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Cau 1. (4,0 diém)
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1) Rt gon biéu thitc -1 xfx+x+dx x-x vGi X>0,x#1

d:y=ax+bla #0) M (1;2) Ox,Oy

2) Cho duwong thang .Tim %Pbiét d di qua va cat cac truc

lan ot tai Ava B sao cho tam giac OAB can, O 1a goc toa do

Cau 2. (4,0 diém)
5x° +6x+4 =3(x+1)y3x" +4

1) Gidi phuong trinh
1(4;{‘2 +1)x+(y- 3),f5- 2y =0
] 2 —
2) Giai hé phwong trinh (X =% *3x-8+2y =0
Cau 3. (4,0 diém)

1) Tim tat ca cac nghiém nguyén duwong (x,y )cﬁa phuong trinh
L1 1 _ [ 1 1
JioJy 10 Yx oy 100

a.bix .- ~ A > ~ p:az+b2\ ~ AN \P-S . ~
2) Cho “»"la cac s6 nguyén duong théa man la sO6 nguyeén t6 va chia hét cho

2 2
8. Gia stt ©Y 1a cdc s6 nguyén théa man %~ %" chia hét cho p. Chitng minh ring ca hai
s6 %Y chia hét cho p

Cau 4. (6,0 diém) Cho hinh vuéng ABCD ngi tiép duong tron (O). DPiém M thudc cung nhé €D
cta (0), M khéc C va D. Duding thing MA cit PB:DC theo thit ty tai H va K, dwong thing MB
cit DC va AC theo tht tv tai E va F. Hai dudng thing “H>DPF ¢4t nhau tai N
1) Chtng minh ring t& giac DHEM noi tiép va HE 1a phan gidc cia £MHC
2) Goi G la giao diém cua KF va HE.Chitng minh réng tit gidc GHOF 13 hinh chit nhat va G
la tam dwong tron ngoai tiep AKNE
HN DK
3) Chtng minhring HM  DC
Cau 5. (2,0 diém)
1) Cho dwong tron tam (O). Budce 1, lay mot duong kinh ctia duwong tron do, tai méi dau mat
cta duong kinh ghi s6 1. Buwdc 2, tai diém chinh giita cia moi cung nhan duwgce ghi s6 2.
Buéc 3, coi 4 diém da ghi s6 & trén la cac diém chia dwong tron. Khi do, dwong tron duoc
chia thanh 4 cung bang nhau,tai diém chinh gitta cia moi cung nay ta ghi s6 c6 gia tri
bang tong cuta hai s6 dugce ghi ¢ hai dau cung twong (tng. Ct tiép tuc qua trinh nhw vay,
héi sau 2021 budc tdng cac s6 dugce ghi trén duong tron la bao nhiéu ?
2) Cho ba s6 %€ khong am théa man @’ +b* +¢” =L. Ching minh b4t ding thic
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Cau 1. (4,0 diém)

pP=

4) Cho duwong thing .Tim @Pbiat d di qua M EPva cat cac truc

Ox,0¥ Jan lugt tai Ava B sao cho tam giac OAB can, O la goc toa do

(d) M (1;,2) (d)

Vi duwong thing nén a+b =2.pyong thing

a

di qua cat cac truc Ox, Oy lan

A
lwot tai

5 B(0;b)

OA=0B=
AOAB c3n khi

Ttr do ta tim dwoc
Cau 2. (4,0 diém)

b :|E}|c::|- |.r_]| “1l—=ag=H
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(a;b)e|(-1;3),(1;1)]

2 _ 2
3) Giai phwong trinh 5x° +6x+4 =3(x+1/3x" +4
Phuong trinh twong duong :
3x° +4- 3(x+1)y3x" +4 +2x° +6x =0

2 2 _
Pt £ =V3x +4 qyge phuong trinh © ~ 3x+1)r+2x" +6x =0

t=2x
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Vi
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Vay phuong trinh c6 tap nghiém 2 2
(4x* +1)x+(y- 3)f5- 2y =0

x'-5x" +3x- 842y =0

4) Giai hé phuong trinh

5
Y = : = = =
PKXD: 2. Tw phwong trinh (4 +1)+(y- 3)5- 2 =0

o (@x) +2x =({5- 2y) +5- 2y @)
Néu 2x>5- 2y = @x) +2x> (5 2y) +5- 2y
Néu 2x<\5- 2y = (x) +2x< (5= 2y) +[5- 2y
Né 2x =5 2y = @x) +2x =({5- 2y) +5- 2y

eu
2x =4f5- 2y = 1
Do dé tw (1) ta co

_ 2 . 1,2 ) _
Thay 2¥ = 4X yao phuong trinh ¥ - 9% *+3x-8+2y =0 qypc

x =0
2y =5- 4x°

V2
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Doi chiéu BKXD thi hé phrong trinh cé nghiém
Cau 3. (4,0 diém)
3) Tim tﬁt ca céc nghiém nguyén dwong (y )cfla phuong trinh
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1[] x y 100
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o | ot — 1,1 =10 = x =10-
) Syt D g

