CHUGNG TRINH ON TAP, BOI DUGNG THI
HQC SINH GIOI TOAN LGP 12

A DAI'S6 VA GIAI TiCH

& Chuong I. NGUYEN HAM VA TICH PHAN

1. Nguyén ham: Pinh nghia va cdc tinh chit cd ban, cdc nguyén ham cd
ban, cdc phuong phap tim nguyén ham.

2. Tich phdn: Pinh nghia va cdc tinh chit cd ban, cong thic Niuton-
Lepnit.

3. Céc phuong phép tinh tich phan.

4. Phuong phdp stt dung tich phan tinh gii han cla mét s§ diy sd c6
. dang dac biét.

5. Ung dung cda tich phan trong hinh hoc va vatli.

# Chuong I1. SO PHUC
1. S phitc. Mat phdng phirc.
2. Cé4c phép toan vé s6 phitc trong dang dai sd.

3. Dang lugng gidc cia s6 phitc. Cac phép todn vé s& phitc trong dang
lugng gidc. Cong thitc Moa-vrd. Cédn bac n clia mot s6 phic.

4. Pa thitc vdi hé s6 phitc. Pinh 1i Pa-lim-be. Ung dung ciia s& phitc
trong I thuyét da thitc véSi hé thic.
& Chuong IIT. XAC SUAT
1. Khai niém x4c suat.

2. Céc tinh chat cia xdc suat.

3. Xic suat cé diéu kién.




4. Cong thic Bayes. Coéng thic Bec-nu-li.
5. Ham phan phdi. Mot s8 ludt phan phdi.
6. Ki vong va phuong sai, ¥ nghia thyc tién.

7. Lién hé v4i mdt s6 bai todn ve thong ké.

HINH HOC

& Chuong I. PHUONG PHAP TOA PO TRONG MAT PHANG
1. Phuong trinh dudng thing : dang tdng quat, dang tham s8, dang chinh
tic. ‘

2. Vi tri tuong d8i cia hai dudng thing. Chim dudng thing.

3. Géc gitta hai dudng thdng. Khodng cach tir mot di€m dén mot dudng
thing. Phuong trinh dudng phén giic.

4. Phuong trinh dudng tron, phuong tich clia mot diém d6i véi dudng
tron, phuong trinh truc ddng phuong clia hai dudng tron, phuong trinh
ti€p tuyé&n cda dudng tron, phuong trinh chiim dudng tron.

5. Elip.

6. Hypebol.

7. Parabol.

8. Khii quét vé cdc dudng conic. Pudng chuin cliia cdc dudng conic.
9. Phuong trinh ti€p tuyén cda dudng conic.

10. Phuong phdp toa dd gidi céc bai todn hinh hoc phéng.

@ Chuong I1. PHUGNG PHAP TOA PQ TRONG KHONG GIAN

1. Céc dang phuong trinh mat phing. Vi tri tuong d6i ciia hai mit phing.
Chum mit phang. : : '

2. Cac dang phuong trinh dudng thing.

3. Vi trf tuong d8i ca cdc dudng thing va cdc mét phing.




4.
S.
6.
7.

Khoang cach.
Géc.
Phuong trinh mit cAu. Toa d6 giao diém cla dudng thdng vSi mit cau.

Phuong phap toa dd gidi cac bai todn hinh hoc khdng gian.

# Chuong I11. PHEP BIEN HINH TRONG KHONG GIAN

1.

Phép d6i xing qua tim. Phép d6i xing qua truc. Phép dbi xitng qua
mit phing.

Phép quay quanh truc.

Phép ddi hinh trong khdng gian.
Phép vi tu va phép d6ng dang trong khong gian.

lc]cAc cHUYEN pE

# Chuyén dé 1. LI THUYET PONG DU. HAM SO SO HQC

1.

AL S

C4c khai niém cd ban ciia s6 hoc.

Pdng du thitc: khai niém ddng du - céc tinh chdt cd ban. H¢ thing du
va 1dp thing du. "

Pinh li Ole, dinh li Phec-ma nhd, dinh li Uyn-sdn va cdc @ng dung.
Phuong trinh dong du.
Pinh li Trung Qudc vé céc sd du va ing dung.

Cac ham s8 s8 hoc: ham phin nguyén clia mot s8 thyc, ham s8 s6 cic
udc ctia mot s tu nhién, ham tdng cac udc clia mot sO ty nhién, ham
Ole. Pinh li Ole m3 rong.

. Phuong phdp hinh hoc gidi cdc bai todn s hoc.

Céac bai todn cyc tri.




& Chuyén dé 2. PHUONG TRINH NGHIEM NGUYEN

1.

2.

Céc phuong phdp tim nghiém nguyén cla mdt s6 dang phudng trinh:
phuong trinh Di6-phing bic nhit, phuong trinh Pi-ta-go, phuong trinh
Pell, phuong trinh Di6-phang dang Mac-cp,... .

[ . ~ A A ~ N\ A ~ (e =R A
Bi€u dién sO tu nhién trong hé ¢d s6 tuy y. Mot s6 dang bi€u di€n mdt
s6 tu nhién qua cdc so ty nhién khic.

# Chuyén dé 3. BAT PANG THUC

1.

6.

M3 rong céc bat ding thifc co ban.

. Ki thuat sit dung cdc ba't ddng thic cd bdn va ¢ ban md rong.

2
3.
4
5

Bit ding thitc d6i xidng.

. BAt ding thic lién quan dén tich phan, dao ham.

. Céac phuong phdp chiing minh bat ddng thic. (Phuong phédp dai s,

phucong phdp giai tich, phuong phép hinh hoc,...).

Céc bai todn cuc tri dai s8, giai tich.

Chuyén dé 4. PA THUC. PHAN THUC
1.

Dinh 1i Vi-ét (thuan, ddo) va mot sd két qua don gidn lién quan dén
nghiém cia mot da thic.

Cong thidc ndi suy Lagrange.

. Phép chia céc da thitc. Pinh 1i Bo-du. Thuit todn O-clit tim wdc chung

16n nhat cla hai da thic.

. Pa thitc nguyén td cliing nhau : Pinh nghia va mdt s tinh chdt don

gidn. Pa thitc kha quy va bat kha quy.

. Phan tich mdt phan thitc hitu ti thanh t8ng cdc phan thic hitu ti ¢

dang don gian hon.

. Pa thic Tré-bu-sép.

. Pa thitc d6i xing.




@ Chuyén dé 5. DAY SO

1.
2.

3.
4.
S.
6.

Phudng phap tim s& hang tdng quat ciia mot s3 dang day s0.

Day s8 Phi-bd-na-xi : Pinh nghia — mot s0 tinh chat don gidn — cac bai
todn ¢6 lién quan.

Lién phan s6.

Sai phan.

Cac phudng phdp tim gidi han clia mot day s6.
Cac dang bai todn thudng gap vé ddy sd.

# Chuyén dé 6. PHUGNG TRINH HAM

1.
2.
3.

Cdc phuong trinh ham co ban.
Céac phudng phédp giai phuong trinh ham.

Bit dang thic ham.

# Chuyen dé 7. ON TAP Vi HINH HOC PHANG

1.

AN Sl

Cac bai toan chitng minh.
Cédc bai toan tinh todn.
Cac bai todn quy tich.
Cdc bai toan dung hinh.

Cac bai todn cyc tri.

@ Chuyén dé 8. MOT SO VAN PE CUA HINH HOC KHONG GIAN

1.

T dién déu. Tt dién gin déu. T dién tryc tAm : Pinh nghia va cdc
tinh chat.

. Céac bai todn cuc tri.

. Cdc phuong phdp thong dung gidi cdc bai todn hinh hoc khdng gian.

. Phép chi€u xuyén tim va phuong phap “khdng gian hod” gidi cdc bai
toan hinh hoc phing. '




© Chuyén dé 9. MOT SO YEU TO CUA LI THUYET GRAF

1.

Céc khdi niém co ban.

2. Mot s6 tinh chit don gian cia graf don vd hudng hitu han.
3.
4
5

Graf lién thng.

. Graf Ole. Graf Haminton.

. Bai todn t6 mau graf.

# Chuyén dé 10. MOT SO YEU TG CUA HINH HOC TO HOP

1.

5.

Hinh [i : Céc khdi niém va mdt s6 tinh cha't don gian.

2. Pudng kinh ciia mot hinh. Bai todn phin chia mdt hinh phing.
3.
4

Bai todn chi€u sing.

. Ludi diém trén mat phing. Gidi todn bang phuong phip st dung ludi

R
diém.

Bai toan phu.

© Chuyén dé 11. ON TAP TOAN TO HOP

10

1.

® XA

S6 phén tf cda mot tip hitu han. Pinh nghia vAd mot s8 tinh chat co
ban. SG phin ti clia mdt s& dang tdp thudng gip.

. Céc phuong phap tim s8 phan tif cia mdt tp hitu han.

. Nguyén li Dirichlet. Nguyén li cwc han (hay Nguyén li khdi ddu cuc

tri) va cic Ung dung.

Pai lugng bit bi&n, nita bat bi€n. Phuong phép sif dung dai lugng bat
bi€n, nita bat bién gidi cdc bai todn t8 hgp.

Phudng phdp t3 hop chitng minh ding thic, bat ding thic.

Cic bai todn cuc tri t8 hgp.

Céc bai todn trd chdi.

Cic phuong phap thong dung gidi cdc bai toan t8 hap.




CAC PE THI

HOC SINH GIOI TOAN LGP 12

T NAM HOC 1996 - 1997 DEN NAM HQC 2006 - 2007
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PE THI HOC SINH GIOI TOAN LGP 12 CAP THANH PHO
NAM HOC 2006-2007

i 1 (Vong1)
Thoi gian lam bai : 180 phit (khdng ké thai gian phdt dé)

& Cau1 (4d)
x}+y =3x+4
Giai hé phuong trinh : <2y® +z=6y + 6

32° +x=9z+8.

& Cau 2 (4d)
X+y+z=1

sao cho x dat gia
x? +2y? + 322 = 4 9

a) Tim ba sé thuc x, y, z thod hé : {

tri I6n nhat.
b) Cho0<x<y<z<ivad3x+2y+z<4,

Tim gia trj I6n nhat cta biéu thic : S = 3x* + 2y° + 2°.

® Cau 3 (2d9)
Cho a, b, ¢ 1a céc s thyc khong am thod:a + b + ¢ = 3.
2 2 2
a b c 3
Chung minh : + + >—.
9 b?+1 c2+1 a?+1 2
& Cau 4 (449)

Cho a, b, ¢ la d6 dai ba canh clia mdt tam giac c6 p la nlra chu vi, R la
ban kinh dudng tron ngoai ti€p, r 1a ban kinh dudng tron ndi tiép.

Chiang minh :  a) a? + b? + ¢? = 2p® - 2r* - 8Rr
b) a® + b? + c® > p2+ r* + 4Rr.
& Cau 5 (4d)

Cho tam gidc ABC c6 ba géc nhon, ndi ti€p trong dudng tron (0). Goi
P, Q, R 14n lugt 1a trung diém cdc cung nhd : BC, CA, AB. Pudng thdng
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AP catBC tai L; BQ cét AC tai M; CR c4t AB tai N.

Chung minh LA + MP— —N—E >9.
LP MQ NR

® Cau 6 (2d)
Cho ti dién ABCD thoa : ABC = ADC =BAD =BCD.
Tinh t8ng T = ADB +BDC + CDA.

GIAI
M Cau 1
x3+y=3x+4
12y’ +2=6y+6 (1)
327 +x=92+8
x}-3x-2=2-y C(x-x+n=2-y
() & {2y°-6y-4=2-2 o {2Ay-2)(y+1)*=2-2
322 -97-6=2-x 3(2—2)(z+1)2:2—x

¥ X>2>y<2=>2>2x<2 (o)
¥ X<22y22=22<2=x>2 (v 1i)
Viy x =2. Liludn tuong ty ta dugc y =2, z = 2.

Viyx=y=z=2,

M Ciu2

a)
x> +2y* +32% =4 (2)

{x+y+z=l (1)
()& z=1-x-y. Thay vao (2) ta dudc :
X +2y"+3(1-x-y)P=4
x2+2y2+3(1+x2+y2—2x+2xy—2y)=4

5y +6(x— Dy +4x°— 6x—1=0 (3)

9

0
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Ta phai ¢6
A20 o 9xP-2x+1)—20x*+30x+5>0

o =113+ 12x+14>0

o 6 - \/19 6+\/19
11 11
Vix]dnnhﬁ’tnénx=6—tﬁlg9—.
) 6++190 . 15-34J190 10-2+190
Khix= —— thiy= ——— viz= —2" "
11 55 . - 55
A 6++190 15—3\/190 N 10-2+4/190
Vayx= 55 0 FT s

b) e Cdch 1 : Ta c6 hing ding thic :
atby +axby +azbs=ai(b; — by) + (ar + a)(by— b3) + (a; +ay +aybs.  (*)
Ap dung (*)ta ¢ :
S =z.z2+2y.y+3xx
=2(z2—-y)+(Z+2y)y - x) + (z + 2y + 3x)x
<1z-y)+(1+2)(y-x)+4x

=7-y+3y-3x+4x=z+2y +x
= %(z.3+2y.3+3x.1)

= %[2(3— 3)+(z+2y)3 - 1)+ (z + 2y + 3%).1]

=%[0+2(z+2y)+(z+2y+3x)]§l[2.3+4]= 1—39

(P8

Khix=lvéy:z:lthiS:?.VéyMaxS:%Q.

W

o Cdch?2
Tacé a’>b’+2ba—b)

14




nén 12> 722 +22(1-2)

2>y?+2y(1-y) = 2>2y"+4y(l-y)

12> 9x% + 6x(1 - 3x) = > 3x2 + 2x(1 = 3x)

1
3
Codng lat ta dugc :

24+ 1+ % >3x% +2y° + 27 +22(1 - z) + 4y(1 ~ y) + 2x(1 - 3%)

= 1—;)—ZS+2[Z(1-—Z)+2y(1—y)+x(l—3)()]

=S +2[z(1 - z) +y(2 - 2y) + x(1 - 3x)
=S+2[z-y)1-2)+(y-x)3-2y-2)+ (@4 -z-2y-3x)x]=S.

v

DodéSS—?.Khix: ;—y=z=1th‘1déu “=" x4y ra.

V4y gi4 tri 16n nhat clda S bing ?
M Ciau 3
e Cdchl
Tacé: (a+b+c)<3@+b+cH)=a’+b +c*>3.
2 2 2
3
Suy ra 2a = 32a ) 2a 2, 2"
b +1 3b°+3 3b"+a“+b“+c
Tuong tu ta ¢ : b” = 3b° > 3b”
' S 241 3ct+3 3P +at+bi4c?
c? B 3¢? S 3¢?
a?+1 3a’+3 3a’+a’+b*+c?
Pty 32 y= 3 - 3¢
' a?+b2+c?’ 7 a?+b¥+c?’ . al+bi4c?

Tadugc: x+y+z=3.
2 2 2
va a4 b + L > X y 2
b2+1 c?+1 a*+1 y+1 z+1 x+1

15




2 .2 22 2

. I . a c a+b+c "

Ap dung bat dang thtc —+-—+-—2 @tbro) véim, n, p dudng
m n p m+n+p

; 2 2 2
, X y y2 X y yA
ta co : + + = + +
y+1 z+1 x+1 Xy+X yzZ+y 2ZX+7

S (x+y+z)2

(XY +YZHZX)+X+Y +2Z
-9
Xy +yz+2zx+3

9

v

9.3
6 2

-;—(x+y+z)2+3
o Cdch?2
Tacé: 3@ +b2+ct)>@+b+c)f=9=a’+b +c*>3

(32 +bi+ c2)2 > 3(a2b2 +bc?+ czaz)

2 20 2 2
_)E___*__}L__{__Z__ZM,Vm,n’p)O_
m n p m+n+p
néntacé:
a’ + b’ + c’ = a’ + b’ + c*
b2+1 c2+1 a”+1 az(b2+1) b2(02+1) cz(a2+l)

(@2 +b%+c?)?

>
aZb? + b2c? +cta’® +a?+b% +c?

(a2 +b2+c? )2

v

=A(l)

2
l(a?‘+b2+c?‘) +a’+b%+c?
3

Détt=a2+b2+c223,tadu'(jc:

¢? 3t . .
A=— =-"— =1(t) ludn ting trén [3 ; +0).
t . t+3 .

16




= Vt23tacéA=f(t)2f(3)=%. (2)

Tur (1) va (2) ta duge diéu phadi ching minh.

M Cau 4
a) Taco:
2
2p” - 2r" - 8Rr=2p’ - 2~S—2—8rﬂ
p 4S
o2
=2p’ - 2.%-2@
p
= 2p2 _ 2(p—-a)(p—b)(p—c) B 2abc
p P

_ 2p3 - 2p3 +2abc—-2abc+ 2p2(a +b+c)—2p(ab+bc+ca)
p

=2p(a+b+c)- 2(ab + bc + ca)

=(a+b+c)2+2(ab+bc+ca)

=a’+b2+ch
b)e Cdch1
2 W2, .2
Theoa)tacé:a—ﬂé—izpz—(r?+4Rr)
2 2,2
:> r2+4Rr=p2__a____*._b—+€_
2
a? +b* +¢?

=  p’+r’+4Rr=2p°- -

_4p?-@* +b*+c?)
2

_' (,a+b+c)2—a2—b2—c2
2

=ab+bc+ca§a2+b2+c2

2A. TT CAC BE THI HS GIOI TOAN 12 TP.HCM 17




o Cdch2

A

A 2tan-—
Ta c6 a = 2RsinA; r = (p — a)tan— ma sinA = 2
o2 1 2 A

+tan” —

2 r
a__\p-a) _ a_ 2i(p-a)
2R ( . )2 2R (p-a)’ +r?
1+
p—a

Suy ra

&> a(p2 + a’ —2pa + I )=4r(p—-a)R
= a’ + ap2 - 2pa2 + ar’ = 4Rrp — 4Rra
& a’—2pa’+ (@Rr+p’ +rH)a—4Rrp =0
Tudng tu : b* — 2pb* + (4Rr + p* + r)b — 4Rrp = 0
¢® - 2pc® + (4Rr + p* +1r¥)c — 4Rrp =0
V4iy a, b, ¢ 12 ba nghiém cla phuong trinh :
x} - 2px2 + (4Rr + p2 +1o)X - 4Rrp=0
Theo dinh li Vi-€t ta ¢6 ab + bc +ca=4Rr + p’+r1°.
Vay bat ddng thic can chitng minh twong duong véi :

a2+b2+022ab+bc+ca

=N (a—b)2+(b-c)*+(c - a)*>0 (lubn ding).
D4u “="xdy ra <> a=b=c < AABC déu.
M Céu5 A
AL 12 phén gidc trong ctia géc A nén Q
R

2bccosé ac ab
JA=— 2 ,1B= LC =
b+c b+c b+c

18 2B. TT CAC DE THI HS GIO! TOAN 12 TP HCM




a’ 1

Tac6 LALP=LBLC=LP=

te 2cosf\—

' 2,2
= %=g—%g.20082é=£?(1+COSA)=M—i
LP a 2 a a’

- 2 2 2
LA MB NC (b+cj (c+a} a+b)
= + + = + + -3
LP MQ NR \ a b c
4bc 4ca 4ab
= + + -3
a’ b? c?
> 3i/ 64("02)(;3‘3(31’) ~3=12-3=9,
a“b“c
M Cau 6

Lay diém A, thudc tia BC sao cho BA| = DA.
L&y diém C, thudc tia BA sao cho BC; = DC.
Tacé: ACBA, = ACDA (c-g-c).
L4y di€m B, thudc tia AD sao cho AB; = CB.
L4y diém D, thudc tia AB sao cho AD; =CD.
Tacd: AD;AB; = ADCB (c—-g—c).
Ta chitng minh AB = CD. Thét vay :
* Gia st AB<CD
= Anim giita B va C, .
= A;nim giita Bva C (vi AC=A,C))
= BC>BA;ma BA;=DA=BC>DA()
Mait khdc : Vi AB < CD = B nim gifta A va D,
= B nim giita A va D (BD = BD))
= AD> AB; ma AB, =CB$AD>CB 2)

Tu (1) va (2) suy ra mau thuin.
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* Tudng ty néu AB > CD ta ciing suy ra mau thuan.
Vay AB = CD.
Lap ludn tuong ty ta ciing c6 AD = BC.
Do d6 AABD = ACDB => ABD =CDB
Vay T = ADB+BDC+CDA

= ADB+ABD+BAD = 180°.

