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Chuyén dé "Bién phtic, dinh 1y va 4p dung" déng vai tro nhu 1a mot cong
cu dic lyc nham gidi quyét hieu qua nhiéu bai toan ctia hinh hoc, giai tich,
dai s6, s6 hoc va toan t6 hop. Ngoai ra, cac tinh chat co ban clia s6 phic va
ham bién phiic con duge st dung nhiéu trong toan hién dai, cdc mo hinh toan
tung dung, ...

Trong cac ky thi Olympic toan sinh vién qubc té va quoc gia, thi cac bai
toan lien quan dén bién phic thuong duge dé cap duéi nhiéu dang phong phi
thong qua céac dic trung va cac bién doi khac nhau ctia phuong phéap gidi, vita
mang tinh tong hop cao vita mang tinh dac thit sau sic.

Chuong trinh todn hoc ¢ bac Trung hoc pho thong ctia hau hét cac nuée
déu c6 phan kién thic sb6 phite. O nude ta, sau nhidu 1an cai cach, noi dung
s6 phiic cudi ciing cling da dude dua vao chuong trinh Giai tich 12, tuy nhién
con rat don gian. Vi nhiéu 1y do khac nhau, rat nhiéu hoc sinh, tham chi 1a
hoc sinh khé4, giéi sau khi hoc xong phan s6 phiic ciing chi hiéu mot cach rat
don so: st dung s6 phiic, c6 thé giai dude moi phuong trinh bac hai, tinh mot
vai tong dac biet, ...

Viéc st dung sd phitc va bién phiic trong nghién citu, khdo sat hinh hoc
(phéng va khong gian) t6 ra c6 nhiéu uwu viét, nhat 14 trong viéc xem xét céc
van dé lien quan dén cac phép bién hinh, quy tich va cac dang mién bao giac.

Nhin chung, hién nay, chuyén dé sé phiic va bién phic (cho bac trung hoc

pho thong va dai hoc) da duge trinh bay & dang gido trinh, trinh bay 1y thuyét
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co ban va c6 dé cap dén cac ap dung truc tiép theo cach phan loai phuong
phap va theo diic thit cu thé ciia cac dang vi du minh hoa.

Dé dap tng nhu cau bdi dudng nghieép vu sau dai hoc cho doi ngit gido
vién, cac hoc vién cao hoc, nghién cttu sinh chuyén nganh Giai tich, Phuong
trinh vi phan va tich phan, Phuong phap toan so cap va boi dudng hoc sinh
gidi vé chuyeén dé sd phiic, bién phitc va ap dung, ching toi viét cuén chuyen
dé nhé nay nham trinh bay day du cac kién thic tong quan, cac ki thuat co
ban vé phuong phap st dung sé phitc va bién phiic dé tiép can cac dang toan
khac nhau ctia hinh hoc, s6 hoc, toan rdi rac va cac linh vyc lién quan.

Day 1a chuyén dé boi dudng nghiép vu sau dai hoc ma cac téc gid da giang
day cho cac 16p cao hoc, cho doi tuyen thi olympic toan sinh vien quéc gia va
quéc té va 1a noi dung boi dudng gido vien céc truong dai hoc, cao dang va
truong chuyén trong ca nudc tit nhiéu nam nay.

Trong tai liéu nay, chiing toi da sit dung mot s6 noi dung vé 1y thuyét ciing
nhu bai tap mang tinh hé thong da dude cac Thac si va hoc vién cao hoc thue
hién theo mot hé théng logic nhat dinh dudi dang cac chuyén dé nghiep vu
bac sau dai hoc. Nhitng dang bai tap khac 1a mot s6 dé thi ctia cic ki thi
hoc sinh giéi v cac bai toan trong cac tap chi Toan hoc va tudi tré, Kvant,
Mathematica, cac sach gido khoa, chuyén dé va chuyén khdo, ... hién hanh &

trong nudc.
Cudn séch dugde chia thanh 5 chuong.
Chuong 1. S6 phic va bién phic, lich s va cdc dang biéu dién
Chuong 2. Tinh todn trén so phitc va bién phiic
Chuong 3. Mot so iing dung cia s6 phic trong dai so6