= x =y- 20/y +100

Vi %Y nguyén dwong nén Y phai la s6 chinh phuong.
. 1.2

Lap luan twong ty ta ciing ¢6 X1a s6 chinh phwong. Dat ¥ =Y =b"ygi a.bEN*



Ta g 0+b=10= (@) (:9);(2;8);....;(%;1)

= (xy)e|(1,81);(4;64);....; (BL1),
—_ 2 2
4) Cho %"1a cac sé nguyén duong théa man P = *P°13 s§ nguyén té va P~ ° chia
2 2 , ;
hét cho 8. Gia sit *Y1a cac s6 nguyén théa man % ~ ? chia hét cho p. Chitng
minh rang ca hai s6 *Y chia hét cho p

vi (p-9)iB= p=8k+5(kEN) 1. .

k2 S AT (S R T Ak+D  Hked  pAK+Z | Aked )
(ax r (by (ax by ): p= (g2 by ),p. Nhan thiy
gty ka:-zyaku :(a.uu +p )Xaku - pHe2 (xaku + Faku)

ak+2 | pakezy 2 Y4 I SR (- T Ak Ak+aY: o e
Do (@**** +b )—(a)z +(£:r)Z (a* +b )_pvéb<pnén (x +y ),p()

g N AY * ~ 7, . ~ . ~
Neéu trong hai s6 *Y c6 mot s6 chia hét cho P thi tir ( )suy ra s6 thit hai cling chia hét cho
P-Néu ca hai s6 *Y déu khong chia hét cho P thi theo dinh 1y Fermat ta c6
" =x""' =1(mod p)

aked _pol _ Ak +4 Aked _
y* =yt =imod )= K+ U =2(mod ) s ihugn vei (%)

Vay ca hai s6 ®Y déu chia hét cho p

Cau 4. (6,0 diém) Cho hinh vuéng ABCD npi tiép duwong tron (O). Piém M thudc cung
nhé CD cua (0), M khac C va D. Puong thing MAcat PB:DC theo thit tv tai H va K,
dwong thang MB cat DC va AC theo thit ty tai E va F. Hai dwong thang ¢ DF ¢t
nhau tai N



4) Chitng minh rang tt giac DHEM ngi tiép va HE la phan giac caa £MHC
Vi hinh vuéng ABCDnpi tiép duwong tron nén O1a giao diém cuia hai dwong chéo hinh
vubng ABCD.Ta ¢4 <£HDE =ZHME =45" pgn ti¢ gidc PHEM noi tiép
Suy ra £DHE =ZDME =90°

Lai c6 BD1a trung truc ciia A% ma H thuée BDnén AAHC can tai H
Suy ra HBIa tia phan giac cia £AHC

 ZOHE =X ZAHM = /EHC+Z/OHC =-(/AHC+ /MHC)
Ta co 2 2 , ma

ZBHC :%L'—’EHC = LEHC :%iMHC

, do d6 HE 1a tia phan giac cha £MHC
5) Goi G la giao diém ciia KF va HE. Chitng minh rang tit giac GHOF 13 hinh chit
nhat va G la tam duong tron ngoai tiép AKNE
Tam gic HDE c6 ZDHE =90' ZHED =45° = ZGEK =45°

/MKC :%(SJHD +sdMc); 2MFC :%(sd BB + sd ¥1c)

Ta c6 ma AB =MD = sMKC =sMFC



Suy ra tt giadc MKFC i tiép. Lai c6 £KMC =ZAMC =90" = ZKFC =90"hay KF L AC

Vi £GHO =ZHOF =£GFO =90" ngp GHOF [3 hinh chit nhét

Ta c6 : £HGF =90°" = ZHGK =90" 3 £KGE =90", gy ra AKGE yupng can tai @ nén

GK =GE(1)

Vi £AMB =2ZBMC pgn MB1a phén gidc cia £AMC. Tam gidc MHC ¢4 HE 13 phéan gidc caa
ZMHCv3 ME 13 phan gi4c cia £HMC pén E 13 tdm dwong tron ndi tiép tam giac HMC.Do
d6 EC1a phan gidc cia <HEM, gyy ra £NCD =2MCD | Tyong tu ta ciing c6 KF 13 phan
gidc cia £MFD

Ta cling c6 MA1a phan gidc caa £PMF.Do d6 dan dén K13 tdm duong tron noi tiép tam
giac PMF. suy ra DC 13 phan gidc cia £NDM

T d6 suy ra £NDC =ZMDC.Haj tam gidc NCDva MCD g :

