CHUYEN PE: GIA TRI LON NHAT, GIA TRI NHO NHAT CUA BIEU THUC
A. Gia tri lén nhat, gia tri nhé nhat cia mat biéu thic
Khai niém: Néu voi moi gia tri cua bién thuoc mot khoang xac dinh ndo d6 ma gia tri cua
biéu thac A ludn lubn 16n hon hodc bang (nhé hon hodc bang) mot hiang s6 k va ton tai mot
gia tri cua bién dé A c6 gia tri bang k thi k goi 1a gia tri nho nhat (gia tri 16n nhat) cua biéu
thire A ang véi cac gia tri caa biéu thirc thudc khoang xac dinh noi trén
Xét biéu thirc A(x)
+) Ta n6i A(x) c6 gia tri 16n nhat1a M , néu
A(X) <M, ¥x vacogiatri x, sao cho A(x,)=M (Chira 1 gia tri la duoc)
+) Tandi A(x) c6 gia tri nho nhat 1a m, néu
A(X)>mvx Vva cO gia tri Xo sao cho A(x,)=m (Chi ra 1 gia tri la dugc)
Nhuw vay :
a) Dé tim gia tri nho nhat cua A, ta can :
- Chang minh A>k Véi k 1a hang so
- Chi ra dau “ = c6 thé xay ra voi gid tri nao do6 cua bién
b) Bé tim gi4 tri 16n nhat cua A, ta can :
- Chuang minh A<k Véi k 1a hang so
- Chi ra dau “ =" c6 thé xay ra véi gié tri nao d6 cua bién
Ky hiéu: MinA 1a gi4 tri nho nhat cia A va Max A 1a gia tri Ion nhat caa A
Vi du: Sai l1am
A(X) = 2% —2x+3=X* +(x-1)° +2> 2 = GTNN =2 (Khdng chi ra dugc diu =)

:>GTNN:§<:>X:l
2 2

2

2
Dap an dung la: A(x) = Z(X—%j +

N | o
N | o1

B. Céac dang toan
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Dang 1: Tim GTLN, GTNN cia tam thic bac hai ax® +bx+c

Phwong phap: Ap dung hang dang thirc s6 1 va s 2

Bai 1: Tim GTNN cua cac biéu thirc sau
a. A(X)=x*—4x+24 b. B(x)=2x*-8x+1

C. C(x)=3x"+x-1

Lot giai
a) TacO A(X) =x—4x+24=(x-2)*+20>20Vx = minA(x) =20 < x =2
b) Tacd B(x)=2x"-8x+1=2(x"—4x+4)-7=2(x-2)*~7>-7=>minB=-7 < x=2

c) Tacd C(x)=3x*+x-1= 3(x+—) 2 13, E<:>x:_—1
12 12 6

Bai 2: Tim GTLN cua cac biéu thirc sau

a. A(X)=-5x*—4x+1 b. B(x) =-3x*+x+1
Loi giai
a. Tacl A(x)=-5x*—4x+1=-5(x +4x——)——5(x —) +9 9<:>x:_—2
5 5 5 5
b. Ta cd B(x)=-3x° +x+1——3(x——) +E<E<:>x:1
12 12 6
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Dang 2: Tim GTLN, GTNN ciia da thirc ¢ bac cao hon 2

Phwong phap: Ta dua vé dang tong binh phuong

Bai 1: Tim GTNN cua cac biéu thuc sau

a. A(X)=x*-6x*+10x*—6x+9 b. B(x) = x*-10x* +26x* —10x +30
C. C(x) =x*—2x*>+3x* —4x+2017 d. D(X)=x*—x*+2x+7
Loi giai
a. Tacl A(x)=x"—6x>+10x" —6x+9 = (x* —=6x> +9x?) + (x> —=6x+9) = (x> —3x)* + (x —3)* > 0Vx
2— =
= min A(x)=0< X" =3 0<:>x=3
x—3=0
A 4 3 2 2 2 2 x*—5x=0
b. Taco B(x)=x*-10x>+26x* —10x+30 = (x* =5X)* + (x-5)* +5>5 < 50 & x=5
X—o=

C. Tacd C(x)=x*(xX*+2)—2x(X* +2) + (x> + 2) + 2015 = (x> + 2)(x—1)* + 2015 > 2015 <= x =1

d. Tacd D(x)=x"—2x* +1+X* +2x+1+5=(x*-1)* +(x+1)*+5>5< x=-1

Bai 2: Tim GTNN cua cac biéu thic sau
a. E(x)=x*—4x* +9x* —20x + 22 b. F(x)=x(x=3)(x—4)(x-7)

C. G(X) =(x=D)(x+2)(x+3)(x+6)—2006

Lot giai
a. Ta co:
E(X) = x* —4x* +9x* =20+ 22 = (X" —4x® +4x*) +5(X* = 4X+4) + 2= (X* = 2X)* +5(X—2)° +2> 2 &> X =2

x=1

b) Tacd F(x)=x(x=3)(x—=4)(x=7) = (X* =7X)(x* = 7x+12) = y* —36 > 36 < y:0<:{x_6

x=0

c) Ta cO G(x) = (x? +5x—6)(X? +5x+6) — 2006 = (x° + 5x)? — 2042 > —2042 <> {
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Dang 3 : Pa thirc c6 tir 2 bién tré 1&n

Phwong phap: Pa s c4c biéu thirc c6 dang F (x;y)=ax®+by? +cxy +dx+ey+h(abc=0)(1)

- Ta dua dan céc bién vao trong hing dang thic (a® +2ab+b?)=(a+b)’ nhu sau
F(xy)=mK[xy]"+nG[y] +r(2) hoic F(x;y)=mK[xy] +nH[x] +r(3)

Trong do G[y],H[x] la biéu thic bac nhat ddi véi bién, con K[x;y]=px+ay+k cling la biéu
thuc bac nhat déi vai ca hai bién x va vy

Cu thé:

Ta bién doi (1) dé chuyén vé dang (2) nhu sau voi a=0;4ac—b? =0

Ta cO: 4aF(xy)=4a’x’+4abxy +4acy’ + 4adx +4aey +4ah = 4a’x* +b’y® +d* + 4abxy + 4adx + 2bdy

(4ac-b?)y* +2y(2ae—bd )+ 4ah—d*

2ae—hd 2ae —bd \’
—(2ax+by+d) +(4ac—b? LT v dah-d? -
(2ax+by +d) +( )(ij4ac—b2j+ (4ac—b2j

Vay ¢0 (2) voi

1 b® —4ac 2ae—hd d> (2ae—bd)’
m=—F(xy)=2ax+by+d:n=— G(Y)=y+ = r=h— T
4a (xy) y 4a W)=y 4ac —b? 4a 4a(4ac - bz)

+) Néu a> 0;4ac—b? >0=>m>0,n>0=(2):F(x;y)=>r(*

+) Néu a<0;4ac—b? >0=>m<0,n<0=(2):F(xy)<r(**)

+) Néu m>0,n>0, thi ta tim dwoc gia tri nho nhat

+) Néu m<0,n<0 thi ta tim duoc gia tri 16n nhat

Dé thay rang luon ton tai (x;y) dé c6 dau cua dang thiic, nhu vay ta s& tim dugc cuc tri ciia da
thire da cho

Trong ca hai truong hop trén:

- Néu r =0 thi phuong trinh F(xy)=0 co nghi¢m

-Néu F(x;y)>r>0 hoic F(xy)<r<0 thi khong co (x;y) nao thao man F(x;y)=0

+) Néu a>0;4ac—b? <0;r=0=(2):F(x;y) phan tich dwoc tich cua hai nhén tir, gidp ta giai

dugc cac bai toan khac.
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Bai 1: Tim GTNN cua cac biéu thuc sau

a. A=x"+2y*—2xy—4y+5 b. B=2x*-2y*+5y*+5

Loi giai
a) Taco A(x):x2+2y2—2xy—4y+5:(x2—2xy+y2)+(y2—4y+4)+1:(x—y)2+(y—2)2+1

Xx—y=0
= A21lvVX,yeR="="< SX=y=2
y—-2=0

Vay minA=1o x=y=2

b) Tacé B=2x"—2y* +5y* +5=(x"—4xy+4y*)+(x* +2xy+y*)+y* +5=(x-2y) +(x+y) +5=5

{x—2y=0
= x=y=0
X+y=0
Bai 2: Tim GTNN cua cac biéu thuc sau
a. A(X) =2x"+y*—2xy—2x+3 b. B(X)=x*+xy+y*—3x—3y
C. C(X)=2x*+3y* +4xy—8x—2y+18 d. D(X)=2x*+3y* +42° - 2(X+y+12)+2

e. E(x)=2x*+8xy+11y* —4x—2y+6
f. F(X)=2x*+6Yy° +52> —6xy +8yz —2xz + 2y +4z2+2

0. G(X) =2x*+2y* + 2% +2xy — 22Xz —2yz — 2x— 4y h. HX)=x*+y* —xy—x+y+1

Loi giai
a AX)=2X"+y? —2xy —2X+3=(X* =2xy + V) + (X* =2x+1D)+2=(x-y)’ + (x-1)* +2>2 = x=y=1
b. Taco B(x)=(x*—2x+)+(y* =2y+D)+x(y-1)—(y-D-3=(x-D*+(y-D*+(x-1)(y-1) -3

Yy -2y+1

2
=(x-1)? +2(x—1).1.(y—1)+(y—_1)2 _(y_—1)2 +(y-1)°-3= {x—1+ y—l} +y?-2y+1-3
2 2 2 2 4
1T 3(y-1)? x-14Y=1_0  (x=1
:[x—1+y2 }+ y4 -3>2-3¢< 2 <:>{ _1
y-1=0 y=

C. Tacl C(x)=2x"+4xy+2y* +y” —8x—2y+18=2[ (X+Y)’ —2(x+y)2+4 |+ (y* +6y+9) +1
=2(x+y-2°+(y+3)°+1>1=>minA=1< y=-3;x=5

d. TacOd D(x)=2x* +3y* +4z° —2(x+y+2)+2=2(x* —x)+ 3y’ —=2y) + (42" = 22) + 2
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1 2 1 1 1 11

=2(X* =X+ ) +3(Y - y+)+| (22)* -2z+ = |[+2-=-Z— =
( +4)+ (y 3Y+9)+[( ) +4}+ 273712

1 1 11 11 111
=2(x=2)?+3(y—2)* + 271 +=>T (XY, ) =(5 2=
( 2) (y 3) ( ) > (xy,2)=(; 34)

e. Tacl E(x)=2(x* +4xy+4y®)+3y° —4x—2y+6:[2(x+2y)2—4(x+2y)+2}+3y2+6y+4

2y—-1=0 =3
:2(x+2y—1)2+3(y+1)2+121<:>{XJr y @{X

y+1=0 y=-1

f. Tacd F(x)=2x>+6y*+52° —6xy +8yz — 2xz + 2y + 4z + 2(kho)
F(x) =2x* —2x(3y + 2) + 2(—=—= y ) +6y° +52> +8yz - (Z— y ) +2y+4z7+2

3y+z,, 3, , 10 25 ,. 1,
+=(Y +—=yz2+—2°)+=2"+2y+4z7+2
R L AR A A y

=2(x—

2

3y+2,, 5. . 5
= _)? J{ (y+§z) +2(y+§z)+ } (—z +32+—)+1

=2(X-
( 2

_3y+z g

3 5 2.1 52 2 x=1
=2(.)+=(Y+=z+2) +=(x+1)?+1>1<{y+-z24+4=-=0<={y=1 = minA=1
() 2w 3 3) 3( ) y+32+3 y
z=-1
z+1=0

g. TacO G(x) =2x" +2y* +2° +2xy —2x2 —2yz - 2X—4y = (Xx-1)* +(y—2)* + (X + y—2)*~5> -5
& x=1y=2,2=3
h. Tacd HX)=x*+y* —xy —x+y+1=4H(X) = (2X)* =2.2x.y + Y* + 3y’ —4x+4y +4

=(2x—Yy)* =2(2x—y) +3y* + 2y +3+1=(2x— y -1 +3(y? +3y+1) (2x—-y- 1)+3(y+—) +3>2

:>min4A=§<:>x=g;y _—l:>minA=E
3 3 3 3

Bai 3: Tim GTLN cua cac biéu thirc sau

a. A=-4x>-5y*+8xy+10y +12 b. —x* —y%+xy+2x+2y

Loi giai
a. A=—4x>-5y°+8xy +10y +12 = —4x* +8xy —4y* — y* +10y —25+37 = —4(x— y)* — (y -5)* +37 < 37
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{X=5

=N

y=5

b, A=—X?—y?+xy+2X+2y = 4A=—-4x* —4y® + 4xy +8X + 8y

A=—4X2 +4x(y+2)—(y+2)* +(y+2)* —4y* +8y

2x—-y-2=0 =2
=—(2x—y—2)2—3(y2—4y)+4=—(2x—y—2)2—3(y—2)2+16£16:>AS4<:>{ X7y {X

y-2=0 " y=2

Bai 4: Tim GTNN cua cac biéu thuc sau

a. A=5x"+9y°~12xy +24x—48y +82 b. B=3x"+3y?*+z% +5xy—3yz—3xz—2X—2y +3

Loi giai
a. TacO A=5x*+9y°—12xy +24x —48y +82 =9y —12y(x +4) + 4(X +4)* —4(X +4)* + 5x* + 24X + 82
2 2 16
=[3y—-2(x+4)] +(x—4) +222W,yeR<:>x:4;y:?

b. Tacé B:{z—g(x+y)} += (x+ 3) += (y 2% +1>1

3
Bai 5:
Tim GTLN cta A=x+y+z—(x*+2y*+4z%)
Loi giai
7 -7 7 1 1 1
Tacd —A=(x—=)+2(y-= 2__ > S A< — —Z.y=Z:7==
(x )+(y )+(Z ) 16 16:> 16<:>X 2y4 8

Bai 6: Hoc sinh giéi Yén Diing Bic Giang
Tim GTNN cua A=x?+2y® +2xy +2x—4y + 2013

Lot giai
TacOd A=x>+2y° +2xy +2X—4y +2013 = x* + 2x(y +1) + (Y +1)* + (y —3)* +2003> 2003 <> x = —4;y =3
BAI TAP TU LUYEN

