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e Dung b6i duwdng hoc sinh gioi cac16p 8,9
e Giup On thi vao 16p 10 chuyeén toan

e Phan dang va phwong phap giai r6 rang
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Yor gici thié
4 ;

Cac em hoc sinh va thay gido, o giao than mén !

Cudn sach Cam nang chitng minh bat ding thirc THCS duoc cac tac gia bién soan
nham gitip cdc em hoc sinh hoc tap t6t mén Toan & THCS hién nay va THPT sau nay.

CAc tac gia c8 gang lua chon nhiing bai tap thudc cac dang dién hinh, sap x&p thanh
mot hé thong dé€ boi dudng hoc sinh kha gioi cac 16p THCS. Sach dwgc viét theo cac chu
dé twong ting véi cac van dé quan trong thuwong duoc ra trong cac dé thi hoc sinh gioi toan
THCS, cling nhu vao 16p 10 chuyén mon todn trén ca nide. Mdi chu dé duoc viét theo cau
trac ly thuyét can nhd, cac dang toan thuwong gap, bai tap ren luyén gitp cac em hoc sinh
nam viing kién thiic dong thoi rén luyén dwoc cac kién thiee da hoc.

Mbi chu dé cé ba phan:

A. Kién thifc cin nhé: Phan nay téom tat nhitng kién thikc co ban, nhitng kién thitc bs sung
can thiét d€ 1lam co so giai cac bai tap thudc cac dang ctaa chuyén de.

B. Mgt s6 vi du: Phan nay dua ra nhitng vi du chon loc, tiéu biéu chita dung nhiing ki
ndng va phuwong phap luan ma chuong trinh doi hoi.

Mbi vi du thwong cd: Loi giai kém theo nhitng nhan xét, Iwu y, binh luan va phuong phép
giai, vé nhitng sai lam thuong mac nham gitip hoc sinh tich lily thém kinh nghiém giai
toan, hoc toan.

C. Bai tdp vin dung:

Phéan nay, cac tac gia dwa ra mot hé thdng cac bai tap duwoc phan loai theo cac dang
toan, tang dan do kho cho hoc sinh kha gioi. Cé nhitng bai tap duoc trich tir cac dé thi hoc
sinh gioi Todn va dé vao 16p 10 chuyén Toan. Cac em hay cd gang tu giai.

Cac tac gia hi vong cudn sach nay la mot tai liéu c6 ich gitp cac em hoc sinh nang
cao trinh d6 va nang luc giai toan, gép phan dao tao, boi dudng hoc sinh gidi & cap THCS.
Mic dit da c6 nhiéu cd gang trong bién soan song cudn sach nay van khé tranh khoi

nhing sai s6t. Chung t6i mong nhan dwgc nhitng y kién dong gop cua ban doc.

Xin chan thanh cdm on!
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BOI DUONG HOC SINH GIOI CAP 2 |

= 1 PHUONG PHAP
E: DUNG PINH NGHiA

A. Kién thiic can nhé
e Dé chitng minh A > B ta xét hiéu A — B va chiing minh hiéu A — B 1a s6 khong am
bang cach don vé cac tong binh phuong.
eLuuy:A?2>0voimoiA; ddu"="xayrakhiA=0.
B. VI DU MINH HOA
*Thi du 1. Chitng minh rang véi moi 8 thiee x ta déu co:
(x=1)(x=2)(x=-3)(x—4)=-1
Huéng dan giai
Xéthiéu: A=(x-1)(x-2)(x-3)(x-4)-(-1)

=[(x-1)(x=4)][(x-2)(x-3)]+1

=(x2—5x+4)(x2—5x+6)+1
Ddt y=x*-5x+5 ta duwoc A=(y-1)(y+1)+1=y’-1+1=y*20
Vay (x-1)(x-2)(x-3)(x-4)=-1
*Thi du 2. Cho a, b 1a cc s6 thyee. Chitng minh rang: a®+b?+1>ab+a+b
Huéng dan giai
Xét hiéu: A =a?+b? +1—ab—a—b=%|:(a—2ab+ b2)+(a2 —2a+1)+(b2 —2b+1):|

1

=E[(a— b)” +(a-1)° +(b-1)° |20
Vay a’+b*+1>ab+a+b
Déng thitc xay rakhia=b=1.
*Thi du 3. Chiing minh rdng véi moi s6 thuc a, b, c ta déu cé: a® +1> a’ (a2 +1)
Hudng dan giai

Xét hiéu: A=a° +1—a2(a2 +1)=a6 —a*-a’+1
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= a“(a2 —1)—(a2 ~1) = (a2 —1)(a4 —1)
=(a*-1)"(a*+1) 20
Tacé A20 do a®+1>0 va (a?~1) 20
Vay a®+1> az(a2+l)
DA&u bang xay ra khi a=1 hoéca=-1
*Thi du 4. Chting minh rﬁmg vdi moi sO thuc a, b, ¢ ta déu co:
2 2 2 19
a“+9b°+c +?>2a+12b+4c
Huéng dan giai
Xét hiéu:
A=(a2+9b2+cz+§]—(2a+12b+4c)=(a2—2a+1)+(9b2—12b+4)+((:2—4c+4)+1
2 2
=(a-1)" +(30-2) +(c-2) +5>0
Tacd A>0do (a-1)°>0,(30-2)">0 va (c=2)" 20

Vay a2+9b2+c2+%> 2a+12b+4c

*Thi du 5. Chting minh bat déng thitc sau v6i X,y khong am (x+y)(X° +y*) > (x* +y? )2
Huéng dan giai

Xét hiéu hai vé&: (x+y)(x*+y*)—(x* + yz)2 =X xy Yyt Xt —2xyE -yt

=xy(y*+x* = 2xy) =xy(x- y) >0

Déng thitc xay ra khi va chi khi x=0, hodc y=0, hodc x=Yy

C. BAI TAP AP DUNG

1) Chitng minh rang v6i moi x ta cd: (x+1)(x +2)(x+3)(x+4)+1>0

2) Chitng minh rang mdi moi a, b, ¢ ta déu cé: a° +4b”> +3c® > 2a+12b+6c-14

3) Chibng minh vdi moi x, y, z ta co:

a) X+ Yy +2° > Xy +yz+ X b)) XP+y 427 22Xy —2XZ+2yz

4)  Chitng minh rang v6i moi x, y ta cé: 4x* + 4xy +4y* > 6y —4
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’g‘ PHUONG PHAP BIEN
% POl TUONG PUONG

A. Kién thiic cé@n nhé
Pé chitng minh A <B ta chttng minh A<B < ..o C<Dvéi C<D ludn dung.
Mobt s6 bat dfmg thttc cdan nhd : Vdia, b, cta cd :
+)4ab < (a+b)’ <2(a”+b?) (e (a=b) 20)
+) a® +b* +c¢® > ab+bc+ca.
+)3(ab+bc+ca)<(a+b+c) SB(a2 +b? +c2)(<:> %(a—b)2 +%(b—c)2 +%(c—a)2 20)

B. VI DU MINH HOA
*Thi du 1. Cho cac s6 thuc a, b, c. Chitng minh dang thtec:

aZ+b’+c?2_ (a+b+cY
3 z( : j 1)

Huéng dan giai

2 2 2 3
Ta et & +b3+c 2[a+b+cj )

3
<::>3(a2 + b? +cz)2(a+b+c)2
& 3(a®+b”+c”)2a” + b’ +¢” +2(ab+bc + ca)
& (a* = 2ab+b*)+(b* —2bc+c’)+(c* —2ca+a*) 20
& (a-b) +(b=c)’ +(c-a)’' 20 (2)
Bat dang thitc (2) ding. Vay bat dang thikc (1) dung
Déng thiic xay ra khi va chikhia=b =c.
*Thi du 2. Chimg minh déng thiic (a”-b’)(c’-d*)<(ac-bd)" (1)
Hudng dan giai
(1) & a’c® —a’d* —b’c® +b’d* <a’c’ —2abcd +b?d’
& 0<a’d?+b%c? —2abcd < 0<(ad —bc)’ (3)
Bt dang thic (3) dung. Vay bat dang thiic (1) dung
Daéng thttc xay ra khi va chi khi ad = bc
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*Thi du 3. Chitng minh rang: a* +b®+c?+d*+e’>a(b+c+d+e) Va,b,c,d,ecR
Hudng dan giai
Ta co:

a’+b*+c’+d’+e’>a(b+c+d+e)
2 2 2 2
a a a a
@T—ab+b2+7—ac+cz+7—ad -|'dz-|'7—ae‘|‘e2 >0

a 2 a 2 a 2 a 2
<|=-b| +|z-c| +|=-d | +|=—e| 20
2 2 2 2
Bat dang thitc cudi cing dung céc phép bién ddi la twong duong nén bai toan duoc

chtrng minh.
D4u “=" xay ra khi: b=c=d =%
*Thi du 4. Chiing minh ring v6i moi s8 thuca, bta c6:  2(a*+b*)2ab®+a’b+2a’h’
Hudng dan giai
Déj v6i a=b thi c6 diu bang ding thiec nén ta tich cic s6’hang dé tao ra nhan tir chung (a- b)2
Bat dang thitc can chiing minh twong duong voi:

a*—2a’p*+b*+a’ —a’b+b* +b*—ab’ 20
=S (a2 —bz)2 +(a3 —b3)(a—b)2 0
o (a-b) [(a+ b)” +(a® +ab+ bz)] >0
o (a-b) [2(a+ b)’ +2a° + 2ab + 2b2] >0
& (a-b)’[3(a+b)’ +a’+b?]20
Vay bat dang thiic duoc chitng minh. Dang thikc xay ra khi va chikhi a = b.

Chii j: Qua hai vi du trén ta nhan thay khi bién d6i twong duwong bat dang thikc bac
hai thuong xudt hién cac dai lugng (a - b)2 ; (b - c)2 ; (c - a)2 voi diéu kién dau déng thirc
xay ra tai a = b = ¢. Do d6 trudc khi bién d6i bat dang thitc ta nén du doan ddu dang thirc
xay ra dé tir d6 c¢6 huodng di hop 1i.

12ab

*Thi du 5. Cho 2 s8 thuc x, y dwong. Chting minh rang: a+b> 9+ ab

Huéng dan giai

Ta co:
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> 12ab
9+ab
< (a+b)(9+ab)>12ab (do9+ab>0)

< 9%a+9b+a’b+ab?>12ab
o (azb—6ab+9b)+(ab2 —6ab+9a) >0
o b(a-3)"+a(b-3)"20(2)

a+b

Vi a,b>0nén b(a-3)°>0va a(b—3)°>0 do d6 (2) ding.

“u_rn

Vay bat dang thitc duoc chitng minh, ddu “=" xay ra khia=b = 3.

, : ? 2_a"+2
*Thi du 6. Cho 2 s6 thuc a, b dwong. Chitng minh rang: ?—bs +-2 %.
2a°+b” 3 2a°+b
Huéng dan giai
a’b 1 a*+2ab

D&y a="b thi c6 ddu bang ciia ding thirc, khi d6 ——— ==; —5—— =1.Nén ta bién doi
2a°+b> 3 2a°+b

nhw sau :

a’ 2 a’+2b a1 a’+2ab _1<:>—(a—b)2(2a+b)>—(a—b)2

25 +b°® 3 2a%+b? T 2a%+b® 3 2a%+b?’ 3(2a2+b3) ~ 2a%+b?

<::>(a—b)2 1 2a+b 20<:>(a—b)2[3(2a3+b3)—(2a+b)(2a2+b2):|
2a’ +b*  3(2a°+1b°)

<:>(a—b)2[2a2 +2b3—2a2b—2ab2]20<:>(a+ b)(a-b)' >0

Ta c6 bat dang thiic duoc chitng minh.
*Thi du 7. Cho c4c 8 thuc a, b khdng dong thoi bang 0. Chting minh rang:

2ab b’ 3

+ > —

a’ +4b> 3a’+2b° 5

Hudng dan giai
2
Dffu ding thitc xéy ra véi a=b, khi d6 —22_ -2, _ & _ 1 \an ta ta bith d6i
a’+4b> 5 3a’ +2b’
2

bat dang thiec thanh 2. 2 1 b > 0. Téi day ta quy dong hai vé va phan

5 a’+4b*> 5 3a’+2b’
tich thanh cac binh phuong.

B4t dang thitc can chitng minh tuong duong véi

2ab 1 b?

2
2ab b L1 >0
a’+4b> 5 3a®+2b?

+
a’> +4b> 3a’ +2b’

SE@%-
5 5
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% -10ab+8b* _ 3a*-3b" _ _ 2(a-b)(a-4b) 3(a-b)(a+b)

a’ +4b? 3a® +2b? a’ +4b° 3a® +2b’
& (a -b)[Z(a -4b)(3a% +2b* )+ 3(a + b)(a’ +4b2)} >0

>0

& (a-b)(9%’ - 21a’b + 16ab* - 4b*) 2 0 & (a- b)2 (3a- 2b)2 >0

Bat dang thitc cudi cing luén dung. Vay bat dang thiic dwoc chiing minh.
Déng thitc x4y ra khi va chi khi a = b hodc 3a = 2b

*Thi du 8. Cho a, b 1a cac s6 thuc duong tuy y. Chting minh rang:

2 2
3a” +2ab+3b 22’2(a2+b2)
a+b

Hudng dan giai

Déng thitc x4y ra khi a = b, do d6 ta cd bién ddi bat dang thizc lam xuat hién dai luong

2 /, < 7 M 7 . 7 7 v A A? A~ fN A ” 7
(a - b) . Bat dang thitc can chitng minh c6 chtta can, nén dé xuat hién nhan ttr chung co

dang (a - b)2 ta can cht y dén phép bién doi 2 (a2 + bz) - (a + b)2 = (a - b)2

2
Khi d6 ta c6 2(a2+b2)-(a+b)= (a—b)

‘/2(a2 +b2)+(a+b)

Ta bién d6i bat dang thiic can chttng minh nhu sau

3a® + 2ab + 3b? .

a+b
3a’ + 2ab + 3b?
o

a+b

(a-b)
= >
a+b 2(a2+b2)+(a+b)

& (a-b) | J2(a? +b7) +(a+b)-2(a+b) |20

2 2(a2 +b2)

-2(a+b)=22(a’ +b*)-2(a+b)

@(a-b)z[ 2(a2+b2)-(a+b)}20<:> 2(a2(:;))4+a+b>0

B4t dang cudi cing dung do a , b duong. Vay bat dang thiic duoc chirng minh.

*Thi du 9. Cho biéu thitc: P =xy(x —2)(y+6)+12x* — 24x + 3y* + 18y + 36.
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Chttng minh P luon duwong vdi moi x;y thugc R .
(De todn vao Iop 10 Quang Ninh nim 2010-2011)
Hudng dan giai

Ta c6: P =xy(x—2)(y+6)+12x> — 24x + 3y’ +18y + 36.
=xy(x—2)(y+6)+12x(x—2)+3y(y+6)+36
=x(x-2)[y(y+6)+12]+3[ y(y+6)+12]
= (y2 + 6y+12)(x2 —2X + 3)
Ma y*+6y+12=(y+3)"+3>0

X2 -2x+3=(x-1)"+2>0
Vay P >0 véi moi x;y thudoc R
*Thi du 9. Cho cac s thuc dwong a, b. Chitng minh bat dang thc :

a +£+ 16 25(£+1].

b2 a® a+b a b

Hudng dan giai

iz+£2+—16 25(£+1)
b a a+b a b

(al](bl](4 11)
S| —=-=|+| === |+4] —-===|2
b? b a’ a a+b a b
a—b_l_b—a_l_44ab—(a+b)2>
b> a*  (a+b)ab
(a-b)’(a+b) 4(a-b)’ >0
a’b? (a+b)ab
& (a=b)’[(a+b)’—4ab]|>0

Taco:

S

o (a-b) 20
Bat dang cudi cing nén ta c6 diéu phai chitng minh.

Déng thttc xay ra khi a=b > 0.

C. BAI TAP AP DUNG

1) Chitng minh rang vdi moi s6'thyc a, b ta cé: a* +b* +1>ab+a+b
2) Chitng minh rang méi moi a, b, c ta déu c6: a® +4b* + 4c? > 4ab — 4ac +8bc
3)  Chitng minh bt ding thitc X+y<xy+1v6i x>1,y>1.

4)  Chitng minh rang v6i moi x, y ta co: (x+y)(x*+y*)2(x* + yz)2
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21.2 2 2
5)  Choa, bli hai s6 thiec khic khdng. Chitng minh ring: —2 243 P54

(a2+b2)2 b> a

6) Cho cic s0'thuwc dirong a, b, m, n (m > n). Chitng minh rang:

a b 2
+ >
na+mb mb+na m+n

7) Cho a, b la cic 56 thee dwong tiy y. Chitng minh rang:

2 2
2ab L |2 +b S ab+a+b
(a+b) V' 2 2

8) Cho x, y la cdc 0 thuc dwong tiy . Chieng minh rang:

1 1 1
+

(1+x) (L+y) 1Hw

\%

9) Cho x, y la cdc 6 thyc théa manx #y,x # 0,y # 0 . Chieng minh rang:

1 1
—+
2

1,4
o)

10) Cho x, y la cdc s6'thuwec khong dm tiy y . Chieng minh rang:
va+b S\/;+\/g£1/2(a+b).

Khi nao cé ddu ding thiec ?
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= PHUONG PHAP
E: PHAN CHUNG

A. Kién thic cén nhé
DPé chiing minh A>B.

* Cac buwdc giai:

e Budc 1: Gia sit xay ra ménh dé trai vdi yéu cau can chirng minh ( tiec la A < B).

® Budc 2: Sau d6 van dung cac kién thire da biét va gia thiét caa dé bai dé€ ching to diéu
gia st (A < B) la sai.

® Budc 3: két luan yéu cau can chiing minh la ding.

B. VI DU MINH HOA
*Thi du 1. Chitng minh rang: (a+ b)2 > 4ab

Huéng dan giai
Gia stt (a+b)’ < 4ab, khi d¢:

a? +2ab+b? < 4ab < a® —2ab+b? <0< (a—b)’ < 0diéu nay la sai véi moi a, b.
Vay gia st trén 12 sai, diéu phai ching minh la ding. Ttc 1a: (a+b)’ > 4ab
*Thi du 2. Cho a +b = 2. Chttng minh ring: ¥/a +%b <2

Huéng dan giai

bit %/_:a;i/y:b:x=a3;y=b3.'facé: x°* +y® =2.Can chitng minh x+y<2
Gia stt X+ Yy > 2 thi: (x+y)3>8:>x3+y3+3xy(x+y)>8:2+3xy(x+y)>8
=S xy(x+y)>2=xy(x+y)>x+y% (vi X +y° =2)
Chia ca hai v& cho s8 duong x+ y ta dugc:xy > X2 —xy+y? = 0> (x—y) (vd ly)
Vay x+y<2 tiecla Ya+3b <2

*Thi du 3. Choba sd a, b, ¢ €(0;1) . Chimg minh rang c6 it nhdt mot trong cac bat dang

thitc sau day la sai:a(1-b) >%; b(1-c) >%; c(l-a) >%.
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Huéng dan giai

Gia stt ca ba bat dang thikc trén déu dting. Theo gia thiét ta co:

a,b,c,(1-a),(1-b),(1-c) déu la cac s6 duong, suy ra: a(l—b)b(l—c)c(l—a)>6i4 (1)
2
Mt khac: a(l-a)=a-a’ :1—(1—a+a2]:1—(1—aj si
4 4 4 \2 4
. 1 1
Tuongtutaco:b(l—b)sz; c(l—c)SZ
Suy ra: a(l—b)b(l—c)c(l—a)é(s—];‘r; (2)

Ta c6 (1) mau thuan (2) nén giai str 1a sai, diéu can chiing minh 1a ding. Tt 1a véi

a, b, c €(0;1). Thi it nhdt mot trong cac bat dang thikc sau day la sai:
1 1 1
a(l-b)>=;b(1-c)>=;c(1-a)>= (dpem).
4 4 4
*Thi du 4. Chting minh réng néu: a,.a, > 2(b, +b, ) thi it nhat mdt trong hai phwong trinh
sau c6 nghiém: x* +a,x+b =0,  (1); x*+a,x+b, =0  (2).

Huéng dan giai

Giai sit phwong trinh (1) va (2) déu vo nghiém.
Khi d6 ta c6: A; <0;A, <0 = A, +A,<0=a’—-4b +a,° —4b, <0
=a’+a, —4(b +b)<0=a’+a,° <4(b +h,)<2aa,
=(a,-a,)" <0.
biéu nay la sai véi moi a,,a,.

Vay giai str la sai, diéu can chitng minh la ding. Ttkc la néu: a,.a, > 2(b, +b,) thiit

nhat mot trong hai phuong trinh sau cé nghiém: x* +a,x+b, =0, (1); x* +a,x+b, =0 (2).

*Thi du 5. Véi moi s6 thuc x, y, z. Chitng minh rang c6 it nhat mot trong ba bat dang

thire sau la sai: |x| <|y—z[;|y| <|z—x|;|z| <|x -]

Huéng dan giai

Gia stt ca ba bat dang thtec trén déu dtng

= X’ <(y—z)2 :xz—(y—z)2 <0=(x-y+2z)(x+y-2)<0 @..
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Tuwong twtacd: (y—z+x)(y+z-x)<0 (2)
(z—x+y)(z+x-y)<0 (3)
Nhan v& véi v& (1); (2); (3) ta dugc:(x—y+2)° (y-z+x)’ (z—x+y) <0 (vd ly)

Vay giai st 1a sai, diéu can chirng minh la dung. Ttc la: V&i moi s6 thuc x, y, z. thi
c6 {t nhat mot trong ba bt déng thirc sau la sai: x| <|y—z|s|y|<|z—x|;|z| <|x- V]

*Thi du 6. Céc sd thuc a, b, c thod man diéu kién a’ +b® +ab+bc +ca < 0.
Chting minh rang a’® +b? < c?.
(Trich dé todn vao 10 Chuyén Thdi Binh nam 2007-2008)
Hudng dan giai
Giastr a’+b® > ¢? T gia thiét suy ra a* +b* +a* +b* +2(ab+bc+ca) <0
Lai c6: a® +b® +a” +b* +2(ab+bc+ca)>a’ +b* +c’ +2(ab+bc+ca):(a+b+c)2
:>(a+b+c)2 <0 (voly)
Vay a’ +b* < c.
*Thi du 7. Céc s duwong x, y thoa man diéu kién x* +y® =x-y.
Chting minh rang x* +y® <1.
(Trich dé toan vao 10 Chuyén TP H6 Chi Minh nam 2006-2007)
Hudng dan giai
T gia thiét ta ¢ x>y >0 . Gia sit x> + y* >1, khi d6 tir gia thiét ta suy ra
x* +y° s(x—y)(x2 +y2)<:>x3+y3 < x4 xy? —yx? —y°
oSxy —yxr -2y 20 y(xy—x2 —2y2)20 (*)
Vi x>y>0nén x(y-x)<0= x(y-x)-2y* <0.Do d6 (*) khong thé xay ra. Mau thuan
nay ching to x* +y* <1.
*Thi du 8. Cho 30 a, b, ¢ d6i m¢t khac nhau. Chirng minh réng ton tai mot trong cac s
9ab,9bc,9ca nho hon (a+b+ c)2 :
Hudng dan giai
Gia st nguoc lai 9ab > (a+b+c)2 ,9bc > (a+b+c)2 ,9ca > (a+b+c)2.

Cong hai vé bat déng thiic ta c6: 3(a+b+c)’ <9(ab+bc+ca)
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o (a+b+c) <3(ab+bc+ca) < a’ +b? +c? <ab+bc+ca
o (a-b) +(b-c)’ +(c-a)’ <0 (1)
Theo d4u bai a,b,c d6i mot khéc nhaunén (a—b)’ +(b—c)* +(c-a)’ >0 (2)
Vi (1) va (2) mau thuan nhau nén ta cé diéu phai chiing minh.
*Thidu 9. Cho a>4,b>5,c>6 va a* +b* +¢* =90. Chtirng minh: a+b+c >16.
(Trich dé toan vao 10 Nam Dinh nam 2006-2007)
Hudng dan giai
bat: a=x+4,b=y+5c=z+6 thi X,y,z>0 va diéu kién cua bai toan tré thanh

(x+4)2 +(y+5)2+(z+6)2 =90

X2 +y +28 +12(x+y+2)-4x-22=13. (1)

Ta can chitng minh a+b+c>16 < x+y+z>1.

Gia st ton tai x,y,z >0 thoa man (1) nhung lai c6 X+y+z<1. (2)

Khi d6 hién nhién x,y,z €[0;1)nén x* <x,y* <y,z* <z, hay X’ +y* +z* <x+y+z.  (3)

Tt (1), (2) va (3) ta co:
13=x*+y* +2° +12(x+y+12)—-4x—22<13(X+ y+2)—4x—-22 <13(x+y+12)<13.
Mau thuan nay chiing to x+y+2z>1 hay a+b+c >16.

a+b+c>0

% Thi du 10. Cho cac s6 thuca, b, cthodman tab+bc+ca>0.
abc >0

Chttng minh rang ca ba s6 déu duong,.
(Trich dé todn vao 10 Chuyén Lam Son ndam 2008-2009)
Huéng dan giai
Gia st trong ba sO a, b, ¢ c6 mot s6 khong duong. Khong mat tinh tong quat ta xem
a<0.Ma abc >0nén a=0dodo a<0.
Laicé a+b+c>0nén b+c>0suyraa(b+c)<0.
Theo gia thiét thit hai ab+bc+ca>0 tacé a(b+c)+bc>0= bc>0.
Vi thé abc <0 (mau thuan véi gia thiét thit ba).
Chiing t bat dang thiic duoc chiing minh.
*Thi du 11. Cho a, b, c1a cac s6 thitcc khong dm théa man a + b + ¢ > abc. Ching minh
rang: a’+b’ +c* > abc
Hudng dan giai
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Néu mot trong 3 s6 bang 0 thi bat dang thitc duoc chitng minh vi thé chi can xét
a,b,c>0.
Gia st bat dang thtrc can chitng minh 1a sai, titc 14 a”> +b® +¢* < abc. Khi d6 ta c6
abc > a® +b? +¢* > a’ nén bc > a.

Chiing minh twong tw ta duwoc b < ac, c < ab

Trdésuyraa+b+c<ab+bc+ca.
M3t khéc ta lai c6 abc > a> +b®> +¢> > ab+bc+ca = abc > ab+bc +ca
Két hop hai bat dang thitc ta dwoc abe > a + b + ¢, bat dang thitc nay mau thuan véi gia
thiét cta bai toan.
Vay diéu gia sit khong thé xay ra, ttec la bai toan duoc chitng minh.
% Thi du 12. Cho a, b 1a céc sO thuc thoa man cac diéu kién sau:
-1<a+b<l —-1<a+b+ab<l1
Chitng minh rang; —-2<a,b<2
Huéng dan giai
Vi vai tro ctia a, b nhw nhau nén ta chi can chitng minh -2 < a < 2. Viéc chitng minh
—2 < b £ 2 hoan toan tuong t.
Gia st bat déng thiec —2 < a <2 lasai, khidotaco a >2 hoac a < 2.
+ Xét truong hop a > 2, khidotr -1<a+b<lsuyrab<l-a<1l-2=-1,doddta
duoc ab < -2 ma a+b <1 nén a+b+ab < -1 diéu nay mau thuan véi gia thiét thit hai
cua bai toan. Nhu vy truong hop nay khong xay ra.
+ Xét twong hop a < -2, khidétr -1<a+b<lsuyrab>-1-a>-1+2=1,dodd
ta duwoc ab < -2 ma a+b <1 nén a+b+ab < -1 diéu ndy mau thuan vdéi gia thiét thi
hai cta bai toan. Nhu vay treong hgp nay cling khong xay ra.
Cac két qua trén chiing to diéu gia stv khong thé xay ra, tiec la bai toan duoc chitng minh.
*Thi du 13. Cho a, b, c 1a cic s8 nguyén duong thoa man a’ + b’ = ¢ (1 + ab).
Chting minh rang; azc va b2c
Hudng dan giai
+ Trudc hét ta chimg minh a > ¢. Ta viét lai gia thiét 1a a” —¢” = b(ac’ —b).
Gia stt a < ¢ khi dé taduwoc a® — ¢’ = b(ac2 —b) <0< b>ac’.

Ma ta lai thay b(b —aCQ) >b > ac’.

Nhu vay ta dwoc ¢® —a’ —ac® > 0.

\ \ ’ A A A 2 2 2
Ma do a, c la cdc s8 nguyén duong nén ta duoc ¢* —a’ —ac’ = ¢ (1 — a) —a’ <0.
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Hai bat dang thitc nay mau thuan véi nhau. Do d6 khong thé xay ra a < ¢, ttc 1a ta c6 bat
dang thtec a > c.

Hoan toan twong ty ta chirng minh duoc b > c.

Vay bai toan duwgc chitng minh xong.

*Thi du 14. Cho a, b, c la cac s6 thuec duwong thoa man diéu kién abc = 1. Chitng minh

. 1 1 1
rang: + + >1

Ji+8a 1+8b 1+8c

Hudng dan giai

1 1 1
batx = —; y = ; Z = .
V1+ 8a V1+8b V1+8c
2 2 2
Suyraaz1 }j;b:1 };;c:l—zz,khid(’)tadu’oc()<x;y;z<1.
8x 8y 8z

Vi abc = 1 nén gia thiét duoc viét laila 8'x".y* 7" = (1-x*)(1-y*)(1-7") va bt déng
thirc can ching minhla x +y +z > 1.

Gia st bat dang thikc can chitng minh 1a sai, tizc 1a ta c6 bat dang thite x +y +z < 1.
Khi d6 4p dung bat dang thitc Cauchy ta duwgc

1—x2>(x+y+Z)2—X (Y”)[(X )( )J

y+z \/(X+y >0

Ap dung tuong tu ta c6

1-y° >2(X+z)\/(x+y)(y+z) >0; 1-7° >2(X+y)\/(x+z)(y+z) >0

Nhan theo vé& cc bt dang thikc trén ta dwoc

8'x’y'z’ = (1—X2)<1—y2)(1—22) > (x + y)2 (y+ z)2 (z + z)2

Hay 8xyz > (X + y) (y + z) (z + x), rd rang bat dang thitc cudi cing 1a mot bat dang thikc

sai. Vay diéu gia st khong thé xay ra, tic 1a bai toan dwoc chirng minh.
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*Thi du 15. Cho a, b, c la cac s thuc théa man dong thoi cac diéu kién sau:
a<b<ca+b+c=6;ab+bc+ca=9

Chting minh rang: O<a<l;l<b<33<c<4
Huéng dan giai
T gia thiét cua bai toan, ta suy ra
a’ +b* + ¢ :(a+b+c)2 —2(ab+bc+ca) =18
Mt khac, vi a, b, cla cac s6 duong cho nén

(b + 0)2

2
9=ab+bc+ca<a(b+c)+ :a(6—3)+(6_2a)

3
Hay 3%—3&<0,tirdésuyraO<a<4,dovéy0<a<b<c

Khi dé 18 =a’+ b’ +¢* <ac+bc+c’ :c(a+b+c):6c.Suyrac>3.

Bay gio ta ching minh ¢ < 4. That vay, gia st ¢ > 4 khi d6 ta dugc c? > 4c, tir day ta
suy ra

18=a’*+b’+¢’ >(a+b)2

2
Hay %—20<0<:>O<c<4.Méuthu5nvéi(:24,dovéyc<4

Tedotaco 3<c<4
Ciing tir day tasuy ra a < b < ¢ < 4. Ta ching minh a < 1. Thatvay, giase a > 1

Khidétadugc 1<a<b<c<4,suyra
(a-1)(a-4)<0; (b-1)(b-4)<0; (c-1)(c—4)<0
Hay a’ <ba—4; b* <5b—4; ¢’ <5c—4
Cong theo vé'ba bit ding thic trén ta duge a” +b* +¢* <5(a+b+c)-12=18

Diéu nay mau thun véi diéu kién a° +b* +c¢” =18 . Dodd a <1.Vay 0 <a < 1.
Cubi cung ta ching minh 1 <b < 3
Thatvay,via<lvac<4,dodob=6-a-c>6-1-4=1hay b>1

Ta can chiing minh b < 3.

Giastt b > 3, khi d6 ta co (b—3)(c—3)20

Hay be23(b+c)-9=3(6-a)-9=9-3a
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Tl‘rdc’)suyra9=ab+bc+ca=a(b+c)+bc2a(b+c)+9—3a
Hay a(b+c—3)£0

Panh gia cudi cung la mot danh gid saido 3 <c <4.Vivay giastt b > 3 la sai.
Do do b < 3.Vaytaduwocl<b<3.
Nhu vay bai toan dugc chitng minh xong.

*Thi du 16. Cho 25 s0 tit nhién a,,a,,...,a, thoa man diéu kién

LN S S S
o

Chitng minh rang trong 25 s tu nhién d6, ton tai hai s§ bang nhau.

Huéng dan giai

Gia st trong 25 s6 ti nhién a , a,,..., a, khong cé hai s6 nao bang nhau. Khong mat tinh

tong quat ta cé thé chon a, <a, <...<a,.Khidé tacd

1 1 1 1
—4+—4- o4+ —

1 1
Suy ra ta dwoc ——+-—F—+---+ <

Mat khéc ta chitng minh dwoc

1 1 1
- 4.4

2

2 2
—=l+—F=+——F+...+
V25 22 23 T 2V

<1+2

A N x 7. ]- ]- 1
Ditunay dantéi ——+-——+-+—<9
V al V a? V a25
B4t dang thitc thu duoc mau thuan véi gia thiét ctia bai toan.

Vay diéu ta gia st la khong xay ra hay bai toan dugc chitng minh.
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*Thi du 17. Cho a, b, ¢, d 1a bdn s6 thiee dwong bat ki. Chiing minh ring ba bat dang

thirc sau khong thé cung xay ra:

a+b<c+d (1)
(a+b)(c+d)<ab+cd (2)
(a+b)ed < (c+d)ab (3)

Huéng dan giai

Gia st ton tai bon sd duong a, b, ¢, d thoa man ca ba bat dfmg thitc.

Tt bat dang thiec (1) va bat dang thite (2) ta c6

(a+b)2 <(a+b)(c+d)<ab+cd
<:>cd>(a+b)2—ab:(a—b)2+3ab23ab
= cd > 3ab (4)

Mait khac ta lai co

(a+b)cd < (c+d)ab
= (a+b)2 cd < (c+d)(a+b)ab < (ab+cd)ab

= ab (ab + cd) > (a + b)2 cd > 4ab.cd
= ab (ab + cd) > 4ab.cd
= ab > 3cd (5)

Ta thdy hai bat dang thitc (4) va (5) mau thuan véi nhau.
Vay diéu gia st trén khong thé xay ra, ttec la bai todn duoc chirng minh.
C. BAI TAP AP DUNG

1) Cho a+b =2cd . Chitng minh rang it nhit mot trong hai bit ding thirc sau la ding:
c’za; d®>b
2) Choa, b, c la cdc s6'thuc bat ki. Chieng minh rang c6 it nhdt mot trong cic bat ding thirc sau
ddy la ding: a® +b® > 2bc ;b® +¢® > 2ca; c’+a’ > 2ab.

3) Cho abc # 0. Chitng minh rang it nhat mét trong ba phwong trinh sau cé nghiém:
ax? +2bx +¢ =0;bx* + 2cx+a = 0;cx’ +2ax+b =0
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4) Chirng minh ring trong ba bat ding thitc sau ddy, c6 it nhit mot bit ding thirc

2 2 2
ding:a® +b? >@;c2+b2 >@;a2+02 >M

5) Chitng minh rang khong cé 3 s6" duong a, b, ¢ nao thod man cd ba bat ding thitc sau :
a+1<2;b+1<2;c+1<2
b c a
6) Cho 2015 s6'tw nhién a_, a

19 Qyyeeny @y khidc 0 thoa man diéu kién:

1 + 1 + 1 +m+—¥L—289
\/;1 \/g \/;3 a2015

Chieng minh rang trong 2015 6ty nhién do luén ton tai hai s6' bang nhau.

7) Choa, b, c la cic s6'thyee dwong théa man diéu kién abc = 1. Chitng minh rang:

1 1 1

+ + <1.
Ji+5a Ja+5b a+5¢

8) Cho x, y la cdc s6 thyc thoa man 'y 20 va y(y +1) < (X+1)2 :
Chieng minh rang y(y —1) < x2

9) Cho x, y, z L cdc s6 thuc théa man X+ Y + 2 > 5. Chieng minh rang cé it nhét hai trong so cdc

biit dang thitc sau ding :

2X+3y+62>14, 2y+3z+6x>14, 2z+3x+6y=>14.
10)Cho X>2,y>3,2>4 va X* +Yy* +2° = 38. Chitng minh : X+ Yy +2 >10.
11)Cho a,b,c,d € (0,1) . Chitng minh rang it nhat mot trong cdc bat dﬁng thikc sau sai :
2a(l-b)>1 3b(l-c)>2, 8c(l-d)>1 32d(l-a)>3.
12)Cho a>3,b>4 va a® +b* = 34.. Chitng minh : a+b>8.

13) Cho cic s6'nguyén x, y. Chieng minh rang c6 it nhat mot trong hai bt ding thikc sau sai :

i>i(i+i] B P
xy 5Ly ) x(x+y) VB X (x+y) |
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= PHUONG PHAP
E: TAM THUC BAC HAI

A. Kién thiic cé@n nhé
Xét tam thitc bac hai f (x)=ax*+bx+c=0 (*) (a=0).Ta co biét thirc
A =b? —4ac.
1) Diéu kién c6 nghiém cua tam thirc bic hai :
- Néu A >0 thi phwong trinh f (x) =0c6 nghiém
- Néu A <0thi phuong trinh f (x) =0 v6 nghiém.

2)  Hé thirc Viet : Goi X, X, 1a hai nghiém ctia phuwong trinh f (x)=0 thi

X +X, =——
1 2
a

C
XX, = a
Dat S = x, +Xx,,P = x_.x, thi ta c6 bt dang thtec: $? > 4P.
B. VI DU MINH HOA

*Thi du 1. Tim gid tri nho nhat ctia bi€u thite A= x* +3x 1.

Hudéng dan giai
Taco X* +3x—-1-A=0 (1)

D& phuong trinh (1) 6 nghiém thi: A>0< 3 -4(-1-A)20<13+4A>20< A2 —%

Ddu “=" xay ra khi A =0hay x = —%.

Vay gid tri nho nhat ctia A Ia —% khi x = ‘%

*Thi du 2. Cho x, y thoa man: X* +y* = x+2 (6)

Hay tim gid tri 16n nhat, gia tri nho nhat caa P = x+2y.
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Huéng dan giai
Tacd P=x+2y = x=P-2y. thay vao (6) ta dugc:
(P—2y)2 +y?=(P-2y)+2<5y*+2(1-2P)+P?*-P-2=0 (7)

Dé phuong trinh (7) ¢6 nghiém thi:

A'=(1-2P) -5(P*-P-2)>0
& P?2-P-11>0

1-35 1+35

P< .
2 2

IN

=

Ta co:

e Lo 221 36 1 36
2 5 5 2 10

14375 |, yzza—1:3J§1X21+ﬁ

+) P= > :
2 5 5 2 10

1-3J5 1+35

Vay minP = ,max P =
2 2

*Thi du 3. Tim cap s0 (X, y) sao cho y nho nhat thoaman: x* +5y* +2y+4xy—-3=0
(Trich dé chuyén ngoai ngit, DHNN Ha N§i 2004 -2005)

Hudéng dan giai

Viét lai diéu kién dudi dang: x* +4xy +5y° +2y—3=0 (1)

Vix, y théa man (1) nén phuong trinh (1) c6 nghiém x hay

A, 204y’ —(5y° +2y-3)20o y* +2y-3<0< -3<y<l.

y =—3khi va chi khi x =-2y =6.

Vay gia tri nhé nhat ctia y la —3khi x =6.

*Thi du 4. Tim s6 thucx, y, zthéaman: x+y+z=1 (1) va x*+2y*+3z° =4 (2)

sao cho x dat gia tri 16n nhat.
Huéng dan giai

Tt (1) suy ra z=1-x-y, thay vao bién d6i ta dugc: 5y +6(x—1)y+4x* —6x-1=0 (3)

Dé phuong trinh (3) c¢6 nghiém thi:

A'=9(x—1)" —20x? +30x+5=-11x* +12x +14> 0 = 6_1— “11903 X §6+1— \'1190
Vi x dat gié trj 16n nhdt nén x = 6+1_ \/1190 L y15- :5\/190 ,_10- :5\/190_
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% Thi du 5. Cho cac sO thuc X, Y,z théa man diéu kién: x+y+z=1. Tim GTLN cua biéu
thiee: P =9xy +10yz +112x.

Huéng dan giai
Thay z=1-x-y vao P tac6: P=9xy+2z(10y+11x)=9xy +(1-x—y)(10y +11x)
=-11x* +(11-12y) x—10y* +10y hay 11x*+(12y-11)x+10y* =10y + P =0. D& phuong trinh
c6 nghiém diéu kién1a A >0« (12y-11)° ~4.11(10y* ~10y + P} > 0 hay

74( , 22 121) 74( 11}2 495 495
_ + < D

_206y? +176y +121-44P 20 < P<— 1o _y2 22y 121} Af, 11}, 495 49
11l 377 206) 7 11”27 148 " 148
d6 GTLN ctia P 13 222 dat dwoc khi x= 22y = L., 20
148 727737
2
*Thi du 6. Tim gia trj 16n nhat v nho nhét ciia biéu thiic: P = 2)‘—*11
X" =X+

Huéng dan giai
2
Tacéd x* —x+1= (X—%) +% >0, do d6 P ludn xac dinh véi moi x.

X2 +1

p—_~ "=
X2 —x+1

e V4i P=1thi x=0.

& (P-1)x* —Px+P-1=0 (*)

o V6i P21, tacd: A=P?-4(P-1)" =-3P% +8P 4.
Dé phurong trinh (*) c6 nghiém thi A>0< P> % (1) hodc P< 2 (2)
D&u bang ¢ (1) xay ra khi x = —1.
D&u bang & (2) xay ra khi x =1.
Vay gia tri nhé nhat cua P la % khi x =-1., gid tri lén nhadt caa P la2 khi x=1.

X —xy + y?

2

*Thi du 7. Tim gid tri I6n nhat va nhé nhat cua biéu thic: P = =
X5+ Xy +Y

Huéng dan giai
Véiy=0thiP=1.

Voi y=0tacd P= ~a)

5 —

2
y y —az_a+1(dét£
X a“+a+1 y

+5+1
y y

2
Ta 6 a’ +a+1:(a+%j +%>o, do d6 P ludn xac dinh véi moi a.
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a’+a+1

P=— — ~“«— Pa’-Pa+P=a? +a+1<:>(P—1)a2 -(P+1)x+(P-1)=0 (*)

a’—a+1
e V&i P=1thi a=0.

o V6i P21, tacd: A=(P+1)" —4(P-1)" =-3P? +10P -3,

Dé phuong trinh (*) c6 nghiém thi

A20<:>3P2—10P+3£O<:>(3P—1)(P—3)s0©%§Ps3(a¢1)

Véi P=%th‘1 a=le x=y£0

V6i P=3thia=-1<x=-y=#0

Vay gia tri nhé nhat cua P la % khi x=y#0, gid tri lon nhdtcua P la3 khi x=-y =0

*Thi du 8. Cho hai s6 thuc x, y thay d6i va thoa man hé thite x* + y* =1 . Tim gia tri 16n

, , 7 2(x* +6xy)
nhat va nho nhat caa bieu thtec: P = ————=-.
1+2xy+2y

Hudng dan giai

B 2(x* +6xy) B 2(x* +6xy)

1+2xy +2y2 X2+ y2+2xy+2y2

Néuy=0thi x* =1.SuyraP=2.
Xét y =0 .Taco:

R G0

%+ 2xy + 3y [x) [x] +2t+3
y

o (P-2)t2+2(P-6)t+3P=0 (1).
V6i P =2, phuong trinh (1) c6 nghiém t:%

Véi P = 2, phuong trinh (1) cé nghiém nghi va chi khi
A'=-2P?-6P+36>0«< -6<P<3.

. 3 1
P =3 khi x——, — hodcx=—-——,y=——+—.
+/10 Y= ~/10 V10 Y ~/10
2
P=-6khi x=—— ———hoac x_——,y:—.
\/ J13 V13’7 13

Vay gia tri 16n nhat caa P la 3, gia tri nhé nhat cua P 1a -6.
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Xy

*Thi du 9. Tim gia tri I6n nhat va gia tri nho nhat ctia bi€u thic P = Bvil
y+

voix, yla cac

s thue thoa man: x*y* +2y +1=0.
Hudéng dan giai

Ta co: x*y* +2y+1=0=y = Xy 1.

2Xxy 22Xy
3(—x2y2 —1)+ 2 -3xy*-1

P= <:>3P.(xy)2+2xy+P:O (1)

e Truonghop1: P=0 thi xy=0.

e Truong hop 2: P #0 ta c6 (1) la phuwong trinh bac hai véi an la xy, do d6 d€ phuong

trinh c6 nghiém thi: A =4-12P* >0 < 1 <P<

&
£~

Vay gid tri 16n nhat cia Pla L thi x= Y3 y= 2
J3 2773
s . ~y . 1 . 1 2
Gia trinhonhdatcta Pla —— thi x=——"-,y=——.
Ne B3
ax+b

% Thi du 10. Tim a, b d€ bi€u thitc biéu thitc P = dat gid tri 16n nhat bang 4, gid tri

X2 +1

nho nhat bang -1.
Hudng dan giai

Goi m la gia trj ctia bi€u thic P = axz_+t;, khi d6 phuong trinh sau phai c6 nghiém x:
X“ +
=a)2(+b<:>mx2—ax+m—b=0. (*)
X“+1

Vi gid tri 16n nhat va gia tri nho nhat déu khac 0 nén m = 0. Do d6 phuong trinh (*) 1a
phuong trinh bac hai c6 nghiém khi va chi khi A >0, hay
a’-4m(m-b)>0< 4m’* —4bm-a* <0 (**)
Goi m;,m, (m, <m,)la hai nghiém ctia phurong trinh
4m* —4bm-a’ =0.  (**¥)
Khi d6 (**) c6 nghiém la m, <m <m, nén P dat gia tri nho nhat tai m,, dat gia tri I6n nhat
tai m,. Do d6 yéu cau cta bai todn thoa man khi va chi khi phwong trinh (***) c6 hai
nghiém la -1 va 4, tiec la
2 _ _
{61:2&) e =Oo = {a? = fs Sa=xab=3
Vay gid tri can tim cta a, bla a=4,b =3 hodc a=-4,b =3,

2X+m

x? +1

*Thi dy 11. Tim m d@ gid tri 1on nhat bidu thiec biéu thic y = biing 2.
Hudéng dan giai
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2X+m

Goi a la mot gid tri ctia biéu thac y = i1 khi d6 phuwong trinh sau phai cé
X“ +
nghiém x
2X+m 2 -
a=———oax’ -2x+a-m=0 (*)
X" +1

+) RO rang a =0 la mot gid tri ctia biéu thiec.
+) Néu a =0 thi (*) la tam thirc bac 2 ¢ nghiém khi va chi khi:

[ [ 2
1—a(a—m)20<:>a2—ma—1s0<:>mfm+4 agmfmﬂl.

IA

2
foes 1 Ny . , . M+ym°+4 . m ~ A m ) ..
Do d6 gia tri 16n nhat cua biéu thixc la — dattai a= > nén yéu cau cua bai

+

[ a2
toan trd thanh m_’_#m_ul =2 m? +4=4-m.
Do vm? +4 >0 nén 4—m > 0. Binh phuong hai vé ta dugc
m? +4:(4—m2)<:> M2 +4-16-8m+m? < m=->.
Vay gid tri 16n nhét cta biéu thic 1a 2 khi m = g
*Thi du 12. Cho phuong trinh 2x* +2mx+m?-2=0, véi m 1a tham s8. Goi x;, X, la hai
nghiém cua phwong trinh. Tim gia tri nhé nhat va 16n nhat cta biéu thiee

B 2%, X, +3
X2+ X7 +2(xX, +1)

Huéng dan giai
Tacd A=m? —4(m—1):(m—2)2 >0, véimoi m.

Do d6 phuong trinh luén c6 nghiém vdi moi gia tri cia m.
Theo hé thitc Viet, ta co: X, +X, =m va xx,=m-1

Ta cé: X2+ X2 = (% +% ) —2%%, =m* —2(m-1)=m’—2m+2.

2X X, +3 2m+1
Suyra A=——— =— .
X, 4% +2(%X,+1) m’+2
Goi a la mot gid tri ctia biéu thuc 22’1_4—22[, khi d6 phwong trinh sau phai c6 nghiém m:
m? +
a= 2m+1 Sam?-2m+2a-1=0 (*)

M’ 42
A \ 1
Néu a=0 thi m=—§.

Néu a #0 dé€ phuong trinh (*) c6 nghiém thi:
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N:(4f_a@a_320<3z#_a_130c4a_n@a+330¢3_%gasl
Néu a:—i thi 2TH:—£<:>m2+4m+4:0<:>m:—2.

2 m- +2 2
Newa=1thi 2™ o m? omi1=0eom=1

m? +2

Vay GTLN ctia A bang 1 khi m=1 va GTNN ctia A bing —% khi m=-2.
*Thi du 13. Gia st phuong trinh bac hai ax®+bx+¢ =0 ¢ hai nghiém thudc [0;3]. Tim

18a® —9ab +b?
9a’—3ab+ac
Hudng dan giai

gia tri 16n nhat va gia tri nho nhét cta biéu thie: Q =

Vi phuwong trinh bac 2 ¢6 2 nghiém nén a = 0. Biéu thitc Q ¢ dang dang cap bac 2 ta chia

2
18—9b+(b)
a a

ca ttr va mau ctia Q choa® thi Q =

9_0,¢
a a
b
X +X, =——
Goi x, X, la hai nghiém ctia phuong trinh, theo Viet ta co: c a
X1X2:g
b (bY
18-9—+| —
Vay Q- a (aj :18+9(x1+x2)+(x1+x2)2
‘ g_P. ¢ 9+3( X +%, )+ XX,
a a

*Ta GTLN ctia Q: Ta dénh gid (x +X,)" qua xX, véi diéu kién x,,x, €[0;3].

X{ < XX,

) = (% +%) =X +x2 +2xX, <9+3%X,
X; <9

Giastr 0<x <X, 33:{
<18+9(x1+x2)+3x1x2+9 _

< 3.
=Q 9+3(X, + X, )+ XX,

Ta cling c6 thé danh gia theo cach:
% (%—3)<0

0<x;% <3=49%(%,—3)<0
(x,—3)(x,—3)=0

24X, <3(x +X
:{Xi  <3(% 2):>x12+x22£x1x2+9

XX, +9 2 3(X, +X,)

18+9(%, + %, )+ (¥ +%,)° <18+9(x1+x2)+9+3x1x2 B

< 3.
9+3(X, + X, )+ XX, 9+3(X, + X, )+ X,X,

& (% +%) <3xx,+9.Suyra Q=
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-—=6 -—=3
7 =X, =3 =—6a =-3a
Dang thirc xay ra < = hay PEN hoic, & o
X, =0;x,=3 C_g 9 c

2 2
Tacs Q2= SHX)EXHX o o0y
9+3(X +X, ) + XX,

Déng thiic xay ra <> X, =X, =0<b=c=0.

Vay GTLN cta Q 1a3 va GTNN cua Q 1la 2.

*Thi du 14. Tim gia tri nhé nhat ctia biéu thiec: A = X +3y* + 2xy + 4X +16Yy + 25
*Phdn tich: Ta c6 thé giai bai toan nhu sau:

A=%(x+2y+5)2 +%(X—1)2 +(y+3)2 +3>0,vx,yeR

x=1 x
Khi d6 minA=3< { 3 Tuy nhién ta khong phai de dang ma phan tich duwoc biéu

thiec A nhu trén. Sau day la mot cach giai bai toan dwa vao dinh li vé ddu tam thiec bac hai
va sy ton tai nghiém cua no.

Huwéng dan giai
A 1a mot gid tri ctia biéu thite <> 3X,y € R: X% +3y° +2xy +4x+16y +25= A
<3y eR,pt:x* +2(y+2)x+3y* +16y + 25— A= 0c6 nghiém x.
<3IyeR: A '=(y+2)°-3y*-16y-25+A>0
Khi d6: A>2y? +12y +21=2(y+3)" +3>3

) x=1
Vay min A=3<:>{
y=-3
Cdch khac:
A=x*+3y* +2xy +4x+16Yy + 25 = x* +2(y+2)x+(y+2)2+[3y2 +16y+25—(y+2)2]
=(x+ y+2)2 +(2y2 +12y+21):(x+ y+2)2 +2(y2+6y+9)+3
=(x+ y+2)2 +2(y+3)2 +3>3

x=1

Khi dé minA:3<:>{
y=-3
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* Thi du 15. Véi ba s0 thuc duwong a, b, ¢ thoa man iz + biz +—
a c

1 1 1
+ + .
J5a% +2ab+2b%  /5b2 +2bc+2c®  +/5c? + 2ca + 23>

Huéng dan giai

=1. Tim gia tri I6n nhat

cuia biéu thtc: P =

Dé thay vai tro cua a,b,c 1a nhu nhau nén ta dy doan dau biéu thac P dat gia tri
I6n nhatkhi a=b =c.

Lai do a va b trong 5a° +2ab + 2b’° 1a khong ddi xting nén dé khtr cin thikc chiing
ta nghi téi viéc danh gia: 5a’+2ab+2b* > (aa+ Bb)2 tc la phai phan tich
5a? + 2ab +2b? = (aa+pb)” +m(a—b)’ (*) dé lam duoc dieu nay dua trén phuong
phap st dung tam thifc bdc 2 ta lam nhu sau:
5a? + 2ab +2b? =5a* + 2ab+ 2b*> ~m(a—b)’ + m(a—b)’

= [(5— m)a®+2(1+m)ab+(2- m)bz] + m(a—b)2
D€ phan tich dwgc thanh dang (*) ta can tim m sao cho phwong trinh
(5-m)a’+2(1+m)ab+(2-m)b* c6 A'=0 ticla

(1+m)2—(5—m)(2—m):0<:>m2+2m+1—m2+7m—10:0<:>9m—9:0<:>m:1.
Do do6 ta cé:

5a? + 2ab + 2b? =5a* + 2ab+ 2b? —(a—b)" +(a—b)’
=(4a’ +4ab+b*)+(a-b)" =(2a+b)’ +(a—b)" > (2a+b)’

Do dé: 1 = ! < 1 1

J5a2 + 2ab + 2b* \/(2a+b)2+(a—b)2 _\/(2a+b)2 ~ 2a+b

1 _1 1 _ 1
J5b? +2bc+2¢?  2b+c’ \J5c2 +2ca+2a’? 2c+a

Lam twong tu ta duoc:

1 1 1

Do dé: P < + + )
2a+b 2b+c 2c+a

Véix, y, z 1a cac s6 thuc dwong, ta dé dang chiing minh dwoc bat dang thiec:
1

(x+y+z)[1+l+_jzg

X y z

That vay, 4p dung bat dang thitc AM-GM (Cauchy) ta c6:

(x+y+z)[£+£+1j23§/xyz. 3 :9:#<1(£+£+£j (*)
X y z

3 xyz X+y+z 9(x y z
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Ap dung (*) ta duwoc: L = ! gl 1+1+£ :i EJFE
2a+b a+a+b 9\a a b) 9\a b

1 12 1 1 12 1
Tuong tu: < =+=1; <Z|Z4=
2b+c 9\b ¢ 9{c a

Cong lai theo vé ta dugc:

P££(1+£+£jsl 3(%+i2+i2j:—3.
3la b ¢c) 3 a~ b ¢ 3

Ne

Vay maxP = —.
ay 3

Déng thitc xay rakhi a=b=c=+/3.

2Xx+y+1

*Thi du 16. Tim gid tri Ién nhat va nho nhat cta biéu thitc B = ——— 3
X2+ Yy’ +

Hudéng dan giai
B xac dinh VX;y e R

B la mot gia tri ctia bi€u thirc <> ton tai x,y théa man B = XZZX:—;Z:::;
< 3y :Bx® —2x+By?—y+3B-1=0 (2) c6 nghiém x

+Neéu B =0 thi (2) thanh —2X—Yy—-1=0 lu6n c6 nghiém x, y e R,y =-1-2X
+Né&u B0 (2) cd nghiém x < Jy:A'=1-B°y*+By-3B*+B >0

< -B*y* +By-3B*+B+1>0

& -B° y2—£y+ 12 R - SR PR I S
B 4B 3 36 4 12
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y_3
=-1 "5
Vay minB=—£<:> y ; MXA=—< >
2 X=-2 6
X=—
5
, , s o e . . |a+b+c=5 .
*Thi du 17. Chttng minh rang néu cac s6 a,b,c thoa man: thi:
ab+bc+ca=8
1§agz;1§bgz;1£c£Z
3 3 3

Huéng dan giai
, a+b+c=5 b+c=5-a b+c=5-a
Tacod: = =
ab+bc+ca=8 bc=8-a(b+c) bc=8-a(5-a)

Cac s8 b,c 1a nghiém ctia phuwong trinh: x* - (5—a)x+(a* —5a+8) =0

D& phuong trinh c6 nghiém ta phai 6 A>0< (5-a)° —4(a>-5a+8)>0
< a’-10a+25-4a*+20a—-32>0
& -3a*+10a-720

< (a-1)(7-3a)=0
& —1sasZ
3

Chiing minh twong tur ta co: 1Sb£%;1£c£%.

*Thi du 18. Biét rang cac s6 x,y thoa man diéu kién x+y=2. Hay tim GTNN cuta
F=x*+y°%.
Huéng dan giai

y {S:x+y ) {x+y:2 {8:2 §=2
Dat ta co: = 8—F

=
P=xy X*+y*=F S*-3SP=F P=——

5-F o

Vay X,y la nghiém ctia phuong trinh : t* -2t +

X,y ton tai < (*) ¢6 nghiém ticla A >0 1- >0 F>2

= MinF =2 x=y=1
X+Yy+2Z=Xyz

*Thi du 19. Cho cac sd X, Y,z # 0 thoa man diéu kién { ,
X‘=yz

Chttng minh réng x}>3.

Huéng dan giai
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o (x+y+z=xyz  [y+z=xyz-x=x—xX
Ta co: =
x> =yz yz =X
Vay cécs8 y,z 1a cac nghiém cua phwong trinh: t*+(x* = x)t+x* =0 (*)
Do ton tai x,y,z thoa man diéu kién dau bai nén phwong trinh (*) phai ¢ nghiém
Phwong trinh (*) c6 nghiém
1-x*<-2

<:>(x3—x)2—4x220<:>xz[(l—x2)2—4}20<:>(1—x2)224<:> ., exs

*Thi du 20. Gia st phuong trinh ax’+bx*+cx+d =0(a=0) cé hai nghiém khéc
4ac - b’

nhau x,, X, . Chttng minh rang: X,X, > 12
a

Hudng dan giai
Vi X, X, 1a nghiém cta phuong trinh ax® +bx*+cx+d =0 (a=0)
nén ta co:

ax’ +bx?+cx +d =0

ax,’ +bx,” +cx, +d =0
= a(% = %°)+b(x" =%’ )+c(x —x,)=0
<:>a(x1+x2)2+b(x1+x2)+c—ax1x2 =0 (do x #X,)

Dé thdy X, +x, 1a nghiém ctia phuwong trinh aX* +bX +c—axX, =0
Dé phuwong trinh aX? +bX +c¢—axXx, =0 cé nghiém.

4ac —b?

< A=b*—4da(c-axx,)20 < 4a’xXx, > 4ac—b* < XX, > 17 = dpem.
a

C. BAITAP AP DUNG

1) Tim gid tri nho nhit ciia ham s6"y = X* +5x -3

2) Tim gid tri nhé nhat, gid tri 16n nhit x, y théa man 9x° + 6y —12xy — 24x +14y +12 =0.

3) Tim gid tri nhé nhit, gid tri 16n nhadt cua biéu thirc B = x+y v6i x, y la cdc s6 thuwc thoa
man 3x* + Yy +2xy +4 = Tx+3y.

4) Xét cdc s6'thwe dwong x, y thoa man x?y = 1. Tim gid tri nho nhit ciia biéu thirc
P= x\/m + X2

5) Cho x, y, z la cic so'thwc théa man x +y +z = 6. Tim gid tri I6n nhit ciia biéu thirc:
M =xy + 2yz + 3zx.

2x* +4X+5

6) Tim gid tri nhé nhit, gid tri I6n nhat ciia biéu thirc 71
X* +
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7) Tim GTLN, GTNN (néi ¢6) cia H = 6xy +8y? , biét cdc s6'x, y théa man x* +y* =1.
4xy —3y?
X* +y°

9) Cho cdc s6'thuec x, y théa man 9X* +6y* —12xy — 24X +14y +12 =0.

8) Tim gid tri 16n nhdt va nhé nhit cua biéu thive: A=

Tim gid tri nho nhat, gid tri I6n nhat cia x, y.

7/ A 2 ~ AA A X + y + Z = 5
10) Cho cic s0'thuee x, y, z thoa man diéu kién ) ) )
X“+y +2°=9

Tim gid tri [on nhat, gid tri nho nhit cia a.

2
11) Tim m, n dé'biéu thire P = % dat duecgid tri 1on nhit bing 7, gid tri nho nhat
X"+ £ZX+

s 5
bang —.
872
12) Cho phuwong trinh bdc hai X, —2(m+2)x+1+m? =0, m la tham so.
Goi hai nghiém phdn biét la X, X, . Tinh gid tri cia biéu thitc P sau theo m:

3 2X,X, +3
X, + X5 +2(XX, +1)

. Tir d6 tim cic Qid tri cia m dé' P dat gid tri I6n nhit va tim cic
gid tri ctia m dé' P dat gid tri nho nhit.

NG

13) Cho cic s6” a,b,c théa man a > 0,bc =4a? 2a+b+c=abc. Chirng minh rﬁng a> -
14) Cho cdc s6'thiec x, y thoa man (X2 -y + 2)2 +4x°y? +6x* —y* =0

Hay tim tat cd cdc cdp nghiém (x ;y) sao cho A= x* +y* dat gid tri nho nhat.
15) Cho cdc 6 thuee x, y théa man diéu kién 3X* +xy +2y° < 2.

Tim gid tri l6n nhat, gid tri nho nhat cia P = x> +2xy —y°. .

16) Cho phuwong trinh: ax’ +bx+c=0(a=0) c6 hai nghigm X, X, thod man diéu ki¢n:

2a* —3ab+b’
2a®* —ab+ac

0< X, <X, < 2.Tim gid tri I6n nhat cua biéu thiec: Q =
2 8
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= SU DUNG
E: TINH CHAT TY SO

A. Kién thic cdn nhé

e I A 1 1
+ Vi cac sO thuc duong a, bbat ki, talubnco a2b < —< ™
a

+ V6i cac s thuc duong a, b, ¢, d bat ki, ta co:
~ o a . a a+c
-Néu —<1thi —<——
b b+c

. a . a_ a+c

-Néu —>1thi1 —>——

b b b+c

Neu 2 Sy 28t ¢
b d b b+d d
Luu y: Truede khi ap dung cac bat dang thitc vé ti s6 ta phai chitng minh.

B. VI DU MINH HOA

*Thi du 1. Cho a, b, ¢ 1a cac s6 thiee dwong bat ki. Chting minh rang:

1<a+b+c<2

a+b b+c c+a

Huodng dan giai
a a
< .
a+b+c a+b

1)Via,b,c>0nén a+b+c>a+b>0. =

b b . C C

Tuwong tu < va < .
a+b+c b+c a+b+c c+a

Cong vé voi vé ba bat dang thitc cung chiéu ta dugc

a b Cc a+b+c
+ + > =

=1.
a+b b+c c+a a+b+c

I . . . T, . X . X _X+k
2) Trudc hét ta chirtng minh voi x, y, k 1a cac s6 dwong va — <1 thi —<

y y y+k

That vy xét hicu X - XK _KXZY) 4 40 vt 119> 0vax—y <0 (do gia thict x <y).
y y+k y(y+k)

Doa<b+c;b<c+a; c<a+bnéntaco :

a a+a b b+b c c+cC
< ; < ; <
b+c b+c+a c+a c+a+b "~ a+b a+b+c
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Cong v€ vdi v€ ba bat dang thikc cung chiéu ta dwgc :

a b c 2(a+b+c)
+ + < =2.
b+c c+a a+b a+b+c

Do do: 1<a+b+c<2

a+b b+c c+a

*Thi du 2. Cho a, b, ¢, d 1a cac s6 thuc duong bat ki. Chitng minh rang:
a b C d
+ + +
a+b+c b+c+d c+d+a d+a+b

1<

Huéng dan giai
a a
< .
a+b+c+d a+b+c

b - b ' c . °c . d - d
a+b+c+d b+c+d " a+b+c+d c+d+a’a+tb+c+d d+a+b’

1)Via,b,c>0nén a+b+c+d>a+b+c>0 =

Twong tw

Cong vé vdi v€ ba bat dang thiic cung chiéu ta duoc

a b c d a+b+c+d
+ + + > =1
a+b+c b+c+d c+d+a d+a+b a+b+c+d

I . . . N, . X . X x+k
2) Trudc hét ta chirtng minh voi x, y, k 1a cac s6 dwong va — <1 thi —<

y y+k -’

Arone oairia. X X+K O Kk(x-y) . e
That vay xét hieu —— = <0 doy(y+k)>0vax-y<0 (do gia thiet x<y).
y v y+K  y(y+K) yly y & y

Doa<a+b+c;b<b+c+d; c<c+d+a;d<d+a+b néntaco :

a a+d b b+a ¢ c+b  d d+c

a+b+c<a+b+c+d’b+c+d<b+c+d+a’c+d+a<c+d+a+b’d+a+b<d+a+b+c

Cong v€ vaéi vé ba bat dang thite cing chiéu ta duoc :

a b c d 2(a+b+c+d)
+ + + <
a+b+c b+c+d c+d+a d+a+b a+b+c+d

a b c d
+ + +
a+b+c b+c+d c+d+a d+a+b

Do do: 1<

*Thi du 3. Cho a, b 1a cac s6 thuc duong bat ki. Chitng minh rang;

a b
+ <1
2a+b a+2b

Huéng dan giai

Do a, blacacsd duongnéntacd 2a+b>a+b;a+2b>a+b
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a a | b b
< : <
2a+b a+b a+2bh a+b

Tt d6 suy ra

Cong theo v& cac bat dang thikc trén ta duoc

a b b a a+b
: < + = =1
2a+b a+2b a+b a+b a+b

Vay bai toan duoc chitng minh.

*Thi du 4. Cho ba s§ dwong a, b ,c .Chting minh rang:

1 1 1 1
3 3 + 3 3 + 3 3 S
a’+b’+abc b’+c’+abc c’+a’+abc abc
Hudng dan giai

Taco: a*+b’ —ab(a+b)=(a+b)(a* —ab+b?*)-ab(a+b)
=(a+b)(a* —ab+b* —ab) =(a+b)(a-b)" 20

= a’+b*>ab(a+h)
= a’+b*+abc>ab(a+b)+abc=a’+b’+abc>ab(a+b+c)
1 < 1 _ c
a’+b’+abc ab(a+b+c) abc(a+b+c)

Chtrng minh twong tw ta co :

1 1 a
< -
b®+c®+abc bc(a+b+c) abc(a+b+c)

1 1 b
< -
c+a*+abc ac(a+b+c) abc(a+b+c)

Cong ting v& tuong ting ctia cac bat dang thitc trén ta cé:

1 1 1

3 3 + 3 3 + 3 3 <
a*+b’+abc b°+c’+abc c’+a’+abc

c N a N b __atb+c 1
abc(a+b+c) abc(a+b+c) abc(a+b+c) abc(a+b+c) abc

D&u dang thtec sdy ra khi va chikhia=b=c

*Thi du 5. Cho ba 5§ duong 0< a<b <c<1.Chtng minh rang: - b +—C <2
bc+1 ac+1 ab+1

Hudng dan giai
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a—-1<0
b-1<0

ViOSaSbSc£1:>{ =>(a—1)(b-1)20 =>ab-a-b+120

=ab+12a+b=> ! < ! - _¢ < ¢ ,(cZO)
ab+1 a+b ab+1 a+b

Ma —& < 2€ (c20)=>—"—< 2¢
a+b a+b+c ab+1 a+b+c
Chiing minh twong tur ta co: < 2b va — < 2
ac+1 a+b+c bc+1 a+b+c
b c <2a+2b+2c_

Cong theo vé ta duoc: + <
bc+1 ac+1 ab+1 at+b+c

D&u bang xay ra chang hana=b=1, c=0.

*Thi du 6. Cho a, b, cla d0 dai ba canh cua mot tam giac. Chirng minh rfmg:

+ + >1
b+c c+a a+b

Hudéng dan giai

Via, b, cla d6 dai ba canh ctia mot tam gidc nén ta co

a a
<l=> >

b+c b+c b+c

0<

a

N\ \ ~ A 4 A, 2 ? ~ a
Via la s6 duwong nén theo tinh chat cta ti s6 ta duoc >

b+c a+b+c
Do do ta ¢cé ,/
b+ a+b+c

Chiing minh twong tu ta duoc b 5ol ©
c+a a+b+c a+b a+b+c

Cong theo v& ba bat dang thirc trén ta duoc \/ + \/ \/ o> 1
a+

Vay bai toan dugc chitng minh.

C. BAI TAP AP DUNG

1) Choa, b, ¢, d >0, Chitng minh ring: 2 < atb  _b+c c+d | d+a
a+b+c b+c+d c+d+a d+a+b
2) Choa, b, c, d lacdc sd'thwc dwong thoa man 4. Chitng minh rﬁng: a_ gbtcd
b d b +d?

3) Choa, b la cdc s0 thyee dwong tiy y. Chieng minh ring:

1 a b a+b a b
— + < < +
2Va+1 b+1 a+b+1 a+1 b+1
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o PHUONG PHAP
E: LAM TROI, LAM GIAM

A. Kién thlic can nhé

Gia st can chtitng minh A < B, khi d6 ta can lam tr¢i biéu thic A thanh A <M ro6i
chiing minh M < B. Cing c6 thé lam giam B thanh M < B r6i chitng minh A < M.

Phuong phap lam trdi, lam giam thuong duogc ap dung cho bat dang thiic vé tong
hodc tich ctia mdt day s6. Khi d6 duing cac tinh chat bat dang thic d& dua mot vé ctia bat
dang thtkc vé dang tinh duoc tdng hitu han hoc tich hitu han.
+ Mot s6 tong phép bién d6i thuong ap dung

1 1 1 a 1 1

n(n+1) n n+1;n(n+a) n n+a

2a _ 1 3
n(n+a)(n+2a)_n(n+a) (n+a)(n+2a)
1 1
—t— -+ =1-—
1.2 23 n(n+1) n
B. VI DU MINH HOA
*Thi du 1. Chitng minh rang: A:2i2+3i2+4_12+'"+n_12<1

Hudng dan giai
Ta thdy bai toan c6 dang tdng cac liy thira bac hai, nén ta sé phan tich tong A nhu sau:
1 1 1 1

_— _t _—

A=
22 33 44 n.n
Dén day ta sé so sanh véi phan sd c6 mau nhé hon, vi yéu cau bai todn 1a chiing

minh nhé hon.
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*ThiduZ.Cht’mgminhréngiz+i2+i2+...+ 12 1.
2° 4° 8 (2n)” 2

Hudng dan giai

1 _ 1 1 _( 11 )1
(2n)’ (Zn)z_l_(Zn—l)(2n+1)_ 2n—-1 2n+1) 2
Cong tling v& n bat dang thiic, ta ¢ :

1 1 1 1 ( 1 jl n
S +—=+=+..+ <1

_2n+1 EZ 2n+1

\ n n
a <—=
2n+1 2n 2
.1 1 1 1 1
Vay S +—++..+ > <.
2° 4° 8 (2n)” 2
, , . ~y 30 , 3 8 15 n2—l
*Thi du 3. Chttng minh bat dang thtic: Z+§+E+m+ —>h-2 (Vnx2)
n
Huéng dan giai
2
Dat a3 8 b 2_1
4 9 16 n
= 1—l + 1—1 + 1—i +..+ 1—%
4 9 16 n
:(n—l)—(—+l+i izj
9 16 n
Do do: A>n—2<:>£+1+i+-~-+i2<l
4 9 16 n
That vay :
1 1 1 1 1 1 1
=+ = —<—4—
4 9 16 n” 12 23 (n=1)n
1 1 1 1 1 11 1 1
=>—+—+—+ <l-——4——+ ———
4 9 16 n’ 2 2 3 n-1 n
1 1 1 1 1
S>—t—t+t—++—><l-=<1
4 9 16 n n

Ta suy ra dugc diéu phai chiing minh.
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*Thi du 4. Chttng minh rang 1+i L+ 1 1

4+
12 123 1234 1.23...n

Hudng dan giai

< 2.

Bat dau tlr phan s6 thue tw, git nguyén tir s§ con giam mau s6 thi phan s ting 1én
1 1 1 1 1 1
<—, <=, <
1234 34'12345 45°7'123.n (n-1n

Vay taco:
VT:1+L+L+ L +---+#<1+i+i+i+ + L
12 123 1234 1.23...n 12 23 3 (n=1).n
Nhan xét :
1 1 1 1
1+ — |+ — |+| =— |[+...+
)33 (o5n)
—]_ 1_£+1_1+...+i_1:2_1<2
2 2 3 n-1 n n

n

E+a+"'+m<2.

*Thi du 5. Chttng minh rgmg: %4—

Hudng dan giai

Trwdc hét ta co:

1 221, 1
21 21 21
2 3-1 1 1
31 3 21 3l

Cong tlirng vé, ta co :
1, 1.2, 7T 1
1203 (n+d)! (n+1)!

Ta dwgc diéu phai chitng minh.
\ 1 1 1
*Thi du 6. Chitng minh rdng : — +——+---+——>+/n.
] g 8 \/Z_L \/E \/ﬁ

Hudng dan giai

ThcévéinZkZl:>JﬁZJE:>§%21
JnoJnon Jﬁ>+_++ B
= J_‘ll 1+..+1=n

1
:[(ﬁ 7z ﬁjﬁﬁ
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:>i+i+ +i>\/ﬁ

V142 Jno

* Thi du 7. Chiing minh bat déng thitc sau voi n € N,n > 2.
2n —3 < L <on -2,

ETT
Huéng dan giai

1

DatA_\f \/, \/,

a) Chtng minh A > nn -3 bang cach lam giam mdi s3 hang ctia A:

1 2 2
— > :2(\/k+1—\/2) voimoi k€ N *
NN/ TEN N NN

DodéA>2[(\/n+ —\/;)+...+(\/1—\/§)+(\/§—\/5)]
—o(Wn+1-R)=2fn+r1-22>2fn+1-3>2/n -3

b) Chl’rng minh A < 2n —2 bang cach lam troi mdi s6 hang ctia A:

2 >l<
\/7 \/>+\/7 \/7+\/7 \/> \/ﬁ voimoi k€ N

Do 6 A< 2[(n —Vn—1)+...+ (3 —\2) + (2 1)
:2(\/7—\/1):2 n—2.

*Thi du 8. a) Cho k 1a s8 nguyén dwong bat ki. Chting minh bat dang thtic sau:
1

RNk et

b) Chitng minh réng: l+L+L+---+— <§
2 32 43 201042009 45
(Trich dé chuyén Thdi Binh nam 2009-2010)
Huéng dan giai
a) Bat dang thiic can chitng minh twong duong véi

(ki)& < 2%& & 2k+1-2fk(k+1) >0 & (Vir -k >0

B4t dang thitc cudi cling ludn ding véi moi k nguyén duong.

Vay bat déng thiic dwoc chiing minh.
b) Ap dung két qua cau a ta c6
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1 1 1

1
VT = + + +ot
21 32 43 2010+/2009

<2[L—LJ+2(L—LJ+---+2[ L j
Vi V2) V2 B J2009 2010

1 1 88
=2|1- <2|1-—|=—=VP

( 1/2010} ( 45j 45

Vay bat déng thiic dwoc chiing minh xong.

