Chuyén dé Bat dang thirc

BAT BPANG THUC cO SI
VA CAC BAT BANG THUC SUY RONG

Loi mé dau
B4t dang thtrc 1& mdt Iinh vue khé trong chrong trinh toan hoc phé théng,
song nA lai ludn cd sirc hdp dan, thu hat su tim toi, 6¢ sang tao clia nhitng nguoi
yéu toan. Dang toan vé bat dang thirc thudng co mét trong céc ki thi tuyén sinh,
thi hoc sinh gidi hay cac ki thi Olympic.

CO réat nhidu phuong phap chirng minh bat dang thic ,méi phurong phap
lai c6 nhitng vé dep va s doc dao riéng .Ngay ca khi ap dung cung mdt phuong
phép thi cai hay clia bai toan lai phu thudc vao Ki thuat linh hoat clia tirng nguoi
st dung. Do vay , kho c6 thé néi réng mdt phrong phéap chirng minh bat dang
thirc nao do6 da chiém vi tri déc ton trong toan hoc .

Nhung khi n6i v@ nhitng bat dang thirc co ban ,ching ta phai nhac téi bat
dang thirc CO si . Pay l1a bat dang thirc vo clng quan trong va rét thiét thwe
trong chuong trinh Toan hoc phé thong.

B4t dang thirc CO si dwoc ap dung dé chirng minh nhiéu bai toén ,tir don gian
dén phtrc tap . Cac em hoc sinh Trung hoc co s& cling c6 thé hiéu va
van dung vao cac bai toan hai bién .Nhung , cling cé nhitng bai toan tré thanh
nhitng thach thtec 1on trong gid¢i chuyén mon.

Trong khudn kho ctia bai tap nay,em khong co thamvong trinh bay tat ca
nhitng van dé lién quan t¢i bat dang thirc CO i, chi xin dua ra mdt s6 cach
chtrng minh va nhitng bat d&ng thirc suy rong ciia nd .

Hi vong von kién thirc nhd bé nay s8 dem lai chat kién thirc bo ich cho cac ban
trong |6p ,nhat 1a trong thoi diém ching ta sép xuéng tredng phd thong thwe
tap.

Emxin chan thanh cadm on Pho gido sw, Tién st Nguyén Minh Tudn da
giang day nhiét tinh cho chiing em V@ chuyén dé Bat dang thirc ,gitp em
hoc héi thémnhiéu kién thirc va ty tin hoan thanh bai tap nay .



Chuyén dé Bat dang thirc

PHAN NOI DUNG

§1. Bt dang thirc Cosi.

Trong muc ndy chdng ta gidi thiéu bat dang thirc Cosi vamot s vi du
minh hoa.

Truéc hét ching ta xét truong hop don gidn n=2

a’+b?

1. V6i abeR: >ab.

Giai.

2 2
a erb >ab < a®+b®>2ab < a® +b”-2ab>0< (a-b)* >0.(DBdng).
D4u dang thirc xay ra khi vachi khi a=b

2. V&i a,b>0: a;bZ@'

Giai

a;b > Jab < (Ja)? + (vb)? > 2/ab < (Ja—+b)? > 0.(Bdng).

D4u dang thirc xay ra khi vachi khi va=+vb < a=b.

Vidu 1. V6Gi a,b,c>0, chitng minh rang
a*g“’z% (1.1.1)
Giai
(1.1.1) a+b+c=>3%abc < a+b+c+3/abc > 43/abc
Tacd a+b+c+3abe > 24/ab +2yc¥/abc

> 2/ 2:/ab23/bac
=4/abc.
D4u déng thirc xay ra khi va chi khi
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a=b
c=13%/abc < a=b=c.
2./ab = 2,/c3/abc

T bat dang thire (1.1.1) ta thu dwoc cac bt dang thirc sau :

V&i a,b,c>0, taco:
a+b+c
3

3 3 3
b) a+b’+c
3

a) ( ) > abc.

> abc.

Vidu2.V6i a,a,....a,lacac sO thuc khong 4m, chiing minh rang

%i&thm (.1.2)

i=1

Trong do iai =a, +a,+..+a,

i=1

Giai
Cach 1. (Dung phuwong phap quy nap)
n=12. (1.1.2) hién nhién ding.
Gia sir (1.1.2) ding v6i n=k(k > 2). Tachting minh bét dang thic ding véi
n=k+1.
Taco

1 k
1 ko k(EZ a; ) +
_ i1

ErEst ke
Theo gia thiét quy nap thu duoc

Sk-¢—1

k 1
k(H ai ) “ + a'k+l
Sk+l > =

k+1
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Dé chitng minh bét déng thirc ding v&i n=k+1 tacan chitng minh

k1
k(H a1 ) K + a'k+1 k+1

1
El > ket
1 _(li}a)

1
o
Kihigu o* =([Ta)" ,p** =2,
i=1

Ta thu duoc
ko ¥t + B > (k+Da*p

ko @ -B)+B(B*-a*)>0

& ©@-PB)ka* —pE“t+p %a+...+a )]0

e @-B)fa -+ @ -p ) ..+ @  —pat 0

< (o —B)Z[(oc"’l+ak’2[3 +B N +a(@+ak B +...+Bk’2)+...+ock’1]2 0
B4t dang thirc ding Vi a,p > 0.
Vay (1.1.2) dwgc chirng minh.

