DE 83
PE THI HSG TOAN 9 NAM HQC 2023-2024 TINH THANH HOA
Bai 1. (4,0 diém):
1. Ruat gon phan thirc
o x L x=x 2 s
Vxy=2y " Vx—2vy—24y 1-Vx 0T
2. Cho a, b, ¢ 1a cac s thuc duong thoa man diéu kién a+b+c+2+vabc = 1. Tinh gi tri
ctia biéu thuc
Q=val1-bl[1—c|]+Vb[1—c|[1—a|+Vc[1—a][1—b|—+abc+2020
Bai 2. (4,0 diém):
1. Giai phuong trinh \/3x2—6x—6=3\/[2—x)5+(7—19x‘]v(2—x]

0;y>0;x#4y; x# 1

2 X 2
X+—=6——
2. Giai hé phuong trinh Y »
xexe =122
y y

Bai 3. (4,0 diém):
1. Tim tat ca cac cdp so nguyén duong (a, b) thoa man phuong trinh

% +Va—b=4+4Vb+b+J4—4b+b

2. Cho ba sb tu nhién a, b, ¢ thoa man a—b 1a sé nguyén t6 va
ab+bc+ca=3c’. Chirng minh 8c+1 13 s6 chinh phuong
Bai 4. (6,0 diém):
Cho ntra duong tron (O, R) dudng kinh AB va C 1a diém thay d6i trén ntra duong tron
d6 (C khac A va B). Trén cung mdt nira mit phing bo AB chira ntra dudng tron vé cac
tiép tuyén A, va B,. Tiép tuyén tai C ctia nira duong tron cit cac tia A, va B, theo thir
tu tai D, E. Goi I 1a giao diém cua AE va BD , CI cat AB tai H .
1. Chimg minh CH song song v6i BE va I la trung diém ciia doan thang CH .
2. Buodng tron noi tiép tam gidc ABC tiép xtic voi canh AB tai K . Ching minh ring
KA.KB =CH.CO
3. Qua C v& duong thing song song véi AB cit tia B, tai F. Goi M 1a giao diém cua
AF va BC . Xéc dinh vi trf cua diém C trén nira duong tron (O,R) ao cho tam giac
ABM c6 dién tich 16n nhat. Tinh dién tich d6 theo R.
Bai 5. (2,0 diém):
Cho a, b 1a cac s6 thuc duong .Chimg minh rang

atb . ab ab . a+b+2ab

Q= 1+ab e +(’ 1+b e (1+a)(1+b)ab 23




HUONG DAN GIAI
Bai 1. (4,0 diém):
1. Rat gon phan thire

p=— + V' 2
Vxy=2y  Vx—2vxy—2y " 1-Vx

2. Cho a, b, ¢ 1a céc sb thuc duong théa man diéu kién a+b+c+2Vabc = 1. Tinh gia tri

voix20;y>0;x#4y; x # 1

cua biéu thuc

Q=+al1-b|[1—c]+Vb[1—c|[1—a]+Vc[1—a|[1—b]—+abc+2020
LOI GIAI
1. Rat gon phan thirc

voix20;y>0;x#4y; x # 1

2
P= + .
xy=2y  x=2xy—2Vy T 1-Vx

L Pz 2
Taco:P= Ty —2y + Vx—2Vxy—2y “1-Vx
;_’_ 2\/;(\/;_1)(\/;+1)
yWx=21y| " [Vx=2Vy)l1=Vx|[Vx+1]

Ty
_ X N —2+x o \/;(\/;—2\/;) =£
yWx=24yl - Wx=2y|  VyWx=2vy] vy

Vay P = V0r1x>0y>0 x#4y; x # 1

@\ﬁ

2. Cho a, b, ¢ 1a céc sb thuc duong thoa man diéu kién a+b+c+2vabc = 1. Tinh gia tri

Ta co

e Jal1- bj(1—c] \/a( \b+c| +bc) \/a |b+2+abc +bc)