: . : s 1
*Thi du 9. V6i s6 tu nhién n > 3. Chiing minh rang S_ < >

. 1 1 1
T R) (Ve8] [V )
Trich dé thi tuyén sinh 16p 10 chuyén Todn Tinh Binh Dinh nam 2009-2010)
Hudng dan giai
Véin >3, tacd
| Jariove asi-dm
(2n+1)(\/;+\/n—+1) o+l i dned
<\/E—\/E:\/ﬁ-\/521£ 1 j
Jan?+4n  2n+14n 2

ﬁ n+1

Do do ta duwoc

<l(1—i+i—i+...+i—#j=l(l— L <l
20 V2 N2 V3 W ner) 20 Vner) 2
Vay bat ding thikc dwoc chiing minh.
*Thi du 10. Chting minh bat dang thuc:

1 1 1 1
\/I+\6+\/§+\/Z+\/g+\£+m+m>4

(Trich dé thi tuyén sinh 16p 10 chuyén Toan DHSP Ha N¢i ndm 2011-2012)

Hudng dan giai
1 1 1

1 1 1
Fiie i3 N3 Jaeda Y79 +480 80+

Do d6 ta duoc

S

Dé thay

1 1 1 1 1 1
ﬁ+&+£+ﬁ+"'+@+@>&+J§+JZ+JE+"'+—@+J§

Suy ra
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1 1

1 1 1 1
2(\/1+\/§+\/§+\/Z+'“+\/5+@J>ﬁ+\/§+\/§+\/§+".+m
e B R

e 2({ TEL T T

Nén ta dwoc 1 + 1 + +;>4
' Jie42 3444 J79 + /80

Vay bat ding thikc dwoc chiing minh.
*Thi du 11. Chting minh bat déng thtic:
43 1 1 1 44

— < + +...+ < —
4 o1+1\2 3v2+243 200242001 + 200132002 45

(Trich dé thi tuyén sinh lop 10 chuyén Hing Vieong ndm 2001-2002)

Huéng dan giai

bat S =

1 1 1
+ +...+
W1+1W2 32 +243 200242001 + 200172002

Ta co:

. (e )Vk-kker (k)i -k IR SR

(k+1)\/£+k k+1_(k+1)2k—k2(k+1)_ k(k+1) NN
Chok=1,2,3, ..., nroi cong theo vé€ ta duoc:

1 1 1 1 1 1 1
S=—F—-—"F—t—-—-"r—tt—————=1——.
\/I \/5 \/5 \/g \/; vn+1 Vn +1
DodéS,  =1- 1

2001 /2002

Nhu vay ta phai chitng minh:

8 1 w1 1

<
44 V2002 45 45 /2002

< i < 44 <2002 < 45 < 1936 < 2002 < 2025.

Bat dang thitc cudi cting ding nén ta cé diéu phai chiing minh.
*Thi du 12. Chting minh bat déng thic:
1

1 1 1
+ +..+ <l-——.
W2 +1V1 33 +242 (n+1)\/n+1+n\/; Jn+1

Huéng dan giai

Dé€ giai bai toan nay ta can st dung bo dé sau:
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V6i moi s6 duong x, y ta co: x\/; + y\/; < X\/; + y\/;
That vay:

X y+y\/;£X X+y\/;<:>X(\/;—\/;)+y(\/;—\/;)20<:>(\/;+\/;)(\/;—\/;)2 > 0.

vay bs dé trén dwoc chiing minh. Ap dung bs dé trén ta co:

(n+1)\/m+n\/;>n\/m+(n+l)\/;

1 1
= <
(n+1)\/n+1+n\/; n\/n+1+(n+1)\/;
Vi thé:
1 1 1
+ +...+ <
W2 +1W1 3V3+242 (n+1)vVn+1+nvn
< 1 + 1 +...+ 1 )
2\/I+1\/§ 3\/§+2\/§ (n+1>\/;+n\/n+1
Ta co:

1 (k+1)\/£—k k+1 (k+1)\/£—k\/m: 1 1

(k+1) vk + vk +1 (k1) ko1 (k+1) k(k+1) NN
Chok=1,2,3, ..., nrdi cong theo vé€ ta duoc:

1

1 1 1
+ +...+ =1-—.
WI+1W2 32 +243 (n+1)\/ﬂ+n\/n+1 Jn+1

Vay bai toan dwgc chitng minh.

Wk > 1.

*Thi du 7. Chitng minh rang véi moi sd nguyén duong n, ta cé:

14710 3n-2 3n+1 1

<
36 9 12 3n 3n+3 3yn+1

Hudng dan giai
Goi vé€ trai cua bat déng thirc la P, ta can lam tr¢i P thanh Q véi diéu kién la Q phai dé thu
gon hon, diéu nay cé nghia 1a Q phai ¢ cc ti va mau giong nhau. D&y rang cac phan s§
¢6 tit, mau hon kém nhau hai don vi, nén ta nghi dén bat dang thitc

n n-—1
< on'<n*+n-2<n > 2.

n+2 n

pstp= L. 2.7 10 3n-2 3n+l

3 6 9 12 3n  3n+3
P—l 4 7 10 3n—2.3n+1<1 36 9 3n—-3 3n

36 912 31 30+3 367 10 3n-2 3n+1

, lac nay ta co

TU SACH CAP 2| 46



BOI DUONG HOC SINH GIOI CAP 2 |

Nhan thdy Q khong thé thu gon duoc hét nén rat kho dé co6 danh gid ti€p theo. D€'y

tiép ta thay cdc t&r ctia biéu thitc Q va cdc mau cta bidu thiec P 1a 3, 6, 9, ... vd cac mau
cua biéu thitc Q va cac t cua biéu thiee P la 4, 7, 10,... do d6 thi tich PQ c6 thé thu gon
duoc. Chu y 1a P* < PQ, do d6 ta ¢4 thé trinh bay 10i gii nhuw sau:

P2 :[1 4710 3n-2 3n+1j(1 4710 3n-2 3n+1j

36 9 12 3n 3n+3Jl3 6 9 12 30 3n+3
<[1 36 9 3n-3 3n J(1 4 710 3n-2 3n+1j

36710 30-2 3n+1)\3 6 9 12 3n 3n+3
113 46 7 3n—3.3n—2. 3n .3n+1_ 1 1

334679 3n-2 3n 3n+1 3n+3_3(3n+3) 9(n+1)

1 7
Tte day suy ra P < . Vay bat dang thitc duoc chitng minh.
3vn +1

*Thi du 7. Chting minh \/2 - \/2 4o 12442 <2 (vE trdi c6 100 d&u can).

Hudng dan giai
Kihiéu a = \/2 + \/2 +o V2442 (c6 n d&u cin),

Ta cod al:\/5<2

a,=\2+a <V2+2=2

a,=\2+a, <2+2=2

G =2+ ay <V2+2=2.

C. BAI TAP AP DUNG
1) Chitng minh ring: S =i+i+...+ 3 <1
1.4 47 n(n+3)

2) Chikng minh rang: t L 1! -+ L 2+---+;2<£— L
n+1 n+2000 (n+1) (n+2) (n+1999) n n+1999
, 1 1 1 1 5

3) Chitng minh bat dang thitc: —+—+—+-+—<—.

) Chitng R A A

4) Chitng minh véi moi s6' nguyén dwong n :
1

1 1 1
a) + + +.t
WI+1W2 324203 43434 (n + 10 +nn +1

<1;

)RR S SRR S,
a1 32 a3

(n+n

5) Chitng minh rang voi moi s6'tw nhién n > 1, ta luén co:

47 | CAM NANG BAT DANG THUC




1 1 1

9

n’ +(n+1)2 20

1
5 13 25

6)Ch0a:\/_ \/_ V3 - \/—+\/Zi\/§+...+M. Chv%ngminhrﬁnga<z.

1+2 243 3+4 24 + 25 )
7)Cho A=~22 271 c N <o),

246 2n
Chitng minh ring:

1 1
a) A< ; b*) A< .
\V2n +1 \V3n +1

) Chibng minh 2—\/2+\/2+...+\/2+ﬁ 1

7 (tir c6 100 ddu cin, mau cé 99 diu cin).
2—\/2+\/2+...+\/2+\5
9) Cho n la s6' nguyén dwong. Chirng minh rang :

%n N+l <1+2+3+..+ n<§(n+1)\/ﬁ.
10) Chitng minh bt diang thirc sau diing véimoi n>2,ne N

1 1 1 1
2 + 7 +...+ 3 < —.
2.3 34 n(n +1) 4

Goiif :

1 _k#l-k 11 <£{i+ 1 ]_ 1 1li_ 1 }Vk>2
k(k+1) k(k+1) k(k+1) (k+1)2 2| k? (k+1)2 (k+1)2 % (—k+1)2’ > 2.
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= 7 PHUONG PHAP
E: QUY NAP TOAN HOC

A. Kién thiic can nhé
Gia stt ta can chiing minh bat dang thic A (n) =B (n) véin >n, n e N, tatién
hanh cac budc nhu sau:

- Bwéc 1: Kiém tra bat ding thiic ding véi n = n
- Budc 2: Gia st bat dang thitc dting véi n = k (k >n, ke N) (goi la gia thiét quy nap)

- Budc 3: Chitng minh bat déng thitc dting véi n = k + 1 va két luan bat dang thiic ding
véinzn,.
Chuay:

- Thong thwong khi chitng minh bat dang thitc c6 sy phu thudc vao s6 nguyén dwong n, thi
ta nén chii y sw dung phwong phdp quy nap todn hoc.

- Trong phuwong phip quy nap todn hoc thi bit ding thiec cé duwoc tie bueée thir hai chinh la
mot gid thiét méi dwgc diing dé chieng minh bat ding thikc trong buéc thit ba. Do dé cin phdi khai
thdc that hiu qua gid thiét quy nap.

B. Vi DU MINH HOA
*Thi du 1. Chitng minh rang véi moi s& ty nhién n>2, ta c6 bat dang thuc:
1 1 1 1 13

et +—>—.
n+l1 n+2 2n-1 2n 24

Huéng dan giai

Véi n=2, tacd VT > VP nén bat dang thtrc dting véi n=2
Gia stt bat dang thitc dting véi: n=k > 2, tizcla :
1 1 1 1 13
+ 4+t +—>—.
k+1 k+2 2k-1 2k 24
Can chttng minh bat dang thitc dtng véi n=k +1, tic 1a :
1 1 1 1 13
—— 4+ + >—.
k+2 k+3 2k+1 2k+2 24

That vay, xét hiéu so:
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1 1 1 1 1 1 1 1
—_ 4t + — + +o b —
k+2 k+3 2k +1 2k+2 k+1 k+2 2k-1 2k
1 1 1 1
= + — = >0
2k+1 2k+2 k+1 2(k+1)(2k+1)
1 1 1 1 1 1 1 1 13
= + 4ot + > + o+ — >
k+2 k+3 2k+1 2k+2 k+1 k+2 2k-1 2k 24
Vay véimoi n>2, tacod:
1 1 1 1 13
+ 4ot + >,
n+1 n+2 2n-1 2n 24
*Thi du 2. Chitng minh rang véi moi s6 tu nhién n> 2, ta c6 bat dang thuc:
i+i+...+i<2_l
12 22 n? n

Hudng dan giai

1 1 1 ,
Véin=2,tacod z +2—2 <2 - (dtng) nén bat dang thic dung véi n=2

Gia st bat dang thtrc dting v6i: n=k > 2, tircla :
1 1 1 1

1—2+2—2+ +n_<2_ﬁ (1)
Can chitng minh bat dang thitc dting véi n=k +1, tiec la :
1 1 1 1
ST 2_ 2
12+22+ +(n+1)2< n+1 (2)
1 1 1 1 1 1
That vay, ttr (1) ta co: (—+—+---+—j+ <2-—+
g F2 W) ey T (ne1)
_(n+1)2—n_2_n2+n+1 LS n(n+l) 1
n(n+1)2 n(n+1)2 n(n+l)2 n(n+1)2 n+1

Vay bai toan ding véi moi s6 ty nhién n> 2.

*Thi du 3. Chitng minh rang véi moi s& tu nhién n> 2, ta c6 bat dang thuc:

f \F>f

Huéng dan giai
Véin=2,tacod 1+ % >+/2 (dung) nén bat ding thitc ding véi n=2

Gia stt bat dang thikc dl'mg voi:n=k>2, ticla:

\/_ \/_ >\f (1)

Can chttng minh bat dang thitc dtng véi n=k +1, tic 1a :
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Lbe +1 (2)

NP RN e i

That vay, tir (1) ta co: (1+i+

1 1 1
et — [t ——= <N+ ——
V2 \/ﬁ] vn+1 Vvn+1

L1 :\/n(n+1)+l: n+n+1
Jn+1 Jn+

Vay bai toan ding véi moi s6 ty nhién n> 2.

+1 n+1 \/—
n+1
Jn+1 \/n+ \/n+

*Thi du 4. Chitng minh rang véi moi s6 tu nhién n> 2, ta c6 bat dang thuc:
" 2n)!
4| )2
n+1 (n !)

Huéng dan giai
42 16 (2.2)!

Véin=2,taco =—<6=-—- nén bat dang thttc ding véi n=2
2+1 3 (21)
Gia stt bat dang thtrc dting v6i: n=k > 2, tircla :
n 2n)!
ety
n+1 (n!)

Can chttng minh bat dang thitc dting véi n=k +1, tic 1a :
4 (2n+2)!
2 < 2" (2)
N+2 [(n+1)!]

That vay, ta viét v€ trdi cua (2) c6 dang:

4 4(n+l) (2n)14(n+1)  (2n+2)t  (n+1)4(n+1)  (2n+2) 2(n+1)

nN+2 n+1" n+2 <(n!)2 n+2 [n+1'] 2n+1)(2n+2)(n+2)_[(n+1)!]2'(2n+1)(n+2)

Mat khac:

§ 2(n+1)2 _2n2+4n+2_(2n2+5n+2)—n_1_ n
(2n+1)(n+2) 2n*+5n+2  2n’+5n+2  2n°+5n+2

(2)

<1 vn=12,..

j AT (2n+2)! 2(n+1)’ _ (n+2)!
‘n+2 [n+1|] (2n+1)(n+2) [(nﬂ)!]z'

Vay bai toan dang véi moi s6 ty nhién n> 2.

*Thi du 5. Chitng minh véi moi s6 tu nhién 7 khac 0, ta c6 bat dang thic :

11 1 n
I+—+—+--+ >—.
2 3 2"-1 2

Huéng dan giai
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Khi n=1ta c61> % ttec 1a khang dinh dtng khi n=1.

Gia stt bat dang thitc dting v6i n=k >1, nghia la ta ¢ :

Ta can phai chiing minh khéng dinh dang véi n=k+1, ticla:

1 1 1 k+1
Ittt > ——.
2 3 27 -1 2
, 1 1 1 1 1 1 1 1 1
Taco:l+—+—+---+—k1 =|l+-+-+ 0+ + ot +o
2 3 2" -1 2 3 2¢ -1 2 2° +1 2" -1

Nhan thiy : (Zik p 1 N Lj gom 2 phan s6, tir s6 bing 1, con mAu s6 1an luot

2 +1 2k 1
la: 2% 2% +1,2+2,..., 2 —1: déunho hon 2¢*, do d6:

1 1 1 1 1 1
2_k>2k+l’2k +1>2k+1'2k+1_1>2k+1'
:(i+ CEI. j>2"~ 1 _1
2k 2k +1 2k+1 _1 2k+1 2
~ 1 1 1 k
Theo gia thiétquynap: | =+ —+---+ >—
8 Ay hap (2 211 2k—1j 2
Do do: 1+ kl 4ot kl >K+£:E.
2 241 2°-1 2 2 2
Véyvc’yimoinzl,tacé:1+£+l+~-~+ nl >E.
2 3 2"-1 2

*Thi du 6. Chitng minh rang véi moi s6 nguyén duong n ta cé:
1 35 2n-1 - 1
246 20 341
Hudng dan giai
+ Ki hiéu bat dang thic da cho 1a (*), v6i n = 1, bat dang thiec tré thanh
1

Vv3.1+1

1 1 1
=< & — < — (dun
5 5 2( g)

Bat dang thitc ding véi n = 1.
+ Gia st (*) dung dén n :k(k eN, k> 1),t1’13c1é1taduoc %-ﬁ-g--?k_l L

<
46 2k {3k+1

+Ta can chitng minh (*) dang véi n = k + 1, hay

135 2k-1 2k+1 1

. <
246 2k 2k+2 k14

Theo gia thiét quy nap, ta co
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1 3 5 2k—1.2k+1< 1 .2k+1
2 4 6 2k 2k+2  f3k+1 2k+2

B4t dang thie (*) dung véi n = k + 1khi

1 2k+1 1
ke < N <:>(2k+1)\/3k+4 <(2k+2)\/3k+1

& (2k+1) (3k+4) < (2k +2) (3k+1) & k>0 (dung)

Do d6 (*) ding v6i n = k + 1, nén theo nguyén ly quy nap bat dang thitc ding véi moi s&
nguyén duong n.
*Thi du 7. Chitng minh rang véi moi sd nguyén duong n, ta c6
1 1 1 1
+ + fob————
n+l n+2 n+3 n+2n+1

>1

Hudng dan giai
1 1 1
+ +
1+1 1+2 1+3

+Véi n = 1 bat dang thiec 6 dang: >1 & % > 1(dung)

Nén bat dang thic ding véi n = 1
+ Gia st bt déng thic ding dén n = k (k eN, k> 1), tacla

1 1 1 1
S, = + + +...+
k+1 k+2 k+3 3k+1

+ Ta phai chtiing minh bat dang thtic ding v6i n = k +1, hay

1 1 1 1
Sy = + + +...+
k+2 k+3 k+4 3k +4
That vay, theo gia thiét quy nap ta c6
1 1 1 1 2

S = o Bka s Tk e d kel :Sk+3(k+1)(3k+2)(3k+4)

>1

>1

Hay S_, > S, > 1. Do d6 bat dang thtic dting v6i n = k + 1, nén theo nguyén ly quy nap
ta c6 bat dang thitc dting véi moi s6 nguyén duong n.
*Thi du 8. Tim tat ca cac s6 nguyén duong n thoa man bat dang thiee: 3" > 2" + Tn
Hudng dan giai
Tha truc tidp véi n = 1, 2, 3, 4 tathdy n = 4 thi bat dang thiic ding.
Ta sé€ chitng minh moi gia tri can tim cianla n > 4, n € N. Ttc la chitng minh bat

dang thiic sau ding véimoi n >4, n e N: 3" >2" +7n

+Véi n =4 thi bat déng thiic tro thanh 6 dang 3' > 2! + 7.4 < 81 > 44 (dting)
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Nén bat dang thitc dting véin =4
+ Gia sit bit déing thitc diing dén n = k (k € N, k > 4) ticla: 3° > 2" + 7k
+ Ta phai chtiing minh bat dang thtic dung véi n = k +1, hay 3" > 25" +7 (k + 1)
That vay, theo gia thiét quy nap, ta c6 3" = 3.3 > 3 (2k + 7)
Nhung véi moi k >4 thi
3(2 +7k) = 24 + 25 421k = 2 4 7 (k4 1)+ 2 +7(2k —1) > 2 + 7 (ke +1)
Suy ra bat dang thitc diing véi n = k + 1, nén theo nguyén ly quy nap ta c6 bat dang thikc
dung. Vay bai toan dwoc hoan thanh.
*Thi du 9. Chitng minh rang véimoi n > 1,n € N, tacé
1 1 1 7
+ <

+...+—
n+l n+2 2n 10

Huéng dan giai

Kiém tra triec tiép ta thdy bat dang thitc da cho dung véin=1,2, 3
Xét treong hop n > 4. khi d6 ta sé chitng minh bat dang thitc manh hon

1 1 1 7 1
— et — < ——-—
n+l n+2 2n 10 4n
+V6i n = 4 bat dang thiic trd thanh
1 1 1 1 71 533< 51

+ + + & — < — < 1066 < 1071 (dang)
4+1 4+2 4+3 4+4 10 44 840 80

Nén bat dang thitc dting v6i n = 4.
+ Gia sit bit déng thic diing véi n = k (k e N, k > 4}, ticla

1 1 1 7 1
S, =——+ +ot—<———
k+1 k+2 2k 10 4k
+ Ta phai chitng minh bat déng thitc dting véi n =k +1, hay
1 1 1 7 1
S = + +..+ <K——=—
k+2 k+3 2k+2 10 4(k+1)

St dung gia thiét quy nap ta duoc

1 1 1 1 1 1
o = + +..+ =S, - + +
k+2 k+3 2k +2 k+1 2k+2 2k+2
_g 4 7 1 1

Co(k+1)(2k+1) <E_E+2(k+1)(2k+1)

Do vay chi can chiing minh
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1. 1 S SN 2 S 1
4k 2(k+1)(2k+1) 4(k+1) (k+1)(2k+1) k k+1

2 1

Tl )(2k 1) (k1)

S2k+1>2k=1>0

Dénh gid cudi cing hién nhién ding. Vay bat dang thtc ding véi n =k +1, nén theo
nguyén ly quy nap ta c6 bat dang thitc dting véi moi n > 4.

Bai toan duogc chitng minh xong.

C. BAI TAP AP DUNG
1) Chitng minh ring véi moi N >1ta cd bt ding thikc :1+%+%+---+ o <N
2) Chieng minh rang véi moi s6 nguyén n>5, ta cé: 2" > n’
1 1 1

3) Chitng minh rang voi moi s6 nguyén dwong n, ta co: + + ot —————>
n+l1 n+2 n+3 n+2n+1

4) Chirng minh v6i moi s6 nguyén dwong n : V1+V2 48+ +n <ny2 ; L

5) Chitng minh bét dang thitc sau diing v6i moi n € N
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i CHUNG MINH BAT DANG
ha THUC DAY SO BANG BAT
5 PANG THUC CO PIEN

A. Kién thic cdn nhé

Trong qua trinh lam bai tap, ¢ ltc cic ban gip nhitng dang bai todn néu giai bang

phuong phap quy nap Toan hoc sé rat cong kénh. Bén canh do, néu biét sit dung cac

b4t dang thitc phit hop thi bai toén sé tré nén gon gang hon !
B. VI DU MINH HOA

*Thi du 1. Chttng minh rang:  1.3.5...2n-1)<n" , VneZ*
Huéng dan giai
Tacéd: 2n=1+(2n-1)>21(2n~-1)
2n=3+(2n-3)>2,/3(2n-3
2n=(2n-1)+1>2/(2n-1)1
Nhan cac bat dang thitc cting chiéu theo vé ta co:
2"n" >2n.13....(2n-1)
Suyra:1.3.5...2n-1)<n" ,VneZ"

*Thi du 2. Chitng minh rang:

1.1 +i+...+i>§(3(n+l)—l).

—_ + —_—
o2 B3 An 2
Hudng dan giai

Ap dung bat dang thiic cauchy cho ba s& khac nhau:

n+(N+1)+(n+1)>3¥n(n+1)°

= 3n+2>3¥n(n+1)*

=2>3[Yn(n+27 -n]

=2>3¢n| fn+17 - I’ |
=2>3n[Y(n+D) -In ][0+ + ¥n]
=2>3n[J(n+1) - In | (do/n+1) + In >1)

TU SACH CAP 2| 56



BOI DUONG HOC SINH GIOI CAP 2 |

= <> 3[4 -]

Cho n=12:3...;ta co:

1 3
Cong tirng vé'ta cd : +—=>—(3(n+1)-1).
B timg A A A i G
*Thi du 2. Chon sday, a,...a, >0 thda ai+ a> +...+ a. = 1. Chtetng minh rang :
n-1
Ja,a, +4/aa, +..+4/a,,a, ST
Hudng dan giai

Ap dung AM-GM cho 7 - 1 s6 khong am ,ta c6:

a, +a, a, +a a_.+a
Jaa, <*+—>2  Jaa, <+—2 , Ja ,a, <2t "2

2 2 2
Suy ra: \/a,8, +4/8,8; +...+4/8,@, +...+4/8,,a, < al;az + al;as LA ;a” +...+a”‘l—2+an
@ va, +ora ):n_—l
2 1 2 n 2
Vay :4/aa, ++/a,8; +...+4/a,,a, gnT—l.
C. BAI TAP AP DUNG
1) Cho cdp s6'nhdn U,,U,,U,,..U, vdi N> 3. Chitng minh rang:
(uf +U2 +...+u§_l)(u§ +U. +...+u§) > (UU, +UyUy +.o U, U, )’
2) Cho X, + X, + oo+ X, =1.Chibng minh rang: X; + X; +..... +X§>%.
3) Cho 0< X,X,...X, <1(n>2). Chitng minh ring
X X e Xy 1 1
n T 1+nl-x )J1-x,).1-x,) &
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- SU DUNG BAT PANG
2 THUC AM-GM (CAUCHY)
O

A. Kién thic can nhé
Cho a,b,cla cac s6 khong am. Khi d6 theo bat dfmg thirc AM-GM:

a+b > \/% :
2

a+:+c >Jabe ;.
Téng qudt: Trung binh cong ctia N s6 khong am 16n hon hoéc bang trung binh nhan ctia
ching.

a+..+a /1 1A A
el T Yaa,..a, Vvbia,a,,..a, lacicsd khong am.
n

Daéng thitc xay ra khiva chikhi a, =a, =...=a,.

B. VI DU MINH HOA

1) Ki thuat danh gia tr trung binh cong qua trung binh nhan
St dung bat dang thitc AM -GM dang:
478 :'"Jra“ > 1/a,a,...a, VOi a,a,,..,a, la cac s6 khong am.
*Thi du 1. Cho 3 s8 thuc duong a, b, c. Chiing minh rdng: (a+b)b+c)c+a)>8abc

Huéng dan giai
Ap dung bat dang thitcc AM - GM, ta c6:
(a+b)b+c)c+a)>2+/ab.2v/bc.2+/ac =8abc (dpem)
*Thi du 2. Cho 3 s8 thuc duong 4, b, c. Chitng minh rang:
a) (x+y)(%+%}24 b) (x+y+z)[%+%+%)29
Huéng dan giai
a) Ap dung bat dang thitc AM — GM ta duoc:
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x+y22\/x7y>0

1 1 1 1 1
= (X+ 42 20xy.2 | — = (x+ —+— |24 (dpcm
1ot oo ( y)[x y] Y2y = y)[x yj (pem)
Xy Xy

D&u “=" ctia bat ding thikc xay ra khi x =y.

b) Ap dung bat dang thicc AM — GM ta duoc:

X+y+z22 3\/xT/z >0
1 1 1 \/T :>(x+y+z)[1+£+1j23 xyz.3\/I:>(x+y+z)(l+l+Ej29
—+=+=>3|—>0 Xy z Xyz Xy z
X Yy z Xyz
D&u “=" ctia bat dang thikc xay ra khix =y =z
*Thi du 3. Cho 3 s8 thuc duong a, b, c. Chting minh rdng: a° +b* +¢® > a’b+b’*c+c’a
Huéng dan giai
Ap dung bat dang thixc AM - GM, ta co:
a®+a’+b° >3¥a’.a’ b’ =3a%
b% +b° +c® >3%b* b® c* =3b%c
¢ +c+a’ > 3Yc’ c*a® = 3ca
Cong ba bat dang thitc trén theo vé ta duoc:
3(a3 +b® + 03) > 3(a2b +b’c+ cza) < a’+b*+c®>a’h+b’c+c’a (dpem)
2) Ki thuat danh gia tit trung binh nhan qua trung binh cfng
Str dung bat dang thicc AM -GM theo chiéu:

+a, +..+a, . o miA A
p/alaz...ansal 2 " véi a,a,,...,a, la cdc s6 khong am.
n

Ta thuong ap dung khi gép bai toan bat dang thikc c6 dang:
Q/E+m/_+....+m A <B
Ta c6 hai hudng xt 1y:
+Danh gia truc tiép
+ Nhan thém hang s8 muc dich lioc bé bién hogc hang s8 khong thich hop.
Mot so vi du minh hoa
*Thi du 1. Cho c4c s8 duwong a, b, ¢ théa man ab + bc + ca = 1. Chting minh bat dang thc:
J1+a? +41+b% +41+¢% < 2(a+b+c)

Hudng dan giai
Tacd ab+bc+ca=1nén

J1+a? =+Jab+bc+ca+a’ =\/(a+b)(a+c) <

a+b+a+c b+c
=a+ .
2 2
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Tk do:

J1+a? +41+b? +4/1+¢? g(a+b—?j+(b+ﬁj+(c+a—m]

2 2
=2(a+b+c)
Xy ra déng thirc khi va chi khi a=b=c :%

*Thi du 2. Cho a, b, cla ba s6 thiec duong thoa man diéu kién a + b + ¢ = 1. Tim gia tri 16n

nhat ctia biéu thirc: P = \/ ab +\/ be +\/ ca .
c+ab a+bc b+ca

Hudng dan giai
Cé: a+b+c=1=c=(a+b+c)c=ac+bc+c’

= c+ab=ac+bc+c*+ab=a(c+b)+c(b+c)= (c+a)(c+b)

74_7
:\/ ab ab ~Cc+a_ c+b
c+ab (c+a)(c+b) 2

Tuong tu: a+bc=(a+b)(a+c),b+ca=(b+c)(b+a)
b c

74_7
3\/ be _ be <a+b a+c
a+bc (a+b)(a+c) 2

\/ ca _ ca <b+c+b+a
b+ca \(b+c)b+a) 2

a b b c c a
+ + + + +
«C+a c+b a+b a+c b+c b+a_
2
a+c c+b b+a
+ +

_a+c _c+b b+a_
2

=P

3
2

Dau “=" xay rakhi a=b=c =%

Tt &6 gia tri 16n nhat cua P la % dat dwoc khi vachikhi a=b=c :%

*Thi du 3. Chitng minh véi moia > 1, b > 1. Chting minh rang avb—1+bva-1
Huéng dan giai

Nhan xét: V& phai khong chita hing s& do vay sit dung AM-GM d¢ triét tiéu cac s -1

trong 2 can thitc do d6 nhan thém vao moéi can voi 1.

St dung bat dang thitc AM — GM ta c6:
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b-1+1 ab
a.

2
a-— 1+1 ab

2
Cong theo vé& 2 bat dang thic trén ta cé diéu phai chting minh.

abl a(b 1)1

bva-1=b/(a~1).1<b.

Déng thtic xay ra khi va chikhia=b=2.
3) Ki thuat tach nghich dao

*Thi du 1. Chitng minh rang: %+ byo vapso
a
Huéng dan giai
Vi ab>0nén 250 250
b a

Ap dung bat dang thicc AM - GM ta c6: %+2 >2, S .g =2 (dpcm)

Dang thitc xay ra khi a =b.
*Thi du 2. Chttng minh rang: a + Ll >3 ,vVa>1
a —_
Hudng dan giai
Ap dung bat dang thicc AM - GM ta c6:

at— L —a 1y 1 4122 (a—1)i +1=2+1=3 (dpcm)
a-1 a-1 a-1

Déng thitc xay ra khi a— l-%@ a=2
a_

*Thi du 3. Chitng minh rang: a+ >3 ,Va>b>0

1
b(a—b)

Hudng dan giai
Ap dung bat dang thicc AM - GM ta c6:

1 1 1
a+b(a—_b):b+(a—b)+b(a—_b)23s\/b.(a—b).m:3

Dang thic xdy rakhi b=a-b=b(a-b)<=a=2b=1

*Thi du 4. Chting minh rang: a +;2 >3 ,Va>b>0
(a—b)b+1)

Huéng dan giai
Ap dung bat dang thikc AM - GM ta c6:

4 _(a_ +(b+1)+(b+1)+ 1 B
a+(a—b)(b+1)2_( b) 2 2 (a_b)(b;-l)(b;-l) !
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(b+1)_(b+1)_ 1
2 2 (a_b)(b+1)

a’+2
*Thi du 5. Chiing minh rang >2 ,VaeR
Ja?+1

> 4.4 (a—bh).

N
N

Hudng dan giai

Ap dung bat dang thicc AM - GM ta c6:

2
a’+2 2 +1+1 =+a®+1+ \/\/a +1 =2 (dpcm)
\/a2+1 Ja? +1 a’+1 a’+1
Déng thtic xay ra khia =0.
; ; . N 3a’ 1
*Thi du 5. Chitng minh rang;: ;<—,Vaz0
1+9a" 2
Huéng dan giai
Véi Va0 , ap dung bat dang thitc AM - GM ta c6:
2
S S SRS SR .
1+9a 1 9a 1 2 1 ., 2
3a® 3a® 3a 3a
a’ ’
*Thi du 6. Tim gia tri nho nhat ctia biéu thiec: A:(a+1)2+( 1+2] ,Va=-1
a+
Huéng dan giai
2 2
A=(a+1) + a +2a+2j
a+l
:(a+l)2+ M}
| a+l
1 2
=(a+1) + a+1+—j
a+l
2 1 Cauchy ) 1
=2(a+1) + S+2 > 2 [2(a+l) S +2=22+2
(a+1) = (a+1)
_244
Déf “= xay ra Khi va chi khi 2(a+1) =— L hay a- —2V8
(a+1) 2

Vay GTNN ctia A=2+/2+2
4) Ki thuat ghép ddi xtimg

Trong nhiéu bai toan ma bi€u thitc ¢ hai v€ twong d6i phtic tap, viéc chitng minh
triec ti€p trd nén kho khan thi ta c6 thé sit dung ky thuat ghép doi xtiing d€ bai toan tré nén

don gian hon.
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& cac bai toan bat dang thitc, thong thuong chiing ta hay gap hai dang sau:

Dang 1: Chttng minh X +Y +Z >A+B+C

y teong: Néu ta chitng minh dugc X +Y > 2A. Sau d6, twong tie héa dé chira Y +Z > 2B
va Z+X >2C (nho tinh d8i xting ctia bai toan). Sau d6 cong ba bat dang thiic trén lai theo
v€roi rut gon cho 2, ta cd ngay diéu phai chitng minh.

Dang 2: Chttng minh XYZ > ABC vdi X,Y,Z >0

Y tuong: Néu ta chitng minh duge XY > A, Sau d6, twong tu hda d€ chira YZ > B’ va

ZX =C? (nho tinh chat ddi xing ctia bai todn). Sau d6 nhan ba bat dang thikc trén lai theo
v€ 16i 1ay can bac hai, ta co:

XYZ =+/A’B*C* =|ABC| > ABC.

Trong ki thuat ghép d6i xting ta can nam mot s6 thao tac sau:

a+b b+c c+a
. a+b+c= + +
Phép coOng: 2 2 2
2@+b+c)=(a+b)+(b+c)+(c+a)
) . |abc=+/ab+bcyca,  (a,b,c>0)
Phép nhan:
a’b’c® = (ab)bc)ca)

*Thi du 1. Cho ba s8 thuc duong 4, b, c. Chitng minh rang: be +% + ab >a+b+c
a C

Huéng dan giai

Ta co:
bc ca ab 1(bc ca l(ca ab 1(ab bc
= =4+ = |+ =+ —= |+ —+ =
a b c 2la b 2\Db c 20 ¢ a
bc ca ca ab ab bc
>, [——+,]—.—+,]—.—=a+b+cC
a b b ¢ cC a

2 2

*Thi du 2. Cho ba s8 thuc abc # 0. Chtng minh ring: Z_Z L

2
: cz>bca
c

a- a b c

Hudng dan giai

Ta co:
a’ b® ¢ _1fa’® b*) 1(b® ¢*) 1fc® a’
b2 ¢* a® 2\b? c¢*) 2lc®* a*) 2la* b?
S a’b? b? ¢? c? a® bl |c a>b cC a
= —2—2+ —2—2+ —2—2:— —|+ | —+—+—
b° ¢ c° a a‘ b al (bl [c|] a b ¢

*Thi du 3. Cho ba s& thuc duong 4, b, ¢ thoa abc =1. Chitng minh rang:

b+c c+a a+bZ a+\/5+\/6+3

Ja Wb e

Hudng dan giai
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\/7;1
b
b b b (b
AT A A
= (\/_ \/5+\/_=(\/5+\/5+\/E)+(\/5+\/5+\/E)
> a+\/—+\/6+ W:\/§+\/B+\/E+3

Vay b\/+_c C\-/l—_a a\;r_b2 2+ b+C43

% Thi du 4. Cho AABC,AB=¢,BC=a,CA=b,p=

(p—a)(p—b)(p—C)S%abc

atb+c . Chting minh rang:

Huéng dan giai

Ta co:
(p—a)p-b)p-c)=4(p-afp-b)y(p-b)p-c)y(p—c)p-a)
. (p-a)+(p-b) (p-b)+(p—c) (p—c)+(p-a)

- 2 2 ' 2
. 2p—(a+b)_2p—(b+c)_2p—(c+a):1abc
2 2 2 8

atbrc . Chting minh rang;

% Thi du 5. Cho AABC,AB=¢,BC=3a,CA=h,p=

Huéng dan giai

Ta co:
1 1 1 1 1 1 1 1 1 1 1 1
+ + =— + | —F— |+ = —+
(p p j 2[p—b p—CJ Z(IO—C p—aJ

p—-a p-b p-c 2\p-a -b
1 1 .\ 1
" Jo—aXp—b) (p-bXp—c) (p—ckp_a)
. 1 .\ 1 ) 1
~(p-a)+(p-b) (p-b)+(p-c) (p-c)+(p-a)
2 2 2
1 1 1
22(g+6+gj

5) Ki thuat ghép cap nghich dao
Trong ki thuat ghép cdp nghich dao ta ing dung bat dang thiic sau
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Véi ne N™ va X, X,,...,X, >0 thi

1 1 1 )
(X, 4+ X, +ora kX, | —+—4..4+— >N
Xl X2 Xn
Chting minh bat dang thtec trén :
Tacovoi x;,X,,...,X, >0 thi

1 1 1 1
(X, + X, +..+ xn)(—+—+..+— > N3/ X, X,...X, Ny
X, X, X, X

Xy

Voéi n=3 va X, X,,X; >0 thi
1 1 1
(X + X, + X)) —+—+—|>9
Xl X2 X3

*Thi du 1. Cho ba s8 thuc duong 4, b, c. Chitng minh rang: b+c LLera, ey b >6

a b C

Hudng dan giai

Ta co:

b+c+c+a+a+b :(1+Mj+(l+ﬁj+(l+a—+b)—3
a b C a b C

a+b+c b+c+a c+a+b
= + +
a b C

=(a+b+c)(1+l+1]—329—3=6
a b c

-3

a b c 3

+ + > =

b+c c+a a+b 2
(Bét ding thitc Nesbit)

*Thi du 2. Cho ba s8 thuc dwong 4, b, c. Chting minh rang:

Huéng dan giai

Ta co:

a_ b T =(1+ij+(1+ij+(l+L)—3
b+c c+a a+b b+c c+a a+b

_a+b+c b+c+a c+a+b

+ -3

b+c c+a a+b

:(a+b+c( L J—B
c+a a+b

1 1 1 1
—|(b+c)+(c+a)+(a+b + + -3

ZK ) ( )( )(b+c c+a a+bj
Zg_3:§

2 2

] " , s c’ a’ b> _a+b+c
* Thi du 3. Cho ba s6 thuc duong 4, b, c. Chitng minh rang;: + + >
a+b b+c c+a 2
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Hudng dan giai
c? a’ b? c? a’ b?
+ + =|c+ +|a+ +| b+ —(a+b+c)
a+b b+c c+a a+b b+c c+a
:c(1+ij+a(1+ij+b(l+ij—(a+b+c)
a+b b+c c+a

:C(a+b+c)+a(b+c+aj+b[c+a+b]_(a+b+c)

a+b b+c c+a

a+b b+c c+a

:(a+b+c)( c ,a,b —j

a+b b+c c+a

=(a+b+c)( c ,a, 0 )—(a+b+c)

Theo bdt ding thitc Nesbit da chiing minh & bai 2 thi:
a_ . b SO 3
b+c c+a a+b 2

2 2 2
Dods &+ & P 2(a+b+c)(§—lj:a+b+c (dpcm)
a+b b+c c+a 2 2

*Thi du 3. Cho ba s8 thuc duong 4, b, c théa a+b+c<1. Chiing minh bat dang thitc
5 ! +— ! +— 1 >9
a“+2bc b°+2ca c°+2ab

Huéng dan giai

Ssau:

Do a+b+c<1 taco:

1 1 1 2 1 1 1
. +— +— >(a+b+c)| — +— +—
a+2bc b“+2ca c°+2ab a+2bc b“+2ca c“+2ab

:(a2+b2+cz+2ab+2bc+2acX - 1 . 5 1 - 1 ]
a“+2bc b“+2ca c+2ab

_ (52 2 2 ! : .
_[(a +2bc)+(b +2ac)+(c +2ab)Ia2+2bc+b2+2ca+C2+2abj29

6) Ky thuat doi bién s6
C6 nhiing bai toan vé mdt bi€u thirc toan hoc twong d6i cong kénh, khé nhén biét
duoc phrrong hudéng giai. Bang cach ddi bién s6, ta cd thé dua bai toan vé dang don gian
va dé nhan biét hon.
*Thi du 1. Cho AABC, AB = ¢, BC = a,CA =b. Chting minh rang:
(b+c—a)c+a-b)a+b—c)<abc (1)

Huéng dan giai
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a:y+z
b+c—-a=x 2
bat: <c+a-b=y< b:Z;X
a+b-c=z X+ Yy
C=
2

Khi &6 bat dang thite (1) tuong dwong véi bat dang thite sau:
X+Y Y+Z Z+X
2 2 2

Trong tam gidc, tong do dai cta hai canh ludn 16n hon d¢ dai canh con lai nén: X,y,z >0

X.y.z <

Ap dung bat dang thikc AM - GM ta c6:

MY YRE X Py fyaa =

Hay (b+c-a)c+a-b)a+b-c)<abc (dpcm)
*Thi du 2. Cho AABC, AB = ¢, BC = a,CA =b. Chting minh rang:

a b c

+ + 23@)
b+c-a c+a-b a+b-c

Hudng dan giai

y+z
a=-——
b+c—a=x>0 2
bat: c+a—b:y>0c>b:Z;X
a+b-c=z>0
X+Yy
C=
2

Khi d6 vé tréi clia bat déng thic (1) tro thanh: y2+ 4 Z; Xy X; y
X y z

Ta co: y+2 + Z+X+ X+ :i[l+1j+£(£+§)+i[£+lj

2X 2y 2z 2\x y) 2\x z) 2\y 1z
>2 X.LE\/E.LE zy_g
2\xy 2\xz 2\yz
Hay — b >3 (dpcm)

b+c-a c+a-b a+b-c
*Thi du 3. Cho AABC, AB =c¢,BC =a,CA =Db. Chtng minh rgmg:
a’ b2 c?
+ +
b+c-a c+a-b a+b-c

>a+b+c(1)

Hudng dan giai
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a:
b+c—-a=x>0 2
bat: c+ta-b=y>0< bzigi
a+b-c=z>0
X+y
C=
2

Khi d6 bat dang thitc (1) tuong dwong véi bt dang thikc sau:
2 2 2
(y+z) +&+x)+(x+ﬁ

>X+Yy+1z
4x 4y 4z
Ta co:
2 2 2
(y+z)  (@+x)f (x+y) yz zx xy_1fyz zx) 1(z xy +1[ﬁ+£]
4x 4y 4z X 'y z 2\x y) 2y z 2z X
X Yy y 2 Z X
a’ b2 c?
H + + >a+b+c(d
y b+c-a c+a-b a+b-c (dpem)
*Thi du 4. Cho AABC, AB = ¢,BC =a,CA=b, p= 272*C MR
1 1 1
P (1)

(b-af ' (p-b)  (p-cf (p-akp-b)p—c)
Hudng dan giai
b+c-a
2
Twong tu: p-b>0, p-c>0

Taco: p-a= >0

p-a=x>0
bat: p-b=y>0 = p=X+y+z
p-c=z>0

Khi d6 bat dang thitc (1) tuong dwong véi bt dang thikc sau:

;L+£L JL2x+y+z
x> y* ozt Xyz
Ta co
JECHPE SN S 3 ORI I B +l(i+i)
XZ y2 22 2 X2 y2 2 y2 22 2 Z2 X2
1 1 11\/11111x+y+z
> [ =+ ==+, > =—+—4+—=
x* y? y2 22 Nz° x> xy yz Xyz
1 1 1
Hay > P
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*Thi du 5. Cho ba s6 thuc duwong 4, b, c. Chiing minh: b + ¢ E 1)
b+c c+a a+b 2
Hudng dan giai
g ytz=X
b+c=x 2
Dit: c+a:y:>b=2+;_y
a+b=1z
co Xty-2
2
Khi d6 bat déng thitc (1) tro thanh: Y 2-X 2¥X=y x+y-z 1
2X 2y 22 2
Ta co: y+z—x Z+x—y+x+y—z:£ 14—5 +1(£+§j+1 £+X 3
2y 22 2\x y) 2\x z) 2\y z) 2
>_ yx \/ ___§:§
y 2 2 2
Hay (dpcm)

b+c c+a a+b 2
*Thi du 6. Cho 3 s6 thuc khong am a, b, ¢ théa (a+c)b+c)=1. Ching minh:

1 1 1
>4 1
@b7 @rof iyt P

Hudéng dan giai

1
X=—
y
a+c=Xx Xy =1
bat: {4_ :{y :>y:1
b+c=y a-b=x-y X
a-b=x-y
Khi d6 vé& trai ciia bat dang thire (1) trd thanh:
! 2+i2+i224
(x=y) x* 'y
Ta co:
1 1 2 2 2 2
+S+—= +X 4y = +X° 4y
(x—yy % y* (x-y) X% —2xy + y?
1 2 2 1 2 2
= + X +y =2)+222 X“+y =-2)+2=4
eyl eaza ey )
Vay 1 L L >4 (dpcm)

(@a—bf  (a+cf (b+cy

*Thidu?7. Cho x,y, z lacacs6 thuc dwong thay doi va thoa man diéu kién xyz =1
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Tim GTNN ctia biéu thite: A= X*(y+2) y*(z+x) 2°(x+y)

y\/_+22\/_ z z+2x\/_ x\/_+2y\/_

(DEé thi Dai hoc khoi A nam 2007)

Hudng dan giai
Ap dung bat dang thicc AM - GM ta c6:
as X 2yz y2.24zx 22.2\[xy . 2x/x+[xyz 2y\/7\/yz 22z\[2xy
f+22f zf+2xf xf+2yf f+22f zf+2xf X x+2yf

2xvx 2y.Jy 2237
y\/y+22xf z\f+2xf X x+2yf

XV X :%(—2a+4b+c)

a=yy+2zvz
Dit:{b =24z + 2x/x = yﬁzé(a—2b+4c)

c=x\/§+2y\/y

21 =%(4a+b—2c)

Khi @6
2(-2a+4b+c a-2b+4c 4a+b—2c}
A>— + +
9 a b C
22 —6+4[b+a+£j+(£+3+9j
9| a ¢ b a b c
>2 —6+4.3.3\/E.E.E+3.i/£.3.9 _2(C6+12+3)=2
9 ach abc) 9

Ddu “=" xayra < a=b=c=1
Vay GTNN cua A la 2
7) Ky thuét chon diém roi
Diém roi trong cac bat dang thirc 1a gid tri dat duoc ctia bién khi dau “=” trong bat
dang thtec xay ra.

“_yrr

Trong cac bat dang thikc dau “=” thuong xay ra 6 cac truong hop sau:
o Cac bién c6 gia tri b?ang nhau. Khi do ta goi bai toan c6 cuc tri dat duoc tai tam
o Khi cac bién c6 gia tri tai bién. Khi d6 ta goi bai toan ¢ cuc tri dat dwoc tai bién
Can ctt vao diéu kién xay ra ctia ddu “=” trong bat dang thiic ta xét cac ky thuat chon diém
roi trong cac trueong hop trén

1. Ky thuit chon diém roi trong bai toan cuc tri xay ra 6 bién

Xét cac bai toan sau:

Bai toan 1: Cho s6 thuc a > 2. Tim gia tri nho nhat (GTNN) cua A=a +§
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- \ < 1 1 I 1 A : \
Sai lam thuong gap la: A=a+ 2 >2 a.g =2.Vay GTNN ctia A la 2.

Nguyén nhin sai lam: GTNN cta Ala2 < a= é < a=1vo ly vi theo gia thuyét thi a> 2.

, 1 ,
Phan tich tim toi 10i giai : Xét bang bién thién cua a,— va S dé du doan Min A.

a
a 2 3 4 5 6 7 8 20
1 1 1 1 1 1 1 1 1
. > 3 4 5 6 7 8 20
A o1 3t 21 52 61 7= g 201
2 3 4 5 6 8 20

Nhin bang bién thién ta thdy khi @ ting thi A cang lén va tir d6 dan dén duy doan

khi a=2 thi A nhan gia tri nhé nhat. bé dé hiéu va tao sy an teong ta sé noi réng

MinA = 2% = gdat tai “Diém roia=2"

Do bat dang thitc AM-GM xay ra ddu bang tai diéu kién cac s& tham gia phai bang nhau,
nén tai “Piém roi a = 2" ta khong thé st dung bat dang thixc AM-GM truc tiép cho 2 56 a

1 1 W sl (al
va — vi2# > Luac nay ta s€ gia dinh st dung bat dang thitc AM-GM cho cédp so (—,—j
a a a

. o« A? . \ a‘ 1 7 \ r A o« A? . A
sao cho tai “Diém roi a=2" thi — = — ttc la ta c6 lwgc d6 “Diém roi a =2" sau day:
a a

2
f:>£:%:>a:4 : He s6 diém roi.
2

Tt @6 ta bién d6i A theo so d6 “Piém roi” dwoc néu o trén.

Loi giai dung: A:a+1=2+1+3—a22‘/%%+3—a>1+£:E

a 4 a 4 4 4 2

a 1
Dau “=" xay ra <& —=— haya =2
y 1 a y
5
Vay GTNN cua A la 3 dat dwockhi a=2.
Lwu y: D¢ gidi bai todn trén, ngoai cich chon cdp s’ (E,EJ ta c6 thé’ chon cic cdc cdp s sau:
a a
(aa,lj hodc (a,gj hodc (a,i].
a a oa
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Khi da quen thi cac ban c6 thé suy luan don gian véi diéu kién a> 2 thi diém roi sé

: : 1 1 a1 a
thwong ndm & diém nat tie la a = 2 khi do —:E:Z:— nén ta sé tach a:Z+Za va
a a

a 1 7
ghép cdp (Z + —j d€ st dung bat dang thiec AM-GM:
a

v o ~ . e a1 s 1
Bai toan 2: Cho s6 thiec a > 2. Tim gia tri nho nhat cia A=a+—
a

So d6 diém roi:

a_z2
a=2—> Oi 0;_:>£:—:>a:8
a
a? 4

Sai [am thuong gap la: A:E+%+E22 E.iz+7—a:1/i+7—az i+7;2:9.D€{u
8 a° 8 8 a~ 8 2a 8 22 8 4

“"__rs

xayra &a=2.

Vay GTNN cua A la %

Nguyén nhan sai Jam: Mic du GTNN cua A 1a % la dap s6 dang nhung cach giai trén

g o A 7 .7 X AN g 1 1 \ 1973
mac sai lam trong danh gia mau so: “ a>2= ‘/2— > ‘,E la sai”.
a .

Loi giai dung:

[EEN
[op]

6.2

a a 1 6a 9
+——==
4

A:—+—+—2+—23.3E.E.—2 oa
8 8 a 8 8 8 a 8

Dédu “=" xay ra < a=2.

2

Slw

Vay GTNN cua A la %

, 1 , 1
Bai toan 3: Cho so thuc 0<a< E Tim gid tri nho nhat cia A=2a+—
a

. 1 1 / 1 .
Sai lam thwong gap la: A=2a+— =a+a+—>33aa—=3= MIinA=3.
a a a

A LA Tn : 1 A X
Nguyén nhan sai lam: MinA=3 < a=a=—=1 mau thuan vdéi gia thiét 0 < aSE.
a

Phan tich tim toi 1oi giai : Xét bang bién thién dé€ du doan Min A.
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1 1 1 1 1 1 1 1 1
a —_— J— — —
10 9 8 7 6 3
1 2 1 2 1 2 1 2
2a c 9 4 7 3 5 3 1
1 64 49 36 25 16
? 100 81 9 4
A 1008 | 812 | eal | 492 | 362 | 252 | 162 92 5
5 9 4 7 3 5 2 3

Nhin bang bién thién ta thay khi a tang thi A cang nho va tir d6 dan dén dy doan
khi a :% thi A nhan gia tri nhé nhat. bé dé hiéu va tao su an twong ta sé noi r?ang
MinA =5 dat tai “Diém roi a = %”

So do diém roi 1:

2 :E:i:a=8:
2 «a

Cach 1: A=2a+i2=(a+a+i2j+l2233/a.a.i2+L2=§+M:5_
a 8a 8a 8a~ 8a 2 8

Véi a:% thi MinS =5.

H¢ sé diém roi

So do diém roi 2:

(04
aa=—
a=to 2 1 _ 4 -8 . Hesddicmroi
2 711 2 o
P

Cich2: A=2a +i2 = (Ba +8a +i2) -14a > 3‘3/8a.8a.i2 —-14a=12-14a>12 —14.% =5
a a a

Véi a:% thi MinS =5.

*Thi dul. Cho 2 s6 thuc duong 4, bthoa a+b<1.Tim GTNN cua A=ab+ %
12 \ v 1 l
Sai lIam thuwong gap: A=ab+— 22 [ab.— =2
ab ab
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MinA:2<:>ab:ib:1<:>1=\/%s azb
a

Phan tich va tim toi 10i giai:

Loi<tivey
2 2

2 . - A ~ 4 v v 1 \ 1 \ - A?
Biéu thirc A chtra hai bién s6 a, b nhung néu dat t =ab hodc t = _b thi S=t +E la biéu
a

thirc chira 1 bién s6. Khi ddi bién so ta can phai tim mién xéc dinh cho bién mdi, cu thé la:

Détt—l ab:—vét:i> 1 > 1 =4

= — > - s
ab t ab (a+bJ2 (1j2
2 2

’, «A? 7 1
Bai toan tro thanh: Cho t > 4. Tim gia tri nhé nhat ctia biéu thitc: S =t +E

So do6 diém roi:

t_4
a o 1 4 N menr
t=4—> = —=—=a =16 : H¢ s0 diém roi
11 4 a
t 4
Loi giai diing:
A:t+1: L+1 +E22 LE_,_E:E_FEZE_,_%:E
t 16 t 16 Ni6t 6 4 6 4 16 4
n “__rsr 2 1 1
Dau “=” xay ra < ab:ZQa:b:E

1
Vay GTNN cua A la % khi t =4 hay a:b:E.

*Thi du 2. Cho s thuc a>6.Tim GTNN ctia A=a’ +§

a
Phan tich:

Taco: A—a’+0-a242, %
a a a

Dé thay a cang tang thi A cang tiang. Ta dw dodn A dat GTNN khi a=6.

> _36
@ :E:E:azm
o

a
(24
9_

9.9
6

Ta cé so do diém roi: a =6 =

a

N w

Huéng dan giai

2 2 2 2
taco ALE 9,8 F [T 09 2 9 2%
24 a a 24 24 aa 24 2 24
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2
Ddu “=" xay ra < & _“oa=6
24
Vay GTNN ctia A 1a 39
*Thi du 3. Cho 3 s0 thuc duong 4, b, ¢ thoa a+2b+3c>20 . Tim GTNN cua
4

A:a+b+c+§+i+—
a 2b c

Phan tich:
Duw doan GTNN cuia A dat duwockhi a+2b+3c =20 ,tai diémroi a=2,b=3,c=4.

So d6 diém roi:

a_z2
3.3 3
a 2
b_3
b=3= P ﬂjizgjﬂzz
9.3 B 2
2b 2
c_4
y v_ 4
c=4= =>—=1=y=4
4 4
=1
c

Hudng dan giai

3a 3 b 9 c 4 a b 3c
A= —+—|+|+—|+|-+— |[+=+=-+—
4 a 2 2b 4 ¢ 4 2 4
22\/3—('12+2\/9.i+2\/3.£+—a+2bjL3C
4 a 2 2b 4 ¢ 4
>3+3+2+5=13
Dau “=" xayra < a=2,b=3,c=4

Vay GTNN cua A la 13

ab>12 :
*Thi du 4. Cho 3 s6 thyc dwong 4, b, ¢ thoa {bc >g Chttng minh rang:

1 1 8 121
ab bc ca abc 12

(a+b+c)+2(i+—+— +— >

ab=12
Phan tich: Dy doan GTNN cta A dat dwoc khi {bc _g Jtaidiémroi a=3,b=4,c=2.

Huéng dan giai
Ap dung bat dang thicc AM - GM ta c6:
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i i i 33&31—1
18 24 ab V18 24'ab 2
E+E+£233EE£:1

9 6 ca 9 6 ca

3
a1, a1, (313, 13
18 24 18 24 18 24 3

l3b+13c>2\/13b 1% _, (13 13 ;13

48 24 ~\4g'24" 4
Cong theo v& cac bat dang thtkc trén ta duoc:
1 1) 8 _121

1
a+tb+c)+2 —+—+— [+—>=— d
( ) (ab bc ca abc 12 (dpem)

48 24 a

2) Ky thuit chon di€m roi trong bai toan cuc tri dat dugc tai tim
Xét bai toan sau:

Bai toan: Cho 2 s thuc duwong 4, b thoa a+b <1.Tim GTNN cta

A=a+b+l+1
a b

Sai lam thuong gip la: A=a+b +1 +£2 44,/a.b.£.l =4
a b ab
Vay GTNN cua A 1a 4.
Nguyén nhan sai lam: GTNN cia Ala4 < a:bzlzéca:bzl. Khidé a+b=22>1
a
trai gia thuyét .
Phan tich:
Do A la biéu thic doi xting v6i 4, b nén ta dg doan GTNN cua A dattai a=b = %
1

2a 1

Sod‘@dié’mroi:a:bziz = —=2=qa=
2 2a

L
4

Loi giai déng: A= (4a+ 4b+3+%] _3a—3b> 4 /4a..4b.3% _3(a+h)>8-3-5
a a

Dau “=" xay rac> a=b = 5

Vay GTNN cta Ala 5
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*Thi du 1. Cho 3 s6 thuc duong 4, b, ¢ théa a+b+c< g . Tim GTNN ctia

A:a+b+c+£+£+1
a b c
Phan tich:
Do A la biéu thic d6i xtiing v6i 4, b, ¢ nén ta dw dodn GTNN cua A dat tai
2
So do diém roi:
a_b_c_1
d—bhocot o a a 2a izzjazi
111,
a b c

Hudng dan giai
1

A=(4a+4b+4c+1+1+—j—3a—3b—30
a b c

~3(a+b+c)

> 66‘)\/4a.4b.4c.1.£.l
abc

>12-2.18
2 2

A a1 2 1
Dau “= xayra<:>a:b:C:E

Vay GTNN ctia A Ia %

*Thi du 2. Cho 3 s6 thyc dwong 4, b, ¢ thoa a+b+c< g . Tim GTNN ctia

A—a’+b?+c?+tetyld
a b c
Phan tich:
Do A la biéu thic d6i xing v6i a4, b, ¢ nén ta du doan GTNN ctia A dat tai
a:b:c:l
2
So d6 diém roi:
1
a’=b*=c*==

1 1 1 2 4 «

aa ab ot «

Huéng dan giai
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» .2 o, 1 1 1 1 1 1 3 3 3
A=la"+b"+Cc°+—+—+—+—+—+— [+ —+—+—
8a 8 8 8a 8 8c) 4 b 4

299\/a2.b2.c2.i.i.i.i.i.i+§(£+E+EJ
8a 8 8c8a8 8 4la b c

+g.2—2_7
4

4

v
~|©
+
©
\

I
+
I
Al ©

Ddu “=" xayra < a=b=c==

Vay GTNN ciia A 13 2747
*Thi du 3. Cho 2 s6 thuc duong 4, b. Tim GTNN cta A= ath \/_
\/% a+b

Phan tich:
Do A la biéu thic d6i xing voi 4, b nén ta de doan GTNN cua A dattai a=b

So d6 diém roi:

atb _2a_2
a\/% oa o 2 1
b =>—=—=a=4
Yab_a _1 @
a+b 2a 2

Hudng dan giai

a_[2atb Jab| 3a+b) ., a+th \/_ 32Jab _, 3.5
4ab a+b) ayab \avab a aJab T 2 2

Dau “=" xayra < a=>0b
Vay GTNN ctia A Ia g

*Thi du4. Cho 3 s6 thuc dwong a4, b, c. Tim GTNN cta
a b c b+c c+a a+b
= + + + + +
b+c c+a a+b a b c

Phan tich:
Do A la biéu thic d6i xting v6ia, b, ¢ nén ta du doan GTNN ctia A dattai a=b=c
So d6 diém roi:

a_ _ b _¢c 1

b+c c+a a+b 2

b+tc_c+a_a+b_2

a=b=c> 3%=£3a=4

(24

oa ab ac

S

Hudng dan giai
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a b C b+c c+a a+b) 3(b c c+a a+b
= + + + + +—
b+c c+a a+b 4a 4b 4c 4 Cc

+
a
\/a b ¢ b+c c+a a+b 3(b c ¢ a a bj
> 68 . : . . . +—|—+—+—+—+—+—

b+c c+a a+b 4a 4b 4c 4a a b b ¢ ¢

Ddu “=" xayra < a=b=c
Vay GTNN ctia A Ia %

*Thi du5. Cho 2 s6 thuc duong 4, b thoa a+b<1. Tim GTNN cua:

1
a’+b®> ab

Phan tich:

Do A la biéu thic d6i xting v6ia, b nén ta dg doan GTNN cua A dattai a=b= 1

1
2 2
So d6 diém roi: a:b=1:> a’+b =>2a0=2=>a=1
2 _2q
2ab
Huéng dan giai
A:212+1+122 1 +122.2;L + 12:6226
a’+b® 2ab 2ab \(a’+b’)2ab 2ab  a’+b”+2ab ,(a+b) (a+b)
2 2
a’+b? =2ab .
D4u “=" xay ra < a=>h <:>a=b:5
a+b=1
Vay GTNN cua A la 6.

Chii y: Ta tir 2 biéu thiic @’ +b°va ab ta nghi dén lién h¢ (a’ +b°)+2ab=(a+b)" khi
do ta sé tan dung duoc gia thiét a+b <1. Mdt khac véi du doan A dat gia tri nho nhat khi
a=bnén a’>+b’ =2ab, tir d6 ta nghi dén viéc st dung bat dang thixc AM-GM dang cong
4 1 1 4 4

X ’ 1 1
mau thitc —+—2> deé duoc ———+ > = .
a b a+b a’+b® 2ab (a’+b’)+2ab (a+b?)

Cach khac:
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1 1 1 1 1
A= t = 55+ +
a“+b ab \a“+b° 2ab/) 2ab
4 1 4 2 6
“aibiv2ab_(atb) (atb) (atb) (atby
2(*}")
2
*Thi du 6. Cho 2 s6 thyc duwong 4, b théoa a+b<1. Tim GTNN cua
A= 21 -+ L
l1+a”+b* 2ab
Phan tich:
Do A la biéu thic d6i xting v6ia, b nén ta dg doan GTNN cua A dat tai
a:b:l
2
So d6 diém roi:
12
2 2 q
a=b=£:> 1+a’*+b 3322_30{:3
27| 1 2 3 «a
2cab «

Huéng dan giai
A= 21 >+ L + !
1+a“+b® 6ab 3ab

59 1 N 1
“"\l+a’+b’ab  3ab

1 1 4 1
>2. 5 5 + = 5 +
1+a“+b°+6ab 3ab (a+b) +1+4ab 3ab
2
2
> 4 >+ 1 5 [Do abs(a;bj j
(a+b)2+1+4(a+bj 3(a+bj
2 2
4 4
Z 2 + 2
2(a+b)*+1 3(a+b)
4 4 8
> =2
21+1 31 3
1+a’+b% =6ab
Ddu “=" xay ra < qa=»b <:>a:b:E
a+b=1

Vay GTNN cua A la %

*Thi du 7. Cho 2 s6 thyc duwong 4, b théa a+b <1. Tim GTNN cua
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A:%+i+4ab
a“+b° ab
Phan tich:
Do A la biéu thic d6i xting v6ia, b nén ta dg doan GTNN cua A dat tai
a:b:l
2
So d6 diém roi:
1
a2+b2:2
a=b=== =>2=—>=a=2
1.4 a
cab «a
4ab=1
1 4
a:b:E: 1 _4312—Z>ﬂ=4
pab
Hudng dan giai
A= 21 2+i+4ab+i+L
a‘+b° 2ab 4ab 4ab
>2 17 12 +2\/4abi+i
ia +b Eab 4ab 4ab
1 1 4
— —= st 2+ —
a?+b? +2ab 4ab  (a+b) 4ab
2
2
>4 s+ 2+ 1 5 Do abs[a+bj
(a+b) (a+bj
4 7Y
2
> S > +2
(a+b)
2§+2:7
1
a?+Db?=2ab
1
a=>b
a+b=1
Vay GTNN ctia A1a 7
*Thi du 8. Cho 2 s6 thuc duong 4, b thoa a+b<1. Tim GTNN cua
1 1 1

= + +
a®+b® a’h ab?
Phan tich:
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Do A la biéu thic d6i xtiing v6ia, b nén ta dg doan GTNN cua A dat tai

2
So d6 diém roi:
1 J—
3 3
a:b:1:> a’+b =>2=—Da=2
2 1 1 4 a
ca’b  cab® «
Giai:
I S S S S
a’+b® 2a’h 2ab® 2a’h 2ab?
a’+b® 2a’h 2ab® 2a’b 2ab?
>5 L
a’ +b® +2a’b+2ab” + 2a’b + 2ab’
5
S 325
(a+b)’ +ab(a+b)
2
> 25 o) [Doabg(a;b]J
(a+b)3+(aJr )
4
> 251:20
1+
4
11 1
a®+b® 2a’b 2ab?
Dau “=" xay ra < <a=Db Qa:b:E
a+b=1
Vay GTNN cua A la 20
*Thi du 9. Cho ba s& thuc duong x,y,2 thoa =+~ +L=4. Tim GTLN cta
X y z
P= L + ! + !
2X+Y+2Z X+2y+7 X+Yy+2z
(Dé thi Dai hoc khoi A nam 2005)
Huéng dan giai
1 1 1 1/1111_1(1,1 11
= < =—4f— — — =X —_—t— 4 — 4 —
2X+y+Z X+X+Yy+z dxxyz 4\xxyz 16 X y z
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Tuong tu:

1 1(1 1 1 1
— < |+ =+ =+ =
X+2y+z 16

1 11 1 1 1
— < | S+ =+ =+
X+y+2z 16\x y z z

Cong theo v& 3 bat dang thtic trén, ta co:

1 1 1 1(4 4 4
P= + + <—|—+—+—1|=1
2X+y+2Z X+2y+z X+y+2z 16(x y z

A a1y 2 1 1 1 4
Dau“="xayra & —=—=—=—X=y=2=—
x y z 3 4

Vay GTLN ctia P 1a 1.

1) KiThuat tham s6 hoa

Khi giai todn vé bat ding thikc va cuc tri véi cac bién binh dang ta thuong du doan
diém roi khi cac bién bang nhau. Nhung véi cac bai toan ma céc bién khong binh dang thi
viéc tim 101 giai sé kho hon vi viéc xac dinh di€ém roi va tach sd dé triét tiéu bién la khong
hé dé, chiing t6i xin gidi thiéu véi cac ban phuong phap Tham sé héa két hop véi mot s§
ki nang suy luan hop ly d€ tim 10i giai cho cdc bai toan cuec tri voi cac bién khac nhau.
*Thi du1. Cho hai s6 thuc duong a,b thoa man \/%(a - b) =a+Db. Tim gia tri nho
nhat cua biéu thiec P =a +b.

(Dé TS lop 10 THPT chuyén DHSP Ha Noi niam hoc 2012-2013)

Hudng dan giai

Cdch 1. Tir gia thiét suy ra a >b > 0. Ap dung bat dang thitcc AM — GM ta c6:

2
4ab b)’ —4ab
(a+b)2=ab(a—b)2=%4ab.[(a+b)2—4abJ<%[ ab+(a+b) —4a j

2
2 1 4
:>(a+b) SE(aer) —=a+b>4.

4ab=(a+b)’ —4ab
Daéng thitc xay ra khi @(a—b)=a+b =
a+b=4

{a:2+x/§
a=2—x/§.

Nhan xét: Bai toan trén rd rang vai tro ctia a va b khong giéng nhau, viéc tach va st
dung AM-GM nhu trén thuc chat khong dua trén viéc xac dinh diém roi ma la sy khéo 1éo

. s i \ 2 1, N LA 4 e oA
ctia nguoi giai d€ tir ab va (a—b)" lam xuat hién (a+b)’, d€ lam duoc diéu nay thi hoc
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sinh can ren luyén nhiéu va phai c6 tu duy nhéat dinh trong viéc giai toan. Ngoai cach trén
cac ban ¢6 thé sit dung phuong phap tham s6 héa nhu sau:

Cich2: Vi a>b>0, dat a:tb(t >0) khi d6 ta cé:
t+1

Jﬁ(tb—b)ﬂb*b@b:m

.Doa,b>0=1>1.

2 2
Tacs: Pa+bob(t+1)m po D) _Lrael (t-1) +dt

-9 V() V(e

t-1 4t

:t_1+ 4t S0
NN \/ t o Ji(t-1)

=4,

Daéng thttc xay ra khi:
t-1 4t
JtooVE(t-1)
Khido: b=2-v2 = a=2++/2.
Vay gid tri nho nhat ctia P=4khi a=2++/2;b=2-+/2.

& (t-1) =4t >t —6t+1=0t=3+2y/2. (dot > 0)

*Thi du 2. Cho hai s6 thuc duong a,b thoa man 4a+b++/ab =1. Tim gid tri nho nhat
cua biéu thirc P = i
ab
(Dé TS I6p 10 THPT chuyén DHSP Ha N¢i ndam hoc 2015-2016)
Huéng dan giai
Ap dung bat dang thitc AM-GM ta c6: 1=4a+b++/ab > 2v4ab ++/ab =5vab.
2
= P:i:(LJ > 25.
ab \+ab
A : 1 2
Vay minP =25dat duockhi a=-—;b=—.
10 5
Nhdn xét: Loi gidi trém rat hay va ngan gon tuy nhién viéc vai trd a va b khong giong
nhau trong bat dang thitc khién cho viéc dinh huéng dé st dung bat dang thitc AM-GM
tryee ti€p voi 4a va b ¢ phan thiéu tie nhién va mao hiém. Véi bai toan nay chung ra ciing

c6 thé€ st dung phwong phép tham sé héa nhu sau:

Do a>0,b>0 nén dat a=Dbt vdi t >0.Khi ds: 4bt+b++/btbh =1 b(4t+\/f+1)=1.

Suy ra bzé.Thay vao biéu thiic cua P ta duoc:
At +~t+1
2
4+t +1 2
S S I LA L B OV FE W
btbh b’ t Jt
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Ap dung bat dang thicc AM-GM ta c6:

p :(4\/E+%+1j2 >{2\/@+1}2 ~(22+1) =25,

, b=4a
Dang thirc xay ra khi 4\/f:i<:>t =£. Khi dé ta co: — azi, =E.
\/f 4 25ab =1 10 5
e a1 \ Ny : 1 2
Do d6 gia tri nho nhat ctia P 1a 25 dat dwoc khi a:E’bZE

, 1 2 N1 as Taes ia A \
Cha y: Khi ¢6 duoc diém roi tai a=-—,b= 5 ta c6 thé ly giai 10i gidi dau nhu sau : Tt

a= %,b = % = 4a=b Ap dung bat dang thicc AM-GM ta c6:

1=4a+Db++/ab > 2/4ab ++/ab =5/ab.

:»125\/%@%225.

, S oy
*Thi du1. Cho hais6 thuc dwong a,b théaman a+b= 1 Tim gia tri nhé nhat cta biéu

thie P=2+ 1
a 4b
(Dé TS I6p 10 THPT Biic Giang nam hoc 2008-2009)

Huéng dan giai

.2 .« A 5 I3
Tt gia thiét a+b = 2 ta co:

p_d,t_ ﬂ+4a -+ i+4b —4(a+b)22\/i4a+2\/i.4b—5=8+2—5=5.
a 4b \a 4b a 4b
i:4a 1
Déng thtic xay ra khi: a <a=lb=-.
1 4
= b
4b

, . ) 1
Vay gid tri nhd nhat cua P 1a 5 dat dwgc khi a=1b= 7

Nhin xét: RO rang khong tu nhién dé€ c¢6 duoc 1oi giai nhu trén ma phai qua ki thuéat
chon diém roi (can bang hé s8) dé& c6 su ghép cip: (£+ 4aj va (%+ 4bj, ki thuat nay
a

ban c6 thé kham khao 6 muc truede. DSi véi bai todn nay chiing ta ¢ thé lam bang phuwong
phép tham s héa nhu sau:
Cdch 2 (Tham s6” hoa)
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5
4(t+1)

Do a>0,b>0 nén dat a=Dbt véi t > 0. T gia thiét ta co: bt+b=%<:>b=

16(t+1
Do d6 p = 25 )+t+1:1(17+1t—6+tjzpz%(17+2 /?.t}:&

ot 5 5

7 1
Suy ra P > 5.Dang thitc xay ra khi T6 =t=>t=4

Do d6 b=%,a=1.Véy minP =5dat dwoc khi a=l,b=%.

Nhdn xét: d6i voi nhiéu em hoc sinh THCS thi viéc sit dung ki thuét chon di€m roi
thue sy tuwong ddi kho nhat la viéc ap dung vao ting bai toan cu thé thi can hét stic linh
hoat vi khi doc vé ki thudt nay c6 thé cac em hiéu va van dung duoc nhung khi vao phong
thi thi cic em lai quén cich can bang hé s6 do chua thuwc hiu sau sic, nhung d6i véi
phuwong phdpTham s6 héa thi viéc hinh thanh 10i giai kha tw nhién, gitip dé nhé hon,
nhung 10i giai ctia phuong phap Tham s6 héa lai dai va khdng dep mat nén cac em cd thé
nhap bang phuong phap nay dé c6 diém roi ctia bai toan sau d6 dua vao diém roi tach

hop ly tir d6 ¢ 10i giai ngan gon va dep mat.

. o1 . .
Vi du nhu bai toan tén sau khi tim dwgc ddu bang xay ra khib = 2 a=1thitaco

4 1 : a2 N
—=4va - 1 dé€ ap dung bat dang thitc AM-GM thi

a
4 hkas k=4t -1-lb=I=-4
a 4b
Do d6 ta tach s6 nhu sau:
pd,t_ ﬂ+4a -+ i+4b —4(a+b)22\/£.4a+2\/i.4b—5=8+2—5=5.
a 4b \a 4b a 4b

Cdch 3: V6i nhitng em c¢6 kién thiic co ban vé bat dang thiic ¢6 thé dé dang st dung bat

déng thtic Bunyakovski dang phan thitc d€ dén mau thirc vé (a+b)giong gia thiét nhu

12
oLt (2+2j 25
4,40 2) 4 _g
a b Bl

ol

a+b

sau: P=—+—= =

a 4b
4

Hojc bat dang thitc Bunyakovski nhw sau:

2
2 1 4 1 25 5
a—++Vb.——| <(a+b)| —+— —<—-P pP>5.
(\/—\EJM/_ZJBJ (a+ )(a+4bj<:>4 i =
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*Thi du 4. Cho hai s6 thuc duong a,b thoa man a+b > 6. Tim gid tri nhoé nhat cua biéu

thirc P:3a+2b+§+§.
a

Huéng dan giai
O bai toan nay gia thiét & dang bt ding thitc nén ta chi ¢6 thé diing phuong phép

tham s6 héa &€ tim diém roi ctia bai toan. Ta xét ddu bang xay ra titc 1a a+b =6.Gia st

a:btvéit>0.Khidébt+b=6<:>b=i.
t+1
8(t+1 4(t+1
Dods po 38, 26 t+1, ( ):18t+12+1+}+ (t+1)
t+1 t+1 t 6 t+1 t 3
12(t+1)+6t 4(t+1 4(t+1 4(t+1
:(—)+1+1+M:13+ bt +1+ ( )213+3§/ bt 1 ( ):19.
t+1 t 3 t+1 t 3 t+1t 3
, 4(t+1
Déngthl’rcxéyrakhiﬂzlz ( )<:>t=1.
t+1 t 3 2

Khi d6 ta c6 a=2;b=4. Vay min P =19 dat duwoc khi a=2;b =4.
Chii yj: Khi da c6 diém roi a = 2;b = 4. thi ta c6 thé trinh bay nhanh 16i giai nhu sau:
3

Tt a=2:>§=3 dé ap dung bat dang thicc AM-GM thi §:3=ka:> k =3
a a

Tt b:4:>§:25uyra%:2:|b:>|:% . Do d6 ta c6 thé tach s6 nhu sau:

P :3a+2b+§+§:E(a+b)+(§a+§j+(9+§j2§.6+2\/3—a.§+2\/9.§ =9+2.3+22=1%
a b 2 2 a 2 b)) 2 2 a 2 b
Daéng thitc xay ra khi a=2;b = 4.
*Thi du5. Cho hai s6 thiec khong am X,y thoa man X+ y <1. Tim gia tri 16n nhat cua
bidu thire P =+/x +2./y.
Hudng dan giai
Ta sit dung thém tham s phu a,b > 0.
Ap dung bat dang thiec AM-GM cho hai s6 khong am, ta co:
a+x22\/5; b+y22\/@.