Céch 2. (Dung quy nap kiéu Cosi).

n=12. (1.1.2) hién nhién dung.

Gia st (1.1.2) dang v6i n s6 khong am ta chirng minh (1.1.2) ddng véi 2n s6
khong am.

n

1 2n 111 1

nZ® TalnZ® ™|
iia Zl_(ll[ai)+(1£[a ')_
2n 4= 2| Sa i i

1 = an 1
%;ai 2 (li;[ai)zn'
Tl d6 suy ra bat déng thirc ding voi n= 2.
Tachtng minh (1.1.2) dang v&i n=k thi dung véi n=k-1.Thét vay:
k-1 k-1

1 1
k_—lzah >([Ta)**

i=! i=1
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@Za +(Ha = Ha)“

Theo gia thiét quy nap

Céach 3: ( Phuong phap ham 10i )

Xét ham s0 f(x) = Inx; véi x > 0
Tacé £(x) =1/x; £7(x) = - — <0. Vay f(x) [a ham 16i khi x > 0
X
Theo bat dang thifc Jenxen, ta cé

f(%k Z(Hx) + 00 + -+ )

= 1In X 4t Xy o Inx, +...+InXx,
n n

Do y = Inx dong bién, suy ra

X, + X, + .t X .
L2 2> % Xy X, VX >0,1=1n

n
Dau “= ”xayrakhivachikhix,=x,=... =X,
Xétn so a,, a,, ..., a, > 0 chi c¢6 2 kha nidng

i>néua, >0 Vv i=1n theo (5)

Ta cé a1+a2;r...+an > 1/a.a,..a, (6)

ii) Néu ton tai a, = 0, thi hién nhién (5) ding va (6) ding.

Vay bat dang thitc dugc chitng minh.
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Vidu 3. Cho a >0(i =1,n);a, (i =1,n) lacéc sd hitu ti dwong; Zn:ai =1; chitng

i=1
minh rang
0,3, +00,a, +...+0,a, > arasr..al. (1.1.3)
Giai
Vi a,(i=1n) lacéc s6 hitu ti dwong va Y a, =1 néntaco thé viét

i=1

(xA:P(i

==L

Suy ra
P >0,(i=1n)

YR=N
i=1

Ap dung bt déng thirc Cosi ta cd

R R, P

n

y+a+.tayt+a,+a,+..+a,+..+a, +a, +...+4
P+P+..+P,

> RR-Rlahal  ah

LE R T

Pl Pz R N
&S —a +—<a +...+—a >aNaN..aN
Na:l. N 2 N n al 2 n

S 0, +0,8, +...+0,a, = atay..ar . (dpem).

Vidu4.V6i a =03 =1n);m (i =1n) lacac s hitu ti duong; chirng minh rang

rn.'La:L + m2a2 +...+ mna'n > ml+mz+...+m,1[a1mla;r12 arr]n1 (l 14)

m +m, +..+m,

Giai

bat mz+mn1 e —a,; tlr gia thiét cla bai todntasuy ra o, (i =1,n) lacéc 0
M,

hibu t7 duong va Y a, =1. Khi do
i=1

(1.14) & o,a +a,a, +..+a,a, >a"ag..ar. (dang).
( theo bét dang thtrc (1.1.3).
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§2.Céc dang trung binh va cac bat dang thirc lién quan .

o o

a* +b

1
> )¢ latrung binh bac o . Mot so trwvdng hop dac biét

Tagoi (

o =1:a%b goi latrung binh cong.
Jab goi latrung binh nhan.

o= —1:2;:‘% goi latrung binh diéu hoa
a+

Trong muc ndy chlng ta quan tam téi cac bat dang thirc dwoc chitng minh nhoy
cac tinh chét cda cac dang trung binh nhu;

1. Trung binh nhan.

2. Trung binh can.

3. Trung binh diéu hoa.

4. MOi lién hé gilra cac dang trung binh.
|. Trung binh nhan.

Chiing ta co cac két qua co ban sau:

Vidu 1. V6i a,b (i =1,n) lanhing s6 thuc dwong. Chirng minh rang

([ Ta)"+IIb)" {H@ +h >}” (1.2.1)
Giai
B4t dang thirc da cho twong duong véi

_ - L% n L%
P_(li:!ai"‘bi) +(1|:1[a1+b|) <1.
Ap dung bét dang thirc Cosi ta thu duoc

niZa+b niFa+b
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P <1. (dpcm)
Vidu2.V6i a, (i =1n,j=1m)lacac sd thyc duong, chitng minh rang

