tic 'Hospital), nén bang cach cho

g(r) <

n—+1

2
Dé thay lim

n—o0

n — oo trong (| -, ta c6 ngay g(x) < 1, dpcm.

Balu Néu f/(x) > 0 v6i moi x > 0, thi ndi riéng, £/(0) > 0, nén diéu kién
dau cua bai toan kéo theo f(0) > 0; nhIIng lic nay f tang ngat trén [0, oo)
nén diéu kién thit hai khong thé théa man dude. Mot cach tuong tu, néu
f'(x) < 0v6i moi z > 0, thi ta cling gdp mau thuln. Vay, 3z, > 0, f (x1) = 0.
Gia stt v6i k > 1 nao do, ta da chiing minh dugc su ton tai cia k s6 0 < z; <
Ty < --- < x5, sao cho f™(z,) = 0 v6i moi sb nguyén duong n < k. Néu
fEFD(2) > 0 v6i moi x > xy, thi f*) ting ngit trén |1, c0); suy ra

f(k)(l’) > f(k)(l’k + 1) > f(k)(l’k> =0 Vx> x + 1.
V6i mbi « 2 x4 1, lay fxi-&-l dt hai \,/é c1:Ja bét déng thite f®)(¢) > f® (2, +1)
ca thay k lan, ta sé thu dudc mot bat dang thic c6 dang

f(k)(33k + 1)

X 2* + mét da thitc c6 bac bé hon k cta bién z;

f(x) >
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vi thé, lirf f(z) = 400, miu thuln v6i diéu kién thtt hai. M6t cach tuong
T—>1+00

tu, néu f*+(z) < 0 v6i moi z > xy, thi ta sé ¢6 lim f(x) = —o0, cling miu
T—r+00
thun v6i diéu kién thit hai. VAy, 3z,1 > x4, fE)(2)41) = 0. Nguyén Iy quy
nap cho ta két luan cta bai toan.
Cuoi cung, mot vi du vé ham so f théa man moi yéu cau cua dé bai, va khéng
A A, 1LY 2 2. A , x -2 - A
dong nhat bang 0, dudc cho chang han bdi cong thic f(z) = o (diéu kién

thit hai dugc kiém tra bang quy tac I'Hospital).

Bai Dung dinh ly co ban ctia phép tinh vi-tich phin (vé dao ham theo
cin cua tich phan xac dinh):

a—1 1 :L.afl -1

folz) = = Vo > 1.

Inz® Inx Inz

Vi thé: néu o > 1 thi f/ > 0 nén f, ting ngit trén I := (1,00); con néu
0 < a< 1thif, <0nén f, gidm ngat trén I. Ay, f, luén la mot song
anh kha vi (nén lién tuc) tit khoang / 1én moét khoang I, C R, la anh cia

fa. Anh xa ngugc g, = f;': I, — I cling kha vi, ¢, (y) = ) v6i moi
! (x
y = fa(z) € I, suy ra f, 1a mot phép ddng phoi.
PE€ tim I, trong trudng hop « > 1, ta danh gia
1 A A e |
o(x) > (z%—z)ming — 1z <t <z = - . .
Jal@) 2 (&% ~2) mm{lnt reted } In z a Inzx  (z-+) oo
, (4.4)
(quy tac 'Hospital).
R A A . / alnx d 7, . . .
Doi bien so ¢ = e¥, ta lai c6 f,(z) = m; e Vi moiz > 1, khilnz <
u

u<alnz, tacdxr <e* <z suyra

alnz d alnxd
xlna:x/ —u<fa(x)<ma/ e = lim f,o(z) =Ina
1 U 1 U z—1t
(4.5)

nr nxr

Tt (#.4)-(@.5), ta thdy I, = (Ina, +00).
Dé tim /, trong trudng hop 0 < a < 1, ta ¢6 thé dung mot trong cdc cach:
Cach 1: Tuong tu truong hop a > 1, lan nay ta danh gia

ful@) < —(@—aymin{ Lo cp g a2t el
W) < —(z—2¥)min — 2 <t <z, = =% — —00
Int Inx Inz  (z—+0)

(4.6)
(quy tac 'Hospital).
Cling doi bien so ¢t = e, va dé y: v6i moi z > 1, khi alnz < u < Inz, ta co
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r* <e" <uz,suyra

Inz
xlna:—x/ du < fa(z) < O‘/ d——x “lna = lim f,(z) =lna
e alnz U

Inz W =1+
. 4.7)
T (4.6)-(4.7), ta thay [, = (—oo,Ina).
s 7 s, . \ 1 . Y
Cach 2: Ta cb f,(z) = —f1(2) V6l z := 2% ma — > 1, hrf z = 400 va
@ (0 T——+00

z — 17 khi 2 — 1+ nén dung chinh két qua ctia trusng hop di chitng minh
4 trén ta ¢ ngay:

lim f,(x) =— lim fi(z) =—o00, lim f,(z) = —lim fi(z) = —In(1/a) = Ina.

T—+00 z—+o0” «@ z—1+ z—1t @

Suyra [, = (—oo,Ina).

Bai E Tu cong thuc truy hoi ta thiy ngay diy sb (u,)22, don diéu khong
giam. Néu né hoi tu vé (thil = l+ (0 —2016)* = (= 2016 Vi day don diéu
khong giam nén néu né héi tu vé ¢ thi u, < ¢ = 2016 (Vn > 1). Dic biét,

a+ (a—2016)? = uy < 2016 = (a — 2016)(a — 2015) < 0 = 2015 < a < 2016.

bao lai, cho 2015 < a < 2016. Khi do, 2015 < u; < 2016. Gia st véin > 1
nao do, ta da c6 2015 < u,, < 2016. Suy ra:

(un, — 2016)(u, — 2016 + 1) < 0 = (u,, — 2016)* + u,, — 2016 < 0.

Theo cong thtc truy hodi, bit ding thic cubi nay c6 thé viét duge thanh
Upgr < 2016; vy, 2015 < u,, < u,yq < 2016. St dung nguyén ly quy nap ta
thu dudc 2015 < u,, < 2016 v6i moi n > 1.

Diy d4 cho don diéu va bi chin nén hoi tu. Két ludn: céc gid tri cin tim cla
ala 2015 < a < 2016.

Balﬂ Dé thiy ham f lién tuc trén (0, 1] nén f lién tuc trén [0, 1] khi va chi
kh1 no lién tuc (bén phai) tai diém 0.
Néu o > 0 thi lim 2® = 0, nén tit bit dang thitc |f(z)] < 2* (V2 € (0,1]) ta

x—07F
suy ra ngay lim f (z) =0 = f(0), tlc 1 f lién tuc (bén phai) tai diém 0.
z—0
Pdo lai, vi z,, := (£ + 2n7r)_1 ( — | 0" v6isinL = 1, ta thy néu f lién
n——+o00 m

tuc (bén phai) tai diém 0 thi phdicé lim =, = lim f(z,) = f(0) = 0. Suy

n—+oo n—+oo
ra a > 0.

Dé thiy ham f kha vi trén (0, 1] nén f kha vi trén [0, 1] khi va chi khi n6 c6
dao ham bén phai tai diém 0.
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1

Ve N\ - 0 7 \ /'\ 2 2
Néu o > 1 thi lim f(z) = 1) = lim 2° 'sini = 0 (chinh 1a két qua cta
z—0+t . —0 z—0+ x

phin 1via — 1> 0), nén f c6 dao ham bén phai JL(0)=0
Do lai, viy, ;== (2n7)”" — 0" véisin yin = 0, ta thdy néu f c6 dao ham

(n—+00)
A 2. . N \ . f(yn)_f(o)
/ pu— _—_—
bén phai tai diém 0 thi f (0) = n1_1)11100 - 0.
VAy, v6i x, nhu di néi 6 phan 1, ta c6 0 = f/(0) = lim "7 —

lim z,%!. Piéu nay chi xdy ra khi a > 1.

n—-+o0o
D& thiy ham f kha vi lién tuc trén (0, 1] véi

1 1
f'(x) = az® tsin — — 2* % cos - Vo € (0,1] (4.8)

xr
nén f kha vi lién tuc khi va chi khi n6é c6 dao ham bén phai f/ (0) = 0 (két
qua ctia phan 2) va lir61+f’(as) = f1.(0).
z—

Néu o > 2 thi

@.8) = |f'(z)| <z ' +2°* = 0= lim f'(z) = 0= f.(0).

xz—0t z—0t

Ddo lai, v6i y, nhu da dung & phan 2, vi cos - =1,ta thay néu
/ JR—
Tim f'(x) = f,(0) =
thi0=— lim f/(y,) = lim y,* 2. Diéu nay chi xay ra khi a > 2.
n—+o00 n—+00

Bai Xem déap an bai

Bai 3.9/ Gia st phan chu’ng rang phuong trinh f”( ) = 0 v6 nghiém. Theo
gia thlet /" lién tuc nén tu déy suy ra: f” khong d6i diu trén R. Néu cin, sé
thay f bdi —f, ta co the xem rang f”( ) > 0 v6i moi x.

Lic nay f/ ting ngit. Néu ton tai a d€ f'(a) > 0 thi v6i moi z > a ta ¢b

@+ [ £t e+ [ Fladt = fa)+ ) -
chia hai vé cho z > max{a, 0} roi lay lirf , duing gia thiét ta thiy:
T—r+00

0= lim MZ M+f'(a) lim :U_a:f’(a),

lim
r—>+o00 I r—+oo I r—+oo I
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vo 1y!
Méau thuin d6 chimng t6 rang f'(z) < 0 v6i moi 2. Ma f’ ting ngit, nén ton
tai b dé f'(b) < 0. V6i moi x < b, ta lai co

b b
flx) = fb) - / f(t)dt > f(b) - / f'(b)dt = f(b) + f'(b)(x — b).

Chia hai vé ctia bat déng thitc nay cho x < min{b, 0} rdi léy lim , dung gia
r——00
thiét ta thay:

r——00 I r——00 I r——00 I

= f’(b>7

cling vo 1! Tt cd ciac mau thuin gip dude ching té ring phuong trinh
f"(z) = 0 phai c6 it nhit mét nghiém.

Ghi chi: Thuc ra chi cin gia thiét f kha vi hai 14n (f” khong nhét thiét lién
tuc). Khi d6, dung tinh chit nhin gi4 tri trung gian cta ham dao ham, ta
thiy néu phuong trinh f”(z) = 0 v6 nghiém thi f” ciing khéng d6i diu trén
R.

Bai Dung dinh 1 ¢ ban ctia phép tinh vi-tich phan (vé dao ham theo
cin cua tich phan xac dinh):

1 (1222 1—-a272 z—1

/
— _ = = 1
/) Inx In z1/2 Inx Valnz >0 Ve
nén f tang ngat va lién tuc trén [ := (1, 00).
P& tim tap anh J cla f, ta danh gia
1 —
flx) > (x —Vor)min — : Vo <t<ux - \/E (4.9
Int Inx

Theo quy tic 'Hospital, f(z)— + oo khi 2 — 4.
P&i bién sb ¢ = ev, ta cé: f(z) = f(lf/:;) i
(1/2)lnz < u < Inx, thi /z < e* < x, suy ra

Inz Inz
Vzln2 = z d—u<f(m)<m/ %:xan
(

(1/2)Inz U 1/2)lnz U

= lim f(z) =1In2 (4.10)

z—1t

du . ., . . .
e"— va dé y: v6i moi x > 1, khi
Uu

Tt (4.9)-(&.10), ta thdy J = (In2, c0). o
Ghi chu: dé ching minh (4.9) ta c6 thé dung bat dang thic €' > 1+¢ >t =

1 I, . . dt
lnt<tz>m >¥V01molt>1.\/€1y, f(x) >fﬁ7:1n\/5. Suy ra (4.9).
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a2016

cong thiic dung v6i moi n. Tt d6 suy ra: A2016 = ( 901642015 2016 ) . Tuong
t

a2016 2016a2015 2a2016 2016&2015
32016:( 0 2016 > = X = A4 B*10 = (2016@2015 94,2016 )

Bai[l.2l Tt A = ABAsuyra AB = (ABA)B = (AB)?*; BA = B(ABA) =
(BA?. Pat P =1 - AB;Q =1—-BA. Tac6b P> = (I — AB)> =1 — 2AB +
(AB)? =1 — AB = P,vatuong tu Q* = Q

T gid thiét AB+ BA = 2l suyra P+ Q = 0 hay P = —Q tt d6 ta c6
P=P2=Q>=Q.ViyP=Q =0hay AB=BA=1.

Ba‘li Tit gia thiét A+ B+ C =0tacé C = —(A + B) suy ra
C=C?=(A+B)’=A*+AB+BA+B* = A+ AB+BA+B = AB+BA-C.
Suy ra 2C = AB + BA. Mat khac ta lai ¢6

AB — BA= A’B+ ABA — ABA — BA?
— A(AB + BA) — (AB + BA)A

= 2(AC — CA)

= —2(A(A+B) - (A+ B)A)

— —2(AB — BA)

Suyra AB— BA=0hay AB=BA=_C.
Tt A+ B+C=0taco

0=A(A+B+C)=A(A+B+AB) = A>+ AB+ A’B = A+2AB = A+2C
Tuong tu ta cling c6 B +2C = 0tudotacd A= Bvasuyra(C = AB =
A2=AVayA=B=0C=0.

Bai[1.4] 1) C6 thé l4y:
1 1 0 —1 0 —1
Sl SRR Y R Y
va kiém tra truc t1ep thay théa man yéu ciu clia dé bai A* + B? = (? =

2) Dé dang chiing té dudc véi mobi ma tran Vuong A chp 2 ta c6 mébi lién he
A% = tr(A)A — det(A) I, , trong dé tr(A) 1a vét clia A.
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Gia st ¢6 cac ma trdn A, B, C' € SLy(Z) sao cho A* + B* = C*.
Goi a = tr(A),b = tr(B),c = tr(C). Khi d6 A? = aA — [, va

At = (aA — L)? = a*?A? — 2aA + I, = (a® — 2a)A+ (1 — a®) I, .
Tuong tu cb két qua cho B* va ¢4 rdi tit d6 ta din dén

(a® —2a)A+ (> = 20)B+ (2 — a* — b*) 5 = (* — 2¢)C + (1 — A1,

Lay vet theo 2 vé ta suy ra a* +b* — ¢! = 4(a® + b — ¢®) — 2 = 2(mod 4).

V6i méi sb nguyeén k ta thay k14 s6 chén (k = 20) hoac k la s618 (k =21+ 1),

tw do kt = O(mod 4) hoac k4 = 1(mod 4).

T déng thitc o + b* — (mod 4), bing cach xét ting tru’ong hop trong
8 trudng hOp c6 thé ctia bo ba (a, b, c) ta suy ra a va b phai cung la s6 1é, con
¢ phai 1a s6 chan.

Khi d6 ta din dén a* 4 b* — 4(a2 + b?) = 2(mod 8) va ¢* — 4¢ — 2 = 6(mod 8)
Nhung tir dang thtic o’ +b'—¢! = 4(a®>+b*—?)—2 talai c6 a* +-b* —4(a>+b%) =
¢t — 4¢* — 2, diéu nay mAu thuln véi diéu vira c6 6 trén!

Viy khong ton tai cac ma trdn A, B, C' € SLy(Z) sao cho A* + B* = C*.

Bai Pat M = A+ iB véi i> = —1 1a don vi 4o cia trudng s6 phtic. Khi
dotacoématrnliénhop M = A +iB=A —iBva

MM = (A+iB)(A +z'B) = (A+iB)(A—iB) = (A*> + B?) —i(AB — BA)
= (A% + B?) - \/_(A2+BZ) (1- \/§>(A2+BQ)

Vi BA— AB khé nghich nén AB— BA kha nghich, suy ra A>+ B> = \/3(AB -
BA) cung kha nghich, tic la det(A% + B?) # 0. Goi a = (1 — —) 14y dinh

thitc 2 vé ta duagc
det(M M) = det[a(A® + B?)] = o" det(A* + B?)
Do dinh nghia dinh thitc ta thdy det(M) = det(M). Tit d6 suy ra

o det(MM)  det(M)det(M)  |det(M)]*
©det(A2 + B?)  det(A2+ B2)  det(A2 + B2)

13 sb mét thuc. Mit khéc ta c6

n V3 I\n n T T\" n nwo .. nw
- [%(?—%ﬂ () (o) = () (e )

nén phai ¢é sin X = 0, suy ra n phai la boi s6 caa 6.
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Bai[1.6] Xétmatrdn A — A" Tacé (A— A")f = A'— A= —(A— A"). Chuy
rang
det(A — A") = det(A — A" = det[—(A — AY)]
— (—1)P9T et (A — At) = —det(A — AY).

Suy ra det(A A") = 0. Do d6 hé phu0ng trinh tuyén tinh thuan nhit gbm
3041975 4n v6i ma trdn hé s6 14 A — A ¢6 nghlem khong tAm thudng, nghia
13 tOn tai mbt ma tran cdt X ¢ 3041975 x 1 v6i cac phan tit khong dong thoi
bang 0 sao cho (A — A X = 0 hay AX = A'X.

Bai Ta ¢
k—1

(I-A)) A=1-4A=1I

k=1
Do d6 I — Akhd nghichva (I — A)™' = 3 A’
=1

Bai[1.8] Nhan thiy

[ -1 -2 2 81 2|
1 -1 -1 0 4 2
i —1—12016_{BD}
0O 0 0 =21 1 0 C |’
o o0 0 01 -1
| 0 0 0 -2 1 1|
-1 -2 2 -2 1 1 8§ 1 2
trong d6 B = 1 -1 -1 |,C= 01 —-1|,D=]0 4 2
-1 -1 2 -2 1 1 01 6
2 0 5
Taco B3=FEI,C®*=0,B>D+B.D.C+D.C? = 0 —2 —2 | :=F. Khi
-2 2 5
. s | EI F
doA—[ 0 0}

1672 [672F I F
2016 3\672 __ _
e e M B P
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> bip fes
detA=|24¢ 2 442
IR
b ¢ d b d ¢
—gao(Z2a8Y (22 (248
* <c+b (b+d)<c+d>

- 92 ZZ+E 2_|_ C_Z_i_é 2_|_ §+E2
c b b d c d '
Khai trién va rit gon ta dugc det A = 0.

Mit khac ta c6: Néu b? # 2 thi b
0. ‘

Néu b2 = &2 thi 2 t4d A (byd\2 (b _d\2 £
SubmAdthl] g Ty "= - (G+5) =-(G-9) #
A \ 2 2"‘% c d\2 c d\2
Neuet Zdthi| .\ g 7 =4—(5+0) =—(G-9#0
Néu b2 = ¢ = 2 thi 4 dinh thtc con cip 2 bao quanh dinh thitc con cip
b ¢
1: D} =2 # 0 clama trdn A la D2 = ’3%2—% C;b —4- (2497 =
b c\2 _ ‘
E-gte0
2 dgc 2
p=pi=|,2, iti|=20+ (e ey =trtg
) cTo st
0vic?=d>. .
2 £4 2 . 2 . 2
Di=|. a "5 |=4=(+20) =-(G-9) =0
d_'_c 2

VAy néu b*> = ¢ = d2 thi hang clia ma trdn A béng 1, con trong cac trudng
hop khac hang ctia A bang 2.

Bai Tinh det A,. Cong cac dong tit dong thit 2 dén dong n vao dong
dau roi rut nhéin t chung ta dugc

a b ... b 1 1 ... 1
det A,, = b a .. b =(a+ (n—1)) b a b
b b ... «a b b .. «a

Nhan dong dau v6i —b réi cdng 14n ludt vao cac dong con lai dudce
11 .1
det A, = (a+(m—1p)| 0 70 = O )@ —b)

0 0 ... a—0
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T d6 ta suy ra:

Néu a = b # 0 thi hang clia 4, bing 1.

Néua = —(n—1)b, n > 2thidet A, = 0;det A,_; = (a+(n—2)b)(a — b)" 2 #
0 suy ra hang ctia A, bing n — 1. Néu a # b; a # —(n—1)bthidet A, # 0 nén
hang ctia A4,, bang n.

Bai Theo gia thiét, ta c6

2 3 4 - n+1 23 4 --- n+1
3 4 5 e 42 11 1 - 1
A= 4 5 6 e n+3l =11 1 .- 1
_n+1 n+2 n+3 --- 2n 11 1 -- 1
2 3 4 .. n+1
11 1 --- 1
- 100 0 --- 0 . (5.1)
_0 o 0 --- 0

Suy ra rankA = 2.

Bai m Goi D 1a dinh thic cip 2 tao bdi toa d6 cta hé vécto {&, F}
(D cling chinh la dinh thic cta hé vécto {@, 3} trong co s chinh tic clia
C-khoéng gian vécto C2). Dé thay

1 2 29
D = S
’Z1+T2|| 2(|Z1|+‘22:) Py —|-_|ZQ|
21 21 29 29 1 2 1 29 ) .
=\t ool s T el ) Ual F iz
<121|+|Z2||Z1| |21] + | 22| | 22| ‘2|21] 2 | 2| (Iz1] + [22])

Dfit P1 = argzy, Y2 = arg\zli(COS 90173111801)7 M2(COS P2, Sin 902)7 0(070)- Khi
dé |OM,| = |OM;| = 1va

21l |22] = |1==> 1__9>
b= e + 5 OMz|—|;O0M; + ;OM. 21| + |2
( B e e P (lz1] + [ 22])
¢ —_— s, . A 2
Ta co | ”j}” ’OMl + ‘ “f“ ‘OMQ = |OM]| v6i M thudc doan thang
<1 22 z1 29

|l = 17 — . . .2 ) 2
M, M, va ‘éOMl + 50 2‘: |OM,| v6i My 1a trung diém cua doan thang

X A Py P N A Y 2 Y 2

M, M. Dé thay |OM| > |OM,| vi OM, L M, M,. Dau bang xay ra khi va chi
N fos A 1

khi M trung véi M. Diéu nay tuong duong &l = 22 = — hay
[zl + [z ;] + ] 2

21| = 22| Vay:
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- néu |z | # | 2| thi D > 0 nén hang ctia hé {@, F} bing 2;

- néu || = || thi D = 0 nén hang ctia hé {@, F} bing 1.

