HAY NHIN BANG “CON MAT KINH DIEN”
Vo Quoc BA CAN

Bai viét s6 1. Ky thuat thém - tach - bét trong bat ding thiic
Cauchy-Schwarz

Hom thit hai, ngay 25/10/2009, dang hoc thi thiy Nam Diing goi cho t6i, thay
bio toi soan mot bai vé bat déng thiic dé chii nhat len gidng & cau lac bo toan
hoc. Soan mot bai dé giang thi khong khé nhung soan lam sao dé hoc sinh nim
bét duge didu minh mudn néi thi qua that khong dé chit nao, t6i da phai mat
méy ngay dé nghi vé van dé nay. Toi nghi, & cau lac bo, cac ban hoc sinh da
dugce cac thay day cho rat nhiéu phuong phép roi, ching 16 gio minh lai lén gidng
vé cac phuong phap dé nita, SOS, hay don bién, hay EV, ...D6 chinh 13 van
dé khién t6i dau dau. Sau may ngay suy nghi, t6i quyét dinh soan mot bai vé
béat déng thic kinh dién. Li do la gi thi t6i nghi cac ban ciing hiéu, cic phuong
phap SOS, don bién, ...cé tinh thiét thic cao trong giai toan nhung néu ta cit
dung ching dé giai trong thi hoc sinh gioi thi that khong hay. Thi hoc sinh gidi
la dé chon nhitng ngudi c6 sang tao chit khong phai dé chon nhitng ngusi gii
“dao btia”. Van dé nay xin khong ban nhiéu & day.

Vé bat ding thic kinh dién, ching ta da biét rat nhiéu bat déng thic loai
nay nhu: AM-GM, Cauchy-Schwarz, Chebyshev, ...Ma?i loai trong ching déu
c6 nhitng k¥ thuat st dung rieng, doi héi phai c6 su tu duy tét. Néu c6 thé, toi
sé cb6 gang gidi thieu hét cac ky thuat nay vao nhitng dip khac. Con trong bai
nay, toi xin dudc gidi thieu mot ki thuat ma toi van hay dung - “K§y thuat thém
- tach - b6t” trong bat ding thiic Cauchy-Schwarz.

Trude hét xin duge nhic lai vé bat déng thitc Cauchy-Schwarz, né duge phat
bidu nhu sau: V6i hai bo sb thuc bat ki a1, as, ..., an va by, ba, ..., by, ta co

(af + a3+ +ap)(OF + 65+ + b)) = (arby +azby + -+ anbn)®.
Déng thic xay ra khi va chi khi a;b; = a;b; v6i moi i # j.

Ta c6 mot dang khac ctia bat ding thic nay rat hay duge sit dung, né dugc
phat bidu nhu sau: V6i hai bo s6 thuc bat ki a1, ag, ..., an va by, ba, ..., by
théa méan b; duong, ta c6

dod, L h e
bi by bn by +ba+ -+ by

Déng thifc ciing xay ra khi va chi khi a;b; = a;b; v6i moi i # j. (Luu ¥ 1a dé si
dung t6t dang nay, cAc ban can c¢6 cai nhin “hai chiéu”)

Chiing ta bt dau bing vi du don gidn sau



Vidu l. Choa, b, c la ba s6 thuc duong tiuy 3. Chiing minh rang

be ca ab at+b+ec
+ + < .
b+c+2a c+a+2b a+b+2c 4

Lyi gidi. Loi gidi ctia bai toan that don gian nhu sau: St dung bat déng thic
Cauchy-Schwarz, ta c6
2 2 2
P 0+ 7
a+b a+c” (a+b)+(a+c)

suy ra

1 1 1 1
< - + .
2a+b+c_4<a+b a+c)

Theo danh gia nay, ta dugc
be 1 be be a+b+c
= <= = .
Z:2a+b+c_42:<a+b+a+c) 4

D6 chinh 1a didu phai chitng minh. U

Loi giai nay tuy don gian nhung viéc tim ra né that khong dé&. Diém diic biet &
day chinh 1a & viéc phét hien ra hing dang thic

ab ab
Z + =a+b+ec,
a+b a+c

dé c6 thé tim cach tach thich hgp cho céc mau sb clia cac dai lugng bén vé trai,
tit d6 dua dén 15i gidi Cauchy-Schwarz nhu trén. Day 13 mot ¥ tudng hay va ta
c6 thé st dung né dé gidi mot s6 bai toan khac. Sau day 14 mot vi du khéc

Vidu 2. Choa, b, cla cic sé thuc duong cé tong bing 3. Chiing minh ring

1 1 1
TP E Wit iR

1
< -
-2

Lyi gidi. Stt dung § tuéng nhu trén, ta sé tim mot hing ding thiic thich hgp
dé c6 thé gitp ta ching minh bat ding thic da cho. Cac ban hay dé ¥ dén hing

déing thic sau
b2 c?
=3
S (st )

