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Cac plwrong phap va & thuat chirng minh

Trong toan e aing nhr trong cuic suing, ain biét:
Linh hagt xi ly tinh hwng, chvn lya pheong an 6i wu

Tran Nam Diing
Trwong Pai hoc KHTN Tp HCM

Cécdinh ly toan lc phat btu vé cac tinh cht caa cacddi tuong toan lc va ndi quan
hé giita chang. Va ning khing dinh nay én dugc ching minh xit phat tr cac tiénde,
cacdinh ly va tinh cht dd duoc ching minh trée d6. Vadé thuc hién bege chrng minh,
ta céin c6 ntirng quy fic suy dén dé ching minh 1a chit ché vé mit toan hc.

Véi cac bai toan Olympicimg \ay, yéu @u ching minh ndt két qua naodo luén hén
dién, ngay @ trong nhirng bai khéng cowm tir “chitng minh &ng”. Ching han dé giai
phuong trinh X — 3x + 1 = 0 ¢6 thta $ phai chirng minh #t ca cac nghim aia chang
thuoc doan [-2, 2], dé giai phuong trinh ham f(& + f(y)) = £(x) + y c6 tf ta $ phai
chirng minh f l1a toan anh ...

Bai viét nay ndi & hai phrong phéap va @t s ky thuit chitng minh © ban: ching minh
phan ching, ching minh quy ap, ching minh pkn ching, ding mMnh @& phan dao,
phan vi du nho nhat, vi du va phin vi du, st dung nguyén ly Dirichlet, nguyén e han,
nguyén ly [t bién, sr dung td maugdém king hai cach, & xép thr tu ...

Céch tép cin cia chiing ta lasthong qua cac viwdde n6i v cac plrong phap va k
thuat. O day & chi c6 cac nhn xét, binh lén, cac nguyénat chung clr khongduoc
trinh bay & thong nhr mot ly thuyet.

Bai viét naydau tién duoc viét va trinh bay trong atong trinh “Gip o5 g Toan hc
2010”, dugc t chrc vao thang 1#m 2010, saud6 dugc bd sung, hoanh ¢hh va trinh
bay ti Hoi nghi khoa ke “Cac chuyénié chuyén Toan virng ding” to chic tai Ba Vi,
thang 5/2010. Gii cting,dé chuan bi choddi tuyén Viét Nam thi Olympic Toan dic &,
bai viét dugc bd sung thém céc ph vé bém biang hai cach, Nguyén Iyuc han, S"ap Xep
thir tr vaang ding aia cac plrong phap va ¥ thuat ching minh trong bai toandt wu t
hop.

1. Phép chirng minh phan ching
Mét 6 vi du mg dau

Chirng minh plan ching c6 ti noi la ot trong nliing Vi khi quan tpng aia toan hc.
N6 cho phép chang ta ¢hg minh & co tre va khéng cé té caa mbt tinh chit naodo, no
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cho phép ching tadi thuin thanhdao, bién dao thanh théin, n6 cho phép ching ta ly
luan trén nling doi twong ma khong rd la cdm tai hay khong. Vi d kinh dién nhat ve
phép clitng minh plan ching thwc ve Euclid Wi phép clirng minh

Pinh ly. Ton tgi vO $ s6 nguyén 4.

O day, Euclidda gi sir ngroc lai rang ©n tai hitu han & nguyéné py, ps, ..., . Ong xét
tich N = pp,...pn + 1. N phii c6 it ntat 1 u6c © nguyén d p. Khido, dop, p, ..., mla
tat ca cac $ nguyén & nén 6n tai i sao cho p = pNhung khido p | 1, mau than.

Bai tap

1. Ching minh &ng ©n tai v6 < s6 nguyén é dang 4k+3.
2. Chrng minh &ng ©n tai vd $ s6 hguyén & dang 4k+1.

Phwong phéap xdng thang

Mot ching minh i tiéng khac Bing phrong phap phn ching chinh 1a cing minh @a
Euler chadinh ly nhy Fermat wi truong hop n = 4.

Pinh ly. Phwong trinh X + y* = 2* (1) khéng cé ngldm nguyén dong.

Ong da g s rang phrong trinh (1) c6 ngkim nguyén dong. Khido, theonguyén ly
cuc han, ton tai nghiém (Xo, Yo, Z0) V&i Xo + Yo + 2 nho nhat. Saudc}, bing cach g dung
ciu tric nghém cia phrong trinh Pythagore®+ y* = Z, 6ngdi dén ar ton tai cua mt
nghigm (xg, y1, z1) CO X + Y1 + 21 < X + Yo + 2o. Mau thin.

Phrong phap nay tinyng duoc goi 1 phirong phap xdng thang

Bai tap

3. Ching minh &ing phrong trinh X + 3y’ = 97 khong c6 ngkim nguyén dong.
4. Ching minh &ng phrong trinh X + y* + Z = 2xyz khéng c6 nghin nguyén dong.

S dung menh dé phin dao

Chirng minh $ dung ménh @é phin ddo ciing la ndt pheong an cling minh plan ching
hay duoc sr dung. Gv & cia phrong phéap 1&ié ching minh A= B, ta c6 th ching
minh B - A. V& mat ban chit thi hai phép suy 8h nay cé ¢ gibng nhau, nhng trong
thuc # thi lai kh& khac nhau. Tathxem xét 1 vai vi d.

Vi du 1. Chizng minh ng ham 8 f(x) = la mpt don &nh ir R vao R.

X
Vx?+1
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Vi du 2. Chizng minh gng réu (p-1)! + 1 1a $ nguyénd thi p la $ nguyénd.

Trong vi di 1, 16 rang Wc ching minh x # X, suy ra f(x) # f(xz) kho khan hon viéc
ching minh f(x) = f(x,) suy ra x = %, du #ng V¥ mait logic, haidiéu nay la tong
duong.

Trong vi di 2, gin nhr khong c6 cach nao khac ngoai cactreiminh tu p la p 9, p
=r.s thi (p-1)! + 1 khéng chiahcho p.

Bai tap.

5. Cho ham&f: R > R thai man caddiéu kién sau
1) fdon diéu ;
2) f(x+y) = f(x) + f(y) wi moi X, y thuoe R.
6. Cho a, b, ¢ |a cad shuc khéng am thomandiéu kién & + b? + & + abc = 4. Cling minh éng a + b
+c<3.

Phwong phap phin vi d: nhs nhit

Trong vic ching minh nét sd tinh chit bang phrong phap phn ching, ta cé th co
thém ndt sd théng tin sung quan tng reu ar dung phan vi di nhg nhat. Y tuong 1a
dé chang minh ndt tinh chit A cho ndt ciu hinh P, ta xét it dac trung f(P) @a P 1a
mot ham co6 gia irnguyén dong. Bay gb gia St %N tai mot cau hinh P khéng c6 tinh
chat A, khi @6 < ton tai mot ciu hinh B khéng c6 tinh cit A véi f(Pg) nho nhit. Ta $
tim céch suy raiéu mau thén. L4c nay, ngodi ¢t chdng ta céau hinh B khéng cé
tinh cHit A, ta con c6 i cau hinh P i f(P) < f(P,) déu c6 tinh cht A,

Vi du 3. Cho ndi giac bi ABCDE trén mit phing taz dé c6 taz dé cacdinh déu nguyén.
a) Ching minh gng ©n tgi it nhdt 1 diém ram trong h@c nam trén @nh aia ngi giac
(khac vi A, B, C, D, E) c6 t@ds nguyén.

b) Ching minh eing ©n ti it nhat 1 diém nim trong ng giac co ta dé nguyén.

c) Cacduwong chéo da ngi glac bi cat nhau o ra not ngi giac bi nho AB:C1D1Ey
bén trong. Cling minh &ng Bn tgi it nhat 1 diém ram trong hac trén bién ng giac bi
AlBlClDlEl

Cau a) c6 thgidi quyet d& dang nky nguyén ly DirichletVi c6 5diém nén én tai it nhat
2 dieém X, Y ma @p toa do (x, y) aia ching c6 cung tinh ah ¢ (ta ch c6 4 tuong hop
(chan, chan), (chan, i), (I¢, chan) va (k, I¢)). Trungdiém Z aia XY chinh ladiém cn
tim.

Sang cau b) ly lin trénday chradu, vi néu XY khéng phi la duong chéo ma laanh thi
Z cO the s nam trén bién. Ta i ly tinh hibng nay nlr sau.Dé y ring réu XY la mot
canh, ching han 1a anh AB thi ZBCDE d@ing 1a ndt ngi giac bi c6 cacdinh co ta do
déu nguyén va ta c6 &hlip lai ly luan néu trénddi véi ngi gidc ZBCDE, ... Ta c6 th
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dungdon bién dé chiing minh qua trinh nay khéngétkéo dai mai, vatén mot ltc nao
d6 < ¢6 1 ndi giac cédiém nguyén am trong.

Tuy nhién, ta c6 thtrinh bay 4i ly luan nay nét cach @n gang nir sau: Ga S ton tai
mot ngi gidc nguy@n ma bén trong khéngrahmdt diém nguyén nao (@i vi du). Trong
tat ca cac ndi giac nhr vay, chon ngi giac ABCDE c6 din tich nfb nhat (phan vi du nho
nhat). Néu cé nhéu ndi giac nhr vay thi ta clon mot trong $ ching. Theo ly lan da
trinh bayd cau a), én tai hai dinh X, Y c6 @p toa do cung tinh chn Ié. Trungdiém Z
cia XY 5 c6 ta d6 nguyén. Vi bén trong tiggidc ABCDE khéng cdiém nguyén nao
nén XY phii & mot canh naodd. Khong nit tinh Hng quat, gi st d6 1a AB. Khidé ndi
giac ZBCDE c6 ta d6 cacdinh déu nguyén va co én tich ntd hon dién tich ndi giac
ABCDE. Do tinh nl nhit caa ABCDE (plin vi di nho nhit phat huy tac ehg!) nén bén
trong ndi giac ZBCDE c6 1diém nguyén THiéu nay mau thin vi T ding rim trong
ngi giac ABCDE.

Bai tap

7. Gii phan c) aia vi di 3.

8. (binh ly Bezout) Cting minh ﬁng réu (a,b)=1 thidn tai u, v sao cho au + bv = 1.

9. Trén mt phang danh diu mot sd diém. Biét ring 4diém bat ky trong chung ldinh aia mt tr giac bi.
Ching minh &ng it ca cacdiém duoc danh diu ladinh aia mot da giac bi.

Phan ching trong cac bai toan elg minh & khdng 6n tai
Phrong phap phn ching throng haydugc sr dung trong cadai toan kit bién hoic bai

toan phi hinhdé chiing minh & khéng thrc hién duoc. Sauday ching ta xem xét 2 vixd
nhu vay.

Vi du 4. Xét hinh vuéng ¥ 7 6. Chng minh gng ta c6 tld xoadi mét 6 @é phan con ki
khéng tle phi kin hing 15 quan trimino kich thyc 1x 3 va 1 quan trimino hinh ahL.

Ta ching minh &ing réu b di mot 6 ¢ goc trén bén trai thi ah con hi khong the phi
duoc bang cac quan triminda cho.

Dé l[amdiéu nay, tadanh $ cac 6 vudng nhsau

HI—‘I—‘HI—‘H.

NININININININ

WWWWwwlw

RlR(RR|P k|~

NININININININ

wWlwlwwwlwlw
A R
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Khi @6, nkin xét ing 1 quan trimind kich thvc 1 x 3 & che 36 1, 2, 3 (8u N6 rim
ngang) hac 3 $ giong nhau (Au né rim doc). Nhr vay tong cac 8 ma ndt quan
trimind 1 x 3 che ludn chiaé cho 3. Trong khité & thidy quan trimind hinh dhL che
3 $ ¢6 Hng khdng chia ét cho 3.

Bay giv gia sir nguoc lai rang hinh vuéng & 7 b di 6 & goc trén bén trai co éhohi
dugc bang 15 quan trimind k¥ 3 va 1 quan trimind hinh &L thi theo Iy Idn trén, éng
sb cac $ ma cac quan trimind nay cha khong chia Bt cho 3.Diéu nay mau thin vi
tong cac 8 trén cac 6 corl bing

20x 1+ 14x 2 +14x 3 =90
chia Fét cho 3!

Mau thidin trén cliing © diéu gia sir 1a sai va ta cdiéu phii chang minh.

Vi du 5. Hinh tron duwoc béi 5 duwong kinh thanh thanh 10 aibg nhau. Banfdu trong
moi & ¢6 1 vién bi. Mi lan thyc hién, cho phép ain 2 vién bi lat kp va di chuyn ching
sang 6 bénanh, 1 vién theo chi kimdong b va 1 vién ngoc chiéu kimdaong ho. Hoi
sau nt o hizu hgn lan thec hién, ta co tlé chuyén tit cd cac vién bi ¥ cing 1 6duwoc
khéng?

Néu lam thr thi chang ta&thdy ring khéng th thuc hién duoc yéu éu. Chiing ta c6 th
cung Bm 1a dn 9 vién bi ¥ 1 6, con 1 vién bi khac thi khdngethon duoc. Nheng 1am
thé ndodé chirng minhdiéu nay? i giai hda ra la khdton gian. Ta $ ding pfn ching
két hop Voi bat bién.

Ta td mau cac 6amg hai mauten téing xen K nhau. Gi S 1a tng $ vién bi iim & cac
6 den thio trang thai banfau ta c6 S = 5. Bl gia s hguoc lai rang ta c6 th dua cac
vién bi V& cung 1 6 thi trang thai cbi cung nay, ta&coé S = 0 (Au ta dn cac vién bi
vé mot 8 tring) haic S = 10 (Bu ta dn cac vién bi & mot 6 den).

Bay giy ta $ thuduoc diéu mau thén réu ta chitng minhduoc qua cacan thuc hién thi
tinh chin lé cua S § khong thayddi, tec & réu bandau S la 6 I¢ thi qua cécéan thec
hién, S § luén & $ I¢ (va € khong tié bing 0 hac bing 10).

Néu nhan xét ting cac aden téing xen k& nhau thidiéu ma chiing taam ching minh kha
hién nhién va ching téi xin danh phépralg minh chi tét cho an doc.

Bai tap
10. Hinh vudng 5 x 5ddi 6 & goc trén bén tréi. Gimg minh &ng c6 tie pha phan con hi bang 8 quan
trimino hinh cli L nhung khéng tk pha dugc bing 8 quan trimino hinh éhkich thréc 1 x 3. Tim 4t ca

céac gia ti k sao cho co thphi phan con hi bang k quan trimino 1 x 3 va 8-k trimino hinhich.

11. Xét hinh vudng ¥ 7 6. Tim #t ca cac 6 ma éu ta x6adi 6 d6 thi ptin con hi cé thé pha kin bing 15
quan trimino kich théc 1x 3 va 1 quan trimino hinh &hL.
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12. Trén vong tron badau theo nt thir tu tuy ¥ ¢6 4 $ 1 va 5 6 0. O khoang gita hai cle s giéng
nhau ta Wt 0 1 va¢ khaing gira hai clir so khac nhau ta et so 0. Cac 8 bandau bi xoadi. Hoi sau
Mot O 1an thee hién nhr vay ta co th thuduoc mot bo gom 9 $ 0?

13. Cho tiréc cac ham&fy(x) = X2 + 2%, H(x) = x + 1/x, §(x) = ¥ - 2x . Cho phép it hién cac phép
toan ®ng hai ham &, nhan hai hamds nhan nét ham $ voi mot hang $ tuy y. CAc phép toan nay cééth
tiép tuc duoc thrc hién nhiu lan trén f va trén cac & qua thu duoc. Chrng minh &ng cé tté thu duoc
ham $ 1/x tir cac ham & f;, f,, f; bing cac & dung cac phép toan trén wg diéu nay khong té thuc
hién duoc réu thiéu mot trong 3 hamf f,, fa.

Phan ching trong cac bai toandi dang thic

Trong ching minh At dang thic, phrong phap phn ching throng dingde dao diéu
kién va ket luan vai nhau trong trong hop dieu kién thi phirc tap, con lat dang thrc cin
chirng minh thidon gian.

Vi du 1. Chtng minh &ng réu a, b, ¢ la cacdsthuc khong am tha mandiéu kién & + b
+c+abc=4thi a+b+<3.

Vi du 2. (IMO 2001)Cho a, b, ¢ la cadighyc drong. Ching minh &ng ta c6 Bt dang
thirc

a b c
+ + 21
Ja?+8bc +vb?+8ca +/c?+8ab

Dé pha céc #n thic, tadat:
_ a b c

Ja? +8oc’ d Jb? +8ca’ ‘ Jc? +8ab

R6 rang x, y, 21 (0, 1). Ta &n ching minh ing x +y + 2 1. Cha y &ing
a_Z B X—Z b_Z B y2 CZ B ZZ . 1 B X2 y2 ZZ
8bc 1-x*'8ca 1-y’'8ab 1-7z> 512 1-x* 1-y? 1-7°

Nhu vay, ta én ching minh &ng
X +y+z=1, trongdé x, y, z0 (0, 1) va (1-R)(1-y)(1-2) = 512%y?*Z

Nhung réu x +y + z < 1 thi theodbdang thic AM-GM ta c6

(1) (1Y) (1-2) > ((x+y+2F-x°) (x+y+2)-y) ((x+y+2)-2)

= (y+2)(y+z+2X)(z+X)(z+Xx+2y)(X+Yy) (x+y+22)

> 2(yz)"2.4(y28) . 2(zx)2.4(zxyP) V4.2 (xy) 2. 4(xy D) = 512Xy°Z°.

Mau thihn.

Vi du 3.Cho a, b, ¢, d la caé shuc khéng am céoing bing 4.Dit
Fi = (1+e) (1+0) (1+¢)(1+d)
Chang minh ang K > Fs.
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Gia s nguoc lai, ton tai bo bdn & (a, b, ¢, d) thaman: a, b, c,d0,a+b+c+d=4va
Fa< R (D).

Theo tit ding thic Cauchy-Schwarz, ta cGfp > F?, FBFy > B2, BFy > F2 (2). T (1)
va(2)suyraF< <k <F<Rk=16 (3). Tt (3)tacd k< 16, suy ra max(a,b,c,d) <
2.

Dé dan t6i mau thin voi (3), ta € ching minh i > Fy (4). Pn nay cfiing minh king
don bien vaduoc xem nlw mot bai ép.

Vi du 4. (Cezar Lupu) Cho a, b, ¢ la c&t thuc dwong thva mandiéu kien a + b + ¢ +
abc = 4. Cting minh &ng
a_ . b L C 2@
Jbtc Je+ra Jatb 2
Giai.
Theo kit dang thrc Cauchy Schwarz, ta c6

b C
a\/b+c+b\/c+a+c\/a+b{ a_. + ]2 a+b+c)?
( Jo+c Jc+a Ja+b ( )

Tiép tuc &p aing kit ding thrc Cauchy Schwarz
J(@+b+c)(a(b+c)+b(c+a)+c(a+h)) 2aV/b+c+bJc+a+c/a+b
Tur dé suy ra

a N b N c 2£.(a+b+c) a+b+c
Jb+c +Jc+a Ja+b 2 \ ab+bc+ca

Nhu vy ta ch con é@n ching minh a+b + & ab + bc + ca.
Bat dang thirc Schurvéir = 1 ¢6 tig viét dudi dang
9abc
atb+c
Bay giv gia sir nguwoc lai, tacéa+ b +c<ab + bc + cathi
9abc
atb+c
Suyraa+b+c<3.Nimg khidbé abc < 1vasuyra4=a+b+c+abc <4, méinth

.(a+b+c)

> 4(ab+bc+ca) - (a+b+c)?

> 4(ab+bc+ca) - (a+b+c)®> >(a+b+c)(4-(a+b+c)) =abga+b+c)

Bai tap

14. (MOP) Cho m> 2 & dinh. Cho X, ..., %, la c&c 8 duong thva mandiéu kién

X, + X+ X —i+i+ +i
2 He X et
Ching minh &ng r 1 ..+ ! <1l
n-1+x, n-1+x, n—-1+x,
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1 1
+

+ =1. Cheng minh &n
a’-1 b*-1 c¢*-1 9 9

15. (Pu-Ro Loh) Cha, b, ¢ > 1théa mandiéu kién

1 1 1
+ + <1
a+l b+1 c+1

16. Choa, b, cla cac 8 thuc drong thva mandiéu kien L +%+1 > a+b+c. Ching minh éng
a C
a+b+c>3abc

17.(IMO 1991) Cho tam giac ABC wdiém P rim trong tam gidc. Gmg minh &ng bt trong
cac g6dJPAB, PBC, PCA nb hon haic bing 30.

Mét s6 dinh ly va tinh chit chizng minh lang phrong phéap pin ching

Cudi cling, ta & dung phrong phap phn ching dé ching minh nét s5 tinh cHit quan
trong trong clrong trinh toan Olympic.

Pinh ly.
a) Néu p la $ nguyénd dgng 4k+1 thi n tzi X sao cho %+ 1 chia Rt cho p;
b) Néup la 8) nguyen& dang 4k+3 thi khongdn tzi X sao cho %+ 1 chia ket cho p.
c) Néup la s) nguyen(ﬁ dang 6k+1 thi 6n tzi x sao cho %+ 3 chia Kt cho p;
d) Néu p 1a $ nguyénd dang 6k+5 thi khongdn tai x sao cho %+ 3 chia két cho p.

Chirng minh
a) Gia sr nguoc lai, khéng bn tai x sao cho &+ 1 chia it cho p. Xét a fit ky thudc
A=1{1, 2, ..., p-1}. D& dang cling minhdugc ring ©n tai duy nhit m(a) thc A
sao cho a.m(a¥ -1 (mod p). n nita, réu a# b thi m(a)# m(b). Cwi cung, do
khong Bn i x d@ x + 1 chia It cho p nén & m(a). Nhr vay cac $ 1, 2, ..., p-1
duoc phan thanh (p-1)/2ip (a, b) Wi a.b= -1 (mod p). Nhan caddng dr thirc
nay ki vaéi nhau, chu ky (p-1)/2 = 2k, ta ¢co
(p-1)!= (-1)*= 1 (mod p)
Diéu nay mau than véi dinh ly Wilson: (p-1)'= -1 (mod p)!

b) Gia sir ton tai X sao cho X+ 1= 0 (mod p)
= x?=-1 (mod p)
= (x3)%*=-1 (mod p)e x**?=-1 (mod p)
Mit khac, theatinh ly nhd Fermat, ta c6
x**2=1 (mod p)
Tu day suy ra 2 0 (mod p), mau tHim. Vay diéu gia st & sai, trc 1a khdng én tai x
sap cho &+ 1 chia 6t cho p.
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c) d)Pugc ching minh trong tr da vao day rénh & trong duong sau
Plrong trinhddng dr x* + 3 =0 (mod p) cé nglém
& Phrong trinh X + x + 1= 0 (mod p) c6 ngkim
& Phrong trinh ¥ =1 (mod p) c6 nghim x+# 1 (mod p).

inh .
Nu f: R 2 R |4 ndt ham @ng tinh nlweng khéng tugn tinh, thids thi G(f) = (x,
f(x)) tru mit trong R.
C6 ngha 12 réu f(x+y) = £(x) + f(y) Wi moi X, y thuic R va khongdn ti a thusc R
sao cho f(x) = ax thi G(f) tru éntrong R

Chiang minh.Gia sir f 1a mot ham éng tinh nleng khéng tugn tinh. Tadat ¢ = f(1) va
chon $ thuc a sao cho ff) # ca. Ta xét ham&g moi

g(x) = f(x) —cx .

f(a)-ca
Tinh ®ng tinh @a f suy ra g @ng @ng tinh trén R. kin nra g(1) = 0. § dung tinh éng
tinh aia g, ta suy raang g(q) = qg(1) & moi q hitu ty. Nhu vay ta c6 g(q) = 0 &i moi g
hiru ty.

Xét mot dia DX, y) bat ky. Chon $ hitu ty g sao cho |g-y| < r/2 vé &itu ty p sao cho |p
— (X-qu)| < r/2. Khidé ta c6

(p+ o -x)>+ (q-yf < Pld + PlA=Fl2 < P.
Nhu vay diém (p + o, ) ram trongdia Di(x, y). Hon nita, theo tinh éng tinh @a g, ta
co

9(p+ap) = g(p) +99@) = qg@) = g
Suy radiem (p + ou, q) lam trén G(g)do thi cua g.

Piéu nay chiing © rang moi dia my trong R déu chra mbt diém naodoé cia g. Ta va ni
vay G(g) 1a tru nat trong R. Ta quay i lai voi f va € sir dung théng tin nay. Ta c6
f(x) = ug(x) + cx,
trongdé u = f@) - ca. Xétdia D(a, b) kit ky trong R. Xétdia Dduoc cho i
D = Dy(a, (b-a)/u),

2
Vi s= /r—,ﬁ:max{2u2,1+202}.

Vi G(g) tru mit trong R, ta timdugc $ thuc y sao cho (y, g(y)) ttee D. Bay gb xet
diém (y, ug(y) + cy) thac G(f), phép lkdm tra trrc tiép cho thy diém nay théc Di(a, b)
. biéu nay clirng © rang G(f) tru mit trong R.

Pinh ly.

Cho f, g, h 1a cada thirc thusc R[x] thai man cécdiéu kign
i) deg(f) = deg(g) + deg(h)
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i) deg(g) > deg(h) hac deg(g) = deg(h) va g* + h* 0, trongdd g*, h*
tirong g 1a cac ki s6 cao nhit cia g va h.
Khi @6 véi moi n nguyén gong, ©n tai khéng qua 1da thic P(x) cé lic n thai man
diéu kien
P(f) = P(9)P(h).

