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nén cting cha may ai quan tam. Den doan gifta thé ky 20- khi mdy tinh bat diu duoc sir dung,
khi cac Van dé téi wu trong kinh té, k¥ thuat tré nén quan trong thi nguoi ta lai tim lai céc 1y
thuyét vé da dién. Tir nhitng nim 50 tré lai ddy, 1y thuyét da dién phat trién rit nhanh.

Hién nay c6 khéi thir lang nhang triru twong lién quan dén nd, cung c6 kha nhiéu connection
gilra ly thuyét da dién va cdc loai téan khac- ‘ma c6 1€ dyoc nhiéu ngudi quan tam nhét 1a cdc
moi twong quan cua né voi hinh hoc dai 5O (vi 5O lyong ngudi hoc HHDS rit dong dao).
Grothendieck sau khi tim hiéu méy cudn sach vé da dién déu cua Coxeter cling ¢ dua ra mot
s6 van dé lién quan dén hinh hoc dai s6 ma hinh nhu dén nay vin chua duoc giai quyét.
Ngoai ra miy cdi 1y thuyét méi cta hinh hoc vi phan nhu Hyperkaehler Geometry ciia
Witten- Rolanzky dua ra nam 1996 (quaternion geometry- tirc 1a hinh hoc vi phan khéng gian
4n chiéu), Correlation polytopes dua ra nam 1989 (cdc polytopes vdi cac dinh la cac ma tran!
) voi tng dung chu yéu cho céc loai quantum theory ciing c6 it nhiéu lién hé véi Iy thuyét da
dién.

6. Schlegel diagram?

Schlegel diagram c6 thé goi 1a mot meo vit rat don gian cua hinh hoc: chiéu tat ca cdc mat
khédc cta mot hinh da dién 16i bat ky xuéng mot mat cua né. Hoac néi mdt cach khac- ching
ta cAm mot khung hinh 1ap phuong ABCDEFGH lén ch'fmg han, di that st mit vao mot mat,
tam goi 1a mat ABCD cua nd, thi cudi cting hinh anh hién ra 1 ching ta nhin thidy moi mat
bén trong cua hinh 1ap phuong nay.

Néu néi formal, thi dé chiéu mot hinh anh nhiéu chiéu hon xuong thap chiéu hon, chiing ta
chi viéc di chuyén diém nhin t6i st mot mat sao cho né nim & mién trong giao bdi moi
duong thiang di qua cdc mit da dién khéc.

Chiéu tir khéng gian nhiéu chiéu hon vi thé, twong ty. Vi du cdi hinh & post dau tién em dua
1én 12 hinh 1ap phuong trong khong gian 4 chiéu- gdbm 16 dinh, 32 canh, 32 mat 2 chiéu (hinh
vudng), va 16 mat 3 chiéu (hinh 1ap phuong). Con lam sao dé nhin dwoc né thanh 2 cdi hinh
lap phuong 16ng vao nhau thé thi 1a do cdch chiéu Schlegel luén ding mot mat (n-1) dé
chiéu. O trong khong gian 3 chiéu, mot mit (n-1) cia mot da dién 12 mot mit 2 chiéu. Trong
khong gian 4 chiéu thi mot mat cia né chinh 14 1 mat 3 chiéu- tirc 1a hinh 1ap phuong!

7. Phan lop cac da dién trong khong gian 3 qchi(‘“au. ‘

Steinitz da 1am viéc nay kha don gian: vé mgt mat phang toa do 2 chiéu, véi tryc tung la truc
f2 (mat), truc hoanh Ia tryc f0 (dinh). .

Nho cong thuc fO— f1+ f2=2 cho da dién 3 chi€u ching ta c6 nhitng gi?

1) f0>4

2) 224

3) f0<2f2 — 4

4) f2<2f0-4

Chung minh:

1) va 2) 1a bat dang thirc co ban, vi bat cir da dién 3 chiu ndo ciing c6 it nhét 4 dinh, 4 mit.
3) va 4) tuong ty nhu nhau:

- Vi mot mit c6 it nhat 3 canh, va mdi canh 12 giao cia2 mat=3f2< 2f1.
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Thay vao cong thirc Euler ¢ trén chung ta dugc
2=f0 —f1 +f2 SfO—?af% + 12 =f0—f%:>dpcm.

Vay thi, chi viéc ké 2 duong thang cat nhau tai diém I =(4,4)bi chin béi hai nira mit
phing fO0<2f2 — 4va f2<2f0 — 4 ching ta dwoc mot cich quat mé (ra vo cling) ma
bat cir mot diém nguyén nao nam trong cich quat mo nay ciing 1 s6 dinh va sé mit ciia mot
da di¢n (c4c ban thtr xem!).

Vi dy, tai diém I =(4,4)ching ta dyoc hinh tir dién. Tai diém J =(5,5) chiing ta dyoc mot
da dién c6 5 dinh, 8 canh, 5 mat. Tai diém K = (8,7) ching ta dgoc mot da dién khac .v.v.
Cén chi ¥ 12 cdc diém nguyén nam trén dudng thang 0= 2f2 — 4goi la cdc da dién
simplicial, con cdc diém nam trén dudng thang f2=2f0—4goi la cic da dién simple. Céc
da di¢n Simplicial n chiéu 12 céc da dién ma tit ca cdc mat ctiia né c6 ding n canh. Cac da
dién simple n chiéu 12 céc da dién ma tat ca cdc dinh cua né 12 giao cua ding n mat. Vi du
hinh 1ap phuong 3 chiéu 12 mot da dién simple, vi tit ca céc dinh cta né 1a giao cta ding 3
mat. Hai dang da dién simple va da dién simplicial nay 12 cdc truong hop extreme bao lay
tdan bo tinh chét t6 hop (c6 nghia 1a s lugng dinh, canh, mit v.v.) cta cdc da dién khéc.
Cac simplicial complex né chi twong trng vdi cac simplicial polytopes- mdt 16p polytopes dac
biét, 12 16p polytopes "chin trén" cia tat ca céc polytopes. Vi du nhu trong cdc da dién 3
chiéu thi 16p simplicial polytopes 12 16p céc polytopes thoa man phwong trinh fO = 2f2 - 4,
ma em da viét & bai phan 16p cac da dién 3 chiéu.