= al\a+be P=alVa+be| = a+abe

Tuong ty

* Jbl1—c|[1-aq| \/b( (c+al+ca|= Vblb+2+abc+ca)

= b[Vb+vca’=Vb[Vb+ca| =b++abc
e Jel1—all1-b) Jc(l la+b|+ab|= Jc c+2@+ab)

= Jc[VerabP=ve[Ve+ab| =c+abe

Do do6




Q=+al1-bl[1—c|]+Vb[1—c|[1—a]+Vc[1—a][1—b|—+vabc+2020
= a+abc+b+Vabc+c+abc—+ abc+2020

= a+b+c+2abc+2020

= 1+2020 = 2021

Bai 2. (4,0 diém):

1. Giai phuong trinh \3x*—6x—6 = 3v[2—x+(7-19x|/[2— ]

X +=—=

X g
Y y
Xextel=12-Y"
y y
LOI GIAI

1. Giai phuong trinh V3 x*—6x—6 = 3v/(2—x " +(7—19x)V[2—x]

6—

2. Giai h¢ phuong trinh 1

2

3x'—6x—6>0 _

2
PKCD: (X_l);?’ - x<1-3

2—x=0 x<
. [V3x*—6x—6=a _ |3x’—6x—6=a"
bat = )
V2—x=b>0 2—x=b

= 3x'—5x—7=x"—b*+1

Ta c6 V3x’—6x—6 = 3v[2—x+(7—-19x)V[2—x]
- 3x—6x—6=1(2—x)[32—x[+7x—19]

= 3x—6x—6="2—x[3x*~5x—7]

= a=b|a’—b*+1] = [a—b|(ab+b’+1]|=0
Xéta—b=0 = a=b = 3x2—6x—6=12—x

=3x"—6x—6=2—x

= 3x’—5x—8=0
= (x+1)(3x—8)=0

. 8 .
= x=—1 (thdéa man) hoac x=¢ 3 (loai)

Xét ab+b*+1=0
Do x<1—+3 = 2—x>1+V3>1=ab+b*—1>0

Vay nghiém cua phuong trinh 1a x=—1



2

X 2

2, X _
X+—=6——
2. Giai h¢ phuong trinh ); Y _1
X'+ =122
Y y

DK:y#0
Cong theo ting vé cac phuong trinh ciia hé ta c6

2 .3 .1
x*+3x*+( EL I 18 =6 — =i —
y y y

X’ X’ 3 6
e x'+l = 3+ =+ 5 T +6xX - =0 18=0
y y y y

y
o iz L xeloz)ee x2+l—3)20
y y y
o [+l o3|+ Lle|=0
y

Xét x2+i,% —3=0 = % =3 —x” thay vao phuong trinh x2+X72:6—c y ta duoc
X+ X3-x%=6-2(3=x%) = x*(x*=2)=0 = x=0;x=++2

V6i x=0 = y== (théa man)

Véi x=+v2 = x’=2= y=1 (thda man)

Xét X2+%+6 =0 - %= —6—x" thay vao phuong trinh x2+x72=6—¢3yta duoc

X+ x| —x*—6]=6-2(—x*—6) = x*+7x*+18=0 v6 nghiém

Vay tap nghiém cua hé phuong trinh 1a (x,y) = 3

o;l);(—@;l);(ﬁ;ﬂ]

Bai 3. (4,0 diém):

