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I. BAT PANG THUC COSI

j—

. Dang hai s6 khéng am *Y

¢ Dang tong sang tich: X+y 22\/@ .

i +
Jo <X gy XY
e Dang tich sang tong: 2 hay 2
- X“ 4y
2 Xy =
 Dang liiy thira: ¥ +y =2xy hay 2
Dau "=" xayra T X7V,
2
+
x=xl= X+
e Dang dic biét: 2
2. Dang ba so khong am Y2
3
e Dang tong sang tich: * Y *Z =3Xyz
3
X+y+z
ﬁrlx_}ag 5w Xyz E[L‘
* Dang tich sang tong: 3 hay 3
XyZ {x‘ ty' vz
3 3 3 =
e Dang liiy thiva; ¥ *¥ *7 =3xyz hay 3
Diu " =" xdyra © * =Y T,
T+
x=x1.1 Ex—ll
¢ Dang dac biét:
3. Dang tong quat véi " s6 khong am %> X2 %

~ o X X FL X ZNYXX, X
¢ Dang tong sang tich: "' = "¢ et

X +x +..+X
Yrx,.x, =—4—2 o XXX =

n
X HX, 4o X

* Dang tich sang téng: n hay n
XX {x;" +X) + X
e Dang Iy thita: XX X ZXX, X, hay 172 n
Dé(u n_n Xéy ra — HI :Hz =... :Hn.
n + -
¥x=xh.1 Ex—nl
¢ Dang dac biét: n-1 n
4. Bat dang thitc trung gian
l+l ::i Yx=0,y=0
o« X ¥y Xty .Dau "=" xayra T X7V,
1 1 1 9
—t+—t+—z=——¥x>0,y>0,z>0
° X _}-’ £ X‘I"_}-’-I"Z .Dﬁu":" xéyrac;’x:yzz_

DANG 1: DANG TONG SANG TiCH

T =8x" - 4x +L2 +15
Vidu 1. Cho X #0_ Tim gia tri nho nhét caa biéu thirc 4x




Loi giai

T =(4x* - 4x+1)+
C6

4x° +L2|+14
4x

4x° +L‘ +14=0+2 !4x‘*.i+14 =16
4x° | 4x°

=(2x-1) +

Vay MinT =16 ypi = 2

M =4x"- 3x +L+ 2011
Vidu 2. Cho X> 0 Tim gid tri nhé nhét ctia biéu thitc 4x

Loi giai

M =4x*- 4x+1+x+i+2[]1[]
Cé 4x

x+L‘ + 2010 =0+ 2 x.i+2[]1[] =2011
4x | 'IJ 4x _

1

X =
Vay MinM =2011 y; © 2

—(2x-1) +

H:XZH"Z
Vidu 2. Cho X>Y>Ova X =2 Tim gi4 trj nho nhét ctia biéu thic S
Loi giai
H _xT eyt - 2y +2xy _(x— y)z +4
cs x-y x-
=(x- y)+ L ’(x— y). 4
X=y -y
4
X-y= x-y=2 y=2-x x:\‘E+1
X- V¥V = 2 (=" 5 5 5 Dﬁ J_
. _ o Xy = X = dx- = y= 3-1
Vay MinH =4 Khi XY =2 .

DANG 2: DANG TiCH SANG TONG, NHAN BANG SO THiCH HOQP.

Vidu 1: Choa>1,b > 1. Chitng minh : avb-1+byJa-1=ab

Loi giai
ab
9.

m:én asfh-1
2

Nb-1=1(b-1) =
o 2
bja-1 E{;_b: ayb-1+bfa-1 £ﬁ+ﬁ —ab=

2 12 dpcm

C

Va twong tu:
Dau ‘=" xdyrakhia=b =2




ab+Jc- 1 +bcJa- 9 +cafb- 4 Ellabc
Vidu 2: Choa>9, b> 4, c> 1. Chitng minh: 12

Loi giai:
Cé:

abyJc- 1 +bcJa- 9+ caJb- 4 =ab.f(c- 1}.1+%..;(a 2 9).9 +Z_a..,f(b- Ha

—ap e D+ be (a-9)+9 ca (b-4)+4 _llabc

Dau “=” xadyrakhia=18,b=8,c=2

Vidu3: Choas0,b> 0,2 +b?< 2. Tim gi trj 16n nhat ciia biéu thirc: M = AP(@+2b) +byJa(b+20)

Loi giai
Xeét:
2 2
MAS :a.JBb{a+2b}+bJ3a{b+2a} ﬂa.3b+{§+2b}+b.30 +[£;+2a} _a +b +5ab
2 2 2 2
< ;b +5.2 ;b =6=> M =23

VélyMaXM=2\/5 khia=b=1

2 2
Vidu4. Cho X0 Y20 (3X +y" =2 Ty o tri 16n nhét cta bidu thite
P = [x(14x+10y) +,[y 14y +10x)

Loi giai
. P24 = [24x(14x+10y) + 24y (14y +10x)

Xét
24x +4x +10 24y + 14y +10
i (; JP}+ y +(14y +10x) =24(x1+y.1)
X +1 yi 4l 4yt 4l 48
<24 X | X g p< o p <4
2 2 . 324

Vay MaxP :4-4'% khi X =Y =l.

Vidy5.Cho x>0, ¥ >0 y3 V& G-y)=xty o gid tri nhé nhat ctia £ =X+,

Lai giai
Tie Joy - y)=x+y= x>y

1 1 (ay)+ (x- yY  (x+y)
éxw:J—‘ﬂf(x-ﬂ =5J4xy(x-y)l = Y +; ! =H:F S (x4 y)-4(x+y)=0> x+y =4

V.

(x- }')‘E =4xy - {(:‘H‘p)z :B::rymb xy =2

xX+y=4

= x+y=4
Dau "=" xay ra khi { x+y=4 y

= X, ¥ 13 hai nghiém phuong trinh - 4 +2 =0 ¢ =2 +2
Do X>V= x:2+~f§’y=2-\5.
Vay MinP =4 Khi X =2+42 ¥ =2-42




DANG 3: QUA MOT BUOC BIEN POI ROI SU DUNG BAT PANG THUC COSI

Vidu 1. Cho a, b ¢>0 y3 ab+bc+ac =1 Tim gi4 tri 16n nhét cta bidu thic:

a b C
= + +
Jai +1  Jb? +1 Jr:"'+1_
Ldi giai
Thay 1 =ab+bc+ac s dquoc:
a b C
= + +
Jal +ab+bc+ac b +ab+bc+ac & +ab+bc+ac
a b C

T f@b a0 Jordbro)  JcraXetb)

_J a a +J h b +J c C
“Ya+bh a+c b+a b+c c+a c+h

a a b b C C
+ +
b+c+c+a c+h

<a+b a+c b+a
2 2 2
[ a +[ a ¢ |+[ b . C ‘
_la+b a+b] la+c a+c) |b+c b+c] _3
= > ==
Mﬂx_P:E a:E?r:r::L
Vay 2 khi V3
Vi du 2. Cho céc s6 duong 4, b, € théaman a+b+c =1 Chu’ng minh:
Vvan *Vas :
c+ab a+bc b+r:a 2
Lo'lglal

Jﬂb , | be +J ca _J J
Tacs Ve+ab Va+bc Vb+ca Vcl+ab 1+bc  \Vbl+ca

_ ab . bc ca
cla+b+c)+ab a(a+b+c)+bc b(a+b+c)+ca

_ ab . be . ac
Aa+)b+e) \(a+b)a+c) (B+c)b+a)

_\/ a b +J b ¢ +J c a
“Na+c c+b Va+b a+c \b+c b+a

1 a b b C C a 3
- + + + + =
2{lc+a c+b) la+bh a+c) ' b+c a+b] 2 ( dpcm).
Vidu3.Cho @>0, b>0 ¢>0 y3 ab+bc+ac =3abc Tim gi4 tri nhé nhat cta
a’ b c’

P =
Gra) a@+b) bl +c)

Loi giai




a’ b* c’