Pk THI HOC SINH GIOI TOAN LGP 12 CAP THANH PHO
NAM HOC 2005-2006

PEk 1 (Vong1)
Thoi gian lam bai : 180 phit (khéng ké thoi gian phdt dé)
& Cau1 (6d)

2 p—
a) Cho y = X° cosa-—-2x+cosa

(0 <a<m).
x® - 2xcosa +1

Chung minh -1 <y <1 vdi moi x.
b) Choy= |%? - 5x + 4| + mx. Tim m dé y dat gia tri nhd nhat 16n hon 1.
® Cau 2 (4d)
a) Cho ba sé x, y, z thuéc khoang (0; 1). Chiing minh :
2y  + 2% -y?z - 22—y <1,
b) Cho ba s6 x, y, z thudc khoang (0; 1). Ching minh :
2> + vy + 2% <3 + Xy + ¥’z + Z°x.
& Cau 3 (2d)
Cho day s6 thyc ay, a,, as, ..., a, € [0; 1]. Chiing minh :

(1+ai+a+ag+... +an)224(a12+a§+a§+...+a§).
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& Cau 4 (2d)
Cho ham s6 f:7Z — R thoa:

n-10 (n>100)

f(”)‘:{f(f(n-nﬂ) (n<100)
Chiing minh : f(n) = 91 véi n < 100.

& Cau 5 (4d)

Cho hinh hép ABCD.A'B'C'D’ ¢6 hai ddy la hinh chi nhat. Goi a, B lan
lugt 1a cac goc tao bdi dudng chéo AC’ véi cac canh AB va AD. Goi ¢ la
goc phéng ctia nhi dién (B, AC’, D).

Chuing minh : cos¢ = —cota.cotp.

& Cau 6 (2d)

_Céac dinh cha mot ti gidc ndm trén céc canh khac nhau cGia mot hinh
chif nhat cho trudc cé chiéu dai va chiéu rong la a, b. Tim gia tri nho
nhat cGia chu vi t gidc ay theo ava b.

GIAI

M Caul

xZcosa—2X+cosa

a) y= (0O<a<m).

X% —2xcosa+1

(it diéu kién miu s8 khic 0, Vx) (A’ = cos’a—1<0).

yo thudc mién gid tri < y()x2 — 2xygcosa + Yo — x’cosa + 2x —cosa =0
& (yo — cosa)x” — 2(y§.cosa -~ Dx+yp—cosa=0

e N&uyg=cosathix=0va-1<yy,<1(dpcm) ‘

o Néuyg#cosatacd:

A" = (ygcosa — 1)* - (yo — cosa)’

= (ypcosa — 1 +yo— éoga)(y(,cosa -1+ yo + cosa)
= —sin’a. (yf, - 1)

A’ZOCD—lSyUSl.
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b) y =|x2—5x+4|+mx
x? —=5x +4 +mx (x <lvx>4)
| =x?=5x+4+mx (1sx<4)
' x2+(m—5)x+4, (x‘<1vx>4)
y = )
-x"+(m+5)x-4, (-1<x<4)

x2+(m—5)x+3 (x<lvx>4) (1)

Tacé: y—-1=
-x*+(m+5)x-5 (1sx<4) (2)

Pé y dat gi4 tri nhd nhat 16n hon 1 thiy > 1, Vx.
o Xét(2):
~x’+(m+5)x-5>0(1<x<4) (3)
Pat f(x)=-x>+ (m+5)x-35.

Pé (3) ding thi cdc s8 1 va 4 nim trong khodng nghiém cla tam

af(l) <0
thic f(x): om>1 )
af(4) <0
o Xét(1):
XX+(m=-5x+3>0(x<1lvx>4) (4)

Pat g(x) =x>+ (m —5)x + 3.

Pbé (4) diing, ta c6 hai trudng hop sau :

i A=(m-5P%-12<0
o 5-23<m<5+23° (II)
ii. g(x) c6 2 nghi€m thude [1 ; 4].
[ A0
ag()20 ‘
& {ag@)20 © 1<m<5-23 (111
1<S¢q
L2

Tir (1), (II) va (III), ta ¢6 ddp s 1a: 1<m <5 +23.
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M Cau2
a)Pat gy =20 +2)-yz-2"-y.
Tacé g'(y)= 6y” —2zy - 1. )

y, :—16—(2-\/22+6)<0
Y, :—é—(z+\/z2 +6)

Viy; <Onény, ¢ [0; 1]. Quay; dao ham g'(y) ddi dau tir Am sang
ducng nén y» 1a diém cyc ti€u.

Néuy; e [0; 1] thi g(y2) < g(0) va g(y2) < g(1).
Né&uy, ¢ [0; 1] thi g(y) don diéu ting trén [0 ; 1].

gy)=0<

Trong c4 hai trudng hop thi g(y) dat gié tri 16n nhat tai g(0) hodc g(1).
Tacé g(0)= 27 - 7
g(1)=2z3—22—z+1
vi z <1 nén g(1) = g(0).
VAy gi4 tri 16n nhét cda g(y) trén [0 ; 1] 12 g(1).
Ta chitng minh : g(1) <1
o 22-7P-z+1<1
o 2228 -z2-1)<0
< z(z- 12z + 1) <0 (ding)
b) 2(x3 + y3 + 23) < xzy + yZZ +7°x 43
o 2% - y22 2% + 2(y3 +7%) —yzz <3
biat f(x) = 2x3 — yx2 - 7% + 2(y3 +7°) — yzz

X, =%(y—\/y2 +62° )

f'x)=0<

X, =—é—(y +\Zy'2 +6zz)
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Vi x; <0 va x2> 0 nén lf ludn tudng tu nhu trén thi f(x) dat gid tri I6n
nhattai x =0 hodcx = 1.

Tacd f(0)= 2(y3 + Z3) - yzz
va () =20y +2) ~y*z -2 -y +2 2 1(0)
nén f(1) 1a gid tri 16n nhat ca f(x).
Theo két qua ciu 2a, suy ra :
2+ -yz -2 -y +2<3.
Vay ta ludn c6 f(x) < 3.
M Cau 3
Xét tam thic
f(X) =X*~(1+a,+ar+as+..+a)X + a’ +a2 +...+a°
Tacé f(0) =al+al+..+a2 20
f(1) =—(aj+ay+..+a,)+a-+as+..+a
=—[ai(l1 —aj)+a(l—-ay)+..+ay(l-a,)]<0.
Suy ra f(X) ¢6 nghi€m thudc [0 ; 1] nén

A=(l+aj+ay+az+..+a,)" —4(al +a+..+a2) 0.

M Cau 4
e Xét90<n<100.
Tacén+ 11> 100
va f(n)=ff(n+11))=fn+11-10)=f(n+1).
Vay f(90) =f(91) =1(92) =... = (100) = f(101) = 91.
e Xétn<90.
Ta chon s6 m € Nsaocho90 <n + 11m < 100.
Khi dé6 f(n) =f(f(n+11)) = ftf(f(n +2.11))]
=f'n+3.11)=..=f""(n+ 11m)

24




= f"(f(n + 11m))
={"(91) = 91.
Viy f(n) =91 véi moi n < 100.

M Cau s
L4y diém I thudc tia AC’ va ta c6 thé gid A J B
st Al = 1. Qua I vé mat phing vudng K B:J\a
géc voi AC' cit AB tai J, cdt AD tai K. 5 P
HE) C
Tacé: 1J =tana ; K = tanf i I‘}.‘
AJ= —— AK= 1 S N R ,
cosa cosP N\ B
Trong tam gidc IJK ta ¢6 : D/’/ \C‘
JK? =17 + IK? - 210.IK cosd
= tan’a + tan’P — 2tano.tanp.cosé (1)

Trong tam gidc AJK ta ¢ :
JK? =AJ?+AK? - 2AJ.AK.cos BAD

1 1 2
=T vt
cos’o.  cos“B cosa.cosfP

.cos BAD (2)

Tw (1) va (2) suyra:
cos BAD = cosa.cosP + sina.sinf3.cos¢

ma BAD = 90" nén cosa.cosp + sina.sinfB.cos¢ =0

Viy  cosd = —cota.cotfl.

M Cau 6
Tacé: AB=a, AD=b.
Goi P, la diém ddi xitng vdi P qua dudng thdng AD.
P, 1a di€m ddi xitng véi P qua dudng thing BC.
P;1a diém doi xdng véi P qua dudng thing AB.
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TaCéPMNpQ=MN+NP+PQ+QM b

= MN + NP, + QP, + QM

2 MP; + MP| = MP; + MP;

> P,P; , AWM B
ma P,Py = \[P,P? + PP} =+/4a> +4b’ - N
nén chu vi MNPQ > 2\/@ (const). P B 5 C\Pz

Chu vi MNPQ dat gi4 tri nhd nhatla 2+/a> +b® khi xay ra d&u bing. Khi
dé M, N, P, Q lan lugt 13 trung diém cia AB, BC, CD, AD.

PE 2 (Vong 2) |
Thoi gian lam bai : 180 phit (khdng ké thdi gian phdt dé)

® Cau1 (3d)
Choa>0,b>0,c>0thoda+b+c=1.

Chuang minh : \/Q:jl(j_—_tl) + \/(1—-b)a(1~c) + \/(1——c)b(1—a) > 2.3,

c
& Ccau2 (3d)
Cho day s6 (an)n < x thoa :
a1 - 3

1
Bman +am_n—m+n—1=5(a2m +8,,),YM=n20

Tinh asp06-

& Cau 3 (3d)

Mot cdp s6 cong gdm 15 s8 nguyén t8 py, P2, Ps, ..., P1s C6 cong sai la
d > 0. Chiing minh d > 30000.
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& Cau 4 (3d)
Cho tam gidc ABC cé do dai cac dudng phan giac trong nhé hon 1.

J3

Chung minh dién tich tam gidc ABC nhé hon 3

& Cau 5 (4d)

Cho tam gidc ABC noi tiép trong dudng tron (O). Mot dudng tron (J) tiép
xuc trong véi dudng tron (O) tai D va ti€p xuc véi canh AB tai E (D va A
nam vé hai phia déi v8i dudng thang BC). Tiép tuyén cla (J) ké t& C
tiép xdc vdi (J) tai diém F (F va D nim vé hai phia déi véi dudng thang
BC).

Ching minh dudng thdng EF di qua tam dudng tron noi ti€p cla tam
giac ABC.

& Cau 6 (4d)

C6 bao nhiéu ham f lién tuc trén R va thod mén :

OO = 0 + 3)FO)P + (x® + 3)f(x) +x* -1=0,vx e R ?
GIAI

M Cau1l

Tacs: |0=2(b) _ [(b+)(a+e) =-\/;+b+c+33
C C C

ab
>\/§x/a+b+c+,f—c—_£+l ab
B 2 2 2\}0

a—o(-b) | [o0)(-9) , [(=)(-2)
N e

Suy ra

a b
2 2 c a b
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Tacﬁngcé\/a—:+\/%+\/%=%gz\/m=ﬁ. (2)
Tir (1) va (2) suy ra diéu phai chitng minh.
M Céu 2
a|=3;am+n+am_n—m+n—1=—;-(a2m+a2n). (1)
() = apm—-—(m+n)-1+apga—(m-—n)-1
=—;—(a2m—2m—l+a2n—2n—l)

bitb,=a,—n-— 1.
Ta c6 by=a; —-2=1

va brosn + bm_n = ‘;‘(me + b2n) (l’Il Zn Z‘O (2)

Trong (2) ldy m =nta cé :

bom + by =boy = by =0
Trong (2) cho (m,n) =(1,0)tacd:

201 = 2 (b + by) = by = 4by =4
Trong (2) cho(m,n) =(n+2,n)taco :

1
b2+ by = 5 (b2n+a + b2n) = bopea=2bon2 — by + 8 (3)

=  by=2by—by+8=16=4%bs=2b;— by +8=36=6
Gia str by = (2k)? va bya = 2k +2)%. Tt (3) suy ra
boksa = 2baisz — bax + 8 = 2(2k + 2)* — (2k) + 8
=4k + 16k + 16 = (2k + 4).
Viy biing quy nap ta di ching minh dugc by, = (2ﬁ)2, VneN
= bage = 2006
Dod6:  axe = bae + 2007 = 20067 + 2007 = 4 026 043.
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M Ciau 3
Ta cin chitng minh d chia hét cho 13, 11, 7, 5, 3, 2.

Gié st (d, 13) = 1 suy ra p3, ps, ..., pis ¢6 s& du ddi mdt khac nhau khi
chia cho 13.

Do d6, ton tai mdt s3 ty nhién i (i > 2) sao cho p; chia hét cho 13 hay p; = 13.
Mit khdc pi.o>1nénsuyra2d<12=d<6
Néude {1,3,5} = pise {12, 10,8} (vo 1),

Néud=2 =  pi2=9 (v6 1)
Néud=4 = piiz=9 (v Ii).

Viy d chia hét cho 13.
Chitng minh twong tu ta ¢6 d chia hétcho 11,7, 5, 3, 2
= d chia hé&t cho 13.11.7.5.3.2 = 30030 = d > 30000.

M Cau 4

—S— sinB = S = by b, .
h, ‘ 2sinB

S= l acsinB =

NI'—
Flm

Xét tam gidc ABC ¢6 3 g6éc nhon va gia st B 1a géc 16n nhat. Ta c6

60° < B <90°
= sinBZ—\/E:S— b, <—(v1h <1,h.<1).
2 2sinB \/5

Xét tam gidc ABC c6 goc til hoic vudng, ching han B.
Ta cé : 1>1,>AB,1>1.>BC
= S= lAB.BC.sinB < 1.1.1.1 < ﬁ
2 2 3
M Cau 5
Pudng thing DE cit (O) tai D va'N.

Do dudng tron (J) tiép xtc trong véi dudng tron (O) tai D nén D 13 tim vi
tu cia hai dudng tron suy ra ON va JE cung hudng.
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Vay ON vudng géc v6i AB nén N 13 di€m chinh giita cung AB (khéng
chita C) cia dudng tron (O).

Do d6 CN 1a phin gidc trong cia géc ACB. (1)

Goi I 12 giao diém clia CN va EF, ta chitng minh I 13 tdim dudng tron ndi
ti€p clia tam gidc ABC.

Vi BE Ia tié€p tuyén cda (J) nén :
EFD = BED = l(;mfss) :
2 .
1 —— —— e e —
= —(NB+BD) = NCD = ICD

2
CDIF 1a tif gidc ndi tiép
DIC = DFC = DEF
NEI = 180° — DEF = 180° — DIC = NID

ANEI ¢ ANID
NI? = NE.ND.

y 4 4 Uy

Mit khic EBN = ABN = NDB
ANEB «» ANBD
NB? = NE.ND = NI?

NB = NI

B¢

NBI = NIB

u U 4 4l

BA = NBI-NBA = NIB-NCB = IBC

BI l1a dudng phéan gidc trong cla géc ABC. (2)

Y

T (1) va (2) suy ra 112 tam dudng tron ndi ti€p tam gidc ABC.

 Ciu 6
[F)F = (X + DEEOP + X+ D) +x* - 1=0 (D
=f
ou 710
t= x2
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PE THI HQC SINH GIOI TOAN LGP 12 CAP THANH PHO
NAM HOC 2004-2005

PE 1 (Vong1)
Thoi gian lam bai : 180 phit (khdng ké thoi gian phdt dé)

& cau 1 (6d)
Giai cac phuong trinh va hé phu’dng trinh :
(4x+2)* =2y +15
(4y+2)2 =2x+15;
b) 9x%+ 12x -2 = /3x+8 ;
c) XP-4x%-Bx+6=Y7x2+9x-4.
& Cau 2 (3d)

Cho tam giac ABC thoa 2tanB = tanA + tanC.

3.2
Vol

Ching minh : cosA + cosC <

& Céau 3 (3d)

Cho day s6 thuc ay, a,, ag, as, ... dugc xac dinh bdi : a; = 2005 va vdi
moin>1:a;+as+as+ ... +ans + ay, = n’.a,.

Tinh a2005-

@ Cau 4 (3d)

Gia st D 1a mot di€m trén canh BC (D khac B va khac C) clia tam giac

ABC. Goi E va F lan lugt la tam cla dudng tron ndi ti€p cac tam gidc

ABD va ACD. Chung minh rdng néu B, C, E, F cliing thudc mét dudng
AD+DB _AB

tronthitacé: —— = —.
' AD+DC AC

® Cau5 (3d)
Cho tu giac 16i ABCD c6 dién tich la S. Trén canh AB 14y 2 diém M, N
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sao cho AM = BN. Trén canh CD Idy 2 diém P, Q sao cho CP = DQ.
Goi Sy, S,, Sa, S, 1an lugt la dién tich cla cac tam giac MCD, NCD,

PAB, QAB.
Ching minh 16S,.S5,.S;.5, = S* khi va chi khi ABCD Ia moét hinh binh
hanh.
& Cau 6 (2d)
o 1 B cAn of . 5 . . N24+8n? 41
Tim tat ca cac s6 nguyén duong n sao cho phan nguyén cla o
n
la mot s6 nguyén 6.
GIAI
M Caul
(4x+2)"=2y+15 (1) _ 2% +15> 0
a) 5 biéu kién :
(4y+2)" =2x+15 (2) 2y+1520
Liy (1) trir (2) ta dugc :
(4x -4y)4x +4y +4) =2y — 2x
< (2x-2y)8x+8y+9)=0
X=y
8x+8y+9=0
e Vix=y,tacd:
(4x +2) =2x + 15
& 16x7+14x - 11=0
1 R 5 11 A
< X = — (nhdn) hodc x = -~— (nhéin)
2 8
e V3i8x+8y+9=0,tacéd:
(4x +2) = 15 - X
& 64x°+72x-35=0
3A. TT CAC DE THI HS GI0I TOAN 12 TP HCM . ‘ 33




-91+221

-~ X=

16
Viy hé ¢6 nghiém : 1;1),(_11;_2),
2'2)"8° 8
9221 -9++221
6 16 )
~9+4221 —9-221
16 7 16 )

b) ox*+12x-2=3x+8. (1)
 Piéukién:9x>+12x -2 20.
Pit3y+2=+3x+8 = (By+2)?=3x+8
Khidétacé (1): (3x+2)°-6=3x+8
= (Bx+2)*=3y+8

3x+2)° =3y +8 2
Viytacod hé: (x )2 Y @)
(3y+2) =3x+8 3)

Pidu kién : {ii::ig
Trir (2) cho (3) :
(3x-3y)3x+3y +4)=3y - 3x
& (Bx-3y)Bx+3y+5)=0
= x=yhodc3x+3y+5=0

e Vix=y:
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e VGi3x+3y+5=0:
(3x+2)2=—3x+3

PN 9x*+ 15x +1=0

_-5 +6\/2—1_ (1oai)

—5-421
6

X

(nhén)

~-5-421
—

Viy phudng trinh ¢6 hai nghiém x = é— hodc x =

c) X3 -4x*=5x+ 6= Y1x* +9x - 4 (D

X} -4x2 -5x+6=y
(H &
7x2+9x -4 =y*
= V+y=x+3x"+4x +2
= Vey=x+1DP+x+1) (2)
Patfx)=x*+x, f'(x)=3x*+1>0
—  f(x) 12 ham ddng bién
= fw)y=f(v)yeu=v.

Tr(2)suyra:y=x+1

= (x+ 1’ =7x>+9x - 4
= xX*—4x*-6x+5=0
o x=5)+x-1)=0
x=5
& xz—lix/g
2
Bai hoc :

Gidi phuong trinh bing cdch dua vé gidi hé phuong trinh.

o Sit dung thanh thao va linh hoat hing ddng thitc.
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e Chiy: & uU=v
F don diéu

32

Chitng minh cosA + cosC < 7

Tacé: 2tanB = tanA + tanC
2sinB sin(A+C)
cosB cosA.cosC

= 2cosAcosC = cosB

& cos{A + C) + cos(A —C) =—cos(A + C)
< 2cos(A+C)+cos(A-C)=0

& 4cos® C +2cos? %E =3.

Theo bAt ding thitc CH-si :

3 =4cos’ A+

¢ +2cos’ _AZ;C

> 2\/§COSA;CCOSA—C.

2
< - 222c0sA+CcosA_C
4 2 2
(A+C] (A—C 32
= 2¢os cos <
2 2 4
= cOsA + cosC < ¥

M Ciau3
T gia thi€t ta ¢6 :

ay+ay+...+ap 1 = (n - l)z.an_l

36




Tasuyra:
(n- 1)2.an_1 +a,= nz.a,,

(- D%ap; =an.(n*-1)

<>
- n-1
& 4, = .anp_1, vn> 1
n+1
n-1 n-2 n-3 21 2a,
Suy ra ap = Nl 2a = v
n+l n n-1 43 n(n+1)
. 1 _ 1
5= 5005 2006 100
M Cau 4
sin —
Tw gidc BCFE ndi ti€p = IE = e = 2
IF 1B .
sin—
. C C
AB sinC _ smacosa
AC  sinB singcos-E
2 2
) IFCOS% _ PQ
IEcosg MN

(CA+CB—AB)_(CA+CD—AD)

2

2

B (BA+BC—AC)_(BA+BD—AD)
2

2

_ AD+CB-AB-CD

AD+BC-AC-BD

AD+BD-AB

AD +DB

AD+CD-AC _

AD+CD
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Bai hoc dp dung :
1. Dinh li sin.
2. Tam gidc dong dang.
3. Tinh chdt dwong tron ndi tiép.
M Caus
Ta ¢c6 AM = NB nén trung diém E ctia AB ciing 13 trung di€ém cda MN.
Vi CP = DQ nén trung diém F cta CD ciing 1 trung diém cta PQ.