Suy ra: a+b+x+y22(\/5+\/a).
Str dung gia thiét X+ y <1 ta duoc: 1+a+b > 2(~ax+ by ).

Céc tham s8 a, b ¢an thoa man b = 2+/a (dé tao thanh P) va
a=x,b=y=a+b=x+y=1 (d€ dang thitc xay ra trong gia thiét).
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Vay gid tri lén nhat cta P bang /5 khi (a;b) = (%,g)

*Thi du 5. Tim gia tri nho nhat cta biéu thiee Q = %— . /X(X —1), voi x>1.

Huéng dan giai

Xét a >0, 4p dung bat dang thitc AM-GM cho hai s§ duong, ta c6:
1 1
X(Xx-1)=—=.2/ax(x-1) £ —=(ax+x-1).
= a1 < (@)

Déng thtic xay ra khi va chi khi ax = x-1< X =1L (voia<l)

Diéu kién x21<:>i21<:>a20. Vay 0<a<l.

1-a
7 a+1l 1
T d6: Q > — X + )
(4\/5 2JEJ 2/a
Ta can tim a thoa man:
4
7 a+l \/— \/— 2 azg
——=0<=7VJa=2J3(a+l)=12a" -25a+12=0< .
43 2Ja (2+1) a3
4

Do 0<a<l nén a:%:x:4.

1 3

Vay gia tri nho nhat ctia Q bang N khi x = 4.
*Thi du 6. Cho cac s6 dwong M, N théa man m+2n=4.
Tim GTLN cua biéu thite P =m*n.
Phén tich: V6i nhitng gi da cho nguoi hoc nghi dén viée ap dung bat dang thiic Cauchy
cho 3 s6 dwong.
Néu nhu biéu thize P =mn? thi viéc dung bat dang thitc Cauchy khong hé gip chut kho

khan nao:

3
3/5:3 m.n.n SW@ Pé(m—;zn) & PS%.Tfrdéchiragiétrilénnhé’tcﬁa P.

TU SACH CAP 2| 88



BOI DUONG HOQC SINH GIOI CAP 2 |
Tuy nhién véi P = m?n thi lai khong don gian nhu vay. Doi hoi nguoi hoc phai that suw
linh hoat va tinh té khi ap dung.

2m+n
3

Ny A \ m+m+n AT, \
Néu ap dung thong thuong: I/m.m.n < —3 < Immn < . D6i vdi bien mthi
thira, bién Nlai thi€u so voi gia thiét m+2n=4.

Do d6 ching ta tiép tuc suy nghi d€ giai quyét van dé nay. Lam thé nao tang Nlén va giam
M xudng d& xudt hién tong M+ 2n. Cé mdt huwdng suy nghi d6 1a bs sung cac hang s8 di

kém cac bién trude khi 4p dung bat déng thitc Cauchy:
3
mgwmz,_%(@j

Tt &6 ching ta chon céc hang s6 K, | thoa man 2km+In=m+2n. Suy ra

S

{Zkzl kzé
|1=2 -

Loi giai:

Theo Cauchy cho 3 s0 ta co

m m
—+—+2n 3 8
3%%% SL@%PS(HHLZ”) @Psz.(ﬂj op<i

3 3 3 27
2
m m m=—
A < 7 2 . _:_:2n 3
Dau ddng thitc xay rakhi { 2 2 = 3
m+2n=4 n:§

12 2
Vay max P =—8khi (m;n)= —;§
27 33
Nhén xét: Sw linh hoat thé hién trong tw duy dé'tim ra cdch gidi hop li, ding ddn trong vi du trén
la str dung thém b6t cdc hing s vao cic bién trwede khi dp dung bt ding thite Cauchy nham muc
tiéu xudt hién gid thiét bai todn da cho. Ddy chinh la biéu hién ciia tinh mém déo trong tir duy.
2) Ky thuit nhan thém hé s
*Thidy1. Tim GTLN cta: A=a*l-a),ae(0]l)

Hudng dan giai
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Do a, 1- a >0 nén ap dung bat dang thitc AM - GM ta c6:

3
A=1a2(2-2a)=la_a(2-2a)gi L% zli
2 2 2 3 2 27
= Aﬁi
27

Dédu “=" xay ra <>a=2-2a =§

Vay GTLN ctia A la 2;47
*Thidyu2. Tim GTLN cta: A=a%(2-a),a<(0,2)
Hudng dan giai
Ap dung bat dang thikc AM - GM ta c6:

4
A:1a.a.a.(6—3a)s1(a+a+a+6_3aj _2r
3 3 4 16

Dédu “=" xay ra <> a=6-3a =§
A 7 . 27
Vay GTLN cta A la T

a<3
*Thi du3. Cho cacs6 thuc duong 4, b thoa {b <4 Tim GTLN cta

A=(3-a)4-b)2a+3b)
Hudng dan giai
Ap dung bat dang thicc AM - GM ta c6:

A= %(6 ~2a)12-3b)2a+3b)< %(

6—2a+12—3b+2a+3bj3 _ 36
3
Diu “=" xayra < 6-2a=12-3b=2a+3b=6 < {ng
Vay GTLN ctia A 1a 36
*Thi du 4. Cho a>0,b>0,c >3 thoaman a+b+c=6. Tim gid tri I6n nhat cta cua biéu
thiee P = abc.
Hudng dan giai

Do tinh d6i xtng ctia a va b (chi ¢6 hai bién a va b thoi, vi diéu kién
a>0,b>0,c >3 cho thdy vai tro ctia ¢ khac véi a, b) nén ta du dodn dang thitc xay ra khi
a=b. Mat khac ttr gia thiét ¢ > 3, ta lai dy doan tiép réng biéu thic P dat gia tri 16n nhat
tai c=3. Do d6 ta co:
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a=>b

c=3 < a=b=—,c=3.

N w

a+b+c=6

Tt sy du doan nay ta st nhan thém hé s6 2 vao hai bién a va b sau d6 sit dung bat déng
thitc AM — GM, khi d06:
3
P=abc= 1(2a)(2b)c < 1f2a+2b+c .
4 4 3
Mit khac 2a+2b+c=2(a+b+c)-c=12-¢c<12-3=9 nén:

3 3
P =abc= %(Za)(Zb)c < %(Za+—§b+cj < l(g) = z.

Dbén day thi bai toan da duoc giai quyét.
Gid tri lén nhat caa P 1a ZT:dat duockhi a=b= g, c=3.

*Thi du 5. Cho s6 thuc a, b thoaman 0<a <3 va a+b=11. Tim gid tri l6n nhét cta cua
biéu thiee P = ab.
(Trich dé vao 10 Chuyén Lam Son, Thanh Héa 2004-2005)
Hudng dan giai
T gia thiét 0<a<3 ta dy doan P dat gia tri 16n nhat khi a =3, mat khac do
a+b =11 nén khi dé b=8.
Tt du dodn nay d€ st dung bat dang thiec AM — GM dugc ding theo diém roi ta
thém hé s6 8 vao a va hé s 3 vao b sau d6 maéi ap dung bat dang thitc AM-GM cho hai s&

8a+3bj2

(8a) va (3b), talam nhusau: P=ab = i(Sa)(?:b) < (

2
Mit khac 8a+3b=3(a+b)+5a<33+53=48 nén P 35(4—;} =24

Dbén day thi bai toan da duoc giai quyét.
Gié tri 16n nhat ctia P 1a 24 dat duoc khi a =3,b =8.
a2

*Thi du 6. Cho cac so thuce g, b, c thoa b >6 . Tim GTLN cua:
c>12

_beva-2 +cailb-6+ab¥c-12
abc

A

Hudng dan giai
Ap dung bat dang thicc AM - GM ta c6:
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be bc (@-2)+2 abc
bcva-— :—1/ia—2i.2£—. =
2 22
ca b 6+3+3 abc
6— \/b 6 _—
3 )
ab ab (c-12)+4+4+4 abc _ abc
abic-12 = ;‘/ic 125444<
“wfer 82

4

Khi do ta co:
A:bc\/ﬁJrca"’ —6+ab¥c-12 _ 1,1 _5 1
abc 2\/_ R9 8/2 8/2 Hf9

a-2=2 a=4
Ddu “=" xayra < <b-6=3 < {b=9
c-12=4 c=16
Vay GTLN ctia A la >
8v2 3\/_
*Thidu 7. Cho 3s6 thucdwong 4, b, ¢ thoa a+b+c=1. Tim GTLN cua:
A=+a+b++b+c++c+a

Phan tich:
Do A la biéu thic d6i xtiing v6i 4, b, ¢ nén ta dw dodn GTNN cua A dat tai

a+b=
a:b:c:1:> b+c=
3

c+a=

Wi WIN wiN

Huéng dan giai

Ap dung bat dang thicc AM - GM ta c6:

e \/7,7a+b_<\/7 (a+b)+ "

3 (b+c)+5
2
(c+a)+
«/c+a<\/7 3)

Cong theo vé& cac bat dang thie (1), (2) va (3) ta duoc:

2(a+b+c)+3.§

A:\/a+b+\/b+c+\/c+as\/§. ; -6
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a+b=g
3
A~ “_rsr 2 2 1
Dau “=” xay ra < b+c=§<:>a:b:C:§
2
C+a=—
3

Vay GTLN ctia A 1a /6

Luu vj: Trong bai todn st dung kij thudt nhin thém hé so, ta sé sw dung kij thudt chon diém roi dé’

tim h¢ s6"cho phti hop.

*Thi du8. Cho 3 s6 thuc duong 4, b, ¢ thoa a+b+c=3. Chtng minh rang:
Ya+2b+3b+2c+3c+2a <33

Phan tich:
Do biéu thirc da cho la biéu thirc d6i xting v6i 4, b, ¢ nén ta du doan dau “=" xay ra khi:
a+2b=3
a=b=c=1=b+2c=3
c+2a=3
Huéng dan giai
Ap dung bat dang thikc AM - GM ta c6:
1 1 (a+2b)+3+3 6+a+2b
Ya+2b=—3/(a+2b)3.3<—— = (1)
39 39 3 R/9
6+b+2c
¥b+2c <——— 2
v =5 2
6+C+2a
Yc+2a<s——X— 3
2 3)
Cong theo v& cac bat dang thikc (1), (2) va (3) ta duoc:
ai2b b 201 Yoroa < B8r3@rbre) s (dpem)
R/
*Thi du9. Cho 4, b, ¢ €[-2;2] thoa a+b+c=3. Chiing minh ring:
Va—aZ +4-b? +44-c? <33
Phan tich:
Do biéu thirc da cho la biéu thirc d6i xting v6i a4, b, ¢ nén ta du doan dau “=" xay ra khi:
4-a°=3
a=b=c=1=144-b"=3
4-c*=3

Hudng dan giai
Ap dung bat dang thicc AM - GM ta c6:
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— 1 o, 1 (4-a%)+3 7-2°
v4-a _\/EW/M a ES\@' 5 e (1)
7_

Jame <= 3

Cong theo vé& cac bat dang thite (1), (2) va (3) ta duoc:
21— (a2 +b® +¢?)
243
Ma theo b4t dang thitc Bunyakovski ta co
(a+b+c)’ <(@+1+1)a® +b* +c?)

Na—a? +44-b% +4-c? <

<:>a2+b2+cz >M
B 3
21_(a+b-|r(:)2
nén 4-a? +4/4-b’ ++4-c? < 2\/53 = 3./3 (dpcm)
10) Ky thuat ha bac

Bai toan 1. Cho céc s6 thuc duong 4, b, ¢ thoa man diéu kién a+b+c=1 (*). Tim gia tri
nho nhat cua biéu thike A=a’ +b? +¢°

Phan tich: Sy chénh léch vé s6 mii ctia cac bi€u thirc @ +b* +¢® va a+b+c¢ goi cho ta sw
dung bat dang thitc AM - GM dé ha bac a” +b? + ¢c?. Nhung ta can dp dung cho bao nhiéu
s0 va la nhiing s6 nao? Can ct vao bac cua cac bién s6 4, b, ¢ trong cac biéu thic trén (s6
bac giam 2 Ian) thi ta can 4p dung bat dang thitc AM - GM Ian luot cho a?, b?va c’cling
v6i 1 hing s6 duwong tuong ting khac dé lam xuat hién a, b va ¢. Do a, b, ¢ dwong va c6

vai tr0 nhu nhau nén ta du doan A dat gia tri nho nhat khi a=b=c, th (*) ta cd
a=b=c =%. Mt khac thi ddu “=" clia bat dang thitc AM - GM xay ra khi chi khi cac s§
tham gia bang nhau. Khi d6 ta c6 1i giai nhu sau:

Loi giai:

Ap dung bat dang thixc AM - GM cho 2 s6: a° va % ta co:

a2+122 az.lzga (1) D&u “=" xay ra <:>a2:1<:>a:1
9 9 3 9 3
Tuong tu:
b2 +122b (2) Dédu “=" xay ra < b=1
9 3 3
c’ +1_gc (3) Dau “=" xay ra <:>c:1
9 3 3
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Cong theo v& cac bat dang thikc (1), (2) va (3) ta duoc:

a2+b2+02+Ezg(a+b+c):g:>a2+b2+c2 21
3 3 3 3
Ddu “=" xdyra < a=b=c==

Vay GTNN cua A la %

*Thi du 1. Cho c4c s6 thuc dwong 4, b thoa man diéu kién a® +b® =1(*). Tim gia tri lon
nhét ctia biu thiee A=+/a ++/b

Phan tich: Can ctt vao bac ctia cdc bién s6 4, b trong cac biéu thitc trén (sd bac giam 6 lan)
thi ta can 4p dung bat dang thitc AM - GM TIan luot cho a® va b® cung véi 5 hang s&
duwong twong tng khac d& 1am xuat hién va va +b . Do a, b dwong va ¢6 vai trd nhu nhau

nén ta du dodn A dat gid tri I6n nhat khi a="b, tir (*) ta c6 a° =b* = % Mat khéc thi dau

“=" ctia bat dang thitc AM - GM xay ra khi chi khi cdc s6 tham gia bang nhau. Khi d6 ta
co 10i gidi nhu sau:
Hudng dan giai

Ap dung bat dang thitc AM - GM cho 6 s8: a° va 5s8 % ta co:

5
a3+5%26.6 aS.(%j —6—\/5 (1) D4u “=" xay ra < a° :%<:>a:—

§2° 2

Tuong tu:

5
b® +5%>66b3( J _6—\/_ (2) D&u “=" xay ra <:>b=i

¥2° 2

Cong theo v& cac bat dang thikc (1) va (2) ta duoc:

51556 (Ja+b)e1+526.—(Va+b)< va+vb <32’
a’+b 56\/2_<\/5\/5)156\/2_(\/5\/5) a+b <42

AN a1 2 1
Dau “=" xayra < a=b=

2
Vay gia tri lon nhat caa A la §/2°
*Thi du 2. Cho 3 s6 thyc dwong a4, b, c thoa ab +bc+ca=3.
Chting minh rang: a®+b* +¢* >3
Hudng dan giai
Ap dung bat dang thikc AM - GM ta c6:
a® +b® +1>34a%® =3ab (1) ;b¥+c®+1>30c(2); c®+a®+1>3ca(3d)
Cong theo vé& cac bat dang thite (1), (2) va (3) ta duoc:
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2(a® +b® +¢*)+ 3> 3(ab +bc + ca)
& 2(a® +b% +¢%)+3>3.3
< a’+b®+c®>3 (dpem)
*Thi du 3. Cho 3 s8 thuc duong 4, b, c thoa a® +b*+¢* =3.
Chiing minh rang: a° +b°® +¢® >3
Huéng dan giai
Ap dung bat dang thitc AM - GM cho 558: 356 a° va2sd 1, ta co:
3a° +2>53/a*L.1=5a° (1)
Tuong tu:
3b°+2>5b%(2); 3¢’ +2>5¢° (3)
Cong theo vé& cac bat dang thire (1), (2) va (3) ta duoc:
3(a5 +b° +c5)+6 > 5(613 +b® +c3)
& 3@® +b°+c°)+6253
< a’+b°+c®>3 (dpem)
*Thi du 4. Cho 3 s6 thyc duwong 4, b, c thda a’b® +b’c® +c’a® =3.
Chting minh rang: a’ +b’ +¢’ >3
Hudéng dan giai
Ap dung bat dang thitc AM -GM cho 7s6:3s8 a’ ,3 s6 b’ va s6 1, ta co:
3a’ +3b" +1>74a” b*1=7a’h’ (1)
Tuong tu:
3b7 +3c’ +127b%° (2); 3¢’ +3a’ +127c%a’ (3)
Cong theo vé& cac bat dang thie (1), (2) va (3) ta duoc:
6a” +b7 +c”)+327(a’b? +b’c® +ca?)
6@’ +b7+c7)+327.3
<a'+b" +c¢’ >3 (dpem)
*Thidyu5. Cho 2 s8 thuc duong 4, b. Chiing minh rang: a® +b? +4 > 2a+2b +ab
Huéng dan giai
Ap dung bat dang thitcc AM - GM, ta c6:
a?+4>2Ja’4=4a(1); b’+424b (2); a’+b’>2ab (3)
Cong theo v& cac bat dang thikc (1), (2) va (3) ta duwoc:
2a’ +2b* +8>4a+4b + 2ab
< a’+b’+4>2a+2b+ab (dpcm)
*Thi du 6. Cho 3 8 thiee dwong 4, b, c. Chiing minh rang:
a® +b°® +c® > a*+bc +b2yca +c?+/ab
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Hudéng dan giai
Ap dung bét dang thitcc AM - GM cho 6 58: 4 s8 a%,1s8 b® va1s8 c*ta co:
4a° +b° +c* > 63a2b’c® = 6a’be (1)
Tuong tu:
4p* +¢°* +a° > 6b”yea (2); 4c® +a®+b® 2 6¢’ab (3)
Cong theo v& cac bat dang thikc (1), (2) va (3) ta duwoc:
6(a® +b° +c°)> 6(a2\/E+ b?/ca + CZ\/%)
< a®+b+c® > a’be +b%yea +c?/ab (dpem)
*Thi du 7. Cho cac s6 thuc duong 4, b, ¢, m, n. CMR:
a™" +b™" +c™" >a"h" +b"c" +c™a"
Huéng dan giai

Ap dung bat dang thitc AM - GM cho m +1 s8: m s8 a™" vansd b™" ta co:

ma™" +nb™" > (m+n)™{(@™" ) (6™ )’ = (m+n)a"b" (1)
Tuong tu:
mb™" +nc™" > (m+n)b"c" (2)
mc™" +na™" > (m+n)c"a" (3)
Cong theo vé& cac bat dang thite (1), (2) va (3) ta duoc:
(m+n)a™" +b™" +¢™")> (m+n)a™" +b"c" +c"a")
a™ +b™" +c™" >a"b" +b"c" +c"a" (dpcm)
Luu 1: Bt dang thiec chiing ta vita chitng minh sé dwoc sir dung trong chitng minh cic bai todn
sau nay.

*Thidu8.  Cho 3 s8 thuc duong 4, b, c théa abc =1 . Chitrng minh bat dang thiic sau:

1 N 1 N 1
al+b®+1 b3 +c®+1 cP+at+1l

Hudéng dan giai

<1

T kétquabai7tacod a™" +b™" +c™" >a™b" +b"c" +c"a"

m=2
Chon {n=1 taduwoc:
cC=a

a®+b*+a’*>a’h+b*a+a’a=a’b+b%a+a’
=a*+b®>a’b+b%a
1 < 1 abc c

< = = doabc =1 1
a*+b®>+1 a’b+b’a+l a’b+b’a+abc a+b+c( ) @

Tuwong tu:
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1 < a
b*+c®*+1 a+b+c

1 < b
ci+a*+1 a+b+c

(2)

(3)

Cong theo vé& cac bat dang thite (1), (2) va (3) ta duoc:

1 1 1 a+b+c
a +b3+1 b? +c? +1 cd+al +1 a+b+c

=1(dpcm)
Bai toan 2. Cho cac s6 thuc duong a4, b, ¢ thoa man diéu kién ab+bc+ca=1. Chitng minh
rang: 10a® +10b? +c? > 4
Hudéng dan giai
Ap dung bat dang thicc AM - GM ta c6:

2 2

8a? +C7 > 21/8a2.% =4ac
2 2

8b? +%221/8b2.% = 4hc

2a% +2b? > 2+4/2a%.2b? = 4ab

Cong theo vé& 3 bat dang thtkc trén, ta co:
10a” +10b% +c? > 4(ab+bc+ca)=4.1=4

8az=i
2 a—b—1
) —h=—
D4u “=" xay ra < 8b2=% o A 3
2 A2 C=7
2a° =2b 3

Day la mot 161 gidi ngan gon nhung c6 vé hoi thiéu ty nhién. Chting ta sé thac mac tai sao
lai tdch dwoc 10 =8+ 2. Néu tach cach khic, chéng han 10 =6+ 4 liéu c6 giai dugc khong?
Tat nhién moi cach tdch khac déu khong dan dén két qua, va tdch 10=8+2 ciing khong
phai la sy may méan. Bay gio ta sé tim 1i do viéc tadch 10 =8+ 2 ¢ bai toan trén.

Véi 0<a <10. Ap dung b4t dang thixc AM - GM ta c6:

2

2
aa +C?>2 aa’.~— =+2aac; ab? +% >2 ab2 =+/2abc

(10— a)a® +(10- a)b2 >2,/(10-a)a?(10—a o = (20— Za)ab
Cong theo v& 3 bat dang thtic trén, ta co:
10a? +10b? +c? > +/2a(ac +bc)+ (20 — 2« )ab

Lic nay ta can bang diéu kién gia thuyét, tic la:
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o =8
N2a =20-2a < 20 =400 -80a + da® < 2a® —4la +200=0= . 25>10
2

= a=8
Khi d6 ta cé 1oi giai bai todn nhuw trén.
*Thi du1. Cho cacsd thuc duong 4, b, ¢ thoa man diéu kién ab+bc+ca=5.CMR::
3a® +3b* +c?>10
Hudéng dan giai
Ap dung bat dang thicc AM - GM ta c6:

2 2

23?2 +C7z 21/2a2.% — 2ac
2 2

ob? +%z 21/2b2.% — 2bc

a? +b? > 24/a’h? = 2ab

Cong theo vé& 3 bat dang thtkc trén, ta co:

3a” +3b? +¢c? > 2(ab+bc+ca)=25=10

*Thi du 4. Cho cdc sd thuc dwong a, b théa man diéu kién a® +b® <1. Tim gia tri 16n
nhat cua biéu thieec A=a+4b

Phan tich:

Du doan A dat GTLN khi a® +b* =1

a=
“ Taco a*+p2=101)

Gia st A dat GTLN khi {

Ap dung bét dang thitcc AM - GM cho 3 s8: a° va2sd o ta co:

a’+2a®> 3.3\/a3.(a3)2 =3a’%a

Tuwong tu:

b®+28° > 3}b*(5°f =38%

Cong theo v& cac bat dang thtkc trén ta duoc:

(a3 +b®)+2(a® + 5°)> 3a%a+3p%

Pé xuat hién ¢ vé phai a+4b ta chon «, sao cho

3a’a:3B°b=a:4b

a’? 1 a

1
S —=—o—==
p 2

e @)
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P S P
Te(Mva@tacohd: 1 g 2 = 3
3 3 23{/5

Khi d6 ta c6 10i giai sau:
Hudng dan giai
Ap dung bat dang thicc AM - GM ta c6:

s 1 1 ;11 1
a’+-+—-2=33/a’.—.—=—=a

9 9 99 33
b3+§+§2ib

9 9 33
Cong theo v& cac bat dang thikc trén ta duoc:

1

a’+b*)+2>—"=(a+4b
)z Lo

= a+4b £3\/§[(a3 +0°)+ 2]< 343

3
Ddu “=" xay ra khi =3
b3 § 2%
=5 b =
3

Vay GTLN cua A la 33/3

*Thi du 5. Cho cac s6 thuc duwong 4, b, ¢ thdéa man diéu kién a+b+c=3.

Tim GTNN ctia A=4a” +6b* +3c?

Phan tich: Véi a, 8,7 > 0. Ap dung bat dang thitc AM - GM ta c6:

4a% + o > 242 . = 2J4aa ; 6b% + B> 2\[6b%.5 =268b ; 3¢ +y>23c%y =2,/3y¢
Cong theo vé& 3 bat dang thtkc trén, ta co:

4a% +6b? +3¢? + o+ B +v > 2\4aa + 2,/6Bb + 2,/3yc

a+b+c=3

_ a
a+b+c=3 a=

4
4a’ =«
Dé,u//=nxéyra<:> ) = ﬂ = 24_ £+\/Z:3
6b’ = b= " Va4 \6 3

3=y

Chon «, B,y sao cho 4a =643 =3y
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a B |r_
Ta c6 hé phuong trinh: \/:+\/;+\/;_3
4da =60 =3y

J§+\E+\ﬁ:3

4 6 3

4o a 4o do 1 1 2

- = .=+ /—+‘/—=3:> —+=-+—-|=3

p 6 \/: 6.6 3.3 \/5(2 3 3)

=
_4a
’=73
8
ﬂ=§
Sa=4=
16
Y773

Khi dé ta c¢ 1oi giai bai toan nhu sau
Hudng dan giai
Ap dung bat dang thiic AM - GM ta c6:

4a% +4>2+/4a’.4 =8a

6b* +§2 2,/8b2.E =8b
3 3

3c? +E22 3c2.E =8¢
3 3

Cong theo v& 3 bat dang thtic trén, ta dugc:
4a® +6b? +3c? +4+%+%28(a+b+c): 24

= 4a’® +6b? +3c? >12

a+b+c=3
4a* =4 a=1
Dau “=" xay ra < 6b2:§ = b:E
3 3
, 16 A
3c =3 3

Vay GTNN ctaa Ala 12

*Thi du 6. Cho hai s6 duwong a, b théa man a +% =1. Chttng minh rang;
2 2
a+ 1 +| b+ 1 > 2
a b 2
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(Trich dé chuyén Binh Dinh nam 2018-2019)
Phan tich: Quan sat a va b ta thay c6 vé khong doi xttng, nhung néu tinh té ban sé nhan ra

A v 1 \ ~ N A, < 7 Als 7 \ \ . 7
néu dat — = c thi ta sé dwogc mot bat dang thiec d6i xttng hoan toan. Khi d6 ta duoc:

b

2 2
Cho a, ¢ dwong thoa man: a +c = 1. Chiing minh rang: (a + lj + (c + lj > ?
a c

Do a va ¢ d6i xttng nén ta dé dang toan duwoc ddu bang ctia bai toan dat dwoc khi:

a:c:l:>a:1,b:2:>a+1:b+l:é
2 2 a 2
Huéng dan giai
Ta co: a+%=1 <:>%=1—ac>ab+1=b (@a>0,b>0)

Ap dung bat dang thitcc AM-GM ta duoc:

2 2 2 2
a+l +§22 a+l _§=5 a+l ; b+l +§22 b+l .§=5 b+l
a 4 a) 4 a b 4 b) 4 b

2 2
:>A:(a+lj +(b+%) 25[a+b+l+%j—§

a a 2
=5 1+b+l —§=5 1+ab+1 —§=5 1+B —é.
a 2 a 2 a 2
Ap dung bat dang thikc (x+ y)2 > 4xy, ta cé:
1Y b
a+—| 2421242 5254 (),
b b b a
Dodé:Az5(1+4)—§=§.
2 2
Dé’u”=”xéyrakhivéChikhi:a=l,a+l=b+l=évéa+l=1:>a=l,b=2.
b a b 2 b 2

12) Ky thuat cong thém
*Thi du 1. Cho 3 s thuc dwong 4, b, c. Chitng minh bat dang thitc sau:
a b c¢c_1 11
S+t +=+=
b ¢ a° a b ¢
Huéng dan giai
Ap dung bat dang thikc AM - GM ta c6:

a 1 al 2 b 1_2 c 1_2
S22 S22 @); S+=22 @;  —+2226
b? a b? a b() c2 b ¢ @ a’ ¢ a()

Cong theo vé& cac bat dang thie (1), (2) va (3) ta duoc:
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a b c

b2 ¢ a’
a b c¢c_1 11

> —+—+—2>2—+—+= (dpcm
b? ¢ a* a b c(p )

*Thi du 2. Cho 3 s6 thuc dwong 4, b, c. Chitng minh bat dang thiic sau:

1 1 1.2 2 2
+ o+ >4 =
a b c¢c a b c

a’ b? c? >a+b+c

+ + >
2b+c 2c+a 2a+b 3
Hudng dan giai
Ap dung bat dang thicc AM - GM ta c6:

2

2
a +2b+022 a .2b+c:@(1);
2b+c 9 2b+c 9 3
2 2
b +2c+a22_b(2); C +2a+b2£(3)
2c+a 9 3 2a+b 9 3
Cong theo vé& cac bat dang thie (1), (2) va (3) ta duoc:
2 2 2
a® b ¢ +3(a+b+c)22(a+b+c)
2b+c 2c+a 2a+b 9 3
2 2 2
- a N b N c 2a+b+c (dpem)
2b+c 2c+a 2a+b 3

Luu yj: Trong bai todn st dung kij thudt cong thém hé so, ta sé si dung kij thudt chon diém
roi va kij thudt ha bic dé'tim hang tir cho phu hop.

Vi du:
e DGi véi bai 1 bat dang thixe da cho c6 tinh d6i xting véi a, b, ¢ nén ta du doan
dau "~ xay rakhi a=b=c .Khidé 2 =2 =1 tachon L

b® a° a a

o D&i véi bai 2 bat dang thitc da cho c6 tinh d8i xting véi a, b, ¢ nén ta du doan
a’ a’

2b+c:2a+a

dau “=" xay ra khi a=b=c . Khi d6 =3 mudn st dung bat ding

thttc AM - GM d& lam mét miu thi ta cong thém % Chon mau la s8 9 vi

2b+c 2a+a a

9 9 3
*Thi du 3. Cho 3 s6 thiee dwong 4, b, c. Chitng minh bat dang thikc sau:

a+b® b*+c® c*+a’
+ +

>2(a+b+c)
ab bc ca

Huéng dan giai
Ta co:
a’+b° +b3+03 +c3+a3 ~a® b® b® c¢* ¢ a?

—_—
ab bc ca b a C b a C
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Ap dung bat dang thicc AM - GM ta c6:

2 2 2 2
8 ib>2/2% b=2aq) b asob @2 iex2 )
b b a c

2 2 2

%+b220 @) C taz2c 6G): Eic>2a (6)
a C

Cong theo vé& cac bat dang thitc tir (1) dén (6) ta duoc:

2 2 2 2 2 2
a_+b_+b_+c_+c_+a_+2(a+b+c)> 4a+b+c)
b a ¢ b a c
2 2 2 2 2 2
:>a—+b—+b—+c—+c—+a—>2(a+b+c)
b a ¢ b a c

a’+b® b*+c® c*+a’
+ +
ab bc ca
*Thi du 4. Cho 3 s8 thuc dwong 4, b, c. Chitng minh bat dang thitc sau:
a? b? ¢’ 1.1 1

Rl > 424
b® ¢ a® a b c

>2(a+b+c) (dpem)

Huéng dan giai

Ap dung bat dang thikc AM - GM ta c6:

a? 1 1 a- 11 3 b> 1 1 3 c2 1 1 3
Ll —>33,/———=—(1),- Ditit2 @) St =>23)
b® a a b® a b ¢ b b ¢ a® ¢ ¢ a

Cong theo v& cac bat dang thikc (1), (2) va (3) ta duwoc:

a_2+£+£+2(1 1 1} 3(1 1 1)

b® ¢® a a b ¢ a b ¢
a? b? 1 1
:>—+—+ —+— +— d
b® ¢ a3 a b (dpem)

*Thi du 5. Cho 3 s8 thuc dwong 4, b, c. Chitng minh bat dang thitc sau:
3 3 3
LML a®+b*+c’
b ¢ a
Hudng dan giai

Ap dung bat dang thicc AM - GM ta c6:

3 3
a_+a_+b2_33a a’ £ b?=3a% ) ;
b b \'b b

3 b3 C3 C3
—+—+c?2>302 () ; ~ +2+a’>3c®> (3)
cC c a a
Cong theo v& cac bat dang thirc tir (1), (2) va (3) ta duoc:

Z(a—3+£+§j+(a2 +Db? +c2)2 S(a2 +b? +c2)
b ¢ a
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a3 b3 3 ) ) )
=>—+—+—2=a"+b" +c° (dpcm)
c a
*Thi du 6. Cho 3 s6 thiee dwong a, b, ¢ thoa abc =1 . Chiing minh bt déng thikc sau:
a’ b° c’ 3
- + >=
(L+b)Yl+c) (+c)i+a) (L+a)i+b) 4
Huéng dan giai
Ap dung bat dang thitc AM - GM ta c6:

a’ L1+b 1vc o a’ 1+b 1+c _3_ ) ;
(L+b)l+c) 8 8 \(@+b)i+c) 8 8 4 ’
b 1+c 1+a_3
>—b () ;
Arckiza) 8 8 ~4° @7
3
C 1+a 1+b>§c(3)

+ + >
(l+a)l+b) 8 8 4
Cong theo vé& cac bat dang thie (1), (2) va (3) ta duoc:

a + b + ¢ +l(a+b+c)+§>§(a+b+c)
(L+b)Yl+c) (+c)l+a) (L+a)i+b) 4 44
a’ b® o 1 3.3 3 3
>~ (a+b+c)->>"3/abc->==
:>(1+b)(1+c)+(1+c)(1+a)+(1+a)(l+b) 2("’“r +¢) 2= Ty
(dpem)

*Thi du 7. Cho 3 s6 thuc duong 4, b, c. Chting minh bat dang thtic sau:

4 4 4
a b c

-+ ——+ 22a+b+c
bc ca® ab

Huéng dan giai
Ap dung bat dang thikc AM - GM ta c6:

a* a*
—+b+c+c=44—bcc=4a (1)
bc bc

4

E+c+a+a24b 2)

4

+a+b+b>4c (3)

b2
Cong theo vé& cac bat dang thite (1), (2) va (3) ta duoc:
a® b* ¢f
+—+ +3a+b+c)=4a+b+c
bCZ CaZ abz ( ) ( )
a’ b* ¢f
= +—F+ >a+b+c (dpcm
bc? ca® ab? (dpem)
*Thi du 8. Cho 3 s8 thuc dwong 4, b, c. Chting minh bat dang thtkc sau:
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cz(a+b)Jr az(b+c)+ b’(c+a) 2
Hudéng dan giai
Ap dung bat dang thitc AM - GM ta c6:
) 2\/ e @
bc b+c 1 ca c+a_1

> 2); >— (3
az(b+c)+4bc a @ bz(c+a)+4ca b ©®

ab bc ca 1(1 1 1)
> | 424z
a b c

Cong theo vé& cdc bat dang thie (1), (2) va (3) ta duoc:

ab N bc . ca +a+b+b+c+c+a> 1
c’(a+b) a’(b+c) b*(c+a) 4ab 4bc 4ca c
ab bc ca 11 1 1 1 1_ 11
=N + + T e T e e
c’(a+b) a%*(b+c) b*(c+a) 4b 4a 4c 4b 4a 4c a b
ab bc ca 1(1 11

—+=+=|(d
a+b+cj( pcm)

1 1
—+—+
a b

1
c

=

+ + >
c’(a+b) a’(b+c) b*(c+a) 2
*Thi du 9. Cho 3 s6 thiec dwong 4, b, ¢ thoa a® +b? +¢® =3 . Chttng minh rang:
a’ b ¢t _3

+ + > =
b+tc c+a a+b 2

Huéng dan giai
Ap dung bat dang thikc AM - GM ta c6:

a’ +a(b+c)>2 a3la®+c):a2(n.
b+c 4  \b+c ’
b +b(c+a)>b2 2 c® {c@+b) 2 @)
c+a 4 " 1+b 4

Cong theo vé& cac bat dang thie (1), (2) va (3) ta duoc:
a® b® ¢® ab+bc+ca
+ + >
b+c c+a a+b 2

Mat khactaco: a™ +b™" +¢™" >a"™b" +b™c" +c"a"

a’+b%+c* (1)

m=1
Chon { ta duoc:
n=1

a’+b?+c?>ab+bc+ca
a’+b?+c?_ab+bc+ca
= >
2 2
Cong theo v& cac bat dang thirc (1)va (2') ta duoc:

(2")

al b3 c® ab+bc+ca a’*+b?+c?
+ + +

N ab+bc+ca
b+c c+a a+b 2

>a’+b%+c?+
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a® b ¢ _at+b*+c’
+ + >
b+c c+a a+b 2
*Thi du 10. Cho 3 s8 thue duong g, b, c. Chting minh bat dang thikc sau:

-2 (dpem)

5 5 5
a c
b—2+—2+—22 a®+b®+c?
¢’ a
Hudng dan giai

Ap dung bat dang thicc AM - GM ta c6:

5 5
§—2+ab2 > 2,/2—2.ab2 =2a° (1);

b® c®
C—2+bc2 >2b® (2); ?Jrca2 > 2¢? (3)

Cong theo vé& cac bat dang thite (1), (2) va (3) ta duoc:
5 5 5
§—2+C—2+;—2+ ab® +bc? +ca’ > Z(a3 +Db? +c3)(1')

Mat khactacod: a™" +b™" +¢c™" >a"b" +b™c" +c™a"

1
Chon {m ta duoc:
n=2

a®+b®+c®>ab® +bc’ +ca® (2"
Cong theo v& cac bat dang thirc (1)va (2') ta duoc:
a5 5 C5

b—2+—2+—2+ab2 +he? +ca’ +a®+b° +¢® 2 2(a® +b +¢*)+ab’ +be’ +ca
¢’ a

2

:>a_5+_5+£> a’+b® +c® (dpem)
b? ¢* a®
*Thi du 11. Cho 3 s8 thuc duong g, b, c. Chting minh bat dang thiic sau:

3 3 3
a_, b ,¢ 2l(a2+b2+c2)
a+2b b+2c c+2a 3
Hudng dan giai

Ap dung bat dang thicc AM - GM ta c6:

3 3

a +a(a+2b)22\/ a _a(a+2b)=ga2 "y
a+2b 9 a+2b 9 3

3 3

b +b(b+20)22b2 @; _© +C(C+2b)zgc2 3)
b+2c 9 3 c+2b 9 3

Cong theo vé& cac bat dang thie (1), (2) va (3) ta duoc:

3 3 3
a_, b, +l(a2 +b? +c2)+g(ab+bc+ca)2
a+2b b+2c c+2a 9 9

al b? c? 2
o + + +=(ab+bc+ca)>
a+2b b+2c c+2a 9

%(a2 +b? +cz)
(a2 +b% +c?) (1)

oo
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Mat khacta co: a™" +b™" +¢c™" >a"™b" +b"c" +c"a"

m=1
Chon { ta duoc:
n=1

a’+b*+c®>ab+bc+ca
= é(a2 +b? +¢? )2§(ab+bc+ca)(2')
Cong theo v& cac bat dang thikc (1)va (2’) ta duoc:

3 3 3
a_, b, +E(ab+bc+ca)+g(a2+b2+c2)2§(a2+b2+cz)+g(ab+bc+ca)
a+2b b+2c c+2a 9 9 9 9

3 3 3
-2 b P 2£(a2+b2+cz)(dpcm)
a+2b b+2c c+2a 3

*Thi du 12. Cho 3 s6 thiee dwong 4, b, c. Chitng minh bat dang thikc sau:
b+tc c+a a+b_2 2 2
—t———t—— 2=+ —+—
a b c a b c
Huéng dan giai

Ap dung bat dang thikc AM - GM ta c6:

b+2c+ 4 22/b+zc_ 4 :f A
a b+c a b+c a

c+a 4 4 a+b 4 4
+ >— (2); + >— (3
b> c+a b @ c2 a+b ¢ ®)
Cong theo v& cac bat dang thikc (1), (2) va (3) ta duwoc:
b+c c+a a+b 4 4 4 4 4 4 ,
—t st —+ + > —+—4— )
a b c a+b b+c c+a a b c
Ma ta co:
11,01 4 4 o,
a b ab 2ab a+b
U S L1, 4
b ¢ b+c Cc a c+a

Cong theo vé€ cac bat dfmg thire (1), (2'), (3’) va (&4') ta duoc:
b+c c+a a+b 4 4 4 2 2 2_4 4 4 4 4 4
————t——+ + + Fo S S C + +
a b c a+b b+c c+a a b ¢ a b ¢ a+b b+c c+a
b+c+c+a+a+b>§+g+g(d cm)
a’ b? c2 a b c P
*Thi du 13. Cho 3 s6 thiee dwong 4, b, c. Chitng minh bat déng thikc sau:

2 2 2

a—+b—+4iza+3b

b ¢ a

D&u “=" ctia bat dang thiic xay ra khi a=b = 2c

Hudéng dan giai
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Ap dung bat dang thicc AM - GM ta c6:
2

2 2 2
3 b22/fb-2aq; Liscca@; iazac @)
b b C a

Cong theo vé€ cac bat dfmg thire tir (1), (2) va (3) ta duoc:

2 2 2
a b—+4i+a+b+4022a+4b+4c

b ¢ a
2 2 2
:>a—+b—+4iz a+3b (dpcm)
c a
*Thi du 14. Cho 3 s8 thuc duong g, b, c. Chting minh bat dang thiic sau:
2 2 2
&, b e 21(64c—a—b)
b+c c+a a+b 9

Huéng dan giai

Ta thdy ddu “=” ctia bat dang thiec xay rakhi a=b = 2c
Ap dung bat dang thicc AM - GM ta c6:
2 2
a’ 4(b+c)2@ ; b . 4(c+a)24_3b 2);

b+c 9 3 +a 9
Cong theo v& cac bat dang thirc tir (1), (2) va (3) ta duoc:

2
16C | (a+b)>8 ()
a+

2 2 2
L +E(a+b)+§czi(a+b)+8c
b+c c+a a+b 9 9 3
2 2 2
= a_, b +16C 21(64C—a—b) (dpcm)
b+c c+a a+b
13) Ky thuat AM - GM ngugc diu

Xét bai toan sau:
Cho 3 s6 thuc duwong 4, b, ¢ ¢6 tong thda diéu kién :a+b + ¢ = 3. Chirng minh

bat déng thitc sauw: ———+ 21 + 21 >3
a“+1 b°+1 c°+1 2

Bai toan:

Phan tich va giai:
Ta khong thé dung truc tiép bat dang thixc AM - GM véi mau vi bat dang thitc sau
d6 sé doi chiéu:
21 + 21 + 21 <i i+i>§
a+1 b°+1 c"+1

2a 2b 2 2

111 3 1 3 1 3

Do i+i+i233—.—.——— > — =
2a 2b 2c 2a 2b 2¢ 23/abc 2a+b+c 2
3

Dén day chung ta sé bi lung ting trong cach giai. O day ta sé sit dung lai bat dang

thitc AM - GM theo cach khac:
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1 (a2 + 1) -a’ a’ a’

a
_ —1- >1-2 1.2 1
a’+1 a’+1 a’+1 2a 2 @
b 1 c
Tuong tu ta co: >1-= (2); >1-— (3
& b2 +1 2 @) 24+1 2 @)
Cong theo v€ (1), (2), (3) ta duoc:
1 N 1 N 1 _at+b+c_3 (dpcm)
a’+1 b*+1 c?+1 2 p P

*Thi du 1. Cho 3 s6 thuc duong 4, b, ¢ c6 tong thoa diéu kién:a+b+c=3.

Chting minh bat dang thikc sau: 1

1

.3

Huéng dan giai

+ + >
l1+ab 1+bc 1+ca 2

Ta co:
1 1 ab 51 ab :1_@ (1)
1+ab 1+ab 2./ab 2
Tuong t ta co: Zl—ﬁ 2); ! 21—\/a
2 1+ca 2

Cong theo vé€ (1), (2), (3) ta duoc:

St >3- 2 (Jab + ybe +Vea)

+ +
l1+ab 1+bc 1+ca
[a+b b+c
+

+
2 2 2

Vay bai toan duwgc chitng minh.

>3-2
2

c+aj:3_a+b+c

©)

*Thi du 2. Cho 3 s6 thyc duwong 4, b, ¢ ¢ tong thoa diéu kién:a+b+c=3.

Chting minh bat dang thtic sau:

a_ . b L
b®>+1 c*+1 a’+1

>3
2

Huéng dan giai

2 2
Taco: ———=a- 2b 2a—£=a—a—b 1)
b +1 b +1 2b 2
bc c ca
Tuwong tu ta co: >bh-— (2); >C——
g c?+1 2 @) a’+1 2
Cong theo v& (1), (2), (3) ta duoc:
2a N 2b - 2a+b+c—ab+bc+ca (1"
b +1 c“°+1 d°+1 2
Mat khac ta co:

@)
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2 2 2 2 2 2
ab+bc+ca< erb 0 ;C & ;a =a’+b?+c?=(a+b+c)-2(ab+hbc+ca)

2
:ab+bc+caswz3 (2")

Tt (17) va (2)) ta co:
a N b N c
b2+1 c¢’+1 a’+1

23—2:% (dpem)

(a+b+c)

Lwu y: Ta sé si dung két qua ab+bc+ca < =3 trong chirng minh cdc bai todn khic.

*Thi du 3. Cho 3 s6 thuc duong a4, b, ¢ c6 tong thoa diéu kién:a+b+c=3.
a+l b+l c+1 53

Chting minh b4t dang thikc sau:

b>+1 c¢c*+1 a’+1
Hudéng dan giai
2 2
Tacé:az_”:aﬂ_(ajl)b sas1 @*p® g absb
b +1 b +1
Tuwong tu ta co: b+12b+1_bc+c @) ; C2+1120+1—Ca+a 3)
a‘+

c +1
Cong theo v€ (1), (2), (3) ta duoc:

a+l b+1 c+1 a+b+c+ab+bc+ca
—+t—H—+———2a+b+c+3-
b +1 ¢ +1 a“+1 2
Za+b+c+3_ab+bc+ca
2 2
(a+b+c)
>3,3. 8 3,333
2 2 2 2
V3 a+1+b+l+c+1 >3

Vil 41 atel
*Thi du 4. Cho 3 s6 thic dwong 4, b, ¢ . Chiing  minh bat dang thitc sau:

a’ b3 c? a+b+c
2 2+ 2 2+ 2 2 2
a‘+b° b °+c° c°+a 2
Hudng dan giai
at ab? ab? b
Tac): ——=a-———>a-— —a-—— (1
a’ +b? a’+b? 2ab 2 @)
3 C c? a
Tuwong tw ta co: >b-—— (2); >c—— (3
& b? +¢? 2 @) c?+a? 2 ®)

Cong theo vé€ (1), (2), (3) ta duoc:

al b3 c? a+b+c a+b+c
5 sttt — 22a+b+c— =
a‘+b b +c c‘+a 2 2

*Thi du 5. Cho 3 s8 thiee dwong 4, b, ¢ c6 tong thoa diéu kién:a+b+c=3.

(dpem)
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Chting minh bat déng thitc sau: — a_, > b +— ¢ >
b’c+1 c’a+l a‘b+1
Hudng dan giai

Ta co:
a _ ab’c _ ab’c _a_ab\/E_a_bW/a(ac)>a_b(a+ac)
b’c+1 b’c+1  2byc 2 2 4
a 1
= >a——(ab+abc 1
b%c+1 4( ) @
Tuong tw ta co:
b 1 c 1
>b-=(bc+abc) (2); ———=c——(ca+abc 3
cla+1 4( ) @ a’b+1 4( ) @
Cong theo v& (1), (2), (3) ta duoc:
2a N 2b N 2c Za+b+c_ab+bc+ca_abc:3_ab+bc+ca_abc 1)
bc+1 c“a+l1 a‘b+1 4 4 4 4
Mat khac ta co:
2
3=M2ab+bc+ca @EZM(Z’)

4
3 1 _abc .,
3=a+b+c>3%abc @ZZT 3)

Cong theo vé€ (1), (2", (3") ta duoc:
a b c 3 1 S

5 +— +— +— >

b°c+1 c‘a+1 ab+1 4 4
a b C
2 + 2 + 2
b°c+1 c‘a+1 a‘bh+1

>2 (dpcm)

*Thi du 6. Cho 3 s thuc duwong 4, b, ¢ c6 tong thda diéu kién ab +bc +ca = 3. Ching
minh bat dang thiic sau:

a b c
3 + 3 + 3 -
2b°+1 2¢c°+1 2a°+1

Huéng dan giai

Ta co:
a 2ab?® ab® 2ab
=a-— >a-—=a—— (1
2b% +1 b®+b®+1 3b? 3 @
b 2bc c 2ca
Twong tu ta co: >h—— (2); >Cc— 3
& cd+1 3 @ 2a’ +1 3 ®)
Cong theo v€ (1), (2), (3) ta duoc:
3 + 3b + f 2a+b+c—2<ab+bc+ca):a+b+c—2 (1)
2b°+1 2c°+1 2a°+1 3
Mat khac ta co:
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2
Mzab+bc+ca

=a+b+c>,/3@b+bc+ca)=3 (2')

Cong theo v€ (1) va (2') ta dugc:
a b c
+ +
2b%+1 2c¥+1 2a*+1
a b c
= + +
2b°+1 2¢®+1 2a®+1

+a+b+c>a+b+c+1

>1 (dpcm)

*Thi du 7. Cho 3 s8 thuc dwong 4, b, ¢ . Chting minh rang:

3

a b® c? Jath+c
2 2 T2 2 T2 2 =
a“+ab+b b +bc+c c°+ca+a 3
Huéng dan giai
3 2 2 _
Tacc’) %:a—%Za_M:a_a-kb:Za (1)
a“+ab+b a-+ab+b 3ab 3 3
Tuong tu ta co:
3 _ 3 _
: b 222b c 2); : c 222(: a 3)
b®+bc+c 3 c°+ca+a 3
Cong theo v€ (1), (2), (3) ta dugc:
a’ . b® . c? Jatb+c (dpem)
a’+ab+b? b*+bc+c® c*+ca+a® 3 P

*Thi du 8. Cho 3 s6 thuc duwong 4, b, ¢ c6 tong thda diéu kién a+b+c=3.
. a’ b2 c?
Chang minh bat dang thic sau: -+ -+
a+2b° b+2c° c+2a

Hudéng dan giai

~>1

Ta co:

a’ 2ab?

23.b2 2 2
—a- >a- —a- 3@y
at2? ° arbiibl o 3%/ab* 73 (@) (@)

Tuong tw ta co:

2
b+202 _b——W/ (bc)’ a7 >c-=3/(ca)’ (3)

3
Cong theo v€ (1), (2), (3) ta du’QC:
a’ b2 c? 3
+ + _a+b+c——[ ab + bc ca }
a+2b®> b+2c*? c+2a’ 3 \/ \/ \/( )

>3—§[\/ab )? +3/(bc)? +3/(ca)’ } (*)

Mat khac ta co:

3/(ab)? =3/aabb < %b*b (1)
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Tuwong tu:
3(bc)’ < &;H: 2); 3(ca)’ < @ (3)
Cong theo v€ (1'), (2') va (3’) ta co

V(ab)2 +V(bc)2 +i/(ca)2 s%(a+b+c)+%(ab+bc+ca)

)AM
' 3

= —é[%/(ab)z + %/(bc)2 +V(ca)2 j| > _%3 _ (e
Tt (*) va (**) ta co:

a’ . b2 . c?
a+2b®> b+2c* c+2a

sg(a+b+c _23,1
3 3 3

~>3-2=1 (dpcm)

*Thi du 9. Cho 3 s6 thyc duwong 4, b, ¢ théa diéu kién a+b+c =3. Chttng minh bat
dang thtec sau:

a’ b? c?
s+ s+ 3 >1
a+2b°> b+2c® c+2a
Hudéng dan giai
Ta co:
a’ 2ab® 2ab® 2
- -—a- >a-— :a——bi/? 1
a+ 2b’ a+b®+b’ 3/gp° 3 @)
Tuong tw ta co:
b2 2

2
— zb-zci/t? @ ; 2c—§a§/c_2 ©®)

Cong theo v€ (1), (2), (3) ta duogc:
2 2 2
& b C aibec 2(al « o +alc?)
a+2b® b+2c° c+2a 3
>3- 2a s ot +ale?) (9

c+2a’

Mat khac ta co:
be\’/a_2=b3/—a.a.1gb(a+§+1]:b[2a3+1]: 2al?3+b D)

Twong tu ta cé: &b’ < ZbC; ¢ 2); alc? < 20a3+ 2 3"

Cong theo v€& (1), (2", (3’) ta duoc:
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(b\/_+c\/b_2+a\/_) a+b+c %(ab+bc+ca)

Sa+b+c+g (a+b+c)

. =3 (=
3 3 3 )
a’ b? c?
Tte (*) va (*%) ta co: + + >1 d
w () va () taco a+2b® b+2c® c+2at (dpem)
C. BAI TAP AP DUNG
1) Cho cdc s6 thyee dweong a,b,c sao cho a+b+c+ab+bc+ca=6. Chitng minh rang:

a’ +b*+c? > 6. (Trich dé tuyén sinh 16p 10- TP Ha Ngi 2013).

2) Cho cdc s6 thyc dwong a,b sao cho : §+%: 2. Chirng minh:
1 1 1
4 12 2 T 2 TP
a"+b°+2ab® b"+a°+2ah 2
(Trich dé tuyén sinh [6p 10 chuyén Nquyén Trai- Hai Dwong 2013).

Q=

3) Cho cdc s6'thwc dweong a,b sao cho a+b=2. Chirng minh:
2(a?+b?)-6 (a bj+9£i+i2J 10.
b a a> b
4) Cho cdc s6'thwec dwong a,b,c thoa man a+b+c=2. Tim gid tri nho nhat cua

P =+2a+bc ++/2b+ac +v2c+ab . Trich dé tuyén sinh 16p 10- TP Ha N§i 2014.
ab
a+b+2
(Trich dé tuyén sinh 16p 10- TP Ha N§i 2015).

5) Cho cdc 56 thiec khong ém a,b sao cho a*+b? =4. Tim GTLN ciia P =

6)(a+b)(b+c)(c+a)>

©| oo

(a+b+c)(ab+bc+ca).

7) Cho (a+b)(b+c)(c+a)=1. Chitng minh: ab+bc+ca£%
( Trich dé tuyén sinh 16p 10 chuyén Todn TP Ha N§i nam 2015)

a’+b® b*+c® c+a’
+ + >
ab+9 bc+9 ac+9

9) Cho a, b i cic so'dwong. Chitng minh rang: \/2a(a+b) +b1/2 a’+b?) <3(a*+b?).

JXY + 7 +J2¢ + 2y

1+\/7

8) Cho a,b,c >0,a+b+c=9. Ching minh:

>1.

10) Cho x, y, z> 0 va théa man X+ y +z = 1. Chieng minh rang:

Xy, by

11) Cho cic s6'thiec dwong x, y. Tim gid tri nho nhdt ciia biéu thire: P = |~ +2+
y?ooX X+y

12) Véi x, y la cdc s6'thwe thoa man 1<y <2 va xy+22>2y .
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2
N S +4
Tim gia tri nho nhat cua biéu thirc M = X

y2 +1
13) Cho x,y,z la ba s6thyec dirong thoa min: X* +y* +z° =2,

3 3 3
2 N 2 XAy +z

Chirng minh: < +3.
§ x? + y2 y2 +z° 727 +X° 2xyz
14)  Cho cdc s6 thuec duong a,b, c théa mén dicu kién a+b+c = 1+%+1.
a C

Chitng minh rang 3(a+b+c)2\/8a2 +1++/8b2 +1+/8c +1

2 2
15) Cho hai s& dieong a, b théa min a +% = 1. Chitng minh ring: (a ; lj s [b ‘ %j > %
a

16) Cho hai 6 dweong a, b théa man: a + b = 4ab. Chieng minh rang: ? t———2 1
4b"+1 4a”+1 2
17) Cho x, y, z la cdc s6 thwc dwong thoa man: Xy +yz+4zx = 32
Tim gid tri nhé nhdt cia biéu thicc: P=x" +16y* +162°
18) Cho cic s6'thwc dwong x, y thoa man: x+y <1.
Tim gid tri nhd nhat cia biéu thiec: P = (l+l}/ 1+x%y?
Xy
19) Cho hai s0'thwc x, y thoa man x> 3;y = 3.
Tim gid tri nhé nhdt ciia biéu thirc: T = 21[x +1J + 3(y +1]
y X
20) Cho a,b,c>0 va a+2b+3c>20.

N 7 . 2 A ? o A2 7 4
Tim gid tri nho nhat cua biéu thirc: S = a+b+c+g+%+—
a c
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SU DUNG BAT PANG
10 THUC BUNYAKOVSKY

A. Kién thic cén nhé

1) B4t dang thttc Bunyakovsky .
V6i hai b s6 thuc bat ki (a,,a,,....a, ) va (b,b,,...,b, ) taludn co:
(ab, +ajb, +..+a,b, ) <(a?+a2 +..+a2 b2 +b? +...+b?)

Déu “=” xay ra khi va chi khi % - % == Z— (quy udc b, =0 thi a, =0)
1 2

Chiing minh: Theo bat dang thic vé dau gid trj tuyét ddi thi:

n

lajby +a,b, +...+a,b, | <|a|b|+]a,||b, |+ ... +]a,|[b,]
= (ab, +ab, +..+ah,) < (|a1||bl|+|a2||b2|+...+|an||bn|)2
Do d6 ta chi can chitng minh:
(|a1||bl|+|a2||b2|+...+|an||bn|)2 < (a12 +al +...+a,f)(bl2 +b? +...+bf)
< |ay||by] +]a, by |+ ... +|a,[|bn] < JaZ+aZ+..+a. b2 +b2 +. . +bZ.

Néu a’ +a2 +..+a’ =0<a, =a, =..=a, =0 thi bdt dang thttc hién nhién ding, nén
ta chi can xét a/ + a2 +...+a’ > 0. Twong ty, ta cling chi can xét b’ +b? +...+b? > 0. Khi

d6 bat dang thikc trén co thé viét lai nhw sau:

2[ay Iy N 2Ja, b,
\/af +al +...+a§.\/b12 +b2 +...+b? \/af +al +...+a§.\/b12 +b? +..+b?
ot 220l <2

\/af +al +..+al .\/bf +b7 +..+ b
Str dung bat dang thitc AM-GM (Cauchy), ta duoc:

2l &y
\/af +a’ +...+a§.\/b12 +b24..+0? & +a +.tar bbby ’
2|a, b, 3, b;

< +
— 42 2 2 2!
\/af+a22+...+a§.\/bf+b22+...+bn2 a +a, +..+a; b +b +..+Db

2[a b a; by

< + :
\/2 2 2 |n2 4+ p2 b2 a’+a+..+a’ bP+bi+..+b?
a, +a, +...+a b +by +..+b] 2 Tty p T T,

A
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Cong theo v€, ta thu dugc két qua trén.

~ ) S - TR
Dau “=" xay ra khi va chi khi —=+ =

2 an 7 \
—=..=—(quyudc b, =0thi a, =0
b, b, b ( < e )

n

Trong chuwong trinh toan cap 2, ching ta chi quan tam téi hai treong hop co ban la
n=2van=3.
Véin=2ta co: Néu a, b, x, y 1a cc s6 thuc, thi (a2 +b? )(x2 + y2) > (ax+ by)2 .
2 o -
Dang thitc xay ra khi va chi khi X = ;
Néun=3taco:Néua,b,c X, y, zla cic so thuc, thi
(a +b% + ) (X + y* + zz)z(ax+by+cz)2.
Déng thtic xay ra khi va chikhi 2 =2 - €
X y z
2) Bat dang thitc Bunyakovsky dang phan thtec:

Cho (a,,8,,...a,)va (b,b,,...,.b, ) hai day s& thuc véi b, > 0,Vi . Khi d6

iz+£+...+a— (38 +. +a)

b, b, b, b,+b, +...+b,

Déng thite xay ra khi =22 = =%
b, b, b,

Chitng minh: Ap dung bt dang thizc Bunyakovsky cho hai bd s&

(ff J_Jva((ﬁ, ) ta due

2
a 2
b, | =(a +a, +..+a,).
Jo,

2 2 2
<:>i+a—2+..+a—“2(6‘1Jraer )
b b, b, b +b, +...+Db,
A &,
Dangthu’cxayrakh1£ \/E:...:\/E & % _ &
Bl T Th e T

Trong chuwong trinh todn cap 2, ching ta chi quan tam téi hai treong hop co ban la
n=2van=3.
2 b2 (atb)

Véin=2taco: Néua, b, x, y la cac s6 thue, thi —+— > ,
X y X+Yy

Déng thttc xay ra khi va chi khi a_ E
Xy

Néun=3taco:Néua,b,c X, y, zlacac so thuc, thi
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a b ¢ _(atbte)

X Yy 7  X+y+z
b ¢

Dang thtkc xay ra khi va chi khi — = .
X y z
Trong chuwong trinh toan THCS khi 4p dung bat déng thitc Bunyakovsky dang phan thtc ta

phai chitng minh trudc.
B. VI DU MINH HOA

1. Ky thuét tich ghép bo s6
*Thi du 1. Cho cac s6 thuc dwong 4, b, c thoa a+b+c=1.
Chitng minh rang: 1 + 1 + 1 >9
a b c
Hudéng dan giai

Ap dung bat dang thitic Bunyakovsky :

i+1+E:(a+b+c{£+%+l) (\/_\/_ \/_\/— \/_\/—JZ 9

a b c a

Vay 1+1+129
a b c
g ooz . 1
Dang thirc xay rakhi a=b=c =3

Céch khdc: Ap dung bat dang thirc Bunhiakoysky dang phan thtic:
2 2 2 (141+1)

l 1 + 1 + 1_ > —( ) = g =

C

"a b ¢ a+b+c 1

Déng thiic xay rakhi a=b=c = %

1 1
44
a b

*Thi du 2. Cho cac s thuc duwong 4, b,c. Chting minh réng :
\/a+b+\/b+c+\/c+a£\/6
a+b+c a+b+c a+b+c

Huéng dan giai

Ap dung bat dang thirc Bunyakovski :

2
6:(12+12+12)( a+hb . b+c ,_c+a jz \/ a+b +\/ b+c +\/ c+a
a+b+c a+b+c a+b+c a+b+c a+b+c a+b+c

:\/a+b +\/b+c +\/c+a <8

a+b+c a+b+c a+b+c

*Thi du 3. Cho cdc s6 thuc duong g, b, ¢ théa ab +bc + ca = 4. Chiing minh rang

a*+b*+c* 2%
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Huéng dan giai
Ap dung bat dang thikc Bunyakovsky, ta c6 :
(12 +1° +12Xa4 +b* +c4)2 (1.a2 +1b° +1.c2)2 = (a2 +b? +c2Xb2 +c? +a2)
> (ab +bc +ca)(ab +bc +ca) =16

=a‘+b*+c* > % (dpcm)
*Thi du 4. Cho cic s8 thuc dwong 4, b. Chting minh rang: \/_ +T >Ja++/b

Huéng dan giai

Ap dung bat dang thitic Bunyakovski, ta c6 :

(I fj(f Va)z (ﬁf if] =(Vab) o o e Vi

Déng thikc xay ra khi a =b.
Cdch khic: Ap dung bat dang thitc Bunyakovsky dang phan thiic ta duoc:
2 2
a b (V8] () (a+sb)
bVas b Ja o Jarb

Déng thtic xay ra khi a=b.

—Ja++b

*Thi du 5. Cho cac s8 thuc dwong g, b. Chttng minh rang:

a? b ¢ _a+b+c
+ + >
b+c c+a a+b 2
Huéng dan giai
Ap dung bat dang thitc Bunyakovsky véi hai bd s6:

\/ba ’\/b ,\/ijvé(\/b+c,\/c+a,\/a+b) ta duoc:
+C Jc+a va+

( ba+ J ( aj [ )][(M)2+(\/C+a)2+(\/a+b)1

2[ a b+c AC+a+ ¢ \/a+j
b+c c+a a+b
2 2

|2 ¢ [2a+b+c) (a+b+cf

b+c c+a a+b

a’ c? Jatb+c
= + +

b+c c+a a+b 2

a b c

Jb+c Jec+a +a+b a b ¢
= = P = =
Jb+c Je+a Ja+b b+c a+b a+b

Cdch khic: Ap dung bat dang thixc Bunyakovsky dang phan thic:

< a=b=c.

Daéng thitc xay ra khi
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2
a’ b c? >(<’>l+b+C) _a+b+c

+ >
b+c c+a a+b 2(a+b+c) 2

Daéng thitc xay ra khi a=b =c.
*Thi du 6. Cho céc s6 thuc duong 4, b thoa a? +b? =1. Tim GTLN cua
A=aVl+a+byl+b
Huéng dan giai
Ap dung bét dang thitc Bunyakovski :
A= a\/1+_a+b\/mg\/(a2 +b2X1+a+1+b) =Ja+b+2

S\/\/(lz +12Xa2 +b2)+2 =2 +2

a’+b?=1
, a b J2
Dau “=" xay ra < = Sa=b=—
y Ja+l +b+1 2
1_1
a b
Vay GTLN ctia A la y+/2+2
*Thi du 7. Cho s6 thuc a, b thoa 36a® +16b* =9. Tim GTLN va GTNN cta
A=-2a+b+5

Huéng dan giai
Ap dung bat dang thitc Bunyakovski :

(36a° +16b2{(—%j2 +Gﬂ > {Ga(—%j 4b.ﬂ2 = (~2a+b)’
— (~2a+bY gf_:

ol

:—%£—2a+b3—

o

:E£—2a+b+5§§
4 4

Ta co:

36a% +9b% =9 5

a==<

GTNN caa A 1 —§ Khi & 6—31:4—1[’ - 59
_ = b=—_>

3 4 20

—2a+b:—E
4
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36a° +9b* =9 L2

GTLNcﬁaAlé% khi 6_‘1:% o 95
"3 4 b=-5
—2a+b:%

*Thi du 8. Cho a,b,c>0va a+b+c<1. Chiing minh rfmg:
1 1 1
5 +— +— >9,
a“+2bc b“+2ca c°+2ab
(Trich chuyén Lé Quy Don Binh Dinh ndm 2001-2002)

Huéng dan giai
Quan sét ta thdy rang: (a2 + 2bc) + (b2 + ZCa) + (C2 + 2ab) =(a+b+c)’.
Ma theo gia thiét a+ b +c <1. nén ta nghi d&én bat dang thiic Bunyakovsky dang phan
thirc:

1 1 1 (1+1+1) 9
+ + > =
a’+2bc b’+2ca c’+2ab a®+b*+c®+2(ab+bc+ca) (a+b+c)

0
Chtng minh hoan tét.

Déng thiic xay rakhi a=b=c = %
*Thi du 9. Cho a, b, c dwong théa man a+b + ¢ < 3. Chitng minh rang:

1 N 2009
a?+b?*+c? ab+bc+ca

(Trich dé vao 16p 10 Hai Phong nam 2009 - 2010)

>670.

Huéng dan giai
Nhan thdy vai tro ctia a, b, ¢ 1a nhw nhau, nén ta dw doan d&u bang ctia bat dang
thttc xdy rakhi a=b=c=1.
1 1
a’+b’ +c° ab+bc+ca’

Doa=b=cnén a’+b*+c>=ab+bc+ca=

Mit khac d€ tan dung duoc gia thiét a+b + ¢ <3 ta nghi dén hiang dang thirc:
(a+b+c)’ =a’+b?+c? +2(ab+bc+ca)=a’ +b? +c? +(ab+bc+ca)+(ab+bc +ca).
Tk day ta di dén 1oi gidi nhu sau:

a+b+c)
Ta co: ab+bc+ca£¥:3.

1 2009 1 1 1 2007
2 2 >t =2 2 >t + +
a‘+bh“+c° ab+bc+ca a“+b°+c° ab+bc+ca ab+bc+ca ab+hbc+ca
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(1+1+1)° L2007 _ 21
~a’+b*+c*+2(ab+bc+ca) 3 (a+b+c)

5 +6692%+669:670

Déng thitc xay rakhi a=b=c=1.
*Thi du 10. Cho a, b, c dwong théa man abc =1. Chiing minh rang;
a b c 1
5+ 5+ > :
(ab+a+1)" (bc+b+1)" (ca+c+1)” a+b+c

(Trich chuyén Lé Quy Dén Binh Dinh ndm 2001-2002)
Hudng dan giai

Mot dang thiic quen thudc ta biét 1a khi abc =1 thi:

a b c
+ + =1
ab+a+1 bc+b+1 ca+c+1
R ab ab c abc 1
That vay: = = : =— _
bc+b+1 abc+ab+a ab+a+1 ca+c+1 a‘hc+abc+ab a+l+ab
Do d: a b C a ab 1

+ + = + + =
ab+a+1 bc+b+1 ca+c+1 ab+a+l ab+a+l a+l+ab
Ap dung bat dang thitc Bunyakovsky dang phan thiic ta duoc:
a b c
2 + 2 + 2
(ab+a+1)" (bc+b+1)" (ca+c+1)

2 2 2
a b Cc
(ab+a+1] (bc+b+1) (ca+c+1)
+ +

a b C

( a b c jz
+ +
S ab+a+1 bc+b+1 ca+c+1 _ 1
- a+b+c a+b+c’

Vay bat ding thikc da cho duwoc chiing minh. Dang thitc xay ra khi a=b =c.
*Thi du 11. Cho a, b, ¢ 1a ba canh ctia mot tam giac. Chiing minh rang:
1 1 1 1 11
+ + >+ =+,
b+c-a c+a-b a+b-c a b c
(Trich chuyén Lé Quy Don Binh Dinh ndm 2001-2002)

Huéng dan giai

Ta quan sat va nhan xét: (b+c—a)+(c+a-h)=2c,
(c+a-b)+(a+b-c)=2a,
(a+b-c)+(b+c—a)=2b.

Do vay ta nghi dén viéc stt dung bat ding thitc Bunyakovsky dang phan thic:
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2

1 . 1 (1+1) 4 2
b+c-a c+a-b (b+c-a)+(c+a-b) 2c c’
R S . B
c+a-b a+b-c (c+a-b)+(a+b-c) 2a

2

® | N

N S (1+1) 42
a+b-c b+c—a_(a+b—c)+(b+c—a)_2b_b'

Cong theo v€ r6i chia cho 2, ta thu duoc diéu phai chttng minh.
Déng thitc xay ra khi va chikhi a=b=c.
*Thi du 12. Cho a, b, c 1a ba s8 thuc duong. Chitng minh rang:

1 1 1 1 1 1
+ + > + + .
a+3b b+3c c+3a 2a+b+c 2b+c+a 2c+a+b

Hudng dan giai
Ta tim sy lién hé gifta cdc mau thitc, khi d6 ta nghi dén viéc tim x, y, z thoa man:
x(a+3b)+y(b+3c)+z(c+3a)=2a+b+c
Tir d6 ta c6 thé stt dung bat dang thitc Bunyakovsky dang phan thitc nhu bai toan trén.
Hang dang thic trén tuong duong voi:
(x+3z-2)a+(3x+y-1)b+(3y+z-1)c=0
X+3z2=2 ) . A
Pong nhat hé so ta duoc: {3x+y=1< X:7,y:7,z :7.
dy+z=1
Nhu vay ta c6 su lién hé: 2(a+3b)+(b+3c)+4(c+3a)=7(2a+b+c).
Do dé:
7 72 ~ (2+1+4)
2a+b+c 7(2a+b+c) 2(a+3b)+(b+3c)+4(c+3a)
2 12 4 2 1 4
< + + = + +
2(a+3b) (b+3c) 4(c+3a) a+3b b+3c c+3a

bén day ban doc tw chtirng minh tiép.
*Thi du 13. Cho céc s6 thiee dwong x, v, z. Chiing minh rang:

441

A=4(X*+y* +2° )+ ———
( y ) X+2X+4z
Huéng dan giai
Ap dung bat dang thitc Bunyakovski, ta co:
A=4(x? +y2+zz)+L:i(1+22 +4) (X Y+ 2P+
X+2y+4z 21

441
X+2y+4z
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4 2 441 4 2
> (xt2y+dz) +— 0~ T (xi2y+4
21(x+ y+4z2) +x+2y+4z 21(x+ y+4z) +

441 441
+
2(x+2y+4z) 2(x+2y+4z)

441 441
2(x+2y+4z) 2(x+2y+4z)

23\/%(x+2y+4z)2.
=63

y_z
2 4 1
- 441 <:>x:§,y:1,z:2.

2(x+2y+4z)

X

A~ “"_rr 2 . 1
Dau “=" xay ra khi:

4

— 2
21(x+ y+42)

*Thidu14. Cho a,b,c €(0,1). Chting minh réng: abc +./(1-a)l-b)l-c)<1
Hudéng dan giai
Ap dung bat dang thitc Bunyakovski :
(Vabe +JA—afi-b)i—c)f <[a+(1-a)Jbc +(1—b)1—c)]=bc+{@L-b)1—c)
= Jabc +,/1-a)l-b)1-c)<bc+{@-b)1-c)<+bc +,/A-b)l-c)
Ma
(Vbe + - bYA-o)f <[b+@-b)e+(1-c)]=1
= +bec +,/1-b)1-c) <1
Vay ta co: (vabe +,i—afi-b)i-c)| <1 hay vabc +/i-a)i-b)i—c)<1
Lwu y: Trong cich chitng minh trén ta da st dung bt ding thiec \/m <x+ \/V (x,y >0)

Dé ding chirng minh tinh chat nay, ta co:

(ﬁ+\/y)2:x+y+2\/x_y>x+y (x,y >0)
=X 4y > fx+y
*Thi du 15. Cho céc s8 thuc duong 4, b, c. Chttng minh rang:

a__ b L c 9
(b+cf (c+a) (a+bf 4(a+b+c)

Hudng dan giai

Ta co:
(a+b+c){(b jc)z + c +ba)2 ’ (afb)z}
-[(af + (o) +(ﬁﬂ[( - J [ = J [LH

b+c c+a a+c

(a b cjz
> + +
b+c c+a a+b
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Matacé: ——+ b RIS % (bat dang thitc Nesbit, da chitng minh trong phan truedc)

b+c c+a a+b

( a b c jz 9
= + + >
b+c c+a a+b 4
a b c 9
a+b+c + + > —
= )[(b+c)2 (c+a) (a+b)2} 4
a N b N c o 9
(b+c) (c+a) (a+b)’ 4(a+b+c)

(dpem)

—

ab <3&—3

*Thi du16. Cho a;b > 0va thdoa man a’ +b* =9. Chirng minh: <
a+b+3 2

Huéng dan giai

Ta cé: a? +b? :9<:>2ab:(a+b)2—9<:>2ab:(a+b+3)(a+b—3)

2ab ab a+b 3
=a+b-3< = -—.
a+b+3 a+b+3 2 2
Ma theo b4t déng thitc Bunyakovsky thi: a+b <+/2.4/a’ +b? =32
Nep & _32-3
a+b+3 2

ab>0 3

Déng thitc xay ra khi: {a’ +b’ =9 < a=b=——.

a=>b V2

*Thi du17. Cho x;y >0va thoa man x> + y? < x+y. Chting minh: x+3y <2++/5
Hudng dan giai
2 2
Gia thiét x2+y2£x+y<:>(x—%J +(y—%) S%

Ap dung bat dang thirc Bunyakovsky cho hai bd s8 (1,3) va [x —%; y— %) ta co:

g3 el (-3

:>(x+3y—2)2 <5= Xx+3y-2<5=x+3y<2++/5

L.
Déng thicxayrakhi { 2 0

1 35

= — 4+ —
2 10

2
*Thi du18. Cho x;y > 0 Chimg minh réng: (1+ X)(1+ Xj(1+ %} > 256.
X y

Hudng dan giai
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Ap dung bat dang thitc Bunyakovsky ta duoc:
(1+ x)(h%} :{12 (V) }[12 [[J } (1 1«/’[] (L+yy)
Do d6 ta chi can chitng minh:
2
(L) {“TJ > 256 < (1+ f){u%} >16  (¥)

y
Tiép tuc ap dung bat dang thirc Bunyakovsky ta duoc:

(1+\N)[1+%]=[1+(W)1[1+(%J} [11+[\/_] (1+43) =16

Vay bat dang thiic (*) duoc chiing minh.