P= + +
co clc+a*) ala®+p*) b(b*+c*)
_a2+c2—c2+b2+az—a2+cz+b2—b2
cl+a®) ala®+b*) b +c%)
_[1_ c ‘[1 a ‘4_[1_ b
e +a?) la @+ |b b +c7)
Jr e ] (1. _a Hl_ b
e Ez,iczaz_ | a Z;Qazbz_ b 24b%?
[1 1 [1 1 [1 1 1[111‘ ab+bc+ac 3
= —r — | —r — || —r — | = —m e | =m— =
lc 2a) la 2b) |b 2¢) 2la b c] 2abc
JMI'J"IP'—3
Vay 2 khi @=b=c=1
Vidy4.Cho @>0, b>0 ¢>0 y3 a+b+c =l Tim gi4 tri nho nhat cta biéu thitc
a b c
= T+ T+ 2
1+9b" 1+9c" 1+9a
Ldi giai
a(l+9b*)- 9ab® b(1+9c¢*)- 9bc®  ¢(1+9a’)- 9ca’®
= + +
C6 1+9b° 1+9¢° 1+9a°
_[ _ 9ab’ +[ _ 9bc? .- 9¢ca’
| 1+9b7 | 1+9¢° | 1+9a°
o 4 9ab’ olp- 9bc’ oo 9ca’
| o2dtenr ) 1 2diee | | 2died )
3 1 1
—a+b+c- E(ab+bc+ac):_=a +h+c- E(a +h+c) =3 (doa+b+c :1).
MinT =l a=>b=c :1
Vay 2 khi 3,
L + 1 + L —2 abcs1
Vidu5.Cho @, b ¢>0y31+a 1+b 1+c  Ching minh:
Loi giai
1 1 1
+ + =
co l+a 1+b 1+c
S P +[1_ L|_b ,c,fb ¢ ,f b
l+a | 1+b) | 1+c) 1+b 1+c 1+b 1+c A+b)0+c)
b

Nhan cac bat dang thitc dwong, cuing chiéu ta dugc:
1 Babc 1
abc =—

(+a)A+b)1+0) - (+a)A+b)1+0) hay 8 (dpcm).

1 ac 1 a
@ are Tre ST aeD)
Tuong t: 1+b l+a)l+c +C +a)ll+ .







DANG 4: GHEP CAP POI

X+y+z :é(x+y)+%(y +z)+%(z+x)

XyE :JEJ}’_EJE Vx,y,z =0

Tach

Vidu1l.Cho @>0 b>0 c>0 y3 @’ +b*+c* =1 Ching minh:

ab bc ac bc ca ab
—+—+—za+h+c — 4+ =43
ay ¢ a b : bpya b ¢
Loi giai
ﬂb bc Lac _ [bc ca l[m ab l[ab bc
= e e e e S
a)COC a b E.a b 2 c) 2l ¢ a]
1 |bcca 1 [ca ab 1 [ab be
2—2, | ——+—. —.—+—..’——_a+b+r:
2 a b 2Vb ¢ 2V a (dpcm).
2.2 22 21.2
[E+E+ﬂ _be +24 +ﬂb +2(a +b +¢)
b) Xét b C ) ﬂz E}z C'z
3 bzcz_l_czaz +1 czaz_l_azbz 1| a’b® b'c’ 2
2l @@ B | 2 W c | 2 ¢ a’
1 ’Eﬁ:2 ca® 1 id"a2 a'b® 1 ’azbz b*c?
=_.2 —t=2 . +—.2 .
2 a b 2 b* ¢ 2 ¢ a
be ac ab
2 2 2 —+——+— =43
=a +b" +c° +2 :3’d0 do a b 2 (dpcm)
Vi du 2. Cho %Y € 13 46 dai ba canh ciia AABC . Chigng minh (@ +D- €)(b+c- a)(c+a- b) <abc
Ldi giai

Vi %5:¢ 13 d6 dai ba canh ciia AABC pan
a+b-c=0,b+c-a=0,c+a-b=0

D{J(ﬂ+b" E}{E}+£— .ﬂ} E{ﬂ*‘b- E)"'(b"‘ﬂ" ﬂ} _p
Co 5 ;
0<.f(b+c- a)c+a-b) (b+c- ﬂ]"'z‘[f:+a— b) _
(c+a-b)+(@+b-¢ _
2
Nhan ba dang thitc dwong cung chiéu ta dugc
(a+b- c)b+c- a)(c+a- b) =abc (didu phéi chiing minh).

0<.(c+a-b)a+b-c) =

b

DANG 5: DU POAN KET QUA ROI TACH THiCH HQP
Budc 1: Ké bdang dv dodn gidi tri I6n nhdt,nhé nhdt va dat tai gid tri nao cua bién.
Budc 2: Ké bang xdc dinh s6 nao sé di véi nhau.
Budc 3: Tdch ghép thich hgp sé hang va st dung bdt ddng thitc C6-si.

5

P=2a+—

Vi du 1. Cho @ 22 Tim gia tri nhé nhét ctia biéu thitc a,
Loi giai

Phan tich bai todan




Tir bang thit hai, ta suy ra X sé di véi 4 nén

24y _3y
16 4

Trinh bay loi gidi

Co

X s di voi

4 2. Y g divéi

a 2 3 4
p Ewf5,5 §m7,7 2%9,25
2 3 4
min P :Eﬁ a=2
Tir bang thi nhat dy doan 2
a 1
a
1
a=2 ) —
2
1 a 5 5a
Tir bang thit hai, tasuyra @ sé divéi 4 nén @ sédivei 4 .
Trinh bay loi gidi
pP= E_'_E_a‘ +E =2 ,E 2a +% :5+3_ﬂ :_=5+£ :E[ doa =2)
Cé la 4] 4 a 4 4 4 4 2 .
5 bSa
13 a 4<a=2
min P =— a =2
Vay 2 khi (théa man).
F :x+y+E+E
Vidu 2. Cho ¥>0: ¥ >0 (3 X+¥ =6 Ty 6i4 tri nho nhat ctia biéu thiic Xy,
Loi giai
Phan tich badi todn
(x5 ¥) (1;5) (2;4) (353 (4;2) G
F % =16,8 15 16 % =19,5 156 310
Tir bang thi? nhat, ta dy doan MINF =15 ypy; x =2,y =4
X 1 y I
X Y
1 1
x=2,y=4 2 — 4 —
1 X 6 6x 3x 1 y 24

16 nen Y <@ divéi




x 2 y 2
;:QJE.B_X 2 E.B_y_l(x+y):1a-_(x+y}
x 2 ¥
1

218- — 6=15 (do x+y <6).

[(x=2
min F =15 khi §_3x.24 :%;x+}’ =6« {

Vay x 2y =4 (thoa man).
P =2x" +y* +28,1
Vidu 3. Cho X>0: ¥ >0 (3 X+¥ =3 T3 6i4 tr nho nhat cta bidu thiic Xy,
Loi giai
Phan tich bai todn
(x;y) (1;2) (2:1)
69
P — =345 24

Tit bang thit nhét, ta dy doan MNP =24 khix =2,y =1

X

x=2,y=1 2

N> |
— =< |r

1 X 28 28x 1

- X2 X —gx =
Tir bang thit hai, tasuyra X s divéi 4 nén X sgdivei 4 ; Y osedivei V.
Trinh bay loi gidi

Co
p=[ 27|+ l+y +2x° +y - Tx-y
X Ly 7
28 1 ,
:[_+?x|+ — Y [+ 2(x-2F +(y-1F +(x+y)-9
. X L )

::EJE Tx +2Jl y+0+0+3-9=24
X y

min P =24 khi E:?"qu;l:y;;ar— 2=0y-1=0;x+y =3« x=2,y=1
Vay X y

Vi dy 4. Cho 2 SX =345y =64 =226y x+y+2 =12 1y gi4 trj 16n nhdt cia biéu thie ¥ =¥,

Loi giai
Nhdn xét: Do Y va z vai trd nhw nhau nén st dung bat déng thitc Co-si d6i véi tich Y%, ta duoc
2
+
P =x(yz) gx[ yre :dlrxuz - X)(12- x)

Dbén day ta ké bang dé dy doan gia tri 16n nhat cia P




X 2 3
P 50 243 =60,75
4
max P :ﬁ
Tir bang thi? nhét dy doan 4 khi X =3,
X 12- x
x =3 3 9
Tir bang thtt hai, ta suy ra 3X s& di v6i 12~ X nén ta bién dsi
1 1(x+24) _1(3+24)
P="]03x)12- x)(12- x)] =— E—[
12 (3 ) ) 1 3 121

max P :E khix =3 y=z :E
4 2

Vay

DANG 6: KET HOP AT AN PHU VA DU POAN KET QUA
o Khi dat an phu ta can tim diéu kién cta an phu.
J MO0t s6 bat dang thitc trung gian thuong dung:

2(a* +b* ) =(a +b)’ =4ab _
= Véimoi @D thi (¢ +b*) 2(a +b)* 24a . Déu bang xay ra khi @ =b_

b,c gy 3(a® +b* + ) =(a +b +c)* =3(ab +bc +ca)

= Véimoi ©PC thi . Dau bang xay ra khi

a =b =c

2 3 2 | e E|
a‘+h 2[a+b‘ va,b'ﬂ +b z[ﬂ;b‘ Y +b =0

= Véimoi @0 thi 2 . Dau bang xay ra khi
a=b
l+l Ya>0,b>0

= a b a+b . Dau bing xay ra khi @ =b |
1 1 1 9
4+ 4+ = Ya=0,b>0,c>0

= @ b c a+b+c . Dau béng xay ra khi @ =b =c

Vidul.Cho ¥>0¥>0 3 2 ¥ " Tim gié tri nho nhét ctia biéu thic y o« .

