SO GD & DT TINH BIiNH BINH PE (GIOI THIEU) THI CHON HSG
TRUONG THPT CHUYEN LE QUY PON  VUNG DUYEN HAI PONG BANG BAC BQ
MON: TOAN HQC. LOP 10

NAM 2023
Thoi gian lam bai: 180 phut
(Pé thi gom 01 trang)

Cau 1 (4,0 diém). Tim tat ca cac ham f :R — R thoa man
f(+ £ ()= (y)+ 1 ()
véi moi x,y 1a hai s6 thuc.
Cau 2 (4,0 diém). Xét bo ba s thuc a,b,c d6i mot khac nhau. Tim gia tri nhé nhit caa biéu thire
3a’ 3p? c?
P= >+ >+ 5
(b—c)* (c—a)* (a-b)

Cau 3 (4,0 diém). Cho tam giac nhon ABC c6 truc tdm H véi cac duong cao AD, BE, CF. DBuong
tron duong kinh BC cat AD tai K. Buong tron qua A, F, tiép xdc canh BC tai P (P thuéc doan BC)
va cat duong tron tdm € ban kinh CK tai hai diém M, N.

1/ Chung minh céc diem M, N, E, H cung nam trén mot duong trbn.q

2/ Goi Q 1a diém doi xung véi P qua B. Chiing minh rang giao diém cua PE va QF thudc
duong tron duong kinh AH.
Cau 4 (4,0 diem). Cho a,m la hai s6 nguyén duong tuy y. Chirng minh ton tai v6 han s6 nguyén
dwong n sao cho v, (n!)=a(modm).
(Ki hiéu v, (n!) dugc dinh nghia nhu sau: Néu n!= 2b.A;(A, 2) =1 thi v, (n!) =Db)
Cau 5 (4,0 diém). Chotap hop A={1,2,...,2024}. Xét 24 tap hop A, A,,..., A, la cac tap con cua
A trong d6 mdi tap hop A (i =1,71) ¢6 dung 1012 phan t. Chieng minh réng trong cac tap

A (i =1,71) ludn tim dugc hai tap hop ¢ chung it nhat 484 phan tu.
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Céu N@i dung Pi¢m
1 |Timtatcacacham f:R—R thoa man
(4 diém) f(xy+ f (%)) =xf (y)+F(x)
v6i moi x,y 1a hai s6 thyc.
Ching minh bo dé&: Néu f (a)=f(b)=c=0 thi a=h.
Véi a,b,c nhu trén, ap dung phuong trinh da cho ta ¢6
f (ab+c)=f(ab+ f (a))=af (b)+ f (a)=ac+c 0,5
f(ab+c)=f(ba+ f(b))=bf (a)+ f (b)=hc+c
Suy ra ac=bc=a=Db (vi ¢ khac 0). Vay BD dugc chung minh.
Trong phuong trinh ham da cho thay x=0,taco f ( f (0)) =f(0) (1)
Tur (1) vadp dung bo désuyra f(0)=0 (2) 05
That vay, néu f(0)=0 thitir (1) suyra f(f(0))=f(0)=0= f(0)=0 (do ’
bd d&) (méu thuin). Mau thuin nay chiing to (2) dung.
Trong phuong trinh ham ta chon y =0 va st dung (2) ta cé
f(f(x))="f(x)vxeR (3)
T (3)vabo désuyra f(x)e{0,x} vsimdi xeR (4) 1,0
1) Truéc hét dé thay f(x)=0,vxeR va f(x)=xVxeR lahai nghiém
ham.
2) Tiép theo ta s& chitng minh khdng con nghiém ham nao
That vay, gia sir 6 nghiém ham f c6 tinh chat ton tai 3x,, f (x,)#0 va
3o, F(Yo) # Yo
Theo (2) suyra x,=0,y,#0
Hon nira theo (4) thi f (%)) =%, f(¥,)=0 (5) 20
Trong phuong trinh ham thay X=X,y =Y, va ap dung (5) ta co
f (xoy0 + f (xo)):xof (Yo)+ (%)= f (xoy0 +x0): f(%)=% #0
Ap dung bd de X,Y, +X%, =%, = XY, =0 (VO Iy).
Vay f(x)=0,vxeR va f(x)=x,VxeR lahai nghiém ham
2 Xét bo ba sb thuc a,b,c doi mot khac nhau. Tim gia tri nho nhat caa biéu thirc
(4 diem)
3a’ 3b? c?
P= >+ >+ 5
(b—c)* (c—a)" (a-b)
Pat x=—2 y=—P 72 % \hidé taco
b—c c—-a a-b
1,0
a+b-c b+c-a c+a-b
X+l=—,y+1= ,Z+1=
b—c c-a a-b