Dau “=" xay ra khi

Cdch khdc: Ta du doan ddu bang bat dang thitc xay ra khi x=3,y =9.
Tt &6 ta 4p dung bat ddng thitc AM-GM nhu sau:

3
1+x:1+5+5+524,4/)(—
3 3 3 27

1+1:1+l+l+l>44 y
X

3x 3x 3x V278

1+%1+%+%+%>4m:£“%]116@

Nhan theo v& cac bat dang thtkc trén ta duoc:

2
y 9 ey 27
1+ x)|1+=||1+— | >24.4—.4% .16 = 256.
1+ )[ +X)[ +\/y] 21 N27x° Y\ yyJy

Vay bat dang thiic da cho dugc chiing minh.

3

Déy béng zyar ra khi va chi khi & x=3,y=0.

*Thi du 19. Cho s6 dwong x. Tim gia tri nho nhat ctia ham sé:
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y:x+£+ 4(1+12j,x>0.
2X \/ X

Hudng dan giai

Ta nghi dén tim s m va n sao cho:

2
Y=x+;+ 4(1+l2j=x+£+ (m%nﬂ{f{ﬁ]J2x+%+[m+n.ﬂJ
X

X 2X X X X
:m+x+(E+nﬁj£2m+2‘/E+n\/7
2 X 2
m?>+n®=4 m?>+n®=4

. m n.x nx

Dang thirc xav ra khi: —=_" = m=—

B NG 77
11 1

X=(—+nﬁ}— X = E+n 7
2 X 2

T x= ‘/1—21+ n/7 ta dy doan nzgdé X nguyén. Khi dé: m= ‘f4—£ =%

Trong viéc chitng minh bat dang thirc cac ban nén tap suy luan dé€ tim ra diém roi
chi khong nén qua may moc trong viéc giai toan.

Khi @6 ta lam nhuw sau:

9 2 2
y:x+£+ 4(1+l2j:x+£+ (EJ + ﬂ 1+ ﬂ >x+i 3,7
2X X 2X 2 2 X 2X 22X

\l
~

S_NT .NT
2 2 X

& X =3.

Vay gia tri nhé nhat cua y la % khi x=3.
* Thi du 20. Cho céc sb thuc duong a,b,c. Chirng minh: (a2 + 2)(b2 + 2)(c2 + 2) >3(a+ b+c)2 .
Huéng dan giai

Nhan thay bat dang thitc d8i xting va dang thitc xay ra khi a =b = ¢ ta bién d6i nhw sau:

Ta c6: (a+b+c)’ :{avtx/i(b—j;ﬂz <(a’® +2){1+ (b+26)2] :
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2 ) (b+c)’
Suy ra: 3(a+b+c) < 3(a + 2) 1+T . Ta can chiing minh:

3(a’ +z){1+@}(az +2)(b7+2)(c+2) hay :e{u@] < (b7 +2)(c +2). Sau khi

2

b? +c? 24c?

+b%?*-3bc+1>0. béy ré“mg: b

khai trién va thu gon ta duoc: > nén bat dang

thitc tré thanh: b%c? —2bc+1>0 < (bc-1)" >0 .

Déng thtrc xay rakhi a=b =c¢ = +1.
*Thi du 21. Cho cac s6 thuc dwong a,b,c. Chitng minh:

a’ . b . c’ o1
(2a*+b%)(2a* +¢%)  (20°+c*)(20°+a®) (2¢*+a”)(2c*+b%)  a+b+c

Huéng dan giai
Ta mong mudn xuat hién luong: a+b+c. Ta co:
(Za2 +b2)(2a2 +c2):(a2 +b? +a2)(a2 +a? +c2) z(a2 +ab+ac)2 =a*(a+b+c)’

a a

(2&2 +b2)(2a2 +cz) = (a+b+c)2 '

Tt d6 suy ra:

Tuong tu ta c6 2 bat dang thikc nita va cdng lai thi suy ra diéu phai chiing minh.
*Thi du 22. Cho cac s6 thwc duong a,b,c thdéa man a+b+c =3.Chténg minh:

1 1 1
> +— +— <1
a+b+c b°+c+a c +a+b

Hudng dan giai
Ap dung bat dang thitc Bunyakovsky ta duoc:
1 . _l+b+c
a’+b+c (a+b+c)2 '

(a2+b+c)(1+b+c)2(a+b+c)2 =

1 < l1+c+a . 1 < l1+a+b
b2+C+a_(a+b+c)2' Cz+a+b_(a+b+c)2'

Tuong tu:

Cong ba bat dang thitc trén theo vé ta duoc:

1 1 1 <a2+b2+c2+6_a2+b2+C2+2(ab+bc+ca)
a’+b+c b*+c+a c’+a+b (a+b+c)2 (a+b+c)2

Déng thiic xay rakhia=b=c=1.
* Thi du 23. Cho cic s thuc dwong a,b,c sao cho a+b+c =3. Chtéing minh rang:

a N b N c
a’+b*+c b*+c’+a c*+a*+b

<1
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Huéng dan giai

Ta muon lam xuat hién a+b+c.

1 1
al —+1+c al —+1+c
a a a l+a+ca . .,
= < = . Ttr d6 suy ra:
a+bi+e (a3+b2+c)(1+1+cj (a+b+c) 9
a
a b C l1+a+ca 1+b+ab 1+c+bc
3 2 + 3 2 + 3 2 = + +
a’+b°+c b’+c°+a c’+a"+b 9 9 9
Ta can chitng minh: 1t a9+ c«a +1+b9+ ab +1+c+bc <l< ab+bc+ca<3. Nhung diéu nay la
(a+b+c)’

hién nhién dung do: ab+bc+ca < =3

2) Ky that chon di€ém roi
*Thi du 1. Cho cac s0 thuc duong 4, b,c thoa a+b+c>6. Tim gid tri nho nhat (GTNN)

cta A:\/a2 eriz+\/b2 Jri2+\/c2 +i2
c a

Phan tich: Chuyén d6i mot biéu thitc trong can thanh mot biéu thirc ngoai can. Gia st véi
cacsd a, B ta co:

1 1 11
= AZ—m{a(a+b+c)+ﬂ(g+E+Eﬂ

Do A la biéu thic doi xtiing v6ia, b, ¢ nén ta dg doan GTNN cuia A dattai a=b=c=2

a=4
p=1

So do diém roi: a=b=c=2=

:Z:ab:bc=ca=£,chon
Yij 1

Bl- B~ B

R|o Q| Q|

Két hop véi “ ky thuat chon diém roi trong bat dang thitc AM - GM” ta ¢6 10i giai:

Hudng dan giai
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a%%—i [a2+i2 (42+12)2L[4a+£j
b 17 b 17 b
b2+i2:i (b2+i2 .(42+12)2i(4b+lj
c 17 c 17 c
02+i2:i_ (chri2 .(42+12)2 ! (4c+—j
a 17 a 4% +12 a
SA>_ L Ha+b+c)+ N E(a+b+c)+ ab el Y paa
17 a b c 17| 4 4 a b c
1 (15 abcl111) 3J17
> = | gypg2 2 22 2N
17| 4 444abc) 2
a_1
4 b
“=" xay ra < E:1<:>a:b:C:2
4 c
c_1
4 a
Vay GTNN ctia A Ia 3‘/?

*Thi du 2. Cho cac s6 thuc dwong a4, b,c thoa a+b+c>6. Tim GTNN cta

A:\/a2 +L+\/b2 +L+\/C2 —
b+c c+a a+b

Phan tich: Chuyén d6i mét biéu thirc trong can thanh mot biéu thic ngoai can. Gia st véi

cacsO a, B ta co:

1

i) Jo e )

1 1 p
b? + > b+ ——
c+a /a2+,82( \/c+aj

1 1 B
¢+ 2> oC+—
a+b /a2+ﬂz[ \/a+bj

= A>

1 1 1 1
———|ala+b+c)+ B + +
Ja? + p? Ja+b +b+c +c+a
Do A la biéu thic d6i xtiing v6ia, b, ¢ nén ta dy doan GTNN cua A dat tai

a=b=c=2
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Ble B~ B~

a=4

B=1

So d6 diémroi: a=b=c=2= =ab=bc=ca:%,chon{

o
==
B

R|lo R|o R |w

Két hop véi “ ky thuat chon diém roi trong bat dang thitc AM - GM” ta ¢6 1oi giai:

Huéng dan giai
1 1 1 1
"o J_J(zlumjm )2 )
o )
c+a \/_ Jc+a
(4c+ L j
\/ +12

1 1 L =
= A { (a+b+c)+ (x/a+b+x/b+0+\/c+aH

v

N
2% (a+b+c)+3.i/\/a1+b'\/a1+b'\/c1+a}
2% (‘fierJrC)jo/a+b+x/<’:19+b+\/CJ”"‘j
>j%‘<&m+”+w+f+fﬂw+5+w+®+@+ﬂﬂ
2% Ha+b+c)+ \/g(anrb+c)j
2%_11(a+b+0) 513(&+b+C)+2\/€(a9+b+c)+2J€(a€1b+0)}
2%_%6+3\/;(a+b+0)-Zﬁ(aib+c)'2£(aib+c)]3\/2ﬁ
Vi a=b=c=2 thi GTNN cia A I 3‘/?

*Thi du 3. Cho cac s6 thuc duong 4, b,c thoa a+b+c++/2abc >10. Tim GTNN cua
\/ 8 9b® c?a? \/ 8 9c? a’p? \/ 8 9a? b?c?
A= |—F+—+ o t——+ tyZt——+
a 2 4 b 2 4 C 2 4
Do A la biéu thic d6i xtiing v6ia, b, ¢ nén ta dyw doan GTNN cua A dattai a=b=c=2
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a 1
a

So d6 diémroi: a=b=c=2= E:i:>g:ab:bc:ca=£,chon {a:Af
a pc p 1 p=1
c 1
a fa

Két hop véi “ ky thuat chon diém roi trong bat dang thitc AM - GM” ta ¢6 1oi giai:

Hudng dan giai

242

2
«/2+18+4\/%+£+C a ££+9b+ca

a 2 4 a

2 2|2
\/2+18+4\/b%+9%+ af s%+9b+ca

2 2.2
\/2+18+4\/%+9%+b4C ££+9b+ca
c

a

:@.Az(§+%+3+9(a+b+c)+(ab+bc+ca)

2(§+aj+[%+bj+(%+cj+(2a+bc)+(2b+ac)+(20+ab)+6(a+b+c)

> 2\/i.a + 2\/g.b + 2\/£.c +2+/2abc + +2+/2abc + +2+/2abc + 6(a+b +¢)
a c

212+6(a+b+c+M)2 72
~A>-"2 66
24
Véi a=b=c=2 thi GTNN cta Ala 66
C. BAI TAP AP DUNG

1) Cho cac s8 thue dwong a,b,c sao cho a+b+c=3. Chting minh rang:

a b c
+ + >1
a+2bc b+2ac c+2ab
3 3 3 2 2 2
2) Cho cac s thuc duong a,b,c . Chiing minh rang: a_ . b LA +b +c*
a+2b b+2c c+2a 3

3) Cho céc s8 thuc dwong X, Y,z sao cho x* + y? +7° = 3. Ching minh: x* +y® + 2% > 3.

1 N 2
3 +y? Yy +3xy

4) Cho céc s8 thuc duong x,y sao cho x+ y <1. Chitng minh rang: >3..
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5) Cho céc s6 thye dueong a,b,c. Chitng minh:

1 1 1 ( a+b+c T
+ - <
a’+ab+bc b?+bc+ca c?*+ca+ab \ab+bc+ca
6) Cho cac s6 thuc duong a,b,c. Chitng minh:
ab bc ca - a’+b?+c?

+ + <
a’+bc+ca b’+ca+ab c?’+ab+bc ab+bc+ca
7) Cho cac s6 thuc dwong a,b,c sao cho abc =1. Ching minh r?mg:

1 1 1
>+ >+ Zsl
l+a+b° 1+b+c”° 1l+c+a

8) Véiba so6 duong X, Y,z thoaman x+y+z=1, tim gia tri 1én nhat cua biéu

thtc:Q = X + y + -
T XHAfXHYZ Yy rx zHNzExy

(Trich dé tuyén sinh vao 16p 10 chuyén Toan TP Ha Noi — 2014)

9) Chting minh rang v6i moi s3 thiee dwong a,b, ¢ thi:

1 1 1 1 1 1
—+—+=2>3 + + .
a b c a+2b b+2c c+2a

(Trich dé vao 10 Chuyén Ngoai Ngit, DHNN Ha Ngi 2007-2008)

10) Chting minh rang véi moi s8 thue duwong a,b,c thi:

1 1 1 1 1 1
+ + >3 + + .
a+b b+c c+a [3a+2b+c 3Bb+2c+a 3c+2a+bj
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’g BAT PANG THUC CcO
= BIEN TREN MOT DPOAN
7 1 1 : A

A. Kién thic can nhé

Khi cac bién bi chan trén mot doan ta can cht y cac danh gia dé€ chan bién nhu sau:

e a,b,ce[m;n] thi:

Néu can danh gia a’,b*,c? theo a,b,cta dung (a-m)(a—-n)<0=a’ <(m+n)a—mn.
Néu can dénh gi4 dé tao ra ab ta dimng { ((:‘__m”;EE i :‘n))i% - { abjm”(a +b)-n’

Néu danh gid dong thoi ca 3 bién ta dung:

{(E\n—_n;))((::?))((s:;);oo <(a-m)(b-m)(c—-m)+(n—-a)(n-b)(n-c)=0

i bm e % v a b Khome am it 12 TP S(@4D)
- Ngoai ra con cht y véi a, b khong am thi ,
a’+b’<(a+b)

-Néu a+b+c=3p.Trong 3 s0 gia sttalasdlénnhattasuyra a+b+c=3p<3a<a>p.
B. VI DU MINH HOA
*Thi du 1. Tim gid tri lén nhat cia A=a’+b*+c* biét -1<a,b,c <3 va:
a) a+b+c=5
b) a+b+c=4
Hudng dan giai
a) Do -1<a<3 nén (a+l)(a-3)<0=a*<2a+3.
Tuong tw, b*> <2b+3,c*<2c+3 nén A<2(a+b+c)+9=25+9=19
maxA =19 khi trong ba s3 a,b,c c6 hai s8 bang 3, mot s6 bang —1.
b) Do -1<a,b,c<3 nén
(a+1)(b+1)(c+1)+(3-a)(3-b)(3-c)=0
= (a+1)(bc+b+c+1)+(3-a)(9-3b—3c+bc)>0
= 4(ab+bc+ac)-8(a+b+c)+28>0
= 4(ab+bc+ac)-8.4+28>0
= 2(ab+bc+ac)>2 (1)
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Tacd A=a+b?+c?=(a+b+c)’ ~2(ab+bc+ca)=16-2(ab+bc+ca). (2)
Tt (1) va (2) suy ra A<14
maxA =14 khi trong ba s3 a,b,c c6 mot s6 bang 3, mot s6 bang 2, mot s& bang —1.
Luu y: Cach giai 6 cau a) gon vi ta gap thuan lgi: cuc tri xay ra khi a,b,c chi nhan cac gia
trila 3 va —1, tiec la nhan cac gia tri ¢ bién ctia cac bién.
Cach giai 6 cau a) khong van dung duoc cho cau b) vi ¢ cau b) cuc tri xay ra khi c6 mot
s6 bang 2, khong phai 1a gia tri & bién cta bién a,b,c. Nhu vay cach giai & cau b) tong
quat hon.
*Thi du 2. Cho cc s3 thuc X, Y,z €[-1;2] thoa méan diéu kién x+y+2 =0.
Chting minh rang: X° + y* +z* <86.
Huéng dan giai

Vi Xe[-L2]nén (x+1)(x-2)<0 & x> <x+2
Tuong ty: Y> <y+2 ;2° <X+2.
Cong theo vé& ba bat ding thiic trén ta dugc: X° + Y +2° < (x+y+2)+6=6
Déng thitc xay ra khiva chikhi Xx+y+z=0va X,y,Z € {—1; 2}
Hay déng thic xay ra khi (X, Y, Z) = (—1;1; 2) va cac hoan vi.
*Thi du 3. Cho ba s6 dwong a,b,Cc e [0;1]. Chting minh rang;

a b c

+ + <2
bc+1 ac+1 ab+1

Huéng dan giai

Vi a,b,ce [0;1] nén:

(a-1)(b-1)20cab+l2atbe—+ <t o & < C
ab+1 a+b ab+1 a+b

a a b b
< 2): < 3
bc+1 b+c (2) @)

Tuong tu: ; <
ac+1 a+c

a b c a b c
+ + < + +
bc+1 ac+1 ab+1 b+c a+c a+b

a b C 2a 2b 2C
. + + < + + =
b+c a+c a+b a+b+c a+b+c a+b+c
b C
+ +
bc+1 ac+1 ab+1
* Thi du 4. Cho c4c s thuc a,b,¢ €[-2;5] thoa man diéu kiéna +2b+3b<2

Do dé:

(4)

2. (9

Ma

Tt (4) va (5) suy ra: <2 (dpcm)

Chitng minh ring: a° + 2b° +3¢* < 66.
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(D@ thi tuyén sinh I6p 10, niam hoc 2009 — 2010 S¢ gido duc Ha Tinh)
Huéng dan giai
Tuong tu bai toan 1, tir (a+2)(a—5) <0 ta suy ra: a’® <3a+10 cling cac két qua
Tuong ty b? <3b+10,c? <3c+10.
Suy ra: @’ +2b* +3c¢” < 3(a+2b+3c)+60=66 (dpcm)
Daéng thtic xay ra khi va chi khi a =-2,b =-5,c =-2.
*Thi du 5. Cho a,b,c e [0;1]. Chting minh rang : a+ b>+c®—ab-bc—ca<l.
(Trich dé tuyén sinh vao 16p 10 tinh Binh Dinh Ndam 2017)
Hudng dan giai
Viab,ce[0;l] nén1-a20;1-b20;1- c20.
Do dé: (1-a)(1-b)(1-c)>0
©at+tb+c-ab-bc-cat+tabc<1l (1)
Vi a,b,c €[0;1] nén b? <b; c*<c; abc>0
=sa+h*+c*—ab-bc-ca<a+b+c—ab-bc—ca+abc (2)
T (1) va (2) tacd: a+b®+c® —ab—bc—-ca<l.
Vay ta c6 diéu phai chitng minh.
* Thi du 6. Cho céc s6 thuc a,b,c e [0;1]. Chting minh: a’+b*+c®<l+a’b+b’c+c’a
Hudng dan giai
Vi a,b,ce [O;l] nén a(l— b) > a? (1— b).
Tuong tw: b(1-¢)>b*(1-c); c(l-a)=c’(1-a).
Cong theo vé& 3 bat dang thitc trén ta suy ra:
(a+b+c)—(ab+bc+ca)(a’ +b® +c?)—(a’b+b’c+c’a)
& 1-(1-a)(1-b)(1-c)-abc > (a’ +b* +¢*)-(a’h+b’c+c*a)
Do (1-a)(1-b)(1-c)>0va abc >0 nén suy ra dpcm.
*Thi du 7. Cho 2010 s8 thuc 8,,8,,8,,..., 8,0, €[0;1].
Cmmgmmhﬁm;ﬁ+q+%+m+%mf24ﬁﬁ+£+"ﬁaaﬁz
Huéng dan giai
Vi s8 thuce x, y batki ta cé: (x—y)' >0 (x+y) > 4xy.
Apdung véi x=1y=a +a, +...+ a,y,ta co:

2 2
(1+a1 +a, +...+a2010) > 4(a1 +a, +...+a2010)
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Ma v6imdi i €{1,2;...;2010} ta cé: & >a’ (vi theo gia thiét a, €[0;1].)
Tt d6 suy ra dpem.
Dang thiic xdy ra khi trong 2010 s6 da cho ¢4 2009 s6 bang 0 va s& con lai bang 1.
*Thi du 8. Cho cac s6 thuca,b, ¢ €[1;3] théa méan diéu kién a+b+c=6.
Tim gié tri I6n nhat ctia bidu thite P =a’ +b* +¢?,
Huwéng dan giai
bita=x+Lb=y+Lc=z+1xy,z€[0;2].
Khido P=a% +b? +¢? =(x+1)" +(y+1)" +(z+1)°
=X +y +22+2(Xx+y+12)+3
:(x+y+zf—20w+yz+m)+ﬂj+y+l)+3
=—2(xy+yz+12x)+18
Tir X,y,2€[0;2] = (2-x)(2-y)(2-2)=0
S 8—4(x+y+2)+2(xy+yz+2x)-xyz>0
= —2(xy+Yyz+2x)=—4—xyz<—-4do xyz>0
Ttr d6 suy ra: P <—2(xy +yz +zx)+18<14
Déng thire xay ra khi va chi khi (a, b, C) = (l, 2, 3) hodc cac hoan vi.
Chay: dit a=X+1Lb=y+1C=2z+1détan dung tich xyz > 0.

L L + L > 3abc.

+
2—-a 2-b 2-c

% Thi du 9. Cho céc s6 thuca,b,c e [0;1]. Chttng minh réng:

Hudng dan giai

Ta ¢ (a—1)220:>a(2—a)31:> > a.

2—a

Tuwong tu ta co:
2-b 2—-cC

Cong theo vé& cac bat ding thikc trén ta duoc:

! + L + L >a+b+c>3abc do abc<1.
2-a 2-b 2-c

Daéng thiic xay rakhiva chikhia=b=c =1.
*Thi du 10. Cho ba s§ a, b, c thoéa man: a,b,c[0;2] vaa+b+c=3.

a) Chtrng minh rang: 3<a® +b? +¢? <5.
b) Chting minh rang: a*® +b® +¢® <9.

Huéng dan giai
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a)bit P=a’+b’+c* =P :(a+b+c)2 —2(ab+bc+ca)=9-2(ab+bc+ca).

Ta tim cach danh gia ab +bc +ca.

That vay, tir gia thiét a,b,c €[0;2] ta co: :

(a—2)(b—2)(c:—2)so<:> abc+4(a+b+c)-2(ab+bc+ca)-8<0
abc>0 —-abc <0

Cong hai theo v€ va két hop a+b +c=3ta duoc:

4-2(ab+bc+ca)<0=ab+bc+ca>2.

(a+b+c)2

Mat khac: ab+bc+ca < =3=2<Xxy+yz+zx<3.

Do d6: 9-23<P<9-22=3<P<5.
Vay gia tri lon nhat caaPla5khi a=0,b=1c=2 va cachoan vi.
Gid trinhonhatctaPla3khi a=b=c=1

Cich khdc: Tita+b +c=3va a +b? +¢? <5 ta dw doan dau bang ctia bai toan xay ra khi

a=0,b=1c=2 vacachoan vi.
Do vai tro cta a, b, ¢ la nhu nhau nén ta gia stt: c = max(a, b, c).
Khidé: 3=a+b+c<3c=c>1=1<c<2.

Do a,b>0=ab>0= a*+b? <(a+b)’

2
= a’ +b? +¢? S(aurb)2+c2 =(3—C)2 +¢? =2¢? —6<:+9:2[c2 —3c+%)+%:2[c—§j +%

2 2
3.1 ££:>2 C—l ££:>2 C—l +
2 2 2 2

Do1l<c<2nén —ESC——S—:
2 2 2

3
C__
2

Vay bai toan duwgc chitng minh.
Déng thirc xay rakhi a=0,b=1,¢=2 va cac hoan vi.
b) Do vai tro a, b, c la nhw nhau nén gia stt a = max(a, b, ¢) ; c=min(a, b, c).

Viatb+c=6=>0<c<l<a<?2
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l1<a<2=(a-2)(a-1)<0=a’<3a-2
=a’<3a’-2a<3Ba-2)-2a=7a-6=a’<7a-6. (1

Mit khac: 0<c<l=c’<c. (2)
Néu: 0<b<1=b’<b (3)

T (1), 2) va (3) ta duoc: a* +b* +¢* <7a-6+c+b=6a-3<6.2-3=9
Néu 1<b <2 thituong ttacd: b*<7b-6  (4)

Tt (1), (2) va (4) ta dwoc: a° +b* +c¢® <7a+c+7b-12=21-6c-12<9.
Vay a®+b® +¢® <9,

*Thi du 10. Cho ba s6 a, b, c khong am thoa méan: a+b+c =1. Tim gid tri nho nhat, gid tri

16n nhat ctia

a) Tim GTNN, GTLN ctia: P =+/5a+ 4 ++/5b + 4 ++/5¢ + 4.

b) Tim GTLN cta: P =+/2a2 +a+1+~/2b% +b+1+~2c* +Cc+1.
Huéng dan giai
a(a-1)<0 [a’<a

a)Do a,b,c>0va a+b+c=1nén <b(b-1)<0 < {b*<b
c(c-1)<0 ¢’ <c

Do d6: P=+5a+4+Bb+4 ++/5c+4 >~/a’ +4a+4 +b° +4b+4 +~/c? + 4c + 4

:\/(a+2)2 +\/(b+2)2 +\/(c+2)2 —a+b+c+6=7.
Vay gid tri nhd nhat cua P 1a 7 khi (a,b,c) 1a cAc hodn vi ctia bd so (1;0;0).

Ap dung bat dang thikc Bunyakovsky ta cé:

P? = (1+/5a+4 +1/5b + 4 +1.\/5c+4)2 < (2 +1° +1%)(5a+5b +5c +12) =51= P < /51

Vay gia trj 16n nhat caa P1a /51 khi a=b=c :%.

b) Lam twong tw cau a ta duoc:

P=+v2a+a+1+v2b? +b+1++2c? +c+1
<a?+2a+1++b%+2b+1++/c? +2c+1=3(a+b+c)+3=6

= P <6.

Déng thtic xay ra khi (a,b,c) 1a cac hoan vi ctia bd s6 (1;0;0).
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C. BAI TAP AP DUNG
1) Cho cic s6'thue a,b,c €[0;1] . Chitng minh ring:
a+2b+3c<60;2(a’ +b°+c*)<3+a’h+bic+c’a

1

2) Cho
2010

a.
i 7. \ \ 7 A7
< b < v0T @, 8y,...,8,, 01 B,0,,...,0,,, 1a cdc s0"thuwc dwong.
i

2009

< a +a, +...+ay, < 1
2010 b +b, +...+ b, ~ 2009

3) Cho cdc s6 a,b,c thoa man —1<a,b,c <1 va a+b+c=0. Chitng minh rﬁng a’+b3+c<2.

Chitng minh ring:

4) Cho cic sothwc khong dm a, b, ¢ thoa man a+b+c=3.

a) Tim gid tri l6n nhat ciia P = ab® +bc® +ca’.

b) Tim gid tri 16n nhdt ciia P = ayb? +1+byc? +1+cya? +1.

5) Cho cdc so'thwc a, b, c khong dm thoa man a’+b?+c®=1.Tim Qid tri I6n nhat, gid tri nho nhit cia

bicu thitc: P:\/aJ’b +\/bJrC +\/C+a.
2 2 2
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5 KY THUAT
12 PONG BAC HOA

A. Kién thiic cén nhé

K7 thudt dong bdc (thuin nhat) lién quan chdt ché t6i cac da thirc dong bdc. Thi du hai da
thike sau ddy & hai da thitc dong bic: A= X2y +xy? —12x° +y* va B=(x+y) —5x°y?, vi khi
pha ngodc, tirng don thirc trong da thirc A co bic la 3, con tirng don thirc trong da thirc B cd bic la
5. Con cdc da thitc nhw C = X* +y* — Xy khong phdi la cdc da thire dong bic.

Ki thudt dong bdc la ki thudt rat hivu hiéu trong viéc chitng minh cdc bat dang thikc c6 diéu
ki¢n. Tw twong co ban ciia phwong phdp nay la dwa vao diéu kién cua bai todan ta dong bdc hoa,
chuyén bai todn vé chieng minh bt dang thirc dong béc.

B. VI DU MINH HOA
*Thi du 1. Cho cac s6 thuc duong 4, b théa man: a+b =2 thi:
2<a’+c?<a’+p*<at +b
Hudng dan giai
Trudce hét ta chiing minh: a° +b* > 2
Ta thdy vé trai ctia bat dang thikc c6 bac 2, tir gia thiét a+b = 2 ta lam can bang bac hai vé&
ctia bat déng thirc:
2(a” +b”) = (a+b)’
©2(a’+b”)za’ +2ab+b’
< a’-2ab+h* >0
& (a-b)’ >0 (dung)
Vay bat ding thikc dau tién duegc chitng minh.
Déng thitc xay rakhia=b =1
Bang cac tuwong tu ta lam nhanh cac bat dang thikc sau nhu sau:
a’+b’®>a’+b’
2(a*+b*) 2 (a+b)(a’ +b°)
& 2(a’+b°)=a’+b* +ab(a+h)

< a’(a—-b)+b*(b-a)=0
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o (a- b)2 (a+b)>0 (dtng) do a, b duong
Bat dang thitc cudi cing chitng minh twong tu.
*Thi du 2. Cho cac s6 thuc 4, b thoa man: a* +b® =1. Chting minh ring:
a* +b* +4a’h* > 3ab
Huéng dan giai
Trude hét dya vao gia thiét a° +b* =1 ta cAn bang bac 2 vé& ctia bat ding thitc:
a’+b* +4a’b? >3ab(a’ +b*) (1)
Do bat ding thitc d6i xting, vai tro ctia 4, b 1a nhu nhau nén dé dang doan duwgc d&u “="
ctia bat dang thitc xay ra khi a = b. D& chitng minh bai toan ta chi can biét d6i twong
duwong don vé nhan ti chung (2 — b). That vay:
(1) < a’(a—b)+b’(b—a)+2ab*(a—b)+2a’h(b-a)=0

& (a-b)(a’*~b*)+(a-b)(2ab’ —2a%) =0

< (a—b)*(a’+ab+b?)-2ab(a-b) 20

< (a-b)’(a’—ab+b*)=0

o (a—b)2 Ka—g} +%:| >0 (dang)

Vay bat ding thikc dwoc chiing minh.

. 1
Pang thiec xay rakhi a=b = iﬁ
*Thi du 3. Cho hai s8 thuc x, y thay d6i va thoa man hé thitc x* + y* =1 . Tim gia tri lon

) ) 7 2(x2 + 6xy)
nhat va nho nhat caa bieu thtec: P = ——n—=-.
1+2xy+2y
Hudng dan giai
Trudc hét dya vao gia thiét a° +b” =1 ta cAn bing bac ctia phén thitc P:

B 2(x* +6xy) 2(x* +6xy) 2(x* +6xy)

T 14+2xy+2y7 X2+ Y2+ 2xy+2y° - X2 +2xy +3y°
Néuy=0thi x> =1.Suy ra P=2.
Xét y =0 .Taco:
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2(x* +6xy) { } 2 410t [t:ﬁJ

=x2+2xy+3y2 (x) [x] +2t+3 y
y

< (P-2)t* +2(P-6)t+3P=0 (1).
V6i P =2, phuong trinh (1) c6 nghiém t:%

Véi P = 2, phuong trinh (1) c6 nghiém nghi va chi khi
=—2P°-6P+3620< -6<P<3.

P=3 khi x= hodcx =—

3 1 3
r’y‘r NN Tl
3 2
P=-6khi x=—— —— hodc x=——+—=,y=——.
10 \/ V13 Y V13

Vay gia tri 16n nhat caa P la 3, gia tri nhé nhat cua P 1a -6.

Nhan xét: Ki thuat dong bac (thuin nhit) gitp ta c¢é cach dinh hudéng tim 1oi giai cho
nhiéu bai toan bat dang thiic vi sau khi dong bac nhiéu bai toan tré vé ding ban chat

khi chwa duoc tac gia gian luwoc boi gia thiét.

* Thi du 3. Cho cac s0 thuc duong x, y, z thoa man xyz =1 . Tim gia tri 16n nhat va nho

nhat ctia biéu thire: — 13 +— 13 +— 13 <1 (1)
X+y' +1 y+722+1 77+x +1

Huéng dan giai
Truede hét dya vao gia thiét xyz =1ta dong bang bac mau ctia cac phan thikc vé bac 0 nhuw

vé& phai ctia bat dang thic:
(1)<

Ta c6 bat dang thiic quen thudc thuong st dung: a° +b* > ab(a+b) va,b>0 (*)

Xyz N Xyz N Xyz

<1
C+yiexyz V4P +xyz 2P+ +xyz

That vay: (*) < (a—b)’ (a+b)>0 (ludn ding vdi a, b dwong)

A]P dung (*) ta duoc:

X+ Y2 XYz 2 Xy (X+Y)+Xyz = xy(X+Y+2) = — Xé/z < XyZ 2
Xy hxyz Xy(X+y+z) X+y+z

Tuwong tu: Xyz <X . N |

V+22+xyz X+y+z P4+ +xyz X+y+z

Cong cac bat dang thitc trén theo vé ta duoc diéu phai chiing minh.
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Déng thirc xéy ra khi x = y=z=1.

*Thi du 3. Cho c4c s8 thuc duong g, b, c théa mana’ +b” +¢* =1 . Chitng minh rang

2 2 2
\/ ab+ 2c : +\/ bc +2a : +\/ ca+2b : S 2+ ab+be+ca (3)
l+ab-c l+bc—-a l+ca-b

Huéng dan giai
Trudc hét dua vao gia thiét a’ +b? +¢’ =1 ta dong bang bac mau thikc trong cin vé trai
ctia bat dang thic:
ab +2c’ ab +2c’ ab + 2c’ ab + 2c’
\/ _\/az +b? +c® +ab-c? :\/a2 T +ab \/(ab+202)(a2 +b? +ab)

1+ab-c?

Ap dung bat ding thitc AM-GM : /Xy < X+y

(x,y>0)

ab+2c® +a’+b*+ab 2c* +a’+b’ +2ab

=N \/(ab+ 2c2)(a2 +b? +ab) <

2 - 2
2 2 2 2 2
S2c +a +2 +a“+b 2 b’ 4

ab + 2c? ab + 2c? ab + 2c? )
>—————=ab+2c
1+ab-c’ \/ab+2c (a® +b? +ab) @ +b"+C
2 2
Chtrg minh twong tu: |, /M >bc+2a%; /M > ca+2b°
l+bc—a l+ca-b

Cong cac bat dang thitc trén theo vé ta duoc:

2 2 2
\/ab+2c - +\/ bc+2a2 +\/ ca+2b > 22(a’ +b* +¢*)+ab+bc+ca=2+ab+bc+ca (dpcm)
l1+ab-c 1+bc-a l1+ca-b

Ddu “=" xay rakhi a=b=c= L

V3
*Thi du 4. Cho c4c s8 thuc duong g, b, c théa mana® +b” +¢® =1 . Chitng minh rang
a® b 1

+ + >
a+b b+c c+a 2

Hudéng dan giai
Trudc hét sit dung gia thiét a® +b* +c? =1 d€ dua vé bat dang thirc dong bac hai vé:

al . b® c? 1
a+b b+c c+a 2

(a +b? +c? )
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Do bat dang thitc d6i xting véi g, b, c nén du doan dau “=" xay ra khi: a=b=c=

i

Vi thé ta 4p dung bat dang thitc AM — GM nhu sau:

a’ +a(a+b)22\/ a’ a(a+b):2612

a+b 4 a+th 4
:  Db(b+c 3 c(c+a
Tuwong tu: b + (b+ )22b2 : c . (c+ )22c2
b+c 4 c+a 4

Cong cac bat dang thikc trén theo vé ta duoc:

a’ b c’ 1., 2 2 2 2 2
+ + +—(a +b+c +ab+bc+ca)2(a +b +c)
a+b b+c c+a 4

3 3 3
a_ . b 4L zé(a2+b2+c2)—1(ab+bc+ca)
a+b b+c c+a 4 4

2%(&2 +b2+c2)—%(a2 +b? +c2)=%(a2 +b” +c?)

Vay bai toan duoc chitng minh.
*Thi du 4. Cho céc s8 thuc duong 4, b, ¢ théa manab + bc +ca =1 . Chiing minh rang
a b c 3
+ + <— 1
Vi+a? J1+b? J1+c? 2 o

Hudéng dan giai

St dung gia thiét ab+bc +ca =1 d& dua bat dang thirc vé dong bac 0 ¢ hai vé&
Ap dung bat dang thicc AM-GM ta c6:

a a [ a a <£( a , a j
Ji+va? Ja?+ab+bcrca Va+tba+c 2la+b a+c

Chttng minh twong tw ta dugc:

L<1[L+L) c <1(L+Lj
J1i+pb2 2\b+c b+a) J+cz 2lc+a a+b

Cong theo v& cac bat dang thtkc trén ta duoc:

a b C 1(a+b b+c c+a} 3

+ + <= + + ==

J1+a2z J1+p0?2 Ji+c® 2la+b b+c c+a) 2
2 1
Dang thitc xdyrakhi a=b=c=—
¥ Y J3

*Thi du 4. Cho a,b,C 1a c4c s8 thuc duong thoa man a+b+¢ = 3. Chitng minh rang
4(a’+b* +c*)—(a’+b’+c*)20.
(Trich dé chuyén todn tin vao 10 Chuyén Vinh Phiic nim 2016-2017)
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Hudéng dan giai

Bat dang thitc can chiing minh tuong dwong:

4(a+b+c)(a’+b*+c?)-3(a’+b*+c*) 2 27
<:>4(a+b+c)(a2+b2 +cz)—3(a3+b3+03)2(a+b+c)3
& (a*+b° +c*)+4(a’b+b’c+c’a+ab’ +bc2+ca2)2(a+b+c)3 @)
Ta c6 déng thic (a+b+c) =(a’+b°+¢*)+3(a’h+b’c+c’a+ab’ +bc” +ca’)+6abc.
Do d6 (1) tuong duong véi a’b+b*c+c?a+a’c+b’a+c’h > 6abc.

Ap dung bat dang thicc AM-GM, ta c6

a’b+b*c+c’a+a’c+b’a+c’h=a’(b+c)+b*(c+a)+c’*(a+h)
> 2abc + 2b%Jca + ZCZJ%:Z(azx/R+b2\/a+c2\/£)26abc.

Vay BDT (1) dwoc chiing minh. Dang thitc xay ra khi va chi khi a=b=c=1.
*Thi du 5. Cho a, b, c 1a cac s8 thuc khdng am théa man a+b +c¢ =1. Chiing minh rang:
b+ ¢ > 16abc. Dang thtkc xay ra khi nao?

Hudéng dan giai
St dung diéu kién a+b +c =1d€ quy vé dang bat dang thitc dong bac, ta sé chiing minh:
(b+c)(a+b+c)” >16abc.

Do tinh d6i xting ctia b va ¢ nén ta st dung bét dang thic (x +y)* > 4xy véi hai bién nay

duoc: 16abc. = 4a.4bc <4a.(b+ c)2

Do d6 bay gio chi can chitng minh:

(b+c)(a+b+c) >4a.(b+c)’ < (a+b+c) >4a(b+c) (1)

Ta thay bat déng thtkc (1) chinh 1a bat déng thire (x +y)° > 4xy d& dang bién d6i:
(1) = (a-b-c) >0

Vay bai toan duwgc chitng minh.

a+b+c=1 .
Ddu “=" xay rakhi < a=b+c <:>a=5,b:c=

1
7
b=c
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*Thi du 6. Cho a, b, ¢ 1a cac s6 thiee khong am théa man a +b + ¢ =1. Chiing minh rang;
a+2b+c>4(1-a)(1-b)(1-c). Dang thirc xay ra khi nao?

(D# thi hoc sinh gidi I6p 9, TP H6 Chi Minh niam 1988-1989)
Huéng dan giai
Do a+b+c=1 nén bat dang thirc trong duong: a+2b+c>4(a+b)(b+c)(c+a).
Stt dung diéu kién a +b +c =1d€ quy vé dang bat dang thitc dong bac, ta sé chitng minh:
(a+2b+c)(a+b+c) >4(a+b)(b+c)(c+a)

Do tinh d8i xting ctia a va ¢ nén ta due doan a +b = b + ¢ stt dung bat dang thttc

(x+y)’ > 4xyvéi hai bién (a+b),(b+c)dwoc: 4(a+b)(b+c)(c+a)<(a+c)(a+2b+c)
Do d6 bay gio chi can chirng minh:

(a+2b+c)(a+b+c) >(a+c)(a+2b+c) < (a+b+c) >(a+c)(a+r2b+c) (1)

That vay: (1)< (a+c)2 +2b(a+c)+b® > (a+c)2 +2b(a+c)<=hb? 20 (2)

B4t dang thirc (2) hién nhién dung, vay bai toan duwoc chitng minh.

a+b+c=1 .
Déng thiic xay ra khi a+b=b+c<:>a=C:E,b:0.
b=0

*Thi du 6. Gia st x, y, z1a cac s6 dwong va xyz > 1. Hay chtng minh rang:

5 2 5 2 5 2
x> —X - X’ —z
T b S

>0
X +y +2° Y +72P+x P4y X

Hudéng dan giai
Viéc dau tién, ta can dua bat dang thitc vé dang chuan héa — dong bac:
4 2 2 2
X-xt X -xtyz o X -XPyz 2X" =X (y +1Z )

Xy 4zt (Y2 )xyz B X" +yz(y*+2°) 2x* +(y? +22)2

Dit a=x*,b=y? c=2? thi ta can chitng minh:

2a2—a(b+c)+2b2—b(c+a)+2c2—c(a+b)>
2a2+(b+c)2 2b2+(c+a)2 202+(a+b)2_
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, a’ ab b’ ab
Ta co: > = >+ > = >
2a’ +(b+c)” 2b’+(c+a)” 2b*+(c-a) 2a’+(b+c)

a b
=(a-b) 2a® +(b+c)’ _2b2+(a+c)2 =(a-b)

, c’+c(a+b)+a’—ab+b’
(Za2 +(b+c)2)(2b2 +(a+c)2)

B4t dang thiic cudi cing dting, tach twong tw cdng lai ta dwoc digu can chirng minh.
Déng thiic xay rakhia=b=chay x=y=z=1.

C. BAI TAP AP DUNG

1) Cho ba s6'dwong a, b, ¢ théa man a+b + c = 2. Tim gid tri nho nhit cua:

S ab N bc L ac
J2c+ab +2a+bc +/2b+ac

2) Cho x, y, z la cic s0 thiee dweong théa man x +y + z = 3. Chitng minh rang:

x3‘+y3+23’+Exyz>z
4 7 47

3) Choa, b, c>0vida+b+c=1. Chitng minh ring: 5(a* +b* +c*)<6(a® +b®+¢*)+1.

2 2 2

4) Cho a, b, ¢ > 0 va théa min a+ b + ¢ = 1. Chitng minh ring: F+—+C—23(a2 +b? +Cz).
C a

5) Cho a,b,cdwong théa man ab+bc+ca=1. Tim gid tri I[6n nhdt ciia biéu thirc
2a b

P= + T
Ji+a® N1+b? 1+

6) Cho x,y,z>0 thoa man x+y+z=1.ChL’mgminhrﬁng\/ Y +\/ yz +\/ Xz SE
xy+z \yz+x 2

—a*—28b* —28¢?
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5 KY THUAT
2113 CHUAN HOA

A. Kién thiic cén nhé
* D4u hiéu chudn héa: Bic ctia cac hang tir trong bat dang thitc phai bang nhau
(thuan nhat) ticla néu ta nhan mdi bién véi mot s6 t >0 thi bat dang thire d6 khong doi,
tirc 13 vdi bat dfmg thiee  f(a,b,c)>0thi f(at,bt,ct)=t".f(a,b,c) v6i « la bac cua cac
hang tt trong bat dang thirc.
Vidu: @° +b* +¢* 2ab+bc+ca tacod (tx)° +(ty)” +(tz)" > (X)(ty) + (ty) (tz) + (t2) ()
c;tz(xz+—y2+22)2t2(xy4-yz+zx)
& X+ Y+ 2P 2 XY+ YT+ 2X
* Cach dat 4n moi:
Ta c6 thé chia cac hang t&x cho: abc,a+b+c,(a+b+c)?,a®+b?+c?ab+bc+ca
Viéc chia lam sao dé€ xuat hién an maéi va kem theo diéu kién thich hop dé dé dang
ching minh.
Vidu : Cho a,b,c>0. Chttng minh rang:
a b C 3
+ + >
b+c c+a a+b 2

Nhian xét: Ta nhan thdy cac hang t ¢ ti va mau déu 1a bac 1, do dé ta nghi dén
viéc chia ca t&r va mau cho (a+b+c), khi d6 ta cé:

a b Cc
a+b+c N a+b+c N a+b+c 53
b c c a a b 2
+ + +
a+b+c a+b+c a+b+c a+b+c a+b+c a+b+c
a
X =
a+b+c
Dat: Jy = D Khidé bat dang thtkc da cho twong duong véi:
a+b+c
c
=
a+b+c

X y z 3 .
+ + >— voix+y+z=1
y+z z+X X4y 2
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Trong treOng nay t =
& g nay a+b+c

* Lwu y: Viéc chuan héa khong bé budc trong mdt pham vi nao ca. Bang cach chia
thich hop ta cd thé chon mot gia tri bat ki nao cho mot biéu thire do6i xtng ctia bat dfmg
thtec. Vidu: a+b+c=3abc=1a’+b*+c®> =l,ab+bc+ca=3

B. VI DU MINH HOA
*Thi du 1. Cho céc s8 thuc x, y. Chting minh rang:
X' +yt +4xPy? > 3xy(x2 + y2)
Phan tich:

D& bai todn don gian hon ta can chuan héa vé bién a, b sao cho a* +b* =1

Mudn duoc vay ta can chia cc bién ctia bat dang thitc cho biéu thic t ma:
XY y i 2 2 _ 42 2, 2
(?] +(Tj =l Xx +y =t @tzm
Do béc ctia bat dang thirc 1a 4 nén ta sé chia hai v& ctia bat dang thtic cho t* = (x* +y’ )2
Huéng dan giai
- Xét x =y =0 thi bat dang thitc hién nhién dtng
- NéuXx,y #0, chia hai vé ctia bat ddng thiic trén cho (X* + Y’ )2 >0 ta dwoc bt ding

thirc twrong dwong:

X2 2 yz 2 X2 yz Xy
( 2 zj +( 2 2j +4( 2 2]( 2 2)23 2 2
X2 +y X +y X2 +y2 I x2+y X2 +y

Miit khéc: \/ X \/ y' _

X2+y2' X2+y2 X2+y2_X2+y2

Vay ta chi can chiing minh:

2 2 2 2 2 2 2 2
( 2X 2] +( 2y z] +4( 2X 2)[ zy 2}23\/ zX 2'\/ 2y 2
X2 +y X2 +y X2+y2 I x2+y XC+y2\ X +y

a— X
th X2 + y2
a v Khi d6 bai toan tro thanh:
b= 2 2
X"+ y

Cho céc s6 thuc a, b théa man a° +b* =1. Chiing minh rang:
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a* +b* +4a%b® > 3ab(a2 +b2) (1)
That vay: (1)< a®+b* +4a’h” >3ab
N (a2 +b? )2 —2a%b? + 4a%b? > 3ab

< 2a’bh*-3ab+1>0
< (2ab-1)(ab-1)20 (2)

2ab-1<0
Mat khécl=a? +b? > 2/a’h? = 2[ab| > 2ab = ab < = =
2 " |ab-1<0
Do d6 bat dang thtrc (2) ludn duing.

Vay bai toan duwgc chitng minh.

? 1
Padng thitc xdy rakhi a=b=——=hay x =
8 y NG y y

*Thi du 2. Cho céc s8 thuc x, y, z. Chtiing minh rang:
3(x4 +yi z4)z(x+ y+ z)(x3 +vi+ 23) (1)
Huéng dan giai

Do bt dang thitc (1) 1a thuan nhat (d6ng bac) nén ta c6 thé gia st x +y +z=3

Khi d6 ta can chitng minh: x* +y* +z* > x* + y® + 2° (2)

Ta sé& chting minh: X" +1>x° +x (3)

That vay: (3) & x*(x-1)—(x-1)2 0 & (x-1)’ (x2 - x+1) >0 (ludn ding)

Twong tw: y* +1>y*+y ,z°+1>72°+y

Cong ca bat dang thitc trén theo vé ta duge: X' +y* +2* +3>x° +y* +2° + (X +y+ Z)
Ma x +y+z =3 nén bat dang thizc duoc chitng minh.

Déng thiic xay rakhi x=y = z.

* Thi du 3. Cho céc s8 thuc X, y, z > 0. Chiing minh rang:

A O PR e

Huéng dan giai
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Do bat dang thiic trén 1a thuan nhat nén néu bat dang thite trén dung véi bo s&

(x, ¥, 2) thi cling ding véi (tx,ty,tz) v6i ¢ 1a s6 thue dwong bat ki .
Do d6 ta co thé gia st xy + yz + zx = 3.
Khi dé: (X+y+ z)2 >3(xy+yz+2x)=9=>x+y+22>3

Va 3=xy+yz+2x>3¥x°y*z> = xyz <1

Taco: (X+Y)(y+2z)(z+x)=(x+y+z)(xy+yz+2x)—xyz>3.3-1=8

Suy ra: i/(x+y)(y;2)(z+x) >1= /—Xy—i-)gz—kzx

Déng thiic xay ra khix =y = z.

*Thi du 4. Cho cac s8 thuc x, y > 0. Chitng minh rang:

eyt 5

(x+y)4 X+y 8

o
N—

Hudng dan giai
Do bat dang thiic trén 1a thuan nhat nén néu bat dang thitc trén dung véi bo s&
(x, y) thi cling dung vdi (tx,ty) voi t1a s6 thue duwong bat ki .
/4 /4 ~? L ? 1 . /4 A v .

Do do ta cé thé gia st x +y =1 suy ra \/Xiy < r Khi d6 ta can chitng minh:

4, 8 5 2, 2\ 2.,2 o
X" +y +\/x7y2§<:>[(x +y ) —2X°y }+\/W2§

2

=N [((x+ y)2 —2xy) —2x2y2}+\/@22
< (1- 2xy)2 — 2%y +\[xy > g

o 2x%y? —4xy+\/x7y+12§
Pit t =[xy v6i 0<t < % Khi d6 can chimg minh:

2t* — 4t? +t+1zg<:>16t4 —32t° +8t+3>0
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e (4t° -3)(4t* -1)+8t(1-2t) 20
B4t dang thitc cudi ludn dung vi 0 <t < %

Vay bai todn dugc chitng minh. Déang thiic xay ra khi x =y

Nhan xét: Doi phuong phap chuan héa thuong duoc 4p dung hiéu qua véi phuong phap
hé s0 bat dinh dé€ giai nhiéu bai toan hay va kho, sau day sé trinh bay véi cac ban mot sd
bai toan két hop hai phuong phap nay, cac ban cé thé doc thém phuong phap hé s6 bat
dinh d€ hiéu hon nhé!

*Thi du 4. Cho a,b,c 1a c4c s8 thic dwong. Chitng minh rang a_, b TR 3
b+c c+a a+b 2
Phan tich tim 10i giai
Bat dang thttc trén 1a thuan nhat (dong bac). Khdng mat tinh tong gia st:a+b+c = 3.
b c .3

+ + >
3-a 3-b 3-c 2

Bai toan qui vé viéc chitng minh:

Dé thay bét déng thtic trén c6 cdu trac f (a)+ f (b)+ f(c)> g nén ta nghi dén phuong
phép thuong duoc st dung dé chiing minh cho dang trén la hé s6 bat dinh (UCT).

Ta can tim sO m va n sao cho:

3_a2%+mx+n (ﬂ

2 \ . C
Twong tu v6i 2 biéu thitc con lai: >mb+n ;——>mc+n
3-Db 3-¢C
Cong cac bat dang thitc trén theo vé ta duoc:
a . b 4 _C 2§+m(a+b+c)+3n:§+3(m+n)
3-a 3-b 3-c¢ 2 2

Nhu vay & day 2 hé s6 m va n phai thoa man diéu kién m+n=0< n=-m. Thé vao (*)

dan dén

3_a2%+m(x—1) ()

Dén day ta chi can xac dinh hé s§ duy nhét 1a m d€ bat dang thirc (**) la dung.
Cha y ¢ bai toan nay diém cuc tri dat dwgc tai @ =b =c¢ =1 nén ta can xac dinh m sao cho

a 1 3(a-1) 3

Khi cho a =1 thita co L = E tr do ta du doan réng m= E de€ tao thanh dai luong
2(3-a) 4 4
binh phuong (a—1)? trong biéu thtic. Tir d6 ta sé chiing minh bt dang thitc phu
a 21+§@—n<:—3—23a_1
3—-a 2 4 3—-a 4

Tur day ta di dén 10i giai sau:
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Loi gidi
Bat dang thiic trén thuan nhat nén ta c6 thé gia st rang: a+b+c =3

a b c

Khi do: + +
3-a 3-b 3-c

>3
2

Ta st dung bat dang thikc sau day 3 a > 3a4—1
—a

2
S 3a—1<:> 3(a-1) 50
3-a 4 4(3—-a)

Hién nhién dung véi 0<a<3doa,b,c dwongvaa+b+c=3.

That vay:

St dung cac bat dang thirc tuong tw v6i b va c. Ta duoc: 3. b > ;

Con theo vé ta duoc: a . b +_° 2§(a+b+c)—§=g—§=
3-a 3-b 3-c 4 4 4 4

Daéng thitc xay rakhi a=b=c.

*Thi du 5. Cho céc s8 thuc x, y, z > 0. Chttng minh rang:

2x(y+z)2+ 2y(z+x)2+ 2z(x+y)ZS 6 )
X +(y+z)" Y +(z+x) zZ+(x+y) O

Phan tich tim 10i giai
Bat dang thitc trén thuan nhat nén ta c6 thé gia st rang: X+ Yy +2z =3.
X(3-X) y(3-Y) z(3-12) 6

Khi dé: ~+ =+ ~< = (D
X +(3-x) y*+(3-y) z*+(3-z) O

Dé thay bét ding thtic trén c6 cau trac f (x)+ f (y)+ f(z)< g nén ta nghi dén phuwong

phéap thuong duoc st dung dé chung minh cho dang trén 1a hé s6 bat dinh (UCT).

e x(3-x) 2
Tacantims§m va n sao cho: ————<—+mx+n (*)
x> +(3-x)" S
Twong tw v6i 2 biéu thire con lai: —y(3—y) > sg+my+n ;—2(3_2) > <—+mMzZ+n
y +(3-y) 3 22 +(3-2)

Cong cac bat dang thitc trén theo vé ta duoc:

X(y+1) , y(z+x) _ 2(x+Y) <% im(a+b+c)+3n=2+3(m+n)
X H(y+z)” Y (z+x) 2P+ (x+y) ’

ol
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Nhu vay & day 2 hé s§ m va n phai thoa man diéu kién m+n=0< n=-m. Thé vao (*)
X(3—X)

dan dén .
x* +(3-x)

g§+m(x_1) (%)

Dén day ta chi can xac dinh hé s§ duy nhét 1a m d€ bat dang thirc (**) la dung.

Cha y ¢ bai toan nay diém cuc tri dat dugc tai X =Yy =z =1 nén ta can xac dinh m sao cho

_ -2
)((3—)()2£g+m(x—1)<:>(x—1) m+ 9(x-2) = >0
x*+(3-x)" S 5[x2+(3—x) }
. \ / 9(X_2) 9 \ / . N 9 ~ \
Khi cho x =1 thi ta c6 =—— tur do ta dy doan rang m :E dé tao thanh

5" +(3-x)’ |

dai lugng binh phuong (a—1)° trong biéu thitc. Tir d6 ta sé chitng minh bat dang thiic

3- 3-
)((—)()Zgg+i(x_1) hayx(—x)zgix+i
x*+(3-x)" 5 25 x*+(3-x)" 25 25

T day ta di dén loi giai sau:

phu

Huéng dan giai
B4t dang thiic trén thuan nhat nén ta c6 thé gia st rang: X+ Yy +2 = 3.

khido 37X, yB=y) | 2(8-7) _6 (1)

x2+(3-x)" y*+(3-y) z°+(3-z2) 5

x(3-x) 9 1
x*+(3-x)" 25 25

9@a-17*(2x+1) _

Ta st dung bat dang thtec sau day

That vay bat dang thitc trén twong duong véi =20
25[x2 +(3-x) }
Hién nhién dung vdi a 1a s6 thuc duwong.
Str dung cac bat dang thitc twong tw véib va c. Ta dugc:
_YB-y) 9 1. 2(8-7) 9 1
y2 +(3_ y)2 25 25  7° +(3— 2)2 25 25
Con theo vé ta duoc:
3- 3- 3-

X(3-%) =+ y(3-y) =+ 2(3-2) - < i(x+y+z)+i=£+i:§

x*+(3-x)" y*+(3-y) Z?+(3-z) 25 25 25 25 5

Daéng thitc xay rakhi x=y =z.
*Thi du 6. Cho a,b,c 1a cac s6 thiec khong am. Chiing minh rang
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(b+c—a)? (a+c—b)? (a+b-c)? >3(a2+b2+cz)
2a’ +(b+c)®> 2b°+(a+c)* 2c*+(b+a)> (a+b+c)?
Huéng dan giai
Chudn héa a+b+c=3.Khi d6 bat dang thiic can chiing minh tuong duong véi
2(3-2a)° _ 2(3-2b)* 2(3-20)’

) ) ) >a?+b%+c?
a‘—-2a+3 b°"-2b+3 c¢c“°-2c+3

2(3-2a)*

a2—2a+32a2 +m(a-1)

Ta can xac dinh hé s6 m dé bat dang thtec sau la dting

Ta lai c6 22(3_—2&1)2—&2 __ (<':1—l)(a;r3)(a2 —4a+6)

a“—-2a+3 a’—2a+3
T day dé dang du doadn véi m = —6 thi bat dang thikc phu trén la dting. That vay
a’-2a+3

— 2 J—
a2—6(a—1)<:>(a 21) (6 a)azo
a‘—-2a+3

biéu nay hién nhién ding do a e (0,3).
Tuong tuw v6i cdc bién con lai. Dang thikc xay ra khi va chikhi a=b=c.

C. BAI TAP AP DUNG
Véix, y, z> 0. Chitng minh cac bat dang thikc sau day:

3 3 3
) X +y 2(Xerj |

2 2
2) 3(x3‘+y3‘+z3)2(x+y+z)(x2 +y? +22)
3 3 3
3) LN A Y+ Z
yz  IX Xy

4) X2 (y+2)+y* (z+x)+ 22 (x+ y)s2(x3+y3+23)

5) X (y+2z)+y*(z+x)+2°(x+ y)z(xy+yz+zx)§/(x+ y)(y+2)(z+x)

(2x+y+z)2 . (2y+z+x)2 . (22+x+y)2
2 +(y+2)" 22 +(z+x)" 222 +(x+y)
(y+z—x)2 .\ (z+x—y)2 .\ (x+y—z)2 .3
(y+z)2+x2 (z+x)2+y2 (x+y)2+z2 5

6) <8.

7)

157 | CAM NANG BAT DANG THUC




o SU DUNG
214 PANG THUC

A.  Kién thiic can nhé

Trong nhiéu bai toan vé bat dang thitc, nguoi ta Iong ghép mot s6 dang thikc
thuong gap nham lam téng d6 kho ctia bat dang thitc, sau day ching ta sé lam quen véi
mot s§ dang thirc d6.

Dang thitc thuong gip 1:
Véia, b, cla cac s6 thyc thita c6: (a+b)(a+c)=a’+ab+bc+ca=a(a+b+c)+bc

Tt dang thitc nay ta c cac két qua sau:
Kétqual.Néia+b+c=1thi(a+b)a+c)=ala+b+c)+bc=a+bc
Két qua 2. Néivab+bc+ca=1thi(a+b)a+c)=a>+ab+bc+ca=a’+1

Két qua 3. Néuua+b+c=kthi(a+b)a+c)=ala+b+c)+bc=ka+bc

Két qua 4. Néiab+bc+ca=1 thi C:—ab+1
a+b
B. VI DU MINH HQA
*Thi du 1. Cho ba s6 thuc a, b, ¢ théa médn a + b + ¢ = 1. Chiing minh réng:
(a+bc)(b+ca)(c+ab)>0

Huéng dan giai
Doa+b+c=1nén: a+bc=a(a+b+c)+bc=(a+b)(b+c)
Tuwong tu:
b+ca=b(a+b+c)+ca=(b+a)(b+c) ; c+ab=c(a+b+c)+ab=(c+a)(c+b)
Do d6: (a+bc)(b+ca)(c+ab)=(a+b) (b+c)’(c+a) >0
Vay bat dang thitc duoc chiing minh.
Dang thitc xay ra khi mdt trong 3 s6 bang 1 va hai s& con lai d6i nhau.

*Thi du 2. Cho X,y,z>0 théa man x+y+z=1.Chttng minh rang

Xy . |.yz .| xz SE
xy+z \yz+x \xz+y 2

(Trich dé vao 10 Chuyén Ha Tinh nam 2017-2018)
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Huéng dan giai
Ap dung bt dang thiic Cb si ta co:

Xy _ Xy _ Xy JIf_x LY
Xy +Z xy+z(x+y+z) (z+x)(y+z)_2 X+z y+z

Chttng minh hoan toan tuong tu ta co:

yz<l y+z.xz<lz+x
yz+x 2\ x+y z+x)\xz+y 2(y+z x+y

:>PS1(X+Y+Z+Z+X+YJ

2\x+z X+y X+z y+z X+y y+z

@Pgl(x+zj+y+x+z+y

2|\x+z x+z X+y X+y y+z y+z
c>P<—3=E
2

Dau “=" xay rakhi x=y=z= 3

Vay gia tri nhé nhat caa P la %
*Thi du 3. Cho a, b, ¢ 1a cac s6 thiee dwong théa man a +b + ¢ = 1. Chiing minh rang:

ab bc ca
+ +
c+ab a+bc b+ca

>3
4

Hudng dan giai
Bién d6i va st dung bat dang thizc Schwarz ta duoc:

ab N bc L _ ab N bc N ca
c+ab a+bc b+ca (c+a)(c+b) (a+b)(a+c) (b+c)(b+a)

_ ab(a+b)+bc(b+c)+ac(c+a)

(a+b)(b+c)(c+a)
=a2(b+c)+b2(c+a)+cz(a+b)

(a+b)(b+c)(c+a)
= a” + b’ + :
(a+b) a+c) (b+c)(b+a) (C+a)(c+b)
N (a+b+c)2
_(a+b)(a+c)+(b+c)(b+a)+(c+a)(c+b)
B 1 S 1 _3
a+bc+b+ca+c+ab 1+(a+b3+c) 4
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Bat dang thitc dwoc chitng minh dang thikc xay rakhi a=b=c= %

*Thi du 3. Cho a, b, c la cac s& duong thoa man: a+b+c=2016. Tim gia tri 16n nhat cua

biéu thirc: P =

a b C
+ +
a++2016a+bc b++2016b+ac c++/2016c+ab

(Trich dé vao 10 Chuyén Ha Tinh nam 2016-2017)
Hudng dan giai

Ta cé a++/2016a +bc =a+\/(a+b+c)a+bc =a+1/(a+b)(a+c)

Ap dung bdt Bunyakovski ta cé:

(ab)(arc)=| (Vo) + (o) || (V&) +(Va) |2 (Vac +ab )
Suy ra a+,/(a+b)(a+c) 2a+&+\/£=JE(JE+JE+JE)

a § Ja
a++2016a+bc  va+vVb++c

b \/E C \/E
Tuong tw < ; <
b+\/2016b+ac «/g+ b+«/€ c+\/2016c+ab JE+JB+%

Jaibe

Suyra P<———=——==1,Ddu=xayrakhi a=b=c=672

Vaib e

*Thi du 4. Cho cac s6 thuc duong a, b, ¢ thoa man ab +bc + ca=11. Tim GTNN

Suy ra

5a+5b+2c

P:
J12(@% +11) +/12(b> +11) ++/c> +11

(Trich dé vao 10 Chuyén Qudng Binh nam 2015-2016)
Hudng dan giai
Thay 11 =ab + bc + ca vao P, ta co:

B 5a+5b+2c
J12(2% +11) +4/12(b% +11) +4/c? +11
3 5a+5b+5c¢
\/12(:112 +ab +bc+ca) +\/12(b2 +ab+bc+ca)++c? +ab+bc+ca
5a+5b+5c .
= )
2\/3(a +b)(a+c) +2y/3(b+a)(b+c) ++/(c+a)(c+b)

P
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Ap dung BDT C6-si cho hai s8 khong am, ta co:

2\/3(a+b)(a+c)<3(a+b)+(a+c)=4a+3b+c (1)

Tuong tu:

2\/3(b+a)(b+c)<4b+3a+c (2)
(c+a)(c+Db) S%(a+b+2c) 3)

Cong tirng vé cua (1), (2) va (3) ta cd

2\/3(a+b)(a+c) +2y3(b+a)(b+c) +4/(c+a)(c+b) < 175a +175b+3c (**)

Tir (%) va (**) ta c6

5a+5b+2c¢ 2

> =—
1—5.21+1—5b+3c 3
2 2
3(a+b)=a+c
A M R 3(b+a):b+c a:b:£ a:b:1
Dau bang xay ra & = 5 &
c+a=c+b =5
ab+bc+ca=11

ab+bc+ca=11
Vay GTNN cua P Ié§ ,dat dwgckhia=b=1, c=5.

*Thi du 6. Cho a, b, c la cac s6 thuc duwong thoa man 6a+3b+2c =abc. Tim gid tri 16n
1 2 3

nhat ctia biéu thirc: B= + +
Ja2+1 Jb2+4 249
(Trich dé vao 10 Chuyén Phiui Tho ndm 2014-2015)
Hudng dan giai
Gia thiét cua bai toan dwoc viét lai thanh £+i+i =1.Dat a =l; b= z; c= é,
bc ca ab X y z
khi d6 ta dugc xy+yz+zx=1
. , A1 s X y z
Biéu thirc B duwoc viét lai thanh B = + +
\/x2+1 \/y2+1 \/z2+1
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D&y dén gia thiét xy +yz+zx=1 tacd x> +1=x"+xy +yz+zx=(x+y)(z+x)
X X
I +1 \/(x+y)(z+x)

. . X z
Hoan toan tuwong tu ta dwoc B = + y +

\/(x+y)(x+z) \/(x+y)(y+z) \/(z+x)(y+z)

Ap dung bat dang thirc Cauchy ta duoc

Khi do ta duwoc

J@H13@+x (X+y o x

el )
x+y) y+z X+Y y+tz
,/ X+Z y+z [Z+X Y+Z}

Cong theo v& cac bat dang thikc trén ta duoc

B= X + Y + z <

\/(x+y)(x+z) \/(x+y)(y+z) \/(z+x)(y+z)

Vay gia tri I6n nhat ctia B la %

N | W

Déng thirc xay ra khi va chi khi a = \/5; b= 2\/3; c= 3x/§
*Thi du 7. Cho x, y, z 1a ba s6 thuc duong théa man x+y+z=1. Chting minh rang:

1-x° 1y 1Z>6

x+yz y+zX zZ+Xy

(Trich dé vao 10 Chuyén Ha Noi nam 2014-2015)
Hudng dan giai
Ap dung gia thiét ta duoc 1-x* _ (1-x)(1+x) _ (x+y)(y+2)+(z+x)(y +2)
x+yz (x+y)(z+x) (x+y)(z+x)

Hoan toan tuong tu ta duoc

1-y? B (x+z)(x+y)+(x+z)(y+z)

y+ax (x+y)(y+2)
1—72 _ (x+y)(y+z)+(x+y)(x+z)
2+ xy (y+2)(z+x)

Dit a=(x+y)(y+z); b=(y+z)(z+x); c=(x+y)(z+x), khi d¢ ta viét lai duoc bat
dang thtec thanh
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a+b b+c c+a
+ + >6
C a b

Ap dung bat dang thitc Cauchy ta dwoc 3+E >2; E+£ >2; 4552
b a c b a a

A N 1y 22 oA a+b b+c c+a
Cong theo vé cac bat dang thirc trén ta duoc + + >6

C a b

Vay bai toan dugc chitng minh xong.

2
*Thi du 8. Cho s§ thuc X, y(x+y #0). Chting minh ring x* +y? +[1+ ij >2 .
X+y

Hudng dan giai

1
bat z=- Xy
X+Yy

tacod: Xy+Yyz+2x=-1 va BDT da tro thanh:

X +y+22 22 X +y? +2° 2 -2(xy + yz+2X) < (X+y+2)? >0 (ludn ding)
Vay BDT duoc chitng minh.
Dang thitc thuong gip 2:

Vi x, y, z 1a cac sO thuc thoa man: xyz =1

Ta c6 cac két qua sau:

Két qua 1. Dang thtic: + L + LI 1
1+x+xy 1+y+yz 1+z+2X
K&t qua 2. Dang thic + ! + ! =1
qafa = ans 1+ X2 +x%y?  1+y? +y%2%  1+2% +2%%°
Ching minh
X X

Vixyz=1nén = =
1+y+yz X+Xy+xyz 1+XxX+Xxy

1 B 1 B Xy Xy
1+z24+2X 14+Z4+2X XY+XyZ+X°yz  1+X+Xy

1 1 1 1 X XY 4

Do do: + + = + + =
1+x+xy 1+y+yz 1+z+zx 1+x+Xy 1+X+Xxy 1+X+Xxy

Vay dang thitc duoc chitng minh.
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Nhan xét: Tir dang truede trén c6 thé suy ra véi cac s6 thuc x, y, z théa man xyz =1
1 1 1
=1

thi ta co: + + =
1+ x> +X°y?  1+y? +vy°z2® 1+72°+7°%°

Cac bai toan st dung;:

*Thi du 1. Cho ba s8 thuc duong x, y, z théa man xyz = 1. Chting minh rang:

1.1 11
2X°+y*+3 2y*+7°+3 27 +x*+3 2

Huéng dan giai
Do bat dang thirc d&i xting véi X, y, z nén dé doan duwgc dang thikc xay ra khi
x=y=z=1
St dung bat déng thttc AM — GM cho cac s6 dwong ta duoc:

1 1
<
2x*+y*+3  2(1+x+xy)

2X% +y? +3=(x2 +y2)+(x2 +1)+222xy+2x+2:>

Chtng minh tuwong tw ta duwoc:

1 < 1 1 < 1

2y +72°+3  2(1+y+ yz); 222 +x* +3 2(1+X+2X)

Cong theo v& ba bat dang thtic trén ta duoc:

1 1 1 1 1 1 1
2 2 T2 2 T2 2 . + +
2X°+y +3 2y"+z2°+3 272°+x°+3 2\1+x+xy 1+y+yz 1+z+4+2X

1 1
+ + =1
1+x+xy 1+y+yz 1+z+2X

Ma ta da biét dang thtrc:

Vay bai toan duoc chitng minh.
Déng thtrc xdy rakhix=y=z=1.

*Thi du 2. Cho ba s6 thiec duwong X, y, z thoa man xyz = 1. Tim gia tri 16n nhat cta
biduthwc:c=— > 4 Y 1
(x+1)"+y*+1 (y+1) +2°+1 (z+1) +x* +1

Huéng dan giai
Do bat dang thirc d8i xting véi x, y, z nén dé dodn dugc dang thiic xay ra khi
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x=y=z=1
St dung bat déng thttc AM — GM cho cac s6 duong ta dwoc:

(x+1)2+y2+1=x2+y2+2x+222xy+2x+2:> ! < !

(x+1)" +y?+1  2(xy +x+1)

Chting minh twong ty ta duoc:

1 1 1 1
< ; <
(x+1)" +y?+1 2(xy+x+1)" (z+1)" +x*+1 2(zx+2z+1)

Cong theo vé€ ba bat déng thirc trén ta duwoc:

1 1 1 1 1 1 1
C= 5 + 5 .+ TR ) + +
(x+1)"+y*+1 (y+1) +2°+1 (z+1) +x*+1 2\1+x+xy l+y+yz 1+z+2x

Ma ta d biét déng thic: P SN S
1+x+xy 1+y+yz 1+z+2X

Vay gié tri 16n nhét C la %

Déng thtrc xay rakhix=y=z=1.

*Thi du 3. Cho ba s6 thyc duong a, b, ¢ thoa man abc = 1. Tim gia tri 16n nhat caa
a b Cc

biéu thirc: + +
a+2b b+2c c+2a

Huéng dan giai
a a 1 o 1

Viabc=1nén = = 2 3
a+2b a+2ab°c 1+2b°c 1+b°+b°c

(do &p dung bat dang thitc AM-GM véi hai s6 duong b2 va b2c2).

b 1 C 1
Twong tu: > : > )
&1 b+2c 1+c?+c?a? c+2a 1+a’+a’b?

a b Cc S 1 1 1

Do d6: + + > + +
a+2b b+2c c+2a 1+b®>+b%c? 1+c®+c?a?® 1+a’+a’b?

=1

Péng thttc xay rakhia=b=c=1.
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*Thi du 4. Cho ba s6 thyc dwong a, b, ¢ théa man abc = 1. Tim gia tri nho nhat ctia biéu

(1+a)2+b2+5+(1+b)2+c2+5+(1+c)2+a2+5

thiee: P =
ab+a+4 bc+b+4 ca+c+4
(Trich dé vao I6p 10 Chuyén Quang Nam ndam 2019-2020)
Huéng dan giai
Ta co:
2
(I1+a) +b*+5 a’+b’+2a+6 2ab+2a+6 _2(ab+a+4)-2 2
ab+a+4 ab+a+4  ab+a+4 ab+a+4 ab+a+4
2 2
1+b) +c*+5 1+c) +a’+5
Tu’ongtu’:( ) 22— 2 ; ( ) >2- 2
bc+b+4 bc+b+4 ca+c+4 cat+c+4

1 1 1
+ +
ab+a+4 bc+b+4 ca+c+4

Dodé:P26—2( j=6—2Q

Véix, y duong ta coé:

(x—y)220<:>(x+y)224xy<:> 1 <X+y<:> 1 <l(l+l] *)

x+y 4xy  x+y 4(x y
Dau “=" xay ra khi x =y.

Ap dung (*) ta duoc: L = L Sl L +l.
ab+a-+4 (ab+a+1)+3 4\ab+a+1 3

1 1 1 1 1 1 1 1
Twong ty: ——<—| ———+—|; <= +=
bc+b+4 4\bc+b+1 3) ca+c+4 4\ca+c+1 3

Do d6:
le 1 + 1 + 1 +1 :>2Q:l 1 + 1 + 1
4\ ab+a+1 bc+b+1 ca+c+1 2lab+a+1 bc+b+1 ca+c+1
:>P26—l 1 + 1 + 1 +1
2lab+a+1 bc+b+1 ca+c+1

_l C ac 1

= + + +1
2[abc+ac+c bcac+abc+1 ca+c+1 J

1 C ac 1
=6—— + + +1
2\ca+c+1 ca+c+1 ca+c+1

—6-12
2

=5
Dau “=" xay rakhia=b=c=1.
Vay gia tri nho nhat cua P 1a 5.
*Thi du 5. Cho a, b, cthic dwong thoéa man abc =1. Chitng minh r?mg:

1 1 1 <3

+ +
\/a4—a3+ab—2 \/b4—b3+bc+2 \/c4+c3+ac+2
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Huéng dan giai
Ta co:

(a—l)2 (a2+a+1)20<:>(a2 —2&1+1)(a2 +a+1)20
sat-a’-a+1>0=at-a’+1>a
<at-a’+ab+2>ab+a+1
< < 1

\/a4—a3+ab+2 \/ab+a+1
Chttng minh hoan toan twong tuw ta co:

1 1 1 1
< ; <
Vb* —b* +bc+2  Nbet+b+1 et~ +ac+2  Vac+c+l
Nhu vay

1 1 1 1 1 1
VT < < [3. + +
Jab+a+1 \/bC+b+1 \/ac+c+1 ab+a+1l bc+b+1 ac+c+1
(Ap dung BDT Bunyakovski cho 3 s6)
Lai co

1 1 1 1 a ab
3. + + = /3. + +
ab+a+1 bc+b+1 ac+c+1 ab+a+1 abc+ab+a a’bc+abc+ab

_ |5 1 N a N ab :\/5
ab+a+1 1+ab+a a+ab+1

Vay ta c6 diéu phai chitng minh
D4au “=" xay rakhivachikhi a=b=c=1.