Trong khong gian 4 chleu tinh thé khéc. Két luan dau tién 1a: cdc polytopes cé thé nam kha
lung tung, chtr khong nam kin cdc diém nguyén trong mot polyhedral cone 3 chiéu c6 dinh,
tuong tu nhu tit ca cic da dién 3 chiéu ndm kin cdc diém nguyén trong cdi cone 3 chiéu nira.
Gia st diing cdc bat phuong trinh

dé tao

f£0=5, £325, 1210, f124£0-10, fO+ f3> f1 vi f222f3, f1g—f0(f20 -1)

ra mot hinh 3 chiéu m& (khong bi chan ra vo cung) thi van chua thé biét chinh xdc mot diém
X nam trong cdi mat cone 3 chiéu md nay c6 phai la mdt Polytope hay khong.
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CAC BAT PANG THUC SUU TAM

1. Ki higu S,,S,,S. tuong ung la dién tich cta cdc thit gidc déuAA,AAAAA,
B,B,B,B,B;B,B,,C,C,C,C,C.C,C,.Giasit AA, =BB,=CC,.Ching minh ring:

%<SB+SC<SA

Gidi:
bat AA =a,AA =b,AA, =c.
AA, = AA, = AA
Taco: {AA =AA=b ,b*c
AA =AA =c
St dung dinh 1i Ptolemy cho tir gidc noi tiép A A,A,A, ta co:
AAAA = AALAA +AALAA =ab+ac

a a
o —+—=1
b c

Ta co:

AA1A2A3 - ABleB3

A AA, A ? ?
= A _AA 3A2:>Bleza_:>C1C2:a_
BlBZ B1B3 BSBZ
Ta c6 céc that gidc déu dong dang v6i nhau.

2 2
-5 {1 (5
S, S, \»b c

Ta co:

2 2 2 2
1:1(&2) S(ﬁj +(£j _1-2a
2 2\b ¢ b c bc

=dpcm.

2. Trén mat phang cho hai hinh binh hanh A A,A A, va A A,A A, c6 chung tim O. Cac
canh ciia hinh A,A,A A, cit cic tia OA,,0A,,0A;,OA, tai F,,F,,F,,F,.Céc canh cua
hinh A A,AA, cit tia OA,,0A,,0A,,OA, tai F,,F, F, F,. Véi mdi ke{l1,2,3,....8}

OF, ; . 1
dat 4, =—=% . Chtrng minh ton tai ke {1,2,3,...,8}dé 4, >—.
it A, OA, g d { } A \/5
Giai:
* Céach dung:
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Cho hinh binh hanh A A,A A, tim O. Goi M, F,,F,, F,,F, lan luot la trung diém cua
AA,,0A,04,,0A,,0A,. FF, cit OM, A,A,, A A, lan luot tai P, Q, R. A, € PQ,A,e PR

sao cho — PO _ PR !

PA,  PA, “n
Dyng hinh binh hanh A/AAA nhin tim O lam tam thi dé théy
OF, 1 OF J_ PQ

=3 \/_( i=1,3,5,7) va 04, PAZ \/_
Dé tranh xay ra truong hop nay ta bd sung vao gia thiét: Trén mat phiang cho 2 hinh binh
hanh AAAA,, A /A AA; c6 chung tAim O sao cho khong c6 canh nao cua hinh binh
hanh nay cit 2 canh dbi cta hinh hanh kia.

Xét 2 truong hop:

a) Néu ton tai mot dinh (vd: A;) ctia hinh binh hanh nay ndm trong hinh hodc trén canh

—(j=2,4,6,3).

cua hinh binh hanh kia thi OF, >1> L . Két luan bai toan diing.
OA, J2
b) Néu moi dinh ctia hinh bir}h hanh néy nam ngoai hinh binh hanh kia thi mdi canh cta
hinh binh hanh nay phai cat 2 canh k€ nhau cua hinh binh hanh kia.

* B6 dé 1:
Cho AABC véi BO la trung tuyén. M € BO, MB = MO.Mot dudng thang qua M cit canh
. , . BA B
BA tai F va cét BC tai E thi c6: BA_ BC_, (1)
BF BE
Chung minh:

Ké Al//EF, AlnBO=1,CI//EF,CI"BO=J
. BA_BI BC _BJ

Ta c6: = , =
BF BM BE BM
BA BJ BD
> —+—=——=
BF BE BM
* Bo dé 2:

Cho hinh binh hanh tdm O. Goi M,N lan luot 1a trung diém ctia BO,AO. Lay diém F trén
canh AB. Néu tia FM cat BC tai E va FN cat AD tai K thi ¢6: BE + AK > BC

Chung minh:
BA BC _4, AB +AD

Theo (1) ta coé:
) BF BE AF AK o
Cong timg vé hai dang thuc trén ta c6 va sit dung bat dang thirc Schwartz ta c6:
_BA N AB BC AD  BA N AB BC BC 4AB N 4BC
" BF AF BE AK BF AF BE AK BF + AF  BE+ AK

:IZL@BE+AKZBC

BE + AK
Tré lai bai toan:

Gia sit A, e AOA,,0A, NAA, =F,.A,A, di qua O cit AsAs tai Fy, cit AjA; tai Fs. Goi
M,N 1an lugt 13 trung diém ciia OA30A,. Ta chimg t6 ring mdt trong hai tia FoM, FoN
phai cat doan FyFs.