1. Tim tit ca cac cip so6 nguyén duong (a, b) thoéa man phuong trinh

% +4—b=v4+4b+b+J4—4b+b

2. Cho ba sb tu nhién a, b, ¢ thoa man a—b 1a sé nguyén t6 va
ab+bc+ca=3c’. Chirng minh 8c+1 13 s6 chinh phwong
LOT GIAI

1. Tim tit ca cac cip sd nguyén duong (a, b) thdéa man phuwong trinh



% +V4—b=34+4Vb+b+{4—4/b+b

Taco % +Y4—b=V4+4Vb+b+V4—4\b+b

- % +Va=b=0 Y 2+vb/+[2—b]
Diat {2+Vb=x; V2—Vb=y

2 2
xeyo=g oy X yJ(xa+y Xy
x3+y3=4 X+y’=4
(x*+y°—xy) x+—y—1)=0
- a
x3+y3=4
Truong hop 1:
“+y’—xy)=0 “+y’—xy)=0 .
oy oy )=0 ey )0 e
X +y =4 (x+y|.0=4
Trudng hop 2:
XY _1=0 | X1 [ x+y=a
= a = a “ 1.3, 3
X +y =4

X3+y3:4 X3+y3:4

2
Vi [x+yP=x’+y’+3xy(x+y|=4+3a.xy<4+3a (x-;y)

3
a’<4+( STG =a’<16vi(a € N¥)=a€{l;2}

x+y=1 x+y=1

3 3

x'+y' =4 -
= xy=—1=V4—+/b=—1= b =5 (thoa man)

Véia=1=

(x+y][(x+y)2—3xy}:4

e x+y=2 X+y:2
Vola=2= XC+y'=a "~ (x+y\)[(x+y)2—3xy}=4
_2 2 1000 .
=xy=3= 4 @—3=>b— 779 & Z (loai)

Vaya=1;b=5

2. Cho ba s6 ty nhién a, b, ¢ thda man a—b 14 s6 nguyén td va

ab+bc+ca=3c’. Chirng minh 8c+1 13 s6 chinh phuong



Ta co ab+bc+ca+c’=4c¢> = ab+bc+ca+c’=4c¢’
= la+c|lb+c)=4c% (%)

d=1

= a—b:d vi a—b la s6 nguyén t6 nén d=a—b

Gia st la+c;b+cl=d = ECH_C):d

b+c):d

a+c=la—b|x
b+c=[a—b|y

Xét d=a—b suy ra ton tai x; y € N sao cho
- a=b=(a—b)(x—y)
x—y=1 = x=y+1 thay vao (*) taco y|y+1)(a—b[’=[2x]
= y[y+1]1a s6 chinh phwong ma y vay + 1
1a hai s6 ty nhién lién tiép nén y=0 = b+c=0 = 4¢’°=0
= ¢=0.Khi d6 8c+1=1 1a s6 chinh phuong.

Xétd=1 suy ra tdn tai m; n € N sao cho

2
a+c=m

2
b+c=n

= a—b=m’—n’=(m—n|(m+n) 1 s6 nguyén t6, ma m+n>m—n
m—n=1=m=n+1két hop véi (*) tacé 2c=m.n=n.(n+1)

= 8c+1=4n.(n+1)+1=(2n+1J 1 s6 chinh phuong.

Bai 4. (6,0 diém):

Cho nira dudng tron (O, R) dudng kinh AB va C 1a diém thay doi trén nira duong tron
d6 (C khac A va B). Trén cing mdt nira mit phang bo AB chira nira dudng tron vé cac
tiép tuyén A, va B,. Tiép tuyén tai C ctia nira duong tron cat cac tia A, va B, theo thir
tu tai D, E. Goi I 1a giao diém cta AE va BD, CI cit AB tai H .

1. Chtmng minh CH song song véi BE va I 13 trung diém cta doan thang CH .

2. Puong tron noi tiép tam gidc ABC tiép xtic voi canh AB tai K . Ching minh rang
KA.KB =CH.CO

3. Qua C v& duong thang song song véi AB cit tia B, tai F. Goi M 1a giao diém cua
AF va BC . Xéc dinh vi tri cta diém C trén nira duong tron (O,R) ao cho tam giac
ABM c6 dién tich 16n nhat. Tinh dién tich d6 theo R.