Bai 1:
Tim GTNN cua: A=x*—-2xy+2y*+2x-10y+17

Huwéng dan

Taco A=x*—2x(y-1)+2y’ ~10y+17 =x* ~2x(y-1)+(y-1)’ +| 2y° 10y +17—(y-1)’ |

——
~
| —




=(x- y+1)2 +(y2 —8y+16)

Bai 2:

Tim min cta B=x*—xy+y>—2x-2y

Hudng dan

2

2
Taco B:x2—x(y+2)+y2—2y:[x2—2.x.y+2+y +4y+4}ry2_2y_y y—1

2 4 4

4B:(x—y—2)2+4y2—8y—y2—4y—4

Bai 3:

Tim min cua: C =x*+xy+y>—3x-3y

Hudéng dan

y>—6y+9
4

y—3+ y>—6y+9
4

Taco C:x2+x(y—3)+y2—3y={x2+2.x. }+y2_3y_

4C =(x+y-3) +[4y*~12y-y* +6y-9]

Bai 4:
Tim min cua: D=x*—2xy+6y*—12x+2y+45

Hudng dan

Tacd D=x"—2x(y+6)+6y” +2y+45=x"—2x(y+6)+(y+6) +6y* +2y+45—(y*+12y +36)

=(x—y—-6)" +5y*~10y +9

Bai 5:
Tim min cua: E=x*—xy+3y*—2x-10y+20

Hwéng dan

— 2 _ 2
Ta c6 E:x2—x(y—2)+3y2—1Oy+20:x2—2x.y22+y jy+4+3y2—10y+20_—y jy+4

4E =(x—y+2) +(12y* —40y+80)—(y* —4y+4) =(x—y+2)" +(11y* ~36y + 76)

Bai 6:

Tim max cua: F=—x"+2xy—4y*+2x+10y-3
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Huoéng din

Taco —F =x*—2xy+4y* —2x—10y +3=x* —-2x(y+1)+ 4y’ -10y+3

—F =x?=2x(y+1)+(y+1) +4y* ~10y +3—(y+1)

Bai 7:

Tim min cua: G :(x—ay)2+6(x—ay)+ x® +16y° —8ay + 2x—8y +10

Hudéng dan
Tacd G :[(x—ay)2 +6(x—ay)+9}+(x2 +2x+1)+16y2 —8ay —8y
G =(x—ay+3)2 +(x+1)2 +16Yy? —8y(a+1)+(a+1)2 —(a+1)2

G=(x-ay+3) +(x+1) +(4y-a-1)’ —(a+1)’ > —(a+1)’

Bai 8:
Tim max cua: H =-x"+xy—y*—2x+4y+11

Hudéng dan

Tacd —H=x"—xy+y’+2x-4y-11=x"-x(y-2)+y’-4y-11

(y-2)

— 2_
CHoxoox Y2, Y 4y+4+y2—4y—11—T

2 4

= —4H =(x—y+2)" +4y*~16y-44—(y* — 4y +4)

Bai 9:
Tim min cua: | =x*+4xy+5y*—6y+11

Huwéng dan

Tacd | :(x2+4xy+4y2)+ y> —6y+11

Bai 10:
Tim min cua: K =x*+y° —xy+3x+3y+20

Huwéng dan
Ta cl 4K =4x* +4y° —4xy+12x+12y+80:[4x2 —4x(y—3)+(y—3)2}+[4y2 +12y+80—(y—3)2}

4K =(2x—-y+3)° +3y? +18y +71
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Bai 11:

Tim min caa: M =x?-2xy+2y° -2y +1

Hudéng dan

Taco M :(x2—2xy+ y2)+(y2—2y+1)

Bai 12:

Tim min cta: N =x>-2xy+2y> —x

Hudng dan

2 2
2% 2y+1+ (2y +1) +2y2 _ (2y+1)

Tacod N=x*—x(2y+1)+2y* =x*—
(y ) y 2 4 4

AN =(x-2y-1)" +8y” —(4y’ +4y+1)

Bai 13:
Tim min cua: A= x*-2xy+3y* —2x+1997

Huwéng dan

Tacod A=x*—2x(y+1)+3y*+1997 = x° —2x(y—1)+(y—1)2+3y2+1997—(y2 +2y+1)

Bai 14:
Tim min cua: Q = x*+2y*—2xy +2x-10y

Huwéng dan

Tacod Q=x*-2x(y-1)+2y*-10y = x2—2x(y—1)+(y—1)2 +2y2—10y—(y2 —2y+1)

Bai 15:

Tim min cua: R=x*+2y> +2xy -2y

Hudéng dan

Taco R=x>+2y*+2xy—2y=x+2xy+y* +y* —2y+1-1=(x+ y)2+(y—1)2—12—1

Bai 16:
Tim min cua: A=4x*>+5y®—4xy—16y +32

Hudéng dan

Tacd A=4x>+5y° —4xy—16y+32= (4x2 —4xy + y2)+(4y2 —16y+32)

( )
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Bai 17:

Tim min cua: B=x*+5y*+57> —4xy—4yz—4z+12

Hudng dan

Tacd B :(x2—4xy+4y2)+(y2—4yz+4zz)+(22—4z+4)+8

=(x—2y)2+(y—22)2+(z—2)2+828

Bai 18:

Tim min cua: C =5x*-12xy +9y* —4x+4

Hudéng dan

Tacod C=(4x"—2.2x3y+9y*)+(x* —4x+4)=(2x-3y) +(x-2)" 20

Bai 19:

Tim max cua: D=-x*—y*+xy+2x+2y

Huwéng dan

Taco -D=x"+y —xy—2x-2y =x*—x(y+2)+y* -2y

2" 2
D=x2—2x.yJ2r2+(yt1 ) +y2—2y—%

Bai 20:

Tim min cua: E=x*+5y*—4xy+2y-3

Huwéng dan

Taco E=x2—dxy+4y* +y2 +2y+1-4=(x-2y) +(y+1) —4>-4

Bai 21:
Tim GTNN cia A=a’*+ab+b®*-3a—-3b+3

Hudéng dan

Taco Taco: 4P =a? —2ab+b2+3(a2+b2)+4+2ab—4a—4b :(a—b)2+3(a+b—2)2 >0

Bai 22:

Tim min cia: G =x*+xy+y*-3(x+y)+3

Hudéng dan

( ]
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Ta cld 4G =4x* +4xy +4y* —12x-12y +12
4G = 4x° +4x(y—3)+(y—3)2 +(4y2 —12y+12)—(y2 —6y+9)

4G = (2x+y—3) +3y?* 6y +3=(2x+y-3) +3(y-1)" >0

Bai 23:
CMR khéng cé gia tri X, y, z théa man: x* +4y* + 2> - 2x+8y -6z +15=0

Hudéng dan

Taco (x*—2x+1)+(4y* +8y+4)+(z° —62+9)+121

Bai 24:

Tim min cua: A=2x*+y*—2xy—2x+3

Hudéng dan

TacO A=x>-2xy+ y2+x2—2x+1+2:(x—y)2+(x—1)2+222

Bai 25:

Tim min cua: B=x*—2xy+2y* +2x-10y +17

Hudéng dan

TacO B=x* —2x(y—1)+(y—1)2+2y2 —1Oy+l7—(y2 —2y+1) :(x—y+1)2 +(y2—8y+16)

Bai 26:
Tim min cua: D =2x*+2xy+5y* —8x—22y

Huwéng dan

Ta cO 2D =4x* +4xy +10y® —16x— 44y = 4x* + 4x(y —4)+10y* — 44y

2D =4x2 +2.2x(y—4)+(y—4)° +10y> — 44y —y* +8y - 16

Bai 27:
Tim min cua: E =2x*+9y? —6xy —6x—12y + 2004

Huwéng dan
Ta cO 2E =4x* +18y? —12xy —12x — 24y + 4008

2E =4x" —12x(y+1)+9(y+1)° +18y* — 24y + 40089y’ +2y +1)

——
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Taco 2E =(2x—y-1)" +9y* —42y +3999

Bai 28:
Tim min cua: F =x*—2xy+6y*—12x+12y +45

Hudéng dan

Taco F=x—2x(y+6)+(y+6) +6y° +12y+45—(y* +12y+36) =(x—y—6)" +5y*+9>9

Bai 29:
Tim GTNN cua biéu thuc : a? +ab+b?—3a—3b+3

Hudéng dan

Taco P :az+ab+b2—381—3b+3=>4P:(a—b)2+3(a+b—2)2 >0

Bai 30:

Tim min cua: A=x*+6y* +14z° —8yz + 62X —4xy

Hudéng dan
Taco A=x*-2x(2y+3z)+6y*—14z°

= A=x° —2x(2y+3z)+(2y+3z)2 +6y?-147° —(4y2 +12yz +922)

= A= (x—2y—3z)2 +2y? —12yz - 237?

Bai 31:
Tim min cua: B=x*+2y?+32* —2xy +2xz —2x—2y —8z + 2000

Hudéng dan
Taco B=x"-2x(y—z+1)+2y*+3z° -2y —8z+2000

=X =2x(y—z+1)+(y—z+1) +2y* +32° —2y—22+2000—(y* + 2 +1-2yz - 22+ 2y)
=(x-y+z-1) +(y2+22 —4y+2yz+1999)
=(x—y+z-1) +[y2 2y(z+2)+ (z+2)2}+222—(22+4z+4)+1999

(

=(x-y+z-1) +(y-z-2) +(2* —42+1995)

——
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Dang 4: Tim GTLN, GTNN cua biéu thitc c6 quan hé rang budc giira cac bién

Phwong phap:

Céch 1: Biéu thi an nay qua an kia, rdi dwa vé mot tam thirc bac hai

Céch 2: Sir dung diéu kién da cho, lam xuat hién mét biéu thic méi ¢6 chtra biéu thuc can
tim cuc tri

Céch 3: Str dung cac bat dang thirc da biét va mot sé bat dang thirc phu

*) Hé qua caia bat dang thic Cosy

+ a+b>2/ab (Dau =khia=Db, véia, b khéng am)

+ @+b?>2ab (DAU= khia=b)

+ a+§22 ( Diu = khia = 1)

+ (a+b)’ > 4ab

+ E+b>2
b

a

*) Bat ding thiec Bunhiacopski

(a +a; +...+a§)(xf+x§+...+x§)2(a1x1+a2x2+...+anxn)2

Bai 1: Tim GTNN cua cac biéu thuc sau

a. A=x*+y +xy VOI x+y=1 b. B=5x*+y* V6i x+y=1
C. C=x"+2y* V&I x+2y=1 d. D=2x*+5y* VOi 4x-3y=7
Loi giai
a. Taco A=(x+y)(X>—xy+y>)+xy=x"+y?
11 1.1
X+y=1=>x=1-y=>A=(1-Yy)* +y* =2y* -2y +1=2(y* ——y2+Z——) +1= 2(y——) 525
A ce 1
Dau * ="’ xay ra X=21y=3
b. Taco

X+y=1=y=1-x=B=5x"+(1-x)* = 6x* —2x+1=6(x’ —%x+—) 6(x——) g gcx:%;y:g

c.Taco C:x2+2y2:6y2—4y+1:>minC:%<:>y:x:%

——
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d. Tacd

4x -7 4x -7

2
Ax-3y=T=y= :>D:2x2+5[ ) = 9D =98x* — 280X + 245 = 2(7x—10)* + 45> 45

:>minD=5<:>x=E;y=_—3
7 7

Bai 2: Hoc sinh gioéi Bac Giang, nam hoc 2011
Cho a+b=1. Tim GTNN cua A=a(a’+2b)+b(b*>-a)

Loi giai
Tacl a+b=1
=b=1-a=A=a(@’*+2b)+b(b*-a)=a’*+2ab+b*-ab=a’*+b*+ab=a’+(1-a)’+a(l-a)=2a’-2a+1

:2(612—a+£):2(a—1)2+£2£Va<:>a:b:1
2 2 2 2 2

Bai 3: Hoc sinh giéi Ha Noi, nim hoc 2006 - 2007

Cho cac s6 thuc x,y théaman x+y=2. Tim GTNN cua A=x*+y? +2xy

Loi giai
A=x°+y°+2xy = (X+Y)® =3xy(X+y) +2xy
Theo gia thiét
X+y=2=y=2-X=>A=2"-6X(2—X)+2X(2—X) =4x* -8x+8=4(x-1)°’+4>4VeR < x=y =1

Bai 4:
Cho cac s6 thuc x,y théaman x+y+4=0. Tim GTLN cta A=20¢+y®)+3(x? + y?) +10xy

Loi giai
Taco: A=2(x>+y*)+3(X* + y?) +10xy = 2(x+ y)> —6xy (X + y) + 3(X + y)* — 6xy + 10xy
= 28Xy —80 = 28X(—4— X) —80 = —28(x? + 4x+4) +32 = A= —28(x+2)? +32<32 > X =2 > y =2

Bai 5: Hoc sinh gioi Ha Noi, nam hoc 1996 - 1997
Cho céc s6 thuc x, y théa man: x?+y?—xy=4. Tim GTLN, GTNN cua P =x? +y?