Chirng minh:
Gia sr P lada thrc bac n tha man plrong trinh (1), deg(f) = f, deg(g) =g, deg(h) = h,
cac ¢ sH cao nlat caa P, f, g, hitongung 1a P*, f*, g*, h*. So sanhés) cao nlit hai
cua cacada thrc trong plwong trinh

P(f(X))P(g(X)) = P(h(x))
ta co P*(f*jq P*(g*)" = P*(h*)" tir 46 suy ra P* = (h*/f*g*).
Nhu vay, néu gia sir hguoc lai, ton tai mot da thic Q kic n (khac P) #ng tha man
phuong trinh (1) thi Q* = P*vata co

Q(X)=P(x) + R(xX) wi 0<r=deg(R) <n
(ta quyudc bic ciada thrc dong nHit 0 bing -0, dodé deg(R)= 0 d6ng ngha R khéng
ddng ntit 0)

Thay vao phrong trinh (1), tatuogc
(P(f) + R())(P(9) + R(g)) = P(h) + R(h)
& P(HP(g) + P(NR(9) + R()P(9) + R(NR(g) = P(h)R(h)
& PMR(9) + R(NP(g) + R(NR(9) = R(h) (2)
Bay giv ta xét cac trong hop
) deg(f)# deg(g). Gi sr f > g. Khido bic cua cacda thrc ¢ vé trai (2) n luot
la nf+rg, rf + ng, rf + rg, va do nf + rg > rfAg > rf + rg nén & tréi co Hc 1a
nf + rg. Trong khid6 vé phai c6 bic 1a rh = r(f+g) < nf + rg. Mau g
i) deg(f) = deg(g). Khit6, haida thic dau tiéng vé trai aia (2) clng co &t 1a nf
+rg=ng + rfvaco lé]Xay ra sr triét tiéu khi thec hién phép éng. Tuy nhién,
xét h¢ s cao nlat cua haida thic nay, ta co &isd cua X' * " trongda thic thi
nhat va thr hai Bn luot bang P*(f9)"R*(g*)", R*(f*) "P*(g*)". Nhu thé, bic caa
x"™9 trong Hng haida thrc bing
P*R*f* 'g*(F "D4+g*™) £ 0 do f* + g*# 0. Nhr vay, bic caa & tréi aia (2)
van la nf + rg, trong khité bac caa \é phai 1a rh = rf + rg < nf + rg. Mau thin.

binh ly duwgc ching minh hoan toan.

Bai tap

18. Chirng minh &ng cac plrong trinh sawtay khdng cé nglém nguyén dong
a)dxy—x-y=%
b) ¥ -y =7.

19. Ching minh &ng khéng én tai ham $ f: N* > N* thoa man cagtiéu kién:
a) f(2) = 3;
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b) f(mn) = f(m)f(n) \&i moi m, n thibc N*;
c) f(m) < f(n) woi moi m < n.

20. Hoi c6 ©n tai hay khdng cacésnguyén x, y, u, v, t e mandiéu kién sau

X+ Y = (x+1F + P = (x+2f + V= (x+3F + £

21. Chirng minhdinh ly sau Cho f, g, h la cada thrc khong fing thha mandiéu kién deg(f) + deg(g) =
deg(h), Q la rit da thic cho trée. Khi dé, voi mdi s nguyén dong n va é thuc a, Bn tai nhiéu nhit
mot da thrc P thha manddng thyi cacdiéu kien sau: i) deg(P) = n, i) P* = aiii) P()P(g) £ + Q.

2. Quy nap toan hoc

Quy ap toan foc la nbt trong nliing nétdac trung aia suy lén trong toan be. Tu duy
quy rep rat can thiet trong  hoc, dai o, t hop, hinh foc va gai tich, néi chung Ia trong
tat ca cac Inh wrc cia toan bc.

Quy rup toan vc va hit dang thic

Gap cc lat dang thic c6 nhéu bién 9, ta c6 tik ngh ngaydén phép quy ap toan hc.
Di nhién, vEc ap ding quy rap thé nao ludn la & mot nghe thuat.

Vi du 1. (Cheng minh fat dang thrc Cauchy bng quy rp tién).
Cho a, &, ..., & la cac ® thuc khéng am. Ging minh eng ta luén co

a +a,+..+a, =2n/aa,..a,

Trong cc tai Bu, bit ding thic nay throng duoc ching minh tang phép quy ap 1,
hayquy mzp kieu CauchyO day chang ta trinh bay éhphép clirng minh khac.

Co s quy rap V6i n = 1, 2duoc kiém tra & dang. Gi sir bat dang thrc da dugc ching
minh cho n 6. Xét n+1  khong am g &, ..., 8.1 Dat ad...a,1 = A" Néu tit ca cac
s6 bang nhau thi £t ding thrc ding. Trong tt‘rcrng hop naroc lai, phai ton tai hai 9 a, 3
sao cho &< A < g. Khong mt tinh Hng quat, co6 thgia sr &, < A < 1. Khi do6 ta co (8
—A)(@+1—A) <0, suy ragt+ a.+1 > aa/A+ A . Tudb taco

qtaxt..Fagtan >art ..+ At adna/A +A(L)
Bay giv ap dmg bat dang thrc Cauchy chmsd a; + ... + @nq + anan+1/A taduoc

a'nan+1 —
at+ta,+..+ta_ +ta, = ni/alaz...an_lT =nA

Két hop vai (1) tadugc dpem.

Vi du 2. Cho n>2va cho X, %, ..., % la cac @ thec thusc [0, 1]. Ching minh king
X1(1-%) + Xo(1-Xg) + ... + X,(1-%) <[n/2]
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Van dé ¢ bai toan nay lasc ching minh fr n > n+1 trong teong hyp n chin 1a khong
thé (do lacdd vé phai khdng thayddi va ta én ching minh plin thay déi ¢ vé trai ntd
hon hay king O:

Xn(1-%n+1) + Xar2(1-%1) — Xo(1-%) <0
<=> X1(X1'Xn+1) + )$n+1(1'xl) SO
R6 rang bdu thc Vé trai co thé nhan ca nhirng gia ti dwong va lrdc quy rap cia chiing
ta khéng tlrc hién dugc.

Ta ¢ tit vuot quaduoc kho khin nay rgu thre hién béc quy rmp nhay céch tic la tr n
- n+2. Khido, do [(n+2)/2] — [n/2] = 1 nén tae ching minh:
0 Xn(1X0e1) * X0e1(1-Xne2) + Xnea(1-X0) — %y(1-Xg) < 1.
biéu nay trong duong wi
A= Xn(Xl'Xn+1) + Xn+1(1'Xn+2) + Xn+2(l'X1) < 1.

Bat ding thrc nay co th ching minhdugc kha @ dang (chiing téi danh charbdoc).

Cudi cung, ta &n ching minhco s quy rp, trong trdng hyp nay 1a tedng hyp n = 2
van=3.

X1(1-%2) + %(1-X1) < 1
va

X1(1-%2) + Xo(1-X3) + Xa(1-%) < 1

Bat dang thic thir nhat dang do
o Xa(1xg) + %(1-x) = 1= (1-%)(1-%) — XX < 1
Bat dang thrc thir haidang do
X1(1-X) + Xo(1-X3) + Xg(1-X1) = 1 — (1) (1-%)(1-%) — XuXoXs.

Chu y #ing, trong phép aimg minh Kt dang thic A < 1 (phép cting minh quy ap) c6
thé sir dung dén bat dang thrc xy(1-xp) + Xo(1-X3) + X3(1-%;) < 1.

Vidu 3.Chon=2vax, %, ..., % lan s nguyén phan bt. Chrng minh ring
(Xa-Xg)” + (XaXa)” + ... + (% — %)* 24n — 6

Ta thr xét hrgc quy rap tr n = n+1. Khidé vé phai thay doi 4 don vi, trong khi thayddi
& Vé trai 1a

) A= (Xn'xn+1)2 + (Xn+1'X1)2 - (- X1)2
Ta cn chrng minh A= 4.

Néu nhin K lai bat dang thic cin ching minh va cadiéu kién rang béc thi ta thy ring
bat dang thic A = 4 n6i chung khéngung ! Vay phai 1am thé nao?

Ta viét lai bat dang thirc dudi dang
A = Xn12(2Xn1-Xn-X1) + 2XXn
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Bay giv, ta mvi chil ydén hai tinh ct quan tong aia bit dang thic bandau
1) Vé trai khong thayidi néu ta ®@ng thém vao @i sb hang x mot dai lugng a &
dinh. Dod6 ta c6 th gia Sir Xu.1 = O
2) bay 1a Hit ding thrc hoan v, do d6 ta cO th gia St Xpq =
MIN{X 1,Xo, ..., Xn,Xn+1}
Tu day suy ra A = 2%, > 2.2 =4 (Vi X, % > 0 |14 cac & nguyén phan Bt nén x1x2>
1.2=72).

Bai toandugc giai quyét.

Vi du 4. Cho céqé duong a, &, ..., & thoa mandiéu kién a + & + ... + & = n. Chirng
minh rang ta co bt dang thrc

i+i+...+i—n28(n2_1) l-aa,..a,).
a a a, n

Giai. ’ 7

Ta chrng minh Kt qua tong quat lon
1 1 1
—+—+.+—-n2m,(1-aa,..a,)
a a a,

8(n-1
n®
Véi n = 1, Wit dang thrc hién nhiénding. Gi sir bat dang thic da ding dén n = k, ta

chirng minh [t dang thic ding ddng i n = k+1. THt vy, gia St au1 = max{a, &, ...,
&}, suy ra b:wgl batb =a/b suyrab+hb +... +h =k Chuyla

véi moi m, <

. kb+a,, " 8k  8k-1
mk+1bk 1a|<+1 < rnk+1bkak+1 < mk+1(k—+{1J =mg,, = (k +1)2 s (kz
Do d8, sr dung gi thiét quy rap ta cé

1 +...+bi ~k=m,_b"a,,(1-b.b,)
K
= i + +i _E 2 mk+lbkak+1 (1_
8 g b

ai...ak)

bk

1 1 L K
e —+..+—+m,a.8a4a, _B+mk+1b Ay

) & 8y
Cuoi cung, ta phi chirng minh
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% + mk+1bkak+1 +i - k _1_ I’nk+1 2 O
k+1

kel k+nEm.a-ba)

a'k +1

k 1
o —+———(k+D)=2m,, (L-b*(k+1-kb
o ok KDz me b )
k(k +1)
s = b(k +1-Kkb)(L+ 2b+...+ kb*™)

8k (k+1)*
s 1)2,b L bk +1-kb) < ==

~

Bat dang thic nayding vi m,, <
Vay ta codiéu phai chiztng minh.
Bai tap

1. Chirng minh Bng Wi X, = X, > ... = X, 2 0 ta c6 At ding thic

2. Ching minh éng réu a, &, ..., & la cac 6 nguyén dong phan bit thi ta c6 Bt dang thrc
2
n n
D@ +a)2 2(2 a"’j
i=1 i=1
3. (Bat dang thrc Mc-Lauflin) V6i moi sb thuc &, &, ..., @, va b, by, ..., by, ta co Bt dang thic

2n n 2 2n 2
zaszrf (z<a2kb2k-l—a%-lb2k>j z[zakbkj
k=1 k=1

4. Cho X, X, ..., X, la cac 8 thuc deong. Ching minh &ng
n Xi2
D I
i=1 Xi + Xi+1Xi+2
trongdd  Xn+1 = X1, Xae2 = Xo.

NS

5.Cho & @&, ..., & la cac 8 thuc drong thva mandiéu kién a + & + ... + @ = n. Ching minh éng
(n-1)(@*a’ +...+a/’) + nag...a, > In"

6.Chon>3vaa, &, ..., & la cac 8 nguyén dong thva mandiéu kien b = CETL ] nguyén i moi
&

i=1,2, .., n0daya. =a, &= a). Ching minh &ing khido ta c6 Bt dang thic
2n<> b <3n-2
i=1
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Quy rup trong $ hoc

Quy map dugc St dung 1Ong réi trong & hoc, dic biét 1a trong cac bai toanéviong dr, vé
bac theo modulo m. i day ta xem xét Bt so vi du kinh dién.

Pinh ly nhé Fermat: Néu p la  nguyén é thi a® — achia ft chop véi moi a nguyén.

binh ly nay c6 th ching minh ting phép quy #p toan hic, s dung tinh clat C¥ chia
hétchopwimoik=1, 2, ..., p-1.

Vi du 4. (VMO 1997) Chirmg minh ing wi méi s6 nguyén dong ndéu chon dugc 9
nguyén atong kdé 19 — 97 chia Bt cho 2.

V6in=1,n=2tacbn k=2 nén chcon xét ¥i n> 3. Ta c6 nAn xét sau
1997 —1=2"t_ Véit, lé. (1)

That vay, véi n = 3, khingdinh 1dang. Gi sir khang dinh ding Wi n. Khi d6
1997 -1= 19" - 1)9*" +1) =2s 2"t, =2"(s.t.) VO (Sutn) lé.

Nhan xétdugc chrng minh.

Ta chrng minh bai toandng quy mp. Véi n = 3ding. Gi sir ton tai k, thusc N* sao cho
19 -97=2"a
Néu a clin thi 19% —97 chia Ft cho 2.,. Néu a B, dit k.1 = k, + 2¥2 Khi d6 theo nhin
xét ta co
199 -97=19%" 19 -97)+ 9709"  -1) = 2'(19* a+97t )
chia Ft cho 2" (dpcm).

Bai tap

4. Ching minh &ng Wi moi s6 nguyén dong n $ n! thaa mandiéu kién sau: wi moi uwéc & cia no,
khac i n! c6 the tim dugc Mot wdc O khac @a n! sao chodhg haiudéc $ d6 lai la wée  caa n!.

5. Ching minh &ng réu 5 nguyén dong N c6 tié bieu dién droi dang Bng binh plrong aia ba §
nguyén chia é cho 3 thi n6 &ng co ti¢ biéu dién dudsi dang Hng binh plrong aia ba § khdng chia Bt
cho 3.

6. Ching minh &ng Hn tai vo s5 hop $ n sao cho3'— 2"* chia ét cho n.
Quy rup trong cac bai toan tro ch
Céc bai toan tro ahi chinh 1a dng toan & dung dén quy rap toan lc nhu nhit. Cha y

la quy rip toan loc day du bao @m hai ptan: dr doan cong thc va ching minh cong
thirc va trong 4t nhiéu treong hop, viéc de doan cdng thic déng vai tro then dt.
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Vi du 5. Hai ngweoi A va B cling chi mét tro chpi. Bandau trén ban cé 100 viére&. Hai
nguoi thay phién nhau dt keo, mii lan diroc boc k vién vi k [7{1, 2, 6} . Hii ai la
nguoi O chien thuit thang, ngeoi di truéc hay ngroi di sau?

Ta € khong it dau tir 100 vién ko ma kit dau tir nhitng $ keo nho hon. Gia sir bandau
trén ban co6 n viéndo. Néu n = 1, 2, 6 thi rd rang ngi thir nhat c6 chén thuat thing (ta
goi don gian 1& ngroi ther nhat thang). V6i n = 3 thi ngoi thir hai thing, byi nguoi thi
nhat chi c6 thé bdc 1 haic 2 vién vawong ttng ngroi thir hai e 2 hay 1 viéndé thang.
Véi n = 4 ngroi thir nhit thing ting cach Be 1 vién ko vaday nguoi the hai vao th
thua. Trong tr, v6i n = 5 ngrdi thir nhat thang. Voi n = 7, ngroi tha hai thing vi ¢ ba
cachdi co thé cua ngroi tha nhat (bdc 1, 2, 6 vién)iéu din dén thé thang cho ngoi thi
hai (trongthg con 6, 5, 1 viéndo trén ban), n = 8 n@i tha nhit thang ...

Bang céach Iy lan trong tr nhe vy, ta Bp duoc bang sau

n 112 |3 |4 |5|6]|7 |8 |9]10]11]12 |13|14 |15 |16]|17
KQ|1j1 j2j/j12 1,12 |1 |12 |1 |1 |1 ]2 |1 |1 |2

Tir bang ket qui, c6 the du doanduoc languoi thir nhat s thang reu n cé 8 dir la 1, 2,
4,5, 6 trong phép chia cho 7, vauag thir hai £ thang reu n cé 8 dir 1a 0, 3 trong phép
chia cho 7.

Sau khi c6 d doan ta tim cach ¢img minh clit ché du doan @ia minh téng phép quy
nap toan loc. Pat n = 7k+rwir=1, 2, ..., 6, 7 ta ang minh dr doan trén bng quy rap
theo k. Wi k = 0 ménh dé da duoc kiém chrng qua Ang trén.

Xétn=7Kk+1)+rvir=1,2,..,6,7
Néur =1, 2, 6, ngoi thir nhit béc trongtng 1, 2, 6 viérdé dua & truong hop trén ban
con 7k+7 vién ko |a thé thua cho ngoi thir hai (theo gi thiét quy rap), vi thé nguoi tha
nht thing.
Néu r = 3, ngroi thir nhat c6 3 cach éc

+ Boc 1 vién, con 7(k+1) + 2 la érthing cho ngoi tha hai (ta wra ching minhg
trén)

+ Bbc 2 vién, con 7(k+1) + 1ybng tr ciing | thé thing cho ngoi tht hai

+ Bbc 6 vién, con 7k + 4 vién la éhthing aia ngroi tha hai (theo gi thiét quy
nap).
Nhu vy treong hop ndy ngrdi thi nhat thua.
Néu r = 4, 5, ngoi thir nhat béc trongtng 1, 2 viéndé dwa \é truong hop 7(k+1) + 3 14
thé thua cho ngoi thir hai, va vi 9y nguoi thir nhét thang.
Cudi cung, teong hop r = 7, ngroi the nhat 6 3 céach éc

+ Boc 1 vién, con 7(k+1) + 6 Iaéhhang cho ngoi thr hai (chrng minho trén)

+ Bbc 2 vién, con 7(k+1) + 5 ladtthing cho ngoi the hai (ching minho trén)
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+ Boc 6 vién, con 7(k+1) + 1 laéithing cho ngoi thir hai (ching minha trén)
Vay nguoi thir nhat thua.

Nhu thé du doan @a chiing tatd dugc chrng minh hoan toan.
Vi 100 chia 7 ¢ 2 nén theo ly lan ¢ trén thi ngoi tha nhat cé chén thuat thing.

Vi du 6. Cdu bé va Freken Bock cungdiimgt trd choi. Trén ban cé @it so keo. Budc di
dau tién, ¢iu bé chia 8 keo thanh 3d@sng khac 6ng, saudd Freken chn ra 2 dong duwa
cho Carlsongéng con &i Freken ki chia ra thanh 37ong khac 6ng va @u bé ki chon
ra hai dong dwa cho Carlsondong con &i chia thanh 3d@ong khac 6ng ... Aidén luot
minh khongfi dwoc niza thi thua. Wi ai 1a ngroi c6 chién thuit thing réu trén ban co:

a) 7 vién ko ;

b) 9 vién ko ;

c) 12 vién ko ;

d) 14 vién ko ;

e) Mdt 6 keo hit ky.

Bai tap

7. a) Trén bng c6 $ 2010. Hai ngoi A va B cung luan phién tie hién tro choi sau: Mbi lan thyc hién,
cho phép xodi s6 N dang c6 trén 4ng va thay bng N-1 hac [N/2]. Ai thu duoc 5 0 tréc 1a thing
cudc. Hoi ai la ngroi c6 chién thuat thang, ngroi di trude hay ngroi di sau.

b) Cung caudi vai luat choi thay doi nhu sau: Mi lan thyc hién, cho phép xodi sé N dang c6 trén
bang va thay bng N-1 hac [(N+1)/2].

8. C6 king chir nhat gom m x n 6. Hai ngoi A va B cling luan phién nhau t6 mau caaia bing, ndi lan
t6 cac 6 4o thanh njt hinh clit nhat. Khdngdugc phép to niing 6da t6. Ai phii to 6 cwi cung la thua.
Hoi ai la ngroi c6 chién thuat thing, ngroi di trudc hay ngoi di sau?

9. An va Binh chi tro doan $. An ngh ra mt s naodé ram trong p hop X = {1, 2, ..., 144}. Binh c6
thé chon ra ot tap con it ky A cia X va i « S5 ciia kan ngh ¢6 rim trong A hay khong ? ». Arg $ra
lo6i C6 haic Khong theaing sr that. Néu An tra 16i c6 thi Binh phi tra cho An 2.00Gi6ng, réu An tra
lo6i Khéng thi Binh phi tra cho An 1.00Giong. Hoi Binh phii tot it nhit bao nhiéu €in dé chic chin tim
raduoc  ma Anda ngh ?

Quy rzp trong bai toan#ém
Xay deng cong tikc truy ki 1a mot trong ntiing phrong phap quan ¢éng dé giai bai toan

dém. Tu tuwong quy p o day fat rd rang: Dé tim cong thkc cho bai todmtém i kich
thudc n, ta & dung két qua caa bai toardém teong tr voi kich theée nho hon.

Vidu 7. (Bai toan chia éo cua Euler)
Cho k, n la cacénguyén dong. Tim 8 nghigm nguyén khong amia phrong trinh
X+ Xo+ ... +X, =K *)
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Giai. Goi s6 nghiém nguyén khong am cua phuong trinh trén 1a S(n, k). Dé dang thay
riang S(1, k) = 1. Dé tinh S(n, k), ta chd y ring (*) twong dwong véi
X; + ot X =k - x, (F%)
Suy ra v6i X, c6 dinh thi s6 nghiém cta (**) la S(n-1, k-x,). Ttr d6 ta dugc cong thic
S(n, k) = S(n-1, k) + S(n-1, k-1) + ...+ S(n-1, 0)
Day c6 thé coi 1a cong thifc truy héi tinh S(n, k). Tuy nhién, cong thic ndy chua that tién
lgi. Viét cong thic trén cho (n, k-1) ta dugc
S(n, k-1) = S(n-1, k-1) + S(n-1, k-2) + ...+ S(n-1, 0)
Tur day, trir cdc dang thiic trén vé theo V€, ta duoc
S(n, k) - S(n, k-1) = S(n-1, k)
Hay S(n, k) = S(n, k-1) + S(n-1, k)
Tur cong thiic ndy, bing quy nap ta ¢ thé chitng minh dugc ring S(n, k) = C*,, ;.

Trong nhéu trudng hop, viec xét thém cac bai toan pisé giup ching ta tiét 1ap nén cac
hé pheong trinh truy i, tir 46 suy ra céng tirc truy i cho cac bai toan chinh.

Vidu 8 Xéttip hop E = {1, 2, ..., 2010}. ¥ tdp con A khacdng aia E, tadat
(A)=a;—a+ ... + (-1)a
trong do a, &, ..., & la tat ca cac plin tr cia A ¥p theo thi tir giam din. Hay tinh éng
S=>r(A).
AJE

bit B, ={1, 2, ..., njvas, = Y r(A). Xét S.,, bing cach chia cadgp con ¢a B,

ADE,
thanh 2 lai, loai kh6ng chira n+1 va cha n+1,ta co
Sia = XM (A= D r(A+ D r(AO{n+1}) = D r(A+ > (n+1-r(A) = (n+1)2".

AOE, 4 ATE, ATE, ATE, ACE,

Ghi chu.bay la tinh héng may nin dic biét khi chidng ta truy & ma khéng truy bi,
nghia la radugc céng thirc twrong minh ludn.

Vi du 9. C6 2n ngoi xép thanh 2 hanget. Héi c6 bao nhiéu cach ¢im ra mjt s6 nguoi
(it nhdt 1) tr 2n ngeoi nay, sao cho khdng cé haiméj ndo diing K nhaudwec chpn.
Hai ngroi ditng ke nhau la hai ngoi c6 s thiz t lién tiép trong ndt hang @c haic c6
cung $ thi tir ¢ hai hang.

Goi S, 1a 9 cach chn ra npt sH Nguoi tir 2n Ngroi xép thanh 2 hangat va T, |a§§ cach
chon ra ndt s6 nguoi tir 2n-1 ngrdi Xép thanh 2 hangat, trongdé khuyét mot cho & dau
cia mbt hang. Tac6 S=2, T, = 1.

1|3

214

Hinh 1. Své6in=5
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HZ

Hinh 2. T,v6in =5

Xét 2n ngroi xép thanh 2 hangat (nhr hinh 1). Ta xét cac cach @htha mandiéu
kién dau bai. Xay ra cac kh niang sau :

1) Ngudi ¢ vi tri &6 1 dugce chpn @ Khidd ngroi & vi tri $5 2 va $ 3 khdngdugc
chon > C6 T, + 1 cach cbn (+1 1a do b sung cach ajn « khdng chn gi
ca» )

2) Ngudi & vi tri 6 2 dugc chopn : Twong tr, ¢6 T,.1 + 1 cach cbn.

3) Ca hai ngroi ¢ vi tri $5 1 va $ 2 déu khdngduoc chpn: Cé S, cach chn.

Vaytacod S= S+ 2Tt 2 (1).
Xét 2n-1 ngoi xép thanh 2 hangat (nhr hinh 2). Ta xét cac cach@htha mandiéu
kién dau bai. Xay ra cac kh nang sau :

1) Nguoi & vi tri $ 1 duoc chon : Khi dé ngroi ¢ vi tri &6 2 khéngdugc chon >
cO T,.1 + 1 cach cbn

2) Ngudi & vi tri 6 1 khdngdugc chon : cd $.; cach chn.

Vaytaco =S+ Tha+1(2)

Tr(Dtasuyra2l;=S-S.1-2, 2T, = S+1— S — 2. Thay vao (2), tduoc
S-S -2=281+§-S1-2+2
SH=29+S1+2
Tu day & dang timduoc
s - (1+\/§)n+1+(1_\/§)n+1_2
" 2

Bai tap

10. Tim $ céach lattuongdi kich theéc 3 x 2n ling cac vién geh kich throc 1 x 2.
11. Tim $ tit ca cac b n & (X, X, ..., %) sao cho

()x=+1wii=1,2, ..,n

(0 +X%+...+%x<4Wir=12,..,n1;

(i) X1+ X+ ... +x%=4.
12. Trén ban c6 36%m bia ma trén gt Gp xwbng aia n6 cé ghi caciskhac nhau. Wi 1.000d6ng An c6
thé chon ba fim bia va yéu au Binh gép xép ching i trai sang phi sao cho céacdsviét trén chingtuoc
xép theo thir tu ting din. Hoi An, bo ra 2.000.000 c6 &hchic chin sip xép 365 fm bia sao cho cads
dugc viét trén changtugc xép theo thir ty ting din hay khéng ?