Loi giai

a=X 2 azﬁ___ J_b Xt pn¢a£_
bit y,do 2 y
2
K=a+——§+32a—- 3a? 2 —32{1— 3la
a \a

=16- 3la? 16- 31———? 0< a£
Co

MinK =Ekhfa =lhayx =2,y =8.




{x+y+1} xy+x+y
xy+x+y {x+y+1}

A=
Vidu 2. Cho ¥~ 0,y>0 Tim gia tri nho nhat cta biéu thirc

:{x+y+1}zp xy+tx+y _ 1
xy+x+y  (x+y+1) a

bat

Do{m+n +p) 2 3(mn+np+pm)b (x+y+1) 2 3(xy+x+y)P a? 3

Mimfl:Ekhi‘a =3P x=y=1
Vay 3 .

Azx"' + y? + J;E
Vi du 3. Cho|*>0:Y >0 _Tim gif iri nha nhét cial Xy Xty

Lai giai
_eyf- 2y oy _(eky) +y8
6 xy x+y Xy x+y \,‘_g x+y
—T—dcrx+y3 2fxy b U_yi 2p 3 2
l::' Casi 2
A=f +1 2= ? i IRl L SR
T'a dutgic t t#F 8 8t B8
5
2 8 2 8 E(dot 2)
MinA==
Vay 2 gy £=2P x=y,

Vi du 4. Cho a=>0,b>0,c>0

P —l_,_(bz +c*)+a’ §+L2§

2 2 2 . R e L
théaman P ¢ £a 1im gi4 tri nho nhét caa biéu thitc

a c
Loi giai
1 16 2bc 24 a*@
R e T i
Co
[=£3 b2+cz3' %:2

Dit  bc bf: bc ta dugc

o] o] u f ..
P=2§+£$= 1_ ﬁui L= 3N 2? 3m §+£%:5
tF [ﬁ- 4H 4 3

(do t7 2),

5
P=E+l§,fl+x"‘y2
Vidu5. Cho ¥=0.¥>0 33 X+Y£1 T 6i4 tri nho nhét caia bidu thire Y&

Loi giai




112 1
3 fﬂ_ih+w22=2__+x
?:{y& y Xy y

g
xy£P$£lb 0<af t
it 9=% do 2 & 4 4 ta duoc

0] 0]
p3 2Jl+a =2J§+15a§ 15q * 2\(2 ﬁl.ma- 150 =2+8- 15a 2 2. [8- 15.%=J1_? o0<af 415
a a

p Mi'nP=-f1_?khia=%hayx= =§
Pz%-ki-#dfxy
Vidu 6: Cho x>0,y>0y3 x+y£1 7y, gia tri nhé nhat caa biéu thitc Xty X
Loi giai
1 18 g1 9
Pzzz 2+2 :fz +4xy£ l+1 4 "a,b>0
Cé ty Xyg Rexy ESu’dung b a+b , ta dugc
1 Q
21 —+ L, ‘j -4 23i2=4|{do[]f:x+y£1} P34+z +axyx
¥4y 2xy x +y +2xy (x+y)y 1 .Suyra xy 23
a
doxy£P;£ b g<atl
bdt a = xy, 2 & 4 4 ta dugc
0 a 1 1 1
p3 4+§+4ﬂ+=4+§+8a+ 4a 442 ’—.Ba— 4a=8- 4a* 8- 4.—=7(do0 <a £ =)
a & i & 2a 4 4
MinP = 7khix = =%
18
K= §+—:+§+—:
Cho x,y >0 va Xty£1 1y gia tri nho nhat cta biéu thirc ye
Vidu 7:
Ldi giai
*+b’ +bd ,
a 3? ="a,b l-}_la 4 "a,b=10.
Cach1: St dung 2 c 8 " ya b atb
14 18 g
gxﬁ” TVE Hl” IE1 4 @
K=2. YP s o, A _§+y+ *
2 2 = 2 X+y@
ta dwgc a

bit a=x+y,diéukién O0<afl tadu’dc:

~ b
K> l@ﬁ‘%:lgﬂlﬁﬂa 151 +5§
a

2 a@ al 2 a




2 a@ 2 1d 2 (d00<0£ 1).Vi?1y, 2 Kkhi
g 0 o] o]
K= +l$+§+—i={xz+yz)+g+izj43 zgﬁli-w
Cach 2 X V'E xy &
o]
wEEFYS ey gegel
biat 4= % do & Ta duoc
o}
156 1 15 25
K2 2.g+—$+43 28— Fr4="
4a@ 2 4. % 2 ?ﬂﬂ-ﬂiﬂf—T MinK = — X:y:l_
o] o]
5= +x+l$+E+y+li
X ya

Vi du 8: Cho ¥= 0.y >0y3 X+ ¥£ Ly 6i4 trj nho nhat ciia bidu thite

Loi giai
Sy +h i
a ::[a ‘ Ya+b =0 l+l:_=i Ya+bh >0
St dung 2 L2 vaa b a+b , ta dugc
3 e} 3
1+x+1‘ + 1+J,;+1 1+x+1+1+y+
S =2.- X/ A Y1 2o X
2 2

pit 4 =X*Y disu kien 0<a =1 (4 dugc

1[ 4 1) 3]’

|

3 3
[4.}.5‘ :_sl[d,.}.il :E
. a) 41 1) 4

1

-

4

S=z—|2+a+— 2+|a+—|+—

41 a| al a

3
242 a.l+i
4 ‘J a da

1
4

MinS =22 x=y =1
Vay 4 khi 2




DANG 7: TiM LAI PIEU KIEN CUA AN

2 4
2 Db v = D <B P=—+—-2x-13y
Vidyu1.Cho %Y >0y3 2X +2Xy+y = 2X =8 T3 oi4 trf nho nhét cta biéu thee X

Loi giai
Co 2X +2xy+y -2x =B X 4+ 2xy+yT X7 - 2x+1 =9

= (Jf+_].-’}|z+|:3f-1)z =9 m\ |i}f+"|."}lZ E(x+}’)z +(}f—1}lz = (x+}a)} =0 = D*'-CJH'_].-’ =7
P [ +2x‘

- 4x- 4y3=2’—2x+2’ Y- Hx+y)
Co

=8- d(x+y)=8- 43 __4(d0 O<x+y 53)' Vay MinP =-4khj X =Ly=2

—+y|-
Y

Vidu 2: Cho a=>0,b>0,c>0 2(b2+bc+62}=3(3_ ﬂz}
' o)

T=a+b+c+—+—4+=—
a b ¢

théda man . Tim gia tri nho nhat caa biéu thic

Loi giai
- 2(b* +bc +c*)=3(3- a*)U 3a* +2b* +2bc+2¢* =9
U 3a® +2b” + 2bc ++2ab + 2ac +2¢* - 2ab- 2ac=9
U (a* +b* +¢* +2ab+2bc + 2ca) +(a* +b* - 2ab) +(a* +¢*- 2ac)=9
U

a+b+c) +(a- b) +(a- ¢)"=9P (a+b+c) £9P O<a+b+c£f 3
1.9 T3 a+b+ct—o
Stt dung @ b ¢ a+b+c ta durgic at+b+c

Diit x=a+b+c,0=x£3 . ta duoc

+——F+23x3 ’sz x=12- x3 12- 3=9
(dOO<X£3)

Vay MinT =9 ypj x=3 hay a=b=c=1

1 3
— +—+ab

3 3
Vidu 3: Cho @>0,6>0 (3 @’ +b" +6ab£ 8 Tim i rj nh6 nhét ciia bidu thiee: @ +b°  ab

Lai giai
cs a +b'+6abf8U a' +b'+3a’b+3ab’- 3a’b- 3ab’ +6ab £ 8
U (a+b)'- 3ab(a+b- 2)£8U (a+b)'- 2'- 3abla+b- 2)£0

a+b- 2}@1+b}2+2{ﬂ+b]+4g 3ab(a+b- 2)£0

[ -

(
(a+b- 2)(a* +b*- ab+2a+2b+4)£ 0
(a+b- 2)(2a° +2b*- 2ab+4a+4b+8)£ 0
(a+b- 2 Ea b +(a+2) +(b+2) %U
UO<a+b£?2

