BQ GIAO DUC VA PAO TAO KY THI CHQN HOQC SINH GIOI QUOC GIA
TRUNG HQC PHO THONG
NAM HQC 2021 - 2022

PE THI CHINH THUC Mén: TOAN
. ' Thoi gian: 180 phtt (khong ké thoi gian giao dé)
Ngay thi: 04/3/2022
Dé thi gdm 01 trang, 04 bai

Bai 1 (5,0 diém)
Cho a 1a mdt sb thyc khong 4m va day sé (u,) dugc xac dinh boi

2n+a [n+a '
=6, u,,= n. + ” u,+4, Vn2x1.

a) Véi a=0, chimg minh ring (u,) c6 gioi han hiru han va tim gi6i han d6.

b) V&imoi a>0, Chtrng minh rﬁng (u,,) c6 gidi han hitu han.

Bai 2 (5,0 diém)
Tim tat ca cac ham s6 £ : (0;+00) — (0;+0) thoa man

f(f—sc-)—+yj =1+ f(y), Vx,y € (0;+o).
Bai 3 (5,0 diém) |
Cho tam gi4dc nhon ABC. Cac diém E, F l4n luot thay dbi trén tia ddi cua céc tia
BA, CA sao cho BF =CE (E#B, F#C). Goi M, N tuong Umg 13 trung diém cta
BE, CF vé D 1a giao diém cta BF véi CE.
a) Goi I, J lan luot 1a tAm dudng tron ngoai tiép cac tam gidc DBE, DCF. Ching
minh ring MN song song voi 1J.

b) Goi K la trung diém cia MN va H 14 tryc tm ciia tam gisc AEF. Chtng minh
ring HK lu6n di qua mot diém cé dinh.

Bai 4 (5,0 diém)

Véi mdi cip sé nguyén duong (n,m) thod man n <m, goi s(n,m) 14 sb cac sb nguyén
duong thudc doan {n;m] va nguyén té ciing nhau véi m. Tim tit ca cac sé nguyén duong
m>?2 thod min ddng thoi hai didu kién sau:

i) s(n,m) > s(l,m)
m-n m

ii) 2022™ +1 chia hét cho m?.

véimoi n=12,...,m-1;

HET
* Thisinh KHONG duogc st dung tai ligu va mdy tinh cdm tay.
o Gidm thi KHONG gidi thich gi thém.




BQ GIAO DUC VA PAO TAO KY THI CHON HQC SINH GIOI QUOC GIA
: TRUNG HQC PHO THONG
NAM HOQC 2021 - 2022

PE THI CHINH THUC Moén: TOAN ,
Thoi gian: 180 phit (khéng ké thoi gian giao dé)
Ngay thi: 05/3/2022 o
Pé thi gdm 01 trang, 03 bai

Bai 5 (6,0 diém) ‘ , ,
Cho P(x) va Q(x) 1a hai da thirc khac hing, c6 hé sé 14 cac sb nguyén khong am, trong d6
céc hé sé cia P(x) déu khong vugt qua 2021 va O(x) ¢6 it nhat mot hé sé 16n hon 2021.

Gia st P(2022) = 0(2022) va P(x), Q(x) c¢b chung nghiém hiru ty Lo (p,qeZ; p va q
q .

nguyén t6 cing nhau). Chimg minh ring |p|+n|g| < Q(n) - P(n) v6i moi n=1,2,...,2021.

Bai 6 (7,0 diém) :
Gieo 4 con stc sic can déi, d@)ng chét. Ky hi¢u x,(1<x,<6) 1a s6 chdm trén mat xuét hién
clia con suc sic thi i (i1=1,2,3,4).

a) Tinh s6 cac bd (x,%,,%;,%,) c6 thé co.

b) Tinh xé4c suit dé co mot sb trong x,x,,%;,%, b?mg téng ctia ba sb con lai.

¢) Tinh x4c sudt dé c6 thé chia x,,x,, x;, x, thanh hai nhém c6 tdng bing nhau.

Bai 7 (7,0 diém)

Cho tam giac ABC c6 B, C ¢b dinh trén dudng tron (O) (BC khong di qua tdm 0) va
diém 4 thay déi trén cung 16n BC sao cho AB# AC. Pudng tron néi tiép (I) cia tam
gidc ABC tiép xtic v&i BC tai D. Goi 1, 1a tim dudng tron bang tiép géc BAC, L 1a giao
diém cia I,D v6i OI va E 13 diém trén (I) sao cho DE song song voi Al

a) Duodng thing LE cét duong thing AJ tai F. Chimg minh ring 4F = 4I.

b) Trén dudng tron (J) ngoai tiép tam gidc 1,BC iy diém M sao cho I,M song
song v&i AD, MD cit lai () tai N. Chimg minh rang trung diém T cta MN luén
thudc mot dudng tron cb dinh. ‘

A I_IET N
o Thi sinh KHONG dwoc s dung tai liéu va mdy tinh cam tay.
o Gidm thi KHONG gidi thich gi thém.