Be‘li a) Taco A= AA = (A'A) = A’ tlic 12 A 13 ma trin dbi xting. Do
dé, A2 = A. A= A'A = Ava A chéo héa duge. Néu ) 1a mot gid tri riéng clia
Athi A2 = )\, bdi vAy A = 0 hodic A = 1. T dd, suy ra ton tai ma trin P sao
cho P"1AP = A 1a ma trin chéo ma cac phan tt trén dudng chéo chinh 13 0
hoac 1. Vi vay, rank(A) = trace(A).

1
b) Pat U = | ... | 13 ma trdn c6t cd n x 1 ma cac phan t& déu 13 1.

1
Ta ¢ Y7, a;; = U'AU. Mt khac, U'AU = U'A'AU = (AU)'AU > 0. Do
do, ta duoc Z 1 a5 > 0.
Tiép tuc, dit B= I,—Atacd Bt B= (I,— A)([,—A)=I1,—A-A'+ A'A =
I, — A = B. Ap dung két qua trén cho B ta dudc n — > i1 @ij > 0. Ta co
diéu can chitng minh.

Bai _ Gia st A c6 dang chéo hoéa Jordan véi cac khéi Jordan tuong ung
vOi cac gia tri riéng Ay, - - - , A, phén biét. Khi d6, A* 1a ma trén c6 cac phan
t trén dudng chéo chinh la AR Tt gia thiét tr(A’“) =0v6imoik=1,---,n
ta c6 hé phuong trinh:

Eﬁlui/\f:O,k:L--- M, <1§Mi,ZMi§n>.

Tt hé nay tasuy ra \; = 0,1 < i < m. Vay A la ma tran liiy linh.

Bai _ Goi vy, v9, -+ ,v,41 la cac vécto cot dau tién cla cac ma tran
A, Aoy An tu0ng ung. Khi do, n + 1 vécto nay phu thudc tuyen tinh.
Do d6 ton tai n + 1 so thuc 1, x9, - - , 2,41 KhOng dong thai bang 0 sao cho

L1V + ToUg + - -+ + Tn+1Un+1 = 0.

Lac d6 ma tran x; Ay + x9As + - - - + 2,41 Ay €O cOt dau tién bang 0 nén suy
bien.

Bai 1) Gia st c6 phuong trinh

aojn + alA + ...+ ClkflAkil = 0.

Khi d6, tit tinh chét liy linh clia ma trdn A nhén ca hai vé trén v6i ma trin
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AF=1 ta dugc a = 0.

Tuong tu, ta c6 diéu phai chitng minh.

2) St dung tinh chét lity linh cia ma trdn A chting minh rang rank(A+ A% +
+ AP = rank A va rank(A + A% + ... + A?%%) = rankA.

T dé suy ra diéu phai chitng minh.

Bai|l.17, Néu A% = 0, thi dinh thiic cia A bﬁng 0, tuc la néu A = ( Z Z ) ,

thi ta co ad — be = 0. Do d6 theo binh 1i Hamilton-Cayley
A% = (a+d) A

Suy ra
AF = (a+d)* 1 A

Néu a+d = 0, thita c6 A¥ = 0, v6i moi k > 2. Néu a + d # 0, thi ta 6
AF =0, v6i k > 2 nao do6 khi va chi khi 42 = 0.

0

Bai(1.18, Phuong trinh X2 +2X = { 1 3

{0 0].Giésﬁx+12 [a b}

} tuong duong véi (X + 1)? =

4 4 c d
a?+bc=0

e , | a*+bc ab+bd] [0 bla+d) =0

Khi do ta co {ac+cd bc+d2} = {4 4} suy ra atd) =4
d>+bc =4

a=b=0

c=d==2

0 0 O

SuyraXJrZ—{2 }hoacXJrl—{_2 _2}.

A -1 0 -1 0

e[ w11 5]

Bai|1.19| Dat

trong d6 A;, Ay, By, By 14 cic ma trin vudng cip 2. Theo gia thiét ta co:
AlBl =1 = AQBQ; AgBl =—-I= AlBQ. Suy ra Bl = Al_l, BQ = AQ_I SUY ra

BA - BlAl + BQAQ - 2[
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Bai Gia st ton tai ma trn A sao cho A~! = I + AT. Ta ¢

AT A e A=A - =AY —T=UD) =1
— AT - T
SA+I=A"'"-D1te AT DA+ =1
s (I-A)I+A)=A
S A2+ A-T1=0.

VAy A la mét nghiém cua da thiuc f(z) = 22 + x — 1. Da thic nay c6 hai
nghiém phéan biét la #5 ¢ Q, ma A la ma trin v6i hé sb hitu ty nén da
thitc cuc tiéu ctia A phaila f(z) = 22 + 2 — 1. Suy ra da thiic dic trung cta
A phai 6 dang (2 + = — 1)*. Suy ra n = 2k, tdc 1a n 12 chan.

Ngudc lai, gid st » 1a chin, ta xét ma trin B = [(1) _11} .Tacod

L [t1] ol o 1] .
B —{10—01—#1_1—]24-3.
Goi A 12 ma trin vudng cp n trén dudng chéo chinh 1a n/2 khéi cac ma tran

B, cac phan ti con lai bang 0. Khi d6, ta c6: A1 = J + AT,

Bai Gia st A 13 ma trn vudng cp n € N,n > 2. Gia st da thitc cuc
tiéu cta A la

ma(A\) = AN 4+ a, N g A tag, 0<r<n.
Vi A nghiém ding da thtic cuc tiéu clia nd, nén ta co:

AT —|— CLT_lAT_l —+ - —|— alA = —CLOI
@A(Aril + ar,lArfz + -+ G,lf) = —0,0[.

Do dé, néu ag # 0 thi A kha nghich.
Ngudc lai, néu A kha nghich va ag = 0 thi ta c6

Aril + ar,lArd + -+ (11[ =0.

Suy ra m4()\) khong 1a da thitc cuc ti€u ctia ma trin A. Mau thuln. Vi vay,
dé tranh mau thuan thi ay # 0 .

Bai[1.22] Tir gia thiét, ta 6
(A—=D)(I+ A+ A>+ ... 4 AP0 =
hay A20'7 — [ = 0. Suy ra A2°!7 + ] = 2]. D& thiy
APV | T = (A4 T)(A2006 _ 42005 L 4201 4y (CykAR ) = 2]
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13 mot ma tran kha nghich. Do d6 A + I kha nghich. Néu A — I khéng kha
nghich thi ton tai X 1a mét vécto cot khac 0 ¢6 nx 1 sao cho (A—I1)X = 0 hay
AX = X. Suyra A¥X = X v6imoi k va din dén (I + A+ A2+ ..+ A2I6) X —
2017X # 0. Diéu ndy mau thudn 7 + A + A2 + - + A6 — . Vay A — [ 1a
ma tran kha nghich.

Vay (A +I)(A —I) = A? — I kha nghich

Bai(1.23| a) Dit A = (“ b
c d

_fa b\ (1 =1\ [(a+b —a-—b

AM = (c d> <1 —1) o <c+d —c—d)
1 -1 a b a—c b—d
MA:(l —1) (c d):<a—c b—d)

Do d6 dang thitc AM = M A tuong duong véi hé

) . Chung ta co:

at+b=a—c
=d+2
—a—b=b—d @ = dt
& b=—c
c+d=a—c i v
—e—d=b—d GAamyy

Tt d6 ta biéu dién dudc

A:(dt% _dc):(chd) ((1] (1))+CG j>:(c+d)l+cM.

b) Tit phuong trinh ta c6

1
M = 6(X2016 . X?OIO)‘

Do M 14 da thiic cia X nén XM = MX. Theo ciu a ta suy ra ton tai o, 3
thuc dé
X = ol + BM.

Tinh todn truc tiép ta 6 M2 = 0. St dung nhi thitc Newton ta thu dugdc

X2016 — 0620161 =+ 20160&2015ﬁM7
XQOIO — O[QOIOI + 20100[20096]\4‘

Thé vao phuong trinh ta thu dugc

(@ — o) + (20160°™ 8 — 201003 — 6)M = 0
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Do hé {I, M} d6c 1ap tuyén tinh nén ta thu dudc hé

2016 _ 2010 _
201602158 — 2010a?°3 — 6 = 0.

Phuong trinh tht nhét cta hé chinh 13
052010(056 . 1) =0

va 6 cac nghiém la o = 0, = £1.

Néu o = 0 thi thay vao phuong trinh tht hai ta dugc —6 = 0 khong thda
man.

Néu o = 1 thi thay vao phuong trinh thi hai ta dudc 63 — 6 = 0 hayla 8 = 1

va ta tim dudc
2 -1
X_I+M—<1 O)'

Néu a = —1 thi thay vao phuong trinh thi hai ta dudc —65 — 6 = 0 hay 1a

f = —1 va ta tim dudgc
-2 1
X——I—]W—(_1 O)'

Bai Gia st A = (ajj)nxn Va di,ds, . .., d, tuong tng 1a cong sai clia cac
cap so cong trén cac hang tht 1,2, ..., n. Ky hiéu Cy, C,, . .., C, tuong Gng la
caccodtthtt 1,2,...,ncta Ava D = (dy,dy, ...,d,)T. Theo gia thiét chling ta
co

Ck:Cl—i—(k—l)D, k=23,...,n. (1)
Dit
ay;  dy
as  ds 1 1 ... 1
=1 | c:<0 1 ... n—1)'
an1 dn

Cht ¥ rdng B = (Cy, D) va tit (1) chting ta c6 dang thitc A = BC. Ma trin
tich C'B la mot ma tran vuong cap hai nén véi

a = —Trace(CB), = det(CB)

ta c6 ding thic
(CB)* +aCB+ BI =0 (2)
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trong d6, I 1a ma trin don vi cAp 2. Nhin ma trin B vao bén trai, nhn ma
trdn C' vao bén phai hai vé ctia dang thtc (2) ta thu duge

AP+ oA+ BA=0

Balu Ky hiéu I C {1,2,...,10} 1a tp hgp cac chi sb i ma M;A = AM,.
Ky hiéu J = {1,2,. 10} \ 1. Ta thiy j € J thi M;B = BM;. Tuong tu két
qua Bai 1.23, ciu a ta khdng dinh dudc:

e Néui e I thitdn tai a;, B € Z d€ cho M; = o, E + B, 4;
[ ] NéU] € J thi tél’l tal Oéj,ﬁj - 7 dé ChO Mj = CYjE + 5JB

(O diy E la ma tran don vi cip hai.)
Tinh todn truc tiép ta nhan dude A2 = B? = 0 nén st dung nhi thitc Newton
ta co

Z ME = "(a2E +20,8A) + Y (a?E + 20,3, B)

icl jeJd
_ (iaz)Em(Zaiﬁi)AJr 2(2%@-)3
k=1 iel jeJ

va cling co

10

gt s o

k=1 il Jj€J

Tinh toan truc tiép ta co:

2016 0 4 0\, /1006 1006 ) (1006 —1006
( 0 _2008) (o 4)+(_1006 _1006>+(1006 _1006):4E+1006A+1OOGB.

Nhu véy diéu kién iii c¢6 thé viét lai 13

10

(4 Zak>E n 2(503 _ ZaZ@A n 2(503 _ Za]@)

k=1 jeJ

Do hé {E, A, B} déc l4p tuyén tinh nén ta thu dudc cac dang thiic

10

dai=4 > a;f =503 Y a;f; =503.

k=1 el jeJ
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Hai dang thtic sau cho thiy c6 it nhit hai chi s6 k d€ a;, # 0. Suy ra cac
10

s6 hang trong tng Z a? déu nhd hon 4. Tit diéu nay ta thiy cac sb chinh
k=1

phUOng ai,k=1,2,...,10 chi c6 thé nhan mot trong hai gia tri 0 hoac 1. Tu

ak —0hodco? =1tasuyraal = a?;0° = a; v6iméi k = 1,2,...,10. Nhu

vay ta thu dudc

Zak =4; Y aff; =503 > ajp; =503

iel Jje€J

Tu d6 ta tinh toan dudc

N =4FE + 30184 + 3018B = (6040 0 )

0 —6032

Ghi chii: Trong bai toan nay c6 4 chi s6 k d€ a? = 1 va ¢6 6 chi s6 k dé
A — 0.

Bai - Ta sé chlmg minh hé phuong trinh tuyén tinh thuin nhét (7, +
A+ B)z = 6 chi c6 nghiém tdm thudng = = 6§, do d6 ma trdn I, + A + B kha
nghich. Goi x € R" la vector sao cho (I, + A+ B)x =6, ticla (A+ I,)x =
—Buz. Khi d6 B(A + I,,)x = —B*z hay (A + I,,)Bx = —B*z (do AB = BA).
Dan dén (A + I,)%c = B2z. Bang quy nap ta dé dang c6

(A4 I,)*z = (-1)FB*z,Vk € N.

Noi riéng, ta c6 APz = [,,x hay (A — I))v =0 va (A+ [,,)'%c = Bz = I
hay [(A+ 1,)'% — I,Jz = 6.

Xét cac da thitc p(t) = t*5 — 1 va ¢(t) = (¢t + 1)*6 — 1. Tit két qua trén ta din
dén p(A)z = 6 va q(A)z = 6. Mt khac

pt) =t -1+t + -+t +1)
q(t) = [(t + 1)® + 1)[(t + D)* + 1)[(¢t + 1)? + 1](¢t +2)t

nén 2 da thtc p(?) va ¢(t) nguyén tb cting nhau (khéng cé nhin ,tfr chung).
Theo thuat chia Euclide ton tai 2 da thttc r(¢) va s(t) khac hang so (c6 béc it
nhat bang 1) sao cho r(¢)p(t) — s(t)q(t) = 1. Suy ra
I = r(A)p(A) — s(A)q(A)
x=TIx=r(A)p(A)z —s(A)q(A)x =16

VAy ta ¢ diéu phai ching minh.
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Bai[1.27, V6i X € M,(R), goi X = [v;;], , ddt m(X) =) 7.
i,j=1

Trude tién ta chling minh ring v6i X,V € M, (R) thi m(XY) < m(X)m(Y)

That vay, coi XY = Z = [z;],, . Theo bat ding thic Cauchy-Schwarz ta cé

n

zfj = (Z%k?ﬂcy‘)z < <Zx12k> (Zygﬂ)
k=1 k=1

k=1

Ly téng theo j ta dudc

SoeS (55
= () (X 2) = (Xot) -mev

Lai léy tong theo 7 ta dudc
S>> (X)) mv) = ( 23) - m(Y) = m(X)m(Y)
i=1 j=1 i=1 k=1 i=1 k=1
Ap dung diéu vita chiing minh ta c6
[m(A)]" = m(A*) = m(N) =1
Pén day do m(A) > 0 tasuyram(A) > 1.

Bai[1.28] Taco A’ — B = AB = A? = (A+ I)B = (A?)"(A+I)B = I. Do
d6, B 1a ma tran kha nghich nén B khong thé 1a mét ma tran lily linh (vi ma
tran liiy linh 6 dinh thtic bang 0). Hon nita, (A2)~!(A+ I) 1a ma tran nghich
ddo cia Bnén B(A?) " Y(A+I)=1= B(A+I)(A*)'=1= B(A+1I) =
A? = BA = A? — B. Bdi vay, AB = BA.

2 Dinh thic

Bai Vi dinh thttc clia ma tran khong ddi qua phép chuyén vi nén ta cé

T T ZT3 Ty r1 —T92 —X3 —T4
D= —XT9 I Ty —I3 | | T2 I —XT4 T3
—X3 —X4 T i) XT3 T4 T —T9

—Ty I3 —X2 T Ty —T3 i) T
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Suy ra
Al ) XT3 Ty r1T —T2 —X3 —T4 a 0 0 0
D2 ) T1 T4 —x3 % i) T —Xy T3 . 0O o 0 O
B ) R S R N T3 T4 Tl —To 0 0 a O
—T4 X3 —XTy T Ty —X3 X9 T 0 0 0 «

Voia =22 + 22+ 22+ 23 Twdésuyra D = (23 + 23 + 23 + 23)%

Vi 21, 29, 3, 74 12 cac nghiém ctia phuong trinh 2% — 1223 + 42 — 2016 = 0 nén

ta co:
o]+ 13 + 25 + a] = 144
Vay D = 1442 = 20736.

Bai[2.2] Ta co
-1 1 1 7
alIbl alIb2 ay — by,
M= |a—b a—by ~ ay—b,
1 1 1
la, —b, a,—b,  a,—b,d

Goi X = [z, 29, ..., z,,]'. Xét hé phuong trinh thuin nhét MX =0 (%)
Ta sé chitng minh hé (x) chi c6 nghiém X = 6, nhu thé det(M) # 0.
Hé (%) viét cu thé 1a

( T To I3 Tn

=0
al_bl+a1_b2+al_l)3+ +a1_bn
X1 ) Z3 Ln
=0
ag—bl+a2—b2+a2—b3+ +a2—bn
T o) I3 Tn
SR L —
\an—b1+an—bg+an—b3+ +an—bn
Xét ham so = = , trong do
1) x—bl+x—bz+ +x—bn T, (x —b) &

P(z) = x1(x — by)(x — b3)...(x — by)
+ xo(x — by)(x — b3)...(x — by)
+ ...
+ zp(x —by)(x — by)...(x — bp_1)
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la da thttc bac (n — 1).

Phu0ng trinh thu nhét Cﬁa hé la f(al) = % =0 , hay P(CL1> =0
i=1\a1 — 0;
Phuong trinh th hai cia hé 1a f(a2) = % =0,hay P(ay)=0.
i=1\a2 — 0;
P(ay)

v.v... Phuong trinh thit n cia hé 1a f(a,) = =————
O )= T e b

Nhu vay da thtc P(z) bac (n — 1) c6 n nghiém phan biét a,, as, ..., a, .
Doddé P(x) =0, Vx e R.

Liy x = by ta dugce P(by) = x1(by — ba)(by — bs)...(by —b,) =0, nén x; =0.
Lay T = bQ ta dlIOC P(bl) = 332(52 — bl)(bg — bg) (b2 — bn) = O nén To = 0.
v.v... Ly 2 = b, ta dudc P(b,) = 2 (by — b1)(by — b2)...(by — bp_1) = 0, nén
T, =0.

Viy hé phuong trinh d4 cho chi c6 nghiém tAm thudng [z, 2o, ..., 2] = 6 .

Bai Dat

=0, hay P(a,) =

3 —4 0 -0 0
1 3 -4 -0 0
0 1 3 -0 0
D, =det A= . . o
0 O 0 3 —4
0 O 0 1 3

St dung phuong phap truy hoi, khai trién theo dong thit nhét ta dugde
D, =3D,_1 + 4D,

Phuong trinh dic trung t*> — 3t — 4 = 0; A = 25;+/A = 5 nghiém 4 va —1. Vay

13 1 3
Dn: - - 4n - 1n
(2+2.5> +<2 25>( )

. i 4n+1 -1 n
Tu désuyra D, = %
1 1 1 1 --- 1 1
11 1 0 --- 0 O
Bai 2.4, Dit D, = o 1 1 1 -+ 0 O0]. (binh thic cap n).
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Khai trién theo c6t dau ta co

11 o 0 --- 0 O

11 1 O --- 0 O
D,=-D,,;={ 0 1 1 1 .-+ 0 0|:=X,_1.

o o o 0 --- 1 1

Do d6 Dagig = —1 + Y10y (1)1 X,

Tinh X,,. Taco X,,— X,,_1+X,,_» = 0. Xét phuong trinh dc trung t*—¢t+1 = 0.
Khi d6 ta nhan dudc

v (1 V3N (1=v3\" (1 VB [1+V3i\
SR > ) T\ 2

1 V3 r o on]t (1 VB v o]
= <§+?l> [cos(—§)+zs1n(—§) + (5—72) [cos(g)—l—zsm(g)]

1 V3 T 1 V3 T T
= <§+ ?@) [COS(—ng) + zsm(—ng)] + (5— ?2> [cos(ng) + zsm(ng)]

~ ﬂ. . ﬂ- \ 7T . 7T 7
bita, = COS(—ng) + zsin(—ng) vab, = COS(TLg) +1 sin(ng). Ta co

> e = Y- [cos<—ﬂ> +z‘sm<—j§>]

j=1

2015 2015 T 4
Z( 1)n71bn — Z(—l)J 1 [COS(jg) + ZSID(]g)
n=1 J=1

Vay Dapi16 = 0.

Bai Ta chitng minh bang quy nap.

V6in = 1 thi det(M) = det[e®?] = embr > (.

