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Chuong 1

Pé thi chon déi tuyen toan

1.1 Dé thi chon déi tuyén toan nam hoc 1989
- 1990
(Ngay thi: 16, 17/5/1990)

Bai 1: Trong mat phing cho da giac 16i My, My, ..., My, (n > 1) ma 2n+1
dinh My, My, ..., My, nam (theo thi tu nguge chiéu quay clia kim dong
hd) trén mot duong tron (C) ban kinh R. Gia sit ¢6 diém A bén trong da
giac 16i d6 sao cho céc goc ]\m/fl, mg, . MgﬁMgn, Mm/[(] deu
bang nhau, (vd bang 2‘2(’;?1 do). Gia sit A khong trung véi tam cua (C') va
goi B la diém nam trén duong tron (O) sao cho dusng thang AB vudng goc
véi duong kinh di qua A.
Chtng minh:

< AB < <R
2n + 1

1 1 1
an T aon T T an,

Bai 2: Cho bén s6 thue duong a, b, A, B. Xét day s6 thuc 1, 29, T3, T4, . . .
xac dinh bdi:

ri=a, T3=0>0
Tpi1 = A/ 22 + By/a2_, (n=2,3,4,...)

Chiing minh rang ton tai gidi han lim,_. 2, va hay tinh giéi han ay.

Bai 3: Chitng minh rang khong ton tai ham s6 f(z) xac dinh v6i moi
s6 thyc o va thod man f(f(z)) = 2% — 2 v6i moi x.

Bai 4: Xét tap hop T gom hitu han s6 nguyén duong thod man hai diéu
kién:
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1. Véi hai phan tit bat ky ctia 7' thi wéc s6 chung 16n nhat va boi s6
chung nhoé nhat ctia ching ciing 1a nhitng phan ti ctia 7.

2. V6i mdi phan tit x ctia T', ¢6 phan tit 2’ ctia T sao cho x va 2’ nguyén
t6 cling nhau va bai s6 chung nhoé nhat ctia ching 1a s6 16n nhat cua
T.

V6i mdi tap hop T nhu thé, ky hieu [(T') 1a s6 phan tit ctia n6. Tim s6
[(T) 16n nhat, biét rang {(T) nhé hon 1990.

Bai 5: Cho tit dién ma mdi cap canh déi dien déu c6 tich do dai bang .
Goi cac goc gitta cac canh doéi dien do 1a «, 8, va goi cac ban kinh ctia cac
duong tron ngoai tiép cdc mat cia ti dien 1a Ry, Ry, Rs, Ry. Chitng minh:

l
VR Ry R3 Ry

Bai 6: C6 n em hoc sinh (n > 3) ding thanh mot vong tron va luon
quay mat vao co gido ¢ tam vong tron. Mbi lan c6 gido thdi coi thi co hai
em nao do diing sat canh nhau doi chd cho nhau, con cac em khac khong
doi chd. Tim s6 M bé nhat dé sau M lan thoi coi, bang cac doi chd nhu
no6i ¢ trén mot cach thich hgp, cac hoc sinh ding duge thanh vong tron sao
cho: Hai em bat k¥ lac ban dau ding sat canh nhau thi lic két thic ciing
ding sat canh nhau, nhung trong hai em d6, tam goi 1a A va B, néu A lic
ban dau ding bén tay trai ctia B thi lac két thic A ding bén tay phai cia
B.

sin? a 4 sin? 3 4 sin? vy >

1.2 Dé thi chon déi tuyén toan nam hoc 1990
- 1991
(Ngay thi 8, 9/5/1991)

Bai 1: Trong mit phang xét tap hop S gom n diém phan biét (n > 3) thoa
man ba dieu kién sau:

1. Khoang cach gitta hai diém bat ky thuoc S déu khong vuot qua 1 don
vi dai.

2. Méi diém A thuoc S c6 ding hai diém "ké véi no", nghia 1a hai diém
thuoc S c6 cuing khoang cach biang 1 dén diém A.

3. Véi hai diém tuy ¥ A, B thuoc S goi A’ va A” 1a hai diém ké véi A,
goi B’ va B” 1a hai diém keé v6i B thi A’AA” = B'BB".
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Hoi 6 ton tai tap hop S nhu thé khi n = 1991 khong va khi n = 2000
khong? Vi sao?

Bai 2: Cho day so6 thuyc duong aq, as, . .., a, v6i n 16n hon 2 va a; khac
an, 1la day khong gidm (nghia la ay < agyq v6i k= 1,2,...,n — 1) hoac la
day khong tang (nghia 1a ax > apyq v6i k= 1,2,...,n — 1), va cho cac s6
thic duong @,y thod man £ > 2=, Chiing minh rang:

a a
_n 4+t _ %k 4+t
a2 + asy 41T + Qf12Y
Ap—2 an—1 Qn > n

Ap1T + any apT+ a1y a1T+ ay e Y
Bai 3: Cho day s6 thuc duong x1, 2, ..., Zp, . .. xac dinh bai:

xr1 = 1,1’2:9,1’3 :9,1’4: 1

Tpta = /TnTn1Tnt2lnts VOL n =1

Chitng minh rang day s6 trén c6 gidi han. Tim gidi han do.
Bai 4: Goi T 1a hinh ti dién tuy ¥ thod mén hai diéu kién sau:

1. Mdi canh c¢6 do dai khong vuot qua 1 don vi dai.
2. Mo6i mat 14 mot tam giac vuong.

Ky hieu s(T') 1a tong binh phuong dién tich bén mat ctia hinh ti dieén
T. Tim gia tri 16n nhat cta s(7T).

Bai 5: V6i mdi s6 tu nhién n, dinh nghia s6 f(n) nhu sau: f(1) =1
va khin > 1thi f(n) =1+ aip1 + -+ + arpg, trong d6 n = py ... pg la su
phan tich thanh thita s6 nguyén t6 ctia n (cic s6 nguyéen to pi,...,pp doi
mot khac nhau va ay, ..., ax 14 s6 nguyén duong). V6i mdi s6 ty nhien s,
dat fo(n) = f(f(...(f(n))...)), trong d6 & vé phai c6 dung s lan chit f.

Chitng minh ring véi s6 tu nhien a cho trude, c6 so tu nhién sy dé véi
moi s6 nguyen s > s thi tong fs(a) + f._1(a) khong phu thude vao s.

Bai 6: Cho tap hop X gom 2n s6 thuc doi mot khac nhau (n > 3). Xét
mot tap hop K gom mot s6 cip s6 thuc (z,y) véi z,y thuoc X, z khac v,
ma K thoad méan hai diéu kién sau:

1. Néu cip s6 (z,y) thuoc K thi cap s (y, z) khong thuoc K.
2. Mdi s6 o thuoc X c6 mat nhiéu nhat trong 19 cap s6 ctia K.

Chitng minh réng ta c6 thé phan chia tap hop X thanh 5 tap hop con
khong rong va doi mot khong giao nhau x1, o, 3, x4, x5 sao cho véi moi
i=1,2,3,4,5 thi s6 cap s6 (x,y) thuoc K ma z va y cung thuoc X; khong
vugt qua 3n.
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1.3 Dé thi chon do6i tuyén nam hoc 1991 -
1992
(Ngay thi 19, 20/05/1992)

Bai 1: Cho hai s6 ty nhién n va m (n > 1). Hay tim s6 nguyén duong k
nho nhat ¢6 tinh chat sau: Trong k s6 nguyén tuy ¥ a1, as, . . ., Sy ma a; —a;
(i # j vai,j chay tu 1 dén k) khong chia hét cho n, luon ton tai hai s6
ap,as (p# s) thod man m + a, — as chia hét cho n.

Bai 2: Cho da thiic f(z) véi he s6 thiuc va c6 bac 16n hon hogc bang 1.
Chting minh réang véi mdi so6 ¢ > 0, ton tai so6 nguyén duong ng thod man
dieu kien sau: Néu da thitc P(x) véi he s6 thyc c6 bac 16n hon hodic bang
ng, va c6 hé s6 clia sd6 hang bac cao nhat bang 1 thi cac s6 nguyén x ma
|f(P(x))| < ¢ khong vugt qua bac cua P(x).

Bai 3: Cho tam gidgc ABC ¢6 BC =a,CA=0,AB=c (a# b# c).
Trong mat phang ABC lay cac diém A’, B, C’ sao cho:

1. Cac cap diem A va A, B v B’, C va C" hoac déu ¢ cling phia hoiic
déu ¢ khac phia theo thit tir doi véi cac dusng thang BC, CA, AB.

2. Cac tam giac A’'BC, B'CA, C'AB la cac tam giac can dong dang.

Hay xac dinh cac goc A'BC theo a,b,c dé cac do dai AA', BB',CC’
khong phai la ba do dai cia ba canh mot tam giac.

(Tam gidc duge hiéu theo nghia thong thuong: ba dinh ctia né khong
thang hang).

Bai 4: Trong mat phang cho mot ho hitu han hinh tron thod man: hai
hinh tron bat ky hodc 6 ngoai nhau hodc tiép xtic ngoai véi nhau va moi
hinh tron khong tiép xtic véi qua 6 hinh tron khac. Gid st moi hinh tron
khong tiép xtic v6i 6 hinh tron khac da duge dit ting véi mot sd thuc nao
d6. Chitng minh rang khong c¢6 qua mot cach dat tng véi mdi hinh tron con
lai mot s6 thiyce bang trung binh cong ctia 6 s6 ting v6i 6 hinh tron tiép xtc
no.

Bai 5: Tim tat ca cac cap s6 nguyén duong (x,y) thod man phuong
trinh

2?4+ y* —5ry+5=0

Bai 6: Trong mot hoi thao khoa hoc tat ca cac dai bieu tham du biét
tong cong 2n ngon ngit n > 2. Méi ngusi biét ding 2 ngon ngit va bat cit
hai ngudi nao ciing biét chung nhiéu nhat mot ngon ngit. Biét rang véi mot
s6 nguyén k thod man 1 < k < n — 1 déu c6 khong qua k — 1 ngon ngit ma
mdi ngon ngit nay c6 khong qua k ngusi biét. Chiing minh ring ta cé theé
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chon ra mot nhém 2n dai biéu biét tdng cong 2n ngon ngit va mdi ngon ngi
c6 ding 2 dai biéu trong nhém biét.

1.4 Dé thi chon déi tuyén toan nam hoc 1992
- 1993
(Ngay 4, 5/05/1993)

Bai 1: Goi hinh chit nhat kich thuée 2 x 3 (ho#c 3 x 2) bi cit bé mot hinh
vuong 1 x 1 6 mot goc 1a hinh chit nhat khuyét don (xem hinh 1). Goi hinh
cht nhat kich thuée 2 x 3 (hodc 3 x 2) bi cét b6 hai hinh vuéng 1 x 1 6 hai
goc doi dien 1a hinh chit nhat khuyét kép (xem hinh 2). Nguoi ta ghép mot
s6 hinh vuong 2 x 2, mot s6 hinh chit nhat khuyét don va mot sé hinh chit
nhat khuyét kép v6i nhau sao cho khong c¢6 hai hinh nao chom lén nhau,
dé tao thanh mot hinh chit nhat kich thude 1993 x 2000. Goi s 1a tong sb
cac hinh vuong 2 x 2 va hinh chit nhat khuyét kép can dung trong moéi cach
ghép hinh néi trén. Tim gia tri 16n nhat cla s.

]
HINH 1 HINH 2

Bai 2: Cho day s6 {a,} dugc xac dinh bdi:

ar=1 va api1=a,+ v6i n=1,23,...

NG

Hay tim tat c& cac sé thuc « sao cho day {u,} xac dinh béi u, = % véi
n=1,2,3,... cé6 gi6i han hitu han khac 0 khi n — 4o0.

Bai 3: Xét cac s6 thuc z1, 22, 73, 74 thod man:

<zi+as+a;+2;<1

N |

Tim gia tri 16n nhat va nhé nhét ciia biéu thic:

A= (21 — 2wy + 3)% + (22 — 223 + 24)* + (20 — 201)* + (w3 — 224)?
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Bai 4: Goi H, I, 0O theo thit tuy 1a trie tam, tam dudng tron noi tiép va
tam duong tron ngoai tiép clia mot tam giac. Ching minh rang 2.710 > I H.
Hoi dau bang xay ra khi nao?

Bai 5: Cho s6 nguyén k > 1. Vi mdi s6 nguyén n > 1, dat

1 1 1
fn)=knl—-—)(1—-—)...(1——)
b1 D2 Dr
trong do6 pi, pa, ..., pr 1a tat cad cac udc s6 nguyén té6 phan biét ciia n. Tim

tat ca cac gia tri k dé day {x,,} xac dinh bdi 29 = a va 11 = f(Tm), m =
0,1,2,3,... 1a day bi chin v6i moi sd nguyén a > 1.

Bai 6: Xét n diém Ay, Ay, ..., A, (n > 2) trong khong gian, trong do6
khong c6 4 diém nao dong phang. Mdi cap diem A;, A;(i # j) duge ndi véi
nhau bdi mot doan thang.

Tim gia tri 16n nhat cia n sao cho c6 thé to tat ca cac doan thang do6
bang hai mau xanh, do thod méan ba diéu kién sau:

1. Méi doan thang dugc t6 bing ding mot mau.

2. V6imbii=1,2,...,n s6 doan thang c6 mot dau mut 1la A; ma dugce
to mau xanh khong vugt qué 4.

3. V6i méi doan thang A;, A; duge t6 mau dé déu tim thay it nhat mot
diém Ay (k khac i,j) ma cac doan thing A,A; va ApA; déeu duge t6
mau xanh.

1.5 Dé thi chon déi tuyén toan nam hoc 1993
- 1994
(Ngay 18, 19/05/1994)

Bai 1: Given a parallelogram ABC'D. Let E be a point on the side BC' and
F' be a point on the side C'D such that the triangles ABE and BC'F have
the same are. The diagonal BD intersects AE at M and intersects AF at
N. Prove that.
a) There exists a triangle, three sides of which are equal to BM, M N, ND.
b) When E, F' vary such that the length sides of M N decreases, the
radius of the circumcircle of the abovementioned triangle also decreases.
Bai 2: Consider the equation

22+’ + 22 +t2 — Noyzt — N =0

where NNV is a given positive integer.
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a) Prove that for an infinite number of values of N, this equation has
positive integral solution (each such solution consists of four positive integers
z? y? z? t) °

b) Let N = 4%(8m + 7) where k, m are non-negative integers. Prove that
the considered equation has no positive integral solution.

Bai 3: Let be given a polynomial P(z) of degree 4, having 4 positive
roots. Prove that the equation

1—4x 1 —4x
5 P(x)+ (1 - 5

)P (z) — P'(x) =0

T T

has also 4 positive roots.

Bai 4: Given an equilateral triangle ABC' and a point M in the plan
(ABC). Let A, B', C" be respectively the symmetric through M of A, B, C.

a) Prove that there exists s unique point P equidistant from A and B’,
from B and C’ and from C and A’

b) Let D be the midpoint of the side AB. When M varies (M does not
coincide with D), prove that the circumcircle of triangle MNP (N is the
intersection of the lines DM and AP) passes through a fixed point.

Bai 5: Determine all function f : R — R satisfying

F(V22) + f((4+3V2)z) = af((2+ V2)z)

for all x.
Bai 6: Calculate
T 1
N n1!n2! R n1994!(n2 + 2713 + 3714 + - 1993711994)!
where the sum is taken over all 1994-upple of natural numbers (ny, na, . .., n1994)

satisfying
ny + 2712 + 3713 + -4 1994711994 = 1994

1.6 Deé thi chon doéi tuyén toan nam hoc 1994
- 1995
(Ngay 5, 6/5/1995)
Bai 1. Cho tam giac ABC véi BC = a,CA = b, AB = c. Lay sau diém
phan biet Ay, Ay, By, By, C1, Cy khong tring véi A, B, C sao cho céac diém
Ay, Ay nam tren duong thang BC; cac diém By, B, ndm trén duong thang

CA; cac diém Cp, Cy nam tren duong thang AB. Goi «, 3, 1a cac s6 thuc
xac dinh bdi

— o— —— B— == v
A&, = 2BC, BiB,=LCA 6= 14D,
a
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Xét cac duong tron ngoai tiép cac tam gidc ABC1,AByCy, BC1 A, BCyAs,
CABy, CAyBs va g0i da,dg, de theo thit tu 1a cac truc ddng phuong ciia
cap duong tron di qua A, cap duong tron di qua B, cap duong tron di qua
C'. Chitng minh rang da, dp, dc dong quy khi va chi khi

aa + b3 + ¢y # 0.

Bai 2. Tim tat ca cac sd nguyen k sao cho c¢6 vo so gia tri nguyén n > 3
dé da thiic

Po(z) = 2"t + ka" — 8702 + 19452 + 1995

c6 thé phan tich duge thanh tich clia hai da thic véi hé s6 nguyén cé bac
16n hon hay bang 1.
Bai 3. Tim tat ca cac s6 nguyén a, b,n 16n hon 1 thod man diéu kién

(a3 + b3)n — 4(&())1995.

Bai 4. Trong khong gian cho n diém (n > 2) ma khong c6 bon diém nao
dong phang va cho 1(n? — 3n + 4) doan thang ma tat ca cdc dau mat cta
chiing nim trong s6 n diém da cho. Biét ring c6 it nhat mot doan thing
ma sau khi bé né di (giit nguyén cac dau mit) thi sé ton tai hai diém phan
biet ma khong phai 1a hai dau mut ctia mot duong gap khic nao.

Hay tim s6 k 16n nhat sau cho c¢6 k doan thang tao thanh dudng gap
khic khép kin ma méi dinh ctia né 1a mut ctia ding hai doan thing thuoc
duong gap khuc do.

Bai 5. V6i mdi s6 nguyén khong am n dat f(n) la sd nguyén khong am
16n nhat sao cho 2/ 1a mot ude sé ciia n + 1. Cép sé nguyén khong am
(n,p) duge goi la dep néu 2/(" > p. Hay tim tat ci cic bo ba sé nguyen
khong am (n,p,q) sao cho céac cap s6 (n,p), (p,q), va (n+ p+ ¢,n) deu la
céc cap so dep.

Bai 6. Cho ham s6 thuc

223 — 3

f(l“):m-

1. Chitng minh ring ton tai ham s6 g(z) lién tuc trén R va c6 dong thoi
céc tinh chat sau

flg(x)) =2, VzeR; g(x) >z VreR.

2. Chitng minh riang ton tai s6 thuc a > 1 dé day {a,}, n = 0,1,2, ...,
duge xac dinh béi ag = a, a,11 = f(a,) Vn € N 1a ddy tuan hoan véi
chu ky duong nhé nhat bang 1995.
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1.7 Dé thi chon déi tuyén toan nam hoc 1995
- 1996
(Ngay 17, 18/5/1996)

Bai 1. Trong mat phing cho 3n diém (n > 1) ma khong c6 ba diém nao
thang hang va khoang cach giita hai diém bat ky khong vugt qua 1. Chiing
minh ring c6 thé dung dude n tam giac déi mot r6i nhau va thod man dong
thoi cac dieu kien sau

1. Mbi diém trong 3n diém da cho la dinh ctia ding mot tam giac;

2. Tong dién tich clia n tam giac nhé hon %

Hai tam giac duge goi 1a roi nhau néu chiing khong c6 diém nao
chung nam bén trong cfing nhu nam trén canh tam giéc.

Bai 2. Véi mbi s6 nguyen duong n, goi f(n) la sd nguyen lén nhat dé
sO
7] 21+ 1
Z ( )3i chia hét cho 27,

=0 n

Tim tat ca cic s6 nguyen duong n ma f(n) = 1996.
Bai 3. Xét cac s6 thuc a, b, c. Tim gia tri nhé nhat cia biéu thic

fla,b,c) = (a+b)'+ (b +c)' + (c+a) = 2(a" + 0"+ ).

Bai 4. Cho ba diém A, B, C khong théng hang. V6i méi diem M cla
mat phang (ABC) goi M, la diém dbi xiing ctia M qua duong thang AB,
goi My la diém déi xing ctia M, qua duong thing BC va goi M’ 1a diém
doi xtng ctia M,y qua dudong thang CA. Hay xac dinh tat ca cac diém M
clia miat phang (ABC) ma khoang cach MM’ bé nhat. Goi khodng céch
do 1a d. Chiing minh riang v6i mdi diém M ctia mat phang (ABC) khi ta
thuc hién lien tiép ba phép déi xing qua ba dudng thing chita ba canh ctia
tam giac ABC theo thit tu khac (so véi thit ty trén) dé duge diem M” thi
khodng cach bé nhat ctia M M" ciing bang d.

Bai 5. Nguoi ta mubén moi mot sé em hoc sinh t6i du mot budi gip mat,
ma trong sd6 dé6 mdi em chua quen véi it nhat 1a 56 em khac, va v6i mdi
cap hai em chua quen nhau thi déu c6 it nhat mot em quen véi ca hai em
d6. Hoi s6 hoc sinh duge moi du budi gip mat néi trén c6 thé 1a 65 em hay
khong?
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Bai 6. Hay tim tat ca cac s6 thuc a sao cho day s6 {z,}, n=0,1,2, ...,
xac dinh bdi

Tog = 1996, Tpt+1 = Véin:0,1,2,,...

1+ a2

¢6 gidi han httu han khi n — oc.

1.8 Dé thi chon déi tuyén toan nam hoc 1996
- 1997
(Ngay 16, 17/5/1997)

Bai 1. Cho tit dien ABCD v6i BC' =a,CA=b,AB =c¢,DA =a,,DB =
b1, DC = ¢;. Chitng minh rang c6 diém P duy nhat thod man

PA*+ai+b*+c* = PB*+bj+c*+a° = PC*+ci+a*+b*> = PD*+ai+bi+c}
va véi diem P d6 ta luon c6 PA% + PB? + PC? + PD? > 4R?, trong d6 R
13 ban kinh mat cau ngoai tiép ti dien ABCD. Tim diéu kién can va du
v6i do dai cac canh clia ti dien dé bat dang thic trén tré thanh dang thic.

Bai 2. O mot nude ¢6 25 thanh phé. Hay xac dinh s6 & bé nhét sao cho
c6 thé thiét lap cac dudng bay (dung cho ca di 1an vé) gitta cac thanh pho
dé hai diéu kien sau duge dong thoi thod méan

1. T méi thanh phd c6 duong bay tric tiép dén ding k thanh phd khac;

2. Néu gitta hai thanh phd khong c6 duong bay truc tiép thi ton tai it
nhat mot thanh pho c6 duong bay truc tiép dén hai thanh phé do.

Bai 3. Hay tim s thuc a 16n nhét sao cho ton tai vo han s6 tu nhién
(a,), n =1,2,3,..., thod man dong thoi cac dieu kién sau

1. a, > 1997" v6i moi n € N*;

2. v6i mo6i n > 2 deu cb u, > a®, trong d6 u,, 14 u6c s6 chung 16n nhat
ctia ho téat ca cac s6 a; + ar ma i + k = n.

Bai 4. Cho ham s6 f : N — Z thod méan céc diéu kien f(0) = 2, f(1) =
503 v f(n +2) = 503f(n + 1) — 1996 f(n) véi moi n € N.