Loi gidi

Ta cO:

15
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Xx—y=0
x2+y2—xy=4:8=x2+y2+x2+y2—2Xy=X2+y2+(X—Y)22X2+y2=>'°58©{ -
X“+y —xy=4
SX=y=42
. 7 x=y=2
Vay GTLN caa P = -2 <:{
X=y=-2
Mat khac:
X=-y= 2
X+y=0 RN )
8=2(x2+y2)—2Xy=3(X2+y2)—(X—y)233(X2+y2):>PZ§<:> 2 yz < v
R e T
3
2., 2
Vay GTNN cﬁaP:g@ f f
X=—sy=—o
NN

Bai 6:

Cho céc s6 thuc x,y,z théa man 2x+2y+z=4. Tim GTLN cua biéu thic A= 2xy + yz + zx

Loi giai
Tir gia thiét: 2x+2y+z=4=z7=4-2x—2y = A=2xy+ y(4—2X—2y) + X(4— 2x—2y)

=-2X2 —2y? —2Xy +4X + 4y = 2A = —4X* —4y® —4xy +8X+8Y = —4x* —4x(y +2) - (Y -2)* +(y—2)* -4y’ +8y

2
4 2., 16 16 16 3

= (2X+Y—2)=3(Y S y)+4=—(2x+Y-2)-3(V- )P+ —<— = A<
(2x+y—-2)-3(y 3y)+ (2x+y-2)-3(y 3)+3 3= 3 < 2
3

Bai 7:

Cho céc s6 thuc x,y,z thoaman x+y+z=6. Tim GTLN cta A=xy+2yz+3xz

Loi giai
Tu gia thiét
=7=6-X-yY=>A=xy+2(2y+3%X) =xy+(6—Xx—y)(2y +3x) = —3x* —2y* —4xy +18x +12y

= 3A=-9x*—6Yy*-12xy + 54X+ 36y = -9x* —6X(2y —9) -6y *+36y = —(3x+ 2y —9)* —2y* +81< 81

=1z=3

3x+2y-9=0 x=3
=>AL2T< =

y=0 y=0

——
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Bai 8:
Cho cac s6 thuc x,y théa man x2+2xy+7(x+y)+2y>+10=0. Tim GTNN A=x+y+3

Loi giai
T gia thiét
X2 42Xy +T(X+Y)+2y* +10 =0=> 4X* +8xy + 28X + 28y +8y* +40 =0 < (2x+ 2y + 7)* +4y* =9
= (2x+2y+7)?<9=[2X+2y+7|<3=-3<2x+2y+7<3< -5<x+y<-2< -2<A<1
+) A=l x=-2,y=0

+) A=-2<x=-5y=0

Bai 9:

; 2
Tim GTLN, GTNN ciia S = ab-+2009, V6i a.b 1 hai s thuc khac 0 va 2a? +%+§:4

Loi giai

2
Tacé:4=a2+£%—2+a2+gf—ab+ab—2=(a—lf+(a—gf+ab+a2ab+2:>ab32:>8SZQU
a a

1
a‘g=° {a=—tb=—2

= =
b a=1lb=2
a—-—=0
2
1
a—-—=0
., a=1lbh=-2
Ta lai co: 4:(a—l)z+(a+9)2—ab+22—ab+2:ab2—2:>S > 2007 < a
a 2 a=-1Lb=2
a+§:O

Vay GTNN caa S = 2007 < (a,b) = (+1 +2)

Bai 10: Tuyén sinh vao 10 Thanh Héa, nim hoc 2009 - 2010

, 2
Cho céc 6 thuc m,n, p thoa man: n?+np+ p? :1_3%. Tim GTNN, GTLN cia A=m+n+p

Loi gidi

Theo gia thiét co:

——
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2

n>+np+ p’° :1_32 = 2n* +2np+2p* +3m* =2 & m® +n* + p* +2mn+2np + 2mp + m* — 2mn +n’ + m* — 2np

+p?=2< M+n+p)l+(M=-nP+(M=-p)Y=2=(M+n+p)’<2=—2<m+n+p<v2=-V2<m+n+p<2

m-n=0 \/_
+) A=—2 = {m-p=0 Qm:nzpz%
m+n+p=—2
m-n=0
+) A=V2 < {m-p=0 c>m=n=p=%
m+n+p=+2
Bai 11:

Cho x,y,z 1a cac sb thuc thoa man x> +y?+z2=3. Tim GTLN, GTNN A=x+y+2z

Loi giai
T X2 +y° +2° =3 6X° +6y° +62° =18 <= (X+ Yy +22)° +(x—y)* +(2x—12)* +(2y —2)* =18

= X+Yy+22<18=-3J2<A<3/2

Xx—y=0
2x—z2=0 )(:yz__\/E
+) A=-32 < =N 2
2y—-2=0 __f
X+Yy+2z=0 -
Bai 12:

Cho cac s6 thuc m,n, p théa man 2m?+2n2+4p? +3mn +mp + 2np =g(1)

Tim GTLN, GTNN cua biéu thtc A=m+n+p

Loi giai
(1) < 4m* +4n° +8p° +6mn+2mp +4np =3 < 3(M* +n’ + p +2mn+2np + 2 pm) + (m* —4mp + 4 p°) +
(n*=2np+ p?)=3<3(M+n+p)>+(M-2p)>+(n—p)*=3=3(M+n+p)’<3=-1<m+n+p<1l

m-2p=0
-1 -1
+) A=-1<4in-p=0 <::>m=?;n=p=I
m+n+p=-1

——
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m—-2p=0

+) A=1e{n—p=0 <:>m=%;n=p=%
m+n+p=1
Bai 13:
Cho x+y+z=3A=x*+y*+2%,B=xy+Yyz+ X
a. Chitng minh A>B b. Tim GTNN cua A
c. Tim GTLN cua B d. Tim GTNN cua A+B
Loi giai

a. Xet hiéu A—B:%[(x—y)2+(x—z)2+(y—z)2]20:> A>Bo x=y=1

X+ Yy +2°+2(xy+yz+12x)=0

b. (x+y+z)2=9<:>{ = 9=x+ Y2+ 22 +2(Xy + Yz + 2X) < 3(X* + y* + 2°)

X4+ Y2 +2° > Xy + Yz +2X
< 9<3A= A>3 x=y=2=1
C. 9=(X*+y*+2)+2(xy+yz+2xX) 2 3(xy+yz+2X) =3B=>B <3 x=y=2=1

., |A+2B=9
d. Co: = A+B=9-B>6<x=y=z=1
B<3

Bai 14:

Cho a,b,ce[-12] théa médn a+b+c=0. Tim GTLN cua P=a*+b*+c’

Loi giai
Vi xe[-1,2],taco: x2-Lx<2= (x+1)(x-2)<0=x*-x-2<0< x> <x+2

Apdung: P=a?+b’+c?<a+2+b+2+c+2=a+b+c+6=6=(a,b,c) =(-1,-1,2) =GTLN =6

Bai 15:

Cho a,b,ce[-12] thoa médn a+b+c=1. Tim GTLN cua P =a’+b*+c?

Lot giai
Tacod: (a+1)(b+1)(c+1)>0=abc+ab+bc+ca+a+b+c+1>0
(2-a)(2-b)(2-c)>0=>8-4(a+b+c)+2(ab+bc+ca)—abc>0=3(ab+bc+ca)+9-3(@+b+c)>0
< 3(ab+bc+ca)>-6<ab+bc+ca>-2=P=(a+b+c)*—2(ab+bc+ca)=1-2(ab+bc+ca)<5

Dau ¢ ="’ xay ra < (a,b,c) = (-1,0,2) = MaxP =5

——
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BAI TAP TU LUYEN

Bai 11:

Tim min cta: A=3x"+y? biét 3x+y=1

Hudéng dan

Tu 3x+y=1= y=1-3x= A=3x*+(1-3x)" =12x* -6x* +1

Bai 2:

Tim min cua; A=xy, biét 3x+y=1

Hudng dan

Tacod 3x+y=1= y=1-3x= A=x(1-3x)=—-3x* +X

Bai 3:

Tim min cua: A=a®—b®—ab biét:a—b =1

Huwéng dan

a=b+l= A=(b+1)’ -b*~(b+1)b =2b*+2b+1

Bai 4:

Tim max cua: B=ab, biét: 3a+50=12

Hudng dan
12

12-5b 12_5bj:_—5b2+—b

Tugttacd: a=

, thay vao B :b[
3 3

Bai 5:

Tim min cua; C=x*+y*+xy, biét: x+y=1

Huwéng dan

Tu gt = y=1-x thay vao C ta dugc: C= x3+(1—x)3+xy:2x2—2x+1

Bai 6:

Tim min cta; D =x*+2y? biét: x+2y=1

Huwéng dan

Tir gt = x=1-2y thay vao D =(1-2y)" +2y?

——
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Bai 7:
Tim min cua; E =2x2+5y? biét; 4x-3y=7

Hudng dan

Tugt =y =4X—3_7 thay vao E va lam tiép

Bai 8:

Choa,b>0vaa+b=4timGTLN cua P =[1—§j[1—%)

Hudéng dan
Tace: po1-[tsi]st_q- 240 1 4, 4,1 4 3
a ab ab ab ab ab ab

Do a,b>0:>a+b:422@:@ng2z>ab£4

: . . [a+b=4
,dau=xayrakh|{ " <=>a=b=2

Khi do: i2§:>1—131_§:1
ab 4 ab 4 4

Bai 9:

1Y (1Y s
—j +(1+Ej ,bieta+b=1vaa b>0

Tim min cua; F :(1+
a

Huwéng dan

Céch 1:
2 2 2 2 2
Taco: |1+ a_+b + l+a—+b = 2+9 +2+2 8+4(a bj+ a_2+b_2
a b a b b a b a
>8+4.2+2=18
Céach 2:
2 2
Taco: F= (1+2+1J (1+g+1j 2+ 2(1 1) (%+%j:2+2(a+b]+ a:?
a a’ b b? a b a- b ab ab
2 a*+b’
F=2+—+—+ (1
ab a’b’ (1)
Ma a+b=1=a*+b’=1-2ab thay vao (1) ta dugc F = 2 2.1 22521b 2+ 212
ab ab ab

——
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Lai co: a+b=122\/£:>\/££%:>ab£%:>azb2Si

16

a21b2 ZE:>F=2+aZb2 >2+16=18

X N . [a+b=1
Dau = khi va chi khi {at <:>a=b:%

Bai 10:
2
Cho x,y thoa mén 2x2+i2+y7=4. Tim GTLN cua A=xy
X

Hudéng dan
2

2 2
Tu gt ta co: 4=(x2+%—2j+[x2+y7—xyj+xy+2 :>4=(x—1j +(x—%} +Xy+2
X

=>Xy+2<4=xy<2

Bai 11:

14 ~ 2 N - ”
Cho hai s6 thuc a,b=0, thoa man 2a2+%+%:4, Tim min, max cta S =ab+2017
a

Hudéng dan
. 1 b? 1Y’ b’
Tu gt ta co: 4:(a2+—2—2)+[a2+——abj+ab+2:(a——j +(a——} +ab+2
a 4 a 2
—ab+2<4=ab+2017<2019= S <2019
g , 1 , b’ 1Y’ b’
Mat khac: 4=| a +¥—2 +|a +Z+ab —ab+2= a—g a3 —ab+2

= -ab+2<4=ab>-2=ab+2017>2015= S > 2015

Bai 12:

2
Cho hai s6 x,y khac 0 théa méan x2+§+y§=8. Tim min, max cua A= xy+2024

X2

Huwéng dan

2 2 2
Tur gia thict ta co: 8= x2+%+y§=>16= 2x2+£+y7:(x2+g—8j+[xz+y7+ xyj—xy+8
X X

X2

——
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2 2
:>8:(x—ﬂj +(x+%j —Xy+8=-xy+8<16= xy>-8= A=xy+2024 > 2016
X

2 2 2
Mat khéc: 16:(x2+£—8j+(x2+y7—xyj+xy+8:(x—ﬂj +(x—%) +Xy—8
X X

= Xy -8<16= xy <8= S = xy+ 2024 <2032

Bai 13:

Cho x,yeR khac 0 biét 8x? +y2+4—12:4. Tim x,y dé B=xy dat min va dat max
X

Hudéng dan

Taco: 4=8x> +y2+i2:[4x2+i2—2}r(4x2+y2—4xy)+4xy+2
4x 4x

2
4 :(ZX—Zij +(2x—y)2+4xy+2:> Axy+2<4=>B= xys%
X

2
Mat khéc: 4=(2x—2ij +(2x+ y)2—4xy+2=>—4xy+2£4:> B=xy2_?1
X

Bai 14:

Cho x,y>0 thoa mén x+y=1. Tim min ciia A=(4x*+3y)(4y*+3x)+25xy

Hudng dan
Ta co: A=16(xy)” +12x% +12y° + 9xy + 25xy = 6x°y* +12( x® + y3) +34xy
Vi x+y=1nén x3+y3:(x+y)(x2—xy+y2):(x+y)2—3xy:1—3xy,thayvélo A

A=6x’y’+12(1-3xy)+34xy,, Dat xy=t khi d6 A=6t>-2t+12

Bai 15:

Cho x,y 1a céac sb thuc thoa man x+y=1. Tim min cua biéu thac C =(x*+4y)(y* +4x)+8xy

Huwéng dan

Ta co: C:(x2+4y)(y2+4x)+8xy:x2y2+4x3+4y3+16xy+8xy:x2y2+4(x3+y3)+24xy
Do x+y=1=>x+y’ =(x+ y)3—3xy(x+ y)=1-3xy thay vao C ta duogc:

C =Xy’ +4(1-3xy)+24xy = X"y’ +12xy + 4 =(x’y’ + 2xy.6+36) —32 = (xy +6)" —32> -32

——
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. P ¢ =1 Xx=3 . |x==2
MinC =-32 , Dau = xay ra khi va chi khi {X;_y 6 =>{ hoac { 3

Bai 16:

Cho x,y 1 hai s6 thuc thoa man x+2y=3. Tim min cia A= x’+2y’

Hudéng dan

Tu gttacod: x=3-2y thay vao A=(3-2y)" +2y>=6y>-12y+9

Bai 17:

Cho x,y 1a hai s6 thuc thoa man x*+y>—xy =4. Tim min v max cia A= x>+ y?