Tit d6, ta nghi dén cach tach 4a? + b2 + ¢ = 2a® + (a? + b?) + (a® + ¢?) va st
dung bat ding thiic Cauchy-Schwarz nhu sau

(a+b+c)? a? n b? n c?
da? + 024+ c2 = 26> a2 +0b2 a?+ 2




Theo danh gia nay, ta co

Y i<t X (e tate) <
4a? + b2 +c2 — 2a? a2 +b2  a2+c2) 2

Va nhu thé, bing cach chia c& hai vé cia bat déng thiic cudi cho 9, ta thu duge
ngay két qua can ching minh. O

Qua hai vi du trén, ching ta c6 thé thay k§ thuat tach nhém néu biét sit dung
khéo 1éo sé cho ra nhiing 16i giai hay va doc dao. Tuy nhién, déi khi ta khong
thé tim ra nhiing hiing diing thitc thich hgp dé c6 thé gitp ta giai bai toan. Vay
ltc nay ta nén lam thé ndo? Ky thuat tach nhém khéng con higu qua? That ra,
ta khong nhat thiét phai tim cac hing ding thic ma ta cling ¢6 thé tim cac bat
dang thitc thich hgp (tat nhien 14 phai chat va dé chiing minh) dé sau khi st
dung Cauchy-Schwarz, ta c6 thé sit dung cac bat dang thiic nay dé hoan tat 1oi
gidi. Hai bat ddng thiic ma toi vAn thuong st dung la

Két qua 1. Vdi ba s6 thuc khong am a, b, ¢ tuy ¥, ta cé

2 b2 2
(a) a4 + + <1
262 +bc  202+ca  2c2+ab

be ca ab

< 1.
a2—|—2bc+b2+20a+02+2ab_

(b)

Viéc chiing minh hai bt déng thitc nay kha don gian, cac ban cé thé tu ching
minh. Bay gig, ching ta hay cung xét vi du sau

Vi du 3. Ching minh rdng vdi moi sé thuc duong a, b, ¢, ta déu cé

a? b2 2
2a+b)2ate) @+t a)  (2eta)2e+b)

—_

< —.
-3

Loi gidi. Dé y rang
(2a +b)(2a 4 ¢) = (2a* + be) +ala+b+c) +ala+b+c).
Do d6, sit dung bat dang thitc Cauchy-Schwarz, ta c6

(1+1+1) o1 N 1 N 1
(2a+b)(2a+¢c) ~ 2a2+bc  ala+b+c) ala+b+c)’

suy ra
2

> 2atb0)(2ato) =

0,2 a
(Z2a2+bc+2za+b+0)
a2
(22a2+bc+2)'

O = O =



Vay, chiing ta chi can chting minh bat déng thic sau nita la du

a? n b2 n 2 <1
262 +bc 202 +ca  2c2+ab ~

D6 chinh 1a Két qua 1a. O

Mot vi du khéc cho ki thuét tach nay 1a bai kiém tra cau lac bo toan hoc nam
ngoai

Vidu 4. Cho a, b, c la ba s6 thuc khong am tuy . Ching minh ring

a? b2 2
32+ (b+ 02 3P+ (cta?  3E+(ath)?

1 1
- < < -
3~ -2

Loi gidi. Bat ding thiic bén trai kha don gidn, né dugc suy ra truc tiép tit bat
déing thic
(z +y)? <322 + 3y?

véi moi x, y > 0. Bay gio, ta sé xét dén bat ding thitc ben phai, hay dé v &
phan tich sau

3a® + (b+¢)? = (a® + b + *) + (2a® + 2be).
Theo d6, bat dang thitc Cauchy-Schwarz cho ta

(1+1)? 1 N 1 - 1 N 1
3a24+ (b+c¢)2 ~ a2 +b2+c2  2a2+2bc ~ a2+ b2+ 2a%+be

St dung danh gia nay, ta thu dugc

2

) DL

a? + b2+ c? 2a? + bc
a2

1 — .

( +22a2+bc)

a
EE——
Z3a2+(b+c)2 -

L NN e

Bai toan duge dua vé chiing minh

a? n b2 n 2 <1
262 +bc 202 +ca  2c24ab T

D6 chinh 1a Két qua 1a. O

K§ thuat tach nhém thuong cho ta nhitng 15i giai rat dep va gon gang. Nhung
néu trong trusng hgp ta khong tim duge ca hing déng thic 1an bat ding thiic
thich hop dé tach va danh gia thi sao? Liic nay, ta c6 thé sit dung mot ky thuat
khac 1a thém - bét.