LOI GIAI



Bx)
A H K o N B

1. Chirng minh CH song song v¢i BE va I 14 trung diém ciia doan thang CH .

. AD _ DI — N _ A
Vi AD//BE = BE ~ g Ma AD =DC; BE = CE nén

pc _pi

CE-IB " CI//BE//AD = CH//BE.

. ._Cl_DI_AI
cr/ipg=L=Pl_Al
BE IB AE| _ CI _IH
1H/(BE=-L=1H BE  BE
AE  BE

= CI=1IH

Hay I 1a trung diém ctia doan thang CH .
2. Pudng tron ni tiép tam giac ABC tiép xiic v6i canh AB tai K . Chimg minh rang
KA.KB =CH.CO
Ta c6: AB+AC—BC=|AK +BK |+|AP+CP|—(CQ+BQ)
= AK+BK+AK+CQ—-CQ—-BK=2AK
2AK{AB+AC—-BC
Tuong tu ta c6 2BK=AB+BC—AC



=2AK.BK=(AB+AC—BC)(AB+BC—-AC)
-~ 4AK.BC=AB*+AB.BC—AB.AC+AC.AB+AC.BC—AC’~AB. AC—BC*+AC.BC
- 4AK.BC=AB’—(AC*+BC*)+2 AC.BC=2CH.AB=2CH.AB=2CH.CO=4CH.CO
= AK.BK =CH.CO
3.Ké MN L AB tai N
BHCEF la hinh chir nhat
Pit BH =x

TaegMN _MN BN _ AN _BN+AN _ 2R
aC0 ~ = Br “BH T AB _ BH+AB _ x+2R

Ap dung bat dang thirc Cauchy ta c6

CH=VAH.BH=vx(2R—x)=( 2"2)‘2(5_12 x) ﬁ(x+2R)

R
Suy ra MN < \f Dién tich 16n nhéat khi MN 16n nhét (Vi AB ¢ dinh). Hay MN = 72

, . 2 R « R - A N \
Dau “=" xdy ra khi 2x = 2R —x < x = ——. Diém C nam trén dudng tron (O) sao cho

3
CH=\/2R(2R—2—R

2V2R

3 3| 3

N

.y _1R _R
KhldOSABM MNAB 2\/§2R—\/§

Bai 5. (2,0 diém):

Cho a, b 1a cac s6 thuc duong .Chimg minh ring

_a+b 4L ab +l ab L a+b+2ab >3
Q=1rap " 1wa Y 1ep * “(1+a)(1+b)ab =
LOI GIAI
T , a+b 4L ab +l ab +l a+b+2ab _a+b +l ab +e ab 4l
a0 Tyab 1+a 1+b (1+a)(1+b)ab ~ 1+ab 1+a 1+b
a+ab+b+ab
(1+a)(1+b)ab
a . ab . 1 . b . ab . 1

~ 1+ab e 1+a e a+ab e 1+ab o 1+b e b+ab

Ap dung BPT Svacxo ta c6



a . a . 1 a _ labf 1 la+ab+1f
+¢ +{ = — +{ ; > ——
l+ab ~ 1+a ~ a+ab a+a’b  ab+a’b  a+ab  2(a’b+ab+a)

Ap dung BPT phu (x+y+z[>3|xy+ yz+xz| ta co
(a+ab+1]223(a2b+ab+a)

ab . 1 3

a .
Suy ra 1+ab+(’ 1+a e a+ab = 2 (1)

Tuong tu ta co

b . ab .1 _ b o lab)? AP \b+ab+1)
1+ab 1+b ~ b+tab  b+ab®>  ab+ab® b+ab = 2(ab’+ab+b)

.3
=2 (2)

a+b ab ab a+b+2ab
. . . . . .
Tir (1) va (2) suy ra 7700, +6 777 +6 T +6 (1+a)(1+b)ab ™~

Déau “="xayrakhia=b=ab=1