13. (Bai toan corgch, IMO 1979) Gi A va E |a haidinh doi dién aia mjt bat giac. Tr mot dinh kit ky
ngaai tre E, conéch nhiy den haidinh ke. Khi n6 nhiy den dinh E thi n6 ngng hi. Goi a, la © cac
duong di khadc nhau & ding n lwéc nhy va ket thic ki E. Chrng minh &ng an,1 = O,
a : (2+\/§)n—1 _ (2_\/§)n—1

: 72
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Quy rup va ndt 6 dinh ly trong i wu 6 hop

binh ly 1. (Hall, 1935) Chai thi hai phe X, Y. \6i mdi tap con A thigc X, goi G(A) la
tap cacdinh thc Y ké voi mot dinh naodo thuwe A. Khi @6 diéu kién can vadu dé ton
tai mot don anh f: X Y sao cho x &f(x) 1a |G(A)|> |A| vsi moi A khac Bng thuhe X.

Ching minh Diéu kién cin 1a hén nhién: Nu ton tai don anh f thi wi mdi A = {X 1, %o,
..., %} thudc X, ta cé G(A) chia cac phn tr phan bét f(x,), ..., f(x), dodd |G(A)[>r =
|A.
Ta chrng minhdiéu kién da bang quy rp theo |X|. Khi |X| = 1, King dinh & hén nhién.
Gia s dinh ly ddding Wi cac fip X véi |X| < n. Gia s bay g [X| = n. Ta xét hai triong
hop:
1) Gia sir véi moi A O X (A £ X), ta ¢6 |G(A)| > |A|. GIn mdt phan tir X, bat ky thuoe X,
theodiéu kién |G({xo})| = 1, dodd tn tai yo thudc Y ké véi X. Tadit f(Xo) = Yo. Bay gb
xét X' = X\p3vayY =Y \{y}, A OX vaG'(A) la tap cacdinh thbc Y’ ké véi A. Khi
d6 |G’(A)|> |G(A)| - 1> |A]. Vi [X’| < |X| nén theo githiét quy rap, ©n tai don &anh f: X’
- Y’ sao cho f(x) & x voi moi x thuoc x. B6 sung thém f(¥) = y, taduoc don anh f: X
- Y thoa man yéu au dinh ly.
2) Trong teong hyp ngroc lai, ton tai A O X (A # X) sao cho |[G(A)| = |A|. Khio, do |A|
< [X| nén én tai don &nh f: A> G(A). Xét X’ = X\ A, Y’ = Y \ G(A). Xét B thbc X’ va
G(B) la tip cacdinh thuc Y’ ké véi B. Néu |G(B)| < |B| thi ta c6

IG(ALI B)| = |G(A)] + |G(B)| < |A| + |B| = |A B|
mau thdn véi diéu kién dinh ly. Nhr vay ta cé |G(B)p IB| wsi moi B thuoc X'. Theo ga
thiét quy rap, tn tai don &nh g: X’ Y’ sao cho g(x) & véi x. Nhu vay, ta co th xay
dung dugc don anh h: X Y sao cho h(x) & vai x: cu thé h(x) = f(x) réu x thubc A va
h(x) = g(x) réu x thuoc X \ A.

Quan ¢ < trén &p hop X dugc goi 1a Mot quan 1 thir tir néu thoa mandong thyi cac
dieu kién sau:

i) X < X v&i moi X thuge X (tinh phin xa)

i)  Néux<y, y<xthix=y (tinh phn xang)

i)  Néux<y, y<zthi x<z (tinh kic cu)
Mot tap hop ma trénid xacdinh mbt quan & thir tu duoc goi 1a mot tdp sip the tie.

Cho X la nét tap sip thr tu, hai pfn tr x va y théc X duoc goi 1a so sanhifiroc néu x <
y haic y< x. Trong toong hop ngroc lai, ta noi x va ykhong so santiuoc.

Mot tap con C éa X dugc goi 1a mot xich néu hai phan tir bat ky thuoc C déu so sanh

dugc. Mot tap con A @a X dugc goi 1a mot déi xich réu hai pn tir bat ky thusc A déu
khéng so santiugc.
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Phin tir x thuse X duoc goi 1a phan tir cuc dai néu tir x <y suy ra 'y = x. Pin tir x duoc
goi 1a cuc tieu néu tir y < x suy ra y = x. Pn tir x thupe X duoc goi la lén nhit néu x>y
véi moi y thude X vaduoc goi 1a nhs nhdt néu x <y véi moi y thuoc X. Xich Cduoc i
la arc dai néu nhr khdng bn tai mot xich C’ chra C Wi |C’| > |C|. Trong tr ta dinh
nghiaddi xich arc dai.

Pinh Iy 2. (Dilworth 1950) Cho it tap sip thr ty X. S phan tir l6n nhit ciia mjt doi
xich aia X kang $ nho nhat cac xich & nhau lyp thanh X.

Chizng minh 1.Goi M = max{|A| | A 12ddi xich} va m la $ nho nhit cac xich &i nhau
hop thanh X. Nl vay ton tai doi Xich A cia X chra M phan tr. Vi mét xich chi chira
dugc nhieu nhat 1 phan tr caa 1d6i xich nén ré rang ta c6 mM.

Ta ching minh m< M bang quy rap theo |X|. Gi a la ndt phan tir cyc dai caa X va M 1a
kich thrdc caa ddi xich lon nhit trong X’ = X \ {a}. Khi d8, theo gi thiét quy rap X’ |a
hop cia M xich Bi nhau G, C,, ..., Gy. Ta dén ching minh &ng hdic X chra déi xich
v6i M+1 phan tir, haic X 1a hop cia M xich. Bay gy, moi @i xich kich thrgc M (M-déi

xich) trong X’ chira mot phén tir tr mdi C;. Goi & 1a phan tir I6n nhit trong G thuc vao
mot M-ddi xich naodo trong X'. D& dang thy ring A = {a;, &, ..., a} la mot dbi xich
(néu ching han g < g thi vi g thugc vao net M-ddi xich naodé vadéi xich nay hi chira
mot phan tir by cia G nén theo tinhdin nhit cia g, ta c6 b< g < g diéu nay mau than vi
by va a cung théc mot déi xich). Néu A O {a} 1a mot déi xich trong X thi ta catpem.
Trong trong hyp ngroc lai, ta co6 a > avéi i naodo. Khiddo K={a} O {x 0 C : x< g}

la mot xich trong X va khéng c6 Méi xich trong X \ K (vi ai 1a phn tr [on nhit caa G

tham gia trong cadbi xich nhr vay), vi thé X \ K la hop caa M-1 xich.

Ching minh 2(Theo H. Tverberg 1967)
B Hién nhién ta c6 nx M.

Ta ching minh M> m bing quy rap theo |X|.
Diéu nay la hén nhién gu |X|=0.
Gia sr C la xich @c dai trong X.
Néu moi ddi xich trong X\C c¢6 nfdu nhat M-1 phan tir thi xong.
Gia st {ay, ..., aq} la mot ddi xich trong P\C.
Pinhnghia S={x OX:O[x<al}, S"{x OX: O[a<x]}
Vi C la arc dai, phan t lon nhit caa C khdng &m trong S.
Theo gi thiét quy rap, dinh lyding wi S .
Vithé, S 1a hyp cia M xich binhau S, ..., Sy, trongd6 a 0 S;
Gia s rang X0 S; vax > a. Néu nhr ton tai g v6i x< g, ta$cd a<x<
g Mau thdn. Vi vy ala phan tr Ién nhit trong S , i=1,...,M.
Lam trong tr doi voi SY, ta 6 ai la pin tir nho nhat trong S;.
Két hop céac xichdi ta codiéu phai chirng minh.
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3. Nguyén ly Dirichlet

Nguyén ly Dirichlets dang @ dién thuong duoc dungdé ching minh 6n tai theo kiu
khdng xay dng (non-constructive)it la bét doi tuong ©n tai nhung khéng chra a
thé.

Nguyén ly Dirichlet trong&hoc

Trong $ hoc, nguyén ly Dirichlet thong lién quanién cac bai todn chiach nguyén
cung nhau. Vid cac bai toan kinkién sau.

Vi du 1.Chon ra n+1 $ tir 2n $ nguyén aong dau tién.
a) Chizng minh fing trong cac é duwoc ctypn, c6 hai 8 phan bét x, y nguy@ndt
cung nhau.
b) Ching minh eing trong cac & duroc chpn, ¢ hai 8 x >y ma x chia & cho y.

Vi du 2. Chizng minh eng tr n $ nguyén bt kp ludn cé t# chon ra mit s6 haic mjt s6
so ¢O Hng chia et cho n.

Vi du 3. (Pinh ly Fermat-Euler ¥tong hai binh phong) ’

Chizng minh gng reu p la ® nguyénd dang 4k+1 thi 6n tzi cac $ nguyén a, b sao cho
2 2

p=a +Db".

Chirng minh.Vi p c6 ding 4k+1 nén theo& qua caa dinh Iy & phan dau, ©n tai s6
nguyén N sao cho Nt 1 chia It cho p, hay néi cach khac?N -1 (mod p). Xét cacds
dang x + Ny \i X, y 1 cac & nguyén thac [0,[/p]]. CO6 it ca ([\/p]+1)? S5 nhu vay.
Vi ([4/p]+1)? > p nén theo nguyén ly Dirichleion ti hai cip  (x, y) # (X', y’) sao cho
X + Ny=x’+ Ny’ (mod p). Tir day suy ra

Xx=X"=N(y'-y) (mod p)
=>  (x—=x)=N(y —y)* (mod p)
Bay giv, nho lai ring N° = - 1 (mod p), ta suy ra

(x —x)*=-(y' = y)* (mod p)
& (x=XF+(y'—yy = (mod p) ‘
Cudi cung, chi ying 0 < (x — x'§+ (y' — y)°< 2p ta suy raiéu phii chirng minh.

Ngoai k thuat kinh dién voi chudng va thb, ta co the s dung ot bién thé caa nguyén ly
Dirichlet nhr sau:

Tinh chat. Néu A, B la cacdp hop thai mandiéu kien |A| + |B| > |[AD B| thi  An B
£ 0.

Sauday la mdt ap ding aia tinh clat nay.
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Vi du 4. Chiing minh eng réu p 12 $ nguyénd dang 4k+3 thi 6n tgi cAc $ nguyén x, y
sao cho %+ y*+ 1 chia ket cho p.

Ching minh.Pit r=ifmodpWwii=1,2, ..., (p-1)/2vas—-1-fmodp,i=1, 2, ...,
(p-1)/2 thi & dang cltng minhduoc rang f dd6i mot phan bét va s d6i mot phan bit.
Hon nixa, r va sdéu thwe {1, 2, ..., p-1}.
bat A ={rq, ..., fpayz, B ={S1, ..., Sp-0y2 thi |A] = |B| = (p-1)/2 va |A] B| < p-1. Xay
ra hai teong hop
Truong hop 1.Néu | A B | < p-1 thi theo tinh éhnén trén, ta c6 A B2 O, tac 1a 6n
tai i, j sao choir= g, twongdwong Wi i*= - 1-  (mod p) < i*+ [ + 1 chia Bt cho p
(dpcm).
Truong hop 2.Néu | AO B |=p-1thi An B =0 vanhrvay, cac 6 1y, I, ..., a2 S,
S, ..., §p-1y2d0i Mot phan bét va ta co

N+t +lppet S+ .+t gHyp=1+2+.. .+ p-E 0 (mod p)
Piéu nay mau tham vi theodinh ngha aia r; va $, ta cod

M+ G+ ot et S+ S+ .+ Supe= L+ 2+ L+ [(p-1)/2F + (-1-D) + ... +
(-1 - [(p-1)/2f) = -(p-1)/2 (mod p). , ‘
Vay truong hop 2 khéng ay ra, va nlr thé ta i vao twong hyp 1. Ta cdodiéu phii
chirng minh.

Ghi chu.Ly luan A v B va khéng B suy ra Augc goi la Tamdoan lugn roi.
Bai tap

1 Xét day 8 Fibonacci xadinh hoi Fl =K=1Kka=FKR+ Fn1V0'I moi n = 2. Chrng minh Eng G moi
sb nguyén dong m > 1. Bn tai vo £ 5 hang aia day $ chia Kt cho m.

2. Tir khaing (2", 2) chon ra 2™+1  I¢. Ching minh &ng trong cac &dugc chpn, ©n tai hai $ ma
binh phrong mbi sb khdng chia Bt cho $ con hi.

3. a) Chirng minh ﬁng khong &n tai s6 nguyén aong n sao cho T0+ 1 chia lét cho 2003.
b) Ching minh &ng Hn tai cac $ nguyén dong m, n sao cho 10+ 10"+ 1 chia k&t cho 2003.

4. (Vietnam TST 2001) Daysguyén gong a, &, .., &, ... that mandiéu kién

1< @1 — &< 2001 i moin =1, 2, 3, ... Cing minh &ing N tai vo 5 cap $H p, g sao cho g > p va a
chia ret cho a.
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Nguyén ly Dirichlet tronglai so

Trong dai s6 nguyén |y Dirichletdugc thé hién qua tinh chit co ban sau:Néu trén dogn
[a, b] c6 n & thuc X, %, ..., % (N > 2) thi Bn ti cac chi 5 i #jsao cho x| < (b-
a)/(n-1).

Vi du 5. Gigga 7 9 thuc bdt ky ludn timdwec 2 $ x va y sao chai)< AP Goi

+ Xy vr

cac $ dachola g a, ..., &. V4i mdi sb thuc a, bn tai sé a thudc khmng (3V2, 172)
sao cho a = tg(). Gia sr & = tg(01), & = tg(y), ..., & = tg(07). Theo tinh cht néu trén,
trong 7 $ Oy, Oy, ..., 07 ton tai hai $ c6 héu khdng wot quaTy6. Gia sir hai $ nay laa
vap, trongdoé a > . Khido

@) -t9(B) _ n_1

g AT

Nhu vy cac X = tg@) va y =tgp) la cac 8 can tim.
binh ly Kronecker & sy tri mat [a mjt dinh ly co nheu tng dung trong gii tich, dai s,
giai tich phrc. Dudi day ta xét ching minh 6t so cip cia dinh Iy nay ¢ dang trong
duong)

Pinh Iy Kronecker. Néu a'la s vo t thi tgp hop S ={ {na} | n [7N*} tri mdt trong [0,
1].

Chirng minh.Ta én ching minh &ng Wi moi khoang (a, b)d [0, 1], ©n tai s6 nguyén
duong n sao chdnal [7(a, b).

Trudc hét, ta tim  nguy@n dong N sao cho N > 1/(b-a). Bayogkét N+1 $ {a},
{2a}, ..., {(N+1)a} thudc doan [0, 1]. Theo nguyén ly Dirichletpn tai hai $ {pa},
{ga}véi 1< p <g< N+1saocho [{p}—{qa}| < 1/N.

be y rang {qa} - {pa} = qa - [qa] - pa + [pa] = (g-p)a - [qa] + [pa]. Do d6 neu {qa} -
{pa} >0 thi {(g-p)a} = {qa} - {pa}, con reu {qa} — {pa} <O thi  {(g-pp}=1-
({ga} —{pa})

Ta xét hai trong hop

Truong hop 1. 1/N > {qa} — {pa} > 0. Khi d6 dit k = q — p, ta timtugc 5 nguyén
duong k sao cho 0 < {&} < 1/N.

Bay giv ta gon m 1a $ nguyén dong nkd nhit sao cho m{ki} > a thi ta c6 (m-
1)}{ka} < a. Dod6 m{ka} <a + {ka}<a+ 1/N <b. Suy ra m{@} O (a, b)O [0, 1].
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Nhung mia = m[ka] + m{ka}. Do 0 < m{ka} < 1 nén tr day ta c6 {mki} = m{ka}.
bat n = mk, ta cé {m} O (a, b) @ipcm).

Truong hop 2. 0 > {ga} — {pa} > -1/N. Khi d6 dit k = q — p, ta timtwgc $ nguyén

duong ksaocho 1 —1/N<{# < 1. bat 3 =1 - {ka} thi 0 <3 < 1/N. Chrng minh

trong tr nhu trén, ta timugc $ nguy@n dong m sao cho fithuwc (1-b, 1-b), tc la
l1-b<m(l-{k})<l-a

& a<mf{la}—-m+1<b

& a <{mfla}} <b

Cudi cung, ta c6 mi = m[ka] + m{ka} nén {mka} = {m{k a}} nén dit n = mk ta c6

diéu phai ching minh.

Mot tinh hibng rt don gian khac éa nguyén ly Diricletdi c6 nhirng ung ding fat hiéu
qua trong nhéu bai toan cing minh tit dang thic, dic biét 1a cac lt dang thrc codiéu
kién. D6 la chl y sauvsi m 1a mjt o thiee cho tiréc va n>3 9 thuc &, a, ..., & bdt ky
thi luén timduwroc hai $ trong cac 8 nay mim cling mt phiadsi véi m.

Goi hai $ d6 1a x va y thi ta c64b dang thrc hién nhién sau: (x-m)(y-m 0, tir d6 xy +
m? = m(x+y). Nhr vay, tada so sanfdugc haidai lugng khdng cung 4& véi nhau. Sau
day chiang ta&xem xét nbt o vi du ap ding.

Vidu 6.Cho X, y, z la cacasthyc dong tha: méandiéu kien x +y + z + 1 = 4xyz. Ciing
minh rng
Xy +yz +zx> X +y + z.

X+y+1

vao hit ding
4yz-1

Y tuong dau tién ta nghdén 1a xr Iy diéu kién bing phép th z=

thirc cin ching minh, vét lai thanh
X+y+1
4xy-1
bén day, duong Ibi chirng minhda hinh thanh. ¥ trai rd rang= 1 véi moi X, y con \é
phai s2 < 1 réu x, y rim cung phia nhadéi véi 1. Nheng diéu nay, theo nin xétdon
gian ¢ trén ta luén co thehon dugc.

(x+y-1)=2x+y-xy

Vi du 7. Cho a, b, ¢ la cadghuc khdng A&m. Clhing minh &ng
(@+2)(F+2)(¢+2)=3@+b+d

Ap dung bit dang thirc CBS, ta c6
@+b+cfs@+1+1)A+b+A)=(+2)(F+ &+ 1). Nhrvay ta ch con én
chirng minh

(> +2)(E+2)2 3+ + 1)

27 | Tran Nam Oing — 6/2010



Vietnamese IMO Team Training Camp 2010

& (FF-1)(¢-1)=0

Piédu nay ludn cdtuge réu ta clon Y, & cling phia nhaddi véi 1.
Bai tap

5.Choa,b,c>0,x=a+1/b,y=b+ 1/c, z=Ta. Clkng minh éng
Xy +yz + zx= 2(X+y+2)

6. (USA MO 2001) Cho a, b, ¢ la cat thuc khong am thomandiéu kién & + I + ¢ + abc = 4. Cling
minh rang
O<ab+bc+ca-—ake?2.

7.V6ii=1,2, ..., 7cac&a, b 1a cac é thyc khdng am thdmandiéu kién a+ b < 2. Chrng minh
rang ©n tai cac chi 5 i # j sao cho ja- g| + |o— b < 1.

8. (VMO 1996) Cho x, y, z la c&é shuc drong tha: mandiéu kién xy + yz + zx + xyz = 4. Gimg minh
rang
X+y+z2>Xxy+yz+zx

9. Tim $ thuc k nh nhit sao cho xyz + 2 + k[(x-) (y-1¥ + (z-1f] =2 x + y + z Wi moi x, y, z > 0.
Nguyén ly Dirichlet tronga hop

T6 hop la minh dit mau n& nhit cho cac ptong phap va ¥ thuat ching minh. Va
nguyeén ly Dirichlet khdng ptila mot ngaai I€. Trong t hop, Mot dac diém dac trang la
s bung ® t6 hop caa cac teong hop, vi \vay, nguyén ly Dirichlet cingdi cac nguyén ly
khac ntw nguyén ly ec han, nguyén ly Bt bién chinh 1a nfing céng @ quan tong dé

chang tatinh hrong trong “bén” cac trdng hop.

Nguyén ly Dirichlet throng dugc ar dung trong cac bai toa&dd thi, t& mau, cac bai toan
vé thi dau thé thao @6 thi c6 hréng), quen nhaudf thi vé hrong).

Vi du 8. Trong net giai bong chuyn c6 84si tham gia, thidau vong tron 1iket. Ching
minh rang timdwoc 4 doi A, B, C, D sao cho A @img B, C, D, B tling C, D va C thng
D.

Trong bong chugn khdng cé hod, ddd 8ddi thi dau vong tron 1ot thi $ c6 6t ca 28
tran thing. Theo nguyén Iy Dirichleton tai d6i bong A c6 it nht 4 tran thing. Xét 4doi
thua A. 4doi nay dau voi nhau 6 tan, dodo ton tai mot doi thang it nHit 2 tran (trong $
cac thn dau giira 4ddi nay Wi nhau). Gi st d6 14 B va C, D la 216i thua B. Cui cuing,
néu C thing D thi A, B, C, D la 416i can tim, con Bu D thing C thi 4ddi can tim 1a A,
B, D, C.

Bai toan Ramsey la @b trong nliing bai toan kinktién ma nling tnrong hop oo o cua
né rat tha vi va phu lkep vai mirc d6 toan & cap.
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Vi du 9. Chizng minh ring trong ngt nhém 6 ngoi bat ky co 3 ngroi @i mgt quen nhau
hagc 3 ngroi ddi mgt khdng quen nhau.

Hai ngroi bat ky 6 thé quen nhau hiw khéng quan nhau. Xétannguoi A bat ky thi co
5 ngroi khac hac quen A hac khéng quen A. Ddo, theo nguyén ly Dirichlet, ghxay
ra not trong hai teong hop:

1) A quen it nft 3 ngroi

2) A khéng quen it ndt 3 ngroi
Ta xét trong hop thir nhat: A quen i it nhat 3 ngroi, chang han B, C, D. Nu trong 3
ngudi B, C, D ¢6 it nAt mot cap quen nhau, éimg han B quen C thi ta cé A, B, @di
mot quen nhau. Trongudng hyp ngroc lai, ta cé B, C, Didi mot khdng quen nhau.

Truong hyp thir haiduoc xét hoan toanrtyng tr. Bai toandugc chrng minh.

Vi du 10. Trong ndt nhém @m 2n+1 ngeoi Véi méi n ngeoi ton tai mét nguoi khac n
ngoi nay quen ¥i tat cad ho. Ching minh eng trong nhom ngpi nay co 1 ngoi quen
Vol tat ca mpi ngueoi.

Ta chrng minh &ng trong nhom ngdi ndy cé n+1 ngoi d6i Mot quen nhau. R3 rang ¢
2 ngroi quan nhau vadu nhr cé k ngroi d6i mot quen nhau (trondd k < n) thi Hn tai
mot ngudi khac trong é ho quen Wi k nguoi nay. Tir d6 suy radn tai n+1 ngroi d6i mot
guen nhau A A, ..., Avs1.

Xét n ngroi con ki. Theodieu kién,ton tai mot nguoi A; quen i tat ca n ngroi nay.
Nhung khidd A; quen i tat ca moi nguoi.

Bi quyét thanh céng&a nguyén ly Dirichlet chinh lagkthuat “xay chibng” va “tao tho”.
Trong nhéu bai toan, chbéng la gi, th 1a gi kha rd rang, ning trong nhdu bai toan, xay
chudng va to the 1a & mot sy tinh €. Ta phii biét “chon cac thanh pin chinh” va
“hudng dén muc tiéu”.

Vi du 11. C4c  tir 1 dén 200duroc chia thanh 50dp hop. Ching minh eng trong nat
cac tip hpp dé co ba 8 la do dai 3 wnh aia mjt tam giac.

Theat nhin bai toan cdé&kha 6i. Nhung réu dé y ring v6i 0 < a < b < c thitiéu kién
can vadu dé a, b, ¢ 1aio dai ba enh aia mpt tam giac la a + b > ¢ thi bai toa mén
don gian hon. R& rang éu ch xét cac & tir 100dén 200 thi ba & bat ky déu lado dai 3
canh aia 1 tam giac (a + B 100 + 101 = 201 > ¢).iWd6 ch can xét 101 con thla cac
sb tir 100dén 200 Bi ap ding nguyén ly Dirichlet cho 50 cai cbrg tip hop la xong.O
day, rd rang cacstr 1 dén 99 ch cé tac ang gay nhiu.

Vi du 12. Trén ban ¢ quéc t c6 8 quan xegdi mgt khongan nhau. Ciing minh ting
trong cac khéng cachd6i mgt gira cac quan xe, c6 hai kiiog cach ang nhau. Khang
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cach gira hai quan xe éng khaing cach gia tdm cac 6 vudng ma quan cac quan xe
dung.

Truéc hét ta md hinh hod bai toaB¢ y ring khaing cach gia 6 (p, q) va 6 (m, n)dng
(p-m)’ + (g-n¥. Ta én ching minh &ng réu py, Py, .., B 1& Mot hoan v caa (1, 2, 3, ...,
8) thi Bn tai cac &p chi 5 {m, n} # {p, g} sao cho (M-M+ (BPn)” = (P-Y + (B — P>

8 quan xedo ra 28 khang cach. Niing réu ta tim 2 khang cach Bng nhau gia ¢ 28
quan xe nay thi ta8sgap kho khin. Ta gbi han trong véc tim cac &p ch sb dang {n,
n+1}. C6 7 @p nhr vay. Khi d6, ta chi cin tim n# m sao cho (P-pn)? = (Pret-Pm)>. Vi
1< p <8 néu (p.-pn)? chi c6 th 1a 1 trong 7 gid tr1?, 2, ..., 7. Vi thé chi c6 thé xay
ra hai toeong hop.

Truong hop 1. 76N tai n # m sao cho (R1-P)” = (Pne1-Pr)’. Khi d6 cac @p quan xedi 6
(N, ), (N+1, pe1) va (M, B, (M+1, prey) 1& cac ap xe én tim.

Truong hyp 2 CAc $ (Po.r-Pn)? d6i mot phan bét. Khi d6 ©n tain sao cho  (r-pn)’ =
4.

Ldc nay, xoay hang thanlpt; ta ki di dén viéc haic tn tai n # m sao cho (g-q,)* =
(Om+1-Gm)? haic BN tai k sao cho (g1-gx)? = 2. Trong trdng hop thir nhit, bai toanduoc
giai quyét teong tr nhu trudng hop 16 trén. Trong tirong hop thi

hai, cac quan xaitd (n, p), (N+1, Rwa) VA (Gey,k+1), (4, K) 14 cAc &p xe d@n tim.

Bai tap
10.Cacé1, 2, 3, ..., 100 c6 thia thanh viénga 12 ép 5 nhan naalé duoc khdng?