Vidu 5. Choa,b, cla ba so thuc tuy § théa man a® +b% +c? # 0. Ching minh
rdng
a® — be n b2 — ca . c? —ab
a? +2b0%2+3c2 b2 +2c2+3a2 2 +2a%+ 302

Loi gidi. V6i viec xuat hien “da phan” céac dai lugng a?, b2, c? cho ta thiy ring
cac dai luong be, ca, ab tré nén “1é loi”. Tt d6 ta nay ra ¥ tudng st dung nhiing
danh gia thich hgp dé lam triét tieu nhitng dai lugng 18 loi nay. Don gian nhat
la sit dung bat ding thitc AM-GM,

b2 + C2 02 + a2 a2 + b2
< < .
5 ca < 5 ab < 5

be <

Nhu vay, ta chi can ching minh bat déng thiic sau 1a du

20 —y — z 2 —z—z 22—x—y>0
r+2y+3z y+22+3r 2+2x+3y

trong d6 = = a?, y = b va z = ¢®. Ta mudn sit dung bat ding thitc Cauchy-
Schwarz dé chiing minh bat déng thiic nay. Nhung dé c¢6 thé lam duge diéu do,
trude tién cac ti sd clia cac phan thiic phai 1a nhitng s6 khong am, ma & day thi
ta chua biét chic duge tinh chat nay (cu thé 1a trong ba tit s6 luon c6 mot sb
khong duong!). Cho nén dé c6 thé 4p dung dugce bat dang thitc Cauchy-Schwarz,
ta nén cong vao mdi phan s6 mot lugng thich hop dé méi tit sé déu la sb khong
am. Ta nén chon lugng thém viao sao cho cac ti s6 “cang nhoé cang t6t” dit vin
khong am. Mot cach tu nhién, ta chon duge % 1a s6 thich hgp dé them vao. Khi

dé, ta viét lai bat ding thic trén nhu sau

20 —y — 2 1 20—z—x 1 22 —x—y 1 3
—t |+t |ttt ] =5
r+2y+3z 2 y+2z+3x 2 z+2x+3y 2 2
5T + 2 5y + 5z 4y
r+2y+3z y+2z2+3r z+2x+3y

Bay gio, sit dung bat ding thitc Cauchy-Schwarz, ta c6

Z Sz + z < 36(x +y + 2)?
r+2y+3z Z(5x+z)(:c+2y+3z).

Vay, ta chi can chitng minh bat déng thitc sau nita 1a di
12(x +y+2)? > 2(5.%' + 2)(z 4 2y + 32).
Khai trién ra va thu gon, ta thiy rang bat ding thic nay tuong duong véi
2?4 9% + 2% > xy + yz + 2.

Mot két qua quen thudc. O



Vidu 6. Cho a, b, c la do dai ba canh cia mot tam gidc. Ching minh ring

a b c

> 1.
3a—b+c+3b—c+a+3c—a—|—b*

Lyi gidi. Cac tt s6 clia cac phan thitc trong bat ddng thiic déu la nhitng s6
duong, c6 vé nhu néu ta ap dung truc tiép bat dang thitc Cauchy-Schwarz thi
sé ra. Nhung néu cac ban thi tryc tiép sé thiy sau khi 4p dung 1a bi ngudc
chiéu. Bay gig, ta hiy thit bé b6t mdi phan sé6 mot lugng nhung van dam bao
t1t s6 clia chiing duong (nghia 14 duong nhung cang nhé cang tot). Véi dé y rang
4a — (3a —b+c)=a+b—c >0, taco thé chon ngay dugc lugng bd bét thich

1 . £, a2 N
hop 1a 1 Khi do6, ta viet lai bat dang thic can chitng minh nhu sau

a 1 b 1 c 1 1
— |t | T =,
3a—b+c 4 3b—c+a 4 3c—a+b 4 4

a+b—c b—|—c—a+c—|—a—b21.
3a—b+c¢c 3b—c+a 3c—a+b

Dén day, sit dung bat ding thitc Cauchy-Schwarz, ta c6 thé dua bai toan veé
ching minh
(@a+b+0)?>> (a+b—c)(3a—b+o).

