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Chuong I
VECTO

§1. VECTO. CAC PHEP TOAN VECTQ

A. TOM TAT Li THUYET

I - DAI CUONG VE VECTO
1. Vecto

~ Vecto 1a moét doan théng trong d6 di chi ré diém muit ndo 12 diém ddu, diém
mit ndo 1a diém cuéi.

— Di€m ddu va diém cu6i cila vecto theo thit tu goi 12 g6c va ngon clia vecto.

— Huéng tir g6c t6i ngon cila vecto duge goi 12 hudng chia vecto.

- Vecto cé goc A, ngon B dugce ki hiéu 12 AB.

— Do dai ciia doan thing AB duoc goi 12 d6 dai cha vecto AB (hay mddun cua
vecto AB), ki hiéu 1 |AB|.

— Vecto cé gbc va ngén trung nhau dugc goi 1a vecto—khong, ki hiéu 1a 0.
Vecto 0 c6 huéng tuy ¥ va c6 d6 dai bing 0.

2. Vecto biang nhau

~ Gi4 clia vecto AB (khdc 0) 1a dudng thing AB. Gi4 clia vecto—khong AA
12 dudmg thing bat ki di qua A.

— Hai vecto dugc goi la cuing phuong (hay cong tuyén) néu gid clia chiing song
song hoac trung nhau. Néu AB cung phuong véi @, ta viét AB//CD.

Hai vecto cling phuong c6 thé ciing huéng
hoac nguge hudng. Néu hai vecto AB va CD
cing huéng, ta ki hieu AB ™ CD (h.1-1).
Néu hai vecto AB va CD nguoc hué’né, ta ki

hiéu AB N CD (h.1-2). Vecto 0 cung
phuong va cuing huéng véi moi vecto. Hinh 1-1




Chu y. Khi néi hai vecto cung huéng
hay nguoc huéng cé nghia la chiing da cung
phuong.

Néu gia clia a song song hodc tring véi
dudng thing A, ta cling viét a // A.

— Hai vecto goi 12 bdng nhau néu chiing
cing hudéng va cung d¢ dai. Néu hai vecto
AB, CD bing nhau, ta viét AB = CD. Hinh 1-2

3. Vecto tu do

Cé rat nhiéu vecto bang mot vecto AB cho truée. Tap hop cdc vecto nay duoc
coi 1a mét vecto (vecto tu do). Mot vecto tu do hoan toan xdc dinh n&€u bi€t huéng

va do dai chia né. Vecto tu do thudng duge ki hiéu don gian 12 a, b, X, ¥,...

4. Phép dung vecto

_

Cho trude vecto a. Vi mdi diém M, tén tai duy nhat diém N sao cho MN = a.

I - CAC PHEP TOAN VECTO

1. Phép cong cac vecto

— Téng cta hai vecto 3 va b dugc xdc
dinh nhu sau : Tir mot diém O tuy y, dung

OA = i, trAta dung ti€p AB = b. Vecto OB

dugc goi 12 vecto tdng chia hai vecto & va b,
ki hiéu 3@ + b (h.1-3)

0]

. Hinh 1-3
Tir dinh nghia, ta c6 ngay cc quy tic quan trong sau

« Quy tic ba diém :
AC = AB + BC.
Quy tic md rong cho n diém :

e Quy tic hinh binh hanh (h.1-4), :
ABCD Ia hinh binh hanh thi

AC = AB + AD. Hinh 1-4




— Tinh chat cta phép cong cic vecto :
ed+b=b+a (giao hodn).
5+(B+‘c‘) =(5’+5)+6 (két hop).

ea+0=a2.

a+(-3)=0

Chii $. Nho tinh chdt két hop, cdc téng 3 + (b + ), (F+b)+ ¢ duoc viet
don gidn1a @ + b + ¢.

2. Phép trir hai vecto

— Hai vecto goi 1a déi nhau néu téng cla chl’ing bing 0. Vecto d6i clia vecto
a duge ki hiéu 1a -a.

R6 rang, hai vecto 1a d6i nhau khi va ch1 khi ching ngugc hudng va cé cung

do dai. Dac biét, BA = -AB.
— Hiéu clia vecto @ va vecto b, ki hiéu 3 — b, Ia tong clta a va (-B). Nhu vay :
i-b=3a+(-b).
Ta c6 hai quy tic quan trong d6i vé6i phép trix vecto :
/T = OB - OA Ol diém tuy ¥).
=b+¢ < a—b=2 (quy thc chuyén vé).
3. Phép nhan mét vecto véi mot so thue
— Tich cta s6 thuc k véi vecto @ 1a mot vecto, ki hiéu ka, dugc xdc dinh
nhu sau :
eNéuk=0hoic 3 =0 thi ki = 0.
eNéuk>0va @ # 0 thi ki ™ @ va lkdl = k.[al.
eNéuk<Ova & =0 thi ki TN @ va kil = —k.[4l.
Hé qud
e Néu k2 = 0 thi k=0 hoic 3 = 0.
o [kal = [kl.1al.
— Tinh chit :
e 1d=3;(-1)d = -4

e k(la) = (kl)a.




o (k+ D)3 = ki + [3.
ek(Z+b)=ki+kb: k(i -b) = k3 - kb.

B. CAc viDU
Vi du 1.1, Cho hai vecto bat ki &, b. Ching minh ring :
a) 3 11 b < [bla = lal b.
iMoo |B|.a = —[al b.
Gidi. a) e Néu @ = 0 hoac b = 0, ménh dé hién nhién ding.

l

-

eNeui#0,b=0vaa TTB tacd
Al >0,[6l > 0= [6la 1M a, 361 b= lola M IElb.
Mt khéc |[6].3] = 12.8] = [3l.l6].
Theo dinh nghia hai vecto bang nhau, ta c6

b3 = [al b.

Hién nhién ¢6 diéu ngugc lai.
b) Chimg minh tuong tu ciu a).
Nhdn xét. Néu b = 0, tacé :

la

aTTB@a=HB | ()
iNbeoi ;:‘ b. Q)

Céc diéu kién (1) va (2) thudng dugc dung dé giai nhiéu bai todn khéc.

Vi du 1.2. Cho ba diém phan biét A, B, C. Ching minh ring A, B, C thing
hang khi va chi khi AB//AC.

Gidi. - N&éu A, B, C théng hang thi AB va AC c6 cung gia = AB// AC
(dmh nghia).

— Néu AB /l AC thi céc duong thérfg AB va AC song song hodc tring nhau.
Vi hai dudng thing niy c6é chung diém A nén chiing tring nhau Vay A, B, C
thing hang.
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Vi du 1.3. Cho hai diém A, B phan biét va hai s6 o, p khéng dong thdi bang 0.
Chiing minh rang : '

a) Néu o + B = 0 thi khéng tén tai diém M sao cho
aMA + Bﬁﬁ = 0.
b) Néu o + B # O thi tén tai duy nhat diém M sao cho
aMA + Bl\_/[ﬁ = 0.
Gidi. a) Gia sit o + B = 0 ma c6 diém M'sao cho oMA + BMB = 0.
Suy ra oaMA — aMB = 0 :>a(i\7IX~1\—7I§)=(_)':>oc.i3—K=(—)'.
Vi BA # 0 néno=0=>P=0: mau thudn. Vay khong t6n tai diém M.
b) Gidsit o + B # 0, tacé oMA + PMB = 0
& —am+ﬁ(ﬁ~—m)=6
& (o + B)AM = PAB

oAM= —P_ 2B
a+p

Péng thitc cudi ciing chiing tb su t6n tai va duy nhdt clia diém M, déng thdi
chi ra cich dung diém M. A

Vi du 14. Cho tam gidic ABC.
Chitng minh ring : diém M la trung diém
cta BC khi va chi khi

—_

AM = %(Kﬁ +AC).

Gidi (h.1-5). V6i moi diém M, ta c6 :
AM=AB+BM . . ., . __
—_ —_— -—-—~:>2AM=AB+AC+BM+CM
AM = AC + CM
Tir d6, M 1a trung diém cita BC khi va chi khi BM + CM = 0
& 2AM = AB + AC

Qm%(xmrc).




Vi du 1.5. Cho tam gidc ABC. Chiing minh diém G 12 trong tdm clia tam gic
ABC khi va chi khi
GA +GB + GC = 0.
Gidi (h.1-6). Goi M 1a trung diém

canh BC, ta c6

_ —_— —_ -

GA+GB+GC=0

¢:>5K+26ﬁ=5

G thudc doan AM
GA =2GM

Hinh 1-6

< G la trong tam AABC.

Hé qud. G 12 trong tam AABC khi va chi khi MG = %(m + MB + MC) vi
moi diém M.
Vi du 1.6. Ciac tam gidic ABC va A'B'C' ¢6 trong tam l4n lugt 12 G va G'.
Ching minh ring :
GG’ = 5(AA" + BB + C).
é}idi. Tacé
GG' = GA + AA' + AG
GG'=GB +BB' +B'G'
GG - GG+ TC + TG
Cong titng v€ ba ding thic trén ta ¢ :

—_— e ——

3GG' = (GA + GB + GC) + (AA' + BB' + CC') +(AG + B'G' + C'G")
- AA + BB + CC.".
T v O el
Vay GG' = 3(AA +BB' +CC). .
Hé qua. Hai tam gidc ABC va A'B'C' c¢6 ciung trong tam khi va chi khi
AA'+BB' +CC' = 0.

10




Vi du 1.7. Cho luc gidc ABCDEF. Goi M, N, P, Q, R, S lan luot la trung diém
clia cdc canh AB, BC, CD, DE, EF, FA. Ching minh ring hai tam gidc MPR va
NQS c6 cung trong tam.

Giai (h.1-7) .

Cdch 1. Gia st G 1a trong tam AMPR, khi dé

GN + GG + GS = 4(GB + GC) + 3(GB + GE) + 5(GF + GA)
- 1(GA +GB) + (¢ + GD) + 5(GE + GF)
= GM + GP + GR
| _5.
Vay G ciing 1a trong tam ANQS.
Cdch 2. Theo tinh chét dudng trung binh cua
tam gidc ta c6

W+§6+ﬁ=%ﬁ+%6ﬁ+%ﬁx

- 1(AC + CE + EA)

-3 _ Hinh 1-7
Theo hé qua VD 1.6, cdc tam gidc MPR va NQS c6 cung trong tam.

Vi du 1.8. Cho tam gidc ABC c6 trong tam G, M la diém tuy ¥. Goi Ay, By, G
14n luot 12 cdc diém d6i xing ciia M qua céc trung diém 1, J, K cha céc canh BC,

CA, AB.
2) Chiing minh AA,, BB,, CC, déng A
quy tai trung diém ctia mdi doan (goi 12
diém O).
b) Chimg minh M, O, G thang hang.
Gidi (h.1-8) XX
a) Taco
— — B C
MA + MA, = MA + MB + MC.. - ™N\
o A
Tuong tr, MB + MB, = MA + MB + MC ;
Hinh 1-8

MC + MC, = MA + MB + MC.
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Suy ra MA + MA, = MB + MB, = MC + MC,.

Tir d6 suy ra cic doan AA,, BB,, CC; ddng quy tai O 1a trung diém ctia méi
doan (ban doc tu kiém tra).

b) Tir két qua vira chimg minh ta c6

2MO = MA + MA, = MA + MB + MC = 3MG.
Suy ra MO//MG => M, O, G thing hang.
Vi du 1.9. Cho tam gidc ABC, M 1a mot diém trén canh BC. Chiing minh ring

A_l\/i = ﬂ:— E + I—\/I—B‘—A—é .
BC BC A
Gidi N
Cdch 1 (h.1-9). VE MN // AC (N € AB).
Ap dung dinh Ii Ta-1ét ta c6

AN = N5 _MC-=

AB BC 5 L .
— NM-— MB-—
NM =735 AC=ggAC Hink 1-9
= = . o MC— MB—
= AM = AN + NM = == AB + = AC

Cdch 2.
AM=AB+BM [MCAM = MC.AB + MC.BM
{KM _AC+TM {MB.m = MB.AC + MBCM
Cong timg v€ cia hai déng thic, v6i chi y ring hai vecto MCBM va
MB.CM 14 hai vecto d6i nhau (ngugc huéng va cling do dai), ta cé :

BC.AM = MC.AB + MBAC

— MC-— MB-—

Vi du 1.10. Cho tam giéc ABC va mot diém M thod man BM = kBC. Chiing
minh ring '

AM = (1 - k)AB + kAC.
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8.

Gidgi.  BM = kBC = AM - AB = k(AC - AB)
= AM = (1 — k)AB + kAC .
Nhdn xét

— Né&u M 1a trung diém cta BC thi k = —21—, ta nhan dugc két qua trong VD 1.4.

— Néu M thudc doan BC thi k = -—1]\3%3, ta nhan dugc két qua trong VD 1.9.

— Két qua trén con dugc viét dudi dang sau :
Néu MB = kMC (k # 1) thi
— AB-KkAC
AM = T

(Sau nay ta s& thdy c4ch biéu dién AM qua .K_]i, AC nhu trén 12 duy nhat).
Vi du 1.11. Cho tit glac ABCD. Cic di€ém M, N l4n luot thudc cdc doan AD,
BC sao cho
MA _NB m
MD NC n
Ching minh ring

i nﬁ+m5€

MN = -
m+n

Gidi (h.1-10). Ta c6 | B
MN = MA + AB + BN 1\//\[ N
MN = MD + DC + CN s
nmznm+nA_‘B+n§ﬁ C
=< T Hinh 1-10
mMN = mMD + mDC + mCN
:(m+n)MN=(nMA+mMD)+(nE+mFC) +(n§ﬁ+m€ﬁ)

=6+(nTB+mﬁ)+6

m+n

Nhdn xét. — Khi A = D, ta nhan dugc két qua trong VD 1.10. (Lwu y ring

NB = -ZNO).
n
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— Khi M va N 12 trung diém céc canh AD va BC, ta cé6 MN = -;-(TB +DC).

— Két qua trén vin ding khi A, B, C, D 12 bon diém bat ki (khong phai 12 bon
dinh cha mot td giac 16i).

Vi du 1.12. Hai doan AB, CD bing
nhau va truot trén cic canh Ox, Oy clia
géc xOy, A thudc doan OB, C thudc
doan OD ; I, J theo thi tu 12 trung diém
cua AC, BD. Ching minh ring IJ luén
song song v6i phan giic cla géc xOy va
do dai IJ khong déi.

Gidi (h.1-11). Trén Ox, Oy ldy céc Hinh 1-11
diém X, Y sao cho OX = OY = AB=CD. ‘

Dung hinh thoi OXMY thi OM I phan gidc ctia géc xOy va diém M c¢6 dinh.

—

Tacs if = 5(AB + CD) = 7(0X + OY) = LOM.
Vay 1J song song véi phan gidc cta géc xOy.
Hon thé, U = [T] = %loﬂl = %OM (khong déi).

Vi du 1.13. Cho tit gidc ABCD. Hai diém M, N thay déi trén c4c canh AB, CD
sao cho : .

AM CN A M __B
AB CD
Tim tap hop céc trung diém I cia MN.
Giai (h.1-12).
Phdn thudgn. Theo gia thiét ta c6
AM = kAB, CN = kCD (0 < k < 1),
Goi P va Q 14n luot 12 trung diém cta AC va BD. Hinh 1-12

Ta c6 (theo VD 1.11) :

N C

Pi = 2(AM + ON) = k(B + CD). o
PQ = %(E+CT)). | @
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Tur ‘(l) va (2) suy ra ﬁ = kﬁa, chitng 6 P, I, Q thing hang. Vi 0 <k <1 nén
I thudc doan PQ.

Phdn ddo. Ban doc tu chiing minh. ,

Két ludgn. Tap hop céc trung di€ém I clia doan MN 1a doan PQ.

Vi du 1.14. Cho tam gidc ABC. Tim diém M sao cho

a) ﬁ+2WB+3W=5.

b) MA + 2MB - 3MC = 0.

Gidi (h.1-13).

a) Cdch 1. MA + 2MB + 3MC = 0

@MX+2(W+:X§)+3(M—A+R)=5

1]—

@6ﬂ+2ﬁ+326=6®m=%2f3+-2-m.
Vay M 1a dinh thi tu chia hinh binh hanh APMQ, trong d6
— 1

— —_— 1-——»
AP = 2AB, AQ = 5 AC.

Cdch 2. L4y E trén AB sao cho EA = —2EB hay EA + 2EB = 0 (xem VD 1.3).
Khi d6 MA + 2MB + 3MC = 0
@(Mﬁ+ﬁ)+2(ﬁ+ﬁ)+3m=6
@3@+(EK+21§)+3K/I—E=6
< 3ME+3MC =0
& ME + MC =0 E
<> M la trung diém ciia EC.

b) Vin ldy E nhu a). B ‘ C
Tacod: Hinh 1-13

MA + 2MB - 3MC = 0 < 3ME - 3MC = 0
& ME = MC < E = C : vo li. Vay khong tén tai di€m M tho man dé bai.

Vi du 1.15. Cho tam gidc ABC va ba s6 thuc a, B, y. Ching minh ring vecto
G(M) = aMA + BIT/I_E + yl\Td
khéng phu thudc vi tri chia M khi vachikhia + B +y=0.
15
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Gidi. Ta c6
iM) = o(MA - MC) +p(MB - MC) + (a + p +7) MC
=aa+BEﬁ+(a+B+y)W. ,
Vay u(M) khong phu thu@c vao M khi va chi khi (o + B + y)ﬁ khong phu
thuéc vaio Mhay o + p +v =0.

Vi du 1.16. Cho tam gidc ABC va ba s6 «, B, y khong déng thdi bang 0.
Ching minh ring :
a) Néu a + B + y # O thi tén tai duy nhat diém I sao cho
alA + BIE + yfé = 0.
b) Néu a + B + y = O thi khong tn tai diém M sao cho
aMA + Bl\_;l—]g + yifl_é = 0.
Gidi. a) Via+B+y#0=>(a+B)+ (B +y)+ (y+ o) # 0 nén mét trong ba
s6 o+ B ;B +7;y+akhdc khong.
Chéng han o + B # 0. Theo VD 1.3, tén tai diém E sao cho : oEA + BEE = 0.
Khi d6
alA + BI_B. + yI_Cf =0

@a(ﬁ+ﬁ)+ﬂ(fﬁ+ﬁ§)+yﬁ=6
@(a+[3)ﬁ+(aﬁ+ﬁﬁ§)+yfé=6

<:>(oc+B)ﬁ+yI—(—f=6- (*)
Vi (o + B) + 7 # 0 nén theo VD 1.3,t6n tai duy nhat diém I thod man (*).

b) Gia sir ton tai diém M thoa mén ding thttc di cho va gia sit, ching han o # 0.
Taco: am+ﬁl\—/—l—1§+yﬁé=6 @am+ﬁﬁ—(a+ﬁ)m=6

> (VA - ) + (VB - M) = §

& aCA + Bai =0

& CA=-2CB

a
< CA // CB (mau thuln).
Vay khong tén tai diém M.
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Nhdn xét. — Trong trudng hop o + B +7 # 0, v6i diém M tuy ¥ tacé :
aﬂ+ﬁl\—4—l§+yﬁé=a(ﬁ+ﬁ)+ﬁ(m+ﬁ)+y(m+ﬁ)
=(a+ﬁ+y)ﬁ+(aﬁ+ﬁﬁ§+yl€)
: =@+B+PML
~ Béng phép quy nap, ta c6 thé ching minh dugc két qua tdng qudt : Cho n

diém A|, A,,..., A, va n s6 thuc o, a,..., &, sa0 cho o + 0y + ... + o # 0. Khi
dé, tén tai duy nhét diém I sao cho :
alﬂ—l‘-&-azlxz. +...+anm =0. (D)
Diém I goi 12 tam ti cu clia hé diém {A,, A,,..., A,} ing v6i cdc hé s6
{og, oty,..., O} (n2>2).
Tix (1), véi diém M tuy y ta co :

OthAl + azMAz + ...+ OLnMAn = (al + 0y +...t an)m

Cong thitc nay thudng xuyén dugc sit dung trong nhing bai todn cé lién quan
t6i tam ti cu. Ta goi nd 1a cong thitc thu gon.

Véin=3va a; =a, =03 =1, ta thdy lai tinh chat trong tdm cta tam gidc.

Vi du 1.17. Cho tam gidc ABC. Tim tap hgp céc diém M sao cho
2ﬁ+ﬁﬁ+ﬁ|=lm+2ﬁ+3ﬁ.

Gidi. Goi G 1a trong tam AABC, J 13 diém sao cho :

JA +2JB+3IC =0
(xem cédch xac dinh J &6 VD 1.14a).
Theo cong thiic thu gon, véi moi diém M ta c6 :

MA + MB + MC = 3MG

MA + 2MB + 3MC = 6MJ.
Vay:2|m+@+m|=|m+2ﬁ+3m
<:>6|1\E|=6|m|

< MG =MJ.
Tap hop cdc diém M 1a dudng trung truc ciia GJ.
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Vi du 1.18. Cho tam gidc ABC va dudng A
thing A. Tim trén A diém M sao cho
lm + MB + SM—GI nho nhit.

Gidi (h.1-14). Goi I 12 diém thoa man

—_ = = o B C
IA+IB+3IC=0 \L
(ban doc tu chi rd vi tri cta I). 4 A

Vi moi diém M ta cé

MX + ﬁﬁ + 3@ = 5@.
Suy ra
|1T47£ + 1\_/[§ + 3MC| nhé nhat

& |5Mi| nho nhét < MI nhé nhat.

Két hop diéu kién M € A, ta suy ra diém M phai tim 1a hinh chiéu vuéng géc
cualtrén A.

Vi du 1.19. Cho tam gidc ABC véi BC=2a,CA=b, AB= c‘. Tim di€m I sao cho :

alA + bIB + cIC = 0. _ |

Gidi. (h.1-15). L4y diém A’ thuoc doan BC sao cho bA'B+cA'C=0 (chi viec
AB_a
AC b
Tacé: alA + bIB + cIC = 0
o alA + (b + c)IX.' =0 (cong thitc thu gon)
< I thudc doan AA' va
JA b+c ¢ _ BA
IA' a  a  BA"

b+c

Nho tinh chat cha duong phan gidc
- trong tam giéc, d& dang théy réng diém I B A C
thuoc phan gidc cha géc B, nic I 1a tam
dudng tron noi ti€p AABC.

Hinh 1-14

1

14y A' sao cho hay AA' Ia dudng phan gidc clia géc A)

Hinh 1-15

Vi du 1.20. Dudng tron (I) ndi tié:p AABC, ti€p xiic vé6i cidc canh BC, CA, AB
14n luot tai M, N, P. Ching minh ring
alM + bIN + cIP = 0.
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o

Gidi (h.1-16). Goi p 12 nira chu vi tam gidc ABC, ta c6 :
AP = AN = p - a,

A
sBM=BP=p-b, ‘ N
CN=CM=p-c. P
Ap dung VD 1.9 ta c6
— MC—= MB=—=
= —_— —_— B M C
M BC IB+BC IC
— — — Hinh 1-16
= alM = (p - c)IB + (p — b)IC.
bIN = (p — a)IC + (p ~ A 2
Tuong ty, 4 °0) (p aL (p C)_. (2)
cIP = (p — b)IA + (p — a)IB. 3)

Cong timg vé& céc ding thitc (1), (2), (3) thu duoc
am+bm+cl_l"=(2p—-b—c)L_A;+(2p—a—c)i§ +(2p—a—b)I_(f
= alA + bIB + cIC
=0 (VD 1.19).
H¢ qud. Véi diém J bét ki trong tam gidc ABC, ha JM,, JN,, JP, l4n luot
vudng goc véi BC, CA, AB. Tacé

a — b —=— ¢
A —_IN. 4 —
™, M N

(xem thém dinh 1i Con nhim, BT 1.3).

5 =5,

Vi du 1.21. Cho tam gidc ABC va mét di€m M bt ki trong tam gidc. Dat
Smbc = Sa» Smca = Sv Smas =S¢ Chitng minh réng :

S,MA +S,MB + S, MC = 0.

Gidi (h.1-17). Goi A' 1a giao diém

. cha dudng thing MA véi BC.
. —— AC—= AB—
Tacoé: MA' = BC MB + BC MC
A'C _ Smac _Swac _ Sy’
Nhung A7E = Sma's  Smas  Sc B A ¢
Hinh 1-17
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.105.

AC s,

N BC =~ S, +S,
AB S,
BC ~ S, +S,
— S, — S —=
MA' = b c (%
= MA' = o2 MB+ - MC. ()
Mt khéc
MA'_ Swas _ Swac _Smas +Smac __Sa
MA  Syap  Smac  Smas *Smac  Sp *+Sc
= MA' = S, MA. Thay vao (*) ta dugc

Sy + S,

~S,MA = S, MB + S,MC = S,MA + S, MB +S,MC =0 (dpcm).
Nhdn xét '
— Cho M trliing v6i trong tam AABC, ta duge két qua &6 VD 1.5.
— Cho M trung véi tam dudng tron ndi ti€p AABC, ta duge két qua & VD 1.19.
— Néu AABC déu thi véi diém M b4t ki trong tam gidc, ta c6
XMA + yMB + 2MC =
‘trong d6 x, y, z 12 khoang céch tir M dén cdc canh BC, CA, AB.
— Néu M nidm ngoai AABC, chéng han M thutc géc BT‘IZ, ching minh tuong
tu ta c6 két qua
S,MB + S_MC - S,MA = 0.

Vi du 1.22. Cho tam gidc déu ABC tam O, M la diém bat ki trong tam gidc.
Ha MD, ME, MF l4n lugt vuéng géc véi cdc canh BC, CA, AB. Chiing minh rang :

m+m+ﬁ=§m.

Gidi (h.1-18) A
Goi AA', BB, CC' 1a cdc dudng cao cha
tam gidc ABC. .
. . N , . O M
V6i ki hiéu nhu & VD 1.21, ta c6 L
S,MA + S,MB +S,]MC =0. (1) B AD €
Hinh 1-18
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D MDD+ S, 3 S,o= oL
Mat khéc, MD—AA,AA S AA =37 AO (v6i S=S,50).
e _3 Senm . om 3 S
Tuong tu nhu vay, ME—2 3 BO ; MF—-2- —S-CO.

Tir d6 suy ra
MD + ME + MF = — (S,AG + 8, B0 + 5,C0)

25
=[5, (MG -MA)-+s, (MG - MB) +5, (M5 - M) |
3 3
= 554 + 8y +8¢) MO - — (S, MA + 5, MB + 5,MC)
. = =<+ S.MO (theo (1))
= —;—MO (dpcm).

C. BAI TAP DE NGHI

1.1. Chiing minh rang trong mot ngii gidc, téng cdc vecto néi mbi dinh chia ngii
gidc véi trung di€m clia cdc canh khong chita dinh dy bang vecto—khong.

1.2. Cho ngii gidc ABCDE. Cic diém M, N, P, Q, R, S theo thit tu 1a trung diém cic
doan EA, AB, BC, CD, MP, NQ. Ching minh rang RS //ED va RS = %ED.

1.3. Cho da gidc 16i A\A,...A, ; ¢ (1 <i < n) Ia vecto don vi vuéng géc véi

AjAj,; (xem A ;= A)) va huéng ra phia ngoai da gidc. Chiing minh réng :
AjAze; + AyAze, + ...+ A A e, =0 (dinh If Con nhim).

1.4. Cho t glac ABCD ngoai tiép dudng tron tam I. Goi E, F lan luot 1a trung
diém cla cdc dudng chéo AC, BD. Chiing minh rang I, E, F thing hang.

1.5. Cho tam glac ABC khong déu, BC 1a canh nhd nhat. Dudng tron noi tiép (I)
clia tam gidc ti€p xic véi cdc canh BC, CA, AB l4n luot tai X, Y, Z. Goi G la
trong tdm AXYZ. Trén cic tia BA, CA l4n lugt 14y cic diém E, F sao cho
BE = CF = BC. Chiing minh ring IG 1 EF.

1.6. Cho tam gidc ABC ; M, N, P 14n luot 14 cdc diém trén cic canh BC, CA, AB

BM CN AP '

BC CA  AB’

Ching minh rang AM, BN, CP 1a d6 dai ba canh ctia mot tam gidc nao do6.

sao cho
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1.7. Cho tit gidc ABCD ; M 1a mét diém thuoc doan CD ; p, p;, p; 12 chu vi _cﬁa cac
tam gidc AMB, ACB, ADB. Chiing minh réng :

p <max {p; ; p2}-

1.8. Cho luc gidc ABCDEF. Céc diém M, N, P, Q, R, S l4n lugt thay déi trén céc
canh AB, BC, CD, DE, EF, FA sao cho :
AM BN CP DQ _ ER FS
AB BC CD DE EF FA
Chitng minh réng trong tam hai tam gidc MPR va NQS lu6n ddi xting v6i nhau

qua mot diém c6 dinh.

1.9. Cho tit gidc ABCD. Diém G dugc goi 1a trong tdm cilia ti¥ gidc néu
GA + GB +GC + GD = 0.
a) Hay chi ra cich dung diém G.
b) Chitng minh rang véi moi M ta cé :
MG =  (MA + MB + MC + MB).

1.10. Cho tit gidc ABCD ; X, Y, Z, T theo thit tu 13 trong tdm cdc tam gidc BCD,
CDA, DAB, ABC. Ching minh ring AX, BY, CZ, DT d6ng quy tai trong tdm
ctia tif gidc ABCD. ,

1.11. Cho hinh vuéng ABCD canh a. Chitng minh ring vectd

i(M) = 4MA - 3MB + MC - 2MD

khong phu thudc vao vi tri cha M. Tinh d¢ dai u(M).

1.12. Cho tam gisc ABC, hai diém M, N thay déi sao cho
MN = 4MA + MB - 2MC.
Chimg minh ring dudng thing MN luén di qua mot di€m c6 dinh.
1.13. Cho tit gisc ABCD. Tim tap hgp céc diém M sao cho
|m+ﬁﬁ+MC+MDi=|MA+WB—2Mé|.

1.14. Cho tam glac nhon ABC noi ti€p dudng tron (O). Tim di€ém M thudc (O) sao
cho [MA + MB - MC| 16n nhat, nh nht.

1.15. Cho tam gidc déu ABC, M 1a mot diém bat ki trong tam gidc. Goi A, B;, C,
14n luot 12 c4c diém d6i xing cia M qua céc canh BC, CA, AB. Chiing minh
ring hai tam gidc ABC va A;B,C, c6 cling trong tam.
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1.16. Cho tam gidc ABC, diém O nidm trong tam gidc. Goi A;, B, C; 14n lugt 12
hinh chiéu cta O trén BC, CA, AB. Léy céc diém A,, B,, C, 14n lugt thudc cédc
tia OA,, OB,, OC, sao cho OA2 =a, OB,.= b, OC, = c. Ching minh O 1a
trong tdm AA,B,C,.

§2. SU BIEU THI VECTO.
PHEP CHIEU VECTO

A. TOM TAT Li THUYET

I - CAC bINH Lf cO BAN VE BIéU THI VECTO "

Trong §1 ta di dinh nghia hai vecto cing phuong, cing hudng, nguoc hudng.
Bay gid ta hdy xem xét ki hon vén dé nay dé thdy nhiing ing dung quan trong clia né.

Pinh If 2.1. Cho vecto 3@ # 0, b 12 vecto tuy §. Khi d6 b//3a < Ik e R :

b = kd. S6k x4c dinh nhu vay 1a duy nhat.
Chitng minh
—~Néu b=ka thi b//a theo dinh nghia phép nhén s6 thuc véi vecto.
— Nguoc lai, gia st a // b. Xét céc kha nang sau :
eb= 6, chonk =0.
eb=0,s6k duogc xdc dinh nhu sau :

o néuia ™Mb, k=~ o

|| HnéuaTl«b
a a

k=—

Theo VD 1.1, trong c4 hai trudng hop, ta déu c6 b = ka.

Gia sit c6 s6 thuc k' thod man b = k'a thi
k'di-ki=(k'-k)i=0=k-k=0=>k'=k

Vay s6 k néi trong dinh i 1a duy nhat.

Hé qua

Cho ba diém A, B, C phan biét. Khi do A, B, C thing hang khi va chi khi ton tai

' s6 thuc k # 0 sao cho AB=kAC. Ngoai ra, k > 0 < A ndm ngoai doan BC ;
k <0 < A nam trong doan BC.
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Pinh li 2.2. Cho a,b 1 hai vecto
khong cling phuong, ¢ 1a vecto b4t ki. Khi Al —C
dé ton tai duy nhét cap s6 (m, n) sao cho
¢ = ma + nb.

Chimg minh. (h.2-1) T diém O nao dé

[~

dung cic vecto OA = 3, OB=b, o
OC=¢ Viivab khong cung phuong ) B B
nén céc dudng thing OA, OB khong triing Hinh 2-1

nhau. T C ta v& cdc dudng thing song song
v6i OA, OB, chiing l4n luot cit cdc dudng thang OB, OA tai B, A'. Theo quy tic

hinh binh hanh ta ¢6 OC = OA' + OB". Vi OA', OB' l4n lugt cing phuong véi
6;;, @ nén tén tai cdc s6 m, n sao cho E)—K' = m(TK ; @: = naé.
Vay OC = mOA + nOB hay ¢ = md + nb.

Néucom',n'thoAiman c =m'a+n'bthi m'a +n'b=ma +nb

= (m'-m).3 = (n-n"b.

Gid sltchinghanm' 2 m = 3 = rrrll' r:nB = &//b, mau thudn. Vay m' = m.

Tuong ty,n'=n.

Vay hai s6 m, n x4c dinh nhu trong dinh If 13 duy nhét.

Hé qua

1) Gia sif c6 hai vecto 3 va b khong ciing phuong.

Néu ma +nb=0 thim=n=0.

That vay, ta c6 0 + 0b = 0. Theo dinh 1{ 2.2 suyram=n=0.

2) Hai vecto 3 va b cing phuong < 3 m, n khong déng thdi bang 0 sao cho
m3 + nb = O (suy tryc tiép tir dinh 1i 2.1 va hé qua 1).

Il - PHEP CHIEU VECTO

1. Pinh nghia

Cho dudng thing A va dudng thing / khong
song song vai A, E 1a vecto b4t ki. Qua A, Bké
cdc dudng thiang song song véi I, ching cit A theo )
thi ty tai A', B' (h.2-2). Vecto A'B' duge goi la Hinh 2-2
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hinh chiéu clia vecto AB qua phép chiéu vecto phuong ! (phuong chiéu) 1én dudng
thing A (du'omg thing chiéu).

Duong nhién, néu hai vecto bing nhau thi cdc hinh chiéu cla chiing qua cling
mot phép chi€u vecto ciing bing nhau.

2. Tinh chat

Néu 5;, b' 12 hinh chi€u ciia a,b qua phép chi€u vecto phuong / lén dudng
thing A thi :

a) @' + b 1 hinh chiéu cha 7 + b.

b) ka' Ia hinh chi€u ca k3 (k € R),

Hinh 2-3

Ching minh. (h.2-3)

T diém A bt ki dung AB=3, tiBdung BC = b. Goi A', B,, C ldn Irot I
céc diém trén A sao cho AA', BB, CC' song song Vdi /.

2) AC'=AB'+BC' =a'+b

AC=AB+BC=3+b.

Vi A'C' 1 hinh chi€u ciia AC qua phép chi€u vecto phuong / 1én A nén
a'+ b’ 12 hinh chiéu cita & + b qua phép chi€u néi trén.

b) Gi4 sit AE = kAB = ka, E'1a hinh chi€u cia E (qua phép chi€u néi trén).
Theo dinh 1i Ta-1ét ta cé

AE'=KkAB' = ka = ka Ia hinh chiéu ciia ka.

©)a=0eAB' =0 oA =B AB /1

d)a =% AB = AB < AB//AB < i//A.

Chii y. 1) Qua phép chi€u vecta, vecto— khéng bién thanh vecto— khong.

-2) Sau nay khi néi dén phép chigu vecto ma khong néi r6 phuong chiéu thi ta
hiéu d6 1a phép chi€u vecto cé phuong chiéu vuéng géc véi dudng thing chi€u.
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B. CAC vi DU

Vi du 2.1. Cho a va b 12 hai vecto khéong ciing phuong. Tim 6 thuc x sao

cho cdc vecto ¢ = (x —2)a + bvad=(2x+1)a- b cling phuong.
Gidi. Ro rang ¢ # 0 vi hé s6 cua b khéc 0. Theo dinh li 2.1, néu hai vecto €
| va d cung phuong thi ton tai s6 y sao cho d= y¢, tue la:
2x + l)a ~b= y(x —2)3d + yb
= (yx -2y -2x — 1)@ + (y + Db = 0.
Theo hé qua dinh 1 2.2, suy ra {§x+_l 2=y0_ 2x-1=0

Giai hé nay tim dugcy =1, x = %

R& rang, v6i x = % thi € = —%5 +b,d = %5 — b, thdy ngay ring € = —~d.
Vi du 2.2. Cho tam gidic ABC. Tim tap hgp céc diém M sao cho vecto

vV = MA + MB + 2MC cung phuong véi BC.

A
Gidi (h.2-4). Goi E 1a trung diém clia AB,
I 12 trung diém cua EC, ta c6 E
¥ = 2ME + 2MC = 2{ME + MC) = 4ML — \M
v//BC < IM//BC.Tap hop céc diém M £ >,
1a duong thing qua I, song song véi BC. Hinh 2-4

Vi du 2.3. Cho tam gidc ABC. Ching minh ring diém M thudc dudng théng
BC khi va chi khi tén tai cdc s6 o, B sao cho

a+fB=1
{m aAB + BKE
Gidi. Theo dinh 1i 2.1, M thuéc duong thang BC khi va chi khi B, C, M thang
hang BM//BC < 3k : BM = kBC
< 3k : AM - AB = k(AC - AB)
& 3k : AM = (1 - K)AB + kAC
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o 3o, p: {AM=aAB+BAC (o1 -k Bk
a+pB=1 ’
Theo dinh 1 2.2, cic s6 a, B x4c dinh nhu trén 12 duy nhét.

Hé qud
M thuc dudng thing BC vd xAM = yAB + zAC thi x = y+z.
Vi du 2.4. Cho tam gidc ABC, 14y c4c diém P, Q sao cho
PA = 2PB, 3QA + 2QC = 0.
a) Bidu thi AP, AQ theo AB, AC.

b) Chitng minh PQ di qua trong tam tam gidc ABC.
Gidi (h.2-5). a) Tir gia thi€t suy ra :

AP = 2BP = 2(AP - AB) = AP = 2AB; a o
340 =2QC=2(AC-AQ) > AQ=ZAC. g/ 70 .
b) Goi G 1a trong tdm cua tam gidc ,//
ABC, tacé P
AG=1AB+iac-1aP+320. Hinh 2-5
3 3 6 6

Dé ¥ ring % + % = 1, theo VD 2.3, ta ¢6 ngay P, G, Q thing hang.

Vi du 2.5. Trén cic canh ctia tam gidc ABC 14y c4c diém M, N, P sao cho
MA + 3MB = 6NB — NC = PC + 2PA = 0.

Hdy biéu thi AN qua AM va AP, tir d6 A
suy ra M, N, P théng hang. p

Gidi (h.2-6). Tir gia thi&t NC = 6NB,

diing cong thic & V.D 1.10, M
— AC _EAR —_ — °N B C
tacé: AN = M— = —EAP + §AM.
=5 5 5 Hinh 2-6
Do % - % =1suyraM,N,P théng hang.

Vi du 2.6. Cho tam gidic ABC ; M, N, P 1a c4dc di€ém thod min I\E = aK/TC,
NC = Bl—\I—A‘, PA = yITB. (o, B,y=0,--1).
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Chitng minh ring M, N, P théng hang khi va chi khi afy = 1.

Gidi (h.2-7). MB = oMC = AB — AM = a(AC — AM)

= (1 - 0)AM = AB - aAC. o
« NC = pNA = AC - AN = pNA A
I N P,
— AC=(1-B)AN. )
_ SN - e N
« PA = yPB = PA = y(AB - AP)
— . ‘ B ‘ C M=
— yAB = (y - )AP. 3) 27

Tu (1), 2), 3)ritra:
(1 - 0)AM =Y—;—lﬁ—a(l-ﬁ)ﬁ.

Theo VD 2.3 ta thdy M, N, P théng hang khi va chi khi
l1-a =Y—;—1—oc(1—[5) oSy-—oay=y-1-ay+apy < apy=L
Nhdn xét. Day chinh 1a dang vecto cla dinh 1i Mé-né-la-uyt. Trong §3, ta sé
gap lai n6 dudi dang thong thudng.

Vi du 2.7. Cho géc xOy va hai s6 duong a, b. A va B 12 hai di€m chay trén

b
Ox, Oy sao cho — O A + OB = 1. Chimg minh ring dudng thing AB luén di qua

mot diém c6 dinh.
Gidi (h.2-8). Trén Ox, Oy 14y l4n luot cdc diém X, Y sao cho OX =a, OY =b.
Dung hinh binh hanh OXKY ta c6

——— OX-——’ oY —
2 6K+ ® GE.
~0A OB

b
Vi OA+6—B——1 néncacdlémA K, B

thang hang. Hinh 2-8
Vay dudng thing AB luén di qua diém K c6 dinh.
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Vi du 2.8. Cho ba vecto a, b, ¢ doi mot khong cliing phuong va thoa man cic

diéu klen
{m5+ng+p8=6 (m = 0)
m'd+nb+pT=0 (m'#0)
, s n
Ching minh rang periales —5—,
Gidai. Tit gia thiét m = _9, m' # 0 suy ra ngay n, p, n', p' cling khic O, vi chang
hann=0thi ma+pc =0 => m=p=0(do a vd ¢ khong cing phuong), trdi

“

. gia thiét.
a=-2p-Pg
Tacd m' m’
i=-—b-L3
m m
Theo dinh 1 2.2 ta c6
p_np_p_m_n_p
m m’m m' m' n p'
Nhdn xét. Cic trudng hop dic biét thuong gép ;
A= .B+ c =n'
1)Neu {° = ™ " PC thi{“, N
a=n'b+p'c p=p.
_ |d+b+2=0
2) Néu . Lthia=B=y.
od +pb+7yc =0

Vi du 2.9. Cho tam giac ABC. Caé diém M, N, P 14n luot thuoc cdc canh BC,
CA, AB. Ching minh ring cic tam gidc ABC vd MNP ¢6 cung trong tdm khi va

chi khi
BM _ON _AP
MC  NA  PB’
Gidi. Theo hé qua ciia VD 1.6 ta c6 AABC va AMNP cung trong tdm khi va

chi khi ABCA va AMNP cing trong tim < BM + CN + AP = 0
BM — CN— AP-— =

o BC —BC + — CA
Vi BC + CA + AB = 0 nén theo VD 2.8, ding thitc trén tuong duong véi

‘ BM CN AP BM CN AP
BC CA _ AB MC - NA_ PB (tinh chdt cia ddy ti s6 bang nhau).
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Vi du 2.10. Cho tam gidc ABC, M 1a mét diém trong tam gidc. H, I, K 14n luot
1a hinh chi€u cia M trén BC, CA, AB. Ching minh ring M 1a trong tim AABC khi
va chi khi

a’MH + b°MI + ¢2MK = 0.
Gidi (h.2-9). V6i moi tam gidc ABC va diém M trong tam gidc ta cé
S,MA + S, MB + S, MC = 0 (VD 1.21) )
a — b —= c

Do d6 : M 1a trong tam AABC A

SMA+MB+MC=0

< S, =S, =S, (theo (1) va VD 2.8) K 1

< a.MH =b.MI =c.MK

. a? _ b2 _ c?

7 ST T o B H C
MH MI MK Hinh 2-9

< a?MH + b*MI + ¢2MK = 0 (theo (2) va VD 2.8).

MK =0 (hé quiciia VD 1.20) (2)

Vi du 2.11. Cho tam gia;lc ABC. Chitng minh ring diém M ndm ‘trong tam gidc
khi va chi khi t6n tai duy nhét bo ba s6 (o, B, y) sao cho

o By>0

a+B+y=1 *)

aMA + BMB + YMC = 0.
Gidi. Gia sit M ndm trong tam gidc ABC, ta c6

S,MA + S,MB + S,MC = 0 (VD 1.21).
Sa

- _ _Sb ___Sc P 2 ~ %
bat a = X B= S Y = S,tacoa,B,y thoa man (*).

Giasircocics6 o', B', y' ciing thoa man (*). Ta cé a'm+|3'l\71—3'+y'ﬁ—é =0.

Vi MA, MB, MC d6i mot khong cliing phuong nén
a B _y_a+PB+y

=>a=a', B =B v =1y Tinh duy nhit duoc chitng minh.
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— Bay gid gié sir t6n tai o, B, y thod mén (*). Ta phai ching minh diém M ndm
trong tam gidc ABC.

L4y A' thoa mén Bﬁ + yK‘E = 0. A

Vip >0,y >0neén A’ thuoc doan BC (h.2-10).

Khi d6 aMA + BMB + YMC | M

- aMA + B+ y)m

= aMA + (1 - 0)MA' = 0. B A C
Via >0, 1 - o >0nén M thuoc doan AA'. Hinh 2-10

Vay M nam trong tam gidc ABC.
Nhdn xét. Bing cich biéu dién MA = OA — OM, két hop véi nhan xét cudi
& VD 1.21, ta rit ra két luan quan trong sau day : ;
Cho AABC va diém O. Véi mdi di€ém M trong mit phang, ton tai duy nhat bo
ba s6 (o, B, y) sao cho :
a+P+y=1
OM = 0OA + Bf)_B. + y()-a.

Vi du 2.12. Cho hinh binh hanh ABCD. X, Y, Z, T theo thit tu thudc cic
dudmg thing AB, BC, CD, DA. Goi O, O,, O3, O, theo thif ty 13 tam dudng tron
ngoai tiép cdc tam gidc BXY, CYZ, DZT, ATX. Chitng minh rang 0;0,0;0,4 1a
hinh binh hanh.

Gidi (h.2-11)

Goi f, g 1a cdc phép chi€u vecto vuong goc lén AB, AD. Ta s& chiing minh

hai vecto 0,04 va 0,03 c6 hinh chi€u qua hai phép chiéu f va g 13 bing nhau.
That vay,
* f(0104) = f(0203)

—_—

& %EX = 5CD (diing).
* g(alz):) = 8(0203) <
& §(0,0,-0,0;) = 0
o (0,0, -0,0,) =0 £(0,0,) = £(0,0;) Hinh 2-11
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l— 1= ..

Vay ¢6 0,0, = 0,0,, tic 0;0,0,0, 1 hinh binh hanh.

Vi du 2.13. Cho tam gidc ABC, M 1a diém b4t ki trong tam gidc. AM, BM,

CM l4n lugt cat BC, CA, AB tai A', B, C'. Chiing minh ring M 13 trong tim tam
gidc ABC khi va chi khi M 1a trong tam tam gidc A'B'C.
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Gidi (h.2-12)
M nam trong tam gidc ABC nén 3 a,, B, y # 0 sao cho

aMA + BMB + yMC = 0. )

Xét phép chiéu vecto phuong (BC) 1én dudng thing AA'.
Ta cé aﬂ+(B+y)M_'A' =0

= MA' = ——> _MA.
B+y
Tuong tu nhu vay
MB = -—P_MB
y+a
MC =Y e ; Hinh 2-12
a+p

Vay : M la trong tdm tam gidc A'B'C' khi va chi khi
MA'+MB'+ MC' = 0

& ——MA + MB + ——MC = 0
B+y y+a o+
a B Y A N
= = = (két hop (1) va VD 2.8)
o B Y op g

B+y y+a o+p

o Bry=y +ta=a+p

S a=p=y

& MA +MB + MC =0 (vi aMA #+ fMB + yMC = 0)
<> Mla trong tam AABC.




Vi du 2.14. Cho tam giic ABC ; O, H l4n
luot 1a tAm dudng tron ngoai tiép va truc tAm
cta tam gidc. Ching minh ring

OH-0A+0B+0C.

Gidi. Goi A', B, C' 14n luot 13 hinh chiéu cta :
A, B, C trén cic canh d6i dién ; M 12 hinh chi€u B M
cua O trén BC (h.2-13). . © Hinh2-13

Pit ¥ = OA + OB + OC - OH. ‘

X¢ét phép chi€u vecto phirong (AA') 1én dudng thing BC. Qua phép chiéu nay,
cdc vécto OA, OB, OC, OH l4n luot bién thanh MA', MB, MC, MA". Khi dé
v bién thanh v' = MA'+ MB + MC - MA' = MB + MC = 0, suyra v// AA". (1)

Tuong tu, v//CC". )

Tir(1) va 2) suy ra v = 0, tiic 1a OH = OA + OB + OC.

Nhdn xét. Goi G 1a trong tam ciia tam gidc ABC.

- Ta da biét OA + OB + OC = 30G. Theo két qui vira ching minh ta c6
OH = 30G, dén dén két qua quen thudc : "Trong tam gidc, truc tim, trong tam va

tdm duong tron ngogi tiép nam trén mot duong thang” (Puong thing O-le).

C. BAI TAP BE NGH|
2.1. Cho hai vecto @, b khong cliing phuong. Tim x sao cho :
A)i=a+0Q2x-1DbVAaVv=xi+b cing phuong.

b)i=33+xbvav=( —x)a-%B ciing huéng.

2.2. Trén céc canh BC, CA, AB ciia tam gidc ABC 14y 14n luot céc diém A,, B,, C,

AB BC CA ] ,
Ai c = Bll 1= CIIB =k > 0. Trén cdc canh B,C;, C|A;, A,B, ldy

sao cho
AB _BG L GA 1
A,C, B,A, GC,B, k'

Chiing minh ring tam gidc A,B,C, c6 céc canh tuong l’mg song song v&i cic
canh clia tam gidc ABC.

14n luot céc diém A,, B,, C, sao cho
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2.3. Cho tam gidc ABC, diém M nim trén canh BC. Dudng thing A cit AB, AC,
AM l4n luot tai B', C', M'. Ching minh ring :
AM AB AC
BC.—— M =MC.—— AR’ MB.—AC,-

2.4. Cho géc xOy va hai s6 duong a, b. Cic di€m A, B thay déi 14n luot trén OXx,
Oy sao cho a0A + bOB = 1. Chiing minh ring trung diém I cha AB thudc mot
dudng théng c6 dinh. .

2.5*, Cho tam gidc ABC, M 12 diém ndm trong tam gi4c. H, I, K 14n luot 12 hinh
chi€u ctia M trén BC, CA, AB. Ching minh ring M 12 trong tam AHIK khi va
chi khi a?MA + b*MB + ¢?MC = 0.

2.6. Cho tam gidc ABC, I 1a tdm dudng tron ndi ti€p tam giéc, A, By, C, theo thi
tw 12 trung diém céc canh BC, CA, AB. Ching minh ring I thudc mién tam
giic A|B,C, va

S, _ Sica;, _ Siap
b+c—a c+a-b a+b-c

2.7. Cho hai tam gidc ABC, A,B,C;. Doan B,C, cit cdc doan AB, AC tai M, N.
Poan C,A; cit cdc doan BC, BA tai P, Q. Poan A;B cét cic doan CA, CB tai
R, S. Ching minh ring

BC CA AB _ B(C, CA; AB,

PSRN MQTNM ~ QP ~ SR

2.8. Cho tit gidc ABCD noi tiép dudng tron (0). X, Y, Z, T l4n luot 1 tryc tam cic
tam gidc BCD, CDA, DAB, ABC. Chitng minh ring AX, BY, CZ, DT déng quy
tai trung diém clia méi doan.

2.9*, Cho tam glac ABC, céc diém M, N, P thuéc cic du’ong thing BC, CA, AB.
Chig minh ring : AM, BN, CP déng quy tai tam ti cu cta he diém {A, B, C}

{ing véi cdc hé s6 {a, B, v} khi va chi chi
a+B+y=0
B_M_13.+yﬁ(—f=y—l\76+al—\f1—\'=aﬁ+ﬁl_’l_3’=a.

2.10. Cho tam gidc ABC khong déu. Cdc dudng tron bang ti€p géc A, B, C tuong
ting tiép xic véi cac canh BC, CA, AB tai M, N, P. Ching minh ring AM, BN,
CP déng quy tai mot diém trén dudng thing néi tam dudng tron noi ti€p va

trong tam AABC.
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2.11*. Cho AABC, vé céc trung tuyén AM, BN, CP va cdc phan gidc AD, BE, CF
Cic diém X, Y, Z thuoc cic canh BC, CA, AB sao cho MAD = XAD,
NBE = YBE, PCF = ZCF. Ching minh ring AX, BY, CZ déng quy.

2.12%, Cho tam gidc ABC ; M 12 diém bt ki ; H, I, K theo thit tu 12 hinh chi€u cia M
trén céc dudng thing BC, CA, AB. Tim vi tri clia M sao cho MH? + MI* + MK>
nho nhat. :

§3. TOA PO CUA VECTO TREN TRUC
VA TREN MAT PHANG TOA PO

A. TOM TAT Li THUYET

.1 -TOA PO TREN TRUC
1. Truc |
Mot dudng thing dugc goi 12 truc (toa dé) néu trén dé da chon mot diém O va
mot vecto ich d¢ dai bing 1. Diém O goi 1a géc cha truc, i duogc goi 1a vecto
don vi cua truc, huéng cua i duoc goi 1a huéng cha truc. Khi viét truc x'Ox ¢é
nghiala i c6 huéng x'x (h.3-1).

-

i
X' 0 X
Hinh 3-1

=l

2. Toa d6 cua vecto trén truc

— Cho vecto i nim trén truc x'Ox. Vi 1//1 nén t4n tai duy nh4t s6 x sao cho
i=xi, x dugc goi 12 toa do ctia vecto u. Ki hiéu T = (x) hodc don gian t(x) dé
chi vecto U ¢6 toa do x.

— V6i méi vecto u, ton tai duy nhdt s6 x sao cho U = (x). Nguoc lai, véi méi
s6 x ton tai duy nhit vecto U sao cho U = (x).

~ Cho i = (x),u’ = (x), khi 46

ci=u ox=x.

oaﬁ+B-l;'=(ocx+Bx')Va,BeR. ,
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— Toa d6 cuia vecto AB duoc goi 14 do dai dai s6 cha vecto AB ki hiéu la
AB. Nhu vay
AB = AB.i.
— Céc heé thitc co ban :
« AB = -BA;
« AB=OB-0A;
¢ AB + BC = AC (hé thitc Sa-lo).

3. Toa do cia diém trén truc

Cho diém M trén truc x'Ox. Toa d6 cua vecto oM ciing dugc goi 1a toa do
ctia diém M, ki hieu M(x) hoac M = (x) chi diém M cé toa d6 x. Doi khi dé
cho thuan tién, ngudi ta con dung ki hiéu x,; dé biéu thi toa do ciia M. R6 rang
M = (Xp) <> Xy = OM.

— Do dai dai s6 clia mot vecto trén truc bing toa do clia diém ngon trir toa do
ctia diém g6c : :

E =XB“XA.

Il - TOA O TREN MAT PHANG

1. Heé truc toa d6 Dé-cic

— Cho hai truc x'Ox, y'Oy vudéng géc véi nhau A
tai g6c chung O. He hai truc x4c dinh nhu trén goi la
hé truc toa dé Oxy (hé truc toa do Dé-cic vuodng
géc). x'Ox 1a truc hoanh, y'Oy 1a truc tung, O 1a géc
cta hé truc (gdc toa do). ]

— Mat phéng c6 gin hé tryc toa d6 nhu trén goi X O| 7 ] X
12 mdt phdng toa dé (h.3-2). y

Hinh 3-2
2. Toa d6 cha vecto

~ Cho mat phang toa d6 Oxy véi cdc vecto don vi ctia truc hoanh va truc tung
l4n luot 13 1, _]. Viiwa j khong cung phuong nén v6i mébi vecto G trén mit
phang toa do, tén tai duy nhat cap 55 (x ; y) sao cho ﬁ—x_i'+yt]'. Cap s6 (x; y)
dugc goi 14 toa dé ciia vecto G (x 12 hoanh do, y 1a tung do), ki hiéu i = (x ; y)
hoic U(x ; y) dé chi vecto i c6 toa do (x; y).
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— V6i méi vecto i, tén tai duy nhét cap s6 (x ; y) sao cho i = (x ; y). Nguoc
lai, méi cap s6 (x ; y) xdc dinh duy nhdt mot vecto Ui sao cho i = (x ; y).
~Cho i =(x;y), u =(x';y").Tacé:
N = {X =x'
e lU=U < .
y=y.

-aﬁ+B[1*'=(ax+Bx';ay+By')Va,Be]R.

3. Toa d6 caa diém

— Cho diém M trén mit phéng toa d6 Oxy.

Toa d6 cua vecto OM duoce goi 1a toa dé cua diém M. ,

D¢ biéu thi M c6 toa do (x ; y), ta viét M = (x ; y) hoac don gian 12 M(x ; y).
Nhu trén, ta ciing dung ki hiéu xy, yy d€ chi hoanh d6 va tung d6 cha diém M. Véi
quy udc do, ta viét M(xy ; yu)- RO rang :

M=(x;y) & OM =(x; y).

— Cho hai diém A, B trén mit phéng toa d6, ta c6

AB =(Xg—Xa;Yp—YA)

— Trén mit phéng toa d6 Oxy cho diém I(x, ; Yo)- Lap he truc IXY sao cho
céc tia IX, IY tuong ing ciing hudng véi céc tia Ox, Oy. Khi d6, diém M cé toa do
(X5 Y) d6i v6i h¢ truc IXY khi va chi khi M c6 toa do (x, + X ; y, + Y) d6i v6i he
X = XO + X

truc Oxy. Cac hé thic {
y=yo+Y

g0i 13 cong thite déi toa dg (xem VD 3.4).

B. CAC vi DU

Vi du 3.1 Trén true XOx choba diém A, B, M(A#B)vas6 k= 1. =

a) Chimg minh ring : MA = kMB < MA = kMB.
b) Trong diéu kién a), ching minh ring :

_ XA —Kxp
S

Gidi. a) Goi i 12 vecto don vi clia truc x'Ox. Ta c6

MA = kMB <> MA.J = (kMB)i & MA.: = k(MB) & MA = kMB.
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b) MA = kMB = x,, - X = K(Xg ~ Xp)
:>(1 “'k)xM=XA-‘kXB

= Xy =1A1'T11‘(§B- (ViA#Bnénk=1).
Khi k = -1 thi M 12 trung diém ctia AB. Liic d6
_ XA + XB
XM = 3 .

Hé qud. Trén truc x'Ox cho hai diém A, B (A # B). V6i méi s6 k # 1, t6n tai

duy nh4t di€ém M sao cho MM_-% = k (Ta néi M chia doan AB theo ti s6 k).

Vi du 3.2. Trén truc x'Ox véi vecto don vi i, cho hai diém A, B. Chu'ng
minh ring

a) AB =AB« AB T 1;
b) AB = ~AB < AB T i.

Gidi. Tacé AB = [AB| = [AB1 = [aBl[] = [AHI.
Vay:a)ETTY@K};;TTYQK§>O®K§=AB ;
b) AB™N 7 < ABi ™ 1 < AB <0 < AB = -AB.
Vi du 3.3. Trén truc x'Ox cho hai diém A(—l) B(3). Tim toa d6 di€ém M biét
ring 2MA + 3MB =17.

Gidi. Tit 2MA + 3MB = 17 = 2(x , — Xp) + 3(Xg — Xp) = 17

= 2(=1 = xp) + 33 = Xpp) = 17 = 5xpy = =10 = xp = 2.

Vi du 3.4, Trén truc x'Ox 14y di€m I(xg) ; M 12 mot diém trén dudng thing x'x.
Gia sit M c6 toa do x d6i véi truc x'Ox va c6 toa d6 X d6i véi truc x'Ix. Chimg
minh ring

X =Xo+X.
Gidi. Tacé OM = Ol + IM = x_i‘=xo_i’+X-i‘=(x0 +X)_i' =D Xx=Xg+X.

Chii y. Toa d6 cha diém trén truc phu thudc vio viéc chon géc cfia truc. Tuy
nhién, dé thdy ring toa d¢ clia vecto va do d6 do dai dai s6 cila vectd trén truc
khong phu thuéc vao viéc chon g6c ciia truc.

38




G .
o2

Vi du 3.5. Trén truc x'Ox cho b6n diém M, A, B, C. Ching minh ring
a) MA.BC + MB.CA + MC.AB =0 (hé thitc G-le) ;

b) MA~.BC + MB-.CA + MC-.AB + BC.CA .AB = 0 (he thic Sti-oa).
Gidi. a) Cdch 1. Gia st M = (m), A = (a), B=(b), C=(c). |
Ta c6 MA.BC = (a — m)(c — b) = ac — ab — mc + mb,

MB.CA =(b—m)(a—c)=ba—-bc—ma+mé,

MC.AB =(c —m)(b - a) =bc —ac — mb + ma.
Cong timg v€ cha c4c déng thic trén ta duge ;

MA.5C + MB.CA + MC.AB =0.

Cdch 2. MA.BC + MB.CA + MC.AB =
= MA (MC - MB) + MB(MA - MC) + MC(MB - MA)
= MA.MC - MA.MB + MB.MA - MB.MC + MC.MB-MC.MA
=0.
b) Ta cé

MA-.BC + MB-.CA + MC-.AB + BC.CA.AB

= MA”(MC - MB) + MB° (MA - MC) + MC" (MB - MA) +
+(MC - MB)(MA - MC)(MB - MA)

— MAZ.MC - MA>.MB + MB°.MA — MB>.MC + MC-.MB - MC_MA -~

_MC.MA? + MB.MA> - MA.MB" + MC.MB —-MC~ MB+MC_.MA +

+MC.MA.MB-MB.MC.MA =0.

Vi du 3.6. Trén dudng thing A cho hai diém phan biét A, B. V6i méi s6 k cho
truéc, chimg minh ring t6n tai duy nhét diém H € A sao cho HA? - HB =k.
Gidi
Cdch 1. Chon trén A di€ém O v vecto don vi. Nhu viy A trd thanh mét truc.
Goi 12 trung diém cha AB,tac6 :
HA® - HB? =k « (HA - FB)(HA + HB) =k < BA(HI+TA+HI+IB) =k
k

& BA2HI =k & TH = ——.
' 2AB
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Ding thic cui ching td diém H t6n tai va duy nhét.

Cdch 2. Ta coi A 1a mot truc v6i g6c va vecto don vi da chon. Gia st A = (a),
B=(b), H=(x),tacé

HA’-HB’ =k & (a—x)? - (b-x)*=k < 2(b— a)x =k + (b — a?).
V1A = Bnéna#b, do d6 phuong trinh lu6n c6 nghiém duy nht
_k+ (b2 - a2)
T 2(b-a)
Diéu d6 chiing minh sy tén tai va duy nhat ctia diém H.
Chi y. Trong nhi€u bai todn hinh hoc, doi khi dudng thang dugc coi 1a mot
truc véi géc va vecto don vi di chon. V& sau, néu khong c6 gi nhdm 14n ta khong
phai néi dén cum tix "Ta coi duong thang A la mot truc".

Vi du 3.7. Cho duo‘ng théng A va hai diém phan biét A, B trén A. Tim tap hop
céc diém M trén mat phing sao cho

MA? - MB? =k (k € R).
Gidi. (h.3-3) M
L4y trén A diém H sao cho HA? - HB® = k
(xem VD 3.6). V6i méi diém M trén mit phéng,
goi H; 1a hinh chi€u ctia M trén A. Ta cé :
MA® - MB? =k A 1
& (HA? + H;M%) - (H,B* + H1M2) =k
& HAT-HB? =k
< H;=H.
Vay tap cdc diém M 1a dudng thing vuoéng géc véi A tai H. Diém H duoc x4c
dinh boi ;-

1 B

Hinh 3-3

TH = —X_ (112 trung diém AB)
2AB

Hé qud. MM, L AB < M,A% - M,B? = M,A% - M,B%.

Vi du 3.8 (Pinh li Céc-no). Cho tam gidc ABC. Céc diém M, N, P 14n luot
thuéc cdc dudng thing BC, CA, AB ; A, 1a dudng thing qua M vuéng géc véi BC,
A, 1a dudng thing qua N vudng géc véi CA, A, 1a dudng thing qua P vuéng géc
v6i AB. Chiing minh ring : Ay, Ay, Ay ddflg quy khi va chi khi

(MB? - MC?) + (NC? - NA2?) + (PA2 - PB?) = 0.
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Gidi. (h.3-4) ' A

A
Goi O 1a giao diém clia A; va A,. Ta théy : 4 12\1
Ay, Ay, Ay dong quy <& PO=A,
< POLAB 0 ,
& PA? - PB’ = OA? - OB B N C
o (0B? - 0A?) + (PA? - PB?) = 0 ik 3.4

o (0B? = 0c?) + (0c? - 0A?) +(PAZ - PB?) = 0
& (MB2 -MC?) +(NC? ~NA?) +(PA? - PB?) = 0 (theo VD 3.7) (dpem).

Vi du 3.9. Cho tam gidc ABC, A 1a dudng thing b4t ki.

Goi X, Y, Z 14n lugt 12 hinh chi€u cia A, B, C trén A, con A, A,, A; 1a cic
dudng thing 14n luot qua X, Y, Z tuong iing vudbng géc véi BC, CA, AB. Ching
minh ring A;, A,, A; dong quy.

Giai. (h.3-5)

PatM=A, "BC;N=A,CA;P=A; N AB.

Tacd .

(MB? -MC?) +(NC? ~NA?) + (PA2 - PB?)

= (xB? -xc?)+(YC? - YA?) +(zA? - zB?)

= (zA? -YA?) +(xB? - zB?) + (YC? -xC?)

= (zx% - vx2) +(xY? - zv?) +(YZ? -x2?)

=0. Hinh 3-5

Vay A, A,, Ay déng quy, theo dinh 1i Cdc-n6 (VD 3.8).

Vi du 3.10. Trén truc s6 cho bon di€ém A, B, C, D ; I 1a trung di€ém ctia AB, K
12 trung diém ctia CD. Chitng minh ring cédc diéu kién sau 1 tuong duong :

CA DA
) — = —— ; 1
) CB DB )
b) —i— = —é— + —_-_-1___— (Hé thiic Dé-céc) ;
B AC AD '

¢) 1A = ICID (He thic Niu-ton) ;
d) AC.AD = AB.AK (He thic M4c-16-ranh).
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Gidi. Chon mot diém O bét ki trén truc 1am g6c. Dat OA =a, OB =b,
OC =c, OD =d. Khi d6
CT‘: _ m a-—c¢ a

~d
== @~ pog SXbred=@rbcrd. @

—ChonO=A(a=0),tac6 Q) > 2%cd=bc+bd < -2—=l+—1— ©_2_=_L+L.
b ¢ d AB AC AD

Viy a) <> b).

—ChonO=1Itac6a=-bvadodd

2)e>al=cd e IA° = ICID.

Vay a) < ¢).

- Lai ¢6 —==—+—— > ACAD=AB- 2320 o, ACAD - ABAK

AB AC AD 2
(xem VD 3.1).
Vay b) < d).

 Chii y. B6n diém A, B, C, D trén truc va thod min mot trong céc diéu kién trén
dugc goi 1a hang diém diéu hoa (theo thi tu d6). Dé chi A, B, C, D 1a hang diém
diéu hod, ngudi ta ding ki hiéu (ABCD) = ~1. R6 rang néu (ABCD) = -1 thi ciing
c6 (CDAB) = (BACD) = (BADC) = (ABDC) = —1 (suy tir hé thiic (2), dé ¥ vai trd
binh dingchaavab;cvad).

Vi du 3.11. Trén dudng thing A cho bén diém A, C, B, D theo thit tir d6. S 13

mot diém khong thudc A. Mot dudng thing song song véi SA theo thit tu cét cic
tia SB, SC, SD tai Y, X, Z. Chitng minh ring

cit SC va SD l4n luot tai E, F. Theo dinh 1i
Ta-1ét ta co
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(ABCD)=-1 &YX =YZ.
Gidi. (h.3-6) |
Qua B vé& dudng thing song song véi SA,

CA _AS
CB BE
DA _ AS
DB BF

Hinh 3-6




E—— = T 3
BF YZ ©)
Do dé6:
(ABCD):—IQ’-(i—é—=——];_.é @i_s—z—i_s- <:>—B_—E,—=-1<:>£=—1
CB DB BE BF BF YZ
S YX=YZ

Chut y. Trong ching minh trén ta coi %—% = —g_ES, tic 12 ta d3 coi c4c vecto don

vi cia hai tryc AS, EB 13 ciing huéng. Su dinh huéng nhu vay Ia theo théi quen
thong thudng d6i véi cdc dudng thing song song.