S (Tay" < [<Hzai )} 122
=1 i=t i1 j=1

Giai
B4t dang thirc da cho twong duong vai

1

P= Z(H ) <1
j=1 Za”

Ap dung bt dang thirc Cosi ta thu duoc

Zm: &
m n 1 n — 1 n
z ma” = Z J =321=1.(dpcm).
j=l i= za” i=1 Za” i=1
j=1

i1

1

P<=
n

3

Vi du 3.(Bat dang thirc Cosi dang tich).
V6i a (i =1,n) lacéac sd thec dwong, chirng minh rang

H(1+a1)>{1+(Ha1) } (1.2.3)
Giai

B4t dang thirc da cho twvong duong véi

{H(Ha)} >1+(H6\)“
P Y & o
QP_(H1+81) H ) <1

i1 1+a
Ap dung bt déng thirc Cosi ta thu duoc

F’<Z Z

o P< E21=1. (dpcm).

1+ay 1+ay
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Vi du 4.V6i a,b (i =1n)lanhing s6 thwc dwong,chirng minh rang

i=1

1_[(1+a1 +b)>{1+(Ha)“+(Hb)n] (1.2.4)

Giai
B4t dang thirc da cho twong duong vai

{ﬁma +bi>}” 21+ ([Ja)" +([ o)’

<:>P:(1_[1+aj+b)n (H1+ +b)n (Hl+q+b)n<1

Ap dung bét dang thirc Cosi tathu duoc

P<z

1+ay+b nzl+a1+b Z1+a1+b

o P< EZl:l. (dpcm).

Vi du 5.(M& rong bat dang thirc Bunhiacopski)
Vi a,b,c (i =1m) lanhing s6 thuc dwong, chiing minh rang

l(f[a +f[b,)m sf[(a,.erbim) (1.25.1)
2.(lm[a +f[bi+f[ci)msﬁ(am+qm+cim) (1.25.2)
Giai

Tachitng minh bat déng thirc (2.5.2)
it A=a".B =h"C, =¢"

1 1 1
Suyra Am=a,Bm=h,Cm=c tathudugc

1

(252) < (f[A)m + (H B )"+ (ﬁci)m < (ﬁA +B +C)"

=P= (HA+B+C) (HA B C) (HA+B+C



Chuyén dé Bat dang thirc

Ap dung bat déng thirc Cosi ta thu duoc
peciy A I B I8 G
m':lA+B'+C' mi:1A+Bi+Ci mi:1A+Bi+Ci

B +C
SN P<—z: ::B +C =1.(dpcm).

B4t dang thirc (1.2.5.1) 1a trwong hop riéng clia bat dang thic (1.2.5.2)

II. Trung binh can.
Taco tinh chét: t6ng trung binh cin I6n hon ho&c bang trung binh can clia téng .
Vidu 6. Vi a,b (i =1,n) lacéac 5 thue dwong bét ky, chitng minh rang

iﬂazmz 2J<ﬁ;a)2+(§m2 (1.2.6)
Giai

Tachitng minh bat dang thirc ding voi n=2
Jal +b? + a2 +b,? > /(a +a,)? + (b, +b,)’
Binh phuong hai vé ta nhan duoc
a,”+bf +a +b] +2,(af +bY)(@f +b) = (8, +a,)° + (b, +b,)’
< /(@ +b)(@; +b) a3, +hb,

= (& +b")(@; +b]) > (a,a, +bb,)’
< (a,b, —a,b))? > 0.DUNQ.

Gia sir bat dang thtrc ding véi n=k
k k k
2 ~a’+b’ 2\/(Za)2+(zb.)2

Tachitng minh bt dang thirc ddng v&i n=k+1 . Tacod

k+1

Z*/‘l +b? _Z\/a] +b? +\/ak+1+bk2+l
> Jaten > \/(ia)2+(ﬁh)2 +yals + b

10
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> \/(ia)z + Sy (dpem).

Vidu 7. Vi a,b (i =1n) lacéc sd thuc duong bét ky, chirng minh rang

S et 23+ (S 1:27)
Giai

Tachitng minh bt dang thirc ddng voi n=2

3/a +b° +3/ad +b2 >3/(a, +a,)° + (b +b,)°
Lap phwong hai v& bt dang thirc ta thu dugc

(@ +5))2(a,° +,°) +3/(a] +b)(aZ +13)7 > ala, +ajal +bib, + b
Ap dung bt dang thirc Bunhiacopski m& rong (tinh chét trung binh nhan) tathu
duogc

Y@ +1)°(@,° b)) > a8, +bbb, = ala, +bb,

Y@+ @+ >aa,a, +bb,b, = aa,’ +bb,’
Cong tirng V& clia hai bt dang thirc trén ta thu dwoc didu phai chirng minh.
Gia sir bat dang thtrc ding véi n=k tachlng minh bat dang thic dung voi
n=k+1

k+1

23“/‘31'3 +b® = Zk:%/af +b? +Vai+l +b7,
i=1 i=1

k+1

S = (DA G+ s
zi/(ja)ﬂ(ibf

Vay bt dang thirc duoc chitng minh.