11. Trong ndt da giac bi c6 chra khong it bn nf+1 diém nguyén. Ching minh &ng trongda giac bi
nay timdugc m+1diém nguyén cungam trén ndt duong thang.

12. Chrng minh &ng trong 9 ngoi bat ky, haic c6 3 ngoi ddi Mot quen nhau, b c6 4 ngoi d6i mot
khéng quen nhau.

13. Chon ra 69 6 nguyén arong tir tap hop E = {1, 2, ..., 100}. Ching minh ingdnti4s5 a<b<c
< d trong 4 6 duoc clpn sao cho a + b + ¢ = déKluan bai toan coming khdng Au ta thay 69 fing 68?

14. Cac 6 vudngua king 100 x 10Giugc to king 4 mau sao cho trénéhhé}ng va trén i cot codiing
25 6 c6 cung Bt mau. Clkng minh &ng ©n tai 2 dong va 2 ¢t sao cho bn 6 ram & giao @a ching
duoc t6 khac mau.

15. (Bulgarian MO 2005) Trong 9 ugi khdng c6 4 ngoi naodoi mot quen nhau. Gimg minh ng c6
thé chia 9 ngoi nay thanh 4 nhdm sao cho trongimhém khéng c6 ngdyi nao quen nhau.
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Nguyén ly Dirichlet trong hinhdt

Trong hinh bc, nguyén ly Dirichlet thong dugc Sr dung trong cac bai toan lién quan
dén do dai anh, dén tich,do 16n cia goc, cac bai toan trémdi nguyén.O day ching toi
chi gisi han trong véc gisi thiéu mot tng dung dep oia nguyén ly Dirichlet & “chong
hinh” trong hinh hc va mét sb bai ip.

Binh Iy Minkowsky 1a nét vi du rat thi Vi vé iing ding aia hinh foc trong Iy thuyt 5.
Chung ta Bt dau tir mot két qua rat don gian nhrng hiru ich

Bb dé 1. Trén nait phing cho hinh F c6 dh tich bn hon 1. Khido ©n ti hai diém A, B
thugc F, sao cho véet AB co ba ds nguyén.

Ching minh: Ludi nguyén @t hinh G thanh céc &m nhs. Chong céc ru nay 1&n nhau,
do tng dén tich @ia cac ru I6n hon 1, nén c6 it it 2 mau c6diém chung ¢ay chinh

la mot bién thé cua nguyén ly Dirichlet). Gi A, B |a haidiém nguyén thy§i tng VGi diém
chung nay thi A, B |a haiiém cin tim.

Bo dé 2. (Bo dé Minkowsky) Trén it phang cho hinhdi F nhin gic toa dg lam tamdoi
xirng va co din tich bn hon 4. Khidd né chra not diém nguyén khacag toa dé.

Ching minh: Xét phép vty tdm O, ¢ s6 1/2 , bén F thanh G. Do G ¢0 & tich bn
hon 1 nén theo ®dé 1, Hn tai hai diém A, B ththc G sao cho véastAB ¢ ta do
nguyén. Gi A’ [a diém dbi xang Wi A qua O. Do hinh Gidi xiing qua gc taa do nén
A’ thuoc G. Do G éi nén trungdiém M cia A'B thuoc G. Goi N 1a diém déi xttng aia O
qua M thi N théc F va ON = AB, suy ra N ldiém nguyén khac Qdpcm).

Dinh ly 3. (Pinh ly Minkowsky) Cho a, b, ¢ 14 c&é sguyén, tronglé a>0va ac-b
= 1. Khi d6 phwong trinh ax + 2bxy + ¢y = 1 ¢6 nghém nguyén.

Bai tap
15. V&i gia tri nao @a n bn tai n diém My, M, ..., M, sao chodt ca cac géc NM;M, déu khong tu?

16. Cho Qiém ram trong hinh vuéngamh 1. Clirng minh &ng ©Hn tai mot tam giac cdlinh tai cacdiém
déa cho cé din tich khéng wot qua 1/8.

Poc thém baNguyén ly chéng va ths
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4. Pém bang hai cach

Bém bang hai cach 1a 6t ky thuat thdng ding dé tao ra cac phong trinh,dang thrc, cac
moi lién he giup chdng ta @i quyet cac bai toan ptong trinh, tinh toan hinho,
phuong trinh ham, fit dang thrc vadic biét 1a cac bai toandthop, trongdd co bai toan
dem.

Pém hing hai cach va pfong trinh ham

(Xem baiGidgi phuong trinh ham bng cach ép pheong trinh)

Pém hing hai cach trong alng minh lat dang thic

Trong chrng minh tat dang thrc, dém bing hai cach thong duoc S dung dé xir Iy mot
so tong. Dudi day ta xem xét hai vid

Vidu 1. Goi d 1a hiéu gita $ 16n nHit va $ nho nhit gitta n s5 thuc X, Xo, ..., %
(n=2). Ching minh &ng ta c6 Iét ding thic

(n-Dd< > |x-x |<—

I<i<j<n
Giai.
Khéng niit tinh Hng quat, gi St X, < %< ... < X, vadit d x,+1-x.véii:1, 2,...,n
th|d>0vad d+d + .. +¢1V0||<Jtaco|x >q| .+ da

Madi di 8 c6 mit trong bng d + ... + qlneu i<kvaj- l> k tuc la trong k(n-k) dng.
Tur d6 suy ra
DX =X Zk(n k)d,
I<i<j<n
Bay giv chiy n-1< k(n k)< n?/4 véi moik =1, 2, ..., n-1, ta suy raabding thic cin
chirng minh.

Vi du 2. Trong cac 6 @a hinh vudng 10 x 10 @ién cac 6 tir 1 dén 100 nhr sau:¢ hang
tha nhat dién cac 8 tir 1 dén 10 tr trdi sang phi, ¢ hang th haidién cac 6 tir 11dén 20
tir tréi sang phi ... An du dinh cit hinh vuéng thanh cac hinhichhat 1 x 2, &y tich aia
hai $ & trén mdt hinh chir nhat va dng tit ca cac Kt qua thu duoc voi nhau. An mén
cho Hng thuduoc 1 nkd nhat cé the. Hoi An phai cét thé ndodé dat duoc diéu do.

Giai.

Goi (a;, b)i:l 2,...,501absd 6 cac 6 ma Anddinh cit. Ta c6

Zab Zal +b2 (a, b)* _ 2(31 +b2) - Zz(a1 b )?

=1

Téng Z(aﬁ2 +b?) bang Hng binh plrong cac 8 tir 1 dén 100, daié khéngdsi. Nhu vay

i=1
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50 , . 50 , , N N 3
> ab dat gia ti nho nhat khi > (a —b )*16n nhit. Nhung @ — b = 1 réu hai 6 nay am
i=1 i=1

trén ot hang va a— b = 10 réu hai 6 nay am trén nt cot. Tir 46 suy ra An phi cit
thanh cac 6 ¢t thi tng thudugc £ nho nhat.

Bai tap

1. Céc haméf(x) va g(x) xaadinh trén §p hop cac 8 nguyén, cd frtuyét déi khong wrot qué 1000.
Goi mla $ cac é@p (x, y) sao cho f(x) = g(y), n l@<ac @p (X, y) sao cho f(x)=f(y), va k ldxac &p x,
y sao cho g(x)=g(y). Gng minh &ng 2m< n + k.

2. (IMO 2003) Cho n > 2 va a6 thuc X < X, < ... < X,, ching minh &ng

(ZH:M X |j (n _1)Z(X -x;)%.

i)j=1 ij=1

Chang minh &ng diu bing xy ra khi va chkhi day $ 1a cip $ cong.
C2trong cac bai toana hop

Trong © hop C2 l1a $ cac @p tao thanh n phn tir, 1a $ canh aia do thi day du bac n.
Trong nhéu bai toan, § dung y nghia © hop nay cing & cachdém bing hai cach gitp
chung ta tim ra chia khoa cho giai.

Vi du 3. (Bulgarian MO 2006Mét quoc gia cé 16 thanh phva c6 36 tugn bay i gitra
ching. Cling minh &ng ta c6 th té chirc mdt chuyén bay vong quanh @ 4 thanh ph

Giai. Bai toan c6 t dich sang ngon rigdd thi nhu sau: Mt do thi G don c6 16dinh va
36 anh thi cé ndt chu trinhdd dai 4. Ta cling minh lng phin ching. Gia s trongdo
thi khéng c6 chu trink6 dai 4.

Vi moi dinh x the G, i d(x) la kic oaa dinh x. Khidé € cip cacdinh ma @ hai
cung kK véi x bang Ciy-Chay ing mdi Mot cap duoc tinhd nhiéu nhat & mot dinh x,

vi néu khodng ta & c6 bt chu trinhdo dai 4.

Sir dung dang thrc > d(x) = 72va bit dang thic Cauchy-Schwarz, ta c6
XJG

C2 =120 ch(x) —Zdz(x)—zd(x) (Zd( )j Zd()_7_22—36 126,

XJG 2 XJG
mau thdn.

Vi du 4. (IMO ) Trong nét ky thi c6 a thi sinh va b giam kb, trongd6 b> 3 la bt
nguyén ¢. Mdi mot giam khio s danh gié thi sinh ladau” hay “rét”. Gia s k 1a nmdt
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nguyén sao chodv hai giam ko bat ky thi danh gid ea hy tring & nhiéu nhit k thi
sinh. Chirng minh &ng k/a> (b-1)/2b.

Gidi.

Tadém N céc b ba (GK, GK, TS) trongié hai giam kho 1a khac nhau vaéanh gia
thi sinh gbng nhau. C6 b(b-1)/2ip giam ko va ndi mot cip gidm kio nhr vay danh
gia trung nhauai khéng qua k thi sinh, ddd N< kb(b-1)/2.

Bay giv xét mbt thi sinh X vadém céc ép giam khio danh gia X gbng nhau. Gi st c6 x
giam khio cho Xdau, thi € c6 x(x-1)/2 @p cung cho Xdau va (b-x)(b-x-1)/2 & cung
cho X it, nhr vay c6 (x(x-1) + (b-x)(b-x-1))/2 #p danh gia X ghng nhau. Nbing (x(x-
1) + (b-x)(b-x-1))/2 = (2% - 2bx + B - b)/2 = (x - b/2J + BY/4 - b/2> b4 - b/2 = (b -
1)%4 - 1/4. Vi (b - 134 1a $ nguyén (do bd), nén é cip danh gia X gbng nhau & it
nhit 1a (b - 1§/4. Tir d6 suy ra N> a(b - 1§/4. Két hop hai kit dang thic lai ta c6
k/a> (b - 1)/2b.

Bai tap

3. Trong Duma géc gia c6 160Giai bicu, p thanh 1600Giy ban, ndi ty ban c6 8Qdai biéu. Ching
minh ring co it nlat haiuy ban cé khéngwsi 4 thanh vién chung.

4. Sau khi khai trong duoc dling 10 ngay, Bt nhan vién tir vién cho bét :

1) M&i ngay cédang 8 ngoi dén doc séach ;

2) Khéng c6 ngoi naodén thr vién 1 ngay qua 1ah ;

3) Trong hai ngay#i ky caa 10 ngayi6 thi co it nt [a 15 ngrdi khac nhau cundén thr vién.

Can or ddng thoi ca 3 diéu kién ma nhan vién thvién cung dp hay cho Hit 5 nguoi téi thiéu
dadén thr vién trong 10 ngay ndi trén 1a bao nhiéu ?
5. 2n k thia thi dau vong tron haidot, mdi luot hai ky tha bat ky thi ddu véi nhauding nét tran (thing
dugc 1diém, thua Gdiém va hoa 1/2tiém). Ngroi ta nhin thiy rang & luot hai, 6ngdiém cia mdi ky tha
thayddi khéng nkb hon n. Ching minh &ng cac thaytoi naydang king n.

6. (Bulgarian MO 2003) Trong ¢ nhom n ngoi co 3 ngroi d6i mot quen nhau va & mot nguoi nay
quen nhtu hon 1 nra $ nguoi trong nhém. Tim & it nhat co th sd b ba naroi d6i Mot quen nhau.

Pém hing hai cach va @t o dinh ly trong ly thuyt toi wu 6 hop
Cho F 1a b c&c &ip con @a X. V6i x thudc x, ta @i d(x) 1a $ phan tr cia F chira x.
Pinh ly 1. Cho F la lo cac ép con @a tip hop X. Khi do

Yoexd(x) = Xyer |A|

Chirng minh.Xét ma tign ke M = (my ») cia F. Nghia la M la ma tin 0-1 Wi |X]| dong
danh $ boi cacdiém x 0 X va |F| 6t danh $ boi tap A 0 F sao cho g = 1 khi va ch
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khi x [J A. De y ring d(x) bmg $ sH 1 trén dong th x con |A| la & sd 1 trén &t thir A.
Nhu vay ca vé trai va \é phai déu biéu dién £ 5 1 cia M.

Néu ta xétdd thi G = (V, E) tréndp dinh V nhr mdt ho cac p con 2 phn tr caa V thi ta
codinh ly Euler.

Pinh Iy 2. (Euler, 1736) Trong pi do thi, tong bic cacdinh aia né tang hai in $ canh
ciia n6 va nir the, ludn 1a ndt so chan.
binh ly sau c6 thdugc chrng minh ling cachitong tr

Pinh ly 3. Exeyd[x) = Yaer |V N A| voi moi Y O X.

ETFJ(' d[x]' EAFFETFAEE[’X) Yacrlrer|ANBI.
(Hai tongo dang thrc dau tng wi sd sO 1 trén cac hang Y. Caértg & dang thic the hai

dém  lan xuat hién cia x trong cacap co cing AN B).
Truong hyp dac biét khi F = E |a §p con 2 phn tir, ta co

Pinh ly 4. Vai do thi G = (V, E), ta cd
Yoevd(x)? = X yyee(d(x) +d(y)).

(Xem thém baCac bai toandi wu vé hé cac tip hop)
5. Nguyén ly arc han

Mot tap hop hitu han cac 8 thuc ludn cé phn tir I6n nhat va pHin tir nho nhat. Mot tap
con Hit ky cia N (haic N¥) ludn c6 pln tir nho nhit. Nguyén lydon gian nay trong
nhiéu treong hop rat cé ich cho Vic chig minh. Hay xét trong hop bién!Do6 1a khau
quyét caa nguyén ly nay.

Mét 6 vi du mg dau

Ta xem xét rit sb vi du s dung nguyén ly gc han

Vi du 1. C6 3 truong hoc, moéi trudng c¢6 n hoc sinh. Mbi mot hoc sinh quen véi it nhat

n+1 hoc sinh tir hai trudng kh4c. Chitng minh ring ngudi ta c6 thé chon ra tir mdi trudong

mot ban sao cho ba hoc sinh dugc chon d6i mot quen nhau.

Giai.

Goi A 1a hoc sinh c¢é nhiéu ban nhat & mot trudng khac. Goi s6 nay la k. Gia st A &
N N ~ N 2 N , n + 1 ~ .9

truong 1 va nhitng ban quen A 1a B, B,, ..., B, ¢ truong 2. Ta ¢6 k = — Ciing theo gia

thiét, c6 it nhat 1 hoc sinh C & truong 3 quen véi A. Gia su C khong quen véi B, véi moi
i=1, 2, ..., k thi C quen véi nhiéu nhit n - k hoc sinh ctia truong 2. Suy ra C quen vdi it
nhét n+1 - (n-k) = k+1 hoc sinh & truong 1, di€u nay mau thuan véi cach chon A. Vay C
phai quen v6i mot B, nao dé. Khi d6 A, B; va C chinh 1a 3 hoc sinh can tim.
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Vi du 2. Chiing minh &ing khéng én tai s6 n &, n > 1 sao cho 15+ 1 chia It cho n

Giai. Gia Sir ton tai mot 0 nguyén ¢ n > 1 sao cho I5+ 1 chia kit cho n. Gi p laudc &
nguyén & nho nhat cua n, khido p k. Gia st k 1a © nguyén @ong nho nhat sao cho 15
— 1 chia I8t cho p.

Vi 15°"— 1 = (15-1)(15'+1) chia Kt cho p. Mit khac, theatinh ly nhd Fermat thi 15" —
1 chia fét cho p. Thediinh ngha aia p, suy ra k laxsc  cia cac 8 p-1 va 2n. Suy ra k |
(p-1, 2n). Do p lardc s6 nguyén 6 nhé nhat caa n nén (n, p-1) = 1. Suy ra (p-1, 2n) =
Vay k | 2. Tr @6 k = 1 hac k = 2. G hai trrong hyp naydéu din toi p = 7. Nheng diéu
nay mau thén vi 15 + 1 luéndong dr 2 mod 7

Bai tap
1. Cho ndiém xanh va ntiém do trén mit phang, trongdd khéng c6 3tiém nao thing hang. Cing minh

rang ta c6 th ndi 2n diém nay king ndoan thing codau mat khac mau sao cho chidd mot khong
giao nhau.

2. Trén dudng thang c6 2n+1 doan thang. M6i mot doan thing giao véi it nhét n doan thang khéc. Chiing
minh rang ton tai mot doan thang giao véi tit ca cdc doan thang con lai.

3. Trong mat phang cho n > 1 diém. Hai ngudi choi lan luot ndi mot cap diém chua duoc noi bing mot
véc-to v6i mot trong hai chiéu. Néu sau nuéc di cia ngudi nao d6 téng cic véc to da vé bang 0 thi ngudi
th hai thang; néu cho dén khi khong con vé dugc véc to nao nita ma téng van chua c6 lic nao béang 0 thi
ngudi thit nhat thang. Hoi ai 12 nguoi thang cudc néu choi ding?

Nguyén ly gc han va hit dang thic

Nguyén Iy arc han throng dugc &p ding mjt cach héu qua trong cac bt dang thic c6
tinh © hop, dang chrng minh 6n tai k s6 tr N $ thoa man njt diéu kién naydo.

Vi du 1. (Moscow MO 1984) Trén vong tron agj ta xep it nhit 4 $ thuc khong am c6
tong king 1. Clitng minh &ng ©ng tt ca cac tich cacap < ké nhau khdngdn hon L.
Giai.
Ta cin ching minh &ng i moi n> 4 & thuc khong am, ...,a, 6 bng bing 1, ta c6
bat dang thrc

N (@t @pag t ... +ay. 8y + 3 < 1/4.
Véi n chin n (n = 2m) diéu nay co th chang minh & dang:dita; +ag + ... +aym.1= &
khi @6, r6 rang,
qay + @z + ... tan @y ta@ < (@ tagt+ ... tagm) X @t + ... +ay) =a(l —a) <

1/4.
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Gia sir n ¢ vaay — l1a $ nhé nhat trong cac & da cho. Pé thuan tién, ta gh sr 1 <k <n
— 1 —diéu nay khéng lam @t tinh 6ng quat khn>4.)Pitb =a;, v6ii=1,...k— 1,by
—act+awsvab=a ., Vvéii =k +1,...,n— 1. Ap ding bit dang thrc aia ching ta cho
cac $ by,...,b, . 4, taduoc:
. @t AR 1t (@1t g Bt Bk Bkazt o+ B0+ B3 < 1/4,

Cudi cung, ta & dung kat dang thrc

Ak 18kt A1t B 18K+ 2S Ak 18k Ak 18k + 1 F Akr 18k + 25 (k-1 F Bk ) Die
de suy radiéu phai chieng minh.
Danh gia tréntay 1a tt nhat; dau bang xay ra khi 2 trong n&bang 1/2, con cacdscon
lai bang O.

Vidu 2. Cho n= 4 va céc & thuc phan bit a, &, ..., a thoa mandiéu kién
>a=0>a*=1
i=1 i=1

Chirng minh &ng ©n tai 4 $ a, b, ¢, d théc {a;, &, ..., @} sao cho

a+b+c+nabcs ) a’<a+b+d+nabd
i=1

Vi du 3. Tong binh plrong aia mbt 100 $ thuc duong I6n hon 10000. Bng aia chiing
nho hon 300. Clitng minh &ng ©on tai 3 6 trong ching céding Ién hon 100.

Giai. Gia sr 100 $ d6 12 C; > C; >..> Cy0 > 0. Neu nhr C; > 100, thiC; + C; + C5 >
100. Dod6 ta cé tke gia st rang C, < 100. Khidé 100 -C, >0, 100 -C, > 0,C,-C,>0
u Cl - C32 O, Vi \ﬁy
100(C; + C; + C3)= 100(C; + C; + C3) - (100 -Cy)(Cy - Cg) - (100 -Cp)(C, - C3) =
= C? + C2+ C4(800- C; - Cy) >
>Ci?+C°+ C4(C3+ Cp+ ... +Cy) >
>C 2+ C2 + C + ... +Cyo¢8 > 10000.
Suy ra,C; + C, + C3 > 100.

Bai tap

1. Trong ndi 6 cia hing 2 x n ta \ét cac $ thuc drong sao choding cac & cua i cot biang 1. Ching
minh rang ta co th xo&di ¢ moi cot mdt 5 sao chay moi hang, d6ng aia cac 8 con hi khéng wrot qua
n+1

2
2. 40 tén tm chia 4000 euro. Bt nhém @m 5 tén tom duoc goi la nghéo du tong $ tién ma chang
dugc chia khong qua 500 eurosoHso nho nhat cac nhém m ngheo tréndng $ tat ca cac nhom 5 tén
trom bang bao nhiéu?

Nguyén ly gc hgn va phrong trinh Diophant
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Nguyén ly erc han tng ding trong plrong trinh Diophantid duoc nhic t6i trong bai
phuong phap cting minh pln ching. Trong pAn nay, ta trinh bay chiéi ba vi di ap
dung nguyén ly gc han trong plrong trinh Fermat, ptong trinh Pell va pinong trinh
dang Markov.

Vi du 1. Chirng minh &ng phrong trinh X + y* = Z (1) khéng c6 ngldim nguyén dong.

Gia sir nguoc lai, phwong trinh (1) c6 ngkkm nguyén dong, va (x, y, z) la nghim ca
(1) voi z nhd nhat.

(1) D& thay x?,y%,z d6i mot nguyén & cling nhau

(2) Tir nghiém aia phrong trinh Pythagore, ta cért tai p, q sao cho
22
y =p-q
z=p+q

(3) Tir day, ta hi c6 mdt bo baPythagore khac, W2 + of = p*.

(4) Nhu vay, ton tai a,b sao cho
g = 2ab

y=a - b

p — a2 + b2

a,b nguyén é cuing nhau

(5) Két hop céac plrong trinh nay, tauoc:
x? = 2pq = 2(& + b%)(2ab) = 4(ab)(& + b?)

(6) Vi ab vaa® + b? nguyén é cung nhau, ta suy ra ching la cAckinh plrong.
(7) Nhrvay & + b= PPvaa= U\, b=\2. Suyra BP=u* + V.

(8) Nhung bay gi ta thuduoc diéu mau thén vai tinh nh nhit cua z vi:
P=ad+b’=p<p’+q=2z<7Z.

(9) Nhu vay diéu gia sir bandau la sai, suy rdiéu phii chirng minh.

Vi du 2. Tim it ca cac dp da thrc P(x), Q(X) tha man pkrong trinh

P(x) = 0¢-1)QF) +1 (1) ,
Giai. Khong mat tinh ng quat, ta chcan tim nghém trong ip cacda thrc ¢6 ¢ so khoi
dau duong.

Néu (x+x2=1)"=P,(x)+vVx*-1Q,(x) (2) thi (x=+x* -1)" =P,(x) =vx* -1Q, (%) (3)
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Nhan (2) va (3) & theo ¢, taduoc
1= (x+4Vx* =1)"(x =V x* =1)" = (B, (x) +vx* =1Q, ())(R, () -Vx* =1Q, (X))

=R () - (x* -)Q; (x)
Suy ra @p da thrc By(x), Q.(x) xacdinh bai (2) (va (3)!) la nghdim aia (1). Ta cling
minh day |a fit ca cac nghdm aia (1). THt vay, gia sir nguoc lai, ton tai cap da thrc
P(x), Q(x) khdng co6 ghg Ry(x), Qy(X) thoa man (1). Ta xétap da thrc (P, Q) nlx vay
véi degQ nld nhit.

bat (P(x) +vx* —1Q())(x =V x* =1) = P*(x) +¥x* =1Q* (x) (4)
Thi rd rang

(P(X) =V X* =1Q(X))(X +VXx* —1) = P* (X) -V x* =1Q* (X)
Suy ra (P*, Q*) déng la nghém aia (1).
Khai trién (4), ta thuiugc P*(x) = xP(x) — (%-1)Q(X), Q*(x) = xQ(X) — P(x). Chu y lart
(1) ta suy ra (P(x) — xQ(X))(P(X)+xQ(x)) = “@) + 1. Vi P(x) va Q(x)téu c6 ¢ s5 khoi
dau > 0 va degP = degQ + 1 nén ta c6 deg(P(x)+xG{degQ + 1. T day, do deg(-
Q*(x) + 1)< 2deg(Q) nén ta suy ra deg(Q*(x)deg(Q) — 1 < deg Q.

Nhu vay, theo cach afn cip (P, Q) thidn tai n sao cho (P*, Q%) = (P Q).

Nhung khidé tr (4) suy ra
P(X) +Vx* =1Q(X) = (P* (x) +vx* =1Q* (X))(x ++/x* =1)
= (X+VX2 =D "(x+/x* -1) = (x+/x* -1

Suy ra (P, Q) = (R1,Qn+1), mau thn.
Vay diéu gia s la sai va ta cdiéu phii chitng minh.

Vi du 3. Tim #t ca cac gia tr k sao cho plrong trinh (x+y+2z§= kxyz c6 nghém nguyén
duong.

Vi du 4. (CRUX, Problem 1420) & a, b, ¢ |a cacisnguyén d¢tong sao cho
0<&+b—abcsc ’
Chang minh &ing & + ¥ — abc 1a & chinh plrong.

Gidi. Gid sl ngroc lai rdng ©Hn tai cAc $ nguyén dong a, b, ¢ sao cho 0 £ ak’ - abc
<c va k =4+ b’ —abc (1) khong pihila s5 chinh plrong.