Véi méi s6 k € N* 1ay s6 nguyeén si, S, ..., S, sao cho s; > k v6i moi
i=1,2,....,k. V6i méi s6 s; (i = 1,2, ..., k) lay mot wéc nguyen to p(s;) nao
d6 ctia f(2°). Chiing minh rang véi s6 nguyen duong ¢ < k, ta c6

k
> p(si)i2" khi va chi khi k2",

i=1
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Bai 5. Hay xac dinh tat ca cac ciap so thuc a, b sao cho véi moi n € N*
va v6i moi nghiém thuc x,, cia phuong trinh

4n*z = logy(2n*r + 1)

ta luon co
a®™ 4+ b*" > 2+ 3x,.

Bai 6. Cho cac s6 nguyén duong n, k,p véi k > 2 va k(p+1) < n. Cho
n diém phan biét cting ndm trén mot dudng tron. To tat ca n diem dé baéi
hai mau xanh, dé (méi diém t6 bdi mot mau) sao cho ¢ ding k diém duge
t6 bdi mau xanh va trén méi cung tron ma hai dau mat 1a hai diém mau
xanh lién tiép (tinh theo chiéu quay ctia kim dong ho) déu c6 it nhat p diém
dugce t6 béi mau do.

Hoi ¢6 tat ci bao nhiéu cach to6 mau khac nhau?

(Hai cach t6 mau dugc goi 1a khac nhau néu c6 it nhat mot diém duge
t6 boi hai mau khac nhau trong hai cach do).

1.9 Dé thi chon déi tuyén toan nam hoc 1997
- 1998
(Ngay 13, 14/5/1998)

Bai 1. Cho ham s6 f(z) x4c dinh trén R sao cho v6i moi s6 thiyc duong ¢
ton tai da thiic he s6 thyc P.(z) thod man

|f(z) — Pu(2)] < cz'® v6i moi € R.

Chiing minh rang f(z) 13 mot da thiic véi he s6 thuyc.

Bai 2. Trong mit phing cho dudng tron (C) ban kinh R chiia va tiép
xtic v6i duong tron (C’) ban kinh £. Xét ho H cac dudng trong bén trong
(C), béen ngoai (C'), tiép xtc véi (C) va (C'). Véi mdi sé6 nguyén n > 3 va
cac so duong p1, pn, ching minh rang hé thic

(p1—pn)* = (n = 1)*(2(p1 + pn) — (n — 1)> = 8)

la diéu kién can va di dé c6 n dudng tron phan biét (C1), (Cy), ..., (C,) cia
ho H ma (C}) tiép xtc ngoai véi (C;_1) va (Ciy1) (1 =2,3,...,n— 1), & d6
(C1) ¢6 ban kinh £> (Cy) c6 banh kinh ﬁ.

Bai 3. Cho cac s6 nguyén duong m > 3. Gia st pi, po, ..., pr 12 tat ca
cac s6 nguyeén to khong vuot qua m. Chitng minh ring

i(i + iz)> In(lnm).

— Pi D
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Bai 4. Tim tat ca cac da thic P(z) he sd nguyen véi he s6 bac cao nhat
bang 1, c6 tinh chat: Ton tai vo s6 céac s6 vo ti o dé P(a) déu la s6 nguyen
duong.

Bai 5. Gia st d 1a u6c duong ctia 5 + 19981998, Chitng minh rang d c6
thé bicu dién dudi dang d = 22% + 2zy + 3y%, 6 d6 x,y la cac s6 nguyen khi
va chi khi d chia cho 20 ¢6 du 3 hoac 7.

Bai 6. Trong mot cudc hoi thdo c6 n, n > 10 ngudi tham di. Biét rang

1. Mb6i nguoi quen véi it nhat [%’2} ngusi tham du.

2. Hai nguoi bat ky A va B néu khong quen nhau thi quen nhau gian
tiép, nghia 1a ¢6 k (k > 1) nguoi Ay, As, ..., Ag sao cho A quen Ay, A;
quen A;1q, (i =1,2,....k — 1) vd Ay quen B.

3. Khong thé xép n ngusi thanh mot hang ngang sao cho hai nguoi canh
nhau bat ky déu quen nhau.

Chiing minh réng c6 thé chia n ngusi thanh hai nhom: nhém thit nhat xép
duge quanh mot ban tron sao cho hai ngudi canh nhau bat ky déu quen
nhau, con nhém thit hai gom ngudi doi mot khong quen nhau.

1.10 Dé thi chon déi tuyén nam hoc 2001 -
2002
(Ngay thi 7, 8/5/2002)

Bai 1. Tim tat ca cac tam giac ABC ¢6 BCAla gbc nhon va dudng trung
truc ctia doan thang BC cit cac tia Az va Ay, 1a cac tia chia goc BAC
thanh ba phan bing nhau (BAz = zAy = yAC) tai cac diém M va N thoa
man:

AB=NP =2HM

trong dé: H 1a hinh chiéu vuong géc ctia A tren BC va M la trung diém
ctia doan thang BC.

Bai 2. Nguoi ta ghi léen bang s6 nguyén duong Ny. Hai nguoi A va B
choi tro choi tro choi sau: Nguoi A xod s6 Ny roi ghi lén bang s6 N, €
{Ny — 1;[No/3]}. Tiép theo ngusi B xoa s6 Np roi ghi lén bang s6 Ny €
{N; —1;[N;/3]}. Dén lugt minh nguoi A lai thyc hién phép toan trén do6i
v6i Ny;...Tro chai ct tiép tuc cho dén khi trén bang xuat hién s6 0. Ngudi
ghi s6 0 dau tién dudc coi la thing cuoc, ngusi con lai bi coi 1a thua cuoc.
Héi ai, ngusi A hay ngusi B, 1a ngudi ¢6 cach choi dé chac chin thing néu:

1) Ny = 120
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2) Ny = (32992 — 1)/2

3) Ny = (32092 4 12

Bai 3. Cho s6 nguyén duong m c6 mot ude nguyen t6 16n hon v/2m + 1.
Hay tim s6 nguyén duong M nhé nhat sao cho ton tai mot tap hop gom
hitu han s6 nguyén duong doi mot khac nhau thod man dong thoi cac dieu
kién sau:

i) m va M tuong ting la s6 nhé nhat va s6 16n nhat trong 7.

ii) Tich tat ca cac s6 thuoc T 1a mot sd chinh phuong.

Bai 4. Cho s6 nguyén duong n > 2 va cho bang 6 vuong kich thude
n x 2n (bdng gom n hang va 2n cot). Nguoi ta danh dau mot cach ngau
nhién n? 6 vuong con ctia bang. Chitng minh rang v6i méi s6 nguyén k ma
1 <k <[n/2] +1, luon ton tai k& hang sao cho bang 6 vuong kich thudc
k x 2n, dugc tao nén tir k hang do6, c6 khong it hon

kl(n — 2k +2)
m—k+1(n—k+2)...(n—1)

cot chi gom cac 6 duge danh dau.
([a] ky hiéu s6 nguyen 16n nhat khong vugt qué a).
Bai 5. Hay tim tat ci cic da thiic P(x) v6i hé sd nguyen sao cho da
thic
Q(z) = (2 + 6z + 10)[P(x)]* — 1

12 binh phuong ctia mot da thiic v6i hé sé nguyen.
Bai 6. Chiing minh rang ton tai s6 nguyén m > 2002 va m s6 nguyén
duong doi mot khac nhau aq, as, . . ., a,, sao cho sd

12 s6 chinh phuong.

1.11 Dé thi chon déi tuyén toian niam hoc
2003 - 2004
(Ngay 7, 8/5/2004)

Bai 1. Xét tap hop S gom 2004 s6 nguyen duong phan biét ai, as, . . ., 2004,
c6 tinh chat: Néu véi mdi i = 1,1, ...,2004, ky hieu f(a;) 1a s6 cac s6 thuc
thuoc S nguyén t6 cting nhau véi a; thi d(a;) < 2003 va f(a;) = f(a;) véi
moi i, € {1,2,...,2004}.
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Hay tim s6 nguyén duong k nhé nhat sao cho trong mdi k tap con cla
mot tap S tuy ¥ 6 tinh chat néu trén déu ton tai hai s6 phan biét ma uée
s6 chung 16n nhat ctia ching khac 1.

(k - tap con la tap con c6 k phan tit).

Bai 2. Hay xéac dinh tat ca cac s6 thuc a ma ting véi méi «, c6 mot va
chi mot ham s6 f xac dinh trén tap hop R, lay gia tri trong R va thod man
hé thuc.

f@® +y+ fy) = (f(2)) +ay

v6i moi x,y thuoc R.

(R ky hiéu tap hop cac s6 the).

Bai 3. Trong mat phang, cho hai duong tron (O;) va (O;) cit nhau tai
hai diem A va B. Cac tiép tuyén tai A va B ciia dudng tron (O;) cit nhau
tai diem K. Xét mot diem M (khong trimg véi A va B) nim trén dudng
tron (O1). Goi P la giao diém tht hai clia duong thang M A va dudng tron
(O9). Goi C' 1a giao diém thit hai ctia duong thang MK va dudng tron (O;).
Goi @ 1a giao diém thit hai ctia dudng thang C' A va dudng tron (O,). Chiing
minh rang:

1) Trung diém ctia doan thang PQ nam trén dudng thang MC.

2) Dudng thiang PQ luon di qua mot diém co6 dinh khi diém M di dong
trén duong tron (Oy).

((O) ky hiéu dudng tron tam O).

Bai 4. Cho day s6 (z,),n =1,2,3,... xac dinh bdi

r1 =003, 2o =102 va xpi0 =Tp1+Tp+2v/Tpi12, —2 VG MO n >

Chitng minh rang:

1) Tat ca cac s6 hang clia day s6 da cho déu la cic sd nguyen duong.

2) Ton tai vo s6 s6 nguyén ducng n sao cho bicu dién thap phan ciia z,,
c6 bon chit s6 tan cung 1a 2003.

3) Khong ton tai s6 nguyen ducng n mé biéu dién thap phan cia x, c6
bén chit s6 tan ciing 1a 2004.

Bai 5. Xét IU_C gléC 161 ABCDEF. GOI Al, Bl, 01, Dl, El, F1 l?m llIOt 1a
trung diém ctia cac canh AB, BC,CD, DE, EF, FA. Ky hiéu p va p; tuong
ting la chu vi cia luc giac ABCDFEF va cua luc giac AyB,C1DFE1F. Gia
st luc giac A1 B1C1 D1 E, Fy c6 tat ca cac goc trong bang nhau. Chitng minh

rang:
2v/3

>
p= 3 P

Héi dau déng thiic x4y ra khi va chi khi nao?
Bai 6. Cho S 1a mot tap hop gom maot s6 sd nguyén duong ma s6 nhd
nhat va s6 16n nhat trong S 13 hai s6 nguyén t6 ciing nhau.
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Vé6i modi s6 ty nhién n, ky hieu S, 1a tap hop gom tat ca cac sé tu nhién
ma méi s6 déu I tong ctia nhi¢u nhat n s6 (khong nhat thiét doi mot khac
nhau) thuoc tap S. Quy udc 0 la tong ctia 0 s6 thuoe S. Goi a la s6 16n
nhat trong S. Chitng minh rang ton tai s6 nguyén duong k va sd nguyén b
sao cho

|Sp| =an+b

v6i moi n > k.
(|X| ky hieu s6 phan t1t ctia tap hop X)



Chuong 2

Pap an tuyen sinh

2.1 Dap an chon d6i tuyén nam hoc 1991 -
1992

Bai 1. Trong trudng hop m chia hét cho n (ké ca khi m = 0 (néu coi 0 1a
s6 tur nhién, chia hét cho n)), rd6 rang khong c6 s6 nguyén k& > 1 thod man
débaima k<n.Vayk=n-+1.

Sau day xét m > 0, m khong chia hét cho n, (n > 1).

VOl | € Z. Xét

o(l): Zp =707 — Zy,

T—Im+T=Im+=x

thi n6 xac dinh tac dong ctia nhom cong Z lén Z,. Nhom ding tai 7 gom
cacl € Z ma lm = 0 tiic 1a Im (mot boi ctia m) 1a boi ciia n, vay nhoém ding
d6 goom cac boi ctia %N(m’") = %% = % = ny, trong d6 d = (m,n).

Tt d6 mdi qui dao o ciia tac dong néi trén c6 ng phan tit, cu the la day
To thudc o thi o = {¢(I)(75) | { = 01,...,n9 — 1} va Z, 1a hgp rdi rac cia
= = d quy dao nhu thé.

Chu §: do m khong chia hét cho n nén ng > 1. Vay s6 N = d[%2]+1 > 1
va 10 rang N < n. Hay ching minh N bang s6 k can tim.

1) @, @s, ..., ay 1a N phan tit phan biét ctia Z,, thi do c6 ding d quy dao
roi nhau nén c6 hon [%] phan tit @ dé nam trong mot quy dao a nao do va
do a ¢6 ng phan ti, ¢6 a,, a; thuoc o ma ¢(1)(a,) = a,, tic m + a, = a;
hay m + a, — a5 = 0.

2) Khid =1 vang = 2 hay 3 thi N = 2 rd rang c6 tinh chat bé nhat
can tim, ttic N = k.

Trong cac truong hop khac thi N > 2 va lay trong mdi quij dao a phan tit
T, thi tap hop {p(20)(Ta) | 1 =0,1,...,[%], a chay qua tap cac quiu dao}

18
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gom N — 1 phan tit phan biét ctia Z,, ma khong c6 hai phan tit khac nhau
nao c6 hieu bang m. Vay N c6 tinh chat bé nhat dang xét.

Két Iuan: m chia hét cho n (ké cd m = 0): k = n + 1. Con cac trudng
hop khéc: dat d = (m,n), ng = 5 thi k = d[%2] + 1.

Bai 2. Do f(z) la da thic ¢6 bac khong nhé hon 1 nén |f(z)] — +oo
khi |z| — 400, vay c6 x¢ > 0 dé |f(x)| > ¢ v6i moi x ma |x| > x0. Ki hicu
no la 6 nguyen duong bé nhat thod man 22 > z,. Hay ching minh ng 1a
s6 can tim.

Gia st p(z) 1a da thiic c6 deg P = k > ng v ¢6 he s6 clia s6 hang bac
k bang 1. V6i k + 1 sd nguyén phan biét tuy v by < by < --- < by41, theo
cong thic noi suy Lagrange, ta ¢o

k+1

— b))
ZP H .
i (bi = b))
Tinh chat he s6 clia s6 hang bac cao nhat ctia P(x) bang 1 cho
k1
1= P(b
Z b; — b
J#Z
k1 1
<
< e 1P Z (b — b1) - (b — by1) (b — bi) - (brs — b1)
k—l—l
< > =1 V)
_1<r£1<a;€>i1P |Z (1—1)! k‘—l—l—z)' (dob; =br=j=1j>1)

1 . ok
. E e .
= 151;%1 |2 (bi)l — k:!ck k! (1%?;%1 |P(bl)|)
J:

Tu do6 ol |
. no:
N> — > —

(28, PO 2 55 2 50 > o

Vay c6 i € {1,2,....k+ 1} dé |f(P(b;))| > ¢, tiic 1a s6 cac sd nguyén x
ma |f(P(z))| < ¢ khong vugt qua k = deg P.

Bai 3. Coi cac tam giac can A'BC, B'C A,C'AB ¢6 cac dinh can theo
thit tu 1a A’, B’, C’, (dinh can ddi dién véi day).

Coi tam gidc ABC xéac dinh huéng thuan trong mit phing va dit 0 =
(AC',AB) = (BA', BC) = (CB',C'A) (goc dinh huéng), 6 day -5 < 0 < 7,
0 #£0, va A B, C’ theo thi tu thuoc cac trung truc cua BC CA AB

1) AA’ AB+BA’ — AB+ f(BC) BB = BO+OB’ BC +
F(CA), CC' = OA+AC" + OA + F(AB), trong d6 [ 1a tich, phép vi tu
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(vécto) he s6 5—— v6i phép quay (vécto) goc —6. Vay AA'+ BB'+ CC' =

—_,—_ = 5 — = — — N

AB+ BC+CA+ f(BC+CA+ AB) = 0. Cha y rang AA', BB',CC’

1& nhiing vécto khac vécto khong (vi a, b, ¢ khac nhau d6i mot) nén suy ra

—

luon ¢6 tam giac ¢6 canh dai AA’, BB',C'C’ trit khi va chi khi AA" song
—

song véi BB’

L, — — — —
0 neu OM = 0 hay ON = 0
—_—  — _ , = = = —
OM x ON = § |OM||ON|sin(OM,ON) néu OM /0 ,0ON # 0 hay
—
ON =

Lay heé toa do Décac vuong géc dinh huong thuan trong mit phing, OM (z,y),
—
ON(z',y') thi do sin(OM,ON) = sin((Oz,ON) — (Ox,OM)) tinh dugc
—_— =5 ~ B
OM x ON = zy — z'y. Tt d6 dé thay (OM +OM') x CN = OM x ON +
OM' x CN, OM x (ON +ON’) = OM x ON +OM x CN'.
— —
Trd lai bai toan: Dé thay tit dinh nghia AA’ song song véi BB’ khi va
—_— —

chi khi AA’ x BB’ = 0.

Ta co

— — —_— — — — — — — I
AA'x BB' = (AB + BB') x (BC 4+ CB') = AB x BC + AB x CB'+
—_— — — —
+ BA"x BC + BA' x CB’

Tinh tim_g)sé hang ctia tong nay: ABxBC = 25, S 1a dién tich ciia tam giac
ABC; AB x OB' = c5-2—sin(d — A), trong d6 A = (AB, AC), dé ¥ ring

2cosf
(AB,CB') = (AB, AC) + (AC,CA) + (CA,CB') = A+ 7 —0; BA' x BC =
sizasing; BA' x CB' = ;2 -t _sinC, trong d6 C = (CA,AB), dé ¥
ring (BA',CB') = (BA', BC) + (BC,CA)+ (CA,CB) =0 +7—C — 0 =

~

T —C.
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Vay

~ a?sinf ab
1 — A
QCOSQSIH(Q )+ 2cos 6 * 4cos?f

1 1 3
= §Stan29 + Z(oz2 +b* + ) tan 6 + 55.

/ﬁ)’ X ﬁ =25+ sin C
T d6 € can tim 1a nghiém ctia phuong trinh
Stan? 6 + %(OL2 +b* +c*)tanf + 35 = 0.
Biét thiic ctia tam thic bac hai déi v6i tan 0 & vé trai la
A= i(a2 + 0%+ ¢*) — 1252
_ %{@2 24 (12— ) (- a?)?) > 0.

(Dé ¥ cong thitc Heron: 1652 = 2(a?b? + b%c? + c*a?) — (a* + b* + ¢*). Vay
phuong trinh trén c¢6 hai nghiém tan #; va tan 6, phan biét, am

1
tan 6y, tan 0y = E{—(a2+bz+02)i\/§\/(a2 —b2)2 + (0% — 2)? + (® — a?)?},

trong d6 S = \/(a+b+c)(a+b—c)la—b+c)(—a+b+c).

Coi cac tam giac can A’BC, B'CA,C'AB ¢6 dinh can theo thit ty la
B, C, A_}:hi ching minh theo ding cach trén ta van cé AA’+BB’i)CC’i)6),
6 day f la phép quay (vécto) goc —0 (6 day 0 < 0 < ), con AA’ x BB’ =
4S5 — 285 cos O+ W sin @ nén # can tim phai 1 nghiém ctia phuong trinh
lugng giac

asinf 4+ fcos =
trong do, a = W, 08 = =25, v = —45. Goi ¢ la géc ma sinyp =

6 pu— [23 j 1 pu— ’\/ _ — 85 h
s COS¥ por thi sin(6+ ¢) T T cho

hai nghiém 6, > phan biét.

Néu coi cac tam gidc can A’BC, B'CA,C'AB c6 dinh can theo thy tu
1a C, A, B thi cling chiing minh theo cach tuong ti, trong két qua vita roi
thay 6 bsi m — 20, ¢ day (—5 <0 < 3,0 #0).

Bai 4. Ki hieu A 1a tap hop cac hinh tron ciia ho tiép xtc 6 hinh tron
khéac, B 1a tap cac hinh tron con lai.

V6i méi hinh tron Cy ctia ho, ki hieu £(Cy) la tap gita Cy va cac hinh
tron C' ctia ho ma c6 day Oy, Cs, ..., Cy, hinh tron ciia ho (m > 1) dé C; tiép
xtc véi Ciyq (1=0,1,...,n—1), C = C,,.
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1) Trong mdi £(Cp) phéi c6 C € B vi néu moi C € L(Cy) deu thuoe A
thi xét hinh tron c6 ban kinh bé nhat trong £(C) suy ra moi hinh tron ctia
(Cp) phai c6 ban kinh bang ban kinh d6 (*) va khi d6 ludi cac tam cac hinh
tron ctia £(Cp) khong thé bi chan, mau thuin véi ho hitu han hinh tron.

(*) suy ra tit: mot hinh tron ban kinh R khong thé tiép xtc ngoai
v6i sau hinh tron ngoai nhau hay tiép xtc ngoai nhau ma sau ban kinh
khong nhoé hon R va ¢6 ban kinh 16n hon R. Thic vay, néu c6 hinh vé beén:
0102 = R1 -+ R2 -+ l, (R S Rl, R1 S Rg, 0 S l) thi géc Y = (001,002)
phai gitta 60° va 180° do

(R+ Ry)?*+ (R+ Ry)?> — (Ry + Ry +1)?
2(R+ Ry)(R+ R»)

2) Néu c6 hai cach diat f, g théa man de bai thi f — g lay gia tri 0 trén
B va n6 théa man dieu kién trung binh cong clia dé bai. Can ching minh
f — g lay gia tri 0 tren A. Giad stt ¢c6 C € A ma (f — g)(C) # 0; ki
hiéu Cy la hinh tron ctia ho sao cho (f — ¢)(Co) = rggllrclz(f — ¢)(C) néu

)f = 9)(C) < 0 hay (f = g)(Co) = max(f — g)(C) néu (f - g)(C) >0,
thi Cy € A va theo 1), trong £(Cy) c6 day Ci,...,Cp, (m > 1), C; tiép
xtc Ciyq (Z =0,1,....m— 1), Cie A (Z =0,1,....m— 1), Cn=0c¢€¢B.
Do tinh chat trung binh cong clia céc s6 lon hon hodc bing a (trong céc
s6 nhé hon hodc bang b) chi bang a (theo thtt tu b) khi tat ca cac so6 do6
bing a (theo thit tuy b) va do tinh chat min, max néi trén , véi Cy suy ra
(f=9)(Co) = (f=9)(C1) = =(f—9)(Cn) = (f—9g)(C) =0W
C € B), do d6 ¢6 mau thuan.

Cha §: sau khi xét trudng hop (f — g)(é) < 0 ¢6 thé dua truong hop
(f — g)(é) > 0 ve truong hop né am nho xét g — f thay cho f —g.