*Thi du 6. Cho ba s8 thuc a, b, c dwong théa man abc = 1. Chitng minh rang
1 1 1

+ +
V228 +b%+6 2bP+ci+6 2ci+ai+6

<1 (5)
Huéng dan giai
Ap dung bat dang thitc Cauchy ta co:

a’+b®+1>3ab, a’ +1+1>3a=2a’+b®+6>3(1+a+ab)

1 1 11 1
= < <= ( + )()
J22° +b%+6  J3l+a+ab) 23 l+a+ab

1 1(1 1
<

11 1
Twong ty ———=<—| —+ — (8
L Jobd+ci+6 2.3 1+b+bcj «/Zc +a%+6 (3 1+c+acj()
Cong ba bat dang thitc (6), (7), (8) va két hop véi dang thic (1) ta cd dpem.

D&u bang xay ra khi va chikhia=b=c=1.
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*Thi du 7. Cho ba s& thuc a, b, ¢ dwong thoa man abc = 1. Chttng minh rang

! + ! + L <1 (9)
J2a+)(b+2) J(@b+D(c+2) +J(2c+D(a+2)

Hudéng dan giai

Dat a=x%b=y? c=12% vdix, y, zlacdcs6 dwong va x.y.z = 1.
Ap dung bat dang thikc Cauchy — Schwarz ta ¢6
(XY +Xx1+1.2)% < (X*+ x> +1D)(Y* +1+1) < (L+x+xy)* < (2x* +1D)(y* +2)

1

Suy ra L < (10),
J@a+)(b+2) 1+x+xy

teong tu ta cé: L < 1 11), L < 1 22)
J@b+D(c+2) 1+y+yz T J2c+D)(@+2) 1+z+xz

Cong ba bat dang thite (10), (11), (12) va két hop véi dang thiic (1) ta 6 dpem.
D&u bang xay ra khi va chikhia=b=c=1.
Dang thitc thuong gap 3:

Vi x, y, z1a cac s thuc thoa man: xyz =1

e X y 21
Ta c6 cac két qua sau: + + =
2+X+Xxy 1+y+yz 2+4+27+12X
Ching minh
y Xy Xy

Vixyz=2nén = =
1+y+yz X+Xy+Xyz X+Xxy+2

22 B 22 B 2
2427+2X XYZ+27+IX XY+2+X

Do do:
X y 22 X Ly 2 _X+EXYy+2

- + = = =1
2+X+Xy 1+y+yz 2+2Z+2X 2+X+XY X+XyY+2 Xy+2+X 2+ X+XYy

Vay dang thitc duoc chitng minh.
Cac bai toan st dung;:

*Thi du 1. Cho ba s6 thitc duong x, y, z thoa man xyz = 2. Chting minh rang:
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X 2y 47
2X2+ 2 + 2 2 + 2 2 <
y°+5 6y°+z°+6 3z°+4x°+16

1
2
(Trich dé vao 10 chuyén Quoc Hoc Hué'2019-2020)

Huéng dan giai

Str dung bat dang thitc AM — GM cho cac s8 duong ta duoc:

X X
<

2X° +y? 5= (x +y )+ (X +1)+422xy+2x+4:>2X2+y2+5—Z(Xy+x+2)

Chtng minh twong tw ta duwoc:

N S
6y’ +2°+6 4(yz+y+1) 2(yz+y+1)
47 47 Z

< = .
372 +4x* +16 4(zx+22+2) 2X+27+2

Cong theo vé€ ba bat déng thirc trén ta duoc:

X 2y 47 l( X y z j 1
2

2 2 T2 2 t o2 2 << + +
2X°+Yy°+5 6y°+z°+6 3z°+4x°+16 2\ xy+Xx+2 yz+y+1 zX+2z+2

1 1,

Ma ta da biét dang thtc: + + =
1+x+xy 1+y+yz 1+z+2X

Vay bai toan dugc chiing minh.
Dang thitc xay rakhix=y=1,z=2.
Dang thitc thuong gap 4:

Xudt phét tir hai hang dang thitc don gian:
(a+b)’ =a®—2ab+b*; (a—b)’ =a® —2ab+b?

Tt dang thizc nay ta cé cac két qua sau:
Kétqua 1. 2(a’ +b)=(a+b)" +(a—b) > (a+b)’
Két qua 2. 4ab=(a+b)’ —(a—b)" <(a+b)’

Két qua 3.a° —ab +b? 2%(a2+ab+b2) Do 3(a” —ab+b’)-(a*+ab+b*)=2(a-b)’ >0
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Két qua 4. m(a’ +b” )+ nab = 2m+n(a+b)2 + 2m4_n(a—b)2

Chtng minh két qua 4:

That vay:

2m4+n(a+b)2 . 2m n (2m+n 2m— nj(a2 +b2)+(2m4+n ~ 2m4_nj.2ab

a +b2)+nab

Tong quat: ax® +bxy +cy” = (mx+ ny)2 +p(x- y)2 ,

2a+b 2c+b _ b*-4ac

,n = p=——"-.
2VJa+b+c 2\Ja+b+c P 4(a+b+c)

Cac bai toan st dung:

Trong d6: m =

*Thi du 1. Cho cac s6 thuc a,b,c €[0;1] . Tim gia tri 16n nhat biéu thc:

B C a b
B 1/2(a2+b2)+1+4/2(b2 Jrcz)jtlJrJZ(c2 +a2)+1

Huéng dan giai

Ap dung két qua 1 ta duoc: 2(a +b2) (a+b) :4/2(a2+b2)2a+b

Lai do ¢ e[0;1] :>c<1:>1/2 +b +1>a+b+c:>\/7 b
2(a® +b?)+1 a+b+c

Tuong tu:
b
Cong theo vé ta duoc: P < a+b+c =1
a+b+c

Dau “=" xayrakhia=b=c=1

Vay gia tri lon nhat caa Pla 1
*Thi du 2. Cho a, b, c la cac s thuc khac 0. Tim gia tri nho nhét cta biéu thiec:
a’ b? c?
=2 2t 3 2t 3 2
a“+((b+c)” b +(c+a)” c“+(a+b)
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Hudng dan giai
Ap dung bat dang thikc & két qua 1:
(b+c)*<2(b*+c”); (a+b)*<2(@°+b%*); (c+a)’<2(c’*+b%), taco:

a’ b? c?
2 2 2 2 + 2 2 2 + 2 2 2
a“+2(b"+c”) b°+2(a“+c°) c +2(a"+b?)
2 2 2
=>T+32| - az 1|+ b2 —t+1l|+] = C2 o+l
a“+2(b°+c%) b* +2(a” +¢°) c“+2(a” +b%)
:é.s(a2+b2+c2)( 1 1 L J

a’+2(*+c?) b>+2(@*+c?) c®+2(a*+b?)

1 ta duoc:
n'

Ap dung bat dang thitc C6 — si cho ba b s8 dwong m, n, p va %

w -oll—‘

(m+n+ p)(—+ +—]>3§/mn

=9 .Suy ra: T+3>§9<:>T >§

Déng thiic xay rakhia=b=c

Vay gia tri nhé nhat cua T 1a g khia=b=c.

*Thi du 3. Cho hai s thuc duwong a va b thoa man (a 4 b)3 +4ab=2.

Tim gia tri nho nhat ctia: P =10a+6b+ 2 + 1
a

Huéng dan giai
Tt gia thiét, 4p dung két qua 2 ta duoc:
2=(a+b)3 +4ab=(a+b)3 +(a+b)2 —(a—b)2 S(a+b)3 +(a+b)2
<:>(a+b)3 —1+(a+b)2 ~1>0
<:>(a+b—1)[(a+b)2 +(a+b)+1+(a+b+1)}20

<:>(a+b—1)[(a+b)2 +2(a+b)+2}20

<a+b2>1.

Ta cé:

P=10a+6b+>+—=|8a+>|+|db+— +2(a+b)22\/8a.3+2\/4b.1+2.1=8+4+2=14
a b a b a a

Déau “=" xay rakhi: a=b= %
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Vay gid tri nhé nhat cua P 1a 14.

*Thi du 3. Cho hai 8 thic dwong a va b théa man a’ —ab +b* = 1. Chiing minh rang
a’+b’ +3ab<5
Hudng dan giai

Tacd a’ —ab+b’ =1 1:(a+b)2 —3ab 2(a+b)2 —%(a+b)2 :i(a+b)2 —a+b<2

Do do:

a’+b’ +3ab=(a+b)(a2 —ab+b2)+3ab=a+b+3abSa+b+§(a+b)2 £2+§.4=5
4 4

Bat dang thitc duoc chitng minh.

Déng thiic xay ra khi:a=b =1.

*Thi du 4. Cho cac s6 thee duong a, b, c théa man: a+b+c>6 Tim gid tri nho nhat cua
a’ b’ c’

biéu thirc: P = > ~+— ~+— >
a“+ab+b- b"+bc+c” " +ca+a

Huéng dan giai

b? c’ a’

bat Q= + +
a’+ab+b?> b?*+bc+c* c*+ca+a’
Ta co:
3 3 3 3 3 3
a’-b b’ —c c’—a
P-Q=

a’+ab+b? +b2+bc+c2 +c2+ca+a2
B (a—b)(a2 +ab+b2) (b—c)(b2 +bc+c2) (c—a)(c2 +ca+a2)

- a’+ab+b? i b*>+bc+c’ i ¢’ +ca+a’
=(a—b)+(b—c)+(c—a)
=0

Do do:P=Q

M3t khéc (theo két qua 3): x* —xy+y* > %(x2 +Xy + yz) (**)

That vay:

x> —=xy +y’ Zé(xz +xy+y2)<:> 3x* =3xy +3y° 2 X’ +xy+y’ & Z(X—y)2 >0
St dung (**) ta duogc:

a’+b’ b’ +c’ . c’+a’

a2+ab+b2+b2+bc+c2 ¢ +ca+a’
(a+b)(a2—ab+b2) (b+c)(b2—bc+c2) (c+a)(c2—ca+a2)

= + +
a’+ab+Db? b? + b+ c? c*+ca+a’

1 1 1
2§(a+b)+§(b+c)+§(c+a)

P+Q-=
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=%(a+b+c)zz.6=4

3 3
Ma P=Q=P>2
Dédu “=" xdy rakhia=b=c=2
Vay gia tri nhé nhat cua P 1a 2.

*Thi du 5. Cho c4c s§ duong x, y, z thod man x +y + z = 1. Chting minh rang:
\/sz + Xy +2y* + \/2y2 +yz+22° ++22% + 2x+ 2X° > /5
(Trich dé thi vao I6p 10 tinh Thdi Binh ndm 2005-2006)

Hudng dan giai

Theo két qua4 véim=2van=1ta duoc:

27 +xy +2y° = 2'2;1(x+y)2 + 2'24_1(x—y)2 =§(x+y)2 +§(x—y)2 2Z(x+y)2

4 4
5

= \/2x2+xy+2y2275(x+y) (dox,y>0) (1)

Chttng minh twong tw, ta co :

\/Zyz +yz+27° > ?(y+ 7) )
V277 + 72X + 2X° > %(z+ X) 3)

Cong (1), (2), (3) v€ theo vé ta dugc :

5

\/sz + XY+ 2y° + \/2y2 +YZ+ 222 + 227+ ZX+ 2X2 > 75(2x+ 2y + 27)

\/2x2+ Xy + 2y° + \/2y2+ yZ+ 272 +/22% + 2X+ 2X% 2 /5(X+ Y+ 2) = /5 = dpem.

Dé’ubéngxéyra@ x:y:z:%

*Thi du 6. Cho c4c s§ khong am x, y, z. Chting minh rang:

X 43Xy + Y2 + Y +3yz+ 77 +22 + 32X + X S\/g(x+y+z)
Huéng dan giai
Theo két qua 4 véim=1van=2 ta dugc

21+3 21-3 5 1 5
x* +3xy +y° =T(x+y)2 = (x—y)2 :Z(x+y)2 —Z(x—y)2 SZ(Xer)Z

= \/x2+3xy+y2s§(x+y) (dox,y=0) (1)
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J5

Chting minh twong tu, ta ¢4 : \/ y?+3yz+27° < 7(y +2) (2)

JZ? + 32X + X° s§(2+x) (3)

Cong (1), (2), (3) v€ theo vé ta dugc :

JXE 43Xy + Y7 +4Jy? +3yz +27 27 +32x + X s§(2x+2y+22)

:>\/x2 +3Xxy +Vy° +\/y2 +3yz+2° +NZ% + 32X + X° S\/E(X+y+2):dpcm.
Dau bang xdy ra <> x =y =z

Dang thitc thuong gip 5:

1) Xuat phat tir dang thtic:

ab N bc N ca _
(b—c)(c—a) (c—a)(a—b) (a—b)(b—c)
That vay:
ab bc ca _ab(a—b)+bc(b—c)+ca(c—a)

(b—c)(c—a)+(c—a)(a—b)+(a—b)(b—c) - (a—b)(b—c) c—a

(
:ab(a—b)—bc[(c—a)+(a—b)]+ca(c—a):ab(a—b)—bc(c—a)—bc
(a-b)(b-c)(c-a) (a-b)(b-c)
( )(ab bc)+( )ca—bc):b(a—b)(a—c)+c(c—a)(a—b)
(- B)b-c)(c-a) (- B)b-o)(e
_(a- )E

c— a)(c b) (a—b)(b—c)(c—a):
e a) (Db o

a+b b+c ct+a

2) Néu x= Y= 1= thi xy +yz+2x=-2
a->b b—c c—a
2a 2b
X+1l=—— X—1=——
a->b a—>b
That va y+1= L y_l__ZE_
at vay: b_Cva b_oc
Z‘l—l:i 2_1:i
c—a c—a

Do d6: (x+1)(y +1)(z+1)=(x-1)(y-1)(z—1)
Sxyz+(Xy+yz+2x)+(X+y+z)+1=xyz—(xy+yz+2x)+(x+y+2z)-1
SXY+YyZ+x=-2

Cac bai toan st dung:

*Thidul. Cho basd thuc a, b, c d6i mot phan biét. Chiing minh réng:
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2 2 2
a ~+ b >+ ¢ =22
(b—c) (c—a) (a—b)
(Trich dé vao 10 Chuyén Vinh Phiic nam 2009-2010)

Huéng dan giai

B4t dang thitc can chitng minh tuong duong véi

a b C 2> N ab N bc N ca
[b—c+c—a+a—bj =2 2[(b—c)(c—a) (c-a)(a-b) (a—b)(b—c)}
Ma ta lai co
ab N bc N ca
=c)(e=a) (e=a)a=b) (-B)(o-o)

ab(a—b)+bc(b—c)+ca(c—a) (a—b)(b—c)(c—a

)
Gb)b-diea) (@ b)bo)ca)

2
Do d6 bat dfmg thitc trén tro thanh a4 b +—= >0.
b-c c—-a a-b

B4t dang thitc cudi cling 1a mot bat dang thitc dting. Vay bai toan duoc chirng minh.
*Thi du 2. Cho ba sd thuc a, b, ¢ d6i mot phan biét. Chiing minh réng:
3 3 3 3 3 3
a—b" b -c c-a 9

3+ 3+ 3 —
(a=b)" (b—c) (c—a) 4

Hudng dan giai
a®-b* bp-c c3—a3>9 a’—ab+b®> b>—bc+c® c?+4ca+a’

Ta co: -+ T+ s> & —+ —+ - 29
(a=b)" (b—c) (c—a) 4 (a—h) (b—c) (c—a) 4

Ma x* +xy +y* :%(x+ y)’ +%<X—y>2

Nén a’—ab+b’ +b2—bc+c2 +c2+ca+a2 _3
(a—b)’ (b—c) (c—a) 4

a+b)’ (b+cY [cha]2 3
[a—b] +[b—c]+c—a +4

2 2 2
Ta can chitng minh: [a+b +[b+c] +[c+a] >2
a—b b—c c—a
Détx:a+b, :b+c,Z:c+a
a-b b—c c—a

Khi d6 can chitng minh: x* + y? +z* > 2.
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X+1:A X__‘L:Z_b

a— a—b

oy 1= 2b y—1— 2C
Ma: —b—c va —b—c
Z_|_1:_C Z—lzi

c—a | c—a

Do d6: (x+1)(y+1)(z+1)=(x-1)(y-1)(z-1)
Sxyz+(Xy+yz+2x)+(x+y+z)+1l=xyz—(xy+yz+zx)+(x+y+z)-1
Sxy+yz+x=-1

Dodd: X +y* +22>26x2 +y  +2° > -2(xy+ yz+ 2x) & (x+ y+2)° >0 (ludn ding).
Vay bai toan duoc chitng minh.

Dang thitc thuong gip 6:

a’+ab+b*+ab+hbc+ca=(a+b)(a+b+c)

b? +bc+c? +ab+hbc+ca=(b+c)(a+b+c)

¢’ +ca+a’+ab+bctca=(c+a)(a+b+c)

*Thidu1. Cho ba sd thuc duong a, b, c. Chitng minh rang:

a b n c S at+b+c
Jo2 4bc+c? Je24+cata? +ai+ab+h? +Jab+bcica

Hudng dan giai
Ap dung bat dang thiic AM-GM va dang thiic 6 ta duoc:

(a2 +ab+b2)(ab+bc+ca)§%(a+b)2 (a+b+c) :>\/(a2 +ab+b2)(ab+bc+ca) g%(a+b)(a+b+c)

c >2«/ab+bc+ca c
[a2 fab+b?  a+b+c ‘a+b

a >2\/ab+bc+ca a . b >2\/ab+bc+ca b

Twong tu: ) : > . )
g ’ ~,b2+bC+C2_ a+b+c b+c «la2+ac+cz a+b+c a+cC
Do dé:
a b c 2+/ab +bc +ca a b C
+ + > Tt [ + + ]
Jb24bec+c®  Jeitca+a®  a®+ab+b? atb+c (b+c c+a a+b

2+/ab + bc + ca a’ b? c?
= . + +
a+b+c ab+ac bc+ab ac+bc
. 2yab+bc+ca (a+b+c)
~ a+b+c 2(ab+bc+ca)
at+b+c

Jab+bc+ca

Vay bai toan duoc chitng minh.
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Déng thitc xdy rakhia=b=c.

C. BAI TAP AP DUNG
1. Cho ba s6'thuec x, y, z dwong thoa man xyz = 1. Tim GTLN ciia biéu thirc
p 1 1 1

= + +
\/(x+y)2+(x+1)2+4 \/(y+z)2+(y+1)2+4 \/(z+x)2+(z+1)2+4
2. Cho ba s6'thwec x, y, z dwong théa man xyz = 1. Chitng minh ring
1 1 1
+ + <1
JEX+(x+y+D)  Jy+2(y+z+1)  J(z+2)(z+x+])

3. Chirng minh rﬁng v0i moi s0 thwe doi mot khdc nhau a, b, c thi:

. 2 2 2 2 2 2
) ab2+ bc2+ cazz_ll ba+b2+b+c2+c+a22
(a—b)" (b—c) (c—a) 4 (a—=b)" (b—c) (c—a)
1 1 1 9

Ve b e 2@ ibre)

5
=

4. Cho a, b, ¢ dwong théa man diéu kign a+b+c=2018 . Tim gid tri I6n nhidt cia biéu thirc:

a b C
P= + +
a++/2018a+bc b++2018b+ca c++/2018c+ab

5. Cho x, y, z la cdc s6'thye dwong. Tim gid tri nho nhdt ciia biéu thirc:

S_\/Xz_x}’““}’z +\/Y2—YZ+ZZ +\/zz—zx+x2

X+y+2z y+2z+2x Z+X+2y

6) Cho a, b, c la cdc O thuc dwong théa man abe =1. Chitng minh ring:

1 1 13

+ + <
ab+a+2 bc+b+2 ca+c+2 4
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= NGUYEN LY
14 DIRICHLET

A. Kién thlic can nhé

Nha toan hoc Dtrc P.G.Lejeune Dirichlet (1805-1859) da néu ra mot dinh li ma vé
sau nguoi ta goi la Nguyén li Dirichlet, nguyén ly duoc phat biéu nhuw sau:

“Néu nhot vao n chiéc [ong mgt so chii tho ma s6'lwgng 16m hon n thi ta sé tim dwgc mot
chiéc [ong ma trong do c6 nhiéu hon mot con tho”

Tt nguyén li Dirichlet c6 mot nhan xét cd y nghia ting dung hét sttc quan trong. D6 la:

Trong 3 s6'thuwc bit ki x,y,z thi phai cé 2 s0 cing la s6'dm hodc cung la s6' dirong.

Day 1a mot nhan xét rat quan trong thuong duoc ting dung vao giai nhiéu bai toan
bat déng thirc 3 4n ma vai tro cac an la nhu nhau, béi khi ta da tim dwoc “diém roi” (ttc la
dang thtkc ctia bai ton) thi ta c6 thé ap dung nhan xét trén d€ chiing minh BDT.

Chang han d&i véi bai toan dang thikc 3 4n ma vai trd cac an la nhu nhau xay ra khi
a=b=c=k thitacothégiasw2sd (a—k), (b—k) cung dau, khi do6 thi (a—k)(b—k) >0
B. VI DU MINH HOA
*Thi du 1. Cho cac s6 theec duong a, b, c.

Chting minh rang: a’ +b? +¢* + 2abc +1> 2(ab + bc + ca)
Phan tich:

“"__rs

Trudc tién ta tim dau ctia bat dang thitc xay ra khi nao dé c6 nhitng danh gia
dtng. Do vai trd ctia cdc an 4, b, ¢ 1a nhu nhau nén dy dodn ddu bang xay ratai a=b=c.
Khi d6 thay vao bat dang thitc ta dwgc phuong trinh:
32’ +2a° +1=6a’ = 2a° —3a’ +1=0s(a—1)(2a+1)=0<a=1
Thay a=b=c=1 bat ding thiic ta thdy d&u bang ctia bat dang thiic xay ra.
Do d6 ta du doan dwoc diémroia=b=c=1
Huéng dan giai

Theo nguyén li Dirichlet thi 2 trong 3 s6 (a—1),(b—1),(c—1) cung dau. Khong mat
tinh tong quat, gia st (a—1)(b—1)>0=ab>a+b—1mac>0 nén
abc > bc + ca — ¢ = 2abc > 2bc 4 2ca — 2¢

Do d6 ta c6: a® +b® +c¢? + 2abc +1>a” +b* 4+ c® + 2bc +2ca— 2c +1

Vi thé ta chi can chitng minh
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a’ +b® +c? 4 2bc+2ca—2c +1>2(ab + bc + ca)
& a’ +b* +c¢® +1>2c+2ab
&(a—b) +(c-1) >0
BDT trén ludn dung. Vay ta c6 diéu phai chitng minh.
Daéng thitc xay ra khi va chi khi a=b=c=1.
*Thi du 2. Cho ba sd duong a, b, c. Tim gia tri nho nhéat cta biéu thiec :

18

P=a’+b*+c*+2abc+—F——
ab + bc+ca

(Trich dé toan vao 10 Phii Tho nam 2016-2017)

Hudng dan giai

Xét ba hiéu (a—1),(b—1),(c—1).Ap dung nguyén li Dirichlet it nhat hai trong ba hiéu

phai cing dau. Do vai tro ba hiéu nhu nhau gia stt: (a—1) va (b—1) cung dau
=@-1).(b-1)>0<=ab+1>a+b

= abc+c>ac+bc

(Nhan hai vé& véi c)

— abc>ac+bc—-c= 2abc > 2ac+ 2bc - 2c

Vay :
P=a’ +b? + ¢ + 2abc + 18
ab+ bc +ca
2 2 2 18
>a“+b°+cCc”+2ac+2bc—-2c+
ab+bc+ca
>(a® +b*) + (c—1)* + 2ac + 2bc + 18 -1
ab + bc +ca
> 2ab + 2ac + 2bc + 18 —1=2.(ab+ac+bc+ j_
ab+ bc +ca ab+ bc +ca

22.2.\/(ab+ac+bc)( J j—1=2.2.3—1=11

ab + bc +ca

D4au “=" xay rakhi a=b=c=1.
% Thi du 3. Cho cicsd a,b,c>0sao cho a’+b?+c’+abc=4.
Ching minh ab +bc + ca—abc <2
Hudng dan giai

Theo nguyén li Dirichlet thi 2 trong 3 s6 (a—1),(b—1),(c—1) cung dau.

Khong mat tinh tong quat, gia stt (a—1)(b—1)>0 =c(a—1)(b—1)>0= abc>hc+ca—2c.

Nén ab+bc+ca—abc<ab+c
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Ma 4=a’+b*+c’+abc>2ab+c’+abc=4—c’>ab(c+2)=>2—-c>ab=ab+c<2

Ttt hai BDT trén ta suy ra diéu phai chiing minh. Dang thtkc xay ra khi va chi khi
a=b=c=1
% Thi du 4. Cho cac s6 thucbatkia, b, c.

Chting minh rang: (a® + 2)(b* +2)(c? +2) >3(a+b+c)’
Hudéng dan giai

Nhan thdy ddu “=” ctia bt dang thitc xay rakhi a=b=c=1.

Theo nguyén li Dirichlet thi 2 trong 3 s6 (a’ —1),(b* —1),(c’ 1) cung d&u. Khong mat
tinh tong quat, gia sk ( )(b2 - 1) >0

Ta c6: (a° +2)(b° +2)=3(a’ +b*)+3+(a’ —1)(b* —1)>3(a’ + b’ +1)

Do d6: (a° +2)(b* +2)(¢” +2) >3(a’ +b* +1)(c* +2)

Vay ta chi can chting minh (a® +b” +1)(c* +2)>3(a+b+c)’

That vay, theo bat déng thitc Cauchy — Schwarz ta co:

(@® +b* +1)(c® +2)=(a* +b* +1)(1+1+¢*)>(a+b+c)

Do d6 bai toan dwoc chitng minh.

Déng thiic xay rakhi a=b=c=1.
*Thi du 5. Cho cac s8 thuc dwong bat ki a, b, c. Chiing minh rang;

(@% +1)(b? +1)(c? +1) Z%(a +b+c+1)
Huéng dan giai
Do vai trd ctia 4, b, ¢ 1a nhu nhau bang du doan dau bang xay rakhi a=b=c,
bang cach thay vao bat dang thtic ta tinh dwoc dau bang xay ra khi a=b=c :% ttr d6 ta
co loi gidi sau.

a’ —%],[b2 _1],[& —%] cung dau. Khong

Theo nguyeén 1i Dirichlet thi 2 trong 3 sO 1

~y L ~ , ce 1 1
mat tinh tong quat, gia su [az — Z][bz _Z] >0

Ta co: (@° +1)(b* +1) = > 2+5b2+15+[ a’ 1][b2_1] 5 2+5b2+E
16 4 4)= 4 16

5 5 15
Do d6: (a® +1)(b* +1)(c* +1) >|=a* +=b* + 1
0 dé: (@ +1(b* +1)(c* + )_[4a +2 16](0 +1)
Vay ta chi can chitng minh

3 2+ bz 15
4 16

](c +1)> 12(a+b+c+1) hay (4b® +4c® +3)(a” +1)>(a+b+c +1)°
That vay, theo bat déng thiic Cauchy — Schwarz ta co:
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(42® + 4c? +1+2)[%+%+a2 Jr%]z(ajubjucﬂ)2

Do d6 bai toan dwoc chitng minh.

Déng thtic xay ra khi a:b:c:%.

*Thi du 6. Cho a, b, c1a cac s6 thiee dwong thdéa man a + b + ¢ = 3. Chiing minh rang:
(a® —a+1)(b® —b+1)(c* —c+1)>1
Huéng dan giai
Theo nguyén li Dirichlet thi 2 trong 3 s6 (a—1),(b—1),(c —1) cung dau, khong mat tinh
tong quat gia sw (b - 1) (C - 1) > (. Khi d6 ta duoc
(b2 —b+1)<c2 —C+1) = bc(b—l)(c—l)+b2 +c-b-c+1
>b’+c*-b-c+1 Zl(b+c)2 —(b+c)+1
2

Do d6 ta duoc
(a2 —a+1)(b2 —b+1)<c2 —c+1)

> (a2 —a+1){%(b+c)2 —(b+c)+1} =%(a2 —a+1)(a2 —4a+5)
Nén ta chi can chitng minh
(a*—a+1)(a®~4a+5)22 & (a-1) (a*~3a+3) 20

Bat dang thitc cudi cting ludn ding. Vay bat dang thitc dwoc chiing minh.
Déng thitc xay rakhivachikhia=b=c=1
C. BAI TAP AP DUNG
1) Cho cic 0 thie dwong a, b, c. Chieng minh ring: (a* + 2)(b* +2)(c? +2)>9(ab + bc + ca)
2) V6i cdc s6'thwe dwong a, b, ¢ théa man a* +b* +c¢* + 2abc =1. Tim gid tri [6n nhit cia
biéu thirc: P =ab + bc + ca— abc
(Trich dé thi hoc sinh gidi 16p 9 thanh phd” Ha N§i nam 2018)
3) Choa, b, c la cdc s6 thyec khong dm théa min a+ b+ c=1. Chitng minh rang:
9abc +1>4(ab +bc +ca)
4) Cho cdc 86 thyc duong a, b, c. Chitng minh rang
a’ +b® +c? +2abc+3>(a+1)(b+1)(c+1)
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2 PHUONG PHAP
15 SAP XEP BIEN

A. Kién thiic can nhé
C6 nhiéu bai chiing minh bat dang thitc ma cac bién tham gia c6 vai trdo nhu nhau. Khi
do ta co thé dua vao vai tro nhw nhau. Khi dé ta c¢6 thé dwa vao vai tro nhw nhau caa
chting ma sap x&p chting theo mot thit tw. Viéc sap x&p nay tuy rat don gian nhung déi khi
lai gitp ta giai quyét duwoc nhiéu bai toan kho.
B. VI DU MINH HOA
*Thi du 1. Cho céc s8 thuc a, b, c. Chting minh rang:
a’+b*+c*>ab+bc+ca
Huéng dan giai
Do vai tro ctia 4, b, ¢ 1a nhw nhau nén cé thé giast a>hbh >c.
Khidé tacé: (a—b)(a-c)>0«<a’+bc>ac+ab (1)
Mitkhéc: (b—c) 20 b?+c?>2bc  (2)
Cong theo vé (1) va (2) ta duoc:
a’+bc+b®+c®>ab+2bc+ca=a’+b*>+c*>ab+bc+ca (dpcm)
Déng thiic xay rakhia=b =c.
*Thi du 2. Cho cc s8 thuc a, b, c khong am. Chiing minh rang;
a(a—-b)(a-c)+b(b—c)(b-a)+c(c—a)(c—h)>0.
Huéng dan giai
Do vai tro ctia 4, b, ¢ la nhu nhau nén c6 thé giase a>b>c.

Néu c6 hai trong basba, b, ¢ bfmg nhau thi BDT hién nhién dung.

Néu a >b > ¢, chia hai vé BDT can chitng minh cho (a — b)(b - c¢)(a — ¢) ta dwoc BDT tuong

dwong a___b % >0
b-c a-c a-b

Ny 3 , ~ ~ , a>b>0 a b . (
Bat dang thitc trén luén dung do = > va > 0.

O<b-c<a-¢c b-c a-c a-b
% Thi du 3. Cho cac so thuee a, b, ¢ khac nhau thudc doan [O; 2] . Chttng minh réng:
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1 1 1 9
=+ =+ >
(a=b)" (b-c)” (c-a) 4
Hudéng dan giai
St dung bat dang thitc AM-GM véi x>0, y >0 ta c6:

1 1 2 1
(?+7j(x+ y) > 2X—y.4xy =8.

Dang thitc xay ra khi x =y.

Do vai tro ctia a, b, ¢ 1a nhu nhau nén c6 thé giai stt a>b > c. Ap dung bat dang thtec (1)
1 8 8

cho cap duwong a—b vab —c ta co: + =

(a-b)* (b-c)’ (a-b+b-c)* (a-c)"

Déng thitc xay ra khi va chikhia-b=b-c.

Suy ra 1 + 1 + 1 > 8 + 1 = 9

(a-b)" (b-c)' (c-a)’ (a-c) (c-a)" (a-c)"

Mat khac do a,Ce[O;Z]Véa>cnén O<a-c<2.

Déng thtic xay ra khi va chi khia=2vac=0.

Do do: 1 + 1 + 1 > 9 > %

(a-b)" (b-c)" (c-a) (a-c)

Déng thtic xay ra khi (a;b;c)= (2;1; 0) va céc hoan vi.

*Thi du 4. Cho c4c s8 duong a, b, c théa man a + b + ¢ + abc = 4. Chting minh rang:
a+b+c>ab+bc+ca
Hudng dan giai
Do vai tro ctia 4, b, c la nhw nhau nén ta gia st a >b > c.. Tw gia thiét ta co:
c+c’<4=a+b+c+abc<3a+a’

Suyraax1vac<l.

Néu ax=b>1>c,tacd 4>a+b>2+ab,suyra ab<4 .Do do:
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(a+b-2)" >4(a-1)(b-1)>ab(a-1)(b-1)
< (a+b-ab)(ab+1)>(4-a-b)(a+b-1)

< a+b-ab> 4_a_b(a+b—1)
ab+1
Mit khac, tir gia thiét suy ra ¢ = 422
ab+1

Két hop vdi (1) tacé: a+b—ab>c(a+b-1)
< a+b+c>ab+bc+ca (dpcm).

Néu a>1>b>c,tacod (a—1)(b-1)(c-1)=0
=a+b+c>ab+bc+ca+l-abc (2)

Mit khac, ap dung BDT Cauchy cho cac s6 dwong ta cé:
4=a+b+c+abc> 4¢/abcabc = abed <1.

Két hop vdi (2) ta ¢d diéu phai chiing minh.

Dang thittc xay ra khi vachikhia=b=c=1.

*Thi du 5. Cho ba s8 thirc dwong a, b, ¢ théa man abc = 1. Chitng minh rang;
1 1 1 3
+ + < .
Jiva® V140 J1+c? V2

Hudng dan giai

Vi vai tro ctia a, b,c la nhw nhau nén cé thé gia st a>b>c . Do abc=1nén bc <1 va
a=1. Taco:

2 2.2 2.2
t 1 sz(—12+—12j=2 1, 1-be <2 1+—1_bc2
Jab2 Jiic? 1+b®> 1+b (1+b%)(1+¢?) (1+bc)

4 4a
l1+bc 1+a
1 1 a
Suy ra + <2, 1
Jl+a® J1+b° 1+a )
Mt khic, ta c6: 2,2+ Y2 < 3 (3)
1+a 1+a <2
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Thét vay, BDT (3) twong duong véi 1+3a—2,/2a(1+a) >0

2
< (V2a-+1+a) 20 1usn ding)

Vay BDT (3) dwoc chiing minh. T (1), (2) va (3) suy ra diéu phai chitng minh. Dang thtic
xay ra khivachikhia=b=c=1.
* Thi du 6. Cho c4c s8 thuc duwong a, b, ¢ théa man a + b + c = 3. Chting minh rang:
a’ +b*+c® +abc > 4.
Huéng dan giai
Do bat dang thitc d6i xting, vai tro ctia a, b, ¢ nhw nhau nén gia st a>b>¢ .Suyra c<1

ta co

a’+b’+c’+abc=9-2(ab+bc+ca)+abc=9+ab(c-2)-2c(3-c).

., a+b) (3-c) . R
Laico ab< 5 = 5 vac—-2<0nén

2
a’+b?+c’ +abc 29+(c—2)(3L20j -2c¢(3-c) (1)

3-cY
Ta sé chitng minh 9+ (C - 2)(7) - 2C(3_ C) >4 (2)
That vay, (2) < (c=1)"(¢+2)20 (1usn ding)
Tt (1) va (2) suy ra diéu phai chtitng minh.
Dang thitc xay rakhi a=b=c=1.

*Thi du 7. Cho a, b, c la cac s0 thuc khong am thoa man a’+b’ +c* =3. Chttng minh
rang: ab® +hc” +ca’ <2+ abc,
Huéng dan giai
Do vai tro a, b, ¢ la hoan vi vong quanh nén c6 thé gia st a = max {a, b, C} . Xét hai

treong hop:
Véi azb>c>0.Khidd

a(b-a)(b-c)<0< a’h+abc > ab* +ca’ < ab* +bc® +ca® <a’b+hbc” + abc
ma ab® +be” —2=b(3-b*)-2=-(b-1)"(b+2)<0 (2
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Tt (1) va (2) suy ra diéu phai chitng minh.
Véiazc2b=0.Khido
b(c—a)(c-b)<0<« ab®+bc® +ca® <ca’ +ch* +abc
Lai co: ca® +ch” =2 =¢(3-¢’)-2=—(c-1)"(c+2)<0  (4)
Tt (3) va (4) suy ra diéu phai chiing minh.
Déng thitc xay ra khi va chi khi (a;b;c) = (11.1),(v2;0,1), (0:1+2),(1v/2:0).
Luu y: Xét mot bat dang thitc A > B cé nbién X, X, ,....., X
Xéthamsd f(x,X,,....,X,)=A—-B

Mot bét dang thirc la d6i xtng khi va chikhi f (x,%,,.....x,) = T (%, %, ..., )
(v6i (X, ,X, ,---X; ) 12 hodn vi bat Ki ctia bd (X, X,,-.... X, ))

Mot bat dang thikc goi 1a hoan vi néu
(XX rer Xy ) = T (X0 Xg oo X0 X ) = B (X Xy Xp ) = e = £ (X0 Xy Xy )

Nhu vay, cac ddi véi cac bai todn bat dang thirc dSi xting (vai tro cac bién 1a nhu
nhau) ta c thé tuy y sap xép thit tw cac bién duoc, nhung d8i véi cac bai bat dang thitc

hoéa vi ching ta chi c6 thé chon mot bién bat ki gia dat gia tri 16n nhat hodc nho nhat.
*Thi du 10. Cho ba s3 a, b, ¢ théa méan: a,b,c€[0;2] vaa+b+c=3.
a) Chttng minh rang: a® +b? +c? <5.
b) Chiing minh rang: a® +b* +¢* <9.
Huéng dan giai

a) Tra+b+c=3va a’ +b? +c? <5 ta du doan ddu bang ctia bai toan xay ra khi

a=0,b=1c=2 vacachoan vi.
Do vai tro cta a, b, c la nhu nhau nén ta gia st: ¢ = max(a, b, c).
Khidé: 3=a+b+c<3c=c>1=1<c<2.

Do a,b>0=ab>0= a’+b? <(a+b)’
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2
= a’ +b? +¢? S(aurb)2+c2 =(3—C)2 +c¢? =2¢? —6<:+9:2[c2 —3c+%)+%:2[c—§j +%

2 2
3 1 ££:>2 C—l ££:>2 C—l +
2 2 2 2

Do1<c<2nén —ESC——S—:
2 2 2

3
C__
2

Vay bai toan duwgc chitng minh.

Déng thirc xay ra khi a=0,b=1,¢=2 va cac hoan vi.

b) Do vai tro a, b, c la nhw nhau nén gia stt a = max(a, b, ¢) ; c=min(a, b, c).
Via+b+c=6=> 0<c<l<a<2

l1<a<2=(a-2)(a-1)<0=a’<3a-2
—a’<3a’-2a<3(3a-2)-2a=7a-6=a’<7a-6. (1

Mit khac: 0<c<l=c’<c. (2)
Néu: 0<b<1=b’<b (3)

T (1), (2) va (3) ta dwoc: a° +b* +c® <7a-6+c+b=6a-3<6.2-3=9

Néu 1<b<?2 thituong twtacd: b*<7b-6  (4)

T (1), (2) va (4) ta dwoc: a° +b* +c® <7a+c+7b-12=21-6¢c-12<09.
Vay a®+b° +¢® <9,
C. BAI TAP AP DUNG
1. Cho a, b, c1a cac s8 thuc khong am thoa man a + b + ¢ = 1. Chitng minh rang:

ab+bc+ca—3ab02%.

2. Giastra, b, cla cac s8 thuc khéng am thoa man a° +b* +¢? +abc = 4. Chitng minh
rang: abc+ 2> ab +bc +ca > abc.
3. Chting minh réng véi ba s6 thuc a, b, ¢ bat ki thudc doan [1;2]ta c6 bat dang thiic
(a+b+c)(£+£+l) <10.
a b c
4. Chting minh réng véi ba s6 thuc a, b, ¢ bat ki thudc doan [0;1] ta c6 bat dang thtic

a(l-b)+b(l-c)+c(l-a)<1

187 | CAM NANG BAT DANG THUC




o SU DUNG
2 BESHM  HAM SO BAC NHAT

A. Kién thlic can nhé

XéthamsG y = f (x)=ax+b

Khi a > 0ham s& dong bién trén R

Khi a < 0ham s nghich bién trén R

Khi a =0 thi ham s6 khong d6i trén R

B. VI DU MINH HOA

*Thi du 1. Cho céc s6 thuc x, y, z €[0;1]. Chting minh rang:

X+y+z—(xy+yz+xz)<1
Hudng dan giai

Tacod: X+y+z—(xy+yz+xz2)<l< (1-y—-z)x+y+z—-yz-1<0.
Xéthamsd f(x)=(1-y—-z)x+y+z—-yz-1
Co f(0)=y+z-yz-1=—(1-y)(1-2)<0
f(1)=-yz<0
Néu 1-y -z >0 thi f(x) dong bién trén [0;1]
Do x<1= f(x)< f(1)= f(x)<0.
Néu 1 -y -z <0 thi f(x) nghich bién trén [0;1]
Do x>0= f(x)< f(0)= f(x)<0.
Néul-y-z=0thi f(0))=y+z-yz-1=-yz<0.
Vay f(x)<0 vxy,ze[01]
Dau “=” xay ra khi (x, y, z) = (0; 0 ; 1) va cac hoan vi ctia né.

Nhan xét: Tt bai toan trén ta nhan thay. Cho ham s6 f(x) = ax +b.
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Néu f(a)<0,f(B)<0thi f(x)<0 Vxy,ze[a;f]

Néu f(a)20,f(B)20thi f(x)20 Vxy,ze[a;p]
min{ f (a); f(B)} < f(x)<max{f(a); f(B)} véi Vxe[a;p]

*Thi du 2. Cho c4c s6 thuc 0< X, y,z < 2. Chitng minh rang: 2(X+y+2)—(xy+yz+2x)<4.
Huéng dan giai

Ta coi y,z nhuw la cic tham s6, x 1a ns§ thi bat dang thitrc can chting minh c6 thé viét lai
nhw sau: f(x)=(2-y-z)x+2(y+2z)-yz—4<0.

f(0)<0
f(2)<0
+ f(0)=2(y+2)-yz-4=(y-2)(2-2)<0 véi y,z thoa man: 0<y,z<2.
+ f(2)

D& chitng minh f (x)<0 ta chi can chting minh: { . That vay ta co:

2(2-y-z)+2(y+z)-yz-4=-yz<0 véi y,z théa man: 0<y,z<2.

Tl d6 ta suy ra diéu phai chitng minh: Dau béng xay ra khi va chi khi (x;y;z)=(0;2;2)
hodc cac hoan vi ciia bo s0O trén.
* Thi du 3. Cho ba 58 khong am x, y, z thda man X+ y +z =1.. Chting minh rang:
4(xy+yz+12x)<9xyz +1
Hudng dan giai
Do vai trd ctia X, y, z trong bat dang thitc 1a nhu nhau, khong mat tinh téng quat gia st

X>y> z:%gxgl, tacd:  A(Xy+yz+xz)<9xyz+1e (9yz—4y-4z)x+1-4yz>0

Xétham s§ f (x) = (9yz - 4y —4z) X +1-4yz voi x{%;l}
Dé thdy khi x=1thidox+y+z=1nény=z=0,suyra f(1)=1

Khi X:%th‘ldo X>2y2>2zvax+y+z=1nén y:Z:%,suyra f(—J:O

Do d6 f(x)Zmin{f (1); 1 @j}zo

DA&u bang xay ra khi x=y =z :%
*Thi du 4. Cho ba s8 khong am x, y, z thda man X+ y + z =1.Chting minh rang:

9 1
X2+ Y2422+ = xyz> =,
y 2 y 2

189 | CAM NANG BAT DANG THUC




Huéng dan giai

Do x+y+z=1nén ta co:
2 2 2 9 1 9 1
X*+y?+1 +§xyz2§.<:>1—2(xy+yz+zx)+5xyz2§<:>4(xy+yz+xz)39xyz+1

Theo thi du 3 thi bat dang thiic trén dting, suy ra dpcm.
*Thi du 5. Cho ba s6 khong am x, y, zthbamanx + y z + = 1. Ching
inh rane: 2 2 2 10
minh rang: X“+Y +2°+Xyz>—.
Hudng dan giai
Tacox+y+z=1nén:

X2+ Yy + 2% +xyz 2£.©1—2(xy+ yz+zx)+xyz2E®(2y+22—yz)x+2yz££.
27 27 27
Khong mat tinh tong quat gia st x>y >z :%S x<1.

Xét f(x)=(2y+2z-yz)x+2yztrén E;l} c6 f(1)=0;f (%):%

Do d6 f(x)< max{ f(1); f (%)} = % suy ra bai todn dugc chiing minh.

Dé’u “u_ss Xéy rakhi x= y=12 :%

*Thi du 6. Cho cac s6 thuc khong am X, y,z thoa man diéu kién: x+y+z=1. Tim GTLN
ctia biéu thiec: P = xy + yz + zx — 2xyz.

Huéng dan giai

Khéng mat tinh téng quat ta gia st z=min(X,y,z)=z< Xry+r? =%. Ta c6
(x+y) _(1-2) - y
0<xy< R I P=xy(1-2z)+(x+y)z=xy(1-2z)+z(1-z). Tacoi z la tham s&

2
xy 1a an sd thi f(xy)=xy(1-2z)+z(1-z) la ham s bac nhat ctia xy v6i 0< xy < (1_42) .
D&y réng: 1-2z >0 suy raham s8 f(xy)=xy(1-2z)+z(1-z) ludn dong bién .
Ttr d6 suy ra

f(xy)<f (%J:(l—22)$+ z(1-2z2)=

272%+7°+1 7 (1., 1, 1
— = ——| S0+ —
4 27 \2 4 108
2
:l—l(z—1 Z+l Sl.Dé’ubéngxéyrakhivéchikhiX=y=2=1.
27 2 3 6) 27 3
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*Thi du 7. Cho cac s6 thuc duong a,b,c thoa man diéu kién: a+b+c=1. Chiing minh
ring: 5(a’+b*+¢*)-6(a’+b*+c*)<1.
Huéng dan giai
Khéng mait tinh téng quat gia si: a=min{a,b,c} suy ra a< %
Bat dang thitc twong dwong véi
S[a2 +(b+c)’ - 2bc} < G[a3 +(b+c)’ —3bc(b+c)} +1

= S[a2 +(1-a)’ —2ch < G[a"“ +(1-a)’ —3bc(1—a)}+1© (9a—4)bc+(2a-1)°>0.Dat t=hc

2 2
thi O<t£[b;—c) =(1_2a] . Ta can chitng minh: f (t)=(9a-4)t+(2a-1)">0 véi moi
2
te{O;(l_—aj
2
f(t)> f (1‘—&)2 ~La(a-1¢>0.
2 4

Daéng thitc xay ra khi va chikhi a=b=c= %

.Do 9a-4<0 suy raham s8 f (t) nghich bién. Suy ra

C. BAI TAP AP DUNG

1. Cho ba s8 khong am x, y, z thoa man x +y + z = 1. Chting minh rang:

17
2 — <—.
(Xy + yz+Xxz)—Xxyz >7

2. Cho ba s8 thuc khong am x, y, z thoa man x +y + z = 3. Chtrng minh rang:
2(x2 +y? +y2)+xy227.
3. Cho X,Y,z €[0;2]. Chting minh rdng: 2(X+Yy+2z)—(Xy+yz+xz)<4.
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PHUONG PHAP
17 DON BIEN

A. Kién thiic cén nhé

Phuong phap don bién thuong dwoc ap dung ddi véi cac bat dang thirc d6i xting tit ba
bién trd 1én. D& chitng minh bat dang thikc ddi xting dang f(a, b, ¢) > 0, dau tién bing viéc
sap x&p lai thit tu cac bién, tiy theo diéu kién bai toan ma ta cé thé chiing minh bat dang
thitc ban dau 1én hon hodc bang mot trong cdc bat dang thtc trung gian, tic la

f(ab,c)> fy, cdc bat ddng thirc trung gian thuwong la:

b b 2 b2 2 bZ
fTG(@,@,C);fm(a%,a;,cj;fmwa : ’\/a ; ”’J

2 2 2

Sau do ta sé chitng minh f.; >0

B. VI DU MINH HOA
Dang 1: Bat dang thiic khong c6 diéu kién rang budc gifta cac bién

D6i voi cac bat dang thire khdng co didu kién rang budc gifta cac bién cac
biéu thitc trung gian ta cé thé 1dy bat ki 1a mot trong cac biéu thikc, tuy vao ting bai
toan ma chiing ta dung bat dang thiic trung gian phit hop.

b b 2 b2 2 b2
fTG(@,@,C);fTG(%,%,CJ;fTG(\/a + ’\/a . ;C]

2 2

*Thi du 1. Cho a, b, ¢ > 0. Chting minh bat dang thuc: a . b 53
b+c c+a a+b 2

Hudng dan giai
a N b N c o :a+b
b+c c+a a+b 2
t t c A+ c

ids: f(bte)=—t—+— = ot
Khi do: ( ) t+c c+t 2t t+c 2t

bat: f(a,b,c)=

Ta co:
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a’+b?)+c(a+b 4(a® +b?*)+4c(a+b
f(a,b,c):( ) ( )+ c _ ( ) ( ) ¢
c’+ab+c(a+b) a+b 4c®+4ab+4c(a+b) a+b

2(a+b)’ +4c(a+b) LC 8t” +8tc L
_4c2+(a+b)2+4c(a+b) a+b 4c? +4t? +8tc 2t
2t% + 2tc +£:2t(t+c) c

2 4tP42tc (t+c)2 2t
2t c

=+ = =f(tt,
t+c+2t (t.t.c)
Do dé: f(a,b,c)= f(tt,c). Vay ta can chitng minh: f(t,t,c)zti—tc+2£tzg (*)
2 2 2 2 2 t—c)
That vay: (*)©4t tot+c? -3t -3, t?-2Ac+e 20@( c) 0
2t(t+c) 2t(t+c) 2t(t+c)

Vay bat dang thizc thitc dugc chitng minh.
Péng thttc xay rakhia=b =c.
*Thi du 1. Cho a, b, ¢>0. Chitng minh bt déng thtc:
a’+b? +c? +2abc+1>2(ab+bc+ca).

Huéng dan giai
Do tinh chat d6i xting gitta cac bién nén ta gia st: ¢ = min{a,b}
bat: f(a,b,c)=a”+b*+c*+2abc+1-2(ab+bc+ca).va t= Jab >¢
Ta cé:
f(ab,c)-f (\/%,\/%,c) =a’+b’ —2ab—2c(a+b—2\/£):(\/5—\/5)2 (a+b+2\/£—2c)20
Suy ra: f(a,b,c)> f(@;@;c): f(t,t,c)
Vay ta can chtitng minh véit, ¢ >0 thi: f(t,t,c)>0 (*)
Thét vay: (*) < 2t° +¢” + 2t°c - 2(t* + 2tc) +12 0
< ¢’ +2t°c—4tc+1>0
(¢ —2c+1)+2¢(t" -2t +1)20
& (c-1) +2c(t-1)" >0
Vay bat dang thtkc thitc dwoc chitng minh.
Déng thtic xdy rakhia=b=c=1.
Chu y: Bai nay da duoc chitng minh ¢ phuong phap dung nguyén ly dirichlet.
Dang 2: Bt dang thttc c6 diéu kién tich 3 s& bang 1.
Ta tim cach danh gia f (a,b,c)> f (a,ﬁ,\/%) >0
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(3B, Be) = - xx 2 0 Vi x = B,

Khi d6 ta can sap x&p tht tw a =min{a,b,c} hodc a =max{a,b,c}.

Chu y: Mot s6 treong hop don bién vé f (ta % Cj voi te { g 1}.

1 1
*Thi du 1. Cho a,b,c >0:abc =1. Chting minh —+—+ > 5,

a
Hudéng dan giai

1 6
S
C a+b+c

Do tinh chat d6i xting gitta cac bién nén ta gia st: a = max{a,b,c}

Pit: f(a,b,c):l+1+1+L25.vét=\/E
a b ¢ a+b+c
2 6
Taco: f(a,t,t
D A
12 1 2Jbc —b-c
f(a,b,c a,t,t e +6
( )- (b \/E J (a+b+c)(a+2\/ﬁ)
B (-

bc (a+b+c)(a+2x/E)
azﬁ:(a+b+c)(a+2ﬁ)2(\/ﬁ+ZJE)(\/R+ZJE):QbC

o 1 o1
(a+b+c)(a+2\/E)_
G AN 0
= f(a,b,c)- f(att)> o — 6. e - 3he >0

= f(a,b,c)>f(at,t)

Vay ta can ching minh véit, a>0maabc=1nén a= tizthi: f [%,t,t} >0 (¥
That vay: f( ttj>5<:>(t 1)%(2t* +4t° —4t> -t +2) >0,

2 2
2t* + 4t° — 4t —t+220©2(t2—%] +2(t—%) +t(2t—1)2+120 (ludn dung)

Vay bat dang thikc thitc dwoc chitng minh.
Déng thttc xay rakhia=b=c=1.
*Thi du 2. Cho a, b, c 1a cac s6 thuc dwong théa man abc = 1. Chitng minh rang:
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(a+b)(b+c)(c+a)+7=5(a+b+c).
Hudng dan giai
Do tinh chat d6i xting gitta cac bién nén ta gia str: a = max{a,b,c}
Dat: f(a,b,c)=(a+b)(b+c)(c+a)-5(a+b+c)+7va t=1hbc
Ta co:
f (a,b,c) =2abc +(b® +c*)a+(b+c)a’ +(b+c)bc—5(a+b+c)+7
f(a,\/E,\/R):4abc+2\/E.a2+(b+c)bc—5(a+2ﬂ)+7
= f(a,b,c)—f(a,\/%,\/@)=(b2—2bc+c2)a+(b—2\/§+c)az—5(b—2\/5+c)
=(b—c)2a+(\/5—\/5)a2—5(\/5—\/5)2
:(Jﬁ—ﬁ)z[a2+<\/5+\/g)2a—5}
Do abc=1ma a=max{a,b,c} nén a>1. Do do:
a’+(vb+c) a-5>a’ +4vbca-5=a’ +4varabe ~5=a’ +4/a-521+4-5=0
:>a2+(«/5+ﬁ)2a—520
Suy ra: f(a,b,c)> f(a,\/%,\/%): f(att)

AN 7 . 7. \ A 1 N
Vay ta can ching minh véi t, a>0 ma abc =1 nén a=—-thi: f (lz,t,tj >0 (¥
t t

2
That vay: f(%,t,tjzm: (%n) .2t—5(12+2t]+7 >0
t t t

<:>ti3(t—1)2(2t“+4t3—4t2 —t+2)20e 2t" +4t° -4t —t+2>0

2 2
<:>2(t2—%j +2(t—%) +t(2t—1)2+120 (ludn dung)

Vay bat dang thtkc thitc dwoc chitng minh.
DPang thitc xay rakhia=b=c=1.

Dang 3: Néu diéu kién bai toan cho tong 3 s6 a+b+c=k.

Ta can danh gia f(abc)—f( brc b+cj

f(a,ﬁ,ﬂjz f[a,k—,k—jzo
2 2 2 "2

Khi d6 ta can sap x&p tht tw a =min{a,b,c} hodc a =max{a,b,c}.

*Thi du 1. Cho a,b,c>0:a+b+c=1. Tim gia tri 16n nhéat cua bi€u thirc
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f (a,b,c) =ab+bc+ ca-—2abc.
Hudéng dan giai

b+c
bat: t:T . Tacod: f(a,b,c)=ab+bc+ca-2abc.

f(att)=a(b+c)+ (b_;cjz - Za(ﬂjz

2

— f(abc)-f (a,t,t):%(Za—l)(b—c)z

Do vai trd 3 bién 1a nhw nhau nén c6 thé gia st a = min{a,b,c}

:as%: 2a-1<0= f(ab,c)< f(att)

Xét g(t) = f(a,t,t) =t + 2at — 2at® =t> + (2 - 4t)t — (2 - 4t)t* =4t> - 5t* + 2t trén

~ [1 1}
mién | —,—
32

Ta duw doan g (t) dat gia tri I6n nhat tai mot trong 2 diém nut tiec la = hodc — ma

1 1 1 l
gl = |=—<0| = |=—=nén xét hiéu:
(2) 4 (3} 27

2
g(t)—g(l):4t3—5t2+2t—l:( —Ej (4t—zj<0Vte[£;£}
3 27 3 3 32

Vay maxg(t)=g (%J = % = max f(a,b,c) = % khi 3 bién cting bang %

*Thi du 2. Cho a,b,c>0:a+b+c=2. Tim gia tri nhé nhat ctia biéu thuc
f (a,b,c) =9abc —8(ab + bc + ca).
Hudng dan giai

b+c
bat: t=T . Ta co: f(a,b,c) =9abc—8(ab+bc+ca).

f(att) 9a(b—;°j2 —8(b—J2rC)2 _ga(b+c)

— f(abc)f (a,t,t)=%(8—9a)(b—c)z
Do vai tro 3 bién la nhu nhau nén ¢6 thé gia st a = min {a, b, C}

:>a£§:>8—9a>0:> f(a,b,c)> f(a,t,t).
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2
Xét g(t)=f(att)=9at’ —16at —8t* =—18t* + 42t* —32t trén mién {5,1}
Ta du doan g (t) dat gia tri 1on nhat tai mot trong 2 di€m nat tic la — hodc 1 ma

g@ “8:g(1)

g(t)+8=-18t" +42t° — 32t +8=—-18t"(t —1) + 24t (t —1) - 8(t 1)

—8 nén xét hiéu:

—2(t-1)(9t* 12t + 4)=-6(t -1)(3t - 2)° 20 Vt e [%;1}

Vay ming(t)=g (%) =g(1) =-8=>min f(a,b,c) =—8 khi 3 bién cling bang nhau hoic

2 bién bang nhau con bién kia bang 0.
Dang 4: Néu diéu kién bai toan cho tong binh phuwong 3 56 a* +b* + ¢ =k

2 2 2 2
Ta tim cch d4nh gia P(a,b,c)_p(a’\/b +C ’\/b -;c ]20

2
2 2 2 2 2 2
Pa,\/b +C ’\/b +C _p a’\/k—a’\/k—a 50
2 2 2 2

Khi d6 ta can sap x&p tht tw a =min{a,b,c} hodc a=max{a,b,c}.

*Thi du 1. Cho a, b, ¢ 12 cac s8 thye khong am thoa man a’° +b? + ¢ =3. Ching minh
rang: a+b+c>a’b® +b’c® +c’a’.
Huéng dan giai
Khéng mat tinh tong quat gia st: a<b<c=a<lb®+c?>2=b+c>+/b?+c? =+/2.
Ta can chitng minh:
f (a,b,c)=a+b+c—a’h? —b*c’ —c?a’ =a+b+c—a2(b2 +(:2)—bzc2 >0.
jZ

b? +¢?
b+c

2 2 2 2 2 2
Xét f(a,b,C)f[a’\/b JZFC ’\/b erc b erc _b202+(

(b” —02)2 (b+c)’ ~2(a’ +b)

|

- + = b—c)2 (b+c)2_ ! >0
4 b+c+,/2(b2+cz) 4 b+c+1/2(b2+02) -
o (b+c) 1 _(b+c)3+(b+c)2 2(b2+c2)—4> 22+ 22.2 4

4 _b+c+\/w_

Vay ta chi can chitng minh
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f[a,\/b2+cz,\/b2+ch>O<:>f a’\/3—a2’ 3-a’ -0
2 2 2 2
sar23-a)2a(3-2)+ 23]

3 ) 3
o (a-1)"|S(a+1) - >0 (lubn dung)
4 3-a+,2(3-a%)
.3 3 3 3 3 _
Vi Z(a+1)2— >Z(a+1) —Z:Z(a2 +2a)>0,vae[0;1].

3-a+,2(3-a") 4

Bat dang thitc duoc chitng minh. Déng thikc xay rakhia=b=c=1.
C.BAI TAP AP DUNG
1) Cho X,Y,Z2 >0 . Chitng minh ring: X + Y + z > 33/Xyz (1)
2) Cho a, b, c la cdc s6'thuwec dwong théa man diéu kiégn abc = 1. Chieng minh rang:
1 1 1 13 25
S RN (1)
a b ¢ a+b+c+l 4
3) Cho a, b, c la cdc s6'thwc dwong sao cho abc = 1. Chitng minh rang:
2 N 1 > 3
a+b+c 3 ab+bc+ca
4 ) (VMO) Cho X,Y,Z la cdc s6 thwc thoa man: x° + y2 +2°=09. Chieng minh rang:
2(x+y+1z)—xyz<10.
y2 + 22
2
5) Cho a,b,c>0:abc =1, chitng minh rang: (a+b)(b+c)(c+a)>4(a+b+c-1).

Goiyj: t =

6) Cho X,Y,Z la cdc s6 thwc thoa man: X° + y2 +2° =3, Chieng minh ring:
7(Xy + yz + x2) <12 + 9xyz.
7) Cho a,b,c >0:abc =1. Tim gid tri nhé nhat cia biéu thiec sau:

f(a,b,c):$+b—l_,z+ci2—2(a+b+c).
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= PHUONG PHAP
218 HINH HOC

A. Kién thiic cén nhé

Xét tam gidc ABC c6 BC=a, CA=b, AB=cthi |[a—b|<c<a+h.

Bat dang thitc tam giac: V6i ba diém M, N, P bat ki ta luon c6:

IMP — MN| < NP < MP + MN.

Bat dang thiic |MP — MN| < NP xay ra d&u bang khi M, N, P thang hang va diém M
nam ngoai doan NP.

Bat dang thitc NP < MP + MN xay ra dau bang khi M, N, P thang hang va diém M
nam trong doan NP.

N&u A(Xy, ¥, ), B(Xg Ve ) thi AB = (%5 =, ) +(Ys = ¥,)-
B. VI DU MINH HOA
*Thi du 1. Chting minh ring véia, b ta cé: va+b <+/a ++/b

Hudng dan giai

B
Xét AABC c6 A=90°, AB=va, AC=+b.
Va va+b
Theo dinh ly Pi ta go ta c6: BC= va+b
A L] \/B C
Trong A ABC ta c6: BC<AB+AC
= Ja+b<+a+b (dpcm)
*Thi du 2. Chitng minh rang véi a, b duong ta c6: ¢
a+b
——2>4/ab
2
Hudéng dan giai
Vé ntra dwong tron duong kinh AB=a+b A » .

Trén AB lay diém H thoa man AH=a, HB=b. Tt Hké
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duong vuong goc véi AB cat duong tron tai C thi CH =+ AH.AB = Jab

1 a+b

Hién nhién CH khong 16n hon ban kinh duwong tron nén +ab =CH < E.AB = do dé

bai todn dwgc chitng minh.

Déng thiic xay ra khi CH 1a ban kinh hay H truing tam dwong tron, diéu nay chinh la a=b.

*Thi du 3. Choa, b, ¢, d >0 . Chting minh ring: v/a’ +b” ++/c? +d? > \/(a+c)’ +(b+d)’
Huéng dan giai

Trén truc hoanh Ox dat lién ti€p hai doan OA =a, AB = ¢, con trén truc Oy dat lién tiép

OC =b, CD =d. Xét hinh chit nhat COAE va DOBF. Theo dinh ly pitago ta co:

OE = va?® +b? y
A
EF = ¢’ +d°

OF = yJ(a+c)* +(b+d) D F
d
Ma OE + EF > OF C ---4G
b E
—a? +b? +4/c? +d? > f(a+c) +(b+d)’ 0 a ACB e

Dau bang xay ra < AOAE ~ AEFG <

oo
oo

Cach khac: St dung phuong phap hinh hoc.
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Dung tam giac ABC vudng tai A trén AB 1ay E trén BC 1dy D sao cho BE=a, AE=¢,
AD=b, DC=d. Khi dé AB=(a+c), AC=(b+d).

Dung hinh cht nhat ADME. Khi d6 ta tinh dwoc:

MB =+/a? +b?,MC = /c? +d?,BC = \/(a+c)’ +(b+d)’

Xét tam gidc MBC, theo bat dang thiic trong tam giac ta co:

MB + BC > BC <> /a? +b? ++/c? +d2 2\/(a+c)2+(b+d)2

Déng thitc xay ra khi M nam trén BC khi d6 tam gidc MBE dong dang véi tam giac CMD

hay 2=

Nhdn xét: Bat dang thiic trén c6 tén 1a Minkowski thuong duoc ap dung d6i véi cac bat

dang thiic chitra 2 can bac 2 ma bén trong la tdng hai binh phurrong.

*Thi du 4. Tim gi4 tri nho nhét ctia bieu thirc: y =~/2%° + 2X +1+/2x2 — 4x + 4.
(Trich dé todn vao 10 Chuyén Lam Son Thanh Héa nam 2005-2006)

Hudng dan giai

Ta c6: N2y = /AX2 +4x+2 +/4x% —8x+8 :\/(2x+1)2 +1+\/(2x—2)2 +22,

Xét cac diém A(-11),B=(2;-2),C =(2x;0)ta co:

AC = (2x+1) +1, BC=\(2x-1) +4, AB=,(2+1) +(-2-1) =3V2.

Theo bat déng thitc tam gidc ta suy ra: J2y=AC+BC>AB=3/2=y>3.

2X+1=_—1<:>x:0.

y =3 khi va chi khi
2x—2 2

Vay gia tri nhé nhat cua y 1a 3 dat dwgc khi x =0.

Chil : Bii todn trén thudc dang \[£?+ g% ++h? +Kk? trong dé f+h vi k+g déu L hing
s0'chiing ta tiép cdn bang phwong phdp dgi s6'thuiin tity sé don gidn hon. Dé chitng té didu nay ta
qua vi du sau:

a) Chiing minh bat ddng thire[12 + g7 +vh? +k? 2 /(f +h)’ +(g+k)’. (1)

b) Tim gi4 tri nho nhat cia A= /X2 +4 + /X% +8x +17.
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Huéng dan giai

a) (1) f2+92+h2+k2+2\/(f2+gz)(h2+k2)2 £24h? +2fh+ g2+ k2 +2gk

<:>\/(f2+g2)(h2+k2)2 fh+ gk
& £2h% + £°k% +g°h? + g°k® > °h? + g°k® + 2 fthgk
& (fk—gh)’ >0, dung.
Xay ra dang thiec khi va chi khi fk = gh.
b) Ap dung bat dang thitc & cau a ta c6
A= 427+ (4=x) +12|(x+4-x) +(2+1) =5

minA=5 < x1=2(4-x) & x:%

*Thi du 5. Tim gia tri 16n nhat ctia biéu thic: P = ‘\/XZ —4X+5—/x? +6X +l3‘.

(Trich dé todn vao 10 Chuyén Nguén Trai, Hii Dwong niam 2009-2010)

Huéng dan giai

Viét biéu thitc P dudi dang P = ‘\/(x— 2) +1-\(x+3)" +4

Xét cac diém A(2;1),B=(-3,2),C =(x;0) ta co:

AC=\(x-2) +1, BC=(x+3)+4, AB=(-3-2) +(2-1) =+/26.

Theo bat dng thtic tam gidc, ta c6: P =|AC — BC| < AB =26 = P < /26.

Vi A, B nam cting phia véi truc hoanh va C nam trén truc hoanh nén dang thitc xay ra khi

) , Xx—-2 -1
ba diém thang hang hay ~13 = - S X=17.

Vay gia tri l6n nhat caa P la 26 dat duockhi x=7.

Chil j: Bai todn trén thugc dang |12 + g% —~h? +k? trong d6 f— g vi g —k déu la hing so
chiing ta tiép cdn bing phweong phdp dgi s6 thuin tity sé don gidn hon. Dé chieng té diéu nay ta
qua vi du sau:

a) Chung minh bat dang thiic ‘\/ f2+9% —vh? + K2

<Y(F-hY+(g-kf. @

b) Tim gia tri lon nhat cia A= X +4x+13 =X +2x +5.

Hudng dan giai

a) (1) fz+gz+h2+k2—2\/(f2+gz)(h2+k2)2 f24h? —2fh+ g% +k? - 2gk
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o gk (f2+g?)(h+k?)  (2)
Néu fh + gk <0 thi (2) dung.
Néu fh + gk > 0 thi

(2) = f?h* + g°k? + 2fhgi < f2h* + f°k* + g°h* + g°k?
& 0<( fk—gh)’, dang.

, 2 . .y P 11 fk = gh
Xay ra dang thirc khi va chi khi
fh+ gk > 0.

b) Ap dung bat dang thitc & cau a ta co

|A|:‘\/(x+2)2+32 —J(x+1) 27 < J(x+ 2 x=1) +(3-1) =+2.
2(x+2)=3(x+1)
maX|A|:‘/E@{(x+2)(x+1)+3.zzo®X:

Véix=1thi A=3J2-242=+2.
Vay max A=+2 & x=1.
*Thi du 6. Chitng minh bat dang thitc sau véi a,b,c,d > 0 thi

\/(az +¢%)(b* +¢?) +\/(a2 +d?)(b* +d?) 2 (a+hb)(c+d)trong d6 a,b,c,d
la nhitng s0 thuc duwong.
Hudng dan giai
Xét tir gidc ABCD c6 AC L BD, O la giao diém hai duong chéo; OA = a,0C =,
OB = ¢,0D = d v0i a,b,c,d la cac s6 duong (h.8). Theo dinh li Py-ta-go:

AB=+a*+c",BC =~b*+c*,AD =~a’ +d*,CD =~b* +d° .
AC =a+bBD=c+d.
Can chting minh AB.BC + AD.CD > AC.BD
That vay, tacé AB.BC >2S,,,

ADCD >25,,. -

Suy ra AB.BC + AD.CD > 28§

ABCD

= AC.BD.
Vay
\/(a2+c2)(b2 +CZ)+\/(a2+d2)(b2+d2) >(a+b)(c+d).

Cdch gidi khic: Ap dung bat dang thitc Bu-nhi-a-c8p-xki
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(m*+n?)(x*+y?*)=(mx+ny)’ véi m=an=c,x=c,y=h

Tacé: (a®+¢*)(c* +b?) = (ac+cb)’ = \/(az +¢’)(c* +b*) zac+cb (1)

Twong tu \/(a2+d2)(d2+b2)2ad +db. (2).

Cong (1) va (2) suy ra diéu phai chitng minh.

*Thi du 7. Cho céc s8 duong a,b,c . Chiing minh ring va? +b? A/lb? +¢? >b(a+c).

Daéng thtec xay ra khi nao?.

s A
Huoéng dan giai
Vé tam gidc AHB vudng tai Hvoi AH =a, a
BH =b. Trén tia d6i cua tia HA 1dy diém C sao
cho HC =c. N6i B véi C. Ha AK vudng goc voi H ._I b B
BC.
Khi d6 ta c6: 2S,,. = BH.AC = AK.BC < AB.BC
C
hay b(a+c)< Ja? +b? Alb? +¢2.
Ddy “=" xay rakhi AK = AB< K =B
C
< AABC vuong tai B <> b* = ac.
*Thi du 8. Cho cac s6 duong a,b,c véi
b > c. Chttng minh réng
JaZ+b? —Ja? +¢? <b-c.
Huéng dan giai
/|

T cac biéu thire va? +b?,\/a? +c¢? va
cac s6 duwong a,b,c ta nghi dén viéc
tao ra cac tam gidc vuong HAB va
HBC c6 hai canh géc vudng tewong tng
la a,cva a,b.Khi d6 ta co

AB =+/a’ +¢?,BC =+/a’ +b?..Do N
b>c>0 nén BC > AB,HC > AH . Bai

toan dua vé chirng minh rang
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BC — AB < HC — HA.
Trén HC, BC lan luwot 1dy cac diém M, N sao cho HM = AH, BN = AB. Dé thay AB=MB =
BN suy ra ABMN can tai B nén ZM, = ZN, . Mét khac
ZN, + 2N, = ZM, + ZM, + ZM,(=180° )nén
ZN, > ZM, < MC > NC < BC - AB < HC — HA

Hay v/a? +b? —y/a? +¢% <b—c.

Vay bai toan duoc chitng minh.

*Thi du 9. Cho cac s6 duwong a,b,c thudc

khoang (0;1). Chiing minh rang
a(l-b)+b(1-c)+c(1-a)<1.

Hudng dan giai
Mb6i s hang o @ v&  trdi
a(l— b) , b(l— C) , C(l— a) c6 thé xem 1a tich do

dai hai canh cua mgt tam giac nén goi y dén vé

tam gidc nén goi y dén vé tam giac déu ABC co
canh bang 1.Trén cac canh AB, BC va CA lay
cac difm M, N va P sao cho AM =a,BM =D,

CP =C.Ta c6: 25,0 + 2Sgym + 2Scps < 2S aac

Hay
a(1-b)sin60° +b(1-c)sin60° +c(1-a):

Suy ra: a(1-b)+b(1-c)+c(1-a)<1.
Vay bai toan duwgc chitng minh.

*Thi du 10. Cho ba sd duong X, Y,z
thdéa man hé thic
Xyz(X+ Yy +z)=4.Tim gia tri nho nhat

ctia biéu thirc P =(x+y)(x+2).

Huéng dan giai

205 | CAM NANG BAT DANG THUC



Tw tich Xyz(X+ Y+ z) ta nghi dén cong thitc He-rong tinh dién tich tam giac.

Spsc = \/p( p—a)(p-b)(p—c)vdia,b, cladd daicdc canh ctia tam gidc ABC, p la nira
chu vi.

Véi X, Y, la cic s8 dwong nén 14y cac doan thang c6 d6 dai lan luot ludn 1a
X+Y,Y+2,2+X c6do dai ba canh ctia mot tam gidc ABC va
Xx=AM = AN, y=CN =CP, z=BM =BP véi M, N, P la cac tiép diém ctia AB, AC va BC

v6i duong tron ndi tiép tam giac ABC.

Khidétacd p=x+y+z=p(p—-a)(p-b)(p-c)=(x+y+z)xyz=4

Suy ra 25,5 =2,/p(p-a)(p-b)(p-c)=AB.ACsinA

Hay 4=(x+Yy)(x+z).sin A

Ma 0<sinA<lnén P=(x+y)(x+2z)>4.
(x+yﬂx+z):4¢¢ﬂnA:1c>4A=9UU:(X+yf+(x+1f=(y+zf¢:x(x+y+z):yz
K&hqnwdx+y+ﬂ=4aﬁw:i.Gmny=z=J§ﬂﬁx=2—J§W@demgMui

nho nhat 1a 4, chéng hankhi x= 2—\/5; y=12 - 2.