Bay g ta & dinh k va c va xétap hop tit ca cac ép $ nguyén dong (a, b) tba man
phueong trinh (1), &rc 1a ta xét

S(c, k) = {(a, b)J (N*)% & + k¥ — abc = k}
Gia s (a, b) 1a @p $5 thuwe S(c, k) cé a + b rhnhit. Khdng ndt tinh Hng quét c6 té
gia sr a> b. Ta xét phrong trinh
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X—bex+B-k=0
Ta bét rang x = a la Mt nghiém cia phrong trinh. Gi a; 1a nghém con ki cia phrong
trinh nay thi a=bc —a = (b—k)/a.

Ta c6 ti¢ ching minhduoc ring (lan doc tr chang minh!) @ nguyén dong. Suy ra
(ay, b) ding thuc S(c, k).

Tiép theo ta c6 g= (I¥-k)/a < &/a = a, suy ra;a+ b < a + bbiéu nady mau thin vi cach
chon (a, b).

Bai tap
1. (IMO 88) Neu a, b, q = &b”)/(ab+1) 1a cac&nguyén dong thi q la 6 chinh phrong.

2. (PTNK 03). Timit ca cac $ nguyén dong k sao cho pfong trinh X - (K-4)y? = - 24 ¢6 nghim
nguyén aong.

3. (Mathlinks) Cho A laap hop hiru han cac $ nguyén dong. Ching minh &ng ©n tai tap hop hiru han
cac $ nguyén dong B sao cho Al B va [yus X =2 8 X

4. (AMM 1995) Cho x, y la cécésnguyén gong sao cho xy + x va xy +y la caé shinh phrong.
Ching minh &ng céding ndt trong hai 8 x, y la $ chinh plxong.

5. (IMO 2007) Cho a, b Ia c46 sguyén dong sao cho 4ab — 1 chidtl{4&-1)%. Ching minh &ng a = b.

6. Sap thir tw

Sip thr tw 1a mit cachdé giam & truong hyp cin xét va 4o ra cacdiéu kign bd sung
giap chang ta co6 thlam viéc &€ dang fon.

Vi du 1.Cho %, X, ..., % 1& n $ thuoc doan [0, 2]. Chrng minh &ng

n n
D% =%, |<n?.

i=1 j=1
Vi du 2. (Bét dang thic Schur no rong) Cho x, y, z la caddsthyc khong am, r 1a 6t <5
thuc deong kat ky. Chirng minh &ing ta co bt dang thrc

d(a-b)(a-c) + Kb-a)(b-c) + fc-a)(c-b)= 0

Vi du 3.Cho a, b, ¢ la cadghyuc ddi mot khac nhau. Gimg minh &ng

(a2+b2+cz{ t o, 1 jzg
(a-b)* (b-c)* (c-a)*) 2

Bai tap
1. Cho X, y, z théc [0, 1]. Ching minh &ng (x+y+z)((x-yf+(y-z)*+(z-x)?) < 4.
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2. (IMO 2006) Tim é thyc M nhy nhat sao cho fit dang thic
’ [ab(a® - b + bab? - ¢?) + ca(c? - a%)| <M(a? + b* + ¢?)?
dang Wi moi sb thuc a, b, c.

3. (Vietham MO 2008) Cho x, y, z la céethuc khdng am khac nhau. @hg minh &ng

1 1 1
=4
o yZ”X){(x—y)z Tyt (z—x)z}>
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khoa chuyén todmai so 10, Nha xuit ban Gido dic 20009.

2.Poan Qynh, Dodn Minh @ong, Tian Nam Qing, bang Hung Tling, Tai ligu gido
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Nguyén Iy chéng va tfo

Nguyén lychwng va tl (hay conduoc goi la nguyén ly Dirichlex khang dinh mot sy
kién “hién nhién” &ng n+1 con th khong tht dugc xép vao n chﬁng sao cho @i con
tho déu & riéng ndt chudng. Mot cach éng quat bn, nguyén Iy chéng va thh khang
dinh BAng:

Néu mpt tdp hop gom nhiu hon kndéi tuwong durgc chia thanh n nhém, thi céanhom
naodo co nhéu hon kdoi tuong.

Chan Iy nay 4t dé kiém tra: réu nhém nao ing c6 nhéu nhit k déi tugng thi bng wng
chi c6 nhéu nhat kn doi tugng dugc chia ra.

bay la ndt trong nhirng nguyén Iy khong xaywhg (non-constructive) ladoi nhit: n
chi n6i dén sy ton tzi caa Mt chubng trongdd c6 nhéu hon k vat ma khong noi gitén
cachtim ra chéng nay. Ngay nay ching t# c6 nliing ©ng quéat hoaat manh aa
nguyén ly nay (cadinh ly kiéu Ramsey, plong phap xac 4it...).

Mac du nguyén ly ching va tho dugc phat béu rat don gian, nd c6 hang kd cacung
dung khéng 4m theong. Céi kho aa viéc tng ding nguyén ly nay la xa¢inh dugc xem
tho 14 gi va chang 1a gi. Ching tadsminh hpadiéu nay ing mdt sb vi du.

1. Mot s6 vi du mé dau

Pé khoi dong, chung ta&bat dau bing nhing tng ding don gian nhit. Bdc cua mbt dinh
trongdd thi G 1a $ d(x) cac enh aia G k& véi x.

Ménh dé 1. Trong mvi do thi ton tai hai dinh cé cuing bc.

Chitng minh.Gia sir ta c6dd thi G ¢6 ndinh. Ta #0 ra n cai chéng dugc danh $ tir 0
dén n-1 va *%p dinh x vao chang thr k khi va ch khi d(x) = k. Neu nhr trong not
chudng naodo c6 nhéu hon 1dinh thi ta caipem. Vi tte ta c6 tié gia s rang khéng ¢
chudng nao cha hon 1dinh. C6 it ca ndinh duoc chia vao n céai ckiung, nhrng Viy méi
moét chubng céding 1dinh. Goi x va y 1a caatinh rim trong cac chéng danh $ 0 va n-
1 twong &ng. Pinh x ¢ Ac 0 vi iy nd khéngdugc ndi véi cacdinh khéac, trongté co y.
Nhung y ¢6 ic n-1 nén nddi dugc ndi véi tat ca cacdinh, trongdd cé x, mau thin.

Néu G la ndt @6 thi hitu han, chi s6 déc ldp (independent numben)(G) 1a $ Ion nhit
cacdinh d6i mot khong K nhau éa G.Sic s (chromatic numbery(G) cia G 1a $ nho
nhit cac mau #n dungdé td cac maua G sao cho khdng c6 hdinh k& nhauduogc to
cung mau.
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Ménh dé 2. Trong mvi do thi G Wi n dinh ta c6 ns a(G) X(G).

Chizng minh.Ta chia caalinh aia G thanhy(G) nhom (cacap hop cacdinh c6 cung
mau). Theo nguyén ly cbag va thh, mot trong cac nhéndé cé chira it nkit nfx(G) dinh,

va cacdinh naydéi mot khong K nhau. Nir vay a(G) > n/x(G) vado chinh ladiéu cn

chirng minh.

Mot do thi [alién théngnéu giira haidinh kit ky cia nd cé mt duong di.

Ménh d@é 3. Cho G la ngt do thi n dinh. Neu npi dinh aia G ¢6 lic it nhit1a  (n-1)/2
thi G lién thdng.

Chitng minh.Ta xét haidinh x, y Hit ky. Néu haidinh nay khéng & nhau thi c6 it rdt n-
1 dinh i chiing Wi cacdinh con 4i, vi ca x va ydéu co kic it nHit 14 (n-1)/2. Vi chcon
n-2 dinh khac, nguyén ly climg va tt suy ra &ing phii c6 mot trong caatinh &6 ndi véi
ca x va y. Tada chrng minhdugc rang moi cap dinh thi hdc k& nhau, hac cédinh Kk
chung, va ntr vay G lién thong.

Ghi chti. Mot két qua latot nhat néu nhr két luan khong condling khi ta 1am gu di mot
dicu kién. Vi du, trong ket qua trén: ga sir n la chain va G la bp aia haido thi day du
v6i n/2 dinh thi dic oaa mbi dinh king (n-2)/2 nleng @6 thi khong lién théng.

Bai tap 1. Gia sir 5diém duoc chpn trong hinh vuéngamh 1. Chiing minh &ng ©n tai it nhat 1 cip diém
cach nhau khéng qua 1/2.

Bai tap 2. Cac viénda aia 8 mau khac nhaiuoc xép vao 6 cai bp. C6 20 viénda cho ndi mau. Ching
minh rang timduoc Mot hop chra hai @p cé cung mau khac nhau.

Bai tap 3. Ching minh &ng mjt tap hop bat ky gdm n+1 ptan tir duoc chon tir {1, 2,...,2n} déu chia
mot cip phan tir co Bng king 2n+1. Hay ciing minh Kt qua nay la 6t nhat.

Bai tap 4. Ching minh &ng mbt tap hop bat ky gom n+1 $ nguyénduoc chon tir {1, 2,..., 2n} chira hai
s6 ma $ nay chia it cho $ kia.

2.Pinh ly Erdos-Szekeres

Cho A = (a, &,..., ) la ddy ém n $ phan bét. Mot day con k phin tr cia A 1a day B
gém k $ hang pHin tir caa A xuit hién theoddng thr tv ma chang xét hién trong A. C6
nghHala B = (@, ay,..., a) Vi, <i, < ...<i. Day con Bduoc goi la ting réu a; < a,
<...< 8, Va ghm réu a; > g, >...> a.

Ta quan tandén d6 dailén nhit coa day coning va gim cia A. Suy lén trec quan cho
thiy phai c6 mbt sy canddi nhat dinh gira haido dai nay. Nu nhr day con ing dai nft
la ngin, ching han c6 chéu dai la s, thi mi day con éa A c6do dai s+1 phi chea cp
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phan tir giam, nhr vay c6 it nhieu cip phan tir giam. Vi thé ta trongdoi ring day con
giam dai nfat st 16n. Mot truong hyp arc bién »xy ra khi s = 1. Khido ca day A la
giam.

Lam sao ta c6 thso héadieu dr cam rang do dai aia day coning dai nlat va day con
giam dai nfat khong tié cungnho ? Ket qua noi tieng aia Erdos va Szekeres (1935) cho
chang ta cau érloi cho cau bi nay vaday la nét trong nhiing két qua dau tién dia i uvu

t6 hop.

Pinh Iy 4 (Erdos-Szekeres 1938ho A = (a, &,..., @) la ddy m n @ thic phan bt.
Néu n>rs + 1 thi haic A c6 day coning dé dai s+1 haic A c6 day con gimds dai r+1
(hay ai hai).

Ching minh.(cua Seidenberg 1959). Ta cheohg ung Moi phén tr g cua A Wi cap
“dlem D" (xi, ¥i) trongdé x 1a $ pfnn tir cia ddy cortang dai nhit két thictai avayla
sb phan tir cua day corgiam dai nHit bat dau tir 8. Cha y éng khong c6 hai pin tr ndo
c6 cungdiém 9, tac 1a (%, i) 2 (X5, ¥j) voi moi i # j. That vay, neutaco ... a.. q ..., thi
haic g < g va day conang dai nlﬁt két thic ti g co the kéo daidén g (va dodo X < >q)

haic g > g va day con gim dai nfit bat dau tir a co thé duoc bit dau tir g (va nhr thé y;

> Yj)-

Bay giv ta ©10 ra it ludi gom n chng tho.

n

1 r

Tadit mdi phan tir g vao chéng WGi toa do (x;, y;). M&i mot phan tir caa A ¢6 the duoc
dat vao nbt chu‘%ng Vil<x,yi<n Wimoii=1,2, .., n. kn nia, khdng cé ching
naodugc chra nhéu hon mot pmn tr, vi (%, Y1) # (X, yj) voimoii Zj. Vi|A|=n=rs +
1, ta c6 nhiu Vat hon 12 $ cth)ng thd dugc td dam trong hinh & trén. Nhr vay phai co
mot phén tir & nim ngoai mén td dam. Nheng didu nay cé ngta la x> s+1 hacy >r +
1 (haic ¢ hai),dingdiéu ching ta an.

Tap hop céc $ thuc duwoc sip toan plin. Biéu nay c6 ngta 1a Wi hai $ phan bt x, y
thi haic x <y hdic y < x. B dé dudi day, thwc vé Dilworth, s tong quat hoatinh ly
Erdos-Szekeres cho cépthop ma trongid hai phn tir ¢ thé khdng so santiuoc.
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Mot thiz tie bg phdn (yéu) trén &p hop P la quan éhai ngoi < gita cac phn tir cia P. Ta
n6i hai pln tr x va y laso sanhduoc néu x <y hac y < x (hdic c hal) Mot xich la

mot tap hop Y O P sao cho hai ph tir bat ky caa Y 1a so sankiuge. Néu khong cé hai
phan tr khac nhau naota Y la so sanbiuogc, thi Y duoc goi la doi xich.

Bo dé 5 (Dilworth 1950). Trong i thir tw bo phan trén &p hop P @dm n= sr + 1 plan
tur, ton tai Xich c6 kich tixdéec s+1 h@c doi xich c6 kich thxée r+1.

Chizng minh.Gia sir ring khdng c6 xid6 dai s+1. Khid6 ta cé tié dinh nghia ham 6 f:

P> {1,.., s} trongdo f(x) la $ phan tr 16n nhit caa mdt xich c6 pln tir 16n nht x.

Theo nguyen ly ching va th, 5 c6 r+1 plan tir cia P ¢ cungnh qua anh xf. Theo
dinh ngha aia f, cac phn tr nay khéng so santroc; va nhr vay chiing 2o thanh mt
dbi xich co kich thrge r+1.

Bai tap 5. Tir bo dé Dilworh hay suy ratinh ly Erdos-Szekeres.

Bai tap 6. Cho rf+1 diém trong mit phing. Ching minh &ng ©n ti day ¢m n+1 diém
(X1, Y0),(X2,¥2), -+, (X1, Yn+1) SA0 ChO XS X € ... Xpu1 VA Y 2 Vo 2 ... 2 Yy, haiC day aj)m n+1diém sao
ChoX <X < .. X VAV S Vo< . S Yhut

3.Pinh ly Mantel

Duéi day ching ta&thao luan v& mot tinh chit téi wu dic treng aiadd thi. Mot @6 thi G
gém 2ndinh khéng clra tam giac cé thco bao nhiéuanh? Tam giac 1&p hop {X, y,
z} gdm badinh ma haidinh kit ky déu dugc ndi véi nhau lbi mot canh. Ox nhién 1a G cé
thé chira rf canh ma khéng ala tam giac: chcan lay db thi hai pheday du gdm hai fip
hop mdi tap hop cé ndinh va it ca cac anh i giira hai &p hop. Thec € 1a rf chinh 1&
s canh 1on nhit co the: néu ta thém rdt canh vado thi thi € xuat hién tam giac.

Ta € dua ra 4 cltng minh cho Et qua dep d& nay: chirng minh thir nhat dang nguyén ly
chuwdng va thb, ching minh thr hai dra trén plrong phapdém bang hai cach, aing
minh thr ba st dung kit dang thrc AM-GM va ching minh thr tu st dung “ly luan dich
chuyén“ (ta € dé cap toi chang minh nay trong pin sau).

Pinh ly 6 (Mantel 1907)Néu do thi G Wi 2n dinh c6 f+1 canh thi G chra tam giac.

Chitng minh thi nhat. Ta ching minh ling quy rap theo n. \éi n = 1, thi G khong thco
n*+1 anh va vi iy ménh @ ding. Gi st ménh dé da dingdén n, ta xétdd thi G Vi
2(n+1)dinh va (n+1j + 1 anh. Goi x va y la haidinh k& nhau trong G, va H &b thi con
cam sinh trén 2nrtinh con 4i. Néu H chra it nHit n+1 canh thi theo gi thiét quy rap, ta
c6 ngaydpcm. Gi s raing H ¢6 nhdu nhit n® canh, khidé c6 it nlit 2n+1 @anh aia G $
ndi tir x va ydén cacdinh aia H.
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Theo nguyén Iy ching va tfo, giira 2n+1 @nh nay cd it nit 1 canh rbi tir x va mdt canh
noi tir y dén cung ndt dinh z thyc H. Nhr vay G chra tam giac {x, y, z}.

Ching minh thi hai. Cho G 1ad6 thi trén fip hop V gom 2ndinh va c6 me n*+1 anh.
Gia sr raing G khong cha tam giac. Khidd cac anh k& nhau khéng cdinh ke chung, do
d6 d(x) + d(y)< 2n Wi moi canh {x, y} O E. Gng theo 4t ca cac anh aia G, ta c6
> d(9? = ¥ (d() +d(y)) < 2mn
xv { x e
Mit khac, & dung bit dang thic Cauchy-Schwarz vaing thic Euler Y d(x) =2m, ta
XV
duoc
( 2
S|
2m
d(x)? 2= X = .
%«: V| n

Tir hai Hit ddng thic nay suy ra ng n®, mau thén voi gia thiét.

Ching minh th ba. Gia st G = (V, E) 1add thi trén &p V gom 2ndinh va gi sir G
khéng clira tam giac. Gisr A O V la tip hop doc 1ap 1én nht, tic 1& Bip hop 1én nhat
cacdinh sao cho khong afinh nao k nhau trong G. Vi G khéng @¢h tam gidcat ca
cacdinh k& vai dinh x 0 V tao thanh mt tap doc 1ap va ta suy ra d(& |A| v6i moi x.

Tap hop B = V — A giao ¥i mdi canh aia G. Tinh cacanh aia G trong ttng Wi dinh
cudi cua chuing trong B, ta cfE <>’ d(x) . Bay giv bat dang thic AM-GM cho ta

|A|+|B|j2:nz

|E|szmd(x)s|A|.|B|s[ .

4.Pinh ly Turan

Mot k-cliquela mot @6 thi voi k dinh ma haidinh tfi} ky déu dugc nol véi nhau ki mot
canh. Vi di tam giac la 3-cliquebinh ly Mantel kiang dinh rang réu do thi véi n dinh
khong chira 3-clique thi né c6 néil nhit n?/4 canh. Con du k > 3 thi sao?

Cau ta |01 duoc cho i két qua co ban cia Paul Turan, & qua d& my dau cho Iy thuyt
do thi toi uu.

Pinh ly 7 (Turan 1941).Néu do thi G = (V, E) trén ndinh khong cha (k+1)-clique, k>
2, thi
1\n?
E|l1-——|—. 1
k(115 )
Ciing gbng nhr dinh Iy Mantel,dinh Iy naydugc nghién eu nhiu lan véi nhicu céc
chirng minh khac nhaw0 day ching tatua ra clitng minh nguyén thy cia Turan. Phép
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ching minh dra trén Iy ldin “dich chuyn trong rong” s duoc dé cap trong pln bai
tap. Ngoai ra & con ndt cach cltng minh & dung mbt y twéng hoan toan khac — lydn
Xac sut.

Ching minh.Ta sr dung phép quy #p theo n. Khi n = 2, 4 dang thic (1) 1a hén nhién
dang. Tuong hop k=2 chinh 1adinh Iy Mantel. Bay g¥ gia s bat dang thic ding cho
moi d6 thi trén nhéu nhit n-1dinh, va G = (V, E) lai6 thi trén ndinh khéng c6 (k+1)-
clique va c6 & canh I6n nhat. B thi nay d nhién Ia phi chira k-clique, i néu khéng ta
c6 thé thém anh. Gi sir A 1a k-clique va B = V — A.

. x Ly k . .
Vi moi cap dinh aia A dugc noi bai mot canh, A chra e, :(Zj canh. Qi eg la $ canh

ndi cacdinh aia B va @ 1a $ canh i gitra cac anh aia A va B. Theo gi thiét quy
nap, ta cé

o105
k) 2

Vi G khong c6 k+1 clique néndn x 0 B k& véi nhiéu nhit k-1 dinh thuc A, va ta thu
duoc

ens < (k-1)(n-K).
Cong cac Bt dang thrc nay hi va sr dung dang thrc

25015
1-= =70
k)2 2N\ 2
ta suy raing

|[Elce,+e; + €ap S (Zj +(;J(L2kj +(k-1)(n-k)

e

Bai tap 7. Gia st rang n la i sd cia k. Hay xay dng mot do thi khong clira (k+1)-clique, trongt6é
cac anhdat dugc cén trén (1) tronglinh ly 7.

Bai tap 8. Nhic lai ch 6 doc lap a(G) ciadd thi G & $ I6n nhit cacdinh d6i mot khdng K nhau @a G.
Hay ching minhddi ngiu caadinh ly Turan: Nu G 1adé thi v6i n dinh va nk/2 enh, k> 1, thi a(G) =
n/(k+1).

5.Pinh ly Dirichlet

O day ta trinh bay @t tng ding aia nguyén ly chﬁng va thh ma Dirichletda sr dung,
va chinh vieng ding nay ma nguyén ly najuoc gin Voi tén ong. N6 lién quaﬁen van
dé ton tai xap xi hitu ty tot cho cac & vo ty. Két qua nay thic Ve ly thuyét sb nhung ly
luan 1a 6 hop.
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Pinh ly 8 (Dirichlet 1879).Néu x la nit s5 theec. Vi mdi s6 nguyén dong n,bn tai s6
hizu ty p/g sao cho X g=<nva

L
q

ng g’
Chizhg minh.Cho ching minh nay, ta@ {x} la phdn lé cia $ thuc x, trc 1a {x} = x —
[X].

Néu x 1a $ hitu ty thi khéng c6 gité chirng minh. Vi ti¢, ta g S rang x 1a vO § va xét
n+l $ {ax},a=1, 2, ..., n+1. Tdit n+1 $ nay vao n chang

Sacy

(Khéng c6 6 nao trong cacdsnoi trén tring i dau mat caadoan, vi x 1a vo §). Theo
nguyén ly chang va thb, cé ndt doan naodo chra nhéu hon mot 5, vi du la {ax} va
{bx}v 6i a > b, va daié cach nhau khéng qua 1iit g = a — b, ta thy ring ©n tai 6
nguy&n p sao cho |gx — p| < 1Andb suy ra Kt qua cin chrng minh Bing céach chia cho
g. Hon nita, g 1a héu caa hai $ nguyén thac 1, 2, ..., n+1, ddo6 g< n.

X—=

6. Do thi duwgc to dic sic

Ta td mau cacanh aiado thi day du K, trén ndinh. Ta ndi ing d6 thi duoc t dic sic
(swell-colored) Au moi tam giéac clta 1 hdic 3 mau, nhing khéng cra 2 mau vato thi
c6 nheu hon mit mau. Co ngta 14, ta &n Sr dung it nkit 2 mau va ¥i moi tam giéac,
hoic la #it ca cac @anh aia n6 ¢ cuing mau ko cé mau khac nhau.

Ta c6 tf¢ ching minhdugc rang (hdy clirng minh!) K, khdng ti duoc t6 dic sic v6i
dung hai mau. Gng co tke thay rang Ks va K, la nhirng do thi K, duy ntat c6 tre to dac
sic voi 3 mau; caeio thi K, khac é@n nhieu mau fon vi ching c6 &c lién théng caodn.

Str dung nguyén ly chéng va th, ta co th ching minhdugc chin dudi sau.

Pinh ly 9 (Ward-Szabo 1994p6 thi day du trén ndinh khong th diwroc td déic sic Wi it
hon +/n +1 Mau.

Chizng minh.Gia sir K, dugc td dic sic voi r mau khac nhau. & N(x, ¢) la $ canh &
v6i dinh X dugc t6 mau c. G dinh X va g sao cho N(x ) I6n nhat, va ky heu gia ti
l6n nhat nay la N.

n-1 anh k& véi xo ¢ th dugc chia thanhe r nhém mau, @i nhém cé N hac it hon

phan tir. Theo nguyén ly ching va th
N.r=n-1.
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Gol X1, Xp, ..., Xy 1& cAcdinh k& voi xo boi N canh c6 mau ¢ Goi G 1adé thi con @ay du)
cia K, cam sinh fr tip hop cacdinh {xo, Xy,..., %}. Tinh dic sic ma K, dugc cim sinh
cho G va ntr vay moi canh aia G ¢6 cung maucVi K, co it nHit hai mau néndn tai
dinh y thc K, khéng am trong G va sao cho it fihmot canh i y véi G ¢6 mau khac
Co.

Khang dinh 10.N+1 canh msi y t6i G dwroc t6 mau khac nhau va khagi¢,.

Tt khing dinh nay ta suy raz N + 2, tr d6, cung i bat dang thrc N.r=n — 1 suy ra
r(r-2)=n—1,vak dé r=+/n+1ladiéu cn ching minh. Nhr vay ta ch con @n ching
minh khing dinh trén.

Néu mot canh i y t6i G, vi du {y, X1}, 6 mau g thi theo tinhiic sic, anh {y,xq} phai
dugc t6 mau 6 mau thdn vsi cach clny (nhac lai 1a X1, Xo,...,XN Iatat ca cacdinh ké
véi Xo dugc ndi bang anh mau g). Tiép theo, Bu hai @anh ndodé ndi y véi G, ching
han {y, X1} va {y, x5} c6 cling mau thi theo tinfiic sic aia K, ta c6 anh {X;, x;} ciing
duoc t6 king maudd. Nheng {x;, %} thuoc G va cdé mauqgva nhr vay {y, x;} phai cé
mau ¢ la diéu ma tada ching minho trén 1a khong t& Piéu nay Kt thic phép ciing
minh khing dinh va ding la Kt thac chirng minhdinh ly.

Tinh ©i vu cia cn duéi cho kvi dinh Iy 9 c6 tie dugc ching © sir dung Mt cau hinh
goi & “mat phing afine”. Ta hiu ring mt phing afineAG(2,q) tic g chrading d diém
va dung q+1 ép (duoc Qi la “but chi”) cacduong thing song song, & 16p chra q
duong thing (haidudng thing la song songéon chidng khéng cdiém chung). Hn nira,
hai diém bat ky nam tréndang not duong thing.

Khi c6 1 mit phang nhr vay, ta c6 ti xay drng mt phép todic sic cho K, véi q+1

mau nhr sau. Taiong nhit cacdinh aia K , véi cacdiem cia AG(2,q) va chouong ing

mot mau duy nht cho mdi mot trong $ g+1 bt chi caduong thing song songbé xac
dinh cach taiac sic, ta xét haiiem khac nhau x va yua K- Hai diém nay thdc duy

nhat mot duong thing vaduong thing nay,dén leot minh the duy nfit mot bat chi. Ta
t6 mau anh {x,y} bang mau @a bat chi nay. Vi haiiém bit ky nam trén ndt duong
thang duy nfit va haiduong thing song song khéng ebém chung, mi canh aia mt
tam giac & duoc td bing cac mau khac va alvay, phép té latic sic nhr mong mién.