Nhung néu ta cho hai vecto don vi clia cdc truc AS, EB ngugc huéng thi
S8 _ASDA _AS g ket qua vin khong c6 gi thay déi.
CB EB DB FB ‘

Tuy nhién, dii dinh huéng thé ndo di nita thi trén mot truc, n€u M nim trong

.MA _ MaA N : . MA MA
doan AB thi ﬁ—]; =~MB <0, M nam ngoai doan AB thi ﬁﬁ_ =MB >0.

H¢ qud. Cho b6n dudng thing a, b, c, d dbng quy. Dudng thing A cét a, b, ¢, d
theo thif ty tai A, B, C, D. Pudng thdng A’ cit a, b, ¢, d theo thi trtai A, B, C, D
Chiing minh ring

(ABCD)= -1 < (ABCD") = —1.

Vi du 3.12 (Dinh 1f Mé-né-la-uyt). Cho tam gidc ABC. Ba diém M, N, P theo
thit tu thugc cdc dudng thing BC, CA, AB. Ching minh ring M, N, P thing hang
khi va chi khi

MB NC PA

='=='—_.—==1, (1)
MC NA PB

Gidi. (h.3-7) .
Gid sit M, N, P thing hang. Qua C ké dudng thing song song véi AB, cit dudmg
thing qua M, N, P tai D. Ap dung dinh If Ta-Iét, ta c6

M5 NC PA 7B BC PR _|

MC NA'PB DC PA PB
Nguoc lai, gia sit c6 he thic (1). Goi P' 1a giao diém cia c4c dudng thing MN
va AB. Vi M, N, P' théng hang nén theo chiing minh trén :
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MB NC P'A
MC NA P'B
T (1) va (2) rit ra

I:é —P—A =>P=P.
PB P'B

Vay M, N, P thing hang.
Vi dy 3.13 (Dinh i Xé-va). Cho tam gidc ABC. Cic diém M, N, P l4n luot

thuoc cdc dudng thang BC, CA, AB. Ching minh ring cdc dudng thing AM, BN,
CP déng quy hoic song song khi va chi khi

MB NC PA__, 0

= 1. 2)

Hinh 3-7

Gidi (h.3-8). a) Gia sit AM, BN, CP déng quy tai 0. V& qua A dudng thing A
song song vGi BC,dit X =BN N A, Y =CP N A. Theo dinh Ii Ta-1ét ta c6

MB NC PA AX CB AY _ CB

‘MCNAPB AY AX BC BC

Y A A X A
2
. A
o
B M C B M C

Hinh 3-8 | Hinh 3-9
Gia sir ba dudng thing AM, BN, CP song song (h.3-9). Ta c6

MB NC PA MB BC CM MB BC CM

_—,—, = —1.

MC NA'PB MC BM CB BM "CB'MC

b) Nguoc lai, gia sit ba diém M, N, P tuong tng trén céc du’fmg thang BC, CA,
AB thoa méan hé thitc (1).

— Né&u hai trong ba dudng AM, BN, CP cét nhau, ching han AM va BN cit
nhau tai O. Pat P' = OC N AB (ban doc tu ching minh su tén tai ciia di€m P").
Theo phén thuén ta c6 .

MB NC P'A
) ) (2)




BE YX |
BF YZ
Do dé:
(aBcD)=-1 > CA_ DA _AS_ AS BE__ W __
CB DB BE BF BF YZ
S YX=YZ. '

Chi y. Trong chitng minh trén ta coi %% = g_g, tirc 1a ta di coi c4c vecto don
vi clia hai truc AS, EB ]2 cling huéng. Sy dinh huéng nhu véy la theo théi quen
thong thudng d6i véi céc dudng thing song song.

Nhung néu ta cho hai vecto don vi clia cdc truc AS, EB nguoc huéng thi
CA_ASDA_ —%, song két qua vin khong cé gi thay déi.

CB EB’ DB
Tuy nhién, dii dinh huéng th€ ndo di nita thi trén mot truc, néu M nim trong
MA MA MA MA
doan AB thi == = ——— <0, M ndm ngoai doan AB thi —— = —— >(.
’ MB MB g T MB MB

H¢ qud. Cho b6n dudng thing a, b, ¢, d déng quy. Dudng thing A cit a, b, ¢, d
theo thit tir tai A, B, C, D. Dudng thing A' cit a, b, c, d theo thit t tai A", B, C, D.
Chiing minh réng

(ABCD)= -1 < (A'BCD')=-1.

Vi du 3.12 (Dinh lf Mé-né-la-uyt). Cho tam gidc ABC. Ba di€m M, N, P theo
thit ty thudc cdc dudng thing BC, CA, AB. Chiing minh ring M, N, P thing hang
khi va chi khi :

MB NC PA _, O
MC NA PB
Gidi. (h.3-7)
Gia sit M, N, P thing hang. Qua C ké dudng thing song song véi AB, cit dudng
thdng qua M, N, P tai D. Ap dung dinh Ii Ta-1ét, ta 06
| MB NC PA _PB DC PA
Nguoc lai, gia sir c6 he thic (1). Goi P' 1a giao diém ciia c4c dudng thing MN
va AB. ViM, N, P' thing hang nén theo chiing minh trén :
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MB NC P'A
MC NA P'B

Tu (1) va(2) riitra
PA_PA . p
PB P'B

Vay M, N, P thing hang.
Vi du 3.13 (Dinh li Xe-va). Cho tam gidc ABC. Céc di€ém M, N, P 14n lugt

thuéc cdc dudng thing BC, CA, AB. Ching minh ring cdc dudng thing AM, BN,
CP déng quy hoic song song khi va chi khi

MB NC PA 1 M

2

Hinh 3-7

MC NA PB
Gidi (h.3-8). a) Gia sir AM, BN, CP déng quy tai O. V& qua A dudng thang A
song song v6i BC,dat X =BN N A, Y=CP N A. Theo dinh i Ta-1ét ta c6

— emn aemma e e r—

MB NC PA_ AX CB AY CB

MC‘NA PB AY AX BC BC

NN

B M C B M C

Hinh3-8 Hinh 3-9
Gia sir ba duong thing AM, BN, CP song song (h.3-9). Ta c6

MB NC PA MB BC CM MB BC M

e, w—— = —1-

MC NA PB MC BM CB BM CB MC

b) Nguoc lai, gia sit ba diém M, N, P twong tng trén cic du’b’ng théng BC, CA,
AB thoa man hé thirc (1).

— Néu hai trong ba dudng AM, BN, CP cit nhau, chﬁn‘g han AM va BN cit
nhau tai O. Bat P' = OC N AB (ban doc ty ching minh sy t6n tai cha diém P').
Theo phén thuln ta cé ,

MB NC P'A _ @
MC NA P'B ' |




>

Tir (1) va (2) nit ra % = %% = P'=P = AM, BN, CP ddng quy tai O.

— Néu khong c6 hai dudng ndo trong ba dudng AM, BN, CP cit nhau thi hién
nhién c ba dudng théng song song véi nhau.

Vi du 3.14. Cho tam gidc ABC, M la diém trong tam gidc. AM, BM, CM l4n
lugt cit BC, CA, AB tai X, Y, Z (X khéng 12 trung diém clia BC). L4y diém T trén
dudng thing BC. Ching minh riing (BCXT) = —1 khi va chi khi Z, Y, T thing hang.

Gidi (h.3-10). Gia stir (BCXT) = 1.

Theo dinh 1i Xé-va ta cé

- ) A

XB YC ZA __

XC YA ZB Z
_TBYCZA __ Y
—_—— st ——— M
TCYAZB g o

- TB YC ZA _ Hinh 3-10
TC YA ZB

Theo dinh 1f Mé-né-la-uyt ta c6 Z, Y, T thing hing.

— Nguoc lai, gid st Z, Y, T thdng hang. Lay T trén dudng thing BC sao cho
(BCXT') = —1. Theo chimg minh trén thi Z, Y, T' thing haing = T = T. Vay
(BCXT) =-1.

Vi du 3.15. Cho tam gidc ABC, diém O nim trong tam gidc. C4c dudng thing
AO, BO, CO 14n lugt cét céc canh BC, CA, AB tai M, N, P. Puong th'fmg qua O,
song song véi BC 14n lugt cit MN, MP tai E, F. Ching minh ring OE = OF.

Gidi. Truomg hop 1 : NP // BC (h.3-11). Theo dinh 1{ Xé-va ta c6
MB NC PA

.___.=—""1. (1) .
MC NA PB

Vi NP // BC nén theo dinh 1i Ta-1ét ta c6

PA NA NC PA
—_— ﬁ — 1. (2)
PB NC NA PB i

Hinh 3-11




- F | - OE=OF
OE

(& day L = AO N PN)

Truong hop 2 : NP va BC
khong song song (h.3-12)

biat Q = (NP) n (BC). Theo
VD 3.1 ta c6 (BCMQ) = -1, suy
ra (NPLQ) = -1 (theo hé qua
VD 3.11). Tir d6 ta ¢c6 OE = OF
(VD3.11). Hinh 3-12

Vi du 3.16. Cho tam gidc ABC khong can, néi ti€p dudng tron (O). Cic tiép
tuyén cha (O) tai A, B, C l4n luot cit cdc dudng thing BC, CA, AB tai M, N, P.
Chitng minh ring M, N, P théng hang.

Gidi (h.3-13)
Tacé MBA = MAC (: %sd@)
= AMBA v» AMAC ' A

.:>MB_MA_BA
"7 MA  MC  AC

.O
_ MB MA _(ABY
MA MC | AC B\/c M
MB (ABY
= M™MCc _|ac) Hinh 3-13

Vi M 1uén nim ngoai doan BCnén ta c6 :

e e (3¢

MC MC | AC
Tuong tu nhu vy, tacé : E—_C_— = [13-(2)2 ; EE = (Eé—)z :
g 3 O 4 M E_ ’ PB . CB
=1 = M, N, P thing hang (dinh l{ Mé-né-la-uyt).
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Vi du 3.17. Trén céc tia Ox, Oy, Oz 14n luot 14y cdc cip diém (A, A); (B, B);
(C,C).DPatM=BCNBC;N=CANnCA";P=ABN AB.

Ching minh ring M, N, P thing hang (dinh 1i Do-d4c).

Gidi (h.3-14). Ap dung dinh 1i Mé-né-la-uyt cho cdc tam gisc OBC, OCA,
OAB véi su thing hang clia c4c bd ba diém tuong ting \

M, C, B), (N, C, A), (P, A", B), tacé : 0

Nhan tig vé€ cdc déng thic
trén vdi nhau ta duoc

A' %/)///////”
MB NC PA
MC NA PB  Hinh3-14
Ciing theo dinh 1i Mé-né-la-uyt déi véi tam giac
ABC, tacé M, N, P thing hang. A

Vi du 3.18. Cho hinh binh hanh ABCD. Cic
diém M, N l4n luot thuéc cic canh BC,DC; 1, J, K
theo thit ty 1a trung diém cia AM, AN, MN. Chiing
minh réng BI, DJ, CK déng quy. |

=

B M C
Gidi
. . N Hinh 3-15
o Trudc hét ta chimg minh b8 dé sau
B6 dé (h.3-15). Cho tam gidc ABC, M thuéc dudng thang BC ; u// AM,

i = «AB + BAC. Khidé tacé b = B
MC «

Chiimg minh. Vi ©// AM nén i = kKAM (k € R)
= kAM = oAB + BKE .

Xét phép chi€u phuong (AM) lén dudng thing BC, ta cé
0= aMB+BMC:>aMB+BMC 0
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IoE

MB _ B
—I\-/[-——(—: = —a (dpcm)

Nhdn xét. Bé dé nay rét c6 ¥ nghia, n6 cho phép ta tinh %_g ma khong cin

vé diém M.
« By gi¢ ta chiing minh bai toan (h.3-16) A | B
Gia sit BM = kBC,DN = /DC. Dat X = B ~ DC, I
Y =DJNBC,Z =CK N BD. M
Taco: ﬁ=—é—§§+%@ = %(l?ﬁ—-ﬁfﬁ%ﬁé D N C
' Hinh 3-16
l— k-1—
= 5BD +——BC.
’Iheobédétacé-)i_—D=—(k—l)=1—k. (1)
XC
YC 1 1
Tumgtu"fﬁ_-l—l—l—l' (2)

Lol Moo 1 1o ZB -1
Lai o6 CK=3CM+3CN=7(1-k).CB+75(1-D.CD = == {—.

Tir (1), (2), (3) suy ra

XD YC ZB _ -1

1
—_——==0-k —.—=-1
XC YB ZD R Ty
Ap dung dinh 1i Xé-va cho ABCD ta c6 BI, DJ, CK déng quy.
Vi du 3.19. Trén mat phing toa d6 cho hai diém A, B. M 1a diém chia doan
AB theo ti s6 cho truée k # 1 (titc 13 2 = k).
MB
Tinh toa d6 clia M theo toa d¢ ctia A, B.
Gidi. Tix gia thiét tac6 MA = kMB (k # 1)
-xy = kxg -k 1-K)xpy = Xa —kxp
_ XA~ XM = KXp XM=>{( RIVER I B
Ya ~Ym = kyg —kym (1 -K)ym =ya —kys
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N

x5 — kxp
Xy = —H—=
1-k
=
_Ya —kyg
YMETTTR

Nhn xét. 1) C6 thé ding céch biéu dién OM = ——————OAI — l;OB

(O 1a g6c toa do, xem VD 1.10).
2) Véik = -1 thi M 1a trung diém ctia doan AB. Khi d6 toa d6 cha M 1a

. = Xa tXg

M 2 hay M=(XA+XB . YA +YB).
_YatYs 2 2

M = 2

Vi du 3.20. Trén mit phing toa do cho cdc diém A(0; 2); B(1; 1); C(~1; -2).

Cic diém A, B, C' 14n luot chia cdc doan BC, CA, AB theo cic ti s6 —1 ; —é— ; 2.

a) Tim toa do c4c diém A', B, C..
b) Chitng minh ba diém A', B, C thing hang.

Gidi (h.3-17)

a)e AB = -1 = A'la trung diém doan BC.
A'C
) . xB+xc.yB+yc) .~=( ._1)
CongayA—( L) = A 0; 5 ) y
.3 ¢ =l, 4p dung cong thic ¢ VD 3.19 ta cé A
B'A 2 / C
) [AB
Xc—le T T "’ :
Xp = 2 = -2 . Ofa' X
B 1 1 : VA
_5 1 CEJ4
< 1 E III'IT
yc—""yA ] lll
YB' = 21 =-6 i:’:’l
- it
L ) g
VayB' =(2; -6) BT
B = T Hinh 3-17
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'108

» Twong tu tinh dugc C' = (% ; %)

—= 1Y —= (2 11
b z R =] -9 __> . ™ =|Z.2Z .
) Tacé A'B [2, 2),AC (3’6)
Rérang AB' = -3A'C' nén A, B, C'vthr:lmg‘ hang.

Nhdn xét. C6 thé 4p dung dinh 1i Mé-né-la-uyt suy ra ngay ba diém A', B, C
thing hang, vi :

'C C I
== =(-1D.=.(-2)=1.
=== = (D32

oy
)
>

> | >

|Bl
IC :

o}

C. BAI TAP BE NGH]
3.1. Cho tam gidc ABC ; diém M thuéc dudng thing BC. Chiing minh ring

3.2*, Ching minh ring véi c4ac difm M, N, A, B, C cliing nim trén mot dudng
thang, ta c6 : '
AM.AN BMBN CMCN
+ + == =1.

ABAC BCBA CACB

3.3. Chitng minh hé thiic Sti-oa m& rong : ,
MA?BC + MB?.CA + MC2.AB + BC.CA.AB =0
v6i ba diém A, B, C théng hang, M 1a diém bét ki trén mat phéng.

‘3.4*. Cho tam gidc ABC. Dung cdc tam gidc BCAI, CAB,, ABC, can tai A, B, C,.
Goi X, Y, Z theo thit tu 12 trung diém cia BC, CA, AB. Ay Ay, A, 12 cdc dudng
théng 14n luot qua X, Y, Z twong ting vuéng géc véi B,C,, C;A;, A;B,. Chiing
minh ring Ay, A,, A, déng quy.

3.5. Cho tam gidc ABC. V& phan gidc trong AD, phéan gidc ngoai AE (D, E thudc
dudng thang BC). Ching minh ring (BCDE) = —1. _

3.6. Cho tam gidc ABC. Puong tron ndi tiép (I) ti€p xic véi cic canh BC, CA, AB
14n luot tai A', B', C'. Goi M 1a giao diém ctia hai dudng thing A'I va BC'.
Chiing minh rang (AM) 12 trung tuyén cla tam gidc ABC. ‘
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3.7*. Cho tit gidc ABCD ; E=ABN CD, F=AD N BC; [, J, K lan luot 1a trung
diém cha AC, BD, EF. Chimg minh réng I, J, K thang hang (dudng thang
Gau-xo0).

3.8*, Cho tam gidc ABC va cic duong tron (O)) ti€p xiic vdi cac tia AB, AC; (O,)
ti€p xiic v6i cdc tia BC, BA ; (O3) ti€p xiic véiv céc tia CA, CB. Dudng tron
(O,) tiép xiic ngoai véi (Oy), (O,), (Oé) 14n luot tai X, Y, Z. Ching minh rang
AX, BY, CZ dong quy. :

3.9. Cho tam gidc ABC ; diém O ndm trong tam gidc. C4c dudng thing AO, BO,
CO l4n luot cit BC, CA, AB tai A', B, C. L4y diém O' nim trong tam gidc
A'BC. Céc dudng thing AO', BO', CO' 14n luot cit BC, CA', AB'tai A", B", C".
Chimg minh ring A'A", BB", C'C" déng quy.

3.10. Cho hinh binh hanh ABCD. Cic diém X, Y, Z, T theo th tu thudc cic canh
DA, AB, BC, CD sao cho

AD BA CB DC
Aj, Ay, Az 12 cdc dudng thang theo thit tu qua A, B, C twong iing song song véi
XT, YT, ZT. Chu‘ng minh ring Al, Dy, Az déng quy.
3.11. Cho tam glac ABC, diém O nam trong tam gidc. Dudng thang qua O song
song véi BC cit AB, AC 14n luot tai C,, B,. Pudng thing qua O song song véi
CA cat BC, BA 14n lugt tai A,, C,. Dudng théng qua O song song v6i AB cét
CA, CB lan luot tai B,, A,. V& cdc hinh binh hanh OA ;A;A,, OB;B;B,,

OC,C;C,. Ching minh ring AAj, BB;, CC3 déng quy.

3.12. Cho cdc diém A(-1; 1), B(1 ; 3), C(-2; 0).
a) Chimg minh ring A, B, C thang hang.
b) Tim toa d¢ diém D sao cho (ABCD) =-1. ‘

3.13. Trong mat phﬁng toa do cho tam gidc ABC ; M, N, P l4n luot chia cdc doan
BC, CA, AB theo céc ti s6 —% ; =1 % Tim toa d6 cic dinh ciua tam gidc
ABC, biétM=(3;0),N=(2;4),P=(-4; 8).
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Chuong

i

TiCH VO HUGNG CUA HAI VECTO VA UNG DUNG

§4. GIA TRI LUONG GIAC CUA GOC a (0°Sa< 180°)

A. TOM TAT Li THUYET

I - CAC DINH NGHIA

1. Biéu dién goc

— Trong hé toa d6 Oxy, nita dudng tron
tam O ban kinh bang 1, thudc nira mat
phing by x'x chia Oy dugc goi la nira
dudng tron don vi (h.4-1).

—~ Véi mbi goc o (0° < o < 180°), vé tia

Ot sao cho xOt = a.

X "
X' O A(1:0) X

Hinh 4-1

Géc xOt goi 1a sy bi€u dién clia goc a. trén mat phing toa do.

2. Céc gia tri luong gidc cia géc a (0°Sa < 180°)

— Cho géc o c6 biéu dién trén mat phéng toa d¢ 1a xOt. Gia sir Ot cit nita
dudng tron don vi tai M(x ; y). Ta dinh nghia :

fana sino
. al = ———
sino =y cosal
cosa = X, cos ol

cota = —;
simnao

(o # 90°%)

(o # 0°; o = 180°).

— Trudng hop a 1a géc nhon (0° < o < 90%), dinh nghia trén day tring véi dinh
nghia céc ti s6 lugng gidc chia goc nhon &16p 9. ‘

Hé qud. V6i 0° < 0. < 180° tacd
0 <sina £1
-1 <cosa £1.

-cosa>0<:>anhc_>n;cosa(O@au‘l.
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Il - GIA TRI LUONG GIAC CUA MOT GOC
1. Bang gia tri luwgng giac ciia nhimg géc dic biét

o 0° 30° 45° 60° 90° 180°
sina 0 1 V2 V3 ! 0
2 2 2
cosa 1 NE) 2 1 0 -1
2 2 2
tanol 0 V3 1 3 “ 0
3
coto ” 3 1 V3 0 “
_ 3
(ki hiéu Il chi su khong x4c dinh).
2. Su bién thién cla cac gia tri lugng gidc
o 0° 90° 180°
sino 1
0o—— Ty
cosa I “
_ -1
0
tanot » - +00 'I .
cota +00 0
]

I - CAC HE THUC LUONG GIAC

1. Cac hé thitc co ban

sin?o + cos?a = 1 ;

tano.coto = 1(a = 0°; 90°; 180°) ;.

1

COS2 a

1+tan’a =

(o # 90°) ;




- .,,,109

1+cot2oc =

sin? o,

(a = 0°; 180°).

2. Gia tri lugng gidc clia hai géc phu nhau

[5in(90° - &) = cosor (0° < o < 90°)
cos(90° — a) =sina. (0° < o < 90°)

tan(90° — o) = cota. (0° < a < 90°)

(cot(90° — a) = tana (0° < o < 90°).

3. Gia tri lwong giac ctia hai géc bu nhau
(sin(180° —a) = sino

cos(180° — o) = —cosa
ﬁ tan(180° — ) = —tano (o0 # 90°)

[cot(180° — &) = ~cota (o = 0° ; 180°%)

B- CAC ViDy

Vi du 4.1. Dung diém M trén nira dudng tron don vi sao cho MOx = ., biét

ol 3 ]
a) sinoL = i ) tana = -7
Gidi. a) (h.4-2). Ldy trén Oy diém K sao
cho OK = —1- Qua K, v& duong thing vuéng M Kh M
4 ] =T "
géc vdi Oy céat nlra dudng tron don vi tai 9] A X
. . |a = AOM,
M, vaM,. Tacé J—— Hinh 4-2
b) (h.4-3). Vi tana < 0 nén goc o ti. Trong y
géc x'Oy 14y diém B sao cho BA' L x'x va
B
BA' = % N6i OB cit nira dudng tron don vi g
i M, ta c6 AOM = & Wi .
tanm = —-tanA'OM = —% = _%‘ ¥ oAH © A A
Hinh 4-3
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Vi du 4.2, Biét tana = 2. Tinh gid tri cia biéu thic
A= sinzoc + 2sino.cosol — 3c0s20c.

.2 . :
. ) A sin“ o sino.coso
Giai. Tacd >— = —+ 2. 5 -3

cos“a  cos“a cos” o

= A + tanzoc) = tan’o + 2tano — 3

o tan® o + 2tano, — 3
= A=

1+ tan? o
=>A=1. ‘
Vi du 4.3. Khong ding bang s6, hdy tinh cdc téng sau day :
a) S, = sin®22° + sin“68° + sin°31° + sin’59°,

b) S, = 5in?54° + sin?36° — 3sin?126° + cos>126° + cos>54° —

Gidi

a) S; = (sin?22° + c0s?22%) + (sin®31° + cos?31%) = 1 + 1 = 2.

3c0s254°.

b) S, = (sin°54° + c0s254°) — 3(sin>126° + cos*126°) + (cos’126° — cos>126°)

=1-3+0 =-2.

Vi du 4.4. Cho tam gidc ABC nhon, truc tam H. Chimg minh ring

a) SHBC — SHCA — SHAB .

tanA  tanB  tanC’ '
b) (tan A)HA + (tan B)HB + (tan C)HC = 0. X
Gidi (h.4-4). a) Ta cé
cC'
Sypc _ BC' _ AC' _tanA B o C
Suca  AC g_(C:: tanB Hinh 4-4

- Susc - SHca ‘
tanA tanB

Suec _ Shea _ SHAB_
tanA tanB tanC

Tuong tu ta c

b) Theo VD 1.21 ta c6 SppcHA + Syca HB + Syag HC = 0.

K&t hop vdi a), suy ra diéu phai chiing minh.
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Vi du 4.5. Cho tam gidc nhon ABC c6 céc trung tuyén BM, CN vuong géc véi

nhau. Chitng minh rang A

56

cotB + cotC 2> %

Gidi (h.4-5). V& dudng cao AH (H thu¢c doan BC).
. BH CH M
Khi d6 cotB + cotC = N + H N
_BC BC BC _ 2GP

“AH “ AP 3GP

Déng thic xay ra < AH = AP 0

_ B P H C
< AABC cin tai A. Hinh 4-5

=2
-3

Vi du 4.6. Tam gidc ABC c6 céc géc thod mén

A B C
—_— _—< -
tan > + tan > s 2tan > (1)

A B C
— —_—< ——
cot > + cot 5 < 2cot 5 2)

Chimg minh ABC 14 tam gidc déu.
Gidi. Nhan timg v& céc bat dang thitc (1) va (2) (Iuu ¥ cdc vé€ déu duong), ta c6

A B B A
—_— — — —_<
2+tan2cot2+tar12cot2 <4

A B B A '
— = st < .
= tanzcot2 +tanzcot2 <2. 3
Laicé
A B B A A B B A
tan—i-cot—z— + tan—z—cot-i- > 2\/;an—2—cot§tan5cot§- =2. 4)

A B B A
Tir (3) va (4) suy ra tan—- 2 2 — + tan 2cot—2— =2

= tanzé- + tanz—]-s— = 2tan-'l§-tar|-]i
2 2 2 2
= (tané - tang)2 =0 tané = tanE = —é = E
2 2) 22 722
= A=B. (5)




Thé (5) vao (1) va (2) ta c6
[

A
—_—< —_—
tan2_tan2

A C

g .
\cot > < cot 7
Vi tana déng bién khi 0° < o < 90° ; cotar nghich bién khi 0° < a < 90° nén
(A _C

IA

= A=C

v
DO R

Y

Vay AABC déu.

Vi du 4.7. Cho AABC (B > C). Ching minh ring
h, B-C
— = COS
I, 2

trong d6 h, va I, 12 dudng cao va phan gidc k& tir A.

Gidi. Tacd —hi = éﬂ = COS HAD.

I, AD
o Trudng hop B < 90° (h.4-6). - , A
HAD = BAD - BAH
- A 0
=3 (90° - B)
A A+B+C
I T S B B H D C
B-C Hinh 4-6
_ =T
o Trudmg hop B > 90° (h.4-7). A
HAD = BAD + BAH
= % + (B - 90°)
_A L (B _ ﬁfﬁg) |
2 2 H B D C
= .1_3_‘_9. Hinh 4-7
2
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“og,

Tém lai, trong ca hai trudng hop déu cé

m:%.vay?—a=cos@=cosB2 .

a

Vi du 4.8. Chitng minh ring trong tam gidc ABC ta ¢

. cotA + cotB + cotC > 0. -

Gidi. — Néu AABC nhon thi bat déng thic cdn chitng minh hién nhién diing.
— Xét trudng hop AABC khéng nhon. Gia sit, ching han A > 90°

=>B+C<90°=0°<B<B+C<90°= cotB > cot(B + C)

=> cotB > —cotA = cotA + cotB > 0 = cotA + cotB + cotC > 0.

Vi du 4.9. Cho tam gidc ABC ti. Chiing minh réng

1 + 1 . 1 < 1 + 1 N 1
cosA  cosB cosC sin A sin B sin E )
2 2 2

1

cos A < siné'
2

B<90°—C'<90°—~§--

Gidi. Gia stt, chang han géc A til, ta c6 cosA < 0 =

Mait khic, A>90° = B+C<90°= B
C<9O°—B<9O°—5

(1 1
cosB > cos(90° - E) = sin—(—:— cosB sinE
2 2 2
= B B ] 1 I
(o] — i —
cosC > cos(90 ——Z-j = sin > cosC < B
sin—
L 2
1 1 1 1 1 1
VaycosAd*-cosB-*-cosC< .A+.B+.
sin— sin— sin—

2 Mg sy
Vi du 4.10. Ching minh ring

a) s‘““'z*s“’ﬁ Ssina;ﬁ 0° <o, B <180%:




b) °°S°‘;°°SB SCOSO‘;B (©° < o, B <90°. N

Gidi. a) (h.4-8). Gié st a. = XOM, B = XON . / \M
Ldy P12 diém chinh giita cung MN thi .

! I O FK H x

*+P _ SOP. LayE Ia trung diém clia MN,
2 Hinh 4-8
ha MH, NI, PK, EF vuéng géc véi Ox, ta c6
sino ; sinf _ HM2+'IN ~ FE <KP = sin® ; [3.

Diing thitc xay ra < o = .
cosa + cosP  sin(90° — ) + sin(90° - B) < sin (90° — o) + (90° - B)
2 B 2 T 2

L o__oc+[3)_ o+B
-sm(90 5 = COS >

b)

Déng thitc x4y ra <> o = p.

C. BAI TAP BE NGHI

4.1. Hay cho bi€t 0° < a <90° hay '90° < o < 180° néu :

a) sina.cosa <0 ;
b) tano + cota. > 0 ;

tan o
c) >07?
cosa

4.2, Tinh gi4 tri cdc biéu thic :
A =sin1° + 5in®2° + ... + sin”88° + sin89° + sin90° ;
B =c0s’1° + cos°2° + ... + cos°179° + cos>180° ;
C = tan1°tan2°... tan88°tan89°.

4.3. Biét tano. = \/5 — 1, tinh tanto + cot .

e 12 . -
4.4. Biét sinacosa = 75 tinh sin’o + cos3,oc.

N 5
4.5. Tim géc tu a, biét sin‘o + cos*o = r
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4.6. Khong dung bang s6 va mdy tinh, hay tinh
cos15°, tan15°, sin105°.
4.7*, Chimg minh réng trong tam gidc ABC ta c6

A B C
(b-0) cot—2— +(c— a)cot—2-+ (a-— b)cotE =0.

4.8. Cho tam gi4c ABC th. Chitng minh ring tanAtanB < 1.
4.9. Chimg minh ring n€u ABC Ia tam gi4c nhon thi

1 + 1 1 > 1 + 1 + 1
cosA cosB cosC s'né s'nE 'n—(—:—.
1 2 1 ) S1 3

4.10. Chitng minh rang

a) fana ; tan B > tanm;B 0°<a, p<90°;

p) L& ;’ cotP 5 cot ;“ B 0°<a, p<90°).

§5. TEICH VO HUONG CUA HAI VECTO

A. TOM TAT Li THUYET

I - DINH NGHIA VA TINH CHAT

1. Pinh nghia
— Géc gifta hai vecto (khic 0) 3 va b 1a géc o

y
giita hai tia Ox, Oy song song va ciing huéng vdi hai \
y

X

vecto dy, ki hieu 1a (3,b) (h.5-1).
— Tich v6 huéng cta hai vecto ,b la mot s6
thuc, ki hiéu a.b, x4c dinh nhu sau : ' Hinh 5-1

ab = [3l.[6].cos(a,b). |
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o Néu 3,b # 0 thi cos(a,b) = _'a.b_‘ .
Ial.lbl

3. Tinh chat

e 3.b = b.a (giao hodn).

e i(b + &) = 4.b + 3. (phan phéi d6i v6i phép cong).
o (kd).b = a.(kb) = k(@b).
« Cong thiic hinh chi€u : 3.b = a'b (a' 13 hinh chiéu ciia 3@ trén dudng thing
chita b). ' |
4. Cac hing ding thirc
) - - 2 _‘2 - — -‘2
(aib) =a“t+2ab+b ;

G+0).GG-b)=a2-b"

Il - BIEU THUC TOA DO CUA TICH VO HUONG
1. Dinh li. Trong mit phéng toa do, cho @ = (x; yy), b= (X5 y5). Khidé
ab =X;X, +yYa
2. Cac hé qua
e Néu 3@ =(x; y) thi [dl = x* +y*.
e Néu a =(X;; ¥y b= (X5 ; ¥,) thi
aLlboxxy+yy,=0;
eNéua =(x;5yy), b = (Xq; yy) Va2 E,B £ 0 thi
XX +Y1¥p

2 2

cos(a,b) = =
X{ +Yr4X2 +¥2
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B. CAC Vi DU
Vi du 5.1. Chitng minh ring véi bén diém bat ki A, B, C, Dtacé

_ — _ —_—

AB.CD + AC.DB + AD.BC =0 (hé thic O-le).

_— _— —_—

Gidi. AB.CD + AC.DB + AD.BC =
= AB(AD - AC) + AC(AB - AD) + AD(AC - AB)

_— PSS ——— —

= ABAD - ABAC + ACAB ~ AC.AD + AD.AC — AD.AB

= (ABAD-AD.AB) + (AC.AB- AB.AC) + (AD.AC - AC.AD)
=0
Nhdn xét. 1) Cé thé dung hé thic O-le dé ching minh : trong tam gidc ba
duong cao déng quy.
That vay, gia sir cic dudng cao ké tir B v C ciia AABC cit nhau tai H. Ap
dung hé thiic O-le cho bén diém H, A, B, Cta c6 :
HA.BC + HB.CA + HC.AB =0.
Do HB L CA, HC L AB nén HB.CA = HC.AB = 0, tir d6 HA.BC = 0, tic
HA 1 BC (dpcm).
2) Két qua vira chimg minh 12 sy md rong déng thic
AB.CD + AC.DB +'AD.BC =0
khi A, B, C, D nim trén mot dudng théng (xem VD 3.5).

Vi du 5.2. Cho tam gidc ABC, trung tuyén AM. Chiing minh ring :

a) ABAC = AM? — %BCz ;

by AM? = 2(aB? + AC?) - BC?

1 A
Gidi. (h.5-2)
— . (AB+AC) -(AB-A0)
a) AB.AC =
4 , B M C
2 2
= 4A_M_____ BC Hinh 5-2
4 .
_ 2 1.2
=AM 4BC .
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b) AM = +(AB + AC)

[\

= AM? = % (AB? + AC? + 2AB.AC)
= % [2(AB? + AC?) - (AB? + AC? - 2AB.AC) ]
= % [2(AB2 +AC?) - (AB - AC) ]

2 2) _ pe2
:AM2=2(AB +/ZC) BC oo

. Day chinh 1a cong thic tinh d6 dai trung tuyén clia tam gidc, s& dugc dé cap
nhiéu & phan sau.

Vi du 5.3. Cho tam gidc ABC, trohg tam G. 'Chl’mg minh ring =~

GA? + GB* + GC? = 3(a +b% +c?)  (he thiic Lep-nit).
Gidi. Tacé GA +GB + GC = 0
= ((T& + (373 + C_i(dl)2 =0
= GA’ + GB* + GC? + 2(GA.GB + GBGC + GC.GA) =
= 3(GA” + GB* + GC?) - (GA? + GB® - 2GA.GB)

~ (GB? + GC? - 2GBGC) - (GC? + GA2 - 2GC.GA) =

=3(GA2+GB+GA = (GA -GB) +(GB-G0) +(GE-Ga)’
= 3(GA” + GB® + GC?) = AB + BC? + CA?
= GA? + GB* + GC* = -;-(a2 + b + ¢?) (dpem).

Nhdn xét

1) C6 thé ding truc ti€p cong thic tinh do dii trung tuyén & VD 5.3 dé
chitng minh. .

2) Két qua trén con c6 thé phét bi€u dusi hinh thic khéc

m2+mt2,+m = (a +b2+c)
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"og,

Vi du 5.4. Cho tt gidic ABCD. Goi J, J
theo thi tu 12 trung diém clia AC, BD. Chiing A
minh rang C
AB® + BC? + CD? + DA = AC? + BD® + 41J>. y

Gidi. (h.5-3)

Tacé AB? +BC? + CD? +DA? = AC? + BD? +41J° 5
> AB? +BC? + CD? + DA? = AC? + BD? + (AB+CD)” Hinh 5-3
& (AD? - AG?) - (BD? - BC?) = 2AB.CD

= (E—E)(E+KE)—(§)—§E)(§B+§E) = 2AB.CD

= ET)(—A—13+ A_C') - E)(ﬁ) + ﬁf) = 2AB.CD

& CB(AD - BD + AC - BC) = 2AB.CD

< CD.2AB=2AB.CD (dding).

Vi du 5.5. Cho tam gidc ABC. Chilg minh rang :

a) ABAC = %(ABZ + AC? - BC?) ; )
b) BC? = AB? + AC? - 2AB.AC.cosA. @)
Gidi

2B = BC = (Ac - aB)

= AC  + AB - 2ACAB =AC? + AB® - 2AC.AB
= ABAC = %(ABZ + AC? - BC?). )
b) BC> = AB” + AC? - 2AB.AC

= AB* + AC2 - 2|rB|lXalcosA

= AB? + AC? - 2AB.AC cosA. )

Chii y. Céc cong thiic (1) va (2) thudng xuyén dugc st dung trong khi gidi céc
bai tap khdc. Diac biét, (2) duge goi 12 dinh li ham s6 codsin, trong chuong sau ta
s& dé cap nhiéu dén dinh Ii nay. :
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Vi du 5.6. Cho tam gidc ABC, trong tam G. Chimg minh ring v6i moi diém M,
ta cé MA% + MB? + MC? = GA? + GB? + GC* + 3MG2.
Gidi. Tacd
MA? + MB? + MC? = (M—C_}.+G_A;)2 +(WG+6§)2 +(ﬁ+(3€)2
=3MG? + 2MG(GA + GB + GC) + GA? + GB? + GC?
= 3MG? + GA? + GB? + GC? (dpem).

Nhdén xét. 1) Diém c6 t6ng binh phuong cdc khoang céch tir d6 dén cdc dinh
clia tam gidc nhé nhét chinh 1a trong tAm clia tam gi4c.

2) Néu tam gidc ABC noi tiép dudng tron (O ; R) thi

3(R* - 0G%) = GA? + GB?+ GC? (1dy M = O).
Vi du 5.7. Cho AABC, diém I thoa mén

aiX+BIT3+yIE =0 (a+B+y=0).

Ching minh ring véi diém M bat ki ta ¢

oMA? + BMB? + yMC? = oIA? + BIB? + yIC? + (o + B + 7)MI-.

Gidi.

2 2 2 v IRt I A N ey IR T 4

aMA? + BMB? + yMC? = o(MI + TA)” + p(MI + IB) + y(MT + IC)

=(a+p +y)MIz+ 2m(a1_1§ + BI_B + yfa) +alAZ+ BIBz+yIC2

= aIA? + BIB® + yIC? + (o + B + )MP? (dpem).

Nhdn xét. 1) Chitng minh hoan toan tuong tu nhu trén, ta c6 két qua sau (cong
thitc Gia-co-bi) : "Néu I 13 tam ti cu clia he diém {A,, A,,..., A} ing véi cdc he
s6 {oy, Ay, ..., 0, } thi VM :

oMA? + a,MAZ + .. +a MAZ =

= ayIA? + 0,IAS + ... + 0 JAZ + (o) + 0y + ... + 0 )MI2,
2)Voin=3;0y=0p=03=1,tacé kétqua 6 VD 5.6.

Vi du 5.8. Cho da giéc déu n—canh néi ti€p duong tron (O ; R). Ching minh rang
téng binh phuong cdc khoang cdch tir mot diém bat ki trén dudng tron (O) dén cic
dinh clia da gidc 12 mot dai lugng khong déi.
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Gidi. Gia st da gidc déu A A,... A, ndi ti€p dudng tron (O ; R). V6i M bat ki
thudc dudng tron ta cé
MA? + MAJ + ... + MA?

= (MO + OA1)2 + (MO + OA2)2 ..+ (_1\71_6 + (—’)—1\_r;)2

2 _— —_—2 —2 2
= nMOG + 2MO(OA, + OA, + ..+ OA,) + (OA,” + OA;” +..+ 0A,")
=nR? + 2MO. + nR?
= 2nR>.

Nhdn xét. V6i M bit ki thuoc dudng tron (O ; 1), (r 12 s6 thuc duong tuy y),
tacd

MA? + MAZ + ..+ MA? =n(* + R?).
Vi du 5.9. Cho tam gidc déu ABC noi ti€p dudng tron (O ; R). M la diém bat
ki trén cung nhé BC. Chitng minh réng
MA = MB + MC. A
. . B2 2 _ (60 . ox )P '
Gidi. (h.5-4). Tacé R®=0A?= (OM + MA)
=R’ +MA® + 20MMA

= MA%+ 20MMA =0 = MA+26—M~E—£—=O.
Tuong tu, A
MB MC v Hinh 5-4

Suy ra: — MA + MB + MC + 20—M.[—I‘M’I‘: + ﬁg + ﬁg] =0
MA MB MC . o y 0

Vi - MAMB’ MC 12 cic vecto don vi va d6i mot tao v6i nhau géc 120™ nén
tdng cha chiing béng 0. Do d6 ~MA + MB + MC = 0, tiic 1a MA = MB + MC.

Nhdn xét. Cich giai trén ngay 1ap tiic. cho phép ta gidi bai todn téng quit sau :

Cho da gi4c déu A A,... A, noiti€p dudng tron (O ; R). M 12 mot diém trén

cung nho K;XZn 41+ Ching minh réng
MAl + MA3 + .ot MA2n+1 = MA2 + MA4 + o+ MAzn.
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Vidu 5.10. Goi I 12 tim dudng tron néi ti€p tam gidc ABC. Chiing minh ring
aIAZ + bIB? + cIC? = abc.
Gidi. Cach 1
Ta da biét
aiX+bifS+cfé=6 = (af&+bf]§+cfé)2 =0
= a’IA% + b’IB? + ¢IC? + 2abIA.IB + 2bc IBIC + 2calCIA =0
= a’IA? + b’IB? + c2IC? + ab(IA? + IB? - AB?) +
| + be(IB? + IC% — BC?) + ca(IC? + 1A2 = CAY) =0
= (a” + ab + ca)lA? + (b® + ba + bo)IB? +
+(c* + ca + cb)IC” - (abc? + ab’c + a%be) = 0
= (a + b + c)(alA® + bIB + cIC?) = (a + b + c)abc
=> alA? + bIB? + cIC? = abc.
Cdch 2. Goi H va K 1a hinh chi€u cba I trén AB, AC. Tir he thic
aiX+bf§+cﬁ = 6, taco

alA? + bIB? + cIC? = (~bIB - ¢IC) IA + bIB? + cIC?
= bIB(IB - T1A) + cIC(IC — IA)
= bIB.AB + c.IC.AC

= bHB.AB + cKC.AC (cong thiic hinh chi€u). (1)
Mit khac, vi HB ™ AB, KC ™ AC nén
HB.AB =HB.AB = (p - b)c ; KC.AC =KC.AC = (p=c)b. @)

Tu (1) va (2) suy ra

alA? + bIB? + cIC? =b(p-b)c+c(p-c)b=(p-b+p-c)bc =abc.

Nhén xét

1) Bing phuong phdp clia cdch 1, ta c6 thé ching minh dugc két qua téng
quét hon :

Cho tam gidc ABC. Diém I x4c dinh bai

ozIX+Bﬁ§+yf5=6 (a+B+y=0).

Taco oIA? + [SIB2 + yIC2 (och + Bya + yab ).

1 -

a+p+

2) Keét hOp két qua trén v6i két qua & VD STsia+B+y=1), ta c6 ket qua
sau : Véi diém M bat ki, .
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MI° = aMA? + BMB? + yYMC? - (aPAB? + ByBC? + yaCA2).
3) Hoan toan tuwong tu chitng minh & trén, ta ¢6 két qua :
Néu I 1a tam ti cu clia hé diém {Aq, Ay,..., A} v6i cdc he s6 {ay, ay,..., 0}
(ap+oy+...+a,=1)thi vMtacé

MI® = ,MA? + 0,MA2 + ... + o, MA2
- (OL]0L2A1A% + OL10L3A1A§ + ..+ alanAlAﬁ

+ a2a3A2A§ + a2a4A2Ai + ..+ oczoanzA?1
+ ...
‘ n-—lanAn—lAﬁ )-

bay chinh 14 cong thic tinh khodng c4ch tix diém M bat ki dén tam ti cu cha
hé diém.

Vidu 5.11.

Cho tam gidc ABC khong can va dudng tron néi tiép (I); M 1a diém chay trén (I).
Goi H, K, L 14n luot 13 hinh chi€u clia M trén cdc dudng th:zmg BC, CA, AB. Tim
vi tri cia M sao cho MH + MK + ML 16n nh4t, nho nhét.

Gidi. (h.5-5)

Gia st ban kinh cta (I) 1a r va (I) tiép xiic véi BC, CA, ABtai X, Y, Z. Goi T
1a trong tam AXYZ. Tacé : ‘

MH + MK + ML

= l(MH.IX + MK.IY + ML.IZ)

= ~(MHIX + MKIY + MLIZ)

-xlv--

MX.IX Z)

MX.IX + MYIY + MZIZ

v-1|»—a »-1]-—- .-,'._‘

= ~(
((MI + X)X + (M + TOTY + (M + 12)1Z)
= -(

MI(EX + IY + 1Z) + 312)

- -%ﬁﬁﬁ 3

Vay : (MH + MK + ML)max (min)
ot I—Mﬁ‘ min (max)
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& IM,IT nguoc huéng (cing huéng)

< M tring M; (M tring M,).

Trong d6 M;M, 1a dudng kinh clia dudng tron (I) va céc tia IM,, IT cung
huéng ; IM,, IT nguge huéng.

Vi du 5.12. Cho tam gidc ABC khong déu n6i tiép dudng tron (O ; R). Tim
trén dudng tron di€m c6 t8ng binh phuong céc khoang c4ch tir d6 dén cic dinh cla
tam gidc 12 16n nh4t, nho nhat.

Gidi. (h.5-6)

Cdch 1. V6i moi di€ém M thudc dudng tron ta c6

MA2+MB2+MC2= (FO+67§)2 + (M6+6§)2+(1\76+66')2

=6R*+ 2MO(OA + OB + OC)
= 6R* + 2MO.OH (H Ia truc tam AABC, xem VD 2.14)
= 6R” + 2R.OH.cos¢ (¢ 1 goc gita MO va OH).
Tir d6 suy ra
~ Téng (MA? + MB? + MC?) 16n nhat khi va chi khi coso = 1
< MO 1M OH ' A
<> M la giao ciia tia HO véi (O). M
- Téng (MA? + MB? + MC?) nhd nhit
< cosp = -1 HAAG

<> M 1a giao ciia tia OH véi (O)

(luvu ¥ ring AABC khong déu nén O = H). Hinh 5-6
Cdch 2. MA? + MB? + MC? = GA? + GB? + GC? + 3MG?>
(G 1a trong tam AABC). Vay :
— Téng (MA® + MB? + MC?) 16n nhdt < MG 16n nhat
<> M 1a giao ctia tia GO véi (O).
— Téng (MA? + MB? + MC?) nhé nht <> MG nhé nhat
& M 1a giao ciia tia OG véi (O):.

Vi du 5.13. Tam gidc ABC cén tai A noi ti€p dudng tron (O). D 14 trung diém
clia AB, E Ia trong tam tam gidc ADC. Chitng minh ring OE L CD.
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Gidi (h.5-7). Ta c6
CD = E(CA +CB) = E(OA + OB - 20C)
OF - g(o—,i +0D +0C)

[07+§(a+5§)+66}

(30A + OB + 20C). ' Hinh 5-7

Do dé : 2CD.60E = (OA + OB - 20C)(30A + OB + 20C)
=30A% + OB’ - 40C? + 40A.0B - 40A.0C
= 40A(OB - OC)
= 40A.CB = 0.

Vay CD.OE =0, titc 1a OE L CD (dpcm).

Vi du 5.14. Cho tam gidc déu ABC. Léy céc diém M, N thod min BM = 31;—1—3—6,

-—
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AN = %Kﬁ. Goi I 12 giao diém ctia AM va CN. Ching minh ring BIC = 90°.

Gidi (h.5-8). Goi a 12 d6 dai canh tam gidc déu ABC.

VileCNnéntontaix,ysaochox+y=1 (1) A

va ﬁ:xﬁ+yﬁ=%ﬁ+3yﬁ. N

2x

Vil € AM nén 3

+3y =1. )

T (1) va (2) dé dang suy ra x = g, y = =. Vay

1
-

= ZBA + =BC. 3
Bl = - BA + - BC 3)

Mat khéc, CN = %c_A' + %c—:ﬁ. Do d6

Hinh 5-8

— (4 1==\(25 1=

8 == 4o 2 ]
= 57BACA + - BA.CB + -BC.CA + - BC.CB




- VayBILCN.

Nhdn xét. C6 thé 4p dung dinh 1i Mé-né-la-uyt tinh % r6i bidu dién BI qua

BN va BC, sau dé biéu dién Bl qua BA va BC dé dugc (3).

Vi du 5.15. Cho hinh vuong ABCD ; E, F Ia céc diém xdc dinh bdi BE = %ﬁ:’,

CF = -%Eﬁ, dudng thing AE cét BF tai L Ching minh ring AIC = 90°.

Gidi (h.5-9). Tacd

l—= 2-=

AE—%AB+ Ac_—AB+;(AB+ZB)=X§+%TD.

3 3
Laicé?ﬁ=ﬁ+§i=ﬁ+kﬁ A B
=A_B'+k(§E+EI—5) 5 I
=A—B+k(ﬁ+%ﬁ)
kK\—= . i . D C F
= (1 + —2—jAB + kAD.
Hinh 5-9

ViﬁTTXﬁnén(l+§):l=k:

vayxi=grs+§xﬁ.

Déng thdi ciing ¢

Ei=ﬁ—X5=§-Xﬁ+%A_ﬁ—(—ATs+AD)—— —gAD
== (652, 255\ (1o _35g)_ 6.2 6.2

:>AI.CI—(§AB+-§AD)(5AB gAD) 754 ~ 558 =0

(a 12 d6 dai canh hinh vuéng)
= Al LCI (dpcm)

Vi du 5.16. Cho tit gidc ABCD, hai dudng chéo cit nhau tai O. Goi H, K 14n
luot 12 truc tam cha tam gidc AOB va COD ; I, J 1a trung diém cha AD, BC.

Chitng minh ring HK L IJ.
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Gidi (h.5-10)

Theo cong thitc hinh chi€u ta c6

21J.HK = (AC + DB).HK

= AC.HK + DB.HK = AC.BD + DB.AC
=0

= HK L 1II.

Hinh 5-10

(Lwu ¥ ring HK va AC c6 cing hinh chiéu trén (BD), HK va BD c6 cing hinh

chiéu trén (AC) ).

Vidu 5.17. Cho tam gidc ABC ndi ti€p dudng tron (O), ngoai ti€p dudng tron (I).
‘B 1a diém d6i xing cta B qua O. (I) ti€p xiic véi cdc canh BA, BC tai P, Q.
Trén BA, BC 14y cic diém K, L sao cho BK = CQ, BL = AP. Chiing minh rang

BT 1 KL.
Gidi (h.5-11). Tacé
IB'KL = 18".(BL - BK)
= IB'BL - IB'BK
= QCBL - PABK
= QC.BL - PA.BK
=QC.PA-PA.QC=0.
Vay IB' L KL (dpcm).

Vi du 5.18. Cho tam gidc ABC. Goi O, I
14n luot 1a tam dudng tron ngoai tiép, noi tiép
tam gidc. Trén c4c tia BA, CA 14y cic diém E,
F sao cho EB = BC = CF. Ching minh ring
OI L EF.

Gidi (h.5-12). Goi M, N, P 14n luot 13 hinh
chi€u clia O trén BC, CA, AB; X, Y, Z 13 hinh
chi€u cua I tréen BC, CA, AB.

Ta c6 OLEF = 6‘1’(E§+ BC + (TP:)

= OLEB + OLBC + OLCF

= PZEB + MX.BC + NY.CF

= (BP - BZ)BE + (BX - BM)BC + (CY - CN)CF
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‘= BP.BE - BZBE + BX.BC - BM.BC + CY.CF - CN.CF

=2 - —bla-2 - b
=7a (p-b)a+(p—Dba 54 +(p c’)a—za

c a b
= | = — b —_ —_— -—C —— = 0.
(2 p+b+p-»b 2+p c z)a 0
Suy ra OI L EF.

Nhdn xét. K&t hop v6i BT 1.5 ta c6 két luan : OI Ia dudng thing O-le cha
tam gidc XYZ.

Vi du 5.19. Cho hai diém A, B c6 dinh ; vecto @ khdc O khong déi va s6
thuc k. Tim tap hop cdc di€ém M sao cho

. a) mm =k;
b) AMa =k.
Gidi. a) Goi I 1a trung di€ém cta AB. Ta c6

MAMB =k < (Mi+IA)(MI-IA)=k < MI*- %AB2=k
o IM? = k+%AB2.

~Néuk < -% AB? : Tap céc diém M 1a @.

—Néuk= —%ABZ : Tap céc diém M 1a {I}.
— Néuk > —%ABZ : Tap céc diém M 12 dudng tron (1 : %\/41( + AB? )
b) (h.5-13). Lay di€ém M, c6 dinh sao cho

- A
AMoa =k. M,
Khi d6 AM.3 =k < (AM, - AM).3 =0 ES
M
& MMy.d =0 MM, L & N A

Vay tap hgp céc diém M Ia dudng
thing A di qua M, vA vuéng géc véi a.

Vi du 5.20. Cho tam gidc ABC. Tim tap hgp cdc diém M sao cho :
(M—B + M—é)(ﬁ +2MB + 3@) =0.

Hinh 5-13
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Gidi. Goi 1 1 trung diém clia BC, D 12 diém tho min DA +2DB =0, E Ia

trung diém cia DC. Ta c6 (MB+MC)(MA +2MB +3MC) =0 < 2MIL6ME = 0
& MLME =0 < MI L ME.

Vay tap hop céc diém M 1a dudng tron dudng kinh IE.
Vi du 5.21. Cho tam gidc ABC. Tim tap hop céc diém M sao cho :

a) MB® + MC> - MA’=0; )
b) MB® + MC? - 2MA® = 0. @
Gidi (h.5-14).

a) Dung hinh binh hanh ABEC, ta c6
EB + EC -~ EA =0
= MB? + MC? - MA%= (—l\ﬁ+1§3)2 +(ﬁﬁ+f3€)2 —(I\E+EX)2
= ME? + 2ME(EB + EC - EA) + EB? + EC*— EA%,
Dodé (1) < ME?=EA*- (EB’ + EC?)
& ME? = (EB + EC)? - (EB? + EC?)

A

& ME? = 2EBEC < ME?= 2ABAC c
< ME?=2AB.ACcosA.

~Néu A ti: Taphopcdc didmM1a @. B

—Néu A vuodng : Tap hop céc diém M 1a {E}.

— Néu A nhon : Tap hop céc diém M Ia E

dudng tron (E ; V2AB.AC.cosA). Hinh 5-14
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b) Cdch 1. Goi I 1a trung diém ctia BC, J 12 trung diém AL
Tacé MB?+ MC? - 2MA%=0
BC?

& 2aM* + - 2MA? =0 (Xem VD 5.2)

2
c>MA2—M12=E§—

< M thuoc dudng thing vuéng géc véi Al tai diém H xédc dinh boi :

. 2
H =3¢ «vp3.
SAI

G N

103.




A

Cach 2. Goi O 12 tam dudng tron ngoai tié'p, G 1a trong tam AABC.
— =2 —n\2 — 2

Tacé (2) & (MO +0B) +(MO+0C) -2(MG+0A) =0

< 2MG(0B + OC - 20A) =0

< 2MO(OA + OB + OC - 30A) =0

< 2M0(30G - 304) =0
& MO.AG =0 < MO L AG
< M thudc dudng thing qua O, vudng géc véi AG.

Vi du 5.22. Cho hai diém A, B phan biét va s6 duong k # 1. Tim tap hop cic

diém M sao cho Ma = k.

MB

Gidi (h.5-15). ‘ M
Cdch 1. Ldy trén dudng thing AB céc /Kﬁ\
diém E, F sao cho EA = —kEB, FA =kFB. \

_ 2_ 1 2MvR2 =
Ta cé MB ke MA® -k MB =0

& (MA + kMB).(MA - kMB) =0 | Hinh 5-15
= (I\Tﬁ+ﬁ§+kﬁ+k§l§)(ﬁ+ﬂ—kﬁ—kfﬁ)=0

& (1+K)ME (1 ~k)MF =0

& (1-k)MEMF =0< MEMF =0 (vik>0,k# 1)

< ME 1L MF.
Vay tap céc diém M 12 dudng tron dudng kinh EF (dudng tron A-p6-106-ni-ut).

Cdch 2. L&y E, F nhu céch 1.

MA __EA
MB  EB
Thugn. Néu M thod min o2 =k thi _EB
MB MA _FA
MB  FB

= ME la phan gidc trong, MF la phan gidc ngoai clia tam gidc MAB
= EMF = lv = M thuéc dudng tron dudng kinh EF.
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Ddo. Ly M thuoc dudng tron dudng kinh EF, ta c6 ME L MF. Qua B ké

dudng thing song song véi MF, dudng thang ndy theo thi tu cit ME, MA tai H, K.
Vi (ABEF) = -1 nén HB = HK (VD 3.11). Vi BK // MF ; ME 1 MF nén
BK 1 ME. Suy ra tam gidc MBK can tai M = ME la phin gidc cla goc

AMB =

A _ A
MB = EB |
Vay, tap hop cc diém M 1a dudng tron dudng kinh EF.

Vi du 5.23. Cho tam gidc ABC c6 trong tam G. Ching minh rang véi moi

diém M, ta c6
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MAZ + MB? + MC? > MA.GA + MB.GB + MC.GC > GA? + GB* + GC2.
Gidi. Talubn cé

MA.GA + MB.GB + MC.GC > MA.GA + MB.GB + MC.GC

= (MG + GA).GA + (MG + GB).GB + (MG + GC).GC

= MG.(GA +GB+GC) + GA? + GB? + GC* = GA? + GB? + GC~

Viay MA.GA + MB.GB + MC.GC > GA” + GB® + GC~.

MA 1 GA
D4u ding thifc xay ra < MBT™GB = M=G.
MC ™ GC

_ Lai c6 MAZ + MB? + MC? + GA? + GB* + GC?

= (MAZ? + GA?) + (MB? + GB?) + (MC? + GC?)

> 2MA.GA + 2MB.GB + 2MC.GC

= (MA? + MB? + MC?) — (MA.GA + MB.GB + MC.GC) 2

> (MA.GA + MB.GB + MC.GC) — (GA2 + GB* + GC*) 2 0

= MAZ + MB? + MC? > MA.GA + MB.GB + MC.GC.

D4u ding thifc xay ra < M =G.

Nhdn xét .

1) Bt dang thic sau day s€ dugc sit dung nhiéu trong khi giai cac bai todn :
lal.l6l > ab.

Ding thic xay ra<> a 11 b.




.\

2) Tir bat ding thic & VD 5.23, cho M triing véi tam dudng tron ngoai ti€p
AABC, ta d& dang chiing minh dugc c4c bat ding thitc quen thudc sau :

a)m, + my +m; < —~R.

Vi du 5.24. Cho t gidc IAJB c6 cdc géc A, B vuong, IA > IB. M 1a diém b4t
ki trén dudng thang IJ. Chitng minh ring

JA MA 1A

el Qi iy

JB MB IB
Gidi. (h.5-16). Cdach 1. Tacé

Avio M M4
U i} A
By Mg Mg |
i} i) I M \I
2 _ MIJ? 2, MI? © ?
AM? = —— Al —AJ
U U
= 2 2 B
BM? = MJ2 BI? + M12 BJZ.
I I \
Do d6 Hinh 5-16

JA MA JA? MA?

— < ey <

JB MB JB2 MB?

< JA2MB?® < JB>. MA?
© JAYMIZBI? + MI2.BI?) < JBX(MJZ AL? + MI2.AT%)
o MI(IA%IB? - JA%IBY) > 0.

ViIA > IB = JB > JA nén bit ding thiic cu6i ding, D4u ding

VY JBSMB"

thic xdyras M =1J. |
B4t déng thic 1;4/[—/; < ?}2 dugc chiing minh mét cich tuong tu.

Cdch 2.
Khong mit tinh téng quét, gia st IJ = 2. Lap hé truc toa do Oxy sao cho
I=(-1;0),J=(1;0).
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Khi d6 M = (x5 0) VA A= (x5 Ya): B= (x5 1 Yp) Vi X3 +ya =Xp +¥5=1.

IA_ MA
o>
Nhu vay, B 2 TR (1)
1A MA?
oS — 2
IB>° MB?

& 1A% MB® > B2 MA? | |
& I:(XA +1)? +y2A][(xB—xM)2+y2B]Z[(xB +1)2+y23][:(xA —xM)2+yi]
& (2x + (X% —2xpXy + 1)2(2xB+2)(x§,I - 2xpxm + 1)
= xAxlzvl —2XAXpXpm + XA +x12\,I - 2xgxy +12
2 xBxi,I — 2XpXgXy + Xg + X12v1 ~2XXy +1
< xAxlzw + Xp — 2XgXy 2 xBxﬁ,I + X — 2X XM
& (x5 — xg)(xE +2xy +1) 20
& (x4 - xg)(xy +1)? 20. | )

ViIA > IB nén x5 2 X, suy ra (2) ding, do dé6 (1) diing.
Nhdn xét. Cung voi BT 3.1, VD 5.24 1a mot vi du sinh dong, minh hoa cho

y tudng dai s6 hod hinh hoc ctiia Dé-cic.

| A
Vi du 5.25. Cho tam gidc ABC. Tim diém

M cho (MA + MB + MC) nho nhit.

Gidi (h.5-17). Néu A < 120°, B < 120°,

C < 120° thi t6n tai diém T trong tam gidc sao
cho BTC = CTA = ATB = 120°. 5 .
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Véi diém M bat ki ta cé -
MA.TA 4 MB.TB 4 MC.TC
TA TB TC
| MATA  MBTE  MCTC
- TA TB TC
(ﬁ’f‘ + ﬁ)ﬁ N (ﬁ' + ﬁ)ﬁ +’ (I—VITI‘ + ’I‘E)f(—f
TA TB TC

Hinh 5-17

MA+MB+MC-=




—2

_ = — —2 —2
—(TA TB TC) TA- TB TC

M R "B )" Ta * B T e
= MTO +TA +TB + TC
=TA + TB + TC.
(M
Déng thirc xay ra < {MB ™ TB < M = T (diém Toricelli).
MC 1 TC
AB AC ,
— > ~ i — P - ‘ ~ ’
Néu A > 120° thi AB+AC < 1. Vé6i diém M bat ki ta co
MBAB MC.AC MBAB MC.AC
= >
MA + MB + MC = MA + B + NG _.MA+ B + AC
2 —
AB AC AB AC
=MA+ MA(AB AC)+ AB T AC |
AC AB AC e e e
W'_AE-F/—\E <1 nén MA + MA(XE+X—C—) dat gid tri nho nhat bang 0
SM=A.

Néu B > 120° hodc C > 120° thi ta ciing nhan dugc céc két qua tuong tu.
Tém lai :

+ Néu A, B, C < 120° thi (MA + MB + MC) nhé nhét <> M=T.

+ Néu A 2 120° thi (MA + MB + MC) nhé nhit < M = A.

+ Néu B > 120° thi (MA + MB + MC) nhé nhit <> M = B.

+ Néu C > 120° thi (MA + MB + MC) nh6 nhit <> M = C.

Vi du 5.26. Cho tam gidc nhon ABC. Hay
tim trén cdc dudng thing BC, CA, AB cic
diém X, Y, Z sao cho chu vi tam gidc XYZ
nho nhit.

Gidi (h.5-18). Gia sir Al, BJ, CK 1a cédc
dudng cao clia tam gidc ABC ; X, Y, Z'1a ba
diém bat ki twong ung trén cic dudong thing
BC, CA, AB. Hinh 5-18
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Tacd YZ+ZX +XY =
_YZIJK N ZX KI N XY

JK KI I

YZJK ZX.KI XY.U
> + +

JK KI J
_(W+ KKK | @K+ K+ B)K | (K + T+ 1Y)
- JK KI I

—(0 IK) —=(JK W) =——(KI Ki

'JK+KI+U+Xl(ﬁ+EJ+YJ(}E+ﬁ)+ZK(ﬁ+fj)'

Trong hinh hoc phing, ta biét mot két qua quan trong : Truc tam H cia
tam gidc ABC 1a tAm dudng tron noi ti€p tam gidc UK. Do dé

U K| =0 K
[ﬁ+ﬁJTTIA:XI(ﬁ-+ﬁ)_0.

—

Tuong tu, ﬁ(—;—%+%) =0; ﬁ(%+%) =0.
Vay YZ+ZX + XY 2JK + KI +1J.
Néu xay ra ddu déng thic thi

YZ MK ; ZX M KD XY MDD
Nghiala3 o, B,y>0: ﬁ=aﬁ,ﬂ=ﬁﬁ, ﬁzyﬁ.
Teds oJK + BKI +yD = 0.

b

Mat khéc, JK+Ki+0 =0 nén o = f =1vy. T d6 suy ra YZ = oJK ;

ZX = oKl ; XY = ol
= YZ=0aJK;ZX =0KI; XY =al]
> YZ+ZX + XY =a(JK + KI + IJ).
Két hop v6i diéu kien khi ding thitc xdy ra YZ + ZX + XY =JK + KI + IJ

tacé a=pf=y=1.

—Y_Z.'=TIZ X =1
Suy ra ZX=KI = {Y=1I
XY =1J. Z =K.
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Dasl

Nguogc lai, néuX=1,Y=J,Z=K thihiénnhiénYZ+ZX+XY=JK+KI+U.
Tém lai, chu vi tam gidc XYZ nho nhat khi X, Y, Z tuong iing tring véi chan
céc dudng cao keé tir A, B, C clia tam gidc ABC.

Vi du 5.27. Cho tam gidc ABC. Chitng minh ring :
a) cosA + cosB + cosC < 3 ;
b) cos2A + cos2B + cos2C > — 3 (A, B, C nhon).

— o —

Gidi (h.5-19). Lay céc vecto don vi e,,e,,e5 sao cho

A
e, 11 BC R
—_— e es
—_— — ?
e; 1 AB. :
— —a =2 - ~
Tacé (e1+e2 +e3) >0 B < ¢
= el + 62 + e3 -+ 2(61.62 + 62.63 + 63.61) > O
=> 3 — 2(cosC + cosA + cosB) >0
3 .
=> cosA + cosB + cosC < 5
- = = = BC CA AB -
Diéng thic xdyra <> e, +e, +e; =0 & — = 0.

BC CA AB

Chi y ring BC+CA+AB=0 nén diéu kién trén tuong duong véi
BC = CA = AB hay tam gidc ABC déu.

b) Goi O 1a tam, R 1a ban kinh duong tron ngoai ti€p tam gidc ABC. Ta cé

(__. — —

OA +0B+00) 20

= 0A%+ 0B? + 0% + 2(0OA.0B + OB.OC + OC.0A) >0
= 3R+ 2R2(Cos2C + cos2A + cos2B) 20

= c0s2A + cos2B + cos2C > —%.'

Ding thiic x4y ra <> OA + OB+ OC =0 <> O 12 trong tam AABC <> AABC déu.
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Nhdn xét. V6i viéc khai trién hai bat déng thiic

( —_— — —

2
Xe; +ye, + ze3) 2>0.

— —_ —\2
(xOA + yOB +2z0C) 20
ta dé dang nhan dugc hai bt déng thitc téng quat
x2 +y? +2°

yzcosA + zxcosB + xycosC < — 5 VX, Y,z

x2 +y? +22
2 .
Vi du 5.28. Trong mat phing Oxy, cho hai diém A(x; ; y;) ; B(x; ; yy).

yzcos2A + zxcos2B + xycos2C < — VX, Yy, z.