Bai 5. Dé thay rang: Néu (z,y) 1 nghiém thi (y,z) 14 nghiém. Néu
khong c¢6 nghiém nguyeén (z, z).

2) Xét anh xa f : R? = R?, f((z,y)) = (' =52 —y, ¥ = 2)

a) dé thay rang 2% — 5z'y’ + y'* = 22 — by + y>.

b) Ki hieu S 1a tap cdc nghiem nguyén duong thi dé thay rang f(S) = S

COS p = <

1
5
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(dé y rang phuong trinh c6 thé viét y(5z —y) = 22 + 5).

c) Hay ching minh réng véi (z,y) € Sma 1l <z < y thi f((z,y)) =
(2/,y) c6 tinh chat 1 < z/ < z(=y/). Thuc vay, khi 1 < z < y = (2/,¢')
c6 tinh chat 1 < z < y ma z,y nguyen thi (y — z)? +5 = 3zy > 3.2.3 nén
(y—x)? > 13, vay y —x > 4. Khi d6 néu nhu 4z > y thi bzy = 22 +9*>+5 <
2> +4xy+5,dodé 2> +5>ayhay x(y—x) <5, may—x >4nénz =1,
trai véi gia thiét o > 1. Vay 4o <y, do d6 2/ = ba — y < x.

d) dé thay tap cdc nghiem nguyen dang (1,y) 1a So{(1,3),(1,2)}. vay
tir ¢) va d) suy ra rang néu ki hieu S; = {(z,y) € S | 1 < 2 < y}
thi f(S1) C S; U Sy va v6i moi (x,y) € Si, c6 sd6 nguyen duong k deé
fE((z, ) € So.

3) Do vai tro o véi y trong 2) suy ra anh xa g : R? — R? : g((z,y)) =
(2 = y,y = by — x) c6 tinh chat g(S) C S va ki hieu 51 = {(z,y) € S|
1<y<ah, So=1{(21),(3,1)} th g(Sl) C S5 U SO, So C S, va v6i moi
(z,y) € Sy, ¢6 s6 nguyen duong k dé ¢*((z,y)) € So.

4) Dé thay rang g = f~', do d6 f |s, g |s 14 song anh va dé ¥y ring
f(So) = So, suy ra S = {f*((1,3)), f*((1,2)) | k € Z}. Cha ¥ réng véi moi
k € Z, f* 1a song anh va khi k # 1 thi f* khong c6 diém bat dong do néu
(x,y) €S, f((z,y)) = (2,¢)thia’—y =br—y—r=4r—y =x—y+3x >
x — y, vay cac phan tt viét trén day cia S 1a doi mot khac nhau.

(6 thé tinh duge (véi moi k € Z)

{f’“((l,i%)) =
F5((1,2) =

trong d6 A\ =

(AFFE = 871 4 B8 = M) M = A5 30087 =)
(AT =237+ 2008 = A AT = A5 42057 = A7)

Rl R~

+ @), A\ = 2(5 — a), a = V21. Vai nghiem

N[
A

— (14,67) & (3,14) L (1,3) L (2,1) L (9,2) Wb (43,9) L -

— (9,43) L (2,95 (1,2) D (3,1 VL (14,3) L (67, 14) Vs

Bai 6. Lap do thi G: dinh biéu dién cho “ngon ngit", canh néi hai dinh
biéu dién “ngudi biét hai ngon ngit dé". Vay G 1a dd thi 2n dinh. Diéu kien
“hai ngudi biét chung nhiéu nhat mot ngon ngit" néi rang G 1a do thi don.
Diéu kién con lai cho biét: v6i mdi k nguyen 1 < k < n — 1 ¢6 khong qua
k — 1 dinh, m6i dinh c¢6 bac nhé hon hoac bang k ().

Theo dé bai, can ching minh: tit tat ca cac canh ctia G ¢ thé ... 2n
canh thuoc 2n dinh va moi dinh luon thudc ding hai canh ... 2n canh d6.
Dé chitng minh diéu nay ta sé chiing minh:

Trong G ton tai mot duong di khép kin c¢6 do dai 2n va di qua tat ca
cac dinh ctia G (mot duong di nhu thé ta sé goi l1a chu trinh H. Ta chiing
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minh diéu nay bang phan ching. Gia st trong G khong c6 chu trinh H.
Khi d6 tap cic dinh khong ké nhau cia G 1a khong rong va hitu han. Bang
cach them dan hai canh ndi hai dinh khong ke nhau ta sé xay dyng do thi
2n dinh G thod man 1) (*), 2) trong G khong c6 chu trinh H 3) Khi théem
canh néi hai dinh bat ki khong ké nhau ciia G ta sé nhan duge dd thi c6
chu trinh H.

Xét G véi v 1a dinh cia G ki hiéu f(v) la bac cta v.

a) Tit 2) va 3) suy ra gitta hai dinh béat ki khong ké nhau ctia G déu ton
tai mot duong di nhan hai dinh ay lam hai dau mut, di qua tat ca cac dinh
cua G va c6 do dai 2n — 1.

b) Néu hai dinh v va v’ ctia G ¢6 f(v) > n, f(v') > n thi v va o' phai ké
nhau.

That vay, giad stt v va v’ khong ké nhau thi c6 duong di vy, v, ..., v2n
(v1 = v,v9, = v’ di qua tat ci cac dinh ctia G va c¢6 do dai 2n — 1. Gia
st f(v) = s > n. Ki hidu v, v, ...,0;, (2 =141 <1 < -+ < ig < 2n) la
céc dinh ké v6i v; = v. Khi d6 v6i mdi j = 1,2, ..., s cac dinh v(i;)—1 khong
ké v6i va, = v’ vi néu nguge lai thi chu trinh H trong G la V1V2... V(i) ~1V2n
Vgp—1...v5; mau thuan véi 2). Tt d6 suy ra f(v') <2n—(s—1) <n—1 (do
s >n), mau thuan véi f(v') > n. Vay v, v’ phai ké nhau.

c) T b) suy ra tap v gom céac dinh v cta G ma f(v) < n—1lakhong
rong, vay c6 maxyey f(v) =m < n—1. Lay v; ma f(v;) = m. Diéu kién (*)
v6i k = n —1 n6i rang c6 it nhat 2n — (n — 1) + 1 = n + 2 dinh c¢6 bac > n,
do v6i k = n —1 néi ring ¢6 it nhat mot trong céc dinh nay, chang han vy,
khong ké véi v1. Suy ra c6 duong di vy, va, ...v2, di qua tat cd cac dinh ctia G
va 6 do dai 2n—1. Ki hieu v;,, vy, vy, (2 =11 <ig < -+ < iy, < 2nla céc
dinh ke v6i vy thi 1ap luan nhu 6 b) chimg t6 véi moi j = 1 — n ta 6 v,y -1
khong ké v6i vg, (chi § rang dieéu kien (*) véi k = 1) ching t6 moi dinh
ctia G ¢6 bac > 2. Ap dung diéu kien (*) v6i k =m (2 <m <n —1) suy
ra {V(i,)—1, V(iy)—1s ---s V(iny)—1 PhaL ¢6 it nhat mot dinh v, ¢6 fvg) > m +1
. T dinh nghia ctia m suy ra f(v,) > n. Nhu vay, vg, ve, c¢6 f(v,) > n,
f(v2,) > n ma khong ké nhau, mau thuin véi b). Mau thuan nay cho ta
diéu phai chitng minh.

2.2 Dap an chon d6i tuyén nam hoc 1992 -
1993

Bai 1. Truong hgp tong quat khi dat 1993 = 2m + 1 (dong) va 2000 = 2n
(cot) v6i m = 996 va n = 1000.
Goi s 1a tong s6 cac hinh vuong 2 x 2 va hinh chit nhat khuyét kép, goi y
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la s6 cac hinh chit nhat khuyét don. Ta c¢6 déng thic vé dién tich cac hinh:

4s 4+ by = 2n(2m + 1) (1)
1 2 3 4 5 6 1998 2000
1
2 X X X X x
3
4 X X X X X
5
1991
1992;‘ x| % x % -
1993 ‘ .

Danh dau (x) vao cdc 6 vuong c6 toa do (2r,2t) véi 1 < r < m va
1 <t < nta duge m.n dau (x). D& thay trén hinh:
+) Hinh vuong 2 x 2 ho#ic hinh chit nhat khuyét kép chiia ding mot dau

(x).
+) Hinh chit nhat khuyét don chita mot hodic hai dau (x). T d6 dat
1 < v < 2,v nguyeén, ta c6 bat dang thiic sau vé s6 dau (x) trén hinh

mn=sl+yv=s+y (2)
Tu (1) va (2) ta c6 bm.n = 5(s +y) = 4s + by + s = 2n(2m + 1) + s hay
s <5m.an—2n(2m + 1) = m.n —2n = n(m — 2).
Ap dung véi m = 996 va n = 1000 c6 két qua s < 994000. Su ton tai
cua cach ghép véi s = 994000 cho trén hinh vé.

1 2 3 4 5 6 7 8 2000
: l
2
P4 I e o M |
6
; |

rrrrrrrrrrr

1986
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Bai 2. 1) Ta c6

1
Anr/Cn,

3
afl+1:<an+ ) = a’ + 3an\/a, + 3+

1
v/ n
9 3
> a? + 3a,/a, + 1= (Va3 + 5)2

3 3
:>\/G§L+1>\/a%+§:>\/a§z>?n Vn =1 (1)

2) Mat khac

2 1] 1 \2
U1 = (V“n * M) D (V“n * M)

1
= Va1 < ay + 20

Do vay
3
M@<§+m+mWEW>1

6 day Ky, Ky = const
3) Tu két qua ctia 1) va 2) ta duge:

3 s 3
§<M<§+m+mWEW>1
3
an
=3 lim — = — (2)
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T (1) ta c6 lim, .o a, = +00. Do d6, két hop véi (2) suy ra

aa
lim 2 = 4+ vl o > —
n—oo M 2
.oay .
lim 2 =0 vl o < —
n—oo M 2

«

1im“—“:L7é0<:>a=g

n—oo N
Bai 3. 1) Tim max A. Viét lai A du6i dang
A =5(x] + 27) 4+ 6(x3 + 23) — 8(2109 + Tow3 + 374) + 27173 + 20074

V6i moi o > 0 ta ¢o

16 P
—81179 < oz:zf + —:Eg diu "="¢&  ar = —419 (1)
o
—8roz3 < 425+ 13) diu T =" & @y = —x3 (2)
16 P
—8x314 < ] + —x§ dau 7" =" &  awzy = —4xs (3)
o
o 2 4 2 4 9 9
2x113 < 1551 + —z3 dau =" ax =43 (4)
o
4 2 «Q 2 4 9 9
2091y < —o5 + 2554 dau =7 & axy =4, (5)
o

Do vay

5 20
A< (5+ Za)(xf + 23) + (10+ E)(x% + z3)

Chon o > 0 thod man

5 20
5+Za=10+—<:>a=2(1+\/§
«

. Khi do

5 5 5
A<(5+Za)(:vf+:v§+:£§+:ci)<5+Za:§(3+\/§)

Ta c6 A= 2(3+/5) & 6 dong thai (1), (2), (3), (4), (5) va St =

1 1++5 14++5

1
Son=doy/l-—m = ————o, a3 =

2\ B
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Vay
5
max A = 5(3 +5)

2) Tim min A: Lay 1 < a < 2. Viét lai A duéi dang

A= (21— axo+x3)* + (12 — aw3 +24)* + —2(4 — @) 1175 — 4(2 — ) w073 —
= 2(4 = a)wszs + 4wy + 27) + (5 — a”) (a5 + x3)

Do a<2nén V3 >0 taco

2

—2(4—a)rira = —(4 — ) (ﬁa:f + %) T =" & fBr =19 (6)
2

—2(4 — a)zrzrs = —(4 — ) <ﬁl’i + %) T =" & fry =13 (7)

—4(2 = @)rarz = 22— a)(z3+23) T =" S a9 =13 (8)

Suy ra

A> =204 —a)rira —4(2 — @) wows — 2(4 — )34+
+4(zf + 23) + (5 — a?) (23 + 23)
41—«

>4—(4—a)B)(zi+23) + 1420 — 5 o?)(x3 + 23)
Chon ( sao cho
4 —« 9
4—(4—@)621—{—2@—7—@ 9)
Khi do
1
Az = (4=a)f)(e] + oy a5 +a)) 2 5[4 - (4= a)f]
Dau ” =7 § bat dang thic cudi ciing dat duge khi va chi khi ¢6 dong thoi
(ﬁffl = T2
By = x3
To = T3

T, —ary+x3=0

To—ar3+x4=0

1
(27 + a3 + a3 +2f =
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Dé thay, cac gia tri x1, T2, 73, x4 thod man heé trén la cac gia tri c6 ciing dau.
Béi vay, dé don gian ta sé chi xét ; = 0,7 = 1, 4. V6i diéu kien d6 ta c6

To = T3, T1= T4 €T3 = T2, T4 =1T1
-1 1= (a—1)x
x x 1 2
DeN o = 1= 10
x1 = (a— 1)z a—1=3 (10)
_ 1
21’%"‘21’%:% xl_z\/m

Z

Bay gio ta sé xac dinh 4 nhs vao (9) va (10). Thé (10) vao (9) ta duge

4+<%—3)ﬁ:2—%+%<%—3)

1 5
e f-1=0cp= +2‘f (do B> 0)
T do
1 145 1
xr1 = , X = .
V10 + 2v/5 2 J1o+2v5
Vay
minA:7_3\/5
4
dat duoc khi
1 1++5
T1 =Ty = Ty =3 — — F/———

V10 +2v/5 V10425
Bai 4. (Hinh hoc phéang)

A

Tit hai dang thiic quen thudc (véi a = BC,b= CA,c = AB)

OH = OA + OB + OC (1)
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va — — — —
alA+0IB+cIC= 0 (2)
suy ra L
(a+b+c)OI =aOA+bOB + cO (3)
va — — — —
(a+b+c)IH = (b+ c)OA+ (c+ a)OB + (a+ b)OC (4)

R N —_— — —_— — —_— —
Dé y rang 20B.0C = 2R? — a?,20C .0A = 2R* — v*,20A.0B = 2R? — ¢*
véi R 1a ban kinh duong tron ngoai tiép tam gidc ABC, tit (3) va (4) suy
ra

(a+b+c)20I% = (a+b+c)*R* — abe(a + b+ c) (5)
(@+b+c)TH? =4(a+b+c)?R2— (a+b+c)(a®+ b+ S +abe)  (6)

Goi r 1a ban kinh duong tron noi tiep AABC thi a—ill:i—c = 2Rr nén ti (5)
va (6) co:
9 abe

Or’P=R*- —
a+b+c

= R(R — 2r)

va

(a® +b® + ¢ — 3abc) + 4abe
a+b+c
=4R(R —2r) — (a* + b* + ¢* — bc — ca — ab)

TH? = 4R* —

_ 4012 — %[(b—c)z%— (c—a)?+ (a—b)?

Tu d6 ITH < 210 va dau bang xay ra khi va chi khi @ = b = ¢ titc 1a AABC
13 tam gidc deéu.

Bai 5. Ky hiéu p(n) 1a wéc nguyen t6 16n nhat ctia n. Ky hieu a(n) la
s6 mii ctia p(n) trong phan tich nguyén t6 cta n.

1) Trude hét, chiing minh nhan xét sau:

Nhan xét: Néu p(zo) > k thi ton tai it nhat mot chi s6 m; > 0 sao cho
P(Tmy) < p(0)- )

Chiing minh: Gid st xg = pi'py? - pr véi p; < pg < -+ < p, la tat ca
cic udc nguyen to clia zg. Khi do.

xy = flxo) = kp? 'p2 o = D — 1) . (o — 1) (1)

Vip, >k > 1nén tu (1) suy ra:

+) Néu a(zg) = a, > 1 thi p(xy) = p(xo) = p, vd a(z1) = a(x) — 1

+) Néu a(xg) = a, = 1 thi p(z1) < p(xg) = p, Tt d6 suy ra p(z,,) <
p(zo). Nhan xét duge chiing minh.
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2) T nhan xét trén suy ra néu p(xg) > k thi sé ton tai chi s6 M sao
cho p(xp) < k. Nhu thé, Va > 1 luon IM > 0 sao cho p(xy) < k. Do do

+) V6i k = 2 thi p(xp) = 2 suy ra zp; ¢6 dang zp = 2%, a € N* hay
Ty = f(aar) = 2% Suy ra o, = xp, Ym > M, vay day {za}° 1a day bi
chan Va > 1.

+) V6i k = 3 thi p(zp) = 2 hoac p(xy) = 3. Do vay, xp sé ¢6 mot
trong cac dang sau:

¥)  xp =24.3° voi o, > 1
%) Ty = 30 véi B>1
%) xpy =2 vl a>1

- Xét xp = 2%.3°. Khi d6 241 = f(oy) = 2%.3° = 2,y = 20, Vm > M

- Xét xpr = 3°. Khi d6 2y = floy) = 2.3° = 2, = 2pr41, VM >
M + 1 (theo két qua cia buée trén).

- Xét zy = 2% Khi do6

3 néu o=1

Tarr = flear) = 3.2971 néu a>1
T do, theo két qua ctia hai bude trén, ta sé c6 T, = i, Vm = M + 2
(trusng hop o = 1) hoac x,, = xpr41,Vm = M + 1 (trudng hop o > 1).

Tém lai, v6i k = 3 thi day {z,,}{° 1a day bi chan Va > 1.

Xét k > 3. V6i chu y rang: Vm € N,Vk > 1 néu p(x,,) < k thi p(z,41) <
k (dé thay tu cach xac dinh day {z,,}5°), ta thay p(z.,) < k,¥m > M. Do
do, Vm > M ta co:

1 1

Tmr1 = f(xm) = kxp (1 — ]9_1) (1= p_r)
s kra(1- D=5 0= o p<k v k>3
= )

Ma day {x,,}& 1a day cac s6 nguyén duong, nén tit (2) suy ra day {z,, }&
la day khong bi chan Va > 1.

Vay day {z,,}° 1a day bi chin Va > 1 khi va chi khi £ = 2 hodc k = 3.

Bai 6. Xét n diem Aj, Ay, ..., A, ma c6 thé to mau tat ca cac doan
A;Aj thod man dé bai. Xét grafG c6 tap dinh V = {A;, As, ..., A, } vatap
canh 1a cac doan dugc t6 mau xanh. D& thay G don, vo huéng, n dinh va
thoa man:

a) d(A;) <4,Vi=1,n (d(4;) ky hiéu bac cta dinh A;).
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b) Véi bat cit hai dinh Ai, Aj nao cling déu ton tai mot xich don néi
chiing va c¢6 do dai nho hon hosic bing 2.

Van dé dat ra & bai da ra tuong duong véi tim s6 dinh n 16n nhat cta
grafG don, vo huéng va thod man a) va b).

Xét G don, vo huéng, n dinh va thod man a) va b). Xét mot dinh A,
bat ky ctia G. Khi d6 méi dinh trong s6 n — 1 dinh con lai phai hodc ké véi
A; hodc ke v6i it nhat mot dinh ké véi A; (theo b)). Két hop véi a) suy ra
n<1l+443x4=17.

1) Xét n=17: Khi d6 dé thay, phai c6

d(A) =4 Vi=T,17 (*)

va do d6 G co tat ca % = 34 canh.

Canh ria

Hinh 1
Xét dinh A; bat ky ctia G. Tu (*) suy ra A; ké v6i dung 4 dinh khac,
gid st la Ay, Ay, Ay, Asy. Qui wée goi tat ca cac dinh con lai ciia G 1a céc
dinh ria, va goi tat ca cac canh c6 ca hai dau  miit la hai dinh ria la cdc canh
ria. Tt b) va (*) suy ra méi dinh A;j, (j = 1,4) (xem H.1). Tt d6 dé thay
khong c¢6 hai dinh nao cia G cung véi A; 1ap thanh nhém ba dinh doéi mot
ké nhau, nén trong G khong c6 ba dinh nao doi mot ké nhau (vi A; 1ay ra
xét 1a dinh bat ky). Vay mdi canh ria déu c6 hai dau mut 1a hai dinh ria
khong cting ké v6i mot dinh A;; suy ra mdi canh ria cho ta mot chu trinh
don do dai 5 va di qua A;. Ma s6 canh ria c6 tat cid 34 — 16 = 18, nén c6
tat ca 18 chu trinh don do dai 5 va di qua A;. Vi A; 1a dinh bat ky nén ti
d6 suy ra so chu trinh don do dai 5 trong G c6 tat ca la: 57 ¢ Z, vo ly.
Vay n # 17.
2) Xét n=16. Khi d6 dé thay, phai c6

d(A) =4 Vi=T,16 (1)

va do d6 G c6 tat ca % = 32 canh. Xét mot dinh A; bat ky ctia G. Theo
(1), A; ké v6i diing 4 dinh khac, gid st 1a Ai,, Ay, As,, As,. Tiép tuc, bing
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phuong phap lap luan nhu ¢ 1), ta s& duge: mdi dinh A;;, (7 = 1,4) déu ke
véi dang ba dinh ria va c6 diing mot dinh ria, tam goi 1a Ay, ké v6i ding
hai dinh A4;, (xem H.2). Tt d6, do A; la bat ky nén suy ra: Trong G khong
c6 ba dinh nao doi mot ké nhau, suy ra moi canh ria khong lien thuoc Ay
cho ta ding mot chu trinh don do dai 5 va di qua A;, con mdi canh ria lién
thuoc Ay, cho ta ding hai chu trinh don do dai 5 va di qua A;. Ma s6 canh
ria c6 tat cd 1a 32 — 16 = 16 va trong s6 nay c6 ding hai canh lién thuoc
Ay (do d(Ag) = 4), nén suy ra c6 tat cd 14 x 1 4+ 2 x 2 = 18 chu trinh don
do dai 5 di qua A;. Vi A; bat ky nén suy ra s6 chu trinh don do dai 5 trong
G 6 tat cala 518 ¢ 7, vo 1y. Vay n # 16.

\Ai

Ak

Hinh 2
3) Xét n = 15. Ta c6 G duge mo ta ¢ (H.3) thod man moi yéu cau dat
ra.

Ay

A

A4

A7

Hinh 3
Vay Nmax = 15.
Binh luan:
1) Viec xay dung G c6 15 dinh xuat phat tit graf quen thuoc (graf
Peterson) (H.4) va béi vay G con c6 thé mo ta nhu sau (H.5).
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2) C6 thé xét truong hop n = 16 bang cach khac dé lap luan chat ché

hon. Tuy nhién viéc xét nhu da trinh bay & trén ddm bao cho 16i gidi nhat
quan vé phuong phap.

Alo

Hinh 5
3) Loi giai trén chi dung cho ngusi cham thi.