*Thi du 11. Cho ba s& dwong a,b, ¢ thudc khoang a* +b* +c* = g.Tim gia tri nho nhat

1 1 1

cua biéu thttc P = >+ =+ -
l1-a~ 1-b° 1-c

Huéng dan giai

Mo

Dung ntra duong tron tam O,
duwong kinh AB=1.Do O<a<1
nén trén ntra duong tron doé 1dy
diém M sao cho AM =a taco
ZAMB =90° < AM L BM nén

25,0y = AM.BM =ay1-a’,

D thay 2S5 <28,y (VOi M, la A 2R=1 O B

L

diém chinh gitra cia nira duong ™,

tron da cho)
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1 1 1
avl-a’ <OM.AB==.1=-<a’(1-a’)<= ha > 4a’
2 2 ( ) 4"V g
Dang thiic xay ra khi va chikhi M =M, < a’ = %
Hoan toan tuong tw ta cling c6 102 > 4b2;1 L > 4c? do d6
— -C

1 1 1
+ +
1-a? 1-b* 1-c

M = 224(a2+b2+cz):4%:6.

V2

VéyMdatgiétrinhénhé’tbéng6khi a?=b?=c? =%<:>a:b:c: 5

C. BAI TAP AP DUNG
1) Cho a>b>c>0. Chitng minh rﬁng \/a—\/5<\/a—b.

2) Choa >c;b >c¢ >0 . Chitng minh rang: \/c(a—c) +\/c(b—c) <+Jab.

3) Tim gid tri nho nhdt ciia cic biéu thirc:

a) A=x2—2x+2 +/x2 +6x+10 b) B = V4x® +4x+5 + 24 X% + 2X + 2.

4) Cho x, y, z, t la cdc s0'thwc dwong thudc khoan (0; 1). Chitng minh rﬁmg:

x(1-y)+y(l-z)+z(1-t)+t(1-x)<2.

Ja? +b? —a? +c?

5) Chitng minh rang v6i moi s thwc dwong a, b, c ta ludn cé: < |b - C|.

32

6) Cho a, b, c la cic s0 dwong thugc khoang (0; 1) va a+b+c = — Chitng minh rang:

1 1 1
M M M e R

7) Tim gid tri nhd nhat cia him 56y = X2 =X +1 -+ X + X +1

8) Chitng minh rang: ‘\/xz —6X +34 —+/x? — 6X +10‘ <4
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2 PHUONG PHAP
2119 POl BIEN

A. Kién thiic can nhé

Trong chiing minh bat dang thitc viéc d6i bién c6 thé lam cho nhiéu bai toan bat dang
thitc don gian hon, tuy vao ting bai toan va diéu kién cu thé ma ta c6 cac cach dat an phu
khac nhau.

B. VI DU MINH HOA

Dang 1. P4t 4n phu dya vao gia tri ctia bién khi ddu bang ctia bat dang thirc xay ra.

*Thidul. Chobasdthuc a,b,c thoaman diéukién a+b+c=3.

Chting minh rang: a*> +b® +¢” >3
Hudéng dan giai

Du doén bat dang thitc xay rakhi a=b=c=1.

bit a=1+x,b=1+y,c=1+7 (X, y,zeR)=>x+y+z=0

T a+b+c=1suyra x+y+z=0

Khi dé: a* +b* +c? >3 < (1+ x)2 +(1+ y)2 +(1+ z)2 >3

X +y +22+2(Xx+y+2)20

< X +y?+2° >0 (ludn dung). Do d6 suy ra diéu phai chirng minh.

Cach khic:

bita=1+x,b=1+y=c=1-x-Yy,X,yeR

Khi dé: a® +b* +¢? 23 < (1+ x)2 +(1+ y)2 +(1—x—y)2 >3

S1+2X+ X2 +14+2y + Y2 +1+ X + Y  —2X =2y +2xy >3

& 2X2 +2y* +2xy >0

< (x+ y)2 +X? +y? >0 (ludn dang). Do d6 suy ra diéu phai chitng minh.

*Thi du 2. Cho a+b>2. Chiing minh bat ding thikc sau: a°+b* <a* +b*
Huéng dan giai

Du doén bat dang thitc xay ra khi a=b=1.

Dit a=1+x;b=1+y Tl gia thiét suy ra x+y >0. Ta cé bat dang thtic can chtiing minh

teong duong vai:
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(1+ x)3 +(1+ y)3 <(1+ x)4 +(1+ y)4
<:>0£x(1+x)3+y(1+ y)3
S X+Y+3(X+ y)(xz—xy+ y2)+3(x2+y2)+(x4+y4)20

(dang vi x+y>0)

Daéng thitc xay ra khi va chikhi x=y=0 hay a=b=1

Cidch khdc:

Do a+b>2. Vi thé€'ta chi can chitng minh:

a'+b*—(a+b)=a’+b’-2

<a’(a-1)-(a-1)+b*(b-1)-(b-1)=0
o (a-1)(a*-1)+(b-1)(b*-1)=0
<:>(a—1)2(a2 +a+1)+(b—1)2(b2 +b+1)20

=S (a—l)2 Ka+%}2 +%} +(b —1)2 Kb +%j2 +%:| >0

Bat dang thitc cudi cing luén ding. Do d6 bat dang thitc dugc chitng minh.
*Thi du 3. Cho x+y =3,x<1. Chitng minh rang y*-x*-6y® —x*+9y >0
Hudng dan giai
Dit x =1-a;a>0. T gia thiét suy ra y = 2+a. Lic nay bat dang thiic can chting minh
teong duong voi:
(2+a)’—(1-a)’-6(a+2)’ —(1-a)’ +9(2+a)>0=a’-2a’ +a>0 < a(a+1)’ >0 (dung vi
a>0)
Déng thttc xay ra khi va chi khi a=0 hogc a=1ttc 1a khi x=1,y=2 hodc x=0,y =3
*Thi du 4. Cho x<1;x+y>3. Tim gid tri nho nhat cta bi€u thic B =3x* +y® +3xy

Huéng dan giai
bdt x=1-a va x+y=3+b. T gia thi€t suy ra a,b>0
Taco: y=2+a+b. Tk do

B =3x% + y* +3xy
:3(1—a)2+(2+a+b)2+3(1—a)(2+a+b)

2
=a’+b?’-5a+7b—ab+13= a—E—E +§b2+gb+£2z
2 2 4 2 4 4

5

. a=—
Dang thttc xay ra khi va chi khi 2 tacla x= —g; y :%

b=0
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Vay B dat gid tri nh nhat bang 277 khi x= —g; y :%

*Thi du 5. Cho a+b=c+d Chtng minh bat dang thic: b* +c? +cd > 3ab
Huéng dan giai

Du doan dang thiic xay ra khi a=b=c=d

bat c=a+x véi xeR. T gia thiét suy ra d =b—x. Ta co:

c2+d2+cd:(a+x)2+(b—x)2+(a+x)(b—x)

x)  3x?
=(a—b+—j +—+3ab>3ab
2 4

Xx=0 a=b
{ &a=b=c=d

Daéng thitc xay ra khi va chi khi =0

a—b+>=0
2

a>4:bh>5:¢c>6

% Thi du 6. Cho cac so thuc a, b, c thdéa man:
a?+b*+c?=90

Chting minh rang: a+b+c>16
Huéng dan giai
bat a=4+x,b=5+y,c=6+z

Tt gia thiét suy ra: x>0, y>0, z>0. Ta gia st nguoc lai: a+b+c<16, dan dén
X+y+z<1

Mait khéc ttr a® +b® +¢? =90

& (x+4)2 +(y+5)2 +(6+ z)2 =90

<X +y + 27 +8x+10y +122=13 (1)

Do 0<x+y+z<1 <:>(x+y+z)2 <1

=X +y +2°+2(xy+yz+xz)<1

=X +y*+2°<1 (vi x>0;y>0;2>0)

Khi d6 ta cé: x* +y* + 2> +8x+10y +12z =(x2 +y? +22)+12(x+ y+12)-4x-2y<1+12=13

Diéu nay mau thuan véi dang thiic (1)

Tt d6 ta 6 diéu can chiing minh.

*Thi du 7. Cho x<4. Tim gia tri nho nhat ctia biéu thire A = X (2 - X)
Huéng dan giai

Du doan gia tri nho nhat dat dwgc khi x =4

bat x=4-t, ti gia thi€t suy ra t >0

Tacod A=(4-t)"(2-4+t)=t-10t* +32t-32=t(t-5)" + 7t 32> -32

Déng thitc xay ra khi va chi khi t =0 hay x = 4
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Cho a,b,c,d >0 théaman ab=cd =1.
*Thi du 8. Chitng minh ring: (a+b)(c+d)+4>2(a+b+c+d)
(DTTS lop 10 THPT Ning Khieu DPHQG HCM-2007)
Hudng dan giai
batu=a+b,v=c+d
Ap dung BDT C6-si ta c6: a+b>2\ab=2c+d>2ed =2dodsé u>2,v>2.
BDT can chiing minh dwoc viét lai nhu sau:
uw+4>2(u+v) < (u-2)(v-2)=0dingdo u>2,v>2.
Ttr d6 suy ra BDT da duwoc chitng minh.

Dang 2. Dat mau l1a cac bién méi

*Thi du 1. Cho AABC, AB =c¢,BC =a,CA=Db. Chitng minh réng:

a_, b, ¢ .4 )
b+c—-a c+a-b a+b-c

Hudng dan giai

y+12
a=
b+c—-a=x>0 2
Pit: lc+a-b=y>0e b=izx
a+b-c=z>0
X+Yy
C:
2

e YtTZ ZHX X+y
2X 2y 21

Ta co: yT2 + Z+X+ X+ :l(l+ﬁj+£[£+ij+£(£+lj

Khi d6 vé trai ciia bat dang thire (1) tré than

2x 2y 2z 2\x y) 2\x z) 2ly z
>2 X.LE\/E.LE zy_g
2\xy 2\xz 2\yz
a b c
Hay + - >3 (dpem)

b+c—-a c+a-b a+b-c

*Thi du 2. Cho a,b,cla do dai 3 canh ctia mot tam giac. Chitng minh rang:
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3a—-2b—-2c 3b-2c-2a 3c-2a-2b
= + + >

s) >-3
b+c-a c+a-Db a+b-c
Loi giai:
Dax=b+c—&y=c+a—az:a+b—c:>a=X§Eh=Z;XJr:XZyOgyz>0)

y+Z Z+X X+Y oo 4
2X 2y 22

¢>y+z+Z+X+X+y26¢3[5+X)+(X+E)+(5+£j26
X y z y X zZ Yy Z X

Theo BT Cousi ta oo (LX}[LQ{LEJZZJ&X+2Jz.£+2 X2 _
y X Z y Z X yx Z y Z X

= dpem. D&u dang thite xay rakhi X=y=z<>a=b=c.

Khidé: P>-3<

a b c
+ +
3a+b+c 3b+c+a 3c+a+b
(Dé thi HSG mon Todn I6p 9- Quang Ninh-2010)
Loi giai:
bit x=3a+b+c,y=3b+c+a,z=3c+a+b.

*Thidu3. Cho a,b,c>0.Chting minh rang:

4x—y—zb_4y—z—xC_4z—x—y
10 10 10
Khi d6 BDT da cho dwoc viét lai nhw sau:
4x—y—z+4y—z—x+4z—x—yS§¢>y+z+z+x+x+y
10x 10y 10z 5 X y Z

Ta tinh dwoc: a = (X, y,Z> 0)

> 6 = dpcm.(theo

trén)
D&u dang thitc xdy rakhi X=y=z<a=b=c.

: a  25b 4c
*Thidu4. Cho a,b,c>0. Chiing minh rang: + + >2.

b+c c+a a+b

Giai:

bit: x=b+c,y=c+a,z=a+b.

y+z—xb:z+x—xczx+y—ﬂxyl>o)
2 2 2

- 25 - 4 _
Vi vay a  25b  4c ., y+z-X (z+x y)4_ (x+y-2)
b+c c+a a+b 2X 2y 22

Tt &6 tinh dwoc: a =

> 2
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2X 2y Z 2 2

< l+25—x +(i+2—xj+ E+2—y >17
2X 2y 2X  Z 2y Z

Mat khac ap dung BDT C6-si cho hai s6 duong ta co:

l+25_x +(i+2_xj+ E+l >2 l25_x+2 iz_x+ &Z_y
2X 2y 2X  Z 2y 2z 2X 2y 2X Z 2y 2z
:2.g+2.1+2.5=17

D&u dang thtec xay ra khi
l:@,izz—x,gzﬂ:yzz%xz,zz:4x2,4y2:2522v611v‘1x,y,z>0.
2X 2y 2x 7z 2y z

Tt d6 suy ra L+25—X + i+2—x + E+ﬂ >17 = dpcm.
2X 2y 2X Z 2y Z
*Thi du 5. Cho AABC, AB =c¢,BC =a,CA =Db. Chtng minh rgmg:

a.2 b2 2

+ + >a+b+c(1)
b+c—-a c+a-b a+b-c

Huéng dan giai

y+2
a:
b+c—-a=x>0 2
bat: c+ta-b=y>0< b=5%5
a+b-c=z>0
X+y
C=
2

Khi d6 bat dang thitc (1) twong dwong véi bat dang thirc sau:

(y+z) , (z+x)  (x+y)

>X+Yy+1z
4x 4y 47
Ta co:
2 2 2
(y+2)  (@ex) eyl yz 2x xy _1fyz 2x) 1(2x xy +1[ﬁ+£j
4x 4y 47 X y z 2\x y) 2y z) 2z X
Xy y z z X
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a’ b2 c?
+ +
b+c-a c+a-b a+b-c

Hay >a+b+c(dpcm)
*Thi du 6. Cho a,b,c>0. Tim GTNN ctia biéu thtzc:

4 N b+3c 8
a+b+2c 2a+b+c a+b+3c
(Dé thi HSG Todn I6p 9 Tinh Phii Tho-2011)

Huéng dan giai

Dit: x=a+b+2c,y=2a+b+c,z=a+b+3c(x,y,z>0).
Tt d6 tinh dwgc: a=2+Y—2X,b=5x-y—-3z,c=2—-X
4(z+y-2x) (5x-y-3z)+3(z—x) 8(z-x)

Biéu thic da cho tré thanh A = + —
X y Z

:4Z+4y—8+2—X—1+8—X—8:[ﬂ+2—x)+(£+8—xJ—l7
X y A X 'y X z

Mt khac ap dung BDT Cb-si cho hai s& duong ta co:
(ﬂ+2—xj+(£+8—xj22 ﬂ.z—x+2 £.8—X:2\/§+2\/3—2:12\/§
X Yy X z x'y \x z

Do d6 A>12+/2 —17.Dau dang thtec xay ra khi:
ﬂ:Z—X,E:S—XQX:yﬁ,Z:Xﬁzwax:k\/i,yzk,z:2k(k>0)
X Yy X z

Vay min A =1212 ~17khi a=(3-2v2}k,b=(5v2 - 7)k,c =(2-v2)k,(k > 0)

(X +y*)=(x*+y?)
(x-1)(y-1)
(DTTS I6p 10 chuyén Todn, DHKHTN-2004)
Hudng dan giai
xz(x—1)+y2(y_1): X2 . y
(x-1)(y-1)  y-1 x-1
2 2
Dat a_x_l(a,b>0).Khidé P:(a+1) +(b+l)
b=y-1 b a
2 2
(a+1) +(b+1) Jda 4b
b a b a

*Thi du 8. Cho X,y >1. Tim gia tri nho nhét cua biéu thic: P =

Tacod P=

i 4a 4b
Ap BDT co ban: (m+n)2 >4mn, ta cé: P =
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4a 4b /4a b
Mét khac theo BDT C6-si ta co: P> F +—2 2 F— = 8
a a

Dé&u dang thitc xay rakhi a=bh=1< x=y=2
Vay minP =8khi x=y=2
Dang 3. Déi bién khi tich cic bién bang k®
Pay la mot ky thuat do6i bién rat hiéu qua, gitp ching ta giai quyét nhiéu bai toan
hay va kho. Tuy vay & day cling c6 nhiéu cach doi bién khac nhau, tuy theo tinh huéng cu
thé ta chon cach lam thich hop. Dudi day xin trinh bay mot s6 truong hop cu thé:

a,b,c>0 o k k K X,¥,2>0
3.2.1. Véi , tacothé ddibiénnhusaw: a=—,b=—,c=—=

abc=k X y z xyz =1
Trong thuc t& ta hay gdp K =1, day la tinh huéng gdp kha nhiéu ngay ca cac ky thi 16n
nhw IMO. Ta xét mot sO vi du minh hoa:

Vi du 5. Cho a,b,c > 0théa man abc =1. Chiing minh rang;

1 1 1
+ + >—  (IMO-1995)
a’(b+c) b’(c+a) c'(a+b) 2
Loi giai:
X,y,2>0
Via,b,C>0thc’)am€1nabCZl,tadétazi,bzl,czlj{ y
X y y xyz =1
Khi ¢6 BDT da cho tré thanh:
3 3 3 2 2 2
xszryszrzxy2§<:> X y N Z 2§
Y+Z Z+X X+y 2 y+Z Z+X X+y 2

Ap dung BDT C6-si cho 2 s8 dwong ta co:

2 2
X +y+z22 X .y+z:
y+2 4 y+z 4
>2 =

x(1)
y? Z+X v(2)

y? L ZX
zZ+x 4 z+x 4
2 2
28 X4y, | 2 .x+y:Z@)
X+Yy 4 X+y 4
Ldy (1) +(2)+(3)theo v& ta duoc: X + y + z 4~1(X4-y4—z)2(x—+y—kz)
Y+Z Z+X X+Y
2 2 2
S A 2£(x+y+z)(4)

Y+Z Z+X X+y 2
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Lai 4p dung BDT C6-si cho 3 s6 duong ta ¢6: X +Y+2Z > 33/Xyz = 3(5)
Tir (4),(5) = dpem. Dau déng thire xay rakhi X =y=z=1<a=b=c=1.
Vi du 6. Cho X,Y,Z>0thoaman XyZ =1. Tim GTNN ctia biéu thttc:

P yz 2 X 2 Xy
X*(y+z) y'(z+x) zZ*(x+y)
Loi giai:
1 1 1 o a,b,c>0 a’ b’ c?
Dit X =—,y =—,Z =—. Tl gia thiét suy ra .Khi d6P = + +
a b C abc=1 b+c c+a a+b

. 3
Lam twong tu bai toan trén ta c6 MINP = Ekhi Xx=y=z=1

® Hai vi du trén cho thidy ré phin nao ttng dung cua phép doi bién nay. Vi du sau véi cdch phit
biéu lg hon, nhung thong qua mot vai bién d6i don gidn ching ta lai co cich doi bién quen thugc:

Vi du 7. Cho cac s8 duong a,b,cthoa man abc +a + b = 3ab .Chtng minh rang:

P:\/ ab +\/ b +\/ 2 .
a+b+1 bc+c+1 ca+c+1

(Dé thi HSG mén Todn 16p 9 Tinh Phii Thp-2012)

Loi gidi:
X,y,2>0
Tacé:abc+a+b:3ab<:>c+l+£:3.£)étx:i,y:1,2=c:> y
b a a b X+y+z=3
Khi do:
sz 1 +J -
X+y+xy \z+zy+y Vz+zx+x
1 1 1
_ + +
JXHYHXY  Jz+zy+y NZHzx+X

. 1 1 1 9 )
Ap dung BDT: —+—+—2—(m,n,p>0)ta co:
m n p M+n+p

P> 2
XY XY /2 +2Y+Y +Z+2X + X

Ap dung BDT coban: (U+V+w)’ <3(u”+ Vv’ + W )ta co:

(\/x+y+xy+\/z+zy+y+\/z+zx+x)2s3(x+y+xy+z+zy+y+z+zx+x)

:>(\/x+y+xy+\/z+zy+y+\/z+zx+x)233[2(x+y+z)+(xy+yz+zx)]
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Khong kho khén 1am ta chiing minh dugc (xy +VYZ+ ZX) < (X +VY+ Z)2

Wl

Do dé: (\/x+y+xy+\/z+zy+y+\/z+zx+x)233(2.3+3):27

= JX+Y+XYy +/z+2zy+y +Vz+2x+x <33
\ 7 9 A M ’ 2 .
Tt d6 suy ra: Pzﬁzx/é:dpcm. D4u dang thirc xay rakhi a=b=c=1.

Vi du 8. Cho cac s§ dwong a,b, € thoa man abc =1.Chting minh rang:

a b c
= + + <1 (Baltic Way 2005)
a’+2 b*+2 c*+2 et
Loi giai:
X,y,z>0
Détazl,bzi,c:l: y .Khi d6:P = z( + 3/ + 22
X y Z Xyz =1 2xX°+1 2y +1 2z°+1

Ap dung BDT C6-si cho hai s6 duong ta c6:
2x +1=x"+ (X" +1) > X" + 2x
2y" +1=y +(y +1) 2y + 2y

272 +1=7° +(z2 +1)222 +27

Dodé P< 2X + Zy + ZZ =P< 1 + 1 + 1
X°+2X Yy +2y z7°+2z X+2 y+2 z+2
Ta can ching minh BDT: ! L <1(1)

+ + <
X+2 y+2 z+2
Véi X,Y,Z>0ta co:

()= (y+2)(z+2)+(z+2)(x+2)+(x+2)(y+2)<(x+2)(y+2)(z+2)

S XY+YZ+2X+4(X+Y+2)+12<Xyz+4(X+Y+2Z)+2(Xy + Yz +2X)+8

< Xy + Yz +2x 2 3(do xyz =1)
Ap dung BDT C6-si cho ba s8 duong ta co:

XY + Yz + zx 2 33/xy.yz.zx = 3(do xyz =1) = dpem.

Dau dang thitc xay rakhi a=b=c=1
® Nhuw vdy voi kij thudt trén két hop véi viéc sir dung thém mot s6' BDT khdc chiing ta tim diegc 101
Qidi ctia mot 16p cdc bai todn twong d6i khd.Voi phwong phip nhw trén chiing ta co thé gidi dwoc
mot s6'bai todan sau:

1. Cho a,b,c > 0théa man abc =1. Chiing minh rang:
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1 1 1 3
- - >=
a’(b+c) b*(c+a) c’(a+h) 2

2. Cho a,b,c > 0théa man abc =1. Chting minh rang:

1 1 1 ab+bc+ca
- +— +— >
a’(b+c) b’(c+a) c’(a+b) 2
a,b,c>0 . kx ky
3.2.2. Véi , tacd the ddibién nhu sau: a=—,b=—",c=—(x,y,z>0)
abc=k y Z
Li giai cho phép dai bién trén nhu sau:
kx k
Vi a,b,c>0=Tbn tai X,Y,Z>0sao cho a:—,b:—y.
z
kx k kz
Doabc=k = > Yc-k o
y z X

Phép dai bién nay thuc sy 1a mot bién phap hitu hiéu khi chiing minh nhiéu BDT twong
d6i khé. BDT véi bién méi gitip ta c6 nhiéu su lya chon hon trong chitng minh.

Vi du 9. Cho a,b,c > 0théa man abc =1. Chiing minh rang;

(a—1+lj(b—1+1j(c—l+ij§l (IMO-2000)
b Cc a

Loi giai:
X y z
Vi a,b,c > 0thoa man abc =1nén ton tai X,Y,Z > 0sao cho a_y b=;,C=;.
Khi @6 BDT dwoc viét lai:
(5—1+£j(x— +§j(5—1+zj£1<:>(x+y—z)(y+z—x)(z+x—y)£xyz
y y)\z z )\ x X
(X+y—-2z)+(y+z-X)+(z+Xx-y)=x+y+2>0
X+y—-2z)+(y+z—-X >0
Ta cé: ( Y- ) (y ) 2y do X,y,2>0.
(y+z-x)+(z+x-y)=2z20
(z+x-y)+(x+y-z)=2x>0
nén trong 3 tong (X+ )(y+z X) (Z+X—y)chi co thé xay ra mot trong cac

treong hop sau:

) (x+y-2z),(y+z-x),(z+x-y)=
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xzzxz—(y—z)z:(x—y+z)(x+y—z)
Tacé: 1y 2y —(z- )2:(y+z—x)(y—z+x)
2?2 x*—(x— y) =(z-x+y)(z+x-y)

2y 4252

=Xyt > (x+y- z) (y+z—x)2(z+x—y)2
=>xyz2(X+y-z)(y+z-x)(z+x-y)
2) Hai trong 3 tdng d6 16n hon bang 0, tdng con lai nhd hon hodc bang 0
=>xyz202(x+y-z)(y+z-x)(z+x-y)
Tt cac treong hop trén suy ra bai toan dwoc chitng minh.
® Diy la mot trong nhitng bit ding thitc rat quan trong, tiv bit ding thite nay chiing ta c6 thé
gidi quyét dwoc mot s6"bai todn hay va khé. Chiing ta sé tim hiéu itng dung ciia né trong phiin
khdc. Tiép theo xét mot s6"vi du khdc dé’thdy ro tdc dung cuia phwong phdp néu trén:
Vi du 10. Cho a,b,c > 0théa man abc =1. Chiing minh rang;
a b c _3
+ + >
ab+1 bc+1l ca+l 2

Loi giai:

Vi a,b,c > 0thoa man abc =1nén ton tai X,Y,Z > 0sao cho a = b=X,C=
Z

z
.

~<|><

ZX X Z 3
Khi d6 BPT da cho tré thanh: + y + y > —

XY+YZ ZX+YyZ ZX+Xy 2

Day la BDT Nesbit’s quen thudc. Ttr d6 ta c6 diéu phai chitng minh.
Vi du 11. Cho céc s6 thiee duwong a, b, c. Chitng minh rang:
b C a

+ + <1.
a+2b b+2c c+2a

Loi giai:
1 1 1 a
BDT duoc viét lai: A <l.bat x= b’ y=

82 240 40
b C a

o|T
(@)
—
X
<
N
Vv
o

1 1+1
X+2 y+2 z+2

Khi d6 can chiing minh BDT:

<1(1)
Mat khac:

D)o (y+2)(z+2)+(z+2)(x+2)+(x+2)(y+2)<(x+2)(y+2)(z+2)
SXY+YZ+ZX+AX+ 4y +4z2+12 <XYyZ+4X+ 4y + 47+ 2Xy + 2yZ + 27X + 8
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< 3<XY +YZ+2zX(do Xyz=1)
Theo BDT Cd-si ta cé: XY + YZ + zX > 33/Xy.yz.zX =3(do Xyz =1) = dpcm

Vi du 12. Cho céc s6 thiee duong X, Y,Z > 0théa man Xyz =1. Chiing minh rang;

1 1 1 1
M= > + > + > <—
(x+1) +y*+1 (y+1) +2°+1 (z+1) +x*+1 2
Loi giai:
Ta co: 21 =— 21 < L do X,y >0va x> +y*>2xy.
(X+1) +y?+1 X +Yy +2X+2  2Xy+2X+2
1 1 1 1
Tuwong tu: > < ; 5 <
(y+1) +2°+1 2yz+2y+2 (z+1) +x*+1 2zx+2z+2
Do dé: M < L + L + 1 =
2XY +2X+2 2yz2+2y+2 2ZX+2Z+2
Vi X,Y,Z > 0théa man XyZ =1nén ton tai a,b,C¢ > 0sao cho x=%,y:9,z:g.
C a
e 1 1 1
Khidé P = ab a . .bc b . .ca C
2——+2—+2 2——+2—+2 2——+2—+2

b'c b ca C ab a

1 ( bc ca ab ) 1
— > + + =— = dpcm.

ab+bc+ca ab+bc+ca ab+bc+ca) 2
® Qua bai todn nay ching ta thdy dwoc vé dep ciia phép d6i bién trén, no khong chi dp dung cho
viéc chitng minh cic BDT ma con gidi quyét dwoc mét so bai todn vé chitng minh ding thikc.
Chﬁng han xét thém vi du sau:

Vi du 13. Cho 4, b, c1a ba sd thuc thoa méan abc = 1. Chtiing minh r?mg:
(a -1+ Ej(b -1+ 1j(c—1+1j = (a +1—£)(b +1—l)£c+1—1)
b c a b c a
Loi giai:

/ 14 ~? v Z &)
Tw gia thiét abc=1=a,b,c#0=cd thé dit a = ,bzx,cz—vm X,y¥,2z#0
z X

< | X

V& trai dwoc viét lai nhu sau:

(5_1+Ej(l_1+§)(5_1+1j:(X+y_z)(y+z_x)(z+x_y) )

y y)\z ZJ\X X Xyz
Vé phai tré thanh:
[Ll_zj(xﬂ_zj(zﬂ_x]:(X+y—2)(y+z—x)(z+x—y) )
y y/)\z z J\X X Xyz
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Tt (l) , (2) suy ra dang thitc da cho duoc chitng minh.

® Trong mét s0 tinh hudng viéc d6i bién twong tw nhw trén nhung khéo léo hon chang han: Véi
X2 2 ZZ

a,b,c > 0théa man abc=1dgt: a =—;,b :y—z,c =—,06iX,Y,2>0.
y z X

Vi du 14. Cho 4, b, ¢ 1a ba s8 thie dwong thoa man abc = 1. Chting minh rang:

a(bz—\/B)+b(cz—\/5)+c(a2—\/§)20

Loi giai:
2

2
X

Vi a,b,¢ > 0thoa man abc = Inén ta dit: a=—,b=
y

2
VA

y—z,C:—2 VéiX,y,Z>O
X

z
x*(y* (" z) Z(x' x

BDT tré thanh: _2[y__xJ+y_£___ +| 5 -2 >0
y y

Xy y'z? °x* X

z* " x*

1 X2y2 yZZZ Z2X2 XZ y2 Z2 >O

x*y?z*\ z* X h

2 2 2
1 1 1 1 1 1
©F+F+¥_x3y3_y3zs_z3x320@[%_%j J{%_%) +(%_%j =0

Ttr 46 dan dén BDT da cho duwoc chitng minh.
kx Ky kz

~

e

® Trong mot so' tinh hudng viéc déi bién: a =—,0=—=,C=—gdp khd nhiéu kho khin khi
y z X
chitng minh BDT tiép theo. Liic do chiing ta cd thélwa chon gidi phdp d6i bién xoay vong lai giita
I 2 kx kz ky
cdc bien X,Y,Z chang han: a =— b=—,c=—"2.
y X z

Vi du 15. Cho a,b,c,d > 0thoa man abcd =1. Chting minh rang:

L + L + L + L >2
a(l+b) b(l+c) c(1+d) d(1+a)
Loi giai:
Vi a,b,c,d > 0thoa man ade=1néntadéta=§,b=§,c=§,d:%Vc'yi X,Y,z,t>0.
Khi d6 BDT da cho tré thanh: A = y + X + z + t >2

X+Z z+t t+y y+Xx
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y2 XZ ZZ t2
Taco A= + + + . Ap dung BDT Bunhia-copx-ki ta cé:
Xy+Yyz zZX+Xt tZ+yz yt+ix

( y - X + z + L ][(Xeryz)+(zx+xt)+(tz+y2)+(yt+tx)]

Xy+Yyz zZX+Xt tz+yz yt+tx

>(X+y+z+t)
(x+y+z+t)
(xy +yz)+(zx + xt) + (tz + yz) + (yt + tx)
(x+y+z+t) > 2(1)
(xy+yz)+(zx+xt)+(tz+yz)+(yt+1x)

Thét vay, BDT (1) < (X+y+2z+1) > 2[(xy+yz)+(2x+xt) + (tz+ yz) + (yt + tx) ]

Suy ra: A>

Ta chttng minh BDT:

S X +y +27+ 7 22(yz+2t) & (y-2) +(z-t) >0. = dpem.
Vi du 16. Cho a,b,c > 0théa man abc =1. Chting minh rang:
1 1 1 3

+ >=
a’+ab b2+bc c’+ca 2

Loi giai:

Vi a,b,c > 0thoa man abc =1 nén ta d6i bién: a = \/7 \/7 \/:vo1xyz>0.

Khi d6 BDT da cho dwoc viét lai nhu sau:

Xy x+\/ﬁ y+\/_z 2

y . Theo BDT Cb-si cho hai s6 dwong ta cé:

X z
+ +
Y Xy Y
p__ X y z_ X y Z

+ + > +
Xy X+ifyz o y+dxz o, XHY Yz ZHX
2 2 2

Xét P =

2

1 x? y
=—P2 + +
2 XPAXY+2ZX Y AYZ+2xy 2P +IX+2yz

Ap dung BDT Bunhia-copx-ki ta thu duoc:

1o, (x+y+z) B (x+y+z)
2 XPAXY+2ZX+Y A YZ4+2XY+ 2P +2X+2yz X% +Y? + 7% +3Xy + 3yz + 32X

(x+y+z) >§(1)

X2 +y?+22+3xy+3yz+3zx 4

Cui cung ta can chitng minh BDT:
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Tacé: (1) < 4(X+y+2) 23(X*+y’ +2° +3xy + 3yz + 32X
S 4(X* + Y +2° 42Xy + 2yz + 22X) 2 3(X* + y* +2° + 3xy + 3yz + 32X)

& (x=y) +(y—2)" +(z—x)’ dtng véi moi X,y,Z >0=> dpcm.
® Vi phwong phdap nhi trén ching ta mot so'bai todn twong tu:
1. Cho a,b,c > 0théa man abc =1. Chting minh rang:
1 1 1 3
+ + >=
a(l+b) b(l+c) c(l+a) 2
2. Cho a,b,c > 0thoa man abc =1. Chttng minh rang:

3+E+E+£2a+b+c+l+l+£
cC a a b c

3. Cho bon s6 duwong X, Y, Z,tthdéa man diéu kién Xyzt =1. Chtiing minh réng:

1 1 Ll >4 (China MO TST 2005)

Lex)  (L+y) (Lez) (L+t)

a,b,c>0 Kyz kzx  kx
3.2.3.Véi , tacd thé doi bién nhu sau:a = y2 b=—-.c= zy(x, y,z>0)
abc =Kk X y Z

hoaca:kx ,b:ky ,c:kz (x,y,z2>0)
yz ZX Xy

Hai phép d6i bién nay ciing dem lai cho chuing ta thém lua chon khi chitng minh BDT, két
hop v6i cac BDT da biét mot s6 bai toan BDT khé duoc giai quyét.
Vi du 17. Cho céc s6 thiee duong X, Y,Z théa man: Xyz =1. Chting minh rang:

1 1 1 e
K=— +— +— >1  (Vasile Cirtoaje)

X“+x+1 y +y+1 z°+z+1

Loi giai:
e bc ~ca__ab
Tt gia thiét ta c6 thé dat X=—-,y=—,Z=—- véi a,b,c>0.
a b c
a’ b* c’

Khi d6 K =

+ +
a‘+a’bc+b’c® b'+b’ca+c’a’® c'+c’ab+a’b’
Ap dung BDT Bunhia-copx-ki ta cé:

K.[(a4 +a’be+b’c?) +(b* +b’ca+c’a’)+(c' +c’ab+ azbz)} >(a’+b” +¢’ )2
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(a2 +h%+ CZ)Z
(a*+a’bc + bzcz) + (b4 +b’ca + c2a2)+ (c*+cab+ azbz)
(a2 +b%+ cz)2
a'+b*+c*+a’b*+b’c* +c’a*+a’bc+b’ca+c’ab
(a2 +b?+ c2)2

a’+b*+c'+a’h’ +b’c® +c’a® +a*bc + b’ca +cab

=K2

=K2

>1(1)

Vay can chiing minh BDT:

Ta co:
2
(1) = (a®+b*+c*) =a* +b* +c* +a’* + b’ + c’a’ +a’bc + b’ca + c*ab

<at+b*+ct+2a’b* +2b%c® +2c’a* >a’ +b* + ¢ +a’b* + b*c® + c’a* +a’bc + b’ca + c’ab

< a’h® +b’c? +c’a’ > a’bec + b*ca + c’ab
Mt khac, ap dung BDT C6-si cho hai s6 dwong;:
a’h® + b’c? > 24/a’b*.b’c® = 2b%ac
b’c* +c’a’ > 2/b’c*.c’a® = 2c’ab
c’a®+a’h® >2+/c’a’.a’h® =2a’hc
Cong cac vé€ cua 3 BDT trén suy ra:
2(a’” +b’c® +c’a’) = 2(a’bc + b’ca + c’ab) <> a’b’ + b’c® + ¢’a’ > a’hc + b’ca + c’ab
Do d6 (1) dwoc chitng minh. Tir d6 suy ra diéu phai chtng minh.
Dau dang thitc xay rakhi a=b=c=>x=y=z=1
Vi du 18. Cho 3 s§ duong a,b,Cthéa man abc =1. Chiing minh ring ta co:
1 1 1 2
(1+a)  (L+b)  (L+c)  (1+a)(1+b)(1+c)

Loi giai:

>1 (Pham Vin Thuin)

ZX X
Ttr gia thiét ta 6 thé dat a—y— b——,Z=—¥ véi X,Y,2>0.
X? Z

y2
1 N 1 N 1 N 2
(1+ a)2 (1+ b)2 (1+ 0)2 (1+a)(1+b)(1+c)
X4 y4 Z 2y222
= st 7 T >t 75 2
(X*+yz) (Y +2zx) (Z°+xy) (X2 +yz)(y* +2x)(2* +xy)

Ap dung BDT Bunhia-copx-ki ta cé:

Khi d6 P =

4
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1 1
Z 2 ) (*)

(m*+n?)(m?+k*)=(m”+nk) :>(m2+nk)2_(m2+n2)(m2+k

Ap dung BDT (*)ta duoc:

X z* 2x°y?z?

+

I ) EOET) A )T

F)>x“(y2+zz) y (22 +x7)+ 2" (X + )+ 2x%y*z*
- (x2 +y )(y +Z )( xz) (x2 +yz)(y +zx)(z2 +xy)
Mat khac theo BDT trén ta co:
(X2 +y*)(x* +2°) 2 (X" +yz)
(Y2 +2°)(y +x*) 2 (y* +2x)
(z2 +y2) (z2 +xy)2

+ xz)2 > (X + yz)z(y2 + zx)z(z2 + xy)2
(X +yz)(y* +2x)(2* +xy)do X,y,2>0
2x°y’z° S 2x°y’z°
(X2 +yz)(y? +2x)(22 +xy) (X2 +y*)(y* +2°)(2* +x?)
x“(y2+zz)+y“(zz+x2)+z“(x2+y2)Jr 2X2y°Z?
(X +y*)(y* +2°)(2° +x2) (X2 +y*)(y* +2°) (2" + %)

X'y + X2+ Y2ty + 20X+ 2ty + 2%y 7R

(¢ +y)(y* +2°)(2* +x°)

XY+ X'ZP Y2+ Y+ X+ 2y + 22Xy

XY XYY+ X+ Y +2x2yzz2

Do d6 P>

=P>

=P>

— dpem. Dau dang thiee xay rakhi a=h=c=1
Vi du 19. Cho cac s6 thuc X,Y,Zkhac 1 va théa man Xyz =1. Ching minh r?mg

2 2 2
(Lj LY J{Lj >1  (IMO-2008)
x-1 y-1 z-1

Loi giai:
a’ b’ c?
Do X,Y,Zkhéc 1 va théa man XyZ =1nén ta c6 thé dat: X=—,y=—,Z2=—
bc ca ab

voi (a2 - bc)(b2 - ca)(c2 —ab) #0.

Khi d6 BDT can chitng minh dwgc viét lai nhu sau:
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a* b* c’
=+ =+ -=>1
(a? —bc) (bz—ca) (cz—ab)
Ap dung BDT Bunyakovsky ta cé:

4 4 4

[(2—be) + (b ~ca) +(c* ~ab)’| " 2 o fca)z @ fab)z >(at+ b+t
- a* N a* . at (a®+b*+ c2)2
(a*- bc)2 (b? —ca)2 (¢ —ab)2 (a’- bc)2 +(b? —ca)2 +(c? —ab)2

(a2 +b%+ 02)2
(a2 - bc)2 + (b’ —ca)2 + (c2 —ab)

Ta can chiing minh BDT:

> >1(1)

That vay, BDT (1) & (% +b® +¢*) 2 (a?~bc) + (b —ca) +(c* —ab)’

ca'+b'+ct+2(a’h’ + bt +cfa’)2a’ +b* +¢' +(a’h’ + b’c? + ¢*a’) - 2(a’be + bca + c’ab)
< a’h’ +b°c’ +c’a’ +2(a’hc+b’ca+c’ab) > 0 < (ab+bc +ca) >0

Ttr d6 suy ra BDT da cho duoc chitng minh.

Vi du 20. Cho céc s6 thuc X, Y,Z thoa man Xyz =8. Chiing minh rang

2 2 2

. X +— y +— Z >1
X +2x+4 y +2y+4 z72°+2z+4

Loi giai:
2a’° 2b? 2¢’
bat X = Y= 2= . Khi d6 BDT da cho dwgc viét dudi dang:
bc ca ab
a* b* c’

= + +
a‘+a’bc+b’c® b*+b’ca+c’a® c'+clab+ab’

Ap dung BDT Bunhia-copx-ki ta cé:

[(a4 +a’bc+ b202)+ (b4 +b%ca+ cza2)+ (c“ +cab+ azbz)}.P > (a2 +bh%+ c2)2

(a2 +b?+ cz)2

=Pz (a*+a’bc +b’c?) + (b4 +b’ca +c’a’) +(c4 +clab+ azbz)

Vay chi can chitng minh BDT:
(a® +b*+c?)

(a4 +a’bc + bzcz) + (b4 +b’ca + czaz) + (c4 +c’ab +a%b’

) >1(1)

That
vay(1) & (a® +b* +¢*) > (a* +a%bc+b%c?) + (b’ + bca + ca®) +(c* +c%ab +a’b?)
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ea'+b'+cf+2(a’h’ + b’ +c’a’)za’ + b + ¢’ +(a’h’ + b’ +c’a’)+a’be + b’ca+c’ab
< a’b* +b’c® +c’a’ —a’hc —b’ca—c’ab > 0 < 2a°h® + 2b°c® + 2c*a’ — 2a’hc — 2b*ca — 2c’ab > 0
& (ab—ac) +(bc—ba)’ +(ca—ch) >0
Do d6 BDT da cho duoc ching.
® Nhitng vi du trén cho thidy hiéu qud ciia phép doi bién néu trén la rdt 16m. V6i cich lam twong tw
chiing ta cé mot s6'bai todn sau:
1. Cho céc s8 thuc duong a,b,cthoa manabc =1. Chiing minh ring ta c6 bat dang thuc:
1 1 1 1
+ + >=
(a+1)(a+2) (b+1)(b+2) (c+1)(c+2) 2
2. Cho céc s6 thuc duong a,b, €. Chitng minh rang ta cé bat dang thiic:
a’ b’ c’
3 3 + 3 3 + 3 3 21
a’+abc+b” b’+abc+c’ c +abc+a
3. Cho cac s6 thuc X, Y,Z théa man Xyz =1. Chting minh rang ta c6 bat dang thirc:
1 1 1 3
z T z T 72—
(1+x) (1+y) (1+z) 4

Dang 4. Pua bt ding thirc vé mot bién

Trong bat dang thitc thuong thi cdc bai todn cting mot dang thi cang nhiéu bién
cang kho, diéu nay c6 nghia véi nhiéu bai todn sé don gian hon khi ta dwa bat dang thikc
vé dang it bién hon.

Cac budc lam:

- Pua bat dang thtrc vé mot an

- Xac dinh diéu kién an (néu cd) , dw doan dau bang ctia bat dang thitc hay biéu thikc cuec tri

- Bién ddi twong dwong vé nhan tir theo ddu bang du d6 ctia biéh méi hodc st dung cac

bat dang thitc AM-GM hoéc Bunyakovski.

*Thi du 1. Cho cac s6 thuc x, y thoa man X+ Y = 2. Tim gia tri nho nhat cta biéu thic:
A=x’+y° +2xy.

(Hoc sinh gidi 16p 9 Thanh phdHa N§i nim 2006-2007)

Huéng dan giai

Tacéd: A=X>+y° +2xy. =(x+ y)3 —3xy(x+Yy)+2xy
Theo gia thiét X+Yy=2,tacé y=2—-X nén
A=2°-6x(2-x)+2x(2—x)=4x"-8x+8

=4(x-1)" +4>4, VxeR.

227 | CAM NANG BAT DANG THUC



Tacd A=4khivachikhi Xx-1=0& x=1=y=1.
Vay gid tri nhé nhat cua Ala4 khi x=1y =1.
*Thi du 2. Cho a, b 1a cac s6 thuc khac 0. Tim gia tri nho nhat ctia biéu thiec:
A= SLa—2+Ej—8(E+E).
b>  a’ b a

Huéng dan giai

2
£):§1tm=%+E ta c6: m* =(—+—j 24.%.9:4:\m\22:>m22vm3—2
a

2
Cich 1: Do d6: A=3m?*—-6—-8m :3(m—%) —%.

2 2
Vi m> 2 thi: m—%k%:(m—ﬂj zg: A=3(m—ﬂj —%>ﬂ—3—4:—10

3 3 3 3 3
2 2
Voi m<-2 thi:m—ES—E: m—ﬂ 2@:A=3 m—ﬂ —%23.@—3—4=22.
3 3 3 9 3 3 9 3

Vay gia tri nhé nhat ctia A la-10 véim =2, khi d6 a=b.
Cich 2: A=3m” —6—8m =(m’ —4)+(2m* —8m+8)-10 = (m* —4) +2(m-2)° =10 > -10

Vay gia tri nhé nhat ctia A la-10 véim =2, khi d6 a=b.

*Thi du 3. Cho x, y la cac s6 thuc khac 0. Tim gia tri nho nhat cua biéu thiec:
4X2 2 XZ 2
—yz +—+ y_2 > 3.
(x*+y?) ¥y X
(D# todn vao 10 chuyén KHTN Ha N¢i 2000-2001)
Hudng dan giai

Bat dang thitc da cho c6 thé viét lai thanh:
2, 2\
4x%y? X +y
gy

(X2 N y2)2 X2y? > 9.

X2 +y?) 2,2
Dét%zt:%zﬂ.Tadu’oc:
&)
2 — —
%+t25@¢20@WZO (1)
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Theo bat dang thitc AM- GM ta dé thdy: t >4 suyra t—1>0,t—-4>0.,
Do d6 (1) ding. Vay bai toan dwogc chitng minh.
Déng thiic xay ra khi x = .
*Thi du 4. Cho X,Y,Z>0 va X+ Y+ Z=1.Chitng minh rang:
3 2
X t 2 o7,
V+YyZ+2X X4y 41

>14.

(D# todn vao 10 chuyén Trin Phii Hai Phong 2003-2004)
Huéng dan giai
Dat: Xy +yz+zx=t=x’+y’ +2° =(x+ y+z)2 —2(xy+yz+2x)=1-2t

, 1 1
Ta c6 bat dang thitc quen thudc: 3(xy+ yzZ + ZX) < (X—i— y+ Z)2 =>t< 3 =0<t< 3
Do d6 ta can chitng minh:
3

—+
t 1-2t

& 3(1-3t)" +t* >0 (ding)

>14 < 3(1-2t)+2t >14t(t - 2t) < 3— 4t > 14t - 28t* < 3-18t +28t* >0

Vay bai toan duwgc chitng minh.
*Thi du 5. Cho x, y la cac s6 thue dwong thoa man: 4x* +4y” +17xy +5x+5y > 1
Tim gi4 trj nho nhat ctia biéu thiee: P =17x* +17y” +16xy
(D# todn vao 10 chuyén KHTN 2019-2020)
Hudng dan giai
Ta cé: 4x* +4y* +17xy +5x+5y>1 < 4(x+y)2 +9xy +5(x+y) =1

bat t=x+y, t>0, theo bat dfmg thitc AM-GM, ta co:

2
X+ 2 - -
xyéﬂ=t—. Do d6: 4’c2+2tz+5t21:>’t22\/E 2hay x+y22\/5 2.
4 4 4 5 5
Ta co: P=17x> +17y2 +16xy = 17(x+ y)2 —18xy

4 4 5

s (xry) 25 . 25(242-2)
>17(x+y) —18—:Z(X+y) 2_[ ] — 642
Dau “=" xay ra khi x=y =

J2-1
5

Vay gi4 tri nho nhét cia P1a 6442
*Thi du 6. Cho a, b, c la cac sd thuc duwong thay d6i thoa man: a+b+c=3.
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ab+bc+ca
a’b+b’c+c’a

Tim gid tri nho nhat cta: A =a’+b” +c” +

(Dé todn vao 10 chuyén Phan Bgi Chdu)

Hudéng dan giai
Ta chting minh: t=a’ +b* +c® >a’b+bc’ +c’a (1)
That vay: E’>(a2 +b? +c2):(a+b+c)(a2 +b? +c2)
= (a3 +b’ +C3)+(a2b+b2c-|—c2a)+(ab2 +bc? +Ca2)
Ap dung AM-GM: a’ +ac® >2+a*c® =2a’c
Tuwong tw: b’ + bc? > 2b’c; ¢® +ca’ > 2c%a

Nén: 3(a2 +b” +¢? ) > 3(a2b +bc” + cza). Do d6 (1) dung.

ab+bc+ca ab+bc+ca
A=a’+b’ +c” +— ———2a’+b +Cr——
a‘b+b°c+ca a“+b +c
9-(a®+b* +c’ 9_t a+b+c)
=S A>a’+b*+* + ( )=t+ o vc’rit=a2+b2+c22%=3

2 (a2 +b® +c )
Bai todn trd thanh tim gia tri nho nhat cua: f(t)=t+ % voi t23.
(Du doan Min caa f(t) 1a 4 khi t=3, Bién d6i twong duong theo nhan t (t - 3))

N 9-t
Ta chttng minh: f(t)zf(3)<:>t+ 5 >4 (*)

2 _ t-3)(2t-3

2t 9t+920<:>( )(2t-3)
2t

Vay Min(A) =4 khi t=3haya=b=c=1.

That vay: (*) = >( ludn dang véimeit >3

*Thi du 7. Cho céc s8 x, y thoa man (x+y) +4xy>2. Tim GTNN cua bifu thitc

A=3(x4 +X°y? + y“)—Z(x2 + y2)+1.

(Dé todn Dai hoc khoi B ndam 2009)

Hudng dan giai

Ta c6 2§(x+y)3+4xy§(x+y)3+(x+y)2:>x+y21:> x2+y22%.

R R R R A R G

Z%(xz+y2)2_2(x2+y2)+1:%{(x2+y2)2+%}_2(xz+yz)+%
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2%.2 (x2 +y2)2%—2(x2 +y2)+%:%.(x2 +y2)—2(x2+y2)+%

:l(x2 +y2)+l>l+l J

4 168 16 16

4y 1
Dau bang xay ra khi X = yza.

Vay gia tri nhé nhat cua A la % khi x=y= %

*Thi du 8. Cho x, y, z la cac s3 duong théa man X(X+ Y +2)=3yz. Chttng minh rdng
(x+y) +(y+2z) +3(x+y)(x+2)(y+2)<5(y+2)".
(Dé todn Dai hoc khoi A nam 2009)
Hudng dan giai
Do x la s6 duong nén:

+) X(x+y+2z)=3yz o14d4L2-37
X

YA
X X X

+) (x+y)3+(y+z)3+3(x+y)(x+z)(y+z)s5(y+z)3

3 3 3
@(Mj {LEJ +3(1+1)(1+5)(1+5js5(l+5J

X X X X X X X X X
Déta=%,b=§(a,b>0).8éitoén da cho tr thanh: “Cho cac s8 duong a, b thoa man

1+a+b=23ab. Ching minh rang (1+ a)3 +(1+ b)3 +3(a+b)(1+a)(1+b)<5(a+ b)3 ()
Ta thdy biéu thikc diéu kién va bat dang thitc can chitng minh déu ddi xting véi a va b. Dt
t=a+b, taco: 1+a+b=3ab£%(a+b)2 S} -4-420<(3t+2)(t-2)20t>2
Khi dé:

(2) = 4t° -6t -4t >0 < t(2t+1)(t—2) > 0ludn ding t > 2.

Vay bat déng thiic dwoc chiing minh.

3 S 6
ab+bc+ca a+b+c
(DTTS 16p 10 chuyén Vinh Phiic 2010)

Hudng dan giai

*Thi du 9. Cho a,b,c > 0. Chitng minh rang: 1+
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batt=a+Db+ C('[ > O) . Dé dang chitng minh dwoc BDT:

(a+b+c)223(ab+bc+ca)<:>ab+bc+cas£t2.Suyra: 3 >3 :%
3 ab+bct+ca 1. t

3

2
Ta sé chiing minh BDT: 1+%2%©g_$+12 0 (%—lj > 0. BDT nay hién nhién

t2

dung. Tt d6 suy ra BDT da cho dwoc chitng minh.

9 1<2

*Thi du 10. Cho cac s6 thiee dwong a,b, €. Chitng minh rang: - <
a+b+c abc

Hudng dan giai

y . N a+b+c t t®
Dat'[=a+b+C('[>O).ApdungBDTCo-51taC0:\/abCS—zgjabCSE
1 27
Knids: —> — + <9 20
a+b+c abc t t
27 27

Vay chi can chiing minh BDT: %—t—3S2<:>t—3+22%

Thay vay

] 27 27 /27 9

Ap dung BDT C6-si cho 3 s6 duwong ta co: t—3+ 2 :t—3+1+12 3.3 t_?’.l.l:T

Ttr d6 suy ra BDT da cho duoc chitng minh.
*Thi du 11. Tim gid tri nho nhat cua biéu thic A, biét :
A=(x-1)"+(x-3)" +6(x-1)"(x-3)’
(DTTS I6p 10 TP Ha N¢i 2008)
Huoéng dan giai
Dt t=(x—-1)(x—3), Taco
(x=1) +(x-3) =(x-1-x+3)" +2(x-1)(x-3) =4+ 2t
Mat khac:
(x-1)" +(x-3)’

[(x=2) +(x=3) | ~2(x~1)" (x~3)" =(4+2t)" -2t

= (x-1)" +(x-3)" =2t* +16t +16. Do d6 A=8t*+16t+16=8(t+1) +8>8

Déu déng thirc xay rakhi t=-1¢ (X -1)(x-3)=-1¢ (x-2) =0 x =2
Vay min A =8khi x =2

*Thi du 12. Cho s8 thuc X thdéa man X° + (3 — X)2 > 5. Tim gid tri nho nhét cua biéu thie
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P=x* +(3—x)4 +6x2(3—x)2
(DTTS I6p 10 chuyén Todn, DHKHTN-2003)
Huéng dan giai
Pst t=x° +(3—x)2 =t>5
Mat khac:

t=x° +(3_x)2:(x+3—x)2—2x(3—x):9—2x(3—x):>x(3—x):?

Do d6

2 2
P:[x2+(3—x)2]2+4x2(3—x)2:t2+4.(gj :2t2—18t+81:2(t—gj B
2 2) "2

9_1 1) 81
Theotrén t25=>t-—>2—=P2>2| - | +—=41
2 2 2 2
Dé’udéngthﬁfcxéyrakhit=5<:>X2+(X—3)2:5<:>X2—3X+2:0<:>Xe{1;2}
*Thi du 13. Cho a, b, ¢ 1a cac s8 thue khong 4m thoa man a+b + ¢ =1. Chitng minh rang:
a+2b+c>4(1-a)(1-b)(1-c)
Déng thiic xay ra khi nao?
(DE thi hoc sinh gioi I6p 9, TP H6 Chi Minh nam 1988-1989)
Huéng dan giai
l-a=x a=1-x
Dit 1-b=y=<b=1-y=x+y+z=3-(a+b+c)=2&x,y,z<1 nén bat dang thizc
l-c=z c=1-z

twong duong: (1-x)+2(1-y)+(1-2)>4xyz < x+2y+z2+4xyz <4

Do bat dang thitc d6i xting véi x va z nén ta dw dodn dang thiec xay ra khi x = z, nén ta

nghi dén danh gia nhu sau:

4xyz:y.4xz£y(x+z)2:>x+2y+z+4xyz§x+2y+z+y(x+z)2

Stt dung diéu kién x +y+z =2 d& quy vé bat dang thitc mot bién y:
x+2y+z+y(x+2) =2+y+y(2-y) =2+y+y —4y> +4y =y —4y> 15y +2

Do d6 bay gio chi can chitng minh:

Y —4y* +5y+2<4 oy —4y? +5y-2<0e (y-1) ' (y-2)<0 (2)

Bat dang thitc (2) hién nhién ding do x,y,z <1 vay bai toan duoc chitng minh.
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Déngthﬁfcxéyrakhi x=z=%,y=1<:>a=c=%,b=0.

Dang 5.
1) Néu bai toan cho diéu kién X,y,z >0 va X+ y+2z+2 = xyz, ta bién doi:

XyZ=X+Yy+2+2
S XYZ+XY+YZ+IX+X+Y+Z+1=(Xy+YyZ+2X)+2(X+y+2)+3
S (xy+x+y+1)(z+1)=(xy+x+y+1)+(yz+y+z+1)+(2x+ 2+ x+1)
o (x+1)(y+1)(z+1) =(x+1)(y+1)+(y+1)(z+1)+(z+1)(x +1)

1 1 1

+ + =1
x+1 y+1 z+1
Sau do dat: a= L b= L ,C= L :
X+1 y+1 z=1
Khidd atbic1va le—a:b+c;y=1—b:c+a; _1—c:a+b.
a a b b C C

2) Néu doi (a,b,c)—{i;%;ij ta c6: abc=a+b+c+2 twong duong véi
abec

ab+bc+ca+2abc =1. Vi vay khi gap gia thiét ab+bc+ca+2abc =1 ta c6 thé dat
a= X;b: y;c= Z‘

y+12 Z+X X+Yy
3) Néu a,b,c>0 va ab+bhc+ca+abc=4 ta bién doi

ab+bc+ca+abc=4

< abc+2(ab+bc+ca)+4(a+b+c)+8=12+ab+hc+ca+4(a+b+c)
< (a+2)(b+2)(c+2)=(a+2)(b+2)+(b+2)(c+2)+(c+2)(a+2)
1 1 1

+ +
a+2 b+2 c+2
2 2 2

+ + =2
a+2 b+2 c+2

2 2 2
< 3- + + =1
a+2 b+2 c+2
a b c
=+ =
a+2 b+2 c+2

1=

Sau do dat x = a Y= b 1z = ¢ .
a+2 b+2 cC+2
Khidé x+y+z=lva 2=8f2_ 9,22 1 4 y+z_ 2
X a a a x X y+1z
2y 22

Twong tu: b= ,C= :
Z+X X+Yy
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4) Néu d6i (a,b,c) e[é;%;ij ta c6: ab+bc+ca+abc =4 twong duong
c

véia+b+c+1=4abc. Vivay khi gdp gia thiét a+b+c+1=4abc ta co thé
y+ab:z+xm:x+y.

2X 2y 22
*Thi du 1. Cho a, b, c la cac s thuc duwong thoa man ab +bc + ca + abc = 4. Chting minh

ran :@+J&+\/ass.
')

data =

Huéng dan giai
Ta co:
ab+bc+ca+abc=4
< abc+2(ab+bc+ca)+4(a+b+c)+8=12+ab+hc+ca+4(a+b+c)
< (a+2)(b+2)(c+2)=(a+2)(b+2)+(b+2)(c+2)+(c+2)(a+2)

1 1 1
<1l= + +
a+2 b+2 c+2
2 2 N 2

+ =
a+2 b+2 c+2

2 2 2
< 33— + + =1
a+2 b+2 c+2
a b c
+ + =
a+2 b+2 c+2

b_z_ c
b+2' c¢c+2°

Sau do dat x = a Y=
a+2

Khidc’)x+y+z=1véizﬁigzhg:;g:l—l:lii azig—
X a a a X X y+12
Twong tu: b= 2y ,C= 22 )
Z+X X+Yy

Thay vao bat dang thitc can chting minh tré thanh:
J 2x_ 2y +J 2y 2 +J 22 2 _,
y+z x+z2 \z+X X+y \x+y y+z
@2.\/ y .L+2.\/ I +2.\/ *_ L <3
y+2Z X+1 Z+X X+Y X+Yy y+12

Theo bat dang thitc AM — GM ta duoc:

2% y. z < y + X
Yy+zZ X+z y+2 X+1Z
f Z y z y / X Z X Z
. 2. . < + 2. . < +
Tuong tu: Z+X X+Yy Z+X X+Yy X+y Y+Z X+Yy Yy+12z
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Cong theo vé ta duoc:

X

2.\/y.x+2.\/z.x+2. X.Z S(X+yj+[y+zj+(z+
Yy+2Z X+12 Z+X X+Yy \jx+y y+2 X+y X+Yy y+z y+12 X+Z X+12

Vay bai toan duoc chitng minh.

Déng thiic xay ra khi x = y=z=% hay a=b=c=1
*Thi du 2. Cho X, y, z la cac s6 thuc dwong thdéa man xy + yz + zx + 2xyz = 1. Chttng minh

. 1 1 1
rang:;+;+;24(x+y+z)
Hudng dan giai
Ta co:
Xy + Yz +2X+2xyz =1
S 3XYZ+2(Xy + YZ+2X)+(X+Y+Z)=XyZ+ XY+ Y+ X+ X+Y+2+1
S x(y+1)(z+1)+y(x+1)(z+1) +z(x+1)(y+1) = (x+1)(y +1)(z+1)
X y z
x+1+y+1+z+1=

bat: a= X b y C= z =a+b+c=1

x+1  y+1 z+1
. X 1 x+1 1 1 1-a b+c a
Tacd: a=——=_"="_"~"_J+ - =" = _ oy
b C
Twong tu: y= 17 = ]
g Y a+c a+b
DOdé:£+£+£Z4(X+Y+Z)<:>b+C+C+a+a+b24( a b ¢ j
Xy z a b c b+rc c+a a+b

X /, 2 ’ 1 1
Ta dé dang chitng minh dugc bat dang thic: —+—2>
m n m+n

vmn>0 (*)

Ap dung bat dang thikc (*) ta dwoc:

b+c c+a a+b [1 1} (1 1) (1 1)
+ + =a| —+—|+b|=+=|+c| —+=
a b c b c cC a a b

Déng thiic xay ra khi a:b:C:% hay X:y:Z:%.

*Thi du 3. Cho x, y, z 1a cic s6 thuc duwong thoa man X+ y + 2 + 2 = xyz. Chting minh rang:

2(\/x—y+\/ﬁ+\/§)3x+y+z+6.

\%

a b a
4 d
(b+c+c+a+b+cj (dpem)
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Huéng dan giai
Ta co: XyZ=X+Yy+2+2

S XYZ+XY+YZ+IX+X+Y+Z+1=(Xy+yz+2X)+2(X+y+2)+3

S (xy+x+y+1)(z+) =(xy+x+y+1)+(yz+y+z+1)+(2x+z+x+1)
< (x+1)(y+1)(z+1) =(x+1)(y+1)+(y+1)(z+1)+(z +1)(x+1)
1 1 1
+ + =1
Xx+1 y+1 z+1

Sau d6 dat: a= ! b= 1 ,C= ! .
X+1 y+1 z+1

Khido a+b+c=1va x=i-8-_0*C. 1-b_c+a _1-c_a+b
a a b b c c

Ta co: 2(\/x_y+\/ﬁ+\/§)3x+y+z+6.

<:>(\/§+\/§+\/E)2—(x+ y+2Z)<X+Yy+2+6.
c>\/§+\/§+\/;£\/2(x+ y+2+3)
<:>\/§+\/§+\/E£\/2[(x+1)+(y+1)+(z+1)]

@\/b;—C +\/c;a +\/a;rb S\/[(b+c)+(c+a)+(a+b)][§+%+%j

Bat dang thitc cudi cing hién nhién dtng vi day la bat dang thitc Bunyakovski do d6 bai

toan duoc chiing minh.

Déng thtic xay ra khi a=b=c=% hay x=y=z=2.

*Thi du 4. Cho x, y, z 1a cac s0 thuc duong thoa man ab + bc + ca + abc = 4. Chtiitng minh
rang: a+b+c>ab+bc+ca.
Hudng dan giai

Ta co:

ab+bc+ca+abc=4
< abc+2(ab+bc+ca)+4(a+b+c)+8=12+ab+hc+ca+4(a+b+c)
<:>(a+2)(b+2)(c+2)=(a+2)(b+2)+(b+2)(c+2)+(c+2)(a+2)
1 1 1

<l= + +
a+2 b+2 c+2

237 | CAM NANG BAT DANG THUC




2 2 2
+ + =
a+2 b+2 c+2

2 2 2
< 3- + + =1
a+2 b+2 c+2
a b c
—+ =
a+2 b+2 c+2

Sau do dat x = a Y= b 2= ¢ .
a+2 b+2 c+2
1 2 2 2 1 2
KMdbx+y+z=1vé-—=3i—=1+—:y—:——1:y+z:>a=—lL.
X a a a X X y+12
Twong tu: b= 2y ,C= 22 :
Z+X X+Yy

Ta c6 diéu kién X+ y+z =1 va ta can chitng minh

a b c o 2ab 2bc 2ca

b+c+c+a+a+b (b+cﬂc+a)+(c+aXa+b)+(a+bﬂb+c)
a(c+a)(a+b)+b(b+c)(b+a)+c(c+a)(c+b)_ 2ab(a+b)+2bc(b+c)+2ca(c+a

N

< a(c+a)(a+b)+b(b+c)(b+a)+c(c+a)(c+b)>2ab(a+b)+2bc(b+c)+2ca(c+a)

< a’ +b® +¢® +3abc > a’b +ab® + bc + bc? + a’c +ac’.

& (a’-a’b—a’c+abc)+ (b’ —ab® —b’c+abc)+(c* —ac* ~bc? +abc) = 0

< a(a—b)(a—c)+b(b-a)(b-c)+c(c—a)(c—-b)>0

(Ddy chinh la bt dang thitc Shur c6 nhiéu cich chitng minh.)

Do vai tro cta a, b, ¢ 1a nhu nhau nén ta ¢6 thé giast a>b >c.

Truong hop 1: néu 2 trong 3 s bang nhau thi bt dang thikc hién nhién dung.

Truong hop 2: néu a > b > c ta chia hai vé& bat déng thikc cho (a—b)(b—c)(c—a)>0nén bat
b

dang thttc twong duong: . a PR + " ¢ . > 0 bat dang thuc trén ludn ding do

% o

a>b>0 a—b>
=

O<b-c<a-c a b

b-c a-c

D4u “=" xay ra khi a=b =c hodchodc a=b;c=0 cac hoan vi cua no.

*Thi du 5. Cho Xx,y,z>2 va %+%+%:1.Chﬁ’ngminhr§ng: (X—Z)(y—Z)(Z—Z)Sl.
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(Dé tuyén sinh chuyén Lam Son, Thanh Hoa 2005-2006).
Huéng dan giai
Vi gia thiét X, y,zdéu 16n hon 2, ta nghi dén viéc ddt an phu dé dua bai toan vé dang don

gian va quen thudc hon. Hay xét 10i giai sau:

bat x=a+2,y=b+2,z=c+2vdi a>0,b>0,c>0 .Bai toan quy vé chitng minh: abc <1

v6i a>0b>0.c>0 théaman 4+ + 1 g & B ¢
a+2 bh+2 c+2 a+2 b+2 c+2

Pén day dit ti€p: m=——:n= b p= ¢ =>m+n+p=1

y cattiep: a+2  b+2 c+2 '
Tacc'):iza—-l_zzl+£:>£:£—1:n+p:>a— 2m

m a a a m m n+p
Twong tu: b= 2n ,C= 2p .

p+m m+n

Do d6 bat dang thikc tré thanh:

2m  2n  2p
N+p p+m m+n

<l< (m+n)(p+m)(n+p)=8mnp.

Ap dung bat ding thitc AM-GM ta c6: (m+n)(p+m)(n+ p)>2vmn.2,/np.2,/pm = 8mnp.
Bai toan dugc giai quyét xong.
Déng thitc xdy rakhi & m=n=poa=b=c=1ox=y=2=3.

Cich khic: St dung ghép d6i xing;:

1 1 1 j (1 1 j b ab
=|—-——— |4+ = + 2 .
c+2  a+2 b+2 2 a+2 2 b+2 2a+2 ) 2(b+2) (a+2)(b+2)

Tucmgtu
c+2 a+2 a+2 b+2 c+2

Nhan ba bat dang thitc trén theo vé ta duoc;

1 > abe = abc <1.

(a+2)(b+2)(c+2) (a+2)(b+2)(c+2)

*Thi du 6. Cho a, b, c dwong thoa man: ab+bc+ca+abc =4
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1 1 1
+ + =
a+2 b+2 c+2
1 1 1

+ + :
1/2(a2+b2)+4 2(b2+c2)+4 2(C2+a2)+4
(Dé tuyén sinh chuyén Tin, Ha N¢i 2019-2020).

Huéng dan giai

1) Chiing minh rang:

2) Tim gia tri lon nhat: P =

1) Ta co:
1 1 1
a+2+b+2+c+2:
& (b+2)(c+2)+(a+2)(c+2)+(b+2)(a+2)=(a+2)(b+2)(c+2)

<:>ab+bc+ca+4(a+b+c)+12=abc+2(ab+bc+ca)+4(a+b+c)+8

< 4 =abc+ab +bc+ca.

Déng thitc cudi cing ding theo gia thiét, cac phép bién d6i la twong dwong, do d6 dang
thirc da cho duoc chitng minh.

2) V6i x, y duong ta c6 bat dang thtec:

2(x2 +y2)2(x+y)2 *)

1 1(1 1J
<= 24— ™
x+y 4{(x vy

That vay:
(*) = (x - y)2 >0 (ludn dang)

X+y
(>(- *) PRI

4xy x+y
Cac bat dang thite (*), (**) xay ra ddu “=” khix =y.
Lan lwgt 4p dung (*) va (**) ta co:

= (x + y)2 > 4xy & (x - y)2 >0 (lubn dang)

1 < 1 _ 1 l 1 N 1
\/2(a2+b2)+4_a+b+4 (a+2)+(b+2)_4 a+2 b+2

Tuong tu:

1 1, 1) 1 1 1)
2(b2+c2)+4_4 b+2 c+2) 2(c2+a2)+4_4 c+2 a+2)
Cong theo vé ta duoc:
Pgl L + 1 + 1 =—
2la+2 b+2 c+2 2

Dau “=" xayrakhia=b=c

Vay gia tri l6n nhat caa P la %
C. BAI TAP AP DUNG

1) Cho x, y, z la cdc 6 thuc dwong théa man X+ Y +z + 2 = Xyz. Chitng minh rang:
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Q)XY +yZ+2X22(X+y+12) b)\&+\/§+\/§£;/xyz.
2) Cho x, v, z la cdc s6'thyee dwong théa man X+ Y + 2 + 2xyz = 1. Chitng minh ring:

a)xyzs% b)xy+yz+zx2%

3) Cho ba s6'dwong a, b, c thoa man abc = 1. Chitng minh bit ding thikc:

1 4 1 4+ 1
24a 240 2+4c¢c

<1

4) Cho ba s6'dwong a, b, c théa man abc = 1. Chitng minh bt ding thikc:

il -III.I O

+ + =1
L2 o342 a’ +2 ~

5) Cho cdc s6’dwong a, b, c dwong théa man abc=a+b+c+2 . Tim gid tri [6n nhit ciia biéu thirc
1 N 1 N 1
Ja?+b? b2+ NP +a
6) Cho x, y,z la cdc s0 dwong théa man xy +yz+zx =1 . Chitng minh rang:
3

p

1 1 1 2 X z

y
+ + >= + + (1)
Lx?  1+y® 142" 3| {14+x \/1+y2 J1+2

7) Cho cdc s& dweong x, y, z théa xyz = % Chieng minh rang:

z zx X
yz__ Xy

xz(y+z) yz(z+x) z’(x+y)
Diu “=" xay ra khi nao:

2xy+yz+zx.

8) Cho x, y, z la s0thwec khong dm thoa man diéu kién x+y+z :g .

Chitng minh ring: x +2xy +4xyz <2
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= CUC TRIBIEU THUC CO
2 DAU GIA TRI TUYET POI
O

A. Kién thiic cén nhé
e Dinh nghia: |A|= Anéu A>0 va |A/l=-Anéu A<O.
e Tinh chat:
-Véimoi AeR thi|A>0/[A>A|A>-A
-Véimoi X,yeR tacod |X + y| < |X| +|y|. D&u dang thitc xay ra khi va chi khi x, y cing d&u,
taecla xy > 0.
-Véimoi X,y eR tacod |X - y| > |X| - |y| D&u dang thtec xay ra khi va chi khi
y(x—y)20.cung d4u, tircla xy >0.
B. VI DU MINH HOA
Dang 1. P4t 4n phu dya vao gia tri ctia bién khi ddu bang ctia bat dang thirc xay ra.
*Thi du1l. Tim gia tri nho nhat ctia cac bi€u thuc:
a) A=|x—2020|+|x—2021;
b) B=|x—3+|x+5+|x-7|;
Huéng dan giai
a) Ap dung tinh chat 3 va 6, ta c6
A = |x —2020| +|x — 2021 =|x — 2020| +|2021— X| > |x — 2020 + 2021 - x| = 1.
Tt d6 min A=1khi (x—2020)(x—2021) > 0hay 2020 < x < 2021.
b) B=|x—3+|x+5|+|x—7|=(|x+5|+[x—7|)+|x=3 = (|x+5|+[7 - x|) +|x-3|.

Ap dung bat ding thirc [x + y| <[x|+|y| ta c6: |x +5|+|7 =X =[x +5+7 - x| =12
dang thic xay rakhi -5< x<7.

|X—3|ZO dang thiic xay rakhi x =3.

Vay minB =2 khi x=3.

*Thi du 2. Tim gid tri nho nhat cua biéu thire: D = |5X + 3| + |2X — 3| —X+1.
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Huéng dan giai
3

x+—+|2x—3|—x+1.
5

Ta cé: D:|5x+3|+|2x—3|—x+1=2 +3

3
X+ =
5

Mat khac:

2 X+§ >0 dang thizc xay ra khi Xz—g;

3IX+— Z3(x+gj, dang thiic xay ra khi XZ—%;

|2x—3| =[3-2X| 2 3—2x; dang thirc xay ra khi X s%;

29

Do d6: D=2 +3 +|3—2x|—x+120+3(x+gj+3—2x—x+1=?.

3
X+=
5

3
X+—=
5

Vay minD :Q khi x:—g.
5 5

*Thi du 3. Cho s6 thuc x. Tim gia tri nhé nhat cta:

A=X—=1-2X—2 ++/x+7—6Vx—2.
(Trich dé vao I6p 10 Chuyén Lé Hong Phong, TP H6 Chi Minh 2003-2004)

Hudng dan giai

Ta co:

A=x=1-2X=2 +x+7=64x=2 = [(x=2) = 2J/X =2 +1+/(x—2) —6Jx -2 +9

O R Ve I M RN R
Ap dung bat déng thirc [x+ y| <X +]y] ta co:

A:‘\/ﬁ—qu‘s—\/x—z‘sz—z—1+3—\/ﬁ=2.

JX=2-1>0
A = 2 khi va chi khi: & 1<UXx-2<3<3<x<11.
3-Jx-22>0

*Thi du4. Cho s6 thuc x. Tim gia tri nho nhat cta:
a) A=X—4+2JX=5 +yX-1-4/x—5 v6ix>5:
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b) A:\/x—2m+5\/x+3—4\/m +\/x+8—6\/ﬁ voix >1.
Hudng dan giai
a) Ta co:
A:\/x—4+2\/x——5+\/x—1—4\/x——5:\/(x—5)+2\/x——5+1+\/(x—5)—4\/x——5+4
=\/(JE+1)2 +\/(\/ﬁ—2)2 :M+1+‘M—2‘:M+1+‘2—\/ﬁ‘
>Xx-5+1+2-+/x-5

=3.

A=3khivachikhi 2-Vx-520&Vx-5<2<5<x<0.
Vay gia tri nhé nhat cia A la3 khi 5<x<09.
b) Ta co:

Azx/x—Zm +5\/x+3—4\/ﬁ +\/x+8—6m
:\/(x—l)—Z\/ﬁ+1+5\/(x—1)—4x/ﬁ+4+\/(x—l)—6\/ﬁ+9
= (VX115 (Vi-2) 4 (Vo1-3)
=[Vx=1-1+8[Vx-1-2]+|Vx-1-3
Z‘M—l‘+‘3—\/ﬁ‘
> x—1-1+3-x-1

=2
Jx-1-1>0
A=2khivachikhi {vXx-1-2=0&<VXx-1=2< x=5.
3—-Vx-1>0

Vay gia tri nho nhat cua A la 2 khi x=5.