Goi XY 1an luot 1a giao diém cua tia AsM va A7N véi canh AjA;.
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Néu F,thudc XA, (hay YA;) thi F,M phai cat OF, (hay OF,).

Néu F,thudc XY, gia st F,M cit A,Atai E,F,Ncat AA, tai K. Ma AE<AF, va
AK <AF;suyra AAE+AK <AF, +AF, =AA trdi voi (2).

Khong mét tinh téng quét coi FoM cit OF4 tai D nghiala OF, >0OD (3).

Ta chi ra ring néu Fy < €L v6i moi k thi dan dén mau thudn.
OA, 2
Vi OF ¢ 9% déu < €L nén c6 thé lay dugc diém P niam trong doan thang
OA,  OA, J2
A,F, (OF, <OP < 0A,) va diém Q nam trong doan A,F,(OF, < OQ < OA,) sao cho
OF, _00 _1
OP 0A, 2
Do doan PQ cit doan A,F, nén PQ cit OA, tai R v6i OR > OA, (5).
Thay OA, =20M vao (4) ta dugc: oM = L (6)
* 00 2
Tu (4) va (6) suy ra PQ//MF, nén op = oM = 1 > OF,
OR 0Q 2 04,

Két hop véi (3) ta c6: OA, > OR; gg > OR mau thuan véi (5).

Vay suy ra dpcm.

3. Cho t&r gidc ndi tiép (0):ABCD,R=\/§,ACJ_BD,OI=1. Chtmg minh:
1<, <4

ATCD —

Giai:

Goi AE la duong kinh (O). Tacé: BD//CD.

= A+ IB*+IC* +ID* = AD* + BC* = AD* + DE* = AE* =20
4 4

Ma ICJA=IBID=R*-0I°=4=A=—,IB=—
IC ID

:>20=(IC2+ID2)(1+ 16 2)221c.10(1+12—6j=45(1+ 16 j=4s+E
IC’ID IC’ID 4

’] 2 S? S
:2024S+%@S2—5S+4S0@1£S£4

S=1=IC=ID=2:S=4 = IC=ID=22

4. Cho AABC c6 trong tim G, duong tron ndi tiép tim 1. Ching minh:
max{az,bz,cz} <4min{ab,bc,ca}
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Giai:

* Céch 1:

Khong mét tinh téng quat, gia st a >b > ¢ . Ta cin ching minh a* < 4bc.
Ké IT L BC, AM la trung tuyén, AM N (I)=N, P;

Ta cé: MT* =MN -MP.
Ma MN - MP < MG - MA.

= MT? < MG.MA < %MAQ

2 2
Ta c6: MT? :(MB—BT)2 :(g_C+a—bj :(b_cj
2 2 2

2(b2+c2)—a2

MA® =
4
(b=c)’ _12(b+c")-a’
<_
4 3 4

& a’ <2 +c*)-3(b-c)’

& a’ <4bc—(b-c)’

= a27< 4bc

Bat dang thuc dugc chirng minh xong.

*Cach2:

Gia su (I) tiép xic v6i BC, CA, AB tai T,U,V ta c6:

AU =p—-a;BV =p-b,CT =p—c.

Vi G la trong tam cia AABC nén theo cong thirc Lepnit ta co:
IA*+IB* +IC* =3IG* + GA> + GB* + GC?

= IA*+IB*+IC* <3r* + GA> + GB* + GC*
:>3r2+(p—a)2+(p—b)2+(p—c) <3’ 4+

2
& (p-a) +(p-b) +(p-c) <LHLEE

& 5@’ +b°+c*)<6(ab+bc+ca) (1)

Khong mét tinh tong quét gia st a>b>c.

Tir (1)=3(a—(b+c)’)+2(b—c)’ <2(4bc-a’)
Vi a < b+ cnén diu béng khong xay ra.
=3(a=(b+c)’)+2(b-c)’ <2(4bc-a’)

= 4bc—a’ >0=a’ < 4bc

= max{az,bz,cz} <4min{bc,ca,ab}
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Diéu dit biét ta thdy & bt ding thirc nay 12 khong thé thay s6 4 bang s6 nhé hon, nhung
dau bang lai khong xay ra.

5. Cho ae (o,fj ditne— 2 41
2 o o

sin’ = cos —
2

Hoi trong khong gian c6 thé dung duoc hay khong n dudng thang cing di qua mot diém
va goc gitra hai duong thang bat ki trong ching khong nho hon « . Tai sao?

Giai:
Gia sir qua diém O trong khong gian ta dung dugc n dudng thing théa man yéu cau dé
bai.
Lay O lam tAm cta hinh cau béan kinh 1. Ly mdi duong thang trong sé n duong thang
néi trén 1am truc dung hinh nén xoay dinh O, duong sinh ¢6 d6 dai 1 va géc ¢ dinh bang
o . Khi d6 ta s& c6 2n hinh nén d6i mot khong c6 diém chung trong (do géc gitra 2 truc
ctia hinh nén bt ki khong nho hon « .

Thé tich hinh ciu 16n hon 2n 1an thé tich 1 hinh nén.

4 1 . ,«a a
—7T>2n—7sin” —cos—
3 3 2 2

2 2 2 (Vo6 1)
S n< = +1<

.. L0 L, o
Sin —COoS— Sin —COS— SiIn —COoS—
2 2 2 2 2 2

Két luan: khong thé dung duoc n duong thang thoa man yéu cau dé bai.

6. Trong mat phang hodc trong khong gian cho 1 dudng thing A va 2 diém A,Bé¢ A.
Tim tén A 1 diém M sao cho MA+MB dat min va tinh gid tri doé
theoAB=d,d(A,A)=a&d(B,A)=b.

Giai:

* Céach 1: (phuong phédp hinh hoc)

Xét 2 truong hop:

a) A va AB dong phang: i .