Chiing minh ring Sg,p =%~ X1Y2 —Xp¥y]-

Giai. (h.5-20)

o------=-—ptw

R
mh-------Sw

>

" Hinh 5-20
Dé dang ching minh dugc :

S=Soap = -;—OA.OB sina, trong d6 o 1a géc giira hai vecto 6&,6]3

Suyra 452 = [aP [8 sin?o
= 2P J&f 1 - cos?)
= (& J6 - (1.J6).cosc)’
= &2 Jol” - (a6)°
= (x12 + ylz)(x% + Y%) = (xix5 +y1¥; )2
= (x1y2 — Xy’

' 1
Vay S = §|X1Y2 = Xy

82




Bl

Vi du 5.29. Cho céc s6 Xy, X,, ¥;, Y. Chiing minh ring
(X12 + ylz )(x% + y%) 2 (X1X + Y, y2)2 (bat dzlmg thic Bu-nhi-a-cop-xki).
Gidi. Trén mat phing toa do xét hai vecto a = (x;;y, )b = (X53¥5).
Taco [all6l 2 ibl = &P JBf = @by
= (xl2 + yf‘)(x% + y%) 2 (XX + y1y2)2.
Dingthic xdyra < 3//b < Xy, =Xy,. |
Vi du 5.30. Cho hinh vuéng ABCD ; E 1a trung diém ctia AB, F 1a diém sao cho

AF = %ﬁ Xéc dinh vi tri cia diém M trén dudng théng BC sao cho EFM = 1v.

Gidi (h.5-21). Goi a 1a do dai canh hinh vuéng.
Xét hé toa d6 xOy sao choD=0=(0;0),C=(a;0), A=(0; a).

Déthﬁ'yE:(%;a);F:(O;—z—i).b

3
Giast M=(a;y) (y e R). y
. A E B
- (5:3)
Ta cé <) F
— a
FM—(&, —?)
. e C
EF 1lFM < FEFM =0 . 0=D X
@ﬁ.}._a_( __2..3)—0
2 "3V 73T
_ —5a M
Y= Hinh 5-21
o —5a
@M——(a,—g-‘).
5a

Vay M 1a diém ném trén phdn kéo dai ctia BC vé phia C sao cho CM = Y

C. BAI TAP BE NGHI

5.1. Chiing minh ring trong 5 vecto bt ki lu6n chon ra dugc 2 vecto sao cho d¢ dai
vecto téng chia ching khong vuot qué do dai vecto tdng clia 3 vecto con lai.
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5.2. Cho ut gidc ABCD ndi ti€p dudng tron (O ; R). Ching minh ring
AC L BD & AB® + CD* = 4R%.
5.3. Cho duong trén (O ; R) va hai day AB, CD ciia né. Tim M € (O) sao cho
MA? + MB® = MC? + MD”.

5.4. Tinh téng binh phuong c4c canh va cdc dudng chéo clia n—gidc déu noi ti€p

duong tron ban kinh R.
5.5. Cho da gidc déu A A,..A,, noi ti€p dudng tron (0), M 1a diém b4t ki
thudc (O). Chimg minh ring
MA} + MAS + ...+ MAZ, | = MA2 + MA? + .. + MAZ, .
5.6. Tam gidic ABC noi ti€p duong tron (O, R) ; H 1a truc tam AABC.
Chimg minh ring
OH’ = 9R* - (a® + b* + c?).
Ap dung : Trong cdc tam gidc ciing néi ti€p dudng tron, tim tam gidc c6 téng
binh phuong cdc khoang cach tir tAim dudng tron dén céc canh 12 nho nhét.

5.7. Cho hinh binh hanh ABCD. Goi E, F 14n luot 12 hinh chi€u ctia C trén céc
dudng thing AB, AD. Chiing minh ring AB.AE + AD.AF = AC%.

5.8. Cho tam gidc ABC va diém M bat ki. Céc diém A, B;, C, l4n luot thuéc
cic dudng thing BC, CA, AB sao cho AMM,; = BMB, = CMC; = 90°.
Chiing minh ring A, B;, C, thing hang.

5.9*, Cho hai dudng thang x'Ox, y'Oy va hai s6 thyc a, b. A vi B 12 hai diém chay
trén x'Ox va y'Oy sao cho a.0A +bOB = 1.

Chiing minh rang dudng trdn ngoai ti€p tam gidc OAB luén di qua mot diém
c6 dinh khéc O.

5.10. Cho tam gidc ABC can tai A ; M 12 trung diém ctia BC, H 12 hinh chiéu clia
M trén AC; E 1a trung diém ctia MH. Ching minh ring AE 1 BH.

5.11. Cho géc vuéng xOy. Trén Ox 14y hai diém A, A'; trén Oy 14y hai diém B, B
sao cho OA.OA' = OB.OB'. Chiing minh ring trung tuyén OM cia tam gidc
AOB vuéng goc véi A'B'.
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5.12. Cho tam gidc ABC can tai A. Hai dudng thing d,, d, bat ki qua A. Cic
dudng thing qua B, C tuong ting vudng géc véi d;, d, cit nhau tai D. Dudng
thing qua B vuong géc véi AB cit d, tai E, dudng thing qua C vuéng géc véi
AC it d, tai F. Ching minh ring AD L EF.

5.13. Cho hinh vuéng ABCD. Cic diém M, N thudc cac canh BA, BC sao cho
- BM=BN. H I hinh chiéu ctia B trén CM. Ching minh ring DHN = 90°.
5.14. Cho tam gidc ABC. Tim tap hop cic diém M sao cho :
MA.MB = %(MCZ ~MA? - MB?).

5.15. Cho hinh vuéng ABCD canh a. Tim tap hop cédc diém M sao cho

2
MA? + MB? + MC? - 3MD? = —4%.

5.16. Cho tam gidc ABC c6 trong tam G. K& qua G dudng thing A ; A’ Ia dudng
thing bt ki song song véi A. Chiing minh rang téng binh phuong céc khoang
céch tir cic dinh cha tam gidc dén A khong vuot qué tdng binh phuong céc
khoang céch tir cic dinh clia tam gidc dén A'.

5.17. Cho tam gidc ABC n¢i ti€p Ciub’ng tron (O ; R). Ching minh ring :
a+b+c< 3R
5.18. Cho da gidc déu AjA,...A;, . Tim diém M sao cho téng
MA; +MA; +...4+MA,, nho nhit.
5.19*, Cho tam gidc ABC. Tim diém M sao cho

(2 cos%MA + MB + MC) nho nhat.

5.20*. Cho tam gidc ABC ; M la di€m trong tam giéc, dit o = BMC, B = CMA,
Y= AMB. Chiing minh réng véi moi diém N ta cé
NAsina + NBsinB + NCsiny > MAsino + MBsinf + MCsiny.

5.21*, Cho tam gidc ABC. Ching minh ring :

A - B C_3
m, COS 7~ + My, COS - + m, cos— 2 Z(a +b +c¢).
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5.22*, Cho tam gidc ABC. Chiing minh ring v6i moi diém M ta c6
3a%b?c?

2

a’MA? + b°MB? + ¢*MC* > .
‘ a“+b° +c

5
5.23*, Cho tam gidc ABC. Cic diém X, Y, Z theo thit tu chay trén cdc dudng thing
BC, CA, AB. Tim vi trf ctia X, Y, Z sao cho (YZ2 + ZX? + XY?) nhd nht.

5.24. Trong mat ph?mg toa d6 cho ba diém A(1 ; 4) ; B(-2 ; -2) ; C(4 : 2).
Xéc dinh toa d6 diém M sao cho téng MA? + 2MB? + 3MC? nh nht.

5.25. Cho céc diém A(-3; 6) ; B(1 ; -2) ; C(6; 3).
a) Tinh dién tich tam gidc ABC. *
b) Tim toa d6 truc tAm tam gidc ABC.

$5.26. Cho céc s6 ay, a,, by, by. Ching minh rang :

2) \(a +,)> + (by +by)? <fa + b2 + a2 + b2

2 2 2 2
\/al + b; —\/az +b2‘.

5.27. Trén mat phéng toa d6, cho hinh binh hanh véi ba dinh c6 toa do la cic s6
nguyén. Chiing minh ring dién tich hinh binh hanh d6 12 mot s6 nguyén.

b) (@, - a,)% + (by —by)? >

§6. HE THUC LUQNG TRONG TAM GIAC

A. TOM TAT Li THUYET

I - HE THUC LUONG TRONG TAM GIAC VUONG

1. Cac dinh li
b2 = ab'
02 = ac'

a* =b” + ¢ (dinh I Py-ta-go).

2. Cac hé qua.
b’ = h’

Hinh 6-1
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b _b?
c'_c2
_ 1

L
c2

N

b2

Il - HE THUC LUONG TRONG TAM GIAC THUONG

1. Dinh I cosin
a’=b’+ - 2bccosA
b2 = 02 + a2 - 2cacosB

c2 = a2 + b2 — 2abcosC.

2. Dinh i sin

a b c
sinA ~ sinB ~ sinC 2R.

3. Cac cong thitc tinh dién tich
1 1 1

S = -i—aha = 2bhb = EChc
S= lbcsiriA = lcasinB = labsinC
) 2 )
abc
S=IR

S = \/p(p — a)(p — b)(p — ) (He-rong)
S=pr=(p-ay,=(p-b),=(p-c),.
‘4. Ban kinh dudng tron noi tiép, bang tiép
=(p-—a)t né- =( —b)tanE =( —c)tanE
r=pratang =P 2 =P 2

I, = ptané
a 2
L, = ptanE
b 2
r, = ptang.
c 2
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5. Cong thitc tinh d¢ dai trung tuyén

2 2(b% +c?) —a?

m; 7

2 2 2

m%=2(c +a“)—b
4

2 2y 2

m(2:22(a +Z) ¢

6. Cong thitc tinh dé dai phan giac

[\%]
I
(o
&

ld = (b + C)2 p(p - a)
4ca

lg - (c+a2p(p—b)

2 4ab

le = R p(p - ©).

B. CAC vi DU
Vi du 6.1. Cho tam gidc ABC. Chiing minh ring :
2 2 2
cotA + cotB + cotC = u-
4S
Gidi. Theo dinh 1i c6sin

2 2 2 2 b2 2 2

COSA_b2+c -a :DcosA_b2+c ~87 | otA = +c“—a
- 2bc 7 sinA = 2bcsinA B 4S
b2 +c>—a? cP+a?-b? al+b’-c?
Vay cotA + cotB + cotC = S + 7S + 7S
2 2 2
a“ +b° +c” ‘
=25 Upem)
N . b’ +c%=a’ | C1x At .
Nhdn xét. Cong thiic cotA = 7S con duge goi 1a dinh 1i cotang, cé

hiéu luc trong viéc giai nhiéu bai todn khic.

Vi du 6.2. Cho tam gidc ABC. BM, CN la céc trung tuyén. Chiing minh ring

céc diéu kién sau 1a tuong duong :
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a)BM LCN; A
b)b2+c2=5a2;
c) cotA = 2(cotB + cotC).

Gidi N .

¢ ) <> b) Dat G = BM N CN (h.6-2), ta thdy

BM L CN

& BG? + CG? = BC?

om) () -2 7 )
3 3¢ Hinh 6-2

= 4m§ + 4m3 = 9a°

©2(c* + %) — b% +2(a® + b%) - ¢ = 9a
&bl +c? =522

eCc)ob)

b2 +c? — a? (2+a2—b2 a2+b2—cz)
= t —————— =
cotA = 2(cotB + cotC) & 1S 2 S + s

2—a2=4a2<:>b2+02=5a2.

<::>b2+c

Vi du 6.3. Cho tam gidc ABC. Chiing minh réing :

D — 0% Ll oN al? Ll 1 1 _ 3
B =60 khlvacmkhla+b+b+c_a+b+c'
Gidi 1 + I 3 ©a+b+c+a+b+c_
l'a+b b+c a+b+c a+b b+c
c a , c a
"‘:>1+za+b+1+b+c—3¢:>a+b+b+c"1

<cb+c)+a(a+b)=(a+b)b+c)

2+ab=ab+b2+ac+bc

c? +a? — b? __1

<:>cb+cz+a

2.2 .2 1
Sc+a b_ac@———zaC =5
& cosB= % & B =60° (dpcm).
. . c 4 s . ' . .« ... SINA
Vi du 6.4. Chiing minh rang tam giéc ABC c4n tai A khi va chi khi —————=2.
sinBcosC

Gidi. Theo dinh li sin va dinh Ii c6sin, ta cé
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ﬂqév/:;
[

a

sinA R B s o s

sinBcosC =2 b a2 +b%_c? =2&2a° =2 +b° ¢
2R 2ab

o b?=c? < b=c < AABCcan tai A.

Vi du 6.5. Cho tam gidc ABC. Chitng minh réng :

a® +b% +c? 2 44/3S.
Gidi. Theo cong thitc He-rong va bat dang thitc Co-si, ta c6 :
438 = 43 /p(p - a)p - b)(p - ©)

' 3
s4\/3\/})(p-—a+p—b+p—c) _

3

=4\/§\/p(3p—(a+b+c))3

3
=W =3P = 3 = ’

Vay a® + b% + c? > 44/38.

p-a=p-b=p-c

Diéng thitc xdy ra < { & a=b=c < AABC déu.

a=b=c
a2 +b% +c?

7S foi i;>cotA+cotB+cotC2 \/5

Nhdn xét. A +bP P> 438 =

Vi du 6.6. Cho tam gidc ABCc6 m, = —\/2—50. Chitng minh ring :

ma+mb+mc=—22(a+b+c).

o B 5 3, c2@+bt)-? 3,

Giai. Tacé m, =5 C®mi=g c S ) =7¢
= 2(a% +b%)~c? =3c? = a’ + b’ =2c?

: -3
262 +c?)-a? =3b> _ [4mZ =37 |Ma =70
- = ) ) =

2@a2 +c?) - b? = 3a® 4m? =3a o NE]
st 2




:>ma+mb+mc='—§:—3—(a+b+c).

Vi du 6.7. Cho tam gidc ABC. Chitng minh rang :
b+c2 % + \/gla.

Gidi. Theo cong thitc tinh d6 dai dudng phan gidc va bat ding thitc Co-si ta c6 :

3p-a)+
2bc\3(p - a)p (b + ). —L:}“—E

a a
5+\/§la_§ b+c b+c
_a 4p—-3a_a 2(b+c)-—a_
2 3 -2+ > =b+c.
Vayb+c2-g—+\/§la.
2 , b=c ‘ -
Dang thitc xay ra@{ < a=b=c < AABC déu.
Ap-a)=p

Nhdn xét. Nhd VD 6.7, ta c6 ngay bat déng thic sau

L +1, +1, <£(a+b+c)

Vi du 6.8. Cho tam gidc ABC. Ching minh ring :

r 1
— < —

R™ 2

S
p _ 4% _4p(p-a)Xp-b)p-o)
b

Gidi. pabc p.abc

L
R.—.—.

4S

—1-(b+c—a)(c+a—b)(a+b—c)
= 2 ' : (1)

abc

Theo b4t ding thitc Co-si ta c6 :

Jera-basb_gcirazbrarboc_,

2

Ja+b-c)b+c-a)<hb

Jb+c—a)c+a-b) <c

Tuong tu, {
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Suyra(b+c-a)a+b-c)c+a-Db)<abc. 2)

r 1
) — <
Tir (1), (2) suy ra R <73

' Dang thic xdyra<>b+c—a=c+a-b=a+b-c<>a=b=c< AABCdéu.
Vi du 6.9. Chimg minh rang tam gidc ABC vuéng tai A khi va chi khi
[=T+TI,+T,. '
Gidi. 1, =T+ Iy + I, ST, —T=T, +TI,
S S__ 8 S8 p-(p-3)_(p-b+p-0

p-a p p-b p-c (p-a)p  (p-b)p-c)
o a _ 2p—-(b+c) o a _ a

(p-a)p (p-b)p-¢c) (p-a)p (p-b)p~-c)
S (p-ap=p-b)p-c)=>(b+c—-a)b+c+a)=(a+b-c)a+c—Db)
e b+cl—at=at-(b-c)’e (b+c)+b—c) =242

41»2(b2+cz)=2a2<:>b2+cz=a2

< AABC vuodng tai A (dinh 1i Py-ta-go).

Vi du 6.10. Cho tam gidc ABC. Chitng minh rang :
1 1 1 )

a) H— hb+E

b)l=-1—+i+i.
r r, § I

Gy Lol L, 1 25 25 25 2
"“r h, hy h r h, h, h

& a+b+c=a+b+c(ding).

1 1 1 1 S S S S
b)-=—+—F+—S —=—+—+—
, L, T r I, § I

c
op=(pp-a)+(p-b)+(p-c)=>p=3p~(a+b+c)
< p =p (diing). |

Vi du 6.11. Cho tam giéc ABC. Ciu’mg minh rang :

a) §* = ILI,.T0;;

2
. b)p =11y, + It + I L.
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S S S S

Gidi. a) S* =r.1,1,. 2= 2 : :

idi. a) frdrbrcﬁs pPP-ap-bp-c

s* LN 2_ 2

= &S = — & S5 =5 (ding).

p(p — )P~ B)p - ) $? (ding)
b) p2 = [l + Il + I T,
S S S S S

p-ap-b p-bp-c p-cp-a

@SZ

®p2=

¢>p2 Sz( L + I + R )
(p—a)p-b) (p-b)p-c) (p-c)p-a)
2 _ &2 P
I e s

< p(p - a)(p - b)(p - ¢) = S? (dpem).

Vi du 6.12. Cho tam gidc ABC. Chiing minh ring :
ry+rn,+r.2h, +hy +h.
Gidi. ty+ 1, +1,2h, + hy + h,
S S S 2S 2S5 28
+ + 22—+ —+—
p—-a p-b p-c a b c
= ! + ! + L 22(—1—+-1—+l)
p—-a p-b p-c b
1 + ! + 1 >l+l+l‘
b+tc-a c+a-b a+b-c a b c
Theo bt déng thitc Co-si ta c6 :

L1

1 N 1 > 2
cta-b a+b-c  fct+a-b)a+b-c)
> 2 _2
" (c+a-b)+(@a+b-c) a
2
1 + 1 23
Tuong ty a+b-c b+c—-a b
1 N 1 ZZ
b+c—-a c¢c+a-b ¢
Suy ra L + 1 +— L >l+—1—+—1— (dpcm).

b+c—-a c¢c+a-b a+b-c a b c
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ra+rb+rc=ha+hb+hc
oOb+c—-a=c+a—-b=a+b-cea=b=c< AABC déu.

Vi du 6.13. Cho tam gidc ABC. Ching minh ring

1
S = 5\/(mal +my + m )(my, + m, — m,)(m, + m, —my)(m, + my - m.)

Gidi. Ta chimg minh bé dé sau.

B¢ dé. Ba trung tuyén m,, m,, m, cta tam gidc ABC 1a do dai ba canh cia mot

tam gidc véi dién tich S, = Z—S.
Chitng minh (h.6-3).
Goi AM, BN, CP la céc trung tuyén A D

cta tam gidc ABC. Dung hinh binh hanh
ABCD. Goi E 1a trung diém cta CD. Dé

thdy ME = BN, EA = CP. Vay AAME c6 v E
d6 dai ba canh 12 m,, my, m,..
= Sascp — SaBMm ~ Sape = ScME Hinh 6-3
1 1 |
=25-58-55-S
3
= ZS.

Nhdn xét. 1) Bé dé trén con duge dung trong mot s_6 bai todn khac.
2) Khong nhitng ¢6 d¢ dai ba canh 14 m,, my,, m,, tam gidc AME con c6 do dai

’ o1 3.3
ba trung tuyén tuong tng la Za,zb,zc.
Trd lai bai todn dang xét. Ap dung b dé trén va cong thic He-rong ta c6
4 41 :
S=§Sm =_§'Z‘/(ma +my +m,)(my +mg —m,)(m, +m, —my)(m, +m, —m_.)

1
= 5\/(ma +m, +m,)(my +m,—m,)(m,+m, —m,)(m, +m, —m.) (dpcm).
Vi du 6.14. Cho tam giéc ABC. Ching minh ring

33

sinA + sinB + sinC < =
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Gidi. Theo BT 5.17, ta c6
a+b+c<3V3R
a b c 33
—_— - —_—_—
“RTRTER®2
Ap dung dinh If sin, ta cé

3\/'.

sinA + sinB + sinC <
Diéng thic xay ra <> AABC déu.

Vi du 6.15. Hay noi ti€p trong dudng tron cho truéc moét tam glac cé dién tich
16n nhat.

Gidi. Gia sir dudng tron cho truéc c6 ban kinh R va ABC 1a mot tam gidc noi
ti€p né. Theo bat ding thitc Co-si va theo BT 5.17, ta c6

a+b+c3
goabe \ T3 ) (3 R)’  3J3R’
T 4R T 4R = 4R ~ 4

3V3R?
—.

Suyra S <

Déng thitc xay ra>a=b=c < AABC déu.
Vay, trong cédc tam gidc noi tiép dudng tron cho trude, tam gidc déu c6 dién
tich 16n nhat.

Vi du 6.16. Hay ngoai ti€p mot dudng tron cho truéc mot tam gidc c6 dién
tich nho nhit.

Gidi. Gia st dudng tron cho trudc ¢6 béan kinh r va ABC 1a mot tam gidc ngoai
ti€p nd. Ta c6

3
pr=S=Jp(p—ya>(p—b)(p—c>s\/p(p“a+p;b+p'°)

U I
27 3@

Suy ra 33 < p= 3.3r% < s. ‘

Déng thitc xdy ra <> p—a=p-b=p - c < AABC déu.

Vdy, trong cdc tam gidc ngoai ti€p mot du’o‘ng tron cho trudce, tam gidc déu c6
dién tich nho nhat.
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Vi du 6.17. Cho tam gidc ABC, trung tuyén
CM, ACM =a, BCM = B. Chitng minh réng : : %B
sinA sina.
sinB  sinf
Gidi. (h.6-4). Cdch 1. Tren tia déi A ' B

. M

ctia tia MC 14y D sao cho MD = MC. Ap
dung dinh 1i sin cho cdc tam gidc CAB,
CAD, tacéd:

sinA _CB _AD _ sina (dpom). B

sinB CA AC sin 3 D

Cdch 2. Theo gia thiét : Hinh 6-4

MA=MB=> SCAM = SCBM

= %CA.CMsinoc = %CB. CM sinf

- sina. _ CB sinoc _ sinA
sin 3 ~Ca sinf ~ sinB

(dpcm).

Vi du 6.18. Cho tam gidc ABC n6i
ti€p dudng tron (O). Céc ti€p tuyén véi
(O) tai B, C cét nhau tai M ; AM cat BC
tai N. Chiing minh rang

NB _ (AB)z

NC \AC/

Gidi. (h.6-5) Goi H, K 14n luot 1a
hinh chi€u cta B, C 1én AM. Theo dinh li
Ta-1ét, ta c6

Hinh 6-5

s lBA.BM sin ABM
ABM _ 2 )

i
NB BH 7BHAM
NC - CK ; CKAM  SacM %CA.CM sin ACM

Theo gia thiét : MB = MC; sin ABM = sin(B+ A) =sinC;
sin ACM = sin(C + A) = sinB. Vay

2
NB BA sinC BA ] , .
NC ~ CA sinB (CA) (dinh If sin).
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Vi du 6.19. Cho tam gidc ABC. Céc diém M, N, P l4n luot thudc cic canh BC,
CA, AB. Chiing minh ring AM, BN, CP dong quy khi va chi khi
sin MAB sin NBC sm PCA
sin MAC sin NBA sin PCB

Gidi. Trudc hét ta chitng minh b dé sau.
BJ dé. Cho bon géc a,, o, B, B' thod mén
a+p=ao+p <180°
sina. _ sina’
sinf} sinf'
Khidéa=0ao'; f=p"
Chiing minh. (h.6-6)
V& AABC va AA'B'C sao cho
A = =P ; A= o', B = B'.
Tir gia thiét va dinh 1 sin ta cé
CB _sina _sina' C'B’
CA sinB  sinp’ C'A”
- Matkhic,a+B=a'+p' = C = C"
Suy ra AABC x» AABC, vay =o', B =P
Tré lai bai toan dang xét (h.6-7) :
Néu AM, BN, CP déng quy va gia sit diém déng quy d61a O.

Ar

B C B C B M C
Hinh 6-6 Hinh 6-7

Ap dung dinh Ii sin cho c4c tam gidc OAB, OBC, OCA. Ta c6

sinOAB _ OB _sinOBC _ OC _sinOCA _ OA
sinOBA OA " 5inOCB OB’ sinCA\C oC
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smOAB smOBC smOCA OB OC OA

S ———

smOAC smOBA smOCB OA OB OC

- sin MAB sm NBC sm PCA
sin MAC sin NBA sin PCB

. s sin MAB sin NBC sm PCA
Nguoc lai, gia st —

sin MAC sin NBA sin PCB

Néu BN, CP cit nhau tai O thi theo phin thuan

sin OAB sm NBC sm PCA

sin OAC sin NBA sin PCB
T (1), (2) suy ra

sinMAB _ sinOAB

sinMAC sinOAC
MAB = OAB

= 1.

Theo bé dé ta cé
MAC = OAC

Vay AM, BN, CP déng quy.

——— = O thuoc AM.

&, T
§

)]

(2)

Nhdn xét. Két qua trén dugc goi 1a dinh 1i Xé-va dang sin, né s& dugc mé rong
hon nita néu ta c6 khdi niém géc dinh hudng giita hai tia (xem chuyén dé §13).

Vi du 6.20. Cho tam gidc ABC, AA', BB, CC' 14 cic dirémg phéan gidc. M 1a
mot diém trong tam gidc. X, Y, Z 1a cdc diém d6i xing cia M qua AA', BB, CC.

Chiing minh ring AX, BY, CZ déng quy.
Gidi. (h.6-8)
Vi AM, BM, CM d6ng quy tai M nén
sin MAB sin MBC sin MCA
sin MAC sin MBA sin MCB
Tt (1), theo gia thiét vé su d6i Xung ta cé
sin XAC sin YBA sin ZCB
sin XAB sin YBC sin ZCA

=1.(1)

-1

- sin XAB sin YBC sin ZCA
sin XAC sin YBA sin ZCB
= AX, BY, CZ déng quy (theo VD 6.19).

-1

98

Hinh 6-8




Vi du 6.21. Cho luc gidc ABCDEF
ndi ti€p. ADNCF=X,BDNCE=Y;
BF n AE =Z. Ching minh ring X, Y, Z
thang hang (dinh 1i Pa-xcan).

Gidi. (h.6-9) Ap dung VD 6.19 cho
cac tam gidc XAF, XCD,

sinX; sinA; sinF
sinX; sinA; sinF;

tacd < | ) _
sinX, sinC, sinD, Hinh 6-9

sinX, sinC, sinD,

A =C, A.=C,
Laicé{l 27374

0 7 _ (cdc gbc noi ti€p cliing chin mot cung). Suy ra
F =D,,F =D,

sinX; sinX,
sinX;  sinX,’

——

. X, =X ]
Theo bd dé trong VD 6.19 ta c6 { _! 7 72 =X, Y, Z thing hang.
X3 =X,

Vi du 6.22. Cho céc tam gidc ABC, ABIC' c6 BAC = BA'C. Ching minh

. Sape  ABAC
rang = e
Sxgc  ABAC
1 .
Gldl SABC _ —Z—ABAC sin A _ AB.AC (d m)
. S . - 1 - AIBI.AlCV pc °
ABC 5AB.AC sinA!

Nhdn xét. Két qua trén tuy don gian nhung rét c6 loi trong khi gii cdc bai
todn lién quan dén dién tich.

Vi du 6.23. Cho tam gidc ABC, cdc diém M, N thuoc canh BC. Chiing minh rang :

MBNB _ (AB )2

BAM = CAN = “5vc =\ ac

Gidi. (h.6-10) Néu BAM = CAN thi BAN = CAM. Theo VD 6.22, ta c6
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MB _Spus  AM.AB
NC = Sync  ANAC _ MBNB _ (AB)z
NB Syp ANAB ~ MCNC ~\AC)
MC = S,yc  AMAC

A
5
. . MBNB (AB
Nguoc lai, néu MCNC = (AC) (1), ta
lay M' thu¢c BC sao cho BAM = CAN. Theo
phén thuan g
MBNB _ (AB )2 @
MCNC ~\AC/ B M No€
. R MIB MB ' Hinh 6‘10
Tr(l)va(2)suyra: MC - MC =>M=M.

Vay BAM = CAN (dpcm).

Vi du 6.24. Cho tam gidc ABC c6 dién tich S ; M 1a mot diém trong tam giéc.
AM, BM, CM theo thit ty cat BC, CA, AB tai A', B', C'. Ching minh réng :
1

Sapc < ZS'
Gidi. (h.6-11) Theo VD 2.11, ton tai c4c s6 o, B, ¥ > 0 sao cho
a+B+y=1
{am+ﬂl\_fi§+ym=6 *
Theo VD 6.22 ta c6
MB' MC'

SMB’C' = W'WSMBO

Mat khic Smpc _ % (ciing chung d4y BC)

S
MA'
MB' MC' MA' :
Vay Supc = g MC AATS | Hinh 6-11

Tir (*), nhd cdc phép chiéu vecto tach:
MA' o  MB' B MC'" v
MA B+y  MB y+a MC o+
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Yy . o

SuyraSMB‘C':y+a'a+B'a+B+y
oy
= S , 1
TR M
Tuong tu nhu vy ta cé : |
apy
Syciar =—mm—m——— 2
O R T R
S ..=_._..(.X_.B_L___S 3
MAT S Byt O
Tu (1), (2), B) véichiya+B+y=1,tacod
ay apy 1o

S,ge =28 <28 = —
ABC @+BB+1r+0) =7 2 JaB 2By 2fya 4
Déng thic xay ra < o = B =y <> M 12 trong tam AABC.

Vi du 6.25. Cho tam gidc ABC, M thudc canh BC. Dudng trén ndi tiép cic
tam gidc ABM, ACM bang nhau. Chiing minh ring :

AM? =S cot% (S1a dién tich AABC)

Gidi. Truéc hét xin nhéc lai, khong
ching minh mot két qua quen thudc ma
ta s&€ slir dung nhiéu 14n trong khi giai bai
todn nay la :

Cho tam gidc ABC, duong tron noi
ti€p ti€p xuic v6i BC, CA, AB l4n luot tai
X, Y, Z. Khi dé (h.6-12) :

. Hinh 6-12
AY=AZ=—-—b+§_a=p—a A
<BZ=Bx=i;-l-13=p—b
CX=CYy= —2-1-—+t2)—_c =p-c i
Trd lai bai todn dang xét. Goi I, H, K J\
theo thit tu 1a tdm duong tron noi tiép cic = e
tam gidc ABC, ABM, ACM va N, P, Q2 , B PM NQ
hinh chi€u coa ching trén BC (h.6-13). Hinh 6-13
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bat x = AM, r 1a ban kinh dudng tron noi ti€p tam gisc ABC r; 1a ban kinh dudng
tron noi tiép céc tam gidc ABM, ACM.

Taco S=S,pm + Sacm
=(@+b+c)r=(c+BM+x)r; +(b+CM +x)r,
=>@+b+or=(@+b+c+2x)r
a+b+c _n
a+b+c+2x r
Mat khéc, theo dinh 1i Ta-1ét ta c6 :
5 BP c+BM-x

T BN  2BN
b _CQ_b+CM-x
r CN~  2CN

Tir d6, theo tinh chat cha ti 1é thic :
n a+b+c-2x

r - 2a
Tu(l)va(2)suyra:
a+b+c a+b+c-2x
a+b+c+2x 2a
=2a(a+b+c)=(a+b+c)*—4x’ > 4x’=(a+b+c)(-a+b+c)
p—a

=x*=p(p-a)=x’=pr.

2 oot
=X —S.cotz.

Vay AM? =S.cot% (dpcm).

C. BAI TAP DE NGH|
6.1. Cho tam gidc ABC c6 cdc trung tuyén xuét phit tr B va C vuéng géc véi

nhau. Chiing minh ring cosA > %

6.2. Cho tam gidc ABC c6 — = b 2 1.
b m,

Chitng minh ring cotA = %— (cotB + cotC).
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6.3. Cho tam gidc ABC. M 1a diém trong tam gi4c sao cho MAB = MBC = MCA = = Q.
’ Chitng minh réng :
cotA + cotB + cotC = coto.

6.4*, Cho tam gidac ABC. Ching minh ring
a2 +b2+c? > 438 + (b—c)f’ +(c—a)* + (a—b)"
6.5. Cho tam gidc ABC. Chitng minh ring :
h 2r
2=
l R
6.6. Cho tam giéc ABC. Ching minh ring :
b+c

24be

6.7. Cho tam gidc ABC. Chitng minh rang :
a)ry+r,+r.=4R +r.
1 1 1 1
b) s + P + 5 3R
6.8*. Cho tam gidc ABC. Chitng minh rang :
a? +b% + czl
m= 2@+b+c)’

trong dé R, 12 bén kinh dudng tron ngoai ti€p tam gidc ¢6 ba canh 1a m,, my,, m

—= 2>

R

6.9*. Cho tam gidc ABC. Chitng minh rang :
m,myme

2 2 2
m; + mj + mg

2T.

6.10. Cho tam gidc ABC c6 a + ¢ = 2b. Chiing minh rang :

a—c= 3r(tané - tan—C—)
= 5 5 )
6.11. Cho tam gidc ABC. Ching minh ring
1 1 1 1 1
e € — + — < —.
2Rr 42 +b2+c2  4r?
6.12. Cho tam gidc ABC c6 m, = c. Ching minh ring : .
sinA = 2sin(B - C).

6.13. Cho tt glac ABCD n¢i tiép duodng tron (O) Cac ti€p tuyén véi (O) tai A, C
va dudng thing BD déng quy tai S. Chiing minh rang :

103




sinASB _ (AB)Z ~ (@)2
sinCSB CB Ch/ -
6.14. Cho tam gidc ABC noi ti€p dudng tron (0). M 1a mét diém trong (O). Cic

dudng thing MA, MB, MC theo thit tu cit (O) tai A, B', C. Chiing minh rang :

Sasc _ MAMBMC
Sagc MA'MB'MC"

6.15. Cho ut gidc ABCD. Géc giita AC va BD bing a. Chitng minh réing :
SaBcp = %AC.BD sina.

6.16. Cho t gidc véi dién tich S, do dai cdc canh 12 a, b, ¢, d. Chitng minh rang :
S< %(ab + cd).

6.17. Xét mot luc gidc 16i noi ti€p ABCDEF. Puong chéo BF cit AE, AC 14n luot
tai M, N. Pudng chéo BD cit CA, CE lan luot tai P, Q. Puong chéo DF
cat EC, EA 14n luot tai R, S. Chitng minh ring MQ, NR va PS déng quy.

6.18. Cho tit gidac ABCD noi ti€p. Ching minh ring :
AC.BD = AB.CD + AD.BC.

6.19*. Cho tam gidc ABC (1/3; 90°) noi ti€p duong tron (O). Trén tia d6i chia cac
tia BA, CA ta ldy céc diém E, F sao cho : BE = CF = BC. M 13 m6t diém thuoc
(0O). Chiing minh rang : ‘

MA + MB + MC <EF.
6.20*. Cho tam gidc ABC, M Ia moét diém trong tam giéc.
a) Ching minh ring MA.Syc ; MB.Syca 5 MC.Sy4p 12 d6 dai ba canh cia
mot tam gidc ma ta ki hiéu 1a AM).
b) Tim vi tri clla M sao cho dién tich tam gidc A(M) 16n nhat.

6.21. Cho géc nhon xOy A, B 1a cdc diém trén-Ox vA OA =1 ; OB = 3.
Duong tron qua A, B tlép xuc véi Oy tai C. Ching minh ring :

xOy >30° < ACB <90°.

6.22*. Cho tam giic ABC, céc diém D; E thudc canh BC. Pudng tron noi tiép céc
tam gidc ABD, ACE tiép xiic véi BC tai M, N. Chimg minh ring :

— 1 1 1 1
BAD-CAE@BM+DM—CN+EN-
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§7. HE THUC LUONG TRONG PUGNG TRON

A. TOM TAT Li THUYET

Dinh li 7.1. Cho dudng tron (O ; R) va
diém M c6 dinh. Mot dudng thing thay déi
di qua M, cét dudng tron tai A, B. Khi d6

MAMB = MAMB = MO?- R%

Pai lugng khong déi MO? — R? goi 1
phuong tich clia diém M dé6i véi dudng tron
(O; R), ki hiéu 1a Py o).

Khi M nidm ngoai dudng tron (O), ta vé
duoc ti€p tuyén MT t6i dudng tron (T 1a ti€p
diém). Khi dé Py ) = MTA(h.7-1).

Pinh li 7.2. Tt gidc ABCD c6 hai
canh d6i AB, CD cit nhau tai M. Diéu
kién cdn va di dé ti gidc ABCD noéi tiép
duoc trong duong tron la .

MAMB = MCMD (h.7-2).

Pinh 1i 7.3.

T gidc ABCD c6 hai duong chéo AC, BD
cét nhau tai N. Diéu Kién cén va dt dé tt gidc
ABCD ndi ti€p dugc trong dudng tron la

NA.NC = NBND (h.7-3).

Hinh 7-3

Pinh li 7.4. (Diéu kién dé dudng tron ti€p
xtic v6i dudng thing) B
Cho ba diém A, B, C khong thang hang, M
12 diém thudc tia d6i cha tia AB. Diéu kién cén

va di dé dudng tron ngoai ti€p tam gidc ABC A
ti€p xdc véi dudong thing MC tai C 1a
MAMB = MC? (h.7-4). | M &
Hinh 7-4
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“og,

B. CAC viDU

Vi du 7.1. Cho tam gidic ABC khong
vudng, c6 cidc duong cao AA', BB, CC'; H
1a tryc tm. Diém M khong thudc cic dudng
thing AH, BH, CH. Cic dudng thing qua
H, vubng géc véi MA, MB, MC l4n lugt cit

c4c dudng thang BC, CA, ABtai A, B;, C,.

a) Ching minh ring
HATA - HBHB' - ACHC: |
b) Chiing minh ba diém A, By, C, thing hang. Hinh 7-5
Giai (h.7-5)
a}) Céac ttr gidc ABA'B', ACA'C' noi ti€p duong tron nén

HAHA' = HBHB

{ﬁm _HCHC,

B A C AY

suyra ~ HAHA' = HBHB = HCHC.

b) Goi A,, B,, C, tuong tng 1a cdc giao diém clia HA,, HB,, HC, véi MA,
MB, MC ; As, B;, C; 14n luot 12 hinh chi€u cia A4, B, C; trén dudng thing MH.
Ta ¢6 HMHA; = HA, HA, (vi'M, A,, A,, A; ciung thuéc dudng tron dudng
kinh MA)).

Mit khéc, HA,.HA; = HAHA' (Vi A, A, A;, A, cing thuéc dudng tron

duong kinh AA,), do d6 HM.HA, = HA HA'. (1)
Tuong ty, HM.HB, = HBHB'; )
HM.HC, = HCHC. 3)

Tir (1), (2), (3), két hgp véi cau a) suy ra
HM.HA; = HM.HB; = HMHC; = A;=B;=C,.

Vay A;, By, G thang hang, vi chl’mg cling nim trén dudng thing vudng géc
véi MH tai A,.

Vi du 7.2. Cho hinh thang ABCD vu6ng tai A va B. M 1a trung diém ctia AB.
Cic duong cao AH, BK ciia cdc tam gidc AMD, BMC cét nhau tai N. Chimg minh

ring MN L CD.
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Gidi. (h.7-6) bat E = MN n CD.
, {1\7}?\1 = 90° H E
Tacod

MKN = 90°
M

= MHNK noi tiép = MNK = MHK. (1)
Lai c6 MHMD = MA? = MB? = MK.MC
= tf gidc HKCD noi ti€p = MHK = MCD. (2)
Tur (1) va (2) suy ra tt gidc NKCE

noi ti€p = NEC = NKC = 90° (dpcm).

Hinh 7-6

Vi du 7.3. Cho tam gidc ABC khong can tai A ; AM, AD la trung tuyén va
phan gidc clia tam gidc. Pudng tron ngoai ti€p tam gidc AMD cit AB, AC tai E, F.
Ching minh ring BE = CF.
Gidi. (h.7-7). Ta c6
BE.BA = BM.BD
{CF.CA = CM.CD
N BE BA _ BM BD
CFCA CM CD
BA BD BM
Vicaco’em ~ ! Hinh 7-7
(tinh ch4t ctia phan gidc va trung tuyén)

BE
nén o 1 = BE = CF (dpcm).

Vi du 7.4. Cho tam gidc ABC. Mot dudng tron cit canh BC tai A;, A, ; cit
canh CA tai By, B, ; cit canh AB tai C;, C,. Ching minh rang AA;, BB;, CC,
déng quy khi va chi khi AA,, BB,, CC, déng quy.

Gidi. (h.7-8). Ta c6

AC,.AC, = AB,.AB,
BA,.BA, = BC, BC,
CB,.CB, = CA,CA,

= A,BB,C.C,A.A,BB,CC,A

B AT A C
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AB BC CA A,C B,A C,B

A|C'BA CB A,B B,C C,A
Vay : AA,, BB,, CC; dong quy < AA,, BB,, CC, déng quy (theo dinh 1i Xé-va).

Vi du 7.5. Cho tam gidc ABC nhon. C4c dudng cao BB, CC' cit nhau tai H ;
B'C' n AH =K ; L 1a trung diém clia AH. Ching minh ring : K 13 truc tim cda
tam gidc LBC.

Gidi. (h.7-9)

Goi (O) 1a duong tron ngoai ti€p AABC. Piat A'= AH N BC,

E=AH N (O) (E # A).

Tacé: A'BA'C=AEAA

= AHA'A (1)

(vi A'E = A'H, két qua quen thudc).

Mit khéc, vi (A’/KHA) =-1

nén theo h¢ thitc Méac-16-ranh,

AHAA = AKAL (2) (viLA =LH)

T (1), (2)suyra: ABA'C=AK.AL

_ AB_AK

AL AC

= A ABL v» AAKC

= A'LB = ACK Hinh 7-9

=CK LLB |

= K 1a tryc tam A LBC (vi LA' L BC).

Vi du 7.6. Cho hai dudng tron (O)),
(Oy) ; AjA,, BB, 1a cic tiép tuyén
chung ngodi chia chiing. Pudng thing
A,B, theo thit tu cat (O,), (0,) tai M, N.
Chitng minh ring A;M = B,N.

Gidi (h.7-10). Vi A,A, tip xic véi
(0,), B,B, ti€p xiic véi (O,)

Hinh 7-10
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. Mét khéc, A1A2 = B1B2

ANAB, = A A?
nén 1 122 1432

nén A]N.Ale = B2M.B2A1. Vﬁy AIN = B2M
= A]M - B2N.

(@]

Vi du 7.7. Cho dudng tron (O) v2 hai diém A
A, B trén (0). X, Y 1a cdc diém trén AB sao -

cho AX = %A_B‘,A—Y’ = 2AB. Duong tron (O')

qua X, Y cét (O) tai C, D. Goi Z 1a giao diém
ctua CD va AB. Chimg minh rang ZA = ZB.

N
6}

)

Gidi. (h.7-11) Tacé ZA.ZB = ZC.ZD = ZX.ZY |
- (ZA+ RX)(ZA + AY) = (ZA + 1A )(ZA +22B) "7
Toe— 2-—2

=ZA + 3ZAAB+ZAB'.

Suy ra ﬁ(ﬂ_zﬁ)+§ﬁ.ﬁ+§ABz -0

- —ﬂ.ﬁ+%ﬂ.ﬁ+3m¥ =0

4—-—o 2— — — — ——
= FZAAB+AB =0= 2ZAAB+AB =0= (2ZA + AB)AB =0
:>2ﬂ+ﬁ=0:>ﬂ+(i&+ﬁ)=0:>ﬂ+ﬁ=0:>ZA=ZB.

Vi du 7.8. Cho hai dudng tron (Oy), (O,) cit nhau tai A, B. M6t diém M
chuyén dong trén (O;). Qua M ké tiép tuyén MT véi (O,). Chitng minh ring
MT?

m nhan gla tr; khél’lg dél

Gidi (h.7-12). Goi C la giao clia MA v6i (O,), ta c6

MT>  MAMC _MC
MAMB MAMB MB

Mat khac, AMBC v AO,BO,
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MC 0,0, 0,0,

T MB~ OB K
(R, 12 ban kinh cita (O,)).

MT? 0,0
\Y4 =212 i.
¥ MaMB R, Khong ddi

Vi du 7.9. Cho dudng tron (O). A, B 1a hai

diém c@ dinh, d6i xing véi nhau qua O ; M 1a Hinh 7-12
diém chuyén dong trén (O) ; MA, MB giao véi
(O) tai P, Q. Chiing minh rang M + BM

AP BQ "

nhan gid tri khong déi.
Gidi (h.7-13) Dt p =Py 0y = /0y ta cé

AM BM _ _AM? = BM’
AP BQ AMAP BM.BQ
AM? +BM? _ 2(AM? + BM?)

p 2p
2 2
= 4M02—;’AB khong déi.

Vi du 7.10. Cho dudng tron (O ; R). M 12 mét diém nim trong dudng tron va
khdc O. Hai day AC, BD thay déi, luén di qua M va vuong géc v6i nhau. Tim gia
tri 16n nhét, nho nhat cia Sypcp. '

Gidi. Vi AC L BD nén

1

SABCD = —2‘ ACBD

= %(ACZ + BD? - (AC - BD)?)

_ 211_[4(2112 - oM?) - (AC - BD) .

Theo trén : Sppep < 2R% - OM?. ' |  Hinh 7-14

Pang thitc xdy ra <> AC-BD =0 < AC=BD (h.7-14)

Ban doc tu ching minh két qua AC? + BD? = 4(2R2 - OM2), xem nhu moét
bai tap.
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Vay gi tri 16n nhdt cha S,pcp bing 2R% - OM?. B

+ Néu AC di qua O thi AC 16n nhét, BD nho ¢
nhit (h.7-15)

+ Néu BD di qua O thi BD 16n nhit, AC nho nhat.

Vay: ' A\/D
ACdiqua O

7 v, — 2
SABCD nho nhit < (AC BD)max < |:BD di qua o. Hinh 7-15

Tir d6, bing céch tinh todn cu thé ta thdy gid tri nhd nhét cla Sypcp bang

2RVR? - OM2.

Vi du 7.11. Cho tam gidc ABC néi ti€p duong
tron (O ; R), ngoai ti€p dudng tron (I ; r). Ching
minh ring OF° = R — 2Rr (hé thic G-le).

Gidi. Goi M 1a diém chinh giita cung BC
(h.7-16). D& thdy AIBM can tai M

= IM =BM. (1)

Goi H 13 hinh chi€u cta I trén AC, ta thdy

H_ siné . ;
A 5 ‘ Hinh 7-16
Theo dinh i sin trong AABM, ta c6 w— = sin—A—. .
2R 2
Tu do —}% = —B;I\:— = 2R.JH = IA.BM = 2Rr = IA.IM (theo (1))

= 2Rr=R*- O = 10* =R* - 2Rr
Nhdn xét. Tit két qua trén suy ra R>-2Rr>0=>R>2r
Ta lai nhan dugc két qua trong VD 6.8.

Vi du 7.12. Cho tam gisc ABC noi ti€p dudng tron (O) ; M 12 diém thay d6i
trong (0). AM, BM, CM cét (O) tai A", B', C'. Tim tap hop cdc diém M sao cho

MA N MB + MC 3

MA'  MB' MC'
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Gidi. Goi R 12 bn kinh ciia (O), G 1a trong
tam tam gidc ABC (h.7-17). Ta thay :

MA MB MC
MA' = MB' '~ MC'
- MA? . MB? .\ MC?

MAMA' = MBMB' = MC.MC'
< MA? + MB? + MC? = 3(R? - MO?). |
Theo VD 5.9 dang thiic trén tuong duong véi :
GA®? + GB* + GC? + 3GM? = GA? + GB? + GC? + 3G0? — 3M0?
& GM? + MO? = GO?

& GMO = 90° (dinh I{ Py-ta-go)
<> M thudc dudng tron dudng kinh GO.

=3

=3

Hinh 7-17

Vi du 7.13. Cho tam gidc ABC c6 trong tam G, néi ti€p dudng tron (0). M 13
diém ndm trong hinh tron dudng kinh OG. AM, BM, CM cit (O) lan luot tai A', B, C.
Ching minh ring : '

Sapc < Sapc-

Gidi. Theo BT 6-14 ta ¢6 :

Sapc _ MAMBMC _

_ MA ' MB © MC
Sapc  MAMBMC

3

[MA MB MC ]3

Vi M nam trong dudng tron duc‘mé kinh OG nén theo két qua tuong tu VD 7.12
taco:

MA N MB N MC

MA' MB MC

<3.

Vay Samc ¢ o, Sasc < Sapc-
A'BC
MA MB MC
MA' =~ MB MC
o _MA? _ MB? _ wmC
MA'MA ~ MB.MB ~ MC.MC

Déng thic xay ra <
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o MA”  wmB®  MmC
R?-oM? R?-oM? R?-oMm?

< MA%2=MB? =MC? < MA =MB=MC < M=0.

Vi du 7.14. Cho tam gidc ABC, dudng tron noi ti€p (I) cét trung tuyén BM tai

H, K. Biét ring BH = HK = KM. Chiing minh ring % = -1% = -g-

Gidi. Gia sir (I) ti€p xdc BC, CA, ABtai T, R, S (h.7-18), ta ¢6 :

Hinh 7-18

2 ' 2
BT’ = BH.BK = (9—3“—'3) - tmy.2m, (i‘ilf) “2md )

2 3703 2 9"
Mait khac, BSZ=BH.BK=MK.MH=MR2:$BS=MR. Két hop véi AS = AR,
suyra AB=AM = AC=2AB=b=2c. 2)
_\2 2 ,.2)_ 4.2
- Tu (1) va (2) suy ra (a 3 C) = %.2(0 * Z ) 4c

a-c)’ a? - ¢?
:>( 3 ) =3 = (Ba-13c)(a-¢c)=0.

Néua—c:Othia+c=2¢:>a+c=b.Mauthuﬁndoa,b,clébacanhcﬁa
tam gidc

Vaya—c¢0.Dod65a—13c=O:%=%.
b ¢
Suyra-l-é--—T(—)--—g

Vi du 7.15. Cho dudng thing A va céc diém S, A, B khong thuoc A. Dudng
tron (O) thay ddi, di qua A, B va cit A tai C, D. Chitng minh ring tm dudng tron.
ngoai ti€p tam gidc SCD luén thuéc mot dudng thing c6 dinh.
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Gidi. Goi O' 1a tam dudng tron ngoai ti€p tam gidc SCD. C6 hai trudng hop
xay ra.

Hinh 7-19 Hinh 7-20

Truong hop 1 : A song song v6i AB (h.7-19).

Ta c6 O' thudc trung truc cia CD, ma CD // AB nén trung truc cua CD chinh
12 trung truc ciia AB. Vay O' lu6n thuc mot dudng thang c6 dinh.

Truong hop 2 : A khong song song véi AB (h.7-20).
PatE = A N (AB), K = (0) M (ES), K # . Ta c6 EK.ES = ECED = EAEB

suy ra EK = E‘AI;_';:‘B (khong déi). (1)

Vi E c6 dinh nén tir (1) suy ra K ciing c¢6 dinh. Vay O’ luén thuéc mot dudng
théng c6 dinh 12 trung truc cia KS.

C. BAI TAP BE NGH

7.1. Cho tam gidc ABC nhon, AA', BB, CC' 1a cic dudng cao, H la truc tam.
Ching minh rang

AA'AH + BB'.BH + CC.CH = —% (BC? + CA? + AB?).
7.2.* Cho tam gidc ABC cin tai A ; BD 1a phan giic, BD + DA = BC. Chiing minh
rﬁng BAC = 100°.

7.3. Cho du&mg tron (O) duong kinh AB va mot diém C thudc (O) ; H la hinh
chiéu cia C trén AB, dudng tron tim C, ban kinh CH cat (O) tai E, F. Ching
minh ring EF di qua trung diém caa CH.
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7.4. Cho tam gidc déu ABC canh a. M6t dudng tron cét canh AB tai H, F, cét canh
BC tai I, G, cat canh CA tai K, E (AH < AF ; Bl < BG ; CK < CE). Chimg

mmh ring
AH + BI + CK = AE + BF + CG.

7.5. Cho duomg tron (O ; R) va diém I ¢6 dinh nim trong dudng tron (I # O). Mot
duo‘ng thing quay quanh I, cit (O) tai A va B. Céc ti€p tuyén clia (O) tai A va
B cit nhau tai M. Ching minh ring M chay trén mOt dudng thing c6 dinh.

7.6. Cho ba diém C, A, B thing hang vA duoc Xap xép theo thit tu d6. Mot duo’ng
tron (O) thay déi luén di qua hai diém A, B ; CM, CM' 1a c4c ti€p tuyén cla
(O). Ching minh rang : .

a) M, M' lu6n thuéc mot dudmg tron cé dinh.
b) Trung diém H ctia MM' thuéc mot dudng tron c6 dinh.

7.7. Cho hai dudng tron (0), (O') tiép xtic ngoai véi nhau tai T ; AB I ti€p tuyén
chung ctia (0O), (0") (A thuge (O) ; B thuoc (0). C 1a diém xuyén tdm d6i cha
A (nghia 13 AC la dudng kmh cua (0)). Qua C, ké ti€p tuyén CD véi (O").
Chiing minh ring CD = CA.

7.8%. Cho it gide ABCD noi ti€p duong tron (O) ; M 1a diém thay déi trén cung
CD (khéng chita' A, B). MA, MB cét CD tai X, Y. Ching minh ring XI;('YYC
luén nhan gia tri khéng déi.

7.9. Cho tit gidc ABCD ndi ti€p dudng tron (O). Dudng thing A qua (O) ciét cic
doan AB, DB, AC, DCtai H, I, J, K. Chiing minh rang OH = OK khi va chi
khi OI = OJ.

7.10*. Cho tif gidc ABCD noi ti€p duong tron (O) AC N BD = I. Mot dudng thing
qua I, cét c4c doan AB, CD l4n luot tai M, N, cét (O) tai E, F, (EM < EN < EF).
Chiing minh ring

.1, 1
IE IN IF IM

7.11. Cho dudng tron (O) ; A, B 1a hai di€m d6i xing vé6i nhau qua O. Mot dudng
thing quay quanh A cit (O) tai C, D. Ching minh ring CD’ + DB® + BC?
nhan gid tri khong ddi.

7.12. Cho tam gidc ABC, trong tam G, n61 ti€p dudng tron (O). Mot dudng théng
qua G cit (O) tai M, N. Chu‘ng minh rang

3MN? = (MA? + NA?) + (MB? + NB?) + (MC? + NC).
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7.13*. Cho luc gidc déu A;A,A3A4AsAg tam I, I ndm trong dudng tron (O). Cic
tia IA; cét (O) tai B; (1 £i < 6). Chiing minh ring :
IB] + IB3 + IB5 = IB2 + IB4 + IB6

7.14*, Cho luc gidc déu A;A,A;A,AsAq tam I, I niim bén trong dudng tron (O ; R).
Cic tiaIA, (1 <1< 6) cét (O) tai B, (1 <i < 6). Chiing minh rang :
IB? + IBZ + IB? + IB2 + IB? + IB? = 6R>.
7.15%, Cho tam gidc ABC trong tam G, ndi ti€p dudng tron (O). GA, GB, GC theo
tha tu cat (O) tai A, B, C;. Ching minh ring :
GA, + GB; + GC, 2 GA + GB + GC.
7.16. Cho tam gidc ABC n6i ti€p duong tron (O ; R). M 1a mét diém khong nim
trén (0). MA, MB, MC cit (O) 14n luot tai A', B, C'. Chiing minh ring :

MABC MBCA MCAB _MAMBMC
BC ~CA AP |vo?-rY

7.17. Cho dudng tron (O), hai diém A, B ¢6 dinh khong thuoc (O). Dudng thing A
quay quanh A, cit (O) tai M, N ; BM, BN cit lai (O) tai M', N".
a) Ching minh ring duong tron ngoai ti€p tam gidc BMN lu6n di qua mot
diém c6 dinh khic B.
b) Ching minh ring dudng tron ngoai ti€p tam gidc BM'N' luén di qua mét
diém c6 dinh khic B.
¢) Ching minh ring dudng thing M'N' luén di qua mét diém c6 dinh.
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Chuong I
PHUONG PHAP TOA DO TRONG MAT PHANG

§8. PUONG THANG

A. TOM TAT Li THUYET
1. Phuong trinh téng qudt cha dudng thing c6 dang
ax+by +c=0 (a° +b* 2 0),
trong d6 1 = (a; b) 1a mot vecto phdp tuyén, i =(b; —a) 12 mot vecto chi phuong.
Phuong trinh tdng quét cha dudng thing di qua Mb(xo ; Yo)» VOi vecto phap
tuyén n =(a; b)la
a(x —xg)+b(y—-yp=0.
2. Phuong trinh tham s6 clia dudng théng di qua diém My(x ; y,) V6i vecto
chi phuong U = (a; b) 1a

{X=X0+at

: te R.
y =Y +bt

3. Phuong trinh chinh tdc chia dudng thang di qua di€ém My(x, ; yo), c6 vecto
chiphuong i =(a;b),a= 0,b= 0la

X —Xg _y—YO.

a b
4. Phuong trinh dudng thang di qua My(xg ; yo), c6 hé s6 géc k 1a
Y = Yo = k(x —x).

5. Phuong trinh dudng thing di qua hai diém phan biet A(x, ; y;), B(X, ; y,)
(Vé‘i Xl * XZ’YI #* y2) la

70 YN (wDp7
Xo =X;1 Y2 ¥

6. Phuong trinh dudng thing di qua A(a; 0) vaB(0; b) (v6i a # 0,b = 0) 1a

2 +L=1 (phuong trinh theo doan chén).

b
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7. Vi tri twong doi ciia hai duong thing
Cho hai duong thang d; : a;x + b;y + cp=0vady: ayx +byy+c, =0.
a) Hai dudng théng cit nhau khi va chi khi

a; b
#0;
a by
R 2 P PR -
b) Hai dudng thing song song khi va chi khi bl = 0va
b c
! Hz0 hoac “ 4 #0;
b, ¢ 2 A

¢) Hai duong thang triing nhau khi va chi khi

a, bl _ bl Cl '_ Cl . a]

=0.

a, b, b, ¢ C 23

Dac biét, trong trudng hop a,, b,, ¢, déu khic 0, ta c6

a b
ad U

d,,d, cit nhau <> ;
1»42 a, b2

a b c
di//dy, & L =L 1.
14 a b, ¢

a b c
— 1L _ %1 _“
az 2 C2

Chii y. N€u hai dudng théng c6 phuong trinh duéi dang hé s6 géc
dy:y=ax+b,, dy:y=ax +b, thi

* d; va d, cit nhau khi va chi khi a; # a,.

* d; va d, song song khi va chi khi a; = a,, b, # b,.

e d; va d, vudng géc khi va chi khi a;a, = —1. |

8. Khodng cdch tir diém My(x, ; yo) dén dudng thing A : ax + by + ¢ = 0 dugc
tinh boi céng thitc
| |ax + by, + |

\)a‘2 +b?

9. Géc ¢ giita hai dudng thing d; : a;x + byy + ¢, =0,

d(My; A) =

dy:a)x+by+c, =0
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T

e
3 Q%

duoc tinh boi cong thitc

+ bbby}
cos@ = a;a; + byby| )
al2 + blz. a% + b%

B.CAC ViDy | L

Vi du 8.1. Viét phuong trinh dudng thing di qua hai di€m phan biét A(x; ; y;) va
B(x2; y2)-

Gidi

~ Néu x; = x, thi phuong trinh dudng thing AB 12 x — x; = 0 (h.8-1a).

— Néu y, =y, thi phuong trinh dudng thing ABlay —y, =0 (h.8-1b).

yA YA y4
B
A A Vi B /
M /
X4 ,

O

@)
<Y
o}
P J
>y

B

a) h) ¢)
Hinh 8-1

— Xét trudng hop X, # X,, ¥; # y,. Tacé M(x ; y) thuéc dudng thing AB khi
va chi khi céc vecto AM va AB cung phuong (h.8-1c).
AM = (x = x5y = ¥1), AB =Xy —x13y2 = ¥y)-

AM // AB & —L =21 *)
o X2=X Y27y

Pay chinh 12 phuong trinh clia dudng thing AB.

Luu y. Phuong trinh dang (*) thuong xuyén dugc sir dung trong cic bai
todn viét phuong trinh dudng thing di qua hai diém. D& dang bién déi né vé dang
téng quét. o

Trong chuong nay, khi yéu clu viét phuong trinh duomg thdng, ta hiéu l1a
phuong trinh phi dugc viét duéi dang téng qudt.
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\
.@(

Vi du 8.2. Trong mit phéng toa do cho tam gisc ABC véi A = (1 ; -1),
B =(-2; 1), C=(3; 5). Viét phuong trinh cdc dudng thang chia trung tuyén,
dudng cao ké tir dinh A cla tam gidc ABC.

Gidi. Goi M 12 trung diém doan thing BC (h.8-2),

1 A

ta co =<3

aco6 M (2 ; 3)
Phuong trinh dudng thing AM 1a

x-1 y+1 _

1_1—3+1 < 8x+y-7=0

2 ‘ ul
Duong théng chita dudng cao AH c6 vecto B H M C

phép tuyén 1a BC = (5;4) = phuong trinh Hinh 8-2

dudng thang AH c6 dang 5x + 4y + ¢ = 0. Vi
Ae AHnénS5.1+4(-1)+c=0 = c=-1.
Vay phuong trinh dudng thing AH 12 5x + 4y — 1 = 0.

Vi du 8.3. Viét phuong trinh cdc dudng phan gidc trong va phan giic ngoai
clia tam gidc ABC, biét A =(2;6),B=(-3; - 4), C=(5; 0). Tim toa dé tam
dudng tron noi ti€p tam gidc ABC.

AB = (-5; - 10) _, |AB=125 =55
AC =(3;-6) AC = /45 = 3./5.
M(x ; y) thuéc phan gidc trong clia géc A khi va chi khi

cos(ﬁ, m) = COS(E,A_M.)
o -S(x=2)-10(y -6) 3(x —2)-6(y - 6)

5Js 35

& X =2,

Gidi. Ta ¢c6 {

Tuong tu ta viét duge phuong trinh duodng phan .giéc trong cia géc B 1a
x-y—-1=0.
Toa do tam I cia dudng tron noi ti€p AABC 12 nghiém ciia he

x=2 o (x=2
<~
x-y-1=0 y =1
Vayl=(2;1).
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N thudc phan gidc ngoai clia géc A khi va chi khi
cos(ﬁ, A_N') =— cos(Ka,A—l\f).

Tir d6 tim dugc phuong trinh dudng phan gidc ngoai clia gocAlay=6.

Nhdn xét

1. C4c dudng phan gidc trong va ngodi ké tir mot dinh ciia tam gidc vudng géc
v6i nhau. Dya vao tinh chét ndy, ta c6 thé viét ngay duoc phuong trinh dudng phan
gic ngoai cua géc A 1a y = 6, phuong trinh dudng phan gidc ngoai clia géc B 1a
X+y+7=0.

2. Ngoai céch giai trén day, ban doc con c6 thé giai bing céc cach khéc nhu sau

Cdch 2. Vi€t phuong trinh hai dudng phan gidc clia cdc géc tao boi hai duong
thdng AB va AC. Néu B, C nim vé hai phia (mét phia) cha mot trong hai dudng
phan gidc d6 thi dudng nay 12 phdn gidc trong (phan gic ngoai) clia géc A, va tét
nhién dudng phan gidc con lai 13 phan gidc ngoai (phan gidc trong) ctia géc A.

Cdch 3. Dua vao nhén xét : M thudc phan gi4c trong ctia goc A khi va chi khi

—_— —

vecto AM cling phuong véi vecto AB + Ac M thuéc phén gidc ngoai clia géc

I GE
A khi va chi khi vecto AM ciing phuong véi vecto n. — AC
aB  [ac]

Vi du 8.4. Viét phuong trinh cdc canh™ ciia tam gidc ABC, bit A = (1 ; 2) va
phuong trinh hai dudng trung tuyénla2x -y + 1 =0vax + 3y -3 =0,

Gidi

Dé thdy dinh A khong thudc hai trung tuyén di cho, vi toa d6-ciia né khong
thod mén phuong trinh ciia hai trung tuyén. Goi B', C' 14n luot 13 trung diém ciia
AC, AB.

Giast(BB):2x -y +1=0,(CC): x +3y -3 =0.

bat C=(xp; yg). ViC e (CC) nén xq + 3y, — 3 =0. (1)

XpatXe _1+xy  _yat+yc _2+Yy, Vi Be (BB
5 =— Yg = 3 == i B'e (BB)

Ta lai ¢ xg =

nen 1+xy - 22¥0 1120 © 2%g ~ Yo +2 = 0 (2). Gidi hé gém (1) va (2) tim

2
3 8 . 4 1) ...
dugc toa d6 C = —7iT Tuong tu tim dugc B = “ZiT5 ) tir d6 4p dung

(*) D€ cho gon, ta néi "phuong trinh canh AB" thay cho "phuong trinh dudng thing
chita canh AB".
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cong thitc phuong trinh dudng thing di qua hai diém, ta viét dugc phuong trinh cic
canh cla tam gidc ABC:
BC:9x-y+5=0;
AB:15x —1ly+7=0;
AC:3x=-5y+7=0.
Vi du 8.5. Cho hai dudng théng (d;) : a;x +b;y+¢; =0 ; (dy) : ax+byy+cy =0

cét nhau tai P vi dudng thédng d. Ching minh ring d di qua Prkhi va chi khi
phuong trinh cia d c6 dang

Max + blyy +cp) + pax +byy +¢,) =0 2 + p.2 # 0).

Gidi. Gia st P = (Xg; yp) 5 1, n_.l(a] ; bl),;;(az; b,) theo thit tu 14 cic vecto
phép tuyén cha d, d, d,. Vi d,, d, cit nhau nén r_l_;, g khong cung phuong, suy ra
ton tai cac s6 A, u khong dong thoi bang 0 sao cho

n= Xn_l. + u;;= (Aa; + pa, ; Ab; + ub,).
Vay : d di qua P khi va chi khi phuong trinh clia d c6 dang
(Ma; + pag)(x—Xg) + (Aby + pby)(y ~yo) =0
SMax + by +¢) + pax + by +¢5)
“AaXg + byYg + €)= (agXg + byyg +¢5) = 0
< Max + by +¢) + pax + by +¢5) = 0.
Chii y. Cho hai dudng thing d,, d, cit nhau tai P. Tap hop cic dudng thang di

qua P duoc goi 12 chiim duong thdng tam P, tao bdi d; va dp. Vi du 8.5 cho ta mot
cdch mo ta dep'moi dudng thing trong mét chim thong qua hai dudng théng cho
truée ctia chiim. Néu dit d(x, y) = a;x + bjy + ¢; ; dy(X, y) = a,Xx + by + ¢, thi
phuong trinh ctia d c¢6 dang Ad;(x,y) + ud, (X,y) =0.

Vi du 8.6. Tim toa d¢ truc tm tam gidc ABC, bi€t phuong trinh ba canh cia
tam gidc 1a
(BO):3x-y-3=0
(CA):3x-2y-6=0
(AB): x+y-3=0.
Gidi. Dudng cao AA' thuéc chim dudng thing tam A, tao bdi (AB) va (AC),
phuong trinh clia n6 cé dang
Mx+y-3)+uBx-2y-6)=0
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hay A +3wx + (A-2w)y =31 -6p=0.
Vecto phap tuyén n](3 —1) cta (BC) va vecto phap tuyén nz( X+3u A=2p)
ctiia (AA') vubng géc nén
n =0 3(A+3w)-A-2u)=0 & 20 +11p=0.
Chon A = 11, p = — 2 ta dugce phuong trinh duong cao (AA)1a
5x + 15y - 21=0.
Tuong tu ta tim dugc phuong trinh ctia dudng cao (BB') 1a 4x + 6y — 15=0.
Toa d¢ truc tam H 14 nghiém cua hé
5x +15y-21=0
{4x+6y—15=0.

10y 10 10 ° 10

Nhén xét. Bing phuong phép chim duong théng, ta c6 thé tim dugc toa do
tryc tdm tam gidc ma khong cén théng qua viéc tim toa d¢ céc dinh cha tam giac.

Giai hé tim duoc x = 33 3 Vay H = (33 3 ]

Vi du 8.7. Tam gidc ABC ¢6 C = (4 ; 4), dudng cao va trung tuyén keé tir dinh
A c6 phuong trinh 14n lugt 1a 2x — 3y + 12 =0, 2x + 3y = 0. Viét phuong trinh cic
canh ctia tam gidc ABC.

Gidi
, . ) , 2x =3y +12=0
Toa do ciia A 12 nghiém cua hé = A=(3;2).
2x +3y =0
Phuong trinh canh AC 1a
x+3 y-2

4+3=m C—'>2X—7y+20=0.