S +
TacG:  Secp= Mcp+Snep
2
s = Spa +Sqas
FAB= —————
2
/
Ma Sep = Sacp *+Ssep
2
S = Scas +Spas
FAB T T 5
= Si + S, + S3+ S4=Sacp + Secp + Scas + Spas

S, +S, +S3 + Sy =28

Suyra  2S244S.S,S,5,.

g4
= S1.52.53.84 < —.
1:52:93.94 = T

Dau biing xdy rakhi S; =S, =S;=S,.
Khi d6 ABCD la hinh binh hanh.

M Ciaué6
Vét can trén mod 3 :
o n =3k
2 . ~
PR S S
3 3 3n 9k
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[A] = 3k” + 8k = k(3k + 8)
[Alep k=1
<on=3

(p : tip hdp sO nguyén td).

e n=3k+1
2
A=y B Liga 80 L
3 3 3n 3 3 3n
.=3k2+10k+3+—1—-
3n
[A]l = 3K+ 10k +3 = k+3)3k+1)
[Alep k=0

z

sn=1

e n=3k+2(n>1)

A =3k rak+ g0, L
3 3 3n
= 3K 412K+ 64+ 24—
-3 3n

[A] =3K* + 12k +6=3[K>+4k +2] ¢ p
Viy: [Ale pen e {1, 3}.

PE 2 (Vong 2)
Thoi gian lam bai : 180 phiit (khong ké thdi gian phdt dé)
& Cau1 (4d)
Tim tat ca cac ham f : R — R thoa phuong trinh ham :

f(x?) - f(y?) = (x + y)(f(x) - f(y)) vSi moi x, y thuéc R.

& Cau 2 (3d)

Hay tim tit cA céc gia tri cla a dé hé phudng trinh sau c6 ding ba
nghiém phén biét :
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(0.0 +I -3} + 3}l -9) =0

(x-a)? +y? =25

& Ccau 3 (3d)

Cho a, b la cdc s6 nguyén va p la s6 nguyén t6 18. Chiing minh ring
néu p* Ia udc clia a® + b® va a(a + b)? thi p* cling 1a udc clia a(a + b).

& Céau 4 (34d)
Tim tat ca cac da thic hé sé thuc P(x) thoa :
P(a + b + ¢) = 7P(a) + 4P(b) - 5P(c).
vdi a, b, ¢ 1a cac sé thuc va
(a+b)(b +c)(c +a)=2a+b®-2c%
& Cau 5 (4d) ¥

Tim céc s6 nguyén duong a, b, ¢, d, m, n thoa :

a<b<c<d=n?
a+b+c+d=m?
a? +b% +¢? +d? = 2021.

® Cau 6 (3d)

Cho ti dién ABCD c6 O la tam mat cau ngoai ti€p. Goi M, N, P 1an iugt
la trung diém cha AC, AB, BC.

Giasit AB+BC=AD+CD,BC+CA=BD +AD,CA+AB=CD +BD
Ching minh ring MON = NOP = MOP .

GIAI
M Ciu1l
f: R - R thod f(x*) - f(y*) = (x + y)(f(x) - f(y)) Vx,y € R

Choy=0:
f(x%) - £(0) = x(f(x) - £(0))
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o f(x?) = £(0) + x(£(x) — £(0))
Chox=0:
f(y®) = £(0) — y(f(0) - £(y)) = £(0) + y(f(y) - £(0))
Suyra: f(x*) - f(y?) = xf(x) - yf(y) ~ {(0)(x - y) (1
Mit khdc : f(x%) - f(y*) = (x + y)(f(x) - £(y))
= xf(x) — yf(y) - xf(y) + f(x) (2)
T (1) va (2) :
xf(y) ~ yt(x) = f(0)(x - y)
Choy=1:
xf(1) — f(x) = f(0)(x ~- 1).
< f(x) = x(f(1) — £(0)) + £(0) %
Viy : f(x) = kx + b véi k = £(1) — £(0) va b = £(0)

Thit lai, ta thdy f(x) = kx + b thod min bai todn.

M Cau 2
(34/x[x] +Is]-3)(x|+3ly-9) =0 (1)
(x~a)2+y2 =25 (2)

Ta c6 diéu kién x > 0 nén (1) dudc viét thanh :
Glxl + Iyl -3)dxl +3lyl -9)=0
o GBx+lyl-3x+3lyl-9=0

o [3x +|y]-3=0 (d) (d,) ’
| x+3Jy]-9=0 S
[y]=3-3x (x<1)

& 1 S
|y|=3—§x (x<9) >
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Phudng trinh (2) 1a phuong trinh ctia dudng tron tim I(a ; 0), R = 5.
Xét trén hé truc toa d6 Oxy s8 giao di€ém cda (1) va (2).

Tacé: |yl =3-3xgdm 2 tia (d), (dp)
ly| =3- -;—x gdm 2 tia (ds), (dy)

Ta thdy hoanh dd a clia cia tim I chi ¢ cdc gi4 tri 1a —4, 4, 6 thi thod
min dé bai. '

M Cau3
Via(a + b)? = a(a® + b?) + 2a’b va p* 13 wdc cda a® + b® va a(a + b)’ nén
p* 12 wdc cta 2a’b. Vi p 1& nén p* 1a wdc ciia a’b.
Tacé : x
Né&u a khong chia hét cho p” thi s6 mil cia p trong a’ 16n nhit chi ¢6 thé
1a 2. Vi viy b phai chita p’, nghia 13 b chia hét cho p’ suy ra b? chia hét
cho p* (v6 1i) vi a® + b’ khi 4y lai khong chia hé€t cho p* (do a” khdng chia
hé&t cho p*). VAy a phai chia hét cho p?.

Vi a® + b” chia h&t cho p* nén b” chia hét cho p* suy ra b chia hét cho p?
va a + b chia h&t cho p”. ~

Do d6 a(a + b) chia hét cho p*.
M Cau 4

Ta thdy bd 3x, 2x, x thod man cdc di€u kién ctia a, b, cnénta cé :

P(6x) = 7P(3x) + 4P(2x) — 5P(x).

n .
Cho P(x) ¢6 dang Zaix' (a; e R)

i=()

Ta cé iaiﬁi.xi = 7i a, 3 x' +4Zn: a,.2'x' —SZn: a,.x'

i=0) i=0 i=0 i=0)

o Ya(6-73-4245x=0 vx

i=0

PN ai(6' =73 =421 +5)=0 Vie N
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Gia st 6 -73-42'+5=0 YieN
PN 3R -7 -402' -7)=23
o 3 -4)(2'-7)=123
Lol

31 -4=23 _
_ . < 1=3
2i-7=1

Vay v8i 1 #3thia;=0.
Suy ra P(x) = 33.X3 = kx>,

Th lai, ta c6 P(a + b + ¢) = 7P(a) + 4p(b) — 5P(c)

o az(a+b+ c)3 = 7a3.a3 + 4a3.b3 - 5a3.c3
PN ay(a + b)(b +c)(c +a) = a3(2a* + b* — 2¢H)
X
Viy : P(x) = kx> '
M Caus
m2

Ta cé : TSdS\/2021<45 (H
va a’l+ b+ ¢+ d*=2021 (s5 1)

= a+b+c+d=m?lasdle&.

Ta lai ¢6 Ja? +b? +c2 +d2 <a+b+c+ds\/4<a2+b2+c2+d2)

V2021 <m? <242021

=
= 44 <m? <90
= m? =49 hodc m” = 81.

o NEum?=49thi (49 -dP’=(a+b+c)’>a’+b’+c2=2021-d>
= 2d*-98d + 380 >0

49 -1641
d<—«<5

=
d

2 A e 2
: mau thuan véi (1)
49 ++/1641
> — >44 -
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e Viym®=38l:
Suyra: n’=d =25 hoicn’=d = 36.
Né&un?=25:
bata=25-p,b=25-q,c=25-r(p,q,r>0)
Tac6 m’~d=81-25=a+b+c=75-(p+q+r)
= p+q+r=19
2021 -25°=a’ + b + 2= (25 - p)* + (25— q)* + (25 ~ 1)’
=3.252~50(p+q+r)+p2+q2+r2
= p’+q’+rr=2021-4.25*+50.19=471> 19
= p+@i+’>(p+q+r)’ voli
Vayn®=36=d. x
Ta o {a+b+c=81—36=45
a’ + b2 +c? =2021-362 =725
Déta=15+x,b=15+y,c=15+t(x.SyStvéx,y,teZ)

= X+y+t=0=2>x<£0,t20

725 = (15 + x)* + (15 + y)* + (15 + t)?
= xX+y +t2=725-3.152=50
Suyra:(—y—t)2+y2+t2=50(vi—y—t=x)
& 2y7 42yt + 288 =50
= y2+yt+t2=25
& Yayt+2-25=0(A=¢ -4+ 100 = 100 - 3%
Phudng trinh c¢6 nghiém khi A >0 nén tnguyénva 0 <t<6.
Ta thdy chi ¢6 t = 5 thod viy ciing nguyén.
Licdyy =0 va x = -5.
Suyraa=10;b=15;c=20.
PipsS:a=10;b=15c=20;m=9;n=6;d= 36
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M Cau 6 |
Goi M,, Ny, P, 1an lugt 14 trung di€m ctia BD, CD, AD.
AB+BC=AD+CD
T cdc gia thiét : BC+CA=BD+AD
CA+AB=CD+BD
tasuyra: AB =CD; AC =BC; AD =BC

Tu doé ta suy ra cac tf gidc MPM,P;, MNM,N,, NPN/P, 1a c4c hinh thoi
nén cic dudng chéo cla ching vudng géc nhau.

Viy : NN; L MM,, PP, L MM, NN, L PP,.
Suyra: NN, L mp(MPM,P,))

= NN, L AB va NN;_LCDx‘ :
Va tuwong ty : PP, L BC, PP, L AD.

Goi O la giao di€m cia ca dudng chéo NN, MM,, PP, thi OC = OD (tam
gidc OCD c¢6 ON; vira 12 trung tuyén, vira 1a dudng cao).

Va tudng ty : OA =0B, OB =0D
= O chinh 13 tAim mit cAu ngoai ti€p tf dién ABCD nén

MON = NOP = MOP = 90",
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PE THI HOC SINH GIOI TOAN LGP 12 CAP THANH PHO
NAM HOC 2003-2004

PE 1 (Vong 1)
Thoi gian lam bai : 180 phiit (khéng ké thoi gian phdt dé)

& Cau1 (4d) *

Chung minh
a) X X 2 >23vGivlix,y,z>0vax+y+2z2>3.

W vz Ux
b)x2y+y22+22xs%vdisz,yzO,zzOvéx+y+z=1.

& Cau 2 (4d) ,
a) Tim cdc ham s6 f lién tuc : R — R thod f(x?) + f(x) = x* + x v8i moi x.
b) Tim cdc ham fva g thoa :
f(2x + 1)+ 2g(2x + 1) = 2x

X X véi moi x khac 1.

(ol
X-1 X-1

& Cau 3 (2qg)

Patf(n) = (n® + n + 1)® + 1 véi n 1a s6 nguyén duong.

£(1)£(3) £(5)...1(2n - 1)
1(2)£(4)£(6)..f(2n)

Tinh gidi han cla day s6 u, = n?.x,.

Xét day s6 (x,) vGi X, = , N nguyén duong.

& Cau 4 (3d)

Cho tam gidc ABC va cac diém K, L, M |an lugt ndm trén cac doan AB,
AK BL CM 1
BC,CAsaocho: —=—="—=—,
AB BC CA 3 _
Chiing minh rang néu cac ban kinh dudng tron ngoai tiép cla cac tam
gidc AKM, BLK, CML bang nhau thi cdc ban kinh dudng tron ndi ti€p
cla cac tam gidc 8y cling béng nhau.
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& Cau 5 (4d)
Giai cac hé phuong trinh sau :

log, (1+3cosx) = logg (siny) + 2
log, (1+ 3siny) =log, (cosx) + 2

y8 +y3 +2x% = |xy - xy?
8xy® + 2y% + 12 4x® + 2,1+ (2x - y)?

& Cau 6 (3d)

b)

Cho tu dién ABPM thoa : AM vuéng géc véi BP, MAB = ABP = 90°,

2AM.BP = ABZ?. Chiing minh rdng mat cdu dudng kinh AB tiép xuc vdi
dudng thang MP.

GIAI
™ Caul

Y/

a)ChL’rngminhi A >23,VYx,y,2>0vax+y+z2>3,

Jy

X zZ
bit ——+—y—+——

N

Tacé A2 2X+ y 2z

+ .
I+4y 14z 1+x

ﬁ
«1

%

[\

Mit khéc :

(x+y+z)2=|i\/;%,m+\/%.m+\/%-m}z

E(x+xy+y+yz+z+zx)

< :‘;‘—(x+y+z+—;-(x4+’y+z)2)

>
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2
2(x+y+z
Suyra A> (x ly 2) = 12 0
X+y+z+=-(x+y+z) 4
3" X+y+z 3

nén A2>23(dox+y+z2>3).
b) Ta c¢6 thé gid st x>y > z.
Tacé: y<x=yz<xyz -
2 <X = 7°x < zx*
DétA;x2y+yzz+zzx.
x* z%x

Tacé A <x’y+xyz+— 22
y y > )

<xy(x +z)+%(x+ z)

s(x+z)x.(y+§j

(x+x+z+2 +z.)3 8
Ma x(x +2)(2y +2) < yrr) _ S8
27 27

suyra: A<—.
Y 27

M Cau2
a) f(xz) + f(x) = x>+ x
f: R — R 1a ham lién tuc.

batgx) =f(x) - x, Vx e R.
= g:R->RIliéntucva g(x)= X2~ f(x).

Tacd: f(x?) - x*=x - f(x), g(x°) = f(x°) - x*
= g(x’) =-g(x) ‘
e g(xz) +g(x)=0,Vx e R

Tacd: g(-x)=f(-x) +x=x"— f(x%)
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= gl=x)=g(x).
Viy g(x) 1a ham chdn va g(0) = 0, g(1) = 0.
Talaicé: g(x) =-g(x?), Vx e R
S =gk ¥
= g(x):g(‘\‘/;),Vx>O
Suy ra : g(xo) = g((‘[g) = g(‘ﬁ X ) =.. =g(4n X, ) véi xg tuy ¥ duong.
Vay: g(xg) =0, g(x) chdn, Vx>0
< gx)=0,VxeR
Viay: f(x)=x, Vx e R.

f(2x+1)+2g(2x+1)= 27; (1)

b R
) f( X )+g( X sz 2)(Hfl)
x—1 x—-1

Patu=2x+1, tacé x=u—;—l,(u¢3)

~

(D): f(u)+2g(w)=u-1 3)
Pdtu=—>-—-=x=-"2_, (uz1)
x-1 u-1
@) fw + g) = — “)

Tu (3) va (4),tacé :

u u2—3u+~1

u=u-1-
gu) u-1 u-1
2
-u“+4u-1
fu)= ———
() —

—x*+4x-1

Viy: f(x)=
x-1

X% -3x+1
B0 =T
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M Cau3l (
fm)=m’>+n+ 1D+ 1=@+ D[+ 1)+ 1)
f(2n-1) (407 -4n+2)(4n’+1)  (2n_1) 41
f(2n) (4n2+1)(4n2+4n+2) (2n+1)° +1

nof(2i-1) A (2i-1)° +1
= =l =| |
rll £(2i) Ii].(zm)m
Pl 1
(2n+1)2+1 2n% +2n+1
*
Vay lim n® x, =l.
n—> 2
& Céau 4

Goi R 12 bdn kinh dudng tron ngoai ti€p AABC.
Goi R, 12 ban kinh dudng tron ngoai ti€p cla cidc tam gidc AKM, BLK,

CML. Tacé:
KL = 2R,.sinB
LM =2R,.sinC .
MK = 2R|.sinA A
Suy ra hai tam gidc ABC va LMK ddng dang vi “
KL LM _MK _R M
AC AB BC R B 4
Taco: Sakm = SekL = ScmL = §SABC nén: C

1
S = =S
KLM 3 ABC

R \ X s 1
Suy ra ti s6 dong dang cda LMK va ABCla —

o}

&

Dodd: KM=—1— =

1
NCRN

a.
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Ap dung dinh 1i ham s& cdsin trong cdc tam gidc ABC va AKM, ta ¢6 :

a’ =b’ +c? - 2bccosA

2 2
lazz(?‘_) b2+(ic —2~g-lbc.cosA
3 3 3 33

Suy ra a’ +c? =2b%

Tuong tu : 2ct=a’+ bz; 24% =b’ + ¢?
= a=b=c.
=  AABC déu.

Viy ba tam gidc AKM, BLK va CML bing nhau nén bédn kinh dudng
tron ndi ti€p clia cac tam gidc Ay ciing bang nhau.

M Cau s
Gidi cdc hé sau :
log, (1+3cosx) =log(siny)+2 (1)
{10g2(1+3sin y)=1log; (cosx)+2 (2)

Piéu kién : cosx > 0, siny >0
Lay (1) trir (2) : |

loga(1 + 3cosx) + loga(cosx) = loga(1 + 3siny) + logs(siny)  (3)
bit f(t) = loga(1 + 3t) + logat

3 1

t'(t)=
= 30m2 )

>0,Vt>0

Vay f dong bi&n trén (0; +0).
Tu (3) ta c6 : f(cosx) = f(siny)
=  COsX = siny
Thay vao (1) dugc : loga(1 + 3cosx) - logi(cosx) =2
Xéthamsd  g(u) = loga(1 + 3u) - logau (u = cosk, O<u<l)

3 1 3uln3-(1+3u)ln2
(1+3u).ln2 win3  (1+3u)win2.In3

g'(u) =
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In2

'W=0cu=y= ——— € (0; 1
g "= 3(m3-m2) < OV
Suyra: cosx = 1 hodc cosx:%
u 0 Uy 1
g'(w) - 0 +
-+00 2
gw | T~
g(uop)
1
COSX =—
, ., jcosx=1 3
Dodétacd: < . hoic
siny =1 siny*l
3
x=k2n x=ta+k2n x=ta+k2n
= T hodc T hoac 7
y=—+k'2n y=a+—+k'2% y=|——-a|+k"2n
2 2 2
b y*+y’ +2x% = xy -x’y? (1)
8xy® +2y° +12 4x? +2y/1+(2x - y)’ (2)

Piéu kién :xy - x’y* 20 0<xy<1

1 1y 1 1
Taco: Xy — x* 2=—,—(x ——j <= = 4fxy-xPy? <—
y y 4 y > 4 y y >
Suyra: y(’ + y3 +2x2 < % (do (1))
nén 2y° + 2y +4x* < 1 : (3)

(2)va (3)chota:

8xy’ +2y° + 22 2y% + 2% + 4x% + 4x7 + 2,1+ (2x - y)’
& 8xy’ +2>2y° + 8xz+2\/1+(2x—y)2
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= 4xy® +12y° +4x2 + J1+(2x—y)’

& 1- «/l+(2x—y)2— > (y’ - 2x)*

{Y3—2x=0 {y=2x
& L

2x-y=0 y3=2x
x=0_ x=l . x=—l
o _Ohoac 2 hoic 2
ye y=1 y=-1
ol
Ta thay chi c6 cidp’ 2 thod hé.
y=-1

M Cau 6
Goi O 1a trung di€m cta AB. V& OT 1 MP.
Ta chitng minh : OT = OB = OA.
Tacé: MP* = AM? + BP? + AB?
=AM’ + BP? + 2AM.BP
= (AM + BP)’
= MP =AM +BP

Ta lai ¢6 : MT? - PT? = OM? - OP* = MA” - PB®
=  (MT +PT)(MT - PT) = MA’ - PB*.

Ma MP = AM + BP nén MT - PT =MA - PB

suy ra MT = MA.

Hai tam gidc vuéng OAM va OTM bing nhau cho :

OT=OA=%.

V4ay mit cAu dudng kinh AB ti&p xiic¢ véi dudng thing MP.
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Pk 2 (Vong 2)
Thoi gian lam bai : 180 phit (khong ké thoi gian phdt dé)
& Cau 1 (4d)
Cho tam gidc ABC khong can cé BC = a, CA = b, AB = ¢ va thoa :
a® + b® = 3ab® Pudng phan gidc trong clia géc C cat AB tai D sao cho
CD + DA = a. Chiing minh réng a > Al véi | 1a trung diém ctia BC.
® Cau 2 (4d)
Tim cac ham s6 f : R — R thoa f[x.f(x) + f(y)] = f(x) + y v8i moi x, y
thubc R.