2.3 Dap an chon d6i tuyén nam hoc 1993 -
1994

Bai 1.a) Dat BE=«, AB=CD=a, CF=y, AD=BC =b. Ti
Sape = Spcr €6

1 1
5.AB.BEsma = 5.BC.CFsm(lgoo —a)

& AB.BE=BC.CF
& ax=by (1)

b) Ké DB//AE cit tia BC tai P thi CP = BE = z. Ké BQ//AF cit tia



2.3. Dap an chon doi tuyén nam hoc 1993 - 1994 35

DC tai @Q thi CQ = FQQ — CF = a —y. Theo dinh 1y Talet, ta co:

BM BE  x @
BD BP b+z
DN DF a—1y

= = (3)

DB DQ 2a-—vy

D

T do6 tinh
MN?* — BM? - DN? = (BD — BM — DN)? — BM? — DN*?
= BD* —2BD.BM — 2BD.DN +2BM.DN

hay
MN? — BM? — DN? BM DN BM DN
=1-2 -2 2 (4)

BD? BD BD + BD BD
Thay (2),(3) vao (4) ta dugc

MN2—BM2—DN2_1 2 2(a—y)+2 T oa—-y
BD? B b+x 20—y b+x2a—y
1

(b+x)(2a —y)

(b4 2)(2a —y) — 22(2a — y)—

—2(a—y)(b+z) + 2z(a — y)]
(2a —y)(b—2) —2(a—y)b  yb+yr—2az (5)

(b+x)(2a —y) (b+x)(2a —y)

Thay (1) vao tit s6 cia (5) dugc
yb+ yr — 2ax = ax + yxr — 2ax = yr — ar = —x(a — y)

Vay

MN? — BM?— DN* _ < x )(a—y)_ BM DN
BD? ~ \b+2/\2a—y/  BD BD

hay
MN? = BM*+ DN? — BM.DN (6)
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Néu dyng AM'N’S sao cho SM' = BM,SN' = DN va goc dbi dien véi
M’N' bing 60° thi

M'N"? = SM"? 4+ SN"* — SM'.SN’ (7)
So sdnh (6) va (7) ta c6 MN = M'N’, nghia la ton tai AAM'N’ c6 céc
canh tuong tng bang M N, BM, DN. Goi R 1a ban kinh duong tron ngoai
tiép ASM'N’. Theo dinh 1y ham s6 sin ta c6

MN = M'N" = 2Rsin60° = V3R

nén M N’ va R cuing giam.
Bai 1. a) Xét biéu thic

_ BM?*+ DN? — MN?
N 2BM.DN

¥

chi can chiimg minh —1 < ¢ < 1 (¢ d6 sé 1a cosin clia goc o doi dien canh
clia tam gidc ma ta can ching minh sy ton tai). Ké M M;, NN; song song
DA (M, Ny thuoc AB) thi do Talet

_ BM}?+ ANZ — My N?
N 2BM,.AN;

¥

V6i méi diem P trong hinh binh hanh ABCD, ké PP, song song DA (P, €
AB), ké PP, song song AB (P, € AD), goi x(P) = 4t y(P) = 422

D F _Jc Q
N L
Mo e
A B
Gia thiét cho
bE _FC =t 0<t<l1
AD ~ AB
P thuoc duong chéo BD < z(P)+y(P)=1 (*)
P thuoc AE < y(P) =tx(P) (**)
1
P thuoc AF < y(P)=——ux(P) (F)

1-1¢
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T (%), (**) suy ra

AM, 1
e v i g
Tu (%), (***) suy ra
ANy  1—1t
W) =5 =1
T do
M, B t AN, 1—1t
AB v(M) 1+t AB M) =5
M; Ny 2 —t+1
ap 2 = e = e
Vay
¢ )2 1) t2—t41 2
) Tla=) — (1+8)(2—1)
Y= 5 _t0-0)
a6 (20
dé tinh ¢ = 3
Vay coso = 1.

b) Ban kinh R dudng tron ngoai tiép tam giac vita xay dung xac dinh
béi VN .
R= =—MN

~ 2sina V3

nén khi M N cang nho thi R cang nho.
Bai 2. a)

2?4+ + 22 +1t* — Nayzt — N =0 (1)
& t(t — Noyzt) = N — (2® +y* + 27) (2)

Véi ba s6 nguyén duong bat k¥ a, b, c va N = a?+b% +c? thi dé thiy phuong
trinh (2) ¢6 nghiém
To=a,yo =b, 20 = ¢,to = Nabc = (a* + b* + ¢*)abe (*)

Chu ¥ rang khi hoan vi bon s6 a, b, ¢, Nabc ta lai duge nghiem (x1, y1, 21, t1)

clia phuong trinh (1).
b) Gia sit phuong trinh (1) ¢6 nghiém nguyén duong, chon (¢, yo, 20, to)
13 nghiém nguyen duong ctia (1) sao cho téng xg + o + 20 + to 14 86 nguyén
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duong nhé nhat. Khong lam mat tinh chéat tong quat, gia dinh ring zo <
Yo < 20 < lo-

Ta sé chiing minh rang véi N > 7 thi nghiém nguyén duong ctia phuong
trinh (1) véi 2o < yo < 20 < to néu c6 phai c6 dang (*) nhu tren.

Theo gia thiét ¢y 1a nghiém ctia phuong trinh bac hai

t* — Nzoyozot + 75 +ys +25 — N =0 (3)
Phuong trinh (3) ¢6 nghiém tht hai ¢; thod méan:

t1 + to = Nxoyozo (4)
tito=aa+ys+ 250 — N (5)

T (4) suy ra t; € Z. Lai theo gia thiét

N1+ zoyozot:) =t + x5 +yg + 25 > 0

Vit € Znén t; > 0.

Gia st t; > 0 khi d6 (xo, yo, 20, t1) 12 nghiém nguyén duong cia (1). Do
cach chon (g, yo, 20, to) thi o+ yo + 20 + t1 = xo + Yo + 20 + to nén t; > to.
Tt d6 theo (5) ta ¢

2 <tito=a2 + Y2+ 22 — N < 224+ y2 4 22 < 322

Ta co
N(l—l—:voyozg) < N(1+zoyozoto) = :B3+yg+zg+t3 < zé+z§+z§+3z3 = 623

Tt d6, do N > 7 néen N (1 + zoyozd) < 628 < N22 suy ra 1 + zoyozi < 22
Dieu vo 1y nay chiing t6 ¢, > 0 1a sai, suy ra t; = 0. Tt (4), (5) suy ra

N::E3+y§+zg va tg = Nzoyo2o

la nghiém (*) ctia phuong trinh (1).

V6i N = 48(8m +7) > 7, ap dung két qua trén thi N = 22+ 2+ 22. Do
d6 néu chiitng minh duge phuong trinh 2% + y? + 2% = 4%(8m + 7) khong c6
nghiém nguyén duong thi phuong trinh (1) cing khong cé nghiém nguyén
duong.

+) Khik =0tacéz?+y?+2%> =8m+7 hay 22 +y*+ 22 = 7 (mod 8).
Trong ba s6 ,y, z phai c6 mot s6 1é hodc ca ba s 16. Néu s6 a 1é thi a? =
(mod 8), do d6 2 + y* + 2% # 7 (mod 8).
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+) Khi k£ > 0 ta c¢6
224yt 4 A =4 8m 4 7) (*)

hay 22+y?+2? = 0 (mod 4). Trong ba s6 x, y, z phéi c6 mot s6 chan hodc ba
s6 chén. Néu c6 mot s6 chin, con hai s6 a, b1é thi a*+b% = 2 (mod 4)), suy ra
2?2 +1y*+2%2 # 7 (mod 8). Néu z,y, 2 déu chén, dit x = 221,y = 2y, 2 = 221
thi (*) tuong duong véi 22 + y? + 22 = 45-1(8m + 7). Sau k lan bién doi
nhu thé ta c6 22 + y? + 22 = 8&n + 7, nhung phuong trinh nay vo nghiem
nguyén duong nhu khi xét k =0

Bai 3.a)
! ;2433P(x) + (1 ! ;24I)P’(:B) ~P'(2)=0 (1)
& SEPE) - P@) + (Pa) - P(a) =0 )
Dit Q(z) = P(z) — P'(z) thi Q'(z) = P'(z) — P"(z) nén
@) & W)+ Q) =0 )

b) Ta chiing minh néu da thitc bac bén P(x) ¢6 bon nghiem duong thi
da thiic bac bon Q(x) = P(x) — P'(z) cling ¢6 bon nghiem duong. Khong
mat tinh chat tong quat, gia dinh ring hé s6 bac cao nhat ctia P(x) 1a 1.Dat

P(x)=a2"—ar’ + ba® —cx +d= (v — 1) (x — 22) (2 — 23)(x — 24)

v6i 1, 9, T3, T4 1a cac nghiém duwong. T d6 theo Dinh 1y Viet thi a, b, ¢, d >
0.

Pl(z) = (x — z2)(x —x3)(x — 24) + (x — 11) (2 — 23) (7 — 24)+

+(z —x1)(x —22)(x — 24) + (x — 1) (2 — 22) (T — 3)

Qx)=P(x) - Pl(z) =2+ q2® + bix* + cpx + e+ d

Vi Q(z1)Q(z2) < 0,Q(22)Q(x3) < 0,Q(w3)Q(z4) < 0 nén Q(x) c6 ba
nghiém duong 1a y1, y2, y3. Goi nghiém tha tu la vy, thi y1y2ysys = c+d >0
nén y, > 0. Vay Q(z) c¢6 boén nghiem duong.

c¢) Dat R(t) = t*Q(7). Vi Q(z) ¢6 bon nghiem duong thi R(t) cing c6
bon nghiem duong, do d6 lai 4p dung két qua trén, da thic R(t) — R/(t)
ciing ¢6 bon nghiém duong.

1
R() - R() =1'Q(5) - [#Q() - 5Q()
1

— (11 = 48)Q(7) + Q)
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Hay phuong trinh sau c6 boén nghiém duong
4 1 1 1
(t - 10)Q(;) + Q'(5) =0 (1

bDat x = % thi phuong trinh (4) tré thanh phuong trinh (3), nén phuong
trinh (3)
1 —4x
o) + Q@) =0

ciing ¢6 bon nghiém duong.
Bai 3. Dat Pi(z) = e *P(x). Vi da thiic P(x) c¢6 bon nghiem duong
nén phuong trinh P (z) = 0 ¢6 bon nghiém duong. Suy ra, phuong trinh

Pi(z)=0 (1)
¢6 ba nghiém duwong. Ta co:
(1) & e *Px)—Px)=0 < Pl@)—Px)=0
Nhu vay, da thic Q(z) = P(x) — P'(x) ¢6 ba nghiém duong, gia st la
X1, To, x3. Tuy nhién, do degQ(x) = 4 (vi degP(x) = 4) nén Q(x) con cbd
nghiém thuc thi tu xy.

Vi da thiic bac bén P(x) c6 bén nghiem duong nén khong mat tong
quat, c6 thé coi P(x) c6 dang

P(z) = az" —bz® +ca® —dr +e, véi a,bc,de>0
Twu do
Q(z) =ax* + -+ (=d — 2c)x + (e + d)
Suy ra (theo Dinh 1y Viet)

e+d
4

T1ToT3T4 = >0 = x4>0

Vay Q(x) c¢6 bon nghiém duong.
Xét da thiic (bién t):
1

R(t) = 1'Q(5)

. Dé thay degR(t) = 4, R(t) c¢6 bon nghiem duong. Do d6, theo két qua
phan trén ta c6 phuong trinh

R(t)— R(t)=0 (2)
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c6 bon nghiem duong. Ta c6

(2) & #1P(;) — P~ {F1P() — P =0
& #[P() - P~ (49P() = P+ 1= 5 P() + 5P/
o (2 —4t)P(%) e +4t—t2)P’(%) —P”(%) 0 (3)
Dat 1 = 2. T phuong trinh (3) ta ¢6 phuong trinh (an z):
! ;;le(x) r(1-1 ;2433)13'(3;) — P'(z) =0 (4)

Do (3) ¢6 bon nghiem duong nén phuong trinh (4) c6 boén nghiem duong.
(Dpcm).

Bai 4. Lay tam O ctia tam giac déu ABC lam gdc clia mat phéng phiic
C, coi A, B,C c6 toa vi a,b,cthi b= aeQ:Z_sﬁ,c = qe’s". Néu goi M c6 toa vi
2o thi A/, B",C" ¢6 toa vi a' = 2z9 — a, b/ =229 — b, =225 — c.

Goi P la diém ma B’AP la "tam giac" déu dinh huéng thuan (c6 thé
suy bién thanh 1 diém néu B’ = A) titc P c6 toa vip' map—0b' = s
Vay v6i chﬁyb:ce%,a%—b%—c:o, va 1—e% :e?,e e
e (e™ —1) =0 ta co

p=b+e35(a—b)=2z+b+e3(a—2z+Db)
R e%ﬂ(c%— 229)

—2im

— 2201 —eF) 4 c(e™5 —eF)

—iT

= 2zpe"3

Vi két qua khong phu thuoc a, b, ¢ nén bang cach hoan vi vong quanh
A, B,C dudec C'BP, A/CP ciing 1a tam giac déu dinh huéng thuan. Vay P
cach déu B’ va A, C' va B, A’ va C.
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Néu con c6 Q # P cach déu cac cap diém do thi P_C)Q + 0 truc giao vdi
AB', BC",C' A’ khi dé ba vécto nay ciing phuong tic 1a O ciing cac diém c6
toa vi b —a =22 + ¢, — b= 22+ a,a’ — ¢ = 22y + b phai thing hang,
khi d6 O va cac diém c6 toa via —b=a(l —e5"),a—c = a(l —e'5) phai
thing hang la diéu vo 1. ,

b) Xét biéu thiic dong dang f xac dinh béi zy — f(20) = p = 220e 75
(tich quay géc —% v6i vi tri ty s6 2 ciing tam O). Trung diém D ctia AB c6

toa vi “TJ’I’ nén f(D) co6 toa vi (a + b)e%m — e = —qeTes = a, vay
f(D) = A. Vay c6 bién ddi dong dang f, f(0) =0, f(D) = A, f(M) = P, tit
do6 f bién dusng thang DM (M # D) thanh duong thiang AP. Hai dudng
thang nay phai cit nhau tai mot diém N ma c6 mot vécto chi phuong dusng
thing DM tao véi mot vécto chi phuong dudng thang AP tao thanh géc
— 2, tidc g6e dinh hudng gitta hai duong théng do 1a —% hay 2F. Khi M = O
thi P = O, MNP khong tao thanh tam giac; Khi M # O, goc dinh huéng
gitta hai duong thang OM, OP ciing 1a —% hay 2, nen ti gide M N PO noi
tiép: duong tron ngoai tiecp MNP qua tam O ctia ABC. (Diéu vita chiing
minh ding cho moi dong dang thuan)
Bai 4. Qua phép d6i xting tam Sy, = R thi

G— G
ANABC — A'B'C’

Qua phép quay
RZY . AABC — ABC'A
trong d6 G, G’ 1a trong tam AABC, ANA'B'C’

1800 1209

AABC B, AABC S8, ABCA

>

Tich hai phép quay c6 thé la phép tinh tién khi tong ctia hai géc quay
1a boi ctia 180°, c6 thé 1a phép quay trong truong hgp con lai. 0 day tong
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hai goc quay 1a 180° + 120° = 300° = —60° (mod 360°) nén tich 14 phép
quay tam P xéc dinh RE2". R} = R, Qua phép quay Rp% thi

NABC — AB'C'A’

G—G

nén ton tai duy nhat diém P cach déu A va B’,cach déu B va C’, cach déu
CvaA.
Tit d6 PG = PG’ va (PG, PG') = —60°. Mt khéic Sy : G — & nen M

la trung diém ciia GG'. Vay APGG’ 1a tam giac deu va GM LMP,GM =
MP
=

1
b) Xét phép dong dang S 1a phép vi tu quay S = R(GGA’GD).HCZ, thi
S =AGPA — AGMD

trong d6 (GA,GD) = 60°. Vi dudng thiang AP bién thanh dudng thing
DM nén goc MNP = 60° hodc MNP = 120° tuy theo goc MNP 1a nhon
hodc ti. Vi PGM = 60° nén néu MNP = 60° 1a géc nhon thi G va N déu
nhin doan PM duo1 mot goc 60° suy ra G,/ G, N, M, P cung thudoc mot duong
tron, néu MNP = 120° 1a goc tit thi MNP + NIGP = 120° + 600 = 1807
nén ti giac GM NP 1a ti gidc noi tiép trong mot duong tron. Dudng tron
nay luon di qua diem G la trong tam AABC, nén G la diém c6 dinh.

Céch khéac gidi cau a: Dung tam gidc déu AB'P ngudc huéng véi tam
gidc déu ABC'. Ta chiing minh rang cac ABC'P, ACA’P ciing 1a tam giac
déu va cting huéng véi AAB'P. That vay

BC' = B'C = CA + AB' = f(BA) + f(AB) = f(BP)

trong do f la p@) quay \E)td ctia mat phang, géc +60°. Chiing minh tuong
tu ta cing ¢6 CA’ = f(CP). Béi vay ABC'P va ACA'P la céc tam giac
déu, cting huéng véi AAB'P, do d6 trung tryc cia AB’, BC',C A’ dong quy
4 tam quay P, goc quay bang 60°, bién AABC thanh AB'C'A’.

Bai 5.

F(V2z) + f((4+3V2)z) = 2f((2 + V2)z) Va (1)

a) V6i x = 0 thi ta c6 2f(0) = 2f(0), vay f(0) = a 1a hing sb tuy ¥.

b) Véi z > 0 ta dat (2+\/§)a::thay:£:2+t\/§. Ltc d6 (1) tré thanh
V2 4432

t)+ fl———=t) =2f(t) Vt>0 2

a5t (55t =20 2)
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Ta cht ¢ ring zgizﬂlﬂzﬂ—lva

V2 443V2 4V2+46  4+3V2 1
2+V2 24V2  6+4V2 2+v2 V21

Ta dat t = (v/2 — 1)* thi (2) trd thanh

f(Vz=1 )+ p(Va-et) =27 ((V2-1)) vu o (3)

Lai dat f((\/§ - 1)“) — g(u) thi (3) tr6 thanh
gu+1)+g(u—1) =2g(u) Yu (4)
eg(u+1)—gu)=g(u) —glu—1) Vu
Dat g(u+1) — g(u) = h(u) thi h(u+1) = h(x) Vu. Bing quy nap da thay
g(u+mn) =nh(u) + g(u)
Vay

h(u) + k(u) v6i 0

<u<l
= Vn € Z 5
9(u) {nh(u) + k(u —n) v6i n<u< " (5)

trong do, k(u), h(u) 1a cac ham tuy ¥, h(u) tuan hoan chu ky 1. Thay lai
theo bién s6 = > 0 ta dugc

f(x) :g<log\/§_lz) véi x>0

trong do, g(u) duge xéc dinh theo (5).
¢) Véiz < 0tadit —(2+vV2)r=t=(vV2—-1)"taco

flz) = g(logﬂ_1 |a:|) vei <0

Tom lai
a tuyy khi =0
o=

g(logﬂ_1 |a:|) khi x #0

con g(u) duge xac dinh theo (5).

Bai 6. Xét tap A g@m tat caco bo tha tu (al, A2y ...y A1994, « « + a1993+1994)
thod man dong thoi cac diéu kien sau:

1) a; € {0,1} Vi=T1,1993 + 1994

2) S6 1 ¢6 mat dang 1994 1an trong mdi bo.
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Xét phan hoach

G day

+) Hop lay theo tat ca cac bo c6 thit ti cac s6 tu nhién (ny, na, . . ., N1ggs)
thod man ny + 2ng + -+ + 199411994 = 1994.

+) A(ny na,...miges) 18 AP gOm tat cd céc bo ¢6 thit tu (ay, as, . . ., a1993+1994) €

A va thod man diéu kién 1a trong mdi bo c6 ding ng nhém &k Vk = 1,1994.
(Nhém k duge dinh nghia 1a nhém gom ding & s6 1 diing lién tiép trong bo,
n6i khac di la nhom ¢6 1 trong céc dang sau (1...10;01...10;01...1)).

kso1 kso1 ksd1
Céo
CardA = 01133§+1994
1994!
CardAp, ny...n =
(n1,m2,..., 1994) ny'ng! . . ‘n1994!(1994 S — 711994)!

B 1994!

- n1!n2! S n1994!(n2 +2n3+--- + 1993711994)!
Ma

CardA = Z CardA(m,nz ..... n1994)

Nén suy ra:

_ 1 1993
- m 1993+1994

2.4 Dap an chon dé6i tuyén nam hoc 1994 -
1995

Bai 1. Cho tam giac ABC v6i mdi diém M, goi khoang céach dai s6 tit M
dén duong thang BC la £ (khoang cach thong thusng tit M dén BC), lay
dau + hay — tuy theo M cuing phia hay khac phia vé6i A ddi véi BC' (tat
nhién M thuoc BC thi khodng cach d6 bang khong). Tuong tu cho khoang
cach dai s6 tit M dén C A, AB.

1) Xét cac duong tron (AB;C}), (AB>C5) nhu trong dé bai. Hay chiing
minh truc ddng phuong ctia ciap dudong tron dé 1a quy tich cac diem M ma
cac khoang cach dai s6 tit M dén AB va dén C' A ti1e vé6i v vas.
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Thute vay, lay hé toa do vuong goc Ozyma O = A, B € Ox™t, (/ﬁ, A_C)) =
©,0 < p < 180°. Khi d6 48 = (1,0), &4 = (—cos p,sin ). Goi

By = (b cot , by),
By = (bycot @, by),
Cy = (¢1,0),
Cy(co,0)

) 017027&07 017&02, 517527&07 517&52

e — .

thi B; By = %CA hay ((ba — by) cot @, by — by) = F(— cos @, —sin ) suy
ra by — by = —(sin .

— — .

Ta ciing c6 C1Cy = TAB tuong duong véi (cz — ¢1,0) = v(1,0) hay
Co —C1 = 7.