[11. Trung binh diéu hoa
Taxét cac bat dang thirc co ban sau
Vidu 8. Cho a,b > 0(i =1,n) ,chi*ng minh rang

11
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a)dh)
< i=1 i=1

- _ahb
ERREEED YRS 3
i=1 i=1

(1.2.8)

Giai
B4t dang thirc da cho twong duong véi

n CaXh |
Z{ ab, }SJ%__J%_—— b
= 2:@+2:Q =

i=1

3, +b

n

np2 (z i)2

@ | > i=1

Taco

Vi du 9.V6i a,b,c>0, chitng minh rdng

I . 2b+_3c<:&a+b+d
a+l 2+b 3+c 6+a+b+c

(1.2.9)

Giai
Tacé bét déng thitc can chiing minh tvong véi
a 4. 2)_2+ &:_3S6®+b+c)_6
a+l 2+b 3+cC 6+a+b+c
o N 1 N 4 N 9 S 36
l+a 2+b 3+c 6+a+b+c
Taco
1 2 3
36=6" = (——=vl+a+——+2+b+—=+/3+¢)?
(V1+a N2+Db V3+cC )
Suy ra

12
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36<N(6+a+b+c)

36
N>—" (dpcm).
< 6+a+b+c ( P )

|V. Céc bat dang thire lién hé gitta cac dang trung binh
Vi du 10.Véi a,b lacéc sd thuc dwong, chirng minh rang

2 2
:’i‘ig@gagbsw/a ;b (1.2.10)

Giai
Taco
28 Jab o 24P Jab o (Ja—+b)? = 0.D0ng.
a+b 2
2 2 2 2 2
arb_ Ja+b’  @+h)” & +b” 5 _py2>0Ping.
2 2 4 2
Suy ra

2 2
22D Jap <20 A0 (qnem) .
a+b 2 2

Céc bat dang thirc mé rong:

Bai 1.
V&i a,b> 0, chitng minh rang
3 3 4 4
si/a +b Si/a +b (1.2.11)
2 2
Giai :

Ly thira 12 ca hai v& bat dang thirc trén tanhan duoc
(@ +b%)* < 2(a* +b*)?
Ap dung két qua clia bat dang thire (1.2.5.1)
(@ +b)* = (Laaa+1bbb) < (I* +1)(a* + b*) = 2(a* + b*)*.(dpcm).

Bai 2. V6i a,b,c >0, chitng minh rang

13
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5\/a5+b5+05 <%/a6+b6+c6
3 B 3
Giai

(1.2.12)

Ly thira 30 ¢4 hai vé ta thu duoc
(@® +b®+¢c°)° <3(@° +b® +c°)°
Ap dung két qua clia bat dang thire (1.2.5.2) ta co
(a®> +b° +c°)° = (lL.aaaaa+1lbbbbb+1ccccc)®

<(1°+1° +1%)(@® +b® +c®). (dpcm).

Bai 3. Vi a,b,c> 0, chitng minh rang
(1+a°) 1+b°) (1+c®) > (1+ab®) 1+bc?) Q+ca®)
Huéng dan
Taco
(1+a®) 1+b®) (1+c®) > (1+ab?)?
(1+a®) (1+b®) (1+c®) > (1+bc?)?
(1+a®) 1+b®) (1+c®) > (1+ca’)?
Nhan céc vé clia 3 bt dang thirctrén tathu dwoc dpem.

Bai 4. V6i a,b,c>0, chitng minh rang
(1+a®+b®) (1+b*+c®) (1+c® +a®) > (1+ 2abc)®
Huéng dan
Sk dung

(1+a +b) (@+b +c) @+c, +a) > (1+3/aa,a, +3bb,b,)°

Bai 5.
V6i a,b,c>0, chirng minh rang

V1+a® +41+b? ++/1+c? 2\/9+(a+b+c)2
Huwéng dan
S dung

14
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\/af +b? + \/b12+cf +\/cf+a12 2\/(a1+a2+a3)2+(bl+b2+b3)2
Chon a, =a, =a, =Lb, =a,b, =b,b, =c tathu dpcm.