Pudng thing BC qua C, c6 vecto phép tuyén 1a vecto chi phuong (3 ; 2) cla
dudng cao (AH). Phuong trinh dudng théng BC 12 3(x — 4) + 2(y —4) = 0 hay
3x+2y-20=0.

Toa dé trung diém M cta canh BC la nghiém ctia hé gém phuong trinh (AM)
va (BC) :

2x +3y =0
X+2y —. M=(2;:-8).
X+2y-20=0 _

Tir d6 xg = 2xp; — X¢ = 20, yg = 2ypm = Yc = — 20.
Vay B = (20 ; — 20). Phuong trinh canh AB la
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x+3 y-2 . _
B - ¢ 22x + 23y +20 =0.

Vi du 8.8. Cho dudng thing A c6 phuong trinh x—3y — 6 =0 va diém A2 ; — 4).
Tim toa d6 diém A' d6i xiing véi A qua A. A
Gidi (h.8-3). Dudng thing A c6 vecto phdp 4
tuyénla n = (1; — 3). Goi d 1a dudng thing di
* qua A, vudng goéc véi A thi d nhan 1 1a vecto
chi phuong = phuong trinh tham s6 ctia d 13

H

x=2+t v Al
y=—4—3t. \ Hinh 8-3
Thay x, y tir phuwong trinh tham s6 ctia d vao phuong trinh A ta duge
2+t+3(4+3t)—6=0:>t=_%
= Toado giao diém Hcliad va A la
4 6
X—Z—E—g :H:(é—_—s
——4+£—_—8 3°5)
y= 5°75
Tir d6 ta c6 toa do cia A' 1a
Xar = 2X X _2
A= 4Xyg T XA =7
5 2 4
.VayA'=|=;=|.
1 YA (5,5)
)’A'=2)’H‘YA=§

Xg+2 yp—-4
2 7 2

Nhdn xét. C6 thé dit A' = (x; yo).- Tacé H = ( ) Tir d6, véi

.chi ¥ ring AA' L' AvaHeA, tatim dugc toa do cha A'.

Vi du 8.9. Viét phuong trinh cic canh clia tam gidc ABC biét A(2 ; —4) va
phuong trinh cdc dudng phan gidc cia cdc géc B, Cldnlugtla x +y -2 =0 va
x—-3y-6=0.

Gidi

Goi A, A, theo thif tu 1 cdc diém d&i xing ctia A qua cdc dudng phan gidc
CC' va BB, khi d6 A, A, déu thudc dudng théng BC (h.8-4).
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Theo VD 8.8,tac6 A, = (% ; %)

Bing céich tuong tu, ta tim dugc
A, = (6 ; 0). Vay phuong trinh canh BC
chinh 1a phuong trinh dudng thing A A, :

2 4

X-5 y-3 ,
> =7 ©x+Ty-6=0. Hinh 8-4
5 5

Pudng thing BA thu6c chim dudng thang x4c dinh béi hai dudng thing BC
va BB/, do d6 phuong trinh (BA) c6 dang
ax+7y-6)+Bx+y-2)=0 (o + B> = 0).
A € (BA) nén
a(2-74-6)+Pf2-4-2)=0 = 8a+p=0.
Chon o =1, p = -8 ta dugc phuong trinh canh BA 13
7x+y-10=0.
Tuong tu, ta cé phuong trinh canh AClax -y -6 =0.

Nhdn xét. Sau khi viét dugc phuong trinh canh BC, ta c6 thé tim toa d6 cic
dinh B, C, sau d6 viét phuong trinh céc canh AB, AC theo cong thitc phuong trinh
dudng thing di qua hai diém.

Vi du 8.10. Viét phuong trinh dudng thing di qua diém A(2 ; —1) va hop véi
dudng théng d : 5x — 2y + 3 = 0 mot géc 45°.

Gidi

Trude hét ta nhan thdy rang dudng thing A qua A, song song Véi truc tung
khong tao véi d géc 45°, vi d c6 hé s6 géc 1a ki = —;— # *1. Do d6 phuong trinh
dudng thing A cén tim c6 dang

y=k(x-2)-1 <:>kx—y—2k—' 1=0.

Ta c6 vecto phdp tuyén clia A va d 14n lugt 14 n1 (k 1), n2 =(5;~2), dodé

A tao véi d géc 45° khi va chi khi

[cos(n, 7| = cos45° =‘1 sk+2l 1

N Vo2 2
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./og'

& 2(25k2% + 20k + 4) = 29(k* + 1)

< 21k? + 40k — 21 = 0.

7
752 =73

Vay c6 hai dudng thing thod man diéu kién bai todn 12

Giai phuong trinh tim duge k| =

=:?;-(x-2)—1 hay 3x-7y-13=0

va y=—%(x—2)—1 hay 7x+3y-11=0.
Nhdn xét. C6 thé tinh khoang cich AH tlr A dén dudng thing d, sau d6 tim
M e d sao cho MA = AH+/2 , bang céch giai hé phuong trinh
(x 2% +(y+ 1)’ =2AH*
5x -2y +3=0.
Tir d6 viét dugc phuong trinh dudng thing cdn tim 12 AM.
Vi du 8.11. Cho cic diém A(l ; 0), B(-2; 4), C(-1; 4), D(3 ; 5). Tim tap hop
céc diém M sao cho dién tich hai tam gidc MAB va MCD biéng nhau.
"~ Gidi
Tac6 AB=5,CD= J17. Phuong trinh duong théng ABla

x=1 'y _
3 =7 <> 4x+3y-4=0.
Phuong trinh dudng thing CD 1a
x+1 y-4

=TT @x-4y+l7=0

Gia st M = (xg ; Yo)-
Dudng cao ké tir M clia tam gidc MAB c6 do dai la

4xy + 3y, — 4
d(M ;AB) = [4xo 5y° §
Pudng cao ké tir M clia tam gidc MCD c6 do dai la
-4y, + 17
d(M ;CD) = [xo = 4y0 +17],
17

Do dé : Syiap = Sycp < AB.A(M ; AB) = CD.d(M ; CD)
Loy |4X0 + 3y0 - 4| = |XO - 4yO + l7l
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3xg+Tyg —21 = 0
o | 7%0T Yo
Vay tap hop cdc diém M 12 hai dudng thing c6 phuong trinh
3x+7y-21=0 va 5x-y+13=0.

Vi du 8.12. Viét phuong trinh dudng phan gidc cha géc nhon tao bdi hai
dudng thing

di:x-2y-5=0 va dy:2x-y+2=0.
Gidi (h. 8-7)
Cdch 1. Toa d6 giao diém I cha (d,) va (d,) 1a nghiém ciia hé

X-2y-5=0

{2x—y+2=0 =I=0-4.

Lay A(5;0) € d;, B(-1;0) € d,. '

Tacé IA = (8;4), IB = (2;4) = [[Al = V80 = 445 ; [B] = 245.

Vi ﬂl_ﬁ = 32 > 0 nén géc AIB nhon, do d6 : M(x ; y) thudc phan gidc cia

g6c nhon tao bai d, va d, khi va chi khi

cos(fx,rﬁ) = cos(fﬁ,fﬁ)
@8(x+3)+4(y+4) _ 2(x +3)+ 4(y +4)

45 25

&S x-y-1=0.

Day chinh 1a phuong trinh dudng phan gidc cin tim.

Nhdn xét. C6 thé 1dy A, B tuy y 14n lugt thude d; va d,. Néu géc AIB la géc til
thi : M thuoc phan gidc chia géc nhon tao boi d; va d, khi va chi khi
cos(I_Ii, M) = —cos(I—A:, fﬁ)

Tir d6 ciing suy ra phuong trinh duong phan gidc ctia géc nhon.

Cdch 2. Phuong trinh cdc dudng phén gidc cua cic géc tao béi d; vad, la

x—-2y—5=+2x—y'+2 A
50T s

Sx+y+7=0(1) hoic x—-y—-1=0. . )
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Chon diém P(5 ; 0) € d; (P # I). So sdnh khoang c4ch tit P dén cic dudng
thang (1) va (2). Khoang céch tir P dén dudng théng nao ngdn hon thi dudng thing
d6 1a phan gidc cta géc nhon.

Vi du 8.13. Cho hai diém A(2 ; 5), B(-4 ; 5) va dudng thing A : x =2y + 3 = 0.
Tim toa d6 cdc diém M, N trén A sao cho NA + NB nho nhit.

Gidi

Trudc hét ta xét xem A va B & ciing phia hay khéc phia d6i véi duong thing A.
Phuong trinh dudng thing ABlay = 5, suy ra giao di€ém cla (AB) va A 1a I(7 ; 5).
Khi 6 IA = (=5;0),IB = (~11; 0). Hai vecto IA, IB cing hudng nén A, B &
cung phia d6i véi I, tic 1a cing phia d6i véi A (h.8-5).

Ldy A’ dé6i xiing v6i A qua A, dé dang
tim dugc A'=(4; 1). Tacd

NA +NB=NA'+ NB 2> A'B.

Ding thic xay ra < N ¢ AB < A
N =AB N A. Diém N cén tim 12 giao diém
clia A va dudng thing AB: —x — 2y + 6 =0.
| Xx—2y+3=0
—X=2y+6=0 Hinh 8-5

'J““'7>
=

P

Giai hé phuong trinh {

39
tim dugc N = (2 4)

Nhdn xét. Ta c6 thé ding ddu hiéu sau day dé klém tra xem hai diém & ciing
phia hay khic phia d6i véi dudng thang ax + by + ¢ = 0. (¥)

Ddt f(x,y) = ax + by + c¢. Khi d6 hai diém M (x, ; Y1) va My(x; ; y,) 0 cing
phia doi voi (*) khi va chi khi fix;,y;).f(x5,y,) > 0.

Vi du 8.14. Cho géc vuong xOy va hai diém A, C chuyén dong theo thi tu
trén Ox, Oy sao cho OA + OC = b (b 1a d¢ dai cho truéc). Goi B 1a dinh clia hinh
chit nhat OABC. Ching minh ring dudng thing A qua B, vuéng géc véi duodng
thdng AC lué6n di qua mot diém c6 dinh.

Gidi (h.8-6)

Chon h¢ truc toa do Oxy, goi A =(a; 0), C=(0;c). Khid6 B=(a; c) va
a+c =b (a, c duong). Vecto chi phuong ii(a ; — ¢) ciia (AC) chinh 12 vecto phap
tuyén clia A, nén phuong trinh dudng théng A c6 dang
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O

a(x —a)~c(y-¢c)=0 | vi A
<:>ax—cy+c2—a2=0 Kp=====momemee f
|
<:>3x—-y+b(l—i)=0 c B E
C Cc i
a 1 |
<::’(X-b)g--(y—b)=0. , ]
1
Dé thay A di qua di€m I(b ; b). o) A TR
Vay duodng théng A luén di qua mot Hinh 8.6

diém c6 dinh I. D6 chinh 12 dinh cha
hinh vuéng OHIK véi He Ox, Ke Oy,
OH=0K =b.

Vi du 8.1S. Xdc dinh m dé khoang céch tir diém A3 ; 1) dén dudng thing
X+(m-1)y+m=0 - (D

1 16n nhat. Tim gid tri 16n nhat dé.

Giai

Dé théy céc dudng thing dang xét luén di qua diém P(-1 ; —1) véi moi m. Gia
str d 12 mot dudng thng di qua P, ha AH L d (H € d). Ta lu6n c6 AH < AP, ding
thic xay ra khi va chi khi H triing P, tic 1a d vuéng géc v6i AP. Khi d6 vecto phdp
1 m-1

tuyén n(l;m—1) cla d cing phuong véi 132(4 ;2), nén ] 3

, suy ra

4m-1)=2,ttdé m = ;— ,
Thay gi4 tri nay ciam vao (1), ta dugc dudng théng d': 2x +y + 3 = 0.
Khoang céch tir A(3 ; 1) dén d' bing
[23+1+3
R3+1+3 _, 5
V5
Nhdn xét. C6 thé biéu thi khoang céch tir A dén duong thing (1) nhu mot ham
cham: , ;
B+2m -1  2lm+1l
Vi+m-12 ym?-2m+2
tam thitc bac hai dé tim gi4 trj 16n nhat cta biéu thiic
4(m? +2m + 1)

m?-2m+2

h(m) = , 16i &p dung phuong phdp

h%(m) =

9-BT NANG CAO.. HINHHOC 10 1 29




"“og,

Vi du 8.16. Cho di€m A(1 ; 1). Hiy tim toa d6 diém B trén dudng thing y = 3
va diém C trén truc hoanh sao cho tam gidc ABC 12 tam gidc déu.

Gidi (h.8-7)

Gia sir di tim dugc c4c diém B, C theo yéu cdu bai todn, trong dé C c6 hoanh
d6 duong. Dyng dudng trdn ngoai ti€p tam gidc ABC cit truc Ox tai diém E, ta c6
AEC = 120°. Dudng thing EA c6 heé s6 géc 1a tan120° = —+/3, nén phuong trinh -
ctia EA Iz | g

y-l=—3x-1) & y=—3x +/3 +1.
3+l 0}
75 0

Pudng thing EB tao véi Ox géc 60° nén phuong trinh ctia (EB) 1a
P g

yzﬁ(x_\/3+1)@y= 3x -3 -1,

Vay,E=(

NE)
Hoanh d6 ctia B l1a nghiém cta phuong trinh
3x-V3-1=3 ‘ g
@ﬁx=4+ﬁ<¢x=4+ﬁ. s
J3
' A
Vay B = ii_‘éﬂ. N
’ NG O E—C X
GiastC=(a;0),tacod:
2
CA’=CB* & (a-1)2 +1= a4t BY L Hinh 8-7
V3
o=t B G e [543 )
N N

Goi d 1a dudng thing qua A, song song véi Oy. Liy B, C' d6i ximg vé6i B, C
qua d, ta c6 tam gidc AB'C' 12 tam giéc déu.

-4 :B’:(‘E”“ ,3J |

Khidé:XB'=2xA—xB= ’\/§< \/’3— )

B-s (\/5—5,0}

XCv=2XA—XC= \/5 :>C'= \/5 ’
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Vi du 8.17. Cho hinh vuéng ABCD. E va F 13 cic diém xic dinh boi
BE = -;-EE . CF = --;-EB, (AE) cét (BF) tai I. Chitng minh ring AIC = 90°.
Gidi (h.8-8) |
Gia sif canh hinh vuéng c6 d¢ dai bang 1. Gén hé truc toa d6 Dé-c4c Oxy sao
choD=(0;0),C=(1;0),A=(0;1).(1)
E=|1.2] po(3. — (1.
Tacéd: E -(1, 3j, F ~(2 ,0), B=(1;1).
Phuong trinh dudng thing AE1a : x + 3y -3 =0
Phuong trinh dudng thang BF1a: 2x +y~3=0 4 B
Toa d6 ctia I 12 nghiém cua hé

Xx+3y~3=0 (6 3) E[)\!
=I=|-;=
2x+y-3=0 5°5
a=(8._2).5_(L.3): 0D  C F
:AI_(S’ 5)’0“(5’5)'
6 6

VN e L e Hinh 8-8
KhldoAI.CI—25 25 0= AI L CIL

Vay AIC = 90°.

>y

C. BAI TAP BE NGHI

'8.1. Cho hai dudng thing
A:x=-3y+1=0;d:2x+y-4=0
va diém A(2; 0).
a) Vi€t phuong trinh dudng thing A' d6i xiing v6i A qua A.
b) Vi€t phuong trinh dudng thing d' d6i xiing véi d qua A.

8.2.Cho tam gidc ABC c6 phuong trinh canh BC 1a 7x + 5y — 8 = 0, phuong trinh
cdc dudng cao BB : 9x -3y -4=0;CC :x+y-2=0.
Viét phuong trinh cdc canh AB, AC va dudng cao AA'.

8.3.Viét phuong trinh cdc canh cla tam gidc ABC, biét B = (2 ; ~1), dudng cao
ké tir A va phan gidc ciia géc C c6 phuong trinh 14n luot 13

3x-4y+27=0vax+2y-5=0.

8.4. Viét phuong trinh cdc canh cua tam gidc déu ABC biét A = (2 ; 6), canh BC

ndm trén dudng thing d : V3x =3y + 6 = 0.
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8.5.Cho tam gidc ABC c¢6 dién tich S = —;— toa d6 cdic dinh A=(2; -3),B=(3; -2)
va trong tdm tam gidc ndm trén dudng thang 3x — y - 8 = 0. Tim toa d¢ dinh C.
8.6. Cho duong théng A c6 phuong trinh
Xxcosa + ysina + 2cosa + 1 = 0.
Ching minh rang khi o thay déi, A luén tiép xiic véi mét dudng tron c6 dinh.
8.7.Cho tam gidc ABC vuéng tai A, cdc dinh A, B nim trén truc hoanh, phuong
trinh canh BC la J3x - y— V3 =0. Tim toa d6 trong tdm tam gidc, biét ban
kinh dudng tron néi ti€p tam gidc bang 2.
8.8. Trén mit phang toa do Oxy, cho hai diém-A vi B chuyén dong 14n luot trén

céc tia Ox, Oy sao cho OA + OB = k (khong déi). Ching minh ring dudng
trung tryc ciia doan thang AB Iu6n di qua mot diém c& dinh.

8.9. Cho géc vuong xOy va hai diém A, B c6 dinh trén Ox, Oy. Céc diém M, N di

o s , OM ON . .
chuyén l4n luot trén cic canh Ox, Oy sao cho OA + OB = 2. Ching minh

ring céc giao diém cia (AN) va (BM) chay trén mot dudng thing c6 dinh.
Viét phuong trinh dudng thing dé.

8.10. Trén mat phang toa do Oxy cho diém A(a ; b) nim trong géc xOy.
Viét phuong trinh dudng thang qua A, cit cic tia Ox, Oy tai M, N sao cho
OM + ON nho nhit.

8.11. Cho hai diém A(2 ; - 5), B(~ 4 ; 5) va dudng thing A : x — 2y + 3 = 0. Tim
trén A diém M sao cho [MA — MB| 16n nhit ;

~ §9. PUONG TRON

A. TOM TAT Li THUYET
1. Phuong trinh dudng tron tdm Ia ; b), ban kinh R 12
(x-a)* +(y -b)* =R%.
2. Phuong trinh ©
C(x,y)=x2+y2+2ax+2by+c=0 (1)
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N XA
% o
106

v6i a’ +b? >c, biéu dién mot dudng tron (C) c6 tam I(-a;—b), ban kinh

R =+va? +b* —c.
3. Phuong trinh ti€p tuyén cia dudng tron (C) tai diém M(x,; yy) thudc
dudng tron 1a
XoX + Yoy +a(X + Xg) + b(y + yg) +¢c =0.
4. Phuong tich ciia diém M(x ; y,) d6i véi dudng tron (C) 13
Rasc) = X§ + Yo + 2axy + 2byy + ¢ = C(Xg,Yo)-
5. Truc dang phuong clia hai dudng tron khong déng tam
C): X2 +y? 4+ 2ax +2bjy+c¢; =0
(C):x* +y2 + 2a5x + 2byy +¢, =0, -

trong d6 (a; — a,)* + (b; — b,)? # 0, c6 phuong trinh

(ay =) + (by = by)y + <52 = 0.
B. CAG vi DY

Vi du 9.1. Viét phuong trinh dudng tron tam A(4; 3), ti€p xic véi dudng
thing x -3y -5 =0.
Gidi. Khoang c4ch tir A dén dudng thing 1a

d=l4_3'3"5|=Jﬁ.

V10

Khoang cich nay bang bén kinh clia dudng tron nén phuong trinh cla dudng
tron 12 (x — 4)% + (y -~ 3)> =10, hay x> + y*> — 8x — 6y + 15 = 0.

Vi du 9.2. Cho ho dudng tron (C,,)) ¢6 phuong trinh
x? +y2 —(m - 2)x + 2my — 1 = 0 (m la tham s6).
Chitng minh ring khi m thay déi, cdc dudng tron (C,,) luon di qua hai diém
c6 dinh. ] :
Gidi -
Tacéd (xy; yg) € (C,,) VM khi va chi khi
(xg = 2yg)m = x% + y% +2xp—1, Vm
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{XO _ 2y0 =0 (Xo;}’o) =(-2;-1)
= = 2 1
X(2)+y3+2x0—1=0 (Xo;yo)=(§;§)
Vay ho dudng tron (C,,,) luén di qua hai diém c6 dinh 1a
2 1
-2;-DvaB|l=;—|
A(-2; )VaB(S’S)

Nhdn xét. Tam ctia céc dudng tron (C,) luén thudc dudng trung truc clia AB.

Vi du 9.3. Trén mat phéng toa do cho céc diém A(1;2),B0;1),C(=2;1).

a) Vi€t phuong trinh dudng tron (T) ngoai tiép tam gidc ABC.

b) Gia sit M 1a diém chuyén dong trén dudng tron (T). Ching minh ring trong
tam G cua tam gidgc MBC thu6c mot dudng tron c6 dinh, viet phuong trinh dudng
tron dé.

Gidi

a) E(x ; y) 12 tam dudng tron (T) khi va chi khi EA? = EB? = EC?

Sx-1D2+@y-2"=x>+@y -1 =x+2%+(y - 1)~

Gidi hé tim dugc x = -1, y = 3. Vay (T) c6 phuong trinh

(x+1)2+(y -3)*=5.

v

Dudng trdn c6 tam E(~1 ; 3), bAn kinh R = /5.

b) (h.9-1) Goi I 12 trung di€m cha BC, tac6 I = (-1 ; 1).

Ké GK // ME (K € EI), tacé Ef fG

—— = -—— OE+20I 5 K

KE = -2KI = OK = Ti_ = (— ; 5) B\l/c
5 . .

= K = (—1 ; 3) Hinh 9-1

e 1 V5 , y
Mat khic, KG = §EM =3 vay trong tdm G cua tam gidc MBC thuéc

J5

dudng tron tam K, ban kinh K Phuong trinh clia dudng tron nay 1a
2
2 S .S
x+1) +(y 3) =9
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Vi du 9.4. Cho duong tron tAm A(2 ; 3), bankinh R = 1.

a) Tim diéu kién ctia k dé dudng théng A : y = kx cét dudng tron tai hai diém
phéan biét.

b) Tim gi4 tri clia k dé dudng thing A cit dudng tron tao thanh day cung c6 do
dai bang 2.

Gidi. a) Phuong trinh dudng tron tdim A(2;3) bankinh R =1 1a

x-2+(y-3) =lex’+y> ~4x -6y +12=0. (1
Toa d¢ giao diém clia dudng thing A va dudng tron 12 nghiém clia he

y = kx
2.2 =
X“+y —-4x-6y+12=0

y = kx
1+kHx?2-2(2+3k)x+12=0 (2)

Dudng thing A cét dudng tron tai hai diém phan biét khi va chi khi phuong
trinh (2) c6 hai nghiém phan biét

SA' =Q+3k)?-120+k?)>0
&3k2-12k+8<0

6—«/1_2<k<‘6+\/ﬁ

b) Dudng thing A cit dudng tron tao thanh day cung c6 do dii bing J2 khi
va chi khi khodng cdch tir A dén dudng thing A 13 ,’1 - —;—: g, mat khéc,

. 2k -3
khoéang cdch tir A(2;3) dén dudng thang A: kx-y=0 1a | I nén ta cé

k? +1
2k -3
| |=—‘{2§-@2(2k—3)2=k2+1
k? +1
| k=1
&Tk? 24k +17=0 & 17
==

Vi du 9.5. Viét phuong trinh dudng thing A di qua diém A(1; —1) va ti€p |

xiic v6i dudng tron x> + y2 — 6x — 8y + 21 = 0.
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Gidi
Duong tron da cho c6 tam I(3; 4) va bén kinh R = 2. Phuong trinh dudng
thing di qua A(1; - 1) ¢c6 dang
ax =D +Ply+1) =0 (véi o + B2 = 0)
< ax+PBy-a+B=0.

Dudng thing A tiép xic véi dudng tron nén khoadng cich tir 1(3; 4) dén
A béng 2, tirc [a

|30L+4[3—a+[3|=2

Va? +p2
& (20 +58)” = 4o + B?) & 200 + 212 = 0.
, ) 20
Chona=1tac6p=0 hoac B = ~37

Vay c6 hai dudng thing thod man yéu cdu bai todn 13
x—1=0 v 21x - 20y ~ 41 = 0.

Nhén xét. Néu chi xét céc ti€p tuyén cé phuong trinh dang y = k(x - 1) - |,
s€ b s6t tiép tuyén x — 1 = 0.
Vi du 9.6. Viét phuong trinh ti€p tuyén chung ctia hai dudng trdn
(Cl):x2 +y2 -6x+5=0;
(Cy):x? +y2 —12x — 6y + 44 = 0,

Gidai .
Pudng tron (C;) ¢6 tam E(3 ; 0), bén kinh R, =2
Pudng tron (C,) c6 tam F(6 ; 3), ban kinh R, =1.
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D€ y ring Xz —xg =3 =R, +R, <EF = 32 neén hai dudng tron ngodi
nhau. D€ thdy dudng thing x = 5 1a mot ti€p tuy€n chung cia (C,) va (C,).

Ta tim céc ti€p tuyénddang y = ax + b < ax -y+b=0.

Khoang céch tit E, F dén d 14n luot 12

3a+b l6a -3+ b|
=2; —_1-1,
a% +1 a? +1
2 _ 2 !
Tacohe ({2 +0" =4@+D
3a+b=2(6a-3+b)

- {(Sa +b)2 =42 +1)
3a+b=-2(6a-3+b)

9+ 417 9-17
a= 3 a= 3 {a =0
= hoidc hodc
-33-917 -33+ 917 b=2.
b= -8 b= -8

Vdy c6 4 ti€p tuy&n chung chia hai dudng tron véi phuong trinh 12

9+V17 334917 9-JI7  33-9y17
8 . 8 Y g X g
Nhdn xét. Goi S va P 14n luot 1a giao diém ciia dudng théng EF véi ti€p tuyén
chung ngoai va ti€p tuyén chung trong cia hai dudng tron (h.9-2). Ap dung dinh If

Ta-1ét ta c6 S=E -_PE_R 2. Nhu véy ta c6 thé tim duogc toa do cdc diém S

SF PF R,
va P, sau d6 viét phuong trinh cdc dudng thing di qua S hodc P va ti€p xtc véi mot
trong hai dudng tron. D6 chinh 1a céc ti€p tuyén chung clia hai dudng tron.

x=5;y=2;y=

Vidu 9.7. Cho dudng tron (C): x* +y? —1 =0 va ho dudng tron
(Cp):x2 +y? —2(m + Dx + 4my — 5 = 0.
Chiing minh rang c6 hai dudng tron ciia ho (C,,)) tiép xic véi (C). Viét phuong
trinh ti€p tuyé€n chung cia hai dudng tron dé.
Gidi A
Dudng tron (C) c6 tam O, ban kinh R = 1. (€L tié'p xtc véi (C) khi va chi
x2+y?-1=0

khi he ¢6 nghiém duy nhat
x2 +y? -2m+Dx +4my-5=0
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2,2 _1=
= { x“+y -1=0 c6 nghiém duy nhét

2m+Dx -4my+4 =0
< Dudng thing A, : 2(m + 1)x — 4my + 4 = 0 tiép xiic véi dudng tron

x2+y2—1=,0

= dO;A) =1 & 4 =1
JA(m + 1)? + 16m?
m = -1

o 5m?+2m-3=0& 3
m=—5—.

Vay, c6 hai dudng tron cua ho (C,,)) ti€p xic véi (C) 1a
(C_):x* +y*> -4y —5=0, tam I;(0; 2), ban kinh R, = 3;
(C3):'x2 +y? L +—12y—5 = 0, tAm 12(-85-;

577
85

Vi I, = TS <R; +R, v2 R; =R, nén hai dudng tron chi c6 hai tiép

3 - %) bén kinh R, = 3.

5

tuyén chung ngoai song song v6i LI,. Ti€p tuyén nhan vecto m = (% ;= 1—56-)

lam vecto chi phuong hay vecto i = (2 ;1) 1am vecto phédp tuyén = phuong trinh
ti€p tuyén c6 dang 2x +y + ¢ = 0. Khoang cdch tir 1,(0; 2) dén ti€p tuyén béng

3 nén

12+ _
V5

Vay phuong trinh hai ti€p tuyén chung 13

2x+y-2+3J/5=0.

Vi du 9.8. Viét phuong trinh dudng tron di qua hai diém A(3 ; 6), B(7 ; 4) va

3= ¢ = -2 + 3/5.

ti€p xdc véi duong thing d : x -3y - 5 = 0.

Gidi

Phuong trinh trung truc cia doan thing AB 1a
(x -3 +(y-6) = (x =7 +(y -4’
&2x-y-5=0. o

Khoéng céch tir tam I(x ; y) clia dudng tron dén dudng thing d 12
[x -3y -9

V10

= 1A = J(x - 3)% + (y - 6)°.




WS
A
) QQ

Toa d6 tam I 14 nghiém cha hé
2x-y-5=0
| x -3y - 5?2 =10[(x = 3)% + (y - 6)2]

y=2x-5

9x? + y2 + 6xy — 50x — 150y + 425 = 0

y=2x-35 {x=4 § {x=12
<9, = hodc

X“—-16x +48 =0 y=3

Phuong trinh cdc dudng tron cén tim 13 | v
(x =4 +(y-3)? =10 va (x - 12)? +(y - 19)% = 250.

Vi du 9.9. Viét phuong trinh dudng tron di qua hai diém A(1;1) ; B(0; 2) va
ti€p xdc véi dudng tron (C) : x2 + y? - 10x - 10y + 34 = 0.
Gidi
Pudng tron (C) c6 tam S(5 ; 5), b4n kinh R = 4.
Gia sir dudng tron (C') cdn tim c6 tam I(a ; b), ban kinh r, phuong trinh clia né 1
(CY:(x-a? +(y-b)? =r%
VIB(0;2) e (C') nén a2 +b*—4b+4 =12

(D
Mit khéc, I thuéc dudng trung tric clia AB c6 phuong trinh x =y +1 = 0 nén
a-b+1=0. ()
— Néu (C) ti€p xtic ngoai véi (C) ta cé
r+4=1S = (a- 572+ (b-57. 3)

Giai hé phuong trinh (1), (2), (3) dé tim a, b, r.

| (3) < 1? +8r+16 = a® + b> —10a —10b + 50
< a?+b% -4b+4+8r+16 = a’ + b> — 10a —10b + 50
< 5a+3b=15-4r. 4)

Tir (2), thay b = a + 1 vao (4) rit ra

3-r

a =

T

[\S)

|k W
-t

I

¥}

|

—

b
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Thay lai vao (1) ta dugc (sau khi rit gon)
r?+4r-5=0,suyrar=1,trdé6a=1,b=2.
Vay phuong trinh dudng tron ti€p xic ngoai véi (C) 1a
x-12+(@y-2°=1.

Néu (C) tiép xtic trong véi (C), ta thay (3) bdi Ir — 4] = y/(a ~ 5) + (b - 5)°
r6i giai twong tu, dugc phuong trinh (C) 1a (x — 4)? + (y - 5)% = 25.

Vi du 9.10. Viét phuong trinh dudng tron vA
(C) ti€p xiic v6i truc Ox tai gbc toa do va ti€p
xudc véi dudng tron .

(©): (x —6) +(y - 13)* = 25. 13k

Gidi

Puong tron (C') cin tim c6 tam I
ndm trén truc Oy (h.9-3) nén I = (0 ; b)
va bén kinh ctia (C) 1a R' = |bl. Do d6, el

phuong trinh (C') c6 dang
x2 +(y-b)? =b?
& x2+ y2 -~ 2by = 0. Hinh 9-3

Truc ddng phuong clia hai dudng tron (C) va (C) 1a dudng thing c6 phuong trinh
(x - 6)% +(y—13)> =25 = x% + y* - 2by
& 12x +2(13-b)y-180 =0.

(C) va (C) tiép xtic nhau khi va chi khi chiing ciing tiép xic véi truc dang
phuong, tic 12 khoang céch tir tam dudng tron (C) t6i truc déng phuong bang bin
kinh ctia né. :

Pudng tron (C) c6 tam A(6 ;13), ban kinh R = 5, do dé ta c6
[12.6 +2(13 - b).13 — 180
J122 + 4313 - b)?

= 5 <[230 — 26b] = 107b? — 26b + 205

~ b=5
& (230 - 26b)? = 100(b% — 26b + 205) L4
y
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Vay c6 hai du’bng tron c4n tim 1a

2
2 2 s L2 45 2025
— 5?2 =25 el Y
X“+(y-15) 25 va x +(y 4j T
Nhdn xét. C6 thé dung diéu kién tiép xtc cla hai dudng tron dé tim b :
IA =R + R' = 5+ |b| (ti€p xiic ngoai)

hoac IA =[R = R =15 - |b| (ti€p xtc trong).
Vi du 9.11. Cho dudng thing c6 phuong trinh A(x,y) = ax + By +y =0 va
dudng tron C(x,y) = x> + y2 + 2ax + 2by + ¢ = 0 ciing di qua hai diém M, N.

Chimg minh ring dudng tron C'(x,y) =x2 + y2 +2a'x +2b'y + ¢' = 0 di qua
M, N khi va chi khi C'(x, y) = C(x, y) + AA(X, y), (A € R).

Gidi
Gia sir duong tron C'(x, y) =0diqua M, N.
-NéuC'(x;y)=C(x;y) thi Cx, y) = C(x, y) + 0.A(x, y).
-NeuC(x;y)=C(x;y), fa co

{C'(xM,yM) =0

C'(xN>¥Yn) = 0.

C(xpHym) =0

Theo gia thiét, dudng tron C(x, y) = 0 di qua M, N nén {
C(XN N yN ) = O

C'(nirYra) = CagsYag) = 0
Tﬁdé{ G Ym) = COMYM) =0 ¢ ok, y) = Cx, y) = 0 1 phuong

C'(xn>¥Yn) — C(xn>¥YN) = 0.
trinh dudng thing (do (a—a")? + (b—b")? = 0), dudng thing ndy di qua hai
diém M, N, do d6 né phai tring véi dudng thing A(x, y) =0, tirc 1a ta cé

C(x,y) - C(x, y) = MA(x, y) (A #0) hay C'(x, y) = C(x, y) + MA(x, y).

— Nguoc lai, gia st C'(x, y) = C(x, y) + AA(X, y), (A € R). Tacod

{C’(xM, Ym) = Cyp Ym) + MKy, ) =0
C'(xns YN) =Cxn, YN) + AN, YN) =0

(vi dudng tron C(x, y) = 0 va dudng thing A(X, y) = 0 cung di qua M, N). Vay
dudng tron C'(x, y) =0diqua M, N. - ‘

Hé qud. Cho dudng thing A(X,y)=ox+Py+y=0 va dudng tron
C(x,y) = x*> + y? + 2ax + 2by + ¢ = 0 tiép xiic v6i nhau tai diém M. Khi d6
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“fog,

dudng tron C'(x,y) =x? + y2 +2a'x +2b'y +c' =0 ti€p xiic v6i dudng théng
A(x,y) = 0 tai M khi va chi khi C'(x, y) = C(x, y) + AA(X, y), (A € R).

Vi du 9.12, Viét phuong trinh dudng tron di qua diém A(l; — 2) va qua giao
diém chia dudng thing x ~ 7y + 10 = 0 véi dudng trdn x2 +y2 -2x+4y-20=0.

Gidi

Pudng tron cin tim c¢6 phuong trinh dang

(x2 +y2 —2x + 4y = 20) + A(x — 7y + 10) = 0 (VD 9.11).

A(l;-2) thuoc duong tronnén 1 +4 -2 -8 -20+ M1 +14+10)=0
= A = 1. Vay phuong trinh dudng tron cén tim 1a x* + y2 —x -3y -10 = 0.

Vi du 9.13. Cho hai duong tron phan biét
Ci(x,y) =x* +y? +2ax + 2bjy +¢, =0 1)
Cxy) = x% + y2 +2a5x +2byy +¢, =0 3]
cung di qua hai diém M, N. Ching minh ring dudng tron
C(x,y)=x2 +y2 +2ax +2by+c=0
di qua M, N khi va chi khi
Cx,y) = MCi(x,y) + AC5(x,y) (A, AyeR A + Ay #0).
Gidi
Vi céc dudng tron C(x, y) =0 va C, (.x, y) = 0 cung di qua M, N nén dudng

thdng C,(x, y) — Cy(x, y) = 0 di qua M, N. Theo vi du 9.11, ta c6 : Dudng tron
C(x, y) =0 di qua M, N khi va chi khi

Cx, )=Ci y)+ACix y-CEx N, A eR

< Cx,y) =1 +M)C(x,y) - AC, (x,y)

& CX, y)=71Ci(x, y) + M6 %, )
(datA;=1+AAy=-Atacér, Ay € Rvadr, +2A,#0).

e Tap hop cdc dudng tron di qua hai diém M, N dugc goi 1a chiam duong tron
xéc dinh boi hai dudng tron co sa (1) va-(2). -

Vi du 9.14. Viét phuong trinh dudng tron di qua giao diém ctia hai dudng tron
(x=3% +(y-27 =4
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(x-42 +y? =1
va c6 tam ndm trén dudng thing y = x + 2.
Gidi
Puong tron (C) cin tim thudc chiim dudng tron x4c dinh bdi hai duong tron
x2+y2 -6x~-4y+9=0va x? +y2—8x+15=0,
do d6 phuong trinh clia né c6 dang
A2 +y2 —6x -4y +9) + pu(x*> +y? -8x +15)=0 (A +p #0)
S0+ (x% +y?) - 231 + 4u)x — 4hy + 9\ + 150 = 0
Mtdp 2 O+l

2 2 _ _
exTy 27»+ux K+py A+p
, s 3N +4p 24 ) . . _
Tam cha (C) 1a I( ram ,}H_u). Vi I thuéc dudng thang y = x + 2 nén
3A +4p 2A
At H +2—k+“©k+2p—0.

Chon p =1 tacé A = -2. Vay phuong trinh duong tron (C) 1a
x? +y* —4x -8y +3=0.

Vi du 9.15. Cho hai diém A(l.; 2), B(4 ; 3). Tim trén truc hoinh diém M sao
cho AMB = 45°. vh

Gidi

Gia sir 43 tim duoc diém M e Ox
sao cho AMB = 45°. (h.9-4)

V& dudng tron tam I(x ; y) qua A,

B, M, ta c6 AABI vuéng céan tai I,
do dé

>y

|adl = [l
ALBI = 0

Hinh 9-4

©{(x “D? (-2 = (x4 +(y -3
(x=Dx-4)+(y-2(y-3) =0
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x+y=10
1.2, 2
X“+y“-5x-5y+10=0
=3 =2 1I=@3;1
e hoic x=e Vay :D
y=1 y=4 [=(2;4).
Trong ca hai trudng hop niy déu cé IA = /5.
Puong tron tam (2 ; 4), ban kinh /5 khong cit truc hoanh. Pudng tron tam
I(3 ; 1), ban kinh /5 c6 phuong trinh (x - 3)? + (y = 1)? = 5, n6 cét truc hoanh
tai 2 diém M, (1; 0) va M,(5; 0). D6 chinh 12 hai diém c4n tim.

Vi du 9.16. Cho duong thang A :3x + 4y — 25 =0, di€m M chay trén A.
Trén tia OM 14y diém N sao cho OM.ON = 1. Chiing minh rang N chay trén mot
dudng tron ¢6 dinh, vi€t phuong trinh dudng tron dé.

Gidi

Cach 1 (h.9-5). Goi H la hinh
chiéu cia O trén A, K 12 diém A\
thudc tia OH sao cho OH.OK = 1.

Ta ¢c6 OH.OK = OM.ON = 1, suy
ra tit gidc MNKH noi ti€p, do dé

YA

H

ONK = 90°,
Vay N thuoc dudng tron (C) M

duong kinh OK c6 dinh. K
Dé dang tim duoc H = (3 ; 4) N

= OH =(3; 4). _ 0 S
Vi OK cing huéng véi OH

nén OK = (Bm; 4m), m > 0. ‘ Hinh 9-5

Tac6 1 = OH.OK = OHOK =9m + 16m = 25m
1 3 4
Gia st N = (x ; y). N thuéc dudng tron dudng kinh OK khi va chi khi

ﬁ.aﬁ=0®(x-%)x+( —-%)y=0
) ‘

3 4
< X +y2—~2°§X——2—§y =0.

D6 chinh 1a phuong trinh dudng tron (C).
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Cdch 2. Theo gia thiét, ON ciing huéng véi OM nén
Xpm =k
{ MZEN s 0).
Ym = kyn
Tacé OMON = OM.ON = 1 = xpxy + ypyn = |

2

ﬁkxN.xN'f'kyN.yN:l: XN+Y§J = L

X (1)
Mat khdc, viM € A nén 3xy, + 4y, =25

3xn + dyn 1

:>3.kxN+4.kyN=25§ 25 =% (2)
Tu (1) va(2) suy ra
2 2 3x +4y 2 2 3 4
XN YN =—NT—N < XN t YN T25XN T 33N =0.
Vay N thuéc dudng tron c6 phuong trinh
2,2 3. 4
X“+y 55X 75y = 0.

C. BAI TAP BE NGH]

9.1. Viét phuong trinh dudng tron di qua diém A(3 ; 3) va ti€p xidc véi dudng
thang 2x+y ~ 3 =0 tai diém B(1 ; 1).
9.2. Cho ho dudng tron (C,,,) phu thuéc tham s6 m
x* +y% = 2(m + x + d4my - 5 = 0.

V6i gid tri ndo clla m thi dudng tron (C,) ti€p xdc véi dudng théng
X+y-1=0?

9.3. Viét phuong trinh dudng tron di qua diém P ; 1), ti€p xidc v6i hai dudng
thing 7x +y-3=0;x + 7Ty -3 = 0.

9.4. Trong mat phing toa do Oxy, cho hai dudng tron
C):x* +y* =2x+4y~4=0 ;(Cp):x% + y? + 4x — 4y — 56 = 0.
Chiing minh rang (C)) ti€p xdc véi (C,). Viét phuong trinh cdc ti€p tuyén
chung ctia hai dudng tron.

9.5. Chiing minh ring hai dudng tron
X2 +y% —10x +24y ~56 =0 vax® +y? ~2x —dy ~20 =0
cat nhau. Viét phuong trinh ti€p tuyén chung clia chiing.
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9.6. Cho ho dudng tron (C) : x? +y? — 2mx + 4my + 5m? — 1 = 0 (m 12 tham
s6) va duong tron (C) : X2 + y2 =1.
a) Chiing minh ring ho (C,,) 1uén ti€p xuc véi hai dudng théng c6 dinh.
b) Tim m dé (C,,) cét dudng tron (C) tai hai diém phan biét A va B.

9.7. Viét phuong trinh dudng tron di qua giao diém cta hai dudng tron
(Cl):x2 +y2 -6x -4y +12 =0,

(Cy):x? +y?> =8x -2y +12=0
va ¢6 ban kinh bing J13.

9.8. Viét phuong trinh dudng tron di qua giao diém cia hai dudng tron
(Cl):x2 +y2 —-2x+4y-4=0,
(Cy):xt+y?+2x-2y-14=0

v tiép xtic v6i duong thing x + 5 = 0.
9.9. Tim cic diém cé cling phuong tich d6i véi ba dudng tron
(CD:(x =2 +y* =1,
(Cp): (x +2)* + (y+1)* =3,
(Cy): (x =2 +(y -2 =5.
9.10. Cho hé phuong trinh
X+my-m=0 @D
{xz +y* -x=0. (2)
Bién luan s6 nghiém ctia hé theo m.

§10. ELIP

A. TOM TAT Li THUYET
I - DINH NGHIA VA DINH L CO BAN
1. Pinh nghia ) :
Cho hai diém c6 dinh F,, F, v6i F|F, = 2¢ (¢ > 0) va s6 a > c. Tap hop
(E)= {M : MF, + MF, = 2a}
dugc goi 1a moét elip.
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F), F, 1a céc tiu diém, 2c 12 tiéu cu cia elip. T, .
Gia st (E) cit dudng théng F,F, tai hai

di€m A, A,, cét dudng trung truc cha F,F, tai

hai diém B,, B,. Doan A,A, dugc goi 1a truc Ién, A\F, O E,JA; X
doan BB, duoc goi 1a truc bé cia elip. Do dai

AA, = 2a duge goi 1a do dai truc Ién, do dai ‘ B,
BB, = 2b (b= Va2 - ) duoc goi 13 do dai Hinh 10-1

tryc bé cla elip. Cic diém A, Ay, By, B, duoc goi 1a cdc dinh cla elip (h.10-1).

2. Pinh li co ban

Cho elip (E) véi céc tieu di€ém F|, F, ; tiéu cu bing 2c, d6 dai truc 16n bang 2a,
do dai truc bé bang 2b. Lap hé truc toa d6 Oxy sao cho F; =(-c; 0), F, =(c; 0).

Khi dé

2y :
M(xy)e(E)<:>—2+b2=1 (D
a

(1) dugce goi 1a phuong trinh chinh tdc cha elip (E).

He qud. V&i moi M(x;y) e (E), tacd MF =a+ gx, MF, = a - %x.

Cic doan thing MF,, MF, duoc goi 12 bdn kinh qua tiéu ciia diém M.

Il - HINH DANG CUA ELIP

1. Tinh d6i xing

Elip nhan dudng thing di qua cdc tiéu diém va dudng trung truc ctia doan
théng n6i hai tieu diém lam céc truc d6i xing. Elip c6 tam d6i xing chinh i trung
diém ctia doan thing néi hai tiéu diém.

2. Hinh chit nhat co so

Ehp nim trong hinh chit nhat c6 cic canh di qua méi dinh cia elip va song
song Vvdi céc truc cia elip (goi 1 hinh chi¥ nhdt co s, h.10-2).

Y4
P B,[(0; b) Q ,
=5
/ \ e=% 24 1
A, A, R _ 5 €=7
-a:0 0 a;0) x - e
NG o
S Blo:-» R
Hinh 10-2 Hinh 10-3
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3. Tam sai

S6 e = 2 duoc goi 12 tdm sai cia elip, taluébncée < 1.

g il

Néu tam sai cang bé thi elip cang "béo", néu tam sai cang I6n thi elip cang
"gdy" (h.10-3).

B. CAC Vi DU

Vi du 10.1. Dudng tron (O' ; R') ndm bén trong dudng tron (O ; R). Mot
dudng tron tam M thay déi, luén ti€p xidc ngoai véi (0') va tiép xic trong véi (O).
Tim tap hop céc diém M.

Gidi

Thudn : Gia st duong tron (M) thoa
min diéu kién bai todn. Goi T va T' l1an
lugt 12 tiép diém ctia (M) véi (O) va (O')
(h.10-4), ta c6 )

MO + MO' = (TO — TM) + (T'O' + T'M) &n

=TO + T'O' (vi TM = T'M)
=R +R"

Suy ra M thudc elip (E) c6 cic tiéu
diém1aOva 0, do daitruclénlaR +R'.

Ddo : LdyM € (E). Tacé

MO +MO'=R +R'suyra

MO'-R'=R - MO. bat

Ry =MO'-R'=R - MO.

NéuRy <0thi MO'-R'=R -MO <0, suy ra

MO 2R va MO' <R, tifc 124 M khong ndm trong (O) va khong nam ngoai (O").

biéu d6 mau thuln véi gia thiét (O') nam trong (O). Vay Ry, > 0. Xét dudng
tron (M ; Ry), ta thay ‘

{R—RM =R - (R - MO) = MO

=
3
)

Hinh 10-4

R'+Ry =R+ (MO'-R") = MO/,

suy ra (M ; Ry) ti€p xtic trong véi (O ; R) va ti€p xtic ngoai véi (O'; R').
Tém lai, tp hop cdc diém M 1a elip (E) c6 cdc tiéu diém 1a O va O', d¢ dai
truclénlaR +R'.
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Vi du 10.2, Cho elip (E) c¢6 phuong trinh chinh téic :—z + —:’)—; =1 (a>b>0),
tiéu diém F,(~ ¢ ; 0). Goi (Cy) 1a dudng tron tdm Fy, ban kinh a - ¢ ; (C,) 1a dudng
tron tam F;, ban kinh a + ¢. Chiing minh rang :

a) (C,) nam trong (E) ;

b) (E) nédm trong (C,).

Giai (h.10-5)

Liy M e (C,). Tia F;M cét (E) tai N,

- -
-

. CXN c
tacoxy2-—a=a+ — 2a—-—a =
a a

P

a-c= FEN 2 FEM.
Vay (C,) ndm trong (E).
Ldy K € (C,). Tia F;K cét (E) tai L, ta c6

C.X
Xy fa = a+TLSa+c = KL < KK

Hinh 10-5

Vay (E) nam trong (C,).
2 2
Vi dy 10.3. Cho elip (E) : — + L= =1 (a > b > 0), tiéu diém F(c ; 0). Mot
a
1

™ T N

o

dudng thing A quay quanh F, cét (E) tai M, N. Ching minh ring
khong déi.

Gidi

Khong mét tinh téng quét, gia st yy, > 0, yy < 0. Dat (;,FIVI) =@ G la

vecto don vi trén Ox). Goi H 13 hinh chi€u clia M trén truc hoanh (h.10-6),
tacéd yA

XM=ﬁ=@+ﬁ=c+FMcos¢. N
| i,
Mat khéc, FM = a - —xy. @) ! #/ X
' N

Tix (1) v (2) suy ra FM = a - g(c + FMcoso)

. | Hinh 106
= aFM + c.FMcosg = a% —c? hay (a + c.cosp)FM = b?, do d6
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1 a + C.COS(P
FM b2 ’
Vi (T,Fl\_/f) = ¢ nén (?,ﬁ) = 180° — @. Tuong tv, ta c6

1 _ a+ccos(180° — ) a-—ccosp

FN b? b?

1 1 2a ,.
Vay W -+ m = b_2 khOng doi.

2 2

Vi du 10.4. Cho elip (E) : —’2‘3 + {—6 =1 va diém M(2 ; 1). Goi d 12 dudng

thing qua M, cét (E) tai hai diém A, B sao cho M Ia trung diém cia AB. Hay viét
phuong trinh téng quait cia d.
Gidi (h.10-7) r

y
A
Dé thdy dudng thing di qua M, song
song vdi truc Oy khéng thod man diéu m
kién cuia bai todn, vi M khéng ndm trén Q .

truc hoanh. x
Xét dudng thang d qua M, c6 hé s6
g6c k. Phuong trinh cia d 1a

B

y=k(x-2)+1.
Toa d6 clia A, B 12 nghiém ciia he Hinh 10-7
2 2 2 e 2
_)_(_4_y_=1 x_+(k(x 2)+1) -1 M
25 16 <1925 16
y=k(x-2)+1 y=k(x-2)+1 _ (2)

~ noiriéng, X, xgla nghiém cua (1). Ta cé
(1) & (16 + 25k?)x? — (100k? - 50k)x + 100k? — 100k — 375 = 0. (1')
Vi M 1a trung di€m ctia AB nén x4+ xg = 2X);. Theo dinh i Vi-ét ta c6

2 —
-——100](2 S0k =4k = -—2. Vay phuong trinh ctia d 12
25k“ + 16 25

y=——;—§-(x-—2)+l hay  32x + 25y - 64 = 0.

x2

2
Vi du 10.5. Cho elip (E) : 3 + y? =1 va céc dudng thing d : ax — by =0,

d:bx+ay=0.
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Goi M, N 1 giao diém cta (E) va d ; P, Q 1a giao diém clia (E) vad'.

a) Tinh toa d6 cia M, N, P, Q theo a va b. "

b) Tim diéu kién ctia a, b sao cho dién tich by
tir gidc MPNQ nho nhét, 16n nhét.

Gidi (h.10-8)

a) Vi M, N la giao diém cia (E) va d
nén toa do cha M, N la cdc nghiém cha hé
phuong trinh

>y

2 2

_)E__+y_=1

9 4 \

ax —by =0 Hinh 10-8

Giai hé tim dugc

[ 6b 6a ] ( —6b _6a ]
M= : , N= ; .
J9a2 + 4b% /922 + 4b? J9a2 + 4% 922 +4b? )

Tuong tu tim dugc

—6a 6b 6a —6b ]
P= ; , Q= ; - |
[\/4a2 +9b?  J4a? + 9b° J [\/4a2 +9b2  ~/4a? + 9b?

b) Vi cic duong théng d, d' di qua O nén cic diém M va N, ciing nhu P va Q
d6i ximg nhau qua O (O 14 tam d6i xing cha elip). Mat khéc, dé thdy cic vecto
phép tuyén clia d va d' vuéng géc v6i nhau nén d L d'. Suy ra MPNQ 12 hinh thoi,
do dé

72(a? + b?)
J(9a2 + 4v2)(4a2 + 9p?)
* Theo bat ding thic Co-si, ta c6 . .
2.72(a? + b?) C144(a? +1%) 144
0a% + 4b%) + (422 +9b2) 13(a +b2) 13

SMPNQ = ZOMOP =

Smpng 2 (

Déng thitc xAy ra khi va chi khi 9a%+4b% =4a” +9b% < a’ =b’ &> a=1b.
Khi d6 d va d' 12 phan gidc clia c4c géc xOy va x'Oy, MPNQ 1a hinh vuéng.

. 144
Tém lai, dién tich tt gidc MPNQ dat gid tri nh6 nhét bang EER khi a = tb.
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* Theo bat dang thitc Bu-nhi-a-c6p-xki, ta c6
72(a2 +6%)  72(a% + b?)

= - 12.
(3a2a + 2b3b)*  6(a? +b2)

SMNPQ < \/

a=0

Déng thiic x4y ra khi va chi khi 3a.3b =2a.2b < ab =0 < [

Khi d6 d, d' 1a céc truc toa do.
T6m lai, dién tich tir gidc MPNQ dat gi4 tri 16n nhat bang 12, khi hoic a = 0
hoac b =0. :
X2 y? ,
Vi du 10.6. Cho elip (E) c6 phuong trinh 3t = 1 va duong thang
d;, : 4x + 5y —m = 0 (m 14 tham s6).
Hay bién luan theo m s6 diém chung cta d,, va (E).
Trong trudng hop d,, cit (E) tai hai diém A vA B, hay tim tap hop cic trung
diém I clia AB.
Gidi
m — 4x
5
cia elip va it gon ta duge 25x2 ~ 8mx + m? — 225 = 0. (1)
S6 di€m chung cta d,, va (E) chinh bang s6 nghiém clia phuong trinh (1).
Tacd
A'=16m? - 25(m? - 225) = -9(m? — 252). Tr dé
* m > 25 hodic m <~ 25 : d,, va (E) khéng c6 diém chung ;
*m=125:d, va(E)cé 1 diém chung ;
*|m| <25 dp, va (E) c6 2 di€ém chung phan biét.

a) Tur phuong trinh dudng thing rit ra y = , thay vao phuong trinh

b) Khi |m| <25, d,, va (E) c6 hai diém chung A va B (c6 thé tring nhau),
hoanh d¢ clia ching 14 cdc nghiém cia (1). Goi I Ia trung di€ém ciia AB, theo
dinh I Vi-étta c6 \

_Xp+Xg _4m

< m-4x;  9m _ 9x;
! 2 25 B

5 "1k 70 hay 9x;-20y;=0.

.:>y1=

Diéu kien |m| <25 chota 34§ij| < 25.
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Viy tap hop cdc diém I 13 doan thing PQ

?lxl <25 -4 <x <4,

Nhdn xét. Bing cich tuong tu, ta’chli‘ng
minh dugc két qua téng quat :

Tap hop céc trung diém clia cdc day cung

x2 y? 2
tao bai elip — +5 =1 va dudng thang
a b

Hinh 10-10

ax + Py + m = 0, khi m thay déi, 1a doan thing giéi han béi elip di cho va dudng

B—; - %%l- = 0. D6 chinh 1a mét duong kinh cia elip. Ta goi dudng kinh
a

thing
nay 1a duong kinh lién hop v6i dudong kinh gidi han boi elip va dudng thing
ox + By =0 (h.10-9).

Tix két qua vira néu ta suy ra hé qua sau : Cho hai dudng kinh lién hop véi
nhau cia mét elip. Khi d6, moi day cung cua elip song song véi dudng kinh nay sé
bi duong kinh kia chia 1am déi. '

X
4
toa do céc diém A, B trén elip sao cho ABC 1a tam gi4c déu.

- Gidi (h.10-10)
Gia sir A(xy; yo).B(x;; y;) thudc (E) sao cho tam gidc ABC déu. Ta cé

Vi du 10.7. Cho elip (E) c6 phuong trinh = + y? =1 va diém C(2 ; 0). Tim

A

ﬂ
4 O X
((xo = 2> + ¥4 = (x; =2)? +y? -

2 2 : B
X0 — X 2 2
+y0-y; =0
suy ra 4 Yo = ¥ 1010
Hinh 10-
2 -
(Xg-2% -(x; -2 +y3=y? =0
x% - x]2

= (Xo = 2)% = (X; —2)? = (xg— x[3(xo +x/) = 16] =0 (1)

4
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Vi —2<x,%X,<2nén3(xy+x;) — 16 0. (2)
Tix (1), (2) suy ra xy— x; =0,do d6 y5=y? = y, = -y; (Vi A £B).

Vay A, B d6i xiing nhau qua truc hoanh. Dat H(x, ; y,) 1 giao diém clia AB
véi truc hoanh. Vi ABC 1a tam gidc déu nén
3

CH = —-AB = 2 -xp = V3y[=[yo| =

2-xg

7

Mat khiéc, vi A € (E) nén

1(_(2)_+(2~x0)2 _

4 3 l = 7x%—16x0+4=0 :>x0=% (nghiém Xg = 2 bi loai).

4\3 {2,@}13{2.:@}

Tirdésuyralyolz—_/——-.vayA:: 5= =3
2 43 ), (2. 43
77 V7 7 [

DE kiém tra c4c diém A, B c6 toa d6 nhu trén tho mén yéu cu bai toan.

hodc A =(

|><
| T

2
Vi dy 10.8. Cho elip (E) : =+ 25 =1, F;, F, Ia céc tieu diém. M chay tren

o

a
elip (E). Phan gidc cta géc F{MF, cit F|F, tai N, H 12 hinh chiéu cha N trén MF,.
Ching minh rding MH kho6ng déi.

Gidi ya
A M
1 K
/ 1 C .,
B D C
Hinh 10-11 Hinh 10-12

Trudce hét, ta chimg minh mot két dué quen thudc :
Trong tam gidc ABC (a, b, ¢ 1a ba canh) véi dudng phéan gidc AD, I ]a tam
dudng tron noi tiép, ta ¢
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AD a+b+c

(h.10-11). That vay, ta da biét (xem VD 1-22)

Al b+c
alA +bIB+cIC =0. e))

Qua phép chiéu vecto theo phu'o’ng BC xuOng du’ong thang AD, (1) tr& thanh
alA +bID +cID = 0. = aIA+(b+c)ID 0
suyrayz: a - AD _ a+b+c.
IA- b+c Al b+c
MN MFl +MFE, +F,
MI MF, +MF,

Tro 1ai bai toan (h.10-12), ta cé L) (theo két qua trén),

MF, + MF, -
2

MH MN C e c
MH = WMK MI ——MK (dinh Ii Ta-1ét)
_ MK +MF, + EE, MF, + MF, - FF,

ME + MF, ) 2
_ _ 2 2 2 .
_ 2a + 20.2a 2c _ (a+c)a-c) _a —c b_ khong déi.
2a 2 ‘ a a a
Vi du 10.9. Chimg minh ring méi dudng cong c6 phuong trinh dudi day 1a

mot elip. Tim d¢ dai truc 16n, dé dai truc be tiéu cu, tAm sai va toa do céc tiéu
diém cha elip d6 :

a) (E;): 3x2 +4y2—6x-16y+7=0;
b) (E;): 5x% + 3y? — 20x — 24y + 53 = 0.

MK = HE, (xem VD 6-34), tir d6

YA Y4
Gidi

L ‘ r
a) Ta thdy M(x ; y) € (E,) khi va chi khi / \
x2—2x+1_'_y2—4y+4_1 2l 1
4 3 - \ _/
O 1

bl ]

x — 1) - 2)? ] .
A (1) X
Dit x=1+X
a

; y = 24 Y. ) HthIO-’13
Trong hé toa d6 IXY v6il=(1; 2)(h 10-13), (l)codang

X2 Y2

IR @
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R& rang (2) 1a phuong trinh chinh tic ctia mot elip. Vay (E;) 1a mot elip, c6 do
dai truc 16n 2a = 4, do dai truc bé 2b = 2+/3, tieu cu 2c = 2+a? — b% =2, tam sai

e= S = % Toa d6 cdc tiéu diém trong hé IXY 1a (-1 ; 0) va (1 ; 0), suy ra toa do
céc tiéu diém trong hé Oxy 1a (0; 2) va (2 ; 2).

b) Bién ddi phuong trinh (E,) vé dang N 1

L 2’ @ ~ D 3 /F

Pat {; _ i i ); (3) trés thanh : , r

Y?z + 2(;— =1. (4) Fy

Béng cdch déi vai trd cha X va Y, trong hé toa do = 2 X
IYX, véi 1 = (2 ; 4), phuong trinh (4) 1a phuong trinh ik 10-14

chinh tic cha mot elip (h.10-14). Vay (E,) 12 mot elip
c6 d6 dai truc 16n bing 2+/5, do dai truc bé bing 2+/3, tieu cy bing 2+/2, tam sai
bing \E Toa dé cdc tiéu diém trong hé toa do TYX 12 (~v2;0) va (+/2;0),

suy ra toa do cdc tieu diém trong hé toa d6 Oxy 1a (2 ;4-+2) va
2; 4+42).

C. BAI TAP DE NGHI

10.1. Cho dudng tron (O ; R) va diém M nim trong (O), N chay trén (O).Trung
truc ctia doan MN cit dudng thing ON tai K. Tim tap hop c4c diém K.

10.2. Chitng minh ring d¢ dai méi dudng kinh cta elip bang trung binh nhan cha
dé dai day cung di qua mot tiéu diém song song véi dudng kinh d6, va do dai
truc 16n. ’ :

10.3. Cho elip (E) : x> + 4y* = 25 va dudng thing A : 3x + 4y - 30 =0.

Tim diém M thuoc (E) sao cho khoang c4ch tir M dén A 16n nhat, nhé nhét.
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2 2
10.4. Cho elip (E) ¢6 phuong trinh : = + %i- =1(a>b). F(-c;0),F,(c;0)la
a
cdc tieu diém, M chuyén dong trén (E).Chimg minh ring tam I ciia dudng tron
noi ti€p tam gidc MF,F, chay trén mot elip. Hay vi€t phuong trinh elip do.
x? 2 2) ., ,
10.5. Choelip (E) : — + y =1, diém M(§ 3) nam trong (E). Duong thang A
qua M cit (E) tai M,, M, va thoad man diéu kién MM ;= 2MM,. Viét phuong
trinh A.

2 2

10.6. Cho elip (E) c6 phuong trinh i— + L= 1, ¢6 hai dinh trén truc hoanh la
a’

b2
A;, A,. M chay trén (E). Ching minh rang truc tam H clia tam gidc MA A,
chay trén mot elip. Hay viét phuong trinh chinh tic cia elip d6.

x2 y2 .
10.7. Cho elip (E) : —2 b—2 =1 va cidc duong thang
BysaxeBy=0; 8y 5 -2 =0 @ + 57 #0)
a

A cit (E) tai M, N ; A, cét (E) tai P, Q. Ching minh ring Sipng) = 2ab.

2
X
10.8. Choelip(E): — +
P a’l b’

|*<
N

=1, (a>b>0).

Hai diém A, B chuyén dong trén (E) sao'cho géc AOB = 90°. Goi H 12 hinh
chiéu ctia O trén dudng thing AB. Ching minh rang H nam trén mot dudng
tron ¢6 dinh. Viét phuong trinh duong tron do.

10.9. Chimg minh ring méi dudng cong c6 phuong trinh xdc dinh nhu sau 1a mot
elip. Tim d¢ dai truc 16n, d¢ dai truc nho, tiéu cy, tam sai va cdc tiéu diém clia
elipdé :

a) (Ey): 2x° +7y2 +12x - 14y +11=0;
b) (E,) : 5x%+ 3y*+10x + 12y + 2 =0.
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§11. HYPEBOL

A. TOM TAT Li THUYET

I - DINH NGHIA VA DINH Li CJ BAN
1. Dinh nghia
Cho hai diém c6 dinh F,, F, véi F,F, = 2¢ | vt

(c>0)vassa<ec.
M(x;y)
Tap hop (H) = {M : |MF, - ME,| = 2a} R
—C 0 . Y
duoc goi 13 mot hypebol (h.11-1). F'(C} w X
F,, F, duoc goi 1a céc tiéu diém, 2¢c duoc

g0i 1a tiéu cu ciia hypebol (H).
(H) cat duong thing F,F, tai hai diém A, A,.

%

Hinh 11-1

Doan A A, duge goi 1a truc thuc, AA, = 2a dugce goi 1a dé dai truc thuc cla
hypebol.

Trén dudng trung tryc ciia doan F|F, 14y hai diém B, B, d6i xiing véi nhau qua
trung di€m ciia F|F, va B,B, = 2b(b = Vc? —a? ) Doan B, B, duoc goi 1a truc do,
2b duoc goi 1a dé dai truc do cha (H). Ti s6 % = ¢ dugc goi 1a tdm sai cha hypebol.

Cic diém A, A, dugc goi 1a cdc dinh ctia hypebol.

2. Pinh li co ban

Cho hypebol (H) véi cic tieu di€m Fy, F,, tieu cu 2c, do dai truc thuc 2a, do
dai truc a0 2b. Lap hé toa 46 Oxy sao cho F; = (~c; 0), F, = (c; 0).

Khi dé :

2 2

M(x;y)e(H)c»E-z--Z—zﬂ. (1)

Phuong trinh (1) duoc goi 14 phuong trinh chinh tdc cha (H).

Hé qud. Véi moi M(x ; y) e (H), ta c6. MF, = a+§x . MF, = a—-:—x

Céc doan thang MF 1» MF, duoc goi la bdn kinh qua tiéu cha diém M (h.11-1).
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I - HINH DANG CUA HYPEBOL

1. Tinh d6i ximg
— Hypebol nhan dudng théng di qua cic yA
tiéu diém va dudng trung truc clia doan thing ~ “_ - Bil o e
n6i cdc tieu-diém 1am truc doi ximg. LA prat
| RN e !
— Hypebol nhan trung diém cta doan AL S~ -7 Ay
2 ., . -2 N " A% . ~a;0 PR I 0
thang n6i cdc tiéu diém lam tdm déi xing. F :( > CONR X
DRSS BN
2. Hinh chir nhat co sé va tiém can o Byf0:-b a
— Hypebol nhéan hinh chit nhat cé c4c canh
di qua A, A,, B;, B, va song song véi céc truc Hink 11-2

d6i xing 1am hinh chit nhdt co s6.
— Hypebol nhan cdc dudng chéo clia hinh
chit nhat co s& lam cdc duong tiém cdn (h.11-2).

B.CAC Vi DY

Vi du 11.1. Cho 3 diém A, B, C théng hang va sip xép theo thit tu dé,
AB > BC. DBudng tron (I) thay déi, ti€p xdc véi AC tai B. Céc tiép tuyén ké tir A, C
dén (I) cat nhau tai M. Ching minh ring M thay déi trén mot hypebol c6 dinh.