[ =




0 (o
Pzzzl _+ L $+§5 +ab3
Co +IE? Eﬂb‘ﬂ- ﬂb‘ [}
Lol 4 s

Str dung Xy xty , ta duoc:
1 . 1 _ 4 L 4 —1

a2+b2+2ab a’ +2ab+b* (a+b) 2
doﬂﬂiﬂ+b£2)

pa1+§§i+ab_
Suy ra ab
abf? £__1|: 0<xf1
tx—ab do
x@ 3x
pa1+§+x—1+§ 2Xg 3
285 2

, ta dugc:

Vay 2 khi a=b=1
P=a*+b*+ 2020
2
Vidu4: Cho 90.0>0 3 a® +b* =a+b_Tim gi4 tri nhé nhét ctia biéu thitc (a+D)
Loi giai
x2+y23?+y§
St dung 2 2 E, ta duogc
by & (a+b)
 atbma b= Ot R tbE _(a+b) o atb ey
E 2 F 2
AT 2} .
e pop @V +B) 200 2?2+b2fzf+ 2020 _(a+b) . 2020
2 (a+b)’ 2 & (a+b) 2 (a+b)
2
Batx—{a +b) ,)0<x£f 4,tadu’c_fc:
)
p_ X, 2020 _ E+§;+2mﬂ , [x 8 2012
2 X xF X 2 X X
442012, 2012
X 4 (d00<x£4)
VayMinPZSDT khi X=4 hay 4 =b=1
XZ yl
P="_4-_
x+1)(Jy +1)° 4
Vidu 5: Cho X=0.y>0 g3 (Ve +1)(Jy +1) . Tim gi4 tri nho nhat cta biéu thee ¥ X

Ldi giai
lWx 1Yy 124U Jay +x+ vy ? 3U 3E Jay Hxl 4+ ]
Co J_ : : J_

PR o IR i S At S s S
R PLE == y

Ma , suy ra

x+y?3 2




SH IO

2 2 2
cc VX & X

2 2
3 EJx—.y +2\,y—.x— (x+y)=x+y3 2
y X

Vay MinP =2 ypj X=Yy =1

{x-}—y]

SHy-O:

II. BATPANG THUC BUNHIA
1. Dang bé hai s6 (@:b) Ly (67) pge ky
(ax +by}2 £ (ﬂ‘Z +b }(xz +y‘*}

-~

9

Dau "=" xdy ra

Q |
o <

o bichia XY =Mxly) £ (X +1)(x +y7)
2. Dang bg bass (BC) y (6¥:2) parps
ax+by+cz A+ e ) v + 7
by+cz)' £ (a° +b° +c2)(x* +y* + 2

Diu"="=xayra @ b ¢

. Bicbidt (x+y+z) =(lx+ly+Lz) £ (P +7+2)(x* +y* +2°)
3. Dang tong qudt bo n so (asa;:K;a,) va (i %,5K 5x, )

(ax, +ax, +K +ax ) £ (af +a; +K +a_f){xf +x +K +x7)

O5_%_k=%
Diu"="xdyra 4 & a,
Quy wéc trong ddu " =" xay ra, néu mau nao bang 0 thi ti¥ twong (ng bing 0

Vidu 1. Cho 4x + 9y = 13. Tim gid tri nho nhat cta biéu thitc A = 4x* + 9y?

Ldi giai
Bunhia

C6 132 =(4x + 9y)* = (2.2x +3.3y)? = (22+3)(4x*+9y?)=13A = A =13

Vi du 2. Cho 4x + 3y = 1. Tim gi4 tri nho nhat cta biéu thitc A = 4x* + 3y?

Loi giai
) 1
Bunhia = A >_
C61°=(4x +3 2=2.2X+\/§"'/5 2 = (4+3)4x*+3y)=7A 7
y y y




2x _ Bx
L {3y B ex=y-
ax +3y =1

1
- 7
Vay MinA = 7 khi

Vidu3.Chox>0;y>0;z>0vax+y+z=2. Tim gi tri nho nhat cta biéu thitc A = x* + y* + 7°

Loi giai
Bunhia - A :_"i
C622=(lx+Lly+1lz? = (I*+12+1)(x*+y* +2)=3A 3
X_y_z )
4 1 1 1 &x=y=—
3 Xx+y+z=2 3
Vay MinA = 3 khi .

6
Vi du 4. Cho 3x? + 2y? = 35 Tim gid tri nhé nhat ctia biéu thiic A = 2x + 3y

Loi giai
[ 3 +— J_v
C6 S* = (2x + 3y)*=" B 2
Bunhia [_+gl(3 2+21.,r‘*}|_35(3 2+21.,r2){35 612 s
< 5] 35
— 3 — —

"r *"r 2x+3v—1 B tay=1 |y=2

Viy MaxS= 1 2x +3y =1 9 35
1

Vi du 5. Cho 4a® + 25b% < 10 | Tim gi4 tri nhé nhat ctia biéu thitc H = 6a — 5b

Loi giai
C6 H? = (6a — 5b)*= (3.2a + (-1) .5b)?
Bunhia i
= (9+1)(4a®+25b*)=10(4a*+25b*)<10.10 =1 = H<1
[ 3
2a _ 5b (2a+15b=0 |* 3o
= 3 -1 = =
6a-5h — 1 18a - 15b = 3 b 1
Vay MaxH = 1 50
3

Vidu 6. Cho x> + y> + z2 = 4 Tim gia tri 16n nhat ctia biéu thitc P=x +y + z




Loi giai

Bunhia E E E
CoPP=(1x+1ly+1z)} = (A¥+12+1)x*+y*+2z)=3.4=4=>p<?2
(X _y_z
E }(+}.r+z,= —
Vay MaxP = 2 khi 2
Vi dy 7. Tim gid tri 16n nhat cda bieu thie P = VX-1+V3-X i1 <x <3
Loi giai
R 2 2
LET + 143 x) B (4 2)(VxT +Bx)
C6P2=( ) = =4= P<2
Nr-1 f3-x
Vay MaxP = 2 khi 1 1 = x=2(théa min)

Vidu8 Choa>0,b>0,c>0vaa+b+c=3. Tim gia tri I6n nhét cta biéu thic
K=+4a+5+4b+5 ++Jdc+5

Loi giai

o (1J3a+5 + 144+ 5 + 1.Jac+5)
0 =

Bunhia
= (1*+1°+1%)(4a+5+4b+5+4c+5)
=3[4(a+b+c)+15]=3(4.3+15) =817 K<9

(Jaa+5_ab+5_fac+5
1 1 1 = a=b=c=1
atb+c=3

Vay MaxK =9 khi

Vidu9.Choa>0,b>0,c>0vaa+b+c=1. Tim gia tri I6n nhat cta biéu thitc
P=+b+c+yc+ta++a+h

Loi giai

6 p? (1fbFc+1fcra+1a+D)
0 =

Bunhia tC +Jcta +atb
<< (12++12+12)(Jb J J )

=6(a+b+c)=6=> P <6

«fa+b:~,-’b+t::~.!c+a 1
1 1 1 ﬁazb:f—"zg
a+b+c=1

Vay MaxP = V6 khi

Vidu 10. Choa, b, c >0 va Va + b+ =3 1y gid tri nho nhét cia biéu thic




M=Ja+b +Jb+c+\/c+a
2 2 2

Lai giai
(Va+db) =(1a+1408) = (12+12)a+b)=2(a+h)

HWb+e) (b +14E) = (@ +12 Mb+o)=2 (b+o)
(Verva) =(1c+1a/a) T @ 41 )era)=2(c+a)
Ta co
Suy ra Ja+ib = 2(a+b) b+ = 2(bro).Je+a = 2(cra)
= 2(Ja+Jb+Jc) =2 (Varb +fbrc+fcra)

— JE'F*JF]I_J'F*J’E EJa;b +Jb;C+JC+B

2 hay M > 3

Vay MinM =3 khia=b=c=1




III. PHUONG PHAP BIEN DOI TUONG PUONG
DANG 1: PUA VE BINH PHUONG
e A°>+m>0+m;-A’+m<0+m
Dau “=” xay ra khi A = 0.
e A°’+B’+m>0+0+m;-A’-B°’+m<0+0+m
Dau “=” xay ra khi A =0, B = 0.