*Thi du5. Cho s6 thucx, y, z théa man 0<X,y,z <3. Tim gia tri nho nhat ctua biéu

thirc: A:\/x2+y2 —2Xy +\/y2 +z(z—2y)+\/z(z—2x)+x2.

Hudng dan giai
Ta co: A:\/(x—y)2 +\/(y—z)2 +\/(z—x)2 =|x—y|+|y—z|+|z-¥|.

Khong mat tinh tong quat gia si: 0 <z <y < x < 3.Khi do:

A=X—-y+y-z+x-2=2(x-12).
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Do 0<z<Xx<3nén 2x<6,-22<0=>2x-22<6= A<6.
A=06 khivachikhi x=3,z=0va y tuy y thbaman 0<y <3.

Vay gia tri nhé nhat cua A la 6 dat duoc khi mot s6 bgmg 3, mot sO bgmg 0 va mdt s6 nhan
gia tri tir 0 dén 3.
*Thi du 6. Cho s6 thuca, b, c thdaman 0<a,b,c <2. Tim gia tri nho nhat cta biéu
thie: A=+/4a” —12ab+9b? + 24/b® — 2bc +¢? ++/4c? —12ca +9a’.

Hudng dan giai

Taco: A=yJ(2a—3b) +2,(b—c)’ +/(2c-3a)’ =|2a—3b|+2}p—c|+[2c-3a].

Str dung tinh chat |A| > -A, ta duoc: [2a—3b|>3b-2a, |b—c|>c-b, [2a-3c[>3c-2a.

Do dé: A>(3b-2a)+2(c—b)+(3a—-2c)=a+b>2.

3b-2a=0
. 7 | c=b>0 a=b=1
Dau “=" xay ra khi — 3.
3a-2c>0 1sc£§

a=b=1

Vay gia tri nhé nhat cua A la 2, dat dugc khi a =b =1 va c la mot s6 thyee bat ki thudc
doan {1;§}.
2

*Thi du 7. Cho x,y,z la cac s6 thuc thoa man x* +y2 +7°=8. Tim gia tri 16n nhat caa
biéu thitc M = |x3 —y3|+|y3 —z3|+|z3 —x3| .
(Chuyén Bic Giang nim 2018-2019)
Hudng dan giai
Ap dung tinh chat a—b|<|a|+|b|. Dang thitc xay ra khi va chi khi ab<0.
Khi d6 M<2([x["+ |y +|f
c<s [NM=2v2 o [je[2v2x
Mit khac X’ +y*+z° =8 = {y’<8 & |y|£2\/§<:> |y3|S2\/§y2
z" <8 |Z| <22 |Z3| <2272
vay M22(X +y] +[2]' | <442 (x +y7 +2) 23242,
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Déng thirc xay ra khi (x; y;z) = (2\/5;0;0) hoac (x; y;z) = (—2\/5; O;O) va cac hoan

vi cia né. Vay gia tri 16n nhat cia M béng 322

C. BAI TAP AP DUNG

1) Tim gid tri nho nhat cua cac biéu thirc:

A=[3x—1]+[3x+4; B =|2x +5|+2|x+3|

C =|x=1+|x—2|+...+|x—2010[;; D :|x2 +x+16|+|x2 +x—6|.

2) Tim gia tri nho nhat caa cac biéu thic:

A=|x+4]+2|x+5+|x+6]; B =|x+18|+12|23x +10|+ |x - 5|

C =|x+1+|x+2|+...+|x+2011; D =|X|+[2x +1|+[3x + 2|+ ... +]2011x + 2010].
3) Tim gia tri nho nhat cta cac biéu thic:

A=[2x—y|+2|2x -1 +|y +5]

B=X2—4X+4 +/4x% 12X+ 9 +~/x% + 2x +1

C=ax—2-2/x—3 +yx+1-4Jx—3

D =X=3+2JX—4 +x+12-8J/x—4.

4) Cho cac s6 thuc a, b, c théaman 0< a,b,c < 2. Tim gid tri I6n nhat va nho nhat ctia biéu

thic: P =+/a% —4ab +4b? +/b? — 2bc +c2 ++/c? —6ac +9c?.

4) Cho céc s8 thuc a, b théa man (a° —1)(b” 1) =1. Tim gié tri nho nhét ctia biéu thic:

P =[1+ab|+|a+b.

4) Cho cac s0 thuec khong am a, b théa man |a —1| + |b —1| = 2. Tim gia tri nho nhat cta biéu

thire: P=|a+b-1
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= PHUONG PHAP
E: pMM iSO BAT BINH (UCT)

A. Kién thlic can nhé

Str dung cac biéu thitc phu chira cac hé s& chua xac dinh d€ giai bai toan dé dang
hon. Biéu thttc phu khong c6 dang ¢d dinh nao ca.

D&u hiéu dé st dung phuong phéap hé s6 bat dinh (UCT) d6 1a khi gdp nhiing bai
toan kho, cac bai toan cac bién co tinh chat doi xing.

* Phuwong phap chung;:

+ Bwdc 1: Du doan diém roi (d€ xac dinh hé sd bat dinh dwoc dé dang hon).

+ Buéc 2: Tim bidu thitc phu (Lwu ¥: Bac ctia biéu thitc phu phai bang bac ctia hang
t trong diéu kién da cho ban dau cta bai toan) va chirng minh bat dang thitc phu.

+ Budc 3: Ap dung bat dang thiic phu vao chiing minh bai toan.

B. VI DU MINH HOA

*Thi du 1. Cho a, b, ¢ 16n hon 0 thoa man a*+b*+c¢® =3. Tim GTNN cta biéu thic:
1

P:2(a+b+c)+£+£+—
a b c

Phan tich:
Duw dodn diém roi:a=b=c=1

P:2(a\+b+c)+1+l+1
a b c

= (2a+£j+(2b+£j+(2c+1j
a b c
Tim biéu thitc phu: Ta du doan bi€u thirc phu ¢ dang
2x+l2mx2+n (*)
X

Do d6 ta cé:
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1
2a+—>ma’+n
a

2b+%2 mb%+n

1
2c+=>mc’+n
c

Cong 2 vé'ta duoc:
P>m(@®+b® +c*)+3n=3(m+n)
O trén ta da du dodn diémroia=b=c=1, nén khi d6 P = 9.

Do d6 ta ¢c6 n =3 —m, thay nguoc tro lai vao (¥), ta duoc:

1
2X+—>mx*+3-m
X

< 2x+12 m(x-1)(x+1)+3
X

2_
< wz m(x-1)(x+1)

@me(x—n(xm

2x -1
& m<
X(x+1)

1 5
Pong nhat x = 1 vao ta duwgc m= 3 =n= > ta duoc bi€u thirc phu la:

Huéng dan giai
Véimoi X e (0;3), ta co:
5

x+tslye,
X 2 2

& X —4x* +5x-2<0 (**)
& (x=1)%(x=2)<0
D&u “=" xay ra khi va chi khix =1
B4t dang thitc cudi hién nhién ding. Ap dung bat dang thite (**) cho bai toan, ta co:
P zl(a2 +b*+¢?) 432215, 15 18 4 (dpcm)
2 2 2 2 2

D4u “=" xay ra khi vachikhia=b=c=1
*Thi du 2. Cho a, b, ¢ 12 cac s6 duong théa man a+b+c=3. Chitng minh rang
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1 1 1 2(a2+b2+02)
— +—+—2+

. >5.
a b ¢ 3

Phan tich: Néu d€'y dén ddu dang thiic xay ra thi ta nghi dén chitng minh bat dang thitc

1 +2_az>§<:> (a—l)(a+1)(2a2 _3)

- >0.
a? 3 3 3a’?

Tuy nhién danh gia trén khong hoan toan ding vdi sd duong a.
Dé'y 1a véi cach lam trén ta chwa sit dung diéu kién a+b+c=3.

Nhu vay ta sé khong di theo 16i suy nghi don gian ban dau ntta ma sé di tim hé s6 dé bat
2
dang thtkc sau ding %+2% >ma+n (4)

Trong dé m, n la cac hé sd chua xac dinh, thiét 1ap tuwong tw véi cac bién b va ¢ ta dugc

2 2
b—12+%2mb+n (5); ciZJr%Z mc+n (6)

Cong (4); (5); (6) theo vé'ta cd

2(a”+b*+c?
%+b_12+ci2+( 3 )Zm(a+b+c)+3n=3(m+n).

Nhu vay & day 2 hé s6 m, n phai thoa man diéu kién 3(m+n)=5<n =§—m.

2

Thé vao (4) din dén %ﬁ% > §+ m(a-1) (7)

Dén day ta chi can xac dinh hé s8 duy nhat1a m dé bat dang thic ( 7) 1a dtng.

Cht y dang thitc xay ra tai a=b=c =1 nén ta can xac dinh m sao cho

i+2_azz%+ m(al)c(al)!(aﬂ)(zaz - m]> 0.

a® 3 3a®

(a+1)(2a2—3) -2 .. L -2 .. . .
3 = 3 tir d0 ta duw dodn rang m = ) dé tao thanh dai

lwong binh phuong (a—1)° trong bidu thikc. Tir d6 ta sé& chitng minh bét déng thirc phu

Khi cho a=1 thita co

1 2a®>_7 2a
= >

+—2 .
a 3 3 3

Huéng dan giai
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2 2 2
Bat dang thitc da cho duoc viét lai thanh é +bi2+ci2 - 22 + 22 + 2; >5,

2

Ta chting minh bat déng thirc sau day % + 2% > % - 2—; (1)

(a-1)’ (2a%+6a+ 3)2
3a’

B4t dang thic trén twong duong voi >0 ludn dang v6i moi sd

duwonga.

, 1 207 2b
Tuongtlxtaco:?+?2§—?(2); C_2+TZ§_?(3)'

Cong (1); (2); (3) theo vé'ta co:

2(a®+b?* +c?
iz+i2+i2+ ( )27_2(a+b+c)=5.
a- b 3 3

Vay bat déng thiic dwoc chiing minh. Dang thitc xay ra khi va chikhi a=b=c=1.

*Thi du 3. Cho a, b, ¢ 1a cac s6 thuc duong théa man a®+b’ +¢® =3. Chiing minh rang

4{1+1+1J+5(a2+b2+cz)227-
a b c

Huéng dan giai
Ta can tim hé s6 m d€ bat dang thikc

(a—1)(5a* +5a-4)

§+5a229+m(a3—1)@ 2m(a—1)(a2+a+1)

Ta dé dang nhan thdy rang dang thic xay rakhi a=b=c=1.

Khi cho a=1 thi ta cé thé dw dodn m = 2. Ta sé chitng minh rang khim = 2 thi bat dang
thitc phu trén la dung.
(a-1)"(-2a’+a-4)
a

>0

That vay: i+ f5a’>7+2a’ <
a
Do a<33= -2a’+a+4>0. Vay bat ding thitc dung.
2 . 4 2 3. 4 2 3
Chttng minh tuong tw ta dugc E+5b >7+2b% E+5(: >7+2c°.
Cong theo v& cac bat dang thikc trén ta duoc

4(£+£+lj+5(a2 +b? +c2)2 21+2(a’ +b° +03): 27
a b c
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Vay bat déng thikc da cho dwoc chiing minh. Dang thitc xay rakhi a=b=c=1.

*Thi du 4. Cho a,b,¢c>0 théa man a+b+c=3. Chitng minh réng:

1 1 1
=— +— +— <1
a‘+b+c b +c+a c+a+b

Phan tich:
Duw doan diém roi: a=b=c=1, khi d6 P=1. Ta co:

1 1 1 1 1 1
2 3 3 =2 T3 3
a‘+b+c b°+c+a c°+a+b a--a+3 b°-b+3 c°—c+3

Du doan biéu thire phu:
<ma+n

a’-a+3
=P<m(a+b+c)+3n

Thay a=1 o trén ta duoc:

Ps3(m+n):1:>n:%—m

Ta co:
1
5 <ma+=—-m
a‘—-a+3 3
1 1
— -~ <m(a-1
a’-a+3 3 (@-1)
—_— 2_
@MS m(a_l)
a‘—a+3
cwg m(a—1)
a‘—-a+3
em>— 2
a‘—a+3

Ta dong nhat bang cach thay a =1 ¢ trén vao, ta dwoc: m = —% van= %

Ta c6 bat dang thirc phu la:

1 1 2
— - <-Ta+-
a’-a+3~ 3 3

Huéng dan giai
Chiting minh bt dang thitc phuy:
Véi xe(0;3), ta co:
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1 1 2
———— <X+
X —X+3 3 3
< X -3x2+5x-3<0

& (x=1)*(x-3)<0
B4t dang thitc cudi hién nhién ding. Ap dung vao bai toan ta dugc:
P< —%(a+b+c)+3.§ =1(dpcm)

D4u “=" xay ra khi vachikhia=b=c=1
*Thi du 5. Chitng minh rang véi cac s6 duong a, b, ¢ thi

5h° — a° +5c3—b3 +5a"’—c3
ab+3b®> bc+3c® ca+3a’

<a+b+c (1)

Phan tich: Cdu trac bai toan nay goi cho ta phwong phdp danh gia dai dién. Bay gio ta
3.3
danh gid thir dai dien 22—

Tk Ta thay rang bac cta ti 1 3, bac ctia mau 1a 2. Suy ra bac
an +

cua ca biéu thic 1a 1. Do d6 ta nghi t6i viéc danh gia véi da thiec bac 1 ¢6 dang na + mb.

3 3

’ \ a A? N\ ? 4 A ~ A, .
Tt la Y <na+mb  (2).Dé&tim m,nta st dung phwong phap hé sd bat dinh. Do
ab +
3 h3 3 A3
vai tro teong tu, ta cing co: > <nb+mcva > < Nc+ma.
bc +3c ca+3a

Cong theo vé ba BDT danh gia ¢ trén ta duoc:

5h® —a° . 5¢® —p? . 5a° —¢®
ab+3b®> bc+3c® ca+3a’

<(m+n)(a+b+c) (3)

Nhin vao BDT can chirng minh ta thdy néu tim dwoc cap (n,m)ma thi 1oi giai thanh cong.
a
3 3 5-
A \ I 5b —a b a
Thé m=1-n vao (2) ta co WS na+(l-n)be ———<n|=|+(1-n) (4).
ab +

_ 43

Dit t =X BDT (4) tro thanh >—.
y t+3

<nt+1-n (5)

Do dang thitc xay ra khia =b nén do d6 t =1 ta phan tich (5) vé nhan tt (t-1)

2_t_¢ (1-t)(2+t+t)

2
<n(t-1) < Late2
t+3 t+3

t+3

<n(t-1)< -
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2
Cho t=1 vao ta duoc —% =—1 nén ta chon N =-1=m=2, ta duoc biéu thic phu la:
_l_
3.3
5 az <-a+2b.
ab+3b

Viéc chitng minh BDT nay la don gian.

Nhu vay, phuwong phap hé sd bat dinh da mé cho ta con dwong di tim 10i giai cho bai toan
trén moét cach ty nhién chit nhién khong theo kiéu ap dat giong nhu kiéu hay gap 6 nhiéu

cudn sach:

3 3

—a

T <ar”

“Ta s€ chitng minh

ab +

Hudng dan giai

. ’ . A, < ’ 5a3 - b3
Ta di chttng minh bat dang thitc 32 <2a-b.
+
That vay:
5a° —b°

T §2a—b.<:>5a3—b32a(2a—b)(3a+b)<:>5a3—b3Sa(Gaz—ab—bz)
ab +3a

< 5a’-b’<6a’-ab(a+b)<=a’+b’>ab(a+b)

= a’(a-b)-b?(a-b)>0<(a-b)(a+b)>0 (¥

5a° —b?

Bat dang thite (*) ludn dung véi a, b duwong nén: ——— < 2a—h.
3 A3 3_ .3
Chttng minh twong tw ta co: C2 <2b-c; >C a2 <2c-a.
bc+3b ac+3c

Cong cac bat dang thitc trén theo vé ta co:

5a®-b® 5b°-¢® 5cP-at

> + > + 2Sa+b+c=3.
ab+3a bc+3b ac+3c

Vay bat déng thiic trén duoc chiing minh. Dang thitc xay rakhi a=b=c=1.

*Thi du 6. Cho a,b,c>0 théa man a+b+c=1. Chttng minh réng:

P=+5a+4++/50+4++/5c+4>7
Phan tich:

a=1
Duw doan diém roi: {b c20 va cac hoan vi ctia n6. Khi d6 ta du doan:

Jbha+4>ma+n
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Dén day ta d€'y c6 2 diém roi, ta sé thay lan lugt a=0va a =1 vao trén ta duoc:

n=2 m=1

=

m+n=3 n=2

Ta c6 bat ddng thirc phu la v5a+4 >a+2
Hudng dan giai

Ta chitng minh bat dang thitc phu: v/5a+4 >a+2
Véi ae[0;1], ta co:

J5a+4>a+2

<ba+4>a’+4a+4
s a*-a<0
< ala-1)<0
Bét déng thirc cudi hién nhién ding véi a [0;1]. Do dé:
P>a+b+c+2+2+2+=7 (dpcm)

Dau “=" xay ra khi va chi khia=1; b, c=0 va cac hoan vi ctia né.
% Thi du 7. Chting minh rang vdi cac s6 duong x, y, z thi

\/xz + Xy +2y? +\/y2+yz+222 +Z% + 2+ 2X° >2(X+y+12) (1)

Phadn tich: Trong bat dang thtkc (1) cdc bién dregc hoan vi vong quanh va dang thitc xay ra
khi x =y =1z.Do vay, nén ta chon dwgc cac s6 n, m dé€ c6 BDT:

X2+ Xy +2y% > nx+my (2)

D€ tim m,nta sit dung phuong phap hé s6 bat dinh. Do vai tro tuong tu, ta cing co:

Y2+ VY2 +22° 2ny+mzva vz + 2x+2x° >Nz +mx.

Cong theo vé' ba BDT danh gia ¢ trén ta duoc:

\/x2+xy+2y2+\/y2+yz+222+\/zz+zx+2x22(n+m)(x+y+z) 1) (3

Nhin vao BDT can chiing minh ta thdy néu tim duwoc cdp (n, m)ma thi loi giai thanh cong.

Thé m=2-n vao (2) ta c6

m2nx+(2—n)y©J{ijz+(ij+22n.(§j+(2—n) (4).

y y

Dit t == BDT (4) tré thanh Vt* +t+2 >nt.+2-n (5)
y
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Do dang thttc xay ra khix = y nén do d6 t =1 ta phan tich (5) vé nhan tr (t-1)

(5)<:>(\/t2+t+2—2)—n(t—1)20©%—n(t—1)20

t+2

VB2 +t+2+2

t+2

@(t‘l){m

—n}ZO@ng

. , X 3 5 S .
Pong nhat t =1 vao ta dugc n = Z =>m= Z , ta dwoc biéu thitc phu la:

X2+ Xy + 2y 23)@:75)/

Téi day cac ban tie chitng minh.

*Thi du 8. Cho a, b, ¢ la cac s0 thuc duong thoa man a+b+c=3 valam cho cac biéu
thiec ctia bat dang thiec ludn xac dinh. Chting minh rang

JaZ+a-1++/b> +b-1++/c> +c-1<3.

Hudng dan giai

\/52_1; bz\@_l; CZ—\/g_l

Diéu kién xac dinh: a > 5 5

Ta can tim hé s§ m d€ c6 bat dang thiec: va’ +a-1<1+m(a-1).

-1 (a-1)>o0.

Tim dwgc m= g , ttec 1a ta phai chttng minh va’ +a-1<

Chitng minh trrong tw ta c6 cac bat dang thitc

Vb2 +b-1< 3b2_1; Jet+c-1< 3C2_1

Cong theo v& cac bat dang thikc trén ta duoc

JaZ+a-1++b2+b—1+c? +c—-1<3
Déng thitc xay rakhi a=b=c=1.
*Thi du 9. Cho a, b, ¢ 1a cac s6 thuc duwong théa man a+b+c =3. Chtéing minh rang

a b3 c?
2 2+ 2 2+ 2 2
a‘+3ab+b° b°+3bc+c® c +3ca+a

3
>—.
5)

Huéng dan giai
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3

Ta di tim hé s8 m,n sao cho bat dang thtic 2 >ma+nb dung voi

a’+3ab+

m+n :%: n :%—m. B4t déng thtc trén duoc viét lai thanh
b ma (1 a 1
v m i)
a’ b \5 y>+3y+1 5
b2 b

2
Ta can xac dinh m sao cho y—>m.(y1)+%<:>(y1)lwm]>0.

y?+3y+1 5(y* +3y+1)
2 —
Cho y =1 ta dwoc —5y2+4y+1 :E:m:g:n:—l.
5(y*+3y+1) 5 5 5

Tt 6 dé dang chiing minh cac bat dang thitc

3 3 3
%ZQ—E@)' % 2 Z—b—g(z)i s ZE—E@)-
a“+3ab+b° 5 5 b +3bc+c® 5 5 c°+3ac+a” 5 5
Cong theo v& cac bat dang thirc ta cé diéu chirng minh.
*Thi du 10. Cho a, b, ¢ 1a cac s8 thuc dwong théa man abc =1. Chizng minh rang

a’+b° b’ +c° c’+a’
2 2 + 2 2 + 2 2 z 2 :
a“+ab+b” b°+bc+c® c"+ca+a

Huéng dan giai

2(a+b+c)

Ta thdy 2 =2%/abc < . Do d6 ta nghi dén viéc chiing minh

3
a’+b . b®+c® . c’+a’ _2(a+b+c)
a’+ab+b®> b*+bc+c® c*+ca+a’ 3

3 3

- A N e 3l . a’+b . .
Ta di tim hé s6 m,n sao cho bat dang thttc ——— > ma +nb dang véi
a’+ab+b?

m+n:3:>n:g—m.T‘1mduQc m:nzi.
3 3 3

3 12
Ta phai cht’mgminh:y—-'_lzl(y—l)Jrg@wZO BDT dung.
y"+y+1 3 3 3(y+y+1)
a+b’ a b b®+c? b ¢ c+a’ c a
S e >4 —(1), ——>—4+-=(2); ———>-+—(3
vy ra a’+ab+b? 3+3() b% +bc +c? 3+3( ) c’+ca+a’ 3+3()

Cong theo v& cac bat dang thtkc trén ta duoc
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3 3 3 3 3 3

a’+b b°+c c’+a 2(a+b+c

: =+ — = +— -2 ( )22\3/abc:2.
a“+ab+b® b°+bc+c” c +ca+a

*Thi du 11. Cho a, b, ¢,d 1a cdc s8 thuc dwong thoa man a’ +b? +c¢” +d* =4.

Chting minh rang 2(a3+b3+c3+d3)22+%\/2+ab+ac+ad +bc+bd +cd .

Giai.

Tir a®+b? +c?+d? =4 < (a+b+c+d)’ =2(2+ab+ac+ad +bc+bd +cd)

—a+b+c+d :\/2(2+ab+ac+ad +bc+bd +cd)
Bat dang thitc can chiing minh tuong duong véi
2(a3+b3+c3+d3)22+g(a+b+c+d)

Ta can tim hé s§ m &€ c6 bat dang thiic

2
2a° > 3a2+1+ m(a2 —1) =N (a2 1){(261—+1)m] >0

2(a+1)
. 9
Cho a=1 tim duoc mzz.
Mit khéc 2a° z§a+1+9(az—1)<:>(a—1)(8a2—a—?)zo@(a—n2 (8a°+7)=0.
’ 2 2 4
Tuong tu ta cd iok 2§b+£+g(b2 —1); 2c? 2§C+£+g(c2 —1).
2 2 4 2 2 4

Cong céc bit ding thirc trén theo vé ta duoc 2(a’ +b7 +¢7+d7) > 2+g(a+b+c+d).

Daéng thitc xay rakhi a=b=c=d =1.
*Thi du 12. Cho a,b,c>0. Chiing minh réng:

a(b+c) b(c+a) c(a+b) 6
=2 PR 2t 2 ST
a‘+(b+c)* b°+(c+a)” c+(@+h)* 5

* Phan tich: O 3 vi du trén ta nhan thay cac bai toan déu cé diéu kién ban dau, diéu
doé giap ta du doan duoc diém roi moét cach chinh xac. Nhung ¢ bai toan nay khong cho
diéu kién rang budc gitta cac bién nén rat khé du doan diém roi. D€ giai quyét duoc van
dé nay ching ta ciing lam quen véi “Ky thuat chuan héa” trong chitng minh bat ding
thitc. Nhung hén sé ton tai cau hoi: Thé nao la chuan héa? Chudn héa don gian chi la cach
ta dat an phu va tir d6 lam xuat hién diéu kién rgmg budc gitra cac bién mai.
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* D4u hiéu chuin héa: Bic ctia cic hang tit phai bang nhau
* Cach dat 4n moi:
Ta c6 thé chia cac hang t& cho: abc,a+b+c, (a+b+c)*,a’ +b* +c* ab+bc+ca
Viéc chia lam sao d€ xudt hién an madi va kem theo diéu kién thich hop dé dé dang st
dung phwong phap hé s bat dinh UCT..
Trd lai bai toan: Ta nhan thdy cac hang t& ¢ tix va mau déu 1a bac 2, do dé ta nghi
dén viéc chia ca tie va mau cho (a+b+c)?, khi d6 ta cé:
a(b+c) b(c+a) a(b+c)
(a+b+c) N (a+b+c) . (@a+b+c)® _6
a’+({+c)® b’*+(c+a)® a’+(b+c)* 5
(a+b+c)®> (a+b+c)® (a+rb+c)’
a b+c b c+a C a+b

arb+c a+rb+c arb+c a+b+c arb+ca+rbrc 6
< 2 2+ 2 2+ 2 2 —
a N b+c b L[ c+a c N a+b 5
a+b+c a+b+c a+b+c a+b+c a+b+c a+b+c
a
X =
a+b+c
Dat: {y= b
a+b+c
c
=
a+b+c

Khi &6 bat dang thitc da cho twong duong voi:

_ }W+32+ 3@+@2+ f@+y)2§§v&x+y+z=1
X“+(y+2)" y +(z+x)° z°+(x+y)° 5

* Luu y: Viéc chuan hoéa khong bé budc trong mdt pham vi nao ca. Gia st van dat
an phu nhu trén nhung ta ¢ thé chudn héax +y +z=3
Dbén day ta hoan toan stv dung duoc phuong phap hé s6 bat dinh UCT. Ta c6:

_ X(y+2) N y(z+X) N 2(x+y) _6

) 2 2 2 2 2 =
X“+(y+2)° y+(@z+x) z°+(x+y)" 5
opo XG0 YB-y) | 23-2)

X“4+(B8-x)" y+@8-y) z°+(3-12)
wp_ XB=X)  yE-y)  23-7) _6

= <
2x°—6x+9 y°’-6y+9 2z°-6z+9 5

<8
5)

* Nhap:
Du doan diém roi: x=y=z=1,khido P = g

Du doan biéu thirc phu:
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t(3-1)

2t2—6t+9gmt+n ®

Thay t =1 vao ta duoc:
:>§:m.3+3n<:>E:3(m+n):n:E—m
5 5 5

Thay vao biéu thtrc (*) 0 trén ta dugc:
—t2(3—t) <mt+2-m
2t°—6t+9 5
—Ot® +27t-18
& ———<
5(2t> -6t +9)
L -9(-2)
5(2t> -6t +9)

m(t—1)

Ta dong nhat t=1, suy ra m -3 van-——.
25 25

Khi d6 ta c6 bat dang thikc phu:

-y 9, 1

2°6t+9 25 25
Huéng dan giai
Chitng minh b4t dang thitc phu:

t(3-t) _ 9. 1
S L A S
2t°-6t+9 25 25

Véi te(0;3), ta co:
(@ _9, 1

2t°-6t+9 25 25
< 18t2-27t2+9>0

< 9(t-1)7%(2t+1) >0
Véi te(0;3) bat déng thikc cudi ludn ding.
Ap dung vao bai toan, ta cé:

= X2(3_X) + )2/(3—y) + 22(3_2) si(x+y+z)—3.i:E
2X°—6x+9 y°-6y+9 2z°-6z+9 25 27 5

D4u “=" xay ra khivachikhix=y=z=1 (dpcm)
*Thi du 13. Cho a, b, ¢ 1a cac s8 thuc duong. Chitng minh rang
2(b+c-a)’ 2(btc-a)’ 2(brc-a)’ 3(a’+b+C)
2a’+(b+c)’ 2a’+(b+c)’ 2a’+(b+c)’  (a+b+c)

Hudng dan giai
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Chudn héa bat dang thiic trén ta chon a+b+c=3
Khi d6 bat dang thitc da cho tong duong véi

2(3-2a)" 2(3-2b)° 2(3-2c)

, +— : >a’+b*+c?

a‘—-2a+3 b°-2b+3 c¢c“°-2c+3

. 2(3-2a)’

Can xac dinh m sao cho : #Zaﬁm(a—l). Tim dwoc m=-6

a“—-2a+3

2(3-2a)’ a(6-a)(a-1)

Khi do: ¥2a2—6(a—1)© ( - J(a-1) >0 dtng véi 0<a<3
a‘-2a+3 a‘-2a+3

Chtrng minh twong tu ta co:

2(3-2b)’
b*-2b+3

2(3-2c)’

>b*=6(b-1); c?—-2c+3

>c?—6(c—1)

Cong cac bat dang thic trén theo v€ ta c6 diéu can chitng minh.

*Thi du 14. Cho a, b, ¢ 1a c4c 58 thiec dwong. Chitng minh rang

a b c o 9

(b+c)’ +(c+a)2 +(a+b)2 ~4(a+b+c)

Hudng dan giai
Chudn héa bat dang thiic trén ta chon a+b+c=3.
b C

2l a 3
Bat dang thirc da cho twong duwong voi : + + >,

Lam twong te nhw cac bai toan trén ta cd

a _2a-1 b _2-1 ¢ _2-1
(3-a)" 4 "(3-b) 4 T(3-c) 4

A A AL e N a b c 3
Cong cac bat dang thitc trén theo vé ta duoc + + > 7

(3-a)" (3-b)" (3-c)’

*Thi du 15. Cho a, b, ¢ 1a c4c s8 thieec dwong. Chitng minh rang

(b+c—3a)’ . (a+c—3b)’ . (a+b-3c)’ 21
2a2+(b+c)2 2b2+(a+c)2 2c2+(b+a)2 2
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Hudng dan giai
Chudn héa bat dang thiic trén ta chon a+b+c=3

(3-4a)’ N (3—4b)’ N (3-4c) 1

B4t dang thitc da cho tuwong duong véi : 5 5 52
2a’+(3-a)” 2b*+(3-b)" 2c*+(3-c) 2

Lam tuwong te nhu cdc bai toan trén ta cd

2 2 2
(3-4a) 228a—7; (4-3b) 228b—7; (4-3c) 228c—7
2a’+(3-a) 6 2b*+(3-b) 6 2¢*+(3-c) 6

Cong cac bat dang thitc trén theo v& ta co:

(3-4a)  (3-4b)°  (3-4c)
28’ +(3-a)° 20*+(3-b)" 2c*+(3-c)’

1
>
2

*Thi du 16. (Olypic 30-4 ndm 2006) Cho a, b, ¢ 1a cac s8 thuc duong. Chiing minh réng

a(b+c) .\ b(c+a) .\ c(a+b)
(b+c)’ +a®> (c+a) +b> (a+b) +c?

6
<—.
5)

Huéng dan giai
Chuan héa bt dang thiic trén ta chon a+b+c=3.

o a(3-a b(3-b c(3-c

Bat dang thitc da cho twong duong véi (3-3) >+ (3-b) >+ (3-¢) > < E
9-6a+2a” 9-6b+2b° 9-6c+2¢ 5

Lam tuong ty nhu cac bai toan trén ta co

a(3-a) _21+9a b(3-b) _21+%b c(3-¢) _21+9¢
9-6a+2a®> 25 ~9-6b+2b*> 25 ' 9-6¢+2c> 25

Cong cac bat dang thitc trén theo vé& ta duoc

a(3-a) b(3-b) c(38-c) _6
+ + <—.
9-6a+2a® 9-6b+2b> 9-6¢c+2c* 5

*Thi du 17. Cho a, b, ¢ 1a d6 dai ba canh ctia mot tam giac. Chiing minh rang

1 1 1 9 1 1 1
—+—+—+ >4 + + .
a b ¢ a+b+c a+b b+c c+a

Hudng dan giai
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Bat déng thirc 1a thuan nhat, ta gia st: a+b+c=1. Via, b, cla d6 dai ba canh ciia mot tam

gidcnén a,b,c e (0;%) . BDT can chirng minh tré thanh:

4 1 4 1 4 1

(E_E]J{E_E]J{E_E]Sg@ f(a)+ f(b)+f(c)<9,

Biéu thitc phu: —<ma+n=9=(m+3n)=m=3(3-n)
a—a

Du doén BDT can chitng minh trd thanh déng thicc khi a=b=c = %

Ta bién d6i don vé nhan tix (3a—1). Do d6”

Sa 133(3—n)a+n<:>5a 139a—3na+n<:>9a Ja J;5a 1Sn(—:%a+1)
a-a a-a a-a
3 _ a2 _pa? _ 3a-1)(3a°-2a+1 2 _
92° -3’ —6a’ + 2.+ 32 1Sn(_3a+1)®( )( 2 )Sn(_3a+1)®3a “2arl_,
a—a a—a a’-a

Ta dong nhat a = %, suy ra n=-3 va m=18.

<18a-3

5 =

Vay ta c6 bat dang thitc phu: >a
a—a

That vay: f(x)=

5X—1 <18x-3 < (3x-1)2 (2x-1)<0  Wx e(o;%j ludén dung. Do dé:
X—X

f(a)+ f(b)+ f(c)<18(a+b+c)-9=09.
Déng thitc xay ra khi a=b =c.

C. BAI TAP AP DUNG

1) Cho a, b, ¢ 1a cac s8 thuc dwong théa man a® +b* +c? =3. Chting minh rang

%+M>7

1 1
—+—+ >
a b 3

2) Cho a, b, ¢ 1a cac s8 thuc duong théa man a+b+c =3. Chting minh rang

3) Cho a, b, ¢ 1a cac s6 thiec dwong thda man a’ +b? +¢? =1. Chitng minh rang
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a b >3\/§
b?+c? c?+a? a’+b? 2

4) Cho a, b, ¢ 1a cac s8 thuc duong théa man a‘ +b* +c¢* = 3. Chitng minh rang

1 1 1

+ + <1
4—ab 4-bc 4-ca

5) Cho a, b, ¢,d 1a cac s8 thiee dwong thoa man a+b+c+d =4. Chtéing minh rang

1 1 1 1
2
a+1 b°+1 c°+1 d°+1

6) Cho a, b, ¢ 1a cac s8 thuc dwong. Chttng minh rang

2 2 3
(2a+b+c) +(2b+c+a) +(20+a+b) . 12

4a° +(b+c)’ 4b®+(a+c) 4c’+(a+hb) a+b+c

7) Cho a, b, ¢ 1a c4c s8 thuc dwong. Chitng minh rang

(b+c+2a)2 . (a+c+2b)2 s (a+b+20)2 -
2a2+(b+c)2 2b2+(a+c)2 2c2+(a+b)2 B
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TUYEN CHON CAC BAI TOAN
BAT PANG THUC HAY THCS

Cau 1. Chiing minh bat dang thikc

a + b + 2 >2 voi a,b,c>0
b+c c+a a+b

Huéng dan giai

Goi vé traila A. Ta co:
/2c _ 2C S 2 4 (1)
a+b \/2c(a+b) 2c+a+b  2c+a+b

2
‘ o 32 , 11
Ap dung bat dang thttc —+—2

X Yy X4y
(iJrljJ{LJrlj
b+c c+a
1 1 j 4(a+b+c)
>

=(a+b+c)( + >
b+c c+a 2c+a+b

voi X,y >0 ta co:

(2)
Tir (1) va (2) suyra

4(a+b+c)+4c
2c+a+b
Xay ra dang thiec khi va chikhi a=b=c

A+2> =4=A>2

Cau 2. a) Cho céc s6 duwong a,b,c théa man (a+b)(a+c)=8.

Tim gia tri 16n nhat caia A=abc (a +b+ C) .

2

b) Tim gia tri nho nhat caa A= X + 22y
y X +y

Hudng dan giai

> vOi x>0, y>0.

Ta cd
(a+b)(a+c)=8=a(a+c)+ab+bc=8
= a(a+b+c)+bc=8.,(1)

Ap dung bat dang thiic Co-si, ta c6

(a+b+c)+bc _§_4

a
A= b bc <
JA = Ja(a+b+c)be - :

= A<16
A=16<a(a+b+c)=bc=4
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, b=c=2 b=c=2
maxA =16 khi, chang han

&

a+2=+8 |a=2v2-2
2
b) Tacod X*+y*>2 va x,y du)orngnénlz 22X 2:>£2 22X >
y oty y Xy

2 2 2
A:£+ 22y 7 2 22X 2T 22y 2 =2
Yy X +Yy X +Yy X +Yy

Vay gia tri nhé nhat cia Ala2 khia=b.
. Moo i o o 11 . \
Cau 3. Tim gia tri I16n nh&t va gid tri nho nhat cia A=(x+ y)(—+—j vOil< x<2 va
Xy

1<y<2
Huéng dan giai

Do 1<x<2nén (x-1)(x-2)<0= x2—3x+2s0:>x+gs3

X
2 2 2
Tuwong tu, y+§£3.5uyra (x+y)+[;+gj36 (1)
Talai cé (x+ y)+(g+£j22\/(x+ y)(E+EJ =242A (2)
Xy Xy
Tit (1) va (2) suy ra 2\/2A£6:>\/2A33:>2A£9:>As%
maxA:g<:> x=Ly=2
2 x=2y=1

Cau 4. ( Dé thi thir vao 10 THCS Giang Vo— Ha N¢i 2017-2018)
Tim GTNN ctia biéu thirc sau: P =X+ H (voix > 0)
Huéng dan giai
Binh phuong hai vé ta dwoc P? — 2Px + x* = X +% < 2Px? —xp?+1=0 (1)
Vi P >0 nén phuong trinh (1) c6 nghiém khi
A>0P*-8P>0< P(P°-8)>0<P>2(vi P>0)

D&u bang xay rakhi X = % (cac em thay P =2 vao (1) d€ tim X)

Vay minP=2<:>x=%

Cau 5. ( Dé thi thir vao 10 THCS Lwong Thé” Vinh Ha Ngi 2019-2020)
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Cho a,b la cac s6 duong thoa man ab = 4 . Tim gid tri nho nhat cua bi€u thicc:
i) )
a+b

Hudng dan giai

a+b—2)(a” +0’
TacéP:( >( >: 1—— (a2+b2) vdi ab = 4.
a—+b a—+b
Ap dung Bat dang thizc Cosi, ta co:
arb>wab=4 (1) o-——2 >toq 2 51
a-+b 2 a+b 2

a’+b>>2ab=8 (2

Dodé:PZ%.Szél

“_rr

Dau “ =" xady ra < Dau “=” & cac bat dang thiic Cosi (1) va (2) dong thoi xay ra

Vay Pmn=4 & a=0=2.
Cau 6. (Trich dé todn hoc ki 2 quin Hoang Mai nam 2018-2019)
Tim gia tri cia m d€ biéu thic sau dat gia tri nho nhat. Tim gia tri nho nhat do.
F=(@2x+y+1)2+ (4x + my + 5)2
Hudng dan giai

Tacod: (2x+y+1)220; (4x+my +5)220,suyraF>0

| 2x+y+1=0 4x+2y+2=0
Xét hé & = (mM-2)y+3=0
4x+my+5=0 4x+my+5=0
3
Y= m \
+Néum#2thim-2#0 = e suy ra F ¢d gid tri nho nhat bang 0
X =
4-2m

+ Néu m =2 thi
F=(@x+y+1)2+(@x +2y +5)2= (2x +y + 12+ [2(2x +y +1) + 3]
bat2x+y+1=zthi

2 2
F=522+122+9=5 z+E +i =5 z+§ +
5 25 5
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Fnhénhé’tb?mg % khi2x+y+1=_?6hayy=_?1l—2x,xER

Vay gia tri nhé nhat cta F 1a 0 khi m == 0.
Cau 6. (Trich dé todn vao 10 Chuyén Quing Nam nim 2019-2020)

Cho 3 s6 duong x, y, z. Tim gia tri nho nhét cua biéu thiec:

P=\/(2X+Z))(E]2y+z) +\/(2y+x})]f2z+x) +\/(2Z+y§)((2x+y)

Huéng dan giai

St dung bat dang thitc Bunyakovsky ta duoc:

(2x+z)(2y+z)=(x+x+z y+z+y (\/7y+\/;+\/y72)

Do d6:

\/ Xy Jxy Py _ Jxy

(2X+Z)(2y+2)_\/(2x+z )(2y +2) \/(\/7Y+\/;+ zx) _\/;+\/;+\/;

Tuwong tu: e \/7 = < Yo
' (2y+x)(2z+x) \/7y+\/;+\/y72 22+Y 2X+Y) \/;+\/;+\/}TZ

+ +
Cong 3 bat dang thiic trén theo vé ta dwoc: P < \/7}’ \/; Y 1
Xy + Jzx + yz

Diéng thiic xay ra khix =y = z.
Vay gia tri lon nhat caa Pla 1.
Cau 7. Cho cac so thuc a,b,cthoaman 0<a,b,c<2,a+b+c=3.
Tim GTLN va GTNN cua P = M
ab+bc+ca
Hudng dan giai
a’+b’*>2ab
Ap dung BDT AM-GM ta c6: {b* +c? > 2bc

c*+a?>2ca

(Zab +2ac+ 2bc)

I\JI»—\

1
—=a’+b*+c* = 2(a +b*+a’+c +b2+c)
=a’+b’+c*>ab+ac+bc
a’+b?+c?

> P=————>1
ab+bc+ca

o i a=b=c
Dau “=" xay ra < <a=b=c=1
a+b+c=3

Vay MinP =1khi a=b=c=1
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Theo dé bai ta c6:
0<a,bc<2=(a-2)(b-2)(c-2)<0
<:>abc—2(ab+ac+bc)+4(a+b+c)—8SO
@abc—Z(ab+ac+bc)+12—8£0
:>2(ab+ac+bc)24+abc24

< ab+bc+ca>2

a’ +b? +c* +2ab +2ac +2bc

=P= -2
ab+ac+bc
2
a+b+c
@P:u_zgz_zzé
ab+ac+ bc 2
a=0
+c=
=0
- abc=0 {
Dau "="xayra < < | lat+tc=3
a+b+c=3
c=0
a+b=
0 a,b

Vay MaxPzgkhi abc=0,a+b+c=3,0<a,b,c<2
Cau 8. (Trich dé chuyén Bic Ninh nam 2016-2017)
3a* +3b* +c’+2
(a+b+c)3

Cho a, b, ¢>0. Tim gia tri nho nhét cia M =

Hudéng dan giai
Stt dung AM-GM ta duogc:
3a'+1=a*+a‘+a*+1>4Ya” =4a’; 3b*+1=b'+b*+b*+1>44b” =4’
Do do:
=3a4+3b4+c3+2>4a“°’+4b3’+c3
(a+b+c)3 - (a+b+c)3

Ta dé dang chiing minh duoc BDT véia, b duong thi: 4(a>+b*)>(a+b) (¥

That vay: (*) <a’+b’ > ab(a +b) = (a + b)(a —b)2 >0 (dung)
Vay (*) dwgc chiing minh. Dau “=" xay ra khi a=b.
Ap dung (*) ta dugc:
4a 14b? 4+ P § (a+b)3+c3 N (a+b+c)3 1
(a+b+c) (a+b+c)3 4(a+b+c)3 4
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Dau “=" xayrakhia=b=1,c=2.

Vay gid tri nhé nhat ctia M 14 i

Chu y: Bo dé 4(a + b3) (a + b) rat thuong hay duoc st dung trong cac bai toan.

Cau 8. (Trich dé chuyén Nam Dinh nam 2016-2017)
Cho hai s6 a, b khong am théa man a +b < 3. Chting minh rang:
2+ 2a 1- 4b 8
1+2a 1 + 4b 15

Hudéng dan giai

Ta co:

2+2a 1- 4b 1 14 1- 4b 1 2 s 1 N 1

" 1+2a 1+4b 1+2a 1+4b 1+2a 1+4b 2+4a 1+4b
Véia, b, c duwong ta co: 1+l> (*)

a b a+b
1 1 1 1 4

Thay vay: (a+b)| ~++ |>2vab. 2 ca= 141

W 'y( )(a bj Jab a b a+b

“_yrr

Vay (*) duwgc chitng minh, ddu “=" xay rakhia=b.

Ap dung (*) ta duoc:

P:2(1+1j22. 8, 8 8 pem

2+4a 1+4b) 2+4a+1+4b 3+4(a+b) 3+43 15
+b=3
Dau “=" xay ra khi 2 Sa= E;b _B
2+4a=1+4b 8 8
X+3VX -2

Cau 9. Tim gid tri nhé nhat cua biéu thic A=

X+4/x—2+1

Huéng dan giai
X+3Jx-2 _x—2+3\/x—2+2_(VX—2+1)(VX—2+2)
X+4Jx-2+1 Xx—-2+4/x-2+3 (\/x—2+1)(\/x—2+3)

Diéu kién: x>2. A=

:1—;.\/‘1 \/x—220<:>\/x—2+323<:>1—;22:> minA=E khi x=2.
X—2+3 Jx-2+3 3 3

Cau 10. (Trich dé chuyén Thdi Binh nam 2015-2016)
Cho x; y théa man x* +y* —4x—2=0. Chtng minh ring
10— 46 <x*+1> <10+ 46 .
Hudéng dan giai
Phuong trinh twong duong v6i x* +y> =4x+2 (1).

Tacod x* —4x—2=-*<0 :>(x—\/g—2)(x+x/g—2)§0
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s2-J6<x<2+6
©10—4v6 <4x+2<10+4v6 (2).
Tir (1) va (2), suy ra 10— 46 <x* +y*> <10+ 46 .
Cau 11. (Trich dé chuyén Lé Hong Phong — Nam Dinh 2017)
Xét cac sO thuc a, b, ¢ khong am, khac 1 thoa man a + b + ¢ = 1. Tim gia tri nho nhat

ctia biéu thirc P = +(a+b)(4+5c).

+
a+bc b+ac

Huéng dan giai
1 1

Apd BDT: —+—>
paung X y X+

(vx,y #0)

Tacod :

L + +(a+b)(50+4)_;+(a+b)(50+4)
“a+bc btac +b)(

- c)(5c+4)>4/5°+ 4/—+4>8
(1 c)(l C) c+1

Vay minP = 8. Dang thitc xay rakhi c=0,a=b= E

Cau 12. (Trich Chuyén Dai hoc Vinh nim 2009 — 2010)
Cho cac s0 thuc x, y thoa man: x>8y > 0. Hay tim gid tri nho nhat cua biéu thirc:
1
+—.
y(x-8y)

Hudng dan giai

Str dung bat dang thitc AM-GM (Cauchy) cho ba s§ dwong ta co:

1
P=(x-8y)+8y+——>6
y(x—=8y)
X—8y =8y x=16y X=4
Déng thtic xay ra khi va chi khi gy — 1 &5, 1 1
yo-8y) Y Tea UTa

Vay minP = 6. khi vachikhix=4vay=—

Cau 12. (Trich dé vao I6p 10 Bic Giang 2017 — 2018)

Cho hai s6 thye duong a, b thoa man 2a+3b <4. Tim gid tri I6n nhét caa biéu thic

Q=2002, 2017 59964 —5501b.

leong dan giai
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, (22 oo . 1 e
T gia thiét 2a+3b <4 ta de doan dang thitc xay ra khi a = > b=1, lac dé:

20302 =8008a, 20b17 =2017b do d6 ta ap dung bat dang thixc AM-GM nhu sau:
Ta 6 Q=22%2, 2917 29964 5501
= gaoz +8008a + 2017 +2017b—(5012a + 7518b)

= 2002 (1 + 4aj +2017 (% + bj — 2506(2a + 3h)
a

> 2002.2 /1.4a +2017.2 /%.b —2506(2a +3b) (BDT CoSi)
a

>2002.4+2017.2-2506.4 = 2018.
Do dé Q dat gid tri nho nhat bgmg 2018 khi a =% va b=1.

Cau 12. (Trich dé vao 16p 10 Cao Bang 2017 —2018)

X+y=m

Cho hé phuong trinh: { (m la tham s0)

X2 +y?=-m’+6
Hay tim c4c gid tri cia m d€ hé phuong trinh c6 nghiém (X;y)sao cho biéu thiic

P =xy+2(x+y)dat gi4 tri nho nhat. Tim gi tri nho nhat do.

X+y=m
X2 +y?=-m>+6

y=m-X y=m-=X y=m-x
= = =
x2+y2:—m2+6 x2+(m_x)2:—m2+6 X2 4+m?=2mx+x*=-m?*+6

Hudéng dan giai

y=m-x y=m-x
< 2 2 At 2 2
2X°=2mx+2m--6=0 X“—mx+m-—-3=0
Hé phuong trinh da cho ¢6 nghiém < phuong trinh x> —mx+m’-3=0 c6
nghiém.
<:>A:m2—4(m2—3)20<:>m2—4m2+1220
=12-3m* >0 m?<4

& -2<m<g2

V6i m théa man —2<m<2 thi phuong trinh cé nghiém (x;y). Khi d6 ta c6:.

P=xy+2(x+ y)=%[(x+ y)’ —(x2+y2)}+2(x+ y)
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o P :E[m2 ~(-m? +6)}+2m :%(2m2 ~6)+2m

<:>P:mz+2m—3:m2+2m+1—4:(m+1)2—4
Nhéan xét: (m+1)">0 Vme[-2;2], d4u bing xay ra <>m=-1 théa man diéu
kién.
=P>-4.
D&u bang xay ra <> m=-1.
Vay minP =-4 khi m=-1.
Cau 13. Cho cac s0 thuc duong a, b, ¢ thoa man Z(b2 +bC+C2)=3(2—a2)
. e La LMk 1 , 1 1 1
Tim gia tri nho nhat caa biéu thtee: T =a+b+c+2 g+6+z :
Hudéng dan giai
Tir gia thiét 2(b? +bc+c?)=3(2-a%)
:>9:(a2 +Db? +C2)+2bc+(az +b2)+(a2 +c2)2(a2 +Db? +cz)+2(ab+bc+ca):(a+b+c)2.
= a+b+c<3

Tacd: T :a+b+c+2(£+l+£j=2(a+£j+2(b+%j+2(c+1j—(a+b+c)

a b ¢ a c
>2.2 /a.£+2.2 /b.1+2.2 c.£—3:9.
a b c

Déng thiic xay rakhia=b=c=1.
Vay gid trinhd nhatctaTla9khia=b=c=1.
Cau 14. Cho cac s6 dwong X,Y,Z thoaman X + Y < Z. Ching minh réng:

1 1 1
(x> +y? +22)[—2+—2+—2]2—.
X°y  z 2
(DTTS I6p 10 tinh Nghé An nam 2014-2015)
Hudng dan giai

21:>t21(t: z j
X+y

Tt gia thiét X +y<zZ=
X+y

(x+y)2.

Taco (X=y) X 4y 220 @ 20X 4y )2 (x+y) @ X 4y 2
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1 1_2 2 8 1 1 8
o> = =4+ =2 .
X* y* xy (x+y) (x+y) Xy (x+y)
2
Do do
ey 2 o T ke O | Bt
>y oz 2 (x+y) z

Il
1
N |-
7~ N\
<
+ | N
<
~——
| I—
1

oo

+
7\

ps
N |+

<
~—

1 t*) 15t 1 t¢ 15t° 27
=5+ EJF + +2 + =—,

, Y4
Dang thitc xay rakhi X =Y = E
Cau 15. Cho a, b, c 1a cac s8 thuc dwong thoa man (3a+2b)(3a+2c) =16bc .

(a+b+c)2

Tim gia tri nho nhat ctia biéu thic: P =
a(b+c)

Huéng dan giai

Tir gia thiét: (3a+2b)(3a+2c) =16bc < 9a® +6a(b+c)=12bc <3(b+c)’

2
:»3.( a j +2-2 _3<0

b+c b+c

Pat X=L:>3x2+2x—3£0<r>0<x£%.

b+c
Ta co:
a+b+c) /
P=( o ) -2 +b+c+2=x+£+2=[x+ij+i+222 x.i+i+2=g.
a(b+c) b+c a X 9x ) 9x ox g1 3
3
a1
Déng thitc xay rakhi sb+c 3 b=c=3k,a=2k,k>0
b=c
A o . Xy 26
Cau 16. Cho x, y la cac s0 thuc duong théa man 53
y2

Tim gia tri nhé nhat cta biéu thic: P = x+ y+ 2020
Hudéng dan giai
Ta cé: P=x+y+2020=(x+1)+y+2019 > 2,/(x +1)y +2019
> 246+ 3 + 2019 = 2025.
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X+1l=y
Vay gia tri nhé nhat cia P1a2025khi { xy=6 < x=2,y=3.
y=3

Cdch khdc: Céc giai trén kha khéo léo néu khong giai dwoc nhu trén ban c6 thé tu duy nhu

Xy > 6
sau: Tt gia thiét { y> 3 ta du doan bi€u thiec P dat gid tri nho nhat khi x=2,y =3
y >

Khi d6: x = % y do d6 dé€ xuat hién xyva y ta tach nhw sau:

P=x+ y+2020:x+§y+%y+202022 /%xy +%+zozozz /%.6 +§+2020:2025.

a’(b+c)+b*(a+c)

Cau 16. Tim gia tri nho nhat ctia bi€u thic P = .
apc

, trong d6 a,b,c la do

dai ba canh ctia mt tam giac vuong (¢ la 6 dai canh huyén).
(Trich dé thi HSG huyén Hwong Son nam 2020)
Huéng dan giai
Vi ¢? =a?+b?>2ab nén c>/2ab.

_az(b+c)+b2(a+c)_ab(a+b)+C(a2+b2)_a+b+i>2\/%+\/2ab.c
B abc B abc ¢ ab ¢ ab

2V Jabe 2ab o2 2fm ¢ (2 P o (Y2-U2b
" c ab ¢ Jab ¢ Jab  Jab ¢ ab Jab
=\/§+2.

Vay gia tri nho nhat P=+/2+2.

Ta

Cau 17. Cho cac s6 thue x,y thoa man x* +3xy + 4y” < % Chtrng minh réng: X+y<2,

Huéng dan giai

bat: x+y=t= x=t-y.Do do6

X% +3xy +4y? s%<:>(t—y)2+3(t—y)y+4y2—%go

& 2y +ty +t? —Z<0<:>(2y+£j2 <7 1—E
2 2) 4

t2 tY
Suy ra 1—220 (vi (2y+EJ >0)

S>tP<4=x+y<2
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| on

X+y=2 X+y=2 X =
D4u déng thikc xay ra khi 2 o 2 o
8 Y (2y+£j -0 (2y+x+yj =0 |,

N~ N

Cau 18. Cho c4c s8 tu nhién x,y thoa man2x + 3y = 53. Chting minh ring: P =[xy + 4
Huéng dan giai
bat 2x =a, 3y =b (a chia hét cho 2, b chia hét cho 3)
(a+b) —(a—b)" 2809-(a-b)’
4 4

Tacd ab =

Do a, bla s6 tw nhién ma a+b =53 nén a = bdo do |a—b|21:>(a—b)2 =1.Do vay

ab< 28097170
la—b|=1
Dang thirc xay ra khi {a+b =53= a = 26,b = 27. Giai hé nay ta dwoc a = 26,b = 27.
a:2,b:3

Vay gia tri l6n nhat caa ab la 702, dat dwgc khia =26; b =27.
Tl d6 suy ra gia tri Ion nhat ctia P =[xy +41a 11 khi x =13,y =9.
Cau 19. (Trich dé tuyén sinh 16p 10 tinh Bic Giang nim hoc 2017)
Cho x, y thoaman x <2,x+y > 2. Tim gid tri nho nhat cua bi€u thic :
A=14x* +9y?* + 22xy — 42x — 34xy + 35.
Huéng dan giai
Dat a=2-x,b=x+y-2(a,b>0)suyra y=a+b.
Ta c6 biéu thirc A trd thanh:
A=14(2-a)" +9(a+b)’ +22(2-a)(a+b)-42(2-a)-34(a+b)+35
=a’ +9b* —4ab—4a+10b+7 =a’ +4b’ + 4 —4ab—4a+8b+15b* +2b +3
=(a-2b-2)" +15b% +2b+3>3 va,b

a-2b-2=0 a=2
= &S x=0y=2
b=0 b=0

Vay gia tri nhé nhat cia Ala3 khi x=0,y =2
Cau 20. (Trich dé tuyén sinh 16p 10 tinh Bic Giang nim hoc 2017)

Déng thtic xay ra khi {

Cho X, y 1a cc s6 thiee thda man diéu kién x* + y* =1.
Tim gi4 trj nho nhat ctia bidu thire P = (3-x)(3-y).
Hudng dan giai

Ta co:
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P = (3-)(3-y) =9-3(xy)+xy = oI 2Y

2
_17+(x2+y2)—6(x+ Y)+2xy 8+ (x+y) —6(x+y)+9
- 2 N 2
2
wll

T x*+y? =1 chira duoc(x+ y)2 <2=-2<x+y<V2;
Suy ra —~J2-3<x+y-3<+2-3<0.

+4>

(x+y-3) (ﬁ—3)z+4=19—6ﬁ.
2 2

2
Vay gid tri nho nhat ctia P 1a ﬂkbix: y=%~

Cau 21. Cho x, y 1a cac s6 ty nhién khac 0, tim gia tri nhd nhat cua biéu thuc:
A=[36" 5.
Huéng dan giai
Véi X,y e N thi 36" c6 chit s tan cting 12 6,5 ¢6 chit s& tan cling 1a 5 nén:
A ¢6 chir s6 tan cung la 1 (néu 36" >5) hoac 9 (néu 36" <5%)
Truong hop 1: A = 1. Khi d6 36 -5 =1 36 -1=5".Diéu nay khong xay ra vi
(36 ~1):35 nén (36" -1):7, con 5’ khong chia hét cho 7.
Truwong hop 2: A = 9. Khi d6 5’ -36" =9« 5" =9+36"diéu nay khong xay ra vi
(9 +36" )59 con con 5” khong chia hét cho 9.
Truong hop 3: A =11. Khi d6 36" —5” =11. Thdy x =1,y =2 thoa man.
Vay GTNN ctia A biang 11, khi x=1y=2.
Cau 22. Cho ba s& nguyén duwong a, b, ¢. Chiing minh rang

ab+bc+ca (a+b+c)3
a’+b*+c? abc

> 28.

Huéng dan giai
Véi x;y;z>0 ta co:
+) X Y50 (1)
y X
1 1 1 9

+) =2 (2)
X y Z X+y+Z
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2 2 2
+) X2 +y*+2z° ny+yz+zx<:>u21 (3)
Xy +yZ+zXx

Xay ra dang thtec 6 (1), 2) va (3) @ x=y=z

Ta co:
M:a12)+b;:+c?+(a+b+c)z.a+b+c
a“~+b +c abc
ab+bc+ca s 12 o a+b+c
:ﬁ+(a +b” +c +2ab+2bc+2ca).
a“+b +c abc
Ap dung cac bt dang thtec (1), (2) va (3) ta duoc:
MZM+(aZ+b2+cz).L+2.9
a~+b +c ab+bc+ca
2 2 2 2 2 2
_ ab+bc+ca+a +b”+c¢ a +b”+c 18>0 +8+18 = 28,
a’+b’>+c* ab+bc+ca ab+bc+ca
oy a’+b*+c* =ab+bc+ca
Dau “=" xay ra < <a=b=c
ab=bc=ca
) 1 2 3 ] , 3
Cau 23. Cho 3 s8 thuc X,y,Z>0thoém€m;+§+E=6Vébiéuth1’rc P=x+y*+2°.

a) Chttng minh P > x+2y +3z-3.
b) Tim gia tri nho nhéat caa P.
Hudng dan giai
a) Taco
P>x+2y+37-3< Yy +2°>2y+32-3< y* -2y+1+7°-32+2>0
<:>(y—1)2+(z+2)(z—1)2 >0 (1)
Vi (y-1)"20;(z-1)">0; z+2>0 vi z>0theo gia thiét. Vay bdt (1) dung.
Ta c6 dpcm

b) Theo cau a) ta co P2x+2y+3z—3<:>P2x+2y+32+£+£+§—9
X Yy z

(vi i+£+§:6 theo gia thiét), hay Pz(x+£j+(2y+gj+(3z+§j—9
X y z X y z

Ap dung bdt Co-si cho 2 s6 duong ta ¢6 : X+£ZZ; 2y+£24; 32+§26 (2)
X y Z

Dod6 P>22+4+6-9=3
Dau “=" xay ra khi cac dau

Vay GTNN cua P 1a 3, dat dugckhi x=y=2z=1

“_yrr

0(l)va(2)xayra < x=y=z=1
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, \2 1
Cau 24. Cho cac so thuc duong x, y thoa man y _NeX# 3+
2X+3 \/y +1

Tim gia tri nhé nhat cua biéu thac: Q = xy -3y —2x-3
(Trich dé thi todn vao I6p 10 Ha Nam nim 2013-2014)
Huéng dan giai
y J2x+3+1
2X+3 - \/7 +1 y\/y =
<:>yf 2X+3 M+y—(2x+3):0

<:>(\/§—\/2x+ )(y+\/§\/2x+3+2x+3)+<\/§+\/2x+3)(\/§—M):
<:>(\/§—\/2x+3)(y+\NM+2X+3+\/§+M)=O

Véix, y duwong thi y+\/§\/2x+3+2x+3+\/§+\/2x+3 >0 do do:
\/y—\/2x+3:0<:>\/§:\/2x+3<:> y=2x+3
Do d6: Q =Xy -3y —2x —3=x(2x+3)-3(2x+3)-2x-3=2x* -5x—12

2
:2(x2—§x+f—2j—%—12 2{ jj (Ll 12l

2x+3 V2X+3+2X+3

Ta co:

2 8 8
5 11
Ddu “=" khi X=—=y=—.
au xay ra khi 4 y >
Vay gia tri nho nhat ctua Q la —% khi :%,yzl—zl.

Cau 25. Cho céac s6 dwong a,b thoa man ab=1. Tim gi4 tri nho nhat cua biéu thirc:
4
M =(a+b+1)(a*+b*)+—
( )( ) a+b
(Trich dé thi toin HSG I6p 9 Binh Dinh nam 2017-2018)
Huéng dan giai
St dung BDT AM - GM, ta ¢6: a* +b? > 2ab =2

=M =(a+b+1)(a2+b2)+ 2(a+b+1).2+i:(a+b+i)+a+b+2

a+b a+b a+b

2 (a+b).i+2\/£+2=2.2+2+2:8.Da’u “~ xay rakhi a=b=1.
a+b

Vay gia tri nhé nhat cha M la 8 khi a=b=1.
Cau 26. Cho hai sd thyee X va y théaman x* +xy +y* =1.

Tim gid tri 16n nhat ctia P = X’y + xy°.
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(Trich dé thi toan HSG I6p 9 Khanh Hoa ndm 2017-2018)
Hudng dan giai
Ta co: (x—y)2 >0=> X +y 2 2xy = 1=x2 + Xy + y> > 3xy = xys%.

1 1 1 1Y
P=x’y+xy’= xy(x2 +y2): Xy (1-xy) = xy—(xy)2 =Z—[(xy)2 —xy+ﬂ=z—[xy—zj

1] 1 1% 1 1Y 1
Xy——Z€:> Xy—E 2£:>— Xy—E S—£

Do xy<1:> xy—£<—£:>
3 -6 2

2

;o1 1 1 -1
Dau bang xay rakhi vachikhi xy==va X=y = X=y=—— hodc x=y=—.
g Xay y 3 y y NG : y Ve

Vay gia tri l6n nhat caa P la é khi x= y=i3 hodc x = y=_—1.

&

Cau 27. Cho hai s6 thyc dwong a,b,c >0 thoaman a+b+c=1.

. s e 1 1
Tim gia tri lon nhat cia —————+ >30 .
a“+b®+c” abc

Huéng dan giai

Ta co:
1 1 1 a+bh+c 1 1 1 1 S 1 9
2 2 7 T = 2 z T =2 2 rE Bl R 2 7T
a‘+b°+c° abc a“+b°+c abc a‘+b°+c ab bc ca a‘+b°+c® ab+bc+ca

( 2 12 2+ 1 + 1 j-‘r 7 2 2 2 2 9 + 7 2
a’+b®+c® ab+bc+ca ab+bc+ca) ab+bc+ca a®+b®+c’+2(ab+bc+ca) (a+b+c)
3
= 9 -+ 21 > = 30.
(a+b+c)” (a+b+c)

Déng thitc xay rakhi a=b=c¢= %
Cau 28. Cho a,b,c 1a ba s8 thuire sao cho a+b=c-2va ab=2c?-3c+1. Tim gid tri lén nhat
ctia biéu thttc P=a’+b’.
Hudéng dan giai
Tacé (c-2)° =(a+b) >4ab=4(2c*-3c+1) = ¢’ —4c+4>8¢° -12c+4

<:>7cz—8csoc>c(7c—8)£0<:>0£csg

Do d6 P=a’+b’ =(a+h)’ —2ab=(c-2)" -2(2c* -3c+1)=-3¢* +2c+2
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Dau “=" xay ra khi ¢ :% (thda man)

Cau 29. Gid st X, Y,z 1a s8 thuee théa man diéu kién 2x* +2xy +5y® =1. Tim gid tri 1on

nhét va gid tri nhé nhat cua biéu thie P=——J
X+2y+2
Huéng dan giai
Ta c6: 2x* +2xy +5y> =1 (x—y) +(x+2y) =1.
Pit a=x—-y,b=x+2y thi a’° +b* =1 va p-_2_
b+2

Goim la mot gia tri ctia bi€u thirc P thi hé sau c6 nghiém:

a

a’+b%=1
PR
b+2

a’+b*=1 _ |(2m+bm)’ +b* =1
=
a=2m+bm a=2m-+bm

Hay phuong trinh (mb+2m)” +b? =1c6 nghiém b. Phuong trinh nay twong duong véi

(m2 +1)b2 +4m’b +4m? —1=0, nén diéu kién d€ phuong trinh ¢ nghiém la:

1 1
A'>0< 4m* —(m? +1)(4m* -1)> 0 ——=<m<—.
(me e (am 12000~ Lems L
Ta co:
2 —
+)m=—ikhib:—zzlz—l,a:(b+2)m:—£, hay x=—2\/§+1,y: l+\/§.
3 m?+1 2 2 6 6
. 1
Vay ¢ia tri nho nhat cta P la ———.
Y8 NE
2
Jr)mzikhib:—Zzlz—l,az(mz)m:ﬁ,hayx:z‘@_l,yz_l_ﬁ
J3 m*+1 2 2 6 6
. 1
Vay gia tri nhé nhat caa P la —.
Y8 NE
Cau 30. Cho x, y la cac s6 thuc duong théa man x + 3y <10.

27

—_—2
J3y

Chting minh rang % + 10. Dau dang thtec xay ra khi nao?
X

Hudéng dan giai
Cdch 1. Ap dung bat dang thitc AM-GM cho ba s§ duong, ta c6
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1 1 1 1
& & “Nw &X 30
+3y >35S y =27(2)

@ﬂ ff

Cong cac bat dang thite (1) va (2) ta duoc

l J+x+3y230

+—J>30—(x+3y)220 (do x + 3y <10)

. =1
Dau dang thitc xay ra khi va chi khi {X 3
y =
Cich 2. Ap dung bat dang thitc Bunyakovsky, ta cé:
L 82r (1+9)? 100
f \/_ f 3\/_ Jx+3J3y  Jx+33y
(1\/—+3\/—) < (12 +3%)(x+3y) <100

X +3,/3y <10

Tt (1) va (2) suy ra—+ 210

a2 x=1

Dau dang thirc xay ra khi va chi khi{ 3
y =
Cau 30. Cho cac so thuc a, b, ¢ thdoa man a +b? +¢? =1.
Tim gia tri nho nhat ctia biéu thic: F = ab + bc + 2ca.
Huéng dan giai
2 2 2

Tacéd:(a+b+c)? 20:>ab+bc+ca2$=—%

2 2 2 2 2 2 2 _
Ta co: (a+c)220:acz—a erc _b-@ ;b e )zbz 1271

Do do: F :ab+bc+ca2_71+—%:—l
a+b+c=0 b=0

MinF =-1. Dau “=" xay rakhi sa+c=0,b=0 < J2
a?+b?+c*=1 2

QJ|I—‘
crlr\)
[\
o |lw

Cau 31. Cho a, b, c 1a c4c s§ duong théa man: a* +2b* <3c’. Chiing minh rang:
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Huéng dan giai
Ap dung bat dang thitc Bunyakovsky cho hai bo sd, ta co:
(a+2b) =(La++2+2a) <(1+2)(a’ +20%) <3362 =9c* = a+ 2b < 3c.
Véimoi x,y,z >0, 4p dung bat dang thitc AM-GM cho 3 s§ duong ta c6
(x+y+ z)(%+%+3 > 33 Xyz.3$/i_yz =9 @%+%+%2%y+z.
Ap dung bat dang thtic trén, ta c6

1 2 1 11 9 9 9 3
=—+—+=2 = > —=— (dpcm)
a b a b b a+b+b a+2b 3¢ ¢

D4u bang xay ra ©® a=b=c.

A s N e s e a’+3ab+b?
Cau 32. Cho a, b 1a hai s6 dwong. Tim gia tri nho nhat caa bieu thitc: P = —————
vab(a+b)

Huéng dan giai
Ta co:

o_a'+3ab+b® (atb)’+ab_a+b Jab _3a+b (latb Jab| 3, ,[1_5
Jab(a+b)  Jab(a+b) Jab a+b 4 Jab (4 Jab a+b) 4

4 2

1
’ N - b2: b
Dau bang xay ra < 4({Jle ) =a < a=b.

a=b
A . 5
Vay MlnP=E<:>a=b
Cau 33. Cho a, b 1a 2 s6 thiec duwong thoa man a+b =ab. Tim gia tri nho nhat ctia biéu

, 1 1
thitc: P= o on + T a0 +\/(1+ az)(l+ b2)

Huéng dan giai
Ap dung bat dang thitc trén ta co/(L+a’)(1+b*) >1+ab=1+a+b (1)

Véimoi x, y > 0, 4p dung bat dang thikc Cosi cho 2 s6 dwong ta c6:

(£+1J(x+y)22/3.1.2\/X7y:4:>£+12 4 2)
Xy Xy Xy X+y

Ap dung (1) va (2) ta co:
>— 4 5 +1+a+b:%+l+a+b
a‘+2a+b°+2b a+b°+2ab
4 a+b 7(a+b)
+ +1

“@+b)y 8 8
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Ap dung bat dang thikc Cosi cho 2 s6 dwong ta c6:

(a+b)?

a+b=ab< = (a+b)*>4(a+b)=>a+b>4

Ap dung bat dang thiec Cosi cho 2 s6 drrong ta co:

4 a+b a+b 4 a+b a+b 3
>+ + >33 5 . =—
(a+b) 16 16 (a+b)* 16 16 4

Suy raP2§+Z.4+1:é.
4 8 4

Vay gia tri nho nhat cua P Ié%

D&u bang xay rakhia=b =2.

Cau 34. Chox, y thdaman: x* +2xy+7(x+y)+2y*+10=0 (6)

Hay tim gid tri lon nhat, gia tri nhé nhdt caa S =x+y+1

Hudéng dan giai

Viét lai biéu thitc da cho thanh (x+y +1)> +5(x+y +1)+4 =—y* (¥).
Nhu vay véi moi x va moi y ta luén co S*+55+4<0 (véi S=x+y+1)
Suy ra: (5+4)(S+1)<0«< —-4<5<-1.

X=-b

Tt d6 c6: S =—4, khi {
y=0

Cich 2:
x> +2xy +7(x+Yy)+2y>+10=0
< 4X° +4y* +49+8xy +28x+ 28y +4y* -9=0
o (2x+2y+7) +4y* =9
Do 4y? >0,Vy suy ra (2x+2y+7)2 <9
< (2x+2y+7+3)(2x+2y+7-3)<0

< (x+y+5)(x+y+2)<0

=S X+y+520 (DOX+Yy+5>X+Yy+2VXY)
X+y+2<0 y y Y
{32—4

=N
S<-1

Vay gia trinho nhdt caaSla-4 khiy =0, x=-5
Gia tri 1én nhat cua Sla -1 khiy =0, x = -2.
Cich3: Taco S=x+y+1=y=S-x-1 thay vao (6) ta duoc:
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x2+2(S—x—l)x+7(x+S—x—1)+2(S—x—l)z+1O=O
S X2 29X —2X2 —2X+ TS —T7+2S5% +2x* +2—-4Sx—4S +4x+10=0
& x> —2XS +6x+25°+35+5=0
& X -2(S-3)x+282-35+5=0 (¥
DPé phuong trinh (*) c6 nghiém thi:
A =(8-3) —(25°-35+5)>0
& -5°-35+4>0
& -4<5<-1
S = -4 thay vao biéu thtrc ta duwocy =0, x = -5.
S = -1 thay vao biéu thirc ta duwocy =0, x =-2
Vay gia trinho nhdtcaaSla-4khiy =0, x=-5
Gia tri léon nhat cua Sla -1 khiy =0, x = -2.
Cau 35. Cho x,y,zthéaman x+y+z=0;x+1>0;y+1>0;2+4>0.
xy -1 N z
(x+)(y+) z+4

Tim gia tri lon nhat caa A=

(Trich deé thi hsg 16p 9 tinh Nam Dinh nam 2014-2015)
Huéng dan giai
Xx+l=a
bat<y+l=b—=a+b+c=x+y+z2+6=6
Zz+4=c

Khidé:Az(a—l)(b—l)—1+C—4=ab—a—b+1—1+ 4 (1 1 4]

ab C ab C

1 1 2 1 4
Véim, n duwong ta ludn co: (m+n)| —+=|>2/mn. =4=—+= *
& ( )(m nj Amn m m+n ()
Ap dung (*) ta duoc:
A:z_[hiijgz_(i+ij:z_4(i+ijgz_4. 4, 1,8 2
a b c¢ a+b c a+b c a+b+c 6 3 3
a=b 3
Dé’ubéngxéyrakhi a+b=c < a= _§:>X=y=%,c:—1
a+b+c=6 c=3
N e L2 . 1
Vay gia tri 1on nhat cua A la 3 khi x = y:E,C =-1.
Cau 36. Cho x,y nguyén thoa man 3x+2y =1.

Tim gid tri nho nhat caa H = x* - y? +|xy|+|x+ y|- 2.
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(Trich dé thi hsg 16p 9 tinh Vinh Phiic ndm 2015-2016)
Hudng dan giai
Do x,y e Zva 3x+2y =1, suy rax, y trdi dau

X+2y=1< y=—x+1_TX:>1_TX=teZ:>x=1—2t;y=3t—1.

Khi d6: H =t? -3t +t| -1

Néut>0=H =(t-1)"-2> -2, d&du “=" xay rakhit=1.
Néeut<0=H=t"-4t-1>-1>-2

Vay H,,, =-2 khit=1=x=-1y=2.

Céu 37. Cho 4, b, c1a ba s8 thuc duong thoa man 4¢+2b > a(b? +c? ). Tim GTNN ctia biéu

3 4 5
+ +
b+c-a a+c-b a+b-c
(Trich dé thi hsg I6p 9 tinh Ba Ria Viing Tau ndm 2015-2016)

thitc: S =

Hudng dan giai

Ta cé: 4c+2b2a(b2 +cz)22abc:>%+%za

3 4 5
+ +

S =
b+c—-a a+c-b a+b-c

1 1 1 1 1 1
= + +2 + +3 +
b+c—-a a+c-b b+c—-a a+b-c a+c—-b a+b-c
2 4 6

>t ——> 2a+§24«/§-
c b a a

D&u bang xay rakhi a=b =c =/3.

Vay gia tri nho nhat ciia S1a 443 khi a=h =c =+/3.