MOT SO BAT DANG THUC SUY RA TU
BAT DANG THUC cOS

§1.CAc bat dang thikc suy ra tir cac dang trung binh
|. Ta co cac két qua sau
Vidu 1.VGi A>B=>0,ching minh rang :

2AB A+B (11.1.1)

B< <JAB < <A
A+ B

Giai
Ap dung két qua clia bét dang thire (1.2.10) taco

2AB A+B
<+ AB <
A+B 2

Tachtng minh

5 2AB
A+B
< B(A+B)<2AB
< BA+B? <2AB
< B?<AB
B(A-B)>0.Bdng.( B>0,A>B)
Tachtng minh

A+B
2

< A+B<L2A
< B< A.Blng.
Vay bt dang thirc duoc chitng minh.

<A

15
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Vidu 2. V6i A>B=>0,ching minh rang

A*+B* > AP 4+BP
B< o« < P <A
)=t
Giai
_ «, g 1
Dé thay Bs(A B )e
AP +BF o
( )P <A
2
Tachi can chirng minh
A +B* L AP LBP S
( )* <( )’
2 2

1 1

Pat A* =a,B* =b = A=a*,B=b"

B o«
= AP =a* BF =b’

Khi do
A +B* 2 AP LB S
( ) <(———)"
2 2
L BB
a+b,> _a*+b* .y
= ¢ < P
( 2 ) <( 2 )
BB
a+b.’ a® +be
< ( ) <
2 2

Déty:%.DOBZQZI:yzl

Y Y
a’' +b >a+b

()

2 2
a ., b |, 1
+ >2.(=2)
c>(a+b) (a+b) (2)
Patt=-2 = B 1t (o<t<1)
a+b a+b

ot +@d-t) > 2.(%)Y

16

(1<a<p) (11.1.2)
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Xét f(t)=t" +@1-t)" , (0<t<])
fr ) =yt""+y(-D@-t)"*
=yt -y (-t

. 1
fM)=0=t==
®) 5

Bang bién thién

’
t PP 4 s L7 1 ’ 4 4
e . ,0, - 1 S S, ., s,
. ., . A ,
P . . ., v, 0, s, s,
’ , s s, ’ ’
‘ S, PR JSJS s,
. . A end /
7 s ’ ’ /7 7 7
' R A A s 0 ‘ ‘. 4
, R AR - + O AR A
’ ,/ s ,’ /,’ 7 ’ s 0, 2,0,
4 0 . ‘. 7 e [ ’
PRI v A A ’
s e e L0 ’ v, 0 . ’
R AR A A ., 4 i ‘2,0,
, ’
s 2 s 2 s s VR Y s
A A a4 s 7,0, [ A AR A A
., 0 s, AR SR S A
L e e, ’ VAR AR AR A
f t ., e, [N 7 4
R A ., AR AR AR ]
s, . 7 7 4 , ’
2,0, ., 2,0, s e,
MM R A AR AR )
v s, A ’ v 0,00 e ’ .,
L., e . . A A A A S A
[ . v 7, [
¢ s s 4 s s 7 ’ ’ 4
s . s s ) ’ ’
T, s ’ ., 7
L., L, — AR A A A
R A A A A A
s ’ s s, v 000y, ‘o 7
RN s, s s 7 v, 00 s 77
s, L0 ’/ 7 v /’ A A ’
4 ’ 4 4 7’ 4 ’ 7 7
s . VAR ’ V2 4 7 v

Suyra f(t)> f (%) _ 2(%)*/ (dpcm).
Céc bat dang thirc mé rong:
Bai 1.

Vi a,b,c>0, chitng minh rang

J2(ab+be+ca) < Ja* +b* +c* +3(a’h? + b2c? + c?a?) + 2abc(a+ b+c) <+/2(a? +b? +c?)
Giai

Taco

a’ +b*>2ab

b* +c? > 2bc

c®+a’>2ca
Cong V& vGi vé clia cac bat dang thirc trén ta thu duoc

a’+b”+c’*>ab+bc+ca

Suy ra

17
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(a® +b* +¢c*)? + (ab+bc + ca)®
2

ab+bc+cas\/ <a’+b*+c?

< J2(ab+bc+ca) < \/a“ +b* +c* +3(ah? +b’c? + c?a?) + 2abc(a+b+c) <v2(a? +b% +¢?)
Bai 2. V0i a,b,c>0, chitng minh rang

\/2(a+b+c)+\/%+ﬂ+\/a > Ja++/b++/c

Giai
Tachitng minh bo dé sau
Va+ib+c<y3Jatb+c
Taco Wa++b++c)?<(@+1+1)(a+b+c)=3@+b+c)
Vay Ja+ib++c<3Ja+b+c

Suy ra

JE+JB+JES\/(\/5+\/5+JE)2+(J§M)Z

2

@\/a+\/5+\/g<\/4(a+b+c)+2(\/£+ﬁ+\/a)
- 2

= \/2(a+b+c)+\/£+x/R+\/azx/5+\/B+\/E

§2. Céc bat dang thirc suy ratir bat dang thirc Co si nho hang
dang thire

XUt phat tir y tudng don gian : Néu c6 A= B thi bat dang thic
(1-a)(A-B)>0 (0<a <1) manh hon tuy thudc vao do gan 1 clia o . Chlng ta
x&y dung mot s5 BDT nhd viéc dwa tham s& vao bat dang thirc va céc trudng
hop dac biét cta no.