Hudéng dan
Ta co: x2+y2—xy:4:>2x2+2y2—2xy:8:>(x—y)2+x2+y2=8
=x*+y*<8 hay A<8
mit Khac: 8=2x? +2y? —2xy => 2x* + 2y =8+ 2xy => 3x* + 3y =8+(x+Yy)’ >8 :>x2+y222

8
hay A>—
ay Az

Bai 18:

Cho x,y thoamén x+y=2. Timmin cua A=x®+y®+2xy

Hudng dan

Tugttacd: y=2-x thay vao A ta duoc : A:x3+(2—x)3+2x(2—x)

Bai 19:

Cho cac s6 thuc x,y théa man x+y+4=0. Tim max cta A:Z(x3+y3)+3(x2+y2)+10xy

Huwéng dan

Taco: x+y=-4,nén x°+y°>=(x+ y)3—3xy(x+ y)=—64+12xy,

x2+y?=(x+y) —2xy=16-2xy thay vao A=2(-64+12xy)+3(16-2xy)+10xy

Bai 20:

Cho x,y,zeR, thoa man 2x+2y+z=4. Tim max cua A=2xy+yz+ X

Hudéng dan

( )
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Tir gia thiét = z=4-2x—2y thay vao A ta duoc :

A=2xy+y(4—-2x—2y)+X(4—-2x—2y)=-2x* —2y* —2xy +4x+4y

Bai 21:

Cho x,y,zeR thoaman x+y+z=6. Tim max cua A= xy+2yz+3zx

Hudéng dan

Tugt = z=6-x-y thay vao A=xy+2y(6—x—y)+3x(6-x-y)

Bai 22:

Cho x,yeR thoa mén x*+2xy+7(x+y)+2y*+10=0. Tim min va max cia S =x+y+3

Hudéng dan

Tugttacd: x*+2xy+7x+7y+2y*+10=0

2y+7Y’ 2 ?
:x2+2x(2y2+7)+( y:‘: ) +2y2+7y+10—@:0 :>(x+y+gj +y2—%=0

:—g§x+y+gsg:>—5s X+y<-2=-2<Xx+Yy+3<1

Bai 23:
2
Cho céc so6 thuc m,n, p thoa man n®+np+ p? :1—3%. Tim min, max cua A=m+n+p

Hudng dan
Tu gt tacd: 2n*+2np+2p* =2-3m* =>3m’ +2n° +2p° +2np = 2

= (M? +n’ + p* +2mn + 2np + 2mp) + (2m* +n? + p* — 2mn - 2mp ) = 2

=(m+n+ p)2+(m—p)2+(m—n)2£2 —-J2<m+n+p<2

Bai 24:

Cho x,y,z 14 c4c sb thuc thoa man x*+y?+z2=3, Tim min, max cia P = x+y+2z

Hudéng dan
Taco: P? =(x+ y+22)2 = X? +y? +42% +2xy +4yz + 4xz, Nén ta nhan 6 vao gia thiét:
18=6x"+6y’ +62° = (X +y* +42° + 2xy + 4yz + 42x) + (5% +5y° + 22° — 2xy — 4yz — 42X

18:(x+y+22)2+(x—y)2+(2x—z)2+(2y—z)2 =>(x+ y+22)2 <18

( )
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18 < x+y+22sJ1_8

Bai 25:
Cho cac s6 thuc m,n, p théa man: 2m? +2n? + 4p? +3mn+mp+2np:g ,

Tim min, max cuia B=m+n+p

Hudéng dan
Tu gt ta c6: 4m” +4n” +8p* +6mn+2mp+4np =3

:>3(m2+n2+ p2+2mn+2mp+2np)+(m2+n2+5p2—4mp—2np)=3

=3(m+n+ p)2+(2p—m)2+(n— p)2 =3==3(m+n+ p)2£3=>—1£ m+n+p<1

Bai 26:

Cho x,y,z thoa man x+y+z=3, Tim min, max caa A= xy+ yz+zx

Hudéng dan

Turgt=z=3-x-y thay vao A=xy+y(3—-x-y)+x(3-x-y)=x*—y*—xy+3x+3y
g y

Bai 27:

Cho x,y,z thoa man x+y+z=3, Tim min max cia B =—xy+3yz +4zx

Hudng dan
Tugttaco: z=3-x-y =B=-xy+3y(3-x-y)+4x(3-x-Y)

= B =-4x"-3y* —-16xy + 9y +12x

Bai 28:

Cho céc s6 thuc x,y,z théa man 2x+3y—z=4. Tim min max cia A=—xy+ Yz + zx

Hudng dan

T gia thiét = z =2x+3y—4 thay vao A=—xy+ y(2x+3y—4)+x(2x+3y—4)

Bai 29:

Cho céc s6 thuc x,y,z théa man 2x+3y—z =4, tim min max caa B =12xy —3yz —4zx

Hudéng dan

Tu gt ta cO: z=2x+3y-4 thay vao B =12xy —3y(2x+3y—4)-4x(2x+3y-4)

——
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Bai 30:

Cho hai s6 thyc x,y théa man x+y=-2, tim min ciia A=2(x"+y*)-15xy +7

Hudéng dan
Tu x+y=-2,taco: x*+y°=(x+ y)3—3xy(x+ y)=—-8+6xy

Thay vao A=2(-8+6xy)-15xy+7=-3xy—9 va y=-x-2 thay vao A=-3x(-2-x)-9

Bai 31:
Cho hai s6 thuc x,y thoa man: x+y=-2.

TimmincuaB=x*+y*—x* -y +2x*y* + 2xy(x2 + y2)+13xy

Hudéng dan
B=x"+y'—x*—y®+2x°y? +2xy(x2 + y2)+13xy

2\,2

Tu x+y=-2, ta co: X4+y4=[(X+y)2—2>6/}2—2xzy2=(4—2>Q/)2_2x y
X} +yP=6xy—8, x*+y>=4-2xy
Thay vao B ta dugC: B =(4-2xy)" —2x*y* —(6xy —8)+2xy? + 2xy(4—2xy) +13xy

B=—xy+24,thay y=-2—-x=B=x"+2x

Bai 32:

Cho hai s6 thuc x, y théa man: x+y=>5, tim max cia: A=x*+y* —8(x* +y?)+xy +2

Hudng dan
Vi x+y=5nén x*+y>=125-15xy va x> +y* =25-2xy

thay vao A=125-15xy —8(25—2xy)+ Xy + 2

Bai 33:

Cho hai s6 x,y thoa man x+y=5. Tim max cia B =x'+y' —4(x*+y°)-20(X* +y*) - 2x°y* + Xy

Hudéng dan
B=x"+y' —4(x’+y*)-20(x*+y*)-2x"y* +xy

Vi x+y=5 nén x4+y4=(25—2xy)2—2x2y2, x*+y®=125-15xy, x*+y>=25-2xy

——
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B = (25-2xy)" —2x"y* ~4(125-15xy) - 20(25— 2xy) — 2x*y* + xy

Bai 34:

Cho hai s x,y thoa man X' +y*=7=xy(3-2xy). Tim min max cua P =xy

Hudéng dan

2
Tr gt =>x' +y' -3xy+2x°y*=7= (x“ —2x%y? +y“)+4x2y2 —3xy:7:>(x2 —y2)2 +(2xy——j

2
S(ay-2 <2
4 16

Bai 35:

Cho céc s6 thuc x,y théa man 7x> +9y? +12xy —4x—6y—15=0. Tim min max caa A=2x+3y+5

Hudéng dan

Tu gt = (2x)" +(3y) +2.2x3y - 2.2x~ 2.3y +1+3x* =16 = (2x+3y +1)° +3x* =16

Bai 36:

Cho céc s6 thuc x,y,z thoa man: 3x? +2y® +52% +4xy —2xz +2yz =5, Tim min max caa: P =x+y

Huwéng dan

Tir gt ta co: (x* +y® +2xy)+(2x* +y* +52° + 2xy —2xz +2yz) =5
= (x+ y)2+(x2+y2+22+2xy+2yz+22x)+(422—4xz+x2)=5

= (x+y) <5=>-B<x+y<B

Bai 37:

Cho céc s6 X, Y, z thoa man: 3x+y+2z=1. Tim min max cua; p=x>+y>+2°

Hudéng dan
Tugttaco: y=1-3x—2z = y* =1+9x* +42° —6x+12x2 -4z

khi @6 P =10x? +52> +12xz—6x—4z +1

Bai 38:

Cho cac s6 x,y,z thoa man x+y+z=1. Tim max cua A=2xy+3yz+4zx

Hudéng dan

——
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Tu gt = z=1-x-y thay vao A=2xy+3y(1-x-y)+4x(1-x-y)

Bai 39:

Cho x,yeR, théa man x+2y=1. Tim max cua P = xy

Hudéng dan

Tu gt = x=1-2y thay vao P=y(1-2y)

Bai 40:

Cho x,y>0;x+y=1. Tim min, max cua A=x+y?

Hudéng dan

Tur gia thiét = y=1-x thay vao A=x*+(1-x)’

Bai 41:

Tim min max cta P=x+y+z, biét y2+zz+yz:1—gx2

Hudéng dan
Tir giai thiét = 2y +222 +2yz=2-3x* = 3x° +2y* + 222 + 2yz =2

:>(x2+y2+22+2xy+2yz+22x)+(2x2+y2+22—2xy—22x):2

= (x+y+z) +(x—y) +(x—2) =2=>(x+y+2)" <2

Bai 42:

Cho x*+3y? +2xy—-10x—14y+18=0. Tim min, max cua S=x+y

Huwéng dan

Tugt = x2+2x(y—5)+(y—5)2+3y2—14y+18—y2+10y—25:0

:>(x+y—5)2+2(y2—2y+1):9:>(x+ y—5)2 <9=-3<x+y-5<3

Bai 43:
Cho a,b,c khdng am théa man 3a+2c=5%c+5b=21. Tim max cia A=a+b+c

Hudéng dan

Cong theo vé gia thiét ta dugc 3a+3c+5b=72=3(a+b+c)=72-2b<72

——
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Do b20:>a+b+0£7—32=24

Bai 44:
Cho a,b,c 1a cac s6 khdng &m thoa man 2a+b=6-3c va 3a+4b=3c+4

Tim min E=2a+3b—4c

Hudng dan

4
c<—
Cong theo vé ta dugc: a+b=2= a ‘S 3,do
b=3c-2 C>g b>0
-3
Khi do E=2(4-3c)+3(3c-2)-4c=2-c
Bai 45:

Cho x,y,2>0,2x+7y=2014,3x+5z=3031. Tim GTLN cua biéu thic A= X+Y+2Z

Hudéng dan
Cong theo vé cua gt ta c6 5x+5y+5z =5045—2y <5045 do y >0

Nén 5(x+y+2)<5045=>x+y+z<1009

Bai 46:

Cho a+b=2,Tim max cua: A=ab(a2+b2)

Hudng dan

Taco: a+b=2=>a’+b*=4-2ab=>A=ab(4-2ab)=-2a%’+4ab

A:—(azbz—Zab+1)+2£2, Max A=2

Bai 47:
Cho x,y théa man: (11x+6y+2015)(x—y+3)=0. Tim min cua P =xy—5x+2016

Hudéng dan
Tu gt ta cd: 11x+6y+2015=0 hoac x-y+3=0

TH1: Taco: 11X+6y+2015=0:>y:% thay vao P

TH2:ta co: x-y+3=0=y=x+3 thay vao P

——
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Bai 48:
Cho 356 x,y,z thbaman x+y+z=3. Tim GTLN cua B =xy+ yz+2x

Hudéng dan

Taco: B=xy+z(x+y)=xy+[3—(x+y)|(x+Y)

2
=xy +3(x+y)—(x+y) =—x*—y? —xy +3x+3y = —(x+yT_3j +—(y—1)2+3£3

Bai 49:

Cho x*+xy+3y? =5. Tim Min hodc max cta biéu thic P = x2 —2xy +2y?

Huwéng dan

2 2
Ta co: E:—X2 2Xy+2{
5 X +xy+3y

——
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Dang 5: Phuwong phap doi bién s6

Phwong phap:
- Phan tich thanh céc biéu thirc trong dong dé dit an phu.
- Str dung phuong phap nhém hop 1y 1am xuat hién nhan tir ¢é dit an phu.

- Str dung céc hang dang thic (a+b)’,(a+b+c)’.

Bai 1:
Tim GTNN cua biéu thic A= (x=1)2 +(x—3)°

Loi giai

Pat y=x-2=A=(y+1)’+(y-1)* =2y’ +2>2=>minA=2y=0=>x=2

Bai 2:
Tim GTNN cua A=(x-1)(x—4)(x-5)(x—8)

Loi giai
A=(x=D(x—4)(x-5)(x—8) = (x> —9x +8)(x* —9x + 20)

Dat t=x*-9x+8= A=t(t+12) =t* +12t = (t +6)* -36 > -36 =t =6 < X° —9x+14:0<:{

Bai 3:
R A S X* —4x+1
Tim GTNN cua biéu thuc A==———=(x=0)
Loi giai
A=1—f+i2=1—4y+y2(y=1):>A=(y—2)2—32—3@ y=2<:>x=1
X X X 2
Bai 4:
Tim GTNN cta: D =(x+8)" +(x+6)*
Loi giai

A=x(x-7)(x=3)(x-4)= (X" =7x)(x* - 7x+12) , dat x* -7x+6=t, khi do:

x=1

A=(t-6)(t+6)=t*-36>-36, diu “ =" khi t? :O<:>x2—7x+6=0<:{x_6

Vay MinA=-36 khi x=1 hoac x=6

——
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Bai 5:
Tim GTNN cua B :(x—l)(x—3)(x2—4x+5)

Loi giai
B=(x"-4x+5)(x’ —4x+5), dat X’ —4x+4=0.

Khi d6 B=(t-1)(t+1)=t?-1>-1,diu “=“khi ! =0 = x* ~4x+4=0t=2

Bai 6:

Tim min cua A=x(x+2)(x+4)(x+6)+8

Loi gial
A=X(x+6)(x+2)(x+4)+8=(x"+6x)(x* +6x+8)+8, dat X’ +6x+4=t.
Khi do A=(t-4)(t+4)+8=t-16+8=t*-8>-8, dau “=" xay rakhi t*=0

x=-3+5
x=-3-+/5

X2 +6X+4=0<

Bai 7:
Tim GTNN cua: B =(x+1)(x+2)(x+3)(x+4)

Lot giai
B:(x+l)(x+4)(x+2)(x+3):(x2+5x+4)(x2+5x+6) , bat x* +5x+5=t, Khi do:
B=(t-1)(t+1)=t*-1>-1, Diu “=“khi t2 =0<=> x2 +5x+5=0<=> X = _SJ_;\/E

Bai 8:
Tim GTNN cua A:(x2+x—6)(x2+x+2)
Loi giai

bat x*+x-2=t. Khidd A=(t-4)(t+4)=t’-16>-16

x=1

Dau “ = “xay ra khi t:0c>x2+x—2:0<:{x_ ,

Bai 9:
Tim GTNN cua C =(x—-1)(x+2)(x+3)(x+6)

——
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Léi giai

C =(x—1)(x+6)(x+2)(x+3)=(x"+5x—6)(x" +5x+6), dat x*+5x=t.