BQ GIAO DUC VA PAO TAO KY THI CHON HQC SINH GIOI QUOC GIA
TRUNG HQC PHO THONG
NAM HOQC 2021 - 2022

HUONG DAN CHAMTHI ~ Mén: TOAN
Deé thi chinh thic Thoi gian: 180 phut (khéng ké thoi gian giao dé)
Ngay thi: 04/3/2022 va 05/3/2022
Hudng din chdm thi gdm 06 trang

I. HUONG DAN CHUNG

1. Giam khao chim dung nhu d4p 4n, biéu diém ciia B6 Gido duc va Pao tao.

2. Néu thi sinh c6 cach tra 10i khac dap 4n nhung dung thi giam khao van chim didm theo bidu
diém caa Hudng dan chim thi.

3. Giam khao khdng quy tron diém thanh phan cta timg cau, diém cia bai thi.

IL. PAP AN, BIEU PIEM

Bai |Y | Dapan Thang
‘ , diém
1 a Véi a=0,tacd 2,00

U =6, u,,=2+.Ju,+4, nzl. ¢}
Kiém tra bang phuong phéap quy nap ring
6=u,2u,2u,,24, Vnz=1.

Do d6 (u,) ¢6 gi6i han hitu han va lim u, =/ €[4, 6]. Hon nifa, tir (1) ta suy ra

n—ow

[=2+Jl+4=1=5.
b Dat ky=[a] +1eN" va , 3,00
M= max{ul,...,uko,8} >8.

Ta ching minh bing phuong phap quy nap rang

4<u, <M . 2)
véi moi n>1. That vy, r6 rang 4<wu, v6i moi n>1 vau, <M véi moi
1<n<k, Gia st (2) ding t6i n=k 2 k,. Khi d6, vi 0<a<[a] +1=k, <k va
M >8 nén

up = A, fk;aukw <34+2M +4 <3+2M+9 <M.

k
Viy (2) dung v6i moi n21. Tiép theo ta xét hai truong hop sau:

Khi d6, vi (2” +a) va
n n=1

n+l

Trudng hop 1: ton tai ny 21 sao cho u, 2u, ;.

(n al a] 1a hai day s6 giam nén bing phuong phép quy nap, tasuy ra u, > u,,,
n n=l

v&i moi n 2> n,. Do d6, tir (2) ta suy ra (u") ¢6 gidi han hiu han.
Truong hop 2: u, <u,,, v6i moi n>1. Khi do, tr (2) ta suy ra (u") cd gidi
han hitu han.

. Tong diém Bai 1 | 5,00




Bing quy nap ta co f(n—@+yj=n+f(y) voimoi neZ* va x,y > 0.
x

z t

Giasutdntai z,¢ >0 dé . Khidétontai n, N nguyén duong du Ién
dé
N> f(1) va n[@—@)+l>Nf(]):>n@+l=nf—ft—)+Nf(l)+y
véi y>0. Do d6
n+f(1)=f(niileJ:f(n@+Nf(1)+y]=n+N+f(y)>n+f(1),

vo ly. Vay M:@ Vz,t>0. Suyra f(x)=kx, Vx>0 (k 12 hang s

VA

duong). Thirlaitacd k£ =1, hay f(x)=x véimeoi x>0.

5,00

Tong diém bai 2

5,00

Xét thé hinh sau déay

Goi L la trung diém BC. Vi BF =CE nén tam gidc LMN cén tai L, do d6
MN vudng géc véi phén gide trong goc MLN. Dé y ring phén giic trong cac
gbc MLN va EDF song song v&i nhau (do céc tia tao goc tuong Ung song
song), suy ra MN vudng géc voi phén gic trong géc EDF.

Goi G 1a giao diém tht hai cia (DBE),(DCF). Ta c6 AGBF = AGEC (g.c.g)
= GB=GE,GC =GF nén G latrung diém cac cung @‘, CDF.

Suy ra DG 14 phén gidc trong goéc EDF. Pé y rang DG vubdng goc duong ndi
tdm IJ. Vay taco MN || 1J.