Duong tron (AB,Cy) dia qua A, Cy nén 2” + y* — ez — iy = 0, n6 di
qua By nén \; = 7b1_cgf;2icow, duong tron (AByCh): 22+ 1% — coxr — Aoy = 0,
)\2 — bao—co siélgocosgo‘

Truc dang phuong hai dudng tron do 1a

(02 — Cl)l’ + ()\2 — )\1)’3/ =0

B rcosyg

S -
sin ¢

y=0
hay
Yy  xsing —ycosy

g B

Dé ¥ riang y 1a khoang cach dai s6 tit M(x,y) dén AB con zsing — ycos @
12 khoang cich dai s6 tit M (x,y) dén C'A, ta suy ra diéu phai chiimg minh.
2) V6i mdi diém M, ki hicu X,Y, Z la khodng céch dai s6 tit M dén
BC,CA, AB thi dé thay aX + bY + ¢Z = 25, (S la dién tich tam giac
ABC) va nguge lai (X,Y,Z) ma aX + bY + ¢Z = 25 xac dinh mot diém
M duy nhat c6 cac khodng cach dai s6 néi trén 1a X, Y, Z.
Theo phan 1), phuong trinh d 1a % = %, cua dg la % = %, cua do

1a % = % Diém chung ctia d4,dp,dc (néu c6) la diem M(X,Y,Z) ma
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(X,Y, Z) la nghiém ctia hée

X _ Y _ Z

{aX+bY+cZ:2S
e! B v

hay
Z 25

X Y
a B v ax+bB+cy
hé d6 c6 nghiém (va chi ¢6 mot nghiém) khi va chi khi ac + b5 + ¢y # 0.
Chii 4j: Néu (AB,C)), (ABy(Cy) cat nhau tai A’ # A, c¢6 thé chiing minh
phan 1) (trong truong hgp nay) nho phép dong dang thuan tam A’, bién
By thanh C}, bién B, thanh Cy va dé hoan thién 1) con can xét (AB,CY),
(ABy(Cy) tiép xic nhau.
Bai 2. Goi A la tap cac gia tri n (n > 3) dé da thiic P,(x) kha quy. Véi
n € Ataco

Po(z) = f(z).g(z) (*)
trong do

f(x) =anx™ + -+ a1z + ag

g(x) = bsx® + -+ + byx + by

P,(z) = 2" 4 ka" — 87027 + 1945z + 1995
m>1,s>1, m+s=n+1

Ta sé chiing minh m = 1 hoac s = 1.
Giastcom >2vas>2suyram<nvas<mn. Viayby = 1995 chia
hét cho 5 va khong chia hét cho 25 nén chi c6 mot trong hai s6 ag, by 1& chia

hét cho 5, chdng han ag:5 va by khong chia hét cho 5. Trong day ag, a1, ..., am
goi 7 1a chi s6 nhé nhat dé a, khong chia hét cho 5, (1 <7 <m < n, chiy
ton tai r vi a,, bang £1). T (??) suy ra ¢, = a,bg+ a,_1by + - - - + agh,. Do
cach chon r thi ag, ai, ..., a,—; déu chia hét cho 5, ¢, 1a hé s6 clia 2" trong
P,(z) ciing chia hét cho 5, suy ra a,by:5, dieu nay mau thuan véi a,, by deu
khong chia hét cho 5. Vay gid stt m > 2 va s > 2 1a sai, suy ra hoiic m = 1
hoac s = 1, lic d6 P,(x) c6 nghiém nguyén véi Vn € A. Xét cac trudng hop
sau
a) Néu |z,| > 2 Vn € A. Khi do ti

2"(z + k) = 8702 — 19452 — 1995
ta co

87022 — 19452 — 1995

|z |"

|z, + k| =
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Vi A v6 han nén v6i n € A du 16n thi |z, + k| < 1 suy ra z, + k = 0 suy ra
870x% — 19452, — 1945 = 0 hay 17422 — 389z, — 399 = 0. Vi 399:3 va 197:3

nén x,:3. Dt z, = 3y, ta c6 522y* — 389y — 133 = 0 suy ra k = —3.

b) Néu |z,| < 2, Vn € A thi z,, chi c6 thé la +1, —1.

Véi z,, =1 thi P,(1) = 0 suy ra k = —3071.

Vi 2, = —1 thi Py(—1) = 0.

T d6 v6i n chdn thi & = 821, con véi n 1é thi k£ = —819.

Thit lai, thay néu k = —3, k = —3071 thi P,(z) kha quy Vn > 3. Néu
k = 821 thi P,(x) kha quy véi Vn chn. Néu k = —819 thi P,(z) kha quy
VGl Vn lé.

Bai 3. C6 a® 4+ b® > 2(ab)®? suy ra (a® + b%)" > 2"(ab)*™? > 4(ab)3n/2
vin > 2. Vivay, tu

(a?) + b3)n — 4(ab)1995

ta duge 3n < 3990. Dit (a,b) = d ta c6 a = day, b = dby va (a1,b) = 1.
Khi do, tur (?7?) c6 d*(a3 + b3)" = 4d*°(a,b1)'%% hay

(a§ + b?)n — 4d3990_3"(a161)1995.

Suy ra (a3 + b3)":(a1b1)'%%° suy ra (a? + 03)":(a1b1)™ (do n < 1995 vi 3n <
3990) suy ra a? + b3ia1by. Do vay

a?bl alfbl
. # .
b3iay byiaq

(do (ay,b1) = 1) nén a; = by = 1, lai do (ay,b1) = 1) suy ra a = b = d.
Khi do tir (??) c6 2772 = 39993 Vi d > 1 nén suy ra d c6 dang 2F

véi k> 1, va do d6 n — 2 = k(3990 — 3n) hay n = 302 va do do

n = 1330 — %. Vin € N* nén 1328:3k + 1. Do 1328 = 21.83 va

oi _ 1 (mod 3) néu i chén oi g3 — 1 (mod 3) néu i chén
2 (mod3) mnéuilé |2 (mod3) néuilé

nén suy ra 3k +1 € {22,242 x 83,23 x 83}.
V6idk+1=4cok=1suyraa=>b=2van=998.
V6i3k+1=16co6 k=5suyraa=>b=2° vin = 1247.

V6i 3k +1 =166 c6 k =55 suy raa = b = 2°° va n = 1322.
Véi 3k +1 = 664 c6 k = 221 suy ra a = b = 2%2! va n = 1328.



2.4. Dap an chon doi tuyén nim hoc 1994 - 1995 49

Bai 4. Xét graph G c6 tap dinh 1a tap gom n diém da cho va tap canh
la tap gom (n? — 3n + 4) doan théng da cho. T gia thiét ctia bai toan ta
thay trong G ton tai mot canh ma sau khi bo né di thi duge G khong lien
thong. Gia st @ va b la hai dinh khong lién thong véi nhau trong G

Goi V, va V, lan lugt 1a tap gom tat ca cac dinh ctia G’ ma lién thong
v6i a va b. Gid st |V, | = ny va |V = no.

Dé thay, G’ ¢6 3(n® — 3n+2) canh; ny > 1,ny > 1, ny +ny < n va

1 1 1 1
§(n2—3n+2) < §n1(n1—1)+§n2(n2—1)+§(n—n1—n2)(n—n1—n2—1)

hay (ny — 1)(1 —ng) + (n —ny — ny)(1 — ny —ng) > 0. Do do

{(n1 —1)(1—ns) =0

(n—ny —ng)(ny +ng—1)=0

Vayni=n—1,ny,=1hoac no =n—1van; = 1.

Tt d6 suy ra G’ ¢6 mot dinh ¢6 1ap va (n— 1) dinh ma bac ctia méi dinh
bang n — 2. Do d6 G' ¢c6 mot dinh bac 1, (n — 2) dinh ma bac ctia méi dinh
bang n — 2 va mot dinh c6 bac bang n — 1. Béi thé chu trinh don c6 do dai
16n nhat trong G 1a chu trinh don do dai n — 1 néu n > 4, 0 néu n = 2hoic
n=3.

Vay

b n—1 néun>4
0 néun=2,n=3

Bai 5. Gid sttn+ 1 =2/ (142a), p+ 1 =2/®(1 +2p) véi a, 8 > 0.
Cap s6 (n,p) 1a cap s6 dep khi va chi khi 2/(" > p hay

2FmM > p 41 (1)
Tit d6 ta cé n+ 1 =2/ (14 2a) > p+ 1 suy ra
n>mp (2)

Tit (1) ta c6 2/ > p + 1 = 2/®)(1 + 23) suy ra 27" > 2/ thanh thi
f(n) = f(p). Tu do

(n+1):2/@ (3)

Ta can tim bo ba s (n, p, ¢) sao cho ba cip s6 (n, p) (p, q) va (n+p+q,n)
déu 1a cac cap so dep.
Gia st n+p+q+ 1 =270+ (1 4 27).
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Theo (2) vi (n,p) va (p,q) lacapsé depnéenn+p+qg+1<3n+1. Vi
(n+p+q,n)lacap sd dep nén 2/ P+0) > 4 1 theo (1). Két hop céc dicu
kién trén c6

74P+ (1 1.29) = ndp+q+1 < 3n+1 < 3270 1) 11 < 3.2/ (nFp+0)
suy ra 1+ 2v < 3, vado d6 1+ 2y =1 hay
n+p+q+1=2/0a (4)
Mat khéc, 2f(FP+) > p 1 = 2/ (1 + 2a) suy ra

fn+p+q) > f(n) (5)

T 20740 = 4 prg+1=(n+1)+(p+1)+(g—1) theo (3) va (5)
ta c6 (n+1)2/® va (p+1):2/®) suy ra (¢ — 1):2/®), nhung tit cap s6 dep
(p,q) c6 2/ > ¢ nén chi xay ra hai truong hop hosic ¢ = 0 va f(p) = 0,
hodac g =1 va f(p) > 0.

Xétq=0va f(p) =0,tit (4) con+p+q+1=n+p+1=2Ctrta
dong thsin+p+1=(n+1)+p=2/"(1+2a) +p.

Tit (5) va 27 (1 + 2a) + p suy ra pi2f™ ma 27 > p nen p = 0. T
cap s6 dep (n +p+¢,n) = (n,n) suy ran +1 > 27" > n 41 suy ra
n —1 =2/ =27 Ti lai, ta thay bo ba s6 (n,p,q) = (2™ — 1,0,0) théa
man véi m € Z vam > 0.

Xét g =1 va f(p) > 0. Tit (4) tacé 2/ HP+) = n 4 p4g4+1=(n+1)+
(p+1) = 2/ (1420) +2/#)(1+28). Chi § véng f(n+p+q) > f(n) > f(p)
suy ra 2/®:27(") nen f(p) = f(m).

T 2/®) = 2/ > p 41 = 2/®)(1 4 283) suy ra 1 + 23 = 1 suy ra
p+1 =20 Taco 2/ HD) = nyptq+1 = (n+1)(+(p+a) = n+142/M,
suy ra n 4+ 1 = 2f(teta) _ 9f(W) — 9k _ 9m Thit lai ta thiy, bo ba s6
(n,p,q) = (28 —2m —1,2™ — 1,1) thda man v6i k,m € Z va k > m > 1.

Bai 6. 1) Ta tinh dao ham

, 2z (23 — 3z + 3)
flz) = 3(x% —1)2

Dé dang chiing minh duge z° — 3z +3 > 0 Vo > 1. Tu d6 suy ra f'(z) >
0 Vo > 1 va do d6 ham f(z) dong bién trén (1,+oc). Hon nita lai c6

liriq+ f(z) = —oc0 va h{? f(x) = +o00. Néu suy ra f(x) véi tap xac dinh

(1,+00) sé co6 tap gia tri 1a (—oo, +00).
T cac két qua & trén, theo dinh Ii vé ham ngude, ta suy ra ton tai ham
g(x) lién tuc trén R, c6 tap gia tri la (1, 4+00), va f(g(x)) =z, Vo € R.
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tiép theo, ta sé chiing minh g(x) > z, Vo € R. That vay, véi x < 1 thi

g(xr) >1 >z Véiz >1thidox— f(x) = ﬁ@?ﬁf nén r > f(zr) Vo > 1,

hay g(x) > z, (do tinh dong bién ctia f(z) trén (1, +00).
2) Ki hiéu g,,(z) = g(g(...g(x))...). Ta sé tim a dudi dang a = g, (o) véi
o € R. Khi d6

ag = gn(z0)
ar = f(z0) = gn-1(w0) > 1
az = f(a1) = gn2(zo) > 1

an-—1 = g(xg) > 1
Ay, = T

Véi xg # £1 thi a1 f(x0). Do g(x) > x, Vo nén ag > a3 > ag > -+ - a,. Suy
ra néu chon zg sao cho xg = +1 vd f(z0) = gn(xo) thi day {a,} sé la day
tuan hoan véi chu ky duong nhé nhat bang n + 1.

Bay gio ta sé chiing minh ton tai 2 thda man cac diéu kién néi trén. That
vay, x6t ham h(z) = f(x) — gn(x) trén (—1,0]. Ta c6 h(0) = f(0) — g,(0) =
1 —ga(0) < 0, va lim,_,_1+ h(z) = 400 (do g,(—1) 1a s6 xéc dinh). Hon
nita, do A(z) lién tuc trén (—1,0) cua phuong trinh A(z) = 0, ta c6 a > 1
va day {a,} la ddy tuan hoan véi chu ky duong bé nhat bing 1995.

2.5 Dap an chon dé6i tuyén nam hoc 1995 -
1996

Bai 1. Goi 3n diém da cho 1a Ay, Ao, ..., As,,. Hién nhién trong mat phing
chita 3n diém do, ta c6 thé dung duge dudng thing A sao cho A; ¢ A,
i = 1,3n, Ay, Ao, ..., A3, nam vé cling mot phia ctia A; va A khong song
song voi A;A; (Vinot = j € {1,2,...,3n}).

Ki hiéu dg, la khodng céch tur diém A; dén A. Khi d6 da, # da, (Vi #
j €{1,2,...,3n}). Khong mat tinh tong quat, gia si

dA1 < dA2 < <K dA3n (1)

Qua méi diém Asz;y1,i=0,...,n — 1, ké dudng thang A; || A dé dang suy ra
n tam gléC A3j+1A3j+2A3j+3, 1= 0, e, n = 1 doi mot roi nhau v& moi dlém
A;, i =1,3n) la dinh c6 ding mot tam giac trong s6 n tam giac do.

Bay gi¢ ta sé chiing minh tong S dién tich clia n tam gidc néi trén thoa
man S < % That Vay, xét AA3i+1A3i+2A3i+3, 1€ {0, 1, ey — 1}) va gOl SZ
la dien tich ctia n6. D& thay cé thé dung duge hai duong thing a,b cling
vuong géc véi A va sao cho
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1) a di qua ding mot trong ba diém As;y1, Asio, Asirs con b di qua it
nhat mot trong hai diém con lai.

2) ca ba diém Asjy1, Asiyo, Asir3 cing ndm trong dai phang (ké ca hai
bién) bi gi6i han béi a va b.

Thé thi néu gOl {A} =al Ai, {B} =al Ai—l—l, {C} =bN AZ’+2, {D} =
bN A; ta sé ¢6 hinh chi nhat ABC D

chta toan bo AA3i+1A3i+2A3i+3. Tu dé S; < %SABCD = %ADCD < %dl
véi d; 1a khoang cach gitta hai dudng thing A; va A;q. Tt do suy ra

[y

-1

Z < 1A1A3n S 5

=0

n—

i
=)
B[

i

(vi A1 Az, < 1). Bai toan duge ching minh.

Bai 2. Tt a,, = Zl[z(]] (*"*1)3" suy ra cong thifc tdng quét

n

(1+V3)" — (1—3)"
23 '

a, =
Xét n chin va n 18.

1) V6i n = 2k, ta c6 a, = 2Fuy véi

2+ V3 - 2 - V3!
23

U =

Day {ux} thod méan
Upt2 = dUp (2)
voi uy = 1,up =4
Goi g(k) 1a s6 [ € N 16n nhat dé u,:2'.
T a, = 2*u,, suy ra

f2*) =k +g(h) (3)
T (2) thay k 18, suy ra ug 16. Vay k 18 thi
g(k) =0 (4)
nghia la
F(2k) = k néu k 18 (@)

Xét k = 2m chan thi

U, = Uy VO dpy = (24+V3)™ 4 (2 = V/3)™ (5)
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Day {d,,} thod man
dm+2 = 4dm+1 — dm v6i d1 = 4, d2 =14 (6)
Tt (6) va vi d,,, chan v6i moi m nén suy ra d,,+2 = —d,, (mod 8).

Néu m 1&,thi d,, =4 (mod 8)
Néu m chén, thi d,, =6 (mod 8)

T (7) va ugpm = Up,-d,y, suy ra

m)+2 néumlé
glam) = 9+ 2 mwm e )
g(m)+1 néum chin
Véi k = 2°h, h 1é thi tit (8) va g(k) = 0 suy ra
g(2°h) =g(2*"h)+1=---=g(2h)+s—1=g(h)+2+s—1=s+1 (9)

T (3), (9), va do (4’ ta ¢6
k V4l k 1é
f(2k) = » . \ (10)
k+s+1 v6ik=2%h,s>1klé
2) V6i n = 2k + 1. Ta thay day {a,} thod man
(pio = 20p41 + 2a,, v6ia; =1, ay = 2. (11)

Ta chiing minh
fRE+1)=k (12

bing quy nap véi k = 0,1 dé thay dang. Gia st dang véi k. Tu (10) c6
f(2k) > k va theo gia thiét quy nap f(2k + 1) = k nén

~—

(k1) 41 = 209041y + 200k 11 = 2.2" 1 + 228N = 2F (20 + N)

v6i N 1é theo quy nap. Vay f(2(k+ 1)+ 1) =k + 1 ding v6i k + 1.

3) Tim moi n dé f(n) = 1996

Néu 2k + 1, theo f(2k +1) = k thi f(n) = f(2k +1) = k = 1996 suy ra
n = 3993.

Néu n = 257 h véi h 18. Véi s = 0 suy ra f(2k) = k 16 khong thod man
véi s > 1 suy ra f(2571h) = 2°h + s+ 1 = 1996 suy ra 2°h + s = 1995 suy
rahléval<s <9 Thithiay s =1, n = 3998 va s = 3, n = 3984 véi
s = 5,7,9 khong c¢6 nghiem. Dap s6 n = 3984, n = 3998, n = 3993.
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Bai 3. Dat

fla,b,c) = (a+b+c)' +a* +b* + ' — 12abc(a+ b+ c) — 2(a* + b* + ¢*)
=(a+b+o)+3(a* + b+ ¢*) — 12abc(a+ b+ c)

Vi f(a,b,c) = f(—a,—b, —c) nén chi can xét f(a, b, c) tai a, b, c ma a+b+c >
0. Khi dé chi c¢6 thé xay ra mot trong ba truong hop sau

Néu a,b, ¢ > 0. Liic nay ta c6 a+ b+ c > 3(abc)'/? suy ra (a+b+c)* >
27abc(a+b+c) suy ra f(a,b,c) > 15abc(a+b+c) > 0 va f(a,b,c) = 0 khi
va chi khia=b=c=0.

Néu c6 diung mot trong ba s6 a, b, ¢ 1a s6 am. Khi dé6 c6 f(a, b, c) > 0.

Néu c6 ding hai trong ba s6 a, b, ¢ 1a s6 am. Khong giam tinh tong quat,
coi a,b,<0tta+b+c>0suyrac>—a(+b)>0. Dat a = —a,b=—0
véi o, 3> 0, thé thi ¢ > o + 3 va

f(a> b> C) = f(—Oé, _ﬁa C)
={c—(a+ )} +2(c" +a' + ') — 1208c{c — (a + B)}.

Via,B>0mnen o'+ 3 >292) va0 < a < B < (%42)2 Do dé ta c6
danh gia

+ﬁ a+ 0

f(a,b,¢) > {e = (a + B)} + 2" +2(552)" — 12¢( ) {e—(a+8)}

= (c—2z)" + 2(c* + 22* )—120x (c —2zx)

trong d6 © = < +6 , x> 0.
Dat ¢ = tx, tu ¢ > 2x suy ra t > 2. Vay ta tiép tuc danh gia f(a,b,c)

fla,be) > a{(t —2)* + 2(t* + 2) — 12t(¢t — 2)}
=2t -2+ (t" +2) —12t(t —2) — 2(t" + 2)}
=220t - 1)* + 16 — 2(¢* +2)} = 22 {(t — 1)* — 2" + 22}

Xét g(t) = (t—1)*—2t*+ 2 tren [2, 400). Ta co ¢/(t) = 4{(t—1)* — 2t3}. D&
thay rang véi t > 2 thi ¢/(t) > 0 hay ¢ > —— leto—\/7 '(t) = 0 khi va
chikhit:ﬁ,g()<0kh1vach1kh12<t< = Do d6 g(t) > g(17;)

1—to
Vol t > 2.
1 270 1 \*
-1 -
1—+to 7T\1—1g

Ta co

\TI[\J

1 4 52
(T=5) +#
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Do ty = \’/g nén

g<1_1t0) - %{26— (1 _t0(1—1t0)4} —2 {26— ﬁ}

~o
DO
D
I

Ta chiing minh rang 26 > a %/5)4. That vay, bat dang thic nay tuong
-7

duong v6i méi bat dang thiic sau

.12 1
1 o 3 = 3 o 0
7 26
2 1 .
1—-— = — 3/ L 2o
7 26 91
41 1
182 791

68921 > 66428.

Vay nén g(t) > g(l%to) > 0Vt > 2. Téom lai f(a,b,¢) > 0 Va,b,c € R va
£(0,0,0) = 0 nén ming p ccr f(a,b,¢) =0

Bai 4. Chu hii rang phep doi leg qua duong phan giac AB cta goc dinh
huong (AH AH’) bién AH thanh AH’ con phep doi leg qua duong phan
—
gidc ngoai AC' cia géc (AH, AH’) thi bién AH thanh AH" = —AH.

Hinh 1
1) Gia st SAB(M) = Ml, SBC’(Ml) = Mg, ScA(MQ) = M. Dét f =
Sca.Spc.Sap. Goi H, K, I lan lugt 13 hinh chiéu ctia A, B, C xudng canh
d6i dien. Goi duong théng IK 1a A. Ta sé chira f : A — A va bao ton
huéng ctia A.
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a) Khi AABC khong vuong thi H, K, I phan biét, do d6 AB, BC,CA
la phan giac ngoai ctia AH K. Khi c6 mot géc ti1, chang han ZA > 90° thi
BC' la phan giac ngoai, con CA, AB la phan giac trong AHKI. The chua y
trén, dé thay f : A — A va bao ton huéng ciia A.

Hinh 2
b) Khi C = H = K = 90° (C = K) thi A la dudng théng C1.
c¢) Khi hiB=H=1= 90 (B =1) thi A la dudng thang BK.
d) Khi A =K = f 90° (A =1 = K) thi A la duong théng déi xing
ctia duong than g AH qua AB (hay qua AC) (Hinh 1)

2) flA:A— A bao ton khodng cach va huéng nén f | A 1a phép
tinh tién theo vectd o nao dé (v | A) (xem hinh 2: M,N € A, M' =
F(M), N' = f(N) thi MM = NN' = 7) va hinh 1: H' € A, H" = f(H')

e
thi A’ H = 7).

V6i M tuy ¥, goi J 1a hinh chiéu vuong goéc ctia M xudng A thi f(J) 1a
hinh chiéu vuong goc ctia f(M) xuéng A va ﬁ = 7. Do f dédo huéng nén
M va f(M) = M’ nam khac phia d6i v6i A nen MM' > JJ' = |7|, va néu
M ¢ A thi MM’ > J.J'. Vay tap hop cac diém M dé MM’ dat giac tri bé
nhat 1a dudng thing A.