Vidu 1. Cho x > - 2; y > 1. Tim gia tri nho nhat cia biéu thitc
A=x+y-24x+2-4,Jy-1+24

Loi giai
A=(x+2-20x+2+1) + (y-1-4fy-1+4) +18
- (Vx+2-1) +(yy-1-2) +18 20+ 0+18=18
Jm:yﬁ {:-:=—1
y

y-1=2 =5

Co

Vay MinA = 18 khi { ( thoa man)

1
Vidu 2. Cho x > -3 . Tim gid tri nho nhét ctia bidu thitc E = 5% - 6V2X +7 43X+ 1+2

Lai giai
o E" (2x+7-642x+749) + (3x+1-4x+ 1+4) - 19
(0]
=(Vx77-3) +({Bx+1-2)-1920+0-19=-19

JIX+7=3 [2x+7=9
FtTes lax+1=4 & X7
= X =
Vay MinA =- 19 khi (V3Xx*T1=2 thoa miin)
y

Vi du 3. Cho X Z1. Tim gia tri nho nhat cta biéu thirc

T=X- w,i"x— 1- 3Jx+7 +28.

Loi giai
XétZTzzx_ 2'\]'.31'-1' 5'\,‘}[’4‘? + 506
:(x— 1- 2+fx- 1+1)+(x+?— E-Jx+?+9)+4[]

(Jx-1-1) +(Jx+7-3) +40=2040+40=40= T =20

[Jx-l:l {x-l:l
= . gﬁx:E
_ X=-7=
Vay Min T =20 j (VX +7 =3 (théa mén)

Vi du 4. Cho X >15. Ty gia tri nho nht ctia biéu thitc

F =x* +x- J(xz— 15)(x- 3)- +fx*- 15- /x- 3 - 38.

Loi giai




, 2F =2 +2x- 2J(xﬂ -15)(x- 3)- 2Jx*-15- Jx- 3- 76

Xé
:(;vf2 -15+x- 3- ZJ(;H - 15)(x- 3))+(:r2 -15- 24x*- 15 +1)+(x— 3- 2Jx- 3+1)

2 2
—(J-15-Jx-3) +(Vx-15-1) +(Vx-3-1) - 4220+0- 42 =42
= F >-21
Vay Min F =-21 khi VX = 15 =4x- 3 =1 © X =4 (th44 man)

Vidy 5. Cho > 0:6>0.¢>0 (3 a+b+c =6. Tim gi4 trj 16n nhét caa biéu thitc
T:Jaz +4ab+b> +Jb’ +4ab+C +c* +4ca+a’.

Loi giai
Cha y: vai X> 0 >0, ¢4 ¢6
6(x+y) -2(x- y) {5(x+y)2

4 T4

X+ i}
= X7 +4xy +y? gﬁ.
Van dung vao bai toan, ta co

{(a +b}J§+ (b+c}~fﬁ_+ (c+a)fo
T 2 2 2

X' +dxy+yt =

—(a+b+c)J6 =66

Vay MaxT =66 khia=b=c=2.

Vidy6.Cho 9> 0P >0,c>0 x+y+z = 130, o4 11 16n nhit cda bigu thic

S - JO -y +yt + Y- yr+ 2+ - o+ 2

Lai giai
Chay: vai X2 0¥ >0, ¢4
- aba b _(a+b) +3(a+b) E(a +bY
4 4
= +fa’ - ab+ b’ zﬂ;ﬁ
SRXEY YT ZEX L

Van dung vao bai toan, ta c6 2 2 2

X =y =2z :1_
Vay MinS =1 khi 3

DANG 2: TAO RA BAC HAI BANG CACH NHAN HAI BAC MOT
m=x=n= (x- m){(x-n)=0.

m=+x =n= (\E— m)(J:_f— n)ﬂ[].

Vidu 1.Cho =2 =:b,¢ =3 o5 @® +b* +¢* =22,




Tim gia tri nho nhét cta biéu thiwe M =a +b+c.

Loi giai
Vi-2<a <3 gy @+2=0,a- 3 =<0.
L @a+2)@-3)<0=a’-a-6<0=a=za-6

2
Tuong tu, ta ciing tim duwgc b=b’-6,c2C-6
Dods M =a+b+c=a’+b +c* - 18=22- 18 =4.

Suy

a=-2,a=3
a=b=3,c=-2

h=-2,b=3
= |la=c=3,b=-2

c=-2,c=3
b=c=3a=-2

a+b+c=4

Vay MinM =4 khi

Vi du 2.Cho * Z0:Y 20,220 5, 15 x+y+2 =6.

e 2 2
Tim gid tri nho nhét cia biéu thge A =% *¥ *Z°.

Loi giai
< Tim MinA
Cdch 1 (St dung bat dang thitc Bunhia)

Bunhia
g 6 =(xrly #1z) = (P41 +0)(x* +y* +22) =3A= A =12,

x_y_z
1 1 1 =x=y=z=2
Vay MinA = 12 khi (¥ *¥ +Z =6

Cdch 2 (St dung bat dang thitc Cosi — dui doan min dat tai x=y=z=2)

oo AN YL =(x* +4)+(y* +4)+ (2 +4)- 12

=03 4+ 24y’ 4 +24z74- 12 =4(x + y +2)- 12 =4.6- 12 =12.
Vay MinA =12 Khij ¥ =¥ =z =2.
« Tim MaxA
co %)z =0 va X+ty+z =6 nén 0=xy,z =6
= x(x-6)+ y(y- 6)+z(z- 6) =0
= x*+y +2° <6(x+y+2)=6.6=36= A <36.

(x =0,x =6
¥ :[],}.r =G
z=0,z =6

X+y+z=6 hay (xy:z) (0;0:6).

Vay MaxA =36 khi 1a hodn vi cta

Vi du3.Cho 4200 20,c20 yo sy a+b+c=3.
K =3a+1+3b+1++3c+1.

Tim gia tri nhé nhat ctia biéu thirc

Lai giai




% Tim MaxK

Cdch 1 (St dung bat dang thitc Bunhia)
(1 Ba+1 +1 3 +1+1.3c+ 1)2

Xét
Bunhia

< (1Z+1 +1°)(3a+1+3b+1+3c+1) =9(a+b +c +1) =36 = K <6.

Vay MaxK =6 khi @ =b =c =L
Cdch 2 (St dung bat dang thitc Cosi — di doan min dat tai a=b=c=1)

K =\3a+1+~3b+1 ++f3c+1 :%[J(Ba +1)4 +,j(3£:r +1).4+J(3r:+1].4]

1/ Ga+D)+4 Ghb+1)+4 @Ge+1)+4
<_ + +
2 2 2 2

vay Max K =6 khi a =b =c =L
« Tim MinA

_3(a+b+c)+15 3.3+15 _
S " ===

s @ +h+c=3=3a+3b+3c =9 Ba+1)+Ghb+1)+(Bc+1)=12.

bat
Tie XY,z 21 3 x+y+z=12=1=xy,z=10

= (ﬁ 1)(\;’; Jl_[])ﬂﬂza X- (J1_0+1)J;+J1_[] =0= fx }X+J1_D.

T Jo+1
ﬁ::y+\f_ s z+4J10
Twong ty V0 +1 V0 +1 , suy ra

x+y+z+3~J 12+3q‘
X+ fy +z = = 0+2.
J_ J; 10 +1 10 +1

Vay Mink =V10+2 i 12y i g 810D o (aibicdy o g @303,

DANG 3: TAO RA ab+bc+ca

x=3a+1ly=3b+lz=3c+l=x,y,z=1  x+y+z =12

0 <a,b,c <m= (m- a)(m- b)(m- c) =0

0=<a,b,c<m= (m- a)(m- b)+(m- a)(m- c)+(m- b)(m- c) =0

Vidu 1. Cho 0 =@:b:¢ =2 5 a+b+c =3. Chimg minh ab +bc +ca =2.

Lai giai
o 0=abc=2 o (2-a)2-b)2-c)=0
= 8- 4(a+b+c)+2(ab +bc +ca)- abc =0
= 8- 4.3+ 2(ab +bc +ca)- abc =0 (do a+b+c =3




= ab +bc+ca :_=2+% 2+ﬁ22

Vi du2: Choa=1,b =1, c =1 va ab+bc+ca =9.
Tim gid tri 16n nhat va gid tri nho nhat cda biéu thikc: P =a® + b* + ¢?