Gidi

a) . h)
Hinh 11-3

Gia sit AM, CM ti€p xiic véi (I) tai E, F. C6 hai truong hop xay ra :
TH, (h.11-3a) : (I) 12 dudng tron noi ti€p tam gidc MAC. Tacé :
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=

MA - MC = (ME + EA) — (MF + FC)
= EA - FC = BA - BC
TH; (h.11-3b) : (I) 1a dudng tron bang ti€p tam gidc MAC. Ta ¢6 :
MA - MC = (ME - EA) - (MF - FC)
= -EA + FC = -BA + BC
Vay trong cd hai trudng hop ta déu c6 [MA — MC | = BA - BC.
Suy raM thu¢c hypebol (H) nhan A, C 1 c4c tieu diém va do dai truc thuc la
BA - BC.
Vi du 11.2, Trén mit phing toa d6 Oxy cho hai duong thing A, :bx—ay =0
va Ay : bx +ay =0 (a, b cling d4u). ‘
Tim quy tich cdc diém M sao cho

2,2 a; yf A
dM; A)).dM; &) = \/
1 2 a% + b’ \
Gidi : >
X
a’b?
Tathiy : d(M; AD.dM; Ay) = ——— / \
a“+b
|be - ayMl lbe + ayMI a’b? y
: = Hinh 11-4
\/b2 +a° \/b2 +a? a’ + b "
22 _ a2y2 2 2 2
@lb ™t yM|=1 o Pyl M Yy
a’b? a’b? a® b’
X2y
< M thudc hypebol (H) c6 phuong trinh = b—2 =1 hodc hypebol (H') cé
a
2 2

phuong trinh 3‘7—%2- = -1 (h.11-4).
a

Nhdn xét. Khi M chuyén dong trén (H) sao cho xp > 0, y,, > 0, ta thdy

)

cang 16n (vi a, b cling ddu) = d(M ; A,) cang 16n

2
M_LM_
2 b2

Xy cang 1é6n = y,, cang lén (w

- |be + ayM]
b2 +a
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24 2
= d(M; Ay) cang nhé (Vid(M ; A)).dM; Ay = za—b-) = M cang gan A;.

a’ + b2
Chinh vi 1i do trén ma dudng thing A, va tuong tu, dudng théng A, dugc goi 12
cdc tiém cdn cua hypebol (H), cia hypebol (H')

Vi du 11.3. Trong mit phéng toa do Oxy, chitng minh ring du(‘mg cong (H) =
{M(x ; y)\ xy = 1} 1a mot dudng hypebol. Tim tiéu cu, do dai truc thuc, truc ao,
tam sai, toa d6 cac tiéu diém caa hypebol dé. ‘

Gidi

Liay F, = (—\/5;—\/_2-), E = (\/—2— ;\/E), tacé EF, =4, suyra
MF, +MF, 2 4 >2J2 VM = (MF +ME,)’ -8>0 VM.
Do d6

[MF, - MFy| = 22 & (MF, - MF,)" -8 =0

& ((MF, - ME,)* - 8)((ME, + ME,)* -8)=0

o (MF? - ME2)” - 16(MF2 + MF?) + 64 = 0
o (e R R S e
-16 ((xM +J§)2 +(ym + \/5)2 +(xu —«/5)2 +(ym —«/5)2] +64=0

& (4V2xy +4«/5yM)2 —16(2x% +2y% +8) + 64 =0

32x2, +32y%, + 64xygyy — 32x% ~32y% —64=0

<Sxyym = 1o M e (H).

Bién ddi trén  khiang dinh ring (H) 12 mot hypebol c6é céc tiéu di€ém
Fi= (—v2;-+2), F, = (V2;+2) ; titu cy F,F, = 2¢ = 4, do dai truc thuc
2a= 242, do dai truc 40 2b = 242, tam sai e = +/2.

Nhdn xét. Bing phuong phép tuong tu, ta chiing minh dugc ring dudng cong
(H) = {M(x ; y) : Xy = k, k.# 0} eling 12 mot hypebol, c6 céc tiéu diém 12
F, = (—x/ﬁ;—x/ﬁ(-), F, = (\/—2_E ; ﬁ) : d6 dai truc thuc vA truc 4o bing
22k , tiéu cu bang 4k , hai tiém can 1a céc truc toa do.
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Vidu 11.4. Cho hypebol (H) : xy =k. C4c diém A, B, Cthuoc (H). C4c duong
thing BC, CA, AB cit truc hoanh lin luot tai A', B, C. Cic dudng thing
A, A, Ac theo thit tir qua A', B', C, vuéng géc véi BC, CA, AB.

Ching minh ring A, ,Ag,Ac déng quy.

GldlGlflSﬁ'A=(a,-§),B=(b,£),C=(c,§)

b
,_k
,  X=cC P
Taco BC: b—c__k__E
b ¢

ViA'=BCn xOxnén A'=(b+c;0).

Ta ¢6 BC = (c -b; % - %) = (c -b;- k(cb;- b)), suy ra vecto chi phuong
clia dudng thang BC 1a (bc ; - k).
Chid y ring A, qua A', vudng géc véi dudng thing BC nén ta c6
Ap tbe(x = (b+c))—ky =0.
abc

7

Tuong tu tacé Ag, Ac cling di qua L.Vay Ay ,Ag, A déng quy (tai L).

DEthdy A, diquadiémL(a+b+c;

2
Vi du 11.5. Cho elip ®)i5+ iy? =1 (a>b). Dudng thing A thay ddi vuong géc
vé6i x'Ox cit (E) tai M, N. Al(—-a ; 0), Ay(a; 0) lacdc dinh clia (E), K=A;M N A,N.
Chitng minh rang K thay déi trén mot hypebol. Viét phuong trinh hypebol dé.

Gidi (h.11-5)

GiésﬁM=(xM;yM):N=(XM;—}"M)- yI
. M

Cac dudng thang A|M, A,N cé K
phuong trinh R

AM: aTx O-y A O A X

—a-xy O-yy
0 N
AN azx . i

a-xXy 0-(-yy)
M M Hinh 11-5
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Tir d6 v6i chid ¥ rang K = A\ M N A,N ta ¢6

atXg _ Yk l_i
a+Xy  Yum N az—x]2<=_l%_<_:> a’ =_!2L
a-Xg _ ¥k (at-xy VM (_XM Ym
| XK
- 2 2 2
S i UL
Ym Y™ a® b
b2
2 2 2 2
= 1-XK o Yk o Xk YK g
a?. b2 a2 b2
x2 y2
= K thudc hypebol (H) cé phuong trinh —2—1—)—2— =1.
a
2 2
Vi du 11.6. Cho hypebol (H) : 2 —¥_ =1 véi céc tieu diém F,(c ; 0),
Yp a2 b2 1

F,(c ; 0) va cho duong tron (C) : X%+ y2 = a2, A 1a mot trong hai tiém can cta (H),
A cat (C) tai Ey, Ey (xg, <0,xg,> 0). Mot dudng thing song song vdi tryc tung
cat (H) tai M va cét A tai N. Chimg minh ring NE,; = MF, ; NE, = MF,.

Gidi

Khong maét tinh téng quét, gia st A : y = —gx va Xy <0 (h.11-6). Xét
Ai(-a;0), Le AvaLA,//yOy.Tacé:

L=(-a;b) = OL = vaZ +b? =c.

bat (p=(?,ﬁ)=(?,ﬁ) Ta cé

NE, =ON - OF, = —N__,

cosQ
. ' S " S
cos(i ;OL) XA
OL

Hinh 11-6
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®

Mait khdc MA > MB nén diém M(X ; y) phai thoa man x 2 0.
Tacé MB? = (x — 2)* +y%, AB=4, AO =2.
Theo tinh chat dudng phan giac ta c6 :

MB_IM_ x o Jx-22+y* =
AB_IA_AOQ x-2)"+y" =2x

c>x2—4x+4+y2=4x2c>3x2+4x+%—y2 =—g§

o 2(xe2) 2 | 0

Datx+—§-=X,y=Y,J=(—%;O), 1—96—=a2,? =b? thi (1) c6 dang
f—;—§=l. ‘ )

Trong hé toa do JXY, (2) 1a phuong trinh chinh tic cla mét hypebol (H).
Vi X > 0 nén M thuéc nhanh phai ciua (H).

Tac()c2=a2+b2=%:> c.=§-

Trong hé toa do JXY, tiéu diém phai ctia (H) c6 toa do (% ; 0), do dé trong
hé toa do Oxy tiéu diém phai cta (H) 12 (2 ; 0), chinh 12 diém B.
Vi du 11.9. Trong mat phéng toa do Oxy, ching minh rang méi dudng cong

c6 phuong trinh x4c dinh nhu sau 13 mét hypebol. Tim d6 dai truc thuc, truc do,
tiéu cu, tam sai, toa do c4c tiéu diém va phuong trinh cdc tiém c4n clia hypebol dé.

a) (H,):5x% —3y* —10x + 12y =22 = 0;
b) (Hy) :xy-5x -2y +9=0.

Giai
2 2
2) M(x;y) e (H)) o & 31) _b 52) -1,
X =1+X 4 S
bat , I =(1;2). Trong hé toa d6 IXY, (H,) c6é phuong trinh
y=2+Y . 4
x? Y?
ERE
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Vay (H,) 1a mo6t hypebol c6 do dai truc thuc bing 2x/§, d¢ dai truc 4o biang
245, tieu cu bang 442, tam sai bing #_—2— cdc tieu diém (trong hé Oxy) la

A5
\/—(x—l)

1-242;2), (1+2J— 2), phuong tinh céc tigm can y -2 =

hay y = §x+2 g, y=—%x+2+%.

b) Mx;y)e (Hy)) © (x-2)(y-5)=1.

bat {; i i : )Y(’ I=(2;35). Trong hé¢ toa d6 IXY, (H,) cé phuong trinh XY =1,
do d6 (H,) 1a mot hypebol cé do dai truc thuc biang 242, do dai truc ao bang
24/2, tiéu cy bang 4, tam sai bing /2, cic tiéu diém (trong hé toa do Oxy) la

(2—«/5 ;5—x/§),(2+\/-2_ ;5+\/—i), phuong trinh cic tiémcanlax =2 vay=>5.

C. BAI TAP BE NGHI

11.1. Trén mat phing toa do Oxy cho dudng tron (I) thay déi va cit x'Ox
tai M, N ; cit y'Oy tai P, Q sao cho MN = 2a, PQ = 2b (a, b 12 hai s6 duong
cho trudc, a # b). Tim quy tich cdc diém 1.

11.2. Trén mit phang Oxy cho diém A(a;; a,), (a;, ay # 0).
Pudng thing A quay xung quanh A, cit x'Ox, y'Oy tuong tng tai X, Y.

Ching minh ring trung diém M clia XY chay trén mot hypebol Hay viét
phuong trinh ctia hypebol dé.

2 2

11.3. Cho hypebol (H) : x_2 - {)_2— =1, M € (H). N, P thudc cic tiém can sao cho
a
MNOP 12 hinh binh hanh. Chiing minh ring Synop = %.
2 y2 ‘
11.4. Cho hypebol (H) : — - b—2 =1 va dudng thdng A khong song song véi cic
a .

tiém can cta (H). M chay trén (H). Dudng thr?mg qua M, song song Vvéi A cit
cdc tiém can ctia (H) tai N, P. Ching minh ring MN.MP khong déi.
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11.5. Cho hypebol (H) : = - ly)—z = 1, tiéu diém F(c ; 0), dinh A(a ; 0), céc tiém
a
b

b . .
can Ay = 75 Dyiy = -7 Duong thang qua A, vudng géc véi x'Ox
cit Aj; A, tai P, Q. Pudng thing qua F, vuong géc véi x'Ox, cit A, va (H) tai

M, N (yy > 0). Chimg minh réng MN bing bdn kinh dudng tron noi tiép
tam gidc OPQ. ‘

11.6. Cho tam gidc ABC c6 ba dinh thu¢c (H) : xy = 1. Ching minh ring truc tam
cua tam gidc ABC ciing thuéc (H).

11.7. Cho hypebol (H) : xy = 1. Tim céc diém A, B trén hai nhanh ctia (H) sao cho
do dai AB nho nhit.

11.8. Cho hypebol (H) : x* —y? =1 va dudng thing A : 5x =3y — 1 = 0,
Tim M e (H) sao cho khoang cach tit M dén A nho nhat.

- 11.9. Chitng minh ring, méi dudng cong c6 phuong trinh x4c dinh nhu sau 1a mot

hypebol. Tim do dai truc thuc, truc 4o, tiéu cu, tam sai, cdc tieu diém vi
phuong trinh cdc dudng tiém can clia méi hypebol dé :

a) 6x> — 4y% +24x + 40y - 52 = 0;
b) xy +4x -3y -11=0.

§12. PARABOL

A, TOM TAT Li THUYET
I - DINH NGHIA VA DINH Li CO BAN
1. Pinh nghia

Cho diém F c6 dinh va dudng thang A c¢6 dinh khong di qua F. Tap hop
(P)= {M:MF=d(M; A)} ‘

duogc goi 12 mot parabol. F duge goi 1a tiéu diém, A duge goi 13 duong chudn cha
parabol (P). ‘
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Khoang cich d(F ; A) = p duoc goi la
tham s6'tiéu cta (P). Goi H 12 hinh chiéu cia F B
trén A. Trung di€ém O clia HF duoc goi 13 dink .
clia (P) (h.12-1). |

: H{ O
2. Pinh li co ban
Cho parabol (P) véi tiéu diém F, dudng :
chudn A, tham s6 tieu p. Lap hé toa do Oxy
P

sao cho F= (5 ; O). Khi d6 Hinh 12-1

M(x; y)&(P) & y” =2px. (1)
Phuong trinh (1) dugc goi 14 phuong trinh chinh tdc cta (P). -
Nhdn xét. Khi (P) c6 dang chinh tic, véi moi M(x ; y) € (P) ta c

MF =x + %.
Yi
Poan MF duoc goi I3 bén kinh qua T~ |
tiéu cua diém M.

Chii y. Ngoai dang chinh téc, parabol
con ¢6 nhimg phuong trinh dang khic :

2 F JO |L x
ey = =2px (p > 0). Khi dé, 3
titu diém la F=(—% ;O), dudng chudn
A:x=2 (122
' 2 Hinh 12-2

e x* = 2py (p > 0). Khi d6, tieu diém F = (O ; g ) dudng chudn y =

NI’O

= —2py (p > 0). Khi d6 tieu diém 1a F= (o ; —g), dudng chudn y = g.

I - HINH DANG CUA PARABOL

1. Tinh d6i ximg :
Parabol nhan dudng thing di qua tiéu diém, vuéng géc v6i dudng chudn lam
tryc d6i xing.
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2. Mot tinh chat khac
Parabol nam trong nira mat phéng khong chia dudng chuin ma bd 1a dudng
thdng qua dinh, song song vé6i dudng chuén ciia parabol.

B. CAC Vi DU |

Vi du 12.1. Cho dudng tron (I ; R) va diém A thuéc (I), d 1a tiép tuyén véi (I)
tai A, M 12 moét diém nidm ngoai (I). Goi H 1 hinh chiu clia M trén d. T M ké t6i
(I) ti€p tuyén MT. Khi M thay déi sao cho MH = MT, hdy chiing minh ring :

a) M chay trén moét parabol c6 dinh ; |

b) Céc dudng tron (M ; MT) luon ti€p xiic v6i mot dudng tron c6 dinh.

Gidi

a) Lap hé truc toa dd0 Oxy saochoO=A,I=(R; 0) (h. 12 -3)

Ta c6 IM? = MT? + IT? = MH + IT?

yi

& (xy ~ R+ (yy —- 0)° = xM+R2

= ylzw = 2RxMm. K M

. =
Vay M thuéc parabol (P) cé phuong trinh TH T
y% = 2Rx.

b) Parabol (P) cé tham s6 tiéu 1a R, tiéu A
diém F(%; 0), dudng chudn A : x = -—%- 0 F L X
Goi K 12 hinh chi€u ctia M trén A, ta c6 |
‘ R Al d

MF—MT=MK—MH=KH=? Hinh 12-3

= MF =MT + 5, suy ra duong tron (M ; MT) luén ti€p xic véi dudng tron

FE

Vi du 12.2. Cho parabol (P) : y2 = 2x va diém A(2 ; 1). Diém M chay trén (P),
N la trung diém cha AM. Ching minh ring N chay trén mot parabol c6 dinh. Hay
xé4c dinh tiéu diém va dudng chudn clia parabol dé.

Gidi
Cdch 1 (h.12-4). Parabol (P) c6 tiéu diém F(% ; 0), dudng chudn A : x = —=
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Goi H va K 14n luot 13 hinh chiéu clia A va YA /
Mtrén A, F' (5 ! 1--

7 2) 12 trung diém ctia AF.

Goi E 1a trung diém cia AK, suy ra dudng
thdng A' qua E, vuéng géc véi Ox 1a dudng

trung truc ctia HA, A' c¢6 phuong trinh x = %

ViNF'= %MF, NE = %MK, ma MF = MK
© nén NF = NE. Nhu vay N céch déu diém F va Hinh 124
dudng théng A', do d6 N thuéc parabol c6 tieu

diém F' va dudng chudn A'.

Cdch 2. Tacé xy =fﬁ%

+
yN =——-—yA 2yM :yM=2yN—— 1.

VIM e (P)nén y¥ =2xy & Qyn- D =4(xy - 1)
Vay N thudc duong cong (P') c6 phuong trinh (2y — l)2 =4(x-1)

=Xy =2Xy—2;

1 2
hay (y-E) =x-1 (*)

1
Pat y—-2—+Y ;o I=(1;%).
x=1+X,
Trong hé toa do IXY, (*) c6 dang Y? = X, d6 1a mot parabol cé tiéu diém

(% ; O), dudng chuidn X = —:11-. Vay (P") 1a mot parabol va frong hé toa d6 Oxy c6

, 51
iéu diém F' =
tiéu diém (4 3
Luu y. Bing phép d6i toa do

{X=XO+X

) dudng chudn A' : x = %

y=yo+Y
trong hé truc IXY véi I = (xg ; yo), phuwong trinh (y - yO) = 2p(X —Xg) c6 dang
Y= 2pX. D6 1a phuong trinh chinh tic ctia mot parabol.
Mot cach téng quét, cdc dudng cong c6 phuong trinh dang (y + oc) =2p(x + B)
hoac (x + oc) =2p(y + B) (p#0)déula nh\mg parabol.
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Vi du 12.3. Cho parabol (P) : y2 = 4x va duong thang A : 4x + 3y + 12 =0.

a) Chitng minh ring A va (P) khong c6 diém chung.

b) Tim trén (P) diém M sao cho khoang cdch tir M dén A 1a nho nhét. Tinh
khoang cach nhé nhét dé.

Gidi (h.12-5) yA

a) Xét hé phuong trinh

y2=4x
4x+3y+12=0 I

-3 1 .
2 0 X
=4 1
o Y= M) \ M
y2+3y+12=0 2) D
Dé thdy phuong trinh (2) v6 nghiém, \
do d6 hé dang xét v6 nghiém. A
Vay A va (P) khong c6 diém chung. Hinh 12-5

b) Khoang cichtr M € (P)dén Ala

2
M
l4xy +3yp +12] |4' 4 t3Ym +12‘

dM ;A)= 5 5
3\ 39
= M +§ +T >£.
5 —20
Pang thirc xay ra khi va chi khi y,, =—%, tuong Ung cé Xy =%. Vay diém
N ~ ~ 9 3 ud V4 7 ¢ N g > 39
cantimla M= 176° "2/ khoang cdch nho nhét tt M e (P) dén A bang 20"

yA

Vi du 124, Cho parabol (P) : y2 = 2px,
A 13 diém trén tia Ox. Dudng théng qua A, vuong
géc véi Ox cit (P) tai D ; B, C thudc nhanh chita D
cta (P) sao cho DAB = DAC (h.12-6).

Biét riing 4AD? = 3AB.AC, tinh géc BAC.

Giai . ~

Goi E 1a diém déi xting clia B qua Ox, tacé E, A, C

thing hang. Goi o 13 géc gilta dudng thang EC va truc
Ox, A = (a; 0). Phuong trinh dudng théng EC c6 dang

Hinh 12-6
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y=k(x—-a),k¢0.
Khi d6 xg, x¢ 12 cdc nghiém cla phuong trinh
kz(x - a)2 = 2px
& k*x? - (2ak? + 2p)x + k*a® = 0.
Theo dinh 1i Vi-ét ta cé
k2a®

2 2 2
= n° = =x5,

XgXc =

k2

2yt (Y 2
suy ra 2£.2€ =1 2D | — HEKC = AD" (H, K 14n luet 12 hinh chi€u cla

2p 2p \2p
B, Ctrén Ox).
Tix d6, v6i chd ¥ rang 4AD* = 3AB.AC, suy ra
_ HE KC 3 2 3
4HE.KC=3.ABAC= AEAC 2 = sin“a= 7 =>e= 60°.

Vay BAC = 180° - 20 = 60°.

Nhdn xét. Khi cat tuyén EAC quay xung quanh A,

+ Tich céc khoang céch tix E va C dén truc tung 12 mot dai lugng khong dai,
bing X5 .

+ Tich cdc khoang cé4ch tir E, C t6i truc hoanh 1a mét dai lugng khong déi,
~ bing y5.

Vi du 12.5. Cho parabol (P) : y* = 2px,
titu diém F. Céc dudng thing A, A, qua F,
vuong goéc véi nhau. A; cat (P) tai M, N ; A,
cét (P) tai P, Q. Chitng minh réang

2

Khi ndo xay ra déng thic ?

Gidi (h.12-7) Al

pit (i, FM) = «  Hinh 12-7

Goi H 12 hinh chiéu cia M trén Ox-; M' K, N' 14n luot 12 hinh chi€u cia M, F,

N trén dudng chuén A.
Ta c6 MF = MM’

= KH=KF+FH = p + FMcosa
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= FM=—F —.
1-cosa

P I
1-cos(180° —a) 1+cosa

Tuong tu, tacé FN =

Dodé MN=MF+FN= —P 4P = 2P
l-cosa  1+cosa  gjn? e

Ta lai c6 (T, FP) = o + 90° (c6 thé xem nhu thé vi vai trd cha P, Q nhu nhau).
Bién déi tuong tu, ta dugc

PQ= . 2 2p on 212) )
sin“(a+90") cos“a
2 2
Tir d6 Sypng = %MN.PQ= . 22p —2 2p - =8p°
SIn” QL cos o (si112(>c+cos2 a)
4
Déng thic x4y ra khi va chi khi sin’a = cos’o & tgo = £1 <> o = 45" hoge

a =135
Nhén xét. Tit chiing minh trén ta con c6 két qua
1 1 2 .
m + ?ﬁ = E khOng dél
Vi du 12.6. Cho parabol (P) : y = x* va dudng thing d, : y =k(x - 3) +5.
a) Tim k d€ d, cét (P) tai hai diém phan biét A, B.
b) Tim k sao cho dudng tron dudng kinh AB di qua diém C(2; 1).

Giai
a) Xét hé phuong trinh vA
y=x>
y=k(x-3)+5
{xz—kx+3k—5=0 ) B
= ) 2
y=x (2). | A 1 C
Dudng thing dy cét (P) tai hai diém — > —
phan biét khi va chi khi (1) c6 hai.
, nghiém phan biét
ek -4(3k-5)>0 Hinh 12-8
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k> =12k +20>0
k>10
k<2.

b) (h.12-8) Gia skt dy cét (P) tai hai diém phan biét A, B thi x A» Xg 12 hai
nghiém cia (1). Puong tron dudng kinh AB di qua C(2 ; 1) khi va chi khi

ACB =90° <> CA.CB =0.

& (xp—2) (xg—2) + (Yo — D(yg—1)=0 |

S XpAXgp— 2(Xp +Xp) +4 + yayg— (Yo +yp) +1=0

&> XpXg— 2(Xp +Xp) +4 + xix%—(xi+x%) +1=0

<:>xAxB—2(xA+xB)+4+(xAxB)2—(xA+xB)2+2xAxB+ 1=0

o Gk-5" -k +33k-5)-2k+5=0

<8k -23k+15=0

k=1
And 15
k=—.
8
Ca hai gid tri nay thoa mén diéu kién k < 2. Vay c6 hai gi4 tri cdn tim cha k 1a
. 15
k=1vak= "g‘

Vi du 12.7. Trong mit phéng toa d6 Oxy cho dudng tron (C) : X%+ y2 =4 va
diém A(2 ; 0). Diém M chay trén (C) va yy; # 0, H 13 hinh chiéu ctia M trén truc
Oy, K 1a giao diém clia OM va AH. Chiing minh ring K lu6n thuéc mot parabol
c6 dinh. Hay viét phuong trinh, tim toa d¢ tiéu diém va phuong trinh dudng chuédn
clia parabol dé.

Gidi (h.12-9) ‘ -~ y4

Vi Ox la truc d6i xing cta (C) nén
ta chi can xét trudng hop yy > 0.

bat (_f, W) =o,tacd

M = (2cosa ; 2sina), H = (0 ; 2sina).
Phuong trinh dudng thdng OM 14 y = (tanc)x
hay xsina — ycosa = 0. ‘ o :

Phuong trinh dudng thiang AH 1a .-

X y

2  2sino

=1 < xsina + y — 2sina = 0. Hinh 12-9
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Toa do clia K 1a nghiém cua hé

_ 2cosa
xsina—ycosa =0 X= 1+ cosa
xsina+y—-2sina =0 _ 2sina
y= 1+cosa

.2 2

Ta c6 y2 _ 4sin“ o ~ = 4(1 — cos ozc) _ 4(1 = cosa)
(1 +cosa) (1 + cosa) 1+ cosa
= 4_M =4—4X=—4(X—1).
1+ cosa

Nhu vay K chay trén duong cong (P) c6 phuong trinh y2 =—4(x - 1).

=1+X
Dat {X v Trong h¢ toa do IXY, v6i I = (1 ; 0), (P) ¢6 phuong trinh
y:

Y? = —-4X. D6 1a phuong trinh clia parabol (P) véi tiéu diém (-1 ; 0) va dudng
chudn X = 1 (trong hé IXY). Tém lai, K thudc parabol (P) : y2 =—4(x — 1) cb tiéu
diém trong hé Oxy 1a O(0 ; 0) va dudng chudn x = 2.

Vi du 12.8. Cho parabol (P) : y2 = 2px.
Trén (P) 1dy ba diém A, B, C tuy y. Goi A,
B, C, theo thit ty 12 trung diém céc canh BC, CA,

AB. Qua A,, B, C; ké céc dudng thing song
song v6i Ox, chiing cét (P) 14n lugt tai A,, B,, C,.

Ching minh rang S, g ¢, =%SABC.
Giai (h.12-10). Ta c6
. 2 —y2
AB=(Xg—X, ;Yg—Ya)= sz A Yg=Ya Hinh 12-10
2 2 ‘
AC = (x¢ = Xa3Y¥c —YA)=(yCTPYA'§YC ~Ya |
Theo két qua VD 5.28 ta c6

S 1|03 -v3)oc-ya) (R -vA)os-va)l
ABC =7 2 o

1
= 4—p|(yB +YA)YB=YA)Ye—Ya)— (e +Ya)¥e —Ya)(¥p —Ya)
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S Tog

1
= Zﬁkya ~Y)¥e =Ya)Ya ~Yp)- (*)

+
Theo gia thi€t, y,, =y, = VB 2yC . Y8, =Yg, = E_é)_'_fi

Ye, =Y, =225, do d6, theo (*) 6

1
Sa,B,c, = ;1--'|(}’|32 =¥, Yc, =Ya,)(Ya, —¥B, )l

_ 1|¥c—Ys Ya=Yc Yp—Va]
4p[ 2 2 2

1
=3 4p|()’a YeXYe =Ya)Ya = ¥s)

1

= SSABC'

Vi du 12.9. Trong mat phang toa do Oxy, cho dudng cong (P) ¢ phucmg trinh

16x> +9y + 24xy — 56x + 108y + 124 = 0.

Chimg minh ring (P) 12 mot parabol. Tim toa do tiéu diém va phuong trinh
dudng chudn ctia parabol dé.

Gidi
Ta c6 M(x ; y) € (P) khi va chi khi 16x* + 9y* + 24xy — 56x + 108y + 124 =0
& 25(x% + y* - 2x + 4y + 5) = 9x” + 16y” — 24xy + 6x —8y + 1

2
e N il
& MF =d*(M; A)

S MF=d(M; A)

trong dé F = (1 ; —2), A 1a dudng thang c6 phuong trinh 3x — 4y + 1 = 0.

Vay (P) 1a parabol véi tiéu diém F(1 ; —2), dudng chudn A : 3x —4y + 1 = 0.

C. BAI TAP BE NGH

12.1. Cho dudng tron (S ; R) va diém A € (S), d 1a tié’pxtuyé'n véi (S) tai A. Diém
M chay trén d (M = A). Tu M ké t6i (S) ti€p tuyén MT, (N) 1a dudng tron di
qua T, ti€p xiic v6i d tai M. Ching minh ring
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Chuong IV
CAC CHUYEN PE

§13. TICH NGOAI CUA HAI VECTO VA UNG DUNG

A. Li THUYET
I - PINH NGHIA, QUY USC

1. Nhic lai mét s6 thuat ngir va ki hiéu

Thuat ngit géc (géc lugng giac) 1a cdch néi ngén gon thay cho céch néi ddy d
cla thudt ngit géc gitta hai tia (goc lugng gidc giita hai tia). Trong muc nay, dé
tranh nhdm l4n, ta khong diing cdch néi ngén gon ma ding c4ch néi ddy du : géc
gilta hai tia, géc luong gidc gifta hai tia. Trudc khi 1am quen véi khdi niém géc
lugng gidc gilra hai tia, ta di bi€t khdi niém géc giita hai tia. Trong muc ndy, ta s&
xem xét ki hon m&i quan h¢ giita hai loai géc nay.

— C6 rét nhi€u géc luong gidc giita hai tia Ox, Oy (Ox 1a tia ddu, Oy Ia tia
cudi) va ching ciing dugc ki hiéu 1a (Ox, Oy). Trong cdc géc luong gidc giita hai
tia (Ox, Oy), c6 va chi ¢6 duy nhat mot géc cé s6 do 16n hon —180° va nhd hon
hoic bing 180°, va hon thé, s6 do nay c6 gid tri tuyét d6i bang s6 do cuia géc giita
hai tia Ox, Oy : xOy. ~

— V6i méi géc luong gide giita hai tia (Ox, Oy), cé mot va chi mot s6 nguyén
k sao cho sd(Ox, Oy) = sdxOy + k360° hoic sd(Ox, Oy) = —sdxOy +k360°. Nh&
nhan xét trén, ngudi ta ching minh dugc hé thitc Sa-1o vé€ s6 do clia cdc géc luong
gidc giita hai tia : sd(Ox, Oy) = sd(Ox, Oz) + sd (Oz, Oy) + k360°, trong hé thiic
nay s6 nguyén k hoan toan xic dinh néu s6 do cta cdc géc lugng gidc giita hai tia
(Ox, Oy), (Ox, Oz), (Oz, Oy) da xac dinh.

2. Pinh nghia

Nho khéi niém géc giita hai tia, khdi niém géc luong gidc giita hai tia, khdi
niém goéc giita hai vecto, khdi niém géc luong gidc giita hai vecto duge dinh nghia
nhu sau : /

— Géc giita hai vecto 3,b 1a géc giita hai tia Ox, Oy theo thit ty ciing huéng
véi 2,b. Vi géc giifa hai tia Ox, Oy duoc ki hiéu béng hai cdch : x/O\y hodc y/O\x
nén géc giffa hai vecto a,b ciing duoc ki hiéu bang hai céch : (5,6) hodc (l;,é‘).
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—~ Géc lugng gidc giita hai vecto 3,b (a 12 vecto ddu, b 13 vecto cudi) 1 go6c
lugng gidc giita hai tia Ox, Oy (Ox 1a tia ddu, Oy 14 tia cu6i) theo thit tu cing
huéng véi a,b. Vi géc lugng gidc gifta hai tia Ox, Oy dugc ki hiéu chi bing mét
cach : (Ox, Oy) nén géc giita hai vecto a,b ciing dugc ki hiéu chi bing mét cdch :
(3,b). | | |

— C6 mot diéu t€ nhi c4n lvu ¥, trén mit phing khong dinh huéng, ki hiéu
(5,5) chi géc giita hai vecto a,b, con trén mit phéng dinh huéng, ki hiéu (5,—5)
chi gé¢ lugng gidc giita hai vecto a,b. Vi vay, ki hiéu (E,B) luén chi mang mét y
nghia. Do d6, khéng bao gid c6 sy nhidm 14n.

— Tir he thitc Sa-lo vé s6 do clia cdc goc lugng gidc giita hai tia, dé dang suy ra
h¢ thic Sa-lo vé s6 do cua cic géc lugng gidc gilta hai vecto

sd(3,b) = sd(3,8) + sd(3,b) + k360°. Dé cho don gian, hé thiic Sa-lo vé s6 do ciia
céc goc luong gidc giita hai vecto thuong duge viét nhu sau :
(3,5)=E,3)+(c,b) +Kk360°.
3. Quy udc

; \ Trong muc nay, mit phing luén dugc coi 12 dd dinh huéng theo nghia thong
thudng, huéng duong 1a huéng nguge chiéu véi chiéu quay cha kim déng hd,
hudéng 4m la hudng ciing chiéu véi chiéu quay clia kim déng hé. Duong nhién, ki
hiéu (X,¥) chi géc lugng gidc gitta hai vecto X,y.

I - DINH NGHIA VA TINH CHAT CUA TiCH NGOAI

1. Dinh nghia

Tich ngodi cla hai vecto a,b ki hieu 12 3 A b 12 mét s6, dugc xdc dinh
nhu sau :

— =6 -
New|2 T thi A D =0.
b=0
’ 5 # 6 . = - ENY bod DI - 7
Neu <, thla/\b=|a||blsm(a,b).
b=0 .

Tit dinh nghia trén ta c6 ngay hé qua hién nhién :
i//bodnb=0.

. 179




2. Tinh chat

a) Biéu dién toa d¢ cila tich ngodi A

Dé c6 thé chitng minh dugc céc tinh chat clia tich ngodi, trudc hét ta chitng
minh dinh 1i sau h

Dinh 1 13.1. Trén mat phing toa d¢ cho hai vecto (x,; ¥, ),B(xz 5 ¥,). Khidé

a A b =Xy, - Xy

Chitng minh. (h.13-1) Ldy hai diém A, B sao cho OA = 3 ; OB = b. Ly diém
A"sao cho '

{(62,62) = 90° "
] - &1, | N
Pat a' = OA". Tacé ' A
(a.b) = (3,2) + (3,b) +k,360° 0 X
=90° + (a,b) +k,360° i 15
= sin(;,l;) = cos(;',B). ¢))
Mt khic,

(,a) = (1,8) + (@) +k3360° = (1,3) +90° + k,360°

|5|cos(-i‘,a_l.') = —|alsin(i,3) = -y

{|5| sin(-i',z_i") = |5|cos(-i',5) =X

=2 =(-y;; X)), 2
T (1) va(2)suyra:
inb=ldlbl sin(é’,l;) = |E_1:”BICOS(;',B) =ab = (=y713 X)(Xg 5 ¥2) = XY — X5
Nhdn xét. (2) s& duge chimg minh don gian hon néu ta ding phép quay vecto.
b) Tinh chdt. Tich ngoai clia hai vectd c6 ba tinh chét co ban sau day :
yaAb=-bAd (phan giao hoén) ;
i)sAn(b+8)=dAb+3AGc (phan phéi);
iii) (k&) A (/b) = (kI)(@ A b).
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Chimg minh.

e

)3Ab= |5||B|sin(§,l;) = —|B||§|sin(b,5) = -bAd

ii) Gid sl A(X; ; ¥(),b(X5 5 ¥2),E(X3 5 y3), tacé

An(B+2) =(x; 1y A (o + X35 Y2 +¥3) = Xy (¥ + ¥3) — (R + X3)y
= (X1Yy — Xo¥1) + (X1y3 — X3y) = @ A b+iAc

iii) Gid sit A(x; ; y;),b(X, ; ), tacé -

(k@) A (Ib) = (kxy, Ky;) A (IXp, Iy,) = kixqy, — kiXpy;

= kI(x1y, = xoy1) = (k) (@A b).

Il - HUONG VA DIEN TiCH DAI SO CUA TAM GIAC

1. Huéng cta tam giac

Cho tam gidc ABC, ta thdy cic hubng A >B—>C;B—>C—> A;

C - A — B tring nhau.

Céc huéng trung nhau d6 goi 12 huong cua tam gide ABC.

Puong nhién céc tam gidc ABC, BCA, CAB c6 ciing huéng.

Néu huéng cla tam gidc ABC triing véi huéng clia mat phéng thi ta néi tam
gidc c6 huong dwong (thuan). Néu tam gidc ABC c6 hudng nguge véi hudng cla
mit phang thi ta néi tam gidc ABC c6 huong dm (nghich).

2. Dién tich dai s6 cia tam giac

a) Tam gidc suy bién

Theo dinh nghia thong thudng, ba dinh clia mot tam gidc phai 12 ba diém
khong ciing nim trén mot dudng thing. Nhin chung, yéu cdu nay 13 cén thi€t. Tuy
nhién, trong mét vai trudng hop, nhét 13 trong cdc bai todn vé dién tich, yéu cdu
nay déi khi trd nén khong cin thiét, khong nhitng th€ con gy trd ngai cho viéc
lam todn. Chinh vi vay, ta dua ra khéi niém tam gidc suy bién, tic tam gidc ma
ba dinh clia n6 c6 thé nim trén cliing mot dudng thing. Néu khong cé gi nhdm 14n,
dé cho thun tién, ngudi ta thay thuat nglt "tam gidc suy bi€n" boi thuat ngit
"tam gidc".

b) Dién tich dai 56 cuia tam gidc '
Dién tich dai s6 cha tam gidc ABC 1a moét s6, ki hiéu S{TABC] va xdc dinh
nhu sau : B
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SIABC] = %(Kﬁ A AC).
Tir dinh nghia trén, ta c6 ngay hé qua : S[ABC] = S[BCA] = S[CAB].
Hé qua nay dugc ching minh rat don gian :

L(AB A BC - AB A AB)

Nl

S[ABC]=%A_'BAE=%ZT3A(1¥:'-EX)

= %B_(S A BA = S[BCAL.

Tuong tu ta c6 : SIBCA] = S[CAB].

c) M6i lién hé giita dién tich dai s6 va dién tich hinh hoc ciia tam gidc

Khdi niém dién tich hinh hoc chinh 12 khdi niém dién tich ma ta vin hiéu
theo nghia thong thudng. Tuy nhién, khi cdn phan biét khdi niém dién tich va dién
tich dai s6 thi ngudi ta thudng thay thult ngilt "dién tich" bai thult ngit "dién tich
hinh hoc".

P6i véi mot tam gidc thi dién tich dai s6 va dién tich hinh hoc clia né dugc
lién hé v6i nhau bai dinh 1i sau day :

Pinh 1§ 13.2

i) Néu tam gidc ABC c6 huéng duong thi STABC] = S(ABC).

ii) Né&u tam gidc ABC c6 hudng am thi STABC] = ~S(ABC).

o) day, S(ABC) chi dién tich hinh hoc clia tam gidc ABC.

Chitng minh l

i) SIABC] = -;-A_B' AAC = %AB.Ac.sin(Kﬁ,A_c')

= —2-AB AC.sinBAC = S(ABC)

| ~ ii) Ching mmh tuong tu i).
Dinh If trén cho ta hé¢ qua sau :
Hé qud. Trén mat phing toa do cho tam gidc ABC. Biétrang

AB = (x,¥,) ; AC = (X,,¥,)

Khids  S(ABC) = zlxiy; - xayi|

Nhdn xét : Hé qua nay chinh 1a BT5.28

Ciing nhu ki hiéu S[.] chi dién tich dai s6 chia tam giéc, cla da gidc 16i, trong
toan bo bai viét ndy, ki hiéu S(.) ding dé chi dién tich hinh hoc clia tam gidc, cua
da gidc 16i:
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d) Tinh chdt : V6i mot tam gidc ABC cho truéc, dién tich dai s6 ciia tam gidc
c6 hai tinh chéit co ban sau :
i) Véi moi diém M thudc dudng thing BC ta cé

ﬂABC]:%ﬁAﬁ =%m/\§6

ii) Véi moi diém M ta c6 S[ABC] = SIMAB] + S[MBC] + SIMCA] (he thirc Sa-10)
Chitng minh

i) S[ABC]=%B_6A§K=%(EEA1\E+1TCA§K)

=%§6A(@+1§)=%§6Am=%m/\ﬁ

i) S[ABC] = %Eé AAC = —;—(I\TB ~MA) A (MC - MA)

=%(mAMC—MAAMC—mAMA+MAAMA)

=%(mAm+mAMC+MCAMA)
= S[MAB] + S[MBC] + SMCA].
Nhdn xét
— Tinh chat i) chinh 1a su m& rong két qua co ban d6i véi dien tich hinh hoc
cua tam gidc : :

S(ABC) = -;-a.ha‘ (kni AM LBC).

~Trong ii), néu M thuéc dudng thing BC thi ta c6
S[ABC] = SIMAB] + S[MCA].

Déng thic trén ciing rét c6 hiéu luc trong khi 1Am to4n.

Tir déing thitc : STABC] = SIMAB] + S[IMCA] suy ra

S[ABCJ%WM\?ITH%MCAMA=-;-(Mc—1\7173)/\ﬁ=%13_c‘/\m.

Nhu vay, xét dén ciing, ii) chinh 12 sy mé& rong cta i).

IV - HUONG VA DIEN TICH DAI SO CUA PA GIAC LOI

1. Huéng cia da gidc 16i ]

Cho da gidc 16i AjA,...A,. Ta thdy céc hudng A; > Ay > ... > A - = A, ;
Ay A3 .. 2>A 5A ;. A, > A > .. > A, A, tring nhau. Cic

huéng triing nhau dé dugc goi 12 huéng ctia da gidc A A,...A,.
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A
0‘:\,
&85

DPuong nhién cdc da gidc AjA,.. A 1A, AjAs ALA S 5 AjA L. ApAp—
cé cung hudng. ‘

Néu da gidc A|A,... A, c6 huéng tring véi huéng clia mit phing thi ta néi
rang né c6 huéng duong (thuan). Néu da gidc A A,... A, c6 huéng nguoc véi
huéng clia mit phéng thi ta néi ring n6 c6 huéng am (nghich).

2. Dién tich dai s6 cua da giac 16 |

a) Dinh nghia

Di¢n tich dai s6 clia da gidc 161 A;A,...A, 1a mot 6, ki hieu 12 S[A |A,...A ] va
x4c dinh nhu sau : ‘

Néu A A,...A, c6 huong duong thi S[A;A,... A ]l = S(A1Ay..A)) ;

Néu A A,...A, c6 huéng am thi S[AA,..A ] =-S(A[A,...Ap).

b) Tinh chdt. Dinh Ii sau day rat quan trong. N6 cho phép ta khai trién dién
tich dai s6 cha mot da gi4c 16i thanh téng céc dién tich dai s6 cla cédc tam gi4c.

Pinh 1i 13.3. V6i moi diém M ta cé

S[A1A;... A ]l = SIMA |Ay] + SIMALAS] + ... + SIMA Al (%)

Chimg minh. Dinh 1i dugc chimg minh bang phuong phép quy nap.

Theo hé thitc Sa-lo (III. 2d) ta thdy (*) diing khi n = 3.

Gia str (*) dd dling véin =k (k 2 4). Xét da gidc 16i A A,... AL Ap,-

Theo gia thi€t quy nap va theo h¢ thic Sa-lo (I1L. 2d) ta c6 :

S[AA;... Al = SIMA Ayl + SIMAA;3] + ... + SIMA_ 1A, ] + SIMAA|] ;

SIA A 1Al = SIMA A, ] + SIMA A ] + SIMA A ].

Chi ¥ ring : SIMA,A] + S[MA;A,] = 0. Ta ‘tha'y (*) ding khi n =k + 1.
Dinh 1f da duoc chiing minh.

Heé thitc (*) thudng dugc goi 12 A¢é thitc Sa-lo vé dién tich dai s6.

vV - MO!I LIEN HE GIUA DO DAI DAI SO VA DIEN TiCH DAI SO

Muc nay xin gi6i thiéu hai dinh If quan trong. Nhiing dinh i nay cho ta thdy
mé6i lién he giita khai niém do dai dai s6 v khéi niém dién tich dai s6 déng thoi
chiing ciing 1a sy m& rong cdc két qua quen biét vé mdi lién h¢ giita khdi niém do
dai hinh hoc va khdi niém dién tich hinh hoc.
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Dinh Ii 13.4. Cho tam gisc ABC. Céc diém B', C nim trén dudng thing BC. Tacé :

BC _ S[ABC]
BC SIABCT

Chimg minh. Goi € 12 vecto chi phuong clia truc BC. La'y M b4t ki trén BC.
Tacd: '

lem — o —
s;aBc]  7BCAMA - Be(z AMA) _ BC
SIAB'C'l  1z= 3w BC(sAMA) BC

Pinh I 13.5. Cho tam gi4c ABC va diém O. Gia sit cic dudng thing AO va BC
cét nhau tai diém M (khéc B, C). Tacé :

MB _ S[OBA]
MC SIOCA]

Chitng minh (h.13-2). Goi € 1 vecto
chi phuong cua truc BC. Tac6 : 0
1 —_ —_—
S[OBA] _ S[BAO] 340~ MB

S[OCA] ~ S[CAO] ~ 1 0 A MC B M C
2 Hinh 13-2

N MB(AO A &) a MB

B MC(AOC A 8) - MC

K&t qué sau c6 thé coi 12 he qua truc tiép cha dinh 1f 4 va ciing c6 thé coi 12 he
qua tryc tiép clia dinh 1i 5.

Hé qud. Cho tam gidc ABC vA diém M ném trén dudng thing BC. Ta c6

MB _ S[MBA]
MC SIMCA]

B.CAC viDY
Vi du 13.1. Cho t& gidc 16i ABCD. I, J 1a trung diém cia AC, BD,
E = AD n BC. Chitng minh rang S(EIJ) = %S(ABCD).
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Hinh 13-3
Gidi (h.13-3)
Tacéd

/
SIED] = ~-Ei A B = %(%(EK " E(:’)) A(-%(Eﬁ " 1?513))

5(EA A EB + EC ED)

EA AEB +EC AEB + EA A ED + EC A ED

(EA AEB + EB A EC EA)

EA/\EB+EB/\EC+EC/\ED+ED/\EA

- -PI'— N]
va—- Nl—-

(vi ﬁ/\i?z:E_ﬁ/\ﬁ:O)
= %(S[EAB] + S[EBC] + S[ECD] + S[EDA])
= %S[ABCi)].
Tir d6 suy ra S(ELJ) = zlt—S(ABCD).

Nhdn xét. Loi giai bai trén khong nhitng cho ta bi€t S(EIJ) = %S(ABCD) ma

con cho ta biét tam gidc EIJ va tit gidc ABCD ciing huéng (mot két qua khong dé
.chiing minh). Néu khéng biét sir dung tich ngoai (mét céch khéo 1éo) thi phép
chiing minh rét d€ phu thudc vao hinh vé.

Vi du 13.2. Cho tam gidc ABC. Cic
diém A', B, C' theo thi tu thudc cic
dudng thing BC, CA, AB. A", B", C"
theo thy tu 13 trung diém citia cic doan
AA', BB, CC'. Ching minh ring

S(AHBHC") = %S(A'BVC‘).

Hinh 13-4
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Gidi (h.13-4)
Ta c6 S[A"B"C"] = —;-A"B" AA'C' = %G(TB +AB)A %(R + K'“E))

i ;(ABAAC+A'B'/\AC+AB/\AC'+A'B‘AAC’)

= %(S[ABC] — S[A'CA] - S[A'AB] + S[A'B'C'))

1 h» el
= 7 SIABC].

Tur d6 suy ra S(A"B"C") = %S(A'B'C').

Vi du 13.3. Cho tam gidc ABC. M Ia diém bt ki, mot dudng thing A qua M
cét cac dudong thing BC, CA, AB tai A,, B;, C;. Ching minh rang
SIMBC] 4 SIMCA] N S[MAB]
MA, MB, MG,

=0.

Gidi (h.13-5)

Goi € 1a vecto chi phuong ctia truc A. Tacé :

SIMBC] _ SIMCA]  SIMAB] A
MA, MB, MC,

| — g
] — ] — —
=—?:MA1/\BC+2MB1/\CA+§MC1AAB M B A
MA MB MC l
it —_— PR ’ H‘h13'5
_I(MAI = MB o MC = "
2\ MA, MB, MC,

(eABC+e/\CA+eAAB)

%é’ A0 =0 (dpcm).
Vi du 13.4. Cho luc gidc 161 ABCDEF.

M, N, P, Q, R, S theo thit ty 12 trung diém

cua cdc canh AB, DE, CD, FA, EF, BC.

Ching minh ring : MN, PQ, RS déng quy

khi va chi khi S(AEC) = S(BFD). Hinh 13-6

¢ A(BC+CA + AB) =

va—- Nlr—
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Tat

Gidi (h.13-6)
L4y diém O bat ki, ta thdy

4(6@Aﬁ+6§/x66+&/\6§)

= ((0A+OB) A(OD+OE)+(0C +OD) A (OF + OA) +(OE + OF) A(GB+0C))

— ) e

=OAAOD+OAAOE+§3‘A(TIS+6§AO_E'+6EA@+(—)EA6K
+OD A OF + OD A OA + O A OB + OE A OC + OF A OB + OF A OC
= (OA AOE + OE A OC +OC A OA) - (OB A OF + OF A OD + OD A OB)
= 2(S[OAE] + S[OEC] + S[OCAY]) — 2(S[OBF] + S[OFD] + S{ODB])
= 2(S[AEC] - S[BFD]).
Suy ra 2(OM A ON + OP A OQ + OR A OS) = S[AEC] - S[BFD] (*)
Nh& (*), bai todn 3 duge gidi quyét don gidn nhu sau : Dat O = MN N PQ.
hay
OM A ON = OP A OQ =0
Vay : MN, PQ, RS déng quy < O thuéc RS < OR A OS =0

—_— e—) e e e ey

S OMAON+OPAOQ+ORAOS =0

<> S[AEC] - S[BFD] = 0

<> S(AEC) - S(BFD) = 0 (do cic tam gidc AEC va BFD cung huéng)
< S(AEC) = S(BFD).

Vi du 13.5. Cho tam gidc ABC va ba diém M, N, P thoid man diéu kién :

M ¢ (AB) U (AC), N ¢ (BC) U (BA), P ¢ (CA) U (CB). Ching minh réng :
AM, BN, CP d6ng quy hodc d6i mét song song khi va chi khi :
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sin (Kl\’&,}{ﬁ) . sin (ﬁ\l‘,ﬁl‘) . sin(a,a) -1
sin(A—M,E) sin(ﬁ\l‘,ﬁx) sin(@,@) '

Gidi

Chimg minh diéu kién cdn _

Truémg hop 1 : AM, BN, CP déng quy (tai O).

Ta cé o
S[AOB] S[BOC] S[COA] _

S[AOC] S[BOA] S[COB] -1




Tix d6, véi chi y O thuoc AM, BN, CP, sir dung dinh 1f 13.5 ta cé
S[AMB] S[BNC] S[CPA] _
SIAMC] S[BNA] S[CPB] ~

%AM.AB.sin(_Aﬁ,ﬁ)%BN.BC.sin(ﬁﬁ,ﬁé)%CP.CA.sin(@,a)
=-1

%AM.Ac.sin(m,R)%BN.BA.sin(Eﬁ,ﬁx)%cp.casin(@,@)
sin(m,rB) sin(gﬁ,ﬁf) sin(é—ﬁ,a) _
sin(m,ﬁ) sin(ﬁl_\f,ﬁx) sin(@,@)
Truomg hop 2 : AM, BN, CP d6i mot
song song (h.13-7)
Khi dé6, v6i chi ¥ ring M ¢ (AB) U (AC),
N ¢ (BC) U (BA), P ¢ (CA) L (CB), ta c6
AM, BN, CP theo thi ty cat BC, CA, AB. Dat
M'=AMNBC,N=BNNCA,P=CPn AB.
Ta cé

MEB NC PA _MB BC M _
MC NA PB MC BM' CB
SIAM'B] S[BN'C] S[CP'A] _
S[AM'C] S[BN'A] S[CP'B]
Tir d6, v6i chi ¥ ring M € AM,,
N eBN,P e CP,tacé Hinh 13-7
S[AMB] S[BNC] S[CPA] _
S[AMC] S[BNA] S[CPB]
Tiép tuc khai trién tuong tu nhu trudng hop 1, ta c6.
sin (ATVf?B) sin (ﬁﬁé) sin(a,a) -1
sin(m,ﬁ).sin(ﬁﬁ,ﬁ).sin(('T‘P,Eﬁ) -
Tém lai, diéu kién cdn di duge ching minh.
Chitng minh diéu kién du
Truong hop 1 : AM, BN, CP déi mot song song. Khi do, ta c6 ngay diéu cén
chiing minh. :
Truong hop 2 : AM, BN, CP khéng d6i mot song song. Khi d6, tén tai hai
trong ba dudng thing AM, BN, CP cit nhau. Khong m4t tinh téng quit, gia sit BN,

-1.

=

-1
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a,
lﬂg

CP cit nhau, goi giao diém cia chung 12 O. Khi dé, ta c6 AO, BN, CP déng quy.
Nho két qua dat dugc trong chitng minh diéu kién c4n, ta c6

sin(AO, AB) sin(BN,BC) sin(CP,CA) _
sin (E,E) sin(ﬁ,ﬁ) sin(@,FB)

sin (_A_M,E) . sin (Eﬁ,ﬁé) sin (@,(TA)

—o) A .
sin(AM,AC) sin(BN,BA) sin(CP,CB)

Theo gia thiét, ta c6

sin (E, A_B') _ sin (KT\Z,E)

sin(AO,AC) B sin(m,,_&—é)
= sin (KB,—A—ﬁ)sin(m,A—C.) = sin(Ka,Xé)sin (m,xﬁ)

Suy ra

= cos((AG.AB)~(AM,A0)-(A0,AC))~cos((AG,AB) + (AM,A0)+(a0,A0))
= cod (A AC)-(A A0)-(A6.AF) -cos|(A6,AC)+(AM,A0)+ (A0 AB)

= cos((AC, AB) - (AM,A0)) = cos((AB,AC) - (AM, 20))

= sin(AC, AB)sin(AM, AO) = sin(AB, AC)sin(AM, A0)

= sin(AM, A0) = —sin(AM, 30)

= ;in(m,KB) =0

= (AM,A0) =k180°

= AM T AO hoic AM N A0

= Pudng thing AM triing dudng thing AO -

=0 e AM.

Vay AM, BN, CP déng quy (tai O).

Tém lai, diéu kién du da dugc ching minh.

Nhdn xét. Dinh 1i trén dugc goi 1 dinh li Xé-va dang sin t6ng qudt, rét c6 loi
trong viéc giai quyét cdc bai todn ching minh su déng quy clia ba dudng thing.

Vi du 13.6. Cho tam gidc ABC, duong cao AH. V€ phia ngoai né ta dung céc

tam gidc déng dang ABE, ACF sao cho ABE = ACF = 90°. Chiing minh réng
AH, BF, CE déng quy.
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Gidi (h.13-8)

Hinh 13-8
Khoéng mit tinh téng qudt, gia sir tam gidc ABC c6 hudéng duong.

bit K = BF n AC; L = CE n AB. Dé thdy AH, BF, CE khong thé do6i mot
song song (ban doc tu kiém tra).

Do d6 : AH, BF, CE déng quy khi va chi khi .~ LA _
HC KA LB
S[HAB] S[FCB] S[EAC] PR S[AHB] S[CBF] S[ACE] _
S[HAC] S[FAB] S[EBC] ~ S[AHC] S[ABF] S[BCE] ~

%AH.AB.sin(E,TB)-;-CB.CF.sin(Eﬁ,Eﬁ)—;-AC.AE. sin(AC, AE)
=
%AH.AC.sin(ﬁ,ﬁ)-;—AB.AF.sin(TB,A_'F)%

CF AE sin(AH,AB) sin(CB,CF) sin(ACAE) _ | 1
AF BE sin(ﬁ,;&_&) sin(Kﬁ A—.F) sin(ﬁe,ﬁ) .

CF AE

=-1

BC.BE.sin{BC,BE)

Vi AABE ddng dang v6i AACF nén AF BE =1. 2)
Mit khéc : ‘
(AH, AB) = (AH,CB)+ (CB,AB) + k,.360° = -90° +(CE, AB) + k,.360°
(AH,AC)=(aH CB) (CB,AC) +k;.360° =-90° +(CB,AC)+k,.360°
(CEB,CF) =(CB,AC) + (AC,CF)+ks.360° =90° +(CB,AC)
{(AB,AF)= (AB.AC)+ (AC,AF)+k.360° = (AB,AC) + (AE, AB) + k, .360°
-(AE, Ac)+k8 360°
(BC,BE) = (BC,BA) + (BA, BE) + ko.360° = 90° +(BC,BA ) + k;.360°
k =90° +(CB,AB)+k,,.360°
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sm(Kﬁ,ﬁ) = —cos(CB,AB)
sin(AH,AC) = -cos(CB,AC)

= <sin(CB,CF) =co (CB AC) 3)
sin(AB,AF) = -sin(AC,AE)
ksin(BC,BE) = cos(CB, AB)

Tir (2), (3) suy ra (1) diing (dpcm).

Vi du 13.7. Cho tam gidc ABC va di€m M bét ki. Chimg minh ring :
SIMBCIMA + SMCAIMB + SIMABIMC = 0.

Gidi

Dit i = SIMBC]MA + SIMCAJMB + SIMABIMC

Tathdy: d A MA = S[MCA](I\—Z—ﬁ A m) + S[MAB](I\_/I(_f AMA)
= 2(S[MCAIS[MBA] + SIMABJS[MCA])
= 2(S[MCA]S[MBA] - S(IMBAIS[MCA]) =0

Tuong tu nhu vay U A MB =0; i A MC =0.

Suy ra U cling phuong véi cic vecto MA, MB, MC.

Chd ¥ rang, trong ba vecto I\TA, FB, IVIE, ta luoén chon duoc hai vecto khong

cung phuong.

Vay i = 0 (dpcm).

Nhdn xét. K&t qua trén d6i khi duoc phét biéu dudi dang khéc -

Cho ba vecto 3,b, 3. Chimg minh ring :

bAB)E+@AD+EADE=0

Vi du 13.8. Cho tam gidc ABC. M 1a mot di€m nim trong tam gidc.

a) Ching minh ring : S(MBC)MA, S(MCA)MB, S(MABMC la d¢ dai ba
canh clia mot tam gidc ma ta ki hiéu 1a A(M).

b) Tim M sao cho dién tich tam gidc A(M) 16n nhét.
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Gidi (h.13-9)
a) Vi M nam trong tam gidc ABC nén céc tam gidc MBC, MCA, MAB ciing
huéng. Theo VD 13.8 ta cé

SIMBCIMA + SIMCAJMB + SIMABIMC =0 (1)

Cing vi M ndm trong tam gidc ABC A
nén céc vects SIMBCIMA, SIMCAIME,
SIMABIMC d6i mét khong ciing phuong. (2)

Tu (1) va (2), theo dinh nghia phép
cong vecto, cing véi chi ¥ ring cdc tam
gidc MBC, MCA, MAB ciing hudng, ta thay :
S(MBOMA, S(MCA)MB, S(MABMC la  ® v ize
do dai ba canh ciia mot tam gidc.

b) Ki hi¢u dién tich tam gidc ndi trén 1a Sy, ta thay :

Saqy = %S[MCA]WB A SIMABIMC| = S[MCA]S[MAB]%M-_ﬁ AMC
= |SIMCAJSIMAB]S{MBC]|
= S(MCA).S(MAB).S(MBC)
3
< (S(MCA) + S(N:I;AB)-+ S(MBC)) _ 21_7 S3(ABC).

Déng thic x4y ra <> S(MCA) = S(MAB) = S(MBC) <> M la trong tdm tam
gidc ABC.

T6m lai Spqy) 16n nhat khi M la trong tam tam gidc ABC va gid tri 16n nhét dé
bing -%7-83(ABC).

Nhdn xét. VD 13.8 chinh 12 BT. 6.20

Vi du 13.9. Cho bén vecto 3,b,¢,d. Ching minh ring
GAb)EAd)+GADNEAD)+(EAdBAT) =0.
Gidi ' o
Tacé (A AD)(@Ad)+GAc)dA B) +(GEAd)bAB)
5A((EAa)l;)+5/\((a/\g)6)+EiA((BAE’)&)
=ia(GAd)b+(dAb)e+(5AT)d)
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=3A0 (theo nhan xét sau vidu 13.7) H,
=0 (dpcm).

Vi du 13.10. Cho ti gide A;A,AA, ; m
H,,H,,H,,H, theo thd tu I truc tim ciia céc AN {
am gidc AyAsA, AzA.A;L  AAA,,
A{A,A;. Chimg minh ring Ay

S[A1A,A3A, 1= SIHH,H;H,]. Hinh 13-10

‘Gidi (h.13-10)
Ldy diém O bat ki. Vi H;,H, 12 truc thm cla cdc tam gidc A,A3A,,A3A A,

nén
{AIHZ 1 AA,

= AH, //AH,
AH; L AA, 2T

= AH, A AH, = 0= (OH, - 0A, )  (OH, - 04, ) =0

= OA, AOA, - OH, A OH, = OA, A OH, - OA, A OH, 1)

= S[OA,A,] - S(OH,H,] = OA, A OH, - OA, A OH,.

Tuong tu ta cé

S[OA,A,] - S[OH,H,] = OA, A OH, — OA, A OH,, @
S[OA;A,] - SIOH;H,] = OA, A OH, — OA, A OH;. 3)
Cong timg vé clia cdc dang thic (1), (2), (3), ta cb

S[A;A,A;] - S[H;H,H,] =0

= S[A,A,A;] = S[H;H,H;]. 4)
Tuong tw nhu vay : S[A,A;A,] = SIH,H,H,], 5)
SIA;A4A,] = S[H;H,H,], - (6)
SIA4AA,] = S[H,HH,]. @)

Tir (4) va (6) véi chi ¥ rang A,, A, ndm vé hai phia cia AjA; suy ra H,,H,
nam vé hai phia cia H;H,. o | (®)

Tir (5) va (7) véi chii § rdng A;,A; ndm vé hai phia cha A,A,, suy ra
H;,H; nam vé€ hai phia cia H,H,. )]
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Tir (8) va (9) suy ra H{H,H;H, 1 tit gidc 16i va duong nhién, ta cé

Vi du 13.11. Cho tam giic ABC noi Bi
ti€p duong tron (O ; R). M 13 mot A
diém b4t ki, H, I, K 12 hinh chiu ciaM =~ ©
trén cic dudng thing BC, CA, AB.
Chiing minh ring :

1 oMm? M
S[HIK] = Z(l - 2 JS[ABC]. B .
Gidi (h.13-11
iai ( ) e

Khong ma4t tinh téng quit, gid sir
tam gidc ABC cé huéng duong. Goi A, Hinh 13-11
B;, C; 14n luot 1a diém d6i xing cia M
qua BC, CA, AB. Tacé
S[AB,C,] + S[BC,A,] + S[CA,B, ]
= SIMB,C, ] + S(MC,A] + SIMAB, ] +SIMC; A, ] + SIMA,B] + S[MBC, |
+S[MA,B, ] + S[MB,C] + SIMCA, |
= (SIMB,C,] + SIMC, A, ] + S[MA B, 1) + (SIMA,B] + S[MCA, 1)
‘ +(S[MB/C] + S[MAB, ]) + (SIMC,A] + S[MBC, ])
= S[A;B,C,] - 2S[MBC] - 2S[MCA] - 2S[MAB] = S[A,B,C, ] - 2S[ABC]
Vay S[A;B,C,] = 2S[ABC] + S[AB,C,] + S[BC,A,] + S[CA,B, ].
Chu ¥ rang
AB, = AM = AC,

(AB},AC;) + k,.360° = (AB;,AM) + (AM,AC;, ) + k,.360° =
= 2(AC,AM) + 2(AM, AB) + k4.360° = 2(AC, AB) + k,.360°,

— e 1
suy ra S[AB,C,] = %ABI AC,.sin(AB;,AC; ) = -5 AM?.sin2A.

1 :
Tuong tu ta c6 : S[BC(A,] = —%BM:" sin2B ; S[CA B, ] = ——2-CM2 sin 2C.




Vay S[AIBIC1]=ZS[ABC]-—;—(AMz.sin2A+BM2.sin2B+CM2.sin2C) (1)

Tir déing thic SOBCJOA + S(OCA]OB + S[OABJOC = 0 suy ra
1

5OB.OC sin(OB,0C)OA + %OC.OAsin((Y:',BK)b_ﬁ

+%OA.OBsin(6‘A',o_B*)o_c‘ =0

= sin2A.0A + sin2B.OB + sin2C.OC = 0 )
Tir (2), chd ¥ dén VD 5.7, ta c6

AM? sin2A + BM?2 sin2B+CM? sin2C=(R? +OM?)(sin2 A +sin2B +sin2C)
= 4(R? + OM?)sin AsinBsinC

2
= 2(1 L OM JZRZ sin A sinBsinC

R2
2
- 2(1 LM ]S[ABC]. 3)
R
2
Tu (1) va (3) suy ra: S[A;B,C,] =(1 - O}iv; )S[ABC].

Tir 46 v6i chi ¥ rang
S[A,B,C,]=4S[HIK], ta c6 :

2
S[HIK] = i—(l - 01\121 j.S[ABC] (*)
Nhdn xét. Hé thitc (*) duoc tim ra boi O-le. Tir (*) ta thdy :
i om?
H, I, K thang hang <> S[HIK]=0 < 1 - 2 =0 M e (O;R).

Ta nhén dugc két qua quen thudc vé dudng thing Sim-son.

C. BAI TAP BE NGH

13.1. Cho tit gidc ABCD c6 AD = BC. Vé phia ngoai né ta dung céc tam gidc bang
nhau ADE, BCF. Ching minh ring trung diém clia cic doan thing AB, CD,
EF thing hang.
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13.2. Trén ba dudng théng a, b, c theo thit ty cho cic di€ém A, B, C chuyén dong
déu theo mot hudng xéc dinh, véi cing moét van t6c va cling mot thoi diém
ban ddu. Biét ring, tai thoi diém ban ddu A, B, C khéng thing hang. Ching
minh ring, khong t6n tai qua hai thdi diém ma tai d6 A, B, C thing hang.

13.3. Cho ngii gidc ABCDE. X, Y, Z, T, U theo tht ty 12 trung diém clia cdc canh
CD, DE, EA, AB, BC. Ching minh rﬁng néu bén trong nim dudng thing AX,
BY, CZ, DT, EU déng quy thi c& ndm dudng thing d6 déng quy.

13.4. Cho hinh binh hanh ABCD. Cac diém M, N theo thit tu thudc cic canh AB,
BC. Cic diém I, J, K theo thit tu 12 trung diém clia cdc doan DM, MN, ND.
Chitng minh ring Al, BJ, CK d6ng quy.

13.5. Cho tam gidc ABC, cic di€ém A', B, C' theo thit ty thudc céc canh BC, CA,
AB. Cic diém A", B",.C" theo thit tu 1 cdc di€m d6i xiing clia cdc diém A, B,
C qua cdc diém A', B', C'. Chitng minh ring :
S(A"B"C") = 3S(ABC) + 4S(A'B'C).
13.6. Cho tam gidic ABC. Vé phia ngodi né ta dung céc tam gidc
BA,C,CB;A,AC;B can tai A;,B;,C,, dong dang v6i nhau. Ching minh rang
cic dudng thang AA,,BB,,CC, déng quy.

13.7. Cho luc gidc ABCDEF. Goi M,N,P theo thit tu 13 trung diém ctia AD, BE,
CF. Chitng minh ring : M, N, P thing hang khi va chi khi

S(ABCDEF) = S(ACE) + S(BDF).

13.8. Cho tam gidc ABC. C4c diém M, N, P theo thif tu chay trén cdc dudng thing
BC, CA, ABsaocho:

a) Chu'ng minh ring AM, BN, CP 14 d¢ dai ba canh ciia mét tam gidc ma ta ki
hieu 12 AK).
b) Tim k sao cho dién tich tam gidc A(k) nho nhat.

13.9. Cho tam gidc ABC. Cic diém M, N, P theo thit tr thudc céc canh BC, CA,
AB. Cic diém X, Y, Z theo thu tur 12 trong tdm cdc tam gidc ANP, BPM,
CMN. Ching minh rang

S(ABC) < % S(XYZ).
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13.10. Cho tit gidc ABCD c6 AC L BD. Trung truc clia cic doan AB, CD cét nhau
tai diém O nim trong tir gidc. Gia st S(OAB) = S(OCD).Ching minh ring td
gidc ABCD nJi ti€p.

13.11. Cho bén dudng thing phan biét OA, OB, OC, OD. Dudng thing A khong di
qua O, theo thi tu cit OA, OB, OC, OD tai X, Y, Z, T. Chitng minh ring :
ZX ] TX _ sin(f)—(—i,a) ] sin(aﬁ,a) |
ZY 'TY sin(OC,0B) sin(OD,OB)

§14. PHUONG TICH CUA PIEM POI VOI PUGNG TRON.
TRUC PANG PHUONG, TAM PANG PHUONG

A. Li THUYET

1 - PHUONG TiCH cUA DIEM BGI VOI DUSNG TRON

1. Nhic lai dinh nghia

Cho dudng tron (O ; R) va diém M. Ta di bié€t, néu c6 mot cit tuyén quay
xung quanh M, cit dudng tron tai A va B thi dai lugng MA.MB khong déi, goi 12
phuong tich ciia diém M déi véi dudmg tron (O ; R), ki hiéu 1a Ppy0).