- Néu A, B cung phia d6i voi A thi diém M can tim la giao cua A va AB.

- Néu A,B khéc phia ddi v6i A thi diém B, =P ,(B) dbi ximg v6i B qua A, thé thi véi
moi M’ trén A ta ludn co:

AB,=MA +MB, <M'A+M'B, (M'=An(AB))

= (MA+MB) & MA +MB, & M =AN(AB,)

b) A va (AB) khong dong phang:

MA+MB khéng d6i khi quay trong 2 diém xung quang truc A. Suy ra ta gitr mot trong 2
diém, chang han 1a diém B va quay A quanh tryc A dén vi tri A; méi sao cho A;B va A
ddng phang, bai téan tré lai trudng hop dau.

= (MA+MB) =MA +MB & M =An(AB)

131



Chuyén dé bét déng thirc hinh hoc Nhom 5

* Céch 2: (phuong phép dai s, sit dung cdc bat diing thirc cb dién)
Goi A’,B” lan luot 1a hinh chiéu cta A va B trén A va gia st A'# B'. Ta chon huéng

duong ciia A 1a huéng di thr A" dén B thi AB=AM+MB (MecA). Dit
AA'=a,BB'=b, A'B'=2c,AM =u,MB =v,(c#0&u+v=2c=const(VYM € A))

Tac6: NA+MB=u’+a> +\v? +b°
Ma Nl +a® +07 457 2 (u+v)’ +(a+b)’ (bdt BCS)

u v u a
= & —=— hay _=
a b v b

— MA+MB =’ +a* +\v’ +b> >,J4c> +(a+D)

Kétluan: (MA+MB) =.4c*+(a+b)’ =d*+4ab (d =AB)

mi

O diém M e [A'B'] va chia trong doan d6 theo ti s6 A'M : MB' =a:b.

2

* Cach 3: (phuong phép toa do)

Xéc dinh toa do M trén dudng thang A bang cich chon trung diém O thudc doan A’B’
lam gdc toa d6 va tia duwong Ox chira B’ .

bit OB'=-0A"=c¢(c>0),0M =x.

= A'M=0OM-0A"=x+c,BM =0OM —OB =x—c

= MA+MB = f(x) =\/(x+c)2+a2 +\/(x—c)2 +b*

X+c X—C

=>fx)= = =
\/(x+c) +a’ \/(x—c) +b*
f'(x)=0<:>(“cj Jrd ra )
x+c (x—c) +b> D
IR DU S DI Cll) N

i c—x b a+b i
Pang thuc (1) ¢6 dang hinh hoc 1a & diém cuc tiéu M.
AM _AR _MA _ VIAA'= MBB' & AMA' = BMB’
B'M BB' MB ) )
Thay (1) vao (*) rut gon ta ra dugc két qua giong nhu s dung 2 céch kia.

7. Cho mdt hinh cAu noi ti€p trong mot hinh tron xoay. Mot hinh tru ngoai ti€p hinh
ciu d6 c6 ddy dui niim trong mit phiang ddy clia hinh nén. Goi V;, V, 1an lugt 1a
thé tich cda hinh nén va hinh tru.

a) Chitng minh rang V, #V, .

D 2
b) Tim gi4 tri nhd nhat cta ti s6 —.

2

Giai:
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a) Ta gia st hinh n6n c¢6 dudng cao BD = h, ban kinh ddy 1a DC = a, gbc giita

N . N N . . N A A A 1N 2 ﬂhaz
dudng sinh va tryc 1a «, ban kinh hinh cau ndi ti€p 1a r. Ta c6: V, = 3
(*)
r r(l+sine) r(l+sine)
h=0B+0D=——-=+r= - ,a=htanag=———-tana.
sin &@ sin @ sin

Thay cic két qua trén vao (¥) ta duogc:

zr}(l+sine)’  zr'(l+sina)’

' 3sina.cos’@  3sina.(l-sina)’

Thé tich hinh try ngoai tiép hinh cau 1a V, = 2z7°, do d6
v,  (l+sina)’  (1+x)

V, 6sina(l-sin) 6x(1-x)

, Tur day ta xét x=sin,0< x<1.

(3 2, Y V 2, N ~ b
Gia su rang 71 =1 (tic 1a V, =V,), ta dugc phuong trinh 7x* —4x+1=0, phuong trinh
2
bac hai theo x nay vo nghiém; diéu nay c6 nghia khong ton tai @ d€ V, =V, va khing

dinh & dé bai dugc chitng minh.

b) Pit % =k , ta c6 phuong trinh (1+6k)x*+2(1-3k)x+1=0, d€ phuong trinh

2
ndy c6 nghiém, ta phdi c6 A" =(1-3k)’ —(1+6k) 20 k > g

e 12 1 B N . - . 1
Vayglétmnhonhatcuaﬁzkla ,ing v6i x =sina=—& OB =3r.

3

=

8. Cho hinh chép S.ABCD c6 d4y 1a hinh thoi c¢& dinh canh a va thé tich khong ddi.
Tim vi tri ctia S d€ dién tich xung quanh nhd nhat.

Gidi.

khong ddi.

Ta c6 th€ tich hinh chép V = Lhs sep = 1=
3 ABCD

Xdc dinh S chi can xdc dinh chin dudng cao H.