. 4, A e 29 H X
Khi d6 C=(t-6)(t+6)=t*-36>-36, dau “ = khlt:0<:>x2+5x:0<:>[x_ .

Bai 10:
Tim GTNN cua D =(2x-1)(x+2)(x+3)(2x+1)

Loi giai

D =(2x-1)(x+3)(x+2)(2x+1) = (2x* +5x—3)(2x* +5x + 2}, dat 2x* +5x =t

2
khi do D=(t—3)(t+2):t2—t—G:(t—lj BT gy =<khit=1
2) 4 4 2
<:>2x2+5x:%<:>x=_5i4@

Bai 11:
Tim min cta C =(x+1)(x+2)(x+3)(x+4)+2011

Lot giai
C = (x+1)(x+4)(x+2)(x+3)+2011 = (X* +5x+4)(x* +5x+6)+2011, dat x* +5x+5=t

5+.5
2

Khi d6 C=(t-1)(t+1)+2011< x* +5x+5=0< x =

Bai 12:

Tim max cua E =5+(1-x)(x+2)(x+3)(x+6)

Loi giai
E=5-(x-1)(x+6)(x+2)(x+3)=—(x"+5x-6)(x* +5x+6)+5, dat x* +5x =t .
Khi d6 E=—(t—6)(t+6)+5=—(t"-36)+5=—t"+41<41

x=0

DA4u “=“Khi t2:0<:<:>x2+5x:0<:{x_ .

Bai 13:
Tim GTNN cua M =(x-1)(x+2)(x+3)(x+6)

——

34

'



Léi giai

M =(x—1)(x+6)(x+2)(x=3)=(x*+5x—6)(x* +5x+6), dat x*+5x=t .

Khi 6 M =(t—6)(t+6)=t*-36>-36, dau “ =" khi t:0<:>x2+5x:0<:{x

Bai 14:

Tim min ctia D =(x+1)(x* - 4)(x+5)+2014

Loi giai

D = (x+1)(x+2)(x-2)(x+5)+2014 = (x* +3x—10)(x* +3x+ 2)+ 2014, dat x* +3x—4=t

Khi d6 D =(t-6)(t+6)+2014=1t*+1978, dau “= “ xay ra khi t* =0 < x? +3x—4=0<:{

x=1
X=-4

Bai 15:
Tim GTNN cua C =x*-6x>+10x*> —6x+9

Loi giai

C (x4 —2.3x2.x+9x2)+(x2 —6x+9) :(x2 —3x)2 +(x—3)2 >0

Bai 16:
Tim GTNN ciia D =(x+8)° +(x+6)*

Loi giai

Pit: x+7=y=D=(y+1)' +(y-1)' =2y* +12y*+2>2

Bai 17:

Tim max cta F =2-3(x+1)"' -3(x-5)"

Loi giai
Pt x-2=t=F=2-3(t+3)' -3(t-3)’
—F =3(t +6t+9) +3(t2 6t +9) —2=6t* +324t* +484 = 6(t* +54t? ) + 484

2 2
F--6 (t n 27) +3890 < 3890

——
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Bai 18:

Tim min cta G =(x+3)" +(x-7)’

Loi giai
Pt x-2=t =G =(t+5)" +(t-5)" =(t +10t + 25 +(t* 10t + 25)

G = 2t* +300t% +1250 = 2(t4 +2.75¢2 +5625) ~10* = 2(t2 +75)2 ~10* >-10*

Bai 19:

Tim min cua | =x*—6x3 +11x*> +12x + 20

Loi giai
| =x* —6x°+11x% —12x+20 = X2 (x2 —6x+9)+2x2 ~12x+20

| =x*(x=3)" +2(X* —6x+9)+2=x"(x-3)" +2(x-3) +2>2

Bai 20:

Tim s6 nguyén m 16n nhat sao cho BDT ludn dung véi moi x: (x+1)(x+2)* (x+3)>m

Lot giai
VT = (x+1)(x+3)(x+2)’ =(%* +4x+3)(x* +4x+4), dat x* +4x=t, Khi do:

2
VT =(t+3)(t+4)=t? +7t+12=t2+2.t%+47?+12—479:(t+£j _Is-
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Dang 6 : Sir dung bat ding thic co chira dau gia tri tuyét doi

|Al=As A>0

a. Binh nghia:
|Al=-As A<O

b. Tinh chat
+) VAeR=|A>0;|A> A
+) Vx,y e R=|x+y|<|x|+|y| < xy =0

+) Vx,y e R=|x—y|=|X-|y| < (x—y).y =0

Bai 1: Tim GTNN cua cac biéu thirc sau

a. A=|x—3+|x-7| b. B=|x—1+|x—2|+|x-3
C. C=|x—1+|x—2|+|x—3+|x—4| d. D=|x+5+|x+2|+|x-7|+|x-8§|
€. E=|Xx+1+|x+2|+|x+3+|x+4|+|x+5+|x+86|

Loi giai

ab)

o A=|X=3+|x=T7|=[x=3+[7T-X|=[x-3+7—x|=|4|=4= A> 4= (x-3)(T-X) 2 0= 3<x<7
b. B=|x-1+|x—2|+|x—3

Ta co B=|x—1+|x—3=|x-1+[3-x|>2(1) < (x-1)(3-x) > 0<=1<x<3

Ma [x-2|20= x=2(2)=>C>2< x=2

C. C=|x—1+|x—2|+|x—3+|x—4|

Taco |x-1+[x=3=|x-Y+3-x|22=1<x<3|x-2|+|x—4|=|x-2|+|[4- X2 2= 2<x<4
=C24=minC=4<2<x<4

d. D=|x+5]+|x+2|+|x—7|+|x-8§|

Ap dung bat dang thic [M|>MvYM eR

Taco: D=|x+5+|x+2|+[7—x|+|8—X=X+5+Xx+2+7-x+8-x=22Vx eR

X+5>0
X+2>0 >
=
7—x>0 X<7
8—-x>0 X<8

x
| |
N Ol

> mnD=22 <

——
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€. E=|X+1+|X+2|+|x+3|+|x+4|+|x+5|+|Xx+6| = |-Xx =1+ |-X = 2|+ |-x = 3+ |x+ 4|+ |x + 5|+ |x + 6|

=>E>-X-1-X-2—-X-34+X4+44+X+54+X+6=9VXeR=>mMNE=9«< 4<x<-3

Bai 2:
Cho s6 thuc x. Tim GTNN cua cac biéu thirc sau

a. A=|x+3+[x—2|+|x—5| b. B=|x—2|+|x—3|+|x—4|+|x—5|+|x—6|

Loi giai
a. A=|x+3+|[x—2|+|x—=5|=|x+3+|x—2|+|x—5|> [x+3|+ |- x|> x+3+5-x=8Vx e R

X+3>0 X>-3
Diu ‘=" ©I{x-2=0=x=2 <x=2
5-x>0 Xx<5

b. B=|x—2|+|x—3|+|x—4|+|x—=5|+|x— 6| = [x— 2|+ |x—3|+|x— 4|+ [5— x|+ |6 — |

>|x—2|+|x—3+[5—X|+|6—X|= X—2+X—-3+5-x+6-x=6VXxeR< x=4

Bai 3:

Cho sé thuc x. Tim GTLN cua cac biéu thirc sau

a. A=|x+5—|x-2| b. B=|x—2|-3|x—5—|x—4|
Loi giai

a. A=|x+5—|x-2|
Ap dung bt dang thuc : IX|—|y| <|x—y| VX, ye R < y(x—y) >0
A=|x+5-|x=2|<|x+5-(x-2)|=7TVXxe R=>max A=7 < (X—2)(X+5-X+2) 20 < x> 2

b. B=|x—2|-3|x-5|-|x—4|

= X=5

Vi -|x-5|go:Bg|x_z|_|x_4|g|x_2_x+4|:2©{x—5=0 {x:S

(x—4)(x—2—x+4)20<:> X>4

Bai 4: Chuyén L& Hong Phong, nim hoc 2003

Cho s thuc x. Tim GTNN cta A=x—1-2Vx—2 +/x+7—6x+2

Léi gidi

Dit t=Jx—2(t>0) =17 =x—2= x=t2 =2 = A=t? —2t +1+4/t2 =6t +9 =/ (t —1)* +1/(t —3)?

——
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t-1>0

3 t>0<:>1st£3<:>1£\/x—2 <3 3<x<11

:|t—1|+|3—t|2t—1+3—t:2<:>{

Bai 5:
Cho s6 thuc x. Tim GTNN cua cac biéu thirc sau
& A=+/Xx—4+2Jx—5 +/x-1-4/x—5(x>5)
b. B=\/x—2\/x—1+5\/x+3—4\/x—1+\/x+8—6\/x—1(x21)

Loi giai

a. Pat t=Jx-5(t>0)=>x=t*+5= A:\/(t+1)2 +\/(2—t)2 =[t+1+2-t| =t +1+[2—t| >t +1+2-t =3

A=32-t>0t<2JX-5<2<5<x<9

b. Dt t=/x-1(t>0)= x=t? 1= A=[(t-1)? +5/(t—2)* +4/(t-3)? =|t -1 +5[t -2 +|3

t-1>0
>[t-1+[3-t|2t-14+3-t=2t=2 ot=2cJIx-1=2<x=5=minA=2< x=5
t<3

Bai 6: HSG Séc Triang, nam hoc 2014 - 2015
Tim GTNN cua A=|x+3/+|x—2|+2012

Loi giai
TacOd A=|x+3+|x—2|+2012 =|x+3|+|2—x|+2012
LaicO: [x+3>x+3< x>-3
Ma [2-%22-x <> X< 2= A= |x+3+[2— x|+ 2012 > X+3+2— x+ 2012 = 2017

Vay MinA=2017 < -3<x<2

Bai 7: HSG Quang Ngai, nam hoc 2015 - 2016
Tim GTNN cua A=|x+3/+|x—1]+|x—4|-3

Loi giai
Taco A=|x+3+|[x—1+|x—4|-3=|x+3/+|x—1+|4-x|-3
Lai cO [x-1>0< x=L[x+3>x+3< x>-3[4—x|>4-x <= x<4= A>Xx+3+0+4—-x-3=4

Vay MinA=4<x=1

——
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Bai 8:
Tim GTNN cua A=|x—a|+|x—a,|+...+|x—a,|+2017(a, <a, <...<a,)

Loi giai
- Truong hop n=2k = A=|x—a|+|x—a,|+...+|x—a|+|a, — X|+|a,, — X|+...+|a, — X+ 2017
Tacd x-a|>x-a < x>aVvi=Llk)a,, -x>a,, -xox<a,,vj=1k
= A2 X—8 +X— 8, + .t X—B + 8, — X+ By, — X+t By —X+2017 = (8, + 8y, +..+ 8y ) -
(a,+a,+..+a )+2017 < a <x<a,,
- Truong hop
N=2k+1= A=|x—a|+|X—a,|+.+|X—a |+ |x —a | +|a, = X|+|a,; = X|+...+]a, — x|+ 2017

Taco: |x-a,,,|>0< x=2a,,;

a,;-X2a,-xox<a,Vi=1k

Lai cO |x-a|>x-a, < x>avi=1k;

A, ; —X‘Zakﬂ. -X&x<a;Vi=1k
= A=X—a +X—a,+..+X—a +0+8,,, — X+..+ 8y, — X+ 2017 = (8, + A3+ + 8y )~

(a,+a,+..8,)+2017 = MinB =(a,,, + a3 +..+ 8y, ) — (8, +8, +..8, )+ 2017 & x =4,

Bai 9: HSG Yén Bai, nam hoc 2015 - 2016
Tim GTNN cua A=|5x+3|+|2x—3|-x+1

Loi giai
, 3 3
Tacd A=[5x+3+|2x—3—x+1=2 x+§ +3 X+§ +[2x -3 -x+1
Mat khac 2x+§ 20<:>x:_—3;3 x+E >3 x+§ <:>x2_—3
5 5 5 5 5

Laico [3-2x>3-2x < xsg:s BZO+3(X+SJ+3—ZX+1:§:> MinB:2—59<:> x:%3

BAI TAP TU LUYEN

Bai 1: Chuyén Toan Quang Ngai, nam hoc 2014 - 2015
Tim GTNN cia A=|4x+3[+[5x—7|+[2x-9|-15

Lai gidi

——
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Taco MinA=_—1<:>x=Z
5 5

Bai 2:
Tim GTNN cua A=|x—1+|x—2|+|x—3+|x—4|

Loi giai
Tacd MinA=4<2<x<3

Bai 3:
Tim GTNN cta A=(2x-1)" -3[2x-1/+2

Loi giai
Tacod MinA= - e x=>2 hay x=_t

4 4 4
Bai 4:

Tim GTNN cua A=|x—1+|x—2|+|x—3+...+|x—1998|

Loi giai

Taco Min.A=999° < 999<x <1000 hay x :_71

Bai 5: Chuyén Toan Quang Ngai, nam hoc 2015 - 2016
Tim GTNN cua A:‘x 3+2‘+‘x\/§—7‘+‘x\/1_1—9‘

Loi giai

P 9 9 -1
Taco Mln.A:ﬁ(\/l_l—\/§+«/§)<:>x:E hay =

Bai 6: Chuyén Toan Quang Tri, nam hoc 2015 - 2016
Tim GTNN cua A:‘x£—6‘+‘xﬁ+ﬂ+2x+2017

Loi giai
2018J§+J§—2© -1 _-1

- h
5 x=p hay x=7

Tacd MinA=

——
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Dang 7: Dang phéan thirc

A. Phan thikc c6 tir |a hang s6, miu Ia tam thirc bac hai
Phwong phap: Biéu thirc dang nay dat gié tri nho nhat khi mau dat gia tri 16n nhat

m

A=—r
ax“ +bc+c

= A < (ax*+bc+c),

Bai 1: Tim GTLN hoic GTNN cua cac biéu thic sau

_ 2
X2+ X+4

1

a) A=
9x° -12x+10

b) B=

2

y
C) C= X#=0
) 9x2—12xy+5y2( )

Loi giai

C.C= Y
Ox” —12xy + 5y

(x=0)

+) y=0=A=0

+) y20=A=—; 1 =30 iZt 5(t:£):>A:—3t ;2 1£1<:>t—§ 2
0¥ _1p¥y5 W lddo oy (B-2)"+
y y

Bai 2: Tim GTLN hoic GTNN cua cac biéu thirc sau

B 2
6x —5-—9x>

1
X2 +Xx+1

a) y= b) v

C) A= i (x0)
—25x° + 20xy —5y?