Cau 38. Cho a, b >0 théa man a+ b =2 . Tim gia tri 16n nhat cua biéu thirc sau:
1 1

M= ~+ -
a+b” b+a

(Trich dé thi hsg 16p 9 tinh Dién Bién nim 2015-2016)
Hudng dan giai
Tru6c hét ta chiing minh véi @ >0 thi (a+b) <(a+b*)(a+1) (¥)
That vay: (*)< @’ +2ab+b*<a’+a+ab’+b* < 2ab<a+ab’
<:I>a(b—l)2 >0 (doa>0)
1 a+1 1 < b+1

i (F < . : s
Tu(>:>a+b2_(a+b)2 Tuong tw bid (b+a)2
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1 1 <a+b+2

Cong vé theo vé ta dugc: M = + < (1)
& a+b’ b+d  (a+by
, . .. L. .a+b+2
Ta ching minh v6i a, b >0 thoaman a+b 22 thi (—b)zﬁ 1 (2)
a+

Thatvay: (2)< (a+b)’>(a+b)+2 < (a+b+1)a+b—2)>0 (doa+b>2)
T (1) va(2)suyra M <1

Dau ‘=" xayrakhi a=b=1.

Vay gia tri 16n nhat cia M bang 1 khi a =b =1.

2y

+——=1.
I+x 14y

Cau 39. Cho 2 s6 thue dwong x, y thoa diéu kién

Tim gia tri 16n nhat cta biéu thitc P = xy’.
(Trich dé thi hsg 16p 9 TP HY Chi Minh nim 2016-2017)
Huéng dan giai

X 2y

+—=1lx+xy+2y+2xy=1+x+y+xy<=2xy+y=1
I+x 1+y

Ta co:

1

Do d6: 1=2xy + y >24/2xy’ :>P=xy2S§

2xy+y=1 1
D&u “=" xay ra khi vy Sx=y=—.
2xy=y 2
M it o o Lo 1
Vay gia tri lon nhat caa P la 3 khi x=y= 5
Cau 40. Tim gia tri nho nhat, 16n nhat cta biéu thiee A=x-2y+3z biét x, y, z khong am
2X+4y+3z=8

va thoa hé phuong trinh:
3X+y-32=2

(Trich dé thi hsg 16p 9 TP Hb Chi Minh nim 2011-2012)

Hudng dan giai

3
. |2x+4y+3z2=8 2x+4y=8-3z 10x =15z x—zz
a co: = S =
3X+y-32=2 12x+4y =8+12z y=32-3x+2 3
y:—§z+2

Do x, y, z khong am nén: y=—§z+220<:>0£z£%.
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Do dé: A=x- 2y+32_%z+3z—4+3z_% —4<%%—4 10-4=6.

Dédu “=" xay rakhi: x=2,y=0,z :%

A=EZ—4> —4
2

Dédu “=" xay rakhi: x=0,y=2,z2=0.

Vay max A=6 khi x:2,y:0,z:%, min A=—-4khi x=0,y=2,z=0.

Céu 41. Cho cac s8 thyre duong a va b thay d6i thoa méan|a—2b| < — |b 2a|<—.
' \/7
Tim gia tri I6n nhat cta tich ab.
Hudéng dan giai

Ta co: |a—2b|si:>(a—2b)2 s§:>a(a—2b)2 <1 = a’-4a’b+4ab* <1 (1)

Ja

|b—2a|£%:>(b—2a)2 S%:>b(b—2a)2 <1=b®-4ab’ +4a’h<1  (2)

Cong (1) va (2) theo v€ta duoc: a®+b* < 2.
Ap dung bit ding thiee AM-GM ta duoc: 2> a® +b® > 2va’h® = a’h® <1=ab<1.
Vay gid tri lén nhat ciaabla1khia=b=1.
Cau 42. Chox, y, z 1a cac s8 dwong thda man x+2y +3z =18 . Chiing minh rang:

2y+3z+5+32+x+5+x+2y+5>5_1
1+x 1+2y 1+3z 7

(Dé todn vao 10 Chuyén Dai hoc Vinh nam 2009-2010)
Huéng dan giai
Dit a=x; b=2y; c=3x, khi d6 gia thiét trd thanh a+b+c =18 va bat dang thtic
dwoc viét lai thanh

b+c+5 c+a+5 a+b+5_ 51
+ + >
1+a 1+b 1+c 7

Bat dang thttc trén twong duong véi

b+c+5+1+c+a+5+1+a+b+5+12%+3

1+a 1+b 1+c
1 1 1}72
+

Hay (a+b+c+6)(1+a T

Phép chiing minh sé hoan tat néu ta chi ra duoc

1 1 1 3
+ + >—
1+a 1+b 14+4c 7
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That vay theo bt déng thizc Cauchy ta c6
11 19 9 3

l+a 1+b l+c 3+a+b+c 21 7
Vay bai toan duwgc chitng minh.
Déng thiic xay ra khi va chikhi a=b=c=6 hay x=6; y=3; z=2,
Cau 43. Cho x, y, z la cac s6 thuc duong sao cho xyz =x+y +z+2. Chiing minh rang:

1 N 1 N 1 SE
(Trich dé thi vao 16p 10 Chuyén Phii Tho nam 2009-2010)
Huéng dan giai
1 1 1

Gia thiét cua bai toan duwoc viét lai thanh + + =1.
x+1 y+1 z+1

1 1 1

bat a= ;b= ;C= . Khi d6 ta dwgc a+b+c=1. Tir d6 suy ra
x+1 y+1 z+1
1-a b+c 1-b c+a 1-c a+b
X = = ;Y= = ;z= =
a a b b C a

Bat dang thitc can chiing minh dwoc viét lai thanh:

\/(b+ca;?c+a) +\/(c+a];(ca+b) *J(Hb;e(lbﬂ) <

Ap dung bat dang thirc Cauchy ta duoc:

IA

ab l[ b N a j
(b+c)(c+a) 2lb+c c+a

Lif_a o«
a+b b+c

Cong theo v& cac bat dang thtkc trén ta duoc:

ab N bc N ca 3
(b+c)(c+a) Y(c+a)(a+b) \(a+b)(b+c) 2
Vay bat ding thikc dwoc chiing minh. Dang thitc xay ra khi va chikhi a=b=c=2
Cau 44. Véi a, b, c 1a nhiing s8 thue dwong. Chitng minh rang:
2

a N b? . c? >a+b+c
J3a2+8b%+14ab  /3b2+8c% +14bc /3¢ +8a’ +14ca 5
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(Trich dé thi vao 16p 10 Chuyén KHTN ndam 2009-2010)

Huéng dan giai

Ap dung bat dang thitc Cauchy ta dwoc
3a® +8b? +14ab = 3a’ + 8b* +12ab + 2ab < 4a’ + 9b* +12ab = (2a +3b)’
2 2 2
a > a = a
\3a2 +8b” +14ab (2a+3b)” 2a+3b

Suy ra

Ap dung tuong tu ta thu duoc
a’ b’ c?
+ +
J3a® +8b* +14ab  /3b%+8c? +14bc /3¢ +8a’ +14ca
a’ b’ c’
> + +
2a+3b 2b+3c 2c+3a

Mit khéc theo bat dang thitc Bunhiacopxki dang phan thiic ta dugc

2
a’ b’ c? >(a+b+c) _a+b+c

+ + >
2a+3b 2b+3c 2c+3a 5(a+b+c) 5

a’ N b? . c? >a+b+c
J3a2+8b%+14ab 3b2+8c% +14bc /3¢ +8a? +14ca 5

Vay bai toan dugc chtiing minh xong. Dang thiic xay ra khi va chi khi a=b=c

Do do6 ta duoc:

a’ _ a’ o2t
J3a% +8b% +14ab [(3a+2b)(a+4b) 4a+6b 2a+3p

Cau 45. Cho hai s6 dwong x,y thoa man diéu kién x> +y> =x-y.

Cach khac:

Chting minh rang x* +y? <1.
(Trich dé thi HSG huyén Thwong Tin nim 2020-2021)
Huéng dan giai
T gidi thiét x >y > 0.Gidast xX* +y*>1
Tacdé X+yY’=x—y<xX=yY)X*+y) o X +y?<x®+xy>—x’y-y?
S Xy -xXy-2y' >0 xy(y—x)+(—2y3)2 0
Volyviy - x < 0; —2y*< 0.
biéu vo6 ly nay ching to giai st ban dau 1a sai.
Vay x*+y*<1.
Cau 46. Cho 3 s8 thye khong am a,b,c thdéa man: a® +b® +¢? =1. Tim gia tri 1on nhat cta
biéu thirc
T=a+b* +c™ —ab-bc-ac
(Trich dé thi HSG qudn Ciu Gidy nim 2020-2021)
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Hudng dan giai
Ta co:
a’+b*+c? =1

{a,b,czo
= a,b,c€[0;]]
= @-D(b-(c-1)<0
< abc—-ab-bc—-ca+a+b+c-1<0
< a—-ab-bc-ca<l-abc-b-c
=T <1+b® 4™ —abc—b-c =1+b.(b™° -1) +¢.(c" -1) —abc <1
GTLN ctia T bang 1 khi va chikhi a=1b=c=0.

Cau 47. Cho x,Y,7 la cac s6 theec duong thoa man xyz =1 . Tim gia tri nho nhat cta bi€u

thiec: P = L + L + 1
1+2x 1+2y 1+2z
(Trich dé thi HSG Qudn Thanh Xudn nam 2020-2021)
Huéng dan giai
Dat x:i;yzg;z :E;a,b,c>0 nén
b C a
b c a b? c? a’

— + + = 2 + 2 + 2 21
b+2a c+2b a+2c b°+2ab c°+2bc a“+2ac

Dau bang xay rakhi x=y=2z=1
Cau 48.
a) Cho hai s§ thuc duong x, y thoa man 5(x - y)* < x* + y?. . Chtng minh ring:
1 Xe
2y
b) Cho ba s6 thuc dwong x, v, z thay d6i thoa man 5(x+y +z)° > 14(X2 +y2 + 22).
2X+12
X+22

(Trich dé thi HSG Ha N§i nam 2019-2020)
Huéng dan giai
a) Gia thiét da cho c6 thé duoc viét lai thanh 2x(x—2y)(2x—y)<0 hay

o2

b) St dung bat déng thirc Cauchy-Schwarz, ta co:

oy <o 2ot 3o o7 |23

Tim gia tri 16n nhat va gia tri nho nhat ctia biéu thic: P =
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K&t hop vdi gia thiét, ta suy ra x* + 2% < g(x+ z)° hay (x-2z)(2x—2)<0

2x+z:2_ 3z 22_Z3z _4
X+2z2 X+2z2 §+22 5

Tt day, ta co %S X<2z. Suyra: P=

Va % <P< % . B4t déng thitc bén trai xay ra dau dang thixc khiz=2xva y = %x. B4t dang

thirc bén phai phai dat duoc ddu déng thaeckhix=2zva y= gz . Tém lai, gia tri 16n nhat
. I VA . 4
caa P la 2 va gia tri nho nhat cta P la —

Nhan xét: Hoc sinh can chttng minh lai bat dang thitc Cauchy-Schwarz

Cau 48. Cho x,Y,z>0 thdéa man 2\/§+x/7 = i . Chttng minh réng 3yz + 4zx + oXy >4

Jx X y
(Trich dé thi HSG Hung Yén nim 2017-2018)
Hudng dan giai
Ap dung bat dang thicc AM-GM ta ¢

3yz + 42 +5xy :(£+ﬁj+ 2(ﬂ+ﬁJ+3[ﬁ+ﬁ]z 27+ 4y +6X

X y z X 'y X z y z
:4(x+y)+2(z+x)zs¢x—y+4ﬁ:4&(zﬁ+ﬁ):4&%:4.
X

D&u bang xay ra khi va chikhi x=y =z =%.

, o1 11 R
Cau 49. Cho cac s6 duong a, b, c thay doi thoa man — + 5 +—=3. Tim gia tri I6n nhat
a ¢

3 1 N 1 N 1
\/8L2—ab+b2 \/bQ—bC+C2 \/cz—ca+a2
(Trich dé thi HSG Thanh Pho"Ha Noi nam 2014-2015)

Hudng dan giai

cua biéu thtrc: P

2 2
Cach1: Tacé a° —ab + b’ =(a+b)2—3ab2(a+b)2—3(a+b) :(a+b)

4 4
Do dé ta duwoc 1 < 2 <1(l+lj

Va? —ab + b? “a+b 2la b

Hoan toan tuong tu ta co

1 <1(1 1) 1 <1(1 1]
b2 —be+ct 20b ¢) J—cat+a? 2lc a

Cong theo v& cac bat dang thikc trén ta duoc
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3 1 N 1 N 1
\/a2—ab+b2 \/bQ—chch \/C2—0a+a2
Vay gia tri 16n nhat ctia P 12 3. Dang thitc xdy rakhivachikhia =b =c =1.

£l+l+l=3
a ¢

P

Cach 2: Ap dung bat dang thiic Cauchy ta duwoc a’ —ab + b’ > 2ab —ab = ab

Do d6 ta duoc 1 < 1

VJa® —ab + b \/5

Hoan toan tuong tw ta cé

1 1 < 1

1
< ;
\/bQ—b(th2 \/E \/(:2—(:3u+au2 \/a

Cong theo v& cac bat dang thikc trén ta duoc

P= ! + = + ! <1 + 1 + 1
\/af—aber2 \/b2—b6+c2 \/02—ca+a2 vab be \/E
- 1 1 1 1 1 1
Dé tha <4+ 4-=3
T R Y A

Do d6 ta dwgc P < 3. Vay gia tri 16n nhat cta P la 3.
Cau 50. Vi x,y la cac so thuc thay doi thoa man 1<y <2 va xy + 2 2 2y, tim gia tri nho
X* +4

2

y +1

nhat cua biéu thitc M =

(Trich dé thi Chuyén KHTN Ha N¢i nam 2019-2020)
Hudng dan giai

Tt gia thiét xy +2 > 2y => 4xy + 8 2 8y
Ma ta lai co 4x2 + y? > 4xy

=4x?+y?+824xy +8 28y

= 4(x*+4) 28y +8-y?

— 4(x2+4) 2 4(y2+ 1) + By + 2)(2 - y) 2 4(y2+ 1)
X244 S

>M=——>
y +1

Dau “=" xay rakhix=1vay =2, Mmin= 1.

Cau 51. Cho x, y, zla cac s6 thuc duong théa man xy + yz + xz = 1. Chttng minh rang:

3

1 N 1 N 1 >g X N y N z
1+x* 1+y" 1+2° 3( 1+ J1+y? 1+7°

(Trich dé thi Chuyén KHTN Ha N¢i nam 2019-2020)
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Hudng dan giai
3

1 1 1 2 X y z
=+ = + +
1+x* 1+y" 1+2° 3| J1+x° Jl+y? 1477

Ta co:
1+x2=xy+yz+xz+x*=(x+y)(x+2z)

I+y*=xy+yz+xz+y>=(x+y)y+2)

1+z22=xy+yz+xz+2z*=(z+y)(x+2)

_ 2(X+y+2)
(x+y)(y+2)(z+Xx)
. X y z X y z
Ta co: [\/1+X2+\/1_|_y2+\/1+22}S(X+y+2)[l+X2+l+y2+l+sz
=(x+y+z)[ X + y + : j __ Ax+y+2)
(x+y)(x+2) (x+y)y+2) (@Z+y)x+2)) (X+y)(y+2)(z+X)

Do d6 vp< X+ y+72) x Y 4z
BN+ D0 (e ey ez

X Yy .z
V142 L+y? 1+7°

Bat dang thitc trd thanh

N | w

) X X 1( X X ]
Ta co: = < +
JI+x2  Jx+y)(x+2) 2(X+y x+z

y y é( y yj
Jl+y2 Jx+y)(y+2)  2(x+y y+z

z z <£( z 2 j
V122 Jx+z)(y+2) 2\x+2 y+z
X 4 SE

y
=> + +
V1+x2  Jl+y? 1+2% 2

Ddu “=" xay rakhix=y=z=

1
NE

Cau51. Vdia, bla cac so thye duwong thay doi thoa man va+2b =2+ \/E . Tim gid tri nho

a__ b
Ja+2b +b+2a
(Trich dé thi Chuyén KHTN Ha N¢i vong 1 ndm 2018-2019)

Huéng dan giai

nhat cuia biéu thitc M =
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+ Loi giai 1. Ta s& chiing minh M > 2 véi ddu dang thitc xdy ra chang han khi a=b=3.
That vay, 4p dung bat dang thitc AM — GM ta ¢6

b _ b¥3b _ 2bJ3b _bV3b

Jb+2a _\/3b(b+2a) " 3b+b+2a a+2b

a +b\/£>
Ja+2b a+2b

Dat x=+a+2b;y = \/7( >0,y 2 0) Khi d6 gia thiét duoc viét lai thanh x-y =2.

Nhu vay ta can chi ra duoc

Ciing tir trén ta 6 b =3y”;a = x* -6y . Bat dang thtkc can chitng minh trén duoc viét lai

2 L2 3 2 L2 3
thémhx by +9y 22<:>X by +9y >

2 X-y.
X X X X

Bién d6i tuong dwong bat dang thiic trén ta dugc
x(x2 —6}72)+9y3 > x* (X—y) < X’ —6xy’ +9y° 2 x° =X’y
<9y’ —6xy’ +X°y 20 y(9y2 —6xy+x2) >0 < y(?)y—x)2 >0
Bat dang thitc cudi cing trén ludn ding. Vay bai toan dugc giai quyét hoan toan.
b b

+L(‘yigiéi2.Xétbié’uth13fcM+\/E: a_, 2
3 Ja+2b +b+2a V3

Ap dung bat dang thitc Cauchy — Schwarz dang phan thtic ta ¢6

M+\P a2 b2 b2 (a+b+b)2

ax/a+2b "Vbr2a bV3b  avar2b+bbr2a+bi3b
Ap dung tiép bat dang thikc Cauchy — Schwarz ta lai c6

byb+2a +by3b =b(Vb-+2a +3b | <by[(1+1)(b+2a+3b) = 2ba-+2b

(a+b+b) (a+2b)2 a+2b
T d6 _ /
ava+2b +byb+2a +by/3b ax/a +2b+2bva+2b +a+2b

Suy ra M + \/g >+a+2b nén M>+a+2b - \/% =2.Vay bai toan duoc giai quyét hoan

toan.

Cau 52. Cho a,b,cla cac s6 thuc duwong. Chiing minh rang

AR e

(Trich dé thi Chuyén KHTN Ha Ngi vong 2 nam 2018-2019)

Huéng dan giai
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Ap dung BDT Cauchy-SChwarz ta co:

\/ \/ 1 ( ab bcj ( 1 1 J
< |2. + 2| —+—
( a+b \b+c \/a+b \/b+c a+b b+c a+b b+c
( a C j( b b j ( a C ) ( b b j
=2 + + < + + +
a+b b+c/la+b b+c a+b b+c a+b b+c

( a b ) ( C b j
= + + + =2
a+b a+b b+c b+c

Vay ta c6 diéu phai chitng minh
Déau "="xay ra khivachikhi a=b=c
Cau 53. Vdia, bla cac s6 thye duwong. Tim gid tri I6n nhét caa biéu thie
1 1 1
+ -
a>+b b*+aj ab
(Trich dé thi Chuyén KHTN Ha Ngi vong 1 ndm 2017-2018)

Huéng dan giai

M=(a+b)

Ap dung bat dang thiic Bunhiacopxki ta c6

(a +b){g+b <a+b)2;(b3+a>[%+a 2(a+b)2
b 1+b b l.}.a
Tt d6 ta duwoc at < 4a L at gb .Do dé suy ra

a®+b a+b’'b*+a  a+b

—+b 1+a a+b+l+l
<a+b)[ 1 N 1 ]_a+b+a+b +b _ a b
a’+b a+b’ a>+b b’+a a+b a+b a+b
sy < a1t rasifor) afast)
~ a‘|‘b ab (a+b)ab ab(a+b)

Vay gid tri l6n nhat caa M 1a 1, dat duoc tai a = b =1.
Cau 54. Véi a, b, c1a cac s0 thuc duwong thoa man ab + be + ca + abe = 2. Tim gia tri 16n

a+1 b+1 c+1
> +2a+2 bB*+204+2 F+20+2

(Trich dé thi Chuyén KHTN Ha N¢i vong 2 ndm 2018-2019)

Hudng dan giai

nhat cua biéu thttc M =

Vi a, b, cla cac s6 thuc duwong thoa man ab + be + ca + abe = 2. Tim gia tri 16n nhat cta
biéu thirc
a+1 b+1 c+1
> +2a+2 V+204+2 ¢ +2c+2
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Bién doi gia thié€t ab + be + ca + abe = 2 ta dugc

(1+a)1+b)(1+c)=(1+a)+(1+b)+(1+¢)

1 1 1
= + + =1

(1+a)(1+0) (14a)1+c) (1+b)(1+c)

1 1 1
Y = 2=
1+a 1+0 1+c
Biéu thitc M dwoc viét lai thanh

bat z = , khi d6 ta thu dwoc zy + yz + 22 = 1.

1 1 1
W= a+21 L b+21 i c+21 =z y L2
(a+1) +1 (b+1) +1 (c+1) +1 ::2+1 leJrl Z12+1

x Y z
= +2 +2
r+1 y+1 22+1

De'y ta co ?+l=2"+ay+yz+ = (a:+y>(a:+z>.Ap dung tuong tu ta duoc

x Y z

M= (a:+y>(m+z)+ (y+z)(x+y) ” (m+z)(y+z)
:x(y+z)+y(z+a:)+z<x—l—y): 2(xy+yz+zx) _ )
(a:+y)(y+z)(z+x) <x+y>(y+z)(z+a:) <x+y)<y+z)(z+x>

Ta chttng minh duoc 9(x—|—y)(y+z>(z+x> > 8(x+y+z>(xy+yz+zx).

=3nénx+y—|—z§\/§.Néntadu’Qc

9 9 9 33

M < = <
S(m+y—|—z)<xy+yz+zx> 4(:1:—|—y—l—z> 4\/5 4

2
Vi <x+y+z) Z3(:Ey+yz+zx

~—

A
|

Vay gia tri 16n nhat caa M la %,dadu’octaix:y:z:i@a:bZCZ\/g—l.

V3

Cau 55. V6i x, y la nhiing s0 thuc thdéa méan cac diéu kién 0 < z <y < 2;2z +y > 2zy.
Tim gi4 tri 16n nhat cta bi€u thie P = x° (X2 - 1) +y° (y2 - 1)
(Trich dé thi Chuyén KHTN Ha N¢i vong 1 ndm 2017-2018)
Hudng dan giai
Twr gia thiét 2z + y > 22y ta duoc é 42 > 2. Ap dung bat dang thiic o® +b* > %(a + b>2

y
ta co
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1 4 _1[1 2 1 4 1 4
Stz |-t | =25+t522=522-——
x Y 20z gy x Y z Y
2
1 1 1] 1 4 1 1
Hoéntoéntuongtu’taduoc—+—62———I—— 22:>—22——6.
x4 y4 2 1172 y? 1»‘4 y4
z Ax°
DoO0<z<y<2néntacd 1——2(y2—4)§0:>y2§4+x2— .
Y Y
AY 14 N, 7 . ]— 4
Tt d6 két hop vdi —222——2 ta dwoc
T )
42° 4z° 4 1
v’ <442 — :L; =2+ <4422 — i :4—1—3322——2 §4+x2.—2:5
Y Yy T
z! . léz!
Hoan toan twong tw ta cling cd 1——4<y4—16)§0:>y4§16+1:4— .
Y Y

/4 N, s . 1 1
Tt d6 két hop véi — 2> 2——? ta duoc
€z Y
4z 162" 1
y' <16+ =ty <16+ 22" — 6";” <16+ 2'.— =17
) Yy

.
T

Y

=16 + z*

Do vay P =X2(X2 %—1)—1—372(y2 +1):x4 +y' +2° +9° <17+ 5 = 22. Dau bang xay ra khi
vachikhi z = 1;y = 2.
Vay gia tri l6n nhat caa P la 22, dat duoc tai z = Ly = 2

Cau 56. Gia stt x; y; z la cac sO thuc 16n hon 2. Tim gia tri nho nhét cta biéu thic:

P X n y n z
\/y+z—4 \/z+x—4 \/x+y—4
(Trich dé thi Chuyén KHTN Ha Ngi vong 2 nam 2015-2016)
Huéng dan giai
Tacod P= & + Y + =
\/y+z—4 Jz+x—4 \/x+y—4
ep_ 4x n 4y N 4z
Afy+z—4 Az+x-4 4fx+y—4
4x 4y 4z

= + +
y+z—4+4 x+z—-4+4 x+y—4+4

S Z Ise.
y+z x+z x+y

=4

(Dé dang chting minh dwoc S Zé)
y+z x+z x4y 2
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x=4

Ddu = xay ra khi x:y:z:4:{ 9
y:

Cau 57. Véi (x; y) la cac sO thuc duwong thoa manx+y <1, tim gia tri nho nhat cua biéu
1 1|/
;—f-; 1+x2y2 .

th¢c: P=

(Trich dé thi Chuyén KHTN Ha N¢i vong 2 ndm 2013-2014)

Huéng dan giai

Ta co Pz%xll—l—xzyz =2 /xy—l—i.
xy Xy

2
bat t=xy < Xty <%.

Ta thu duoc gz\/t+%:\/16t+%—15t 2\/2JE—{TS:€:>P2\/E.
D&u “=" xay ra khi

min

x:y:%:>P : :\/ﬁ-

Cau 58. Véi x; y la nhiing s6 thuec duong, tim gid tri nho nhat cua biéu thirc

3 3
P:\/ =4 : 1y -
A8y Ay +(x+y)

(Trich dé thi Chuyén KHTN Ha N¢i nam 2013-2014)

Hudng dan giai

\/ N _ 3 _ X2 g 2y2 _ X2 (1)
x* +8y° (x+2y)(x2 _2xy+4y2) \/(Xz +2xy)(x2 _2Xy+4y2) = 2(x2 +2y2) X 12y

4y° _ 4y° _ 2y’
Y +(x+y) (X+ZY)(X2 +Xy+ yz) \/(xy+2y2)(x2 + Xy + y2)

4 2 4 2 2 2
=2 ) 7 2 zy 2~ 2 ! 2 (2)
X°+2xy+3y°  2X°+4y° X" +2y

\%

Tt (1) va(2), suyra P>1.
Ddu “=" xay ra khi va chikhi x=y.
Vay Pmin = 1 °

V5

Cau 59. Tim gia tri 16n nhat cia ham s6 y=3v2x—1+xV5—4x*, voi %g x< -

(Trich dé thi Chuyén KHTN Ha N¢i nam 2012-2013)
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Hudng dan giai

Tap xdc dinh %< x <§.

2 _Ay? _ 22 _ 3(x*+1
Ta cd x+/5—4x> <X +52 axt o 23X : 3\/2x—1£3.¥:3x3¥.

Cong hai bat dang thikc trén ta thu duogc

y=3V2x—1+xV5—-4x* <4.

Vay y,. =4khi x=1.
Chii yj: Dé gidi dwoc bai todn trén ta phai sir dung phwong phdp tham s6 hoa:

3(2x—1+a)
2x—1+a>2fa(2x-1) & 32 1<
x a>2Jo(2x—1) & 3y2x 1< ~

202 4 12 (5 452 2402\ a? 4512
mx.n\/5—4x2§mx n( x)ﬁx\/5—4x2§(m n)x !

2 2mn

3(2x—1+a) (m2 —4n2)x2 +5n°
N - 2mn

dung ddnh gid nao dé dé’khir hét bién. Biéu thitc cudi c6 sw xudt hién ciia x;x* do do ta sé nghi la

Do do, suy ra P < . Bay gio, ta sé c6 hwong tw duy la sir

x2 +k2

nén dinh gid x vé x* hay nguoc lai. Va ta sé chon gidi phdp ddu tién x* +k* > 2kx < 2x <

3(9(2 + K —k+ka> (m2 —4n2>x2 +5n°

Khi do, ta c6: P< + . Va néu mudn khwe dwoc hét bién thi diu

2k 2mn
tién ta quan sdt dwoc la hai mdu so' phdi bang nhau va tong hé s6'cia x* bang 0. Chinh vi thé, ta
duoc:
koo =mn; 4n® —m* =3 m=n=k=a=1

&
2x—1=qy m2x2:n2(5—4x2) x=1
Va tir do, ta c6 danh gid sau:

o 2 o 2
P—3V2x 1+ x5 ax* <32 21+1+x +o—dx

2

) 2 )
:3x+5 3x S3x +3+5 3x 4P —4
2 2 2 max

Cau 60. Voi x; y; z la cac sO thuc duong thoa man déng thttc xy+yz+2zx=>5, Tim gia tri
3x+3y+2z

\/6(x2 +5) +\/6<y2 +5) +\/6(z2 +5)
(Trich dé thi Chuyén KHTN Ha N¢i nam 2011-2012)

Huéng dan giai

nho nhat cua biéu thttc: P =

Ta c6 \/6(x2 +5) +\/6(y2 +5)+z* +5
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:\/6(x+y)(x+z) +\/6(y+z)(y+x)+\/(z+x)(z+y)
<3(x+y)+2(x+z)+3(x+y)+2(y+z)+(z+x)—|—(z+y)
N 2 2 2

<9x+9y+6z
N 2
3x+3y+2z

\/6(x2 +5) —I—\/6(y2 +5) +\/6<Zz +5)

Déng thitc xay rakhi x=y=1;z=2

3
:§(3x+3y+2z),

suy ra P=

52
3

A 2
Vay P =—.

* y min 3
Y twéng: Quan sat thdy, bai todn c6 sy ddi xting gitta hai kién x; y nén diém roi sé xay ra
tai x=y=kz. Th€ lai gia thiét ta sé€ tim duoc x=y=1, z=2. Gia thiét cho xy+yz+zx=>5
dong thoi s6 5 nay cing xuat hién ¢ biéu thitc P nén ta sé nghi dén chuyén thé gia thiét
vao P.Khi dé ta cé:

3x+3y+2z
P= .
\/6(x+y)(x—l—z) +\/6(y+z)(y+z) +\/(z—|—x)<z+y)

Va diéu ta can la st dung danh gid nao d6 dé triét tiéu t&r s6 va mau s0, tirc 1a tim s& m

thdéa man:

\/6(x+y>(x+z) +\/6<y+z)(y+z) +\/(z+x>(z+y> < m(3x+3y+22) .

Thi luc d6 P Zl. Cau chuyén ti€p theo la tim m, quan sat thdy cac biéu thiic trong can
m

déu 1a tich cta hai thira s6 duong, ta sé sit dung bat dang thitc Cosi cho hai s thuic duong
nhung phai thoa man diéu kién di€ém roi. V6i can thic cu6i, véi diém roi

x=y & z+x=z+y thitacédngay rang

,/(z+x)(z+y)§x+y2+zz.

Cling véi tue duy do, ta s€ thay:

3(x+y)+2(x+z)
2

(—6(y+z)(y+x)<3(y+z>—|2—2(y+x)

Nén \/6(x+y)(x+z) +\/6(y+z)(y+z) +\/(z+x)(z+y) S%(3x+3y+22) .

6(x+y)(x+z) <

Ttic la pz%:,pmm:% tai x=y=1; z=2.

Cau 61. Gid st x, y, z la nhitng s6 thye dwong thoa man diéu kién x +y +z =1.
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\/XY +z + \/2}(2 +2y”
1+ /xy
(Trich dé thi Chuyén KHTN Ha N§i vong 2 nam 2010-2011)

Hudng dan giai

> 1.

Chting minh rang:

Ta co
\/Xy+z+\/2x2+2y2 5 \/XY+Z(X+Y+Z)+X+Y
L+xy L+xy

N \/(X+z)(y+z)+x+y N \/g+z+x+y
- 1+J§ - 1+J§
1

Dau “=" xayrakhi x =y =z = —

3
Cau 62. Cho céc 58 thuc khong am a,bthoa man: (a—b)" =a+b+2.

3 3
Chting minh rang: 1+a—3 1+ b 7 |<
(b+1) (a+1)

(Trich dé thi Chuyén Dai hoc Vinh nim 2018-2019)

Huéng dan giai

=1

Ta co:
(a-b) =a+b+2<a®-2ab+b* =a+b+2
< a +b? :a+b+2+2ab<:>(a2+a)+(b2+b):2(ab+a+b+1)
a(a+1)+b(b+1)

a(a+1)+b(b+1)=2(a+1)(b+1) = (a+1)(b+1) =2

a b
&S —t——=
b+1 a+1

bat x = 2 Yy = b =>X+y=2

b+1 a+1l
Ta co:
(1+x°)(1+y*)<9
<::>1+(xy)3 +x3+y* <
)[( —3xy] 8
<
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. i . ... |xy=0 a=0b=2
Dau " ="xay ra khi va chi khi: &
X+y=2 a=2b=0
Cau 63. Cho cac s0 thuc khong am a, b, ¢ thoaman a + b + ¢ = 2. Tim gid tri nhé nhat cua
biéu thitc

ab+bc+ ca 1
P=~a*+b+c* + +

2 o> +b°+¢°
(Trich dé thi Chuyén Dai hoc Vinh nim 2015-2016)
Hudng dan giai
Pit t =va’ +b° +c’. Tacd t < a+b+c=2. Miatkhac

2

a+b+c

a2+¥+c22£————l—=£>1.
3 3

Suyrat > 1. Do do
(t-2)(t-1) <0 3t2 +2 < 3Wd’ +5" +¢ 2a’ +0" + +2
< 3Wa' +b + ¢ 2(a+b+c>2—2(ab+bc+ca)+2
& 3Wa' +b + ¢ 26—2(ab+bc+ca)
<3 a2+b2+02+2(ab+bc+ca)26.

Khi d6

4 \/a2+bQ+c2 \/a2+b2+c2
; + +

4P =3 a2+b2+cz+2(ab+bc+ca)+ —
a"+b” +c 2 2

>6+3=09.

Suyra P > % Dau dang thitc xdy ra khi a = 2,b = ¢ = 0 hogc cdc hoan vi.

Vay gia tri nho nhat cua P la Z’ dat dwoc khi a = 2,0 = ¢ = 0 hoac cac hoan vi.

Cau 64. Cho céc s8 thiee khong am x, y thdéa man x° + 4y =8. Tim gi4 tri nhé nhat cta biéu

thttc P=x+Yy+

X+y
(Trich dé thi Chuyén Dai hoc Vinh nim 2014-2015)
Huéng dan giai
Tt gia thiét ctia bai todn ta cd 4x+4y <4+ x> +4y=4+8=12,
Suyra 0<x+y<3.
Khi d6, ap dung BDT C6 si ta dwoc
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+ L >6+ 1 26+1 E
X+y X+Vy X+Yy 3 3

P=x+y+

D&u dang thtec xay rakhi x=2, y =1.
Vay gia tri nhé nhat cua P 1a %, dat khi x=2,y=1.

Cau 65. Vi cac sO thuc khong am a,b,c théa man a+b+c=3, tim gia tri nho nhat cua
bidu thire S =(a”+2)(b*+2)(c® +2)
(Trich dé thi Chuyén Tin Lam Son nam 2019-2020)
Hudéng dan giai
Ap dung Bat dang thizc Bunyakovsky ta c6
@l+bl+cl P < (a2+12+12)(b2+2+1)=(a2+2) (1+b2+2) (1)
Do vai tro cta a, b, ¢ 1a nhu nhau theo nguyén ly Dirichlet thi trong 3 s6 a2- 1, b?- 1,c2- 1
ludn ton tai 2 s6 cung dau, gia sk b>- 1; ¢2- 1
= (b*-1)(c*-1) >0
< b*? —b*—c® +120
< b%c? +2b% +2¢ +4 > 3+ 3b? + 3¢
< (0% +2)(c* +2) > 3(1+b* +¢?)
< (@° +2)(b* +2)(c® +2) > 3(a% + 2)(L+b*+c?) (2)
Tt (1) va (2), suy ra:S= (a2 + 2)(b?> + 2)(c2+2)=3(a+ b + ¢)?=3.9 =27
Vay GTNN cua S=27 khivachikhia=b=c=1
Céu 66. Cho x, y, z 1a cc s6 thyc dwong thay d6i thoa man diéu kién xy’z* + x°z +y = 3z°.

Z4

Tim gid trj 1n nhét caa bidu thie: M = 5,070 ey
(Trich dé thi Chuyén Tin Lam Son nim 2018-2019)
Huéng dan giai

Tacod: xy°z° +x°z+y=32" = xy* + N y,iz -3
z 71

Dat x=a,y=b,1:c:>ab2+a2c+bcz:3
z
Theo bat dang thitc AM-GM ta cé: a* +a‘ +¢* +1>4a’c = 2a* +c* +1>4a’c
Tuwong tu: 2b* +a* +1>3ab?; 2¢*+b* +1>3c’b
Cong theo vé ta duoc: 3(a4 +b* +C4)+32 4(ab2 +a2C+bC2) =12=a*+b*+c*>3
z* 1 1

Taco: M = = =
1+2*(x* +y) a*+b*+c*

1
214+x4+y4 3
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1
Vay gid tri lon nhat cia M la 3. Dau

“"__rs

xay rakhix=y=z=1.
Cau 67. Cho ba s0 thuc x, y, zthoaman x +y +z Sg
x(yz+1)2 y(zx+1)2 z(xy+1)2
+ +
22 (zx+1)  x*(xy+1) y*(yz+1)
(Trich dé thi Chuyén Lam Son niam 2016-2017)

Huéng dan giai

Tim gia tri nhé nhat ctia biéu thac P =

Ta cod

x(yz+1)2 y(zx+1)2 z(xy+1)2
= + +
2% (zx+1)  x*(xy+1) y*(yz+1)

(yz +1)2 (zx+1)2 (xy +1)2
AR G y’
(zx+1)  (xy+1) (yz+1)

X y z
2 2 2
() () )
P= 2/ 4 X+ y
1 1
Z+- X+ = y+=
y z
, a’ 3’ &’ (a+ta+a) a_a_a
Apdung BDT: - +—2-+2>21 %2 3/  Diu=xidyrakhi 1=—-2==2
bl b2 b3 bl+b2+b3 bl b2 b3
1Y 1Y 1Y) 11 1Y
y+= 7+= X+ x+y+z+;+—+;
P= 2) | X) . y > y
1 1 1 1 1 1
Z+— X+— y+— X+Y+Z+—+—+—
X y z Xy z
( 11 1)
P> x+y+z+—+—+—
X Yy z
Ap dung BDT : i+1+12 J
X Yy Z X+y+z
27
= P>X+y+2+ =|X+y+Z+ +
X+Y+2 4(x+y+2)| 4(x+y+12)
Ta co: x+y+zjLL 22@:3; 21 _ar .3
4(x+y+12) 4 4(x+y+z) 43 2
2
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=> P23+2=E.Véy Pmin=E khi x:y=z=1
2 2 2 2

Cau 68. Cho ba s0 thuc x, y, x théa man xyz = 1. Tim gia tri nho nhét cta biéu thic:

X V4 zX
T: 2 yZ + 2y 2 + 2 2
ZX+Zy Xy+XZ YZ+YZ

(Trich dé thi Chuyén Lam Son niam 2015-2016)
Hudng dan giai
Ta co

To_ XY . yz . ozX (XY)Q N (YZ)2 N (ZX)2

7°X + ZZy Xzy +x°z y2z + y2Z Xy(ZQX + ZQy) yz(xgy + XQZ) zx(y2z + ygz)
B I () R o N I I
- Xyz(zx + zy) xyz(xy + XZ) zxy(yz + yz) Cxz+ Yz Xy+Xz Xy+yz

Ap dung bét dang thitc Bunhiacopxki dang phéan thitc va bat dang thitc Cauchy ta duoc

(xy)2 N (yZ)2 N (ZX)2 S (Xy+yz+zx)2 _ XY + yz + zx S 33 X2y2z2 :é
XZ+YyZ Xy+XzZ Xy-+yz Q(Xy+yz+xz) 9 9 9

Do d6 nghaygiétrinhc’)nhé'tcﬁaTlé g.Dé'ubéngxé’yrakhi x=y=z=1

Chu 69. Cho ba 58 duong a,b, ¢ thoa man: Va2 +b* ++/b? +¢? ++/c? +a? =~/2011.
a? b ¢t 1 2011
+ + >
b+c c+a a+b 2V 2
(Trich dé thi HSG 16p 9 Thanh Héa niam 2010-2011)

Hudéng dan giai

Chting minh rang:

Ta cé 2(a” +b?) > (a+b)>.
a2 b2 C2 2
F—— +
b+c c+a a+b \/2 b* +¢?) \/2 ¢’ +a’) \/2(02+a2)

Dit x=+/b* +c?, y=+c*+a’, z=+a*+b?,

2 2 2 2 2 2 2 2 2
+22-x* P+ x- X +y—z

y . y: Xty

24/2x 22 y 222

1] (y +2)? (z+x)° (X+Y)?
| e |
22\1/5_[()/;;) +2X_3Xj+((22y) +2y - BVJ (%+22—32ﬂ
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1
> m[(Z(y +2)—3%) +(2(z+ %) - 3y) +(2(x + y—3z)]

Suy ra VT ZZL(X+y+Z):1 2011

V2 2\ 2
Cau 70. Xét cc s6 thuc a;b;c (a#0) sao cho phrong trinh bac hai ax* +bx+¢ =0 c6 hai
nghiém M;n théa man: 0<m <1;0 < n <1. Tim gid tri nho nhét cua biéu thic:
2a® —ac—2ab+bc
a’—ab+ac
(Trich dé thi Chuyén tin Thdi Binh nam 2019-2020)

Q=

Hudng dan giai

—b
m+n=—
ax’ +bx+c =0C4 nghiém m, n nén a

c
mn=—
a

b c
1-— || 2-—
2a’ —ac—2ab+bc (a—b)(2a-c) ( a]( aj (I+m+n)(2—mn)
Q: 2_ = 2_ = b =
a®—ab+ac a”—ab+ac 1.0.¢ 1+m+n+mn
a a

mn<1

Do OSmsl;OSnSl:{m(n_l)Jrn(m_l)Jr(mn—l)SO

mn <1 l1+m+n 3
= 1 =0Q2= @sz

mns§(1+m+n) 1+m+n+1(1+m+n)
3

A et 1a A . 3. .. [a+b+c=0
Vay gid tri nhé nhat caa Q la Zkhl A e

1
, O<a,b,c<=
Cau 71. Cho cac soO thuc a, b, ¢ thda man 2 .

2a+3b+4c=3
Tim gia tri nhé nhat ctia biéu thac:
2 9 8
P= + +
a(3b+4c-2) b(4a+8c—-3) c(2a+3b-1)
(Trich dé thi Chuyén todn tin Thdi Binh nam 2019-2020)

Hudng dan giai
2 3 4 2a 3b 4c

Ta cod: P = =
O T T a(1-2a) b(1-2b) c(l-2c) a’(1-2a) DbP(L-2b) ¢ (1-2c)
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Ap dung bat déng thitc AG -~ GM ta c6:a? (1-2a) <

a+a+1-2a : 1
27

1 1
T tw: b’*(1-2b)<—:c*(1-2c)<—
wong tu: b7 (1-2b) < 567 (1-20) < -

Suy ra: P>27(2a+3b+4c)=81

Déru “u_yr Xéy ra khl a= b =C= %

Vay gid tri nho nhat ctia P 13 81.
Cau 72. Cho X,Y,Z laba s6 thuc khong am thoa man :12X +10y +15z <60.Tim gia tri
lénnhatcia T =X* + Y +2° —4x—-4y -1 .
(Trich dé thi Chuyén Thdi Binh nam 2018-2019)
Huéng dan giai
Do X, Y,Z1aba sd thyc khong &m théa man :12X +10y +15z <60.
X,¥,2>0
Ta co X=3 *)
y<6
72<4

Tirdidu kién tréntacd T =X° + Y +2° —4x—4y -2
=X(Xx-5)+y(y—-6)+z(z—-4)+x+2y+3z

£x+2y+32£%?+2y+32£%?:12

x=0 x=0
Vay GTLN ctia T bang 12 dat dwockhi {1 y=6 or <y=0
z=0 z2=4

Cau 73. Cho cac s8 thuc x>1,y >1,z2 >1 va thoa man 3x* +4y* +5z° =52 . Tim gia
tri nho nhat cua biéu thic F=x +y + z.
(Trich dé thi Chuyén Thdi Binh nam 2016-2017)
Hudng dan giai
Bai bat dang thitc nay viéc dau tién ciing nhu quan trong nhat 1a phai tim duoc dau
béng tir 46 s& tim ra 16i giai.
Dédu “=" xay rakhix=y=1vaz=3.
Tacd 5(X* +y° +2°)=52+2x" +y* 252+ 2+1=55= X" +y* +2° 211 (1)
Laico (x-1)(y-1)=20< xy +1=x+y

Chttng minh teong tw: yz+1>y+7z; XZ+1>X+2z
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Cong lai theo vé ta dugc: 2(xy+ yz + ZX) +62> 4(X+ Y+ Z) (2)

Ly (1) + (2) ta duoc: (X + y+z)2 >5+4(x+y+2) < Xx+y+225

Cau 74. Cho cac so thye duwong a,b,c théa man abc =a+b+c+2. Tim gia tri 16n

1 N 1 N 1
Ja?+b?  Ab?+c? el +al
(Trich dé thi Chuyén Nghé An nam 2019-2020)
Hudng dan giai
1 1 2

Tl‘rdéngth{rcabc=a+b+c+2<:>i+—+—+—:1
ab bc ca abc

nhat cua biéu thic P =

Dét£= x 1_Y ;1= L _(xy,2>0)
a y+zb z+xc x+y
Taco: P= L + ! + ! < ! + 1 + 1
Ja?+b? Jb2+c? Jer+a? ~2ab +2bc  +2ca
< . 1 Xy 1 1 x y 1
Mat khac: = —_—L e —— | =
J2ab  \(x+2)(y+2) V2 2(x+z y+z} J2

Tuwong tw thi ta cling co:

1 <£(V+Zji. 1 <£(Z+in

Jobe T 2ly+x z+x) V20 J2ca  2\y+z y+x) 42
‘ , 3

Cong vé theo vétacd: P<——=

e 22

Dau bang xay rakhix=y=z=1.Hayla a=b=c=2

Cau 75. Cho a,b, ¢ thuc dwong thoa man abc =1.Chiéing minh rang:

1 1 1
+ + <3
Ja‘—at+ab-2 b*—b*+bc+2 +Jct+ci+ac+2

(Trich dé thi Chuyén Nghé An nim 2018-2019)

Huéng dan giai

Ta co:
(a—l)z(a2 +a+1)20<:>(a2 —2a+1)(a2 +a+1)20
ca'-at-a+l>0<=a*-at+1>a

sat—-a*+ab+2>ab+a+1l
1

Ja‘—at+ab+2 +ab+a+l

Chttng minh hoan toan twong tuw ta co:

<~
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1 1 1 1
< ; <
Jo*—p*+bc+2  Nbe+b+1l et —cPrac+2 ac+c+l
Nhu vay

1 1 1 1 1 1
VT < + + S\/S.( + + J
Jab+a+1 +bc+b+1 ac+c+1 ab+a+1 bc+b+1 ac+c+1
(Ap dung BDT Bunhiacopxki cho 3 s8)

Lai co

1 1 1 1 a ab
3. + + = |3. + +—
ab+a+1 bc+b+1 ac+c+1 ab+a+1 abc+ab+a a‘hc+abc+ab

_ s 1 L& ab _f
ab+a+1 l+ab+a a+ab+1

Vay ta c6 diéu phai chiing minh

D&u “=" xay ra khi va chikhi a=b=c=1

Cau 76. Cho a, b, cla cac s thuc duwong thay doi. Tim gia tri nho nhdt ctua biéu thiee:

po_® bV e
(a+b)  (b+c) Ao

(Trich dé thi Chuyén Nghé An nam 2016-2017)

Hudng dan giai

Tacéd: P = « —+ i 2+i: 1 —+ 1 2+i
<a—|—b) (b—f—c) 4a 1+g 1+£ 4a
a b
Détxz%,yz% (x,y>0).
Thay vao ta dugc: P = 1 -+ 1 . + %
(1+z) (1+y) 4
Ta chitng minh: 1 + 1 > 1 (*)

(1+:1:>2 (1+y>2 14wy

That vay: (*) & (1 - my)z +z (:z: - y)2 >0 (ludn dung voi Vz,y > 0)

Tt (*) suy ra: P > 1 +ﬁ:>p2 1 +1+xy _122\/1_122
I+zy 4 1+ 2y 4 4 4 4 4
3
1 Y

Vay gi4 khi nho nhét cia P 1a % Khia=b=c.
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2
Cau 77. Cho x,y,z> 0 théa man x > z. Chting minh rang; ZXZ TR — X+22 > E
y +yz Xxz+yz Xx+z 2

(Trich dé thi HSG Thanh Hoéa ndm 2017-2018)
Hudng dan giai

2

Xz - 1+§
Tacé P=—22 Y’ Jxrez_ yr o oyz T x
2 2
y'+yz xze+yz X+z o y° 4 X1 142
yz yz X
X y 2z
y r 1+7 a’ b*>  1+2c?
= +X + 7 :b2 l+ 2 l+ 1 2 7
Y1 Y14t tload +e
z y X
trong d6 a* =—, bz—%, szé (a,b,c>0)
Nhan xét rang a’. b’ :—:Cizzl (do x>1z)
2 2 a’(a’+1)(ab+1)+b?(b?+1)(ab+1)-2aba®(a?+1)(b?*+1
v e aber) -2 (o))
b’+1 a’+1 ab+1 (a2+1)(b2+1)(ab+1)
ab(a2—b2)2+(a—b)(a3—b3)+(a—b)2>
(a2+1)(b2+1)(ab+1)
2

a’ b? 2ab c 2

Do d6 b2+1+az+12ab+1:}+l:1+c (1). Déng thiic xay ra khi a=b.
c
2 2(2(1+c?)+(1+c)(1+2c?))-5(1+c)(1+c’
Khido —2—+52¢ 5 (2(1+¢?) +(1+c)(1+207))-5(1+0) (1+c?)
l+e ¢*+1 2 2(1+c)(1+c?)
1-3c+3¢-¢®  (1-c¢)

- 2(1+c)(l+cz) - 2(l+c)(l+c2) 20 (doc<1) (2)

Tir (1) va (2) suy ra diéu phai chitng minh.Déng thirc xay ra khi
a=b,c=lox=y=1z
Cau 78. Cho x, y 1a cac s6 thue dwong thoa méan x+y =1.
1 1
—— =
x+y? Xy

(Trich dé thi HSG I6p 9 Thanh Hoa nam 2013-2014)

Tim gia tri nhé nhat cua biéu thiec B =
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Hudng dan giai

—2X
Ta co: B= 1 411 1 1-2xy
(X+y)* =3xy(x+y) XY 1—3xy+xy xy(1—-3xy)
(x+y)?* 1

Theo Cosi: Xy < 4 =7

Goi Bo 1a mot gia tri cua B, khi &6, 3x, y dé:

_ =2y 2 _
TRy Aaxy) < B -2 Boxy +1=0 (1)
S \ g B, >4+2+/3
Deé ton tai x, y thi (1) phai c6 nghiém xy & A=B?-8Bo+4 >0 < +23
B, <4-243
D&y ring vé6i gia thiét bai toan thi B> 0. Do d6 ta cd: B, >4+2+/3.
Véi BO:4+2\/§:xy:2+B 3+43 = X(1-Xx) = 3+\/_
6B, 6(2+43) 6(2:45)
A /i_l - /i_l
o xEox+3HN3 —O<:>x—
6(2++/3)
/i_l - /i_l
Vay, B, =4+2/3, dat duwoc khi x = 2 hoc
- /i_l /i_l
X = Y= :
2 Y 2
Cau 79. Tim GTNN va GTLN cta xy biét x va y 1a nghiém ctua phuong trinh :

x* +y* —3=xy(1-2xy) (1)
Huéng dan giai
Tacod: X' +y*—3=xy(l-2xy) < Xxy+3= (x2 + y2)2 > 4x%y?
bdt t = xy bat phuwong trinh tré thanh:
4t —t—3§0<:>(t—1)(4t+3)s0<:>—%§t£1.

2 2

X‘ =y
Vay GTNN cua xy la —§<:> 3<:>X:—y:ir£
4 Xy =—— 2

4
X2:y2

S X=-y=%1
xy =1

GTLN ctaxyla 1< {

Céau 80. Tim GTNN va GTLN ctia A = xyz biét x, y va z la nghiém ctia phuwong trinh :
X% +2y° +2x*2° +y*z? +3x°y’z* =9 (2)
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Huéng dan giai
Ta c6: (2) < (x2 + y222)+ 2(y2 + x222)+3x2y222 =9
Str dung bat dang thixc AM-GM ta c6:
2|A|+4|A[+3A° <9 A% +2|A|-3<0 < (|A|-1)(|A[+3) <0 = |A|<1e -1< A<,
Vay gia tri nho nhat ctia A 12 -1 khi 2 trong 3 s6 x, y, z déu bang 1 (hodc déu bang -1), s&
con lai béng -1.
Gid tri 16n nhat cta A 1a 1 khi hai trong ba s8 x, y, z d&u bang 1 (hodc déu bang -1), s8 con
lai bang 1.
Cau 81. Cho x, y 1a c4c s6 thuc thoa man x* (x2 +2y° —3) + (y2 —2)2 =1 . Tim gia tri lon
nhat va gia tri nhd nhat cta biéu thite C=x>+y° .
(Trich dé thi Chuyén Ninh Binh nam 2013-2014)
Huwéng dan giai
Ta co:
2( 2 2 2 2 4 2.2 2, 4 2 _
X (X +2y° =3)(y? -2) =l x! +2xX°y* =3 +y' —dy’ +4=1
o xF+2x3Py? +yt —4(x2 +y2)+x2 +3=0
c>(x2 +yz)2 —4(x2 +y2)+3=—x2 <0 Vx
V6i x? +y?=C thitacd C*~4C+3<0& C*-4C+4<le(C-2) <1
©[C-2|<1e-1<C-2<11<C<3

co1 x=0 x=0 c_3 x=0 x=0
=l = ;C=3< =
x*+y’=1 |y=#1 X*+y?=3 |y=+3
Vay minC =1khi x=0 va y=+1; maxC=3khi x=0 va y=+3.
Cau 82. Cho ba s§ dwong a, b, ¢ . Chttng minh bat dang thitc
2 32 2 a2 2 ERRY
4a2+(b2 c)2 +4b2+(cz a)2 +4c2+(az b)2 S>3
2a°+b"+c¢® 2b"+c"+a” 2c +a"+b
(Trich dé thi Chuyén Nam Dinh nam 2015-2016)
Huéng dan giai
2 PRY 2, 12, 2y 2 2
Ta cb: 4a2+(b2 C)2 _2(2a +‘b2 +c2) (2b+c) oo §b+§) :
2a”+b" +c 2a” +b” +c 2a”+b" +c

Lam twong tw va cong lai ta dwoc bat dang thite twong duong voi:

(b+c)? . (c+a)’ . (a+b)?

<3.
2a°+b*+c® 2b*+c*+a’? 2c*+a’+b?
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Ap dung BDT AM-GM - Schwarz cho 4 s§ dwong , ta co:

2
2 2
X +

Xyt (x+y)
m n

b+c¢)? b? c’

E 2) 2S 2 2+ 2 2
2a°+b“+c° a“+b° a“+c

Ta c6 hai BDT tuwong tu, cong tiing vé ta co:

(b+c)’ . (c+a) N (a+b)?
2a’+b*+c* 2b*+c*+a’ 2 +a’+Db?

b? c? c? a’ a’ b?
< + + + + +
a’+b? a*+c? b*+c* a’+b? +a? *+b?

b? a’ c? b? a’ c?
= + + + + +
a’+b*> a’+b? b*+c* A +Db? a’+c? a*+c?

= BDT da cho duoc chitng minh

D&u bang xay rakhia=b=c.

2 2
Cau 83.Cho a,b,c>0;a+b+c>9, tim GTNN cua: A =2 a2+%+%+31/1+%+§
\ a C

(Trich dé thi Chuyén Hdi Phong nam 2016-2017)
Huéng dan giai
Ap dung bat dang thixc AM-GM-Schwar ta duoc:

[aZ +b—2+iJ(1+3+5)2(a+b+c)2 :>24/a2+b—2+i ZM
3 5 3 5 3

2
1+3+5
1+2+§2( )— 81 =3 l+2+§> 27

a b ¢ a+b+c a+b+c a b ¢ Ja+b+c

Do do:
2 2 2(a+b+c
A:21/a2+b—+c—+3,/1+2+§2 ( )+ 27
3 5 a b C 3 «Ia+b+c
a+b+c a+b+c 27 27 9 \/a+b+c 27 27
= + + + 2_+33 . .
6 2 2Ja+b+c 2Ja+b+c 6 2 2Ja+b+c 2Ja+b+c
2,323,277 45
6 2 2 2

Dau “=" xay rakhia=1,b=3, c=5.
Vay gia tri nho nhat cua A la 15.
Cau 84. Cho a, b, c duong va thoa man xy +yz+zx =1 . Tim gia tri nhé nhat ctia biéu thic
1 1 1

P=—; +-—; +—
A" —yz+2 4y  —zx+2 4z°-xy+2

(Trich dé thi Chuyén Nam Djnh ndm 2016-2017)
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Huéng dan giai
Ta co
1 1 1 1

4> —yz+2 s —yz+2(Xy +yZ +zX) ) 4X7 +2xy +yz+2zx  (2x+y)(2x+z)

1 1

o 1
Tuong ty, ta co S_(2x+y)(2x+z)+(2y+z)(2y+x)+(22+X)(ZZ+Y)

yz Xz Xy

5= (ZXZ + yz)(ny + yz) ’ (2xy+ xz)(Zyz + xz) ’ (Zyz +Xy (2xz + xy)

2
Véimoi a,b ta co (a—b)2 20:(a+b)2 Z4ab:>ab£ﬂ.

Ap dung bat dang thikc trén ta duwoc:

5> yz N XZ N Xy
(2xy +2yz+ 2zx)2 (2xy +2yz+ 2zx)2 (2xy +2yz+ 2zx)2
4 4 4
5> Xy +yz+zX - 1 1
(2xy+2yz+22x) Xy +yz+2zX
4
1

Déng thitc xay rakhi x=y=z=——.
V3
Vay gia tri nho nhat ctia S bang 1.
Cau 85. Cho x, y, z 1a céc s6 thuc thoa man diéu kién (x—y)(x—z) =1va y#z . Chtng

minh: 1 + 1 + 1 >4

(x=y) (y-2) (z=x)

Huéng dan giai
Tacs: — b 41 :(X—y)2+(X—Z)2:(y—z)2+2(x_y)(x_z)
N
<y_z)2 +2. 1
(x-y) (x-z)  (x=y)(x-2)

Str dung bat dang thitc AM-GM ta duoc:

2
1+1+1>(y—z) 1 1

(=y) (2 (2 (v (xmz)  oy)xo2) (2o
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X y+y\/;_x+y<l
X+y 2 4

(Trich dé thi Chuyén TP H6 Chi Minh niam 2016-2017)
Hudng dan giai
Str dung bat dang thitc AM-GM ta c6:

x+i2\/; (1);
y+i2\/§ (2);
x+y22\/g (3)

Cong theo v& (1) va (2): x+y +% > /x +\/§ (4)

Cau 86. Cho x, y 12 hai 5§ duong. Chiing minh rang;

Nhan theo vé (3) va (4):

(x+y) +3(xey)2 2y (Vxely) (5)

Chia ctia 2 v€ caa (5) cho 2(x + y) duoc:

x+y+l>\/;+\/§:>x y+y\/;_x+y<l

> d
2 4 X+y X+y 2 4 (dpem)

Dau “=" xay rakhi x=y =i.
Cau 87. Cho cac sd x, y duong. Tim gia tri nho nhat cta biéu thire:

(2x+y)(x+2y) 8

2 2
P= - + - + 1 -3
J2x+y) +1-1 |J(x+2y) +1-1 (x+y)
(Trich dé thi Chuyén Phii Tho ndm 2016-2017)
Hudéng dan giai
Dit 2x+y=a, x+2y =b va stt dung bat dang thitcc AM-GM ta duoc:

P= 2 + 2 +ﬂ—i
Va’+1-1 b*+1-1 4 a+b
2 2 ab 8
= + +—-

Ja+1)(@i-a+1)-1 J(b+1)(?-a+1)-1 4 a+b

2 2 ab 4 4 4 ab 4

Za+1+a2—a+1_1+b+1+b2—a+1_1 4 \/E_a2+b2+4 Jab
2 2

>i+ﬂ_i

“ab 4 \fab
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2
bat t=+fab . Tasé chttng minh: t§2+tz—%21 *)

That vay: (*) & (t-2)° (£ +4t+8)>0
Vay P>1 . Déu “= xay ra khi x:y=§

Vay gia tri nhé nhat cha P la 1.
Cau 88. Cho cac 58 duong x, y, z. Chitng minh rang;
vz 7x Xty +7

Xy
2 + 2 T 2 -
X" +YZ+2zZX Y +ZX+XY Z +XY+YVZ Xy+YzZ+2zX

(Trich dé thi Chuyén Binh Thudn nam 2016-2017)
Huéng dan giai
Ap dung bat dang thitc AM-GM-Schwar ta c6:
Xy § xy(y2 +yz+zx) § xy(y2+yz+zx)

X’ +yz+zx (x2+yz+zx)(y2 +yz+zx) - (Xy+yz+zx)2

z(z* +zx+x zx(x* +xy +yz
Twong ty: — yz gy( }:)/ _ zX < ( y yz)
y t2ZX+Xy (xy+yz+zx) Z° +Xy+yz (Xy+yz+zx)
Suv ra Xy . yz . X <(x2 +y? +zz)(xy+yz+zx)_ Xy 42
Y X +yz+zx Yy H+zX+Xy Z+Xy+yZ (xy+yz+zx)2 Xy +YyzZ+2zX

Vay bat dang thiic dwoc chiing minh. Dang thitc xay ra khix =y =z.
Cau 89. Cho hai s8 thuc 4, b déu 16n hon 1. Chting minh rang:

6 ++/3ab+4 2%.

avb-1+bya—-1
(Trich dé thi Chuyén Ba Ria Viing Tau nam 2016-2017)

Huéng dan giai
Ta co: a\/b—ISa.b_Hl:é.
2 2
a-1+1 ab 6 6
== >
2 aJb-1+bya-1 ab

Twong ty: bva—-1<b.

Dau “=" xay rakhi a=b=2.

++/3ab+4 2%+\/3ab+ :31—8b+\/3ab+4.
a a

6
- avb-1+bva-1
bdt y=+3ab+4 :>3ab=y2 —4. Khi d6:

AM-GM
Q> 218 +y= 18 —(y 2)+— (y+2)+1 > 313/18El 1=£.
y -4 (y+2)(y-2) 4 4 4 2
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Dau “=" xay rakhiy=2hay a=b=2.
Cau 90. Cho cac s6 thuec a, b, ¢ thoa man a+b+c<3. Tim gia tri nho nhat ctua bi€u thirc:

a’+6a+3 b*+6b+3 c*+6¢c+3
+ +

M:
a’+a b*+b cc+c
(Trich dé thi Chuyén Bic Ninh nim 2016-2017)
Hudng dan giai
Ta co:
2 +6a+3 (32’ +3)+6a—2a’ M-GMga 6a_ 042 12a-2a° 14
2 = 2 > 2 = 2 = -2
a“+a a“+a = a“+a a“+a a+1
2 2
Tuong tu: b +26b+32 14 iy C +26c+3Z 14 5
b +b b+1 c +c c+1

Cong theo vé va stt dung bat dang thitc AM-GM dang cong mau sd ta duoc:

2 2 2
a’+6a+3 b’+6b+3 c +6c+3214[ 1,1 1 j_6

a’+a b?>+b t+c a+1 b+1 c+1

M=
> 14.L—6 214.1—6 =15
a+b+c+3 3+3
Dau “=" xay rakhia=b=c=1.
Cau 91. Cho x, y la s6 thuc duwong nho hon 1.Tim gia tri 16n nhat cua biéu thiec:
xy(l—x—y)
(xry)(1=x)(1-y)
(Trich dé thi Chuyén Tdy Ninh nam 2017-2018)

Huéng dan giai

Ta co:
L_(cry)(=x)(1-y) _(x+y)(I-x-y+xy) x+y x+ty _x+ty _x+y

xy(l—x—y) xy l-x-y Xy 1—(X+y)

6_ xy(l—x—y)
batt=x+y, ta duoc:
1 Xx+y  Xx+y >4(X+y) x+y 4 x+y _4,

t
Q Xy +1—(x+y)_(x+y)2+1—(x+y)_x+y+1—(x+y) t 1-t

Str dung bat dang thitc Cauchy-Schwarz ta dugc:

2
d 241
14 6 2 1 )—1=2—1=8:>Qsl
Q t 1-t t 1-t t+1—t 1 8

Dau “=" xay rakhi x=y :%

Vay gid trj 16n nhét ciia Q 14 %

Cau 92. Cho cac s0 duong a, b, ¢ thoa man: 1 + 2017 + 2018 <
1+a 2017+b 2018+c
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Tim gia tri nhé nhat caa biéu thiee: P = abc.

(Trich dé thi Chuyén Ha Tinh nam 2017-2018)
Huéng dan giai
Ta co:
1 2017 2018 2018 1 2017
+ + <l=1- > +
1+a 2017+b 2018+c 2018+c 1+a 2017+Db

c 1 2017 AM-GM \/ 1 2017
= > + > 2 .
2018+c 1+a 2017+b = “\1+a 2017+Db

\/1 2018 a >2\/ 2017 2018
2017+b  V1+a 2018+c  1+a V2017+b 2018+c

Nhan theo vé ta duoc:

Tuwong tu:

abc . 2017.2018
(a+1)(2017+b)(2018+c)  (a+1)(2017+b)(2018+c)

Dau “=" xay ra khi a=1,b=2017,c=2018

< abc>8.2017.2018

Vay gia tri 16n nhat ctia P la 8.2017.2018
Cau 93. Cho 2 s8 thuc duong x, y thoa man 2,/xy + \/% =1.

Tim gia tri nhé nhat biéu thiec: P = X A, 15xy.
y 3y
(Trich dé thi Chuyén Bic Giang nim 2017-2018)
Hudng dan giai
Téch va ap dung BDT AM-GM ta duoc:
y

P:—+i+i+3xy+12xy+é—é
x y 3y

>2 X242 l.3xy+2\/12xy.é—é
xy \3y 3 3

>2+2x+8 xy—%=2x+§+8\/;22 2x%+8\/;=4\/§+8 xy =4

Dau “=" xay rakhi x=y =%

Cau 94. Cho x, y, z 13 s6 thuc khong Am thoa man diéu kién x+y +z :% . Chtng minh
rang: X +2xy +4xyz <2

(Trich dé thi Chuyén Nam Djnh ndm 2019-2020)
Huéng dan giai
St dung bat dang thitc AM-GM ta duoc:
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X+2xy +4xyz = x+x.4y(z+%)

1Y 3 1Y
SX+X. y+z+E =X4+X E_XJFE

=x+x(2-x) =x-2+x(2-x) +2
=(x=2)(1+x* =2x)+2

=(x-2)(x~1) +2

Do x+y+z=%:>0<x<2:x—2<0.Vithé':
x+2xy +4xyz < (x—2)(x~1)" +2 <2 (dpem)

Dau “=" xay rakhi x=1,y==,z=0

N | =

Cau 95. Cho cac s0 duong a, b, c. Chtitng minh: a +E c a+b+c

e +g+ N m >4 .
(Trich dé thi Chuyén Ha Nam ndam 2019-2020)
Huéng dan giai
Ap dung bat dang thiic Cauchy-Schwarz ta duoc:

a> b’ +c2 atb+c (a+b+c)2 _ Nab+bc+ca

=t —t—+ >
ab bc ca f3.a?+b?+c? ab+bctca (a2 4p? 42

a’+b*+¢c? /ab+bc+ca
=24, [
ab+bc+ca a’+b?*+c?
a’+b%+¢c? 1\/ab+bc+ca 1\/ab+bc+ca a’+b*+¢c?
= += += +
2(ab+bc+ca) 2VaZ2+b*+c* 2\ a?+b*+¢? 2(ab+bc+ca)

VT

+2

Ap dung bat dang thixc AM-GM cho 3 s8 ta dugc:

2 2 2
VTZ?’i/Za +b° +c 1\/ab+bc+ca l\/ab+bc+ca +%+2

(ab+bc+ca)'2 a’+b>+c? 2\ a’+b*+c?

3 1
:E+E+2:4 (dpcm)

Déng thitc xdy rakhia=b=c.
Cau 96. Cho céc s§ duong a, b, ¢ théa man: abc > 1. Chiing minh rang;
a b C 3
+ + >—
\/b+\/§ \/c+\/£ Ja+& \E
(Trich dé thi Chuyén Vinh Phiic nam 2019-2020)

Hudng dan giai
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Ta co:

b+\/;Sb+a;C a+2b+c / c< /a+2b+c

1 2 a 42a
\/b+\/— \/a+2b+c \/b+\/_ \/a+2b+c \/4 a+2b+c) “at2brcrd
Mat khac:

42a g 124/2a

a+2b+c+4 7a+10b+7c¢

a+b+c>33abc 23:§(a+b+c)24:>

Do d6:

VT212\/E( a + b + ¢ j

7a+10b+7c 7b+10c+7a 10a+7b+7c

(a+b+c)2
7(&12 +b? +C2)+17(ab+bc+ca)

>122

Mat khac:
5;12+b2+<:22ab+bc+ca:7(a2+b2+c:2)+17(ab+bc+ca)38(a+b+c)2
2 2
- 12\/§(a+b+c) 212\/§(a+b+§:) :i(dpcm)
7(a2+b2+c2)+17(ab+bc+ca) 8(a+b+c) V2

Dau “=" xay rakhia=b=c=1.

Cau 97. Cho ba s6 thuc dwong a, b, c théa man abc = 1. Tim gia tri nho nhét cua bi€u thic:
(1+a) +b +5 (1+b) +c*+5 +(1+c)2 +a’ +5
ab+a+4 bc+b+4 cat+c+4
(Trich dé thi Chuyén Qudng Nam ndm 2019-2020)

Huéng dan giai

Ta co:
2
(1+a) +b2+5_a2+b2+2a+6>2ab+2a+6_2(ab+a+4)—2_ 2
ab+a+4 ab+a+4  ab+a+4 ab+a+4 ab+a+4
2 2

1+b) +c*+5 1+c) +a’+5

Tuwong tu: ( ) 22~ 2 ; ( ) >2- 2
bc+b+4 bc+b+4 ca+c+4 ca+c+4

1 1 1
+ +
ab+a+4 bc+b+4 ca+c+4

Dod(’):P26—2( ]26—2(2

Véix, y duong ta co:

(x-y) 20 (x+y) 24xy = 1  xty 1 sl(lJrlj(*)
x+y 4xy x+y 4\x y
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Dau “=" xay ra khix =y.

Ap dung (*) ta duoc: L = L Sl L +1.
ab+a+4 (ab+a+1)+3 4\ ab+a+1 3

1 1 1 1 1 1 1 1
Twong tu: ———<—| ——+—|; <= il
bc+b+4 4\ bc+b+1 3) ca+c+4 4\ca+c+1 3

Do d6:
Qsl 1 + 1 + 1 +1 :>2Q:l 1 + 1 + 1
4\ab+a+1 bc+b+1 ca+c+1 2lab+a+1 bc+b+1 ca+c+1
:>P26—l 1 + 1 + 1 +1
2\ab+a+1 bc+b+1 ca+c+1

1 C ac 1
+ + +1
2\ abc+ac+c bcac+abc+1 ca+c+1

1 C ac 1

=6—— + + +
2\ca+c+1 ca+c+1 ca+c+1
1

=6-—2
2

=5
Dau “=" xay rakhia=b=c=1.
Vay gia tri nhé nhat cua P 1a 5.
Cau 98. Cho x;y;z la ba s6 thuc duong théoa man x(x—z)+y(y—z)=0. Tim gia tri nho
3 3 2 2
nhat ctia biéu thire P=—X— +—Y X *Y 4

xX*+z° y*+7 X+y

(Trich dé thi Chuyén Hai Phong nam 2019-2020)

Hudng dan giai

3 2 2
Ap dung bat dang thikc Cosi 2X S =X— sz 2Zx—XZ =x—2
X" +z X +z 2xz 2
3 2 2
4
Tuwong tw 2y 22y—£.8uyraP2x+y—z+w.
y +z 2 X+y
x> +y?
Theo gt z= =P2x+y+ >4.
X+y X+y

Vay P =4 x=y=z=1.

Cau 99. Vdi x, y 1a ca s8 thye thoa man (2+x)(y—1) :% Tim gid tri nho nhat cua biéu

thite: A =x* + 4 +6x% +4x+2 +,Jy* —8y" +24y> ~32y +17.
(Trich dé thi Chuyén Hung Yén ndm 2019-2020)
Huéng dan giai

Ta co:
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A =+x* 4450 +6x7 +4x+2 +\/y4 —8y’ +24y* -32y +17

:\/1+(x+1)4 +\/1+(y—2)4

Pat a=x+1,b=y-2, ta duoc A:\/1+a4 +\/1+b4

Tt gia thiét ta duoc: (a+1)(b+1):%©a+b+ab:2

Theo AM - GM ta co:

4a’ +1>4
Bl b rasbot (1)
4b°+1>4b 2
a2+b222ab:>l(a2+b2)2ab (2)
2
Cc}ngtheové’(l)Vél(2)tadu(_yczg(az+b2)2a+b+ab—l=§—l=§:>a2+b2Zl
2 2 4 2 4 2

Ap dung bat dang thirc Minicopski ta duoc:
A=+1+a* +y/1+b* > \/(1+1)2 +(a2 +b2)2 = \/(a2 +b2)2 +4

. [1j+4:£
2

2

Dau “=" xay ra khi a:b=l<:>x=—l,y=é )
2 2 2

J17

Vay gia tri nho nhat cua A la —

Cau 100. Cho cac s6 thuc duong X,y,z thoaman x+y+z=3.
2 2 2 2 2 2 2 2 2
2X"+y +z N 2y +2z" +x N 22" +x"+y > dxyz.
4-yz 4—zx 4 —xy
(Trich dé thi HSG tinh Phil Tho nam 2014-2015)

Chttng minh r?mg

Hudéng dan giai
Chtng minh duoc: 2X* + y* +2° > 2x(y + 7).

Tuong tu tac 2y +2° +X* 2 2y(z+X), 22° + X* + y* 2 2z(x + y).

x(y+ Z)+ y(z+x)+ z(x+Y)

> 2XyzZ.
4-vyz 4 —zX 4-xy

Do d6 ta sé chitng minh

y+z . z+X . X+y
(4-yz)2yz (4-2x)2zx (4-xy)xy

Bat dang thiic nay tuong duong véi
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. y+z 2\/7 1
(@302 [afoe (2 D (- )z o)

i <1 nén L 2 .
0<(2—\/E)\/y7=—(\/xiy_1) +1<1 (2_\/§)\/ﬁ(2+\/ﬁ) 2+./yz

y*z , teong tur co Lx
(4-yz)2yz 2+\/7 " (4-x)2zx 2+\/7

X+y o 1
(4=xy)2xy 2+./xy’

y+12 N Z+X x+y 1 1
(4—yz)2yz " (A—zx)22x  (A—xy)xy 2+\/7 2+\/7 2+\/>

Véia, b, >0 cod

(a+b+C)(1+£+l):3+(E+Ej+(9+£j+(£+g)23+2+2+2:9nén
a b c b a c b a ¢

deé co

Vay nén

Do do

l+1+£2 J ().

a b c a+b+c

. 1 1 1 9

Ap dung (*) ta co + + > >1;
p dung () 2+Xy  24.Jyz  24+ZX B+ XY +4/YZ +2ZX

(V‘1\/x7y+\/ﬁ+\/§£X;y+yJ2rZ+ZJ2rX:x+y+z:3).

y+12 Z+X X+Y
+ +
(4—yz)2yz (4—12x)22x (4—xy)xy
2x% +y* +7° +2y2+22+x2 +222+x2+y2
4-yz 4 —zX 4 —xy

Vay >1.

Do vay ta c6 > 4xyz.

Déng thitc xay ra khi va chikhi x=y=z=
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