Dung HM | AB, HN 1 BC, HP 1. DC, HQ 1 AD. bit

HM = x,HN =y,HP=z7,HQ =t

SH 1 (ABCD) = SM ¢6 hinh chiéu HM 1 AB= SM 1 AB

Tuong tw SN L BC,DC L SP,SQ 1 AD.
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= qu =S+ Sspc +Ssen +Sspa

:%(AB-SM+BC-SN+CD-SP+DA-SQ)

:%(a\/x2+h2 +ayy + 1 +aN I +a\/t2+h2)

:%(J(“")z +(ah) +4(ay)’ +(ah) +\(az)’ +(ah) +y(ar) +(ah)2)

Ap dung bat ding thic ta c6

Sy %\/(ax+ay+az+at)2 +(4ah)’

Néu diém H nim ngoai hinh thoi ABCD thi ax+ay+az+at >2S,,.,
Né&u H nidm trong hinh thoi ABCD hay & trén canh thi ax+ay+az+at =28 ,,.,

Viy S, 2 %(\/4&53@ +16a’h’
DAu bing x4y ra khi va chi khi H niim trong hinh thoi & ax_ay _ax_ar
ah ah ah ah
¢ H 12 tryc tAm dudng trong ndi ti€p hinh thoi
& H tring véi tim O cida hinh thoi
Vay S, nhd nhat khi SO L (ABCD)va SO=h

9. Xét tt ca cac tam gidc ABC c¢6 ddy AB cb dinh va do dai tat ca cdc dudng cao ké tir C
deu bang hang s6 h. Trong cic tam gidc nay thi tam gidc nao c6 tich do dai ba duong
cao 16n nhat?

Giai:

Bai todn nay 1a mot bai trong dé thi Olympic Chau A Théi Binh Duong lan I Pay 1a mot
bai todn khé hay va dugc giai bang nhiéu cdch, & ddy chiing toi s& dua ra 3 cich, mdi
cach déu chi c6 mot diém chot 1 xét do dai cta h so v6i AB nhung lai c6 cdi hay riéng,
ban doc hay tu tim hiéu nhé.

Céch 1:

Goi a,b,cla @6 dai cac canh dbi dién voi cac goc A,B,C tuong ung; cho h ,h, ,h. la do
dai cdc duong cao lﬁnlu’(jt ha tir cac dinh A,B,C.

Ta ki hiéu dién tich tam gidc ABC la S. Ta ¢6 ¢ va h, cho truéc, do vay

S = %chc = const . Suy ra:

8S° =(ah,)(bh,)(ch,) = const
Nhu thé, dé tich h hh dat gid tri 16n nhat, ta cAn c6 tich abc dat gid tri nhé nhét, vi ¢

dugc cho trude. Ta c6: 2S =absinC khong ddi, do dé ab dat gid trji nho nhat khi
sin C dat gié tri 16n nhat.

. AB XL ) ) . e £
Néu h < 7 , thi s€ ton tai AABC vudng tai C. Khi d6,sinC dat gid tri 16n nhat.
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Néu h > ATB thi géc C nhon. Khi d6, sinC 16n nhat khi va chi khi géc C 16n nhit. RS

rang diéu nay xdy ra khi AABC1a tam gidc cin tai C.

Céch 2:

Do diy AB cd dinh, c6 thé gia sir AB= 1. Ké duong vudng goc AP xubng AB, sao cho AP
bang h. Lay diém Q nam trén duong thang qua P va song song v6i AB sao cho BQ vudng
g6c AB. . ” .

Lic dé, ta phai c6 C nam trén PQ (hoac trém duong thang twong ng nam phia bén kia
ddi véi AB). Ta goi a(A) 1a do dai dudng cao ké tir A xubng BC va a(B) 1a do dai ké tir
B xudng AC.

Néu diém C la diém ma tich h.a(A)a(B) dat cuc dai, thi C phai nam trén doan PQ, béi

vi, néu géc ABC 1a géc tir thi ca a(A) 1dn a(B)déu ngan hon cic dudng cao clia tam

gidc ABQ; néu BAC 1a gdbc th thi ta ciing c6 diéu tuong tu.
Do vay ta gia st PC =x v6i 0<x<1. Khi do,

h
AC=Vx*+h* = a(B)=———
( ) NP+ h?
Tuong tu ta c6: a(A):+.
(1-x)" +hn°

Ta can tinh sao cho ham sau dat gid tri bé nhét:

F)=( 40 )| (1= )+ 1* | = x* =20+ (217 +1) & =21 x+* + I
Ta co:

f/(x)=2(2x=1)(x* —x+h*), f'(x)=0 ¢6 3 nghiém la:

)czl&)c:i'l‘/l—h2
2 2V4

. 1 O 1 . N . >
Tu do, khi h > > ham f dat cuc ti€u tai x = > trong truong hop nay ta c6 tam gidc ABC

can tai C. Khi h< % ham f dat cuc tiéu tai x = J_r% \ /i—hz .

Lic nay,M 1a trung diém AB va D 12 diém nam trén AB v6i

AD——+,/——h2 khi d6 DM = ‘/——hz

Ma DC =h& CDM =90, nén MC—E suy ra: ACB=90".

Cach 3.
Do ddy AB cd dinh, 6 thé gia st AB=1. Goi a,b 1a d0 dai cdc canh ddi dién v6i cdc géc
A, B tuong rng; cho x,y 1a do dai cac duong cao lan lugt ha tir cac dinh A, B.

3
Tacé: ax=by=h,do do hxy—h—b Nhung /& = asin B; b !
a

chxy=h*sinC.
s1nB sin C Y
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Nhing diém C ndi trén chay trén dudng thang song song véi AB va ciach AB mét khoang
bang & (ta goi la duong (K)). (N6i chinh x4c, mot cdp dudong thang song song nhu thé ¢

. X 1 < A . A R A \ M e
hai bén AB). Néu hSE, thi ton tai mot diém C trén duong thang (K) d6 sao cho

ACB=90", do viy, & truong hop nay ta duoc hxy=h> bing cich chon C sao cho
ACB =90 , va 1 rang day 12 vi tri can tim.