Vidu 1. Véi 0<a,B,y <1, chitng minh rang
8) a’ +b? > 2ab+a(a—b)? (11.2.1.1)

b) a® +b* +c? > ab+bc+ ca+%(a—b)2 +%(b—c)2 +Y§(c—a)2 (11.2.1.2)
Giai
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a) a’ +b® >2ab+o(a-b)?
& (a2 +b?—2ab)—a(a-h)? >0
& (a-b)?(1-a)>0

b) Ap dung két qua clia ciu a ta co :
a®+b®>2ab+o(a-b)?
b* +c? > 2bc+ B (b—c)?
c®+a’>2ca+y(c-a)’

Cong V& Vi V& clia cac bat dang thirc trén ta thu duoc

a2+b?+c?> ab+bc+ca+%(a—b)2 +%(b—c)2 +Y§(c—a)2

Vidu 2. Véi ab,c>00<a,p,y <1, chitng minh rang
p

2 2 2
AL e s arbrg+ @b+ P2+ c-a)?
c b C a

(11.2.2)
Giai

Tachtng minh

2
2 i b>2a+L(a-h)
b b

& a’ +b® > 2ab+a(a—-b)>.Dang.( theo 11.2.1.1).
Cong tirng V& clia cac bét dang thirc

2
2 L b>2a+L(a-h)
b b

2
L E(b-c)z
C C
c? y
——+a=2c+-+(c-a)?
a a

Ta thu duoc

2 2 2
&L L C b > 2arbro+L(a-b?+ L -2+  (c-a)
b ¢ a b C a
2 2 2
AL LS s arbrg)+ E(a-b)?+ P -0)2+ L (c—a)?.(dpcm).
b ¢ a b C a
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Vi du 3. Vi mnlacéac sd tw nhién; a,b,c >0, chitng minh rang
a™" +b™" > %(am +b™)(a" +b") +%(am -b™(a" -b") (11.2.3)

trong d6 0<a <1
Giai
Tachirng minh bo dé sau : V&i m,n lacac sO tw nhién; a,b>0 thi
(@™ -b™(@" -b") >0
That vay:
s pm

Né&u a>b thi 2 }:(am—bm)(a”—b”)zo. bung.
a">b"

I’T'I<bm

bn

Néu a<b thi an - }: (@™ -bM(@" -b")>0. Dlng.
a <
Ap dung két qua clia b6 dé ,ta co

(11.2.3) & (1-a)@" -b")(@" -b") > 0.Dlng.

Vidu 4. Véiab>0;mn lacéac 3 tw nhién, chitng minh rang

a™"+b Z(a+b)m+n+g
2 2 4

(@™ —b™)(@" —b") (11.2.4)
Giai
Ap dung bt dang thirc (11.2.3) ta co
am 4 pm > %(am +b™)(@" +b") + %(am —b™)(@" -b")
Suy ra

m+n m+n
a™+b >(aer)merg

5 2 (, 2 (@™ -b™(@" -b").(dpcm).

(Do %(am +b™(@"+b") > (a%b)m+n ).

Vidu5. V6i ab>00<a <1, chiing minh rang
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a®+b® > ab(a+ b)+%(a2 _b?)(a—b) (11.2.5)
Giai
Ap dung bt dang thirc (11.2.4) voi m=2,n=1taco
a’+b® _a+by o, , .
> = > ) +4(a b®)(a—b)
< 4@ +b% >a® +b® +3ab(a+b) + 20 (a”* - b*)(a—b)

o a®+b® > ab(a+b) +2?°‘(a2 —b?)(a—b).(dpcm).

Vidu 6. Véi ab,c>00<a,p,y <1, chitng minh rang

e e 2 e B oy
St azab+bc+ca+3b(a b)(a b)+3c(b c’)(b-c)+
+ 2 (2 a?)c-a). (11.2.6)
3a
Giai

Ap dung bét dang thikc (11.2.5) ta co
a® +b® > ab(a + b)+%(a2 _b?)(a-b)

Suy ra
3

& 2 sa’rab+ 2 (a? —b?)(a—b)
b B

3
b—+02 >b? +bc+ ﬁ(b2 —-c?)(b-c)
c 3c

3

C la’>cticar ﬂ(cz —a’)(c-a)

a 3a

Cong tirng V& clia cac bat dang thirc trén ta thu duoc
3 3 3

AL S ahrbercar 2 (a—b)a®—bY) + 2B (b2 —c)b-0) +
b ¢ a 3b 3c

2y 2 oy
+£(c a’)(c-a) .(dpcm).
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Vidu7.V6i abc>00<a,B,y <1;mn lacac sb tw nhién , chitng minh rang

a™ +b™" +c™" > %(am +b™+cM)@" +b" +c") +%(am -b™)@"-b") +

+%(am —-cM)@"-c")+ +y§(bm -c™)("-c"). (I11.2.7)
Giai
B4t dang thirc da cho twong duong véi
@-o)@"-bM@"-b") +@-p)@" -cM@"-c")+ @-y)bO" -c™)(b" -c")>0.
(Bung).