Gia stt két ludn ctia bai toan ding v6i cac ma trdn M tit cAp 1 cho dén chp
(n— 1), 6 ddy n > 2. Ta sé chiing té két ludn ctia bai toan ding véi ma trin
M cép n.
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Goici=a;—a; >0(i=2,3,....,n) ta théy
et = embiecibi y4i (i =2,3,...,n),(j = 1,2,...,n) va tt d6 det(M) =

ea1b1 €a1b2 ealbn ealbl 6a1b2 ealbn
6a2b1 €a2b2 . €a2b” ealbl 6021;1 6a1bz€t:2b2 e 6a1bneczbn
panbl  ganbz eanbn ed1bipenbl  parbaoenba . pa1bn pCnbn
1 1 1
ecgbl eczbg 602bn
_ 6a1(b1+b2+--~+bn) det . . ) . = eal(b1+b2+m+b”) det(N)
elnbl b2 .. oenbn

Nhu véy ta chi cAn chiing té det(N) > 0.

LAy cot thit (n — 1) nhéan véi (—1) rdi cdng vao cot thit n, 14y cot thit (n — 2)
nhén véi (—1) rdi céng vao cot thit (n — 1), ..., cubi cling lay cot thit nhit
nhén véi (—1) r6i céHng vao cot thi hai, ta duge

1 0 0 - 0
eCle eCsz _ €C2b1 eCQba _ 662b2 .. 602bn _ €C2bn71
det(N) — det etabt  peaba _ peabi pesbs _ pesba oL ocabn o pcabnot

ecnbl ecan _ ecnbl €C7Lb3 _ ecan v e ecnbn _ ecnbnfl

_eC2b2 _ 662171 602b3 _ 662b2 ec2bn _ eczbn—l
€C3b2 _ ecsbl ecsbs _ €C3b2 .. 603bn _ ecsbn—l
= det ) ) ) ) = det(P)
6Cnb2 _ ecnbl ecan —_ ecnb2 e ecnbn _ ecnbn—l
Xét ham so
eCQt €C2b3 _ eCsz R €C2bn _ 602bn71
ecgt 603123 o €C3b2 . €C3b" _ 603bn—1
f(t) =det | . . ) . ,teR

ecnt €C"b3 o €c"b2 .. ecnbn o ecnbnfl

Ta thiy f(¢) 1a ham kha vi va det(P) = f(bs) — f(b1). Theo dinh Iy Lagrange
ton tai x; € (by, by) sao cho f(by)—f(b1) = (ba—b1) f'(z1). Ti do ta c6 det(P) =

Coe2T1 eczbs _ €C2b2 eczbn _ eczbn—1

c3eC3%1 ecsbs — eCab2 ecsbn _ BCSbnfl

= (by —by)det | : : = (by — by) det(Q)

Cnecnzl ecan _ ecnb2 .. ecnbn _ ecnbnfl
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Ap dung cach lam tuong tu nhu & trén cho c6t thit hai cia ma tran Q, ta suy
ra ton tai xo € (bs, b3) sao cho det(P) =

coT1 C2T2 ec2bn _ €C2bn71

(&)1¢ Cr€e

C3€3T1 cgetT2 ... €C3bn _ 603bn71
(bg — bl)(bg — bQ) det

CprerTl ¢, etn2 enbn _ pnbn—1

Cu tiép tuc nhu thé, cubi cung ta suy ra ton tai z; € (biz1,b;),(i=1,2,..,n—1)
dé

Co€2TL coef2T2 L. pyeC2Tn-l
n—1 €361 (qeC3T2 C3€03%n—1
det(P) = [ [(bis1 — b;) det
i=1 * :
Cnecnxl Cnecn-732 e Cnecnl'nfl
6621‘1 €C2x2 e 6C2xn71
n—1 n eC3T1  pC3T2 .. oC3Tn-1
= (biJrl — bl) | | CL det
i=1 k=2
6cnm1 ecnzg .. ecnwn—l
n—1 n

= (bi—l-l - bz) H Ck det(R>

k=2

I
—

RO rangla c; < ¢c3 < e < ey var, < a9 < -+- < Tp_1, Nén ma trdn R cép
(n—1) thda man gia thiét quy nap, do d6 det(R) > 0. VAy det(N) = det(P) >
0.

Bai2.6l Ta c6

V3+1

e 5 —V/3 cosg+sing —ZSing
S VB VB sin ~ cos © — sin =
5 5 3 3 3
Cos QE + sin2§ —2sin 2z
6 T T
sin 2— COS2— —sin2—
6 6 6
va
T T T
cos3— + 3sin — —2sin3—
A3 — 6 e
sinSE cos 38 — sin 36
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Quy nap ta c6 dudc

T o .
cosn— + nsin — —2sinn—
A" = 6 ™ 6 ™ ,6 ™
sinn— cosn— — sinn—
6 6 6
Thay n = 2016 thi
1 0
2016 _
o[y
Bai Xét da thtic theo bién 2 nhu sau:
1 a a® d® a*
1 b ¥ b vt
f@)y=11 ¢ & & | =uy+uz+ua® + uzz’® + ugx’,
1 d & & d*
1 = 22 28 2t

D& thay a, b, ¢, d 1a cac nghiém ctia f(z). Theo Dinh li Viét ta c6 a+b+c+d =
Uus

Uy
Mat khac, khai trién dinh thtc f(z) theo dong cudi ta c6

1 a o a* 1 a o o
1 b b b 1 b vV b
B=11 ¢ 2 APMT1 ¢ 2 &3
1 d d&* d* 1 d d&* &

Suy ra diéu phai chitng minh.
Bai Cong tht ca cac hang vao hang diu

at+b+c—2x2 a+b+c—2 at+bt+ec—2 at+bt+cec—=x

D_ a - c b ’
b c —x a
c b a —

Ta thay khi z = a + b + ¢, dinh thic bang 0. Tuong tu, cOng hang 2 vao hang
1, va hang 4 vao hang 3, ta thiy néu a — = = b + ¢, dinh thiic bing 0.

—x+a a—x b4+c c+b

a — c b
D= b+c¢c c¢c+b a—x a—=x
c b a -
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Tuong tu, véi cac cap hang 1+ 3,2 +4va 1+ 4,2+ 3 ta dudc

D=(x—a-b—-c)(z—a+b+c)(r+a—-b+c)(r+a+b—c).

Bai Ma trdn B = AAT + 161, 13 ma trin d6i xing nén ma tran B c6 di

n gia tri riéng thuc.

Goi A € R 1a mét gia tri riéng cua B ing véi véc to riéng X # 0. Khi dé:
AATX = (M- 16)X.

Nhan hai vé clia phuong trinh nay véi véc té X7 ta dugc:

XTAATX = (A - 16)XTX.

Vi vay tit X # 0 ta kéo theo rang \ > 16.
Do do, det(AA” + 161,,) > 16™ = 2%". D4y la diéu phai chltng minh.

Bai u Chay rang cac gia tri riéng ctia ma tran f(A) deu co dang f(A )
trong dé )\ € Cla gia tri riéng cta ma trdn A. Ta cung chay rang neu f(\) la
gid tri riéng ctia f(A) thi f()) cling 13 gia tri riéng ctia f(A), két hop véi tinh
chét ctia da thitc f(\) > 0 trong d6 A 1a gia tri riéng thuc ctia ma trén A ta
sé ¢6 diéu phai chiing minh.

3 Hé phuong trinh

Bai Hé da cho tuong duong v6i hé AX = 1 X véi

ail aiz Q1n T
2091 2099 209, L2
A= X =
n—1 n—1 n—1 ’
2" a1 2" ag, ... 2" ag, Ty

Goi P(X) la da thic ddc trung ctia ma trdn A thi dé thay rang P( ) la da
thitc don (hé sb béc cao nhét bang 1) v6i cac hé so déu nguyén. Suy ra
nghiém hitu ty néu c6 ctia P(X) phai 1 s6 nguyén. Viy P (3) #0suyra }
khong la gia tri riéng cia ma tran A.

Vay hé phuong trinh AX = 1X c6 duy nhat nghiém tim thudng.
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Bai[3.2 Hé da cho c6 thé viét lai

1
ayl — 2016 Q12 . o a1 n—1 Q1n T 0
a2 a22 — 3516 a2,n—1 Q2n o 0
1 . .
Ap—1,1 Qp—1,2 “t On—1n—1 "~ 3076 Ap—1,n 0
1 Tn
L An1 Ap2 e Apn—1 App — 2016

Xét ma tran A = [a,;],.. Hé trén c6 thé viét thanh (A T >a: =0 (x).
Da thiic dic trung cia ma trdn A la

P(A\) =det(A —A,) = (=1)"\" + c, A A"+ e d +q

Via; € Z,(i,j =1,2,...,n) nén ¢y, cy, ..., 1 € Z va ndiriéng ¢y = det(A) .
Ta thay

1 1 1 1
det (A — 5l ) =P(—)=(-1)" +ei——— ot

2016 2016 2016 201671 2016
1 1
= —1)" +2016¢,,_1 + - - - +2016™ 1 2016"¢y| = :
2017 (D" 200601 4+ at 0l = 5016m
R6 rang la S = (—1)"(mod 2016), nén S # 0, suy ra det(A — 5551,) =

1
P(\2016> a ON' .
Diéu nay dan t6i hé (x) chi c6 nghiém tam thudng [z, s, ..., z,]' =0 .
A ’ A ~ A 1 2, A 2. %2 1
Nhan xet. Trong heﬂda cho, néu ta thay 55z 6 vé phai b6i -, m € Z , m #
0, +1 thi bai toan van dugc giai hoan toan tuong tu.

Bai E Lay phUOng trinh tht & + 1 trwt cho phuong trinh thit k, k =
1,2,..,n —1va lay phuong trinh diu trtt phuong trinh cubdi, ta dugc hé
phlIOng trinh hé qua:

( (v — ) +2(xg — 1) +3(z3—22) =0
(29 — 1) +2(xg —x2) +3(xg—x3)=0

(:L‘n—l - xn—2) + 2(1'71 - wn—l) + 3(171 - xn) =0

L (Tp —Tp1) +2(xy —2,) +3(xe—21) =0

Daty, = o1 — 2p, 90 = 12 — 21,43 = T3 — T2, ..., Y = Ty, — Tpp_1, ta dudc hé
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(1 2y +3y3 =0 (1 Foyp+(2-a)(y2+ays;) =0
Y2 +2y3+3ya=0 Y2 tays+(2—a)(ys+oy) =0
............... e
Yn—1+2yn +3y1 =0 Y1 +ayn+ (2 —a)(yn +ay) =0

(¥ + 251+ 3y2 =0 L Yo Ftay +(2-a)(yr +ay) =0

trong d6 a 14 s6 phitc théa min a(2 — ) = 3 < a2 — 20 + 3 = 0.

Dat y1 + ays = 21,92 + ays = 22, Yn1 + QYn = 2p-1,Yn + QY1 = 25, D€
phuong trinh hé qua dugc viét lai thanh

(21 +(2—a)z=0

2z +(2—a)zz=0

Suy ra
n=(a—2)zn=(—-2%m=..=(—2)"2 =2 =0
Tedotacdozy =2, =..=2, =0. Vay
y=—ayy=..=(—a)" Yy, =(—a)"y =y =0=y=0Vi=1,2,..n

Do d6 hé phuong trinh c6 nghiém duy nhit

2
1 =Ty = ... =Tp = <.
Bai Hé da cho tuong duong véi
(a1 — 1)y + a2 + . .. + a1 201672016 =0
a1y + (age — 1)za + ... + a2 201672016 =0

...............................................

2016 171 + 2016 222 + - - . + (@2016 2016 — 1)T2016 =0
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Ma tran hé s6 c6 dang M = A — 1. Ma M(A+2I) = (A—I)(A+2]) =
A? 4+ A—2] = -A+ A—2[ = —2I.Do d6 detM # 0. Vi vdy hé c6 nghiém
tam thuong.

a 1 ... 1 1
1 a ... 1 1
Bai|3.5( det(A) =|... ... ... ... ...
1 1 ... a 1
1 1 ... 1 «a
a+2015 a+2015 ... a+2015 a+ 2015

LU 1 a ... 1 1
=

= (a+2015) |. ..

M —(a+2015) ...

1=2,2016 0 0 ... a—1 0

= (a +2015)(a — 1)291°,

Hé ¢6 nghiém tAm thudng khi det(A) #0 < | © # —2015

a#1

a=13
Bai[3.6. Dat<{ b=17 tacod
c=19

x x x
a—x a®>—x% ot — a2t
b—x b —2x3 b — 2t

cC—T C —XT cC—X

0O Q8
s
s
oo O

a3 xt

a2+ax+a:2 a3+a2x—|—ax2—|—x3
b2+ bx + 22 b+ bPx + bx® + 23
Atcer+2t S+cr+cr?+a23

=(a—2x)(b—1z)(c—x)

S O O =
—_ = =R
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1 x x? x?

~ (a—z)(b—2)(c—1) 0 1 a® + az + x? a® + a’z + azx® + 23
00 PP-—a’+0b—a)x V®—a*+ (*—a*)z+ (b—a)z?
00 Z2-—a®>+(c—a)x A—a®+(*—a*)z+ (c—a)z?

x? x?

1 «x

_ 01 a+arta®  a+an+as®+4°

= (a=2)(b=2)(c=a)b=a)le=a)lg o "y hn B bata®+ (b+a)e + a2
00 ct+a+tr AE4ca+a®+(c+a)r+a?

x3 xt

a’ + ax + a® + a*zx + ax? + 2*
b+a+x bV*+ba+a*+ (b+a)r+ 2?
c—b A=+ (c—ba+(c—b)x

1 z 3 xt
2 2 3. 2 2, .3
(emat Al b SR Sl
0 0 1 ct+tb+a+x
=(a—x)(b—z)(c—2)(b—a)(c—a)(c—=0b)[(a+ b+ c)x + ab+ bc + cal.
rT=a =13
=20 z =17
Suyranghiémcia D, =01a | = ¢ &< r=19
ab + bc + ca 791
r=—-— =
a+b+c 49

Bai n Ta cin chiing minh det(A Af) =0.
Vi A la ma tran truc giao cap nlénén A'A = I vadet(A—A") = (—1)" det(A'—
A) = —det(A' — A). Taco

det Adet(A — A") = det(A* — I) = det((A")? — AA") = det(A" — A) det A"
Videt A # 0 nén det(A — A") = —det(A — A"). Do d9, det(A — A") = 0.

Balu Gid st ton tai ma tran kha nghlch C sao cho A = OB thi hién nhién
moi nghiém cua AX = 0 déu 12 nghiém cta BX = 0 va ngudc lai.

Ngudgc lai, néu tap ngh1em cia AX = 0 trung v6i tdp nghiém ctia BX = 0.
Thuec hién bién d6i trén cac dong cta hai hé phuong trinh AX = OvaBX =0
ta dua dugc ca hai hé vé cung moét hé c6 dang DX = 0 (v6i D cap n x n bao
gom ca cac dong bang 0).

Diéu nay chiing té ton tai cdc ma tran kha nghich C;, C, sao cho C1A = D
va C,B = D (bién déi trén cac dong clia ma trin tuong duong véi viée nhan
trai v6i mot ma tran kha nghich nao do).

Tit d6 ta c6 diéu phai chitng minh.
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Bai3.9 TacAntim A ' d€ A ' x Ax X =A'xB=X=A"1'xB
Dung phuong phap ma trin don vi tim A~! ta c6

1 1 1 ... 1 1 | 1 0 0O ... 0 0
0o 1 1 ... 1 1 ] 0 1 0 ... 0 0
A 0 0 1 ... 1 1 I 0 0 1 ... 0 0
0 0 0 1 1 | 0 0 0 1 0
0 0 0 0 1 | 0 0 0 0 1
1 0 0 0 0 | 1 -1 0 0 0
0 1 0 0 0 ] 0 1 -1 0 0
himhiss 0 0 1 0o 0 | 0 0 1 0 0
- — |
i=I,n—1
0 0 0 1 0 | 0 0 0 1 -1
0 0 0 0 1 | 0 0 0 1
:(IH‘A_I)
suy ra:
1 -1 0 0 0
0 1 -1 . 0 0
A 0 0 1 0 0
0 0 0 1 -1
0 0 0 0 1
vay
1 -1 0 ... 0 0 1 2 3 ... 2015 2016
0 1 -1 0 0 0 1 2 2014 2015
Y — A 'xB — 0 0 1 ... 0 0 « 0 0 1 2013 2014
0 0 o ... 1 -1 0 0 0o ... 1 2
0 0 0O ... 0 1 0 0 0o ... 0 1
1 1 1 1 1
0 1 1 1 1
o 0o 1 11
0 0 0 1 1
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4 Khong gian véc to va anh xa tuyen tinh

Bai () Hé thite >~ \e(X — ax)™ = 0 tuong duong voi

DO (1) Cia )X =0

i=0 k=0
Theo dinh nghia da thtic suy ra Y, _(—1)'Cla} Ay =0 (i = 0,1,...,n). Vi
(—1)!C? # 0 nén hé nay tuong du0ng S o A =0 (z’ =0,1,..., n). D&
thay day la mot hé phuong trinh tuyen tinh Cramer thudn nhét gorn n+1
an \; (k=0,1,...,n) v6i ma tran hé so la ma tran Vadermonde cap n + 1 ¢
dinh thitc khac 0 nén c6 nghiém duy nhag A=A ==\, =0.Vay hé
{(X —ax)" | k=0,1,...,n} la doc lap tuyen tinh trong R[X].
(11) Néu det([(ai_l — aj_1>n]i7j:1
thuﬁnnhétgf\)mn+1 an \x (k=0,1,...,n):

.....

n+1>: 0 thi hé phuong trinh tuyén tinh

n

D (i —a)" e =0(=1,...,n+1)

k=0

c6 nghiém khong tdm thudng. Goi A, (k = 0,1,...,n) 1a mot nghiém khéng
tam thuong. Dat f(X) => 7  M(X —a)". Vihé {(X —ax)"|k=0,1,...,n}
13 doc 14p tuyén tinh nén f(X) # 0 va deg f(X) < n. Tuy nhién ta lai c6
f(ap) = f(a1) = -+ = f(a,) = 0nghiala f(X) cé it nhat n + 1 nghiém phan
blét Dléu néy 1a vo 1i. Vé.y det <[(ai_1 — aj_l)”]i7j:1 77777 n+1> 7é 0

Béi Xét 4nh xa tuyén tinh 7' : Mat,,(C) — Mat,(C), B — AB— BA. Khi
d6, Z(A) = ker(T) 1a khong gian véc to con clia Mat, (C). D€ ¥ rang, néu C
la ma trdn kha nghich thi

AB = BA

khi va chi khi C-'ACC~'BC = C~'BCOC~'AC. Néu Dy,--- , D, 1a cAc ma
trAn dobc 1ap tuyén tinh thi C~!D,C,--- ,C~'D,C cling ddc lap tuyén tinh.
Do dd, ta c6 thé gai st A c6 dang Jordan, véi khoi Jordan thit ¢ cap & 1a:

a1 00 -~ 00
0O alO0O-- 00
0 0al--00
Ai=1. . . . oo
0 00O a 1
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Khi d6 A; giao hoan véi

bl b2 b3 te bk;—l bk
0 by by -+ br—a brp
o= |t e e
0O 0 0 --- Ih by
o 0o o0 --- 0 b1
Do do6 A giao hoan véi
B 0 0
0 Bo 0
0 0 - B,

Vi trong B ¢6 n bién nén dim Z(A) > n.

Bai Do A la ma tran cAp n c6 hang bang r nén ton tai cic ma tran kha
nghich P, @ sao cho A = PI,,Q véi I,,,. 1a ma tran c6 dang:

I, 0O
(5 )
D&y rang, k ma trdn X1, - - - , X, doc 14p khi va chi khi cac ma trdn Q X1, - - - , QX
déc 14p tuyén tinh (Do @ 13 ma tran kha nghich). Phuong trinh AX = 0 tuong
duong v6i phuong trinh I, ,QX = 0. Do d6, dé tim s6 nghiém ddc 14p tuyén
tinh t6i dai ctia phuong trinh AX = 0 ta chi cAn tim sb nghiém déc 14p tuyén
tinh t6i dai ctia phuong trinh 1Y = 0. Ma tran Y théa man phuong trinh
Y = 0 khi va chi khi n6 c¢6 dang

0 O
Y‘(Yl Y)

trong dé Y'1 1a ma trin cip (n — r)xr con Y, 1 ma trdn vudng cip n — r. Tit
dé6 suy ra so6 nghiém doc 1ap tuyén tinh toi dai ctia phuong trinh AX = 0 la
(n—r)r+(n—r?=n(n-r).
Bai Do MP = I nén da thic tbi tiéu p(z) clia M phai 1 uéc ctia

P —1=(x— D" 4+ +1).

Theo gia thiét 1 khéng phai 1 gia tri riéng ctia M nén p(z) 1a uéc clia (27~ +
<-4 1). Ma (2P7! + --- + 1) la da thtic bat kha quy trén Q nén p(x) =
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N EPPES |

Mt khéc, da thiic dic trung v, va da thic tdi tifu ¢ chung nhén td bat kha
quy nén

xur(z) = (p(2)* k> 1.

Vay dimV = degxm = k(p — 1).