3) a) Khi lay lién tiép phép ddi xting qua cic truc 1a hoan vi vong quanh
ba canh AABC dudc

SapoScaoSpc = Sapo foSas
SpcoSapoSca=ScaofoSca

déu c6 dang S, o f oS, =g (S, 1a phép dbi xiing qua truc x).
bat A’ = S, (A) thi v6i My € A’ khoang céch

p(Mo, g(Mo)) = p(Mo, Sy o f o S, (Mp))
(S, ' (Mo), f(S; 1 (Mo)) = | V| < p(M, f(M))
(M, SzgSe(M)) = p(S(M), g(S-(M)))

Vay khoang cach ngan nhat déi véi g = S, o f o S, ciing 1a | V']

p
p
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b) Khi lay lien tiép phép doi xiing qua céc truc theo thit tu sau:

Sap-Spc, Sca = f7

thi khodng cach bé nhat ctia MM’ ciing nhu do6i véi f da xét trén. Lay hoan
vi vong quanh cic truc déi xing ¢ trén ta duge

ScaoSapoSpe, SpcoScaoSap

déu c6 dang Sy o f~1 0 S, = ¢ nén theo a) khoang cach ngan nhat déi véi
¢ ciing 1a v,

Chi y: C6 thé chiing minh 1), 2): f 1a phép dbi xtng trugt, truc A di
qua trung diém M f(M) (M tuy y) va xac dinh duge A (mot cach hinh
hoc) dén két qua nhu trén, vécto trugt 1a o'

C6 thé xét cu thé cac trusng hop tam gide ABC tuong ty trén day, tinh
dugc khoang cach bé nhat néi trén 1a | v'| = a cos A+bcos B-+ccos C, chang
han khi AABC ¢6 ba géc nhon thi | 7| ki chu vi tam giac HIK nén | V'] ¢6
tinh chat doi xing doi véi a,b,c va LA, ZB,ZC: |V | =I1IH+ HK + KI.

Bai 5. Gia st s6 hoc sinh dudge mai 1a 65 em. Ta dat tuong tng mdi
em véi mot diém trén mit phzzmg va hai em dugc dat tuong tng v6i hai
diém khac nhau. V6i méi cap, hai em chua quen nhau ta néi hai diém twong
ting v6i hai em d6 béi mot doan thzzmg. Khi do6 ta duge mot Graph don, vo
huong, ¢6 65 dinh, bac mdi dinh khong nhé hon 56 va véi hai dinh ké nhau
bat k¥ luon ton tai it nhat mot diem khong ké vé6i cd hai dinh &y, c6 65
dinh va thoa man

—p >

Ay, Ay Ay

Ay A} Azl A27 Ag, Ag,

1) Béac ctia mdi dinh khong 16n hon 8

2) V6i hai dinh khong ké nhau, ton tai it nhat mot dinh ké véi ca hai
dinh ay.

Xét G: xét dinh A bat ky ciia G va goi Ay, As, ..., Ag (k < 8) 1a tat ca
cac dinh ke v6i A. Néu k& < 7 thi sé c6 t6i da 7> = 49 dinh ma mdi dinh
ké vdi it nhat mot trong cdc dinh Ay, Ao, ..., Ay, va khong ké véi A. Suy ra
s6 dinh ctia G khong vugt qua 49 + 7 4+ 9 = 57 < 65 trai v6i gia thiét. Vay
phai c6 k = 8, suy ra mdi dinh ctia G ¢6 bac bang 8. Tu day, két hop véi
2), ta dugc
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i) A;, A; khong ké nhau Vi # j € {1,2,...,8}

ii) M6i dinh A;, (i = 1,8), ngoai A ra sé ké véi ding bay dinh khac va
néu ki hicu Ay, ¢ = 1,7) la bay dinh dy thi {A;,, .., A } N {A; .., A, } =0
(Vigje{l,2,..,8}).

Tt d6 suy ra trong G khong c6 chu trinh don do dai 3 cling nhu chu
trinh don doi dai 4. Do vay A;, va A;, khong ké nhau (Vi = 1,8), Vt # s €
{1,2,...,7}, va do d6 néu A;, ke A;, (i # j) thi A;, khong ke A; m # s.
Tit d6 suy ra c6 tat cd 14(2) = 14.7.8 chu trinh don do dai 6 di qua A.

Vi A la dinh bat ky clia G nén s6 chu trinh don do dai 6 trong G la
1805 — 19865 ¢ 7. Diéu vo ly. Vay khong ton tai G va do d6 khong ton
tai G thod man deé bai.

Bai 6. Ta xét bai toan tong quat véi zo > 0 cho trude bat ky.

1) Véi a = 0 hién nhién x; = 0, Vi > 0 day hoi tu.

2) V6i a > 0 ki hieu f(z) = 17 va g(x) = f(f(z)). T d6 suy ra f(z)
14 ham gidm trén (0, 4+00) nén g(x) la ham tang trén (0, 00).

Xét day {xo,} (chi s6 chén). Dat u, = xo, thi u,1 = g(u,). Do g(z)
tang nén {u,} la day don diéu (tang hodc giam). Mt khéc, 0 < u,, < a,
nén luon luon ton tai limwu,, = lim, .o @2, = [. Lay gi6i han khi n — oo c6

gl) =1 (1)

a) Ta ching minh 0 < @ < 2 thi day {z,} c6 giéi han. That vay, gia si
f(l) = v hay

a=v+ol? (2)
Ta c6 f(f(l)) = f(v) tuong duong véi f(v) = g(l) =1 hay

a=uv+? (3)

Trir (2) cho (3) duge (v —I)(vl — 1) = 0. Néu v # [ thi vl = 1, thay vao
(2) duge v + [ = a suy ra v.l 1a nghiém ctia phuong trinh 2z —az +1 = 0.
Via <2néna=2suyrav=1[=1trai diéu gid st. Vay, v = [, tiic la
f() =1 Tu do limy oo Topt1 = limy oo T2, = f(1) = 1 = limxg,.

Vay lim,, .o 7, ton tai.

b) Ta chting minh vé6i a > 2 thi day {x, } hoi tu khi va chi khi a = 23 +x.

That vay, gid st a = z} + x¢ suy ra zg = T =T suyraa= T3 + 71 suy

+xg
ra o = z1,.v..v... Vay {z,} 1a ddy hing, suy ra ton tai lim, .. z, = .
Ngugc lai, gia st ton tai lim, . 7, = k. Qua gidi han ta dugc f(k) =k

hay a = k3 + k, suy ra k la nghiém duy nhat ctia 2° + 2 — a. Ta ¢6

(1+2?)2(a—x)—ad’x  —(2®4+2—a)(2®—ar+1)
G TR i By R

g(z) —x =
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Vi a > 2 nén phuong trinh 22 — az + 1 = 0 ¢6 hai nghiém phan biét, o, 3.
Gid st o < 3, ta thay o < k < 8. That, vay via > 2 suy ra k > 1 do d6
a—ak? < 0. Thay a = k* + k vao ta dudec k3 + k —ak? < 0 hay o < k < 5.

Dau ctia g(z) — z 1a dau ctia —(z — k)(z — a)(x — 3). Ta c6 bang xét
dau ciia g(z) — x nhu sau

« k 15}
glz)—z |+ 0 — 0 + 0

Xét day u, = w9, nhu trén thi day {u,} la don diéu. Vi lim,,_, u,, = k nén
Ing dé a < Uy, < B. Néu a < Uy, < k thi up, 11 = g(Ung) < Up, SUy Ta
{u,} 1a day gidm va u,, < k, do d6 né khong hoi tu vé k. Tuong tu néu
k < un, < (3 thi {u,} 1a day tang v6i u,, > k do d6 n6 khong hoi tu vé k.
Vay chi ¢6 thé u,, = k. Chi ¥y rang néu 3i: x; = k thi suy ra x;_; = k. That

vay wo = k = =% suy ra k(1 +27_,) = a = k* + k suy ra #}_; = k? suy
i—1

ra x;—1 = k. Thanh tht u,, = k, do d6 u,, = k hay xo = k. Via = k2 + k

nén a = xj + xo. Diéu phai chiing minh.

3) Vé6i a < 0. Dit y, = —x,,. Khi d6

—a__ _lq
L+a2 142

Yn+1 — Tpy1 =

Vay {z,} hoi tu khi va chi khi {y,} hoi tu. Vi y, > 0, Yn > 1 nén theo
trén véi |a| < 2 thi {y,} hoi tu. Néu |a| > 2 thi {y,} hoi tu khi va chi khi
la| = y3 +y1. Ma tu (2.5) ta co |a| = y1(1+42) = v (1+23) suy ra zo = yi,
thanh ra |a|] = 23 + 0.

Két luan: Day {z,} hoi tu khi va chi khi |a| < 2 hodc |a| = 23 + ¢ =
1997v/1996 khi zq = v/1996.

2.6 Dap an chon dé6i tuyén nam hoc 1996 -
1997

Bai 1. Goi O la tam mat cau ngoai tiép ABCD. Diéu kién xac dinh diém
P la

PA*+a@2+b*+c* = PB*+bi+c*+a* = PC*+c3+a’+b* = PD*+a*+b2+c3.
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Tinh

PA® 4 a3 +b* +¢* = PA* + DA® + BA? + cA?
— — — —
= PA%2 + DA? + BA% + C A?

— — .9 — —— 5 — —— 5 — — 5
= (PO + CA)? + (DO + OA)? + (BO + OA)? + (CO + OA)
— — —— —_—, — — — —
= PO? + 40A% + 2POOA — 2OA2(OD + OB+ 0C + 0OA)+

— — — —
20A? + DO?* + BO? + OC?
_— — —
= PO* +9R? + 2PO.OA.OF
—_— — —
= PO? +9R* — 20A(OFE + OP).
— — — — — R
trong d6 dat OEF = OA 4+ OA+ OC 4 OD (diéem E xac dinh). Tinh tuong

tu d6i v6i PB? + b2 + 2 + a*, PC? + 2 + a®> + V?, PD* + a? + b2 + 2. thi
ta dugc

OA(OE + OP) = OB(OE + OD) = OC(OE + OP) = OD(OE + OP)

Ta c6 OA(OE + OP) = OB(OE + OP hay (OA — OB)(OE + OP) = 0
hay BA(OE? + OP) = 0. Tt d6 ta c6

— —_— — . /
hay 1a OE? + OP = 0 hay PO = OF. Vay diem P xac dinh duy nhat.
—., — — — —

Tit PA? = (PO?+0A)? = PO*+0A?+2P0.0A = PO*+ R?+2P0.0
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thi
—_— — — — —
PA? + PB? + PC? + PD* = 4PO* + 4R* + 2PO(OA + OB + OC + OD)
—_—
= 4P0O* + 4R* + 2P0O.OF

= 4P0O? + 4R?* + 2P0O?
= 6P0O? + 4R? > 4R

Dau dang thitc xay ra khi va chi khi PO? = 0 hay P = O. Khi d6 ta c6
G+l +E =+ +ad’=ci+a®+b=ai +b]+c]
hay a; = a,b; = b, c; = ¢, tiic 1t dien ABCD gan déu.

Bai 2. 1) Gia sit k 14 s6 sao cho c6 thé thiét lap duge hé thong dudng
bay thoa méan céc dicu kien ctia dé bai. Khi d6, tong s6 duong bay truc tiép
gifta hai thanh pho s& 1a 2%, Suy ra k=0 (mod 2).

Xét mot thanh phd A bat ky. Theo gia thiét, tit A c6 duong bay truc
tiép den k thanh pho khac, goi 1a Ay, As, ..., Ay. Méi thanh phd A;, i = 1, k,
lai c6 dudng bay truyc tiép dén k — 1 thanh pho khac, (khong ké A). Hon
nita, ta lai c6: Néu tit B dén A khong c6 duong bay tric tiép thi tit B phai
c6 duong bay tric tiép dén it nhat mot thanh phoé A;. Tu nhing lap luan
trén suy ra, so thanh phd chi ¢6 thé téi da la 14k + k(k—1) = k% +1. Nhu
vay 25 < k* + 1. Két hop vé6i k =0 (mod 2), suy ra k > 6.

>
e

2) V6i k = 6 ta sé chi ra cach thiét 1ap he thong duong bay thod man
cac diéu kién ctia dé bai. Chia 25 thanh phd thanh nam nhém, mdéi nhoém
gom nam thanh phé. Cac thanh phd ctia nhom thit 4, i = 1,5, ta ki hiéu béi
AP A0, Agi), AW, Ag). V6i cac thanh phd trong cting nhém 4, ta thiét 1ap
cac duong bay AVAD AP AP ADAD AV AD ADAD - Gida cac thanh
ph6 thuoc hai nhém 4, j bat ky, ¢ # j € {1,2,3,4,5}, xay dung cac dudng
bay sau AV AP AP AP AP AP AV AP AD AD.
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Bing cach xay dung cac duong bay nhu trén, ta c6: Tu thanh phdé A
bat k¥ sé c6 dudng bay trie tiép dén dung hai thanh phd, trong cling nhém
v6i A va c6 duong bay truc tiép dén dung bon thanh phd khac nhom véi
A. Do vay tit méi thanh pho sé c6 dudng bay tryc tiép dén dung sau thanh
phd khac.

Hon ntta, v6i A, B 1a hai thanh phé bat ky ma gitta ching khong c6
duong bay tryc tiép ta thay:

- Néu A, B thuoc cting nhém thi dé thay luon ton tai mot thanh phd
trong nhém dé ma tit C' c6 dudng bay tryc tiép dén cd A va B.

- Néu A, B khong cing nhém thi qua hinh vé trén dé dang kiém tra
duge st ton tai ctia thanh phé C' ma tit C' ¢6 duong bay tryc tiép dén ca A
va B.

Bai 3. Gia st o 1a s6 thuc sao cho ton tai didy vo han céc s6 tu nhién
{a,} thod man cac diéu kién ctia dé bai. Dé thay o = 0 1a mot s6 thyc nhu
vay. Do do, dé tim s6 o 16n nhét, dusi day ta chi xét o > 0.

Tt gia thicét ve day {a,} suy ra a; +a; > af;, Vi,j € N*. Dan tdi

2a2i Z agi+1 \V/'l - N (1)
Néu o # 1 thi (1) tuong duong v6i méi bat dang thiic sau
_1 1 .
at-oqqi > (2 I—a .a2i+1)a Vi e N
1 1 1/a .
al-aqgi S (2170‘.a2i) Vi eN

hay
1 1
agagn S (2E.a2n71)1/a Vi € N*

Suy ra 275 .agn < (257a1)Y9", Vn € N*. Maags > 19972 nén 272 .19972" <
1
(274 .a,)"/°", ¥n € N*, hay

1
In2ms +2"1n1997 < — In(275.a;) Vn € N*.
a’ﬂ

hay

1
In 1997 < In(2ms .a;) — S 275 Vn € N* (2)

2n.an
Tu (2) suy ra @ < %, vinéu a > 3 thi, cho n — oo, tit (2) ta dugc
In 1997 < 0, vo 1y.
Néu ov = 1 thi (1) cho ta agisr < 2a9i, Vi € N, hay agn < 2a*" . Suy ra
asm < 2"%aq, Yn € N*. Ma age > 19972" nén 1997%" < 2".a;, Vn € N*, hay
2"1n1997 < nIn2 + Ina,, Vn € N*. Bat ding thic nay tuong duong véi

In aq
2n

In1997 < Qﬁn In?2 + Vn € N* (3)
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Cho n — oo, tit (3) ta duge In1997 < 0 (vo 1y). Tom lai, ta phai c6 a < 1.

2) V6i o = L ta sé xay dung déay {a,} thod man cac diéu kien cta dé
bai. Xét day {a,} dugc xac dinh bdi a; = 2 x 1997, ay = 4 x 1997% — 2 v&
Gny1 = 2 X 1997a,, — a,_1 Vn > 2. Dya vao phuong trinh dac trung va cac
s6 hang ban dau ay, as ciia {a,} dé dang tim duge a, = p" + ¢" van € N¥,
trong d6 p = 1997 + /19972 — 1 va ¢ = 1997 — v/19972 — 1. Suy ra a,, € N,
n € N* va

- >2(p;q) — 2% 1997" > 1997" Vn € N* (4
Tiép theo, ta sé chiing minh
n > 2
Un = a[z] + @[2f1]; Vn > (5)

Vi a[n] + A[ng1) =10 nén (5) tuong duong véi

n
2

( [%]_ +a[ ]+t) ( [%] +a[ ]) Yn>2, te{0,1,.., [%} -1} (6)

Do vay, dé chitng minh (5), ta sé& chitng minh (6).
Véi t = 0 thi (6) hién nhién ding.
Véi t = 1, ta c6: néu n = 2k thi

a[%]_l + a[nTH]_i_l = ap_1 + agr1 = 2 x 1997ax:(ag + ax)

hay

(o1 + o) (o) +apapy)
Néun =2k + 1 thi

A[n]_; + Q[nt1 = Qp—1 + Ag1o = 2 X 1997ak — Ak41 +2 X 1997ak+1 — Ak
[3]-1 (2] +1
= (2 x 1997 — 1)(ak+1 + ak) (ak+1 + ak)

T day suy ra (6) ding,.
Gié st ta da ¢6 (6) dén t ma 1 < ¢ < [2] — 1. Ta sé ching minh (6)
ciing ding véi t :=t 4+ 1. That vay, ta co
a[%] (t+1) + a[ (1) = 2 X 1997a[ﬂ]_t — a[g]—t+1+
+2 X 1997a[

e |

=2 x 1997 (a[%]_ —I—OLLH) ( [2]-(t-1) +aL]+(t 1))
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Theo gia thiét quy nap thi

(o210 + apagae) = (9(a)-0n + pagaeon) (2] +apap))-

Theo nguyén 1y quy nap, (6) ciing dong thoi 1a (5), duge chiing minh. T
do, ta co

n+1:|

Uy = p[%] —+ q[%] —+ p[nTH] —+ q[T
> 2(pn/2 + qn/2) > 2(pn +q )1/2 2a1/2 > al /

T day va (4) cho thay day {a,} thod man cac diéu kién ctia dé bai ting vdi

Bai 4. Tim cong thiic tong quét ctia f(n).
Tu
F(n+2) = 503f(n + 1) — 1996(n) (*)

c6 phuong trinh dic trung 22 — 5032 + 1996 = 0. Phuong trinh nay c6 hai
nghiém nguyeén la z_4 va zo = 499, tu dé f(n) = 4™ + 499™.

Ta sé ching minh rang uéc nguyen t6 p = p(s) cia f(2%) c6 dang
p(s) =25y + 1 véi u € N.

Vi (4,499) = 1 nén néu

p(s) | f(2°)

v6i s > 1 thi p(s) 1é, suy ra (4,p(s)) =
Tit (**) c6 thé viét 42 + 499%° =+t
Gid st p(s) —1 =2"v véiv1é, m <

+ 4997 (**)

a (499, p(s)) = 1.

1w
p(s).
s thi c6 thé 4p dung dinh 1y Fermat

p—1

p(s) = p | (400% ")~ — 1= (4997) 5% — 1 = (pt — 4%) %7 —1
—ph+ ()7 — 1= ph+ ()F (@ 1]+ (-D)FF -1

ma p | (42 ")P~1 — 1 nén (—1)1)2;’“1 =lsuyrav = 1”2;,”152, trai véi dieu gia
stt. Vay m > s suy ra p(s) = 2'75.u + 1.

Dat
k

Sk = Zp SZ = Z 21+siui + 1) = ZQH_Siui + k.

i=1 i=1
V6i s = min{s; | i = 1,2,....,k} thi Sy = 2'"™m + k, (s > k). Tu d6

Sy.:2! tuong duong véi (2175 +k):28 hay k28 (vit < k < s <1+ s, suy ra
2" | 21+9),
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Bai 5. 1) Di¢u kién dé phuong trinh
dn*x = log,(2n*r + 1) (1)
c6 nghia la x > — . V6i diéu kien d6 ta c6 (1) tuong duong véi
2 — on2p 4+ 1 (2)
Dat 4n%z + 1 = ¢, tit phuong trinh (2) ta c6 phuong trinh (an t)
28 =t+1 (3)

Vi 0<t<ltaco2 <2t+(1—t)=t+1.

Vit <0,t>1tac62 >2+(1—t)=t+1.

V6it=0,t=1taco2 =t+1.

Nhu vay, phuong trinh (3) c6 tat cd hai nghiem 1a ¢t = 0 va t = 1. Dan t6i
phuong trinh (2), va cting la (1) cang c6 hai nghiém x,, = 0 va z,, = —ﬁ.

2) V6i 2, = 0 ta c6 a™ + b = a® + b° = 2 = 2 + 3z, Va,b > 0. Xét
x, = — . Khi d6 cac bat déng thic sau la tuong duong

T an2-

a®™ 4+ b* > 2 + 3x,, Vn € N*.
1 o1 3 1
(a 4n? ‘l’b 4”2) 21"‘5(—@

N N BN [ —an?
a” mZ 4+ b a2 <Jiq 3 ( 1 )
2 - 2\ 4n? '

Cho n — +oo, tit bat déng thic trén ta dudge vVab < e¥/2. Nguoc lai, véi
Vab < e3/? ta co

) Vn e N*

hay a®* + b** > 2 + 3x,,.
3) Vay, tat ca cac cip s thyc duong a,b can tim 1a a,b > 0 sao cho
ab < e3.

Bai 6. Trude hét, ta chiing minh khang dinh sau:

Khing dinh K. Cho n diém phan biét ciing nim trén mot duong théng.
T6 n diém déi béi hai mau xanh, dé sao cho c¢6 ding k diém duge t6 béi
mau xanh, va giita hai diém mau xanh lién tiép (tinh tit trai qua phai) co it
nhat p diém duge to béi mau dé (tinh tit trai qua phai) c6 it nhat p diém
dugce t6 bdi mau dé va & ben phai diem mau xanh cubi ciing ¢ it nhat p
diém dugc t6 béi mau doé va ¢ bén phai diem mau xanh cudi ciing 6 it nhat

p diém dugc t6 bdi mau d6. Khi do s6 cach to6 mau khac nhau 1a (n_kkp)
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Chaing minh. Lan luot ti trai trai qua phai, goi cac diem1a 1,2, ..., n. Dt
tuong ting mdi cach t6 mau véi bo k s6 nguyen duong (i; < g < -+ - < i),
trong do iy, s, ..., i 1a cac diem dude t6 mau xanh. D& thay, tuong ting néi
trén xac lap mot song anh tit tap gom tat ca cac cach t6 mau téi tap

T={(iy<ig<-<ig)|i; €{1,2,...,n—p} Vi=1k;
z'j+1—z'j>p Vi=1,k—1

Xét anh xa

fT_)T/:{(]1<]2<<]k)|{1>2>an_kp}Vt:1>—k}
(i1 < iy < - <ip) € T+ (in,d2 — Py yin — (k — 1)p) € T’

Dé chitng minh duge f 1a song anh tit 7' dén 7T”. Tt d6, ta c6 diéu phai
chiing minh.

2) Trd lai bai toan. Lan lugt, theo chi¢u kim dong ho, goi cac diem la
Ay, Ay, A, Goi X 1a tap gom tat cd cac cach to mau khac nhau. Xét
phan hoach

X=X uXx"

trong d6 X = {r € X | trong x c¢6 diém mau xanh thuoc{A;, ..., A,}},
X" = X\ X'. Hién nhién, v6i € X" thi trong  khong c6 diém mau xanh
nao thuoe tap {Ai, Ay, ..., A,}. Do d6, theo khang dinh K ta c6 card X" =

(0 55)-

Xét X', Ki hieu X] = {x € X' | trong = c6 diém A; duge t6 mau xanh,
p
P=Tp. Th th X[NX] =0 Vi j € {1,2,..p} va X = U X,

V6i méi i = 1, p, theo khang dinh K, ta c6 cardX! = (n_l_';:(lk_l)p) =
( k-l ) Do d6 card X’ :p( k-l )

n—kp—1 n—kp—1
Vay cardX = (n_kkp) + p(nf,;,l_l)

2.7 Dap an chon d6i tuyén nam hoc 1997 -
1998

Bai 1.