& Cau 3 (3d)

24
Cho day s8 (X,) Vi Xy = 1, Xp1 = )(2"4 + Xn, N & 86 nguyén duong.

W23 423 23
Tinh gidi han cla day s6 u, = ——+ -2+ ...+
X, Xg X

n+1

& Cau 4 (3d)
Cho ham s6 f(x) I& va tang trén R. Chocac s6a, b, cthoda+b+c =0.
Chting minh f(a).f(b) + f(b).f(c) + f(c).f(a) < 0.
& Cau 5 (3d)
Chox,Vy,z, a blacacséduongthod:x>y=>z,axb.
Chuing minh : x2(y® — 2° + y3(z° - x®) + 2°(x® - y°) 2 0.
& C4u 6 (3d)

Cho tf dién ABCD c6 tam mat cdu ngoai tiép 1a O. Mét mat phing
vudng géc vSi OA cét cac canh AB, AC, AD Ian lugt tai cac diém M, N,
E. Chiing minh s&u diém B, C, D, M, N, E cung thudéc mét méat cau.

- GIAI
M Caul
Tacé: CD+DA=a
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CD? = (a — DA)?
< CA?+DA?-2CA.DA.cosA =a’—2a.DA + DA’

U

2 2 2
o b2+DA(2a—2b-P——+C—a—]=a2 y
2bc
1
2 2 2
N az—b2=DA[2a-P—T°——a—)
C A D B
Tacg: DA_D _ DA _ b _ pp.be
DB a DB+DA a+b . a+b
W2 2,2
Nén 2 bl bc 'L2ac b“—c¢ +a}
a+b c
&  (a+b)@al-b?) =2abc-b’—bc’ +ba’
o  a’—ab’+bal-b’ =2abc — b’ - be? + ba’
o a3=ab2+2abc—bc2
o  a’+b*=ab’+2abc - be? + b’
2 2 2 3 8 b E
<  3ab‘=ab”“+2abc—-bc +b
. 1
o 2ab=2ac'-c2+b2 ¢ A
_n2_ 2
< 2ab-c¢)=b"-c A - %
= 2a=b+c(vib#c)
= 2a>2AI(vib+c>2A0)
= a>AL
& Cau 2
fix.£(x) + f(y)] = y + £5(x) VX, y (1)
e Chonx=0:
fO+f(y)=y+£©O), Yy | 2)
Choy= —fz(O), t (2) suy ra f(f(—fz(O)) =(.
Dit b = f(—£%(0)), ta c6 f(b) = 0. (3)
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e Chonx=b,(1)va (3)chota: f(f(y)) =y, Vy.
Thay x bdi f(x) trong (1), ta cé :
(L)) + £(y)] = y + [fEx). Vx, y
ma f(f(x)) = x
nén  fIx.f(x) + f(y)] =y + x>, Vx, y. 4)
Tir (1) va (4) tacé f3(x) = x%, Vx |
= (D=1 f1)=4I.
o Xétf(l)=1:
Thay x = 1 vao (4), tacé :
f(A+f(y)=y+1,Vy
= P +f(y) =(y+ 1), Vy
= (1+f(y)’ =@+ 1% Vy
=  1+2(y) +f(y)=y*+ 1 +2y
= f(y)=y, Vy.
Thit lai thdy thod (1).
o Xétf(l)=-1:
Trong (4) thay x =1, ta ¢é :
M1+ f(y) =y +1, Vy
= P+ =(y + 1)
= (1+fy)*=(y+1)
= f(y)=-y, Vy
Thit lai thay thod (1).
M Cau 3

x 2
Ta cé : Xnil — Xy = 2“4 ,Vnz'l

1 1 x 23
24x

n n+l n+l
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nxj23~n_l__1__1__'1
- 224Xi+l——Z 1

=1 = Xi X X Xy
= Y =241~

i=1 Xitf Xn+l
Tacé: Xp+1 — Xn 2 0 = {x,} 1a diy ting (Vn > 1).
N€u {x,} bi chin trén thi lim x, tdn tai.

n-—>00
a2

Ta dat limx,=a=>a>1vaa=— +a(vdli).

n—>w 24

Vay {x,} khdongbichintrén = lim x,=

n->o0

= lim I =0

n-—»>o0 an

23
Xi 04

Viy: lim i

n—w % .
i=1 x|+l

M Cau 4
bat F = f(a).f(b) + f(b).f(c) + f(c).f(a)

Vifla ham 1& nén F khong thay d6i khi d8i d&u ciing ldc a, b, c. Do d6 ta
c6 thé gid sitc<0,a>0,b>0.

Tac6c=—-a—-bvaflénén: ‘
F <0 < f(a).f(b) < —f(c)[f(a) + f(b)]
<> f(a).f(b) < f(a + b).f(a) + f(a + b).f(b) *)
Tac6a=20,b20=a+b>avaa+b>b.
Vifla ham ting nén f(a +b)>f(a)>£(0)=0
f(a +b) 2 f(b) > f(0) = 0.

Suy ra (*) diing.
Vay F<0.




™M Cau$s
a>b20

x>2y=2z>0
§ a a -
bat f(x) = xb (B—?_l)

. Ny
f'(x) = —xP
(x) "

22
f”(x):ia—(i—l)xb 20,zt’<x<xb
b\b

—  f'(x) ting trong khodng (" x").
Theo dinh li Lagrang :
f(y") - £(z") = Fleny” - 2)
o y'-7'= f(c))(y" - 2)
Tuong tu :
X' -yt = e - y")
o @ -y -2 =P -y - 7)
Tacéd: f'(co) 21'(cy)
Y Koy -2 - 2)(xb — yb)
o XMy - %) + y"’(zb -x") + (x> —y") > 0.
M Cau 6

Goi O, 12 hinh chi€u cda O lén
mat ph:fmg (ABC).

Ta ¢6 O 12 tAm dudng tron ngoal

iép tam gidc ABC.
Tacé MN LAO (gid thiét).
MN 1 00,

nén MN 1 AO;.
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Ta chitng minh MNCB 1a & gidc ndi ti€p.
Tacé: 2A;+2B; +2Ci = 180°

AL +Bi+Ci =90,
Ma  Bj+C =C
suy ra A +C =90°

viy AMH=C (vi A/ +AMN =90°)

Do d6, C bl véi BMN . Do d6 MNCB
1a it gidc noi ti€p.

Tuong ty goi O 12 hinh chi€u cda O 1én mit phing (ACD).

Ta ¢6 NEDC ciing 13 tt gidc ndi tiép.

Hai tit gidc MNCB va NEDC nim trong hai mat phﬁng khéic nhau; ¢6 C,
N Ia hai diém chung va 12 hai ti gidc ndi ti€p dudc nén sdu diém M, N,
E, B, C, D ciing thudc mot mit cau.

pE THI HOC SINH GIOI TOAN LGP 12 CAP THANH PHO
NAM HOC 2002-2003
PE 1 (Vong 1)
Thoi gian lam bai : 180 phit (khéng ké thdi gian phdt de)

& cau1 (4d)

25a 16b c
+

+ > 8.
b+c c+a a+b

Choa>0,b>0,c>0.Ching minh

& Cau 2 (3d)
Cho x, v, z thoa :

x2 +y? =2
22 +2z(x +y) = 8.

Tim gid tri I6n nhat cha biéu thic A = z(y - ).
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& Cau 3 (3d)
Xdc dinh cdc ham sé f : (0; +00) — (0; +o) thoa :

o

f(xy)= f(x).f(;)ﬁ(y).f(—i—),\fx >0,vy >0

® Cau 4 (3d)
Giai phuong trinh :

x® + (1-x2)3 = X2 - 2%2
(@)caus (3a)

Tim gid tri nhd nhat cla a® + b? dé d6 thi ham s6 :
y=3x*+ax®+bx®+ax + 3
c6 diém chung vdi tryc Ox.
& Cau 6 (4d)

Cho hinh chép tam gidc déu S.ABC c6 canh ddy bang 6 va chiéu cao
SH = V15. V& mat phéng qua B vuéng géc véi SA tai K, mat phing
nay cat SH tai O. Lay cac diém P, Q lan lugt thudc SA va BC sao cho

PQ tié'p‘ xuc véi mat cau tam O ban kinh bang \E

a) Tinh do dai doan IK v&i | 1a trung diém clGa BC.

b) Tim gid tri nhd nhat clia PQ.

GIAI
M Caul
o e 25a 16b C
VE€ tra1 = + +
b+c c¢c+a a+b
=@+b+@[25+ w-+1 }—%—16—1
b+c c+a a+b
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=l(a+b+b+c+c+a)( e + 16 + ! )—42
2 , b+c c+a a+b

>lis4ar1y-a2=8

[\S)

(Ap dung bat ding thitc Bu-nhi-a-cp-xki cho 6 s0 :
5 4
\/a+b Jb+c’ Jc+a

Ja+b,WJb+c, \/c+a

a+b=k
D4u “=" xdy ra khi : {b+c=5k = a=0,c =4k, b=k (a=0 trdi gid
a+c=4k

thiét).
Vay diau “=” khdng x4y ra.

Do dé ta co : 25a+16b+ ¢ > 8.
b+¢ c¢+a a+b

M Cau 2

x> +y?=2 (1)
Tacé: _
72 +2z(x+y)=8  (2)

Suyra: 2%+ 2y? 4+ 2% + 22X + 2zy = 12
2 2 ‘
z zZ
= X+=| +|y+—| =6
33
Tir (1) ta ¢ : (2y)* + (—2x)* =8
bat u= [ +E,y+ j,u —6:>H
- -2 -
v =(2y; -2x), v =8::>M=

Tich v6 hudng wv =yz-zx=2(y - X) = A.
Tacéd: A<H|| J48 =443,

D#u “=” x3y ra khi' u va v ciing hudng, suy ra :
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x+% y+Z
2772
2y -2X

& 2% - xz=2y" +yz
& 22X +Y)=-uz(x +Yy)
T () suyra:z(x +y)=-4

Tt (2)tacé z° =16 =z =4

. 2 2 2 2
JUENCED STV -0 BRI NI
2 ) Y=

Gid tri 16n nhat cta A 1a 43 .

M Cau 3
: 2 ‘ 2
f(xy)=f(x).t‘(—-)+f(y).f'(~j,\7’x,y>0 (1)
Yy X
ﬁf(x)>0,‘v’x>0 (2)
1
(et
()-1 | )
Chox=y=1: f(1)=1(1).f(2) + £(1).£(2)
1
f(2)= —
= (2) >
. L {2
Choy=1: t(x)=1(x).t(2)+f(1).t(——j
X

=> f(x) = t(?—) , Vx<>.0
% .
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Choy= 2 : f(2) = f(x).f(x) + t(zjt(zj
X

X X
L otfoor = (o = &
2 ‘ 4
Vi f(x) > 0 nén f(x) = % Vx>0
Tht lai f(x) = -;— Vx € (0; +0) thod min cdc diéu kién dé bai.
A . 1
Viy: t(x)= 3 vx > 0.

M Cau 4
x* + (l—~x2)3=x.\/2—2x2 (H

Pidukién:1-x*20&-1<x<1
Pitx =cost (0<t< ) = sint 20
Tacd(l) < cos’t + sin’t = cost. J2 sint
< (cost + sint)(1 — cost.sint) = J2 sint.cost (2)

Pitu = cost + sint = NG .cost(t—-%}, diéu kién : (-—\/5 <u< \/5)

T

= costsint=

2 2
Tacé (2): u.(l—ll 2—1]=\/§[u _IJ

2

—u3—\/§u2+3u+\/_=0 '
(u—\/:’l_)(—uz—%/zu——l) =0

u=12

& u=-—-v2+1

u=—v2-1 (loai)

0

0
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V2

+ k27 = X= —

«u=2 ==
4 2

e u=-v2 +1 =>t=—te+k2n :x:cos(g—i(pj

. 1-2 (n j
VO1COSP = —=— | = <O <7

V22

i3

* Cdch khdc :

X+ ,/(]—x2)3 ”M

Patt=x+vl-x>,xe[-1;1]=>te[-1; V2]

Ta dugc x (l—xz)=t22—1 va x° + (1—)(2)3 =_t3+3t.

2
2 +3t t2-1
1): =
(1) 5 VA
o C+22-3t-42 =0.
o (t—ﬁ)(t2+2ﬁt+l) =0
& t=2:t==2 + L;t==(N2 +1) (loai).
) Vdit=\/§:
X+ \/1—x2=\/§
Rt \/1—x2=\/§—x (xS\/E)

= 1—x2=2+x2——2\/§x
o 2x8%-2V2x+1=0

X=—.
2

. V6it=1—x/§:

X+ V1-x2 =1—\/_2_
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| o Al=x? =1-4/2-x
xSl~x/§
1—x2=(1—ﬁ)2—2(1—ﬁ)x+x2

'(XSI—\/E

e 12x2—2(1—x/5)x+2—2\/_2-=0
- [xz—(l—\/i)xﬂ—\/i:o'
1)(31—-\/?2_
- 1-v2 -v242 -1
: :
& Ciu 5

D6 thi ham s6 y = 3x* + ax® + bx” + ax + 3 ¢6 diém chung vdi Ox tudng
‘duong vGi phuong trinh 3x* +ax’ + bx* + ax + 3 = 0 ¢6 nghiém. Vix =0
khong 12 nghiém nén chia hai v&€ phwong trinh cho x> # 0, ta dugc :

3(x2 +—-12—)+a(x+1) +b=0(1)
X X

t| 22224

1
Pitt=x+ —,
X

1
= t2—2=X2+—7
X

Tacd (1): 3(P-2)+at+b=0
—  Jat+bl =13 -2)]

Ta cé : Iat+b| S\/(a2+b2)(t2+l)

Pitu =t*+ 1 thiu>5.

5A. TT CAC DE THI HS GIGI TOAN 12 TP.HCM 65




9(u—3)2 |

u

9(u—3)2

Ta co : a>+b’2
Xét ham s0 f(u) =

Ham s6 ndy ¢6 GTNN véiu =5 1a %6— dat dugc khi u =5, lic 8y t* =4 va

Vay a’ + b® dat GTNN Ia % khi a = 1-1—53, b= -%, lic &y phuong trinh

3x* +ax’ +bx*+ax+3=0 ¢6 nghiém kép x = -1 khi a = 1—52—,b=——§-
va nghi€ém képx:lkhia:—l;—,b:—g.

M Cau 6

a) Trong tam gidc SAB vé& dudng cao BK thi CK vudng géc vSi SA nén
mit phdng (BKC) vudng géc vdi SA tai K.

Ta ¢6 IK cdt SH tai O, O chinh 1a giao diém cta mat phdng (BKC) va SH.
AABC déu c6 AB =6 nén Al =3+/3, AH=2+/3,TH= /3.

TaCé tanS/A\H=§-}i=—\/§—=—[5— = COSZS/IA?I'—‘-————E{TZE
AH 23 2 1+tan’SAH 9
3Sin2ﬁ=1—i=-§ =

Ta co sinS/A\H = lli
: Al

= IK=—‘/3§-3\/3‘=\/T§

o_t _ o 33
Al IK 5
Suyra OK=IK -0l

b) Ta c6
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=\/1—5 3\/B=2\/E

5 5

Pitx =1Q, y = KP.
Tacé OQ = +OP*+IQ? = ,/xz +35Z

OP = YOK? +KP? = y2+%.

2 - A7 . .
Pudng tron tim O, ban kinh \/—_St ti€p xuc véi PQ tai T.

Tacé QT? =TT?+QT?=0P +x*-1IT"?

Tacé PT?=0P?-OT?

= PT=.y>+2

Tacé PT+QT=PQ=+PP2+P'Q% =/x? +y2+15

o VxP+5+y 42 =x2+y2 +15

& Ly +2x%+5y°=6

2=6~2x2
X2 +5
Tacé: PQ= x2+y2+15.
XétPQ*=x*+y2+ 15
, 6-2x2 x* +18x% +81

=x"+ +15=
X% +5 x2 +5
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2
. t+81
Patt=x2(t20), f(t)=- +181+8
t+5

2
f’(t):t +10t-2+-9
(t+5)

oo t=-
f(t)—0<:>[t "

Véi t=0, f(0) = §51

{ & [0; +<0) thi minf(t) = 1

t —o0 _9 -5

Vay GTNN cia PQ I \[8;1 =% dat dudc khi t = 0, ldc &y x = 0 va

68




PE 2 (Vong 2)
Thoi gian lam bai : 180 phiit (khong ké thdi gian phdt dé)

& Cau 1. (3d)
1_—21-:2(y4——x;‘)
Giai hé phuong trinh : ’1( 1y
(a2 2 v2 2 . ay?
;+§;_(3x +y )(x + 3y )

& Céau 2 (44d)
Cho tam giac ABCc6 AB=c,BC=a,CA=b.

Goi ¢,,6,,¢, 1an lugt 1a d6 dai cac dudng phan gidc trong va r,, fy, I, 1an
luct 1a ban kinh cac dudng tron bang ti€p cla céac géc A, B, C clia tam

giac ABC. Chung minh réng :

A B
bccoszz +cacos® P abcos? % 21,0, + 00l + 1l

Khi nao xay ra dau dang thuc ?

® Cau 3 (3d)
Tim cac ham f: R —» R thoa :

£(0) = zooz,f(g) =2003
f(x+y)+f(x-y)=2f(x).cosy;¥x,y e R.

® Cau 4 (3d)

x=y(4-y)
Cho x, y, z la céc s6 thuc théa : Jy =z(4-2)
z=x(4-x).
Tinhtdng S =x+y + z.
& Cau 5 (30) '
Gidi phuong trinh : ¥3x -5 = 8x® -36x® + 53x - 25.
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® Cau 6 (4d)

Cho tam gidc ABC c6 cac géc déu nhon, néi ti€p trong dudng tron tam
- 0. Goi D, E, F lan lugt la giao diém cla céac dudng kinh qua A, B, C véi

cac canh BC, AC, AB. Cho biét ban kinh dudng tron (O) 1a 2p vdi p la

mét s6 nguyén t8 va dé dai cac doan OD, OE, OF la céc s6 ty nhién.

Tinh dé dai céc canh cla tam giac ABC.

GIAI
M Cau1l
1 1 4
———=2(y" -x
X 2y ( ) Pi€ukién:x#0,y#0
Les (3 e 43y7)

T hé€ trén, ta suy ra :

2 =2y* —2x* +3x* +3y*+ 1())(2y2
X
1 =3x* + 3yt + 107(2y2 -2y* +2x*
y :
2= 5y X +x° +10x

=S
1=5x* y+y° +10x> y

- 2+1=x° +5x4y+10x3y2 +10x2y3 +5xy? +y°
12-1=%° —5x4y+10x3y2 —10x2y3 +5xy4 -y’

1+33

) 3=(X+y)5 x+y=§/§ X = > (nhan)

o ;e : 1= -1
1=(x—y) X-y= y= _ (nhén)

‘ 2
M Cau2
Chitng minh

beeos? %+cacos2 —§—+abcos2£2:-2 L, +nl, +r.l..
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Xét v& trai :

bccoszé+cacosz—l§+ab<50529— =bc(1+C0SA +ca 1+C08Bj+ab(l+coscj

= _jf [2bc + 2ca + 2ab + 2bccosA + 2cacosB + 2abcosC]
= %[2bc+2ca+2ab+b2+c2_az+¢2+a2_b2+az+bz_cz1
= -Lli[a2 +b2+ct+ 2ab + 2bc + 2ca]

= ?j:(a +b+c¢)?=p” (p: nita chu vi tam gidc ABC).

Xét v€ phdi :
Tacéd:
S S S
Iy = , Iy = , e =
p—a p-b p—c
. _ [pe=b)(p=c) _ [p(p=2)(p=c)  _ p(p—a)(p-b)
’ p-a ’ » p-b P p-¢ '
Ta laicé:
A
, =2bccos5=2 /bcp(p—a)
: b+c b+c
1 b? +c? —a’ )
. 2A l+cosA * 2bc (b+c) ~a’ (b+c+a)(b+c—a)
(vicos"—= = = = )
2 2 2 4bc 4bc
B
i 2accos§ 2 /acp(p—b)
va [, = =
a+c a+c
A
, =2abcos—2—=2 /abp(p—c) ‘.
¢ a+b a+b
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Suyra:

it =2 2 o D)9 <p o D) )52

va .0y Sp-g; r,.(, Sp-%

a+b+c

Vay 1L, +15,.0, +r..0 < p.( ) = p’. (dpcm)

Dau “=" x4y ra khi vi chikhia=b=c.