Bai[4.5] o V6i moi p(z), q(z) € Ryyq[2],a € R. Tacod

)
p(ap(z)) = (ap)(z +1)
o Ma tran biéu dién ctia ¢ theo co sé {1, z, 22, ..., 2"} clia K, 1[z]. Ta co
p(1) =1
p(r) =1l+z
o(z?) =142z + 22
o) =C0+Clo+ C22% + -+ O g™t 4 O

Ma tran biéu dién ctia ¢ theo co s6 S 1a

111 o
01 2 c!
lpls =]+ :
000 Cn-t
1000 o

o Da thtc déc trung cta ¢ la f,(x) = (1 — z)"*'. Do d6 1 la gia tri riéng
duy nhét cta . Theo dinh ly Cayley-Hamilton, ta c6 fs(p) = 0. Do d6 da
thitc cuc tiéu clia ¢ 1a mot trong cac da thic ¢6 dang m(z) = (v —1)" v6i
1 <r <n+1.Domatrén A c6 dang tam giac cap n+1nén (A — )" =0 va
(A— 1) #0v6i 1l <r <n. Viy da thitc cuc tiéu cta ¢ 1a m () = (z — 1)

Bai[4.6] o V6i moi p(z),q(z) € R[z],a € R. Ta c6

D(p(z) + q(x)) = (p(x) + q(z)) = p'(x) + ¢'(x) = D(p(z)) + D(q(x))
D(ap(z)) = (ap(x)) = ap'(z) = aD(p(x))

T(p(x) +q(x)) = z(p(x) + q(z)) = xp(zx) + zq(x) = T(p(x)) + T(q(7))
T(ap(x)) = z(ap(x)) = azp(z) = oT'(p(z))
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o V6i moi p(z) = ap + ayx + -+ - + a,z" € Rz]. Tacd

(D+T)(p(x) =(D+T)(ay+ arz+--+ apx™)
=D(ap+amzr+ - +a,2") +T(ap+ iz + -+ a,z™)

=a;+ - +na,x" '+ ag+ a1z + - + apa
=aj + (ag + 2a2)x + -+ + (ap_2 + na,)r" ' + ap_12™ + apx

(DT)(p(z)) = (DT)(ag+ arx + -+ ayz™) = D(T(ap + a1z + - - - + a,x™))

n+1

= D(agz + a12® + - -+ + a,2™) = ag + 2a12 + - - - + (n + 1)a,z”

(TD)(p(z)) =(TD)(ao+amx + -+ aza”) =T(D(ap + a1z + - - + a,a"))
=T(ay + 2asx + - - + na,x" ') = a1z + 2a22* + - -+ + na,ax"

0 V81 moi p(z) € Rlz] ta ¢ (DT)(p(x)) — (TD)(p(x)) = p(x).
Vay (DT — TD)(p(z)) = Id(p(z)) va do d6 DT — TD = 1d. Do dé

(I'D)* = (I'D)(TD) =T(DT)D =T(TD + Id)D = T>D? +TD
o Dinh nghia anh xa S : R [z] — R [z] cho béi
anrl

a1 o Qp,
S(ap + arx + -+ + ap,x”) = apr + —x" + -+ +
(a0 + o ) 0 2 n+1

D& dang kiém tra dugc S la toan tl tuyén tinh va DS = Id.
o D khong dang cau vi D khong la don anh (D(1) = D(2) = 0) va S khong
dang cau vi S khong 1a toan anh (khong c6 p(z) € R [z] d€ S(p(z)) = 1).

Bai o M,(R) la mét khong gian Euclid véi tich v6 huéng (A|B) =
tr(ABT)

(A|B) = tr(AB") = tr(BTA) = tr((B"A)") = tr(A”B) = tr(BA") = (B|A)

(A+C|B) =tr((A+C)BT) =tr(ABT + CBT)
= tr(ABT) +tr(CBT) = (A|B) + (C|B)

(aA|B) = tr((aA)BT) = tr(aAB") = atr(AB") = a (A|B)

(AJA) = tr(AAT) = 3> > a2 > 0va (A|]A) = 0 & a;; = 0 v6i moi i, j hay

ij
i=1j=1

A=0.
o Khong gian con bu truc giao cla khong gian con cac ma tran duong chéo
la khong gian con gdm cac ma trdn c6 cac phan tit trén dudng chéo chinh
déu bang 0.
o Khong gian con bu tryc giao cua khong gian con cac ma trn dbi ximg 1a
khong gian con gbm cac ma trn phan déi xing.
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Bai[4.8 a) LAy P,Q € R[] thy y va ldy A € R tly . Ta ¢6
P(P+Q) = (P+ Q)" +2) — (P +Q)(z?)
[ (2° + ) = P(2®)] + [Q(2* + z) — Q(2?)]
w(P) + ¢(Q),
©(AP) = (AP)(z* + ) — (\P)(2?) = A[P(2® + ) — P(2?)] = A\p(P).

Nhu vay ¢ la mét toan tl tuyén tinh.
b) V6i moéi P € R[z| ching ta cd

p(P@)| _ = P@*+2)

— P(z?)

=0

= P(0) — P(0) = 0.
=0
Suy ra (P(z)) lubn ludn chia hét cho z. Do d6 cac phan ti T(z) € R[z], T(0) #
0 sé khong ndm trong anh ctia dnh xa  va ta ket ludn dugc ¢ khong phai la
mot ty dang cau ctia R[z].
c¢) Xét phan ta Py(z) = 1 trong R[z]. Ching ta ¢

©(Py) = Py(z* + ) — Py(x) =0

tic la p(Py) = 0.Py va A = 0 la mot gia tri riéng cta .
Tiép theo ta xac dinh cac gia tri riéng khac 0 cta . Gia st P(r) € Rx] la
mot véc to riéng tng v4i gia tri riéng \ # 0, tic la

o(P) = \P.

Do ¢(P) chia hét cho z va A # 0 nén P(z) ciing chia hét cho z. Suy ra tén
tai k > 1 va Q(x) d€ P(z) = 2*Q(z) va Q(0) # 0. Vi thé ta dua ra dudc dang
thic

(2% 4+ 2)FQ(2* + z) — 2% Q(2?) = M\*Q(x).

Gian wéc z* & hai vé ta thu duge
(z +1)*Q(a? + ) — 2°Q(2*) = AQ().

Thé z = 0 vao hai vé dang thitc trén va st dung k >1,Q(0) # 0 ta nhan dugc
A = 1. Néu chon Pi(z) = thita kiém tra truc tiép dudc rang ¢(P)) = P, va
déng thitc nay cho thay A = 1 1a mot gia tri riéng cta .
Nhu véy ta két ludn dugc ¢ c6 hai gia tri riéng 14 0, 1.
Ghi chi: Viée xac dinh cac véc to riéng tng v6i A = 0 di dén gidi phuong
trinh ham

P(z* + x) = P(2?)

va ta chi ra dudc két qua P(z) = a # 0.
Viéc xac dinh cac véc to riéng tng v6i A = 1 di dén giai phuong trinh ham

P(2* 4+ x) — P(2?) = P(x)
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va ta chi ra dugc két qua P(z) = az,a # 0. O day ta c6 thé st dung phuong
phap hé s6 bat dinh dé gidi phuong trinh thit hai.

Bai Chiing minh néu Y 13 mot ma trin dbi xtng thi Y 13 mét phan ti
cta V khiva chi khi Y = 0.

A A > A . A , A A 7 Y 1
Do so chiéu cua khong gian con gom cac ma tran doi xiing bang @
1 —1
néndimvgn—n(ThL ):n(n )
2 2
0 a2 aiz -+ ai,
n 0 Q23 -+ da2p . .
Taphop W = ) a;jeERi=1,...,n—-1,5=2,...,n
o 0o o0 - 0
13 mét khéng gian con ctia khéng gian tdp hop cac ma trin vudng cap n trén

\ A ;A 1Ay n(n—1
truong so thuc, cd so chiéu bang nin—1)

X A , A + A /, A > \ - 1
Dé thay W C V. Do do, so chiéu 16n nhat cua V' la %

Bai Trong khéng gian Euclide V trén trudng sb thuc, ta chon mét co
sé truc chuan {ey, e, ..., e,}. Khi d6 v6i moi u € V, ta luén c6 duy nhat biéu
dién

n

u= Z (u,e;) e.

=1

D(u)=D (Z (u, &) ei> = (u,e) D(e;).

i=1 =1

Do doé

Néu chon f = 5" D (¢;) e;, ta c6

(f,u) = <ZD(€z‘)€z‘,U>
= ZD@) (e;,u)

= ZD (e;) (u, e;)
= D(u).

Dé thiy f chi phu thudc vao anh xa tuyén tinh D va duy nhét.
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5 Gia tri riéng va véc to riéng

ol

a
Baif5.1, V6imatrdn B = | ¢ thi det B = f(1)f(e)f(e?), & day
b

L O

w|§| o2 <

+i-—va f(z) = a+ bz + cz’.

DN | —

E = —

3

A A 4 g — \
Thatviy,tacode® = 1,2 + e+ 1= =0va
6_

f()=a+b+c fle) =a+be+ce?; f(e*) = a+ be® + ce.

f(e)- f(e®) = (a+be+ce®)(a+be®+ ce)
= a®+ abe® + ace + abe + b* + bee® + ace? + bee +
= a®*+b*+c — (ab+bc+ca) + (ab+be+ ca)(e* + e+ 1)
= a*+ b+ — (ab+be+ ca).

Vay f(1)f(e)f(€?) = a® + b® 4 ¢® — 3abe = det B. Mit khac thi

a— A b c
B — )\ = c a— A b
b c a— A

Xét da thitc g(z) = a — A + bx + cz? = f(x) — A\. Theo nhin xét trén ta c6
det(B — A3) = g(1)g()g(e?) = [f(1) = A[f(e) = A[f(¢*) — Al
VAy gia tri riéng cia ma trdn B la:
A= f(1); A = fle); Az = f(Y).
Thay a = 1,b = ¢ = v/2 vao ta dudc cac gid tri riéng ctia ma tran A:

M=1+2V2 0 ==1-V2

Bai Ta phai tim ma trin A sao cho dang chéo hda ctia né 1a ma trin

2015 0 0
B = 0 2016 O
0 0 2017
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Chi cn tim mét ma trin C kha nghich, khéng c6 dang tam giac, chang han
1 10
CcC=|1010
011
vatinh A = C'BC.

Bai Chitng minh rang X 1a gia tri riéng clia o thi A* 13 mot gi tri riéng
cia ",
Do \¥ = 1 nén \ = £1. Tir d6, tong cac gia tri riéng clia ¢ 1a moét s6 nguyén.

6 Da thuc

Bail6.1] Gia st f(x) 12 da thiic c6 cic hé sb thuc théa man diéu kién f(z) > 0
v6i moi 2 > 0. Néu f(z) 1a ham hang f(z) = ¢ > 0 thi v6i moi sb duong a, b
ta luon co

fAa)=c <c(c+b) = fla+b)(f(a)+D).
Néu f(z) khac hang thi gid st f(z) = a,2" + ... + a1@ + ag; a, # 0. Vi f(x)

lién tuc va f(z) > 0 v6i moi x > 0 nén lim f(z) = +oo ti do6 suy ra voi
r—r+00

VA>0,3B>0:Vz > B, f(z) > A. V6i mbi a > 0 ta dit A = f*(a) > 0 khi
doé ton tai B > 0 sao cho Va > B, f(z) > A. Khi d6 v6i b = B + 1 ta sé cd

fla+b)(f(a)+b) = fla+B+1)(f(a)+B+1) > A(f(a)+B+1) > A= f*(a).

Bai Traz=1++v2+v3suyra (z — 1) = (V24 +/3)? khai trién va rt
gon ta dugdc 2% — 2z — 4 = 2v/6 lai binh phuong hai vé ta dugc 24 — 423 +
42% + 162 — 8 = 0.

VAy r = 1+ /2 + /3 1a nghiém cta da thiic f(z) = 2* — 42° + 42% + 162 — 8.
Tiép theo ta chting minh rang = = 1 + v/2 + v/3 khong 14 nghiém ctia bat ky
da thtic khac khéng v6i hé s6 nguyén cé bac nhé hon 4.

Truée hét ta c6 nhdn xét ring néu a, b, ¢, d 1 cac s6 nguyén thda man a +
W2+ cV3+dV6=0thia=b=c=d=0.

That vy, tit dang thiic trén ta ¢6 a + bv/2 = (¢ + dv/2)V/3.
Néuc+dy2=0thic=d=0vakéotheoa=>b=0.

Néu ¢ + dv/?2 £0thi V3 =p+¢vV2Véip= gg:gggl;q = cl;c:;(fz.

Binh phuong hai vé dudc (3 — p? — 2¢2) + 2pg/2 suy ra

pqg =70
P +2¢° =0
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Hé nay khong 6 nghiém hitu ty. Mau thuin. Viy taphdicéa = b = c = d = 0.
Gid st © = 1 + v/2 + v/3 12 nghiém ctia da thtic v6i hé sb nguyén g(z) =
ax® 4+ bx? 4 cx + d khi do cédezlngthﬁca(l +vV2+ V3P +b(1 +vV2+3)2 +
c(1+vV2+3)+d=0.

Khai trién vé trai duoc by + b1v/2 + byv/3 + b3y/6 = 0 trong do:

bp =16a+6b+c+d =0
by =14a+2b+c=0

bo =12a+2b+c=0

bs =6a+2b=0

V6i chtl y rang a,b,¢,d € Znén tadé dang suyraa =b=c = d=0.
VAy f(r) = 2 — 42® + 422 + 162 — 8 1a da thitc théa man yéu cau bai toan.

Bai n Ta cin chlmg minh rang v6i mdi da thitc f(z) bac m < n lubn tdn

tai duy nhéit cac sb thuc by, by, ..., b, sao cho f(z) = bo fo(x) + blfl( )+ F
b frn () (1) ) i .

Chu y rang ca hai vé ctia dang thitc (1) déu la cac da thitc bic m, nén khi

cho z 14n luot nhén cac gia tri tit 0 dén m ta dude hé m + 1 phuong trinh v6i

m+14anby, ..., b,

(

f(()) = by
F(1) = by + by
f(2) = by + C3by + C2by

L f(m) =bo+ Cpby + ... + Cby,

RS rang hé nay cé nghiém duy nht va ta c6 diéu phai chiing minh.

Bai E Dé dang kiém tra dudc o 13 todn tit tuyen tinh.
Ma trin A ctia ¢ d6i véi co s6 {1, z, 2%} trong Ps[z] 1a

5 6 2
A=10 -1 -8
1 0 =2

Da thic dic trung cia A la P()\) = det(A — \3) =

5—\ 6 2
—det| 0 —1—-X =8 | ==X+2\2+15)\—-36
1 0 —2—\

—(A+4)(\ - 3)?
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Cac gia tririéng cia Ala A\, = —4va X\, = 3 (boi 2).

V6i gia tri riéng \; = —4 ta giai hé thuin nhit (4 +47;)z = 6 tim dudc vector
riéng co sé la v, = (—6,8, 3)%.

V6i gia tri riéng A, = 3 ta gii hé thudn nhét (A — 313)z = 6 chi tim dugc mot
vector riéng co s6 1a vy = (5, -2, 1)".

Do d6 ma tran A khong chéo hoa dudgc.

Bail6.5| Dit Q(X) = P?(X). Thay y bdi x — 1 trong hé thitc da cho, ta dugc
Qz) — Q(z — 1) = P(1)P(2z — 1) (1).
D& thdy néu P(X) 14 hing s6 thi P(X) = 0. Gid stt n = deg P(X) > 0. Khi d6
deg Q(X) = 2n,deg[Q(z) — Q(z — 1)] = 2n — 1,deg P(2X — 1) = n.

Tu (1) suy ra n = deg[P(1)P(2X — 1)] = deg[Q(z) — Q(z —1)] = 2n —1vado
dén =1.Viet P(X) =aX + b, a # 0. Theo gia thiét, ta c6

(az +b)* = (ay + )" = [a(z + y) + bl[a(z — y) +I]

v6i moi z,y € R. Suyra b = 0. VAy P(X) = aX, a # 0. Hop cac trudng hgp
co dap so P(X) =aX, a € R.

Bai RG rang da thitc 0 théa man dé bai. Xét trusng hop P(z) 1a da thitc
khac da thiic 0 va c6 bac n. RO rang ta cd

P2z —1) =2"P(x) + R(x),

& day R(x) 1a da thitc 0 hodc c6 bic nhé hon n. Tit gia thiét P(2)P(222 —1) =
P(2?)P(2x — 1), suy ra

P(x)[2"P(2?) + P(2%)] = P(2*)[2"P(2) + R(x)],

hay P(z)R(22) = P(22)R(z). Gia stt bic clia R(z) 1a m > 0, thé thin + 2m =
m + 2n hay m = n, v li. Vay R(x) = 0, do do

P2r—1)=2"P(z) & P2z + 1) = 2"P(z + 1).

Pét Q(z) = P(z+1) = Q(2z) = 2"Q(x). Goi Q(2) = apa™ +a, 12" ' +arz+
ap, thé thi

2a; = 2"a; Vi=1,2,..mn—1,dodba;=0 Vi=1,2,...,n—1
Ngoai ra ta c6 2"ay = agy, nén ag = 0 hodc n = 0.

- Néu n = 0 thita c6 P(z) = ¢, v6i ¢ 1a sb thuce khéc 0.
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- Néu ap = 0 thi Q(z) = cz”, do d6 P(z) = ¢(z — 1)", véi ¢ 1a sb thue
khac 0.

Thtt lai, ta thiy cac da thitc P(z) = ¢ va P(z) = ¢(x — 1)" thda mén diéu kién
dé bai.

Bai Ap dung dinh 1y vé ham s6 lién tuc ta c6 p(z) c6 3 nghiém thuc
phéan biét trong cac khoang (—3;0), (0;1), (1;2) va q(x) c6 3 nghiém thuc
phén biét trong cac khoang (—1; —3), (—3;0), (0;2).

Do a 14 nghiém 16n nhét ctia p(z) nén a € (1;2) va a® — 4a + 2 = 0.
batb=—%tacobe (—1;—3) va4b® — 4b — 1 = 0 nén b la nghiém nho nhét
cua g(z) vaa+ 2b = 0.

Bai[6.8l Goipa(z) = ap+a1x+axr®+---+a,z" 1 da thitc dic trung clia ma
trdn A. Theo dinh ly Cayley-Hamilton, 0 = pa(A) = agl + a1 A+ a A% + -+ - +

a,A". Do ma trdn A kha nghich néntacé A~! = —H -2 Z—zA”_l.

bat b; = —aiH, khi d6 ta c6 p(z) = by + box + -+ + b, 12"t € K[z] va
Qo

A7l =p(A).

Bai Tit gid thiét suy ra degP’(z) = 4 va P'(z) chia hét cho (z — 1)? va
(z + 1)2. Khi d6 ta cé:

P'(z) = a(r — 1)*(z +1)* = a(z* —22° +1),a # 0.

Vay

1'5 3

P(e) = (% —2‘%+x) +b.

Mt khac, theo gia thiét thi P(1) = —1, P(—1) = 1 thay vao trén ta dudc:

1
P(x) = —§(3x5 — 102° + 157).

Tht lai ta thay théa man vay da thitc cin tim 1a P(z) = —1(32° — 102 + 152)

Bai Goi 1, Ty, ..., Tog16 12 cAc nghiém duong cua P(x), khi d6 theo dinh
ly Viete ta co:

— a2015
L1+ To + ... + To016 9016 >0
_ a
T1Z9...To015 + L1Z3...T2016 + -.- T TaX3To016 = —a20116 >0
T1X2...22016 =2 >

a2016
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Ap dung béat ding thitc Cauchy:

(ZEI + 294+ ... + ZE2016)(1711'2...ZE2015 + r1T3...9016 + ...+ ZL‘QJZgZL‘QOlG)

(ZEICL’Q...IQ(H()')

2015 * A1

2016 * Ao

2016 20ﬁ - 2016 20%¢ 2015
. T1T2...22016 V/ (@122...03016) (2016)2.

L1T2...X2016

Bail6.11] P(z) c6 dangsau P(z)a(x —x1)*(x — 23)...(x — 2,_1) V6i a # 0. Khi
do

P'(z) =2a(x — x1)...(x — xp_1) + (x — 21)[Po(x) + ... + P_1(2)],

trong do (v — z1)Pi(x) = P(x).

Tu :/_(121 =2a(r — x9)...(x — xp_1) + [Pa(x) + ... + P,_1(x)] ta co

P(z;) = 0vbijnei
Pi(z;)1  # 0v6imoii =2,...n—1

bi(z)
P/(x) ?

T;—X1

To, ..., Tn_1 12 nghiém. VAy hé so cao nhat ctia Q(z) la

Xét da thiic Q(z) = 1 — Y1) 6 bac n — 2. Nhén thdy Q(z) nhin

To — T I3 — I Tn—1 — 1

Plas) | Plws)  Plan)

a

£ 0.

Tt d6 ta nhdn dudc diéu phai chitng minh.
Bai Xét da thiic bac 2016 sau:
Q(z) = (z +2016)P(z) — x. (5.2)

Nhan thdy Q(z) nhan c6 cac nghiém 1a —2015, —2014, ..., —1,0
Do d6 Q(z) c6 dang

Q(x) = ax(z + 1)...(x + 2015). (5.3)

Suy ra (—2016) = a.2016!. Theo (5.2) ta cling cd Q(—2016) = 2016. Nén ta
1

e = —
nhan dudc a 501E!
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Tt (5.3) ta ¢6 Q(1) = 2016. Theo (5.2) ta c6 Q(1) = 2017.P(1) — 1. VAy
P(1) = 1.

Bai[6.13| Néu degf = 1 thi f(z) = ax + b trong d6 a,b € Q.