Bo dé 1. Néu P(z) € R[z] thoi man

|P(z)] < cx'™®  v6iz € R clahing s6 (1)

thi P(z) = ax'%%, véi a 14 hang s6.
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Néu P(z) = a hang s6 thi P(z) =a = 0. Gid stt degp =n > 1
P(z) = ap2™ + ap12" '+ -+ a12 + ao, an # 0.
Khi d6 (1) tuong duong véi
|anz™ + ap12" "+ -+ a4 ag| < e’ (2)

Ta sé chiing minh bang phan ching rang n < 1998. That vay, néu n > 1998
thi tu (2) ta co

Qe a c
n 1_|_..._|__0 <

an + Tnl $n—1998’

(Vx > 0)

Cho n — oo, suy ra a, = 0, trai véi gia thiét. Vay n < 1998.

Ta chitng minh a, = 0 véi k = 0,1,...,n — 1 bang quy nap. Véi k = 1
thi tit (2) cho x =0 suy ra ap =0 ding véi k = 1. Gia st ag =a; = -+ =
ax—1 = 0 va k < n. Thay vao (2) dugc

|an$n+ +ak$k| S 61'1998
hay
|an:z:"_k + -t apx +oag < cx98F > 0

Cho z — 000, vi 1998 —k > n—k > 0 nén vé phai tién téi 0, suy ra |ax| <0
hay aj = 0, ding. Vay P(x) = a,z", do d6 |a,z"| < cx'¥® v6i moi n < 1998
va a, # 0. D& thay n = 1998 vi néu trai lai thi a, = 0.

Bay gio ta chiing minh bai toan. Lay ¢ = 1, dat ¢(x) = pi(z) € R[z], ta
c6 vl moi € > 0 thi

|9(x) = pe(2)] = |pr(2) — pe()|
< (@) = po(@)] + [(f(z) = pe(2)]

< 1.1998 + 61'1998
= (L+ )z,

Do d6 theo bo dé

pe(z) — q(z) = acx'™® (3)
Lai ¢6
ex'™ > |f(2) = pe(@)| = | f(z) — q(z) — ace™ (4)
Tu (4) ta ¢6
|h(z) — acr™®®| < ex'® v eR (5)

Cho z =0, suy ra h(0) = 0. T (5) suy ra Va; # 0, xo #0
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h(z1) h(zs)
l’%998 Qe| > € 1'5998 Qe S €.
Thanh tht,
h(x h(x
xggég - x(wgg <2 Vxi,29 #0, Ve > 0.
1 2

Cho € — 0 thi h§§;8 = hﬁiﬁgg, tiic 1a hl((ff,g = ¢, c 1a hing s6, tic 1a
2

h(z) = cx'® Vo #0 (6)

Vi h(0) = 0, suy ra h(z) = cz'9% Vo € R. T do6 f(z) = q(z) + h(z) =
q(z) + cx'® 1a mot da thiic vi ¢(z) 1a da thric.

Bai 2. Hai duong tron C va C' tiép xtic nhau tai A. Phép nghich dao
f tam A, phuong tich AI? = (2R)? bién dusng tron C thanh dudng thing
d tiép xtc véi C tai I, bién duong tron C’ thanh duong thing d’ vuong géc
v6i AI va cat duong thang AT tai J, véi AO.AJ = 4R?, suy ra AJ = 4R,
va do d6 IJ = 2R. f bién méi dudng tron C, € H thanh dudng tron I,
i=1,2,...,n tiép xtc véi d va d’, do d6 I'; ¢6 ban kinh R = £2. C tiép xuc
v6i C tai My, suy ra f(My) = P; la tiép diém cta I'y va d, P, = (AM;) Nd.

)

C\ tiép xic véi C tai M,, suy ra f(M,) = P, la tiép diém cta T,
va d. V1 c6 n duong tron Cu,...,C\ nén c6 n duong tron I'y, Iy, ..., I';, véi
I, = f(C)). Suy ra PP, = (n — 1)2R. Cha y rang PP, = P,I + I P, hodc
P,P,=IP, —IP, -

Bay gi¢ ta tinh IP. Dat JAM; = o (0 < a < §) thi TP = 2Rtana.
Stt dung dinh 1y ham s6 Cosine trong tam giac OO'O; cho ta

O'0? = 00" + 007 — 200’ .00; cos(T — 2a).
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Tt dé ta c6 cac dang thic tuong duong sau

R R R? 1 R 1
__|__) Rz<1——) 4+2.—. R(1 — —) cos 2«
(2 P1 4 D1 2 ( Pl)

<p1+2) 1 (pl—l) pr—1
S cos 2.
2]91 4 P1
(p1+2)? = pi +4(p1 — 1)* + 4p1(p1 — 1) cos 20
3 —
cos 2a = il (1)
P1—1
Dat tana = ¢ thi
5 1 @)
cos2a = e

T (1) va (2) ta ¢

(B=p)(L+t*) = (pr — (1~ t?)

suy ra tan®?a = p; —2. Vay I[P, = 2R\/p1 — 2. Tuong tu I P, = 2R\/p, — 2.
Do IP, >0valP,>0nénp >2vap,>2.

Diéu kién can. Cha y rang PP, = IP, — IP,. va IP, = 2R\/p1 — 2,
IP, = 2R\/p, — 2 suy ra diéu kién can va di dé c6 ho Cy, Cs, ..., C, thudc

H 1a
2R\/p1 — 2+ 2R\/pn — 2= (n—1)2R
Vpr—2+/pp—2=n-—1 (2a)

khi 7 ndm trong [p1, pn].

2R\/p1 — 2= 2R\/p, — 2| = (n — 1)2

hay

hay
VP —2—/pn—2]=n—1 (2b)

khi 7 nam ngoai (p1,pn).
Binh phuong hai vé ctia (2a) va (2b) ta dugc

V(1= 2)pa —2) = (0 =1)* = (1 — 2) = (pn — 2)

Lai binh phuong hai vé va riat gon ta duge

(1 —pn)’ = (n—1)*2(p1 + pn) — (n —1)*> —8) (3)
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Diéu kién di. Gia sit ta c6 (3). Coi p; = p la an va p, 1a tham s6 thi (3)
tuong duong véi

p* = 2p((n = 1)% + pn) +pp = 2pa(n = 1* + (n = 1)*((n — 1)* + 8) = 0.
Dé phuong trinh nay c¢6 nghiém thi A > 0 hay
((n =1 +pa)® = (0 = 2pa(n — 1> + (n = 1)* +8(n — 1)) > 0.

Giai bat phuong trinh nay cho ta p, > 2, vi n > 3.

Tuong tu, néu ta coi p, 1a an thi suy ra p; > 2.

Néu 6 s6 p; > 2, (i = 1,n) thi trén tia gbc I clia dudng thang d c6 diém
P, dé IP, = 2\/p; — 2. Xét day duong tron &1, &, ..., &, lan lugt tiép xtc
ngoai véi nhau va tiép xtc véi ca hai duong thing d, d’. Phép nghich dao
tam A, phuong tich 4R? bién day duong tron &1, &y, ...&, thanh day duong
tron Coo, Ce, ..., C\ lan lugt tiép xtc nhau va tiép xtc véi hai dudng tron
c.C.

Bai 3. Bat dang thitc can ching minh tuong duong véi mdi bat dang

thic sau
1 1
exp{ ( + )}> Inm.
i=1 @ pl

1
()
He Pi P/ > 1Inm.
=1

Dé ching minh bat dang thtc trén ta st dung céc bo dé
B6 dé 1. Ching minh ring néu 0 < z < § thi

1
x4z
> R

‘ 1—x

Ta viét bat ddng thic can ching minh dudi dang (1 — z)e”t** > 1. Xét
ham s6 f(z) = (1 — z)e”* tren [0, 3. Ta ¢6 f(0) = 1, va tinh dao ham
F(x) = ze*™*(1 — 2z). D& théy ring f/(z) > — v6i moi 0 < z < 5. Tu do
ta co

f(z) > f(0) =

Tt bo dé 1 suy ra
1+1
LG 1\-1
eDi Pi>(1__) .
Di
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hay la

Ll

+— L\
[Tere 7-TI0--)
i=1 i=1 pi
B6 dé 2. Ching minh bat ding thic, m,n,k € N
k n
1\-! 1
1- —) > —.
HC-5) =2

Dé thay

1\ 1 1
(1——) >14+—4--+—, VseN.
Di Di D;

Gid st s € N thod man 2° < n < 2571, Khi dé6

trong d6 0 < a; < s. Tong chay trén tat ca cac bo (ay, ..., a ) v6i 0 < oy < s,
Mat khac v6i moi m < n, ta ¢

m = pltps? - pek voi oy >0

ma 25T >n>m>pt>2% Dodoa; <s+1suyraa; <s Vi
Vay L 1a mot s6 hang ctia tong A. Vay

1 "1
Z pitpk - mzzl m’

Bai toan dugce chitng minh néu ta chitng minh duge rang

B6 dé 3.

That vay,
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Suy ra

n

n m+1 n+1
> / d—ZE:/ d—aj:ln(l—l—n)>lnn.
1

1
m X
m=1 m=

3

Bay gio chiing minh
1
> = >Inn+1).

m
m=1

1I\" 1
lim,, oo (1 + —) = e va day (1 + —)
n n

1
Suy ra nln(l + —)< 1 hay
n

n

tang nén <1+ %) <eVn >1.

1 1
—>ln<1—|——), Vn > 1.
n n

n

1 11 1 1 1 1
> == L gdgt ot >m24In(l+ ) +In(l4 5)+- (14 )

Zm 273 3
3 4 n+1 2.3.4n(n+1)
— _ — “ .. :l :l 1 .
m2+hng +hngs-rh===h=—ms" a(n+1)

Bai 4. R6 rang da thiic bac 0, P(x) = 1 va da thitc bac nhat khong c6
tinh chat tren. Xét da thic

P(r)=a2"4 -+ a1z +ap

v6i a; € Z, n > 1. Ta chitng minh P(x) luon c6 tinh chat da neéu.
Ky hiéu

A={peP:P>PQ1)-P(0), P>—P(0)}

Khi d6 |A| = oo v6i moi p € A, xét da thiic

Vi lim, o0 @p(7) = 400, Qp(1) = P(1) — P(0) —p <O nén dz, € R, z, > 1
dé Q(x,) = 0 hay

P(z,) = P(0)+pe N, Vpe A

C6 hai truong hop sau
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1) Néu ton tai vo sd p € A dé x, ¢ Q thi bai toan duge chiing minh. (Vi
néu p; # p2 € A thi P(z,,) # P(xp,) do d6 z,, # x,,).

2) Néu chi c6 hitu han p € A dé x, ¢ Q thi ton tai py dé x, € Q, Vp > po,
p € A. Khi d6 z, la nghiém hitu ti ctia Q,(z) — x, € Z va x, | Q,(0) = —p.
Maz, > 1nénz, =p. VayVp > py, p € A: Q,(p) = 0hay P(p) = P(o)+p
hay P(z) = P(0) + x, mau thuan vi deg P > 2.

Bai 5. Dieu kien can. Gia st d = 222 + 2xy + 3y%. Dat N = 54 19981998
Vi N 1&, N khong chia hét cho 5 nén d 1& va d khong chia hét cho 5. Ta c6
d=2x(x+y)+ 3y> d1&, suy ra y 1&. Néu x chén thi 2z(x + y):4. Néu x 1é
thi 2z(x +y)4 .

Vay luon ¢6 d = 3y? = 3 (mod 4). Lai c6 d = 22% + 22y + 3y? suy ra
2d = (22 +y)? + 5y? do d6 2d = (2z + y)? (mod 5). Dan dén 2d = {0, +1}
(mod 5) suy ra 4d = £2 (mod 5) do d6 d = £2 (mod 5).

Néu

thi d =7 (mod 20
Néu

~—

thi d = 3 (mod 20).
Diéu kien di. Ki hicu 1998°%. Khi d6 N = a? + 5. Xét tap

A={ax+y}, ©=0,1,2,....[Vd], y=0,1,2,....[Vd]

Dit ¢ = [V/d], ta co
qﬁ\/a<q+1.

Vi |Al = (¢ +1)? > dnén 3(z1, 1), (22, y2) V6i (z1,91) # (29, 92) dé
ary +y = ars +yz (mod d)
suy ra a(r; —z2) +y1 —y2 =0 (mod d). Dat zg = z1 — 2, yo = y1 — yo thi
aro+yo =0 (mod d).

Do d6 a*z3 — y2 = (axo + yo)(axo — yo) = 0 (mod d). Ma a* = —5
(mod d), suy ra, —5z3 — y2 = 0 (mod d), hay

5rg + ygid (1)
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Lai ¢6 |zo| = |z1 — 22| < ¢ < VA, |yo|l = |1 — 32| < ¢ < Vd. Do d6
a3 < d, y§ <d. Vay
5x3+y§ < 6d (2)

Tu (1) va (2) suy ra
5 +ys = kd v6ik=0,1,2,3,4,5,6.

Ta chitng minh rang khong xay ra k =0, 1,4, 5, 6.
Thay vay,
Néu 522 + y2 = 0 thi zg = yo = 0 suy ra T3 = T2 V& y; = ¥, loai.
Néu 522 +y2 = d thi y> = d (mod 4) dan dén y3 = £2 (mod 5), loai.
Néu 5z + y2 = 4d thi y3 = 4d (mod 5), dan dén y3 = —d (mod 5) va
Y = +2 (mod 5), loai.
Néu 53 +y2 = bd thi yo = 5yi, do vay Sz2+25y7 = 5d suy ra x3+5y7 = d
hay 73 = d = +2 (mod 5) loai.
Néu 523 + y2 = 6d thi y2 = 6d (mod 5) suy ra y2 = d (mod 5) hodc
Y2 = £2 (loai)
Vay chi xay ra
Sag + yg = 2d
5xg +y5 = 3d
Néu 522 + y2 = 2d suy ra 3 + y2 = 2d (mod 4). Vid =3 (mod 4) suy
ra 23 + y2 = 2 (mod 4) nén zg,yo phai cung 1&. Dat yo — 2o = 2y ta ¢6
Yo = To + 2y suy ra

5rp + yg = Sap + (10 + 2y)? = 2d
— 6xf + 4oy + 4y* = 2d
— 3wp + 2wy + 20> = d
— d = 2y* + 2yxo + 3w biéu dién dugc

Néu 523 + y2 = 3d suy ra y3 — 22 = 0 (mod 3) hay (yo — 7o) (yo + 70):3
Néu yo + 20:3 suy ra xg + yo = 3y hay

Yo = 3y — xo — Hxp +y5 = bag + (3y — x0)? = 627 — 6yxo + 9yg = 3d
— 225 — 2yzo + Y5 = d
— 218 + 2(—y)xo + 3(—y)* = d biéu dién dugc

Néu yo — xo = 3y suy ra yo = o + 3y khi dé ta co

5xp + g = 5rp + (20 + 3y)? = 625 + 620y + 9y = 3d
— d = 222 + 2z0y + 3y*
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Diéu phéai chitng minh.

Bai 6. Chuyén bai toan sang ngon ngit Graph, trong dé mdi ngusi coi
13 mot diém trén mit phang, con quan hé quen nhau coi la mot canh (1
doan thang véi gia thiét ring céc doan thang nay khong cit nhau trit hai
diém dau mt), ta c6 graph G don, vo huéng véi tap dinh gom n diém
P ={A},As,.... A} va bac cita dinh A bt ky 1a d(A) > [%}

Diéu kién "hai ngudi bat k¥ quen nhau hoac quen nhau gian tiép" ching
to Graph G la lién thong.

Trong G (httu han) xét duong gap khiic nhiéu canh nhat Py, gia st Py
c6 k dinh la P(] = {Al,Ag,...,Ak} véi AiAi—i-l (’L = 1,2,...,]{5 - 1) la cac
canh (A; ke v6i A;1q).

Do diéu kién (3) thi &k <n — 1.

Goi N(A) la tap cac dinh ké v6i dinh A. Ta c¢6

N(Al) C {Ag,. .. ,Ak} va N(Ak) C {Al,. . -,Ak—l}

vi tréi lai thi ton tai duong gap khic khac ¢6 nhiéu canh hon P.
Gia st N(AZ) = {Ail, Aig) e ,AZ'S}, 1€ {1, 2, e ,n} k}/f hléU_

N(AZ)+ = {Ai1+17 Ai2+17 B 7Ais+1}
N(A)” ={Ai,—1, A1, A1}

——w

4 \
Ay Ay

Do k <n —1 nén ton tai dinh B ¢ By. Tacé6 N(B)NN(Ag)T =10

That vay néu 3A; € N(B) N N(Ax)" thi ton tai dudong gap khuc
(Al, c. >Aj—1> Ak, Ak—h cee Aj+1> Aj, B) co6 k +1 Canh, trai glé thlét dél
v6i Py. Lap luan tuong tu ¢6 N(B) N N(A;)~ = 0. Ta cing ¢c6 N(A;)~ N
N(Ag)T # () vi néu trai lai thi

IN(B)UN(A1)” UN(AL)T| = [N(B)| + |B(A) 7| + |[N(A) "] >
n+ 2}> 3<n+ 2
3

23[ —1):n—1
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suy ra s6 dinh ctia tap hgp nay 16n hon hodc bang n ma tap hop dé khong
chita dinh B. Mau thuan.

Vay dA; € N(Al)_ N N(Ak)+

Khi d6 ton tai duong gap khtc khép kin c6 k—1 dinh thuoc tap P.\{A;}
1a (A, Aoy oAy, Ay Ag—e, -, Ai)

A, Ay

Tap con lai chita cac dinh doi mot khong ke nhau (khong c6 doan thing
néi chiing) vi néu trai lai, ching han c6 By, By ¢ Py\{A;} ma B ké v6i By
do tinh lien thong ton tai duong gap khic chiia By, By va Py\{A;} c6 nhiéu
canh hon Py, mau thuan.

2.8 Dap an chon d6i tuyén nam hoc 2001 -
2002

Bai 1. Trudc hét ta ching minh H thuoc tia M B. That vay, gid sit ngudc
lai H thuoc tia MC (xem hinh 1). Khi d6 goi K 1a trung diém ctia AB ta c6
BK = KH = AB/2 = HM va KM//AC. Suy ra: M; = K; = (180°— B)/2
va ]\//[\2 — (. Do do:

180° = M; + My = (180° — B) /2 + C
& C=90°+(B)/2
Diéu nay mau thuin véi giad thiét C 1a géc nhon. Vi vay ta c6 diéu phai
chiing minh.

Goi A; va H; tuong tng la diém doi xtng véi A va H qua trung truc
cia BC. (Xem hinh 2). Ta cé:

AA, = HH, =2HM = AB= A,C = A,CA= A,AC = ACB

— ABC = BCA, =2ACB
= A, AN = (BAC)/3 + A,AC = (180° — 3ACB)/3 + ACB = 60°
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Suy ra AANA; latam gidc déu = NA = NA;, = AA, = AB =
NP = N la tam du’dng tron ngoal tiep AAPA; = APA, = (M)ﬂ =
300 = (BAC)/3 = PAN = NPA = (APA))/2 = 15° = BAC = 45° =
ACB = 45° v ABC = 90°. Nhu vay, AABC la tam giac vuong can tai B.

Nguge lai, dé thiy AABC vuong can tai B thod man tat cd cac yéu cau
clia dé bai.

Tém lai, tat ci cic tam gidc ABC phai tim la cac tam giac vuong can
tai B.

Bai 2. Trude hét ta nhan xét rang, v6i moi gia tri Ny cho trude thi hoic
ngudi A hodc ngudi B sé c¢6 chién lude thang cudc.

Xét ham s6 f : N* — {0, 1} x4c dinh nhu sau:

f(n) = 1 néu ngusi A c6 chién luge thang cudc khi sé ghi ¢ thoi diém
ban dau la n.

f(n) = 0 néu ngudi B c6 chién lugc thang cuoc khi s6 ghi ¢ thoi diém
ban dau 1a n.

Dé thay: f(1) = f(2) = 1, f(3) = 0 v& v6i mdi n > 3 ta co:

+) Néu f(n—1)=0 hoéc f([n/3]) =0 thi f(n) =1
+) Néu f(n—1)=1va f([n/3]) =1 thi f(n) =0
Suy ra: f(1) = f(2) =1, f(3) =0va
fn) =1—=fn=1)f([n/3]) VYn=3 (1)

Tu d6 v6i moi k > 1 ta co:

fBk) =1—=fBk—1)f(k)
fBE+1) =1—fBk)f(k) =1 (1= fBk = 1)f(k) (k)
=1—f(k) + fBk = 1)f(k)

Cong vé theo vé hai déng thic trén ta dugc:

fBR)+ fBk+1)+ f(k) =2 Vk=>1 (2)
Hoan toan tuong tu ta ching minh duge:
fBE+1)+ fBk+2)+ f(k)=2 Vk>1 (3)

T d6 suy ra: f(3k +2) = f(3k) Vk > 1 Hon ntta, tu (1),(2) va (3) ta
con ¢6: Yk > 1 néu f(k) = 0 thi f(k+1) =1 va f(3k) = f(3k: +1) =
f(3k +2) =1. Suy ra, néu f(k) =0 thi f(3k +3) =0. Tu day, vi f(3) =0
nén f((3F—-3)/2=0 Vk>2. Do dé:

f(120) = f((3° = 3)/2) =0
1

FUE2 = 1)/2 = 1= F((3°° = 3)/2) F((3* — 1)/6]) =
FUE™2 +1)/2) = f(2 4 (3% = 3)/2 = [((32 ~ 3)/2) = 0
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Vay:
Néu Ny = 120 thi ngudi B c6 chién lude thang cudc.
Néu Ny = (32992 — 1)/2 thi ngusi A c6 chién luge thang cudc.
Néu Ny = (32992 4 1)/2 thi nguoi B c6 chién luge thang cuoc.
Bai 3. D& thiy, néu goi p 1a uéc nguyeén t6 16n hon v/2m + 1 ctia m thi
p 1a duy nhat va
p>3 (*)

Xét s6 nguyen duong M ma doi véiné ton taitap T = {x1 = m, z9;. .. ;15 =
M} thod man cac diéu kién ctia dé bai. Ta sé chiing minh: M > m + p.

That vay, vi p > v2m + 1 nén p c6 s6 mil 1 trong phan tich chuan ciia
m. Do dé tur gid thiét tich zy25... 2 + k 1a s6 chinh phuong suy ra trong
cic sO Xg, ..., o) phai co it nhat 1 s6 14 boi ctia p. Vi vay M = x, > m + p.

Vi M = m +p, xét tap T = {m;(m/p)(p + 1); ((2m + p)/2p)(p —
1); ((2m +p)/2p)(p + 1); ((m + p)/p)(p1); m + p}. Tu (*) dé dang chiing
minh duge:

+) Tat ca cac s6 thuoc T' déu la sd nguyen duong.