Chuong 4. S6 phic trong cdc bai todn s6 hoc va to hop
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Chuong 5. So phiic va ing dung trong hinh hoc
Chuong 6. So phiic va 101 gidi ciia phuong trinh sai phan

Cac tac gia xin chan thanh cam on lanh dao Bo Gidao Duc va Dao tao,
truong DPHKHTN, DHQGHN da tng ho va dong vien dé cac truong he boi
dudng nang cao kién thitc chuyén mon nghiép vu sau dai hoc cac nam tir 2002
dén 2009 da thanh cong tot dep.

Cam on cac gido vién tir 64 tinh thanh trong cad nuéc da nghe giang, trao
ddi semina va doc ban thao, da gii nhiéu ¥ kién dong gép quan trong cho noi
dung cfing nhu cach trinh bay thi tu cac chuyén de.

Cudn sach duge hoan thanh véi sy gitp dé nhiét tinh vé mit noi dung cia
cac thanh vién trong semina lién truong-vien Giai tich - Dai s6 clia Truong
Dai Hoc Khoa Hoc Ty Nhién, DPHQGHN.

Cac tac gid xin bay té long biét on t6i dong nghieép va doc gid co6 ¥ kién

déng gop dé cubn sach chuyen dé nay duge hoan thien.

Ha Noi ngay 02 thang 06 nam 2009

Cac tac gia



Chuong 1

S6 phiic, bién phtc lich st va
cac dang biéu dién

1.1 Lich st hinh thanh kh&i niém s6 phic

Lich stt s6 phitc bat dau tit thé ky XVI. D6 1a thai ki Phuc hung ciia toan hoc

chau Au sau dem dai trung c6. Cac dai luong 40!
V=1, bv/—1, a+bv/—1

xuat hien dau tién tiu thé ky XVI trong cac cong trinh ciia cac nha toan hoc
Ttaly "Nghe thuat vi dai hay 1a vé cac quy tic clia dai s6" (1545) ctia G.Cardano
(1501 - 1576) va "Dai s6" (1572) ctia R.Bombelli (1530 - 1572). Nha toan hoc
Drc Felix Klein (1849 - 1925) da danh gia cong trinh ctia G.Cardano nhu sau:
"tde pham quy gid dén tot dinh nay da chia dung nhing mam mong clia dai
s6 hién dai va né vuot za tam cia todn hoc thoi co dai.

Khi giai phuong trinh bac hai Cardano va Bombelli da dua vao xét ki hiéu
v/—1 1a 1ai giai hinh thitc ctia phuong trinh 22 +1 = 0, xét bicu thitc by/—1 1a
nghiém hinh thtc ctia phuong trinh 22 + > = 0. Khi d6 biéu thiic tong quat
hon dang

(x—a)+b>#0

!Ten goi "40" 1a dich tir tiéng Phap "imaginaire" do R.Descates dé xuat nam 1637.

11



12 Chuong 1. S6 phiic, bién phiic lich sit va cic dang biéu dién

c6 thé xem 1 nghiém hinh thiic ctia phuong trinh (z — a)? 4 b* = 0. Vé sau
biéu thiic dang
a+bv—1, b#0

xuat hién trong qua trinh gidi phuong trinh bac hai va bac ba (cong thiic
Cardano) duge goi la dai lugng "&do" va sau d6 duge Gauss goi la sé phiic? va

thuong duge ki hiéu 1a a + bi, trong do6 ki hiéu
1=V —1

duge L.Euler® dua vao 1777 goi la don vi "a0".

Qua trinh thita nhan sé phiic nhu mot cong cu quy gia ctia toan hoc da dién
ra rat cham chap. Ngay tén goi va ki hiéu i := +/—1 la don vi "40" ciing da
gay nén nhiéu ndi ban khoan, thic mac tit d6 dan dén khing hoang niém tin
vi n6 khong c6 gi chung véi sd - mot cong cu clia phép dém, mic dit ngudi ta

van xem d6 1a mot ki hiéu tritu tuong thod man dinh nghia
i =—1.