Suy ra
(a—1)V3+V3=3-1

vi a,b € Q cho nén ta suy ra diéu vo ly.
Néu f(x) = ax? + bz + c thi

FVB3+V9)=3+13

ta suy ra dudc

a+b =0
3a+b =1
6a+c=3

1 1
b= —5 €= 0. Vay f(x) = §$2 — —z.

[\DI»—t

Giaihétacda =

7 To6 hop

Bai n Xét trén mat phang sau diém sao cho khong c6 ba diém nao thing
hang Voi m01 diém ta sé gan cho né mét sb vO ty. Nhu vay sau dlem dudc
gan voi sau sb vo ty da cho. Hai diém mang s6 a va b sé dugdce ndi véi nhau
bang mét doan thang mau dé néu a + b 13 s6 v6 ty, ngudc lai sé dugce td6 mau
xanh khi a + b 12 s6 hitu ty;.

Theo bai ra, tOn tai it nhAt mot tam gidc cing mau. Gid st tam gidc c6 ba
dinh duoc gén sb 13 a, b va c. Khi d6 c6 hai kha ning xay ra:

1) Néu tam giac d6 1 tam gidc xanh, thi a + b, b + ¢, ¢ + a 14 ba sb hitu ty:
Suy ra (a +b)+ (b+¢) — (c+a) = 2b cfing 1a mét s hitu ty. Mau thuln, vi b
1a 50 v6 ty.

2) Néu tam giac d6 c6 mau dé, thi a + b, b+ ¢, ¢ + a 1a ba sb vo ty. Diéu phai
chting minh.

Bai n Trudce hét ta chu’ng minh bai toan: " Trong mdt phang cho 6 diém
phan biét, trong do khong ¢6 3 diém nao thang hang. Mbi doan thang nbi thg
cdp diém dugc bbi mau dé hodc xanh. Khi dé ton tai ba diém trong so sdu diém
da cho, sao cho chiing la cdc dinh ctia mét tam gidc ma cdc canh cua né dugc
boi cuing mét mau'".
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Thét vay, xét A 13 mét trong 6 diém di cho. Khi dé xét 5 doan thing (mbi
doan thang ndi bdi diém A va 5 diém con lai). Vi mbi doan thing dugc boi
bdi mau dé hodc mau xanh, nén theo nguyén 1y Dirichlet c6 it nhit 3 trong
5 doan thang ndi trén cling mau. Gia st d6 1a cac doan AB, AB’, AB" va c6
thé cho rang chiing mau xanh. Chi c6 2 kha ning x4y ra:

a) Néu it nhat mét trong cic doan thing BB’, BB”, B'B" mau xanh thi ton
tai tam giac v6i 3 canh xanh.

b) Néu khong phai nhu véy thi ca 3 doan thang BB/, BB", B'B" cung mau
dd, va tam giac tao nén bdi 3 canh nay théa man bai ra.

Tré lai bai todn ban diu. Xét trén mit phang sau diém sao cho khéng cé 3
diém nao thang hang. Moi diém trén mat phang do, ta gan cho né mét s6 vo
ti.

Hai diém a va b sé dudc nbi v6i nhau bdi doan thang mau dé néu a + b 13 sb
vo ti, va dudc gin mau xanh néu a + b 13 s6 hitu ti. Khi d6 ton tai it nhat mot
tam gidc ma cac canh cing mau. Gia st cac dinh cta tam gidc dé dude gin
béi cac s6 hitu t z, y va z.

i) Néu tam giac &y mau xanh thi cd 3 s6 z +y, y + 2 va z + z 12 s hitu ti, suy
ra(r+y)+ (y+2) — (z+z) =2y laso hitu ti, vo li vi 2y la s6 v6 ti.

ii) Néu tam gidc Ay mau dé thicd3sbz + vy, y + 2 va z + z 12 s6 v6 ti. Ta cd
diéu phai ching minh.

Bai Goi ag n, a1, a2, tuong Ung la sb6 chudi tam phéan co6 tinh chét trén
nhung két thic tuong tng bang ky tu ’0’, ’1’ va '2’. Ta thay:

Qap = Ap—1, Q1p = G211+ Qopn—1, Qop = A2p-1+ A1 p-1-
Do do
A = Q25+ 01n+000n = Q1+ 0201+ n—1+02n-1F01 1 = 2041+ Ap_2 (*)
va ap = 3,@2 =T.
Phuong trinh dic trung ing véi cong thite truy hoi (*): ¢> = 2¢ + 1 ¢6 hai
nghiém phan biét ¢; = 1 + /2, ¢» = 1 — /2. Cong thiic truy hoi tong quat:

Thay diéu kién du thu dugce: C; = %5, Cy = %5, c6ng thitc tudng minh:

(1+ V2™ + (1= v2)"*!
2

Ay —
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Bai[7.4] Gia st p(z) = az® +bx + c. Taco p(0) = ¢,p(1) = a+b+c,p(—1) =
a—b+c deu chia hét cho 5. Ta ¢6 2a = (10+p( 1)—2p(0) va 2b = p(1)—p(-1)
déu chia hét cho 5. Do d6 cac hé sb a, b, ¢ clia da thiic p(z) déu chia hét cho
5.

Bai Chon ra 1008 dong c6 chita nhiéu s6 1 nhit. Ta sé chitng minh s
cac s6 1 con lai nhé hon hoic bang 1008.

Gia st s6 cac s6 1 con lai nhiéu hon hodc bang 1009. Theo nguyén 1i Dirichlet
sé 6 it nhét mot dong co6 2 s6 1 trong s6 1008 dong con lai.

Tu do suy ra, theo cach chon 1008 dong ban du thi cac dong nay mdi dong
phai 6 it nhat 2 s6 1. Dan dén 1008 dong nay c6 it nhit 2 x 1008 = 2016 s6 1.
Nhu vay t6ng s6 cac sb 1 ¢6 trong bang phai 16n hon hodc bang 1009+ 2016 =
3025. M4u thuln véi gia thiét dé bai 13 c6 téng 3024 s6 1.

Nhu vay sb cac s6 mét con lai nhé hon hodc bing 1008, nén cé nhiéu nhét
1008 cdt chita cac sb 1 con lai nay. Tit dé ta nhan dugc két ludn cta bai toan.

Ba1 Ky hiéu y; 1a sb cay ban dau cong ty quan ly. Ky hi€u yo, y3, ..., yr
la so cay tUOng {ing clia cong ty & cubi cac thang tht 1,2, ..., 6. Tl gia thiét
ching ta co:

ys = 0,95y, + 200

hay la
20ys — 19y, = 4000.

Phén tich tuong tu ta nhan dudc
20y3 — 19y = 4100; 20y, — 19y3 = 4200;. . .; 20y; — 19ys = 4500.
Két hop v6i y» = y1 + 600 thi phuong trinh cubi cting & trén viét lai dudc 1a
20y; — 19ys = —7500

Tiép theo dit y; = x1 + 2000, y> = 2o + 2100, ...,y5 = s + 2500. Quy cac
phuong trinh trén vé hé phuong trinh cla z;, 2o, . .., 26 thi ta thu dude hé
thun nhét

202y — 1921 =0

20.173 — 19.932 =0
(1)

2021 — 1926 =0
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Ma tran hé sb cta hé thuin nhét trén 1a

—-19 20 0 0 0
0 -19 20 0 0
0 0 =19 20 0

0
0 0 0 0 =19 20
0

Do det A 1a mot ) nguyén 1& nén det A # 0. Vi thé ta két ludn dugc hé (1) co
duy nhat nghiém tam thudng

iL'lz.Z'Q:...:l'f;:O.

Nhu vay ta suy ray; =+ 2000 = 2000 va y; = y; + 600 = 2600.
Ghi chii: D€ gidi hé thuin nhét ta 6 thé tinh toan nhu sau

B (20) B (20) B B <20) B <20)6
I = 19 To = 19 T3 = ...= 19 Tg — 19 Zq.

Tasuyraz, =0V zy =23 = ... = g = 0. Tit d6 tinh dudc két qua.

Bai n a. Truong hop 1: S6 dudc 14p khong c6 sb 0. Khi d6 c6 C3 cach chon
350 lé.

Co 3 cach chon 3 sb chén khac 0.

Xep 9 s6 trén vao 9 vi tri trong do6 3 s6 chin cb mat 2 14n nén c6

C3.C3——— = 1814400 (sb).

4919191
Trudng hOp 2: Sb dugc 14p cb mit sb 0.

Xep hai s6 0 vao 9 vi tri nén c6 CZ cach. Xep 7 sb con lai trong d6 c6 2 sb
chan 1p lai 2 14n nén c6

C3.07— [ — 2116800 (sb).

4919
VAy c6 1814400 + 2116800 = 3931200 (sd).

2. Chia hinh chit nhat thanh 6 hinh chit nhat con c6 kich thuée 1 x 2. Khi do
chon 2 trong 7 diém thi phai c6 2 diém clung thudc mét hinh chit nht. Viy
khodng cach gifta hai diém d6 khong qua /5.

Bai Hé phuong trinh trén dudc viét lai duéi dang

Tnt1 1 10 T
yn+1 = 0 1 1 Yn
Zna1 0 0 1 Zn
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Ti d6, ching ta suy ra dudgc

2016 1 1 0 2016 Xo L2016 1 2016 201622015 To
Yoors | = |0 11 Yo | hay | ye016 | =0 1 2016 n
22016 001 ) 22016 0 0 1 20

V&Y, (22016, Y2016, 22016) = (@ 4 2016b 4 22825 ¢ b + 2016¢, c)

Bai[7.9] Ham sinh cho sb cach Iwa chon qua chubila S, (z ) =1+a?+at+---
Ham sinh cho so cach lua chon qua chubi1a Sy(z) = 142 + 210 4 - -

Ham sinh cho s6 cach lua chon qua 18 13 S5(z) =1+ 2% + 2* + -+ + 2°
Ham sinh cho s6 cach lua chon qué x0ai 13 Sy(z) =1+

Ham sinh ctia bai toan 1a S;(z)S(z)Ss(x)S4(z)

Ta c6

. 1 1_ 0 1+ 2P
S1(w)Sa(w)S3(x)Sa(z) = 1—a221—2% 1—2z (1+2)= (1—2)?

=(1+2°)(1+22+3z+---).

S6 cach chon théa man yéu ciu bai toan 13 hé s6 ctia 26 trong (1 + 2°)(1 +
20 +3x+---)
VAy, s6 cach chon thoa man yéu cau la 2017 + 2012 = 4029 cach.

Bai[7.10 Chung ta goi hinh vuong ¢6 cdc canh song song v6i 2 bién cua day
13 hinh vudéng chuén. Hinh Vuong chuén c6 mbi canh diquak+1 diém dudc
goi la hinh vuong chudn cip k. Chiing ta dé thay rang trén mdi hinh vubng
chuén cip k c6 k hinh vudng théa man yéu ciu clia bai toan.

A A 1 A A~ A 7 \ A ~ A A 2 .
Trén moi hinh vuéng chudn cap k co k hinh vuéng théa man yéu cau cua bai
todn
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So hinh vuéng chuén cip k trong mang la (16 — k)%, k=1,...,15.
S6 hinh vuéng théa yéu cu ctia bai toan 1a

15

15 15 15
D A6 —k)2k =16 k—32> K+ k* = 5440,
k=1 k=1 k=1

k=1
VAy ¢6 5440 hinh vudng théa yéu ciu bai toan.

Bai _ Ta chitng minh bang phan chlmg Gia su khong co ai ngo1 gitta 2
ban nit Ta goi mét nhom cac ban nit ng01 lién tiép canh nhau va bi kep béi
cac ban nam 2 bén la mét khéi Theo gia thiét khong c6 ai ng01 canh hai ban
nt nén mo6t khoi nhu thé c¢6 nhiéu nhat 2 ban ni{t va c6 it nhat 2 ban nam
Ao _om Aeqen + A 7 77 A 25 Ae N 7 A
ngoi gitta 2 khoi lién tiep nhau. Do do, ta cé it nhat {?} = 13 khoéi va it nhat
2 x 13 = 26 ban ngbi gitta 13 khéi dé. Ma ta chi c6 25 ban nam nén diéu gia
st cta ta la vo li, vAy luén c6 mot ban ngdi gitia hai ban ni.

Bai V6i 1 < i < n, ap dung cong thitc ndi suy Lagrange, ta co

k=0 C"+1 ik
n [T (z—1)

_ Z i#k
= Ch (1" (0 — k)
u rn+1—k

= (=" " (z —1).
k=0 (n+1)! i£k

Suy ra
& en+1—k
Pn+1) = e R 1
(n+1) ;< T [[ne1=0)

Do dé P (n+1)=0néunlévaP(n+1) =1néun chan.

Bai n Theo Ly thuyét Thong tin, s6 14n can d€ tim ra vién bi la tit N vién
la k > logy(2N + 1). Ky hiéu moi 14n cin nhu sau [bi 6 dia trai] (két qua:
<,=,>) [bi & dia trai] bi mang tinh nang hon (0) hay nhe hon (0)
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Lan thit I Du doan LinthtII | Dudoan | LAn th@ III | KL
[01,02,03,04] = | 09,10,11, | [08,09] = 12,13 ] =[12] |13
05,06,07,08] | 12,13 [10,11] [11] <> [12] | 12
[08,09] < 9,10,11 [ [10]=[11] |09
[10,11]
[10] <[11] |11
[10] > [11] |10
08,09] > 9,10,11 | [10]=[11] |09
[10,11]
[10] < [11] | 10
[10] > [11] | 11
[01,02,03,04] < | 01,02,03,04 | [01,02,05] = | 07,08 [07] < [08] | 08
[05,06,07,08] | 05,06,07,08 | [03,04,06] [07] > [08] | 07
[01,02,05] < | 01,02,06 | [01] = [02] | 06
03,04, 06]
[01] <[02] |01
[01] > [02] |02
[01,02,05] > | 03,04,05 | [03] = [04] | 05
03,04, 06]
(03] <[04] |03
03] > [04] |04
[01,02,03,04] > | 01,02,03,04 | [01,02,05] = | 07,08 [07] <[08] |07
[05,06,07,08] | 05,06,07,08 | [03,04, 06] [07] > [08] | 08
[01,02,05] < | 03,04,05 | [03] = [04] | 05
03, 04, 06]
(03] <[04] |03
03] > [04] |04
[01,02,05] > | 01,02,06 | [01] = [02] | 06
03,04, 06]
01 < [02] |01
[01] > [02] |02
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Chuong 6

e o

bap an dé dé xuat mon Giai tich

1 Day sb6

.. ,e . , x +x
Bai|l.1] (a) Véimoin € Ntaco z, ., < 2 "

Tpy1 < max{z,y1,7,} = X,,. Do dd X,,,; < X,, v6i moi n € N. Suy ra (X,,)
la day khong tang va bi chan nén (X,,) hoi tu.
(b) Gia st lim X, = [. Khi d6 v6i e > 0 bat ki, ton tai N € N sao cho

n—-4o0o
[<X,<l+eDoddz, <l+ev6imoin > N.Gia st z,, <[ — 3e. Khi do
| <2y =X, <l+e Dodo

< max{x, 1, 2,} < X, va

T, + Tn41

Tnt2 + Tnyl
xn+2§T<l_€7 Tpy3 < ———F——

L.
5 <

Do dé X,,» < [. Diéu ndy méu thun véi (X,,) 1a diy khéng ting. Do d6 ta
co
l—3e<x, <l+evéimoin e N.

Choe —+0tacé lim =z, =1L
n—-+00

Bai[1.2] a) Ta thdy P/(z) = na" ! —1 > 0,Vz > 1 nén P,(z) 14 lién tuc
va don diéu tang trén (1,2016). Mat khac P,(1) = —2016 < 0 va P,(2016) =
2016(2016"* — 2) > 0. Suy ra P,(z) c6 nghiém duy nhét ~, trong khoang
(1,2016).

b) Vi~, € (1,2016) nén 4"+ > 4. Ta c6

Puii(n) = ™ =9 = 2016 > 3 — 7, — 2016 = Po(72) = 0= Poy1(nr1)
ticla Popi(vn) > Popi(Yns1) (). Matkhacvi [Py ya(2)] = (n+1)2" =1 >
0,Vz > 1 nén P, ;(z) la ham lién tuc va don diéu tang trén (1,2016). Thé ma

Yy Tni1 € (1,2016), nén tu (x) ta suy ra ~, > y,41, hay day {~,}°°, la don

125
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diéu giam.
Bai Ta ¢6 {z,} la day ting va

1 1
Tp+3 xp,—4  xp —4

11 1, 1
:1$i+3_$1—4 $n+1_4_ l‘n+1—4'

Néu {z,} 1a diy bi chin trén thi {z,} ¢6 gi6i han va

lim z, =4 <5.

n—-+00

VAy trudng hop nay khoéng xay ra. Do d6, {z,} 1a day khong bi chén trén,
nén

SN | 1
-1-— =1
x; + 3 Tpy1 — 4

=1

<. A N N n 1) _ zn z
Bai (1.4, Dé thay (z,) la day duong va [[;_, (1 + E) — il Tacd

(n+1)!

p=n+nn—-1)+...+nn—-1)...32+n(n—1)...2.1
Do do

i T (1) = >

Bai [1.5] Xét a, = 0, khi d6 ta ¢ a, = 0 v6i moi n € N nén lim a, = 0. Néu

n—0o0

0 < ay < 51e thi bang quy nap ta chitng minh dudc

V<< 201én+1
v6i moi n € N. Suy ra ILm a, = 0.
Néu a; = 51z thi bang qoljy nap ta chiing minh dudc
ay, = ;, Vn € N,
20167+1

va do d6 lim a, = 0.

n—oo
Néu a; > 5. thi bang quy nap ta ching minh dudc a, > b v6i moi
n € N. Xét day (b,),,.y xac dinh béi b, = 2016"*a,, v6i n € N. Khi d6 ta co
by = 2016%a; > 1, byy =02 =02 = ... =b".

n
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—1
b 02"
2016m+1 T 2016m+1>

tit day tasuyra lim a, = +oo do by > 1.

n—-+o0o

Suyraa, =
Vay a1 € [0, 357162 -

Bai Tit gia thiét ta c6: v6i moi e > 0 cho trudc, ton tai ny € N sao cho
v6i moi n > ng ta o

22541 —xp — x| <€

2(zns1 —2) — (wn —2)| <€

| i1 — 2] < %|5’7n — "'_%

[Zpi1 — 2] < shlor —2] + S+ 5+ + 55) = |21 — 2] < 55l — 2] +e

Vay lim z, = z.
n—-+oo

Bai Day sb ,, 1a ddy s6 duong. Tit gia thiét, ta c6

X T T
_1+_2+---+;:(n+2016)xn+1.

1 2
X o) Tpn—1
JLt2 — 2015)x,,.
1+2+ +n—1 (n—i— 05)1:
Do do )
. 2015n + 1 .
xH:n—l— e —1 khi n— +oo.
T n? + 2016n
Suy ra
. Tp+1
| | =0.
Hm In(===) (6.1)
Ta co
I /7 = ~ (1) + ~( m(2) + () + o (= 6.2)
n":vn:—nx — n({— n({— n . .
n ! n I T Tp—1

Tu va (6.2)), ta suy ra
lim In /x, = 0.

n—-+4o0o

Vi vay
lim {/x, =
n——+oo "

Bai a) Ap dung bét ding thiic Cauchy

1\" 1
”1(L+—) <1+ )
n n+1
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Do d6 u,, < un1. VAy day u, la day tdng nghiém ngit.
b) Gi6i han ta can tinh la mot so khong am. Xét ham f : [n,n + 1] — R xac

dinh bdi cong thiic
1 x

Fz) = <1+i>x(1n(1+ %) - xil)

Ap dung dinh ly Lagrange, tdn tai ¢, € (n,n+ 1) sao cho f/(c,) = f(n+1) —
f(n). Vay ta can tim gi6i han lif+n nf'(c,) v6i
n—-+0oo

f(en) = (1 + é)cn<1n(1+ é) - Cnil>.

Vin < ¢, <n+ 1, kéo theo

1\ 1 1
(e,) < [1+ = In(14+ =) — .
fien) ( +cn> (n( +n) n—|—2)
, . \ , 1\
Mat khac khi n — +oo thi ¢, — +00. Do dé lim (1+—) = lim (1+
Cn

n—-4o00 n—+400
1 n
—) =e.Taco

n

Suy ra

1\ 1
0< lim nf'(c,) < lim (1+ —) (ln(l + =) - i ) —
Cn n

n—-+oo n—-+oo n -+ 2

Theo nguyén ly kep

1
li 1+ —)"" —(1+ )" =0.
Jim al(14 =)™ = (14 )" =0

Bai[1.9} Nhén hai vé v6i 2016 ta dugc 2016™u,, = 2016™ u, 1 + (—1)"2016".
bat v, = 2016™u,, thi v, —v,_; = (—1)"2016". Suy ra v,, = (v, —Vp_1)+ (Vy_1—
nooo o v 1+ (=1)"2016"

)b (v — — S (=1)120161. VAy u,, = _ .
Una) (1= vo) o = 2 (=1)2016% Ny un = g = =5 e
Vay

1 —1)"*2016™
lim u? = lim | ) )2
1 ,2016,, 2016

- (=1 2017] - (2017

)%

= lim[——
= lim | 1612017
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Bai Tacod z,1 =2, + (¥, —a)*> > z,, n>1.Dodd {z,}la day tang.
Gia st lim z,, = [ thitacongay ! = [+ (I —a)?, hay | = a. Vi {z,} 1a day ting

n—oo
nén r, < a v6i moi n > 1, tlcla ta ¢6 (x, — a)® + , < a v6i moi n > 1. VAy
a—1<uz, <av6imoin > 1. N0iriéng

a—1<r<a<—=a—-1<b<a.