M Céau3
f: R - R thod

£(0) = 2002, r(g) =2003
f(x+y)+f(x-y)=2f(x).cosy; Vx,yeR
e Chox= lt—,y=t— —TE,tac():
2 2

f(t) + f(m — t) = Zf(—gj.cos(t -gj - 2f(g) sint (1)

o Chox=t—£,y=zt—,tacéz
2 2

f(t)y + f(t—m) =0 (2)
o Chox=0,y=t-m,tacéd:
f(t — ) + f(m — t) = 2£(0).cos(t — ) = —2£(0).cost 3)

LAy (1) cdng véi (2) :
2(t) + f(t — 1) + f(m — t) = 2f(gj sint 4)
Tu (3)va (4)tacd:

f(t) = £(0).cost + f(g-) sint
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Suy ra : f(x) = 2002.cosx + 2003.sinx

M Cau4
x=y(4-y)
y=z(4-12)
z=x(4-x)

Ta ¢6 : 3S = x> + y> + z2 > 0 nén bao gid ciing c¢6 mot s& khéng am trong
356 X, y, z, ching han 'y > 0.

Vi: y=72(4-2)20nén0<7<4.

Tacd: 220=20<x<4=0<y<4.

Dat x = 4sin’t (0 <t< gj .

Tacd: z=4sin’t(4 — 4sin’t) = 16sin’t.cos’t = 4sin’2t,
suyra y=z(4- Z) =4sin*4tva x =y(4—y) = 4sin”8t.
Viy ta ¢6 phuong trinh 4sin’8t = 4sin’t

& cosl6t = cos2t

ke
& 16t=R2t+k2n o ’
) km
t =
9
V10<t<—nentach11aycacg1atr1 0, lt- —%EEE E 2—“ 3—7[ 4—“
2 77 9797979

e V3it=0tac6S=x+y+2z2=0.

o s . 2n 4n
o Viit= 7 tacoS=x+y+z=4(sm +51n2———+sm2———j

( 2n 4r 8n
3-| cos— +cos—+cos—-
4 7 7 7

73




. 2
. Tlrdngtt_rv61t=—7£,t=37n tac6S=7.

] V6it=£,g—,itaC(SS=6.
9 9 9

. V6it=3—97£tacéS=9.

M Caus

Tacé:  3Y3x-5 =8x>-36x+53x -25 (1)
1) o Px-5=02x-3%-x+2 )
Pit2y -3=3x-5 & 2y-3’=3x-5 3)
(2) rd thanh : 2x - 3)’ - x +2=2y -3

o (2x-3P=x+2y-5 (4)(
Lay (3) trir (4) :

(2y—3)2—(2x—3)2=2x—2y

& (2y—2x)[(2y—3)2+(2y—3)(2x——3)+(>2x—3)2]=2x—2y

Suyray=x. - '

Thayy=xvao(3):
(2x -3 =3x-5
& (x-2)8x*-20x+11)=0.

5+.3

4

Phuong trinh ¢6 ba nghiém : x=2; x =
Thit lai thdy ca ba nghiém thod dé bai.
M Cau 6

Pitx=0D,y=0E,z=0F,x,y,ze N

- Sogc _OD _ x
Sage  AD  2p+x

Ta céd

1)
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SAOC — OE = Y (2) A
Sige BE  2p+y
Saon _OF __z &)

Sasc CF 2p+z

Céng (1), (2) va (3), ta c6 :
D

X y z

5 2p+x 2p+y 2p+z

= 8p” = 2p(Xy + yz + zx) + 2xyz
oy 4p3 = p(Xy + yZ + zX) + xyz (4)

Suy ra xyz chia h&t cho p va vi p 12 s& nguyén 5 nén c6 mdt trong ba sd
X, ¥, z chia hét cho p, ching han nhu x chia hét cho p.

Vix < 2p nén suy ra x = p (loai x = 0 vi lic 4y tam gidc ABC vudng).
Thay x = pvao (4) ta dudc : 4p® = p(y +z) + 2yz

Vi 4p” chia hét cho p nén 2yz chia hét cho p.

e Néup=2:

Tac68=y+z+yz=>y+z2+yz+1=9=>(y+D(z+1)=9
=0 =8 (y=2
Suy ra y (loat), Y (loai), Y (nhin)
z=8 z=0 z2=2

Viy x=y=z=2.
Suy ra tam gidc ABC déu va AB = BC =CA —4.3.
e Néup=2:
Suy ra yz chia hét cho p, gid st ton tai y chia hét cho p.
= y=p,z=p.
Suy ra tam gidc ABC ddu va AB=BC=CA =23 .p
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PE THI HQC SINH GIOI TOAN LGP 12 CAP THANH PHO
NAM HOC 2001-2002

PE 1 (Vong 1)
Thoi gian lam bai : 180 phit (khong k& thoi gian phdt dé)

& Cau1 (60)
Cho ham s6 : y = f(x) = x* - 8x + 1 ¢6 d6 thi 1a (T).

a) A, B, C lan lugt 1a ba diém phan biét thdng hang thudc dé thi (T).
Céc ti€p tuyén clia (T) tai A, B, C 1an luot cit (T) tai céc giao di€m
thd nhi : A", B, C'. Chidng minh réng ba diém A’, B, C’ ciing thing
hang.

b) Tim s6 nghiém cla phudng trinh : f[f(x)] = 0.
& Cau 2 (4d)

Cho tam gidc ABC cé ba géc nhon noi ti€p trong dudng tron (O ; R).
Céc dudng thdng AO, BO, CO Ian luot ¢4t BC, CA, ABtai A", B’, C".

R.cosA

Chu inhOA"' = ————
a) ng min ‘cos(B-C)

b) Ching minh OA’ + OB’ + OC’ > %3

® Cau 3 (3d)
Chiing minh bat dang thuc :

[1+%),[1+9),[1+Ej22[1+a+b+cj véia>0,b>0,c>O0.

c a Yabc
® Cau 4 (4d)
Giai cac phuong trinh :

a) ‘\‘/x—\/xz—1+\/x+ x2-1=2;

b) x=+v2-x43-x +\/3—x.\/5—‘x +/5-x2-x.
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® Cau 5 (3d)

Cho day s6 (Ug) thod : Up = 2, Uy = 7, Upyt = 7Un + 12U, = 0 VSin 12 s6
nguyén dudng.

Hay xdac dinh (u,).
GIAI
M Caul
y=f(x)=x = 3x+ 1 (T)

a) A, B, C 12 ba diém phan biét thing hang thudc dd thi (T) c6 hoanh do
lan luotla a, b, c. Tacod :

Y8 ~Ya _Ye=Ya . b'-a’-3b+3a c’-a’-3c+3a

Xg—Xa Xc—Xp b-a c—-a
<a+b+c=0
Phuong trinh ti€p tuyén (d) cda (T) tai A :
y = f'(a)(x — a) + f(a)
Phuong trinh hoanh d6 giao diém cda (d) va (T):
f(x) - f(a) =t'(a)(x - a)

& (x—a)x*+ax+a’-3)=(3a’-3)(x-a)
& (x- a)(x2+ax—2a2)=0
& x=avix=-2a,

Vay hoanh d cia A' 1a —2a.
Tuong tif ta c6 hoanh do ca B’ va C’ lan lugt 1a —2b va —2c.
Ma a+b+c=0=>-2a-2b-2c=0.
Viy A’, B', C’ thing hang.
b) Tim s6 nghiém clia phuong trinh : f[f(x)] = 0.

Theo dd thi ta cé f(x) =0 cé'b‘a nghiém la OL; B,yvéi-2<a<-1;
O0<B<l;l1<y<2.
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m = f(x) y

. fifx)] =0 < {

f(m)=0 138

m = f(x) T2 i

= 1

m=avm=0Fvm=y 1 E

. B1yf!

Theo d6 thi ta ¢ : B L[ 2
f(x)=acéd 1 nghiém vi-2<a<-I, )

f(x) =B c63nghitmviO<B <1,
f(x)=ycé 3nghi€mvil<y<2.
Vay f[f(x)] =0 c6 7 nghi€ém.

M Cau2
a) Ching minh OA' = RcosA
cos(B-C)
., AA’" AO+OA' R
Tacé: = = +1
OA’ OA’ OA’
Mait khac :
AA b, (I1a trung diém ctia BC)
OA' OI
_h,  csinB 2sinCsinB
R.cosA R.cosA cosA
cos(B-C)-cos(B+C)
‘ cos A
_cos(B-C)+cosA _ 1+ cos(B-C)
cosA COSA
Vay R _ cos(B-C) - OA’ = RcosA

OA’ COsA cos(B-C) "

b) Ching minh OA’ + OB’ + OC' 2 37R

TacéOA’+OB’+OC’=R[ cosA | cosB | cosC ]

cos(B-C) cos(C—A) cos(A-B)
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_R sin2A sin2B sin2C
2sin A.cos(B-C) 291nBcos(C A) 2smC cos(A-B)

_R sin2A N sin2B N sin2C
sin2B +sin2C sin2C+ sin2A  sin2A +sin2B

= R(sin2A + sin2B + sin2C) x

| 1 1
X | — , +— - + -3R
sin2B+sin2C  sin2C+sin 2A  sin2A +sin2B

~l%(2sm2A + 25in2B + 25in2C) x

1 1 1
X | = , +— . +— , -3R
sin2B +sin2C  sin2C+sin 2A  sin2A +sin2B

+b+c—1

{ a
>3
(\/3 abc  3fabc  3/abc

2(a+b+c)+a+b+c 4
ab

I
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a) Q/ —Vx2—1+\/x+\/x_2?=2
Pidukién: x2-120vix— vx’-1>0.

Nhin xét : (x—vVx2 -(x+vVx>-1) =1.
bitu= '\‘/x—\/xz—l = \/x+\/x2— =i u>0)

u2

Phuong trinh trd thanh :

u+—1?=2 osut-202+1=0
u

S@u-Di-u-1=0

1+/5

2

Su=lu=

1+\/5_

Tachinhinu=1,u= .

Véiu=1:tatinhdugc x=1.
8
2

1+\/§]4 .

2
2

1++5

Véiu= — : ta tinh duge x =

b) x=V2-xA3-x +V3-x/5-x +/5-x2-x.
bicukién:0<x <2,
Détu=JZTx<3u2=2—x(u20).
Détv=x/3——x¢:>v2=3—x(v20).
Détw=x/§——;<:>w2=5—;((w20).

2

Suyra: x=2-u"=uv+vw+wu

X=3-vi=uv+vw+wu
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x=5-wl=uv+vw+wu.

u+v=
(u+vY(u+w)=2

Tacohé: J(u+v)(v+w)=3 S <{v+w=
(v+w)(u+w)=35

u+w=

uuwu‘-"lﬁ
BEREEE

V30 2239

Tinhdugcu= — @ x=2-u"=
120 P
Viy nghiém cia phudng trinh 13 : x = —12;—3

M Céu 5

Cho ddy s& (u,) thod :ug =2, u; =7, Upe — 7uy + 12u,; =0 v8in 14 8
nguyén duong.

Phuong trinh x2 = 7x + 12 = 0 ¢6 hai nghi€ém la : x=3;x=4.

Tacé: 3™'-73"+123""'=0 |

va 4™~ 7.4" +12.4"" = 0 v6i moi n nguyén dudng.

bitu,=3"+4".

Tacbuy=2,uy=7vauyy—-7.u,+12.u,, =0.

Vay (u,) thod dé bai.

Ta phai chitng minh ({1,) nhu thé 1a duy nhat.

That vy, néu c6 diy (v,) cling thod dé bai nghia 13 :
vo=2,vi=TVva vy —T.vp+12.v,.1 =0,

Bing quy nap ta chitng minh dudc :

Up = Vp, V>0 (n e N),

6A. TT CAC DE THI HS GIO! TOAN 12 TP.HCM
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PE 2 (Vong 2)
Thoi gian lam bai : 180 phiit (khéng ké thoi gian phdt dé)

® Cau1 (4d)

Cho hinh hép chii nhat ABCD.A'B'C’'D’ ¢é dudng chéo BD’ = d. Goi d;,
d», ds 1an lugt 1 cdc khoang céch tif A, A’, D dén dudng thing BD'.

a) Chung minh rang dy, d,, ds 1a doé dai ba canh clla mét tam giac nao
do.
b) Tinh thé tich hinh hép ABCD.A'B'C’'D’ theo d, d4, ds, ds.
& Cau 2 (4d)
Cho céc s6 thyc x, y, z thoa :

O<x<y<10<x<z<i
3x+2y+z<4

Chting minh 3x? + 2y® + 2% < %

& Cau 3 (4d)

Giai phuong trinh : x® + (1-x2)® = xy2-2x2 .

® Cau 4 (4d)
Giai hé phuadng trinh :

{x+y+(z2-8z+14),/x+y-2 =1

2X+5y +xy+z =3,
& Cau5 (4d)
Tim tdt ca cdc ham f: Q —» Q thod :
fif(x) + y] = x + f(y) v6i moi x, y thudc Q.

(Q la tap céc s6 hitu ti)
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GIAI
M Caul

a) Goi H, K, L 1an lugt 1a hiﬁh chi€u ctia A, A’, D 1én BD'.
Tacé d;=AH,d,=A'K,ds=DL.
L4y diém B sao cho B 1a trﬁng diém cda B'B".
V& HN // DL (N € B”D). Ta ¢c6 HN L BD".
Tacé BD’ song song va bing B”D nén HN L B"D.
Viy B”D 1 mp(AHN) (vi AH L BD'= AH L B"D)
Suyra B”D L AN.

Ta c6 tam gidc AHN ¢6 AH =d,;, HN =DL = di;, AN = A'’K = d, (vi
ABA'D' = AB"”AD). Viy tam gidc AHN cé6 ba canh c6 dd dai la d,, da,
da.

b) Goi S la dién tich tam gidc AHN.
S= p(p-d,)(p-d,)(p-ds),

2 : ‘\\\ ,/:
N\\ d2 L ‘ :
S tinh dudc theo dy, da, da. e 4!
B' RN c
Tacé: SN
: , -
4 da\\: D
: . 4
VA D = VHANB" + VHADN AGE T N
SOy \
1 1 NSRS AN
= SAHN.B”D ==.S.B"D \fé\\ \\
3 B, c

3
1
3

Tac6 BH//B"D
= BH// mp(AB"D).

1 .
Suyra Vuapp=VpAB'D= 3 VaBcpA'B'CD-

Viy  Vascpascp =25.d.
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. |0<x<y,z51
Ta cé
3x+2y+z<4

Suyra 0<3x<4-2y-12

=  9x’< 16+ 4y’ + 22 - 16y + dyz - 8z

=  9x’+6y* +322< 16 + 10y* + 42% - 16y + dyz - 8z

=  9x’+6y*+322< 10y’ - 16y + 16 +4z (z+y - 2)

= 9’ +6y’ +322<10y’ -~ 16y + 16 (Viz+y <2)
Xét 10y? - 16y + 16 < 10 < 10y* ~ 16y + 6 < 0

3
& - <y<l
5 SV
. VéiESySI:
5
3 4
= = 1
y 5 5
10y> - 16y + 16 | 10 10
5

Viy 9x% +6y® + 32 < 10y* - 16y + 16 < 10
= 3x2+2y2+z251—:?~.
. 3 .
o V010<y<§taco:
2_9 . 2_2_9
< — ;X' < < —.
YA Y

= 3x2+2y2+zz<3.i+2.i+1=lfi<&
25 - 25 5 3

Viy bai todn di dugc chitng minh.

D4u béing xdy ra khi x = %,y=z= 1.
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M Cau3

x> + \/(l—xz)3 = X\/2—2x2 Pidu kién:-1<x<1
Patx =cost (0 <t< ) => sint > 0.
Phuong trinh trd thanh :

cos’t + sin’t = /2 cost.sint

&  (cost + sint)(1 ~ cost.sint) = \/—2_ cost.sint : *)

Pitu = cost + sint = ﬁcos(t Z—), diéu kién : -2 <usx V2

. u .
Ta co ———-2—— = cost.sint

Phuong trinh (*) trd thanh :

u? -1 u? -1
u.[l— > J=«/E( 3 ]

o w+P2u?-3u-42=0

& (u-V2)u+22u+1)=0

o u=42 (nhﬁn);u:hl— V2 (nhin);u=-1- \/5 (loai)
o Véiu=+2tacé:

cos(t—lt—] =]1=t=
4

ud
1
Véyx:cost=—g—.

2

. Véiu:l—ﬁtacé:

COS t—lt- =1_\/§ =COS(p(£S(pS§£J
4) 2 2

> t=g+o
(P4-

Viy x =cost = cos((p+-:-:-) .

85




{x+y+(22—82+14),/x+y—2=1 €]

2X+5y ++/xy+z =3 (2)

A e {x+y-—220
bieu kién :
xy+z20
Pitu=x+y-2@u=0)
v=z'-82+14=(z-4>-2=v2-2.
OF u+l+v.v/u =0

= u+l=-v, uSZ\/E

= u-1?%<o0.
= Ju-1=0.
{U=l {z=4
= =
V=——2 X+y=3
Tu (2) ta cé :

2x+5(3-x)+ JX(B3-x)+4 =3

= x> +3x+4 =3x-12
= x=4vasuyray=-l.
Vay hé c6 nghi€ém 1a (4 ; -1; 4).
M Cau §
Tacéd: fIf(x)+yl=x+1(y), Vx,y e Q
o fx)=fy)>x=y
Thatvay : f(x) = f(y) = f(f(x) +y) =f(f(y) +y)
= x+f(y) =y + f(y)
x=y

o f(f(0) +0) =0+ f(0) = {(f(0)) = f(0) = f(0) =0
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o f(f(x)) = f(f(x) + 0) =x + f(0) =x, Vx € Q.
o f(x +y)=fIf(f(x)) +y] = f(x) + f(y), Vx,y € Q
Vvn e N* ta ¢6 f(n) = n.f(1)

Vn € Z ta ciing c6 f(n) = n.f(1)
m ~ ‘

Vn e Q:x=.—, taciing ¢6 f(x) = x.f(1)
n

Ma  f(f(x)) = x = f(x).£(1) = x = x.[f(D] = x = f(1) = £1.
Vay f(x) =1x, Vx € Q.

PE THI PE NGHI THI HOC SINH GIOI TOAN LGP 12 CAP THANH PHO
NAM HOC 2001-2002

PE 1 (Vong1)
Thoi gian lam bai : 180 phiit (khong ké thoi gian phdt dé)
& Caut
Cho ham s6 y = f(x) = x* -3x+1 (L)

Ba diém phan biét A, B, C thdng hang thugc db thi (L). Cac ti€p tuyén
véi (L) tai A, B, C lan lugt cét (L) tai ba diém thi hai : Aq, By, C4. Chiing
minh riing A, By, C; ciing théng hang.

‘Tim s8 nghiém clia phuaong trinh f[f(x)] = O.
& Cau2
. Gidi hé phudng trinh :

{x+y+(22—82+14)\/x+y—2 =1

2X + 5y +xy+z =3

& Caul
Cho 3 sd thyc duong a, b, c. ChL’Ihg minh rang :

(1 ; %](1 + g)(n ":I) 2‘2'[”25\7;_%)'
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® Ccausq
Tim tat ca cdc ham lién tyc f : R* — R* thod man :
[FOO1? 2 f(x + y)[f(x) + y].
GIAI
%] Cﬁ_u 1
Goi hoanh d6 cia A, B, C, A, B, C, 1an lugtla :a, b, c, ay, by, ¢;. Tacé:
f(b) f(a)zb a’ -3(b-a) =b2+ab+ai_3
b-a b-a
Vi A, B, C thing hang nén

f(b)—-f(a) _f(c)-f(a)
b-a c—a

& b+ab+a’-3=c’+ac+al—3
=1 bz—c2+a(b—c)=0
<& a+b+c=0
Phuong trinh tiép tuyén véi (L) tai A(a ; £(a)) Ia -
(d):y =f(a) (x - a) + f(a)
Phuong trinh hoanh d6 giao diém cda (d) va (L)
f(x) = f'(a)(x - a) + f(a)
f(x) - f(a) = f'(a)(x — a)

(x-a)[x*+ax +a’— 3] =(3a*- a)(x—a)

i

g

& (x-a)x*+ax - 2a21=0
. ’:x =a
==
X =-2a.
Viya, =-2a, tuong tw by = -2b, ¢, = -2c¢.
ViA,B,Cthinghangnén a+b+c=0
= a;+b;+ c;=0.
Viy Ay, B, C, thing hang.
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o y=fx)=x"-3x+1

f'(x)=3x"-3
X | —oo -1 1 +00
f' + 0 - 0 +
f 3 +00
_w / \ . /

Theo d6 thita c6 :

* f(x) =0c6 3 nghiém a, B, y véi : 13 ____
“ae(=2;-1),Be(0;1),ye(l:2) o,
m = f(x) 1 i
B1y/!
. m=f(X) m=a’~ 1 2 X
* ff(x)] =0 { PN BN
[£(0)] {f(m)=0 s ] ______ 1
m=y -2

* Theo db thi ta c6 f(x) = a ¢6 1 nghi€m, f(x) = B ¢ 3 nghié€m,
f(x) =y c6 3 nghiém.