Thuc €, Ward va Szabo (1994}3 chrng minh &ng diéu ngroc lai cing dung: réu o thi
K (q=2) c6 ti¢ td dic sic bing g+1 mau thi phép td nay cé throc dungdé xay ding

mat phing afine lc q.

[Trich tr cusn Extremal Combinatoricsi@ Stasys Jukia
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Giai phuong trinh ham Bng cach4p phrong trinh

Tran Nam Diing
Trwong PH KHTN Tp.HCM

Cugc wng la chwi nhitng phrong trinh
ma ta kem tim bi gidi

Giai bai toan Bing cach 4p phrong trinh va B pheong trinh la njt pheong phap thong
dung trong cac bai toadni sb. Y twong ladé tim mot an naodo, tadua vao cadn 9
phy, s dung cac @ kién da cho 4o ra ndi lién h¢ gitra cacan $ do (cac plrong trinh),
giai hé phrong trinh, tim ra gia trcaa an £ can tim. Plrong phap tong tr ciing c6 tit
ap ding cho céc bai toan hinfbditinh toan (ching han bai toan dii tam giac, & giac),
cac bai toarém (phrong phap day&phy).

Trong bai nay, ching @ cap i phuong phapap phrong trinh, & pheong trinhdé giai

cac bai toan plong trinh ham. Yuong chung @ng ladé tim mot gia ti f(x) haic f(a)

naodo, ta st dung phrong trinh hamié tim ra ndi lién két gitra cacdai lugng, noi cach
khac, to ra caghwong trinh . Giai cac phrong trinh $ nay, ta co thtim ra f(x) hac

f(a) voi a la mdt gié ti naodo.

1. Giai phwong trinh ham dya vao tinh xdin cia ham $

Ham $ w(x) duoc goi la xadn ddi voi phép lop réu Hn tai s{) nguyén dorng k sao cho
W(X) = X V6i moi x. O dayw (x)=w(X), o’ (X)= W(W(X)), ..., W K(X) = (X)) Ta co tié
sir dung tinh xd@n cia mbt sb ham $ dé giai mot sb dang phrorng trinh ham &i mot bién
tu do. Ching tadt d¢au tir nhirng vi di don gian:

Bai toan 1.Tim it ca cac ham& f: R\ {0} 2 R tha mandiéu kién
(x—l)f(x)+f(1j=x2 (1) Wwimoix#0
X

Gi
ai. Trong (1), thay x ing 1/x, taduogc
1 1 1
=-1|f flx)=—= (2
(i)rw=s @
Giai hé (1), (2), coi f(x) va f(1/x) 1a caén &, taduoc
Xt =x®+1
f(X)=5—F—
= ety
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Trong vi di trén, ta &n tim f(x). Ta coi f(x) 1adn 5 chinh, con f(1/x) la @t an phy.
Phrong trinh (1) cho ching tadnsy lién két gitta an & chinh vaan phy. Thay x kng
1/x, ta hy wng € tim raduoc moi lién két moi. Trong trong hop nay,dé chinh la
phuong trinh (2). Vi plrong trinh (2) khongab raan $ mai, tic 1a $ phoong trinhda
bang $ an 9, du cho gai tim duoc f(x) nén ta dng lai. Trong vi di tiép theo, ching ta
s3 thdy qua trinh 4o cac ndi lién két c6 the tao ra cacin 5 moai.

Bai toan 2.Tim tit ca cac ham&f: R\ {0, 1} > R tha mandiéu kién

1+x) _ x*+1
f(X)"’(X"’l)f(1 xj 1 1)

2

Giai. An & ¢ day dang la f(x) véan $ phu 1a fG X) (1) cho ta it pheong trinh Kt

ndi 2 an $H nay. Ta tim cac Ai lién két khac. Trong (1) ta thay xibg 1—X thi duoc
- X

1_1+x 1+x_1
1-X 1-X

- f(1+xj+if(—1j:— X+ 2
1-x) 1-X X X(x-1)

Nhu vay, trong (2) &i xuét hién mot an & phy méi, d6 1a f(— EJ. Néu dirng i ¢ day thi
X

1+71+X (1+xj +1
f(1+xj+(1+x+1jf 1-x |- \1-x
1-x 1-x

s6 an s nhiéu hon & phurong trinh va taskhong timduoc f(x). Trong (1), #p tuc thay
x bang -1/x thi tadugc

1 1 1+1
-~ 3 _ »
(R i () o
X X 1++ 14 X X 1+X X(x+1)
X

tiép tuc nhan duoc MOt an & phu méi, d6 1a f( L xj Trong (1), tadi thay x king

_1-x thi dugc
1+x
2
1 1 - (_”) +l
f(_ —xj+(_ —x+1jf x| - 11+_>;
1+X 1+X 1+ _ 1
1+x 1+X

1-x)_ 2x x? +1
- f[——] f(x)=- (4)
1+x 1+x X+1
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Dbén day thian $ moi da khdng xaét hién, nhr vay tada cé 4 plrong trinh (1), (2), (3),
(4) voi 4an D 1a f(x), f(l X) f(—l} f( 1= X) Giai hé nay nhr mot hé phueong trinh
1-x X 1+x

bac nHit 4 4n, ta timduoc

x*+1

f(x) = .
9 X(x-1)
Quan séatdi giai cua hai bai toan trén, tady ring phrong phéap ong tr c6 té ap ding
cho bai toan timat ca cac ham f(x) théd man plrong trinh
f(x) + a(x)f(@(x)) = b(x) (1) ,

Trongdo a(x), b(x) la cac handsia cho, conw(x) 1a mot hamda cho thé man tinh cht
W(X) = X VGi moi x. S5 k nho nhit thoa mandiéu kien o(x) = x duoc goi 1a bdc cia ham

s6 w(X).

Céc vi di thuong gip V& hamw(x) chinh 1a w(X) = -, w(X) = 1/x. HAm w(x) —1—:
trong vi di 2 [a mdt ham kc 4. CO th rang kiém tra ham & aw(x) = \/_\/_X co kic la 3.
—/3X

Chu y ing da $ cac ham & 1a khong xé@n. Ching han trong cac handa thic, chi c6
ham @ f(x) = x va f(x) = a — x la xan. Mot 16p ham phan tirc xain dugc Mo & ¢ phan
bai tip.

Ngay @ véi phuong trinh ham ciia cac ham X, ta ding c6 ti¢ gap kho khin khi do
tinh dbi xing, ta khdngdo rada sb pheong trinhdé giai (c6 thé xay ra turong hop cé
mot phueong trinh naaid la ¢ qua caa cac plrong trinh khac). Vi d.

Bai toan 3.Tim tt ca cac ham & f: R = Rthoa mandiéu kién
f(x) + f(-x) =  v&i moi x thuwc R.

Giai. Trongding thrc f(x) + f(-x) = ¥ (1) thayx bing—x thi taduoc

f(-x) + f(x) = (-x (2)
Nhu vay khéng xut hién an & moi nhung cung 10adé, (2) ding khéng phi la phrong
trinh moi, ma hoan toan gng nhr (1). Nhr vay, ta khéng th giai dugc e (1), (2)dé ra
gia ti duy nhit caa f(x).

Ciing trong tr nhu trong trdng hop b pheong trinh tugn tinh i s6 an 5 nhiéu hon
sd phuong trinh trong hyp nay i cua ching ta, hay noéi cach khacuphg trinh (1) 8
c6 vd $ nghiém. Cu thé trong bai toan nayjat g(x) = f(x) - /2 thi tadugc g(x) + g(- X)
=0, suy ra g(x) la 6t ham $ 1¢. Nguoc lai, néu f(x) = X4/2 + g(x) véi g(x) 1a mot ham é
& bat ky thi rd rang ta c6

f(x) + f(-x) =>/2 + g(X) + ¥/2 + g(-x) = ¥
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Vay tht ca cac ham &f(x) thoa mandiéu kign dé bai laf(x) = x/2 + g(x), trongdo g(x) la
mot ham ¢ ¢ bat ky xacdinh trénR.
Bai tap
1. Tim #it ca cdc ham &f: R > R sao cho & moi x 0 {-1, 1} ta c6

X-3 3+Xx

(e ()

X+1 1-x

2. G sir az 0. Tim ham & f(x) biét rang

f(x)+f( a’ J:x
a—X

3. Tim ham & f(x) biét ring

Zf( X j_sf(Sx—Zj: 13x-4
x-1 2x+1) 2x-3x?

4. a) Clirng minh &ng ham 8 w(x) = L++/3x la xain
J3-x
b) Tim ft ca c4c gia tra sao cho hands a(x) = 1a+ax la xain.
—ax

5. Tim #it ca cac ham &f(x): R > R sao cho &i moi x khac 0 ta cé
f(x) + f(1/x) = 2

6. Tim #t ca cac ham &f: R\ {0, 1} > R thai man phrong trinh
£() + f( 1 J: 2(1-2x)
1-x X(L-X)
véi moi x thuoe mién xacdinh aia f.

2. Giai phwong trinh ham biang cach hp phwong trinh

V6i nhiing phrong trinh ham c6 2 (K nhieu hon) phrong trinhdiéu kién, ta c6 th tim
cach Kkt hop cac plrong trinhd6 dé tim ra f(x). Plrong phap o ban van |a to ra céc
moi lién két, hay cac ptiong trinh lang cach tinh @t gia ti bang hai cach khac nhau.

Bai toan 4.Tim tit ca cac ham&f: R > R tha: mandiéu kién
i) f(-x) = -f(x) voi moi x thuoc R;
i) f(x+1) = f(x) + 1 i moi x thudc R;
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il f(ij: 09 vsi moi x khéc 0.
X X

Giai. TAt ca cAcdiéu kién déu trén ndt bién x. Trong tedng hop nay, ta cé thdung not
chat khai niém vé @6 thi dé hiéu conduong di dén 1oi giai. Ta xem cac & thuc nhr cac
dinh aia mot d6 thi. Binh x € duoc ndi vai cacdinh x+1, -x, 1/x. Cadiéu kién dé bai $
cho chiing ta cac énlién h¢ giita gia ti cia ham 8 tai cacdinh duoc ndi boi mot canh.
Néu ching ta tindugc mbt chu trinh thi Mt cach tr nhién, ching taéscé 1 phrong trinh
(dé tranh ham & co hai gia trkhac nhau).

Ta thr tim mot chu trinh nlx vay
X—>X+1—>L—>—i—>1_ 1 = X —>X+1=1+1—>1—>X
Xx+1 x+1 x+1 x+1 X X X

Daty = f(x) thi tr chu trinhd trén, tadn lueot c6
f(x+1):y+1,f( : j: y+12,f[— : j:— y+12,f( X j:1— y+1

Xx+1) (x+1) X+1 (x+1) x+1 (x+1)?
1- Y+l
2 2 _
f(XJrlj: (X+12 =X +22X y,f(lj 2x- f(X) 2x—y
X X X X x?
[++3)

Tudésuyra2x —y =yt lay = x. \y f(x) = x.

Trong Iy Ién trén, ta an dén diéu ki¢n x khac 0 va -1. Tuy nhiénr dicu kign f(x+1) =
f(x) + 1 ta & dang suy ra f(0) = 0 va f(-1) = 1.aY¥ f(x) = x la &t cac nghim aia bai
toan.

Bai toan 5.Tim tit ca cac ham&f: R © R tha mandiéu kién
f(x%-y) = xf(x) — f(y) wi moi x, y thuwsc R
Giai. Thay x =y = 0 vao plong trinh ham, tauoc f(0) = - f(0), suy ra f(0) = 0. Thay y
= 0 va plrong trinh ham, taugc
f(x) = xf(x) (1)
Tur d6 suy ra
f(x*-y) = () - f(y) ‘
Thay x = 0 tatuoc f(—y) —f(y). Thay y Bng -y, tatuoc
f(x +y) = f(4) — f(-y) = fO8) + f(y) V6i moi X, y.
Tur d6, két hop véi tinh chit ham B, ta suy ra f(x+y) = f(x) + f(y) & moi X, .
Bay giv ta co f((x+15) mot mat c6 thé tinh theo cong e (1), trc 1a bing (x+

1)f(x+1) = (x+l)(f(x)+f(1)). Mit khéac, ta co thkhai trien

f((x+1)%) = fC+2x+1) = f(6) + 2f(x) + f(1) = xf(x) + 2f(x) + f(1).

Tur d6 taduoc phrong trinh (x+1)(f(x)+f(1)) = xf(x) + 2f(x) + f(1), wy ra f(x) = f(1)x.
Pit f(1) = a, taduoc f(x) = ax. Thr lai vao phrong trinh ta thy nghiém dang.
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Vay f(x) = ax wi ad R 1a it ca cAc nghim caa bai toan.

Phrong phap 4o ra cac rii lién két ciing c6 the p ding higu qua trong cac bai toan
phuong trinh ham trén Q, N, Z. Ta xem xé$inso vi du

Bai toan 6. Tim tit ca cac ham&f : Q+ > Q+ thai man cadliéu kién
i) f(x+1) = f(x) + 1 Wi moi x thuoc Q+;
i) f(x?) = fA(x) voi moi x thude Q+.
Giai. Tur diéu kién i) ta & dang suy ra f(n) = nd¥ moi n thwc Z va f(r+n) = f(r) + n i

moi r thuoc Q va n thdc Z. Bay gb ta tinh f(r) \6i r =Py twong ta § tinh f((r+qy)
q

theo f(r) ling hai cach.

Trusc ket f((r+qf) = B(r+q) = (f() + af (1)

Matkhac  f((r+df) = f(r*+2p+df) = f(r) + 2p + § = £(r) + 2p + 4 (2)
Tir (1) va (2) ta suy ra’fr) + 2qf(r) + ¢ = (1) + 2p + § =>f(r) = p/q =r.

Vay f(r) = r vai moi r thuéc Q.

Bai toan 7.Tim it cia cac ham&f: N = N sao cho

f(nf+n?) = (m) + £(n) voi moi m, n thuyc N
Giai. Cho m = n = 0, tawoc f(0) = 2f(0), suy ra f(0) = 0. Cho m = 1, n = 0,daoc f(1)
=0 hac f(1) = 1. Ta xét rong hop f(1) = 1, teong hop f(1) = 0 xétrong tr. Véi f(1) =
1, ta Bn lrot tinh duoc

f(2) = f(1%+1%) = (1) + (1) = 2

f(4) = f(22+07) = 4(2) + £(0) = 4

f(5) = f(2*+1%) = £(2) + (1) =
Nhung l1am saaté tinh, ching han f(3)'7 R rang f(3) khong ¢htinh duoc theo & do trén
dugc, vi 3 khéng lu dién dugc dréi dang ©ng aia hai binh phong.

Ta nhy lai mgt bai toan bp 3. C6 1 cai camia wi 2 qui can 1kg, 5kg va 1 badrong
ning 10kg. Hay can ra 7kg@eong hing 1 kin can. RG rang, & cach can théng tirong
thi ta ch canduwoc 1kgduwong, 4kgduwong (5-1), 5 kgiwong va 6kgdwrong. Tuy nhién,
néu tinh y 1 chit, ta c6 thco phrong &n canduoc 7kgdwong nhe sau: Pat vaodia bén
trai qua can 1kg va 10kguong, dia bén pli 1a qui can 5kg, sadé chuyn din duong
tir bén trai sang bén piisao cho can candmg, khidd 5 dwong con ki ¢ dia bén pli
a 7kg !

Bay giv ta ding thi thuat twong V6i bai toan nay. Ta khéng tirduoc truc tiép f(3) nhrng
ta ki c6 £(5) = f(25) = f(3+4%) = 4(3) + £4(4). Tir d6 taduogc f(3) = 3

Tuong tr nhr vay ta c6 ti tinh duoc f(6) nhy vaoding thrc 6 + & = 1, trongdé f(8)
= f(2%+2%) = 2f(2) = 8, f(10) = f(3+1%) = f(3) + (1) = 10.
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Tiép tuc, dé tinh f(7), tadéy 7+ 1 =50 = 5+ 5, tir d6 f(7) = 7. Ging nhr thé, do 1F +
2°=10 + 5 néntasuyra f(11)=11.

Cach lam nay c6 thtong quat hoa nhthé nao? Y trong 1a réu nf + 1t = g + of (1) thi
A(m) + £(n) = £(p) + £(q). Dodé réu tada tinhdugc f(n), f(p), f(q) thi f(m) éng < tinh
duoc.

Lam thé naodé co dugc nhiing dang thic dang (1) ¢ dang ©Hng quét, cho phép ta ighg
minh f(n) = n \&i moi n bang quy p? Cha y ing (1) c6 th viét lai thanh (m- p)(m+p) =
(g-n)(g+n) = N. Dad6 réu chon nhitng $ N ¢6 2 cach phan tich thanh tiakamnhing $
c6 cung tinh cin k&, ta € tim duoc ngheém cho (1). Chn N = 8k = 2.4k = 4.2k va N =
16k = 4.4k = 8.2k, tduoc he

m-p=2, mtp=4k,q—n=4,q+n=2k
va

m—-p=4, m+p=4k,g—n=8,g+n=2k
Tir d6 dugc cac ling dang thic trong ting

(2k+1Y + (k-2 = (2k-1Y + (k+2Y
va

(2k+2Y + (k-4Y = (2k-2Y + (k+4Y
Tir haiding thrc nay, \6i chi y |a tadd ching minhdugc f(n) =nwin=0, 1, 2, 3, 4, 5,
6, ta & dang cltng minh Bing quy ap dugc ring f(n) = n \6i moi n O N.

Truong hop f(1) = 0, d¢ing king cach Iy 1dn néu trén ta suy ra f(n) = Givmoi n thupc
N.

Bai tap.
1. Tim #it ca cAc ham & f: Q > Q thai man cadtiéu kién

i) f(x+1) = f(x) + 1 Wi moi x thuoc Q;
i) f(x®) = £(x) v6i moi x thude Q;

2. Tim fit ca cac ham f: R\ {0}> R thai mandong thyi cacdiéu kién
i) f(1) = 1

y 1) (1 1

i) f(x+ yJ = f(;} f(;]

iii) (x+y)f(x+y) = xyf(x)f(y)
VoI moi X, y ma xy(x+y)z 0.

3. Tim fit ca cac ham &f: R 2> R thai mén
f(x> — y?) = (X% — Y(y®) v6i moi x, y thwc R.

4. Tim fit ca cac ham &f: Z © Z thaa mandiéu kién
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f(a’+b*+c®) = £(a) + f(b) + £(c)
vai moi a, b, ¢ thide Z.

5. Cho ham&f: R > R thai mandiéu kién
i) f(x?) = f(x) véi moi x thudc R;
i) f(x+1) = f(x) + 1 Wi moi x thuoc R.
Chirng minh &ng f(x) = x.

3. Tinh gié tri cia ham $ tai mot diém dic biét bang cach p phwong trinh

Trong phin trén, ching ta co &hthiy ring phrong phap 4p phrong trinh cé th gidp
chung ta timdugc f(X) vai moi X, noi cach khac 1a gi dugc phrong trinh ham. Trong
tinh hibng Hng quat, khéng pii lic nao ta @ng thrc hign dugc didu d6. Mdi lién két co
thé chi ton tai d6i voi mot sd cac gia trdic thu. Ta xét rét vi dy:

Bai toan 8.Cho f l1a ham & khéng gim xacdinh tréndoan [0, 1], tha mandong thoi
cacdiéu kién

1) f0)=0

2) f(1-x) =1 -f(x)Ox O [0, 1];

3) f(x/3) = f(x)/2 Ox 0 [0, 1].
Hay tinh f(1/13), f(1/7).

Giai. Tuong tr nhe & bai toan 4, ta tht 1ap d6 thi codinh 1a cac & thuc thwce [0, 1] va
X duoc ndi voi 1 — x va x/3 (1a cadai luong co tié tinh dugc réu biét f(x)). Ta thét 1ap
chwi

1,112 4 ., 4 9 3 1

13 13 13 1 13 13 13 13
Nhu vay, néu dat f(lsj thi ta bn luot c6

f(ﬂj 1_y,f(ij:_v,f(gjzl_l;:i,f(ijzh_y,f(ijzh_y
13 13 2 13 2 13 4 13 8

2
Nhu vay ta phii cé y:%y,tﬁ:dé y:%. Vay f(ij:%.

Luu y rang oi giai nai trén 1a t dac thd cho & 1/13. Vi di véi 1/7 thi chii nhu ¢ trén
s& khéngdongduoc

1 6 2 5
Nhu vay, cach gii trén day khdng ap ehg cho 1/7Dé tim gia ti f(1/7), ta @n dén céc
didu kién f khong gim va f(0) = 0 (cadtidu kien nay khong an dén khi tinh f(1/13)1).
Cu thé, tir cacdiéu kién dé bai, ta suy ra

#0) = 0, f(1) = 1, f(1/3) = f(1)/2 = 1/2, (2/3) 1 — f(1/3) = 1/2
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Tir d6, do ham f khéng gm nén ta suy ra f(x) = 1/2vmoi x O [1/3, 2/3]. Ap ding tinh
chat 3, ta suy ra f(x) = 1/46i moi x x O [1/9, 2/9]. Ma 1/9 < 1/7 < 2/9 néir tay ta suy
ra f(1/7) = 1/4.

Trong cac bai toan plong trinh ham trénap 5 nguyén, cac ii lién hé dang kit dang
thac giita cac 8 ciing co ti¢ 1a chia khodté tim duoc gia ti caa ham 6 tai mot diem.

Bai toan 9.Cho hansd f: N* = N* thoa mandong thyi cacdiéu kién sau
i) f2)=4;
i) f(mn) = f(m).f(n) W6i moi m, n thibc N* ;
i) f(m) > f(n) v&i moi m > n.

Hay tim (3).

Giai. D2 thdy ham $ f(n) = rf thaa man & badiéu kién. Mot cach tr nhién, ta nghdén
viéc ching minh f(3) = 9

Thong tin duy nht ma ta c6 th c6 duoc tir haidiéu kién dau la f(Z) = 4. R& rang, Au
khéng cédiéu kién iii) thi f(3) c6 tke nhin gia ti tuy y, dodd f(3) khéng tinhiuoc.

Véi diéu kién iii), ta c6 4 = f(2) < f(3) < f(4) = 16, suy r&3) ch co the nhan gia ti trong
(5,6, ..., 15}.

Tuy nhién, chcan xét thém bt dang thic 8 < 9 12 tadd c6 the suy ra 64 = f(8) < f(9) =
f43), suy ra f(3) > 8. Va# ding thic 27 < 32 cho ta’(3) = f(27) < f(32) = 1(2) =
1024, suy ra (3% 10.

Nhu vay, f(3) chi con c6 tk nhan 1 trong 2 gia ir9 haic 10.

Ta tim céch lgi gid tri 10 hing 1 kit ding thirc sat lon. Tim kiém trong cac I§ thira aia
2 va 3, ta timluoc cip bit dang thic & = 243 < 256 = 2 Néu (3) = 10 thi i bét ding
thirc trén ta 8 suy ra 18< 4% < 100000 < 65536, mau th.

Vay chi con trong hop f(3) = 9. Két hop voi nhan xét bandau 1a ham 6 f(n) = rf thad
man fit ca cacdieu kién aiadé bai, ta kKt luan f(3) = 9

Ta c6 tfé sir dung Y tréng & tréndé tinh f(n) i n bat ky, cu thé 1a ching minh f(n) = A
véi moi n. N6i chung, trong Bt phueong trinh hamdng quat thi véc tim gia ti ham $
tai tang diém nhr vay c6 tté s3 gip kho khin. Tuy nhién, c6 ththa

y rang, trong ndt sd phuong trinh ham thi Wic tim cac gia frdic biét nhu f(0), f(1), f(-1)
déng vai trd then oft trong bi giai caa bai toan. DGi day ta xem xét Bt sd vi du.

Bai toan 10.Tim tit ca cac ham&f; R 2 R tha mandiéu kién
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fixy) + f(x+y) = f(¥)f(y) + f() + f(y) (1)

Giai. Phrong trinh trén la «dng » dia hai plrong trinh

(2) f(x+y) = f(x) + f(y)

(3) f(xy) = f()f(y) , ,
Chua y la theo ly thudt vé pheong trinh ham Cauchy thien ham 8 f: R > R tha man
ddng thyi hai phrong trinh (2) va (3) thi f(x) = x H@ f(x) = 0. Do \ay, ta ch can ching
minh la tr (1) suy ra (2) va (3) la xong.

Dé tachduogc cac plvong trinh trong (1), ta quan ta@én tinh cfin, Ié caa f. Ching han
néu f 1& ham 8 ¢ thi thay y ing —y, ta & thuduoc

f(-xy) + f(x-y) = f0Of(-y) + f(x) + f(-y) (4)
Cong (1) va (4), cht ¥ f 12 hans,Ita $ thu duoc

f(x+y) + f(x-y) = 2f(x)
T pheong trinh nay va f(0) = 0 (suy ra& {1) bing cach cho x = y = 0), tédlang suy ra
f(x+y) = f(x) + f(y) véi moi X, y, tirc la (1)da tachduoc.

Quay to lai véi bai toan. Nir vy, ta quan tandén tinh clin I¢ caa ham & f.

Mot cach tr nhién, ta thay y = -1 trong (1) téirgc
o (=) +f(x-1) = fOOf(-1) + f(x) + f(-1)  (5)
Néu timdugc f(-1) thi co ti khio satduoc tinh ctin I¢ cia f. Ta tim cach tinh ~ f(-1).

Chua y #Bing trong plrong trinh (5) cédén 3an $ 1a f(-x), f(x-1), f(x). Biéu nay khéng
cho phép ching ta #tilap day truy bi dé tinh cac gia irf. Mot lya chon khéac la thay y
=1 vao (1)dé duoc

f(x) + f(x+1) = F)f(L) + f(x) + f(1)
Suy ra

fox+1) = f(Df) +f(1)  (6)

Nhu vay, theo ngon ng d6 thi d& dung trong cac bai toan 4, 8 dé tim dugc moi lién
két X > x+1.