Ngugc lai, giasta—1<b<a.Vib=z;néna—1<z; <ava
Tpt1 2> Tp > ...2x1=0b>a—1.

Bang quy nap dé thy a — 1 < z,, < a v6i moi n > 1. Vi ddy ndy ting nén hoi
tuva limz, = [.

n—oo
Bai Do moi sb hang cta diy déu duong nén tit céng thiic truy hoi ta cé

1 2015 N 1
Upp1 2016 2016w,

Détxn:i,Vnz1.Khidéx1:5VéVn21,

2015
2016 ' 2016

Tnt1 =

Suy ra 2016z,,1 = 2015 + z,.. Hay 2016(z,1 — 1) = z, — 1. Viy

1 1 4
=l —— (2, —1) == —1) = ,
Tl 5016 (%~ 20167 1~ D = 16
Tidér, = —— + 1. Vivay ¥n > 1
u do z, 2016"—1+ Vivay Vn > 1,

201671
Up = ——————.
4 + 201671
Tu d6 limw,, = 1.
n—oo
Bai[1.12] Néu o > 1 thi u,,; = (a +uy)/2 > (1+u))/2 > up. Suy ra u, 1a
day tang. Khi d6 lim wu, = 400, vinéu lim wu, = a hitu han thi thay vao

n—+00 n——+o00

phuong trinh day ta dudc

1 . N -
a= i(a + a%) = a® — 2a + a = 0(phuong trinh nay v6 nghiém).
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Néu 0 < o < 1 thi dé théy uy < 1, hon nita gia st u,, < 1 thi
1 oo 1
U1 = —(a+u)) < =(14+1)=1
9 9
ticla 0 < u, < 1Vn.

< , 1 . u?
Mét khac u, 1 — u, = §(u% —ul ) vatlus = —(a+ud) =u + 51 > u ta

| —

suy ra u, la day tang, bi chan. Tt d6 3 lim wu, = a < 1. Thay vao phuong

n—-+00
trinh day ta dudca =1 — /1 — a.
Vay v6i 0 < a < 1 thi day hoi tu va khi do lirf u, =1 —+/1—q.
n—-+0oo
Bai Bang qui nap, dé thay u, > 0. Ta ¢

n

1 n _ 2 n
Z o Z Ug—1Uk+1 — Up, Z <Uk—1 Uk ) _Up  Up
—1 Uy, Uy

URl U U Upat
T Ukl kUk+1 — k+1 n+1

. s A T A o , U u 1 [ =
Mit khac ciing theo 1ap luén trén ta c6 ——L — —% — > 0. Do d6 day
Uy, Uk+1 Uk Uk+1

A (% .9 N . o 7, 2. A Ao A Py ~ u ]_
SO ( = > giam va bi chan dudi bai 0 nén hoi tu vé [ thoa man [ < e

Up 1 up 2
Maét khac theo gia thiét ta c6 u,_1u,41 — u2 = u,_ou, —u?_; (cung bang 1).

Upt1 + Up— Up, + Up—2 At N Tea oA A
Suyra —— "=l — 7"~ "2 Ap dung hé thitc nay lién tiép n — 1 14n ta
Un, Un—1
dudgc
Unt1l +Up—1 _ Up +Up2 Uzt U _ 3
Un, Unp—1 Uy

LAy gi6i han ta c6

Un+1 + Up—1

1
lim =3 hay -+1[1=3.
n—0c0 Uy, [
A 7. <A o« A 1 3 - \/5 \ 4 A A A ,
Ket hop véi diéu kién [ < 3 tasuyral = 5 Tu cac lap luén trén ta co
S| —2
lim 3" _to V5
n—o0 = Upligry Uy 2

Bai Dit u, = v, + an + b. Chling ta x4c dinh a, b sao cho v, 1a cip sb
céng hodc cip sb6 nhan. Ta cb, w,1 = vpi1 + an + a + b. Mit khac, u,.q =
2u, +n—1=2(v, +an+0b) +n—1=2uv, + 2an + n + 2b — 1. Tu trén, ta
chon a, b thoan man

an = 2an +n

a+b=2b—-1
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Giai hé nay ta dudc a = —1,b = 0. Khi d6, theo cach dit va theo gia thiét ta
nhan dudc u,, = v, — n, va

Uy = 2051

Vo = 2

Do do Vp = 2n+1 va Up = 2n+1 — N. Véy U2016 = 22017 — 2016.

Bai Dit v, = u, + ¢2". Thay vao biéu thitc ctia u, ta dugc v, — ¢2" =
3(Vp_1 — q2" 1) + 2" & v, = v, +¢2" — 3¢2" ! + 2". Chlng ta chon ¢ = 2

thi v, = 3v,_1, vo = 3. Va ta dudc v, = 3", Suy ra u,, = 3" — 2"+, Nén
_ 32017 _ 92017

U2016
Cach 2: Chia hai ve cho 2" bat v, = u,/2" ta c6 v, = 3/2v,; + 1. Dat
v, = w, +c ta thay vao biéu thtic cta v,. Ta chon ¢ = —2 suy ra w,, = 3(3/2)".

T d6 v, = 3"+ /2" —2 VA u,, = 0,27 = 3™ — 271 T d6 wggre = 32017 — 22017,

Balu + Tu gia th1et vé ftathdy f(k+1)— f(k) = 2016 f%(k) > 0. Chiing
t6 day f(n) tang. Néu hm f(n) :=a < +oo thi tu gia thiét suy ra f(n+1)=

2016 f%(n) + f(n), khi do 14y gi6i han hai vé ta thu dudc a = 2016a” + a hay
lim f(n) = a = 0. Nhung do day f(n) tdng nén mau thuan véi f(1) > 0. Vay
lim f(n) = +oo. Mit khac tit gid thiét ta c6 2016/2(k) = f(k + 1) — f(k) nén
ta thu dudc

)11 1
flk+1) 2016(f(k:) - flk+ 1))'
Vay
e fn)
<2>+f<3>+ Tt D)
Lo | U B B
T 2016 f(1)  f(2) f(2 ~f(3) f(n)  f(n+1)
11 1 1
= 201671  fmtn)) ~ 2016/(1)

do f(n+1) — +o0) khin — oc.

Bai Xét = > 0, theo cong thiic khai trién Taylor ta tim dudc z, z, €
[0, 2] sao cho

1'2 %2 1'3
—x 1 1 =1 2 .
© o 2 o 2 6

Do doé
2

1—x§e‘x§1—x+?, vGi moi z > 0.
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Ap dung bat ddng thitc trén véi z =

ta co
n+k’

1 1 <1 1 < 1
n+k 2n+k)? e~ n+k

Chok=1,2,...,nroi léy tong ta dudc

n n

1 1 1
e D D i

k=1 k=1 k=1

3
3

Ta co

n

- 1
0 —— < =
<; (k2 =&t 12 (n+ 1)

nén theo nguyén li kep

u 1
l'll — . 2

Mat khac ta co6

limi 1 —limil 1 —/1 du =In2. (3)
n—>ook:1n+k_n—>oo nl—l—k/n_ 0 1+x .

k=1

Tk (1), (2), (3) va theo nguyén li kep ta suy ra giéi han cAn tim 1 In 2.

2 Chuoi so

Ba‘li Bang quy nap ta chitng minh dudc —1 < a, <0,Vn € N. Thét vay,
ro rang —3 = 21 < 0. Gid st —3 <z, <0,tacd 3 <z, +2 < 2, dan dén
an, 1
< —x, < 0.
ap+2 27"
Mit khac —3 < a,, nén 2 - (—3) < 3 -a, hay -1 < —1 < 24, < ap41. Vdy ta

6 —1 < ay41 < 0. Tl gid thiét ta lai 6 a,4, =

2 1 1 ) L2
§>an+2>§vadodo§an<xn+1:

a, + 2 -
Bang cach khao sat ham sb f(z) = % ,(a # —2) ta thiy ham nay don diéu
a
tang, nén ta suy ra day {a, }°°, don diéu tang. Day {a, }°°, don diéu tang va
a

bi chin (bdi 0), nén héi tu. Goia = lim x,, ta thiy a =
n—00 a

+2Vé—%<a<0,

nén phdi c6 a = 0. Khidé 1 <1+a, < 1va lim (1 +a,) =1 # 0, nén chudi
n—oo



2. CHUOI SO 133

duong Z(l + a,,) khong hoi tu va ta dudc Z(l + a,) = +o00.

n=1 n=1

Bai Ta c6

/nﬁdx:/l\/}der]\/de—l—---—l—/nﬁdx<ﬁ+ﬁ+--'+\/ﬁ-

2
@3\/F<un. (6.3)
n+1 2 3 n+1
/ﬁdx:/\/idx+/\/§dx+---+/\/de>\/f+\/§+---+\/ﬁ
1 1 2 n
2 2
n <= 13— =, 6.4
© U < 3 (n+1) 3 (6.4)
Tu (6.3) va (6.4), ta suy ra
I 2

Ciing tt (6.3) va (6.4), ta suy ra su hoi tu ctia chudi sb duong Z = tuong

ns X0 1 . & 5 \ x.
duong nhu su hoi tu ctia chudi Rieman Z ———-.Do do, néu s > 2 thi chuoi
n=1

ns—3/2
X U o a. e 5 .. R XU a1y
> — hoi tu. Ngugc lai, néu s < — thi chudi > — phéan ky.
n=1 5 ) ) ) ’ 2 n=1 ns

Bai Gia st m,n 1a hai s6 nguyén duong sau cho 2m < n. Vi chubi sb
oo o0

" a,, hoi tu nén chiing ta ¢6 thé gid st rang r,, := > a, < ¢ v6ie > 0 bat
n=1 j=m+1
ki cho trude. Do do

m—m)ay, < a1+ -+ a, <1y = Z Q.
j=m+1
Suy ra
n
0 < na, < T < € < 2e.
n—m n—m

Do d6 lim na, = 0.
n—-+00

Bai|2.4, Xét chubi lity thita sinh bdi day (an)nen, f(z) = Z anz™. Bang quy
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nap ta dé dang chitng minh dugc 0 < a,, < 1 v6i moi n € N. Vi vay chuéi
nay hoi tu tuyét doi trén mién D = {z € R : |z| < 1} = (—1,1). Suy ra chudi
f(3)=> 2héituva f(z) >0véiz € [0,1).

=0

2
n—=
Mait khac ta co

f(z) = ;(n + Dapy12" = HZ:; 2 0 ikk)'x"
:;akx Z( —k)!:f( )Z_ﬁ_f(l’)@
—0 K m=0
Chti y rang f(0) = 1 va f(x) > 0 v6iz € [0,1) nén ta c6
Inf(z) = Inf(x) — Inf(0 f,tt —/x eldt = e* — 1.

Suyra f (3) = eVe L.

e 7, . A P \ 1 A \
Bai 2.5 V6i moi n > 1, xét ham f,, : (0, 2—] — R, fu(x) = z — na?. Dé dang
n

thiy rang 0 < f,(z) < = dbng thoi f,(x) 12 ham ting trén (0, -L]. Bang quy
nap ta di chitng minh rang

0 <z, <— (6.5)
n
v6i moin >2.Véin =2,3,4taco
0< fi(0) <wo= fi(ar) =a1 —af < 3<%
0<f2()<l’3 fg(x)—x2—2x§§%<§
0< f5(0) <y = fa(a3) =23 — 323 < 35 < 15
Gia st (6.5) dung v6imoin > 4,tacd 0 < z, < % < L. Do d6,
2 2 4 2n —4 2
0 < fu(0) < @ng1 = fu(wn) = fn(ﬁ) 2 nﬁ T < (n+1)2

Nhu v4y, (6.5) ding v6i moi n > 2. Theo d4u hiéu so sanh cta chubi sb
duong, chuoi da cho hoi tu.

Bai Ap dung bét dang thitc Cauchy, v6i moi n > 2 ta c6

AV (g1/2q1/2 qr2yh < 2/an + (0 = 2)an.
n

Nhung
2 \/_

<1/n*+4a, (Vi 2zy < 2®+y?)
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va )
(n=2an <a, ;(vi (n—2)/n<1).
n
Do do
0< aﬁ”’l)/” < 1/n*+2a, Yn > 2.

s g 4 J A 2. 7
Vi > [1/n? + 2a,] hoi tu nén theo tiéu chuén so sanh ta cé diéu phai chiing
n=1

minh.

Béll 2.7, Dét bn =1- a'n-‘,-l’ thé thi Ap41 = a1(1 - bl)(l - bg)(l — bn) Vé

Qp

In(an+1) =In(ay) +In(1 —by) + ... + In(1 — by,)
400

2 > X A . 4 A . 1
Gia su chuoi E |b,,| hoi tu. Suy ra limb,, = 0, ta cd thé coi |b,| < o1 vn.
n=1
2 Y . |
Déyrang1 §2kh10§x§§.Tu’do
-

bl 1 [o] 1
/ dr < / 2dx,V|b| < =
0o l—=x 0 2

1
ticla In(1 — |b]) > —2|b|, V|b|] < 7 Nhu vay
In(ans1) > In(ay) — 2|by| — 2]be| — ... — 2|by|

= —In(any1) < —Inay + 2|b1| + 2|be| + ... + 2|b,|(1)
+oo
Ma chubi Z a, héi tu nén lima, = 0 hay —limIna, = +oo Két hop véi (1)

n=1
“+o0o
ta suy ra Z |b,| = +00, mau thuan.
n=1
+oo +oo a
Vay chudi ) |b,| =Y |1 — 22| phan ki.
y chubi 3 o, = > 11— 22 p
n=1 n=1
N o /’\ N \ -2 c/’\ 14 x
Bai|2.8| Ta thay z°+x+1 > 0,Vx € R, nén tu gia thiét ta ¢ x,, 41 = 2—"
T+, + 1

va bang quy nap ta suy ra day {z,}°°, gdm toan cc gia tri 4m.
Yn

22 +x,+1

day {y,}>°, gébm toan cac gia tri duong.

Mit khéc, dé thiy

Dit y, = 1 + z,, ta din dén Yni1l = va bang quy nap ta suy ra

. 1 1
Tp — T4l = YnTpTpt+1 VA Yp = -
Tn+41 Tn
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m—1
. R 1 1 1

Suy ra voi m > 1th12yn:———:2+— < 2.

n—1 Tm xy Tm

Diéu nay co nghia 13 diy t6ng riéng cta chudi duong Zy" bi chin trén

n=1
(bdi 2), do d6 chuoi nay héi tu.
Chudi nay héi tu nén s6 hang tong quat ctia né phai théa man lim y, = 0, do

n—oo

L - 1
donlggoxn— -1, suyrai}(l%—xn Zyn_nngnoozyn_ lim (2+a> _

3 Ham so

Bai[3.1 1) Ching td id : (C[0,1].d) — (C[0, 1], p) lién tyc. Gid st f, — f
trong (C10,1],d). Ta chlmg to f,, — f trong (C[0,1], p). That vay tt f, — f
trong (C[0,1],d) ta co d(f,, f) = m[%ﬁ |fu(z) — f(z)] = 0. Suyra f,, = f trén

0,1]. VAy p(fn, f) f | fu(z (z)|dr — 0. Do d6 f, — f trong (C0, 1], p).

Viy anh xa déng nhat id : (C[0,1],d) — (C[0,1], p) lién tuc.

Ching t6 id : (C[0,1],p) — (C[0,1],d) khong lién tuc. Ta can xdy dung
day f, — f trong (C[0,1],p) ma f, /4 f trong (C]0,1],d). Voi méi n xét

fo(z) = 2™ va f(x) = 0 v6i moi € [0,1]. Khi d6 p(fy, f) f|fn

1

f(z)|dx = ——] — 0, nghia la f,, — f trong (C[0, 1], p). Tuy nhién d(f,, ) =
n

max |f,(z) — f(z)] = 1 4 0, nghia la f, /4 f trong (C0,1],d). Vay id :

z€[0,1]

(C[O 1], p) — (C[0, 1], d) khong lién tuc.

Bai (3.2, a) batk = 1i €1[0,1). V6i moin € N ta ¢

d(xn-‘rl, xn) = d(f(mn)v f(xn—l)
bt S 1, (0 ))
- 2016 + d(xp, Tp_1)
d(xrw anrl)d(l'nfl? mn)
2016 + d(xp, Tp_1) + Hd(@n, Tna)
< ad(n, Tny1) + Bd(Tn, Tn1).

+ pd(xy,, 1)
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Suy ra

d(xn+1,$n) S 1 fo&

V6i m > n tacod

d<xna xm) S d(xna xn—i—l) + d(xn—}-l; xn+2) +...+ d(ajm—l; mm)
< (K" + k" 4 B d (20, 21)
kn
S 1 — k:d(x()?xl)‘

Vikel0,1) nén lim d(z,,z,)=0.Do do (x,) la day Cauchy.

m——+0oo

(b) Vi X 1a day du nén ton tai z* € X sao cho lim z, = z*. Vi f(z) lién tuc

n—-+4o0o

nénz* = lim z, = lim f(z,1)=f( lim z,4)= f(a*).
n—+0o00 n—+o00

n—-+o0o

Gia st ton tai y* € X sao cho y* # 2* va f(y*) = y*. Khi d6

d(z*, f(a*)d(y*, f(y*))
2016 + d(z*, y*)

d(a”,y") = d(f(z"), f(y")) < a

Piéu nay 1a mau thuin. VAy ton tai duy nhét z* € X théa mén 2* = f(z*).
Bai [3.3 E Xét ham s6 g(z) = (z — a)(x — b)exp{ f(z)} (& ddy exp{t} = ¢').
Ta ¢6 g(a) = g(b) = 0. Theo dinh ly Rolle ton tai diém ¢ € (a,b) sao cho
¢'(c) = 0. The ma

g (x) = (z —a)exp{f(x)} + (x — b) exp{[f(2)} + (z — a)(x — b) f'(x) exp{[f(z)}
=[Q2z—a—"b)+ (z—a)(z —b)f'(z) exp{f(x)}

nén ¢’(c) = 0nghiala [(2c—a—b)+ (c—a)(c—b) f'(c)] exp{f(c )} = 0. Suyra

o < N atb—
(2c—a—"0b)+ (c—a)(c=0b)f'(c) =0, hayla f(c>_(a—c)(b—c)'
Cubi cling ta dé dang chting minh
p , a+b— 2 2
(c) =

b— (a—c)(b—c)<a—c'

Bai D&i bién z = 7 —t ta dugc

g
I, = / sin”™ & + cos™ x.dx = /
0 —

ENE]

VSin”(% —t) + COS"(% —t).dt

N

d(2y, 0p_1) = kd(2y, 1p_1) < Kd(2p_1, Tn_2) < ... < E"d(zy1, 30).

+pd(z*,y*) = Bd(z*,y*) < d(z*

y).
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Xét f(t) = {/sin" (& — ) + cos”(Z — ¢) trén [T, 7] ta d& dang thdy f(—t) =
f(t), nén day la ham chan Do d6

™

I, —2/ \/sm %— —|—cos”(£—t).d15:2/O4 Vtan"(g—t)+1.cos(%—t)dt
<

V6ite[0,%] thil< {/tan™(5 —¢) +1 < /2 vacos(§ —t) >0, nén suy ra
2/4COS(——t)dt I, < 2\/—/ Cos——t)dt
0
V2< L, < V2.V2

VAy ta duge lim I, = v/2.
n—oo

Bai a) Gia st P(z) 13 ham sb cin tim, tit gia thiét P'(1) = P'(3) = 0. Vi
P'(r) cling 1a da thic va triét tiéu tai 1 va 3 nén P’'(z) 1a bdi chta (z—1)(z—3)
va do d6 c6 bac > 2 vay béac clia P(z) > 3. P& ¢6 P ¢6 bic nhé nhét, ching ta
chon P'(x) = A(z—1)(z~3) = A(s*~4a+3) véi A la héng sb. Tit diéu kién cuc
tri P”(l) <0vaP"(3) >0suyra A>0Tacod P(z) = A(2*/3 —22% 4 3z) + B.
Tt gia thiét vé cyc tri P(1) = 6 va P(3) = 2suyra A = 3, B = 2 (théa man
A > 0). ba thttc cAn tim 1a P(z) = 23 — 622 + 9z + 2.

b) Tit gia thiét ta luén tim dudc ba sb a,b,¢ # 0 (do P(0), P(1), P(—
va da thttc Q(z) c6 bic nhd hon 2013 (vi bac ctia P nho hon 2016)

P(z) a b c

P R

# 0)

)
dé

Tt d6 dao ham 2013 14n ta dudc

f(l’) B (—1)20132013!(1 n (—1)20132013!b n (—1)20132013!c
g(x) 2014 (z + 1)2014 (z — 1)2014

Tt dé quy ddng va biéu dién dugc

a(l,2 . 1)2014 + b$2014(I . 1)2014 + C$2014(I + 1)2014
f(z) = —2013!g(x) 22014 (7 1 1)2004 (5 — 1)201d

Tit d6 do f 13 da thitc nén ¢(x) chia hét cho mau thitc 20 (14-1)2014 (1 —1)2014,
Vi vay ton tai da thic C(z) sao cho

f(l’) — C’(x)[a(:v2 o 1)2014 4 b:L‘QOM(l’ o 1)2014 + C:L'2014(l’ + 1)2014]'

Pong thdi ta can tim dé bac clia f nhé nhit nén ta chon da thite C(z) 1a hang
s0O (c6 theé coi C(z) = 1) vay

f(ilj') — a(:c2 . 1)2014 4 bx2014(x o 1)2014 Tex 2014(1, 4 1)2014.
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Ta thdy hé sb ctia lity thita #4928 (cao nhét) 1a (a + b + ¢). Vi thé ta chon
a+ b+ ¢ = 0 thi budc hé sb liiy thita cao nhit (bac 2.2014=4028) bing 0.
Khi d6 hé sb ca lity thita bac cao nhit con lai (#4°%) 14 (¢ — b). Vi viy ta
chon b = ¢ # 0 thi budc hé sb lity thita ké tiép theo (bic 4027) bing 0. Hé sb
ctia b4c nhé nhit c6 thé 13 —2014a + 2013 - 2014b véi bac 4026.Viy bic nhé
nhét c6 thé cta f 13 4026.