Tacd ‘CPM/(O) = m.-NTB = d2 - R2
trong d6 d = OM.
2.Chay

Prmyo) > 0 <> M nim ngodi (O) ;
gPM/(O) =0eM thuQC (O) ’
Pmsoy <0 < M nam trong (O).

Il - TRUC DANG PHUONG, TAM DANG PHUONG

Dinh 1i 14.1 ‘ ~
Tap hop c4c diém c6 cing phuong tich d6i véi hai dudng tron khong dong tam
12 mot dudng thing, goi 12 truc ddng phuong chia hai dudng tron da cho.
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Chitng minh (h.14-1)

Xét hai duong tron (O ; Ry) va (O, ; Ry),
0,#0,.Tacé:

'(PM/(OQ = (‘PM/(Oz) \

< MO} -R? = MO32 -R3

& MO? - MO2 =R? - R?

<> M thuéc dudng thing vudng géc véi
(0,0,) tai H, diém H dugc xdc dinh béi

H = R} - R}
20,0,
(I1a trung diém cta O,0,, xem VD 3.7).

Hé qud. Néu ba diém c6 cung phuong tich d6i
v6i hai dudng tron thi ba diém dé thang hang. '

Dinh 1i 14.2. Cho ba duong tron (O)), (0,), (03)
c6 c4c tam khong théng hang. Gia sit A, Ay, A5 14n
lugt 13 truc ding phuong clia cic cap dudng tron
(0,), (03) ; (03), (01) ; (Oy), (O3). Khi d6 Ay, A, A;
déng quy tai mot diém, goi 1a tim ddng phuong cla
ba dudng tron da cho.

Céch x4c dinh truc ding phuong ctia hai dudng tron

— Néu (0,), (0,) cét nhau thi truc ding phuong
12 dudng thing néi hai giao diém (h.14-2).

- Néu (0O,), (O,) tiép xiic nhau thi truc dang
phuong 14 dudng thing di qua ti€p diém va vuéng
géc v6i 0,0, (h.14-3). '

Hinh 14-1

Hinh 14-2

Hinh 14-3

— Néu (O)), (O,) khong c6 diém chung thi ta dung dudng tron (Q3) cét ca hai
dudng tron da cho (luu y 14y O; khéng ndm trén dudng thing O,0,). Dung truc
déng phuong ctia (O3) va (O,), (O5) va (O,), ching cit nhau tai I (chinh 12 tam déng
phuong clia ba dudng tron). Khi d6 truc déng phuong clia (O,) va (O,) 1a dudng

thing qua I, vuéng goc véi dudng thing 0,0, (h.14-4).
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i A A
Ay
L (o) 0,
Oy O, 3
1
o B
Hinh 14-4 Hinh 14-5

Nhdn xét. Néu c6 thé ké dugce hai ti€p tuyén chung A A,, BB, clia (O) va
(O,) thi dudng thing néi trung diém clia cdc doan A,A,, B;B, chinh 12 truc déng
phuong cua (O)) va (O,).

(Hinh 14-5 minh hoa trudng hop ké duoc hai ti€p tuyén chung ngoai).

B.CAC ViDU
Vi du 14.1. Cho dudng tron (O ; R) va ba diém thang hang A, B, C. Ching
minh ring :
QA/(O) . ﬁ—é + QB/(O) . E.A— + PC/(O) . Kﬁ + ﬁia;\_ﬁ = 0.
Giai .

= (0A? —R%)BC + (OB? - R?).CA + (OC? - R?)AB + BC.CA.AB

= OAZ.BC + OB2.CA + OC2.AB + BC.CA.AB - R*(BC + CA + AB)

= OAZ.BC + OB%.CA + OC? AB + BC.CA.AB

= 0 (H¢ thic Sti-oa).

Vi du 14.2. Cho tam gidc ABC trong tam G. Goi (Oy), (O,), (O3) lan luot 12
c4c dudng tron ngoai ti€p cdc tam gidc GBC, GCA, GAB. Ching minh ring

g)A/(o,) = g)B/(oz) = 9C/(°3)'

Gidi (h.14-6)
Goi M 1a trung diém clia BC, A' 1a-giao diém clia dudng thing AM véi dudng

tron (0,), A'#G. Tacé
Fa 0, =AG.AA’ (vi A nim ngoai (Oy))
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= AG(AM + MA') = AG.AM + AG.MA'

= 2 AM? + 2MG.MA'

AM? + 2MBMC

Wi Wi W

2

2(b% +c?) —a? .

4

2, .2 2 2
_ +c a® a1 9 )
= 3 5 +——2 —3(a + b“ +¢”).

Tuong tu tinh duoc Hinh 14-6

+ 2.

o
N

1 2 2, 2
Ba10, = Fer0y) =3(@" +b" +c%).

Vay g)A/(Ol) = g)B/(Oz) = EPC/(Os)'

Vi du 14.3. Cho tam gidc ABC néi ti€p dudng S
tron (O) va diém M. Dudng thing qua M song song
véi BC cit AB, AC l4n luot tai X, Y. Pudng thing
qua M song song v6i CA céat BC, BA 14n luot tai Z, A ‘
T. Pudng thing qua M song song véi AB cit CA, CB M
14n lugt tai U, V. Ching minh ring :

. ‘ B v Z C
Pmi0) = MXMY + MZMT + MUMV NY_2S
Hinh 14-7

Gidi. TheoVD 14.1tacé :

MY MX ——
=P =Py /oy == — — + MXMY
MI0) = X0 3oy TYIO) Ty

_ XA.Z(_E.MY _ YA.Y_C.MX VX MY
XY XY

- MUXBMY  MIYCMX . MXMY (dinh Ii Ta-lét
MY ‘
= MUMYV + MT.MZ + MXMY (dpcm).
Vi du 14.4. Cho tam gidc ABC, m6t duong thing song song véi BC cét AB,
AC tai D, E. Tim truc ding phuong cia cic dudng tron dudng kinh BE, CD.
Gidi. Goi AA', BB, CC' 1a cdc dudng cao cua tam gidc ABC, H 1a truc tam cua
né (h.14-8). Gia st cdc dudng tron duong kinh BE, CD 1a (C,), (G,). Tacé :
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AC AB

—_ = = ' 2

AE AD @ B A C
Tir (1), (2) suyra: Hinh 14-8

AB'AE = AC'.AD

_ C
= g)A/<c1) = ‘PA/(Cz)

—_— — — A
AB.AC = AH.AA' (vi HA'CB' noi tiép)
AC'.AB = AHAA' (vi HA'BC' noi tiép) C
= AB'AC = AC'AB. (1) H B
Mt khic, theo dinh 1f Ta-lét : . , .

= A thudc tryc déing phuong clia (C,), (C,)

Miit khéc, dé thdy dudng n6i tam ca (C,), (C,) vudng géc v6i AA'. Vay, AA'
1a tryc déing phuong ctia (C)), (C,).

Vi du 14.5. Cho tam gidc ABC. M6t dudng thang song song véi BC cit AB,
AC l4n luot tai D, E ; P 1a mot di€ém ndm trong tam gidc ADE ; PB, PC theo tha tu

cat DE tai M, N. Dudng tron ngoai ti€p cdc tam gidc PDN, PEM cit nhau tai Q.
Chiing minh ring A, P, Q théng hang.

Gidi (h.14-9). Goi I, J 14n lugt 1a giao
diém cla AP véi DE, BC. Vi BC // DE
nén theo dinh I Ta-1ét ta ¢6 :

M 7B
NI _ B _B
D B IN IE
E JIC

Hinh 14-9

= INID = IMIE. (1)
Goi (C)), (C,) theo thit tur 1a dudng tron ngoai ti€p cic tam gidc PDN, PEM.
ThCO(l) tacod: (PI/(C y = C};/(CZ) ‘

= AP 1a truc déng phuong ctia (C,) va (C,). Vay AP di qua Q.

Vi du 14.6. Cho tam gidc ABC, dudmg théng A cit BC, CA, ABtai M, N, P; O
12 diém khOng thuéc dudng thing A. Cic dudng thing OM, ON, OP cit duong

tron ngoai ti€p ctia tam gidc OBC, OCA, OAB tai X, Y, Z (khic O). Chimg minh -

rang bon diém O, X, Y, Z cung thudc mot dudng tron.
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Gidi (h.14-10). Goi (C)), (C,) 1 céc
duong tron ngoai ti€p tam gidc ABC,
OYZ. Gia stt (C,) cat OM tai X' (khdc O).
Theo gia thiét :

NANC = NONY
PAPB = POPZ

P = @
{‘JN/(Cl) - ‘JN/(Cz)

Fercy = Fucy Hinh 1410
= A la tryc déng phuong ctia (C;) va (C))
= Raic) = Rscy = MBMC = MOMX' )]
Theo gia thiét, MBMC = MO.MX. 2)

T (1), (2)suyra:
MX = MX' = X = X' (dpcm).

Vi du 14.7. Cho tit gidc ABCD; ABNCD=E, ADNBC=F;H,]IJ, K theo
thit ty 1a truc tam céc tam gidc EBC, FDC, EDA, FBA. Chitng minh ring :

a) M&i mot trong bén diém H, I, J, K c¢6 ciing phuong tich d6i véi cdc dudng
tron duong kinh AC, BD, EF.

b) H, I, J, K thing hang (dudng thing Stai-no).

Gidi (h.14-11). a) Goi X, Y, Z 1a
trung diém clia AC, BD, EF ; (X), (Y),
(Z) 14 cic duong tron dudng kinh AC,
BD, EF.

Gia sirt CM, BN, EP la céc dudng cao
ctia tam gidc CBE. Theo VD 7.1 tacé :

HC.HM = HBHN = HE.HP

Hinh 14-11

= P = Fieny = Pz

= H c6 cuing phuong tich d6i véi (X), (Y), (Z).

Tuong ty nhu vay, méi mot trong ba diém 1, J, K c6 ciing phuong tich d6i véi
X), (Y), (2).
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'CPH/ X) = EPH Y
b) Theo a) { X ¥

g}/(x) = F1KY).
= HI 1a truc ding phueng cta (X), (Y)
SHILXY.
Tuong tu nhu vay ta cé HI L XY ; HK L XY.
Suy ra, H, I, J, K thing hang. ‘

Nhdn xét. 1) Tuong tu nhu trén ta ¢6 HI L XZ. Suy ra X, Y, Z thang hang. Ta
nhan lai dugc BT 3.10

2) Vi (X), (Y), (Z) c6 truc ding phuong chung 13 dudng théng A di
qua H, I, J, K nén mot trong ba kha nang sau xay ra:

o (X), (Y), (Z) d6i mot khong c6 diém chung.

¢ (X), (Y), (Z) d6i mot ti€p xidc vdi nhau tai mot diém thuoc dudng thang A.

o (X), (Y), (Z) ciing di qua hai diém thudc dudng théng A.

Vi du 14.8. Cho tam gidc ABC, c4c diém A, A, thudc canh BC ; By, B, thudc

canh CA ; C;, C, thuc canh AB. Biét ring By, B,, C;, C, thugc mot dudng tron ;
C;, Gy, Ay, A, thuéc mot dudng tron ; Aj, Ay, By, B, thuéc mot dudng tron. Chimg
minh ring sdu diém A, A,, B,, B,, C;, C, ciing thuéc mét dudng tron.

Gidi (h.14-12). Gia sir (C,) Ia dudng tron di qua b6n diém By, B,, C;, C; ; (Cy)
12 dudng tron di qua bén diém C;, Cy, A}, A, ; (C,) 12 dudng tron di qua bon diém
Ay, A,, By, B,. Ta thdy :

BC 1 truc dang phuong cta (Cy), (C,) ; A

CA 1a truc déng phuong ctia (Cp), (C,) ; S/ \s,

AB 12 truc ding phuong cta (C,), ().

Néu (C,), (C), (C.) d6i mét phan
biét thi BC, CA, AB hoic d6éng quy hoic

do6i mot song song, mau thufin. G

Vay, c6 hai trong ba dudng tron B,
(Cp, (Gyp), (C) tring nhau, suy ra sdu B AL A ©
diém A,, A,, B;, B,, C;, C, cling thuéc
mot dudng tron. Hinh 14-12

Vi du 14.9. Cho nira dudng tron duorng kinh AB ; M 14 m6t diém nim trén nita
duong tron d6. Ha MH L AB. Pudng tron dudng kinh MH cét nlta dudng tron tai
N, cit MA, MB tai E, F. Chitng minh ring AB, MN, EF déng quy.

204

L, 08',‘




Gidi (h.14-13). Theo gia thiét : AMB = HEM = HFM = 90°
= MEHF 12 hinh chi nhat. = EFM = HMF.

Hinh 14-13

Mat khdc, HMF =EAB (géc c6 canh tuong tng vudng géc). Vay EFM = E?\TB,
suy ra AEFB la tr gidc noi tié€p.

Goi (C)), (Cy), (C3) 14n luot 1a dudng tron dudng kinh AB, dudng tron dudng
kinh MH, dudng tron ngoai ti€p tif gidc AEFB. Ta thdy :

(EF) 1a tryc déng phuong clia (C,), (C3) ;

(AB) I truc dang phuong ctia (C;), (C,) ;

(MN) 1a truc déng phuong clia (C), (Cy).

Do d6 EF, AB, MN déng quy tai tam ding phuong ctia (C,), (C,), (Cy).

Vi du 14.10. Cho duong tron (O) va
dudng théng A khéng cét (0). M 1a mot
diém chay trén A. Qua M ké cic ti€p
tuyén MA, MB t6i (O). Ching minh rang
AB luén di qua mot diém c6 dinh. H

M

Gidi (h.14-14)

Goi H 1a hinh chiéu cta O trén A.
Qua H ké cic ti€p tuyén HK, HL téi
dudng tron. Pat I = OH N KL. (1) Hinh 14-14

Dé thdy cic diém O, A, M, H, B cung thudéc mot duong tron (dudng
tron dudng kinh OM, ta goi né 1a (O,)). Cdc diém O, K, H, L ciing thuéc mot
dudng tron (dudng tron duong kinh OH, ta goi né 1a (O,)). Dé thdy truc ding
phuong ctia (O) va (O,) 1a dudng thing AB, truc déng phuong cua (O) va (O,) 1a
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duong thing KL, truc ddng phuong clia (O;) va (O,) la dudng thing OH. Do d6
AB, KL, OH d6ng quy. (2)

Tir (1) va (2) suy ra AB luén di qua diém I ¢6 dinh.

Nhén xét. C6 thé ching minh bai todn bing phuong phdp tuong tu BT 7.5.
Nguoc lai, BT 7.5 cling dugc ching minh bang phuong phdp ngin gon, dua
vao keét luan : M thugc truc dang phuong ctia dudng tron (O) va duong tron dudng
kinh OL

Vi du 14.11. Cho duodng tron (O) va day AB. Cic du’brig tron (O,), (O,) nam
vé mot phia clia (AB), ti€p xuc véi (AB) va tiép xic trong vé6i (O) ; (O;) cét (O,)
tai C, D. Chiing minh ring dudng thang CD di qua diém chinh gitta K cta cung AB.

Gidi. Trudc hét ta ching minh nhin xét M
sau day (h.14-15). Gia sir (O') ti€p xdc trong /@\
véi (O) tai M va tiép xiic véi AB tai N. Khi d6 A B
dudng thang MN di qua diém chinh giita K clia N o
cung AB. That vay, ta cé6 M, O', O thing hang.
ON 1 AB, OK L AB, suy ra O'N // OK.
Hai tam gidc can O'MN va OMK cé cic goc &
dinh bang nhau, suy ra O'MN = OMK. Vay \ K
M, N, K thing hang. Hink 14-15
Trd lai bai todn (h.14-16). ' M,
Gia st (0)), (0,) tiép xtic v6i AB tai N, M £<€
N, ; tiép xiic véi (O) tai M,, M,. Theo nhan W,

xét trén, cic dudng thing M,N, v M,N, déu di
qua diém chinh giita K cia cung AB. Ta c6

TN

MleK - MINIA = %"SdMlAK, Suy ra

Hinh 14-16

= % Koy = 9 /(0,) = K thudc truc déng phuong cta (O;) va (O,). Vay C,
D, K théng hang (dpcm).

Vi du 14.12. Cho hai dudng tron (Oy), (O,) ndm ngoai nhau, MN 13 mét ti€p
tuyén chung ngoai, PQ 12 mét ti€p tuyén chung trong (h.14-17). Chitng minh ring
MP, NQ, 0,0, dong quy.
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Giai

Hinh 14-17

bat K = (MN) n (PQ), L = (MP) n (NQ) Ta c6 KO, L KO, (phan giic cua

hai goc ké bt), suy ra MP L. NQ hay MLN = PLQ 90°. (1)
Goi (#)), (%) la cac duong tron duong kinh MN, PQ. Theo (1) thiL € (’Pl)
L e (#),dodé K j) = F jyy = 0. ‘ )
Mat khic, O;M, O,P theo thit ty ti€p xidc véi (%)), (¢,) suy ra
Ro, 106y =OM =0 PP =Ry qp. (3)
Tuong tw, B, ) = Fo, 1#,)- 4)

Tu (2),(3), 4)suyraL, O, O, thfmg hang, tic 1a MP, NQ, 0,0, déng quy.

Vi du 14.13. Cho ti giac
ABCD n6i tiép dudng tron (O) ;
(AN (BD)=E, (AB)n (CD)=F;
H, K theo tht tu 1a tryc tdm cac
tam gidc ADE, BCE. Chiing minh
ring F, H, K thang hang.

Gidgi (h.14-18). Goi (O)), (O,)
la cic duong tron duong kinh AB,
CD.Tacé:

Hinh 14-18
Fri0y) = FAFB = FCFD = G 0,). | (1)
R0, = HAHA = HDHD' = By 6 ). )
S0,y = KBKB' = KCKC =% ). 3)
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Tix (1), (2), (3) suy ra F, H, K thing hang (cing thudc truc ding phuong ciia
hai dudng tron (Oy) va (0,)).

C. BAI TAP BE NGHI |
14.1. Cho tt gidc ABCD n¢i ti€p duong tron (O ; R) ; (AB) n (CD) = E,
(AD) N (BC) =F ; M 1a trung diém cta EF. Ching minh ring
1

2 2
2) Fe 0y + Fr0) = EF b Ruso) = JEF%.

14.2. Cho tam gidic ABC (AB # AC). Cic dudng cao AA', BB', CC' cit nhau tai H,
BC cat B'C' tai K, M 1a trung diém ctia BC. Chiing minh ring AM L HK.

14.3. Cho dudng tron (O) va day AB. Céc dudng tron (O,), (O,) ndm vé mdt phia
cia AB tié€p xiic v6i AB, ti€p xiic trong véi (O) va tiép xiic vé6i nhau tai T. Tiép
tuyén chung cta (O,), (O,) cit (O) tai C (C thudc nita mat phing by AB, chita
(Oy) va (0,)). Chiing minh rang T 12 tdm dudng tron noi ti€p tam gidc ABC.

14.4. Cho tam gidc ABC va diém M khong thudc cdc dudng thing BC, CA, AB.
Céc dudng thang AM, BM, CM theo thtt tu cit cdc dudng thing BC, CA, AB
tai Ay, By, C;. bat A, = BC N B|C;, B, =CA N C/A;, C, =AB N A;B,. Gia
sit Az, B3, C; theo thif tur 12 trung diém cdc doan A,A,, B;B,, C,C,. Ching
minh ring Aj, B;, C; cing thugc mot dudng thing va dudng thing dé vuong
géc voi dudng thing di qua tim dudng tron ngoai tiép tam gidc ABC va truc
tam tam gidc A,;B,C;.

14.5. Cho hai dudng tron (O,), (O,) cit nhau tai A, B. Dudng tron (O) tiép xdc
ngoai véi (O,) tai T;, ti€p xic trong véi (O,) tai T,. Chiing minh rang
AT, _ ATy
BT, BT,

14.6. Cho tam gidc ABC ; AA,, BB, CC, 1a cdc dudng cao. A,, A 12 hinh chiéu
cua C, B, trén BC ; B,, B; 12 hinh chi€u ctia A;, C; trén CA ; C,, C; 1a hinh
chi€u cia B;, A, trén AB. Ching minh ring sdu diém A,, Az, B, B;, C,, C;
cung thuéc mot dudng tron. '

14.7. Cho tam gidic ABC. Lay céac dié'rr{ B', C' thuéc cic canh AC, AB sao cho
AB. AC' = AC.AB'. Goi H va H' 14n lugt 1a truc tAm céc tam gidc ABC, AB'C'.
Chiing minh ring BB', CC', HH' d6ng quy.
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14.8. Cho tam gidc ABC. Ching minh ring tdm ding phuong cia ba dudng tron
bang ti€p tam gidc chinh 13 tam dudng tron noi ti€p tam gidc ¢6 ba dinh 12
trung diém c4c canh ctia tam gidc ABC.

14.9. Cho hinh binh hanh ABCD. Pudng tron (O) ndm trong hinh binh hanh, ti€p
xtic véi AB, AD tai M, N va cit BD tai E, F. Chimg minh ring tén tai mét
dudng tron di qua E, F vA ti€p xiic véi cdc dudng thing CB, CD.

14.10. Cho dudng tron (O) ; AB, CD 1a cic duong kinh. Ti€p tuyén cia (O) tai B
cét ACtai E, DE cit (O) tai F (F # D). Chiing minh ring BC, AF, OE déng quy.

14.11. Cho tam gidc ABC khong cén tai A, néi ti€p dudng tron (O). (O, ; R))
12 dudng tron di qua B, C va cét AB, AC theo thi ty tai K, L. Dudng tron
ngoai ti€p tam gidc AKL cit dudng tron (O) tai M # A. Chimg minh ring
AMO, =90°.

14.12. Cho dudng trén (O ; R) ndm trong dudng tron (0'), diém M chay trén (O).

Ti€p tuyén ctia (O) tai M cit (O') tai A va B. Chitng minh ring tam dudng trdn
(OAB) chay trén moét duong tron c6 dinh.

§15. TIEP TUYEN CUA BA PUONG CONIC

A. Li THUYET

I - TIEP TUYEN CUA DUONG ELIP

1. Dinh nghia

Cho elip (E) va dudng thing A. Dudng thing A dugc goi 1a tiép tuyén cha
elip (E) néu A va (E) c6 mot diém chung duy nhat.

Khi d6 ta ciing néi A tiép xiic véi (E) hay A va (E) ti€p xiic v6i nhau. Diém
chung duy nh4t clia A va (E) goi 12 tiép diém.

2. Diéu kién dé duong thing 1a tiép tuyén cua elip
Binh 1i 15.1
2 ) x2 y2 a2
Trong mit phang toa d¢ Oxy cho elip (E) : —+ ;2- =1 va dudng thang
a
A : ox + By + v = 0. Diéu kién c4n va di dé dudng thing A ti€p xiic véi elip (E) 12

a2 +b2p2 =42,
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Chitng minh
- Theo dinh nghia, ta thdy : :
- Dudng thing A tiép xiic v6i (E) khi va chi khi hé phuong trinh
e
a2 b2 c6 nghiém duy nhat
(ax+By +y=0
[ ' 7
ol
= 5 5 c6 nghiém duy nhét
G
| a b
aaX+bBY+y=0
< 2, 2
X“+Y*=1

)

<> Duong thing A' : aoX + bBY +7 =0 ti€p xdc véi dudng trdon (T) : X° + Y2 =1
< Khoang cich tir diém O(0 ; 0) dén dudng théng A' béing 1
il

&> e = 1®aa2+bB —y
\/a2a2+bZB

H¢ qua. Phuong trinh ti€p tuyé’n cua elip

x2 2

E):—+ DA tai diém M(x ; yo) thuoc elip c6 dang

¢4 nghiém duy nhat (véi X —g Y=

o'«

a’l b?

XoX  YoY _
Ag: =2 =1.
0 a2 b2

Chitng minh
Hién nhién dudng thing A, di qua di€m M(x, ; y,)- Mat khéc,
2 2 :
a’ (f—g-) +b2(yg) xg + yg =1. Theo dinh I{ 15.1, dudng thing
a b a“ b

a2 ZO y—1=0, tic Ay, 1a ti€p tuyén cua elip (E). Vay A 1a ti€p tuyén cla

elip (E) tai diém M(xq ; Yo) thuoc (E).
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Il - TIEP TUYEN CUA BUONG HYPEBOL
1. Dinh nghia
Cho hypebol (H) va dudng thing A. Dudng thing A duoc goi 1A tiép tuyén clia

(H) n€u A khong song song véi cdc tiém can clia (H) va A c¢6 mot diém chung duy
nhat véi (H).

Khi A la ti€p tuyén cta (H), ta ciing néi A ti€p xdc véi (H) hay A va (H) tiép

* xiic véi nhau. Diém chung duy nhét clia A va (H) goi 12 ti€p diém.

2. Piéu kién dé mot dudmg thang ti€p xiic véi hypebol

Binh Ii 15.2. Trong mit phing toa d¢ Oxy cho hypebol
X2y
H): —-=5=
a? b2
va dudng théng A : ox + By + y = 0. Diéu kién c4n va di dé dudng thing A tiép
xiic v6i hypebol (H) 1

a’o? - b2[32 =y 0.

Chitng minh

Diéu kién A khong song song véi céc tiém can bx * ay = 0 c6 thé vi€t thanh

#zt g hay a’o® - b2B2 #0.

ol R

Theo dinh nghia, dudng thing A ti€p xuc véi (H) khi va chi khi hé phuong trinh
ax+By+y=0 '

ﬁ _ Zi -1 c6 nghiém duy nhat va a’a’ - b2B2 #0
a’ b
ox+PBy+y=0
< $x2 y? c6 nghiém duy nhét va a’a® - b2p2 % 0
2

oo (B2
2 2
=5 (&)
{lx +P-BY+(1 =0
«{a  a

X2 +Y2%=1

c6 nghiém duy nhit va a 6% - b B #0

g :

6 nghiém duy nhat va oo — %87 % 0 (détX——- Y—;i)
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¢ Dudng thing %X+§ﬁ¥+a =0 ti€p xtc véi duong tron X° + Y2 =1 va
a’o® - b2[32 #0
& __|0L|_ =1 va a’o? - b B #0
v LY
2 B>
o alal - bpi=y2 =0.
H¢ qud. Phuong trinh tiép tuyén cta hypebol

2 2
X
(H) _.__.....}_,_2_=
a“ b

tai di€ém M(xg ; yo) thuéc hypebol, c6 dang
AO XOX yOy

a2 b®

Chitng minh. Hién nhién dudng thing A di qua M(xg ; y).

Mit khéc,
2
(%Y i2(¥o}Y %3 ¥E_
at| = | =bY| =5 | == —5=L
.a b a b

ZO y-1=0, titc A, 1a ti€p tuyén cia

Theo dinh 1f 15.2, dudng thing ~2x
a

hypebol (H). Vay A, ti€p xic véi (H) tai M(xg ; yo)-

Il - TIEP TUYEN CUA DUONG PARABOL
1. Pinh nghia
Cho parabol (P) va dudng thing A. Pudng thing A dugc goi 1A ti€p tuyén cha

parabol (P) néu A khéng song song véi truc cia (P) va A c6 mot di€ém chung duy
nhat véi (P).

Khi A 14 ti€p tuyén cia (P), ta ciing néi A ti€p xidc vdi (P) hay A va (P) ti€p xic
v6i nhau. Diém chung duy nhit clia A vi (P) goi 12 ti€p diém.

2. Diéu kién dé mot dudmg thing tiép xdc véi parabol
Pinh I 15.3
Trong miit phing toa d6 Oxy cho parabol (P) : y = 2px va dudng thing
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£ Arax+PBy+y=0.
DPudng thing A ti€p xvc v6i parabol (P) khi va chi khi

pp’ =2ay.

Chitng minh
D& thdy A khong song song véi Ox (truc ctia parabol) khi va chi khi o # 0.
Theo dinh nghia, A ti€p xiic véi (P) khi va chi khi hé phuong trinh |

2 _
y" =2px c6 nghiém duy nh4t va o # 0
ox+Py+y=0

/2 =2p(_ By+7)
& he o / c6 nghiém duy nhit va o = 0

ox+Py+y=0

<> Phuong trinh y2 + 2p-gy + ZOLEY— =0 c6 nghiém duy nhat

pBY  2py 2
@(F) ——E,—=O C>pl3 =2(X'Y.

- H¢ qud. Phuong trinh ti€p tuyén clia parabol (P) : y2 = 2px tai diém M(xg ; yo)
thudc (P), c6 dang ;

Ag 1Yoy = Pp(Xg +X).

Chimg minh. Viét 1ai phuong trinh Ag : px — ygy + pXo = 0.
DE thdy A, di qua M(xg ; yo)- Mt khdc,
P(—y0)" = PY§ = P(2pXo) = 2p(pXo).
Theo dinh If 15.3, A, 12 ti€p tuyén cta (P). Vay A, tiép xiic véi (P) tai M(X, ; ¥)-
Nhdn xét. Néu parabol (P) c6 phuong trinh dang x% = 2py thi’ phuong trinh
ti€p tuyén clia (P) tai diém M(x, ; yo) thudc (P) c6 dang xgx = p(yg + ¥).

B.CACviDy
~ Vidu 15.1. Viét phuong trinh chinh tic ctia elip, biét ring élip ti€p xuc véi hai
dudng thing : ,

d:x+y-5=0,

dy:x—-4y-10=0.
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Gidi. Phuong trinh chinh tic cta elip c6 dang \,
2 2, ‘

X y )
E): =+ =1.
2 b2
Theo dinh 1i 15.1 tacé :
Pudng thing d, tiép xiic véi (E) < a* + b* =25 (1)
Pudng thing d, ti€p xtic véi (E) < a* + 16b> = 100 )

Tix (1) vi (2) tim duge a =20, b® = 5.
Vay phuong trinh chinh tic cta (E) 1a
2 2

x Y -
30 + 5 =1.
v
Vi du 15.2. Cho elip (E), va dudng thing A M. _—
M;

ti€p xuc vdi (E) tai My(Xg ; yo)- Chiing minh
ring moi diém thudc (E), trit My, déu nim

cling mot phia d6i véi A. o) X
Gidi. (h.15-1) Phuong trinh dudng thing A k/
c6 dang

f(x, y)— i y"y -1=0. Hinh 15-1
a
Ta c6 £(0,0) = -1 <O0. (1)
Vé6i M(x; ; ;) bt ki thude (E) ta c6 '
2 2
X0 X1, Yo N o Yo l[X N
(3] {E a3

Vi M, # My nén OMO va OM, khong cling phuong = Xgy; ~X;Yo # 0. Déu
déng thic trong (2) khong xay ra, do d6

foxp,yp)=-5L+220 1 <o, | 3)
a’ b
Tix (1) va (3) suy ra O v M, & ciing phia d6i véi A. Vay moi diém thudc (E)
(trir M) déu ndm ciing mot phia d6i véi A.

Vi du 15.3. Ching minh ring ti€p tuyén cia elip tai di€ém M(x, ; y,) thute
elip 1a phéan gidc cha géc ngoai tai dinh M cla tam gidc MF,F, (F,, F, 1a cdc tiéu
diém cla elip).
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Gidi. (h.15-2) Gia st trong hé toa do : YA
Oxy, elip c6 phuong trinh chinh tic
2 2
B): H+3=1.
a“ b

Phuong trinh ti€p tuyén d cla (E) tai
diém M(x, ; yo) c6 dang

>y

K ¥ 0

¢/

X% Yoy

a2 B2 Hinh 152
— Néu d // Ox (yo =b), tam gidc MF,F, can, két lu4n 12 hién nhién.
— Xét trudng hop d cit Ox tai K, tac6 K = [z— ; 0). Khidé
0 ;
- 2 ___ 2
KF, =-—_c—a—, KE, =c-2, suy ra
X0 X0

—_— [o}
KF, _a’+cxy _2*3% MR

2 PIF ’
KF a —=CX C 2
2 0 a_._xo

chitng t6 MK 1a phan gi4c clia gbc ngodi tai dinh M ciia tam gidc MF,F,.
Nhdn xét. C6 thé xét vecto phap tuyén chad : i = (:_(2) ;%’g—); Ta chiing minh
gid cla 1 12 phan gidc chia géc F{MF,, béﬁg c4ch ching minh
cos(x—i,l—\—/l?:) = cos(ﬁ,ﬁ;).
Tir d6 ciing suy ra d 1a phén gidc clia g(’)c‘ké b véi goc m _

Vi du 15.4. Viét phuong trinh dudng thing A di qua A(1 ; 4) va tiép xdc véi

x2 y2 : o
hypebol (H) : T 7" 1. Tim toa d¢ ti€p di€m. |
Gidi. Goi M(x ; yo) 12 tiép diém ctia A va (H). Phuong trinh ctia ti€p tuyén A
c6 dang : ' :
Yoy _
XoX = 1.
ViAdiquaA(l;4)nén Xo—Yo=1. o o ()
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Mat khéc, M(x 4 ; Yo) € (H) nén

2
x3 —%%= 1. e)
- Giai he gém c4c phuong trinh (1), (2) tim duge (Xg; Yo) = (1; 0) hoac

5 8
voi30= (575
Tir d6 ta c6 hai dudng thdng di qua A, ti€p xic véi H) 1a x -1 =0 v
5x-2y+3=0. '
2 2

Vi du 15.5. Cho elip (E) : 3‘2-2+{—2=1. Xét hinh vuéng ngoai tiép elip (cdc

canh hinh vuéng ti€p xic véi elip). Vi€t phuong trinh cdc dudng thing chia cic
canh cta hinh vuéng d6. ‘

Gidi. D& thdy c4c canh cha hinh vuéng ngoai ti€p elip khong song song véi
céc truc toa do (tt gidc c6 cic canh song song vdi cic truc toa do, ngoai tiép elip,
12 hinh chif nhat co s& clia elip). Gia sir mot canh cta hinh vuéng c6 phuong trinh
d:mx +y+n =0, khi d6 canh ké bén ca d c6 phuong trinh

d:x-my+p=0 (vid' Ld).
Do d va d' ti€p xtic vé6i (E) nén ta c6
24m? + 12 = n? | M
24 +12m? = p. )
Khoang céch tir O(0 ; 0) dén d va d' bing nhau, nén
Wbl "
m? +1 m- +1
Tix (1), (2), (3) suy ra

In| = |p| =6va lm| = 1.
Vay phuong trinh c4c duding thing chifa b6n canh ciia hinh vuéng 12
X+y+6=0,x+y-6=0,
X-y+6=0,x-y-6=0.
Vi du 15.6. Chiing minh ring tich c4c khoang c4ch tir hai tiéu diém ciia elip
dén mot ti€p tuyé€n bat ki cia elip 12 mot dai lugng khong déi.
Gidi . '

. 2 2
Gia st trong h¢ truc toa d¢ Oxy, elip da cho c6 phuong trinh x_2 + %2— =1,
. a“

c4c tieu diém F(~c ; 0), Fy(c;; 0).
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Xét ti€p tuyén A : ax + By + v = 0 cha elip. Tacé
|-ac+y| Joac+y]
B
2(.2 12 2.2 1.2a2
- 'a202—72|=|a (a2-b )—(a o +bB )l _ (¢12+Bz)b2 _p? (khOngdéSi).
a2 +B2 a2 + B2 o2 +B2
Vidu 15.7
Tiép tuyén cua hypebol tai M(x, ; yo)
thudc hypebol cit hai dudng tiém can tai A
va B. Ching minh ring MA = MB. 0
Gidi (h.15-3) B
Gia sit phuong trinh hypebol trong

d(F,; A)d(F,; A) =

Hinh 15-3

X
hétrucOxyld — - ==
a’ b2

Tiép tuyén tai M(x, ; yo) c6 phuong trinh

XoX _Yo¥ _
a2 b?

Gia sir A va B theo thi tu thudc cic tiém cany = gx vay= —-S—x. Khi dé toa

d6 clia A va B tuong ting 1a nghiém ctlia cic hé

XX _Yo¥ _4 XX _Yo¥ _
a’?  b? a’? b’
y=2x y=—P-x.

a a

a’b  ab’
bxo —ayy * bxg —ayg )’

( a’b —ab? J
B= ; — |.
be + ayo- be + ayO

azb(bxo +ayg +bxy —ayg) _ 2a2b2x0
T 22
b

Giai cic hé tim dugc A = (

Do d6 x, + Xg = = 2Xg = 2Xp-

bzx% - azyg a
Vay M 12 trung diém cia AB.
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Vi du 15.8. Cho parabol

P): y2- = 2px v
c6 tieu diém F ; M 12 di€m thuoc parabol '
(M = 0). V& ti€p tuyén d ciia (P) tai M va L 1 M ¢

tia Mt song song, cling huéng véi Ox.
Ching minh rang d 12 phan gidc cta géc
ke bl véi géc FML.

Gidi (h.15-4)

Gia sit M(x ; yo) € (P). Tiép tuyén
cia (P) tai M c6 phuong trinh
YoY = p(Xx + Xg). Goi N 1a giao diém ciia Hinh 15-4
d va truc hoanh, ta c¢6 toa d6 cia N Ia
nghiém cha hé

Yoy = P(X + Xg)
y=0

<\

= N=(=%g; 0).

2
Tir d6 NF = (g+x0) =12’-+x0.

Mait khiac, MF = %+ Xo (bdn kinh qua tiéu cia M), suy ra MF = NF =

AMNF can tai F = MNF = NMF: (1)
Goi Mt' 1a tia d6i ciia tia Mt. Vi Mt' // NF nén MNF = NMr'. )

Tir (1) va (2) suy ra MN 1a phan giac clia géc FMLt', ké bu véi géc FMt (dpcm).
Nhdn xét .
1) C6 thé xét vecto phdp tuyén cia d : fi = (p ; —yy) VA cic vecto

—_—

w:(g—xo;-yo),f =(1;0).

Bang céch chiing minh cos(ﬁ,l\ﬁ ) = COS(;I, Y), ta cling di dén két luan d 12
phan gidc ctia géc ké b véi géc FML.

2) Tinh chét trén day cia parabol duge ting dung nhiéu trong thuc t€. Mot tia
sang xudt phdt tir F, di t6i diém M e (P), phan xa lai thanh tia Mt song song hoac
tring véi Ox. Nho dic diém ndy ngudi ta di ch€ tao ra cdc dén pha ding cho 6t6,
xe mdy, dén pin hodc ding trong ki thuat hang khong. B mit cia pha dén 12 mot
mét tron xoay, sinh boi parabol quay quanh truc ctia n6. Béng d&n duge dit & tiéu
diém F ciia parabol, s& tao ra mét chiim tia séng song song, gitip ta soi th4y nhiing
VAt & rdt xa. '
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Vi du 15.9. Tiép tuyén tai M clia parabol M
cit dudng chudn ctia né tai N ; F 13 tieu diém

clia parabol. Chimg minh ring MFN = 90°.
Gidi (h.15-5). Xét parabol (P) : y2 = 2px véi NK

tieu diém F(% ; 0). Gia sit M(xg ; Yo) € (P).

Tiép tuyén cua (P) tai M cé6 phuong trinh A
Yoy = p(X + Xg), dudng chuén c6 phuong trinh

X = —-P-, suy ra toa do ctia N 1 nghiém clia hé

5 Hinh 15-5

X =-
YoY = P(X + Xg)

P
2
Lans R
=2 oo -
y = ——=%,
| Yo

o(x0-3)
Ta co FM=(X0—-%;y0) : FN = —%_%;_____2_

2 2
= FM L FN, vy MFN = 90°.

2 2 ‘
Vi du 15.10. Cho elip (E) : l;-z- + Z_Z =1 va diém M(xg ; o) nim ngoai elip.
Qua M ké céc tiép tuyén MT;, MT, téi elip (T}, T, 1a céc tiép diém).
a) Viét phuong trinh dudng thang T, T,. vA
N 2 M ; [+)
b) Chitng minh rang dudng thang T, T, (o3 ¥e)

T,
di qua mot diém c6 dinh khi M chay trén T,
dudng thing A c6 dinh, khong cit elip.
Gidi (h.15-6) '

\\O/
a) Gia st T) = (x1 5 y1), Ty = (X33 yp)- Ta

c6 phuong trinh céc ti€p tuyén

>y

Hinh 15-6
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7 1%
()

‘
0g.

a2 b
XoX . Y2y
MT,: 2=+ 222 |
2 a’ b
M(xo: yo) € MT; = ~50 + Yo _ ¢,
a b
M(xg; yo) € MT, <> X2%0 | Ya¥o _ |
a2 b2
Nhu vay toa do cdc diém T;, T, déu thod man phuong trinh
XoX  Yo¥Y _
a2 b2

Hon nifa, fg— VA %g khong déng thi bing 0 (do M # O). Vay phuong trinh

dub’ng thﬁng Tl T2 I1a

+ 0

1. 1
a’ b2 v
b) Gia sir A c6 phuong trinh ax + By =y (y = 0).

B Xg a’a  yo b*p
M € Anén ax, + ¢:>—x t-Yyo=1& . —+=2 . —=1.(2)
o+ Byo=v y 0 YYo 2 7 By

2 2
Tix (1) va (2) ta thdy diém P[iyo—t ; bTBJ thudc dudng thang T|T,. Vay T|T,
di qua diém P c6 dinh.
Vi du 15.11. Cho elip (E)
x2 y? . .
=+ =1. Cic diém M va N chuyén 4
16 9 N

dong 14n luot trén céc tia Ox, Oy sao cho
MN luén ti€p xiic véi (E). X4c dinh toa do
~cia M va N d€ doan MN c6 d6 dai nhd
nhét. Tinh gi4 tri nhé nh4t dé

. 5 v
Gidi (h.15-7) \\‘/
Cdch 1. Goi M(m ; 0) va N ; n) véi

m >0 ; n > 012 hai diém chuyén dong trén
2 tia Ox va Oy. Hinh 15-7

>y
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Dudng thing MN c6 phuong trinh : —:-1— + % -1=0.
Dudng théng ny ti€p xidc v6i (E) khi va chi khi :

o (2 1

Theo b4t ding thiic Bu-nhi-a-c6p-xKki ta ¢6 :

. 2
MN?=m®+n’= (m2 + nz)(ii— +—9§-) 2 (m.—4—+ né) =49

m° n m n
=>MN=27.
( 4 3
m:—=n:—
m n
o <16 9 .
Déu "=" xay ra < ——2-+-—2=1 ©m=2x/’_7_van=~/§_1_.
\ m~ n
(m >0;n>0.

Vay véi M(2+/7 ;0); N(0; v21) thi MN dat GTNN va GTNN ciia MN 12 7.

Cdch 2. Phuong trinh ti€p tuyén tai diém (x, ; y,) thude (E) 12 :

o (Yo _y

16 9 ’

, \ 16 9

suyratoaddcnaMvaNIlaM|— ;0| vaN|O;—
X0 Yo

2 2 2 2 2 2

= MN? =1—65-+25.=(%2-+2’92J(16T+32-) >(4+3)7 =49
X0 Yo X0 Yo _

(theo bat ding thic Bu-nhi-a-c6p-xki) = MN > 7.
Da'u n_u Xéy ra e XO = 8—\_{_2- 5 yO = ...3@

Khid6 M = (247 ;0); N = (0; v21) va GTNN cia MN 1a 7.

Vi du 15.12. Cho parabol P): y2' =2x va diém A(0 ; 6). Tim diém M thudc
(P) sao cho d¢ dai AM la nhé nhat. Chimg minh ring véi vi tri d6 cia M, AM

vudng géc vdi ti€p tuyén cia (P) tai M.
J
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Gidi (h.15-8)
Tacd

AM’ = (XM - XA)2 + (YM - YA)2

2
= (xy = 0)" + (ym - 6)°
= X3 + v — 12yy + 36

= ;i—yi& + Y — 12yy +36

1

4
= 7 (v -4) +30m -2+ 202 20.

Ding thitc xay ra khi va chi khi

2 _ 4 | =2
{yM : O®yM=2©{YM_

ym—2=0
Vay diém cén tim 1A M(2 ; 2).

= (vl - 8y3 +16) + 3(y% - dyy +4)+20

.108.

Yi
A A
M
70 X
Hinh 15-8

Khi d6, AM = (2 ; —4). Phuong trinh ti€p tuyén cta (P) tai M2 ; 2) 1a

A:2y=2+xhayx-2y+2=0.
Vecto phép tuyén cia Ala n = (1; -2).
Tacé AM = 2n = AM//.
Viy AM L A.

Vi du 15.13. Cho parabol (P) : y = —;—xz

v6i tieu diém F. Duong thing d quay
xung quanh F, cét (P) tai hai diém A, B. Vé
cdc ti€p tuyén cua (P) tai A va B. Ching
minh ring

a) Céc ti€p tuyén A,, Ag vudng goéc
v6i nhau ;

b) Giao di€m clia A,, Ag chay trém mot
dudng thing c6 dinh. '

Gidi (h.15-9) a) Viét lai phuong trinh cia (P) :
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x* =2y =2py = p = 1, tiéu diém F(O ; %)

Duong thing d qua F, cat (P) tai hai diém nén d c6 phuong trinh dang
y=kx + % Toa d6 cia A va B 12 nghiém clia he

\

1
y=§x2 x?-2kx-1=0 o))
1 Tyl
y:kx+§ y_ix (2)
Tiép tuyén cia (P) tai A va B c6 phuong trinh tuong ting 12
Ap i XpAX = YA+Y S Y=XpX = Y45 A
Ap:XpX=yp+Yy &y =XpX ~ ¥p. 4)

Vi Xy, xp la cdc nghi¢ém cta (1) nén theo dinh If Vi-ét, xsxg = -1 = A, L Ag.
b) Toa d6 giao diém I clia A, va Ag 12 nghiém cdia he (3), (4). Giai hé nay tim

1 . . o
duogc y; = 5 XAXp = —%. Vay I chay trén duong thang c6 dinh y = —%, chinh l1a

dudng chuén cla parabol.

Il - BAI TAP DE NGHI

15.1. Cho elip (E) c6 hai tiéu diém F,, F,, dudng thing A ti€p xiic véi (E) tai M.
Chitng minh ring véi moi M thudc A, ta c6 MF,; + MF, > M(jF; + MyF,.

15.2. Cho parabol (P) va dudng théng A ti€p xidc v6i (P) tai M. Chiing minh ring
moi diém thuoc (P), trir M, déu nim cing mot phia d6i véi A.

15.3. Cho hypebol c6 hai tieu diém F,, F,. Tir diém M, ké hai ti€p tuyén MT,,
MT, t6i hypebol (T}, T, 12 c4c ti€p diém thudc hai nhanh clia hypebol). Chiing
minh ring F;MT, = E,MT,.

15.4. Cho elip (E) c6 tam d6i xing 12 O. Tir diém M nim ngoai elip ké hai fié'p
tuyén MT;, MT; t6i (E) (T, T, 1a cdc ti€p diém). Chitng minh ring OM di
qua trung diém cua T, T,.

27 15
88
(P) sao cho AM vudng géc vdi ti€p tuyén cla (P) tai M.

15.5. Cho parabol (P) : y = 2px va diém A( ) Tim tit ca cic dlém M trén
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15.6. Cho hypebol (H) c6 cic tieu diém 1a Fy, F, ; A 12 ti€p tuyén thay déi ctia (H).
Chiing minh réng hinh chiéu clia F;, F, trén A thudéc mot dudng tron c6 dinh.

15.7. Cho parabol (P) : y* = 4x c6 dudng chudn A ; diém M thudc (P). Ti€p tuyén
cia (P) tai M cét A ¢ai N. Tim vi trf cha M sao cho doan MN ngén nhat.

2 2
15.8. Cho elip (E) : = + -E; =1 véi hai tieu diém F,, F,.A 12 ti€p tuyén thay déi
a

cta (E) va cit cdc dudng thing x = —a, X = a 14n luogt tai M, N.
a) Ching minh ring MF)N = ME,N = 90°.
b) Tim gié tri nho nh4t cia dién tich tam gidc MF,N.

15.9. Cho parabol (P) : y2 = 2px va dudng thing A, diéni M chay trén A. Tir M ké t6i
(P) hai tiép tuyén MT,;, MT, (T}, T, 1 c4c ti€p diém). Chimg minh ring dudng
théng T, T, hoic lu6n di qua mot diém c6 dinh hodc cé6 phuong khong déi.

15.10. Mot ti€p tuyén thay déi ciia hypebol cét cic dudng tiém can clia né tai A va B.
Chiing minh ring dién tich tam gidc OAB luén khong déi.

2 2
15.11. Cho hypebol (H) : = - %5- =1 (a> b). M 12 diém thay déi sao cho tir d6
a

ké dugc hai ti€p tuyén vuong géc vé6i nhau téi (H). Ching minh ring M thuéc
mot dudng tron cb dinh.

15.12. Tam gidc ABC thay ddi sao cho cic canh ctia né luén tiép xiic véi parabol (P).
Ching minh ring trzc tim clia tam gidc ABC chay trén mot dudng théng
c6 dinh. '
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HUGNG DAN - L3I GIAI

§1. VECTO. CAC PHEP TOAN VECTO

L1 (h.1-19) Xét ngii gidc A;A,A3A4As. Goi By, B,, By Al
Bj, By, Bs l4n lugt 12 trung diém cdc canh AjAg, 4 Bi
ApAs, AsAy, AgAs, AsA,. | Az
Dit OA;=a; OB;=b,. V6idimOtuyy,tacé B,
AB;=0B; - OA; =b; -3, (i,j=1,2,...,5). AsT By As
Ti d6 Hinh 1-19

(AB; + AB; + AB, ) +... + (AsB; + AB, + AB;)
a +a; +a, + )

=3(b]+b2 +b3+b4 +b5)—3(al+a2 +33 +a4+a5

2 2 2 2 2
' —3(a1+a2+a3 +ay, +a5)

—_— — —_— —_— ——t — ._.)

=3(;;+a2 +a3+a4+a_;) - 3(;1’+a2 + a3 + ay + ag

= 0. |

Nhdn xét. C6 thé md rong bai todn cho trudng hop da gidc n canh.
1.2. (h.1-20)

Theo VD 1.11 tacé

== 1

RS=-2-(1TIN”+P‘6)

1{l=—= 1—
-5(5‘5“539)

1

Z(EB +BD)

Hinh 1-20

1587 NANG CAO . HINHHOC 10 ] 225




1—0
= ZED'

VayRS//ED va RS = %ED.

1.3. Ta chiing minh bing phuong phép quy nap theon.
Néu n = 3 thi theo VD 1.20, ménh dé cén chiing
minh diing. ‘

Gid sit ménh d€ cin ching minh ding véi
n=k —1 (k 2 4). Xét trudng hop n = k (h.1-21).

Goi € 1a vecto don vi, vudng géc véi A,_A,,

huéng ra phia ngoai tam gidc A,_;A,A,. Theo Hinh 121
VD 1.20tacé

ApiAge + ApAse, + AjA,_ € = 0. W
Ap dung gia thiét quy nap cho da gidc AjA,... A, _; tacé

AjAge; + AyAse, +... +A,_ A (=€) = 0. @)
Tu(l) va(2)suyra:

AjAge; + AjAse, +... +Ay A ex; + AL A, =0 (dpem).
Nhdn xét. K&t qua trén cdn c6 thé duge ching minh nh& phép quay vecto.
1.4. (h.1-22) Goi M, N, P, Q 14n luot 14 céc
ti€p diém cla dudng tron (I) véi céc
canh AB, BC, CD, DA ; x, y, z, t la
khodng céch tir A, B, C, D dén céc tiép
diém tuong tng. Theo dinh 1i Con nhim
ta céd ‘
(x+y)Iﬁ+(y+z)IT\I. +

+(z+t)ﬁ+(t+x)f6=6

Hinh 1-22

= (yTA + xIB) + (21 + yi€)

+(tl—é + zIT)) +(xIT5 + th) =0
= (y+ (1A +1C) +x + 2)(IB+1ID) = 0
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1.5. Khong mdt tinh téng quét, gia sit ban kinh dudng

1.6.

:>(y+t)IT§+(x+z)ﬁ=6.

= IE//TF = I, E, F thing hang.

tron (I) bang 1. Dung vecto don vi € vuéng géc véi
EF (h.1-23).

Ap dung dinh 1i Con nhim cho t& gidc EBCF, ta c6

EBIZ + BCIX + CFIY + EF¢ = 0.
Tir 6, véi gia thi€t EB = BC = CF, ta ¢6

Hinh 1-23

BC(iZ + IX +IY) + EF€ = 0
— 3BCIG + EFg = 0
= IG ciing phuong véi & Vay IG L EF.

BM CN AP
(h1'24)D5t-ﬁ:——a—E—k A

Tacé AM+BN+CP = P

= (AB+BM) +(BC +CN)+(CA + AP) N
= (K§+EY?'+(T<\‘)+(B_'M+C—N‘+E)
= 0+k(BC +CA + AB) Hinh 1-24

= 0.
— AM =—(BN + CP)

= [aM = [BN + CP| < [BN| + |cPl.

Vi Eﬁ, CP khéng cing phuong nén khong thé xay ra ddu ding thic. Tuong
ty,tacod :

|am| <|BN| +|cP] AM <BN +CP

|ﬁ| <|m|+|§| = {BN <AM+CP
|cPl <[aM|+|BN] (CP<AM+BN.

Vay c4c doan thing AM, BN, CP 12 do dai ba canh cia mot tam gic nao dé.
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1.7. (h.1-25) Theo VD 1.9 tacé M

[~— MD-— MC-—
AM —EAC +—@AD

MD— MC—
BM —C—D-BC+—CBBD A
Tu dé suy ra S B

( MD MC ‘ Hinh 1-25
AM < EBAC + E—D—AD
MD MC

MC

= AM + BM < M—— (AC+ BO) +—-—(AD+BD)

<

MD MC
CD ' CD

= AM + BM <max {AC + BC, AD + BD}
= AM + BM + AB <max {AC + BC + AB, AD + BD + AB}

= p <max {p;, p,}.
Nhdn xét. Ki thuat dinh gid trén c6 thé dugc mé rong, tir d6 sé nhan dugc

nhiéu két qua hap din.
1.8. (h.1-26) bat

= AM + BM < ( ) max{AC + BC, AD + BD}

Goi G;, G, 14n lugt 1a trong tAm céc tam
gidc MPR, NQS va O 1a diém sao cho

6_A~+C.)_B‘+O_C~+(Tﬁ+6_ﬁ+6§=0. Hinh 1-26
Ta cé 30G, = OM + OP + OR

=(07+m)+(b~é+a))+(6ﬁ+ﬁ)
= (0A + OC + OE) + (AM + CP + ER)

JEEEN —_— __.)

- —(OB+OD + OF) + k(AB + CD + EF

(_4 — et

—(0B+0D +0OF) + k(0OB-0A) + k(0D-0C) + k(OF -OE)
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=[(k-1)6'1§—k66]+ [(k-l)ﬁ)’-kﬁ] +[(k—1)6'15—k6K]

= —((_)1_\1' +0Q + (Té)

= -30G,.

Suy ra 66; = —O_Gz'

Vay G, va G, 1uén d6i xing nhau qua diém O c6 dinh.

1.9. (h.1-27) Goi M va N 14n luot 1a trung diém ctia
ADvaBC.Tacéd:
GA +GB +GC +GD = 0
= (5K+513)+(G_B'+G_C')=(_)'
< 2GM +2GN =0
& GM+GN =0
< G 1a trung diém cha MN.
Bién d6i trén day cho ta cich dung diém G ddng thdi ciing chi ra su duy nh4t
cla né.
Nhdn xét. Goi P, Q 1a trung diém ctia AB, CD ; I, J 14 trung diém ctia BD, AC.
Béng céch viét :

0 = (GA + GD) + (GC + GB) = 2(GM + GN)
=(G_A.+(TB.)+(G_C’+($)=2(GP+GQ)

Hinh 1-27

=((3_13.+a'))+((}_,4+(72‘)=2(a+(_}3),
ta két luan dugc : Trong tit gidc, hai doan thing néi trung diém cdc cip canh
d6i dien vi doan théng n6i trung diém hai dudng chéo déng quy tai trung diém
mdi doan (chinh 12 trong tam cla ti gidc).
b) Véi M 12 di€m tuy ¥, ta cé :
MA + MB + MC + MD =
_ (VG + G&) + (VG + GB) + (VG + GC) + (VG + GB)

— et ...___.)

= 4MG + (GA + GB + GC + GD
= 4MG.
1

Suy ra M_G.=Z(m+I\TB+ﬁ+1\TD).
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1.10. (h.1-28) Goi G 12 trong tam tif gidc ABCD. B

Ta cé EA.+(—}_I_.3+G_C.+(_}—15=6 A

= GA + (GB+ GC + GD
= GA +3GX = 0 (vi X 1a trong tam ABCD)

. . . GA D
=>AXd1quana—G—X—=3. o
Tuong tu nhu vay, ta thdy AX, BY, CZ, Hinh 1-28
DT dong quy tai G va

GA _GB_GC_GD _,
GX GY GZ GT '
1.11. (h.1-29) L4y diém E sao cho
F K A B

4EA - 3EB = 0.
L4y diém F sao cho FC — 2FD = 0.
Ta c6 G(M) = (4MA - 3MB) + (MC - 2MD)
= ME — MF (cong thic thu gon)
= FE, khong phu thuoc vi tri diém M.
Ha FK L AB (K thudc dudng thing AB). Ta c6
[dM)| = [FE| = VFK? + KE? = a? + 4a% = a\5.

F D C
Hinh 1-29

1.12. (h.1-30) Goi I 12 diém x4c dinh bdi
4TA + 1B - 2IC = 0 A
(Tru6c hét 1y E sao cho 4EA+EB=0, B
r6i 14y I sao cho 5IE —2IC =0).
Theo cong thic thu gon, ta cé B C
MN = 4MA + MB - 2MC = 3MI Hinh 1-30
= M, N, I théng hang.
Vay dudng thing MN lu6n di qua diém I c6 dinh.
1.13. Goi G la trong tam ti gidc ABCD, E 1a trung diém cta AB, ta c6
MA + MB + MC + MD = 4MG ;
MA + MB - 2MC = MA - MC + MB - MC = CA + CB = 2CE.
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Do d6 : [MA + MB + MC + MD| = IMA + MB - 2MCl|
o |amd| = 2cEl < mc =%CE.

Tap hop céc diém M 12 dudng tron (G ; %CE)

1.14. (h.1-31) Goi I 12 dinh thit tu ciia hinh binh hanh ACBI, ta c6

IA+IB-IC =0, suy ra , Inz--
MA + MB-MC = MI YM. A\
Vay [MA + MB - MC/ 16n nhat

& [Mil 16nnhit & M=M, ;
IMA + MB ~ MC| nho nhat <> [Mi| nhé nhat <> M = M,.

Trong d6 M;, M, 12 giao diém clia dudng théng IO vé6i dudng tron, M; khic

phia véi I, M, ciing phia véi I d6i v6i O (luu ¥ ring tam gidc ABC nhon nén I
luén ndm ngoai dudng tron)

Hinh 1-31

1.15. (h.1-32)
Goi D, E, F tuong img 12 giao diém cia A
MA,, MB,, MC, véi céc canh BC, CA, AB; q B
O 12 trong tAm AABC. Tacé 1y
MA, + MB, + MC,
= 2(@ +ME + ﬁ) B DA ¢
3— 1
= Z.EMO (xem VD 1.22) Hinh 1-32
= 3MO.
Diéu nay ching to O ciing 14 trong tam ctia tam gidc A;B;C,; (dpcm).
OA; — 0B2 OC2
1.16. Tac6 OA, + OB, + OC, = oA A = 0A, OBI OB, OC1 ===0C,
a —— b c -
aow A, OA, + OBI —OB, + ac, ==—0C,

—

=0 (dinh If Con nhim, hnu ¥ ring vecto —:% 1a vecto don vi).

Vay O 1a trong tam ciia tam gidc A,B,C,.

231




]

§2. SU BIEU TH] VECTO. PHEP CHIEU VECTO

2.1.2a)Rérang V = xd + b # 0. Theodinh1{2.1, §//V < Ik : & = kv.
& i+@x-1b=k(xd +b)
& (kx = 1)@ + (k - 2x + Db = 0

{kx=1 x=1k=1

And 1

b) Dé thdy ii # 0. P& i va ¥ ciing huéng, cAnvadia A3 k>0: ¥ = ki

o J(l—-x)a - 56 =k(E+xb) _ |a-x - b = 3k + kxb
k>0 k>0
[1-x =3k
X =-1
2
< Jkx = -3 ® . 2
k>0 3
2.2. (h.2-14) Ldy diém O tuy § Iam géc, hdy biéu A
dién céc vecto OA,, OB,, OC, qua OA,, OB;, o A
OC, (xem VD 1.10), sau d6 lai biéu dién céc 4 ’A\ B,
C
vects OA;, OB,, OC, qua OA OB, OC ; pa— 2 \
cudi cling ta dugc '
Hinh 2-14

A2C2 = OC2 - OA2 =
— 2 — —y
= k—lf—’-'z—l(oc oa) - X k+lze
(k+1) (k +1)
Vik® —k+1>0va A, ¢ ACneén A,C, // AC. Tuong tu, ta ching minh duoc
C,B, // CB, ByA, // BA.

2.3. (h.2-15) Tacé AM = %gﬁ + %AC (VD 1.19)
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u.-\ Q°

AM — MC AB-— MB AC
= ar M =Bc ap "B *EC ac
Vi M, B, C' thing hang nén theo hé¢ qua

6VD23tacéd

—=AC'.

AM MC AB MB AC
AM' ~ BC AB' 'BC AC'
AM AC

=>BCAM, = MCAB' MB:“—(-:-T

2.4. (h.2-16) Trén Ox, Oy 14y A|, B, sao cho a.0A,; =b.OB,

Vi I 1 trung diém cia AB nén OI = —;—(62 +OB) =
1{ OA —— OB
Z(OA, OA, + 5B, OB )
l(aOA —— b.OB —~J

2 a0A, OA, + b.0B, 0B, O

= a.0A.OA, + b.OB.OB,
( vi a.OAl = bOB] = ';‘) .

Via.OA +b.OB=1=1 A}, B, thfmg/ hang.
Vay I thudc dudng théng A;B, c6 dinh.

2.5.(h.2-17) Tacé

b — -

S,MA + S,MB +S,MC =0 (VD 1.21)
Vay : a’MA + b?MB + ¢*MC = 0
a2 b 2

et Sa Sb _S—c-

1

Hinh 2-15

5

Hinh 2-16

Hinh 2-17
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*Ln
08.

< MH + MI + MK =0 < M2 trong tam AHIK. .

Chii . Diém M x4c dinh trong bai duoc goi 12 diém Lo-moan clia tam gidc
ABC. N6 ¢6 nhiéu déc di€ém hinh hoc thii vi.
2.6. Ta da biét alA + bIB + cIC = 0 (VD 1.19)

=[@-b)+(p-). A+[(p-c)+(p-a)LB+ [(p-a)+(p-b)LIC =0

=@p-2a).(B+IC)+ (p-b).(IC+1A) +(p-c).(TA +1B) = 0

= 2(p-a).IA; +2(p—b).IB, +2(p-c).IC, = 0

:>(b+c-—a)IX1‘ +(c+a—b).I§1‘+(a+b—c).IE1’=6. @3]

b+c-a>0

Vi <c+a—b>0 nénInim trong AA;B,C, (VD 2.11).
a+b-c>0

Mait khéc, ta c6

Sip,c, A1 + Sic,a, By + Sip 8, IC; = 0. @)
Tu (1) va (2) nit ra
SlBlC] _ SIC]A]. _ SIA]B]

b+c~a c+a-b a+b-c’
2.7. (h.2-18) Tacé

PS+SR + RN + NM + MQ + QP = 0

BC +CA + AB=0

r(i§+ﬁ+ﬁ6)+(ﬁﬁ+@+s§)=6 4y
= | + TR RN + £EMQ = 0 @)
SV GO SRR =D ®




c>lTS‘+I$I'+M_’Q=6(theO(2))

< NM + QP + SR = 0 (theo (1)) G AN__B

BICI _ ClAl _ AIBI Q ‘ >€
& NM - QP - SR (theo (3)). j : ‘

' B P S C
2.8. (h.2-19) \/

Ay

Theo VD 2.14 ta cé Hinh 2-18
OA + OX = OA + (OB + OC + OD) = 40G 5
(G 1a trong tam ¥ gidc ABCD, xem BT 1.19). A
Tuong tu, ta c
OB + OY = OC + OZ = OD + OT = 40G. 0
Nhuvay,'.OjAﬂ +0X = OB + OY

=0C+0Z=0D + OT. A
Ching to b6n doan thing AX, BY, CZ, DT D C
c6 cling trung diém, tic 1a chiing déng quy Hinh 2-19

tai trung diém ctia méi doan.

2.9. (h.2-20) » Néu AM, BN, CP déng quy tai O va oOA + OB + yOC = 0 thi

- o+ B + y # 0 (dinh nghia tam ti cu). Xét phép chiéu vecto phuong (AM) 1én
dudng thing BC, ta c6 A
BMB + yMC = 0.
_— — N
YNC + aNA =0 P
Tuwongtw, " _, _,
oPA + BPB = 0.

e Nguoc lai, giasta + B +y #0va

BMB + yMC = yNC + aNA = oPA + BPB = 0. Hinh 2-20

Goi O 12 tam ti cy chia hé diém {A, B, C} tmg véi c4c hé s6 {a, B v}. Tacéd
aOA + BOB + yOC 0

= oOA + B(OM + MB) + 7(OM + MC) = 0
:aﬁ+(ﬁ+y)6ﬁ+(ﬁﬁ§+yﬁ)=5
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aaax+([3+y)6ﬁ=6

= M, O, A thing hang.

Tuong ty, cic bo ba diém (N, O, B) ; (P, O, C) thing hang.

Vay AM, BN, CP déng quy tai O (dpcm).

Nhdn xét. Day 1a dang vecto clia dinh 1i Xé-va. Trong §3 ta s& gip lai n6 duéi
dang th6éng thuong.

2.10. (h.2-21). Goi E, F 1a ti€p diém ctia dudng

tron bang ti€p géc A véi cic tia AB, AC. F N

Tacé : 2AE = AE + AF B M \C
=AB+BE + AC+CF -
=AB + AC + (BE + CF) ‘ E

=AB+ AC+ (BM + CM) .
=AB+AC+BC=2p

= AE = p (p 12 nira chu vi AABC).
Tuwrdé, BM=BE=AE-AB=p-c.
Lap luan twong tu, ta c6

BM=AN=p-c |(P~bMB+(p-c)MC =0
CN=BP=p—a = (p-c)I_\I—6+(p-—a)l_\I—A'=6
AP=CM=p-b (p—‘a)ﬁx+(p——b)P—B'=6.

Vi(p-a)+(p-Db)+(p-c)=p=0néntheo BT 2.9, AM, BN, CP déng quy
tai K thoda min

(p-a)KA + (p - b)KB +(p - c)KC = 0.
= p(KA + KB + KC) —~(aKA + bKB + cKC) = 0

= 3pKG-(a+b+c)KI = 0 (vicé alA + biB + cIC = 0)
= 3pKG — 2pKI = 0

= 3KG - 2KI = 0 (G : trong tam, I : tam
duong tron noi ti€p AABC).
Vay K, G, I thing hang. (dpcm)

Hinh 2-21

2.11. (h.2-22). Lay Cl, B, tuong ng thudc AB, AC B M D ‘1\71‘ Y
1~
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Goi M, = AX N B,C,, dé thdy M, 1a trung diém cta B;C;.

Tacé AM, = %(Ac1 +AB]) = 1(‘;% AB+ 2B .KE)

2 AC
1{b— —
‘E(EAB £ac)
Nho phép chi€u vecto phuong (AM;) lén dudng thing BC, ta c6
6=%(§)TB+%S<E):>}>2X_‘B+C2§E=6.

Tuwong tutacéd :
c2.YC +a2YA = a2ZA + b2ZB = 0
suy ra AX, BY, CZ d6ng quy tai diém L, thod man :
a’LA + b’LB + c*LC =0 (dpcm).
Nhdn xét
1) AX, BY, CZ dugc goi 12 céc duong doi trung cla tam gidc ABC.
2) Theo BT 2.5, L chinh 12 diém Lo-moan cla tam gidc ABC Két qua trén 1a
su mo ta diém Lo-moan vé phuong dién hinh hoc.