Loi gidi
1 1

x2+x+1=[ 1)2 3
X+5 ]+

a) Ta co thé viét: y=




2
Vi (x+lj +§2§:>ysf<:>x:__1
2 4 4 3 2
A , 4 . . -1
Vay GTLN cua yzg tal x:?
b) y= 2 > = _22 ;(3X—1)2+4Z4VX:>;2S£:>_—222_—2=_—1<:>X:£
6x—5-9x° (Bx-1)°+4 Bx-D)°+4 4 (Bx-D)°+4 4 2 3
C) y=0=A=0
#) Y20 A 2507 320t 5 (5t _232 1
25X 40X 5 U +20-5 (Bt-2)+
y y
. , 1 2 2
VI (65t-2)°20=>——S—<I=A>3ot=—x==y
(5t—2)2 +1 5 5
Bai 3:
Tim GTLN cua biéu thic sau: A=— >
X°—2X-5
Lai giai
Ta co:
X?—2x—5=(x—1) ~6=—6+(x-1)f 2 6=+ <t O 2 paa 0y
(x-1)°-6 6  (x-17-6 6 6
Bai 4
. . 1
Timmincua: B=————
X°—4x+9
Loi giai
2. 2 2 1 1 1 A w9 H
Taco: x*—4x+9=(x-2)" +525=B=—; = —<=, Dau khi x=2
X —4x+9 (x—2) +5 b5
Bai 5:
Tim max cua: C:Z_—S ?22?222?? min
X —5x+1
Lai giai
2
Taco: x2—5x+1=(x—§j —2—12_—21:>C:2_—3£E=ﬂ, ddu =" Kkhi x=2
2 4 X“—-5x+1 21 7 2

——
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Bai 6:

Tim min hoac max cua: AZZL
—X"+2%x-3
Loi giai
Tacod —x* +2x-3=—(x"-2x+3)=—(x-1)' ~2<2=>———— ° .0 3> 3ex=-1.
—X"+2Xx-3 -2
Bai 7:
Tim min hodc max cia: A=—;
X“+8
Loi giai
Taco x¥*+8>8= 22 <2t aclaxoo
Xx*+8 8 4
Bai 8
Tim min hoac max cua: AZZL
X +Xx+1
Loi giai
2
Taco: x2+x+1:[x+%) J%Zg: 4 16 16 -1

5 <—= A< —S X=—.
X“+x+1 3 3 2

B. Phan thirc c6 mAiu 1a binh phuong ciia 1 nhi thirc
Cach 1: Téch tir thanh cac nhém c6 nhan tir chung véi mau

Céach 2: Viét biéu thic A thanh tong caa mot s6 voi mot phan thicc khong am

—Ta dua vé dang: A= m+%(%zoj

Bai 1: Tim GTNN cua cac biéu thuc sau

2 2_
a A= TBX¥0, Ly b. B=X "X (x.1
X°—2x+1 (x=1)
2 5 _
C:4X 6X2+l(x¢2) d. D:2X2 16x+4l(XeR)
(x=2) X —8x+22
o E_4x“—x2—1 f I:_3x2—12x+10
' (¢ +1)° ' X% —4x+5
Lot giai
( ]
L 4 )




2_
X°—=2x+1

2 _ 2 2 _9)\2
A=3X 8x+6(X¢1):2(x 2x+1)+(x 4x+4):2+(x 2)

> >2X=2
X°—2x+1

(x-1)° (x-1)° (x-1)°

. : ? - 3(x* —2x+1)-2(x-1)+1
Céch khac: A=3X=8x+6 p SX-2x+D-2(x-1)+1_, 2 1

X2 —2x+1 (x—1)2 x=1 (x-1)’

bat y:xi—lj A:3—2y+y2:(y—1)2+222:minA:2<:>y:1<:>Xi_1:1<:>x:2.

X2 —x+1
b. B= 1) (x#1)
_x2—x+1(X¢1)_4x2—4x+4_x2+2x+1+3x2—6x+3_ (x+1)? 3.3 .
(x-1)° 4(x-1)* 4(x—-1)* 4(x-1)* 4(x-1* 4 4
4x* —6x+1
C. Czw(x;éZ)

X—2
sSt=-1<x=1

Cach 2. Ta co:

t=— x= 2+%:>C :t{4(2+%)2 —6(2+%)+1}:4(2t+1)2 —6t(2t+1) +t* =5(t+1)* 1> -1

_4X2_6X+1_4(x2—4x+4)+10x—15_4(x2—4x+4)+10(x—2)+5_4+ 0 5
o (x=2? (x—2)? - (x—2)?2 T x=2 (x=2)?
bt izzt:c:=4+10t+5t2=5(t2+2t+1)—1=5(t+1)2—12—1@t=—1©%:—1@ x=1
X— X—
2x% —16x+41
O o
D_2x2—16x+4l(X€R)_2(x2—8x+22)—3_2_ 3
X2 —8x+22 x> —8X + 22 (x—4)*+6
Vi (x—4)220:>(x—4)2+626:>L2s§:1
(Xx—4)2+6 6 2
e 23, S ey 0o x=4
X—4)"+
(x—4)> +6 2 2 2
A =x2=1 ,x e 9\ 81 9\ 17 _ 17
e. E=————= (d¢ sai lam khi danh gia E:(Zt——j ——+4:(2t——J - >-
(X% +1) 4) 16 4) 16 16
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4 —x* -1 A(x*+2x°+1)-9(x*+1)+4 9 4 1
E=—>——-= ( 2) 2( J*4_ 4 ——+———— =47 Ot +4(t=——)
(x*+1) (x*+1) X“+1 (X“+1) X“+1
2 2
SE=f2-2) B d)
4 16 4 16
Ta co: t31:>2t—932—9=_—1:>(2t—9)2zi:Azi—£=—1@t=1<:>x=o
4 4 4 4 16 16 16
Loi giai ngan gon hon
4 2
E+1=?X2—+1);220:>E2—1:>Emm=—1<:>x:0
X°+
f I:_3x2—12x+10
' X? —4x+5
2_
Ta co: F:gifiéffgzs— . > _3_ 52 >3- 22 2 x=2
X°—4x+5 X°—4x+5 (x—2)"+1 1
Bai 2: Tim GTLN cua cé4c biéu thuc sau
2 _v2 _
a. A:W(HD b. B:)§+—><11(X¢1)
X +2x+3 X°—2x+1
2 —
C.C=——(x#-5) d. p=X X1y
X“+10x+25 X°—2x+1
Lot giai
2
a A=3X2+6X+10(x¢1)
X +2X+3
A_3x2+6x+10_3(x2+2x+3) 1 5 1
X2 +2x+3 X +2x+3  (x+1)°+2 (x+1)*+2
Cé:(x+1)220:,>(x+1)2+222::>———17——s1 A33+E=Z:>ﬁm:z<:x=—1
(x+D)°+2 2 2 2
f— 2 —
b. B:):Jr—Xll(x;tl)
X*—2x+1

X 4x—11 X2 4+2x-1-x+1-11  —(x-1)°

~(x=D-11_ , 1 11

COx2-2x+1 (x—1)?

(x-1)°

x-1 (x-1)°

bat il =y=>A=-1-y-11y* =—(1ly’* +y+1) = {11(y2 + 2.y.%+i—i+1}
X_

——

2> 2
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2
=_Hy+ij 3}—_3_11(%2_12)2gﬁ©y=_©x=_21

~(Bt-1)%+2<2

22 4 4 4 22
X
C.C=—(x#-5
x2+10x+25( )
:%(x;t—S): X 2:(x+5)—25: 1 5 2:t—5t2(tzi)
X°+10x+25 (x+5) (x+5) X+5 (X+5) X+5
2
:—A:Stz—t:S(t—iJ —iz_—1:>ASi<:>t:i<:>L:i<:>x:5
10 20 20 20 10 x+5 10
2 J—
g - X
X —2x+1
5 1 1 0 1, 1 , ,
Datt:—lzx:1+E:>A:t (1+E) +4(1+E)_14 =(t+1)° +4t(t+1)-14t° =
X_
1
D:2<:>t:§<:>x=4
Cach khac: Taco
2 _ 2 _ — X2 —2x+1+6(x-1)-9
D=x2+4x 14 gy 2;(+1+6x 15 _ i (x-1)-9_ . 6 2 9
X —=2x+1 X =2x+1 X°=2x+1 Xx-1 x°-2x+1

bat t:i1:>D=1+6t—9t2 =—(9t2—2.3t+1)+222<:>t=%<:>x=4.
X_

Bai 3: Tim GTLN, GTNN

7y? —4xy

X°—2Xxy+2y

Loi giai
biéu kién (x,y) = (0,0)

2 2 . 2
+) Ar1e X 6xy+9y”  (x-=3y)

= >0=>A>-1<x=3y#0
X=y)?+y*  (x—y)*+y’

) Amgo Y HAY-AX) | —(2x-y)
(x=y)?+y*  (x=y)P+y’

<0=>A<d4d e x=1y=2

Bai 4:
, 2 2
Tim GTNN cia biéu thic A:X()(Jr—);;l( ¢-1);B=$(x¢1)
+ —
Loi gii

( ]
L 4" )




x +x+1 (x +2X+1)—x-1+1 1 1 2 1
=l-—0+ ;=1-y+y (y=—")
(x+1)? (x+1)? X+1 (x+1) X+1

1Y 3.3 3 1
=ly-—=| +-2—-—>A =—y=—x=1
(y 2) 2747 M= EY=5

2 2 _ —
) p=X 3x13:(x 2x+1) 2x+1+1:1_ 1, 1 Z:yz—y+1(y=i)
(x-1) (x-1) x=1 (x-1) x—1

B= (y—1J+3>3<:>y—l<:>x 3.
2) 4 4 2

Bai 5:
X2 +y?

Tim GTNN cua biéu thac A=—= "2
X“+2Xy+Yy

iy 5[(x+y)2+(x—y)2} )

Taco: A=— - = >
X“ 42Xy +Y (x+y)

2x? —10x -1
X2 —2x+1

Tim GTNN cua biéu thac A= (x=1)

Lo giai
2x*~10x-1 2(x*—2x+1)-6(x-1)-9 6 9

Taco: A== = 2 =24 _ 2:_(
X* —2x+1 (x-1) x—1 (x—l)

2
Vi _£%+1j <0Vxzl1l= maxA:3<:>il+1:O<:>x:—2
X— X —

Bai 7:
x> —4x+1

X2

Tim min hoac max cua: A=

Léi gidi
4 1

A=1l-—+—, dt—_t:>A t? —4t+1= (t—2)2—32—3<:>t=2<:>1=2<:>x=l.
X X X X 2

——
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Bai 8:
3x*—8x+6

Tim min hodc max cia: A==
X" —2x+1

Loi giai
Dat x-1=t=>x=t+1=>x"=t*+2t+1

3(t?+2t+1)-8(t+1)+6 32 _
A:( 22 (t+1)+6 3t t22t+1:3_%+t£2

bat

—~ |

—a=A=a’-2a+3=(a-1) ' +2>2= A, :2<:>a=1:>%:1<:>t:1:> X—1=1<x=2

Bai 9:
4x%* —6x+1

Tim min hoac max cua: A= ;
(2x+1)

Loi giai

J— 2_
t-1 2=t 2t+1,khid(): Ao

t?-2t+1-3(t-1)+1 t*-5t+5 1.5,

bat 2x+1=t=>x=—=x > >
2 t t

2
dat A= Fo1-5a15a? :S(az—a+lj:5(az—2&.a+1—l+lj:5(a—1j EESS DI
t 5 2 4 4 5 2 4 2
:>}=l<:>t=2:>2x+1:2c>x:1.
2 2
Bai 10:
Tim min hoic max ciia: H =—> ;
(x+10)
Loi giai
Pit x+10=t:>x=t—10:>H=t;210:%—t—?
<, 1 2 » 1
bat ==a=H =-10a +a=—10(a ——ajz...
t 10
Cach khéc: Taco H=—2" >
(x+10)
2
bat y= :>x:£—10:>H = 1—10 .y2:—10y2+y:—10(y—ij FEIES
x+10 y y 20 40 40

( )
L 2 )




1 1 1
Vay MaxB = %Qy—E—OQy—EQX—lO
BAI TAP TUONG TU
Bai 1:

X

Tim min hoac max cua: | =——
(x+2016)

Hudéng dan giai
t 2016 1 2016

i ¢ ,D,t%—a:ﬂ—a 2016a* =..

Pat x+2016=t=x=t-2016 =

~+

Bai 2:
x> —2x+ 2000

X2

Tim min hoac max cua: A=

Hudéng dan giai

Tacd A= 1—Z 2080

X X

bat = _a:>D 1-2a+2000a? _ZOOO(a —ia L j

1000~ 2000
Bai 3:
2_
Tim min hodc max cua: A:Lﬂz015
2015x
Lo gidi
2_
Ta co: 2015A:L2+2015—1—2 2015 L a—2015A=1-2a+ 201522
X X G X
= A-al-—2_at -
2015 2015
Bai 14:
Tim min hoac max cua: F =;2
(x+2000)
Loi giai
Dat x+2000=t=F =t_t22000 =%—2??O . bat %:a: F =a—2000a%=...