Ldi giai:
* Tim Min P
C6 (a -b)* +(b- ¢)* +(c-a)* =0 =>a’ +b* +c* = ab +bc+ca=>P =9,

Vay MinP =9 khia=b=c= \/5
* Tim MaP
Doa =1,b=1,c =1 => (a-1)(b-1) +(b-1)(c-1) +(c-1)(a-1) =0
<=> (ab+ bc +ca) -2(atb+c) +3 =0 <=> a+b+c =6
<=>a’+ b* +¢* +2(ab+bc+ca) =36 <=>P =18
Vay MaxP=18 khi (a,b,c) la hoan vi ctia (1;1;4)
DANG 4: SU DUNG TiNH CHAT TRONG BA SO BAT Ki LUON TON TAI HAI SO CO TiCH
KHONG AM
n e
Tinh chat 1: Néu-1 <a <1 ¢hi @ <P €N
Da4u “=” xay ra khi a=0 hodc a=1 néu n 1é, khi a=0 hodc a= * 1 néu n chan
Tinh chdt 2: Néu hai s§ a va b 6 tich ab = 0 ti PP =2 +P|
Tinh chat 3: Vi ba s0 x, y, z bat ky, luon ton tai hai s6 c6 tich khong am.

Badi todn co' bdn: Cho -1 =x,y,z =1, x+y+z=0

Tim gié tri 16n nhat va gid tri nho nhét cia biéu thite: T = X *1Y1* |

Loi giai:
Vi ba s6 x, y, z bat ky, ludn ton tai hai s6 cé tich khong am.
Giasirxy =0=> XI*M=x+y|=}2[=l]
= =
Nén T 2|Z|_2 (do-1 =z =1).
Vay MaxT =2 khi (x;y;z) la hoan vi (-1;0;1).

Vidu 1. Cho -2 <x,y,z <2, x+y+z=0. Chitng minh ring a* +b* +c* =32

Loi giai:

’E,Elil
2’2

C
—=-1l=xyz=1

2 va x+y+z=0.
Khi d6 a* +b* +c* =16(x* +y* +2%) 16(x]+|y]+[) .

Vi ba s6 x, y, z bat ky, ludn ton tai hai s6 c6 tich khong am.
Giasi:xy =0=> x|+ |y| =[x+ y[ =] 2| =] nén

x| +|y|+[z| =2[z| =2 = a" +b" + " =32 ( dpem)

3

Vidu2.Cho0 <x,y,z <1va xty+z=2 .




Tim gia tri 16n nhét va gia tri nho nhét caa biéu thitc: P=x* +y* +z°

Loi giai:
Tim Min P
Cdch 1( St dung bat dang thic Bunhia)

Y2 Bunhia
;‘ - (lx+ly+lz) = (P+1+1°)(x" +y +2°) =3P =P ::%

Co !
(x vy z
171 1 1
3 X+y+zZ ==
Vay MinP =4 Khi 2

1
Cdch 2( St dung bt ding thic Cosi — dy doan min dat tai x=y=z=2 )

Ca P=x+y'+7'= x2+1‘+ y’*+1‘+ z%l‘::szz,Lsz,Lsz‘{l-§:x+y+z-§
o4l 17 a4l | 4 4 4 4 4 4
3 1
VayMinP = 4 Khix=y=z= 2
Tim MaxP
3

Cox+y+z=2 o (2x-1)+Qy-1)+@2z-1)=0
bata=2x-1,b=2y—-1,c=2z-1.
Do(2x-1)+(y-1)+(2z-1)=0néna+b+c=0
Vio<x,y,z<1=>-1<2x-1,2y—-1,2z—1<1nén—-1<a,b,c< 1.

a +1r +[ b+1 r +[E+1r @ +bP 4+ +2(a+b+c)+3

cop=" 2 2 : )
a? +b‘3:c2 +3 £|ﬂ|+|b|;|cl+3 (do-1=a,b,c =1)

Vi ba so a, b, ¢ bat ki, ludn ton tai hai s6 c6 tich khong am.

Gid sitab > 0 thi (91 * b =la+b[=]-c[ =[] o
P £2|E|—+3 EE :E[dcr lc| =1)
4 4 4 )
5 Olé]
Vay MaxP = 4 khi (a; b; ¢) 1a hoan vi ctia (- 1; 0; 1) hay (x; y; z) 1a hoan vi cta 272 .

Vidu3: Cho0<x,y,z<2vax+y+z=3. Tim gia tri 16n nhat va nho nhat cia biéu thitc
M=x'+y'+z'+12(1 - x)(1 - y)(1 - 2).

Loi giai
Cox+y+z=3eoxx-D)+y-D+(z-1)=0
bata=x-1,b=y-1,c=z-1=-1<a,b,c<lvaa+b+c=0
Véia+b+c=0thia®>+Db®+c=3abc
CoM=(a+1*+((b+1)"+(c+1)"—12abc
=@ +b*+c*)+4@+b*+ ) +6(2+b*+c?)+4(a +b+c)-12abc




= (a*+b*+ c*) + 6(a> + b* + ).

*CoOM=(a"+b*+c)+6(a°+b*+c?)=0
VayMinM=0khia=b=c=0ex=y=z=1
*Co6M = (a*+b*+ Y+ 6(a+ b2 + ) < (faf+[p|+|c|)+6(jal +[p]+ [c) =7 (a[ + b +|C|}.
Vi ba so a, b, ¢ bat ki, ludn ton tai hai s6 c6 tich khong am.
Gidsttab >0 = jal+b| =la +b|=|- | =[]
|a|+[b| +|c| =2]c| =2= M <14

= .

Vay MaxM = 14 khi (a; b; c) 1a hoan vi cua (- 1; 0; 1) hay (x, y, z) 1a hoan vi cua (0; 1; 2).

Vidu4: Cho0<a,b,c<4vaat+b+c=6.
Tim gia tri 16n nhét caa biéu thic P = a> + b*> + ¢* + ab + bc + ca.

Loi giai

a*+b’+ct (a+b+c) @ +b* +c?

C6 P 2 2 2

+18.

a-2 b-2 ¢-2
+ + =0

Doa+b+c=6=(a-2)+(b-2)+(c-2)=0=> 2 2 2
a-2 h-2 c-2
X = V= I —
bat 2 2 2 s5x+y+z=0.

a-2 b-2 ¢-2
< \ <.

Vi0<abc<d=-2<a-2b-2c-2<2=-1 2 2 2
=>-1<x,y,z< 1.

C@x+2) +(@y +2) +(2z+2) 18
CopP 2 =2(x*+y*+z) +4(x +y+z)+24
2(|x|+|y|+|z|}+24

=2(x*+y*+z°)+24<
Vi ba s6 x, y, z bat ki, luon ton tai hai s6 c6 tich khong am.

Gid sir xy 0 = [+ [y| =[x+ [ =[- 2| =[] 5, P =4]|+24 <4+24 =28(do- 1 =z <1).

Vay MaxP = 28 khi (x, y, z) 1a hoan vi caa (- 1; 0; 1) nén (a, b, c) la hoan vi cta
(0; 2; 4).

DANG 5: SU DUNG TINH CHAT CUA MQT SO BI CHAN TU 0 PEN 1

* Neu 0 =X <1 i VX =X pgy “= xdy rakhi X =0 hoje X =1
* Neu 0 <X <1 gy X" SXVNEN pg « xdy rakhi X =0 hojc X =1,

Vidu 1: Cho @ =00 =6c 20 o3 a+b+c =1 Tim gis trj 16n nhat va nho nhét cta bidu thite
P=yJb+c+Jc+a +Ja+b




Lai giai
* Tim MaxP
Cdch 1: ( St dung bat dang thitc Bunhia)
xat PP =(lafb+c +1Jc+a +1a+by
<ot (12 417 412 )(JE}+CE +Jc+a ++Ja +bz)

—6la+b+c)=6(doa+b+c=1)= P <6

1
d=h=c==

ad=b=c==
Cdch 2: ( St dung bat dang thitc Cosi - du doan max dat tai )

2 2 2 2
et P. 3 _Jg[b+c}+J§[c+a}+J§[a+b}
2

3

+(b+c) ; +(c+a) ; +(a+b)

+
2 2 2

=

—l+a+b+c=2(doa+b+c=1)= P EE:E =J6

1
_ d=h=c==
vay MaxP =6 1, 3
* Tym MinP
St dung tinh chat: 0 =X =1 Jx =x
Do @020 3y a+b+c =1 ja, 0=a +b,b+c,c+a =1

cs P =Jb+c+Jc+a+Ja+b =(b+c)+(c+a)+(a+b) <1
=2(a+b+c)=2(doa+b+c =1).
Vay MinP =2 ypi (@55€) 13 hogn vi $00)

Vidu 2: Cho @ 20b20,c20 (3 a+b+c =3 Tip gid tri 16n nhat va nho nhét caa biéu thitc
T =Jb+c+yc+a+Ja+b

Lai giai
* Tim MaxP
Cdch 1: ( St dung bat dang thitc Bunhia)
xat T° =(lfb+c+lc+a+1Ja+b)

ia’!.u.'l.'u'r.l [13 +12 +12)(Jﬁ+.|:'2 +1‘!E+ﬂz +'J'ﬂ +bz)

—6la+b+c)=18(doa+b+c=3)= P =32
Véy MaxT :3\{!5 khi @ =bh =¢c =1

Cdch 2: ( St dung bét ding thitc Cosi - du doan max dat tai @ =P =¢ =1 )
Xét TA2 =\2(b+c) +f2(c+a) +.J2(a+D)




+(b+r:}+ 2+(c+a}+ 2+(a+h)
2 2 2
—3+a+b+c=6(doa+b+c=3)= P <6:y2 =32

Vay MaxT :3\}15 khi @ =bh=c=1

* Tim MinP
St dung tinh chat: 0 <x <1 thi VX =x
+b+ + + +
" a+b+r: 3o, a+b+r 1 Dﬂﬂ b;b -C';E ﬂﬂl
Do % ¢ =0 nén 3 3 3

b+r: c+a a+b
+ +
3 3 3

OT J—[Jbﬂs Jc+a Ja+b

:ﬁ$ =23(doa+b+c =3).