. 1 ., , — ,
Néu h > E , thi khong mot diém C nao trén duong thang (K) la cho ACB = 90°. Goi (L)

1a dudng trung truc ctua AB, gia sir (L) cit duong thang (K) ¢ C. Lic d6, diém C can tim
1a didm nim trén (K) ma ACB 16n nhit (Idc ndy AC = BC). That vay, néu D la diém
khéc trén (K) thi dudong tron ngoal tiép tam gidc ABD ciing sé& di qua mot diém tuong Gmg
D’ & khac ph1a v6i C, do d6 C nam bén trong dudng tron nay. Néu (L) gip dudng tron

dé ¢ C’, thi ADB=ACB>ACB.R0 rang:

sinC = ZSiHECOSEZ h ]
n+=
4
. W
Nén gia tri 16n nhat cua hxy = .
el
4
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HINH HQC HAY DAI SO?

Néu cdc ban di timg tham khao qua cdc chuyén dé vé don bién thi cdc ban s& d& hiéu
nhirng gi chiing t61 s€ trinh bay.

Nhiam cing c6 lai kién thirc ban than ciing nhu muén so lugce tng dung phuong phép nay
trong hinh hoc ¢6 dang vé nhu dai s6. T6i xin trinh bay cu thé vé dang nay boi nhiing bai
todn nay toi tu tim huéng ching minh cho riéng minh (hién nhién 12 sé lugng bai todn
khong nhiéu va do trinh d6 con han hep nén khong tranh khoi nhitng sai 1am dang tiéc
hay trung lap).

T6i s€ thong qua 2 pp sau:

- Dbn bién trong hinh hoc (Cac ban c6 thé tham khao 1 vai tu liéu khic)

- Phuong phép dI1 (ta s& hiéu 15 hon qua cic vi du sau)

* Mot so vi du:

VDI: (IMO 2004) Gia st n 1a 1 sb ty nhién 16n hon 2 va n 1a sb thuc dwong
x,(i =1,n) thoa man Z&»Zi <n*+1. Ching minh ring b ba trong n s6 d6 1a do dai 3
X.

1

canh tam giac.

Chung minh:

Trudc hét, ta dung phan ching:

Gia s ton tai x, > x, +x,

Khai trién, 4p dung bét dang thirc AM-GM ta dua vé:

S, x,x)= U L B B W S 1)
A I S s )

. . + +
Khong miy khé khin ta chimg minh dugc f(x,x,,x,) f (MM xj

2 2
x, t 2

R a1k . X
Ma theo gia thiét ta c6: x, >2t => x=-—=2>2
t

1 5 . | 5 .
S —+x<—;matalaicéo —+x>— voi x>2

X 2 by . ]
Suy ra di€u gia sur 1a sai. Suy ra di€u phai chirng minh. Vay ludn ton tai bat ki bg ba tam
gidc théa man diéu ki¢n trén.

VD2: (VasileCirtoaje) Néu a,b,c 12 3 canh tam gidc thi:
3(£+é+£j > 2(2+£+ﬁj+3
b ¢ a a b ¢

Chung minh:

137



Chuyén dé bét déng thirc hinh hoc

Nhom 5

Vé6i a <b<c tacd bit dang thic ding.
Xét a > b= c
Vi 2 vé bat dang thuc cung bac, sir dung phuong phap dIl gia s b=1.
Bat dang thuc tuong duong:
3(a+l+£j > 2(l+c+£j+3
c a a c
& f(a)=3(a’c+a+c?)-2(c+c*a+a*)-3ac
f'(a)=6ac+3-2c" —4a-3c
f"(a)=6c—4

*Xét cZ%:
= f"@)20= f'(a)>f'D>0= f(a)> f(1)>0
*XEét cS2:>a<—:

3 3

Dit f(a,b,c):3[3+9+5j—2(9+5+3j—3
b ¢ a
Ta s€ chirng minh:
f(a,b,c)> f(a,Nac,c)
That vay:
(b=vac)’Ga=2c)

abc

BDT < f(a,b,c)— f(a,Nac,c)=

S
c 2
G(a.Nac,c) :3(2\/g+5—3}2[2 £+ﬁ—3]
& a a C

=t%(t—1)2(2t+1)—%(t—1)2(t+2)

ziz(t—l)z(3—2t2+2t)20
t

Suy ra diéu phai chimg minh.

Bang céch tuong tu ta c6 gid tri manh hon 12 :

3(£+é+£j22(2+£+ﬁj+3
b ¢ a a b c

VD3: (Ngbé Minh Tri) Néu a,b,c 12 3 canh tam gidc thi:

(a b ¢ a b c j a b ¢
2| —+—+—- - - Z—+—+—
b ¢ a b+c c+a a+b c ¢ a

Chirng minh:
V61 a <b < c suy radi€u phai ching minh.
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Xétazbzc
Ta c6 thé chtrng minh:

f(a,b,c)zZ(%+é+£— a b ¢ j—(ﬁ+é+ﬁJ2f(a,\/E,c)
C a

a b+c c+a a+b c c
Str dung phuong phéap dI1 gia sur c=1;
Ta s& chirng minh BDT ding khi: a >+/a >1

<:>f(6l,\/z,c)=2(2\/;+l— a Va 1 J_a_z

a 1+\/Z_1+a_a+\/2 ﬁ
= f(a,Na,1)=(=a> +2a+2)(Na -1’ a +1)
(5+1)?
4

Ma ta lai c6: 1+\/;>a:>a<

= f(a,x/z,l) >0. Suy ra dpcm.

Vd 4: Cho tam gidc nhon ABC. Ching minh ~3max{h,,h,,h,} > p.