Su khiing hoang niém tin cang trd nén sau sic hon béi viec chuyén mot cach
thiéu can nhac va thiéu than trong mot so quy tac ctia dai sd thong thuong cho
cac s6 phitc da san sinh ra nhing nghich 1i khé chiu. Chéng han nhu nghich
Ii sau day: vi i = /—1 nén > = —1, nhung dong thdi bang cach sit dung cac

quy tac thong thuong ctia phép toan khai can bac hai lai thu duge

2= VIV = V(D) = /(1P =VI=1.

Hoéa ra —1 = 1!

Ta nhan manh lai rang hé thic

it =—1

2Thuat ngit "sé phitc" 13 do nha toan hoc Phap N.Carnot (1753-1823) dua vao dau tien (1803)
L. Euler (1707-1783) 1a nha toan hoc Thuy si
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12 dinh nghia s6 méi ¢ cho phép ta dua vao xét s6 phiic. Diéu d6 c6 nghia riang
hé thiic d6 khong thé chitng minh, né chi la quy uwéce.
Tuy vay, ciing c6 ngudi mudn chitng minh hé thitc d6. Trong cudn sach "Phuong

" ciia minh, Vién sy L.S. Pointriagin da mo ta lai chiing minh dé6

phéap toa do '
nhu sau:

Dau tien ngusi ta lay ntta duong tron véi duong kinh AB. T diém R tuy ¥
cua ntta duong tron ha duong vuong géc RS. Theo mot dinh 1i ctia hinh hoc
so cap, do dai duong vuong goc RS la trung binh nhan gita cic do dai cia
cac doan thing AS va SB. Vi néi dén do dai nén sé khong sai sot 16n khi noi
rang binh phuong doan théng RS bing tich cac doan thing AS va BS. Bay
gis, trd vé v6i mat phang phiic. ki hieu diém —1 1a A ; diém +1 1a B va diém
i1a R. Khi d6 S sé la diém 0. Tac gia ctia phép chiing minh da lap luan nhu
sa:

Doan thing RS la i, doan thang AS 1a —1 va SB 1a +1. Nhu vay, theo dinh

1i vita nhac lai & trén ta c6
i = (=1)(+1) = —1.

That dang tiéc 1a phép chitng minh k¥ la nay van dudgc viét trong sach va gidng
day 6 mot s6 truong pho thong trude thé chién thi II.

Lich stt toan hoc ciing ghi lai rang Cardano ciing da nhiac dén céc nghiém phic
nhung lai goi chiing 14 cac nghiém "nguy bien". Ching han, khi giai hé phuong
trinh

{a: +y =10
xy = 40

Cardano da tim duge nghiém 5 4 /=5 va 5 + +/—5 va ong da goi nghiem nay
12 "am thuan tuy" vd tham chi con goi 13 "nghiém am nguy bien".

Co 1é tén goi "ao" la di san vinh cttu ctia "mot thoi ngay tho dang tran trong

ctia s6 hoc".
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Tham chi déi v6i nhiéu nha bac hoc 16n thé ky XVIII ban chat dai sd va ban
chat hinh hoc ctia cac dai luong 4o khong duge hinh dung mot cach 1o rang
ma con day bi an. Ching han, lich sit ciing ghi lai rang I.Newton da khong
thtra nhan cac dai lugng ao va khong xem céac dai lugng ao thudce vao cac khai
nieém s6, con G.Leibniz thi thét len ring: "Céac dai luong 4o - dé 1a noi an nau
dep dé huyen diéu déi véi tinh than clia dang tdi cao, d6 duong nhu mot giéng
ludng cu song ¢ mot chdn nao day gitta cai c6 that va khong co that".

Ngudi dau tién nhin thay loi ich do dua s6 phiic vao toan hoc mang lai chinh
la nha toan hoc Italy R. Bombelli. Trong cuén "Dai s6" (1572) ong da dinh
nghia cic phép tinh s6 hoc trén cac dai luong 4o va do d6 ong da sang tao nén
1i thuyét cac s6 "ao".