Vay MinT =248 y; (@:5:6) 13 hogn vi (3:0:0).

Vi du 3: Cho @ 206b20c20 (3 a+b+c=1 iy gié tri nhé nhat caa biéu thitc

F =\3a+1+3b+1+3c+1

Loi giai:
Céch 1: C6 @ =0;b=0;c=z0;a+b+c =1
= 0 <a,b,c<l= a=a',b=b,c=c.
Do do6 :
F=la+1+3b+1+3c+1l =fa+2a+1+b+2b+1+Jc+2c+1
=@ +2a+1++Jb* +2b+1++/c +2c+1 —a+b+c+3 =4
vay MinF =4 i (@:55¢) 13 hogn vi (001
a+b+c=1= 3a+3b+3c =3= (Ba+1)+(Bb+1)+(3c+1) =6

Cadch 2: Co6
Dit x=3a+Ly=3b=Lz=3c+1.

= xyzzl,y x+y+z=6 VéF:J;+J;+Jz_

Ty XV,Z2 21 3 X+y+z =6=1=x,y,z=4

( )(J_ J_){[]:x 3fx +2 0= Jx = x+2

ﬁ::y+2;~f;:_=z+2 J;+JJ_?+J_:_=X+F+E+E=&F::4
Twong ty: 3 3 , suy ra 3

vay MinF =4 ypi (XY32) 13 hoan vi B4 (a b.c) 1a hon vi (%0:1)

Vidy 4: Cho @ 20D 20:c 20 o5 a+b+c =1 Tim gi4 trj 16n nhét cia biéu thitc
20 +3a+4 ++J2b% +3b + 4426 +3c +4 _

Loi giai:




co @ =0:b=0,c=0;a+b+c =1

= 0 =a,b,c=l= a’ =ab’ =b,c” =c.
Do dé :
M =Ja* +(a* +3a +4)+\[£:r‘Z +(p? +3£:-+4)+J1:‘2 +(c +3c+4)

iJaz +(a+3a +4]l+,.1'|E:r2 +(b+3£}+4)+J¢j" +(c+3c+4)

:Vl'(a+'2)2 +J(£:r+2]lZ +\J’(4s+2]lZ —a+h+c+6=7
Vay MinM =7 yhi (@556) 13 hogn vi (0D

DANG 6 : DU POAN KET QUA ROI XET HIEU

; = P=lx"+1)y* +1
Vidu 1: Cho %Y =0 thsaman X*+¥ =10 i, o34 tri nhé nhat cia bifu thitc (¢ +1)(y* +1).

Loi giai

P =(x* +1}'(Jﬁd +1}|:J1r4;1,’d +(x* +y* )+1 =x'y’ +(x + ) )Z - 2y +1

Co
=x'y* +(10- 2xy)’ - 2x°y* +1 :xdyd +2x2y2 - 40xy +101.
pat (= >0 ' 2 .
P =t*+2¢* - 40t +101; 0 grgE

Ta duoc 2
Pén day ta ké bang dv doan MinP

. 0 1 2 2,5

P 101 64 45 52,5625

Tir bang trén ta dy doan MinP =45 khi t =2 ngn ta xét hiéu :
P-45=t* +2¢* - 40t +56 =(¢* - 8> +16)+(10¢* - 40t +40)

—(t*- 4) +4(t- 2 =0= P =45

[x+y J_
vay MinP =45 yp; t :2 W =2 la hai nghiém ctia phwong trinh :
_m_[+2:0¢[:@: x:m;ﬁ, :\ﬁ;ﬁ

Vi du 2: Cho @ +b+4ab =4a” +4b* Tim gi4 tri 16n nhét cia bidu thic

Loi giai
. ° +b+4ab =4a” +4b* < a+b+4ab :4[({1 +b)’ - Zabl
6:
e 12ab=4(a+b) - (a+b) _ 4ab <(a +b) 12ab <3(a+b)
, ma hay .

A=20(a* +b*)- 6(a* +b*)+2013




Nén 4(a+b) - (a+b)<3(a+b) = (a+b) - (a+b) <0 = 0 <a+b <1

pit X =a+b thi 0=<x <1 y3 12ab =4x" - x

S A=20[(a+b) - 3ab(a+b)| - 6](a+b) - 2ab] +2013

=20(a+b) - 60abla+b)- 6(a+b) +12ab +2013
=20x" - 5(4x* - x)x- 627 +4x* - x+2013 =3x* - x +2013

Dén day ta ké bang dy doan MaxA

t 0 1

A 2013 2015

Tir bang trén ta dy doan MaxA =2015 khj X =1 ngn ta xét hiéu
A-2015=3x"- x- 2=(x- DBx+2) [ 0<x<1 5, (- 1)(3x+2)£[]’ suy ra A <2015

1

a=b=—

Vay MaxA =2015 kpi x =1 hay 2




HE THONG BAI TAP SU DUNG TRONG CHU PE

I. BAT PANG THUC COSI

T =84 - dx+—_+15
x #0 4x
Bai 1. Cho . Tim gia tri nho nhat cta biéu thic
M =4x* - 3x+i+ 2011
x>0 dx
Bai 2. Cho . Tim gié tri nho nhat cta biéu thic
H :x?_ +y2
x>y>0 xy =2 X-y
Bai 3. Cho va . Tim gia tri nho nhat cta biéu thirc
az=1 b=1 ayb-1+byJa-1<ab
Bai 4. Cho . Chitng minh .
11abc
429 b2 c=1 absfc- 1 +bcyfa- 9 +cafb- 4 < 5
Bai 5. Cho . Chttng minh
a=0; b=0; a’ +b* <2
Bai 6. Cho
. M =a./bla+2b)+b.falb+2
Tim gia tri 16n nhat cta biéu thic ﬂ\{ (a ) .J'a ( a) .
x=0; y=0; x* +y* =2
Bai 7. Cho
. P= 14x+10y )+ 14y +10
Tim gié tri 16n nhat ctia biéu thitc Jx04x+10y) +fy G4y +10x)
x>0, y>0 Ay G- y)=x+y P=x+y
Bai 8. Cho va . Tim gia tri nhé nhat cta biéu thirc
a,b,c>0  agb+bc+ca =1
Bai 9. Cho va
p=_9 b L€
Tinh gi4 tri 16n nhét caa bidu thee V@' +1 vb*+1 e +1
a, b, ¢ a+b+c=1
Bai 10. Cho cac s6 duong théa man
J ab bc J ca 3
+ + <
c+ab VYa+bc \b+ca 2
ching minh
a>0,b>0¢c>0  gh+bc+ca=3abc
Bai 11. Cho va

a’ b’ C

To@ra) al@ b)) bl ec)

2

p

Tim gia tri nho nhat cta




Bai 12.

Bai 13.

Bai 14.

Bai 15.

Bai 16.

Bai 17.

Bai 18.

Bai 19.

Bai 20.

Bai 21.

Bai 22.

Bai 23.

Bai 24.