+) m < (m/p)(p+1),(2m +p/2p)(p — 1), ((2m + p)/2p)(p + 1), ((m +
p)/p)(p—1) <m+p

+) Tich tat ca cac s6 thuoc T 1a sé chinh phuong.

Hon nita, néu trong boén s6 (m/p)(p + 1), ((2m + p)/2p)(p — 1), ((2m +
p)/2p)(p + 1), ((m +p)/p)(p — 1) c6 hai s6 trung nhau thi khi b hai s6 d6
ra khoi tap T ta sé nhan dugce tap Ty c6 day du cac tinh chat néu trén.

Cac lap luan néu trén chitng t6 v6i M = m + p ton tai tap T thod man
tat ca cac dieu kién cta dé bai.

Vay, s6 nguyén duong M nhé nhat can tim 1a m + p, trong dé p 1a uwéc
nguyéen t6 16n hon v2m + 1 ctia m.

Bai 4. Xét s6 k bat ky thod man dicu kién ctia dé bai. V6i moi bo
(’él, 'ig, e ,Zk) ma

1<ig<is<---<ix<n (*)
Ky hieu M (iy, ..., 4x) 1a 86 cot chi gom cac 6 duge danh dau ctia bang k x 2n
tao nén tit k hang 7,49, ..., Dat:

M =" M(i,...iy) (1)

¢ day tong lay theo tat ca cac bo (iy,is, ..., i) thod man (*).

V6imdii € {1,2,...,2n, goi m; 1a s6 hang (ctia bang n x 2n) ¢6 6 thit
duge danh dau va goi s; 1a s6 bang k x 2n c6 cot thit ¢ chi gom céc 6 duge
danh dau. Ta co:

si=Cn Vie{l,2,...,2n}, Zmi:nz
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va
2n 2n 2n
M = Zsi = ZC’m > Z(mi—k+1) = n®—2kn+2n = n(n—2k+2) (2)
=1 =1 =1

T (1) va (2) suy ra ton tai (i1, 4o, . .., %) sao cho:

kl(n — 2k +2)

M(iy, iz, ..., ix) > (n(n — 2k +2))/C, = n—k+0)n—k+2)...(n—1)

(Dpem)
Bai 5. Yeéu cau ctia bai ra tuong duong vdéi viéc tim tat ca cac cap da
thic P(z), H(x) € Z[x] sao cho:

(H(x))? - (¢ + 62 + 10)(P(x))* = —1 (1)

Nhan thay, néu cap da thic (P, H) thod man (1) thi cdc cap da thic
(-P,H), (P,—H),(—P,—H) ciing thodA man (1). Vi vay ta chi can xét
cac cip da thic (P, H) v6i P, H thuoc tap hop Z*[z] cac da thiic c6 hé s6
cao nhat 1a s6 nguyeén duong.

Dat Va2 + 6x + 10 = a. T tinh bat kha quy cta tam thic f(z) =
22+ 62 + 10 ta c6 thé dé dang ching minh, bang phuong phap phan ching,
rang o khong thé biéu dién dudi dang A(z)/B(z), trong d6 A(x) va B(z)
12 céc da thitc v6i hée s6 thiye. T d6 suy ra v6i mdi n € N, ton tai duy nhat
cap da thic M(x),T(z) € Z|z| sao cho:

(x4 3+ a)* = M(x) + oT(z)

Tiép theo ta c6 cac nhan xét sau:
Nhan xét 1: Néu M (z),T(z) € Z[z] va

(x+3+a)"™ =M@)+al(z), neN (2)

thi (M(z))? — (2? + 6x + 10)(T'(x))* = —1.
Chitng minh. V6i n € N, tit tinh duy nhat ctia biéu dién (2) ta c6

(z+2— )™ = M(z) — oT(z) (3)
Nhan (2) vé6i (3) vé theo vé, ta duge diéu can chiing minh.
Nhan xét 2: Néu da thiic hing S(z) va da thic G(z) € Zt[z] thoa
man hé thitc
(G(2))* — (2 + 62 +10)(S(z))*> =1 Vo eR

thi S(z) =0 va G(x) = 1.
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Chitng minh. D& thay phai c6 degG < 1. Tt day dé dang suy ra diéu
can chitng minh.

Nhan xét 3: Néu P(z), H(z) € Z*[x] thod man (1) thi ton tai s6 tu
nhién n sao cho P(z) = T'(x) va H(z) = M(x), trong d6 M(z) va T'(x)
duge xac dinh theo (2).

Chitng minh. D& thay ton tai s6 tu nhién n sao cho

degT < degP < degT™ (*)

trong d6 T*(x) 1a da thic duge xac dinh theo (2) tng véi n + 1. Xét cac da
thic H*(x) va P*(x) xac dinh bdi:

(H(z) + aP(2))(M(x) — oT'(x)) = H*(z) + aP*(z)

Ta c6: (H(z))?* — (2% + 62 + 10)(P*(z))* = 1.
Mit khac, lai co:

P*(z) = P(x)M(x)—H(z)T(x) = [(T(CB))z—(P(I))z]/[P(JE)M(SE)JrH(I)T(g)]
Vi degT = 2n va degT™* = 2n+2 nén tit (*) ta thay c6 thé x4y ra hai trucng
hop sau:

Truong hop 1: degP = degT = 2n. Khi d6 deg[(T(z))* — (P(x))?] < 4n
va deg[P(x)M(z) + H(z)T(z)] = 4n + 1. Vi vay (4) tuong duong véi

(T(x))* — (P(z))*=0 va P*(x)=0.

Truong hop 2: degP = degT + 1 = 2n + l.deg[(T(x))* — (P(x))?] =
dn + 2 va deg[P(x)M(x) + H(x)T(x)] = 4n + 2. Vi thé tu (5.4) suy ra
P*(x) 1a da thitc hing. Do d6, theo nhan xét 2, ta phai c6 P*(x) = 0 va
(T(x))* — (P(z))? = 0. Suy ra degP = degT, trai v6i gia thiét ban dau.
Mau thuan nhan duge cho thiy trudng hgp nay khong thé xay ra.

Nhan xét 3 duge chiitng minh.

T ba nhan xét néu trén suy ra tat ca cac da thitc P(x) can tim theo
yéu cau clia dé ra:

P(z)=%((z+3+ )™ — (2 +3 - )™ /20
Bai 6. Vi mdi tap hitu han T cac s6 nguyén duong dat:
D) =1[t-> ¢

trong do tich va tong lay theo tat ca cac s ¢ thuoc T.
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Xét tap Ag = {1,2,4,...,2%92} D@ thay max Ag < [[a — 1 (tich lay
theo tat cd a € Ag) v D(Ag) > 0. Xay dung tap A; = AgU {[Ja — 1}. Ta
Cé A1| = |A0| + 1 Vgl

D(A) = [Ja=> =[] a(JJe—1)-_a*+(Ja—1)?) = D(Ag)—1 >0

Trén co sé tap A; ta xay dung tap As theo cac xay dung A; trén co s6
Ap. Qua trinh xay dung trén dude tiép tuc mot khi ta con nhan duge tap
A; ¢6 D(A;) > 0. Vi sau mdi lan xay dung so6 phan ti clia A; tang 1 va
D(A;) gidm 1 nén ton tai k sao cho |Ax| > 2002 va D(A;) = 0. Gia su
A ={a1 <az <--- < ap}. Khidé a,, sé 1la nghiém nguyén duong ciia tam
thiic v6i hé s6 nguyen:

FX)=X2— (ﬁai)x+§a2

T d6 suy ra biét thitc A ctia f phai 1a s6 chinh phuong va ta cé diéu phai
chiing minh.

2.9 Dap an chon dé6i tuyén nam hoc 2003 -
2004

Bai 1. Xét tap hop

So = {pl, P2, -+, P1001, P1002; P1-P10035 P2-P1004, ---5 P1001-P2003, P1002-P2004}

trong do P1, P2, .-, P2003; P2004 1a 2004 s6 nguyen t6 phan biét 16n hon 1.

Dé thay tap Sp néu trén cé cac tinh chat nhu dé bai yéu cau. Hon nita,
ro rang trong 1002-tap con {p1,pa, ..., Proo1, Prooz} ciia So khong c6 hai s6
nao ma udc chung 16n nhat ctia cing khac 1. Suy ra k& > 1003.

Xét mot tap S tuy ¥ thod man cac yéu cau ctia dé bai. V6i méi s6 s € S,
ky hieu g(s) 1a s6 cic s6 thuoc S khong nguyén t6 cing nhau véi s. Tt cac
gid thiét ctia bai toan suy ra g(s) > 1 va g(s) = g(t) v6i moi s,t € S. Nghia
1a g(s) = m Vs € S, trong d6 m 14 mot hang s6 nguyen duong.

Xét mot 1003-tap con T tuy ¥ ctia S. Ta sé chitng minh réng trong T
ton tai hai s6 phan biét ma wéc s6 chung 16n nhat ctia ching khac 1.

That vay, gid sit ngude lai rang trong T khong c6 hai s6 nao ma uée s6
chung 16n nhat ctia ching khac 1. Khi d6, ki hieu

A={ac S|t eT,(a,t)#1}
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taco ANT = (. Va vi thé
A < 2004 — 1003 = 1001 (1)

Mit khac, do s6 s6 thuoc S (ké ca lap) ma mdi s6 déu khong nguyen t6
cting nhau véi it nhat mot sé thude 7 1a 1003m va méi s6 bi tinh lap toi da

m ],\\ ~

= 1003 (2)

Mau thuan gitta (1) va (2) chiing t6 diéu gia st 6 trén la sai. Vi thé, ta c6
diéu mudn ching minh.
Tom lai, tir cac chiing minh trén ta duge ki, = 1003.

Bai 2. i) Dé thiy, néu a = 0 thi cac ham s6 f(z) = 0va f(z) =1 1a
cac ham s6 thod man cac dieu kién ctia dé bai. Vi thé o = 0 khong phai 1a
gia tri can tim.

i) Xét o # 0.

Thay = = 0 vao hé thitc ctia dé bai

F@®+y+ fy) = (f(2))* +ay (1)

ta duoce
flz+ fy) = (f(0))* +ay Yy R (2)

T d6 suy ra f 1a toan anh tit R len R. Do d6, ton tai ¢ sao cho f(zg) = 0.
Thay y = 0 vao (1), ta dugc

f@®+ £(0)) = (f(2))* Vy€R (3)

Lan lugt thay o = 2o va 2 = —x¢ vao (3), ta duge

0= f(z5+ f(0)) = (f(~=0))*.

T day suy ra f(—z0) = 0. T do, lan luot thay y = zo vA y = —x¢ vao (2),
ta duoce
(f(0)* +awg =0 va (f(0))* + a(—w9) =0

hay f(0) =0 va 2o = 0. Nhu vay,
flz)=0<2=0 (4)

Do dé, tit (2) ta ¢
fly+fly) =ay vy eR ()
va tir (3) ta co
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T (1) va (6) suy ra
flx+y+fly)=fx)+ay Vo >0, Vy eR (7)

Xét X >0 tuy y. Trong (7), thay z = X, y = —@, ta dugc

(1 ()

«

T do, theo (4) ta c¢6

- L0 (10

hay
. e ©
Suy ra i i
100 = {2 (2oL e

T d6, do X tuy ¥ va do (4), suy ra f(z) 1a ham s6 1& tren R. T (8), do
X >0 tuy ¥, suy ra ham s6 g(z) = o + f(x), Vo € R, nhan moi gi4 tri thuc
khong duong. Ma, dé thay, g(z) 1d ham s6 1é tréen R nén suy ra g(x) nhan
moi gié tri thyc. Vi thé, ham s6 ¢ 1a mot toan anh tit R lén R.

Xét x>0,y € R tuy ¥. vi g 1a mot toan anh tit R lén R nén ton tai
Yo € R sao cho yo + f(yo) = y. Do d6

fla+y)= flx+y+ f(yo)) = f(z) + ayo
= f(z) + flyo + f(o) = f(x) + f(y)

Suy ra
fla+y)=f@)+ fly), Yo,y >0 (9)
Hon nita tit (6) va (4) suy ra f(x) >0, Vo > 0. Tu dé véiz >y > 0, ta
c6 0 < f(r —y) = f(z) — f(y), hay f(z) > f(y). Nhu vay
f(x) 1a ham s6 dong bién tren R (10)

Tu (9) va (10) suy ra f(z) = ax Vx € RT trong d6 a 1a mot hang sd thue.
Tu day, vi f 1a ham s6 1é tren R nén f(z) = ax, Vo € R.
Nguge lai, thay f(z) = az vao (1) ta duge

a(z? +y + ay) = a*x* + oy, Vr,y € R.
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Suyraa=a?vaa+a?=a,haya=1,vaa=2,do «a# 0. Dé thay, véi
«a = 2 thi ham s6 f(x) = x, * € R, thod man tat ca cac dieu kién cta deé
bai.

Tém lai, cac két qua da thu duge 6 trén cho thay: C6 mot va chi mot
ham s6 f : R — R thod man hé thic ctia dé bai khi va chi khi o = 2.

iii) Vay, tat ca cac so thuc o thod méan yéu cau ctia dé bai la a = 2.

Bai 3. 1) Coi H la giao diem ctia C M va PQ Ta can ChU_’ng minh PH =
HQ@. Xét hai tam giac BOCK va M BK ¢6 MBK = C’KB CBK = KMB
vi cling chan cung BC cta dudng tron tam O;. Do d6 ABCK «~ AMBK,
suy ra

o0 (1)
MB BK

Tuong tir ta c6 AACK «~ MAK, suy ra
AC_CK @
MA AK

Ma AK = BK nen tit (1) va (2) ta dugc

BC  AC

VB~ A (3)

Bay gis ta chu’ng minh hai tam glac M PB va C’QB dong dang. That vay,

BMP = BC’Q, vi cting b v6i AC’B MPB = C’QB vi cting chan cung AB
cua duong tron tam Oy. Do do, AMPB «w ACQEB. Suy ra,

BC —CQ

BM ~ MP (4)

Tu (3) va (4) ta dugc

AC_CQ | CQ MA

WA P M aaap Tt (5)

Ap dung dinh 1§ Menelauss cho tam gidgec APQ véi cat tuyét MCH, ta dudc

HP CQ MA ©)
HQ CA'MP

Tu (5) va (6) suy ra PH = HQ.

2) Ta ¢6 CBM = PAQ = QBP, BCM = BAM = BQP. Do d6
ABCM «~ ABQP. Vi thé, ton tai phép dong dang f tam B bién ABCM
thanh ABQP.
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Vi cac diém B, C, M nam trén (O;) va cac diem B, Q, P nam trén (Oy)
nén f bién (O) thanh (O,). Goi N la giao diém thit hai ctia AK va dudng
tron (Oy), ta cd

CBA = QAN = QBN

Ma f bién C thanh @Q nén tit d6 suy ra f bién A thanh N. Vi thé, phép
dong dang f bién giao diém K ctia cac tiép tuyén tai A va B clia duong
tron (O;) thanh giao diém L clia cac tiép tuyén tai N va B ctia dudng tron
(O3). Vi A, K 1a cac diém cb dinh nén N ciing 1a diém c6 dinh. Do dé L 1a
diém ¢6 dinh.

Vi f bién cac diém M, C' thanh céac diém P, Q va K nim trén MC nén
L nadm trén PQ. Vi thé, duong thing PQ luon di qua mot diém c6 dinh khi
diém M di dong trén duong tron (Oy).

Bai 4. 1) Bing cach tinh toan tryc tiép, ta c6 x3 = 1201 va x4 = 2003.
Viét lai he thitc xac dinh day (x,,) dudi dang

Tpio — Tpil — Ty = 24/ Tpi1Ty — 2 Vn > 1.
T do suy ra
:Bi+2 + :Biﬂ + 22— 20 0Tpi1 — 2TnyoTy + 2012y = H(Tpi1T, — 2)
Do do

220+ 22— 2T 0Tng1 — 2Tnt2Ty — 2Tp1 Ty +8 =0 Vn > 1 (1)

:Bi+3 + :Bi+2 — 21 3Tns2 — 2Tp43Tnt1 — 2Tpi0Tps1 +8 =0 Vn >0 (2)
Lay (2) tru (1), ta dugce
(T3 — Tn)(Tpas + Ty — 20p10 — 22501) =0 VR > 1 (3)
Dé thay day (x,) 1a mot day tang. Vi thé, tit (3) ta dugc
Tpag +Tp — 2Tpy0 — 20,01 =0 Vn > 1.

hay
Tnt3 = 2In+2 + 2vl’n—l—l — Tn, vn >1 (4)

Ma x1, 29, 23 13 cdc s6 nguyén duong nén tit (4) suy ra z, 14 s6 nguyén
duong véi moi n > 1.

2) V6i moi s6 nguyen duong n, ky hieéu 7, 1a s6 du trong phép chi z,
cho 10*. Khi do, tir (4) ta c6

Tnis = 2rpio — 1 (mod 10%), Vn >1 (5)
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hay
Tn = 2Tpio + 2rpp1 — ez (mod 10%), Vn >1 (6)

Xét day cac bo ba sb

(Th T2, T3)7 (T27 T3, T4)> sy (Tm Tnt1, Tn+2)> (Tn+1> T'n42, Tn+3)>

Day trén c6 vo s6 bo so6. Tuy nhién, do r, € {0,1,2,...,10* — 1} ¥n > 1
nén chi c6 hitu han bo doi mot khac nhau (t6i da 1a 10" bo). Vi thé, theo
nguyén 1y Dirichlet, ton tai hai bo triing nhau. Nghia la, ton tai cic s6
nguyén duong m, k sao sao cho

(Tm> T'm+1, Tm+2) = (Tm-i—k, T'm4k+1, Tm+k+2)-
Tu d6, nho (6) dé ching minh duge
(71,72,73) = (Thi1, Thi2s The3) (7)

T (7), nho (5), bang phuong phap quy nap theo n dé dang chiing minh
duge day (r,,) 1a day tuan hoan, ké tit s6 hang thit nhat. Ma 4 = 2003 nén
suy ra c6 vo sd s6 nguyén duong n sao cho r, = 2003. N6i cach khac, ton
tai vo s6 so nguyen duong n sao cho biéu dién thap phan ctia z,, ¢6 bon chit
s6 tan cling 1a 2003.

3) Véi mdi s6 nguyen duong, ky hiéu s, 1a s6 du trong phép chia z,, cho
4. Khi do6, tu (4) ta duge

Sn+3 = 2Sp42 + 28p41 — S, (mod 4) Vn > 1 (8)

Bing cach tinh toan truc tiép, ta c6 s; = 3,80 = 2,53 = 1,54 = 3,55 =
2,86 = 1. T d6 suy ra s; = 84,82 = 85 va s3 = 5. Tt day, nho (8), bang
phuong phap quy nap theo n, dé dang chitng minh duge day s,,) 1a day tuan
hoan theo chu ky 3. Vi thé s, # 0 véi moi n € N*. Suy ra, véi moi n € N*,
2, — 2004 khong chia hét cho 4, va do d6 khong chia hét cho 10%. N6i cach
khac, khong ton tai s nguyén duong n sao cho x,, c6 bén chit s6 tan cling
1a 2004.

Bai 5. Déult AA1 = a,331 = b,CCl = C,DDl = d,EEl = €,FF1 =
f, AlBl =T, 3101 = y,C’lDl =z, D1E1 —t E1F1 = u, F1A1 = .

Goi B, 1a diém déi leg v6i B qua AlBl, C, la diém déi xing véi C
qua B;Cy. Khi do, do A13101 = 120° nén 323102 = 60°. Suy ra tam giac
ByB,C5 1a tam giac déu. Vi thé BoCy = b. Do d6

a—l—b—l—c: AlBg —I—BQCQ —|—0201 Z A101 (1)
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Mit khéc, theo dinh 1y ham s6 cosin ta c6

3
A101=\/:E2+y2+wyy2§(w+y) (2)
Tu (1) va(2) suy ra

a+b+02§(x+y) (3)

Vi cac canh cta luc gidc BACDEF ¢6 vai trdo nhu nhau nén tit (3) suy
ra ta c6 cac bat dang thc

V3 V3

3
b—l—c—l—dz\/T_(y%—z); c+d+627(z+t); d+e+f27(t+u);
3 3
e+f+a2\/7_(u+v); f+a+bz\/7_(u+x).

Cong vé theo vé bat dang thiic (3) vi nam bat ding thiic trén, ta duge

V3

a+b+c+d+e+f2?(x+y+z+t+u+v)

hay p > 2¥%3p,.
Dau dzzmg thitc xdy ra khi va chi khi luc gidc ABCDEF 1a luc giac deéu.

Bai 6. Dat s = |9] va f(n) = |[S,| Vn € N. V6i moéi n € N, ki hiéu
R, ={a+x |z € S,_1}. Rorang, R, la mot tap con cua S, va |R,| = [S,_1]
nén

f(n) =|Rn| + |S:\Rn| = f(n — 1) +|S,\Rn|, VYn €N.
Dat m = s(a — 1). D& thay tong ctia n > m s6 thuoc S phai chita it nhat a
s6 hang tring nhau. Do d6, véi luu ¥ rang

d+d+---+d=ag+a+---+a VdeS.

a s6 hang d s6 hang

suy ra tong cia n > m s thuoc S phai thuoe R,,. Vi vay, S,\R, 14 mot tap
con cua S,,. Do do
Se\Ry = Sp\R, Yn>m.

Dat & = (m — 1)a. R6 rang, véi n > k thi mdi s6 thuoc R,\R,_; déu l6n
hon ho#c bang

a+n—1>a+k=a+(m—1)a=ma.
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Do moi 86 ctia S,,\ Ry phai nhoé hon ma nén S,,\R, = S,,\R,_1 v6i moi
n > k. T d6 suy ra S,\R, = Sn\ Rk, va do do6

1S, \Ru| = [Sm\Ri| = |Sk\Rk| ¥n > k.
Vi thé, dat b= f(k) — k|Si\Rx|, ta c6
f(n) = fn—=1)+|S\Rk| = (n—k)[Sk\Ri| + f(k) = n|Si\Rk[+b Vn > k.

Tiép theo, ta chiing minh |Si\Rx| = a. That vay, xét cac truong hgp sau:
Truong hop 1. s = 2. Khi d6 k = 2a® — 3a > a. Gia st S = {c,a}. Do
(c,a) = 1 theo gia thiét ctia dé bai, nén Si\ Ry = {0,¢,2c, ..., (a — 1)c}. Vi
vay |Sk\Rk| = a.
Truong hgp 2. s > 2. Goi ¢ 1a 86 nhé nhat trong S, ta c¢6 (c,a) = 1.
Vi thé, theo ching minh & truong hop 1, ton tai s6 nguyén té b’ sao cho
f(n) > an + b v6i moi n > 2a*. Do d6, néu |Sp\Ry| < a—1 thi

an+b < f(n) =n|S\Rx| < (a — 1)n +b.

Suy ran < b—V, la ditu vo 1i vi n c6 thé 16n tuy §. Nhu vay, phai co
|Sp\Rx| > a. Vay, tom lai, ton tai s6 nguyen duong k va sb6 nguyen b sao
cho

|Sp| = an+b v6i moi n > k.