Bai + Phuong trinh da cho viét duge duéi dang

1

t2015dt 2016
_ =0
/ (T+)(1+¢2) ... (1+2016)  (1+a)(1+4a?)...(1+ a®016)

a
bat

1

t2015dt $2016

f<“’>:/(1+t)(1+t2)...<1+t2016) T A+ (I+22). . (1+ 22006

xT

RO rang f(x) la ham lién tuc trén [0; 1]. Ta dé chitng minh dugc

1

t2015dt
0=, 0
1+ 6)(1+2)... (1 + 2016)
0

Ta lai 6 f(1) = —5mw < 0. VAy f(0)f(1) < 0. Tt 46, theo dinh ly gia tri
trung gian ctia ham lién tuc, tén tai a € (0,1) d€ f(a) = 0 nén ta c6 diéu phai
chiing minh.

Cach 2: C6 thé giai bang phuong phap dung Dinh ly Rolle, bang cach dit
ham duéi déu tich phén la h(z). Khi d6, néu coi a la bién x thi phuong trinh
da cho c6 thé viét duéi dang

1 1

/ h(t)dt — wh(z) = 0 < (2 / h(t)dt) = 0.
Ta xét ham g(x) = xf h(t)dt thi g lién tuc trén [0;1] va g(0) = g(1) = 0.
1
Theo Dinh 1y Rolle, ton tai a € (0;1) d€ ¢'(a) = 0 hay [ h(t)dt — ah(a). D6 1a
DPCM. '

Bai Ta thay tlt cong thiic dao ham cta tich phan theo bién cén trén

2z 1 r—1 A LN < P oA es s
f(x) = — = > 0,Vx > 1, nén ham f tang, do dé tap gia tri
In(z?2) Inz  Inx
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ctia f1a (f(1+0); f(+00)). Do ham duéi diu tich phan — nghich bién trén
(x; 2?) nén ap dung céng thitc THospital ta ¢6

2 2

Tt 1 1
= [ = > = (g2 = )
f(@) Int — 2Inx /dt (v x)ln:ﬁ e

VAy f(400) = 40c0. D€ tinh f(1 +0), ta dit ¢t = ¢V thi

2Inz
ev
= —dv.
f = [ Sa
Inx

Ta c6 bang cac tinh toan cu thé

2Inz 2Inz

flz) = / e—dv<621nm/@:x21n2.
v

v
In

Inzx T
2Inz 2lnz
e’ dv
flx) = —dv > e? — =uzln2.
v v
Inz Inzx

Do d6 mién gié tri ctia f 1 (In2; +-00).

Bai Khai trién béc hitu han d6i véi sinz va In(1 + z) tai 0 dén bac 4 trén
) A . 3
tlr s sinx = x — & 4 o(z").

:L.2 1.3 4
m(lt+z)=z— o+ 2 -2 4 ot
n(l+z)==x 2+3 4+0(x)

Khi do
sinln(1 + z) — In(1 + sinx)
(e = 2+ 5 - T ofat) —In(l 42— T+ ofat))
=sin(z — =+ % - —+o0(") —In(l+z—=—+o(x
2 3 4 6
2 .3 4 1 2
:x—%+%—%—1—0(304)—6(:5—%)—1-0(:54))
3 1 3 1 3 1
o= G) = 5le =)+ 5o =T - Jat +olah)]
4
_r 4
—12—|—0(:zc)
T do ta co
. . I4
lim sinln(1 +a:).—41:cn(1 +sinx) ~ im .1—?196 _ 4
z—0 sin” 2 »=0sin” 3 3
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4 Phép tinh vi phan

Bai[4.1l Taco

[ @) = 7f () +12f () + 24 = (f'(z) = 3f(2) = 6)' = 4(f'(x) = 3f(z) = 6) > 0.

Dit g(z) = f'(z) — 3f(z) — 6. Ta ¢b ¢ (x) — 4g(z) > 0 hay <g(x)e—4w)' > 0 v6i

moi z € (0, +00). Suy ra g(x)e™** > ¢(0) = —9 hay e~ **(f'(z) — 3f(z) — 6) >
—9. Do do
e (f'(w) = 3f(x) — 6) = —9¢”.

Suy ra ,
<e_3x(f(x) + 2)) > —0e”.

Do doé

/

<e‘3x(f(x) 1 2)+ 9ex) >0
v6i moi x € (0,400). Suy ra
e (f(z) +2)+ 9" > f(0) +2+9 =12.

Do dé
f(z) > 123 — 9¢* — 2

Bai V6i p € [0, 1], stt dung tich phén titng phan ta c6
/f z(l —z)[p(1 — )+ (1 — p)x]de =5 — Tp.

Mit khéc, theo dinh ly gia tri trung gian tht nht, ton tai ¢ € (0, 1) sao cho

/f (1 —2z)p(l — )+ (1 — p)z|dx
(©) [y 2(1 = 2)[p(1 — 2) + (1 — p)aldz = f'(c)/12.

VAy f'(c) = 60—84p. V6i mbi t € [—24,60], ton tai p € [0, 1] sao cho 60—84p =
¢. Tt d6 ta c6 diéu phai chiing minh.

Bai[4.3] Pit g(x) = e =% f(x). Ap dung dinh li Rolle ta tim dudc ¢, ¢; € (a,b)
sao cho

flle) =4f(er);  fl(e) =4f(e2); 1 # co
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Dat h(x) = e 20152 (f/(2) — Af(x)). Ap dung dinh li Rolle ta tim dudc ¢ € (a, b)
sao cho
#7(c) + 8064f(c) = 2020f'(c).

Bai Xét ham g(z) = e? f(z). Vi g 6 it nhét 5 nghiémphén biét, nén theo
dinh 1i Rolle ¢ ¢6 2 nghiém phan biét. Ta c6

9" () = ST (@) + 65/ (0) + 120 () +8"(2)),

/2 > (), Vz nén ta c6 diéu cin ching minh.

vae
Bai Ap dung dinh Ii Lagrange ta ¢6 ¢, € (a,b) va d € (b,¢) sao cho
fla) = f(b) = (a=b)f'(c1) va f(b) = f(c) = (b— ) f'(d). Khi do

f(C)—f(CL) _ f(C)—f(b)C—b + f(b)_f(a)b_a :tf'(d)—i—(l—t)f’(cl)

c—a c—b c¢c—a b—a c—a

trong d6 t = <2 Vit € (0,1) nén tf'(d) + (1 — ) f'(c1) nam gitta f'(d) va
#'(c1). Theo dinh li Darboux, ton tai ¢, € (¢, d) sao cho f(cy) = W
Bai[4.6] bit g(z) = f'(z) — f(z), v6ix € [0,00). Khi d6 ta dugc
g (z) —20159(x) >0, z€0,00).
Suy ra (g(z)e=2°%*) > 0 v6i moi z € [0, 00). Do dé
g(x)e™" > g(0) = f'(0) — f(0) = 1.
T dy, ta duge bat ding thitc

f'(@) = flz) = e®7, Yz € 0,00),

hay
Y 620141 !
flx)e™ — 5014 >0, Vzel0,00).
Suy ra
e2(]14m 1 1
e S B _ .
f(w)e 2014 = 70 = 3011 = ~q010 " €[00
Vi vay
2015z T
f(gc)>6 c Vo € [0,00).

= 2014 2014’
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Bai V6i mbi i = 0,1,2...,2016, vi ham f kha vi trén [0,1] nén ton tai
$6 ¢; € [0,1] sao cho f(¢;) = ﬁ, theo gia thiét ta c6 thé chon ¢y = 0,
2016 = 2016. Ap dung dinh ly Lagarange cho ham f trén doan [¢;, ¢;41] ta cé:
ton tai x;41 € [¢;, ¢ii1] sao cho

flciv1) = fle) _ 1

Cit1 — C; N 2016(Ci+1 — Ci) ‘

f(@in) =
Do d6 3272 w5 = 20120 2016(cig1 — ¢;) = 2016.
Bai a) Ta xac dinh da thitc g dudi dang

g(x) = ap + ar(x — z9) + ar1(z — 20)* + - + an(x — 20)". (6.6)
So sanh cac hé sb & hai vé clia phuong trinh p(z) = f(2)g(x) ta chi cAn chon
chesbag = ——ay — —L@09@) M (@0)g(w0) + [ (@0)g (o)

flao) f (o) f(x0)

Bai u V6i mbi zeR co dinh va h 12 sb duong nao dé. Ap dung cong thitc
khai trién Taylor ton tai sb xy € (x, z + 2h) sao cho

f(z+2h) = f(z) + 2hf'(z) + 2R*f" (o).

flz+2h) — f(z)
2h

Tudotacd f'(x) = — hf"(x0). Do do ta cé

sup | /()] < et Oy ()]

zeR h zeR

Chon h = SHPLW ta c6 két qua nhu yéu ciu.
Sup,cg | /" ()]

Bai Xét ham

Py - T U0 = f@)

T
Ta c6 F(a) = F(b) = 0 va F(z) 12 ham kha vi lién tuc. Theo dinh 1y Rolle, ton
tai ¢ € (a,b) sao cho F'(¢) = 0. Suy ra

c(c —a)f'(¢) = a(f(b) = f(c))-

Theo dinh Iy Lagrange, ton tai d € (c, b) sao cho

f(b) = f(e) = f(d)(b—c).
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Do db ¢ < dva

c(c —a)f'(c) = a(b—c)f(d).

Ba1 (a) Dé thiy trén [0, 7], ham 5O g( ) = f(x)(cosx + sin ) thda man
cac diéu kién ctia dinh 1y Rolle nén suy ra ton tai ¢ € (0, %) sao cho ¢'(c) = 0,
hay
[f'(c) + f(c)]cosc = [f(c) — f'(c)]sinc. (6.7)
Tt déng thitc trén va tit gia thiét
10 \12 N2
04 0 + [ = L+ TP+ 0 - 7]

ta suy ra f(c) + f'(c) # 0, f(c) — f'(c) # 0. Va nhu vay, dang thitc (6.7) c6
thé viét lai thanh
sinc  f(e) + f'(c)

cosc f(e) = f'(e)’

(b) Néu m[%>1<]f(x) < 1 thi ton tai e > 0 sao cho ft) <1—e<1,vivay
ze|0,

tanc =

|un| < n(l—¢)" — 0khin — oco.
Néu m[ax]f( z) > 1 thi tdn tai t, € [0,1] sao cho f(t,) > 1. Gia stt ¢, € (0,1).
z€(0,1
Khi d6 vi f lién tuc nén ton tai n > 0 sao cho f(t) > 1+ ¢ > 1 véi moi
te [to—n,to—f-n]DO do

[ty > 2nn(1 + €)" — oo khin — oo.
Lap luén tuong tu véi to € {0, 1}.
Bai[4.12] bat h = 2f(0) — f(—1) — f(1) va xét ham
g(z) = f(—=2) + f(z) = 2f(0) — ha*(a® = 2) , x € [-1, 1]
Ta thiy ¢(0) = g(1) = 0, nén theo dinh Iy Rolle tn tai ¢t € (0,1) sao cho

g(t)=0.
Thé ma ¢'(z) = f'(x) - f'(~x) — 4ha(2” = 1) ¢6 ¢'(0) = ¢'(1) = Chuyrang
(= ) fa )) nén lai theo dinh ly Rolle ton tai s; € (0,t),s2 € (¢,1) sao

cho g"(s1) = ¢"(s2) = 0.
Vin theo dinh 1y Rolle ton tai u € (s1,s,) C (0,1) sao cho ¢”(u) = 0. Mit

khac

g"(x)
g/// (:L')
g (z)

f"(z) + f'(—x) — 12ha* + 4h
f///(x) f///( ) _ 24]7/3:
fO(@) + fW (=) — 24h

8
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nén ro rang ¢"”'(0) = 0.
Lai theo dinh ly Rolle ton tai v 6 (0, u) C (0,1) sao cho g (v) = 0.
Tl d6 ta duge h = L [f@W (v) + f@(—v)].

Ta lai thay min{ /™ (v), f(4)(—v)} < ) +2f ) < max{fW(v), f¥(-v)}

va do ¢ (z) lién tuc, nén theo dinh ly gi4 tri trung gian véi ham lién tuc suy
fO @) + fD (=)
5 )

ra ton tai ¢ € [—v,v] C (0,1) sao cho g (¢) =

Dén day ta duoc diéu phai chiing minh.

Bai [4.13] Vi [’ lién tuc trén [0,1] nén [f'| lién tuc trén [0,1]. Theo dinh ly
Weierstrass, ton tai z, € [0,1] sao cho

' (o)l = max [f(z)].

2€[0,1]
Vz € (0,1], theo dinh 1y Lagrange, ton tai 6;(z) € (0, z) sao cho

f@) = f(z) = f(0) = f/(6:(2))(x — 0).

Do d6 Vz € (0, 1],
(@) < | (o)l (6.8)

Tiép theo, Vz € [0,1), theo dinh 1y Lagrange, ton tai 6,(z) € (z,1) sao cho
—f(z) = f(1) = f() = f'(6a(2))(1 = 2).

Do dé vz € [0, 1),
| (@) < [f' (o) |(1 — ). (6.9)

Tu va (6.9), ta suy ra

/Ol‘f(«x”dl’:/%‘f($)|d$+/1‘f(x)|dx

/ |f' (zo |xd:c+/ |f/(z0)|(1 — z)dx
_ (o)l

4
Ta c6 diéu phai chiing minh.

Bai(4.14, Vi f la ham kha vi hai lin trén doan [0, ] 1] nén st dung khai trién
Taylor tai lan can dlem , ton tai cac sb 0, € € (0, %) vab, € (3,1),

o= (3-5) =0 (3) 5P ()50 ()
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w-s(ted)-o(3) - 2 )

Tk do, cung véi f”(6,) < 1va f"(6;) <1, tasuy ra

va

f(1)+ f(0) —2f (%) < %(f”(el) + 1"(6s)) < i
Vi f(1) > 0 nén

r0-27(3) < s+ r0 -2 (3) < 1

T

Bai [4.15| Dit F(z) = / F(t)dt va h(z) = F(z) — g(x). Khi 6 h(z) kha vi

trén [a,b] va h'(a)h/(D) <0 0. Ta chting minh 3¢ € (a,b) sao cho A'(c) = 0 la
Xong.

Thét vay, gia st h'(z) # 0,Vz € (a,b). Suy ra h(z) # h(y) v6i moi z # y €
[a, ], tltc 12 h don anh trén [a, b]. Két hop véi h lién tuc trén [a, b] ta ¢6 h don
diéu ngét trén [a, b]. Tk d6 hoac 2/(z) > 0 hodc h/(x) < 0, Vx € [a,b]. Nhu vay
W (a)R'(b) < 0, mau thuln.

Bai Chon z = 1, y = 0, theo gia thiét ta c6

|f(1) — f(0)] > [1—0] =1.
Mt khac do 0 < f(0), f(1) < 1 nén ta phdi c6

[f(1) = fO)l < 1.

Do d6 d4u bang trong cac bit ddng thic trén phai xay ra. Ta ¢6 2 trudng hop
sau:

Truong hop 1: f(0) = 0va f(1) = 1. Do f(x) € [0,1] v6i z € [0, 1] nén mot
mat ta co

f(@) = [f(z) = fO)] = [z = O] = .

Mit khac ta co

fl@) =1—-[f(1) = f@)| <1 -1 — 2| = z.
Do d6 f(z) = x v6i moi z € [0, 1].
Truong hop 2: f(0) = 1 va f(1) = 0. Do f(x) € [0,1] v6i z € [0, 1] nén mot
mat ta co

f@)=1f(x) = fO) = [z -1 =1-w
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Mit khac ta co

f@)=1=[f(0) = f(@)| T - [0 —z[ =1 -

Do d6 f(z) =1 -z véimoiz € [0,1].
Tém lai c6 2 ham s6 thda man bai toan 1a f(z) = z va f(z) = 1 — x v6i moi
z € [0,1].

Baln Tl gia thiét ta c6 £(0) = 0 va J(=z) = —f((—x) ) = —f(2?) =
f(x),Vz € R. Chitng td ham f da cho 14 chdn (nén ta chi can tim f véiz > 0).

V6i moi 2 > 0 ta thay = bdi \/z vao biéu thitc di cho ta dugc — f(z) = f(z'/?)
hay f(z) = (—1)f(z"/?). Tiép tuc thay = bdi \/z trong biéu thiic vita thu
dugc ta dude f(z/2) = (—=1)f(«V?) hay f(z) = (—=1)2f(«z/?*). Tiép tuc qua
trinh nay ta thu dugc f(z) = (—=1)"f(«'/?"). Do /2" — 1 va f lién tuc nén
ta c6 f(x/?") — f(1). Ta c6 néu f( ) # 0 thi tit f(x) = (=1)"f(2'/*") hay
(—1)”]‘(3:) — f(z1/?") ta thu dugc mau thuln vi vé& phai hoi tu téi f(1), trong
khi vé trai phan ki. Vay ta phai ¢6 f(z) = 0. Ay f(x) = 0,Vz > 0. Cung v6i
tinh chan cta f ta két ludn f(z) = 0,Vz € R.

Balu Xét ham g(z) = e~ (V1) 20167 f (). RO rang g(x) 1a ham lién tuc trén
[a; b] va kha vi trén (a; b) thda man diéu kién dinh 1y Rolle. VAy v6i mbi n, ton
tai z,, € (a;b) sao cho ¢'(x,) = 0. Mat khdc ta c6 ¢'(x) = e~ (VeD2016z( f/(g) —
(/e —1)2016f(x)). Khi d6 ¢'(x,) = 0 tuong duong voi

= 2016 — 2016.

5 Phép tinh tich phan

.. i , gOzsinav—i- CcoS T
Bai[5.1, Néua =gtacod [ B .
o acosT + Bsinw

3 T
de = [ dx = —.
Jde =7

Néu o > f3 ta dit
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Khi do ta co

us

2

%
/asinx+ﬁcosxd /m(acosx—i—,@sinx)+n(acosx+ﬂsinx
xTr =
acos + fsinx

)dx

acosx + [fsinx

0

:/gmdaj—l—n/g d(acosz + fsinx)
0 0
T

acosx + fBsinz
B

=m— In —.
m2+nn&

1

Bai 5.2 Ta ching to /

-1

1
(1 — )2 f" (x)d = 2 / F(x)dz. That vay, ta cb
1

[ =l @e = [ 0=l + £l

1
1

= (1 =2)’[f'(z) = f'(-=)]

0

2 [ (=0l @) = f=o)ds
=201 = a)lf(e) + f(=2)| +2 [ V@) + Folaz =2 [ o

Pén day 4p dung bat ding thiic Cauchy-Schwarz vé tich phan

[ / ue(a)ds] < / (o) - / o()da

ta co

4[ 11 f(a:)dxr < /1(1 — |z|)*dx /1 [f"(z)])?dz

-1 1

va dé dang thay f_ll(l — |z|)*dx =2 fol(l —a)'dr =--- =2 néntasuyra bét
déng thitc can phai ching minh.

(f(z) — 3)(f(z) —2)
f(x)

jf(x)dx+/1%§2+

Ap dung b4t ding thitc Cauchy ta dugc diéu phai chiing minh.

Bai 5.3l Ta cd

< 0 Vz € (0,1) nén tich phin 2 vé ta

dudc

N | —
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Bail5.4l Véia=0,b=1t>0tacé

t

t2F(t) = B/fo(x)da:,

0

t 7
trong d6 F(t) = [ f(x)dz. Dao ham hai ve ta c6 2tF(t) +¢* f(t) = 3t* f(¢) hay
0

t

!/
2(tf(t) — F(t)) = 0, do dé (&> — 0. Suy ra F(t) = kt hay f(t) = k véi
moi ¢ € (0, 00). Tién hanh tuong tu cho (—oo,0), két qua 13 ton tai cac hang
SO k, ko, k3 sao cho

]{32 neut <0

f&)=<k; néut=0

k néut>0.

Vi f lién tuc nén ky = k3 = k. Vay f(¢t) = k véimoi ¢t € R.

Bai[5.5l Xét ham
t ¢ . ¢ t .
Fit)= [ f(x)de | — — [ g(z)dz | —.
0/ | 7 / / e

Ta co F'(t) > 0,Vt > 0 Vi fg va / dbng bién trén [0,1]. Do F(0) = 0 nén
9
F(t) > 0,Vt > 0. Chon t = 1 ta c6 diéu phai chitng minh.