. a-b+c b-c+a c—a+b
va x—-1= y—1= ,2-1=
b-c c—a a-b

Suyra (X+1)(y+D(z+D)=(x-1)(y-D)(z-) = xy+yz+zx=-1

va P=3(x* +y?)+z2°.

Tanhan thay P >0 va bién z dic biét, chon
z=0=P=3(x’+y?)>—6xy =6,(doxy =-1).
Nhung theo yéu ciu xé4c dinh gid tri nho nhét cua biéu thirc P, do dé, ta chi can

xét truong hop z#0,0 < P <6. Khi do, ta viét lai P dudi dang

2 2 2 2 2
P=3(X +y)+2° _3a”+3p°+1 [a=§,lg=y)
z

—Xy—yz—-2x -af-a-p' z 1,0
<30’ +P(f+1)a+35° +PL+1=0 la phuong trinh bac hai c6 nghiém
a,do dd
A, =[P(B+D] -12(3% + PB+1)>0
< (P> -36)5°+2(P*-6P)3+P*-12>0,
c6 vé trai 1a mot tam thirc bac hai 6 hé s cao nhat am (0 < P < 6), bat
phuong trinh ¢6 nghiém £ thi
Al = (P?—6P)* —(P? —36)(P* -12) >0 < P*-7P?+36<0 o
<(P+2)(P-3)(P-6)<0
Tadang xét 0<P<6=3<P<6;vay P>3.
Déu ding thirc xay ra khi va chi khi
2
PR DY
P~ —-36 3<::> 5 5
__PA+p) _ 1 B . 35
6 3 7T 5T 5
5 5 10
a:—3+£b a:—%b
Tir do, ta cb: 2 hoic 2 Vay minp=3.
3+3\5 3-3J5
= b c=- 5 b

(4 diém)

Cho tam giac nhon ABC cO truc tdm H vdi cac duong cao AD,BE,CF.
Puong tron duong kinh BC cit AD tai K. Puong tron qua 4, F, tiép xGc canh
BC tai P (P thudc doan BC) va cit dudng tron tdm € ban kinh CK tai hai diém
M,N.

1/ Chirng minh cac diém M, N, E, H ciing nam trén mot duong tron.

2/ Goi Q 1a diém ddi xung voi P qua B. Chang minh rang giao diém
cua PE va QF thudc duong tron duong kinh AH.




0 B\ D P /C

1) Vi tam gidc BKC vuong tai K ¢6 KD 1a duong cao nén BK? = BD.BC. Dé
thay tar giac AFDC néi ticp néntacd BD.BC = BF.BA.
Xét phuong tich ciia diém B doi vai duong tron tam C, ban kinh CK va duong