ﬂ}U:b}D:C}D a+b+c =1
Cho va
a b C

= + +
1+9h° 1+9¢° 1+9ag°

Tim gié tri nho nhat cta biéu thic

1 1 1 1
+ + = abc <—
a,b,c>0  1+g 1+b 1+c 8
Cho va . Chitng minh rang
a>0,b>0,¢c>0 g2+p+c* =1
Cho va . Chitng minh :
ab bc ca bc ca ab
—+—+—za+b+c —+—+—=4/3
c a b a b ¢
a) b)
a, b, c AABC
Cho la do dai ba canh cua .
(a+b-c)b+c- a)lc+a- b) =abc
Chitng minh
P =2a+ E
az=2 a
Cho . Tim gia tri nho nhat cta biéu thic
6 24
F=x+y+—+—
x>0,y>0 x+y=6 Xy
Cho va . Tim gid tri nho nhat ctia biéu thic .
P =2x"+y’ +28,1
x>0,y>0 x+y=3 Xy
Cho va . Tim gid tri nho nhat ctia biéu thic
2=x=34=y=64=z=6 x+y+z=12
Cho va . Tim gia trj I6n nhat cta biéu thitc
i'|'E <2 K :£+2—y
x>0,y>0 2 y y X
Cho va . Tim gid tri nho nhat ctia biéu thirc .
_ (x+ y+1)2 Xy +x+y
x>0,y>0 Xy +x+y (x+y+1f
Cho . Tim gia tri nho nhat cta biéu thitc
A :M‘z * }:2 + ﬁ
x>0,y>0 Xy X+y
Cho . Tim gia tri nho nhat cta biéu thitc
a=0 b=0,c>0 b? +c <q@?
Cho thoa man

1
P ——(bz +c* )+ a’ [_+_|
a’ | b*
Tim gia tri nho nhat cta biéu thitc

1+_ 1+x.2-}.,.2

x>0,y>0 x+y <1
Cho va . Tim gid tri nho6 nhat ctia biéu thirc




1 1
P=—— 4+ +4ay
x>0,y>0 x+y<l X4y xy
Bai 25. Cho va . Tim gié tri nho nhat cta biéu thic
\ 2 y 2
K :[x+i| + y+l|
x>0,y>0 x+y=<l voox ¥
Bai 26. Cho va . Tim gié tri nho nhat cta biéu thic
y 3 33
S :[1+x+£‘ + 1+y+l‘
x>0,y>0 x+y=<l . x) | ¥
Bai 27. Cho va . Tim giéa tri nho nhat cta biéu thic
x>0,y>0  2x*+2xy+y - 2x <8
Bai 28. Cho va
P :3+ 4. 2x- 3y
XY
Tim gia tri nho nhat cta biéu thic .
a>0 b>0, c>0 2(b* +bc+c*) =3(3- a*)
Bai 29. Cho thoa man
T :ﬂ+ﬁ+f‘+3+3+3
a b ¢
Tim gia tri nho nhat cta biéu thitc
a>0,b>0 g*+b’ +6ab <8
Bai 30. Cho va
1 3
P=———+—+ab
a +b- ab
Tim gia tri nho nhat ctia biéu thitc
a>0,b>0 g*+b* =a+b
Bai 31. Cho va
P=a'+b"+ 2020
(a+b)
Tim gié tri nho nhat cta biéu thic
x>0,y>0 (ﬁ+1)(ﬁ+1)34
Bai 32. Cho va
2 2
P :X_+y_
vV X
Tim gia tri nho nhét caa biéu thirc
II. BAT PANG THUC BUNHIA
4x +9y =13 A=4x" +9y°
Bail. Cho . Tim gia tri nho nhat cta biéu thitc
4x+3y =1 A =4x* +3y?
Bai 2. Cho . Tim giéa tri nho nhat cta biéu thic
x =0,y =0, z=0 X+y+z=2 A=x"+y' +2°
Bai3. Cho va . Tim gia tri nho nhat cta biéu thirc
¥}
2 2
W2y < S =2x +3y
Bai4. Cho . Tim gia tri 16n nhat cta biéu thirc




4a’ + 25K EL
10

H =6a- 5b
Bai5. Cho . Tim gia tri I6n nhat cta biéu thitc
x.& + yz + 2..2 :E
4 P=x+y+z
Bai 6. Cho . Tim giéa tri 16n nhat caa biéu thic
P=Jx-1+3-x 1=<x=<3
Bai 7. Tim gid tri 16n nhat ctia biéu thic khi
az=0,bz=0c=0 a+b+c =3
Bai8. Cho va

K =4a+5+J4b+5++J4c +5
Tim gia tri I6n nhat cta biéu thitc
a=0,bz=0,c=0 a+b+c =1
Bai9. Cho va

P =vJb+c+Jo+a +Ja+h
Tim gid tri 16n nhat cta biéu thic

a,b,c =0 JE+JE+JE:3
a

Bai 10. Cho v )
M:Ja+b+Jb+c+Jc+a
2 2 2

III. PHUONG PHAP BIEN POI TUONG PUONG

Bai 1. Cho x =-2, ¥ =1 iy gi tri nho nhat caa biéu thic: A =Xty- 2X+2-4dyy-1+24
x=-*
Bai 2. Cho 3 . Tim gi4 tri nho nhat caa biéu thic: E =9% - 63/2x +7 - 443x- 1+2

Bai 3. Cho X =1 Tim gia tri nh6 nhét cta biéu the: T =X VX - 1- 3Jx+7 428

F=x’+x- V’ x?-15)(x- 3)- Jx*- 15- Jx- 3- 38
Bai 4. Cho X 2*/1_5. Tim gid tri nho nhat cta biéu thic: ( ) v .
Bai 5. Cho @ >0:0>0.6>0 (3 a+b+c =6 Tim gig tri 16n nhat cta bidu thic:

T =/a’ +4ab+b* +4/b” +4bc+C* +4/c” +4ca+a’
Bai 6. Cho X>0:¥y>0,2>0,x+y+z =1

Tim gia tri nhé nhét cta biéu thirc

. Tim gia tri nho nhat cta biéu thitc:
S :J}v{‘E - Xy Y AV - Yz +Z 47 - x4 XC

Bai 7. Cho -2 =3:D:¢ =3 (3 a’+b* +c® =22 Tim gi4 tri nho nht cta biéu thite; M =a +b+c,

Bai 8. Cho X =0.y =0,2=0 X4y 4z

A=x'+y +2°

thda man =6 Tim gia tri 16n nhat va nho nhét cta biéu thirc:
Bai 9. Cho &P:¢ =0 3 a+b+c =3 Tim gi4 tri 16n nhét va nhé nhat ctia biéu thic:

K =+/3a +1+3b+1+f3c+1

Bai 10. Cho ¥ 2,0, =2 3 a+b+c =3 Ching minh: ab+bc+ca =2

Bai 11. Cho @ ZLD =L =1 (3 ab+be+ca =9 Tim gi4 ri 16n nhét va nhé nhét cia biéu thitc:
P =a‘+b* +c’




N - = N e 12, ~,  » o . =X |+ +
Bai 12. Cho lix,y,zil’x+y+z D.Tlmglatrllo?nnhatcuableuthu’c:T |x| |}F| |Z|

Bai 13. Cho ~2=8D.¢ =2 (3 a+b+c=0_ Chyng minh: a* +b* +¢* =32
3
X+y+zZ=—
Bai 14. Cho 0 =% %, 2 =1 3 2
I 2 2
Tim gi4 trj 16n nhat va nho nhat ctia biéu thite; £ =X *¥" +27
Bai 15. Cho 0=x,y,z =2 va X+y+z =3.
. 4 4 ) ) )
Tim gia tri 16n nhat va nho nhat caa biéu thic: M =x*+y" +2° +120- x)0- y)U 1).
Bai 16. Cho 0 <&,D,c =4 (5 a+b+c =6
Tim gié tri 16n nhét ciia biéu thie; P =a’ +b* +c* +ab+bc+ca,
Bai 17. Cho @ =00 20.¢20 45 a+b+c =1 Tim gi4 trj 16n nhat va nhé nhat ciia bidu thic:
P=vb+c+c+a+ath

Bai 18. Cho @ 200 20.¢20 3 a+b+¢ =3 Ty gi4 ri 16n nhét va nho nhét caa biéu thic:
P=vb+c+c+a+Jath

Bai 19. Cho @ =0:020.¢20 o5 a+b+c =1 1y gi4 tri 16n nhat va nho nhat cta biéu thitc:
F=y3a+1+3b+1+3c+l

Bai 20. Cho @ =00 20,¢20 y5 a+b+c =1 Ty gi4 r 16n nhét cia bidu thc:

V2a® +3a+4+2b7 +3b+4 +2C +3c+4

Bai 21. Cho XY =0 thoa man: X +¥ :""1_0.

P =l 4 +1 7 +1
Tim gia tri nhé nhét ctia biéu thic: (x }(} }
Bai 22. Cho @ +b+4ab =4a* +4b"

A =20(a® +b*)- 6(a +b?)+2013
Tim gié tri 16n nhét cda biéu thic: (@ +1)- 6(a" +b%) .

Tai liéu duoc chia sé béi Website VnTeach.Com
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