Vay f[f(x)] = 0 c6 7 nghiém.
M Cau2 .
X+y+(z% -8z+14) X+y-2=1 @
{2x+5y+ Xy+z =3 (2)

Piéu kién : {x+y-—220
xy+z20
(1) © x+y-2+1+[z-4)2-2]Jx+y-2 =0 3)
bit u=x+y-2@=20)
v=(z-4}-2>v2-2
B) = u+l=-v u<2Ju

= u-1)*<0
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M Cau4
Gid st ton tai ham lién tuc f : R* — R* thod man

FO) 2 f(x + y)[f(x) +y]

Tacod: .
o [f(x))*2f(x +y)f(x)+y]
2
= f(x+y)< mﬂ- < f(x)
f(x)+y

=  f(x) 12 ham s3 gidm nghiém ngit
=  f(x) 1a mo6t don 4nh.

[fOT _ fx)
f(x)+£f(x) 2

e f(x+f(x))<

e Liyxye R*. Pita=f(xg),tacé:

a_ L’;ﬁ > f(xo + f(X0)) = £(xo + a).

2
- batxi=xp+a,tacéd:

f(xl)
2

>

> f(x, +£(x1)) Zf(xl 4%)

g

. a .
Datxz=x|+—2—,taco:

ag f(x,)
g8 2

> f(x, + f(x2)) f(xz +§-j

Tuong tytacd :

a a > a

- Zf(xn+-——)=f[x0+2—J
2 +1 2n = 2k

= % > f(xg + 2a) > f(xy + 3a)

= 0>f(xg+3a)
Piéu nay vo li vi f(xo + 3a) € R*.

Vay khong tbn tai ham s& thod min diéu kién cla dé bai.
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PE 2 (Vong 2) ,
Thoi gian lam bai : 180 phit (khéng ké thoi gian phdt dé)
& cau 1 |

Cho hinh hép chit nhat ABCD.A'B'C'D’ c¢6 d9 dai dudng chéo BD’ = d.
Goi my, my, m3 1an lugt 1a céc khoang cédch tir A, A’, D dén dudng chéo
BD’ cla hinh hop. -

a) Chung minh rdng m,, m,, mg c6 thé 14y lam dé dai ba canh clla mét
tam giac.

b) Tinh thé tich hinh hép theo m;, m,, ms, d.

& Céau?2

Ching minh réng t mot tap S bt ki gém 14 s& ty nhién phan biét, ta
lubn chon dugc hai tdp con khéng giao nhau cla S : {ai, ay,..., a};
{b1, bz,..., bk} thoa :

(l+—]—+...+—1—J—(—1-+—1—+...+—1—J <0,001.

a; ap a by b, by
® Caus \
Tim tat ca céc s6 thyc a sao cho hé phuang trinh sau ¢é nghiém thyc x,
Y, Z:
Vx-1+y-1+Jz-1=2a-1
\/x+1+\/y+1+x/z+1=a+1
® Cau4

Cho da thuc f(x) = apX" + a:x™™" + ... + an1X + a, V6i cac hé sé thuc,
trong dé a, = 0 va f(x) thod man déng thic sau véi moi s& thyc x :

f(x).f(2x2) = f(2X° + x)
Tim s6 nghiém ctia phuong trinh f(x) = 0.
GIAI
Caul
a) Goi K, H, I 1an lugt 13 hinh chiu cda A, A’, D xudng BD'. Ta ¢6
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AK =mj, A'H = my, DI = m3. L4y diém B" thod BB’ =B'B, 14y diém
N trén B"'D thod KN // DL

Tacé KN//DI = KN LBD'
md  AK LBD' = BD' L (AKN)
= B"D L (AKN)
"= B"D L AN.

Hai tam gidc BA'D’, B”AD béng nhau nén hai dudng cao A'H va AN
cling bing nhau.

Viy tam gidc AKN c6 ba canh AK = m;, AN =mj, KN = ms.

b) S = Sakn = 4/p(p—m,)(p-m,)(p—m;)
véi p= m, +m, +m, A .
1 O e S
Tacéd: VKAB"D =—-S.B"D \\ ,"\}\ } c
3 B. \\W, \\ :
IIH ‘\ :
Mitkhdc BK // (AB"D)suyra A Rgzzzop---=pfemmmnmmme A
\\~\~~:% K /” \\\\
Vk.aB"D = VB.AB"D N ol S
1 . B ‘\\:\\0’,/ C
= EVABCD.A'B’C‘D' /z’ N
Véiy ta ¢4 Vagcpascp =2S.d. //
B
M Cau 2
T4p S c6 14 phan tit. S8 tAp con c6 7 phan tit cla S 1 :
14!
Cly=—— =3432
77!

Téng nghich ddo clia tt ca cac phan tit trong mbi tip con 7 phin t ciia S
khéng vugt qua : '
1 1 363 2600

1+ —+...+==—<2.60=
2 7 140 . 1000
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Xét 2600 khoang :

(0. 1 ](1 o2 ] '(2599_2600
1000 "\ 1000 * 1000 |\ 1000 ° 1000

Ta ¢6 3432 tdng nghich ddo thudc 2600 khodng néi trén. VAy cé it nhat
hai t6ng ciing thudc mot khoang.

L4y hai tdp con ng véi hai tdng thudc ciing mot khodng néi trén, loai bd
céc phan tif chung ta dugc hai tap A, B thod dé bai :

A ={aj, as...,,ax}, k<7
B = {by, b..., by}

(—1-+...+—1——J—(—1—+...+—1—J <0,001

a, a, b, by

M Cau 3
Vx-1+y-1+Jz-1=a-1 b
\/x+1+\/y+1+\/z+1=a+1 (
%[(\/x__Th/m%(\/y—l+\/y+1)+\/z—l+\/z+li|=a

IO < : »
é[(m_mp(w_Jy_1)+(JZ+1_JZ_1)}:1
%[(\/x_l+Jx+1)+(Jy—1+\/y+1)+(\/z——1+\/z+1)}=a

< 1 . 1 N 1 _ {n

\\/X+1+\/X—1 \/y+1+\/y—1 Jz+1+4z-1

Dat X = 1 1 1

,Y= ,Z:
Vx+1l+Ux-1 \/y+1+\/y—1 NVz+1l++z-1

Tacé:x,y,ze[1;+oo);X,Y,Ze(O;L]

V2

i, 1y,
aa < 2 Y Z) . (I11)
X+Y+Z=1
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Né&u hé (1) ¢6 nghiém thi

a=l ~1—+i+—1—](X+Y+Z)22
2\X Y Z 2

Déolainé’uak—i—thichoY:Z: ,tacd:

X+Y+Z=1
1(1 1 1) 1(1 4) 1[3X+1j
a=—| —+—+—|=—| —Ft— | = =} ————
20X Y Z) 2{X 1-X 2l -x?2+X

1 3X+1 1
pat f{(X)= =| —=——— |, X € 10,—
- Par 10 2(—X2+xj ( JE]

1 3X*+2X-1)

1
ff(X)= — LX) =00X=—,X=-1
: 2 (-X%+X)* 0 3 |
1 1
0 2 -
X 3 \/5
f’ - 0 +
- 8+5V2
+00
\ 2
f ,
| 2/
2
Doa> % nén ton tai X thoa f(X) = a.

Viaythntai X, Y,Z € (O ; —\—/%] thod (III) nén tdn tai x, y, z thod ().

p | O

K&t ludn : Hé (I) c6 nghiém < a 2

M Cau 4 v
Tacé: f(x).f2xD)=f2x>+x) (*)
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So sdnh hé s8 clia x*" va x° trong khai trién trén ta dudc

al=a, (1)
{a2=an (2)
Doay#O0néntix (1)suyraag=1.
2) = ay=0va,=1.

e Néua,=0tacéd:

f(x) = xk.g(x) trong d6 g(0) 20,k € N.
Thay vao (*) ta dugc

xk.g(x).(2x2)kg(2x2) = (2x3 + x)kg(2x3 +X)

= g(x).2xHg2x?) = (2x% + 1)g(2x* + x).

Cho x = 0 ta duge g(0) = 0 (mau thuin).
Viya,#0,suyraa,=1.
Goi xo la nghiém cda phuong trinh f(x) = 0.
Tacd: a,=Lsuyraxy=0.
Tt (*) ta suy ra f(2x?, +X(,) =0.
Do xo va 2x; clipg ddu nén :

|2x8 + xol = ,2"(3)'4""0' > x|
va X =2 x?, + X cling 12 nghiém cﬁg f(x).
Tx d6 suy ra f(x) c6 vo s6 nghiém {Xn} V8i Xme = 2x?ln + Xm (m 20)
Diéu nay vé Ii vi f(x) 1a da thic bac n.

Vay phuong trinh f(x) = 0 v6 nghiém.
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PE THI HOC SINH GIOI TOAN LGP 12 CAP THANH PHO
NAM HOC 1999-2000

PE 1 (Vong 1)
Thoi gian lam bai : 180 phiit (khong ké thoi gian phdt dé)
® Cau 1 (3d)

Tim gi4 tri I6n nh&t va nhd nhét cla ham s6 sau trén mién xdc dinh cua

no :
f(x) = X(2 + V4-x?).

@ Cau 2 (49)

Trong mat phing Oxy cho diém A(1 ; 2). Tim diém B thudc Ox va diém
C thudc Oy sao cho ABC la tam gidc déu. '

& Cau 3 (44d)
Cho tam gidc ABC. Chiing minh cédc bat déng thuc sau :

C _3J3 |

A B
a) CoOS — +C0S—+C0S— <
2 2 2 2

b) 5 + ! > 19

A B B C C A 2 A 2B 2C 9"
COS—CO0S— +CO0S—CO0S—+COS—COS— COS™ —+COS" —+COS" —

2 2 2 2 2 2 2 2 2

& Cau 4 (3d)
Chohamséf: R » R thod:

%f(xy)+—;—f(xz)—f(x).f(yz) 2% véi moi x, y, z.
Hay xac dinh ham s6 f.

& Cau 5 (3d)
Pinh m dé hé bat phuong trinh sau cé nghiém duy nhat :

X2 +(y+19)2<m
(x+1?+y? <m
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& Cau 6 (3d)
Cho tit dién ABCD. Ching minh ring cac hinh chiéu cla dinh A 1&n céc
mat phdng phan gidc trong va ngoai clia céc nhj dién canh BC, CD, DB
la sdu diém déng phang.

GIAI
M Ciul
Mién xdc dinh : [-2; 2]

y' =2+ Vd4-x* - 1

4-x*

2

y=02V4-x> +4-x*=x>

Gidi phuong trinh ta dugc x = +4/3. ‘
f(v3) =33, £(-\3)=-33,£2) = 4, f(-2) = -4
Ymax = 33, Ymin = -33.

M Ciu?2 y
o Cdch gidi 1 A

ABC 13 tam gidc déunén C la
anh cia B qua phép quay tim A,
g6c quay * 60°. . H H
Ma B € Ox,nén C € Ala dnh X
ctia Ox trong cic phép quay trén.
Ngoaira C € Oy, nén C 1a giao
di€m clia Oy va A,
Xé4c dinh A : C/~2-«/§

Goi H 12 hinh chi€u cla A xudng truc Ox, ta c¢6 H(1 ; 0).
Goi H'(x ; y) 14 anh ctia H qua cdc phép quay trén, ta c6 :
AH' = AH ' AH'=2

—_— < .
(AH, AH') = ig +k2n  |cos(AH, AH) = -;-
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AH =(0;-2), AH = (x-1;y~-2)
cos(Kﬁ, Zﬁ')=% oy=1

AH' =2=x=1%+3
* Trudng hop H'(1 + +/3; 1), tacé AH =(\/3 ;-1)
Phuong trinh cia A la : Px-y-2- 3 =0
Vay C(0; -3 -2).
Piém B(x ; 0) thod AB = BC nén B(=2+3 - 1;0).
* Trudng hgp H'(1 - NEE 1)tacd AH =(—\/§ ;-
Phuong trinh cda A 1a —Bx-y-2+3=0
Viyco;\3 -2.
Piém B(x ; 0) thod AB = BC nén B(2+/3 - 1;0).
o Cdch gi&iZ
* Néu AB song song Oy thi B(1 ; 0), C(0 ; y) khdng tao thanh tam
gidc déu.

* Khi AB khéng song song vdi Oy, goi k 12 hé s6 goéc cla dudng
thing AB, thi AB c6 mot vectd chi phuong AM = (1 ; k). Goi h 1a
hé s6 géc cta AC, thi AC c6 mdt vectd chi phuong AN = (1 ; h).

cos(AM AN)—— I+hk 1

Vi+k2 140 2
& 4(1+2hk+h%kH)=1+h*+k*>+h*k*véil +hk >0

_ k+J§
T 1-k3
k-3
1+k\/§

o (BK-Dh*+8kh+3-k*=0

Phuong trinh AB 13 : y-2=k(x—1)
Phuong trinh ACla: y-2=h(x-1)
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Ap dung : AB —C— (0 — | néntacd:
2°2°2 2)
A B A+B A-B A B
cos—+cos— 2cos cos =
2 = 4 4 ScosA+B=cos 2 2
2 2 4
A B A
COs — +CO8 —+ oS — — = + 3
= 2 2<cos2 2 2=cos-—-=—
3 3 6 2
hay cosé-+cosE+cos—<—3£
2 2 2 2
b) Chitng minh ‘
3 1 16

+ >—
A B B C C A 2 A 2 B 2 C 9
COS— COS— +COS—COS—+COS—COS— COS —2— + COS 5+COS — i

2 2 2 2

bit:x = ——2——cos—"—\— y —————cosE Z=—=C0S—
R N R R N R A N R
Tacé:x,y,z>0vé12x+_y+znén12(x+y+z)2.

3(x+y+z)2 N (x+y+z)2

VT >
27 2, 2.2
“—(xy+yz+2zx) — X +y +2z%)

2,.,2,.2
JL2fxiayi A | Ay Ry by
27\ Xy +yz+2X 27 X“+y“+z

28+ 4 x> +y? +7° +i2 x2+y2+zz+xy+yz+zx
27 27xy+yz+zx 27 \xy+yz+zx x2 +y*+2°

28 4 4,,_48_16

___.+__. —

27 27 27177727 9

M Cau 4

Chox=y=z=0,tacé:
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Loy L0 - fof s 1
2t(0)+2t(0) [f(O)] 24

= [£(0))* - f(0) + = <0

P

1 2

=  f0)=

N | =

Chox=y=z=1,tacd:
1 1 21 1
—fD+=fDO-fDO) 22— =)= =.
2()2()[()] 2 ()2
Choy=z=1ta06:

1 1 1 1
5f(x)+5f(x)—§f(x) ZZ

= f(x)z—;—,‘v’xeR
. 1
nén f(x) = > vx € R.
M Cau s
o Cdchl

X2 +@y+D*<m (1)

(x +1)? +y2 <m (2)
Véi m < 0 hé vo nghiém. Khi m > 0, trong mit phing Oxy, tip hop
nghiém (x ; y) ctia bt phuong trinh (1) 13 hinh tron tAim A(0 ; —1) bén
kinh R, = Jm , tip hop nghiém (x ; y) clia bat phuong trinh (2) 12 hinh
trdn tim B(-1 ; 0) bén kinh R, = vm .
Heé bat phuong trinh c¢6 nghiém duy nhét khi va chi khi hai hinh tron tiép xiic
nhau, diéu nay xay ra khi va chikhi AB =R; +R; hay AB= |R; -R; |

AB = |R, -R;| & v2 =Vm —vm (v6 nghiém)
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AB =R, +R, ©ﬁ=&+&@m=%.
o Cdch 2

* Nhan xét : néu (a ; b) 12 nghiém cda hé thi (b ; a) cling la nghi€ém
ctia hé. Vay néu hé c6 nghiém duy nhat, ta phdi cé x =y.

* X+ (x+17<m
& 2x* +2x+ (1 -m)<0 (1)
B4t phuong trinh ¢6 nghiém duy nhét nén ta phéi cé
AN=1-2(1-m)=0.

Vay ta phdicé m = —;—

* Pdo lai, khim = %, ta phai chitng minh hé bt phuong trinh sau c6

nghiém duy nhat :
X2 +(y+1) s% (1)
(x+l)2+y2£% )

Trong mat phidng Oxy, tdp hdp nghiém (x ; y) clia bt phuong trinh
(1) 12 hinh tron tAm A(O ; —1) bdn kinh R; = 12—% , ‘tép.hc}p nghi€ém
(x ; y) clia b4t phuong trinh (2) 12 hinh tron tim B(-1 ; 0) ban kinh
R; = —22—, ma hai hinh tron tiép xiic nhau nén hé bat phwong trinh
c6 nghiém duy nhat.

M Cau 6

Goi (o) 12 mat phing phan gidc trong cla nhi dién canh BC. Pudng
thing qua A vudng géc vdi (o) cit (o) tai H va cdt (BCD) tai H'. Ha AA’
vubng géc véi BC. Vi AH 1 (a) nén AH 1 BC.

Viy BC L (AA'H).
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Do d6 AA'H Ia mot géc phing ciia nhi dién canh BC.

Vi (a) 1a mat phdng phan gidc nén A'H 13 phan gidc clia géc AA'H'.
Ngoaira A'H L AH nén AAH' 13 tam
gidc can. Do d6 AH = —;-AH’. |

Goi N 1a trung di€m cda AC, ta ¢6
NH song song v8i CH’, vdy H thudc
mit phing qua N va song song vdi
mit phing (BCD), d6 1a mit phing di
qua trung diém M, N, P cla ba canh v
AB, AC, AD. '

Ching minh tuong ty cho nim di€m con lai.

Vay sdu hinh chi€u nay ciing thudc mat phing (MNP).

PE 2 (Vong 2)
Thoi gian lam bai : 180 phiit (khong ké thoi gian phdt dé)
& Cau1 (4d)
Cho x, y, z Ia ba $6 khéng 4m thod x + y + z = 1. Ching minh rang :

7
O<Xy+yz+xz-2xyz< .
y+y y 57

® Cau 2 (49)
x2 2

Trong mé&t phang Oxy cho Elip (E) : —5+y7 =1 va diém M(m ; 4). Tu

diém M ta vé hai ti€p tuyén phan biét MT1, MT, dén (E), (T4, T, la cac
ti€p diém).

a) Tim phuong trinh dudng thang T,T, theo m.
b) Tim phuodng trinh dudng trén qua ba diém M, T, T, theo m.
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& Cau 3 (4d)
Chitng minh rang vdi moi s6 o ta c6 :

J17 <Jcos? o+ 4cosa + 6 +/cos? o —2coso + 3 < /2 + V11

® Cau 4 (44d)
Cho hai ham sé f, g : R — R thod man déng thdi cac diéu kién sau day :

) fix+y)=fx)+fly)véimoix,yeR

i) g(x +y)=g(x) +g(y)véimoix,y e R

iii) f(x).g(x) = x2 v6i moi x € R. .

Ching minh tén tai s& a sao cho f(x) = ax véi moi X € R.

& Cau5 (4d) _
Cho hai dudng trdn (C,), (C.) c¢é chung dudng kinh MN va nam trong

hai mét phdng vudng géc nhau. Xét ti dién ABCD c6 dinh A luu déng
trén (C,) va cac dinh B, C, D luu déng trén (C,) sao cho bén dudng cao
cla td dién déng quy tai mot diém H. Hbi diém H luu déng trén dudng
cé dinh ndo ?

~ GIAI
M Caul
Gia sif z 1a s& nho nhat trong ba sd x,y,z,tacd:0<z< %
S =xy+yz+2zx - 2xyz

=xy(1—22)+z(x+y)2%xy+z(x+y)2()

2
S =xy(1-2z)+z(x+y)< (x;y) (-2z)+z(x+y)

& S<

;
a _42) (1=22) +2(1 = 2)

& S< %(—2Z3+22+ 1) =f(z)

Xét ham s6 f(z) = %(-—223 +72+1).
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f'(z) = %(—622 +22)

f'(z2)=0=z=0vz= —;—
Béang bi€n thién

Z 0 +o0

f'(z) 0 +

@ | __—

7
Vay f(z) £ —.
y f(z) >

= S<f(z)< T
27

Viy 0<S< .
27

M Cau2 v
a) Goi Ty(x, ; y1) va d; 12 ti€p tuyé€n MTy, ta c6 :

qy: XELYY
9 4

M(m;4)ed1:>—m?x'-+y1=l
= Tled:—n}9—§+y=1

Tuwongty T, e d.