2.12, (h 2- 23) Theo bt dang thic Bu-nhia-06p~xki, taco

(@* + b + A (MH? + MI? +MK) A
> (aMH + bMI + CMK)
2
= (2Smc + 2Smca + 2Smas ) = 4S45c. I
2 2 2 4S2ABC K
Suyra:MH +MI“ + MK > T2 3
a“+b" +c

Déng thic xay ra B H C

M nim trong tam gidc ABC Hink 2-23
© IMH _MI _ MK

a b ¢

©a2m+b2m+c2~M_a=6 ‘,

< M Ia tam ti cu clia hé ba diém {A, B, C} véi cdc he s6 {a2, b2, c?}

<> M 1a diém Lo-moan ciia tam gidc ABC.

Tém lai, MH? + MI° + MK nhé nhat khi M 12 diém Lo-moan ciia tam gidc
45% apc

ABC, con gid tri nh6 nhat d6 bang 7,2
+b°+c¢c

7

237




§3. TOA PO CUA VECTO TREN TRUC
VA TREN MAT PHANG TOA PO

3.1.Cdch 1. Tacod
{m = AB + BM . {MC.AM = MC.AB = MC.BM
AM=AC+CM |MBAM = MBAC + MB.CM.
Trir timg v€ hai dang thic trén ta duoc
(MC - MB)AM = MC.AB ~ MB.AC + MC.BM — MB.CM
= BC.AM = MC.AB - MB.AC + MC(BM.7) - MB(CM.T)
= BC.AM = MC.AB ~ MB.AC + MC.BM.] - MB.CM.}
— MC— MB—

= AM = —AB - —AC (vi MCBM = MBCM).
BC BC

Cdch 2. Lap h¢ tryc toa do6 Oxy sao cho truc BC 1a truc hoanh. Gia sk
A=(a;;ay), B=(b;0),C=(c;0), M=(m;O0). Ta thdy

AM = MC 5 _MB-= )
BC BC :

& BC.AM = MC.AB ~ MB.AC
{(C-b)(m-al)=(C—m)(b—al)-(b—m)(c—al) (2)
(¢ = b)(—a;) = (c — m)(-a,) - (b — m)(-a,). 3
Dé thdy céc ding thitc (2), (3) diing.
Vay (1) ding.
3.2.Giastt A = (a), B=(b), C=(c), N=(n), M = (x), khi d6
ABAC BCBA CACB
_ (x—a)n-a) + (x - b)(n —b) . (x =c)(n -c)
(b-a)c—-a) (c-b)a-b) (a-c)b~-c)
12 mot da thiic bac khong qua 1 d6i v6i x. Chox =atacéd:

_fa-b)n-b) @-c)n-¢) _
) = e o@=5) Ta-o0b -0 -

f(x) =
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3.5. (h.3-20). Cdch 1. Theo tinh chét cic

=n—b+n—c=b—-c=1 : M
c-b b-c b-c
Tuong tu, f(b) = 1. Theo gia thi€t, a # b dé
f(x) c6 nghia. Vay f(x) = 1 Vx va dang
thitc dugc chimg minh. A B H C

3.3. (h.3-18). Goi H. 12 hinh chiéu cia M trén Hinh 3-18
dudng thing chia A, B, C, ta cé

MAZ BC + MB2.CA + MC2.AB + BC.CA.AB
- (MH2 +HA2) BC +(MH? + HB?) CA +(MH? + HC?) AB+ BC.CA.AB

BC.CA.AB)

= MH2(BC + CA + AB)+(HA2 BC + HB2.CA + HC? AB+ BC.CA.AB
=0 + 0 = 0 (theo h¢ thiic Sti-oa véi 4 diém thing hang).

3.4. (h.3-19).Gié sit A, A,, A, cét B,Cy, \A
C,A,, A,B, l4n luot tai M, N, P. A
Tacéd

(MB2 -MC?)+(NC? -NA?) +(PA? - PB?)

= (xB? -XC?)+(YC? - YA?)+(zA2 -ZB?)

B X ¢
(xem h¢ qui VD 3.7) \r/

= (Az2-A,Y?)+(C,Y?-C,x?) +(BX? -B,Z?) A

Hinh 3-19

= (x72 -xY2) +(zY? - Zx2) + (YX? - YZ?)
MAXLYZBYLZX,CZLXY)

=0.

Theo dinh li Cdc-no, tacd A,, Ay, A, déng quy.

phan gidc, tacé AD 1 AE. Qua D vé&
dudng thing song song véi AE, cit
(AB), (AC) lan luot tai H, K. D€ thdy B \/D o
DH =DK. Theo VD 3.11,tac6 B, C, H

D, E lap thanh hang diém diéu hoa.

Hinh 3-20
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8 2y
“og,

Cach 2.
Theo tinh chat clia cdc dudng phan gidc trong tam gidc ta c6

DB ABEB AB DB EB
e = = =—=—-=—==>(BCDE) =-1.
DC AC'Ec AC DC EC ( )

3.6. (h.3-21). Qua A ké dudng thing A song
song v6i BC. DAt N=B'C N A, S=1A"NA,
Q=AMNBC.

Ta thdy S, B, C' ndm trén dudng tron
dudmg kinh AL Vi IAC' =IAB' nen SI
la phan gidc trong cua tam gidc SB'C' ;
SN L SI = SN 12 phan gidc ngoai clia géc
B'SC' = (C,B,M,N)= -1

(BT 3.5).

Theo VD 3.11, dudng thing BC song song véi tia AN bi cic tia AC', AM, AB'
chin thanh 2 doan bing nhau, tic 124 QB = QC. Vay AM Il trung tuyén
ctta AABC. ‘

Hinh 3-21

3.7. Goi M, N, P 14n luot 12 trung diém BE,
EC, CB. Dé thédy L, J, K theo thit tu thugc
cdc dudng thing NP, PM, MN (h.3-22).

Ap dung dinh 1i Mé-né-la-uyt cho tam giac
BEC véi su thing hang ctia A, D, Ftacé :
AB DE FC 1:25 2IM 2KN _
AE DC FB 2IN 2JP 2KM

Ap dung dinh If Mé-né-la-uyt cho tam gidc
MNP, tacé I, J, K thing hang.

3.8. (h. 3-23). Goi (I ; r) 12 dudng tron ndi tiép
AABC ; 1y, 1, 13, 14 14n luot 1a bén kinh
cdc dudng tron (O), (0,), (03), (Oy). Diat
K=AXnNIO,.

Hinh 3-23
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Ap dung dinh 1i Mé-né-la-uyt cho tam gidc 10,0, v6i ba diém thing hang A,
X,Ktacé:

KI X0, A0 _,
KO, XO, Al

KI ()5

KO,\ 1)

KI
=D ==

KO4 r4

Tuong ty nhu vy ta chimg minh dugc BY, CZ ciing di qua K. Vay AX, BY,
CZ dong quy tai K.

3.9. (h.3-24). Ta c6
A"B' B"'C' C"A’

A"C' B"A' C"B'

_( A"B)( B"C')( C"A’
_[ A"C][ B"A']'{_C"B']
_A"B' B"C' C"A'

" A"C' B"A' C"B'

_So'aB' So'Bc' So'ca
So'ac' So'Ba' So'cp'
SO'CA' SO'AB' SO'BC' _ CA' AB"BC' Hinh 3-24
So'Ba’ So'ch' So'ac'  BA' CB' AC'

__[_CA'][ AB'] BC'J CA' AB' BC'

| BA'|| CB'

A

AC'| BA' CB' AC'
Vi AA', BB, CC' déng quy nén cA AB BC = —1 (dinh 1i Xé-va), suy ra
BA' CB' AC'

A"Bl. B"C'.C"A'
A"C' BnAv C"Bl
trong tam gidc A'B'C).

=-1. Vay A'A", BB", CC" déng quy (dinh 1i Xe-va

3.10. Gia sit A, A,, A4 theo thit tu cit BC, CA, AB tai M, N, P (h.3-25). Ta c6 :

¢ XT = XD + DT
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=(1 -k) AD + kDC
=(1-k) (AC - AB) + kAB
= (2k - 1)AB + (1 -k)AC.

Vi AM//XT nén
MB_ 1-k _ k-1
MC . 2k—1 2k-1
(b6 dé VD 3.18)
« YT = YA + AD + DT
=(1 -k)BA + BC + kDC
=(1-k)BA + BC - kBA
= (1 - 2k)BA + BC.
Vi BN//YT nén
NC  1-2k _2k-I

Hinh 3-25

NA 1 1
« ZT = ZC + CT = —kCB + (1 - k)CD = —kCB + (1 - k)(CA - CB)
= (1-k)CA - CB.
PA -1 1

Vi CP//ZT nén o5 = —m = —1—:']'(' . 3)

2

Tir (1), (2), (3) thu dugc
MB NC PA k-1 2k-1 1

=—1.

=, ——

MCNAPB 2k-1 1 '1-K
Ap dung dinh 1i Xé-va cho AABC ta c6 AM, BN, CP déng quy, titc 1a A, A,,
Az dong quy.

3.11. (h.3-26) |
Gia sit AA,, BB,, CC, 14n luot cét BC, CA, AB tai M, N, P.
MB  Saa;B :
Tacd — = ——=
_ Saas

= (vi AyA;//AB,A,A; [/ AC)
AALC
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_AB AB BC

“AC CB'AC
_AC, BA  AB A(
~ CA 'AB, AC'AB,’
Tuong tu ta c6

+ B
NC _BC ByA; PA _ CA GB, ‘
NA BA'B,C,’PB CB CA,’ : I
Tir cdc dang thiic trén ta c6 B A ',' Ay C
MB NC PA _, ‘ !

MC NA'PB As
Theo dinh 1i Xé-va ta c6 AM, BN, CP déng Hinh 3-26
quy hay AA;,BB;,CC; dong quy.

3.12.2) AB = (2; 2); AC = (-1 ; -1). Nhan thdy AB = —2AC nén A, B, C
thang hang.

b)Theocéua)tacé—ﬁ:-Z:-(i_—Azl.
AC CB 3
Diém D thod man (ABCD) = -1 < DA__CcA__1
. B CB 3
— = o —— 3 ] — 3 3 1 3
®3DA+DB—O<:>OD—ZOA+ZOB@OD—(—Z,Z)+(Z,Z)
— 1 3 (1 3
@OD"(‘E’E)'V”D‘(‘E’E)'
3.13. Goi O 1a g6c toa do. Tix gia thiét ta c6
——— l—o
- ., _., 0OB+=0C OB L Oc
« MB = —LMC = OM = 3~ _30B+0OC
3 0 4
3
.ﬁ=—ﬁ:6ﬁ=“—;9ﬁ.
— 1_.
. {_. _., OA-=OB . 5%_cn
«PA=PB= OP = 31 =30A20B.
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3CTB'+&=4W
Tac6é hé {OC + OA = 20N
' 30A - OB = 20P

(-—-—o 1—0 1—0 3——0 .

OA = 50M - 70N + ZOF = (-2; 9)

Giaihgtaduqc«6ﬁ=-3-6ﬁ—361_\1'+1613=(2;—1)
2 4 4 ,

5_'C——16_1\7I’+-9—0—N'-—36§—(6'3)

S 4 raaia S

VayA=(-2;5),B=(2;-1),C=(6; 3).

§4. GIA TRI LUONG GIAC CUA GOC a (0° < a < 180°)

4.1.a) Tachd
sinacosa < 0
sina > 0

=> cosa <0 = 90° < a < 180°.

b) {tanacota=l>0 N {tana>0 = 0° <0< 90"

tano + cota > 0 cota > 0

0° < a <90°

90° < o < 180°.

sina tano
c) 3 =

[ole 0 4 cosa

>0=>sina>0=>l:

4.2. A = (sin?1° + sin’89°) + (sin?2° + sin88°) + ... +
+ (sin44° + sin%46°) + sin%45° + sin290°
= (sin®1° + cos?1°) + (sin®2° + c0s22°%) + ... + (sin44° + cos244°) + % +1
1 91

=44+§'+1=—2“.

B =(cos’1° + c0s>179°) + (cos°2° + cos’178%) + ...
. + (c0589° + c05°91°) + c0s°90° + cos’180°
= (cos’1° - c0s°1°) + (cos>2° — cos?2° Y+ ...+
+ (c0s°89° — c0s’89%) + 0~ 1 = ~1.-
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C = (tan1°.tan89°)(tan2°.tan88°)... (tan44°.tan46°).tan45°
= (tan1°.cot1°)(tan2°.cot2°)... (tand4°.cot44°).tan45°
=1.

1 1
4.3. cota = po—e =\/—2_—1— 2+1

=> tana + coto = 2\/5
= tan’a + cot?oL = (tana + cotOL)2 ~-2=6
= tan‘o + cot4a = (tan2a + cotzm)2 -2=34

= tan’o + cotta = (tan4a + cot4ot)2 -2=1154.

. 2 _ . .24 49
4.4. Ta c6 (sina + cosa)” = 1 + 2sinacosa =1 + 75 =755

Mait khéc, sinacosa = % >0 = cosa >0.

Suyra sina + cosa = % Do d6

sino + cos o = (sina + cosoc)(sinzoc + cos?oL — sinacosa) = L (1 B %) - T3

5 125

oo W

. 5 . .
4.5, sin*o + cos*a = 3 = (smzq + coszot)2 — 2sin®acos’a =

& 1 - 2sina(1 - sino) = g
& 2sin’o - 2sin’o + % =0

= 150°
. (1 90° < a < 180°).
o =120° ' :

. -y 0
4.6. Xét AABC vudng tai A c6 B = 15" (h.4-9) Hinh 4-9
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Ké trung tryc ciia BC cit AB tai 1.

— o IB=IC=2a .
Tacé AIC =30°. Dat AC = a thi = AB=2a+ a/3.
Al = acot30° = a3
AC a |
Suy ra tan15°= == = = =2-43.
AB 2a+ax/§ 2+\/§
1 l _ 2+«/§

Tir dé cos215o =

1+tan’ls® 8-4v3 4
V2+4/3 _1+\/§
2 22
1+43
232

= cosl5° =

e 5in105° = sin75° = cos15° =

4.7. (h.4-10). Gia slt dudng tron (O ; r) néi tiép A

tam gidc ABC ti€p xtic vdi BC tai I, ta c6

a=BI+IC= r(cotE + cotg).

2 2 r
Tuong tu ta cé ; B I C
b= r(cotSE + coté-) Hinh 410
2 2

= (a—b)cotE = r(cotEcot—(—:— - cotgcoté)
2 272 272

Tuong tu

(b -~ c)cot‘—A— = r(cot—licot—é - cot—A—cotE)
| 2 272 272

(c - a)cotE = r(cotécotE - cotEcot'—q)
2 2 2 22/
Cong timg v€ ba ding thiic trén suy ra dpcm.
(o]

| A>90
4.8. Néu thi tanAtanB< 0 < 1.

B > 90°
— Néu C>90°thi A + B <90°
=0°<A<90°-B<90°

O Yo fog

& Sy
‘09




R

= tanA < tan(90° — B) = cotB = 1
tanB

= tanAtanB < 1 (dpcm).
4.9. Ap dung bit déng thiic Co-si va két qua VD 4.10 ta c6

1 1 4 4 2
+ g 2 =
cosB cosC ~ cosB + cosC B+C .
2cos sin —
’ . 2 2
1 N 1 > 2 '
cosC  cosA )
Sll’l—i
Tuong tu, <
| 1 N 1 > 2
cosA cosB . C
L smE
Cong timg V& céc bit déng thic trén, ta thu dugc
1 . 1 N 1 S 1 1 . 1
cosA cosB cosC sin é sinE «in S
2 2 2

Déu ding thitc xay ra < cosA = cosB = cosC <> A = B = C <> AABC déu.

4.10. Trén nira dudng tron don vi, 14y diém M sao cho MOx = a.
Qua A(1 ; 0) dung truc t'At song song va cling hudng véi y'Oy.
Qua B(0 ; 1) dung truc z'Bz song song va cling huéng véi x'Ox.
Tia OM cit z'Bz tai N, cit t' At tai T. D dang ching minh duoc :

y t y
z B N z
T
Y S bty M
]
i .
o ) ‘ ‘ o
O A X X' 0] X
y| tl
Hinh 4-11 Hinh 4-12

tano = AT (h4-11)
coto, = BN (h.4-12)
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a) Bay giv gid sir o = X)ﬁ, B= XON (a <B).
Ldy P 12 diém chinh giita cung MN thi

a '2* P _ 0P (h4-13). Goi M\, N, P theo |
thit tu 1 giao di€m cla c4c tia OM, ON, OP
Vvé6i At, I 12 trung diém ciia M'N’, ta c¢é

tana +tanfl  AM' + AN’

5 = 5 = AL
P'M' OM' J 1 3 T T
Vi 38 = On S 1 nenPM <PN' = AP' < Al nicla

a+fp _tano + tanP
< .
tan—-— < 5
D4u ding thitc xay ra &M=N=P=IeoM=N=Poa=8.

cota +cotp _ tan(90° — o) + tan(90° — B)

b) 2 - 2
(o] O_
Ztan(go —a)-21-(90 ﬁ)=t.an(90°—(]‘TJ"S):cotO‘;ﬂ

D4u déng thic X3y ra < o = p.

§5. TICH VO HUONG CI’JA HAI VECTO

— ——t — —

5.1. Xét 5 vecto al, ay, a3, 4y, as. Gia sit d9 dai téng hai vecto b4t ki trong s6 d6

— —_— -2

16n hon d6 dai téng clia ba vecto con lai, ta c6 : al + azl > a3 + a4 + ag

—_—— _._.)

= ol + 2oy + il > o+l o[l 42y v+
Cong timg v€ céc bat dang thitc nhu vay d6i véi tat ca 10 cap vecto, ta dugc :

(, l +l l"‘ +,35|)+2(alaz+ -tajag +.. +a4a5)

—v2 —_— — — — —— —
>6(|a1| +| |+ +l )+6(a1a2+ .+ajas +.. +a4a5)

—_—— — — —_——

l ’ +l l +. +| , +2(a1.a2+...+a1.a5+...+a4.a5) <0

—

2
= (a] +ay+..+ a5) <0, mau thuin !
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5.2. (h.5-22) Taluén c6 :
AB*+ CD* = (0B - OA)” + (0B - 6¢)°
= 4R* - 2(0OA.0B + OC.OD)
= 4R? - 2R? (cosﬁ + cosEE)T)) .
Do d6 AB? + CD” = 4R?
& cosAOB + cosCOD =0 Hinh 5-22
& AOB + COD = 180°
< AC L BD (dpcm).

5.3. Goi P va Q 1 trung diém cé4c day AB, CD.

— Néu P = Q thi ACBD I hinh chit nhat. Khi d6 véi moi di€ém M trén dudng
tron (O), ta déu cé

MA? + MB? = MC? + MD? = 4R,
— Xét truong hopP = Q: VM € (O; R)tacé
MA? + MB? = MC? + MD?
& (MO + OA)? + (MO + OB)? = (MO + OC)? + (MO + OD)?

& 4R? + 2MO(OA + OB) =4R? + 2MO(OC + OD)

< 4MO.OP = 4M0.0Q < MO(OP - 0Q) = 0

=3 ﬁ—éa’ =0

< MO 1 PQ.

Vay c6 2 di€ém thoa mén bai todn, d6 13 2 ddu muit clia dudng kinh dudng tron
(O) vuodng géc véi PQ. ,

5.4. Téng binh phuong c4c khoang cich tit mét dinh clia da gidc déu dén t4t ca céc
dinh con lai bing 2nR? (VD 5.8) = Téng binh phuong cdc khoang cé4ch tir t4t
ca céc dinh ciia da gidc déu dén c4c dinh con lai bing 2n°R?. Vi binh phuong
méi canh va méi dudng chéo déu c6 mit trong téng d6 hai l4n, vay téng binh
phuong c4c canh va cic dudng chéo ciha da gidc déu bing n’R>.

5.5. D& thiy AjA;... Ay V2 AyA,... Ay, 12 céc da gidc déu n—canh noi ti€p
dudng tron (O). Goi R 1a ban kinh dudng tron (O), theo VD 5.8, véi moi
Me (O)tacéd:
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./og.

MA?Z + MAZ + ..+ MAZ | = 20R?
MA3 + MAZ + ...+ MA3 = 2nR%.
Suy ra dpcm.
5.6. Tir hé thitc OH = OA + OB + OC (VD 2-14) suy ra

OH’ = OA” + OB” + 0C” + 2(OA.OB + OA.OC + OB.OC)
=3R% + (OA” + OB? - AB%) + (OA +oc2 AC% + (OB? + OC? - BCY)
=9R? - (a +b’ +c)

Tir két qua trén ta cé : téng binh phuong cac khoang cach tir O dén cdc canh
cla tam gidc 1a :

2\ 2 2
2, 2 2 _a | 2_b) (2_0)
d +di +dg (R 4)+(R 2 +{ R T

=3R*- %(a2 +b2+c?)=3R - %(91{2 ~ OH?)

3.0 1. .23 9
= — — > —
7 R* + 7 OH~ > ) R”.
Vay téng (d° + d2 + d?)nhé nhat < OH” = 0 <> O = H <> AABC déu.
Nhdn xét. Gia sit G 1a trong tam tam gidc ABC. Bing phép ching minh tuong
tu, ta nhan duoc két qua

0G* = Rz—é(az +b2 +c?).
5.7. (h.5-23) AB.AE + AD.AF

— —t —_— ——t

= AB.AC + AD.AC = ACAC

= AC = AC

Hinh 5-23

5.8. (h.5-24) A
Goi E, F 14n luot 12 hinh chiéu cta B,
Ctrén (AM). Tacé

M,
i = % (dinh If Ta-lét) . Ff

AC B\qE C Al

- MEMA = MI_B. _M_A. (cong thirc hinh chiéu). Hinh 5-24

" MFMA MCMA
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5.15. (h.5-26) 2AEBH = (AM + AH)(BM + MH)

BC _MCMB CA _ MAMC
B,A MAMB CB MBMC
ABBCCA |
AC BA CB
Theo dinh 1i Mé-né-la-uyt, tacé A, B;,C, thing hang.

Tuong tu,

Tix d6

5.9. (h.5-25). Goi I 12 tam dudng tron (OAB) ; e;, e, 1a céc vecto don vi cita X'OX,
y'Oy ; H va K 12 hinh chi€u ca I trén x'Ox va y'Oy.

Tacéd a.(aa + be_z')
=a.OLe, + bOlLe,

= a.OH + b.OK

— 1(.0A +b0B) = L.
2 2 Hinh 5-25

Theo VD 5.19b, I thuéc dudng thing A c6 dinh. Goi N 12 diém d6i xiing cia O
qua A thi dudng tron (OAB) luon di qua diém N c6 dinh (dpcm).

- AM.MH + AH.BM
- AMMH + (AM + MH)BM
= AM.MH + MHMC

— TIMMH + MEMH = -MH- + MH- =0 H

=

= AE 1 BH (dpcm). B M C
Hinh 5-26

5.11. (h.5-27). Tacé

2OMA'B' = (OA + OB)(OB' - OA) x
= OB.OB' - OA.0A’ A
= OBOB'- OADA' A
=0=>OMLAB. | Ym

 Hinh 5-27 O B B y
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5.12. (h.5-28)
AD.EF = AD(AF - AE)

——) —— — —

= AD.AF - AD.AE

= (AC + CD).AF - (AB + BD).AE
= AC.AF - ABAE

=AC’ - AB*=0. Hinh 5-28
Vay AD 1 EF.

5.13. (h.5-29). Dat a 12 d6 dai cic canh cia A M B
hinh vuéng ; o = MBH = BCH.
Tacé: ‘ N

HN.HD = (HE + BN)(HC + CD)
= HB.CD + BN.HC

vi HB L HC;BN L CD) D c
- B BA + BNAC -
=~ HB.acos¢ + BN.HC cos¢

= — MB.acos’p + NB.acos’p

=0 (vi MB = NB).

5.14. MA.MB = -;—(MCZ -MA? - MB? < MA? + MB? + 2MA.MB = MC>

—— —2 2 I | |—
o (MA + MB) = MC « [MA + MB| = [Mdl

& 2/Mil = IMC| (112 trung diém ctia 2 AB) > ng .2

<> M thu¢c dudng tron A—po-lo-m-ut dudng kinh GF, trong d6 G 1a trong tam
tam gidc ABC, F 1a dinh hinh binh hanh ACBF.
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5.15. (h.5-30) A D
Goi G 1a trong tdm tam gidc ABC, tacé N v
MA? + MB? + MC? = 3MG? + GA? + GB® + GC*

=3MG? + %(BCZ +CA%+ ABY) B A

B s C

= 3MG* + %(a2 +2a° + 2%). ) )

) T Hinh 5-30
Do dé6 : MA2+MB2+MC2-—3MD2=—£§— T

2 2 \
& IMG? - 3MD? = —%— & MD*-MG’= 8—3—-
2 2
& MD? - MG? = (E.aﬁ) & MD?-MG’=DG?
< M thudc dudng thing vuéng géc véi BD tai G.
A .
5.16. (h.5-31). Goi H, H' ; K, K'; L, L' tuong /}\

ing 12 hinh chi€u cia A, B, C tren A, A. -5 LA

i
Kl od \J

it % = T = KK < L. ., 1\ &
Tacb AH'2+BK'2+CL'2= . %C

(AH+TT) +BE+KK) + (CC+1) B
Hinh 5-31

= AH? + BK? + CL? + 2%(AH + BK + CL) + 332,

Do m+ﬁﬁ+a = (Ké+B_a+Ea) + (E‘xﬁ+5§+ﬁ) ma
GH. GK. GL. 12 hinh chiéu ciia GA, GB, GC trén A nén GH +GK +GL =0
— AH+BK + CL =0 |

Vay AH? + BK? + CL? = AH? + BK? + CL? + 3%°

> AH? + BK? + CL%. |

D4u ding thifc Xy ra <> A'= A.

— — ety 2
5.17.Tacé (OA + OB + OC)” 20 |
= 3R?+ 2(0OA.OB + OB.OC + OC.0A) 20
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4

= 9R? > (0B? +0C? -20B.0C) +(0C? + 0A? — 20C.0A) +
+(0A% +OB? -20A.0B)
=>9R22(o—;§_ae)2 (6¢ - 0a) +(0A - 0B)

(a+b+c) ,

:>9R >a +b+ 3

= 3/3R 2a+b+c.
Ding thic x4y ra<> OA + OB+ OC =0 < O la trong tam AABC.
| < ABC 1 tam gidc déu.

H¢ qud. Trong céc tam gidc cing noi ti€p dudng tron, tam gidc déu c6 chu vi
16n nhat.

Nhdn xét. C6 thé ching minh bt dang thic nhc két qua cua BT 5.6 hoac céc
két qua :

MA? + MB? + MC? > GA? + GB? + GC2(cho M = O)
mZ + mg + mf = %(a2 +b? +c?).
5.18. Goi O 1a tAm clia da gidc déu. Véi moi diém M ta ¢6

MA, +MA, + ...+ MA, =
MA,.OA
_ 1 L, MA,.OA, - MA_ .OA,

OA, 0A, 'V TOA,
, MA[OA; MA,0A,  MA,OA,
= 704, OA, OA,
(Mo +0a,)0A, (MO +0A,)04, , (MO +0a,) 0a,
= OA, * OA, e OA,
OA, OA,  OA,
—MO[OA: OA§+ oA ]+(OA1+OA2+...+OAH)

=0A; +0A, + ... + OA,.
Ding thic x4y ra < MA; 1 OA; (i=1,2,..,n) < M=0.
Vay (MA| + MA, + ... + MA,) nho nhit < M = 0.
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5.19. (h.5-32) Véi moi diém M ta cé
2cos%.MA + MB + MC

A MB.AB MC.AC
= 2cos3MA + AB + AC
A MBAB MC.AC
> ikl
> 2cos 5 MA + B + AC : Hink 5-32
A (MA + AB)AB (MA + AC).AC
= 2c057MA + AB + AC
A AB AC
ZCOS'E MA + MA(E + KE) + AB + AC.
L4y E, F trén AB, AC sao cho AE = AF = 1. Dung hinh thoi AESF ta c6
A .
AS= —
S= 2cos >
AB AC| |— -— | A
= [+ ag - |AE + AF| = [aS] = 2c0s%

AB ACJ co.

A
= ZCOS? MA+MA(AB AC

Tém lai, ZCOS% MA + MB +MC > AB + AC.

MB ™ AB
Diu dang thitc xay ra < MC M AC S M=A.
(MA, AS) = 180°

5.20. (h.5-33) Véi moi diém N ta c6 : A
NAsina + NBsinf + NCsiny = .
NAMA . NBMB ., NCMC «
= MA sinaL+—4rs sinf + MC siny -
> NA.MA sino + NBMB sinf + = NCMC siny B Hinh 5-33 ¢
MA MB MC :

_(\Mi+MA)MA _ (NM + MB) MB sinp + (NM + MC) MC
- MA S MB MC Y

255




'108

—p ——

= m(_ﬁg. sina + 1B np + MC siny) + (MAsina + MBsinP + MCsiny)

MB MC
INM — — —
= m[SMBCMA + SMCAMB + SMABMC:I +

+ (MAsina + MBsinf + MCsiny)
= MAsino. + MBsinB + MCsiny (Vi Sypc MA + Sycp MB+Sy;55MC = 0).
Diéng thiic xdy ra < N =M.

5.21. (h.5-34). Goi I 12 tam dudng tron ni tiép
AABC,tacé:

A
sinBIC = sin (90° + é—) = cosé-
2 2
{sinCIA = sin(90° + E) = cosE
2 2

sinA/ITB = sin(90° + -;—:) = cos—g-- Hinh 5-34

Goi G 1a trong tam tam gidc ABC. Theo két qua BT 5.20, ta c6

A B C A B C
— —_— —_— > —_ — —
0052 GA+cos2 GB+cos2 GC _cos2.IA+cosz.IB+cos2.IC

= %(cos%.ma + cos-g-.mb + cos%.mc) 2 AN + BP + CM

= cos%.ma + cosg.mb + cos%-.mc > % [(p—a)+(p-b)+(p-c)]

=§-p=%(a+b+c).

Ding thitc xdy ra <> G =1 < AABC déu.

5.22. Ta c6 (a>MA + b?MB + c2MC)” 20
= a'MA% + b'MB? + ¢'MC? + 2(b2c2 MBMC + *a’MC.MA + a’b? FA.I\TI%) 20
= a'MA? + b*MB? + c*MC? + b%cAMB? + MC? - a2 + |
+ c?a* (MC? + MA% - b%) + a?b*(MA? + MB* - ¢3) > 0
= (a% + b’ + ) (aMA? + b*MB? + ¢PMC?) > 3a%b?c>
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2:.2 2
:>a2MA2+b2MB2+c2MC22———-———-——23abzc >
a“ +b° +c

Ding thic xay ra < a’MA + b*MB + ¢MC = 0
< M 12 diém Lo-moan ctia AABC.

5.23. (h.5-35). Géi G la trong tim AXYZ ; H, I, K 14n luot 14 hinh chiéu cua G trén
BC, CA, AB. ‘

 Taco YZ2+ZX%+XY? = 3(GX? +GY? +GZ2) 2 3(GH2 + GI2 + GK2) (1)
Theo bt dang thitc Bu-nhia-c6p-xki ta c6

(GH? +GI? + GK?)(a? + b% +¢?) > (aGH + bGI + cGK)? = 452 5. @)
Tur (1) va (2) suy ra

2 .
YZ2 4+ ZX2 + XY? » 1 20ABC A

a? +b% +¢2

— Néu déng thitc xay ra thi GX L BC;
GY LCA;GZ LAB
G 1a diém Lo-moan ctia tam gidc ABC

1
= X, Y, Z 12 hinh chiéu cla diém B X H o<
Lo-moan cua tam gidc ABC trén BC, Hinh 5-35

CA, AB. '

— Nguoc lai, néu X, Y, Z 1a hinh chi€u cia diém Lo-moan L clia AABC thi L
1a trong tam AXYZ (BT 2.5).

= YZ? + ZX* + XY? = 3(LX? + LY? + LZ).
Ciing vi L 12 diém Lo-moan clia AABC nén

, |
LX*+LY?+1Z%= 24SAZBC =~ (BT2.12)
a“ +b“ +c¢
2
Suy raYZz+ZX2+XY2=%.
a“+b” +c

Tém lai, (YZ* + ZX? + XY?) nhé nhat khi va chi khi X, Y, Z 14n luot 12 hinh
chiéu clia diém Lo-moan ctia AABC trén cdc dudng thang BC, CA, AB.
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5.24. Gid sit 1 12 diém thoa mén IA + 2IB + 3IC = 0. *)
Khi d6 VM ta c6
MA? + 2MB? + 3MC? = (ﬁl + L_A()2 + Z(W + fﬁ)z + 3(@[? + ﬁ)z
= 6MI* + 2MI(IA + 2IB + 3IC) + 1A% + 2IB? + 3IC*
= 6MP + (1A2 + 21B? + 31C2).

vay (MA? +2MB? +3MC?) nhé nhat <>M =1

Bay gi® ta hdy tim toa do I tir he thic (*). Gid st I=(x; y).
Ml -x4-Y)+2(-2-x-2-y)+34-x,2-y)=(0,0)
& (9 - 6x, 6 — 6y) = (0, 0)

9"6x=0 X =
<& <
6-6y=0

— Nlw

y
Vay di€m tho4 min diéu kién bai todn1a M = (—;— ; 1).

Nhdén xét. C6 thé giai bai todn biang phuong phdp dai s6. Gid st M = (x, y).
Khi d6

MAZ? + 2MB? + 3MC? = (x = 1)2 + (y ~ 4)> + 2(x + 2)2 + 2y + 2)* + 3(x — 4)°
+3(y — 2)> = 6x% + 6y° - 18x — 12y + 93

147

=6(x2 —3x+-9—) +6(y2—2y+1)+T

4

2
_ 3y 2 147
-6()(-2) +6(y-1)"+ >
x=2
Suy ra (MA? + 2MB? + 3MC?) nhé nhét khi va chi khi {" ~ 2
: y=1

5.25.a) AB = (4, -8); AC = (9, -3).
Theo VD 5.28, tacd ‘

Sapc = —;—l-12 +72 =30, .
b) H(x ; y) 12 tryc tam tam gidc ABC khi va chi khi
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Xﬁ-ﬁa=0©{5(><+3)+5(y-—6)=0 ©{x=2
BH.CA =0 |-9x-1)+3(y+2)=0

VayH=(2; 1).

5.26. a) Trén mit phing toa d¢ 14y cic vecto U = (31 ib)).V = (ay:b,). Ta cé

Iﬁ+§/’|s|ﬁ|+|V|:\/(a1+a2)2+(b1 b,)? <\/ +b? + /a2 + b2,
\’ . 2 P 7 | - - -ﬁ//v
Dau déng thifc xdyra< i T v < {_"
uv >0
a _ b
& {a, by (quy uéc méu bing O thi tir bing 0).

aja, +bb, 20
b) Ta cé [i — v > |[dl - ¥, suy ra

2 2 2|
J@ —a;)? + (b, — by ) 2 |2 + b2 —Ja2+b2‘.
Tuong tu nhu trén, ding thic x4y ra khi va chi khi
.h

a, b, (quy uéc méu s6 bing O thi tir s6 bing 0).
42,9 + blb2 20

5.27. Gia sir hinh binh hanh ABCD c6 toa d¢ cic dinh A, B, C déu 1a céc s6
nguyen Khi d6 c4c vecto CA CB déu c6 toa dO 1a céc s6 nguyén. Gia sir

= (X351 CE = (X2;¥2) VOi X1,¥1,X2,¥2 € Z.
Theo VD 5.28 tacé
1
SaBcD = 2S4pc = 2-§|X1Y2 ~ Xo1| = [X1y2 = X,¥1]-

Vay dién tich hinh binh hanh ABCD la s6 nguyén.
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6.1.
6.2.

6.3.

6.4.

6.5.

260

§6. HE THUC LUONG TRONG TAM GIAC

HD. Ap dung VD 6.2.

HD. Sit dung dinh li cétang (VD 6.1).

(h.6¥14) Ap dung dinh If cotang cho cic tam gidc MAB, MBC, MCA, ta c6 :
[ o o MA% + 7 - MB? A
o= 4Sya

! ot = MB’ +a® - MC?

4Smpc
cot = MC? + b® — MA?

{ ‘ 4Smac

— cotg = a%? + b% +¢? Hinh 6-14

4SsBc

(tinh ch4t cta ti 1& thic)
= cot® = cotA + cotB + cotC (theo VD 6.1)

a2+ b2 +c22 4438 + (b-c)’+ (c —a)’ + (a-b)°

o [a2 - b-0?]+[b? - (-] +[c? - (@ -b)2] > 4435

&(@a-b+c)a—-c+b)+(b—c+a)b—-a+c)+ ,
+(c—a+b)(c-b+a)=> 4\/§S. ,

Ditx=b+c—-a;y=c+a-b;z=a+b - c. Bit ding thic cdn chiing minh
twong dwong véi bat déng thic sau :

yZ + ZX + Xy 2 ﬁ\/(x +y+2z)Xyz & (yz+zx + xy)2 2 3xyz(x +y + z)
= (yz)2 + (zx)2 + (xy)2 2 Xyz(X +y + z) |

< (yz- zx)2 + (zx — xy)2 +(xy — yz)2 2 0 (dpcm).

Ding thic xdy rac> yz=zx =Xy < x =y =z & a=b=c < AABC déu.

-

2
ha_z\[z_‘r@h_aza
I R 7 ;27 R

a




2
45 45
> _
& — a 2a+agc+°<:>(b+c)224a(b+c—a)
(a+b+c)(a+b+c) e
(b + c)? 4S

& (b+c)? —4(b+ca+4a’ >0 (b+c—2a)° 20 (dpem).
Déng thitc xay ra <> b + ¢ = 2a.

m, g btc (b+c) (b + c)?
.6, —2 z
6.6 L, 2,/1,0 4bc Q 13 be
2 2 2
- 2(b +c)—a 2(b+c)

be

(a+b+c)(—a+b+c)
(b + c)?

@2(b +c)—a >(b+c) —a <:>(b c) >O(dpcm)
Ding thitc xay ra < b = ¢ < AABC can tai A.

6.7. HD. St dung cic cong thirc tinh dién tich tam gi4c theo chu vi va ban kinh céc
duodng tron ngoai tiép, noi ti€p, bang ti€p.

6.8. HD. Ap dung bét ding thitc trong VD 5.23
MAGA+MBGB+MCGC>GA + GB? + GC?
va cho M = O (tam dudng tron ngoai ti€p). Ap dung bd dé & VD 6.19 suy ra
b4t ding thic cdn ching minh.

6.9. Dat S_, 1a dién tich tam gidc véi ba canh 1a m,, my, m,. Theo b8 dé trong
VD6.13,tacé S, = Z-s. Vay |

2Mpm, 4R __ .S
2m ; 721 ——
m? + m? + m? m; + mj + m;

3
4R ..—S
m4 >'r¢$ﬂm£:r_2r

%(a +b2+c2)— a2 +b? +¢?

Ll

a +b% +c?
m 2 2@+b+c)
B4t ding thifc trén ding (BT 6.8) (dpcm).
Ding thitc xay ra <> AABC déu.

< R
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6.10. 3r(tané-tan§-)=3r2( 1 _ 1 )
2 2 p-a p-c
_3 (0-9-(p-a) _ 3p(p-a)p-b)p-c)a-c)
©op-ap-o PX(p—a)p - )
_3p-ba-o
P

Keét hop véi gia thi€t a + ¢ = 2b. Ta cé

E)_B(Zb—b)(a.—c)_%(a—c)
2)° 2b+b  3b

3r(tan% ~ tan =a —c (dpcm).
1 4p? (a+b+c)?

6.11. - 1652 (@+btoybrc-a)cta—batb_o)

_(b+c—a)+(c+a-b)+(a+b—c)
(b+c—-a)c+a-b)a+b-c)

_ 1 N 1 . 1
(c+a-b)a+b-c) (@a+b-c)b+c-a) (b+c—-a)c+a-b)

- 1 + 1 N 1
a’ — (b -c)? b? -(c-a)? ¢ —(a- by

SRR}

- Déng thic x4y ra <> a = b = c < AABC déu.

Ban doc ty chitng minh b4t déng thitc bén tréi (dya vao BT 6.7b).

Vidy 6.8 12 h¢ qua clia bai to4n nay.

6.12. Tren tia d6i cia tia MA 14y diém D sao cho MD = MA (h.6-15). Ap dung
dinh Ii sin cho AACD ta c6

A

sin DAC DC

= C
sinDCA DA ‘

sinB-C)  AB B M C
sin(180° - A) 2AM '
- sinB-C) ¢
sinA 2m, D
Hinh 6-15
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sinB-C) 1 A A
= A "3 = sinA = 2sin(B - O).

6.13. (h.6-16) bat I = ACNBD. Tacé

| . Ton
sin ASB _ ESA.SISIH ASB _ SASI _ ﬂ (1)
~sinCSB %SC.SI sinCsg et ¢

Ap dung két qua trong VD 6.18 cho
cic tam gidc ABC, ADC, ta cé

Al_ (ﬂ)z

Cl \CB
AL_ (A_Df
Cl \CD
Tix (1), (2) suy ra

sin ASB _(@)2 _(513)2 |
sin(/ZSTB “\CB “\cp /" ‘ Hinh 6-16

(2)

6.14. Gia sl R 12 ban kinh ctia (). Ta c6 (h.6-17) :

BC.CA.AB
Sapc _ 4R _ BCCAAB 0
Sygc BCCAAB ~ BCCAAB
4R
| [ BC _ MB
AMBC «» AMC'B' |C'B" MC
Lai c6 {AMCA o AMAC = { <A _ MC |
A'C MA Hinh 6-17
AMAB o AMB'A" | s s
BA' ~ MB'

_, BCCAAB _ MAMBMC
BC.CA'AB  MA'MBMC'"

\ Sasc _ MAMBMC
Tu (1)7 (2) suy ra SA'}B‘C’ - MA'.MB'.MC' *
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6.15. Cdch 1. Duyng hinh binh hanh XYZT =
¢l céc canh tuong tng song song Vvdi . M\ /
AC, BD nhu hinh 6-18. D& thdy A \“Mc

i T D VA
= —2—AC.BD sina.. Hinh 6-18
Cdch 2. HD. bat O = AC n BD (h.6-19). B

Sir dung déang thitc

Sascp = Soas + Sosc + Socp + Sopa-

6.16. Néu khong ké dén su sai khac vé mit ki
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%\
A\V c
hiéu thi c6 hai truong hop xay ra : ‘

Truong hop 1 (h.6-20)

SaBcp = Sapc + Sapc= %absinB + %cdsin]?

1 1 1
<_ —. [ J—
_2ab+2cd 2(ab+cd).

Diéng thiic xay ra < ABC = ADC = 90°.

Truong hop 2 (h.6-21)

Goi C 1a di€m d6i xiing ctia C qua trung truc ctia BD.
BC'=DC=b0b

Tacé:
DC'=BC =c.

Dé thdy Sppcp = Sapcp- (1)

Ap dung trudng hop 1 véi it gidc ABC'D, ta c6

D
Hinh 6-20

SABC'D < %‘(ab + Cd). (2)

Tu (1) va (2) suy ra Spgep < %— (ab + cd).

Déng thic xdy ra < ABC' = ADC' =90°. (*)
ABCD ndi ti€p
AC L BD.

Ta c6 thé thdy (*) < {

Hinh 6-21




6.17. Truong hop 1 : AD, BE, CF khong dong quy (h.6-22)
Gia st BE cét CF tai X, BE cit AD tai Y, AD cét CF tai Z.
Theo dinh 1 Pa-xcan (VD 6.21), PS di qua X, NR di qua Y, MQ di qua Z.
Ap dung dinh 1i Xé-va dang sin 14n luot cho céc tam gidc XEF, YAB, ZCD,
ta cé
[sinX; sinE, sinF
sinX, sinE, sinE,

sinY; sinA; sinB, '
. . =1
|'sin Y, sinA, sinB, ©) F

sinZ, sinC; sinD

- -— ‘o =1.
Lstz sinC, sinD,

Chi ¥ ring :
E =D, ; E,=B, ; A|=F, ; A,=D, ; C;=B, ;

Hinh 6-22

(/Z; = E (4) (gbc noi ti€p cuing chin mot cung).

Tir 3), (4) suyra:

sinX; sinY; sinZ,

sinX, sinY, sinZ, ’

Vay, theo dinh 1i Xé-va dio dang sin cho AXYZ thi PS, NR, MQ déng quy.

Truong hop 2 : AD, BE, CF déng quy tai diém T.

Theo dinh 1i Pa-xcan, PS di qua T, NR di qua T, MQ di qua T (dpcm).
6.18. (h.6-23). K¢ CE // BD (E thuoc dudng tron ngoai tiép ABCD).

Tacé

Sascp = Sasep = Sase * SapE- (D
Piat I = AC M BD va AID = a. Dé thdy
ABE =a: ADE = 180° - a.

Tu (1) va BT 6.15, tacé

1

5 AC.BD sino =

—;-AB.EB sino + % AD.ED 5in(180° - o)

= AC.BD = AB.CD + AD.BC (vi EB = CD ; ED = BC). Hinh 6-23
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Nhdn xét. Két qua trén duoc goi 1a dinh If Pté-1é-mé, rét ndi ti€ng trong hinh
hoc so cép. ”

6.19. Chi cén giai bai todn trong trudng hop M e fa?: (khong chita A) (h.6-24).

Theo dinh li Pto-1é-mé ta c6

CA AB

:>MA+MB+MC

CA AB
= MB(1+§E)+MC(1+'B—(:—)

BC+CA BC + AB
—BC +MC.———BC
CF+CA BE + AB
BC +MC. BC
AF AE

= — —_— i Hinh 6-24
MB. BC + MC. BC in

MB MC MB? MC? ) )
= — —_— < IR,
—o AF + == AE < \/(BCZ s ](AF + AE?)

= MB.

= MB.

- \/__——MBZ + MC? (\p2 4 AR?) = \/B—Cz.EFz (dinh 1f Py-ta-go)
BC BC

= VEF? =FF.

Vay MA + MB + MC < EF.

MB  MC

BC _ BC . MB _AF

AF ~ AE MC AE

<> AMBC »» AAFE < MBC = AFE.

Piéng thic x4y ra &

6.20. a) Pata = BMC ;= CMA ;
y= AMB (h.6-25).
Tacé
. - o
{0° < o,B,y < 180° .

a+p+y=360° ' B C
Hinh 6-25
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Na

_, 07 <180° — 0t,180° - B,180° - y < 180°

(180° — ) + (180° — B) + (180° — y) = 180°,
Vay t6n tai tam gidc ABC c6 A' = 180°—a; B =180°-pB; C' = 180° - y.
Ap dung dinh li sin cho AABC ta cé

sin(180° - a) _ sin(180° - B) _ sin(180° - )
B'C' - CvAv ’ - Ale
- sina _ sinf _ siny
B'C'" C'A" AB

_\2 —;—MC.MA sin ﬁ) .MB (%MA.MB sin y) MC
B'C' CA A'B’
Spec-MA _ Spca-MB _ Smas-MC
B'C’ C'A' A'B'
= Smpc-MA, Syica-MB, Sy 4p-MC 12 d6 dai ba canh clia mét tam gidc (ddng
dang véi AA'B'C'). Theo dé bai, ta ki hiéu né 14 A(M).

(-1— MB.MCsin oc) MA (

b) Dat Sp(y 12 dién tich tam gidc A(M). Theo cau a), ta c6

1 . :

3
<[ Smec *Smea +Suap | _ L g3
3 ABC-

- T 27

Ding thitc xay ra < Sype = Syca = Spap < M 12 trong tam AABC.

Vay Saqy 16n nhéit khi M 12 trong tam tam gidc ABC va gid tri 16n nht dé
3 1 3

bang ES ABC-

Nhgn xét. C6 thé ching- minh cau ‘a) nhd ding thic

SmpcMA + Spca MB + Sy 45 MC = 0 (VD 1.21) véi chd § ring céc vecto

I\T‘A, WB, MC doi mbt khong cuing phuong.
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OC OB

| 6.21. (h.6-26) AOCA «»» AOBC = OA - OC

= 0C’*=0A.0B= 0C?=3
= OC = +/3. Theo dinh li cosin ta cé

ACB <90° < cosACB >0
& CA%+CB - AB?>0
< OA? + 0C% - 20A.0CcosxOy + OB
+OC? — 20B.0CcosxOy — AB*> 0

& 1+3-21.4/3cosx0y +9+3-23.4/3cosxOy —4>0

= 8~/§cosx/0\y <12
—= 3

< cosxOy < -

& xO0y 2 30° (dpem).

6.22. (h.6-27) Goi H, K theo thi tu 13
ti€p di€m cla dudng tron noi ti€p cic

C

Hinh 6-26

tam gidc ABD, ACE v6i AB, AC. B M D

bit r, ), r, 12 ban kinh dudng trdn noi
ti€p céc tam gidc ABC, ABD, ACE.
1 1 1 1 BD CE

Tact: g * DM~ N T EN < BMDM - CNEN

BD

E N C

Hinh 6-27

CE

< (BA + BD — AD)(DA + DB - AB) - (CA + CE ~ AE)EA + EC - AC)
- BD(AB+AD+BD)(AB+AD-BD) CE(AC+AE+CE)(AC+AE-CE)

2 | Ree
BD(AB + AD + BD).2AH  CE(AC + AE + CE).2AK
%BD.ha (AB +A2D + BD) . % CEh, (AC + A;E + CE) ~f2
== érg = %E = cothD = cotcgE & BAD = CAE (dpcm).
1 2 ‘
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§7. HE THUC LUONG TRONG PUONG TRON

7.1. (h.7-21) Vi céc tit gidc HA'BC', HA'CB' n6i ti€p nén A
AA'AH = AC'.AB
AA'AH = AB'.AC c '
= AA'.AH = % (AC.AB+ AB.AC). (1) B'
Tuong tu, ta cé . h
B A’ C

BB'BH = %(BA’.BC +BC'BA) ) Hinh 7-21
CC'.CH = %(CB'.CA +CA'CB) (3

Tu (1), (2), (3) suy ra
°  AA'.AH +BB'BH + CC.CH

= —;—[BC(BA' +CA") + CA(CB + AB) + AB(AC' + BC)]

= % (BC? + CA? + AB?) (dpcm).
7.2. Trén BC lay E sao cho BE = BD (h.7-22). Theo gia thi€t CE = AD (1).
Vi BD la phan giac nén
BA DA A
BC - DC @ .
T (1), (2) v6ichi y BA =CA, tacé
CA CE ‘ _ &
E = DC = CA.CD=CE.CB B + E -

= ABED néi ti€p = BAD + BED = 180°. Hinh 7-22

bat ;‘HB\C =20, ta cd
BAD = 180° - 40.(vi AABC cn tai A)

BED = 90° - %—(vi ABDE can tai B).
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Tix dé suy ra (180° — 4ar) + (90° - %) = 180°

;97“=90° = a =20°.

Vay BAC = 180° - 4.20° = 100° (dpcm).

7.3. Goi D 1a diém xuyén tam d6i cta C
déi véi (O) (h.7-23). K = CD n EF,
I = CH ~ EF. Trong tam gidc vuéng
CED, ta ¢6 CH®* = CE* = CK.CD =

2CK.CO 1
Mat khéc, vi tit gidc KIHO néi tiép nén
CK.CO =CI.CH (2)

Tir (1), (2) suy ra CH? = 2CL.CH
= CH =2CI = CI = IH.
Vay EF di qua trung diém I ctia CH.

7.4. (h.7-24)
AH.AF = AE.AK
Ta cé <BL.BG = BF.BH
CK.CE = CG.CI

AH.(a - BF) = AE(a - CK)
= {BI(a - CG) = BF(a — AH)

CK(a — AE) = CG(a - BI)
= (AH + Bl + CK)a = (AE + BF + CG)a
:>AH+BI+CK=AE+BF+CG(dpcm).

7.5. (h.7-25)
Goi H 1a hinh chi€u cha M trén dudng thing
OI, dit K = AB N OM. Ta cé tt gidc MHIK

noi tiép, nén OH.0OI = OMOK. (1)
Mat khéc, trong tam gisc vuong OMA ta c6
OM.OK =0A%=R2 )

270

Hinh 7-23

B IN——G C
Hinh 7-24
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T (1), (2) suyra YEYX =YC.YD
= (YC+CE)YX = YC(YX + XD)
= CE.YX=YCXD

XD.YC XD.YC
XYy - ET Xy
Nhdn xét. 1) Trén tia d6i cta tia DC 14y F sao
cho AFC = a (h.7-28). Chitng minh nhu trén Hinh 7-28
2 cé XD.YC

XY

khong déi.

=DF. Suy ra CE = DF.

XC.YD
XY CF =DE.

2) Tuong ty nhu vay ta con cé

7.9. Gia st A cit (O) tai E, F (h.7-29). Néu OH = OK, dp dung BT 7.8 cho t gidc
HE.JF KF.IE '
H  KI
Néu OH = OK thi HE = KF. Vay
JE _IE
HJ  KI
- HJ + JF _ KI + IE
HJ KI
_, HF _KE
T HI  KI’
Ciing vi OH = OK nén HF = KE, do d6
HJ =KI Hinh 7-29
= HO +0J=KO + OI = OI = OJ.
Néu OI = OJ, turong tu nhu trén ta suy ra dugc OH = OK.

BCFE, ta c6

7.10. Ap dung BT 7.8 cho tit gidc BCFE (h.7-30) ta c6
MEIF _NFIE _ ME _ NF
M IN IMIE INIF
IE-IM IF-IN
IMIE  INJF
1 1 1 1 11

Hinh 7-30
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7.11. (h.7-31) Ta cé
CD’ + DB’ + BC?
= (CA + DA)’ + DB? + BC?
= (CA? + CB%) + (DA” + DB?) + 2CA.DA.

Ap dung cong thitc tinh d6 dai trung
tuy€n cho cic tam gidc CAB, DAB ta

¢6 CD? + DB’ + BC? =
2 2
=2C0% + —A%+2D02 Af +2(R% - 0A?
2
=6R% + AB® — éE- (viCO=DO=R;0A= lAB)
2 A B?
=6R” + (khong déi).

7.12. Ap dung két qua va nhan xét trong VD 5.6, ta c6
(MA? + NA?) + (MB? + NB?) + (MC? + NC%)
= (MA? + MB? + MC?) + (NA? + NB? + NC?)
= 2(GA? + GB? + GC?) + 3(GM? + GN?)

-

- C

S — S —)
= 2[(GA? + GB* + GC?) + 3GM.GN | + 3(GM - GN)

= 2[(GA? + GB? + GC?) - 3(R* = 0G%)] + 3MN?
= 3MN? (dpem).
7.13. Gia sir ban kinh cta (O) 1aR (h.7-32), ta ¢6
R?= OB? = (01 + B;)’
= O + IB? + 20LIB,.
Suyra R?-OP = IB? + 20LIB,
= IB, 1B, = IB? + 20LIB,

= IB, =B, + 20L ﬁl. (1)

1

18-BT NANG CAQ .. HINH HOC 10

Hinh 7-31
Bl B4
O
B,
B,
Hinh 7-32
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Tuong ty, ta cé

I133

IBg = IB; + 2012 iB, (2)
1B,
IB, = IB; + 201.—* B 3

5
T (1), (2) va (3) suy ra

IB, IB, IB
IB, + IB, + IBg = IB, + IB; + IB + 201(IB: IB? le)
Vi &, &, B 1a cdc vecto don vi d6i mot tao véi nhau géc 120° nén
1B, 1B, 1B,
B, _IB, IB, -
B, ', T,

Vay IB] + IB3 + IB5 = IB2 + IB4 + IB6 (dpcm)

7.14. Goi H, J, K theo thit ty 1a hinh chiéu cita O trén B, B,, B,Bs, B3Bg (h.7-33), ta
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c6 AHKJ déu, noi ti€p dudng tron dudng kinh OI Theo VD 5.12,
OH’ + OF + OK” = IH’ + I” + IK>. ‘ (1)
Mit khc : 1B} +IB? = (HB, — HI)’ + (HB, + HI)*
= 2HB? + 2HI* (vi HB, = HB,)
=2R% - 2HO? + 2HI
(dinh 1f Py-ta-go cho AHB,0). B,

! Bs
Tuong tu nhu vay ta cé B, m B,

IB3 +IB2 = 2R? - 2J0? + 2112
IB? +IB2 =2R? -2K0? + 2KI?

Vay : IB} +1B3 +1B2 +IB2 + IB? + IB?

= 6R - 2(HO? + JO? + KO?) + 2(HI* + JI* + KIP). (2)
Tr (1) va (2) suy ra '

IB? +1B3 +1B3 + B +IB2 +IB2 =6R>.

B
Hinh 7-33




7.15. (h.7-34) Ta c6
GA, +GB, +GC, =
_GAGA GB,GB GC GC
GA GB GC

- (R?-0g?) L+ L L)
—(R oG )(GA+GB+GC

_3(R2—OG2)( 1 +L+L)
- 3 GA GB GC

' Hinh 7-34

_ YGA? . cR? 2(L_}_L)
= 3(GA +GB* +GC ) GA+GB+GC

1 2( 1 1 1 )
> e — e e - e |
2 9(GA+GB+GC) G +GB+GC (1)

Mt khéc, theo bt déng thitc Co-si, ta c6 :

111 3 1
e > K]
(GA+GB+GC)(G +GB+GC) > 3JGA.GB.GC.3 GAGBGC

:>(GA+GB+GC)(-GIK+é+EIC—) =9 2)

Tir (1), (2) suy ra GA, + GB; + GC; 2 GA + GB + GC.
Piéng thitc xay ra <> GA = GB=GC <& G = O & AABC déu.

7.16. Néu M nam trong (O) (h.7-35) ta c6
AMBC «» AMCB'
BC MB MABC MAMBMC

A~ BC MC ~ BC  MCMC
MA.BC MAMBMC
B'C' R?’_-MO?
MA.BC MAMBMC
BC'  |mo?-rY
Tuong tu, ta cé
MABC MB.CA MCAB MAMBMC
BC' CA"  AB  |yo?-r?
Néu M niam ngoai (O), hoan toan tuong tu ta thdy (*) vin diing.

Hinh 7-35

*)
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Nhdén xét. Tx (*) v6i chi y B'C, CA', A'B' 1a d¢ dai ba canh clia mot tam gidc,
ta thdy : MA.BC, MB.CA, MC.AB ciing 12 d¢ dai ba canh clia m6t tam giéc.
K&t hop nhan xét nay véi dinh 1f Pto-16-me, ta c6 két qua néi tiéng sau day, né
thudng duge goi 1 bt ding thiic Pto-1é-me.
Cho tam gidc ABC va diém M bat ki, ta c6 :

MB.CA + MC.AB2>MA.BC 1)
MC.AB+MA.BC >MB.CA 2)
MA.BC + MB.CA > MC.AB (3)

Pang thic xay ra & (1) < M thuéc cung BC (khong chita A)
Déing thitc xdy ra & (2) < M thuoc cung CA (khong chta B)
Ding thifc x3y ra & (3) < M thudc cung X\B (khong chita C).

7.17. (h.7-36)

- suy ra ti gidc AMM'L n6i ti€p,

a) Goi K 12 giao diém ctia AB véi dudng tron (BMN), K # B. Ta cé
H(-.A_B = m.m = QA/(O)

— 9 ,
= AK =29 yhong déi
AB

= K c6 dinh. S
b) bit L = AB n (BM'N),
L#B.

Dé thdy NMM'=M'N'B=M'LA,

do d6
BL.BA =BMBM' = $;(, khong déi.

Hinh 7-36

=L c6 dinh.
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c) bat P = M'N' n AB. Goi H 1a trung
diém ciia LB thi H c¢6 dinh. Ta c6

PLPB=PM'PN'

= (f’ﬁ+ﬁ)(ﬁ+ﬁ§) =PO? - R? ‘
= (PH-HB)(PH + HB) = PO? - R?
= PH® - HB® = PO’ - R?




= PH” - PO? = HB® - R? (khong déi).
Theo VD 3.7, P thu6c dudng thing c6 dinh vuéng géc véi OH. Mit khdc, P
thuoc AB nén P c6 dinh. Vay M'N' luén di qua diém P c6 dinh.

§8. PUONG THANG

8.1. a) Dudng thang A cit truc hoanh tai diém I(-1 ; 0).
Goi B 13 diém d6i xiing cha I qua A(2 ; 0), ta c6 B = (5 ; 0). Pudng théng A"
qua B, song song véi A s& d6i xiing véi A qua A.
Phuong trinh A' c6 dang x -3y +c =0.
BeA=>5-30+c=0=c=-5.
Vay phuong trinh cia A'la x -3y -5 =0.

b) Piém A2 ; 0) € d. Goi A' 1a diém d6i xdng cia A qua A, ta tinh duoc

(7.9
A'(s ’5)'

Pudng thang d' di qua giao di€m cia A, d va qua A" s€ d6i xiing v6i d qua A
(dé thay d cat A). Vi d' thu6e chum duong thang xé4c dinh bdi A va d nén
phuong trinh d' c6 dang

a(x -3y + 1)+ P2x +y -4)=0.

\ 7 27 14 9 _
Aled > a(g—?+l)+ﬁ(?+g—4) 0= Sa+p=0
Chon a. = 1, B = 5 ta duge phuong trinh cia d' 12

11x +2y —-19=0.

8.2.Giai hé gébm phuong trinh clia (BC) va (BB') tim dugc toa d¢ B = (% ; %)
Tuong tu tim duge C = (-1 ; 3).
Pudng thing AB di qua B, nhan vecto chi phuong (1 ; ~1) cta (CC') 1am

vecto phdp tuyén, phuong trinh (AB) 1a

(5-2)-(5-2)=0 = x-ye0

Tuong ty tim duoc phuong trinh canh AC1a x + 3y -8 =0.
T détacé A =(2;2). Phuong trinh dudng cao AA' 1a 5x -7y +4=0.
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8.3.

8.4.
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(h.8-9) Vecto chi phuong clia (BC) 13 vecto
phép tuyén cia (AH) : i =(3; —-4)
= Phuong trinh ctia (BC) 1a
x=2_y+1
3 -4
< 4x+3y-5=0.
Toa d¢ cta C 1a nghiém clia hé
{4x +3y-5=0 ' Hinh 8-9

= C=(-1;3).
X+2y-5=0

« Goi B' 12 diém d6i xiing clia B qua phan gidc CC,. Pudng thing BB' ¢6 vecto
phép tuyén 1a 4 = (2 ; —1) (vecto chi phuong ctia CC))
=> phuong trinh (BB') : 2(x -2) - (y+ 1) =0

& 2x -y -5=0.
Toa d¢ giao diém I ctia (BB') va (CC,) 12 nghiém ciia he

2x-y-5=0

{x +2y-5=0
Phuong trinh canh AClay = 3. ‘
Tir d6 tim dugc toa do dinh A(-5; 3) v phuong trinh canh ABla4x + 7y -1 =0.

=>I=G3;1)=B=(4;3).

Phuong trinh cdc dudng thing AB vad AC c6 dang a(x —2) + B(y —6) = 0
(a® + [32 # 0), vecto chi phuong ciia né 12 (B ; —a). Dudng thing d cé vecto
chi phuong 12 (3; +/3). Cic dudng thing AB va AC tao v6i d géc 60° khi va
chi khi

‘3[3 - «/gocl

= cos60° = %
\/012 + [32 N2

(B - VB2 =3(%+p)
& 62 — 630 = 0 = B% = 3.0 = 0.

Chon o = 1 ta duge B = 0 hodc p = +/3.
Vay phuong trinh cdc canh AB va AC la

x-2=0;x+ \/gy—.-2—6~/?—>=0.

- 0. % fog;

® Sy
‘og,,




s
2.,

8.5. Toa d6 trung diém cia AB la I(-;— ;- %) Goi G(xg, yo) 12 trong tam AABC,

ta cé
Scap = %sABC = % ma AB = V12 + 1> =+2 nen dudng cao GH cia
AGAB la

GH = 25GaB _ _‘/z

AB 2

Phuong trinh duomg thing AB 1a = I 2. y—;’—3- ox-y-5=0,
suy ra khoéng céch tir G(xg, yo) dén dudng thing AB 12

GH = xo-¥o -9

V2

Khoang c4ch nay chinh bing dudng cao GH, két hgp di€u kién G thudc dudng
thing 3x -y -8 =0,tacé h¢

3X0_y0_8=0 x0=1 X =2
lXO ~Yo —5‘ =[% < {yo = — hodc {yo =-2
Sn 2 :

V6iG=(1; ~5), tim dugc C= (-2 ; -10).
V6iG=(2; 2),timdugc C=(1; -1)

(st dung hé thic 0G = _O_C_-_i-3_2_C_)1)

8.6. Khoang céch tir diém I(x ; yo) dén dudng thing A 12

dd; A) = |x0.cosoc + yg.sino + 2cosa. + 1|
= |(x0 + 2)cosa + yg.sino + 1|.

Véixg=-2,yo=0thidI;A)=1 Yo.
Vay dudng thing A ludn céch I mot khoang bang 1, tic 1a A luén ti€p xdc véi
dudng tron tam I(-2 ; 0), bén kinh 1.

8.7. Toa do cia B 12 nghiém ctia hé¢ phuong trinh
{‘6"'3"‘5:0 = B=(1;0).

y=0
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Dutng thing BC c6 h¢ s6 géc k = /3 =5 ABC = 60°. Goi I 1 tm dudng

tron néi ti€p tam gidc ABC thi ABI = 30°. Puong thing BI c6 he s6 géc 12
tan30° = -? nén phuong trinh clia né 1a

¥
3

Mat khéc, dudng tron (I) ban kinh 2 ti€p xdc véi truc hoanh nén I thudc dudng

thang y =2 hoacy = - 2. Toa d6 ciia I1a nghiém ctia hé

{\/—3-x-3y—~/§=0

y =12

x~1) o Bx-3y-3=0.

2X1=1i2\/§.

XA=XC=XI+2=3+2'\/§
=
xA=xC=xI—2=—1—2s/§.

Tir phuong trinh (BC) fim dugc y¢ = v3xc —+/3 = 243 + 6 hodc

yc = -2v/3 — 6. Nhu vay

A=3B+2/3;0) . A=(-1-243;0)
B=(1;0) hoic {B=(1;0)

C=(3+23;2/3+6) C=(-1-2\3; -2J3 -6).

Trong trudng hop thi nh4t, trong tam G ciia tam gi4c ABC c6 toa do 1a

X —XA+XB+XC__7+4\/3—. _2‘/§+6
¢~ 3 - 3 » Yo = T
Truong hop thit haitac6 G = (_1 _34‘/3- ;‘2\/3—6‘].

8.8.Giés1’rA=(a;O),B=(O;b)thia>0,b>0,a+b=k(kh0ngd6i).

Goi I 1a trung diém clia AB, ta cé I =

.

(% ; g) Du&ng trung truc ciia AB di
qua I, cé vecto phdp tuyén 1a BA = (a; —b), do d6 phuong trinh trung truc 1a
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v . X ;
a(x—-z—)—b( —EJ =0. (D
X o 4@ a+b a+b) | A .
Dé thay diém P 5 c6 toa do thoa man phuong trinh (1). Vay

dudng trung tryc clia AB lué6n di qua diém P(% : -lzi] c6 dinh.

8.9. Lap he truc toa do Oxy. Gid st A=(a; 0), B=(0;b), M=(m;0),N=(0;n).
X—-a y

Phuong trinh dudng thing AN di qua A(a ; 0), N(0; n) 1a — "

& nx+ay —na=0.
Tuong tu c¢6 phuong trinh dudng thing BM 13

bx + my —mb =0.
Toa do giao diém ctia (AN) va (BM) 1a nghiém ctia h¢

X = mna — mba
+ay—-na=0 - -

{nx ay —na — mn - ab

bx + my - mb =0 _ mnb — nab
" mn-ab
_ X,y _2mn-(mb+na) — (1)
a b mn — ab

Theo gid thiét, — + % =2 = mb + na = 2ab, thé vao (1) duoc

y _2mn-28 _, vy che giao diém clia (AN) va (BM) luon chay

X
a b mn — ab

trén dudng thing ix; + Eyi; =1. D6 chinh 12 dudng thing A'B' véi A' € Ox,
B' € Oy sao cho OA'=20A, OB' = 20B.
8.10. Gia st M = (m ; 0), N = (0 ; n), (m > 0, n > 0). Phuong trinh dudng théng
MN c6dang — + 2 =1.Vi A € (MN) nen 2+ 221, )
m n m n
Theo bat ding thitc Bu-nhi-a-c6p-xki, ta cé

2 2 . i
m+n=(m+ n)(-r% + %) 2(\/; +\[l;) . D4u dang thic x4y ra khi va chi khi

2 2
__n_1_=1_1_<:>_r9_=[a_. @)
a b n b
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T (1) va (2) tim duge m = a(va +vb), n = Vb (va + vb). Véi che gid

tri ndy cia m va n thi OM + ON nhd nhét. Véy phuong trinh dudng thing c4n
tim 1a
=1

X . y
VaVa +¥5) " Jolda +b)
hay x/gx+\/—y \/_(a+\/_) 0.