——
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Bai 5:

2_
Tim min hodac max cua: B =)§—X+1
(% +2x+1)
Loi giai
2
B=X_—X+21. bat x+1=t=>x=t-1=x>=t*-2t+1
(x+1)
2_
:>B=¢=l—§+%. bat %:a:B:3a2—3a+1:...
t t ot t
Bai 6:
2
Tim min hodc max cua A=2X+—fx+4
X
Loi giai
A=2+ﬂ+iz. bat 1=a:>A=4a2+4a+2=...
X X X
Bai 7:
2_
Tim min hodc max cua BzL:ZOlZ
X
Loi giai
B=1—3+2032 . bat 1 a—B-2012a2 2a+1-..
X X X

——
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C. Tim GTLN, GTNN cuaa phan thic cé dang khéac

Céch giai:

Cach 1: Tach tir thanh cac nhdm c6 nhan ti chung véi mau

Céch 2: Viét biéu thic A thanh tong caa mot sé véi mot phan thicc khong am

1. Bac cuia tir nhé hon bac ciia miu

Bai 1: Tim GTNN cua cac biéu thuc sau

. B=4x+2

8x+12
=2 b 2
X +4 X+ 2

a. A=

C. Cz%x()ﬁs)(x>0)

Loi giai

2 y2 2 2
a A:8x2+12:x +8XJ;16 X 4:_1+(x2+4) 51 (x2+4) >0|= A =1 x=-4
X°+4 X°+4 X°+4 X°+4

CAX+2 (P +AX+ ) -(C+2)  (x+2)
X2 +2 X2 +2 X2 +2

b. B

-1>2-1=B,,,=-1x=-2

2 LY
c. C:(x+2)(x+8)(x>0):x +10x+16:(x 4) 1
X X X

8>18=C_ =18 x=4.

Bai 2: Tim GTNN, GTLN cua cac biéu thac sau

a. A=32_4X b. '3:2;(”

X°+1 X" +2

X" +1 4x°+1

44X
4%* +1
Loi giai

_ 2 2 _9\2

g A-STAX_ X ZAXHAZX Al (X227 45 g MinA=—les x—2-0 x=2

X2 +1 x2+1 x*+1

3-4x 4x*+4-4x*—-4x-1
2 .1 2 =4-"=
X +1 X +1 X +1

Céach khéc:
Nhép dé nham GTLN va GTNN néu c6:

(2x+1)? -1

+) A= 4= A =4 X=—
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azw=ax2+a:3—4x:>a.x2+4x+a—3=0.
X +1

a=-1

Xét A:16—4a2+12a:0:>[
a=4

Khi d6 ta c6 K:( . X4 15 1, déu = Khi x=—2

3—4x X +4x+4
T
X" +1 X“+1

: —4x71 4<4, déu=khi x=2
X +1 x°+1 2

— J— 2_ —
Mat khac K:(?’ 4X_4)+4:4X_4xl
b. B_2x+1_ 4x+2

X242 2(X2+2)

2 _ 2 2 _ _
¥) B=22X+1= 4x2+2 :(x +4x+24) (x +2): (XJZFZ) _32_1:%%":_1<:>X:_2
X“+2 2(x°+2) 2(x“+2) 2(x°+2) 2 2 2
_y2 _ 2 (v _1\?
¥) B:2;<+1: 4x2+2 _ =X :-ZX 1+x2+2: ()2< 1) F1<1m A —1ex=1
X“+2 2(x°+2) X“+2 X“+2 X +2

2 2 2
:4)2(+3:X +4X-2|'4 X 1:(X:'2) _12_1Z>Cmin:_1<:>xz_2
X?+1 X2 +1 X“+1

c.C

2 _ 2 _ _1\2
4X+3  —AX"+4x-1+4X +4: (2x-1) La<

+) C= 4=C :4<:>x:%

X2 +1 X* +1 X2 +1 a e
2 . 2 2
d D- 8x2+3 _ (4x +8x+24) (4x +1):_1+w2_1:> D, =l x=-1
4x°+1 4x°+1 4x°+1
2 _ 2_ _ 2
+) D= 8x2+3 _16x"+4 (126x 8x+1) =4_(4x2 1) S4:>Dmax=4©x=1
4x°+1 4x°+1 ax°+1
2 _ 2_ _ 2
e E- A;x _Ax+1 A;x 1+4x:1_(2x2 1) £1:>Emalec>x:i
4x° +1 a4x° +1 a4x° +1
(A2 2 2 .
" E= zix _ —(4x +1)+2(4x +4X+1)=—1+ﬂ2—1:>Emm=—1@x=—1
a4x° +1 4x° +1 4x° +1 2

Bai 3: HSG Yén Phong Bic Ninh, nim hoc 2014

3(x+1)

Tim GTLN cta bicu thac A=—=2"2
T+ X +x+1

Léi gidi

A 3(x+1) 3

= = <3= =3 x=0.
Crx?+x+1 X2 +1 Aras
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Bai 4: HSG Yén Phong Bic Ninh, nim hoc 2016 - 2017

Tim GTNN ctia c4c biéu thic sau D :w(x €R)
X+
Loi gidi
2 v 2
- 2010>2<+2680 (xeR)= 335(26x+8) _ 335(x +6;<+9 X =1) _ 335(2x+3) 335> 335y 3.
X" +1 X" +1 X" +1 X" +1
Bai 5:
, 2
Tim GTLN cua bieu thtc sau Az%
X"+ X +1

Loi giai
+) Xét x=0= A=0 gié tri ndy khdng phai gia tri I6n nhat cia A Vi véi x=0=A>0

+) Xét x =0 dat P:%:AW@PW

4 2
Taco p=" X _e 1 et L so(Cosi)=P2241=3=P, =3 x=+1
X X X
Bai 6:
Tim min hoac max cua: M = 272_ 12x
X“+9
Loi giai
Phan tich: a= 272_15)( —ax’+9a=27-12x = ax’ +12x+9a-27=0
X+
. a=4
Co A':36—a(9a—27)=0:{
a=-1
: - —4x% —12x - —(2x=3)°
Khi d6 ta c6 : M =[ 22 12X—4j+4=w G| VP!
X“+9 X“+9 X“+9
2 )2
Mt khéc : M = 272‘12X+1j_1=w_ ) R
) X“+9 X“+9 X“+9
Bai 7:
Tim min hodc max cua: P= 8X2+3
4x° +1
Loi giai

——
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Phan tich: E_>4a.x2+a=8x+3=>4a.x2—8x+a—3:0
4x% +1

Co A'=16-4a(a-3)=>a=4;a=-1

. - —(4x-1)’
Khi do p:(ngf3 4j 4= 16X—+8X1+4:#+4S4
4x°+1 4x% +1 4x° +1
- . 8x+3 A% +8x+4 4(x+1)2
Mit khac P=[ g +1j—1=2——1=2—— -1
4x° +1 a4x° +1 4x° +1
Bai 8
Tim min hoac max cua D = 2;(+1
X +2
Loi giai
. 2x+1 , . -1
Phan tich: a== 2:>a.x —2x+2a-1=0,¢c6 A :1—a(2a—1):0:>a:];a:?
X2 +
—x2 - —(x=1Y
Khi d6 D= (2“1 1j+1= S (2 ) 111
x“+1 X +2 X +2
2 J—
Mit khac D = (2X+1 1) 1_x+4ax+4 1. -1
X242 2) 2 2(x2+2) 2 2
Bai 9:
Tim min hoac max cua F=22X_1
X" +2
Loi giai
A s 2x-1 ) Lo 1
Phan tich: a== 2:>a.x —-2x+2a+1=0,C0 A'=1-a(2a+1)=1-2a" —a:>a—§ a=-1
X2 +
_ —(x=2)
Khi doé F= (ZX —1 1)4.&_% 1 u lgl
XX+2 2) 2 2(x+2) 2 2(x+2) 22
2 x+1)°
Mat khac F = (ZX 1+1)—1=X +22X+1—1=( i ) 151
X +2 X +2 X +2
Bai 10
Tim min hoac max cua G = 6)2(_8
X“+1
Loi gidi




6x—8

Phéan tich: a=—; 1:>a.x2—6x+a+8=0, CO: A'=9-a(a+8)=-a’-8a+9=0=a=La=-9
x* +
. - X% +6X— ~(x=3)°
Khi d6 G:(6)2( 8—1j+1= X A0x=9 (); ) 111
X“+1 X“+1 X“+1
) _ 2 3x+1)°
Miit khac G=(6)2( 8+9j—9=9xj—6x+1—9=( 1) g5 g
X“+1 X" +1 x“+1
Bai 11
Tim GTNN cua biéu thic B=———(x>0)
(x+2017)
Loi gidi
Dét A=_B:>Anax<:>Bmin
THCO:A:———i——{X>Oﬁ3A>O

(x+2017)°
DAt A =5 >0(x>0)= Ay & Ay,

2 2 2
o Al:(x+2C017) :(x—2017) +4.2017x:(x—2017) 42017 > 4.2017 — 8068
X X

:>A&min=8068<:>x=2017:>Anax=W168<:>x=2017:>8mm=$é8<:>x=2017

Bai 12:

XZ

4

Tim min hodac max cua P =
X" +1

Loi giai

Nhéap: Pat X’ =t=a=

1
— =at’-t+a=0=a=+>
t°+1 2

1 =
—Z>_=
2 2

2 2(x*+1) 2 2(x" +1)

2
G 1}_1 Cxraxd+l 1 (X4l
x*+1

Khi d6 P:(—+§

2
) 2 4 2 —(x%*-1
Mglt khaC P={X— 1}4—3: X_+2X 1+1= ( ) +

X'+1 2/ 2 2(x4+1) 2 2(x“+1) <

N |-
N |-

, khéng xay ra diu bing

——
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Bai 13:

< . 2(2x+1
Tim min P:—(2 )
X“+2
Loi giai
- 4x+2 2 e )
Nhap: a=— 5 = ax —4x+2a-2=0,C0 A'=4-a(2a-2)=0=a=2a=-1
X* +
e —2x* - —2(x-1)°
Khi do: P=(4f+2—2j+2=wjuz=¥+zsz
X“+2 X +2 X“+2

2
Miit khac: P :(4X+2+1j—1:w—12—1

X2 +2 X% +2

Bai 14:

Xy +x°(X* —y)+1

Tim min hoac max cia:G =—————
2X + X'y +y +2

Loi giai
Xy+xt—xy+1 X' +1 1

Taco: G= X XYY 12 2(X + 1)+ yP (X +1) A2

Bai 15:

Xy? +y? (y? —x)+1

Tim GTLN ctia biéu thic sau A= ———————
XY +2y"+ X +2

(x,yeR)

Loi giai
) 21y (y?—x)+1 4
Ta co: A=Xi 4y (Z 2) (x,yeR)=— y +12
XY+ 2y + X +2 (y +1)(x +2)
Vi y*+1#0vx nén chia ca tir vd mau cho y*+1 ta dugc: A= 21 5
X+

Vi X2 20vx= x*+222vx = A=—; £1<:>x=0;yeR

X +2

——
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BAI TAP TUONG TU

Bai 1:
Tim min hoiac max cua: M = 4;”1
X“+3
Loi giai
Nhép: a:42(+1:>a.x2—4x+3a—1:0, co A':4—a(3a—1):0:>a:—];a:ﬂ
X +3 3
Bai 2:
Tim min hoiac max cua: P=12X—+13
X" +2X+3
Loi giai
Nhap: a:w:a.xz+2a.x+3a—12x—13:0 ,
X +2X+3

Co A'=(a—6)2—a(3a—13)=0:>a:—4;a:g

Bai 3:
2

Tim GTLN cua biéu thiac: —=—

, GTLN d6 dat duoc tai gia tri nao cuaa X
X"+ X +1

L. x> 1 , 1
Taco: P(X)=———5—= =X"+—+1>3
X*+x°+1 P(X) X

Bai 4:
3(x+1)

Tim gid tri I6n nhat cta biéu thuc: B=————~—
X"+ X" +X+1

Loi giai
3(x+1)  3(x+1)  3(x+1) 3

Tacd: B= = = =
X+ x?+x+1 X (x+1)+x+1 (x2+l)(x+1) x?+1

2 =3 Dau bang khi va chi khi x=0

Do x*+1>0=B=

——
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2. Bac caa tir bang bac ciia mau

Bai 1: Tim GTN N cua cac biéu thirc sau

2 _ 2
a A=X 2430 b. B=X "X (x.1
X (x-1)
x> +2x+3 x> —2x+2016
“ET T b=
Lo giﬁi
2 2
a A:LZXJFC%(X?&O)ZB(X 22x+3) (x— ?) 2 3:>An.n—2<:>x=3
X 3X 3X 3 3 3
b. B X x+1( )_4x2—4x+4_x2+2x+1+3x2—6x+3_ (x+1)? 3.3
' (x—1)° A4x-17  A(x-1)7  Ax-D*  Ax-1)* 4 4
2 2 2
c. C=2(x +2x+3)=x +4X+4+ X*+2 (x+2) <:>x:—2

2(x* +2) 20¢+2)  2(x*+2) 2" 2(x* +2) 2

X’ —2x+2016  2016x° —2x.2016+2016 _ (x—2016) N 2015 S 2015

d. D= 5 = > = > > Xx=2016
X 2016x X 2016 2016
Bai 2: Tim GTLN cua cac biéu thirc sau
6X° +2x+19 X2 +2Xx+3
a A== b, =X tX*2
X+ X+7 X +2
Lot giai
6x° +2x+19 2(3X*+x+7)+5 5
a. A: 2 = > :2—|—2—
X+ X+7 X+ X+7 X+ X+7
83_ 83 -1 5 60
bat M =3x*+x+7= 3x+— +—> S X=—= =M _. = =24+—=2—&
( ) 12 12 6 Avax min = Aax 83 83
12
2 2 2 2 2 2
b B_X +2X+3  2X°—X +2x+3:2(x +2)—4—-x +2x+3:2_(x—1) <2 xl

X% +2 X% +2 X242 X242

Bai 3: Tim GTLN, GTNN cua cac biéu thic sau

2 2_oy_
N A:3X Jg2x+3 b. B:w
X°+1 X°+X+1
Loi giai
4 A 3x? +2x+3_2(x +1) (x+1) _oy (X+1) e x=_1
X2 +1 X*+1  x*+1 X’ +1

——
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3 +2x+3_4x°+4 (X' -2x+1) _4_(x—1)2