Vidu8.V6Gi ab,c>00<a,B,y <1;mn lacac sb tw nhién , chitng minh rang

a™+b™" +c™" _a+b+c o B
> ™y —@"-bM@"-b")+ =(@"-c™)(@"-c")+
3 ( 3 ) 9( X ) 9( X )
+V§(bm —c™)(b" -c"). (11.2.8)
Giai
Vi
a"+b"+c" _ a+b+c,,
> ( )
3 3
a"+b"+c" _ a+b+c,,
> ( )
3 3

Nén bat déng thire (11.2.8) duoc suy truc tidp tir bat dang thic (11.2.7).

Vidu9.V6i abc>00<a,p,y <1; chiing minh ring
a b> ¢?
=z

—+ —+

ZE+E+E a
2 2
b c a b c

2 F(a—b)2 +%(b—c)2 +%(c—a)2 (11.2.9)
Giai
Ap dung két qua clia bat dang thire (11.2.2.1)
a’ +b® >2ab+o(a-b)?

Tasuy ra
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a2

1z 2%+%(a—b)2

2
b—2+1z 29+%(b-c)2
C C C

C2

cC «
Z_4+1>2-+—(c-a)?
a’ a bz( )

Tacling co

E+E+223

Cong V& voi vé clia 4 bat dang thic trén ta thu duoc

+ 2 (a—h)? +£2(b—c)2 +7 (c-a)?
b C a

2 2 2
a bc_zza

b
' 2@ b ¢

¢
a
(dpcm).
Vidu 10. VGi a,b,c>0:0<a,p,y <1; chiing minh réng
3 3 3 2 2 3
a b a—+b—+%+%(a—b)(a2—b2)+

2B 2 ova
b2 C2 a b C (b c )(b C)+

3c?
+ﬂ2(c2 —a’)(c-a). (11.2.10)
3a
Giai
Ap dung bt dang thirc (11.2.5) taco

a®+b* > ab(a+ b)+%(a2 —b?)(a—b)

Suy ra

3 2

%mz %+ at %(a—b)(az—bz)
b° b? 20 -
C—2+cz ?+ c+ E(b—c)(b -C%)
c? c? 20, .
—+ax z+ C+ Q(c—a)(c -Cc°)
a

Cong V& v6i vé clia céc bat dang thirc trén ta thu duoc

23



Chuyén dé Bat dang thirc

a® p c 2 pr & 2o
S+ + —

(a-b)(@® -b?) + %(b2 —c?)(b-c)+

+%(c2 —a®)(c—a).(dpcm).

Vidu 11. VGi 0<a <1, a,b>0; chitng minh rang

(11.2.11)

Giai
Ap dung bt déng thirc (11.2.1.1) ta co
1,1, 2 L 1

a b Jab
a+b>+ab+a(va-+b)?

Nhan vé vi vé clia hai bat dang thirc trén ta thu duoc

11 20, 2 1 1., -, 1 1., 2
G arD 24 ==(a- )"+ 2uab( = - =) +a (= -2 (Ya-b)

Ja b Ja b
Suy ra
(§+%)(a+b)z4+%(\/§—\/5)2
1 1 4o
= (5+B)(a+b)24+E(a+b—2@)
o (§+%)(a+b)24—8oc +%(a+b)
Thu duoc
1 1_4-8 4o
g+62 b +E .(dpcm).

§3. C4c bat dang thirc suy ratir bat dang thiec Cosi nho thay thé
cac biéu thirc déi xirng.
Vidu 1. V6i ab,c lacéc s6 thuc, chiing minh rang
Ja? +b? + Jb? + % + vJc? +a% 2 2(a+b+c) > v2(Vab +/bc ++/ca)
Giai
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Tachtng minh
vaZ +b? 2%(a+b)
N&u (a+b) <0 bét dang thirc ding.
N&u (a+b) >0 bét dang thirc
& (a2 +b?) 2%(a+b)2
< 2(a® +b?*)>a® +b* +2ab
< a®+b” > 2ab

o a’+b*-2ab>0
< (a-b)? >0. (Bang).