Giai:
Khong mat tinh tong quét, gia st @ > b > ¢ = h, = max{h,,h,,h }. Lai cé
A 2Jp(p—a)Xp—b)p-c) ~Ja+b+c)a+b—c)b+c—a)c+a—b)
“ e c B 2¢
3 V2a2b* + 2b%c* + 2¢%a® —at — bt = ¢*
B o 2c
Nén bat dang thuc tuong duong voi
J3Q2ab* +2b%c* +2¢%a* —a* —b* — %) a+b+c
>p="""7°
2c 2
& 3(2a’b? +2b*c* + 2c¢*a* —a* -b* —c*)=c*(a+b+c)?
Do AABC nhon nén a?,b?,¢? 12 d6 dai 3 canh ctia mot tam gidc, do d6 ta c6 thé dit
a’2=qy+z,b2=z+x,c2 =x+y (x,y,2200=>z2y>2x20 (doa=2b=c)
Khi dé bat dang thuc twvong duong

3{2Z(x+ y)(x+z)—2(y+z)2}2(x+y)(ley+z]

cyc cyc cyc

2
<:>f(Z)=12z(x+y)+12xy—(x+y)(2\/y+zj >0

cyc

Taco
f,(Z):(x+y)[12_(\/x+y+\/y+z+Jz+x)(\/z1+x+\/z1+yﬂ
f”( ) (X+Y)[(x—y)2+\/x+y[(x+z)3/2+(y+Z)3/2]]

Z =

2(X+ Z)3/2(y + Z)3/2
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= f(@D2 ()= ,/iyy[wym W -V2(x+23)]>0

= (2 f(») =120 +2x0) = (x+ 1) (V23 + 2/x+ y )’
O 2(y—x0)(2x+ Y(y? +17xy — 2x%)
T3y 4+ Tay — 222 +2(x + YV2y(x+ y)
Vay ta c6 dpem. Pang thic xdy ra khi va chi khi a = b = ¢, hay tam gidc ABC déu.

Vd 5: Cho tam gidc ABC. Ching minh L[, + 1], + 11, > 3v/3S.

Giai:

Str dung cong thirc

; _2bep(p—a) _ Nx(x+ y+)(x+ y)(x+2)
¢ b+c 2x+y+z

S=Jp(p-a)p-b)p-c)=xyz(x+y+2)

(x=p—-a,y=p-b,z=p-o)

Ta c6 bét ddng thirc twong duong
Xy ZXJ(x + YN xy(z+ x)(z + y)

4 (> >3 [3
Z Qxty+2)C2y+z+%) N W;x

@42 (x+y)J(z+x)(z+y) > 33

S Jz2x+ y+ )2y + 7+ %) \/
cyc

3\/_H(2x+y+z)

& 42(2x+ y+ z),/ Qe
R

- 33[Jex+y+2)
e INECER R M

T e e

St dung bét dang thirc Holder, ta c6

Z y+Z Z( + )3 > Z( " ) z y+z)3 |:§(y+z)zj|
cyc c)cx Y - B cyc Y : cyc = Z-x(y+z)3

cyc

Lai c6
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S = || SRS | = P ISR ey

cyc cyc cyc cyc

2\/2zw+22x/_ (z+xy) \/4ny+22z\/52\/4zxy+6m

cyc cyc cyc cyc cyc

cyc

Nén ta chi can chirng minh

Z(y+z)2} 3WV3[[x+y+2)

cyc

18
- [ o]
\/4”2” ny 2w \/(Zx](n(x+y)j

cyc cyc

Chuén héa cho x+ y+z =1, dit xy + yz + zx = ¢,r = xyz, bét déng thirc tré thanh

JOr+29)(q-r , (-gJU-g)g—r)

IO g olorrg o
Ta cé
F(r) = 3> +14g - (36 +25¢)r  (1-¢)’[6q +2q” =3¢’ + (¢* + Tq)r —5r°]
2(r+q+2)°JOr +2g)(q - 1) (r+q+2)\(g-r)r+q-2¢")
Ta chirng minh
<0 e N1=9) '[6g +2q° —3q° +(q* +7q)r =5r°1 | 3¢” +14g -~ (36 + 25¢)r

JGr+q-2¢%) JOr +2g)
Ji-¢ J2 1

> > , do d6 ta chi can chiing
J5r+q-2¢> JIr+2q 9r+2q

Ta dé dang chtiing minh

minh
20— q)[6g + 29*> = 3q° + (¢* + 1q)r — 5r°]
5r+q-2q°
& g(r) =534+ 259)r* —10g(2 + 6q + 5¢*)r +12q —10g* +19¢° + 6¢* > 0
Ta c6 A, =-5¢(408 —60g +2764> +399¢" —150¢" —125¢°) <0 nén hién nhién
g(r)=0. Do d6 f'(r)<0 nén f(r) nghich bién, nhu vay ta chi cAn xét bat déng thirc
trong trudng hop c6 2 bién bang nhau 12 di. Cho y = z =1, bét déng thirc tré thanh
8\/4(2x+1)+ 18x +4\/[2(x+1)2 +4] 5 3V3(2x + 2)(x + 3)?
x+2 2(x+1)° +8x V2(x +2)(x + 1)
o 8\/2(4)(2 +19x+4) o[ (P +20+3)° 3J6(x +3)?
x+2 X +3x7+Tx+1 Jx+2

\/2(4x2+19x+4)+\/ (X +2x+3)1°(x+2) >3J€
(x + 3)? (x+3)*(xX*+3x*+7x+1) 8

>3q¢* +14g — (36 + 25¢)r

< h(x) =
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Taco
K = (x-D@x+4D) JG2 + 2x+3) (% = )(7x° +37x% +103x +105)
(x+3)°v/8x2 +38x+8 2(x+ 3P (x + 2)(xF* +3x2 +Tx +1)°
o ox-1 «/(x2+2x+3)(x+1)(7x3+37x2+103x+105)_ 2(8x + 41)
2(x+3)° Jax+2)( +38% +Tx +1)° V8x> +38x +8
2 3 2 "
Ta chimg minh JOF +2x +3)(x + (7% +37x +103x+105)  28x+4D)

Ja+2)( +3x7 +Tx+1)°  V8x? +38x+38

J( +2x+3) s 22 8
Ja+2)( +3x +7x+1)  8x* +38x+8  3+/8x” +38x+38
Nén ta chi can chirng minh
4(x+1)(7x* +37x* +103x +105)
3 +3x* +7x+1)
’ 94x4—19xf+2§x2—53x+29720 i
Bat dang thirc cuoi hién nhién ding, do d6 h'(x) = 0 < x = 1. Tur day bang cdch 14p bang

thy

> 8x+41

bién thién, ta thiy A(x) > h(l) = %. Vay ta c6 dpcm. Dang thic xay ra khi va chi khi
x=y=z, tic AABC déu.