LZNDC =£MDC; ZNCD :/_f’MCDVa DC chung nén ANCD =AMCD = NC =MC

Hai tam gidc NKCy3 MKC g NC =MC,2ZNCK =ZMCK, KC yng napn ANKC =AMKC

Suy ra £KNC =2KMC =90° = ZHNK =90° 3 ZHGK =90" nan HNGK 13 tit gidc noi tiép

Lai c6 £KHG =ZGHN = W =RG = GK =GN (2)

Tir (1) va (2) suy ra @K =GN =GE.hay G 1a tAm dwong tron ngoai tiép tam gidc NKE
HN DK
6) Chitng minh rang HM DC
Vi ZKMC =ZKNC =90° nan 1 gisc MKNC ni tiép, suy ra ZHMN =ZNCH
Hai tam giac HMN v3 HCK ¢6 £MHC chung va <HMN =<KCH

~ AHMN — AHCK = HK( )

HK _EK EK (1)
Vi HE 12 phén gidc cia ZKHC ngn HC ~ EC

EK MK( )
Vi ME la phén giac ciia <KMC ngn EC  MC

ADEM — AKCM = MK MD( )

Lai c6

HD _MD

—(7)

Vi MH la phéan giac cia £DMB nén HB ~ MB
HK _HD _DK (.
Do AB//DKpgn HA HB DC

L @.@.6.6),0).6)= HN _DK
HM DC

Cau 5. (2,0 diem)
3) Cho dwong tron tam (O). Budc 1, lay mot duong kinh cia dwong tron do, tai
moi dau muit caa dwong kinh ghi s6 1. Buwdc 2, tai diém chinh giita cia moi



cung nhan dugc ghi so 2. Budc 3, coi 4 diém da ghi s6 ¢ trén la cac diém chia
dwong tron. Khi do, duwong tron dugc chia thanh 4 cung bang nhau,tai diém
chinh gitta cia moi cung nay ta ghi sé co gia tri bang tong cua hai sé dugc ghi
¢ hai dau cung twong rng. C tiép tuc qua trinh nhu vay, héi sau 2021 buéc
tong cac so dugc ghi trén dwong tron la bao nhiéu ?

Goi 712 tdng cua tt ca cic s6 ghi trén duong tron sau Mbudc, NEN*

S, =141=2 =23

S, =1+2+1+2 =6 =23

Sau buéc 1, trén duwong tron c6 2's6 1a 1;1 nén
Sau buéc 2, trén duong tron ¢6 2°s6 1a 1,2,1,2 nén

_ _ 2
Sau buéc 3, trén duong tron c6 2’s6 1a 1.3,2,3,1,3,2,35p S, =18=23
— n-1 —_ n-1 g -
Dv doan sau budc tong la Sp =237 Tas@ chitng minh S, =237 (*)(¥ne N*)
That vay, vGi n =1thi (*) ding
n =k(k eIN*)

R ) I .
Gia st * “dung voi
S, =2.3""

, nghia la sau k bugc trén dwong tron da cho cé cac s6 vai
tong la
Sang buge thit K +1 ta xem 2" diém da ghi s6 12 2" diém chia, nén dudng tron dugc chia
thanh 2" cung bang nhau

Do diém chinh giita cia moi cung nay lai ghi tong cua hai s6 da ghi ¢ hai ddu moi cung
=S, +2.5, =35, =2.3"

:2.32C:l2l::l

twong tng. Do d6 >
— n-1

vay 5 =237 v6i moi n€N*do d6 S

4) Cho ba sé @2 khéng am théa man @ +b* + ¢’ =1. Chitng minh bat ding thitc

1 1 1 | 3
(a’b+b’c+ca) + + <=
| Jai+1 Jbr 41 o+l 2

% (a+b+c)a +b* +¢2) =(a® +ab? )+ (b* +bc? )+ (¢ + ca? )+ (a®b +b*c +c2a)

Ta
Ap dung bat ding thitc Cosi ta c6 :
(a® +ab?)+(b* + bc? )+ (c* + ca? ) =2(a*h +b*c +c?a)

1
(a+b+c)(a?+b +c?) =3(a*b+ bc+c*a) © a’b+bic+cia 55(’3 +b+c)

Do do . Suy ra

(@b +b’c+c’a) L S ‘El(ﬂ+b+l_“] L .
| Jai+1 JbP 41 i+l 3 a4+l Wb+l o+l

_ 2 2 2 —
Ta cé: 1=0 +b' +c zab+bc+ca= a’ +1=(a+b)(c+a)

Ap dung bat ding thitc Cosi — Schwwarz ta c6
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a+b+c C a+b l 1+ C c . zﬂ 2 (3}
Jo+1 J,g +1 Jc +1 c+a b+c o +a’ b +c?
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1 1
(a+b+c]
Jﬂ +1 JE}2+1 Jr: +1]
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Bat dang thitc dugc chitng minh. Dau bang xdy ra khi va chi khi

1
NE]