Nhung bét déng thic nay thuc chit chinh 13 mot hing ding thrc! O

Céc ky thuat them - tach - b6t 1a nhitng ki thuat co ban cia bat dang thic
Cauchy-Schwarz hay dugc stt dung trong thi olympic toan. Tuy nhién, dé c6 thé
stt dung bat ding thitc Cauchy-Schwarz hiéu qua hon, cac ban khong nén ding
rieng 18 timg ky thuat ma nén két hgp ching lai. Sau day 1a hai vi dy dé minh
hoa cho tu tuéng dé ma viéc binh luan xin dugc danh cho cac ban

Vidu 7. Cho a, b, c la cdc s6 thuc khong am. Chitng minh ring

b 1
S <o
4a+4b+c¢  4b+4c+a 4dc+4a+b 3

L&i gidi. Nhan ci hai vé ctia bat déng thitc cho 4(a + b+ ¢) va dé ¥ réng

a(4a +4b+4c) 3ca
da+4b+c  da+4b+c

+a,

ta c6 thé viét lai né ¢ dang tuong duong la

Z ca <a+b+c
4da+4b+c — 9 ’

Tiép theo, véi dé ¥ & phan tich

da+4b+c=(2a+b)+ (2a+b) + (20 + ¢),



st dung bat dang thic Cauchy-Schwarz, ta dugc

(14+1+1)2 1 1 1
< + + )
4a +4b+c 2a+b 2a+b 2b+c
Do do
ca 1 2ca ca
- < [t T
S e S0 (msrt me)
1 2ca be a+b+c
_92(2a+b+2a+b)_ 9
Day chinh 1a két qua can ching minh. O

Vidu 8. Choa,b, claba so thiuc tuy § théa man a®+b%+c? # 0. Ching minh
rdng

a? —be b? — ca ¢ —ab
+ + > 0.
4a? +4b%2 42 4b%2 +4c? +a?  4c? +4a? + b2

Li gidi. Dé ¥ ring

4(a® — be) L= (2b+ c)?

4a2 + 4b% + 2 T 4aZ +4b2 4 2
Do d6, bat déng thiic can chiing minh c6 thé viét lai dudi dang

(2b+¢)? (2¢ + a)? (2a + b)? <3
402 + 402 + 2 4b?2 +4c2 +a? A2 +4a2 +02 T

Bay gio, st dung phan tich
4a® + 4% + ¢ = (2a® + 4b%) + (¢ + 2a?)
két hop véi bat déng thitic Cauchy-Schwarz, ta duge

(20 + ¢)? < (2b)? n c?
402 +4b%2 + 2 ~ 2a2 + 42 2 + 202’

Theo do, ta c6
2 2 2
4a? + 4b% 4 2 a?+2b2 2+ 2a?

2b? a?
:Z 2 3t 5] =3
a’ + 2b a’ + 2b

Bai toan dugc chitng minh xong. O

Cudi cling, xin néu ra mot s6 bai tap dé ban doc c¢6 thé tu ren luyén thém



1. Cho a, b, ¢ 1a cac sb thuc khong am. Ching minh ring
ab be ca a+b+c
+ + < .
a+3b+2c b+3c+2a c+3a+2b 6

2. Chitng minh riang v6i moi sé thuc khong am a, b, ¢, bat dang thitc sau day
luén diang

a? n b? n c? < 1
5a2+ (b+¢)? 52+ (c+a)® b2+ (a+b)2 3

3. Cho a, b, ¢ 1a cac s6 thyc tiy ¥ thda man a? +b% + ¢ = 1. Chiing minh ring

be ca ab
2+l Byl Er1o T
4. Cho a, b, ¢ 1a cac s6 thuc tiy ¥ thda man a? +b% + ¢ = 1. Chiing minh ring
1 1 1 9
1—bc+ 1—ca+ 1—ab§§'
5. Cho a, b, ¢ 1a cac s6 thie khong am. Chitng minh ring
2a% — be 20% — ca 2¢% — ab >3
b2—bc+c?  2—ca+a? a?—ab+b* "
6. Cho a, b, c 1 céc s6 thyc duong. Chiing minh ring
2a+b 2b+c  2c+a >3
2a+c 2b+a  2c+b
7. Cho a, b, ¢ 1a ba s6 thyc tiy ¥ thda man a? + b2 + ¢ # 0. Chitng minh ring

a? — be n b2 — ca n ¢ —ab >0
202 +b24+c2 202+ c2+a? 22 4a2+b02 T

8. Cho a, b, ¢, d 1a cac sb6 thyc khong am. Ching minh ring
a—b n b—c n c—d n d—a >0
a+2b+c b+4+2c+d c+2d+a d+2a+0b"
9. Cho a, b, ¢, d 1a cac s thuc tuy ¥ théa man a? + b% + ¢ + d?> = 1. Chiing

minh ring
1
<8.
Z 1—ab ™

sym

10. V6i mbi s6 ty nhién n > 3, ta dit
n—1

Vn2 —2n—1

. 1 N L s
Xét cac so thuc tuy ¥ x1, 22, ..., x, € [, an] . Ching minh rang bat dang
an

ap =

thitc sau luon duge thda man
ol T2 Tn

n
+ + -+ > —.
To+ T3 T3+ T4 1+ X9 2
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