Tir day, réu dat f(1) = a thi tadn luot tinhduoc f2) =&+ a, f(3) =4+ £+ a, f(4) =4
+a&+d+a.
Néu tiép tuc day nay thi&tinh dugc f(n) theo f(1). Tuy nhiénjiéu ta én tim [a f(1). Vi
thé, ta én tim bt phuong trinh khac i cong thic truy i néi trén.Diéu nay cé th co
dugc ngay gu ta thay x =y = 2 vao (1). Kkio
f(4) + f(4) = £(2) + 2f(2)
Thay céac gia frcaa f(4) va f(2) tinh theo & trén vao, tatuoc phrong trinh
2(d+a*+af+a) = (&+af + 2(£+a)
&  d=d
Tur d6 suy ra a dheo the nhan cac giatra=0,a=-1,a= 1.
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+ Néu a = 0 thi& (6) ta suy ra f(x) = 0& moi x. Pay 1a nét nghiém aia phrong trinh
ham.
+ Néu a = —1 thit (6) ta suy ra f(x+1) = — f(x) — 1i¢ 1a f(x) + f(x+1) = =1 éi moi x.
Tu day, thay x = =1, chu y la f(0) = 0, dagc f(-1) = —1. Thay vao (5), throc f(—x) +
f(x=1) = —1. Ma f(x=1) + f(x) = =1 nénrtday suy ra f(—x) = f(x),itc la f la ham cin.
Bay giv trong (1), ta thay yang —y thiduoc

f(-xy) + f(x-y) = f0Of(-y) + f(x) + f(-y) (4)
Trir (1) cho (4), cha y la f la ham &, ta suy ra f(x+y) — f(x—=y) = 06r moi X, y. Tu day
suy ra f [a ham dng. Piéu nay mau thin vi f(0) = 0, f(1) = —1. ¥y truong hyp nay
khéng »y ra.

+ Néu a = 1 thi & (6) ta suy ra f(x+1) = f(x) + 1 (7). Thay x = —th duoc f(-1) = —1.
Thay vao (5), taugc f(—x) + f(x—1) = —1. lai cO tir (7) f(x—1) = f(x) — 1 nénit day ta suy
ra f(—x) = —f(x). Nhr vay f 1a ham é. Ly luan nhr phan tich bartau, tadugc f(x) tho
man ¢ pheong trinh (2), (3). Ap dng ly thuyét pheong trinh ham Cauchy, ta titroc
f(x) = x.

Bai toan 11.Tim tit ca cac ham&f; R 2 R tha mandiéu kién
f(x* + f(y)) = F(x) +y (1)

Giai. VAn dé mau chbt trong bai toan nay la éng minhduogc f(0) = 0. THt vay, néu ta
chirng minhdugc f(0) = 0 thi thay y = 0 vao plong trinh ham, tdugc

f(x?) = £(x) (2)
Thay x = 0 vao (1), tduoc
f(f(y)) =y 3)

Thay y king f(y) trong (1), cht yang f(f(y)) = y va f(x) = f(x°), tadugc  f0C+y) =
f(x?) + f(y) v6i moi x, y thudc R
Tir day & dang cling minhdugc rang

f(x+y) = f(x) +f(y) (4)
vai moi X, y thuwoe R.
Nhu vay f thoa man plrong trinh ham Cauchy. Ngoai ra, do (2) nén ta cd 30 Wi
moi X = 0. Két hop vGi (4), ta suy ra f 1a hambsting. Nhr vy, theo Iy thugt co ban vé
phueong trinh ham Cauchy, f(x) = ax6vmoi x, trongdd a= 0. Thay vao ptiong trinh
ham, tadugc a(¥+ay) = ax + y Véi moi X, y, suy ra a = 1. % f(x) = x 1& nghém duy
nhat cua phrong trinh ham.

Tat cac ly Iuin trénday déu dra trén gi thiét 1a tada ching minhduoc f(0) = 0. Bay gb
ta € chrng minhdieu nay.

bat f(0) = a. Thay y = 0 vao (1), throc
f(x*+a) = f(x) (5)

Thay x = 0 vao (5), tduoc f(a) = &

Thay x = 0 vao (1), tduoc
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f(f(y)) = a’ +y (6)
Bay giv ta € tinh f(&+f%(1)) bing hai cach. Mit mat
f(a®+f*(1)) = f(*(1) + f(a)) = (f(F(1))f +a = (&+1F +a
Mit khac
f(a®+f*(1)) = f(&f+f(1+a)) = (f(@)f + 1 +a=4a+a+1
Tirday tasuyra ‘a+ 28 + 1 +a=4a+a+ 1 suy raa = 0.4E la f(0) = 0. Wi giai hoan
tat.

Bai tap

1. Cho f Ia ham & khéng gam xacdinh tréndoan [0, 1], tha mandong thyi cacdiéu
kién
i) f(0)=0
i) f(1-x) = 1 — f(x)Ox 0 [0, 1];
i) f(x/3) = f(x)/2 Ox 0 [0, 1].
a) Hay tinh f(18/1991);
b) Hay tinh f(1/n) ¥i n 0 {1, 2, ..., 20}
c)* Chirtng minh &ng ©n tai duy nHit mot ham $ f thoa mandong thoi cacdiéu kieén
néu trén.

2. Tim #t ca cAc ham &f: N* © N* thoa man cacliéu kién
) f(2) = 2;
ii) f(mn) = f(m).f(n) Wi moi (m, n) = 1;
iii) f(m) > f(n) véi moi m > n.

3. Tim #t ca cac gié tr k thusc N* sao chodn tai ham $ f: N* > N* thoa man caaliéu
kién

i) £(2) = k:

i) f{(mn) = f(m).f(n) Wi moi m, n;

iii) f(m) > f(n) vai moi m > n.

4. Tim it ca cac ham &f: R © R tha mandiéu kién
f(xy) + f(x) + f(y) = f(x+y) + f(x)f(y) véi moi X, y thuwc R.

5. Tim #it ca cAic ham &f : R > R thai mandiéu kién
(F(x+y))? = f(X)f(x+2y) + yf(y) véi moi x, y thuoe R.

6. Tim #it ca cAc ham &f: R > R thai mandiéu kién

f(x* +y + f(y)) = f(x) + 2y
vai moi X, y thuoe R.
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Toi wu to hop |: CAc bai toan toi wu vé hé cac éip hop

Gil Kalai

Bai viét nay gbi thiéu vé cac bai toandi vu lién quandén hé cac fip hop. Pay la nét
trong nhing bai ging aia Gil Kalai 4i seminar “Cac khai §m oo ban” tai bH TH
Hungari do David Kazhdan khxudng.

Paul Erdos

1. Ba bai toan né dau

Chung ta & bat dau bing ba bai toan kha @ig nhau,  rat d& ¢én rat kho.

Bai toan I: Cho N ={1,2, ..., n}. Wi kich thréc Ion nhit cia hp F cac fp con ¢ia v
thoa méndicu kién hai &p hop hat ky thuoc & co phin giao khacang? (Mot ho nhu vay
duoc goi la ho giao nhay

Tré loi I: Kich theée I6n nhat 12 2", Ching ta c6 thdat duoc diéu nay king céc chn
tat cd cac &p con chira phin tir '1’. Ching ta khdng téldgt duogc con $ 16n hon, boi tur
moi cap gom mot tap hop va ptan bu dia nd, ta chco the chon Mot tap hop vao l cac
tap hop aia chang ta.

Bf}li toan Il: Tim kich thréc 16n nHit cia hy F céac ép con @a N sao cho haiap hop
bat ky thuoc & co hyp khacn?.
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Cau ta 1oi 1a hien nhién vi bai toan Il ¢cimg qua la bai toan I. Glean chuyn qua pén
bu. Va ta 8 codap $ y nhr bai toan I. Ta phat &u bai toan Il khac.

Bai toan n méi: Tim kich thrdc I6n nhit coa o F c:é\c fp con @a vV sao cho ¥i hai
tap hop hat ky 5. F thugc F ta ¢ giao ga chiing khacang va lyp cia ching khawv.

Mot vi du ciia mbt ho nhur vy 1a tip hop tat ca cac 8p hop chra phin tir ‘1’ nhung khong
chira phin tir ‘2. Ho nay c62"? tap hop. Phii mat vai mim sau khi Erdogié Xuat bai
toan nay, Kleitman @i chirng minhduogc l1a khéng cé & nao bn hon wi tinh chit nay.

Bai toan Il (Gia thuyét Erdos-Sos) ChF la hp cacdd thi véi N Ia tip cacdinh. Gi sira
rang haido thi bat ky cia hp c6 chung it tam giac. Hoi & co kich thrée lon nhat bang
bao nhiéu?

Téng & cacdd thi voi n dinh [a2!2). (Cha y: tadém cacdd thi ma khong tinhién ar
diang ciu cia ching.) Mt vi du don gian cia hp tap hop Véi tinh chit d& cho la dt ca cac
tap hop chra mdt tam gidc 6 dinh naodod. Vi du tit ca cacdd thi chra cac enh
{1,2},{1,3},{2,3}. H o nay chira 1/8 @a tt ca cacdd thi. Ton tai hay khdng mit ho 16n
hon cécdd thi vai tinh chit d& cho? Erdos va Sdsa ra gh thuyét 1a cau té 16i 1a khéng
— chuing ta khéng htim duoc ho 16n hon. Gia thuyét nay hén nay \an 1a bt van dé
mo.

Vera Sos
2. Hai dinh ly co ban vé ho cac &ip con Wi cacdiéu kién giao cho tnréc.

binh ly IIErdds-Ko-Rado: Mot ho giao nhau cac kip con @a N, trongdd 2k = nchia

ti dali ) tap hop.
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D;nh ly Fisher; deBruijn-ErgIt')s: Ho céc p con ¢a N sao cho haiap hgp khac nhau
bat ky cia hp c6dung ndt phan tir chung c6 nkéu nhat n pHan tu.

(Erdés va deBruijn & luan ring ndiém khong tling hang trén it phing xéacdinh it
nhat n duong thang. Hay thir suy radieu nay fr dinh ly trén!)

Tat ca cac k-ip con @a N chra pHin tr ‘1’ cho vi di vé diu bing chodinh ly Erdos-Ko-
Rado. Wi dinh ly Erdds deBruijn tady ho {{1}, {1.2} {1,3} ... {1,n}} ho &c thay &p
hop dau tién i {2,3,...,n}, hoic lay mot mat phing xa anh hiu rnn

M3t phang Fano cadiém xa anh hiru han bac 2.

3. Phép chirng minh dinh ly deBruijn Erdds bing dai sé tuyén tinh.

Phép cling minhdinh Iy Fisher; de Bruijn-Erdés co&hrinh bay nlr sau: Ga sir rang
co mép hop A1 Aa..... Am trong . Xétma tran lién keét cia ho: Phan tir (i,j) cia ma
tran nay king ‘1’ néu i thupc 4

Su kién odt yéu & day 1a cAc 8t 1. ca. ... . caa ma tén lién Kt la doc 1ap tuyén tinh, t
day suy reim = n,

Lam thé ndodé co thé chirng minh &ng cac 6t 1a doc 1ap tuyén tinh? Tedce hét, ching ta
gia sr rang co it nlat 2 @p hop. Khidé ta vt & = >_ i va tinh tich trong

< s.sE=0% ooy <o =
Ta lru y ring réu i va j khac nhau tt= ¢i- ¢ == 1ya< ci.c; == 4],

Nhu vay = §:§ == el Al = 1) + (20 ),
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Nhu vay tich nay chcd thé bang 0 khi fit ca cac ¢ s @ déu hing 0.
Chirng minh nay |a dt vi du cua “céc ly Ithn vé chiéu trong & hop”.
4.Pinh ly Sperner

binh Iy Sperner (1927) King dinh rang kich thréc lon nhat caa hp F cac ép con @a N

la mot ddi xich d6i voi quan i bao ham la&sb nhi thic (w2) Lubell timdugc mot phép
chirng minhdon gian vadep chodinh ly Sperner:

Goi F 1a mot ddi xich nhr vay va gi sir rang n6 cés« tap hop k phin tir. Ta tinh cacap
(m.5) trongd6 == ((m(1). 7(2).....7(n)) |a mot hodn v cua {1,2, ... ,n} va S ladp hop
thudc ho cé khoi dau lar, cu thé 1a S={r(l). ©(2)... .. m(k)} véi k ndaodd. Voi mdi hoan
vi ™ ta timduoc nhiéu nhat mot khai dau S trong b F(do diéu kién ddi xich). Néu S la
mot tap hop k pHan ti, ta ¢ tié tim dugc dang k! (n-k)! hoan v = vai S 1a khdi dau. Két
hop hai s kién nay, ta ci—o Skk!(n — k)! < nl hay noi cach khai—o®k/(}) < 1,
Bat ding thrc nay @uoc goi 1a bt dang thic LYM) suy ra Kt qua cain ching minh.

Bella Bollobas, mt trong ntirng ngroi d& phat hin ra kit dang thic LYM.
binh ly Erdos-Ko-Rado c6 éb phép cliing minh trong tir voi chirng minh trén.

Y tuong la tinh cachap (7 5) trongdé s 1a mot tap hop trong hy, 7 1a hoan v vong
quanhim™(1). T(2).....7(n)} vas |a mot “khoang” lién tuc dbi véi .

Mot mat ta cé (n-1)! hodniwong quanh va&dang thy ring wi mdi mot hoan v nhu
vay, ta cé tlé chon duoc nhicu nhat k “khoang” d6i mot giao nhau. Mt khac, \bi mdi tap
hop S co k!(n-k)! hoaniwong quanh ma trondp S la ndt khoang lién tic.

Nhu vay [Flk! (n-k)! = {» — 1)!k vadiéu nay cho chang t@inh ly Erdés Ko Rado.
Quay t6 lai mot chit \& cau “cE dang nln thay”. Phan nay & dung diéu kien 2k = n,
Mt cach Iy lén cho plan nay nlr sau: xét khang J ma pan tr tan cung bén trai laam
& bén trai nht va cha y &ing c6 k khéng giao wi J ma plan tir tan cung bén trai am
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bén phi z. Mot cach khéc & xét én khaing J baad6 c6do dai k va chl ying 2k-2
khoang c6 giao @i khoang nayduoc chia thanh k-1ap ma ndi cap chra hai khdang
khéng giao nhau.

5.Pinh ly Turan va bai toan Turan

Trudng hyp dic biét caadinh ly Turan chaié thi khéng clira tam gidatuge ching minh
boi Mantel vao am 1907.

S6 lon nhit cac anh (ky hiu 1af2(m)) cia mbt do thi n dinh va khong ci tam gidcdat
dugc ¢ do thi hai pheday du ndinh wi kich thrdc hai phe cangam nhau cangot (cu thé
1a [n/2] va [(n+1)/2].

Pinh ly Turand dang ng quatduoc ching minh vao niing nim 40 aa thé ky trudc.

S6 16n nhat cac @nh (ky heu lat-(m)) caa do thi n dinh khong chra do thi conday du
(r+1) dinh dat dugc tai do thi r pheday du véi n dinh, trongdd kich thrgc cua cac phn
cang gn nhau cangot.

-—

Paul Turan

Chitng minh dinh Iy Turan: Thuc sr dinh ly Turan khéng kho;am nhr cach tép cin

nao ding co tit thanh cong. Saday la ndt cach t€p cin nhr vay: dé don gian, ta xét
truong hyp tam gidc. Xéttinh v Wi bac I6n nhit va chia cadinh con 4i cuado thi thanh
hai pHin: A — cacdinh k& véi v, B — & caatinh con 4i. Bay giv chd y & cadtinh thue
A lap thanh mt tap hop doc lap (tirc 1a khdng cé anh rdi giita cacdinh aia A). Véi mdi

dinh thbc B ta xo&di tit ca cac anh chradinh nay va thay vado, ndi dinh nay i tat

ca cacdinh thubc A. Bé y rang trongdd thi méi, bac cia mdi dinh déu khéng nkb hon

bac ¢ do thi bandau. Va, fon nira, dd thi mai 1a do thi hai phe (trongié A & bt phe).
Cudi cling ta chcan ching minh 12 i d thi hai phe thi & canh & bn nhit khi hai prn

c6 $ dinh cang gn nhau cangdt.

Sauday la mot ching minh khac. Xodi mét dinh a1ado thi G voi n+1dinh khong chra
K,. S canh aiado thi con ki khong wot quat-{m). Thuc hign dieu naydoi vai tat ca cac
dinh va chu yang mbt mot canh dugc tinh n-1 4n. Ta thudugc ring $ canh trong G (va
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nghia lat-(7 + 1)) khéng wot qua plin nguyén tréniat-(n) - (n + 1)/(n — 1) Panh gia
nay cho ching tadk qua chinh xac ¢a bai toan.

Chung ta Et thdc chugn tham quan thdivnay Bing bai toAn ma Turadwua ra vao am
1940. Chlng ta nén tim $ phan tr 16n nhat caa @p hop cac b ba bp tr {1,2,...,n}
khong clra mit “ta¢ dién”, tec la khéng cha bdn bd ban cé dng
{a,b,c},{a,b,d),{a,c,d},{b,c,d}.

Néu doc gia chua biét ddp 9, hay thr dua ra dr doan ¢ia minh. Turanid dua ra ndt gia
thuyet cia minh va gi thuyét nay hén nay \an con la njt van d¢ mo.

Tr an Nam Diing dich va géi thiéu (tr web site ga Seminar: i wu 1 hop 1)
Mot sd ghi chd thémga dch gi:

Podi xich: Trong ndt tap sip thi tu (partial order set), &t ddi xich la ndt ho cac plan tir
d6i mot khéng so santiuvoc voi nhau.

LYM: Lubell, Yamamoto, Meshalkin la &thg ngroi d& chrng minhdinh ly nay nét
cachdoc lap. Bollobas la ngoi thir te ciing tim ra Kt qua nay ndt cachdoc lap.
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Vé ky thi chon d@di tuyén Viét Nam tham dw IMO 2010
Tran Nam Diing

Ky thi chon doi tuyén Viét Nam tham ¢ IMO 2010 (VTST 2010}uoc t chic trong hai
ngay 17, 18/4 &i sy tham gia 6a 42 thi sinhién tr cac tnh thanh va cacubng BH.
Thanh pln tham a& TST rim nay cé kha nbu diém dic biét. Hai doi cé ec lrong
hung Hu nhit tham dr TST 1a Ngi¢ An (6 em) vaba Ning (5 em). Cadon Vi lan dau
tién co thi sinh d TST 1a Ba Ra Viing Tau (2 em)PHSP Tp HCM (1 em). Nit diém
noi bat nira 1a Pha Yén i 3 hoc sinh tham d TST. Bén anh do, c6 tit nhin manh sr
Vang mit caa mot 6 don vi €6 truyén thing nhr Hai Phong, Thanh H6®H Vinh hay s
xubng src aia caodon vi cé $ ma khac nhr Vinh Phic, PTNK.

Nhu thuong &, dé thi chon doi tuyén raim nay c6 6 baibiém dic biét 1a rim nay ch cé
1 bai hinh, 1 batai sb. Cac phan mén&hoc va To hop duoc “vu &i” hon voi 2 bai.

Bai 1 va 4duogc coi la cac bai & cia ky thi. Bai 2 théc loai trung binh. Cac bai 5, 6
duoc danh gia la khé va bai 3 latrkh6. banh gia chung 18& nam nay khdng khé ing
dé nam ngoai.

Cong tac chm thi da dugc tién hanh ngay sauykthi va Kt qua da chon dugc 6 thanh
vién tham ¢ IMO 2010.

Tréai v6i du doan hc quan @a nhéu ngroi, diém thi rim nay khéng caodn nhiéu so \bi
nam ngodi,diém cao nit doi tuyén la 24 vadiém thap nhit 1a 18. Nhr vay, ky thi nam
nay not l1an nira lai khang dinh chan ly: Nu lam 3 bai cfc an thi € lot vao doi tuyén.
Két qua nay tép tuc cho thy diém yéu chung éa thi sinh ¥n 1a hai ning $ hoc va 1
hop, ding nhr khau trinh bay ia thi sinh &t c6 van dé. Sau K thi, kha nhéu thi sinh
tuyén B minh lamduoc 4 bai nleng két qua thuc € cho thy khdng phi nhu vay.

C6 mot 5 y kién cho Eng cac bai toan 5, 6 khdng phophvai dé thi chon doi tuyén va
dem hi lgi thé cho nhitng aida biét dinh ly Hall vadinh ly Lucas. Tuy nhién, theo yéki
cia ching t6i,0 mic do ky thi chon doi tuyén, réu ching ta mén co ndt doi tuyén
manh, du sirc tin céng cac bai toan 3, Ga IMO thi én phai nang &m kién thic ding
nhu suy Itin caa hpc sinhdén mic do cacdinh Iy nay. Cha y I1a cadinh ly nay ft so
cap va chiradung nhéu phrong phap duy va ly Idin dep va hay.

CUdi cung, xinh chdc riang cac thi sinfia wrot qua k thi Vietnam TST wa qua, chuc
doi tuyen Viét Nam co thanh tich »it sac tai IMO 2010!
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PE CHON POQI TUY EN VN DU THI TOAN QU OC TE

Ngay 1, 17/4/2010
Thoi gian lam bai: 240 phut.

BAI 1. (6 diém) Cho tam gidc ABC khong vuéngi tA co6 trung tugn AM. D la mbt
diém chay trén AM. Goi (O,), (O,) lan luot la cacduong trondi qua D va ttp xUc \6i
BC tai B va C. CA @t (O,) tai Q. BA cit (O) tai P.

a) Ching minh &ng tiép tuyén tai P aia (O) va tiép tuyén tai Q cia (O,) phai cit nhau.
Goi giaodiém nay la S.

b) Ching minh &ng S ludn chy trén ndt duong & dinh khi D chay trén AM.

BAI 2. (6 diém) Vi mdi sb n nguyén dong, xét §p sau
T, = [11{k + k) + 10(n" + n") | 1 < k. k < 10]
Tim tit ca n sao cho khdngh tai a khac b théc T, sao cho a-b chiaéhcho 110.

BAI 3. (8 diém) Hinh chr nhat kich thréc 1*2 duoc goi & hinh clir nhat don. Hinh chir
nhat 2*3 bo di 2 66 g6c chéo nhaut con c6 4 6) g la hinh chlir nhat kép. Ngroi ta
ghép khit cac hinh éhnhat don va hinh cit nhat képduoc bang 2008*2010. Tim&bé
nhit cac hinh cth nhat don ¢6 thé dungdé lat duoc nhr trén.

Ngay 2, 18/4/2010
Thoi gian lam bai: 240 phut.

BAI 4. (6 diém) Cho a, b, ¢ la cadshuc drong thsa mandiéu kign
l6fa + b+ ) = l_|- l_|_ l
' n b e,

Ching minh &ng

> - L«

(a + b+ +/2(a + c))?

| oo

cychic

BAI 5. (7 dlém) C6 n ndi nuée co kdai dien (n > k > 1). Ng’o‘I ta chia n.k ngoi nay
thanh n nhém &i nhém ¢6 k ngoi sao cho khéng c6 2 ngi cing nhémién tr 1 nrdc.
Ching minh &ng co tie chon ra n ngoi dén tir cac nhom khac nhau v&n tir cac mrge
khac nhau.

BAI 6. (7 diém) Goi S, 1a tong binh plxong céc & s trong khai trén caa (1+xJ. Ching
minh ing S, + 1 khéng chia ét cho 3.
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L oi giai va Nhan xét

Bai 1.

Ta c6 MB = MC? nén M thuéc truc ding phrong aia (O) va (G). Suy ra DM la tuc
diang phrong aia 2duong tron. Dodd A thwc truc dang phrong aia 2dudng tron.

Suy ra AP.AB = AQ.AC =>it giac BCPQ i tiép.

Goi tiép tuyén aia (O) 1a Px thiOxPB =OPBC =OPQA, suy ra Px &p xtc Wi (APQ)
hay (APQ) tép xtc i (O,). Tuong tr suy ra (APQ) ip xtic \bi ca (O,) va (Q).

Tam gidc APQidng chng Wi ACB nén APQ khéng vudng. Suy ragituyén tai P va Q
phai cit nhau #i S.

Vi S = ST nén S thac truc ding phrong aia (O) va (), chinh laduong thing AM,
hay S thac mot duong thing & dinh.

Bai 2.
bat s(k,h, n) = 11(k + h) + 10t ). Do s(h,k) = s(k, h) nén ta ludragir k> h.
Ta thhy néu n=m thi s(k,h, ng s(k,h,m) mod 110, ddd ta ch can tim cac r< 11.
Xét s(6,6,n) — s(1,1,n) = 110 + 20R(h). Do do réu n(rP-1) chia &t cho 11 thi n khdng
thoa mandiéu kién.
Tu day ta lai cac gidtin=1, 3, 4,5, 9, 11.
Xét 5(8,2,n) — s(6,4,n) = 10tm°+n*n?) = 10(F-n?)(n>1). Dodé réu r¥ — 1 chia bt cho
11 thi n khéng tha mandiéu kién. Vay ta laai gia tri n = 10.
Ta chrng minh \6i n = 2, 6, 7, 8 thi s(k,h,n) — s(k’,h’,n) khﬁngiathnét cho 110 i moi
bo {k, h} # {K’,h’}.
Trudc hét bing cach tir truc tiép, ta thy ring win = 2, 6, 7, 8 thi 'h# n" mod 11 i
moi k # h. ()
That vay, néu s(k,h,n) — s(k’,h’,n) chiaét cho 110 thi 11(k+h-k’-h’) + 106rn"-n*-n")
chia Kt cho 110, suy ra

k+h—k —h'’=0mod 10 (1)
va

n“+ - —d" =0 mod 11 (2)
T (1) suy ra k — k= h’ — h (mod 10). % day, theodinh Iy nbd Fermat, ta c6'ff = "™
(mod 11)
Viét (2) lai thanh A (n**-1)= n"(n"""-1) (mod 11).
Theo Iy Itan & trén thi A%-1=n""-1 mod 11. Theo (*) thi'f'-1=n""-1# 0. Nhr vay
ta co ti¢ chia hai ¢ cho -1 dé duoc = n"(mod 11). Tr (*) suy ra k’ = h. Tr (1) suy
rak = . Nhr thé {k,h} = {k’, h’}. Ta dugc diéu phii chang minh.

Nhan xét. C6 thé dua radic trung ngin gon cho cac &n thoa mandiéu kign 1a: n phii 1a
can nguyén thy modulo 11. Bai toan c6 &htong quat hoa dng céach thay 11dmg 1 ®
nguyén & bat ky (va d nhién 10duoc thay ling p-1 va 11@uogc thay tang p(p-1).