2,00




b | Ky hiéu X,Y lan luot I3 trung diém cia BF,CE va (X),(¥) tuong tmg la cac | 3,00
dudng tron duong kinh BF,CE. Cho EH,FH cit AC, AB tuong ung tai P,Q.
Tir hé thic HE.HP = _ﬁﬁ_@ = PH(X) = Yo nén H thudc truc ding phuong
d cua (X) va (Y) Déy rang (X) va (Y) c6 ban kinh bing nhaunén d chinh
12 trung truc cia XY, do 46 d di qua trung diém cua XY. Mit khac MXNY la
hinh binh hanh nén trung diém cia XY cfing 14 trung diém K cia MN, thanh
thir d chinh 1a duong thing HK. Cudi ciing, goi R la truc tim A4BC, 1ap luan
tuong tu nhu véi diém H, ta ciing co PR(X) = B, nén Red. Vay HK ludn
di qua diém R cb dinh. ‘ ) _
i Tong diém bai 3 | 5,00
Xét truong hop m cé nhi€éu hon mét udc nguyén to 5,00
m=p p,* - p% (p <py<---<p,;r>1)thichon n=m—-pp,-p,+p <m.
Vi (m—-k,m)=(k,m) va (k,m)=1< (k, pp,---p,)=1 néntacod (véi p(n) la
ham Euler)
s(nm) _e(pipy--p)—(p-1) [ -D-(p-D
m-—n PPy Pr— D ' [Ir-p
-0 _ el _ s(Lm)_
[1» m m
Nhu vay didu kién /) khong thoa man.
Do d6 m c6 mdt udc nguyén td, m = p®. Khi d6
m—n—[ —n} m-n-"""
snm) _ N p__,_L_om_stm
m—n m—n m—n p m m
Vay diéu kién i) thoa man. Diéu kién i) suy ra (p,2022) =1. Tad& c6
20222 =2022%"77) = I(mod p) = p|2021.2023.
Néu p|2021=2ip (vo ly)
Néu p|2023 thi 4p dung LTE ta c6 v,(2023)+v,(m) 2 2v,(m) = m e {7 17,17}
Tong diém bai 4 | 5,00
Ta chimg minh P(n) < Q(n) véi moi ne{l,2,...,2021}. 6,00

Dit Q(x)=a,x" +a, X" +--+ax+a, Goi ie{0,],...,m} 1a chi sé nho
nhit d& a, > 2022. Ta xét phép bién dbi sau dé dugc da thic Q(x):
Viét @, =2022h+r(h21,0<r <2022). Dit b, =r,b,, =a,, +h va

i+]
b, =a,, Yk e{1,2,....m+1}\{i,i+1} (ta quy uéc a,,,, =0).
pat Q(x)=b,, X" +b,x" +--+bx+b,. '
Ta kiém tra dugc 0,(2022) = (2022) va Q,(n) < Q(n),Vn=1,2,...,2021.
Néu 0,(x) c6 hé sb 2022, ta lai thyc hién phép bién ddi tuong tu dé duoc

0,(x), va ¢t tiép tuc nhu thé. Do {Qj(l)} , 12 day cac s6 nguyén khong am,
J




giam that sy nén sau hitu han phép bién dbi, ta phai c6 Q),(x) véi cac hé s6
khong am va <2021.

Taco Q, (2022) = 0(2022) = P(2022). Viét Q ', (2022) va P(2022) theo hé co
56 2022, ta suy ra bd hé sé cia hai da thic Qj, va P phai tring nhau, hay

9, (x) = P(x). Diéu d6 dén dén P(n) = Q,, (M <Q(n),Vn=1,2,...,2021.

Mat khac, dé c6 L 0 nén c6 thé gia su p>0,q<0:>|p|+n|q[=p—nq.
q

Péy ring £ 1 nghigm hiwu ty ((p,q)=1) cia P(x) thi p| P(O).
p .
Xét G(x) = P(x+n) thi 24 13 nghigm cia G(x) = p —nq|G(0) = P(n).
q

Tuong tw, p~ng|Q(n). Suy ra p—nq|Q(n)~ P(n) nén
|p|+n|q|SQ(n)—P(n),.Vn=1,2,...,2021..

Tong diém bai 5 | 6,00
S6bd (x,,%,,%;,%,) c6thé c6 la 6*. 1,00
Ky hiéu 4, 1a tap hop céc bd (x,x,,X;,%,) sao cho x, bing téng céc s6 con lai. | 2,00
Ta cén tinh x4c suét bién ¢ 4=U4,. Ta thdy |4;| c6 sb phan tir bing nhau va
14 s nghiém €{1,2,....,6} cua phuong trinh: x, = Xy + Xy + Xy
Chuyén vétacd 7=x"+Xx, +X; +x,, x', =7~X,. SO nghiém nguyén duong cuia
phuong trinh nay theo cdng thac chia keo Euler 1a CZ =20.
DEthdy 4, N A; =@, chonén | 4|=) |4, |=80.
X4c suét cén tinh 1a -—82—