tron (AFC) tacé 1,0
$5/c) = BC* — CK* = BK? = BD.BC = BF.BA = g (pra)
Do d6 B thudc truc dang phuong cia hai dudng tron noi trén, hay B,M,N
thang hang.
Bén diém M, N, F,A dong vién va MN cat FA tai B nén BM.BN = BF.BA.
Mit khic A, F, H, A @ong vién va AF cit HE tai B nén BF.BA = BH.BE. Tu
do suy ra 1,0
BM.BN = BH.BE
Suy ra bén diém M, N, H, E dong vién.
2) buong tron duong kinh AH cit PA, PH, PE lan luot tai U,V,S, goi Q' 14
giao diém caa FS va VA . Ta can chitng minh Q tring Q'
Ap dung dinh ly Pascal cho luc giac AESFHV ta c6
o C=AEnFH,P=ESnHV,Q'=SFnVA 10
nén C,P,Q thang hang. :
Gia st AD cat duong tron dudng kinh PQ’ tai L. D& thiy hai tam giac
BDH, ADC dong dang nén
DA.DH = DB.DC = DK?.
D& thay Q’ 1a truc tdm tam giac AHP, do d6 H ciing 1a truc tam tam giac APQ’
nén dé chimg minh duoc hai tam giac vuéng PDH va ADQ’ dong dang, suy ra
DA.DH = DP.DQ' = DI? 10
Do d6 DK = DL suy ra K tring L. Tir d6 ta c6 ’
BL? = BK? = BD.BC = BA.BF = BP?
Do d6 BL = BP. Ma tam giac Q'LP vudng tai L nén tir day suy ra B la tam
duodng tron dudng kinh PQ' do @6 Q trung Q'.
4 Cho a,m Ia hai s6 nguyén duong tiiy y. Chting minh ton tai v han s6 nguyén
(4 diém) duong n sao cho v,(n!)=a(modm). (ki higu v, (n!) duoc dinh nghia nhu
sau: Néu n!=2".A;( A 2)=1thi v, (n!)=b).
Gia st m=2'm’(m’,2)=1. Theo dinh Ii phan du trung hoa, ton tai k sao cho e

k=a(modm') va k =—a(mod2' )




Xét cac s6 n co dang n =2 +2% 4 ...+ 2% trong d6 e, 1a cac sé tu nhién.

Theo cong thic Legendre v, (n!)=n =n-k= 2(2"' -1).

Tachon a; =1(modp(m')) va ¢ > 1. Khi d6

k k
> (2% -1)=—k(mod2') (vi & =1)va Y (2% —1)=k(modm") (vi dinh Ii 1,5
i=1 i=1
Euler)
Tir do suy ra v, (n!)=a(modm). Vi ¢6 vo sé cach chon o, =1(modg(m')) 1,0
nén ton tai vo sb n.
S ) Cho tap hop A={12,..,2024}. Xét 24 tap hop A, A,,..., A, 1a cac tap con
(4 diém . [ . )
ciia A trong d6 mdi tap hop A (u =1, 24) c6 ding 1012 phan tir. Ching minh
ring trong cac tap A (i :1,71) ludn tim duoc hai tap hop cé chung it nhat
484 phan tir.
V6i mdi phan tir x € A, goi d, 1as6 tap hop A chira x. Khi d6
> d, =24x1012.
XeA
Dit t:max{\A A 1<i<] 324}.
Pém s bo (x,{A,Aj}), trong d6 xe A va2tap A, A chira phan tir , theo
2 cach. 2,0
Cach 1. Dém x truéc. Vi mdi xe A c6 C7 céch chontap {A, A}, nén ta
c6 D C; cach chon b (x ( A A, }) quy uéc néu d, <1 thi C7 =0).
XeA
Cach 2. Dém tap {A, A} trudc. C6 C;, cach chon tap {A, A}, tuong ting c6
khong qua t cach chon x, nén c6 khdng qua tCZ, cach chon bo (x,{A, Aj}).
Do do
> stC224<:>Z — 24X23 &> d2->"d, <23x24xt. (1)
xeA xeA xeA xeA
Ap dung bat dang thac Cauchy, taco
2
)
P e )] 2,0

T 2024
Tur (1), (2) va kéthop D d, =24x1012, suyra

xeA

(24x1012)°

2024
Vay ludn ton tai hai tap hop A, A, ¢6 chung it nhat 484 phan ti.

—24%x1012<23x24xt =t > 484.