Viy phudng trinh dudng thang T\ T>1a : Elgi +y=1.
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- _)_(l_+_¥_l__:1
b) Ta ¢é : 9 4
9 1
mx
= =1-—=
yi 9
2
- }iﬁ.( _Eﬁj 1
9 4 9
2 18mx; +243
> X=——
36 +m
L2 2
. y]2=4 1—5-‘- =4(m 2mx21+9)
9 36+m
» 2 10mx, +4m?+279
= Xty = 5
36+m
s o 10mx 4m?+279
= X +Y] - =

B 36+m?  36+m?
Vay T, thudc dudng tron (Cy) :

, 5, 10mx 4m?+279
X“+y - 5= — =0
36+m 36+m

Tuong ty : T, € (C))

TacéT.,Tge(Cl)véTl,Tzed:—n;—x +y-1=0,

Vay phuong trinh dudng tron (C) qua Ty, T2 ¢6 dang :

10mx  4m?+279 mx
T —+k|—+y-1|=0
36+m 36+m

M(m ; 4) € (C) nén

2 ‘2 { 2
2, o 10m’  4m +279+k[%+4_1J=0

X2 +y’ -

36+m? 36+m?
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_ -9(m*+38m* +297)  —9(m” +11)

= 2 2 - 2
(m” +36)(m~ +27) m-~ +36

Phuong trinh (C) 1a :
(36 + mz)(x2 + yz) ~m(m?+2D)x — 9(m2 + 1y + 5m? - 180 =0

M Cau 3

ﬁ? < \/gosza+4cosa+6+\ﬁ:os2oc—2coso.+3 < \/5+\/_1_1 :
= \/—ﬁsxﬁcosa+2)2+2+\/(cosa-—1)2+2S\/E+x/1_1

Chon N(2x/5. ; 3), M(\/-Z_ ; 1 = cosa) thi

OM = (cosa—1)2 +2

MN = \/(cosou-Z)2 +2.
Viy ta ching minh :

J17 <MN +OM <2 +4/11
Tacé: OM+MN2ON = /17
Ngoai ra, goi M'(V2 ; 0), M(J2 ;2).
Vi0 < 1 —cosa <2 nén M di chuyén trong doan M'M”".
Viytacé: OM +MN <Max(OM'+M'N, OM" + M"N)
= OM + MN < Max (v2 +V11,J6 +43) =2 +11.

M Cau 4

Piata=f(1)tacé g(l) = -1—
a
Tiwi)vaii)suyra f(x+1)=£f(x)+a

g(x+1>=g(x)+§
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St dung iii) ta ¢4 :
fx +1).gx+ 1) =(x+1)

= |:f(x)+a}[g(x)+—l—] =(x + 1)?
a

= f(x).g(x) + a.g(x) + 1 fx)+1=x*+2x+1
a
o X2+ a.g(x) + -1— f(x) = X2 + 2x
a
1
= a.gx)+ —.f(x) =
a

Nhin xét : £f(0) =
%2

Khi x # 0 thay g(x) = ——,tacd:
f(x)

%(x—z—)+—:1— (x) =2x
e [f(x)])* - 2ax.f(x) + a%x?=0
hay [f(x) - ax]2 =
= f(x)=ax v8ix#0

K&t ludn: f(x) = ax, Vx.

M Cau s
Chitng minh : Tt dién tryc tAm c6 cdc canh d8i vudng géc nhau.
V& hinh hop AC'BD'.A'CB'D.
Vi AB L CD nén A'B’ L CD. Viy A’CB'D la hinh thoi. Tudng tu cdc mat
con lai clia hinh hép ciing 1a hinh thoi.

Goi O 1a tam dudng tron ngoat tlep AABC.
Tac6: CA=CB=C'Cva0A=0B=0C, suyraOC’_L(ABC)
ma DH L (ABC) nén OC' song song DH.
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Tuong ty OD’ song song v6i CH, suy ra':
ADHC = AC'OD’ = DH = 0C’
= Tt gidc DHOC' 1a hinh binh hanh.
Goi G 12 trong tAm cila i dién = G 1a trung diém ciia C'D.
Do DHOC' 13 hinh binh hanh nén G ciing 13 trung di€m cda OH.
AH L (BCD) tai A,. |
Xét tam gidc AA O :

Goi G, 1a trong tdm cda tam gidc BCD ta c6 Ay, Gy, O thfmg hang va
A G, =2.0G,.

Do G 13 trung diém cia OH nén H 1 trung di€m cla AA,.

Trong mit phing chia (C,), chon MN 14 truc hoanh, trung diém O 1a goc
toa do, trung tryc cia MN 1a truc tung.

Tacd: H(x;y) = A(x;2y)
A(x ; 2y) € (C)) nén x> + (2y)* =R?

2 2
X 4y
e tr 7!
2 2
o1

Viy H thudc dudng elip c6 phuong trinh (1).
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PE THI HOC SINH GIOI TOAN LGP 12 CAP THANH PHO
NAM HOQC 1998-1999

Pl 1 (Vong1)
Thoi gian lam bai : 180 phit (khong ké thdi gian phdt dé)
& Cau 1 (4d)

Chung minh rang, v8i moi gia tri clia x, ta ludn ludn cé bat déng thic sau :

1998 i ’
> (-1).3 > 0 (il 1a giai thira clia s6 1)
i=0 :

® Céu 2 (4d)
Cho Parabol (P) : y = x? va diém A(—1 ; 342] . Tim diém M thuéc (P) sao
cho AM? nhd nhat.

& Cau 3 (4d)
Chiing minh réng véi moi s& nguyén duong n ludn ludn ton tai mot s6
nguyén duang k sao cho k la bdi s8 clia n va k chi chita cac chii s6 0 hay 1.
® Cau 4 (4d)
Cho ham s6 f(x) x&c dinh trén R, c6 dao ham tai diém x = 0 va thod man
diéu kién : f(x + t) = f(x).f(t) v6i moi x va mbi t thudc R. Hay xac dinh f(x).

& Caus (4d)
Cho tam gigc ABC néi ti€p trong dudng tron (O). Cac dudng phéan gidc
trong cla céc géc A, B, C clia tam gidc ABC cat dudng tron (O) lan luot
tai A’, B’, C'. Chung minh dién tich tam gidc A'B'C’ I6n han hoéc béng
dién tich tam gidc ABC. Khi nao xay ra déng thic ?

GIAI
M Caul

) 1998 . xi
Chitng minh ), (1) = >0

i=0

111




xZ x} X2k

batt(x)=1- 2 E v
1 2t 31 (2k)!

Xét x <0 : Hién nhién f(x) > 0
Xétx>0:
e Néux=>2k.Tacé:

x(x=2) x> (x—4) . x*1(x - 2k)

feo=1+=, YT

= ffx)>1>0
e Néu0<x<2k
Tacd f(x)>0 < Minf(x)>0
Min f(x) chi ¢6 thé 1a £(0), f(2k) hoic f(xg) véi f'(xy) = 0.

+ Né&u Min f(x) = f(0) hodc Min f(x) = f(2k) thi dd chitng minh trong
trudng hgp trén.

+ Né&u Min f(X) = f(X()) (xo # 0, xo # 2k) vdi f'(X()) = () thi

2 2k-1 ok
Pxp)=-1+ 20204 L K0 x4+ 20
12 2k -1)! 2k
x2
f'(xg) = 0 & f(x0) = >
(X0) (x0) 210!

Viy Vx € R, f(x) > 0.

™M Cau 2

(P):y=x% A(—l ; %). Tim M sao cho AM? nhd nhdt, M e (P).

bat M(t; tz). Taco:
19y
f(t) = AM? = (t+ 1)* + (tz—T] :

F) =46 — 17t +2 = (t - 2)(4t* + 8t — 1)
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&

f)=0=t=2vt=-1% —

2
t —00 —l—l/—zé- ——1+75 2 +00
f' (1) - 0 + 0 - 0 +
+00 +00
f(t) : \ / \ /
9
f2)=9+ —
(2) T

J5 V5)_25
f 1——— =—-5 ,f -1 —+5v5
( 2 Vs<orgp ey =g vs
Viy . minAMz———Z——S«/— 5 khi M( —\[2_2 :91-+\/§j

M Céu3

Vn € N, 3k € N, sao cho k 12 bdi clia n va k chi chita cdc chit s§ 0 hodc 1.

Xétn s6 tynhién: a; =1

a,=11
_ ag=111
ag = 1111

a,=1111...11
\——-\f—j
n chi¥ s0

Chia a; cho n ta dugc cdc s8 dur;.

Tacé: rie {0,1,2,...,n-1}.

Néur; = 0 thi k = a; 12 56 tim dugc: '
Néur;#0,Vi=1,2,..,nthicéjle {1,2,..,n}thod =1, (=)
Patk = |a,-—a,|
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Ta c6 k chia hét cho n va k chi chita c4c chit s& 0 hoic 1.
k=11..100...0 (gid s&j> ).
j-1 1
M Caud
f(x) xac dinh trén R, ¢6 f'(0), thod min :
f(x +1t) = f(x).f(t), Vx,t € R
Tacé: f(0) = (0 + 0) = £(0).f(0) = £(0) = 0 hodc f(0) = 1.
o Xétf(0)=0:
fx)=f(x +0) =1f(x).f(0)=0,Vx e R
Ham s6 f(x) =0, Vx € R thoa dé bai.
o Xétf(0)=1:
1 = f(0) = f(x — x) = f(x).f(—x)
= fx)#0,VxeR

2
f(x) = f(5+5) _{f(fn >0,Vx e R
272 2

Tacé f(0)= lim f(_o'”:_‘f@ ~ 1im 101

t—0 t—>0 t
Talaic6 Vx e R:

i SO - 1]

t—0 t

f'(x) = lim w =
t—0 t
Viay f'(x) = f(x).f'(0), Vx e R

f'(x)
f(x)

=f(0), Vx e R

= h({f)=f0).x+C,VxeR

= fx)=e" O vxeR
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Vif0)=1=>C=0
Vay f(x) = e*, Vx € R thod dé bai.

M Ciu s
Goi S la dién tich tam gidc ABC,
S’ 1a dién tich tam gidc A'B'C'. .
Tacéd:

§= 2P _ 5p2G0 AsinBsinC
4R

S = a'b’c’
4R

= 2R2sin(A+Bjsin(B+C)sin(C+AJ
2 2 2

= 2R%cos %cos Ecos—c—

Do d6 : —S- = 8.sin—ésingsin—(z
S’ 2 2

[ (A—B) ' (A+B
=4{ cos —CoS
2
=4cos(A_
. C A-BT A-B
=—|:28in————cos } +cosz( jsl
2 2 2

Vay: S<§
D4u “=" x4y ra & AABC déu.

B)sing—4sin2£
2 2
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PE 2 (Vong 2)
Thoi gian lam bai : 180 phit (khong k€ thdi gian phdt dé)

® Ccéau1
Cho phuong trinh x* + ax® + bx? + cx + 1 = 0 ¢6 nghiém.
Chung minh a® + b? + ¢? > %
& Cau2

~ Goi r la ban kinh m&t cdu ndi tiép va Ra, Rs, Rc, Rop 1an 1ugt 1a ban kinh
cac mat cdu bang ti€p Ung vdi cac dinh A, B, C, D cla t dién ABCD.
Ra +Rg +R¢ +Rp
. .

batT =

a) Khi ABCD thay d@i, tim gia tri nhd nhat cha T.
b) X4c dinh t dién ABCD sao cho T dat gid tri nhd nhat dé.

® Cau3

Cho Hyperbol (H) : v = % va hai diém cé dinh A, B thudc (H) vdéi
0 < X, = a < Xg =b. LAy ba diém tay y M, N, P thudc cung AB cta (H).
Tim gid tri 16n nhat cla dién tich tam gidc MNP.

& Caus

Chiing minh 4cos8x + 8cos4x + cosx > ~7 vdi moi gid trj clia x.

& Caus

Cho a, b, ¢, d 1a céc s6 thyc thoa a® + b = 1 va ¢ + d = 3. Chiing minh
bat dang thuc :

9+6V2 .
o

ac + bd +cd <
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GIAI
M Caul
Goi x¢ 1a nghiém cda phuong trinh :
xf; +ax(3) +bx(2) +cxog+1=0(xp#0)
= ax3 +bx2 +cx, =-1-xg
Ap dung b4t ding thitc Bu-nhi-a-c8p-xki :
(a2‘+ b% + cz) (xg + xg + x(2)) 2 (axg + bxg +¢X, )2 = (1+ xg )2

8 4
Xp +2X5 +1

6

= a2 +b2+c?> —
Xo +Xg +Xg

8 4
2% +1
Ta chitng minh 20+ ZX0*2 5 4 W
Xg+Xg+X, 3 v

Tacé: (1) <<  3xP+6xg+3>4x§+4x]+4x]
o 3xd+2xd-4x{-4x3+3>0

& (x3-12(3xg +2x3+3) >0 (ding)

M Chu 2
Dung mp(B,C D,) song song v8i mp(BCD) va ti€p xdc véi mit cau bang
ti€p, ban kinh Ra va cit cdc canh t dién tai By, C;, D). Pudng cao AH
cda tf dién ABCD cit mp(B,C;Dy) tai Hy. Pat AH = h,. Xét phép vi tu
AH
1
r o h, _
R, 2R,+h, 2R, +h,-2R, h,

tim A, ti s6

h, =2r 2r

=1=-==

R, r h,
1 1 1 1 4 1 1 1 1
= —_—t—t—t ===l —+—+—+—
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o 1 1 1 1 4
Talaicéd: — = —
Ry Ry Re Ry 1

2.2
r r

Theo bat ding thitc Bu-nhi-a-c&p-xki :

(Ra+Rg+Rc+Rp) —1—+-—1—+—1—+—1—- > 16
RA RB RC RD

= -l—(RA+RB+RC+RD)28
r ‘

= T=8
a) T dat gi4 tri nhd nhat1a 8.
b)T=8 < Ra=Rg=Rc=Rp
hs = hy = he = hy
Sa=Sp=Se = Sq
ABCD I t¢ dién déu.

g ¢ ¢

M Cau3

GQiM(m ;—l—j,N(n;lj,P(p;lj.
m n/ p

C6 thé gid stm <n <p.

Tac60<a<m<n<p<b

m=(n_m : l_-l_)=(n_m : m‘“].
n m mn
W=(p—m ; _m—pj

= SMNP=l(n-m)(.§.—_pJ_(p_m)(m_n)

_ 2 mp mn

1|(n—m)nm ~np+p* —mp)|

) mnp |
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= |a-m)p-mp-nl

2mnp
-1 _-l)[mp_(m.@zj]
2ilm p n
11 1
SE P [m+p—2 mp]
1f1 1
<M1\ - oy
2ia b ( \/E)
11 1
<~ === |(b-+a)
2\a b ( )
D4u “=" x4y ra khi :
{
=a m=a
p= = p=b
n=DP n=+/ab (ab e[a; b])
\ n ‘

M Caud

Tacé: 4cos8x + 8cosdx = 8cos’4x + 8cosdx — 4
= 8cos’4x + 8cosdx + 2 — 6
=2(2cosdx + 1)’ - 6> -6

va cosx = -1

Suy ra

4cos8x + 8cos4x + cosx > -7
D4u “=" khong x4y ra nén

4c0s8X + 8cos4x + cosx > —7
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- M Caus
Tap hdp cdc diém M(a ; b) thoa a* + b? = 1 13 dudng trdon tam O, R = 1.
Tap hap céc diém N(c, d) thod ¢ + d = 3 12 dudng thing y = ~x + 3

9+6\/§
4

Tacé: ac+bd +cd <

20-11+6+2
4

10 - 1—21+%—2— >2(ac + bd +cd)

2ac+bd+cd

Thay 1 = a® + b* vao:

a2+b2+9—2cd—-2ac—2bd2%\@-
3.2 )
PN a2 +b%+c?+d?-2ac—-2bd >
V2
2
= (a-c)+ (-4’2 3-42
Sl
3-2
=N a—-c)? +(b-d)* 2
N 5
V& trdi 12 khodng cdch MN, v€ phéi 1a doan AB.
Ta cé6 MN > AB. y
3 N
B
M A }\\
\+x
4
O 3 X
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PE THI HOC SINH GIOI TOAN LGP 12 CAP THANH PHO
NAM HQC 1997-1998

PE 1 (Vong 1)
Thoi gian lam bai : 180 phiit (khong ké thdi gian phdt dé)
& Cau1
ChoO<x,y,z,t<nvax+y+z+t=m
Tim gid trj I6n nhat cila t8ng S = sin®x + sin?y + sin’z + sin’t.
& Cau 2
Cho tti dién ¢ dinh ABCD c6 BC=DA=a,CA=DB=b, AB.CD = c2.

a) Tim diém P trong khdng gian sao cho biéu thic S =PA+PB+PC+PD
dat gia trj nhd nhat,

b) Tinh gia tri nh6é nhat dé theo a, b, c.

® Cau3l

Tim a dé€ phuong trinh : 4x® + 31y? = a + 6 ~ 17xy ¢6 nghiém nguyén
duy nhat. ‘

& Cau4a

Trong m#t phdng Oxy cho Parabol (P) : y = x? va céc diém A(0 ; 1),
B(O ; 5). Tim diém M thuéc (P) c6 hoanh dé duong sao cho géc AMB
I6n nhét. ‘

& Céaus

Tim tat cA cdc ham s& f(x) x4c dinh va lién tyc trén R, thod maén :
f(x).f(x?) = 1 v6i moi x thuéc R.
GIAI
M Ciaul

X+y+z+t=7

T <
= x+ys—2—hoacz+t$

A
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. T

Gidstx+y< —:

2

P .2 . 2 L2 a2 .2 . 2
Ta cé : sin“Xx + sin”y + sin“z + sin“t < sin“(X + y) + sin“z + sin"t
That vay :
.2 .2 .2 .2 .2 . . 2
sin“x + sin“y — sin“(x + y) = sin“x + sin“y — (sinx cosy + cosX siny)

= sin®x(1 - coszy) + sinzy(l = cos’x) — 2sinx COSY cOSX siny
= 2sin’x sin’y — 2sinx siny cosx cosy
= ~2sinx siny(cosx cosy — sinx siny)
= —2sinx siny cos(x +y) <0

Viay S = sin’x + sinzy +sin’z + sin’t < sin®(x +y) + sin’z + sin’t

PitA=x+y,B=z,C=t

Tac6:A+B+C=nva0<A B,C<n

1—cosZB+1—cos2C
2 2

= —cos’A + cos(B — C)cosA + 2

Vi : sinA + sin’B + sin’C = sin’A +

2
= —[cosA—%cos(B—-C)} +%cos2(B -CO)+2

<

| ©

Daubing xdyrakhix=0,y=z=t= %
Viy : maxS=—9—.
4

M Cau 2 _
Pitm = AB, n =CD (m.n = ¢?).

Goi M, N 14n ludt 1 trung diém cda AB va CD. Ta ¢6 MN la doan vudng
géc chung cia AB va CD.
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L4y P 1a diém b4t ki trong khong gian va P’ 1a diém d6i xing véi P qua

MN. Taco:
AP’ = BP
DP =CP'

S =AP+BP+CP +DP
= AP + AP’ + CP + CP’

PP’ ¢t MN tai Q, ta ¢c6 AQ 12 trung tuyén clia tam gidc APP’ va CQ la
trung tuy€n cta tam gidc CPP'.

T d6: AP+ AP’ 22AQ
va CP + CP' 2 2CQ.
Pitx=MQ;y=NQ.Tacé:

2 2
AQ+CQ= \/x2+mT+\/y2+P——

4
m+nY
2 (x+y)2+(——)
2
2 2 . 2 2,12
Tacé: —m—+-rl—+(x+y)2=BN2+n—=a b
4 4 4 2

2
Wi mT = BN2— MN? = BN? - (x +y)?)

Vidy: S2 \/2(a2+b2+c2).

P tring v6i Q
a) Smin = \/2(a2 +b? +cz) S 49X_m

y n

b) Smin = 2(a% +b* +¢?)

M Ciu3
Nhén xét phuong trinh :

4x* +31y*=a + 6 — 17xy
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néu ¢6 nghiém nguyén (x ; y) thi cing c6 nghiém nguyén (-x ; —y).

Do d6 d€ phuong trinh c6 nghiém nguyén duy nhitthi x = -x v y = -y
= x=0vay=0

Thé x =0 v y = 0 vao phudng trinh ta dudc a= —6.

Véia=—-61tacé4x’* +31y* +17xy =0

Pat f(x) = 4x* + 17xy + 31y?
A =289y? - 16.31y* <0
A=0=>y=0.

Viy x =0, y = 0 13 nghiém nguyén duy nh4t cia phuong trinh (¥ng v4i
a=-6).

& Cau 4
A;1),B0;5)

Me®P),xu>0=>0< AMB <.