: 1296

Ky higu B,,i =2,3,4 latap hop (x,,%,,%;,%,) sao cho x, +x, bang téng cia hai | 4,00

s& con lai, ching ¢4 s& phan tir bang nhau. Ta ¢6 |B,| 1a s6 nghiém thudc

{1,2,...,6} cia phuong trinh : x; +x, = x; +x,, cling 12 phuong trinh

14=x"\+x'y+ X +x,,x', =7—%,%', =7 ~x,. S6 nghiém cta né theo cdng thic
Euler 1a C. D& thdy phuong trinh trén c¢6 t&i da mét 4n nhén gia tri 16n hon 6.
Ta can loai trir nghiém nay. Ching han, khi x', >7 ta dua vé phuong trinh vé
8=x"+x',+ X, +x;,x", =x',—6. S& cic nghiém theo cong thic Euler 1 C3 =

35. Vi ¢6 4 trudng hop xay ra véi 4 bién, cho nén sé nghiém c6 it nhat mot an
nhén gid tri 16n hon 6 12 4x35=140. Do d6 | B, |= 286 —140 = 146.

D& thiy B.NB;, c6 36 phin ti, vi khi dé X =x,x =x;. Tuong tu

| B, "B, "B, |=6 (khi d6 ci 4 sb phai bing nhau). Dat B =UB,; thi

| B|=| UB, |=3x146-3x36+6=336.




Déthdy ANB=@,nén | AU B|=80+336=416. Xéc suat cin tim la ﬁ—?

Tong diém bai 6

7,00

Xét thé hinh sau déy

Goi I,,1, 1a tam dudng tron bang tiép géc ABC,BCA va U,V lan luot 12 tiép
diém cta (I) véi AC,AB. Céc tam gidc I,1,1, va DUV c6 cac canh tuong
ung song song nén chung 1a anh cta nhau qua mdt phép vi tu H.

Goi R 1a tdm dudng tron (/,1,1,). Do I 1a tryc tm va O la tim dudng tron
Euler ctia Al I,I_ nén R,1,0 cing thudc mot duong thing di qua tdm vi tu clia
H. Péyrang I,D cﬁﬁg di qua tAm vi tu ndy nén L chinh 1a tdm vi tu cia H.

Trong tam giac DUV, ta ¢ E 1a giao cua duong cao qua D véi dudng tron
(1) ngoai tiép tam gidc nay nén E la diém ddi xing véi tryc tim ADUV qua
dudng thing UV. Do I,4 1a dudng cao cia AI,I,], nén giao diém F cla LE
véi 1,4 laanhcia E qua phép vitw H. Suyra F a6i xung véi truc tdm I cua
Al LI qua I,],, tacla F déi xing v6i I qua 4. Do d6 AF = Al

3,00

Xét thé hinh sau day

4,00




B K C
T,
J

b

Trude hét, ta ching minh I,M di qua trung diém K cta BC. That vy, do DA
14 dudng ddi trung cia ADUY nén tir gia thiét 7,M || DA, ta suy ra dudng thing
I,M 1a duong ddi trung cta Al 1. Trong All,l, thi B,C la chan céc
duong cao di qua I,,/, nén dudng bi trung I,M 1atrung tuyén trong AI,BC.
Vay I,M di qua trung diém K cua BC.

Goi S 1a giao diém ciia MI véi BC. Ta giac IDKM c6 D =M =90° nén ndi
tiép. Do d6 ta c6 SD.SK = SI.SM = SB.SC.

Theo tiéu chuén Maclaurin, ta dugc (BCSD) =-1=>M (BCSD)=-1.

Chiéu tam M 1én dudng tron (J), taduoc IBNC 14 ttr gidc diéu hoa. Goi G 1a
trung didm cua cung BAC, Q va P lan lugt 14 giao diém cia KN véi ID va
vai (J) Vi J la trung diém cua cung BC khong chita A4 nén
GBJ = GCJ =90°, thanh thir G 12 giao diém cac tiép tuyén cia (J) tai B va C.
Suy ra NI di qua G. Do NI va NP déng gidc gbc BNC (dudng d6i trung va
trung tuyen trong ABNC) nén I va P d6i xting nhau qua trung truc KG cua
BC. Suy ra cac dudng thang KI va KN doi xing nhau qua BC, thanh thir D
chinh 14 trung diém IQ. Bay gio déy ring GK || IQ nén ND ciing di qua trung
didm H cua GK 1a diém cb dinh.

Tu day ta c6 JTH =90°, suy ra T luén thugc dudng tron duong kinh JH cb
dinh.

Tong diém bai 7

7,00

Téng diém ngay 1+ ngay 2

40,00