Pay la ndt bai toan khétep. Y twong don gian nhung khong dm throng.
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Bai 3. Ta chirng minh $ hinh chir nhat don nh nhit can sr dung la 1006.
Trudc hét ta ch ra cach ghép khitd thanh hinh dhnhat 2008 x 2010 &i 1006 hinh cit
nhat don (va cac hinh dhnhat kép).

L] LT [T 1 | ]
KIbi 1 Ktoi 2 Kidi 3 Kioi 4
Trén hinh € md & cach ghép hinh éhnhat 10 x 16. Hinh cth nhat 2010x2008 c6 th
dugc tao thanh t ciu hinh trén nh sau:
+ Thém dong #ng cach chén thém céacdited dang

vao gira cac kibi hop thanh i 4 ot lién tiép. Mdi lan thémduoc 2 dong.

+ Thém 6t bang cach 4p lai cac kibi 4 oot lién tiép (cha y tinh tan hoan ea cac ki
nay: Khi 1 ~ Khéi 3, Khdi 2 ~ Khoi 4 ...).

+ Theo nhr cach ghép trén thi ta chia hinhiafihat 2010x2008 thanh 502 &h mdi khéi
gém 4 &t. O khdi 1 va kioi 502 ta én ding 3 hinh dihnhat don (trong tng Wi cac ki
1 va 4 nlx trong vi di trén). Cac khi con ki ta dung 2 hinh dhnhat don.

Nhu vay tong adng trong cach ghép trén ta dung 500 x 2 + 2 x ®661hinh cit nhat
don.

Xoay hinh clit nhat 2010x2008di, ta dugc hinh cli¥ nhat 2008 x 2010.

Bay giv ta chrng minh pli can it nhit 1006 hinh ch nhat don dé phi hinh chir nhat
2008 x 2010. Xet 6t phép pla hop 1€, goi X, y, z, t bn luot 1a $ hinh chir nhat 1 x 2, 2 x
1,2 x 3, 3 x 2@ dung trong phép phnay. To téng cac hangel t6 den cang hang ah.
bién ivao hang thi. Ta co

Nhan xét 1.2(x+y) + 4(z+t) = 2008 x 2010. (*)
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Nhan xét 2.Xét trén toan &ng, hinh cit nhat khuyét va hinh ckt nhat 2 x 1 ¢6 6 6 trang
bang $ 0 den. Suy ras hinh chit nhat 1 x 2¢ cac hang ting = $ hinh chir nhat 1 x 26
cac hangten = x/2. Nlr vay x chan.

Nhan xét 3.Véi mdi hinh chr nhat caa phép ph, ta xét éng cac 8 trong 6den — 6ng
cac $ trong 6 ting. Khidd ddi véi hinh chir nhat 3 x 2dai luong nay = 0, i hinh chi
nhat 2 x 3dai lugng nay Bng + 2, Wi hinh chir nhat 2 x 1dai lugng nay Bng + 1. CWi
cung, 6ng cac 8 trong hinh cit nhat 1 x 2 & ndt sb chidn thwce [2, 2.2008]. Daid ta co
bat dang thic

Toéng cac 8 ¢ 6 den — Tong cac 6 ¢ 6 tring = 1004.2016& (x/2)(2.2008-2) + y +
22.
& 1004.201G< 2007x +y + 2z. (**)

Doi chd hang va ét, taduoc
1005.2008 2009y + x + 2t (***)
Cong (**) v&i (***) r 6i dé y (*), tadugc
1005.2008 2007x+2009yc 2009(x+Y)
Suy ra x + y> 1005.2008/2009 > 1004. Vi x, yahnén x + y> 10086.

Nhan xét.

1. Payla bai toan kho ndt cia ngay tir nhat va ding & bai toan kho rih caa ci ky thi.
Piém miu chbt caa loi giai 1a tim ra cach phti vu va chirng minh tinh éi wu aia né.
Viéc tim ra cach pihcho hinh cit nhat 4 x 2n \6i 4 hinh chlir nhat don la khéng kho
nhung fat d& din d&én ngd nhan 1a Wi hinh chir nhat 4m x 2n (2m < n) ta c6 émhan céch
phi tréndé thanh céach phtdi wu sr dung 4m hinh chi nhat don. Trong thrc t, cach ph
t6i wu 9r dung 1 hinh cit nhat képdé thay hai hinh ci nhat don cho céac kéi ké nhau.

2. Sau khidd timdang cach ph “ti uu”, ta éin ching minh tinh éi vu cia n6. Mot cach
tiép cin truyén thdng 1a td mau. Tuy nhién, dhvai phép tik va sai cho thy cach t6 mau
den téng haic A, B, C, Ddon gian khéng gii quyét dugc van dé va ta plai sir dung dén
nhitng mbi lién hé sau dc hon giita cac 6 va&hoda cac mi lién he nay king cachdua
trong $ vao.

3. C6 y kén cho iing bai $ 3 giong Wi mot bai toan thi chn doi tuyén Viet Nam rim
1993. Tuy nhién, ¢éu xem xet g loi giai thi sy giong nhau chla hinh thirc. Bai 3 ram
nay kho lon rat nhieu so \6i bai 1 rim 1993.

(VTST 1993, Bai 1{oi hinh chi nhit kich theéc 2 x 3 (hdc 3 x 2) b cat bé mgt hinh
vudng 1 x 1 mgt goc 1a hinh chi nhit khuyét don. Gei hinh chi nhit kich theéc 2 x 3
(hagc 3 x 2) b cat bé hinh vuéng 1 x & hai gocdsi dién 1a hinh ch nhat khuyét kép.
Nguoi ta ghép mit so hinh vuéng 2 x 2, #t s hinh chiz nhit khuyét don va ngt ss hinh
chiz nhdt khuyt kép Wi nhau, sao cho khéng c6 hai hinh naawehlén nhaudé tao
thanh ngt hinh cliz nhdt kich thréc 1993 x 2000. @ s 1a tvng $ cac hinh vudng 2 x 2
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va hinh ci¥ nhat khuyét kép en duing trong rii cach ghép hinh néi trén. Tim gid ten
nhat cua s.

Loi giai bai toan trén khdon gian (khéng phi ngiu nhién bai naytuoc dat & vi tri bai
s6 1 aia ky thi): Té6 mau cac hang xert Ken ting thi € c6 997 hanglen va 996 hang
tring, suy ra & 6 den nhéu hon £ 6 tring 1a 2000. i mot hinh vuéng 2 x 2 va &
mét hinh chir nhat khuyét kép ludn cating 2 6 ting, 2 dden, con mi mot hinh chir nhat
khuyén don c6 $ 6 den — tir sb 6 tring = 1 hdc -1. Vi vay néu goi X, v, z an ot 1A $
hinh vuéng 2 x 2,&hinh chir nhat khuyét kép, $ hinh chir nhat khuyét don thi ta &n
lwot co:

1) 4x + 4y + 5z = 1993 x 2000 {$)

2) 2000< z ($ 6den — $ 0 tring)
Tur day suy ra

4x + 4y< 1988 x 2000

Suy ra s = x + ¥ 994000. Phép phtdi vu co6 thé xay drng & dang nkv cdu hinh © ban
sau:

Bé.i 4, o
Ap dung kit dang thrc AM-GM, ta co

la + ¢ la+¢c _ _af(a+b)a+c)
a+ b+ \u' 5— + \u' 5 = J\u 5 —.
suy ra

1 _ 2

<
3 = ger - -
(” + b+ /20 + f__}) 2T(a +b)(a + ¢)

Cong kit dang thirc nay i hai bit dang thic trong tr, ta suy ra
1 - Ya+b+rc)

3 — B rad i O :
(” b+ /20T f_.}) 27(a +b)(b + c)(c +a)

Hon nira, ta hi co

=]
fa +b)(b+c)c+a)= %[r.’ + b+ cjlab + be + ca).
Vi vay,
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1 - 1
):J' = 6lab 4 be + ca)

o+ b+ 2a +c)
(a+ b+ V2a+0 o
Béy gbv’ I dung tﬁt déng thrc oo ban (ab + be + (oo Jabola + b+ ). ta suy ra
o 1 1 1 MHa+b+c)
6a+b+e)z2 —4+—-—+-2 —M—,
T a b e ab+ be+ea
tac
ab + be + oo = —.
, 16 @) ‘
Két hop (1) va (2), ta c6 ngayekqua can chrng minh.bang thrc xay ra khi va cl khi
n=h=r= l
4
Nhan xét.

. Dénhgiéa+b+J

S J% = 3\]“*’% a kha o ban va tr nhién,déng

thoi ciing la hréc miu chit dé don gian hoa it ding thrc.
TN 2 . 4 b+c)

« Sau khi timduoc danh gia V.P< (@rbte)

27(a+B)(b+c)(c+a)

ta sr dung diéu kién

16a+b+c)= i—|—%—|—l mot cach trrc tiép dé dua bit dang thic cin ching
minh & dang thuin nhat
a+b+c C:S[ab—i-bc—i-ca)
, (@a+b)(b+c)(c+a) 8abc(a+b+c)
bén day, ta co nldu phrong hréng chrng minh khac nhau, trontp c6 cachia trinh bay
trong bi giai.

Bai 5.
Céch 1.Ta nhin xét &ing Wi diéu kién caa dé bai thi Wi moi h thue {1, 2, ..., n} thi fip
hop cacdai biéu & h nhom it ky s3 dén tir it nhat h nxéc. That vay, h nhém ém hk dai
dién, ma ndi nudc chi cé kdai biéu suy ra & nuéc codai dién trong h nhém ndi trén
khéng tté dudi h nuéc.
Ta goi tinh chit h nhom Bt ky co dai biéu cia it nHit h nee 1a tinh clat (*). Bé ching
minh bai todn, ta @mg minh &ng ta cé th chuyén bot cacdai dién ra kii cdc nhom sao
cho

1) M&i nhédm chi con hi mot dai dién

2) Diéu kién (*) van duoc thoa man
R6 rang du khi dé ta clon cacdai dién con hi trong phong thitd chinh & n ngoi thoa
man yéu 8u bai toan, vi thediéu kién (*) véi h = n thi caatai dién nay § 1a dai biéu
dén tir n nréc.
Ta ching minh kHing dinh noi trén Bng cach & dung nguyén ly gc han. Trong cac
cach chuyn bt cacdai dién ra khdi cAc nhom sao chdiéu kién (*) van duoc thoa man,
chon cach chu§n cé $ dai dién duoc chuyn I6n nhit. Ta ching minh &ng Wi cach
chuyén nay, ndi nhom ch con hi 1 dai dién.
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That vay, gia st c6 1 nhom nado naodd, ching han nhém 1 cha it nkit 2 ngroi X, .

Néu ta b di nguoi x khoi phong nay thi theo cac eh cach chugn & trén, diéu kien (*)

s3 khdng contugc thoa man. Tec 1a ©n tai g nhom i, iy, ..., lq sao cho trong cac nhom
1 (da bo nguoi X), iy, iz, ..., I (1)

chi chira nheu nhat dai dién aia q nréc.

Tuong tr, ton tai p nhom j, jo, ..., jo sao cho trong cac nhom

1 (@& b nQudi ), j1, jas -1 )
chi chira nheu nhat dai dién cia p nréc.
Trong cac chsb i va j, gi s co r ch 5 tring nhau:4i = jy, ..., i = j, con cac chsb kia
khac nhau. Khié do cac nhomyj i, ..., i chiradai dién aia it nHit r nuéc nén co it nft

r nudc trung nhaw hai danh sach (1) va (2). @@, hai danh sach (1) va (20mlai chira
nhiéu nhit dai dién cia g + p —r n6c (3).
Mat khéc, lop hai danh sach cac phong néi tréin fa dwoc danh sach cac phong phan
biét

1, iy oy ooy oy ooty ooy ey oty oo o
(nhém 1 théu x va nhom 1 thu y hop lai thanh nhém 1).
Ap dung diéu kién (*) ta thly hop caa hai danh sach nayiehdai dién caa it nHit 1 + g +
p — r nréc, mau thén vsi (3).
Bai toandugc giai quyét hoan toan.
Cach 2 Dé 10i giai ty nhién, ching toi trinh bay thémashdin dit. Trong bi giai c6 thé
bo di phan in nghiéng.
Dé thuan tién trinh bay, ta phat &i bai toan déi dang @ip hop: Cho A, A,, ..., A lan
tap con k plan tir cia X = {1, 2, ...,n}, trongdé mdi phan tir xuat hién dang k &n. Khi do
tim duoc a, &, ..., & ddi mot khac nhau sao chethuoc A,.

D& thiy hop aia p ip hop bt ky chra it nkit p pran tir.

Y trong la ta € chon a mgt cach it ky tir tdp Ay, & la mgt phan tr khac a chon tr A,.
Ta ar chpn ngiu nhién theo nguy@dd nhe thé chodén khi khéng cbn duwoc nira. Tirc 1a
ta gip treong hop gip t@p hop Ay trong do tat ca cac phin tr cia nd da duoc chon
triéc do. Gia s g thusc A, i=1, 2, ..., p l1a cac pin tr @8 dwoc clon.

Tadat b = {i 0{1, 2, ..., K} @0 Aus}. Néu By = U,; A\ {ay,...a,}# € thi ta
chon a thwc B. Gz s a thwc A; thi theodinh ngha, a; thusc A1, khid‘é ta doi ldi,
chon a tr As con & tr Aq. Nhe vdy tada mv rgng cach chn cac plan tr phan bét
den Ac1.

Trong tuong top By = [, ta lai dat = {i {1, 2, ..., K} | a;eU;e;, A} Néu
B, = Uiep, A\ @y, ... a,} # @ thita clon a thuic B,. Gia s a thusc A, thi a; & thusc
A, Voi i, ndodo thwc J;, suy ra dado g, thusc Ay.s. Béy go ta clpn a tr Ay, a1 tr A
va g, tr Av+1. Nhie vdy tada mo rong cach chn cac plan tz phan bét den Ay..
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Néu B, = /7 thi ta ki tiép tuc thec hién qua trinh trén ...

Bay gio vao bi giai chinh. o ’
Ta xétdo thi c6 hrong G gm p+1dinh: 1, 2, ..., p, p+1Dinh i duwgc ndi dén dinh j neu
a thuoc A;. Tadat

J={i0{1, 2,..., p+1}| céduongdi tir i dén p+1}

A= Ui 4; ,
Veéi moi i O {1, 2,..., p}, ta co ald A & a thuoc A; véi j naodd thupe J <> ¢6 anh roi
tri dén jO0 J< G chraduongditiridén p+1<i0J.

Tard6{i|i O{L, 2,..., p} a0 A} = J\ {p+1} = J*.
D3t B = A\ {a| i 0 J*. Khi 6 B n {ay, @...., a} = 0 va [B| = |A| - |3*] = |A| - [J] +31
1

Xét all B. Khido all A voi j O J naodd. RO rang j# p+1. Nhr vay c6 1duong di tu |
dén p+1. Gi sr d6 12 =, ju,..., j = p+1. Cha yang | = {jo, ju,..., j} O J. Bay gb néu
dat b, by, ..., b twrongtng la a, @, ..., gg1y thi ré rang b0 A; voi mei i thudc . Dat
bp+1 =@, B = @ v6i moi i O 1. Khi d6 by, by, ..., bey 1& cac phn tir phan bt lay tir A,
Ay, ..., Apii tuonging.

Nhu vay tada my rong duoc cho p+14p hop. Bai toandugc chrng minh hoan toan.

Cach 3.Loi gidi nay st dungdinh ly Hall sauday: ‘

Bo dé: Cho A, A, ..., Ay la mit ho cac fip con @a not tap hop X thoa mandieéu kién
|U;erA;| = |I] vai moi | O X. (*)

Khi d6 tn tai ay, &, ..., @ phan bt sao éa X sao chod A véimoii=1, 2, ..., n.

Ching minh. ’ o 7
Ta chrng minh fang quy rap theo n. \¢i n = 1, Kt luat caa ko de la hien nhién.

Gia s bo dé dang Wi moi ho tap con F c6 |F| < n. XébtF = (A, Ay, ..., Ay). Ta xét hai
truong hop.

Truong hop 1: Ton tai mot tap chi 6 1 O {1, 2, ..., n}, | | | < n sao cho Ul 4;| = |1].

batJ={1, 2, ..., n}\ L4 = U/ 4; , A* = AjV A véi moi j O J. Ta clitng minh f cac
Aj* thoa mandiéu kign (). Tir d6 &p ding gia thiét quy rap cho cac b A, i 01, A%, j O

J ta suy ratieu phai chirng minh.

Gia sir nguoc lai, ton tai K O J sao chdl;ex 4; | < K.
Khi do, do Ujegd; UA = U, 4, U A néntacod

Uiex Ai VA| = | Usex 4; U A| = [Uierur 4l = K uIl= lffl + 1] ‘
Mat khac, do U4 NA=0 nén ¢ trai aia dang thrc trén flang
U;exdi|+ Ul < |kl + [1]. Mau than.
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Truong hop 2:Vaimoi 1 0O {1, 2, ..., n}, | 1| <n, ta cAU;;4;| = |I|. Khi d6 chon mot
phan tir bat ky & tr Ay Bat A* = A; {a,} véi moii =2, 3, ..., n. Khidd véi moi | O {2,
..., h}, taco

Uier 47| = Ui 4; \{as]] = IUE'E{AE'I —1=11l ) i
Nhu vay ho (A%, ..., A) thoa mandieu kién (*) va theo gi thiét quy mp, ta cé th
chon dugc cac phn tr phan bét &, &, ..., & sao cho @] A* véi moii =2, ..., n. K&t
hop Wi a, tadugc cac pln tir phan bét a, &, ..., & trongdo6 g O A,.

Quay to lai bai toan, ling cach md hinh héa céai dién cia cac méc nhr cac plan i,
cac nhom nh cac &p con, tang cach ly ldn twong tx nhu ¢ 161 giai 1, ta thy cac ip con
nay thba mandieu kién (*) va dodé timduoc cach chn théa man yéu au bai toan.

Nhan xét. Véi k=1 va k = n, Kt luan cia bai toan I1a Bn nhién. \6i k = 2, ta c6 mt
cach gai khadon gian nhr sau:0 nhom 1, tady ra 1dai dién bat ky thuoc nudce iy, tiép
theo, tadén nhom cé ngoi con ki cua nrée iy, 1y ngeoi con ki trong nhomdé (thupe
nudc ip) 1am dai dién cho nhém nayal chuyén sang nhém c6 mgi con ki caa nrée i,
... Néu qué trinh nay c6 ¢hkéo dai maitén hét n nhom thi xong. Bu khéng § xay ra
treong hop sau khi chn dai dién cho nhom k thac nrdce i thi ngroi cung nrgc véi con
lai trong nhém nayai thuoc nhém 1. Nix thé cadc nhém 1, 2, ..., ko thanh not xich, ta
loai xic naydi va lam vic voi nhitng nhém condi bang cachwong tr.

Bai 6.

5 an _ 2 am _ (yon (210 i an (21 2n-i
Taco (1 +x) = (1+x)" (1+x)" —( 2-31( : )x*)( 2-31( : )x n *)
So sanh & o cia =™ & 2 bénta cod

i (En)2 B (-ln)
i A\ 2p
2=l .
< £ . . dn " . .
Tiep theo ta ching mlnh(h) + 1 khoéng chia Bt cho 3.
Gia sir 2n ¢6 béu dién tam phan la
Il\'

2n = E ;.3

=1
véi g {0, 1, 2}.
Truong hop 1:cac athuoc tap {0, 1}, Khi dé_ ata+..+ta=2p.
4n c6 béu dién tam phan lan = XX, 2a..3" (do a = 0 haic 1) va theatinh ly Lucas, ta
co

=

k

4n =1_l(2&f) _ 4; 4 1 — o2p =
Gh)+1= o) +1=] [2%41=2" 41 =2(mod 9)

i=1 i=1
Truong hop 2:tdn tai i nho nhit ma a= 2, khido hé sd twongeng aia 4n la 1. Do
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1
(2) =0=10 {mod 3)

nén
(;1”) +1=04+1=1 {mod 3)
2n '
Nhan xét.
* Vi dinh ly Lucas khéngtugc ar dung nén thi sinh khitsdung phii chitng minh

lai dinh Iy nay.

« Ciing ¢ ti¢ trinh bay b&i giai tryc tiép khdng thdng quainh Iy Lucas, tuy nhién
c6 k& khong tié tranh kidi viéc sr dung ke tam phan va ly ln t hop dudi day.

« Cach tép cin caadé bai, yéu éu chrng minh $, + 1 khéng chia ét cho 3 c6 hai
muc dich: 1) Kém tra xem thi sinh c6 tinfwoc S, khdng? Vaday ding la ctd dé
chodiém.

2) Pua ra Bn chit to hop aia (2::’) tir 46 goi ¥ dén cach khai tén da thic

‘theo modun.
*  Pé hoan clinh loi giai, ching tdi trinh bay cach ¢hg minhdinh ly Lucas.

Dinh Iy LucasCho m va n la cadsguyén khéng am, p 1& siguyén é va

m = mp“ + mp + ..+ mp +my
N =P+ NP+ ..+ np + 1y
la cac btu dién p phan éa m va ntongung. Khidé

iy :
() =Tt () (mod p)

Ching minh. Ta lam véc trén cacda thrc voi hé s dugc xét theo modulo p. Do

(p) = 0 (modp) voimoik=1,2, ..., p-1néntacod

k
(1+xP=1+ (mod p)
Tur d6 bang quy rap ta suy ra

(1 +x)Pi =14 P (mod p)
Nhu vay ta co
m;

(1+x)™ = (140%™’ = [I(1 + x2)™ = [T, X7 (1)« (mod p)
Hé sb cua x, & Vé trai la G?) Do béu dién p phan ¢a n 1a duy nft nén & s cia X' &
. m; ‘
vé phai 12 T, (1) . Tir ddy ta c6didu phii ching minh.
1
Loi gidi trén day co & dung dap an chinh tic, loi giai va y trong aia cac lan LTL,

Phegm Minh Khoa, V& Qéc Ba Gin, Traum va mt s thio lugn khac trén din dan
www.mathscope.org
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Bat dang thirc: Mot 5 vi du va bai &p chon loc

1. (USA MO 2004) Cho a, b, ¢ la cétthuc drong. Ching minh éng
(@ — &+ 3) (P -+ 3)(C -+ 3)> (at+b+cf

2. (IMO 2005) Cltng minh &ng réu a, b, ¢ 1a cacdsduong c6 tich &n hon hay king 1
thi
a®-a’ b® - b? ¢’ -c?

>0
a’+b?+c? Db>+c?+a® c>+a’+b?

3. (Kvant) Cho a, b, ¢ la c&6 thuc drong thai méndiéu kién a + b + ¢ = 1. Ging minh
rang ta luén co

1 1 1

—+=+=+48@ab+bc+ca) =25

a b c

4. (Mathlinks) Cho a, b, c, X, y, z la c&cthyc thoa mandiéu kién
(ath+c)(x+y+2) = 3, @b*+)(X+y*+Z) = 4
Chang minh &ng ax + by + c2 0.

5. (Viét Nam 2002) Cho x, v, z 1a caé thuc thai mandiéu kién x + y? + Z = 9. Ching
minh Ang 2(x+y+z) — xy= 10.

6. Cho x, y, z 1a caddsthyc thai mandiéu kién x +y + z = 0 vak+y’ + 7 = 6. Tim gia
tri [6n nhit caa biéu thicc F = Xy + y’z + Zx.

7. (Vasile Cirtoaje) Cho ca®shuc khdng am tha méndieu kién a + b + ¢ = 4. Ging
minh rang
a’b + fc + ¢a + abes 4.

8. (IMO 1999) Cho re 2 la nét 5 nguyén dong & dinh, tim ting $ C nh nhit sao
cho Wi moi so thuc khdng am x xo, ..., X,

DX (6 +x2) sC(Zn:xiJ

I<i<j<n

9. Cho a, b, ¢ la cadghyc drong cho tiréc va X, y, z 1a cacésthuc duong thaydoi
thoa mandiéu kién xyz = ax + by + cz. Ging minh &ng gia ti nho nhat cita x +y + z
bang vb+c+2bc/d +vJ/c+a+2ca/d ++/a+b+2ab/d, trongdd d 1a $ thyc drong xac
dinh hyi phuong trinh
a b Cc
+ + =1.
a+d b+d c+d
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10. (Romanian TST 2007) Cha>R Va %, ..., % : Y1, .., ¥ l& 2n $ thuc thai mandiéu
kién

2.8’ =12.b° =12 3b =0
i=1 i=1

i=1
n 2 n 2

Ching minh &ng (Zaj +(Zb,j <n
i=1 i=1

11. IMO Shortlist 2007ho a, &, ..., @oola cac 6 thuc khong am thiomandiéu kien
a’+a’+ ... +aos = 1. Chrng minh &ng
e + a’a + ... + Aoy < 12/25.

12. IMO Short List 2003) Choa 2 la $ nguyén dong va %, Xp, ..., X, Y1, Y2, ..., Yo 12
2n $ thuc duong. Gh s 2, 73, ..., 2, la cac 8 thuc deong sao choij > Xy; Vi moi i,
j thude {1, 2,...,n}. bat M = max{z, z,..., z,}. Chirng minh &ng

M+z,+z,+..+27, XX Yt Y,
2n - n n

13.Cho @ &, ..., & la cac 6 thyc sao cho & + &” + ... + &’ = 1. Tim gia t lon nit
cua béu thiic ga, + aag + ... + &.18,.

14. Cho X, X, ..., %, |& cac 8 duong. Goi A la sd nhd nhit trong cac &
X, X, +i,x3+i,...,xn +—1 L1 con B 1aé 16n ntit trong cac & nay. Ching minh
Xl X2 Xn—l Xn

ring gia ti I6n nhit caa A king gia ti nho nhat caa B va hay tim gia tmay.

15. Tong n s thuc dwong Xq, X, Xa, ..., %, bang 1. Gi S— 1a $ 16n nht trong cac 8
X/(L +X1), X/ (L + X1 +X9), ..., X /(1 + X + X + ... +X,). Tim gia ti nho nhat caa S Véi
nhirng gia ti Nao @a Xy, X, X, ..., X, thi gia ti naydat duoc?
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