+) A= = <desx=1
) x2+1 x?+1 x2+1 x2+1
2 o5y 2 (92 2
b, B:X2 2x-2 _3x (22x +2x+2): 23x < 2enx—0
X°+X+1 X°+X+1 X°+X+1
2
+) V(')’I XiOSAZZL—ZZ%—Z
X“+Xx+1 1+=+
X X
Ta lai c6: 1+l+i2=§+(1+£) 22§:>A2§—2=2:>l=_—1<:>x=—2
x x> 4 "2 x4 3 2 X
4
Bai 4:
2
Tim GTLN cua A=>X +6x+10
X +2X+3
Loi giai
1 1 1 2 2
A=3+— =3+ 5 S A l——=lxlX+D)" +2] ., & (x+) +2=2x=-1
X°+2X+3 (x+1)°+2 X+ +2

:;2£1c>x=—1:>Amx=z<:>x:—l
(x+D)°+2 2 2
Bai 5:
2
Tim GTLN cua biéu thirc sau A=W(XE R)
X" +2X+3
Loi giai
2
Taco: A=X X0 _5, 1 3.1 T x-11
X*+2X+3 (x+1) +2 2 2
Bai 6:
L 7 2(x* +x+1)
Tim min hoac max cua: C=————=
X“+1
Lot giai
C:2+22—X, Nhap : a=—"—=>ax*+a—-2x=0,C0 A=4-4a’=0=>a=x+1
X +1 X“+1
2
Khi d6 : C:( 2 +1j—1+2=%x+1+121
X +1 X +1

60
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2X

X2 +1

— 2 —
141422 JZFZX 1+3: >
X“+1 X“+1

Mat khac : cz[

X2+ x+1

2

Tim min hodac max cua: N =
X“+1

Loi giai
X
+1

N =1+

X2

X

x> +1

Nhép a= —ax’—-x+a=0, co A:1—4a2:0:>a=i%

2
Khi d6 ta ¢6 N:( 1) 1_x*+2x+1

1. 1
—+= ——=——+—2=
X2 +1 2 2 2(x2+l) 2 2

2

2
2 - — —(x-1
Mt khac N=( X 1]4_1_’_3_ X“+2x-1 3 —(X )

(
2 2 2(x*+1) +5_2(x2+1)

+3<
XX+1 2 2

N | w

Bai 8:
3x2 —6x+17

Tim min hodc max cua Q =—;
X —2X+5

Loi giai
2

Tacd Q=3+————
Q X* —2x+5

ma x* —2x+5=(x-1)" +4>4=>

2x2 —16x+41

Tim min hodc max cia: R==—;
X*—8x+22

Loi giai
2x2—16x+44—3_2_ 3
x? —8x+22 x> —8x+22

__3
(x—4)2 +6

Tacd R=

Ma x*—8x+22 = (x-4)’ +6> 6= g%:%:—>_




Bai 10:

2

Tim min hoc max cua P=———
X —2x+2010
Loi giai
Ha phép chia ta duoc P:1+22X_A ,
X —2x+2010
Nhép a=%=> ax? —2ax-+2010a—2x+2010=0
X" —ZX+
Co A'=(a+1) —a(2010a+2010)=0=>a=-La=—~
2009
Lam tuong ty nhu cac bai trén .
Bai 11:
2_
Tim min hoac max cua Q=w
X°—2x+1
Loi giai
) —2X+3 <
Ha phép chia ta dugc Q=2+ ——"——— , dat x—-1=t,
a phep 0C Q 7 oxil 5
. , 3-2(t+1) 27— _
khidotaco Q=2+ t(2 il )=2t t22t+1:2_%+t£2’ dat %=a =Q=a’-2a+2
Bai 12:
2
Tim min hodc max cua A=2X+—fx+4
X
Loi giai
A=2+ﬂ+i2 , dat 1=t:>A=4t2+4t+2
X X X
Bai 13:
2_
Tim min hoiac max cua: H :w
X —3x+5
Loi giai
Ha phép chia ta dugc H :3+23X—+2
X°—3X+5
( ]
L %2 )



3X+2

Nhap: a=—; = ax?-3ax—3x+5a-2=0, CO A=9(x+1)’ —4a(5a—2)
X —=3x+5
+
:—11a2+26a+9:0:a:M
11
Bai 14:
2_
Tim min hodc max cua K =L2X+1
X
Loi giai
K=1—f+i2, dat 1=t:»K=t2—4t+1=(t—2)2—32—3
X X X
Bai 15:
2
Tim min hoac max cta N ZM
X +2x+4
Loi giai
Ha phép chia ta dugCc N = 2+2;
X" +2x+4
ma x*+2x+4=(x+1)"+3>3
Bai 16:
X? —2x+1999 X3

Tim min hodc max cia Q =—; —
X°=3x+2 xX°-3x"+2X

Loi giai

2 —_—
Thuc hién phép tinh ta dugc: Q = L;lggg _1- 2, 19?9
X X X

bat 1=t:>Q=1999t2—2t+1
X

Bai 17:
2
Tim min hodc max cua: D:w
X" +2x+4
Loi giai
D:2+2;, ma x2+2x+4=(x+1)2+323
X +2X+4

——
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Bai 18:

2_
Tim min hodc max cua: F :w
X +2X+2
Loi giai
X" +2X+2
Nhap: a=—— = ax’+2ax+4a+2a=0
X +2X+2

cO A'=(a+2)’ -al2a=0=a=2+22

Bai 19:
2x% —2xy +9y°
X* 4+ 2xy +5y°

Tim min hoac max cua H =

Loi giai
Chia c4 tr va mau cho y? ta duoc:

2

272+ 27 -2t +9 6t +1
H=—Y Y qat Xt :_?:__i_zz_Tr_i__
X X y t°+2t+5 t°+2t+5
—5+2.—+5
y y
Nhép:a:—-z6t+1 = at’+2at+5a+6t+1=0,
t°+2t+5

C6: A'=(a+3)’ —a(5a+1)=0:>a=—1;a=%, lam giong cac bai trén

Bai 20:

X% +1

2

Tim min hoac max cia J =————
X —x+1

Loi giai
X" —Xx+1

Nhép:a:—;f——csaxz—ax—x+a=0,u5A={a+nz—4aa=0:>a=xa=%§

X —Xx+1
—x? - x—1)’
—1j+1=2+[ X'+ 2X 1):2—( ) <

X2 —x+1 x2—x+1

X2 —x+1

Khi do: J :1+(L

( )
L %



2
MétkhéC:J=1+( X 1} 1 2 x*+2x+1

2
===t 2>
x>’-x+1 3) 3 3 3(x2—x+1) 3

Bai 21:

5y* —3xy

Tim min hodc max cia Q=——"———
X —3xy+4y

Loi giai

5-3%
Chia ca tir va miu cho y* tadugt Q=——— Y dit *=t=Q="">
X X y t°-3t+4
——=3.—+4
y y

Nhap: a=%:>at2—3at+4a+3t—5=0, c6 A=9(a-1)"-4a(4a-5)=0 :>a=—1;a=%
=3t+

Bai 22:
x> —4y°

Tim min hodc max cua R =—; .
3X" —4xy +5y

Chia ca tir va mau cho y? ta dugc R=——2——, dit X t=R-=
3.5 _4245
y y

3t* —4t+5

t? —

m:>3at2 —4at+5a—t2 +4=0 )
—4t+

Nhap: a=

Cb6 A'=4a*—-(3a-1)(5a+4 :O:>a:—1;a:i
11

Bai 23:
x> —6x+23

Tim min hodc max cua A==
X°—6x+10

Loi gidi
13

Tacod A=1+5———
X —6x+10

——
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Bai 24:

2

y
9x* —12xy +5Yy?

Tim min hoac max cua B =

Loi giai
H 5 o \ X 2 1 - X l
Chia ca tir va mau cho y* tadugc B=—5———,dit ~==t=B=———
X X ot —-12t+5
972—12*4'5
y y
Bai 25:
N : - , 3y?
Tim min hodc max cta D= > >
—25X° 4+ 20xy -5y
Loi giai
- 5 5 \ A 2 3 - X 3
Chia ca tir va mau cho y* ta dugc D= - ,dit —=t=>D=—73——
X X —25t% + 20t -5
—25—+20--5
y y
Bai 26:
2_
Tim min hodc max cua E :4)(—6)(;rl
(x=2)
Loi giai

4t*+10t+5 10 5

bat x—2=t=x*=t*+4t+4,khi d6 E= 7 4+T+t_2
1 ,
bat Eza:>E=5a +10a+4
Bai 27:
2 p—
Tim min hodc max cua F =w
X°—2x+1
Loi giai

bat x-1=t=x*=t*+2t+1,Khido F = 1+=——=

t> +6t—9 6 9
2 = i

bat %:a:> F=-9a°+6a+1

——
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Bai 28:
4x° —6x+3

Tim min hodc max cia G =————
2X° —3x+2

Loi giai
-1

Ha phép chia ta duoc G=2+———
2X°—3X+2

Bai 29:
3x% —2xy + y?

Tim min hodc max cua H = —; _
9x” —6xy +2y

Loi giai

x? X

37 —2.541

Chiacatvamiucho y* tadugc H=—L—Y  qst X=t=H

9% _6% 42

y y

3t -2t+1

=9 "6t 2:>9at2—6at+2a—3t2+2t—1:0,
—6t+

Nhéap: a

co: A'=(3a—1)2 —-(9a-3)(2a-1)=0=a= ;a=§

Wik

C3tP-2t+1
ot* — 6t +2

Bai 30:
4% +22x+19

Tim min hodc max cua | =—;
X°+4x+4

Loi giai

6(t—2)+3
I =4+6X—+32, dat x+2=t= 1| :4+¥:4+§—22
(x+2) t t ot

bat %=a:> | =—9a°+6a+4

Bai 31:
9x? +30x—7

Tim min hoac max cua K =—;
9x°+6x+1

Lai gidi

——
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24x -8 3t-3-8 3 11

K=1+——, dat 3x+1=t=—=3x=t-1=>K=1l+———=1+--==
(3x+1) t t ot
L1 ,
bat E=a:>K=—1la +3a+1
Bai 32:
2 2
Tim min hodc max cia M = — Xy +2y >
2x° =10xy+7y
Loi giai
2
5 X t2 5t +2
Chiacatrvamiucho y* tadugc M=——Y  dit ZotoM=— > "2
2x 10x 2t 10t +7
—-10—+7
y y
s t2_5t+2 2 2 z 2
Nhdp a=—=>U"2 = 2at’ ~10at +7a—t* +5t-2, 06 A=25(2a-1)’ ~4(2a-1)(7a-2)
~10t +
A=O:>a=l;a=E
2 22
Bai 33:
2 2
Tim min hoac max cta N = 22X2 58Xy+7§y
X°—4xy+4y
Loi giai
2
22% _58% 473 oot 581473
Chiacatrvamiucho y* taduge N=—Y — Y g5t ZotoN=2 2000
XX y 2 —4t+ 4
——4—+4
y y
- . 30(a+2)-15
N:22+30t—125,datt—2:a:>N:22+#:22+30aj45:22+@+4—§
(t-2) a a a a
Pt L —b= N =22+300+45°
a
Bai 34:
2
Tim min hodc max caa p = 2% *0%Y
X +y
Loi giai

——
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X2

8% 16X )
_BC46t_ . 61-8

Chia ca tir va miu cho y* tadugc P=—Y Y dat 2ot p== +=
X y t°+1 t°+1
—+1
y
- 6t—8 ) 4 .
Nhép: a=s 1:>at +a—6t+8=0,C0 A'=9-a(a+8)=0=>a=La=-9
+
Bai 35:
2_
Tim min hoiac max cua Q=w
X —2x+1
Loi giai
Q=1+ %2 dat x-1=t=x=t+1. Khido Q=1+ +2_g 1, 1
(x-1) t t ot
L1 )
bat {:a:Q:a —a+l
Bai 36:
N - X2+ Xy +y°
Tim min hodc max cia R=5—"—=
X" =Xy+Yy
Loi giai
2
x X7+5+1 X t* +t+1 2t
Chia ca tir va mau cho y* ta duogc Rzyz—y,dat ~—=t=R=5 =1+
X _X t —-t+1 t°-t+1
———+1
y vy
Nhap: a=- —at’—at+a-2t=0, co A=(a+2)2—4a.a=0:>a=2;a=_—2
t"—t+1 3
Bai 37:
4
Tim min hoac max ciia H =— +12
(x2+1)
Loi giai
2_
bat ¥ +1=t=x*=t-1=x*=t*-2t+1. khi do H =t2t—+1+1:1—g+£2

t? t t

bat —=a=H =2a"-2a+1

—~

69

——
| —



Bai 38:

2_
Tim min hoac max cua | =w
X —8Xx+22
Loi giai
Ha phép chia ta duogc | :2+2L, Ma x> -8x+22=(x—-4)" +6>6
X —8Xx+22
Bai 39:
4
Tim min hodc max cua G =— +12
(x2+1)
Loi giai
biat ¥ +1=t=x"=t-1=x"=t* -2t +1
2_
Khi d G:tt#zl-%n% , dat %:a:G:2a2—2a+1
Bai 40:
2
Tim min hoac max cia K :ZX—+2
X“+X+2
Loi giai
Taco K=1-— X
X“+X+2
Nhép: azz_—X2:>a.x2+a.x+x+2a:0
X"+ X+
1+242

Taco A:(a+1)2 —4a2a=0=a= -

——
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3. Bac ciia tir I6n hon bac ciia mau

Bai 1:
x> +15x +16
3X (X

Tim GTNN cua biéu thirc sau A= eR")

Taco A=

) 2
X +135X+16(XER+):(X 4)" 23 23
X

x® +27
x* =3x* +6x*—9x+9

Tim min hoac max cua: A=

Loi giai
Ha phép chia ta dugc A=x*+3x+3
Bai 3:
Tim min hodc max cia B= x6:512
X" +8
Lot gidi

Ha phép chia ta dugC B=x*-8x* +64= (x> ~4) +48>48

Bai 4:
4 3 2
Tim min hodc max cia G=4x +16X :56x +80x +356
X +2X+5

Loi giai

Ha phép chia ta duogc: G=4(x2+2x+5)+ - 256 , dat X2+ 2X+5 =t = G = 4t + 20
X°+2X+5 t

Sau d6 st dung bat dang thirc cosi 1a ra.
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