Bai|5.6. Goi M = max f(z). Ta cod

z€[a,b]

b

/f”“(fC)dfc < M/bf"(ﬂf)dx

a

nén
b

/ Y (@) da

S
/f”(:c)dx

Ap dung bit ding thitc Holder véi p = mlg=n+1tacod

M.

_n_ 1
n+l b n+1

/bf”(a:)dxg /bf"“(a;)da: . /da:

a
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Do doé

[b
Chon —ocovaluuy lim ¢/ [ f*(x)dz = M ta c6 két qua.
n—oo

Bai Tit bat dang thiic

og/o1 (f(x)—i—x—1)2dx:/01f2(x)dx—2/01(1—x)f(x)dx+/01(1—x)2dx,

ta dudc

Mit khac, ta co

b L1 — a2 1 1 1
/O/Of(t)dtdxz/o 5 dx:§ hay /0(1—t)f(t)dt2§.

Vivay [ f2(t)dt > 1.

Be‘li Gidstte € (0,1). Vi [;° f(z)dz < oo nén c6 s6 tit nhién N sao cho
/ f(z)dx < e,Yn > N. (6.10)

Do dé v6in da 1én ne > N ta co

/0” %f(x)dx = /0ns %f(x)dx + /n: %f(x)dx

< e/om f(a:)da:—l—/n %f(x)dx
< 5/n€f(:v)dx—|—s
0

< 5</Ooof(x)dx+1).
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Vi bt ding thitc cubi ciing ding véi e > 0 tuy ¥ va n dit 16n. Do dé ta cd

1
lim — [ zf(zx)dz = 0.
0

n—oo N

Bai Tir gia thiét ctia bai toan, ta nhan thiy f(z) 1a ham don diéu khéng
giam do f'(x) > 0, Vx € [a,b]. Do d6

flz)(x —a) > /f(s)ds, Vo € [a,b]. (6.11)

RG rang, G(a) = [f(a)]""t > 0 va

xT

6/0) = (0~ 05 (170 - -2 [ 5635 ) )

a

St dung gia thiét va (6.11)), ta cb
F@ @) > (- 2) (f<x><x - a>) s e 2)( / f<s>ds) -

Do d6, G'(z) > 0, kéo theo G(x) > 0, Va € [a,b]. Suy ra F'(x) > 0. Tu dé6 ta
suy ra dudc F'(b) > 0, hay

( / f(w)drv)tl < / (o).

a

Bail5.10. Taco
n—1 . 1 n—1 i (]+1)/n
/ _ LEA
;f(E)—n/o f(x)dx—n;[nf(n) /Jn f(x)dx}

S OPT

Jj=0
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Mt khéc, theo dinh 1y Lagrange, véi moi = € (£, 2t1) déu ton tai ¢, € (1, )
sao cho

G A '
/jn+1 {f(%) - f(x)]dx = /jnﬂ f/(cx)(% - x)dx Vi=02.,n-1

Vi f’ bi chan trén [0, 1] nén dat

‘ ‘11
m; :zmin{f’(m):%ﬁxﬁjz

SRS
IA
8
IA
<.
+
—_
H/_/

} va M, = max{f’(x) .

Do d6 v6imbi j =0,2,...,n — 1 ta cd

(G+1)/n j (G+1)/n j (G+1)/n j
/ m; (——x) dr < / [f(—) —f(x)} dr < / M; (——x)dx.
i/n n j/n n i/n n

(G+1)/n j —1
Vi/ (——x)dx:—gnén
i/n n 2n

nlo e(j+1)/n ;
m; J M;
— < =] — < — .
wey [ () - e < - g0
j=0 j=0/i/n J=0
Va do doé
n—1 n—1 . 1 n—1
m; J M;
I N A dr < - =2
Z:271_ : f(n) " 0 f@)de < ZZn
J=0 J=0 j=0
A n-l m \ n-l M N A s, N, A A > 7, 7 A
Vi > —L va > —Z la téng dudi va tong trén ctia f'(x) ing v6i phan hoach
—o n j=0 T

Theo dinh 1y kep ta c6 ngay

Bail5.11 Xét ham sb
t 2 t
F(t) = dr | — 3dz,  v6i 0,1].
0 (/ fo) ) / (F(e)da, véite [0,1]
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Ta mubn chting minh F(t) > 0, Vt € [0,1]. Tit d6 v6i F(1) > 0, ta suy ra diéu
can ching minh.
vVt € [0,1], ta co

P =50 (2 e - F0).

Vi f'(z) > 0,Vz € [0,1
f(x) > f(0) =0, Vx € |

] nén f la ham don di€u tang trén doan [0, 1]. Do d6
0,1]. Khi d6 dau caa F’(t) cing dau v6i ham

G -2 [ ' fla)de — £2(0).
Khi do6 V¢t € [0, 1],
G(1) = 20(t) — 20 () 7'(1) = 20(8) (1 - (1)) > 0,

vi f(t) >0val—f'(t) >0,Vtel0,1]. Do dd, G(t) la don diéu tang trén doan
[0,1]. Vivay, G(t) > G(0) =0, Vt € [0, 1].

Do do, F'(t) > 0, Vt € [0,1]. Suy ra F(t) la don diéu tang trén doan [0, 1]. Vi
vay, F(t) > F(0) =0, Vvt € [0,1]. Ta két luan diéu phai chitng minh.

Cudi cung, mdt vi du ma dang thtic xay ra la ham f : [0,1] — R, f(z) = .

1
Bai|5.12| bat 3 = / xf(x)dz. Ta chttng minh
0

/0 (z — B)f(x)dw < /0 (z — a)’f(z)dr, VYa R,
Thét vay, sit dung /1 f(z)dx =1va /l zf(x)dr = ftacod
[ @=aps@ie = [ (@=5)+ (5 - )

— /Ol(x —B)f(x)dz + (B— )’ +2(8—a)B—2(8—a)8

~ @82t s (3 -ap = [ - pPrps

A 1 Ae 7 A 2 A
Ve € [0,1]. Lay a = 5 Toiap dung ket qua trén ta
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Bai Hai vé 1a hAm chén nén chi cdn xét = € [0, 7). Ta c6

x | 1 1 + si
/ costdt =sinx ——dt =—-1In (ﬂ)
0 o cost 2 1 —sinx

Ap dung bét ddng thiic Cauchy-Schwarz vé tich phan

[ /O mf(t)g(t)dtr < /0 x[f(t)]2dt~ /0 z[g(t)]2dt

/. ]- « A 2. ’ .
VOi f(t) = Vcost , g(t) = - ta suy ra dieu phai chitng minh.
cos

x

Bai|5.14, Do 16 5 hoi tu diém dén =t Vi vdy, ta mudn thu dude danh

x +z
gia
+oo = 1
e n
— dr| — 0.
/(l—l—m2 1—|—x2) .

0
Ta tach tich phén trén [0, +oo) thanh trén [0, /n] U [\/n; +o0) (thay vi [0;1]
va [1; 4+00). Khi do ta cd

oo Vn oo |
[ e n
d — de = I,+J,.
/(1+x2 1+:c2 /(1+x2 2) er/(1+:c2 T2 = It
0 0 Vn

Véi I, ta co

VI i
0</1_6_"d </1_6_"d (1— e %) arctan /7 — 0
x —axr = — € n jarctan+y/n .
Sl ar2 ) i
0 0
V6i J,, ta co
+oo » +oo
0</1_€”d</ L i = 7/2 — arctan /it — 0
xXr xr =T — arctan n .
- 1+ 22 - 1+ 22
Vi Vi

Vay [ — m/2
Bail5.15! Ta co
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Suy ra v6i moi z € (0,1):

dt] [ 1rwlar = o) - F0), 6.12)

trong d6 F'(x) la mot nguyén ham cua |f'(z)|. Pat G(z) = F(z) — F(0). Khi
dé G(z) cling la mot nguyén ham cﬁa |f'(z)|. Do d6 v6i moi = € (0,1) ta ¢

G'(z) = |f'(x)], G(0) = 0 vado (6.12), | f(x)| < G(x). VAy

/ |f(x ’dl’—/ |f(2)|G'(x) / G(x)G'(x)dz. (6.13)

P6i bién u = G(x) ta dugde

1 G(1) 2
/0 G(2)C (z)dx = /G e %[GQ(l) —G20)] = Gél). 6.14)

1
Lai ¢6 G(1) = F(1) — F(0) = / | f/(2)|dz. Cubi cling theo bat dang thiic
0

Cauchy-Schwarz:
1 2 1
= ([ 1wl < [irra (6.15)
0 0

Tir (6.13)), (6.14) va (6.15) ta c6 diéu phai chitng minh.

6 Phuong trinh ham

Bai[6.1} Cho 2 =y = 0 ta cd f(0 )

Néu A = 1 thi f(z) la nghiém cta phu’dng trinh Cauchy nén ta cé f(z) =
f(1)x v6i moi z € R.

Néu A = 0 thi f(z +y) = 2f(0) = 0 v6i moi 2,y € R. Do d6 f(x) = 0.

Néu A = —1 thivéiy = 0tacod f(z) = f(—x). Cho y = —z talai cb f(z) =
—f(=x). Do do f(z) =

Neéu |\ < 1thivéiy = 0tacod f(z) = f(Ar) = f(\2x) = --- = f(\"x) V6i
moin € N*,z € R. Vi |\ <1tacd lu}rq A" =0.Do do f(z) = 0.

n—-+0oo
Néu |A| > 1thivéiy = 0tacd f(z) = f(A\z) v6i moi = € R. Dit tp=3va

thay z bdi ux ta c6 f(uz) = f(x) v6i moi x € R. Do d6 f(x) = f(u" )le
moi z € R. Suyra f(z) = 0.

Bai[6.2] Thay x bdi f(x) ta dudc: f(f(f(x))) = —2015f(f(z)) + 2016f(x).
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Tiép tuc qua trinh trén va dit z,, = f(f(...f(z))), n 14n, ta dudc phuong trinh
sai phan:

Tpio = —20152,,1 + 20162,,.

Phuong trinh déic trung la A> 42015\ —2016 = 0. Phuong trinh nay c6 nghiém
A = 1hoac A = —2016. VAy =, = ¢; + ¢2(—2016)™. Ta c6

To=C+C=x
1 = ¢ — 2016¢ = f(2)

Tl do ta ¢6 f(r) = x — 2017¢, hodc f(r) = —2016z + 2017¢,. Thay vao diéu
kién ban dau ta dudc c; = 0 va ¢; tuy y. Vay ham can tim la f(x) = 2 hoac
f(x) = —2016x + ¢, c tuy ¥.

Bail6.3l Tacé

ff(y) —x) =zy— f(z), Va,yeR (1)
Thay x = 1 trong (1) ta dudc
f(fly) =) =y—f(1) VyeR (2)

Trong (2), thay y = 1 + f(1), ta dugc f(f(1+ f(1)) — 1) = 1. bat
fA+fQ1) =1=a; f(0) =b,
taco f(zf(a) - x) = f(0) = b, hay
b= f(xf(a) — ) = ax — f(z) = f(x) = ax —b.

Thay biéu thtic clia f(z) vao (1), ta cé a> = 1; b = 0. Vay f(v) = z hodc
f(z) = —z. Tht lai thay thoa man.

Bai Gia stt tim dudc ham f thda yéu ciu bai toan. Dit ¢(¢) = f(t) — ¢, ta
dudgc

g(zy) + 9z —y) +g9(x+y+1) =0, Vz,y e R.
Thay y = 0, ta dudc
g(0)+g(x) +g(x+1)=0, Vz e R. (6.16)
Thay y = —1, ta dudc

g(—x) + gz + 1)+ g(x) =0, Vx € R. (6.17)
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Tu (6.16) va (6.17) ta suy ra
g(—x) =g(0), Vz,y e R hay g(z)=g(0), Vz,y € R.

Suy ra g(z) 12 ham hang va
0=yg(xy) +9(z —y)+glx+y+1)=39(0) = g(0) =0.

Vi vay g(z) = 0 vado dd f(x) = z véi moi z € R. Thit lai ta thiy f(z) = =
thoa yéu cau bai toan. Viy ham s6 can tim 13 f(z) = x v6i moi x € R.

Bai Tt gia thiét ta c6
flx) = fly) = (x —y)glz+y),Vz #y, (6.18)

dang thic trén cling dung véicaz =y. Vi dang thitc (6.18] - dung v6i ham f
th1 cling diing v6i ham s f + ¢, v6i ¢ 13 hing sb tuy ¥, nén khong mat tinh
téng quat ta gia stt f£(0) = 0. Khi d6 cho y = 0 vao dang thiic (6.18) ta dudgc

f(x) =zg(x),Vx € R. (6.19)
Khi d6 phuong trinh ban diu dugc viét lai dusi dang
zg(x) —yg(y) = (x —y)g(z +y),Vo,y € R. (6.20)

Dlezlng thitc (6.20) ciing ding v6i ham ¢ thi cling ddng v6i ham ¢+ ¢, ¢ 13 hang
so tuy y. Do viy ta c6 thé gia st ¢g(0) = 0. Cho z = —y vao (6.20) ta nhin
dudc

—y9(=y) =yg(y),Vy €R (6.21)
Do d6 ¢ 1a ham 1é. Khi d6 thay y bdi —y trong ta co
zg(x) —yg(y) = (x +y)g(x —y),Vz,y € R. (6.22)
So sanh véi ta co
(z+y)g(x —y) = (x —y)g(z +y),Vz,y €R. (6.23)

Pén day, dit u = z + y,v = = — y va thay vao phuong trinh (6.23) ta o
ug(v) = vg(u), Vu v e R Dovayg( ) = au,a € R hay cac cip ham s6 cin
tim c6 dang

a
ar,a € R.

Néu khéng gia thiét g(0) = 0 thi ham ¢ can tim ¢6 dang g(z) = az + b va
f(z) = az? + bz + c.
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Bai[6.6, Chon « = y = 0, f((0)) + £(0) = /(0). Suy ra f(f(0)) = 0. Chon

x =0,y = f(0).
’ 2f(0) = f*(0).

Suyra f(0) =0 hodc f(0)=2.
Xét truong hop f(0) =2. Chony =1

fla+ flxa+1)=x+ f(z+1).
Chonzx=0,y=z+ f(z+1).
flx+1)=1-=x.

Do dé, ta suy ra f(z) = 2 — z, Vo € R. Thit lai, ta thiy théa man yéu ciu bai
ra.
Xét truong hop f(0) = 0. Chon y = 0.

flz+ f(x)) =2+ f(z). (6.24)
Chon y = 1.
fla+ flx+1)=x+ f(z+1). (6.25)
Chon y = —=x.
f(x)+ f(=2*) =2 — 2f(z). (6.26)

Tu (6.26), ta dé dang rat ra dude, véi z = —1, f(=1) = =1vavéiz =1,
f(1)=1Chonz =1,y =2 —1+ f(z).

fle+1+ f(2)+ fle -1+ f(z) =+ 1+ f(z)+2—1+ f(z).
Két hop véi (6.25), ta c6
fla+1+ f(zx)=x+1+ f(x) (6.27)
Chony = —1
fle+ fle=1))+ f(-r) =2+ flx—1) = f(z).

Két hop véi (6.27), ta cb
f(=z) = —f(z) (6.28)

Thay « b6i —z va y = z vio phuong trinh ham ban d4u, ta 6
f(=2) + f(=2%) = =z + 2f(-2) (6.29)
Liy (6.26) tru (6.29).
f(@) = f(=2) =20 — 2 f(—z) — o f(—a).
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Két hop véi (6.28), suy ra f(z) = z. Thi lai,ta thAy f(z) = « théa min yéu
cau bai ra. VAy cac ham s6 thoa man yéu cau baira: f(z) = xva f(z) = 2—z.

Bai6.7l Taco
3[f(2x+1) — 2z +1)] = [f(z) — 2] — 3Vz € R.
hay 3¢(2z + 1) = g(z) — 3 v6imoi z € R (v6i g(x) = f(z) — z). Dat h(x) =
g(x) + g ta dudc
B2 +1) = %h(x) Vi€ R.

r—1

Thay x bdi ta ¢

h(z) = h( . )VxeR. (6.30)

Ap dung lién tiép (6.30) ta co

1 xr—1 1 r—1—2 1 r—1—2—22
- B() - () (52

1 r—1—-2-22_—  —2n1 1 r+1-—-2"
—...—B_nh( 2TL ) —@h(2—n).
Ta ¢o
1 1—2n
h(z) = lim h(z) = lim —h(“—) = 0.h(=1) =0 Vz € R.

A 3 2 . A 2 ~
Vay f(z) =x — 3 Vz € R. Thu lai thay thoa man.

B2i[6.8] Cho z = y = 1, ta c6 f(f(1)) = f(1). Tit d6 cling véi gia thiét,

flaf(f(1)) = fef(1)) = 1.f(z).

Mat khac cling theo gié thiét f(xf(f(1))) = f(1)f(z). Vivay f(1) = 1.
Taco f(f(y)) =y.Neéu f(y) =1thiy = f(f(y)) = f(1) = 1. Suy ra

fly) >1, Vy>1.

Tudo f(2)>1,Ve >y >1.Khiddo Ve >y > 1,

z
Y
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Vi vy f 1a ham déng bién trén [1, +00).
Ta sé chitng minh ring f(z) = x, Vo € [1,+00). That vay, gia st ton tai
xy € [1,+00) sao cho f(xg) # wo.
Néu f(wo) > o thi f(f(x0)) > f(0) hay o > f(,). Di€u nay vo 1y,
Neéu f(xg) < zo thl f(f(z0)) < f(x0) hay zo < f(x¢). Diéu nay vo ly.
VAiy f(z) = z, Yz € [1,+0c). Thit lai, ta thiy f(z) vita tim dugc théa man yéu
cau clia dé bai.
Bai [6.9] Ta chling minh f(z) = ¢ véi Vz € [0, 1].
Do f lién tuc nén Jzy,x2 € [0,1] sao cho f(z1) = min f(x) = m, f(z2) =
max f(z) = M trén khi z € [0, 1].
Khi d6 2m = 2f(z1) = f(z1/2) + f((1 +21)/2). Suy ra f(z1/2) = m.
Ct nhu vay ta dugce f (%) = m,Vn € N. Tit d6 st dung tinh lién tuc cta f ta
co

L1

m = f( lim ==) = f(0).

n—s+oo 21

Lap luén tuong tu véi f(z2) ta cling c6 M = f(0).
Do d6 ham so0 can tim la ham hang, f(z) = c.

Bai Pé&i bién = = 1 — ¢ ta dudc

// of(z) dr = - /;u st -ar= [0 0s0 -2

Do doé

1 1/2
/0 of(x) dz :/O (f(@)+ (1= 2)f(1 —2)) dz. (1)
V6i x € {0;%} tacOl —x > znén
r=z(f(x)+f(1-2)) <zf(z)+(1-z)f(1-2z) < (1-2)(f(2)+f(1-2)) = 1-x.

/I\ 7 N AY /I\ ]‘ N
Lay tich phan tu 0 dén 3 ta nhan dudc

Tu (1) va (2) suy ra

ég/o xf(x)dxgg. (3)
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Bt dang thiic thit nhét clia (3) sé trd thanh dang thitc khi va chi khi f(1—z) =

7, . 1 A se e oA
0 v6i moi x € {0; 5), ket hop véi gia thiét f(z) + f(1 —z) = 1 suyra

4 1
1, néuzx € {0;5)

f(z) = i 1
0, neuz € | -;1

, (51]
Diéu nay mAu thuln véi tinh lién tuc cta f, viy bat ding thitc diu tién cla
(3) khong thé trd thanh dang thitc. Chting minh tuong tu bat dang thitc thit
hai ctia (3) cfing khong thé tré thanh dang thitc. Tém lai ta c6

1 3

3 </01xf(x)dx< 3

V6i mbi s6 nguyén duong n > 2, xét cac ham sd

( X 1 1
1, neux € O;———),
2 n
£.() n+2 nx néu c 1 1 1+1
n\T) = ) X S T4 1>
4 2 2 n 2 n
X 1 1
0, neuzr € |-+ —; 1},
L 2 n

va gn(7) = 1 — f,(x) v6i moi z € [0; 1],
Cac ham so f, va g, thoa man diéu kién dé bai. Mt khac

1/2—-1/n 1 1 1 2
/ xfn(m)dx:—(———)
0 2\2 n

va 1/2+1/n 1/2+1/n 9
OS/ xfn(x)dxg/ dx = —
1/2—1/n 1/2—1/n n
nén ta cé
! 1
lim rfp(x)dr ==
va
1 1 1 3
lim gy () dz = / rdr — lim Tfn(x)de = =.
n—oo [ 0 n—oo f 8

7 A ~ 1 2. A 717 o 3 2. A 2 A A A
Do do6 khong thé thay 3 bdi s6 16n hon hoac 3 bdi s6 nho hon dé két luan

cua bai toan van dung.
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Bai |6.11]
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a) Anh xa f ting nghiém ngit. RS rang f lién tuc, lim =

T—r—00

—o0; lim = +o0. VAy f la song anh.

T—r—+00

b) + Néu f(z) = f~'(z) thi f(f(z)) = f~'(f(z)) = z. Do viy khong thé
f(z) > x hay f(z) < x. Do lai hién nhién ta ¢6 f(z) = = théa man diéu kién
da cho. RO rang phuong trinh da cho tuong duong véi f(z) = x va ta thu
dudc nghiém z = 1.
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