Cong V& voi vé clia 3 bat dang thic trén ta thu duoc

Ja? +b% + b2 +c? + e +a’ = 2(a+b+c).(dpcm).

Hién nhién

J2(a+b+c) >+/2(v/ab ++/bc ++/ca)

Vidu2.V6i ab,c lacéess thuc, chirng minh rang

Ja? +b? +ab+ b2 +c? +bc+ y/c? +a’ +ca > /3(@+b+c)

Giai

Tachtng minh

25



Chuyén dé Bat dang thirc

JaZ+b®+ab zg(a+ b)

N&u (a+b) <0 bét dang thirc dang.
N&u (a+b) >0 bét dang thirc

< (a® +b? +ab) 2%(a+b)2

< 4(a” +b” + ab) > 3(a® + b” + 2ab)
< a®+b” > 2ab

< a’+b’-2ab>0

< (a-b)? >0. (Bang).

JaZ+b®+ab zg(a+ b)
vb? +¢? +bc zg(b+c)
vcZ +a’ +ca2§(c+a)

Cong V& voi vé clia 3 bat dang thic trén ta thu duoc
Ja?+b?+ab+vb?+c? +bc+ +/c? +a% +ca > +/3(a+b+c).(dpem).

Vidu3.V6i ab,c lacéae sd thee dwong, chiing minh rang

Va2 +b? +3ab + vb? + 2 +3bc + v/c? +a + 3ca < /5(a+b+¢)
Giai
Tachtng minh

va® +b® +3ab sé(a+ b)
2 2 5 2
< (a® +b” +3ab) Sz(a+b)

< 4(a® +b® +3ab) > 5(a® + b® + 2ab)

< a’+b?>2ab
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< a’+b’-2ab>0
< (a-b)? >0. (BAng).
Vay

va® +b* +3ab Sg(aﬁ- b)
vb? +¢* +3bc s?(b+c)
vJcZ +a® +3ca £§(0+ a)

Cong V& v6i vé clia 3 bat dang thirc trén ta thu duoc

Ja? +b? +3ab + v/b? +¢? + 30c + v/c? +a’ + 3ca < +/5(a+ b+ c) .(dpcm).

Vidu4.VGi ab,c lacae sdthuc, —2<o <2, chiing minh rang

VaZ +b% +aab + Vb? + ¢ +abc + Ve +a% +aca > 2+ (a+b+c)
Giai
Tachtng minh

JaZ + 07 raab > Y25 (a4 b)

2
N&u (a+b) <0 bét dang thirc dang.
N&u (a+b) >0 bét dang thirc

2+a
4

< 4a® +b” +aab) > (2+a)(a’ + b* + 2ab)
& (2-a)@? +b?) > (2—a)2ab

& (2-a)@2 +b? —2ab) >0

& (2-a)(a-b)* > 0. (Bang).

< (8% +b® +oab) > (a+b)?

Vay

Ja? +b? +aab > “22“" (a+b)
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Vb2 +¢? +abe > “22“* (b+c)
v +a’ +aca > 'Z;OL (c+a)

Cong V& voi vé clia 3 bat dang thic trén ta thu duoc
Ja? +b? +aab + vb% +c? +abc + ¢ +a’ +aca > v2+a (a+b+c). (dpcm).

Vidub5.V6i ab,c lacéac sd thuc, chitng minh rang

V2a? +b% +ab + V2b2 + ¢ +bc + A/2¢% + a2 +ca > VA(a+ b+ )
Giai
Taco
2a° +b*>+ab=(a*+b*+ab)+a’

o 2a2+b2+ab:g(a+b)2+%(a—b)2+a2
Suy ra

2a2+b2+ab2§(a+b)2+a2

NE

2
o 2a°+b*+ab 2[7(a+b)} +a’

& 2a’+b*+ab z%{*@(am)} +a2}E\/§)2+12]

4

13 ?
:>2a2+b2+ab2—[—(a+b)+a}

4| 2

1[5 3. T
= 2a’+b*+ab>=|Za+=b

4| 2 2
<:>\/2a2+b2+ab2%5 3

—a+—Db
2273
— J2a% +b2 +ab > S (2a+ o)
22%73

Vay
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V227 107 +ab > 2 a+ Sh)
2275

V267 + % b > S (2b+S¢)
22" 3

\/202+a2+ca21(Ec+§a)
2'2

2
Cong V& v6i vé clia 3 bat dang thic trén ta thu duoc

V2a? +b? +ab + v/2b? + ¢% + be + /2¢? + a% + ca = V4(a+b+c). (dpem).

Loi két
M&c du da c6 nhiéu c8 gang song chic han bai 1am khéng tranh khoi nhitng
thiéu sot. Em rat mong nhan duwgc nhitng 101 gép y ,nhan xét quy bau cla thay
giao va cac ban .
Em xin chéan thanh cam on .
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