Détm:xM:yM=m2

Tacé MA =(-m;1-m?), MB =(-m;5-m?

cot AMB = cot (m, M_ﬁ)

m?® +(1-m?)(5-m?)

i—m(S—m2)+m(1—m2)‘

"m*-5m?+5 1( 3 5)
= =—|m’ -5m+—
4m 4 m

m

Xéty = %(m3 -5m +i) (m > 0)

(3m2 —5—%):—1—-5(31114 - 5m’ - 5)

, 1
y—4 m 4m
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m° = p (loai)
y=0&
, 5++/85 5++/85
m° = o m=
6 6
m |0 5+g/g +00
y’ - 0 + -
y /
5++/85

cot AMB nhd nhatkhim =

N

=  AMB I6n nhit khi va chi khi M

7/ N\

54485 5+JE;_5]

6 6

M Caus -
Tacé: f(x).fx})=1,VxeR,

= f(x) #0va f(x) = f(—x).
o Xét0<x<1:

£(x) = —— = f(x*) = f(x“: ) =..

()

f(x““) = ... =£(0)
o Xétx=>1:
A | 1
1 — _——
f(x) = —————=f(x4)=...=f(x4" )=...:f 1
(0 = 0733 0
Vi f lién tuc nén £(0) = f(1).
Viy f(x) 12 hing s6. ‘
Ta ¢6 f(x).f(x2) = 1 = [f{(x)]* = 1 = f(x) = +1.

Vay c6 hai ham f(x) = 1 va f(x) = -1 thod man.
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PE 2 (Vong 2)
Thoi gian lam bai : 180 phiit (khong ké thoi gian phdt dé)
& Céau1
Cho ham séy = x* — 6x% ¢é dé thi (C).
a) Tim phuong trinh tiép tuyén ciia (C) c6 hon mét ti€p diém.

b) Bién luan theo m sé tiép tuyén clia (C) v& tir diém M(3 ; m).

& Cau2

- 2 2
Trong mit phing Oxy cho elip (E) : 2>+ =1 (a>b>0)

V)
O

Goi A, B, C 1a ba diém tuy y thudc (E). Tim gid tri I[6n nhat cla dién tich
tam giac ABC.
& Cau3sl

Cho m may tinh va n may in (m > n). M&i sgi day cap chi-cé thé ndi
duoc ti mdt may tinh téi mot may in. Biét rAng mét may tinh 'cd thé ndi
v8i nhiéu mdy in va méi may in cé thé ndi véi nhiéu may tinh, nhung tai
mot thdi diém mdi may tinh chi cé thé diéu khién mot may in va ngugc
lai m&i may in chi ¢é thé in.cho mdt may tinh.

Hoi phai dung it nhat bao nhiéu sgi day cap dé n may tinh bat ki cé thé
déng thdi in dugc.

® Cau4

Chitng minh rang trong mét tam gidc bat ki, tdng binh phuong cla ba
ban kinh dudng tron bang tiép tam gidc &y khéng nhd hon téng binh
phudng cla ba do dai ctia ba dudng phén giac trong :

R2 +R2 +R2 > (2 + (5 + (%
GIAI
M Caul

Choy = x* - 6x% (C).
1. Phuong trinh tiép tuyén ciia (C) ¢6 hon mot ti€p diém : y = -9.
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2. Phuong trinh ti€p tuy€n vé td M(3 ; m) cé dangy = k(x — 3) + m.
Hoanh do ti€p di€ém 1a nghiém ctia phuong trinh :
x*—6x%=(@x’ - 12x)(x -3) +m (1)
&S m= x4,- 6x% — (4x* — 12x)(x — 3)
Xéthams§  g(x) = x* - 6x% — (4x® - 12x)(x - 3)
g'(x) = 4x> = 12x — (12x* - 12)(x = 3) — (4x* - 12x)
=—(12x* - 12)(x = 3) '
gx)=0&ox=1vx=-1vx=3

X —00 -1 1 3 +00
g'(x) + 0 - 0 — 0 -

g(x) 27 27
. / \—21 / \—OO

Bang k&t qua :

m —00 -21 -9 27 +00
S6 nghiém cua (1) 2 3 4 4
S& ti€p tuyén 2. 3 4 3 4 2
M Cau2
2 2
B =5+ =1@>b>0)

o

a

s Ay a , a , a
Goi A (XA ;-gyA],B (XB ;EYB)’C (xc ;EYC)

Taco: AB =(xg=Xa'; Y5~ Yah AC = (Xc—Xa3¥¢= YN
) —y,) = (¥ =y DRe XA
Sasc= -i\(XB—XA)(YC ya) - (¥B —YANRC —XA

N a : —‘ﬁ_ . .?_( —y)
A'B'=(XB‘XA;‘6(YB_YA) , AC =] Xc XA’b Y™ YA

1 a a B B
SA’B’C'=—2-(XB—XA)B'(YC_yA)—B‘(YB Ya)Xc=Xa)

127




= %SABC

Vay Sapc dat gid tri 16n nhat khi va chi khi Sap'c dat gid tri 16n nhat.

2 2 2
Talaicé: OA'= \/XZA +:—2yi =\/a2[x—’;‘+—)l’;%-J=\/;l_2‘=|a| =a
a

Tuongte: OB'=a,0C'=a
= A’, B’, C' thuéc dudng tron tim O, ban kinh a.
A'B'BC'C'A’ _8a’sin A'sinB'sinC’
4a 4a
= 2a’sinA’sinB’sinC’

S2a2£=2\—§-—a2
8 4

= Sapc =

D4u “=" xdy ra <> A’'B'C’ 1a tam gidc déu.
| 33 ,
—a
4
b 3\/—5 2 343
—a“ =——-ab.
4 4

= MaXSA'B'C' =

= MaXSAéc = —
a

M Cau3

e Goi S 12 s§ ddy cdp can thi€t d€ ndi thod diéu kién dé bai. Ta chitng

minh :

n may tinh
S2n(m-n+1)

That vay, gid st :
S<nm-n + 1), suy ra (m = n)mdy tinh
trung binh méi may in cé it
hon (m — n + 1) day cép,
suy ra ton tai mét mdy in
(gia s d6 1a mdy in tha 1)
dudc n6i vSi khdng qui
m — n may tinh ‘ n may in
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=  Tbn tai n may tinh khéng dugc ndi véi may in thit 1 (gia st @6 1a
mdy tinh thit 1, 2, ..., n)

= Cdcmdy tinh 1, 2, ..., n khong thé in ddng thdi.
¢ Ta ching minh khi X = n(m — n + 1) thi t4n tai cach mic thod didu
kién dé bai :
— nmdy tinh diu tién, mbi may ndi véi 1 may in ;
— m - n mdy tinh con lai m&i mdy déu nédi véi tit ¢ n may in ;
- S6diaycdplan+n(m-n)=n(m-n+ 1)
Hién nhién cdch mic trén thod diéu kién d& bai vi :
- nmA4y tinh diu tién tho3 ;

— N&u thay k mdy dau tién bing k trong s6 m — n m4y tinh con lai thi
cling thod vi k mdy tinh ndy mdi may déu cé néi véi di n mdy in.

M Cau 4
Tacéd:
2bccosé
L = 2
A b+c
22 2A
o e b (cosA+])
2 =

(b+c)? (b+c)?

_ bc[(b+c)2—a2]___bc(b+c—a)(b+c+a)
(b +c)? (b+c)?

- 4bc(p-a).p <

<p(p — a) (b4t ddng thitc CH-si)
(b+c)? PP £

Tuong tu: 12 <p(p-b)

It <p(p-c)
Suy ra lf\+l,§+l2Sp(p—a+p;b+p_c)=p2 (1)
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Mait khac :

R% +R% +R% =p? (tan2%+tan2 §+ tan? S—J

2pz(tané.tan-§+tan—1§.tan£+tang.tané) =p’ (2)
2 2 2 2 2 2

vi trong tam gidc ABC ta luén c6 :

A B B C C A
tan—.tan—+tan—.tan—+tan—5.tan—2— =1

Vay ti¥ (1) va (2) suyra:

I +02+12<R% +RE+R2%.

PE THI HQC SINH GIOI TOAN LGP 12 CAP THANH PHO
NAM HOQC 1996-1997

PE 1(Vong1)
Théi gian lam bai : 180 phiit (khdng k€ thoi gian phdt dé)

& Céau 1 (4d)
2

Chohamséy = %—3x—-% c6 dé thi (C).

a) Chuing 8 (C) c6 ba diém cyc trj khéng thang hang.

b) Viét phuang trinh dudng tron di qua ba diém cyc tri dé.
& Céu 2 (4d)

Cho n s6 nguyén duong tuy y a4, a,, as, ..., an.

k
pbatb, = k(1+|—:—) yk=1,2,..,n
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b) Ching minh : Z.k/a@zaa ay < eZak (e & cd sb logarit Né-pe).

@ cau 3 (4d)

Céac mét phang (), (B), (7). (8) tiép xudc véi hinh cdu ngoai ti€p tU dién
ABCD Ian lugt tai A, B, C, D. Ching minh réng néu giao tuyén cla hai
mat phéng (), (B) déng phang véi CD thi giao tuyén cla hai mat phéng
(y), (8) cting d6ng phéng véi AB.

& Céau 4 (4d)

Cho ham s6 y = x* c6 dé thj (C) va diém I(1; 2). Viét phudng trinh
dudng thdng qua | cét dé thj (C) tai hai diém A, B sao cho | 1a trung
diém clia AB.

& Cau 5 (4d)

Tinh t8ng cla tat ca 7! s6 nhan dugc ti cac hoan vj céc chil s6 cla s6
1234567.

GIAI
M Caul
a) D =R\ {0}
y'=x—3+i2=£3—-——_3:—24:-1—
X X

Phuong trinh x* — 3x%> + 1 = 0 ¢6 3 nghiém phan biét nén (C) c¢6 3 cuc
tri phan biét.

Goi M(xo ; yo) 12 diém cyc tri :

2
= = 1
Yo = 2% X, ) (1)

Ta c6 M thudc parabol nén ba di€m cyc tri khong thing hang.

2y, +12x va

b)(1) = x’= 3
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9
y(z) =Z(x8 —8xf, +16x(2)) '

= %[(xo ~5)(x3 —3%x5 +1)+ X2 X, +5]

= Z[(x2-xy+5)=2] ZL0TTT0 _y 45
(65 =%, +9) 4( T

Suy ra x(z) + y(z, = —‘—?xo +—163—y0 +i4§- (phuong trinh dudng tron).
M Cau2
k k
1 k+1
a) bk=k(1+—£) =(kk")

Tacé:  brba.be=(k+ 1)
1 v
Suyra: kaa,..a, = m‘{/(albl)(azbz)...(akbk) .
b) Ap dung bat ding thitc Cauchy :

,k/a Aa,..a, <
2%k k(k+1)

\ k
< -l——L ab..
k k+1)&

=1

(a;b; +...+a,by)

k=l k=l
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M Ciu 3
Goi S(O, R) 1a mit ciu ngoai ti€p tt dién ABCD.
Pit OA=a, OB=b,0C=c, OD=d, OX =x
Tacé X e (o) & OAAX =0« a(x-a) =0« ax—-R* =0.
Tuongty X e (B) < bx —R*=0. -
Xe(ye cx —-R*=0.
X e (8) < dx —R?*=0.
Phuong trinh mit phdng (P) chita giao tuyén cia (@) va (B) :
m(ax-R?*)+n(bx-R?) =0
m(a.c-R%*)+n(bc-R*)=0

. - (tdn taim # 0, n # 0)
m(a.d-R?*)+n(bd-R?*)=0

CDC(P)@{

& (ac-R?) (bd-R?) = (ad-R?) (bc-R?).
Tuong ty ta ciing c6 AB d8ng phdng véi giao tuy€n ciia hai mit phing (y)
va (8) khi va chi khi |
(ac-R*)(bd-R*)=(ad-R*)(bc-R?).

Tit 46 suy ra diéu phdi chitng minh.
M Caud

Pita=xa.Taco yA'= a*

| xB=2x1—xA=2—a;yB=2y[—yA=4—a"’=x‘lf3
Suy ra (2—a)4=4——a4. |
Pitt=1 - a, ta ¢6 phuong trinh : (1 + t)4 =4-(1- t)4
o 2t + 1288 -2=0
, = =-3+10.

Suyral —2a+a’=-3++10 ©a2;2a+4— V10 =0.

Ma ya=a'=(a2—2a+4— 10 )@’ +2a+ V10 ) +4a(1/10 —2) +10-4+/10
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nén : ya = 4xa(V10 - 2) + 10 - 410
= Viy A thudc dudng thing (A) : y = 4x(10 - 2) + 10 - 410 .
.Terng twr B € (A). Vay (A) chinh 13 dudng thing cin tim.

M Cau s
Vi,je {1,2,3,4,5,6,7} tacd s6 cic s6 ma chit s& j ditng & hang thiti 13 6!,
Do d6 t8ng c4c 6 bling
6!(1+2+...+7)+6!(1 +2+...+7)10
61 (1+2+ .. +710* + .. +61(1+2+ ...+ 7)10°
=6!(1+2+ .. +7[1+10+10*+ ... + 109
=720 x28 x 1 111 111 =22 399 997 760.

PE 2 (Vong 2)
Thoi gian lam bai : 180 phit (. khong k€ thoi gian phdt dé )
& Cau1 (4d) .
Cho ham s6 y = x* - 3x? + 1 ¢6 dé thi (C).
a) Viét phuong trinh tiép tuyén cda (C) tai diém uén | ciia (C).
b) Tim tap hgp cédc diém ma ti dé vé dugc ba tiép tuyén phéan biét dén
d6 thi (C) va bidu dién tap hgp nay trén hinh va.
® Cau 2 (49)
Giai hé phuong trinh :
x+y?+2°% =1
y+22 +x2 =1

z+x2+y? =1

@ Cau 3 (4d)
Cho ham s6 f(x) xéc dinh trén tap s6 thyc R thoa ca ba didu kién sau :
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iy f(1)=1;
i) f(x+y)=f(x)+ f(y) véi moi x, y thudc R;

i) f(x) = x2.f(—l—) Vi x =0,
X

1995
Tinh f(1 + V2), f ‘f1996‘/ .
nh f(1 + v2) (ﬁ)va( 1997J

& Cau 4 (4d)

Tim tat c4 gia tri cla hai tham sé a va b sao cho da thuc :
fix)=x*+(2a+ 1)x®+(a-1)%+ bx + 4

dugc phén tich thanh tich cla hai da thiic bac hai g(x) va h(x) c6 hé sé
& bac cao nhat 1a 1 va thoa ca hai diéu kién :

i) Phuong trinh g(x) = 0 ¢6 2 nghiém phan biét x, va x,;

i) h(xy) = Xz, h(Xz) = Xy.

& Cau5 (49)
Cho tam gidc ABC. L4y trén céc canh AB, BC, CA l4n lugt c4c diém C;,

AB BC CA . ,
= = = k (k > 0). Lay trén cac canh B,C;,
AC BA cp _ k>0 L&y Shiad

C,A,, AB, 14n lugt cac diém A,, B,, C, sao cho
AB; _ByCy _GCoA 1

A,, By sao cho

a) Ching minh AA,, BB;, CC, déng quy.
b) Binh k d€ dién tich tam gidc A,B,C, dat gia tri nhd nhét.

GIAI
M Caul
a) Phuong trinh ti€p tuyén tai diém udn 1a : y = -3x + 2.

b) Goi M(a ; B) 13 di€m ma tir 46 vé dudc ba ti€p tuy&n phin biét dén
(C). Phuong trinh ti€p tuyén qua M :

y = f(x0) + f'(X0)(x — Xo)
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And B = f(x0) + f'(xp) (0 ~ Xp) (1)

Vi cdc ti€p tuyén khdng c6 qué 1 ti€p diém nén s& ti€p tuyén vé tr
M(a ; B) chinh 13 s8 nghiém x, clia (1) va ciing 12 s8 giao diém cta hai
dudngy =B vay=gx)=f(x) + f'x)(a - x).

Talaicé:
g'(x) =f'(x) + [f"(X)](a - x) - f'(x)
= [f"(x)](a - x) = 6(x - 1)(a — x)

Béang bi€n thién ctia g(x) :

e Véia=1:
X —00 1 +00
g'x) - 0 -
+00
g(x) \
—o0
e Viiax<l:
X —00 o 1 +00
g'(x) - 0 + 0 -
00
g |~ - W ~__
e Véia>1:
X —00 1 o +00
g'(x) - 0 + 0 -

g(x) | 4o £(0)
T~ T~

Tacod: gla)=f(a) = o’ -302+1
g)=f)+f(I)(a-1)=-3a+2

Vay tap hop céc diém M(a ; B) cdn tim thod man
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{a <1 Y
glo) <p<g) :

{oc >1

hay

g()<B<gla)
Bi€u dién trén hinh vé 1a
phan c6 ddu chdim.

& Ccau2
x+y+z2 =1 (1)
y+zt+x2 =1 (2)
z+x2+yt=1 (3)
Tu (1) va (2) suyra :
(X-y)x+y-1)=0
* Néux=y:

. x+x2+22=1 (4
T (1), (3) ta dugc :

z+2x% =1 )
Tu (S) suyra: 2=4x*-4x*+1 (6)
Thay (6) vao (4) : 4x4—3x2+x=0<:>x=0vx=%vx=—1
Vay hé phuong trinh ¢ ba nghiém : "
(1
X==
= x:—l ?
=0,3y=-1,¢y==
y 1 Y_ , y >
= 7= 1
z=—
2

* Néux+y=1
Lay (1) + (2) — (3) ta dudc :

222—z=0<:>z=0vz=%
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Véy hé phuong trinh c6 ba nghiém :

ER
I

il
i

N < M
il
S o -
N <<
il
S = o
<
il

N[— = -

N
i

\

Tém lai hé phudng trinh da cho ¢6 5 nghi€m :

r

x=1
x=1 [x=0 [x=0 ? x=-1
y:O’ y:O, y=1,<y=§’ :—l
z=0 |[z=1 z=0 i z=-1
Z=—
L 2
M Cau3l
Tacé:
f(1++2)+f(=1+2) = f(2+/2)
Do d6 :

F1+2) = 1 +V2)H W2 - 1) = (1+42)? [f(2«/§)—f(1+\/5)}
& 1+ f(2)=0+2{26(V2)-1-£(2)] |

& 1+f(2)=1+V2)*(f(2)-1)

& 1+ 1+42)? =£(2)[1+42)* -1]

4+2V2 2442 _
24242 1+42
Viy: f(1+V2)=f(1)+8(2)=1++2.
Ttrdngtl_l’f(\/?_’)=\/§. ‘

Ta ching minh f(x) = x, Vx € R.

& f(W2)= J2
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Tacé: £f(0)=0, f(-1)=~1

Xétx#0,x#-1

2
()= )
x+1) (x+1) X

f 1 |
t(x+1) (x+1)2f(x+1)

1 f f(1 Xz{f(l)+f(l)J
= f(x+ )— (x)+()+ X

(k412 (x+1)

x+1 x+1

= (x+1)7=x2+2{x)+1

= f(x)=x. '
Viay: f 1996’1995 =l996/1995.
‘ 1997 1997
Ciu 4

Gia sit : h(x)=x2+px+q
Theo dé bai ta c6
{x,z +px; +q=x, (1)
x§+px2+q=x, (2)
M-@2): -p-1=x,+x
M+@2): p+gq+l=xx2 ‘
Do d6 : g(x)=x2+(p+1)x+p+q+1
DPdng nhit céc hé s6
X+ (a+ DX +(a~ DA 4bx+4= (24 px+ QI+ + DX +p+q+1]
2p+1=2a+1 '
p(p+1)+q+p+q+1=(a—-1)>
ap+q+1)=4 '
p(p+q+1)+q(p+1)=b

ta dugc
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ot n . a=-1 a=2
Giai hé phuong trinh ta dugc b hay

= b=-14
M Cau s
1+k 1+k
- RA - kAB, + AC,
1+k
= (AB+AC)
(1+k)?

Do d6 AA; chinh 13 dudng trung tuyén clia tam gidc ABC.
Tuong ty BB,, CC, ciing 12 dudng trung tuyén cla tam gidc ABC.
Vﬁy AA;, BB,, CC, dSng quy.

2 kS
b)Tacd  Sypc, = Spciay = Seapy = a +A12():2
3k
= SaBq =(1"(1+k)2)SABC

3k . 1
Piaty=1- (k> 0)y dat gia tri nhd nhittaik =1 va ypin = —
Y (1+k) yeae Ymin=

Suyra S,pc 2 S%fc—, ddu bing xdy rakhik=1.

Liludn tuong tu ta cé :

Sasc _ S
S > P ABC
ARG =y 16

Viy gi4 tri nhd nhdtcia S, 5 - 12 Sfl*gc dat dugc khi k = 1.

140