Vd 6: Cho a,b,c 1a 3 canh tam gidc, r 22;1>2m > 0. Cmr:
a’b(am —b’")+b’c(b’" —c’")+c’a(c'” —a'”) >0

Giai:

*Truonghop 1: a=b=c

VT = a’_zazb(am -b" ) + b'_zbzc(b’" -c" ) +c’c"a (c’" - a"’)
> c’_zazb(am -b" ) + c’_zbzc(bm - cm) +c’ca (c’” - am)
=c [azb(a’” -b" ) + bzc(bm -c" ) +c’a (c”’ -a” )}
*Truong hop 2: a<b<c

VT = a’_zazb(am -b" ) + b'_zbzc(b’" -c" ) +c’c"a (c’" - a"’)
>b"a’h (a’” - bm) + b’_zbzc(bm - cm) +c’ba (cm - am)
=b"’ [azb(am -b" ) + bzc(b’” -c" ) + cza(c’” -a” )]

Nén ta chi can chirng minh bai toan trong trudng hop r =2 1a di.
Trc la:

azb(am -b" ) + bzc(b’” -c" ) + cza(cm — am) >0

Chuan hod cho ¢ =1 va xét ham s6 f (Gia st ¢ = max{a,b,c})
fm)=ab{a® b7} 42 (5" 1) a1 -a")

Ta co:

142



Chuyén dé bét déng thirc hinh hoc Nhom 5

f'(m)=a’b(a"Ina-b"Inb)+b"*Inb—a""Ina
=a""Ina(ab-1)+b""Inb(b-a’

m+1
:b’”“((%) lna(ab 1+lnbb a’ J ab<1

+a’2b= f'(m)>0 nén f(m =

+b>a*:
Ta co:

F(m) = bmﬂ((%jmﬂ Ina(ab—1)-Inb(-b+ aZ)J: b"g(m)

g'(m)z(%)mﬂln(bjln(ab 1)

++a<b=g'(m)<0

Nén g(m) nghich bién:
+2(0)<0=g(m)<g(0)<0

Tac f'(m)<0=> f(m) nghich bién.

= f(m)= f(1)=_a’b(a—b)=0 (IMO1983)
+£(0)=0= g(m) c6 ding 1 nghiém € [o,1]
Lap bang xét ddu ta c6 két qua sau:
f(m)=min{f(0), (1)} =0

++az=b
f'(m)=p"" (%lna(ab ~1)-Inb(a’ —b)j =b"(alna(ab—-1)-bInb(a* -b))

Ta ching minh: alna(ab—1)—blnb(a’ —b)20 véi a=2b>a’
Do b>a’ nén Inb>2Ina
Nén

alna(ab—1)—blnb(a® - b) >0

(1-ab)-bInb(a* -b)
_—Inb

(a(1-ab)+2b(a’ - b))

= %lnb(sz - azb—a)

Ta c6: 2b° —a*b—a <2b* —b* —b=—-b(b—1)" <0
Nén f'(m)>0
= f(m) dong bién = f(m)> £(0)=0

Bét dang thic dugc chimg minh xong.

* Bai tap tu luyén:
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Bai toan 1: (Ngd Minh Tri) Cho a,b,c 1a 3 canh tam giac. Chirng minh:

IS S

(a+ b)(c +a)

b+c b+c

Bai toan 2: (Ngd Minh Tri) Cho a,b,c 1a 3 canh tam gidc. Chirng minh:
(a+b+c)3ab+3bc+3ca—a* —b* —c*) = 18abc

Bai téan 3: (Ng6 Minh Tri) Chirmg minh rang A,B,C 1a 3 géc tam gidc thi:

6 6
1+(tané+ tan £+ tan gj > (gj (1 + tan” £j£1+ tan’ gj
2 2 2 2 2 2

Bai téan 4: (Ngd Minh Tri) Cho x, y,z >0, xyz =1. Chirng minh:

) ) Ces)s DED

y

X Z

Bai toan 5: (Ng6 Minh Tri)
V6imoi a,,i=1,n bd ba bat ki 1a do dai 3 canh tam gidc va a, <a, <...<aq, thoa:
Z a, =2.Ching minh: (1-ag,)*(1-a,)*...(01-a,)" 2(1-a)"(1-a,)"...Ad-a,)""

Bai toan 6: (Phan Thanh Viét)
Véi a,b,c 1a do dai 3 canh tam gidc, m,,m,,m_, p lan luot 1a 3 trung tuyén va nua chu vi.

CM: m, +m, +m, S\/3p2+%[(a—b)2+(b—c)2+(c—a)2]

Bai toan 7: (VMO) Cho AABC . Tim min:
f(A,B,C)=(1+cos* A)(1+cos* B)(1+cos’ C)

Bai toan 8: Cho AABC khong tu. Chung minh:

F(A,B,C)= sinl?.sinC 4 sin?‘.sinA N sin1.4.sinB 22
sin A sin B sinC 2

Bai toan 9: Cho AABC . Ching minh

A=B L os B0 c0s ETA S
2 f

coS (sin A+sin B+sinC)
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