8.11. HD. Sit dung b4t ding thic

trong d6 A'1a di€m d6i xting clia A qua dudng thdng A (xem VD 8.13).

§9. PUONG TRON

9.1. Tam dudng tron cdn tim 12 giao diém cla dudng trung tryc ctia AB va dudng
thing di qua B, vudng géc véi dudng thing 2x +y — 3 =0.

V20

7T S5Y.. .. -
DS : Toa d6 tam I(? ; 3) ban kinh IA = 3

Phuong trinh dudng tron 1a :
1) ofy S o2
3 3) 9

9.2. Dudng tron (C,,) c6 tAm I,(m+1; -2m), bén kinh R, = \/(m + 1)2 +4m? +5.
(G) ti€p xiic v6i dudng théng x +y - 1 = 0 <> khodng céch ti I_, dén dudng
théng bing bén kinh

@Im+1_2m_ll=\/(m+1)2+4m2+5

NG

& |ml = «/5.\/5m2 +2m+6

& 9m? +4m +12 =0, |
Vay khéng c6 dudng tron no chia ho ti€p xic véi dudng thing da cho.

Phuong trinh trén vo nghiém.
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9.3. Gia slt phuong trinh dudng tron cén tim c6 dang
(C) : x2 +y2 +2ax + 2by + ¢ = 0.
P(1; 1) thudc dudng tron nén
2+2a+2b+c=0. ¢))
(C) ti€p xtic véi hai dudng thing nén khoang céch tir tam I(-a; - b) dén hai
dudng thing bing nhau, bing khoang céch tir I dén P, do dé:
|-7a-b-3 _|-a-7b-3

V50 50

Tir cdc hé thic (2) tim dugc a =b = —% hoic a=b = —%. Thay vao (1)

= J@+ D%+ (b+ 12, Q)

tim dugc ¢ = 12 hodc ¢ = % (tuong Ung).

V4y c6 hai dudng tron cén tim 12
x2+y2—7x—7y+12=0 ;

9.4. (h.9-6) Viét lai phuong trinh céc dudng tron
C):x-12+@y+2°=9
(C): (x +2)* + (y-2)* = 64.
(C;) c6 tam I(1 ; —2), ban kinh R, =3, V1 ]
(C,) c6 tam J(-2 ; 2), ban kinh R, = 8.

Tac6U= (=2~ 1% +(2+2)* =5
= R2 - Rl’
Vay (C,) va (C,) ti€p xiic trong v6i nhau.

Ti€p tuyén chung clia (C;) va (C;) chinh 1a
truc ddng phuong clia hai dudng tron nay,

Hinh 9-6

né c6 phuong trinh
6x-8y-52=0
hay 3x -4y -26=0.

9.5. (C;) : (x = 5) %+ (y + 12)* = 15% ¢6 tam E(5 ; -12), bénkinh R, = 15.
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(C): (x =1)* +(y = 2)? = 5 c6 tam F(1;2), bankinh R, = 5.

VIR, -R; < EF = V4% +14? = {212 <R, +R, neén
(C,) va (C,) ciét nhau, do d6 hai dudng tron chi cé ti€p tuyén chung ngoai.
Goi S 1a diém trén dudng thang EF sao cho

E R 3. SE-sF

SF R,

= <Ts‘=OE—:23CE=(—1;9) (O 12 géc toa do)
= S=(-1;09).

Ti€p tuyén chung ciia hai dudng tron di qua S nén phuong trinh cta né cé
dang a(x +1) + b(y ~ 9) = 0(a® + b # 0) < ax + by +a - 9b = 0.
Khoang céch tir F(1 ; 2) dén ti€p tuyén bing R, = 5,
e 270l _
Va? + b’

< 21a? + 28ab — 24b2 = 0.

5 (2a-7b)? = 25@a% + b?)

—14 +
Chonb =7, ta cé a=—“%-(£.

Vay phuong trinh céc tiép tuyén chung 1a
(~14 £107)x + 21y — 203 + 1047 = 0.

9.6.a) (C,): x2+y2—2mx+4my+5m2— 1=0
<:>(x—m)2+(y+2m)2= 1.
Pudng tron (C) c6 tAm I (m ; —2m), ban kinh R = 1.
Tap hop céc tam I, 12 dudng thang A : y = —2x hay 2x +y = 0.
Do ho (C,,) c6 ban kinh khéng d6i nén c6 hai dudng théng ti€p xic véi (Cy) Vm.
Hai dudng thing ndy song song véi A va cich A mot khoang R = 1, phuong
trinh cla chiing c6 dang 2x +y ~k = 0. Ly di€ém M(xy; ; ~2x; + k) thuoc
mot trong hai dudng thing d6, ta cé
|2xM - 2xy +k| =—|k—|=l o ket 5.

dM; A) =
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9.7.

9.8.

Vay ho dudng tron (C,,) luén tiép xiic v6i hai dudng thing c6 dinh 1a

2x +y £ 5 =0.
b) Dudng tron (C) : x> + y* = 1 cé tam O(0 ; 0), bén kinh R' = 1. (C,,) cét (C)
tai hai diém phan biét A, B khi va chi khi
IR-RY|<OI,<R+R' & 0<0l, <2&0< Vsm? <2

m=z0

2./5 - Khi d6 duong thang AB Ia trué déng phuong cia (C,) va

lml < ==

(O), phuong trinh ctia n6 1a

2mx—4my—5m2=0 hay 2x —~ 4y — 5Sm = 0.
Pudmng tron (C) cédn tim thudc chim dudng tron x4c dinh boi hai dudng tron
da cho nén phuong trinh ctia n6 c6 dang
oc(x2 +y2 -—6x—4y+12)+(x2 +y2 -8x-2y+12)=0 (a=#-1)
e+ D(x? +y?) - 260 + Hx - 220 + Dy + 120 +12 =0

@x2+y2_2(3a+4)x_2(2a+1)
o+1 o+1

y +12 =0.

Bén kinh ciia (C) bing 13 neén ta c6
2 2
3a+4 + 200+ 1 —12=13
a+1 o+1

60 +1lo+4 =0

Véi oc=—-—;-, tacé tim I;(5;0) = phuong trinh dudng tron la (x—-5)2 +y2 =13.

Véi a=-—§- tacé tam I,(0; 5) = phuong trinh dudng tron 1a x? +(y—5)2. =13.

Pudmg tron (C;) ¢6 tam I,(1 ; —2), bén kinh R, = 3.
Pudng tron (Cy) ¢6 tam I,(~1; 1), ban kinh R, = 4.
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9.9.
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DE thdy (C,) ti€p xtc véi dudng thiang d:x+5=0, con (C;) thikhong tiép

xtic v6i d. Ta hdy di tim dudng tron (C) thugc chum xéc dinh béi (C)), (Cy),
khdc v6i hai dudng tron di cho. Phuong trinh chia (C) c6 dang :

K(x2+y2—2x+4y—4)+(x2+y2+2x~2y—14)=0(k¢—1; A #0)
S A+D(x2+y?)+20-M)x +2Q2h - 1)y —4A -14 =0

2 2 2(1-23) 22A-1) _4}\.+14_
GRS A W Bk wrr b A W
) A1 1-20) .,
(C) cO tm I(m ,m), ban kinh

Ro (A1) (L=22Y 4r+14 _ |a 120416

“AVLA+1 A+1 A+1 (k+1)2
(chd ¥ ring 9A% + 124 + 16 > 0 VA).
Pudng tron (C) ti€p xidc véi dudng thing d khi va chi khi khoang céch tir tam I
dén dudng thing d bing ban kinh R, tic 12
A =1 ‘ OA% +12A +16

+ 5| = 5

A+1 A+1

A =0 (loai)
SAM27A+36)=0 s 4

< (6A+4) =902 + 120 + 16

3

Véi A = —%, ta c6 phuong trinh duong tron (C) 1a

x? +y? —14x + 22y + 26 = 0.
Viét lai phuong trinh cdc dudng tron

(C):(x-2%+y*-1=0

(C):(x+2? +(y+1)?-3=0

(G (x =D+ (y-2)*-5=0.

Diém K(x ; y) c¢6 cing phuong tich véi ba duodng tron (C,),(C,),(C;) khi va
chi khi (x ; y) 12 nghiém ctia he
x=22+y?=1=x+2?+(y+1)?-3=x-1%+(y-2)*-5.




O

creta e .. 1 A 5 11
Glalhetlmduqcx—lg,y— 13 VaydlémcantlmléK(lg, 18)

(Diém K goi 12 tdm ddng phuong clia ba dudng tron).

9.10. (h.9-7) v
Viét lai hé di cho thanh
x+m(y-1)=0 M A
2
1 2 1
) B

D& thdy (1) 12 phuong trinh dudng thing di

qua diém c6 dinh A©; 1) Vm : @ 1a — of 1 C x
1 | , N

phuong trinh dudng tron tam I(E;O)’

bin kinh R = % . Hinh 9-7

S6 nghiém ciia hé 12 s6 di€ém chung clia dudng thing va dudng tron.
Ké céc ti€p tuyén tir A t6i dudng tron : truc tung va ti€p tuyén ABC.

Pat OAI = a thi tana = % khi d6 tan OAC = tan20; :% = OC = %-

Pudmg thing (1) cit truc hoanh tai diém M(m ; 0).
Tir 46 ta c6 két luan

- Néum <0 hoic m > = : hé v6 nghiém ;

Wl h Wl

—Néum =0hoic m = = : hé c6 1 nghiém ;

—Né’u0<m<§ : h¢ c6 2 nghiém.

§10. ELIP

10.1. (h.10-15) .
Gia st K thoa min diéu kién dé bai, ta c6
KM + KO =KN + KO = ON =R, suy ra K thugc elip (E) c6 hai tiéu diém 12
O, M va d6 dai truc 16n bang R.
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Nguoc lai, 14y K e (E), goi N 1a giao cta N
(O) vé6i tia OK. Ta c6 KO+ KM =R =
ON, suy ra OK < ON

= K thuéc doan ON, do d6 KO + KN =R
=KO + KM

= KN = KM, titc K thudc trung tryc cia MN.

Tém lai, tap hop céc diém K 12 elip c6 hai
tiéu di€ém O, M va d¢ dai truc 16n bang R. Hinh 10-15

10.2. Gia sit (E) 1a elip c6 phuong trinh Y4
2 2

X y ) N
—+==1,
oLA®

MN la mét dudng kinh ctia (E) va PQ 1a /F2 o
day cung qua tieu diém F,(c ; 0), song ) /
song véi MN (h.10-16). Dat M=
(?;ﬁ): (?,KQ‘) =@, tacd

Hinh 10-16
B2 b2 .
= = VD 10.
PQ=FRQ+FpP a + c.cos® Ta- C.CoSQ (VD 103)
2ab? ’
=2 o (D
a® —ccos“p
XN = ONcoso ;
Mat khic, . ,maN e (E)nén
yn = ONsing
2. 2 2.2 2 .2
ON czos ? ., ON szm ?_ o ONz(cosch + s1n2(pj -1
a b a b
ON? a2b? a2 C ak%?
bzcosch +a2 sin? (0] a’ - (a® -b? )cosz(p a’ —c2cos2(p ’
‘ 4a%p?*- N 2a.2ab?

suy ra MN? = 40N? = - = . )
y a2 - 020082([) a2 - CZCOSz(p

Tix (1) va (2) suy ra MN? = 2a.PQ (dpcm).
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10.3. Ldy M(xg ; yo) € (E), ta c6
25=x3 +4y? = 113(32 +22)[x + 2y ] 2 %(3;(0 + 4y,)°
suy ra (3x +4y,)’ £25.13 = — 513 < 3x, + 4y, < 513
= = 5J13 =30 < 3xy + 4y — 30 < VI3 — 30

= 30 - 513 < [3x + 4y, — 30| <30 + 5V13

:>6—«/E_<_|3x0+45y0—30|s6+x/§

= 6-+/13 <d(M; A) <6+ 13.
Ta thdy d(M ; A) = 6 + /13 khi va chi khi

X§ +4y3 =25 1)
X0 _ %Yo
3 =5 (2)
3x, + 4y, = ~5V13 3)
Tix (2), (3) dé dang suy ra x, =~ A5 Yo=— 2 céc gid tri nay thoa man (1)
O 0T T3 Yo i ctes /
Vay d(M ; A) 16n nhat khi M = (—i ; ——5—) gid tri 16n nhat d6 Ia
! ’ \/E ’ \/ﬁ 1 :
6 + V13.
15 5
Tuong tu, d(M ; A) nho nhit khiM = [——- ; ==, gid tri nhé nhat dé 1a
| T 7
6 - 13.

10.4. (h.10-17) Theo hé thic quen biét (VD 1.19), ta cé
FF,IM + ME,IF, + MEIF, = 0. Chii § ring

FE, =2c ; F1M=a4-§XM ;F2M=a—§xM,tacc’)
C c
2c(xM—xI)+(a—;xM)(—c—xl)+(a+;xM)(c—xI)=O

2c(ym —y1)+(a-§-xM )'(—yI)+(a+§xM)('—yl)=0

19-8T NANG CAO .. HINH HOC 10 289




3

Y4
suy ra ¢ . Dé y ring X
a+c
Ym= c ¥ % I

2 2 B X
X
™M IM s /

a b

2 2

X] Y1 _

-—2-+——?—1.

c ( be ) Hinh 10-17

a+c¢

x2 y2
Vay I chay elip (E') c6 phuong trinh St 1.

e
a+c

2 2 " X = % + mt
10.5. Vi A qua M(§ ; E) nén né c6 phuong trinh (m2 +n’# 0).
y= —3" + nt

Vi My(x; ; ¥)» My(X, ; y,) thuoc A nén t6n tai t;, t, sao cho

2 2
X1 =§+mt1,X2 =§+mt2.'

Dé ¥ t6i diéu kien MM, = —2MM,, ta c6

2
% =4 +32x2 = (§ i mtl) +32(§ i mtz), suy ram(t; + 2t;) =0.
Dé dang ki€m tra dugc dudng théng x = %— (qua M, song song véi Oy) khong
thoa man yéu c4u bai todn,dodé m # 0, suy rat; + 2t, = 0.
Mat khdc, vi M;, M, thuéc (E) nén t,, t, 1a cdc nghiém ciia phuong trinh

(2+mt)2 2
\3° ) (2 ) _
) +(3+nt =1

& (m? + 4n2)t? +%(m+4n)t—%=o (1)
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Theo dinh 1i Vi-ét ta ¢
4
_3
Thé (2) vao (1) va it gon ta duoc m? + 16mn + 28n° = 0,
suy ra (m + 2n)(m + 14n) =0, tir 6 m + 2n = 0 hodc m + 14n = 0.
—Véim +2n =0, chon m =2, n = -1 ta dugc phuong trinh cia A 1a
(2,2
3 _ 3

7 =T S X+2y-2=0.

—Véim + 14n =0, chon m = 14, n = — 1 ta dugc phuong trinh clia A 1a

X + 14y — 10 = 0.
Luu y. D& dang kiém tra ring cd hai duong thing x +2y -2 =0 va
X + 14y — 10 = 0 déu thoa mian diéu kién bai toan.

—%(m +4n)

m? + 4n

(m + 4n)

O=t; +2t,= @)

2

10.6. Gia sir H thoa man diéu kién dé bai (h.10-18). Ta cé

MH 1 x'Ox nén xy; = xy. 1N

YA
MA, LHA,; nén MA.HA, = 0. \ H
Tacé MA, = (-a — Xy 5 —Yy)»
HA, =(a—-xyg;-yn) M

=(a—Xpy ;—Yyy), dodo

~(a® = x3) + ymyy =0

= ymYn =2’ — Xy )

Mait khac, viM € (E) nén Hinh 10-18

¥
>

2 2 2 2 .2
x_1\24+-‘/_1~24_1 = Iv 2 " Xu JMZH (theo (2))
a b b a a
2
= Yum =;l—2-yH Myy#0). 3)

Tir (1), (3) suy ra
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2 2 :
=1 (vii“z“—+—— =_1J, suy ra H thuoéc dudng cong (E') cé
a

2 2
phuong trinh L 4

a2 (az )2
b
. a’
Chiyringa>b = a< 5 = (E) 1a mot elip, nhung (*) khong phii 1a
phuong trinh chinh tic cta (E') (xem VD 10.9).

=1 (%)

10.7. (h.10-19) D& thdy A; c6 vecto chi 4
phuong (B; —a) nén phuong trinh N["""\Q
(k- By
tham s6 cda né I {X Pt
y = —t O X
M e A; nén ton tai ty; sao cho , R —
Xy = Bt
{M Pty , tir d6 ta c6
Ym = —Oly Hinh 10-19
2 2 22
t ~ait
(B;I) +( 2M) =1,suyrat§4_2—9b—2-
a® b a‘a“ +b B
Khong mit tinh tdng quat, gia skt ty, = ab ,
' \/azaz + b2p?
tacé OM = (XM S YM) = abp : —aba .
: \/azaz + b2B2 \/azaz + szz

2 23
. . _ —a‘o _ —b"p
Tuong ti, OP = (xp ; yp) —L 2,2 4 b2p? ’ \/azaz +b2B2J

Vi MPNQ 14 hinh binh hanh nén

L)

1
Smeng = 4Somp = 4~§|XMYP — XpYn| (xem VD 5.28)
= 2| abp(-b*p) _ (-aba) —azoc)|
00?1627 oo’ + 077 |
= 2ab.

—b2p2 - 2202 ’
|a%0? + b2p? 2oc + b2p?|

2ab
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Nhdn xét. T két qua vira ching minh va khéi niém vé dudng kinh lién hop
(VD 10.6), ta c6 két qua sau day : Néu MN va PQ 12 hai dudng kinh lien hop

2 2

cita elip = + %2— =1 thi Sypng khong i va bing 2ab.
a

10.8. Vi (E) nhan O lam tam d6i xung nén khong mat tinh téng quat, ta c6 thé
gid st (;0A) =, 0° <9 <90°(7;OB) = ¢ + 90°. Khi dé
X5 = OAcoso xg = OBcos(¢ + 90°) = ~OBsin¢
{yA = OAsing’ {yB = OBsin(¢ + 90°) = OBcosp
Vi A, B thudc elip nén

OA? cos? ? . OAZ sin? ?_ I cos? ¢, sin2 Q-
a? b* 0A*  a? b’
, suyraq -
OB?sin? Q. OB? cos? ?_q 1 sin’ ., cos? (0]
a’ b? OB? a’ b2
2. . 2 2 .2 \
- 12 N 12 _ Cos (p-;sm ¢, cos (p-;sm [0) =_15__1__1?
OA° OB a b a“~ b
Ta lai c6 - + L = OH = L Vay, H nim trén dudng
" OH? O0A%? OB’ Ja2 162 :

ab
\/a2 + b? '

10.9. a) Bién déi phuong trinh di cho vé dang

tron tam O, ban kinh

x+3)” (-1
7 2
I(-3;D)vadatx=-3+X,y=1+Y. Trong h¢ toa d6 IXY, (E,) c6 phuong
2 2

trinh X7 + X2_ =1, suy ra (E) 1a elip véi d¢ dai truc 16n 27 , do dai trgc bé

=1. Chon

2\/5, tiéu cu 2«/5, tdm sai \/g Ciéc tieu diém trong hé toa do IXY la
(—\/5_;0) va (\/5;0), suy ra cic tiéu diém trong hé toa do Oxy I
(—\/-5-—3;1)V51(\/5——3;1). '

! 2 v 2
b) Bién déi phuong trinh clia (B,) vé dang St D, ¥ *2)

3 5
tuong tw VD 10.9b, ta dugc (E,) 1a mot elip cé do dai truc 16n 2+/5, do dai
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11.1. Thudgn : Gia st (I) thod man diéu
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truc bé 2\/5, tiéu cu 2«/5, tdm sai \/%, cic tiéu diém (trong hé toa do Oxy)

2 (-1;-v2-2) va(-1;42 -2).

i

§11. HYPEBOL

kien dé bai. Goi R 12 bén kinh ciia
(D) ; K, L 14n luot 12 hinh chi€u cha I
tréen x'Ox, y'Oy. D& thdy K, L 1a
trung diém cia MN, PQ, suy ra
MK =a,PL=b. N

Mait khéc, theo dinh 1i Py-ta-go, ta c6 :

{IKZ + MK? = IM?

IL? + PL? = IP?
yI2 +a%® = R? '
= (theo (1))
x} +b? = R?

Hinh 11-8
:>xi2 —y12 = a? - b?,

suy ra I thugc hypebol (H) cé phuong trinh
x2 —y2 =a? - b2
Ddo : Ly I thudc (H), ta c6 xlz - ylz =a? - b?
= y12+a2 =x7 +b? > 0.
Pat yi +a® = x? + b2 = R* R>0). )
Goi K, L 14 hinh chi€u ctia I trén x'Ox, y'Oy.
 |IK? =y} =R? - a% <R? {IK<R
Taco =
IL2=X12=R2—b2<R2 IL <R

Suy ra dudng tron tam I, bén kinh R cét ca x'Ox va y'Oy. Gia sit (I) cit x'Ox
tai M, N, cét y'Oy tai P, Q. Ta thdy :

MK? = IM? - 1K? = R? - y? = a?
PL? =1P? —-11? =R? -x? = b?




S 1 |

Mt khic, Spvnop) = 2S(0np) = 2- --2-|xNyP —~ Xpyn| (xem VD 5.28)
2

L2 Db

() ol)-fawdl-L 254

11.4. Goi H, K 12 hinh chiéu ciia M trén céc tiém can.
Pit o = HNM ; p = KPM.

b

1
—2I'lp -;1'

2

ab.

MH MK _ a’.b?
sina.'sinf (52 4 b?)sinosinp
Chii ¥ ring o,B khong thay déi khi
M chay trén (H) (vi NP// A).

Vay MN.MP khong déi.

Ta c6 MN.MP =

(theo VD 11.2).

vA

Nhén xét. Goi Q 1a giao diém (khic
M) ctia dudng thing NP véi hypebol.
T ching minh trén ta suy ra
MNMP = QN.QP. Mat khic,
MN + MP = QN + QP, tir d6 theo
dinh Ii Vi-ét nit ra mot két qua ’

thi vi: MN =PQ (h.11-11). Hinh 11-11

2 2 42
11.5. (h.11-12) Tacé FN = —a + fo =2 - - %—,
v
4
Suy ra MN = FM — EN = b(° ) (1) /N
.Daflt o = ZAOP, tacéd tan‘oic =— -Ili >
(he s6 gbc cia A;) \
2 2 .
= — 5 =1+cot’o. --1+i17--b +a’ / \\
sin“a b b? b
. b :
= S, = —.
C

Hinh 11-12

Tacér=1IH = Ol sin a = (OA —IA)sina = (a—r)lca-, suy ra
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ab ab(c-b) ab(c-b) b(c-Db)

" erc c? —p? B a2 - T a - @
Tur (1) va (2) suy ra dpem.
11.6. (h.11-13) Chiing minh truc tam K clia AABC thuoc (H).
A B Ce (H):y=;1(— nén A=(a;§), A
1 1N
B=(b;-—), C=(c;—), a#z0;b=z20; B'
b c ‘
c=0.
Phuong trinh dudng cao AA' qua
A(a 1) va vuéng géc véi BC(C b; P_c) la a
a bc B Al C
b-c 1 .
(c— y—-=|=0 @ Hinh 11-13
C a :

1 1 1 1
@x—a—b—c( —;) O<:>X—B-C—y a+ pros =0.

‘Phu'o‘ng trinh dudng cao BB qua ( ) va vuobng géc Vvéi

a c 1 1 1
AC(C a; a—) la (c—a)(x = b)+—c——(y——g) 0<:>x——y—b EEE—O'
Truc tam K ctia AABC 1a nghiém ctia hé
1 1
X—Ezy—a'i'ajz— (1)
1 1
x_-{:—l—(?y_b+ﬁ 0. (2)
Tru(l) va (2) theo tirng vé ta dugc
b-a , ;
b ——y+b-a=0sy=-abc. 3)
. . 1 _ 1
Thay (3) vao (1)tacé:x +a a+abc =0 x= v

cw [ 1
Do d6 K—( ot abc):>Ke(H) (dpcm).

11.7. Gia st A = (a ; %), B= (—b ——) (a, b > 0) thudc hai nhdnh ca (H) (vi
hai tiém can ctia (H) 1a hai truc toa d6, xem VD 11.3). Ta c6
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2 2 (117, 2 1 2 1
AB =(@+b)*+|—+—] =a“+2ab+b o —  —
a b a? ab 2

]
N
=+

()
+
QDN,,_‘
N—————
+
[\
=]
&
+
&)=
N—
+

(b2+bi2J >2+2.2+2=8.

(az=_12_

a
Dﬁngthfrcxéyra@Jab=% Sa=b=1A=(1;1),B=(-1;-1).

2 1

i

Tom lai, AB nho nhat khi A=(1;1); B=(-1; -1) va gid tri nho nhat dé
bing 2+/2.

11.8. Trudc hét, ta giai bal’toén phu : Tim k sao cho hé phuong trinh sau c6

22 _
nghiem {* ~Y =1
Sx -3y =k

2 _ 2
X*—-y =1
Ta thdy (I) c6 nghiém khi va chi khi he 5x — k ©0 nghiém

-3

5x -k

2
<> Phuong trinh x2 —( ) =1 ¢6 nghi¢m

&> Phuong trinh 16x% — 10kx + (k? + 9) = 0 c6 nghiém
& Dy =25k> = 16(k> +9) 20 = k> 216 < [kl > 4.
Tro lai bai todn. Ldy M e (H), dat k(M) = 5xp = 3yp = hé phuong trinh

x2 - y? =1
c6 nghiém (13 (X, ; yu))
5x =3y = k(M) M M

. Xy =3y 2 4
= |k(M)| > 4 (theo bai toan phu) =
Sxp —3yy £ -4

Sxy =3ym -1, 3

N N -V Yt P
= 2
V34 T 34 :
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N 5 3
(a2 @)
=dM;A) 2

r

Déng thic xay ra khi va chi khi k(M) =4 o xM 1a nghi¢m duy nhat cta

phuong trinh 16x° ~10kx + (k +9)=0v6ik=4
3

<:>xM=§- T ds yy, = §(SxM ~4)=7

Tém lai, d(M ; A) nhé nhatkhi M = (i i) va gid tri nhd nhat d6 13 T_-—

11.9. Bién déi céc phuong trinh di cho vé c4c phuong trinh tuong tng :

) 2
) () L By

b) (Hy): (x =3)(y +4) =~

Diing cic phép déi toa d6 thich hop, ta két luan duoc cdc dudng cong di cho
1a nhitng hypebol (xem VD 11.10).

DS. a) D6 dai truc thuc bing 2v/6, do dai truc 4o bing 4, tieu cy bing 2410,

tam sai bang \/—g, c4c tiéu diém (trong hé toa do Oxy)
- V6 \
K =(—2;5—x/ﬁ),F2 =(—2;5+«/ﬂ)-), cictiémcén y = TX + «/g +5 va

y=——\/2—§_-x—x/-6_+5.

b) Po dai truc thuc bing 2+/2, do dai truc 4o bing 2+/2, tieu cu bang 4, tam
sai bang 2, céc tieu di€m (trong hé toa do6 Oxy) 1a
K =(3—\/§;—4-—\/—2_) va F =(3+\/§;—4+\/—2_), cic tiém cén x = 3,

=-4.
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§12. PARABOL

12.1. (h.12-11) a) Lap hé toa d6 Oxy sao cho A =(0; 0), S=(R; 0). GoiK 1a giao
diém cia SM va dudng tron (N), H 13 giao diém ctha KN va MT. Ta c6
SMA =SMT suy ra K 1a trung diém clia cung MT = NK L MT = H 1a trung
diém ctia MT va KH //.ST, do d6 KH = %ST =%R. (1)

Trong tam gidc vuéng MNH ta c6

x% =MN? =MH? + NH?

2
= lMT) +(NK - HK)?

2
1 2 2
= EMA + (NM - HK)
2 2
1 1
- (o) (2 3%)
2 .2 1.2
= ZvyN +x5 ~Rxy +ZR |
2 R A d ,
= =4R(x ——). (1)
IN N4 ‘ Hinh 12-11
Vay N thudc parabol (P) c6 phuong trinh
2 _R
y'= 4R(x 7 )
p o I3 5 N 2 3 !
(P) cé tiéu diém I ZR ; 0|, duong chuén x = —ZR.

b) Goi (I) 1a dudng tron tdm I, ban kinh R, = %R; con Ry 14 ban kinh cia

duong tron (N). Theo cau a), tac6 NI=NL=NM + ML =Ry + %R =Ry +R;.
Suy ra dudng tron (N) luén ti€p xic véi duong tron ().
12.2. (h.12-12) a) Xét hé phuong trinh

2 x>

X2 y=—r
®{Y=7 e 4

2
y=k(x-3)+2 §r=ux-$+z

300




O

.y

x* - 4kx +12k -8 =0.
S6 giao diém clia d va (P) 12 s6 nghiém ctia
h¢ (I) hay chinh bing s6 nghiém cla
phuong trinh ' '
x? - 4kx + 12k - 8 =0. (1)

Tacé A'(k) =4Kk* - 12k + 8 =4k - 1)k - 2).

o

[\
-P'-‘-—'-
= |

Hinh 12-12

“Néul<k< 2, (1) v6 nghiém, d va (P) khong cé diém chung.
—Néuk = I'hodc k = 2, (1) c6 diing mot nghiém, d va (P) cé mot diém chung.
— Néu k < 1 hoac k > 2, (1) c6 hai nghiém phan biét, d cit (P) tai hai diém

phan biét.

b) Khi k < 1 hodc k 2 2, d va (P) ¢6 hai diém chung A va B (khéng nhét thiét
phén biét), x,, X, 12 hai nghiém ctia phuong trinh (1). Theo dinh 1i Vi-ét ta c6

S22
Mitkhéc,I e dnény;=k(x; - 3) +2

XI - 2k.

= Fx;-3)+2
= %x% ——;—xl +2

s . k S 1 L. XI S 2
Diéu kién tuong duong véi
k=2

Xp24.

Tir (2) va (3) din dén két luan : Tap hop
céc trung diém I 1 phén cha parabol

y = %xz——;-x+2, gébm nhing diém c6

hoanh do x <2 hodc x > 4.

12.3. (h.12-13) Xét hé phuong trinh

2 _ 2_4 ’
{y =4x Y X
X+y+m=0 y? +4y +4m =0.

03]

©)

»>Y

B
Hinh 12-13
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/as"

Pudng thing d cit parabol (P) tai hai di€m phan biét khi vA chi khi hé dang
xét c6 hai nghiém phan biét, hay phuong trinh
y2+4y+4m=0 (1)
c6 hai nghiém phan biét
<4-4m>0em<l.
Khi d6 y,, yg 12 hai nghiém ctia phuong trinh (1) :
Ya=—2+v4-4m N XpA =2-m-~+4-4m
yg =—2-v4-4m Xg =2-m++/4-4m.
Tacd —07“:(2—m—x/4—4m;—2+\/4—-4m),
OB=(2-m+4-4m ;-2-4-4m);

OA L OB & OAOB =0
o @Q2-mP-@-4m)+4-(@4-4m)=0
2 |:m =0
om +4m=0&
m=-—4.

Céc gid tri m = 0 va m = —4 déu thoa min diéu kién m < 1. Vay gid tri c4n tim
clia m 1a m = 0 hoic m = —4. Khi d6 dudng thing d c6 phuong trinh x +y = 0
hoicx +y—-4=0.

12.4. (h.12-14) Pudng thing d c6 phuong trinh
dangy =2x + m.
Xét phuong trinh x> - 2x +3=2x +m

&x*-4x+3-m=0. (1)

. Puong thang d cit (P) tai hai diém phan
biét khi va chi khi (1) c¢6 hai nghiém
phan biét ‘

SA=4-3+m>0m>-1.
Khi d6 x4, xg 12 nghiém cla phuong trinh /ol i
(1). Theo dinh 1i Vi-étta c6 x + xg=4. ,
Goi I 12 trung diém cla AB thi Hinh 12-14

A ]

_XatXp _
2

dodé KI =(2; y; - 6). Vecto chi phuong ciia dudng thing AB1a i =(1; 2).

X 2,
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Tam gidc KAB can tai K khi vi chi khi KI L AB < KI 1 &

& KLi=0e2+2y-12=0oy,=5.
Puodng thingddiquaI(2;5)nén5=22+m=m = 1.

Vay phuong trinh dudng thdng dlay = 2x + 1.
12.5. (h.12-15) Vi A qua O, cit (P)

va (P') tai A, A' khic O nén A
c6 phuong trinh y =kx (k # 0).
ViA=({P)N Anén

2

=2px 2
YA =2PXA =>}’i=?p’YA
yA=kxA

= yA=% (viA#0).

Tuong ty, y 4 =—2i<p_’ suy ra
OA _ya_

— £, khéng phu thudc vao k.
OA' ya P

12.6. (h.12-16) a) Goi I, I' l4n luot 1a

trung diém cia MN va M'N'". Ta ¢6
II'= % (MM' + NN")

= %(MF + NF) = %MN.
Suy ra duong tron dudng kinh MN
ti€p xtc véi M'N'.
b) Goi H 1a hinh chiéu cia I' trén MN. Ta ¢6
SH‘M = SH'M' (dO II' // MM')
= SymN = Spvw (Vi IT' 12 trung tuyén ciia
tam gidc IM'N', I'l 12 trung tuyén clia tam
gidc I'MN).
1 1

= 51'H.MN=§II'.M'N'. 1y

Theocaua)tacdII' = %MN. )

>y

Hinh 12-15

Hinh 12-16
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Ter(1)va(2)suyralH= %M'N'. Vay dudng tron dudng kinh M'N' ti€p xdc
véi MN.

12.7. (h.12-17) Vi d di qua I(O ; %) va
cit (P) tai hai diém phan biét nén d
¢6 phuong trinh dang y = kx + -alf'

Toa dé cha A, B 13 nghiém cuia hé
phuong trinh

=k 1 1 N
y= x+; 2 kX—;=O. Hinh 12-17

X4, Xp 12 nghiém cta phuong trinh

'axz—kx—-l— =0.
a

k
Theo dinh 1 Vi-ét tacd x5 + Xg = - XaXB = —LZ. (1)
a

Do dé, 6—A+(TB‘ =XpaXgt YaAYB= XpaXgt+ (kxA.}.%)(ka.g.%)
2 k
=xpXg + K XpXg+ —(Xy +xB)+—7
a a

=(1 +K%) Xpxg + E(xA +xB)+——12—
a a

1413 (LR E L L theo
—(1+k)[ a2)+a'a+a2 (theo (1))
=0,

suy ra OA L OB hay AOB = 90°.

b) Tac6 H=(x,;0), K=(xg;0),nén
— 1\ = o1y
IH—(XA,—;),IK—(XB,—;).

304




®

—_—— 1 1 1
Do d6 I}‘I.IK=XAXB+—2=(——§-)+——2- =0.
a a a

Suyra IH 1 IK hay HIK =90°.
12.8. Chiing minh tuong tu VD 12.7 ta dugc K thudc dudng cong (P) c6 phuong trinh

TPE
y "2R(” 2)

X= R +X R
bait{"~ 2 7, I= (—7 ; O). Trong hé toa d6 IXY,
y=Y
(P) c6 phuong trinh Y? = 2RX. P6 Ia phuong trinh chinh tic clia parabol véi

tieu diém (% ; O), dudng chuén X = —%. Vay K chay trén parabol

P): y2 = ZR(x +%),
c6 tieu di€ém F(0 ; 0), dudng chudn x = -R.
12.9. Bién d6i phuong trinh clia dudng cong (P) vé dang

2
(x—2)2+(y+3)2=(%§y'1).

Do d6, M(x ; y) € (P) khi va chi khi MF? = d*(M ; A) & MF = d(M ; A),
trong d6 F = (2 ; -3), A 13 dudng thing c6 phuong trinh 5x + 12y — 1 = 0.
Vay (P) 12 mot parabol c6 tiéu diém F va dudng chuén A nhu trén.

§13. TICH NGOAI CUA HAI VECTO VA UNG DUNG

. A M B
13.1. (h.13-12) Goi M, N, P 1a
trung diém cia cic doan AB, E
CD, EF (h.13-13).Ta ¢ P F
Hinh 13-12 5 = -
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K3
<

MN » MP = 5(AD + BC) » 2 (aE + BF)

= ;(AD A AE + AD A BF + BC A AE + BC A BF)

= %(S[ADE] + S[BCF] + AD.BFsin(AD,BF) +BC.AEsin(BC,AE)) (1)
Mit khéc, vi AADE, ABCF bang nhau va ngugc huéng nén ta cé :

{S[ADE] + S[BCF] = 0 o
ADBF = BC.AE

va (AD, BF) + (BC, AE)

= (AD,BC) + (BC,BF) + (B, AE) + k,.360°

= (AD,AE) + (BG,BF) + k,.360°

= k3.360° 3)

Tix (1), (2), 3)suyra: MN AMP =0 = MN//MP = M, N, P théing hang.
13.2. (h.13-13) Gia sir huéng chuyén dong clia cdc di€ém A, B, C 14 huéng cia céc

vecto don vi E: ,e_F;,gg , van t6c cta A, B, C 1a v. Tai thoi di€ém ban ddu, cic

diém A, B, C tuong ting & c4c vi tri Ay,By,Cy. Sau mot khoang thdi gian t ké

tir thoi di€m ban ddu, ta ki hieu A, B,C1a A,,B,,C,.

Véi céc ki hiéu trén, ta c6 :

AgA, = vie,
B,B, = vteg (1)
C,C, = vteg.

Vi Ay,B;,C, khong théng
hang nén ta cé :

AOBO A AOCO #* 0 (2)
Tir (1) suyra: ) .
AB, AAC, = (AAq +AgBy + BeB, ) A (AAg + AgCq + C,C, )

Hinh 13-13

————

< (e 53) + R (22 - 53) + )
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N

(55 - 5) a (o~ ) o ({5 - o) A A
+v((e_c. - e_A')AOBO)t + AyBy A ACy

=v2(eA A€gt+eg Aec +ec /\eA)t2+

+v((25 ~ex) A AgCo+(ec —en ) A AgBg )t + AgBg A AgCp. ()

Tix (2), (3) suy ra phuong trinh (4n t) : A,B, A A,C, =0
khong thé c6 qué hai nghiém. Suy ra, khéng tén tai qu4 hai thdi diém ma tai
dé A, B, C thing hang.
Nhdn xét. BT 13.2 dugc phat biéu duéi
dang bai todn Vat li. D€ gidi duoc né,
truéc hét cdn phdi chuyén né thanh bai
todn Todn hoc. Vi viy, viéc thé hién 1
giai ctia n6 kha cdu ki.

13.3. (h.13-14). HD. Ldy diém O bét ki. Hay
ching minh

OA A OX + OB A OY + OC A OZ

—_—_) —— e— ——

~ +ODAOT +OE AOU =0.
Suy ra néu AX, BY, CZ, DT déng quy tai O

e - . Hinh 13-14
thi OEAOU =0=> OE//OU = O ¢ EU. o
Vay : AX, BY, CZ, DT, EU ddng quy (tai O).
13.4&1.131?) DEliO =;A.I M BJ. Tacé : A M B
OIAOA =0JAOB =0.Suyra:
OK A OC =
_ Of O - O A OB + OK A OC 7N
— ey ] ——y  — D C
=%(OM+OD)/\OA—%(OM+ON)AOB
: " Hinh 13-15

+%(6N+E))Acﬁ
%(mAaqa‘ﬁAa_mAaﬁ
_ON A OB + ON A OC + OD A OC)
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5(OM A (OA - GB) + ON A (GC - OF) + OB 1 OA + OB » 0€)
= >(OM A BA + ON A BC + OD A OA + 0D £ 0C)

—_— —— —

=-;—(OA/\BA+OC/\§E+A_1)./\O_A’+E_D'A6—C.)

(OA A (BA + DA) + OC A (BC A DC))

I
C Nl= D= N= N~

OA A CA + OC A AC)

(
(oA - oC) A CA)

‘fl
gl

Suy raOK //OC = O € KC.
Vay Al, BJ, CK déng quy (tai O)

Nhdn xét. BT 13.4 chinh 12 VD 3.18

13.5. (h.13-16) Khong mit tinh
tng quét, gia st AABC c6
huéng duong. Tir d6, véi chd
ring A', B, C theo thif tu thuéc
cdc canh BC, CA, AB, ta cé :
AABC va AA"B"C" ciing c6
huéng duong. :

Ta c6 : SCA"B"C") = S[A"B"C"]

= —;—A"B" AAC' = %(21?]5' - 7533') A (2ﬁ ~ AC)

Hinh 13-16

= %(4A’B‘ AAC —2AB' A AC - 2AB A A'C + AB A AC)
= 4S[A'B'C'] + 2S[AA'C] + 2S[ABA'] + S[ABC] |

= 4S[A'B'C'] + 3S[ABC]

= 4S(A'BC) + 3S(ABC).
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13.6. (h.13-17) AA,, BB,, CC, khéng thé d6i mot song song (1).
Gia sir tam gidc ABC c6 hudng duong, ta cé :

Hinh 13-17

sin(E,TB) . sin(B_Bl’,B—C*) - sin(C_Cl..(—I—A‘)
sin(m,ﬁ) sin(B_Bl.,l?K) sin(C_C_l',E—'B)
_ S[AA,B] S[BB,C] S[CC,A]
" S[AA,C] S[BB,A] S[CC,B]

_ S[BAA,] S[CBB,] S[ACC;]

~ S[CAA,] S[ABB,] S[BCC;]
1 (e ] (= ] o e
7BABAsin(BA,BA;) >CB.CBsin(CB,CB;) »ACAC; sin(AC,AC))
%CA.CAI sin(CA,CA, ) %AB.ABI sin(AB,AB, ) -;-BC.BC1 sin(BC,BC; )
_=sin(B+a) —sin(C+a) —sin(A+a) L

~ sin(C+a) sin(A+a) sin(B+a)
Tix (1), (2), theo dinh 1i Xé-va dang sin, ta c6 AA;, BB;, CC, dng quy.

2

13.7. Tru6c hét ta phét biéu va chitng minh mét bé dé don gian.
B4 dé : Dién tich dai s6 cta tit gidc 16i ABCD duoc tinh bdi cong thitc

S[ABCD] = -;-Kém?ﬁ.

Chimg minh b6 dé
Theo heé thiic Sa-1o vé dién tich dai s6, ta ¢
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S[ABCD] = S[AAB] + S[ABC] + S[ACD] + S[ADA]

=0+%X]§AE+%KEAE +0 F
A
E
= —;-AC/\(AD—AB) "
1 — = - N
=~2—AC/\BD.

Nhdn xét. B dé trén chinh la sy mé
rong ctia BT 6.15

Trd lai viéc giai BT 13.7. Khong mat D
tinh téng quét gia sit ABCDEF c6 C
huéng duong (h.13-18). Theo nhan Hinh 13-18

xét trén, ta co
MN A MP = 5 (AE + DB) 1 5 (AC+ DF)

1z ga, lam == I= = 1= =
_-i(—z-AE/\AC+§AEADF+§DBAAC+§DB/\DF)

= %(S[AEC] +S[ADEF]+ %S[DABC] + %S[DBF])
= %(-s (AEC) + S(ADEF) + S(DABC) - S(DBF))

= %(S(ABCDEF) —S(ACE) - S(BDF))
Viy : M, N, P thing hang

o MN’ A W =0

& S(ABCDEF) - S(ACE) ~ S(BDF) = 0
< S(ABCDEF) = S(ACE) + S(BDF).

13.8. Kh6ng mat tinh téng qudt, gia sk
AABC c6 huéng duong (h.13-19)
a) Theo VD 1.10tacé : Hinh 13-19

AM = (1-k)AB+kAC
BN = (1-k)BC + kBA
CP = (1-k)CA +kCB
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= AM +BN+CP=(1-2k)(AB+BC+CA) =(1-2k).0=0 (1)

Mit khéc, AM ABN =((1-k)AB +kAC) A ((1-k)BC + kBA)

= ((1—k)2TBA1§E+k(1—k)EAB?+(1—k)kEAﬁ+k2KC'AEK)
= ((1-X)SIABC] + k(1 - k)S[ABC]+0 + k*S[ABC])

= ((1-k)? +k(1-k)+ k2)S[ABC]

=(k* -k + 1) S(ABC)

2
1 3
= [(k_i) +Z) S(ABC) >0

Suy ra : Z\ﬁ,ﬁﬁ khong cuing phuong

Tuong tu nhu vay, m ﬁ CP doi mot khong cling phuong (2).

Tir (1), (2), theo dinh nghia phép cong vecto, ta c6 : AM, BN, CP 1 do dai ba
canh clia mot tam giéc.

b) bat SA( 12 dién tich tam gidc A(k). Theo cau a) ta c6

2
| — — 1 3 3
SAwk) = —AMABN = (k-_) +_J ABC) 2 —S(ABC).

Diéng thic xay ra < k = %

’ . 3
Vay Spy) nhé nhét khi va chi khi k = % va gid tri nho nhét d6 bang ZS( ABC)-
Nhdn xét. Cau a) ctia bai tap nay chinh 12 BT 1.6

13.9. Khong mét tinh téng quit, gia st
AABC c6 huéng duong (h 13-20). Ta

c6 S(XYZ) =S[XYZ] = —XY AXZ

1 1 .
=5 ~3-(AB+NM) 3(Ac: +PM)

(%A—B' AC+1RMAAC

\OI-—-

2

Hinh 13-20

+17\§Aﬁq+%mAm)
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= %(S[ABC] +S[AMC] + S[ABM]+ S[MNP])
- %(S(ABC)+ S(AMC)+ S(ABM) + S(MNP))
= % (2S(ABC) + S(MNP))

< %S(ABC).

13.10. (h.13-21) Goi H, K 13 hinh chi€u
cua O trén AC, BD. Vi .

S(OAB) = S(OCD) nén S[OAB] = S[OCD]

= OAAOB=0CAOD

= (OH +HA) A (OK +KB)

= (0H +HC) A (OK + KD)

=> OHAOK +OH A KB+HA A OK + HA AKB
= OHAOK +OH AKD+HC A OK + HC AKD.
Tir 46, v6i chi ¥ réng, OH/\KB HA/\OK OHAKD HC AOK ciing bing
khong, ta cé :

ﬁ/\ﬁ HC AKD

= HAKB = HCKD (vi sin(HA,KB) =sin(HC,KD))

Néu HA > HC thi KB <KD

Suy ra : OA > OC = OD > OB, mau thuin (vi OA = OB).
Tuong tu, n€u HA < HC thi ciing suy ra mau thufn.
Viy : HA=HC = OA=0C = |

OA = OB = OC = OD = Tit giic
ABCD n6i tiép.

Hinh 13-21

ZX TX S[0ZX] S[OTX]
1311 (013-22) Ta 6 == : == =§657v1 * SOTY]

%OZ.OXsin(_O—Z,ER) -;-OT.oxsin(GT;&)
%oz.OYsin((Tz',o—Y') ' %OT.OYsin(ﬁ,G?)
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_ sin(&,&.) ) sin((_):f‘,&) , )
sin(0Z,0Y) ~ sin(OT,0Y)
Néu OX 11 OA thi sin(OZ,0K) : sin(OT,0X)
sin(O—Z,a ) sin(_(.:)'_I“,(_)?)

_ sin((_)z,O_A;) ) sin(a‘,é_A.)'
sin(C—)—Z',(—)_Y~ ) ' sin(Eﬁ",(Tf)

Néu OX ™ OA thi

sin(&;ai) ) sin(ﬁ,ai)
sin(a_Z.,(_)_\? ) . sin(O—”f‘,O_Y')

e e Hinh 13-22
_sin((0Z,04)+(0A,0%)) _ sin((07,04)+(0A,0%))
sin((TZ‘,(W.) ' sin((?[",a—Y_")
_sin((0Z,04) +180°) _ sin((OT,0A)+180°)
sin((ﬁ,b_\(. ) . §in(0_'I",6_?)

—sin(—O_Z‘,O_A') .-—sin((—)—T*,O_A‘)

sin(&,ﬁ) . sin(O__'I",(—)? )

_sin(ai,ax) ) sin(af,a)

B sin(&,a?) . sin(O-_"I‘,O_Y‘).

Tém lai, trong ca hai trudng hop, ta déu c6

sin(&,&) ] sin(a‘,ai) _ sin(O_Z‘,—O—K) ) sin(ﬁ,o__A‘)
sin((_)_Z.,b—?) . sin(()’?‘,ﬁ) B sin(ai,_O—\—(.) . sin((?f‘,é?)'
Ti€p tuc véi c4c bién déi twong tu, ta c6

sin(&,ai) ) sin(ﬁ,o_'X) _ sin(&,ﬁ) ) sin(a'f‘,BX)
sin(&,O—Y‘) . sin((?f‘,(_)?) B sin((s—z,O_Y.) . sin((ﬁ‘,ﬁ)
_sin(&,m) ) sin(O_T.‘,ax) _ sin(b—é,ag) 'sin(a’f‘,o_g)
_sin((_)-z,aﬁ) . sin(O_.T,CTB’) B sin(a—C',aﬁ) .sin(ﬁ,(—)—ﬁ)
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=sin(C7f,(—)—K) ) sin(aﬁ,ax). ('2)
sin(C)_(f,(ﬁ) . sin(al—.),a?;)
T (1), 2) suy ra 2 : IX = Si"((_)g’?f) Si“(O_D.’g‘f).
ZY TY sin(OC,0B) sin(OD,OB)

§14. PHUONG TiCH CUA PIEM BGOI VOI DUSNG TRON.
TRUC PANG PHUONG, TAM PANG PHUONG

14.1. (h.14-19)
a) Pat K = (BCE) N (EF), K # E.
Dé thdy it gidc ABKF ndi ti€p, do d6
%10y = EAEEB = EFEK,
QF/(O) - ﬁﬁ = Fﬁ.ﬁ,
suy 1a B o) + F 0y
= EF(EK - FK) = EF-.

b) Theo cong thitc tinh d6 dai trung tuyén
trong tam giac OEF, ta c6

QM/(O) = MO - R ‘ ' Hinh 14-19
2(0E? + OF*)-EF? _,
= ~R
4
_ 2[(OE? —R?) + (OF? - R?)] - EF?
- 4
_ 2[%ex0) + Fruoy) | -EF°  2EF* -EF? _EF?
B 4 - 4 T4

14.2. (h.14-20). Goi (O,) I3 duong tron duong kinh AH, (O,) 1a dudng tron
duong kinh MH, ta c6 0,0, // AM. )

Mt khic, (KABC) = -1 nén KA'KM = KBKC (2) (hé thitc Méc-Lo-ranh).
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Dé thdy tit gisc BCB'C' néi tiép,

suy ra
KBKC = KB KC. 3)
Tir (2) va (3) suy ra

KA'KM = KB'KC,

Lai ¢6 /0, = Fui0p) = 0
suy ra (HK) 1a truc déng
phuong cia (O;) va (O,), nén
HK L 0,0,. Két hop véi (1),
suy ra HK 1 AM.
14.3. (h.14-21)

Vi (CT) 1a truc déng phuong ctia (O,) va
(O5;) nén chimg minh twong tu VD 14.11,

ta ¢6 (CT) di qua trung diém K cua
cung AB. (1)

Ta lai c6 KA” = KM, KN; =KT> (M, N,
14n luot 12 tiép diém clia (O;) véi (O), AB)
= KA =KT = KAT = KTA. @)

Mt khic, KAB = ACK = %sdﬁ(. 3)

, Hinh 14-21
Tir (2) va (3) suy ra

—— — e e

KAT - KAB = KTA - KCA = BAT = CAT. )
Tir (1) va (4) suy ra T 1a tam dudng tron noi ti€p tam gidc ABC.

14.4. (h.14-22)

Hinh 14-22




HD. Goi (O ; R) Iz dudng trdn ngoai ti€p AABC, H 12 tryc tam AA,B,C,, 1a
giao clia céc dudng cao AlA],BlBl,CICI Ki hiéu cdc dudng tron dm‘mg kinh
AjAg, B{B,, C,C, Ian lugt 12 (Ag), (Bs), (Cy). Hiy chiing tb
Rinas = Ry = Fucy) (1
va Foray = 9)0/(33) = %oy | 2)
Tir (1) va (2) suy ra HO L A3B3, HO L A;C;.
Vay Aj, By, C; cling thugc mot dudng thing v dudng thing dé vuéng géc
véi OH.
14.5. Truong hop I : O, O,, O, thing hang (h.14-23a).

Ta c6 ngay g;,; %%2 = 1.

Truong hop 2 : O, Oy, O, khong thing hang (h.14-23b)

a) ' b)
Hinh 14-23

Goi S 12 tam déng phuong cia ba dudng tron (0), (0,), (0,). Tacé S € AB,
ST 1a ti€p tuyén chung ctia (O) va (O,), ST, 1a tiép tuyén chung cua (O) va
(O,). Suy ra

ASAT, o> AST,B (vi SAT, = ST.B);
ASAT, o AST,B (vi SAT, = ST,B) ;
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AT, _SA

T]B Sr] AT] AT2

=D e et
AT, SA ~ BT, BT,
T,B ~ ST,

14.6. HD. Ap dung dinh 1f Ta-1ét vA diéu kién noi tiép dé suy ra b6n diém B,, B,,
C,, C; ciing thudc mot dudng tron. Tuong ty, mbi bo bén diém FCZ, G, Ay, As;
A,, A3, B,, B; ciing thuoc mot dudng tron. |
Theo VD 14.8, ta c6 séu diém A,, A;, B,,
B3, C,, G; ciing thudc mot dudng tron.

14.7. (h.14-24)

HD. Goi (Oy), (O,) theo thit tu 12 cic dudng tron
dudng kinh BB', CC'; K 1a giao diém cta BB' va
CC'. Bing c4ch chi ra méi diém K, H, H' déu c6
cung phuong tich d6i v6i hai dudng tron (O,),
(0,), ta két luan dugce K, H, H' thing hang, tic 1a .
BB', CC, HH' déng quy. Hinh 14-24

14.8. (h.14-25)

E B X C M

Hinh 14-25

HD. Gid st X, Y, Z 14n luot 12 trung diém clia BC, CA, AB, (1), (Ip), (I¢) A
céc dudng tron bang ti€p déi dién véi.cdc dinh A, B, C clia tam gidc ABC.

Goi A, 12 truc déng phuong cia (Ig), (Ip) ; Ag 12 truc déng phuong ciia (Ip),
(Ip) ; Ac 12 truc déng phuong cta (1), (Ip). | |
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Hay ching minh A,, Ag, Ac theo thi ti 13 phan gidc cua cic goc ZXY,
XYZ, YZX.

14.9. (h.14-26). bat P = MN n BC,
Q =MN N CD. D& théy céc tam gidc
CPQ, BPM, DQN can tai C, B, D,

suy ra 2 o
CP =CQ 1)
BM = BP 2)
DN=DQ. (3

Tix (1) suy ra t6n tai dudng tron (O')
ti€p xiic v6i cdc dudng thing CB, CD
tai P, Q.

Mﬁt khéc, tl\I (2), (3) Suy ra QB/(O) = B/(O") ; g)D/(O) =< D/(O')’ nén BD 15.

truc ding phuong ctia hai dudng tron (O) va (O'). Tix dé6, véi chi ¥ ring E, F 12
céc giao diém ctia (O) va BD, ta cé

Fen0y = Fenoy =05 Fyoy = Frioy =0, suy ra E, F thue (O).

Hinh 14-26

Vay ta da chi ra dudng tron (O') di qua E, F va ti€p xic véi cac dudng thing
CB, CD.

14.10. (h.14-27). HD. Goi (0y), (O,)
la cdc dudng tron ngoai ti€p céc
tam gidc BCE, AEF. Hay ching
td6 BC la truc déng phuong cta
(O)va (0y) (1);

AF 1a truc déng phuong ctia (O)
va (Oy) (2);

OE 1a truc ding phuong ctia (O,)
va (0,) 3) ' Hinh 14-27

Tu (1), (2), (3) suy ra BC, AF, OE déng quy tai tAm d:fmg phuong cua ba
dudng tron (O), (0y), (O,).

14.11. (h.14-28) . ‘
Goi (O,) 1a dudng tron ngoai tiép tir gidc AKLM. Vi AABC khong cén tai A
nén O, Oy, O, khong thing hang. Goi S 1a tam ding phuong ctia (O), (0y),
(0,) S=BCNKLNAM). Tacé
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14.12. (h.14-29). Goi I 12 tam dudng tron ngoai

SM.SA = SKSL =

%sop = SOt =Ri. (1)
Talai c6 SML = LKA = LCB
= tif gidc LMSC néi tiép

= AM.AS = ALAC =

Garo, = AO7 —R}. (2)

T (1), (2) suy ra

SM.SA — AM.AS = SO? — AO?

Hinh 14-28
= (SM + AM) SA = SO? - AO? |

= (SM + AM)(SM - AM) = SO? — AO?
= SM’ - AM’ = SO? - AQ?

= SA L MO, (VD 3.7).

Vay AMO, = 90°.

ti€p tam gidc OAB. Ta c6 AB1a truc déng
phuong ctia (O') va (1), OM L AB, do d6

P10y = Foron - 0/ o
= [‘(PO/(O') T M/(O')] - [90/(1) - gM/(I)]
= (00? - M0?) - (OI* - MI)

=(00? - 0P’) - M0? - MP)

Hinh 14-29

= (00' - 61).(00' + 0i) - (MO’ - Mi).(MO' + Mi)
= 10.(00' + Of - MO' - MI)
= 210'OM

= | 09| = 210'R = 10" = lg)—oz’(%l (*) khong déi.

Vay I chay trén duong tron c6 dinh, tam O, bdn kinh x4c dinh bai (*).
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Nhdn xét. Nho ki thuat giai bai tap 14.12, ta chiing minh duogc két qua quan
trong sau :

Cho hai dudmg trbn (0), (0" ; M 1a diém b4t ki, H 1a hinh chi€u ctia.M trén
truc ding phuong ctia (O) va (O"). Khi d6 tacéd

PM/(O) _PM/(O') = 200 HM

§15. TIEP TUYEN CUA BA DUSNG CONIC |

- 15.1. (h.15-10). Goi N 12 diém d6i xing v
v6i F; qua A. Theo VD 153, A Ia N M
phan gidc clia géc ngodi img véi M,
dinh M, clia tam gidc MyF;F,, suy
ra N, My, F, thing hang. Véi diém

M bt ki thudc A, ta c6 F, O F,) X
MF; + MF, = MN + MF, 2 NF, = /
MN + MoF, = MgF; + MgF,. |
Vay MF; + MF, 2 MgF, + MyF,. Hinh 15-10
Ding thic xay ra < M = M,

15.2. Gia st trong hé toa d6 Oxy, parabol (P) c6 phuong trinh y2 = 2px,
Mp = (xg ; ¥o). Phuong trinh clia A 13 ygy = p(x, + X) < PX — Yoy + pXo =0.
bat (x, y) = px - ygy + px. Ta c6 £(0, 0) = PXo- )]

Gia sir M(x, ; y;) 12 diém thuéc (P), M, = M,. Ta c6

¥i =2pX;, ¥§ =2pxq, suy ra y? +y3 =2p(x; + xo).

Tir dé, theo b4t déng thiic Co-si, 2y,y, < y12 + y(z) =2p(x; + Xp)

= ¥1¥0 < P(X; +Xo) = f(x1, y1) = pX; — Yoy + pxo >O. @)

Tir (1) va (2) suy ra O va M, nim cung phia d6i véi A (véi x, > 0).

Khi M = O, két luan 12 hién nhlén Vay moi diém clia parabol, trir O, nim
cung phia d6i véi A.

15.3. Bing céch tuong tr VD 15.3, ta chfi’ng minh dugc T\M, T,M tuong tmng 12
phan gidc cua cdc géc F,T|F,, F, T,F, (h.15-11). '
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15.4. (h.15-12) Xét elip (B) : —+

Goi N, 1a diém d6i xing clia F; qua MT;, N, 12 diém d6i xing cha F, qua
MT,. Vi MT;, MT, tuong ting 12 phan gidc ctia cdc goc F T F, va F,T,F, nén
N, e T|F,, N, e T)F,.

Tacé:

Hinh 15-11 -

F\N; = |, - T,N,| = [T, - T,F)| =2,

F,N; = |T|F, - TiN| = |T|F, - T|F| =2a

= F|N, =F,N,.

Miat khéc, do tinh d6i ximg ta c6 MF; = MN;, MF, = MN,, suy ra
AMF,N, = AMN/F, = FMN, = E;MN,

= FMN, = RMN, = FMT; = E;MT, (dpem).

X2 2

=1. Gia M
a2

st M = (xg ; Yo) Phuong trinh dudng thing T, l
TT, b 2243 1 = 0 (VD 15.10). ~
a b

' : Yo T2
Phuong trinh dutmg thing OM ay = X2.x b
, 0

hay yox — Xgy = 0. Nhu vay dudng kinh cla
elip song song véi T, T, va dudng kinh tao * Hinh15-12
boi dudng thing OM 13 hai dudng kinh
lien hgp. Theo he qua VD 10.6 thi day

cung T, T, bi dudng thing OM chia 1am doi.

%ol
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15.5. HD. Viét phuong trinh tiép tuyén A clia (P) tai M(xy ; yo) thuoc (P). Tir diéu
kién vecto chi phuong ctia A vuéng géc véi vecto _A_ﬁ, két hop véi he thic
y% = 2Xg, tim dugce toa d6 clia M.

o 1 9 3

Dap 56 : M, (—2—;—1),M2(—8-;—§), M| —; =

15.6. Goi H 1a hinh chiéu cla tieu diém
F, trén ti€p tuyén A ; E 13 di€m d6i
xing cha F, qua A. Theo VD 15.3,
A 12 phan gidc cha géc EME, (M Ia
ti€p diém chia A va (H)), do d6 E, F,
M thing hang va ME = MF,. Tir d6
MF2 "MF] =ME—MF1 =EF1 = 23,
suy ra OH = %EFI =a.

Hinh 15-13
Vay H thugc dudng tron tam O, ban kinh bing a. Ching minh twong ty ta thay
hinh chi€u cta F, trén A cling ndm trén dudng tron ndy.

15.7. Gia stt M(x ; yo) € (P), Xo > 0. Tham s6 tiéu p = 2.
Xét trudng hop yo > 0. Khi d6 M = (x ; 2%, ).
Phuong trinh dudng théng MN : yy = 2(x, + x)

o 2\/gy=2(x0+x)

S \XpY =Xg + X.

| 2 2
=S MN? = (xp+ 12+ | fxg + —e = (xo+ 12+ S0t D”

. 3
el T
J—) _ (X0+1)3= X0+§'+2 . 0.2.2

_ 2
=(xg+ 1) (1+XO o % X

27
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Ping thitc xay ra < x, = -;— Viy M = (—;— ; «/5)

Tuong tu, véi y, < 0 ta tim duge M' = (—;— ;= \/_2_)
15.8. (h.15-14)
a) Phuong trinh ti€p tuyén A Ia

: Mo
XnX y y e .2
:02—+b;‘2=1 v6i tiép di€ém My(Xg 5 Vo) M§
(04

suy ra toa do giao diém cla A véi cic

dudng thing x = -a, X = al4n luot 2 AI&OJ’”
2 2 . ;
M=[_ b_ a+on . N (a__l?_.a Xo]. V'

F ]

a;

Yo @ Yo @
= b2 a+x ' Hinh 15-14
Ta cé F2M=(—a—c;—. 0]
. Yo a

— 2 ——
F2N=(a—c;—b—.a xo)
Yo @

2 2 2 2

- 422 4 2
= EMEN = (c2 - a2) + P__.a___x_o = —b% + b_(l _ 3(_()_]
Yo. a Yo a

= —b? +92—.1§ = b2 +b’=0,
Yo b

= E,M L E,N. Vay MEN = 90°.

Hoan toan twong ty, ta ching minh duge MEN = 90°.

Nhén xét. Ta c6 thé ching minh dugc chiéu nguoc lai chia két qua trén : Néu

M, N theo thi tu thudc céc duong thing X = —a, X = a sao.cho I\TFTN =90°

hoic ME,N. = 90° thi MN Ia ti€p tuyén clia (E).

b) Dét NF2A2 =0 thi MF2A1 = 900 - .

1 1 AR AR
_ (a+c)a—-c) _ a? —¢c? _ b? > b2
=7 sin2a  sin20  sin20
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15.9. (h.15-15) Gia sir A c6 phuong trinh

324

Ding thitc xdy ra <> sin2a = 1 & o = 45°.

Vay dién tich tam gidc MF,N bing b, dat dugc khi o = 45°,

Ban doc c6 thé ki€m tra khi d6 xq = ¢ va diém M, chinh 12 giao diém ctia elip
v6i dudng thing qua F,, vuéng géc véi Ox.

ox +By+y=0,

Xét M(xq; yg) € A, tacéd

oxy + By +v=0. 1

Pat T = (x;5 y1), T, = (X35 y), ta ’
¢6 phuong trinh MT; : y,y =p(x; +X), Tz

phuong trinh MT, : y,y = p(x, + x).

ViM e MT|, M € MT, nén Hinh 15-15

Y1¥o = P(X; + Xq)
{ym = p(x + Xo).
Suy ra toa d¢ clia T va T, thod man phuong trinh Yoy = p(Xg + X).
N6i céch khéc, phuong trinh clia duong thing TiT,laygy =p(xg +x). (2)
Truomg hop I : o.# 0 (A khong song song vé6i Ox).

Tir (1) suy ra y, (-%E) = p(xo + %)

Dé ¢ dén (2), ta thdy T, T, di qua diém c6 dinh R(—z? - PaE)

Trucmg hgp 2 : o = 0 (A song song véi Ox).

Tir (1) suy ra Byo +y =0 => ~yp + Bp(-y,) = 0. 3)
T, T, c6 vecto phép tuyén i = (p; —y,). ‘ -

bat i =(-y;BprTrG)suyraf Lo = T, T, // u.

Vay T, T, c6 phuong khéng déi.

Nhdn xét. Khi A 1a dudng chudn ciia (P) tic o = ,p=0,y= 12)-, dudng thing

T,T, di qua diém c6 dinh F(g— ; 0), chinh 12 tiéu diém cta parabol.




4,

L

15.10. AD. Sit dung két qua VD 15.7 va BT 11.3.

BDS : Spop = ab.
15.11. Hién nhién c4c ti€p tuyén ké tit M téi hypebol khong song song véi truc

tung. Phuong trinh ti€p tuyén qua M(xg ; yg) c6 dang

y =k(x — xg) + yg hay kx —y + yy — kx,.

Theo dinh 1 15.2ta cé .

K22 — b= (Yo kxg)?
o (a? = x3)K? + 2xgyk ~ b* - y2 =0. )

Tir M ké dugc hai ti€p tuyén vuong goc téi (H) khi va chi khi phuong trinh (1)
c6 hai nghiém k;, k, thod mén kk, = -1
b% + v5

a? - x5

= =1©x3+y(2)=a2—b2>0.

Vay M thu6c dudng trdn tam O, ban kinh Va?® — b2,

© 15.12. Xét parabol (P) : x> = 2py.

Goi céc ti€p di€m cha cdc dudng thing BC, CA, AB véi parabol ldn lugt 1a M,
N, P; o, B, ¥ 14n luot 12 hoanh dé clia ching.

2 2 2
o | . N=lg: B P2y

2
Phuong trinh ti€p tuyén BCla ax = p(y + %5)

2

@ax—py—%—:O. (N
Tuong tu, phuong trinh ti€p tuyén CA 1a
2
Bx—py-%—=0- 2
v
Phuong trinh ti€p tuyén AB : yx — py-— 5 = 0. ' 3)

Toa do clia A 1a nghiém ctia he (2), (3), giai hé ta dugc A = (E?- ; —ZB—Z;J
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/06

Pudng cao AH qua A, c6 vecto phép tuyén la vecto chi phuong i u=(p;a

cia BC = Phuong trinh ctia AH Ia

o2y

aBY

@pX+ay——(B+v)—

Tuong tu, phuong trinh duc‘mg cao BH 1a

px+By——(a+'y) BY =0.

Toa d¢ tryc tam H 13 nghiém ca hé (4), (5). Gidi hé nay ta duoc

p
YH"'—E

_a+PB+y  apy
Xy = > + 2p

“4)

)

Vay truc tim H luon thu¢c dudng thing y = —-g, chinh 14 dudng chu4n ctia (P).
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