Thuat ngit s6 phitc duge dung dau tien bdi K.Gauss? (nam 1831). Vao thé
ky XVII - XVIII nhiéu nha toan hoc khac ciing da nghién citu céc tinh chat
clia dai lugng 4o (s6 phiic!) va khdo sat cac ting dung ctia chiing. Chang han
L.Euler mé rong khai niém logarit cho s6 phtic bat ki (1738), con A.Moivre®
nghién ctiu va gii bai todn cdn bac tu nhién doi véi sé phiic (1736).

Sy nghi ngd do6i véi s6 4o (s6 phiic!) chi tieu tan khi nha toan hoc ngudi Nauy
13, C.Wessel dua ra sy minh hoa hinh hoc vé sd phiic va cac phép toan trén
chiing trong cong trinh cong bé nam 1799. Doi khi phép biéu dién minh hoa
s6 phiic ciing dude goi 1a "so dd Argand" dé ghi nhan cong lao clia nha toan
hoc Thuy S§ R.Argand - ngusi thu duge két qua nhut ctia Wessel mot cach doc
1ap.

Li thuyét thuan tuy s6 hoc doi v6i céc so phitc vé6i tu cach 1a cac cap sd thuc
c6 thi tu (a;b), a € R, b € R duge xay dung bdi nha toan hoc Ailen la
W.Hamilton (1837). O day don vi "40" i chi don gidn 1a mot cap sd thuc c6

thi tu - cdp (0; 1), tidc 1a don vi "do" duge li gidi mot cach hién thuc.

4C.Gauss (1777-1855) 1a nha toan hoc Ditc
® A.Moivre (1667-1754) 1a nha toén hoc Anh
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Cho dén thé ky XIX, Gauss méi thanh cong trong viéc luan ching mot cach
vitng chéc khai niém s6 phiic. Tén tudi ciia Gauss ciing gan lién v6i phép chiing
minh chinh xac dau tien déi véi Dinh 1i co ban ctia Dai s6 khang dinh ring
trong truong so6 phitc C moi phuong trinh da thic déu c6 nghiem.

Ban chét dai s6 clia s6 phtic thé hieén & chd s6 phiic la phan ti clia truong mé
rong (dai s6) C clia truong s6 thyc R thu duge bang phép ghép dai s6 cho R
nghiém ¢ cua phuong trinh

22+1=0.

Véi dinh 1i co ban ciia dai s6, Gauss da chiing minh duge truong C trd thanh
truong déng dai s6. Dieu d6 c6 nghia 1a khi xét cac nghiém ctia phuong trinh
dai s6 trong truong nay ta khong thu dude thém sdé mdéi. Duong nhién truong
s6 thuc R (va do d6 ca truong sé hitu ty Q) khong c6 tinh chat déng dai s6.
Chang han, phuong trinh véi he s6 thuc c6 thé khong c¢6 nghiem thue.

Nhin lai hon 2500 nam tit thoi Pythagor dén gis, con duong phét trién khai

niém vé s6 ¢6 thé tém tit béi N - Z — Q — R — C véi cac bao ham thiic:
NczcQcRcC.

Bing céc két qua sau sac trong cac cong trinh ctia cac nha toan hoc K. Weierstrass,
G.Frobenius, B.Peirce ngusi ta méi nhan ra rang moi c¢d gdng mé rong tap so6
phiic theo con duong trén déu khong cé két qua kha quan. K. Weierstrass da
chiing minh tap hop s6 phitc C khong thé mé rong thanh tap hgp rong hon
bang cach ghép thém s6 méi dé trong tap hop sé rong hon thu dude van bao
toan moi phép tinh va moi quy luat cia cac phép toan da dung trong tap hop
s6 phitc. Nhu vay, cac tap hop s6 méi chita tap sé phiic chi ¢6 thé thu dugc
biang viéc tit bé mot s6 tinh chat thong thuong nao do ctia cac sé phiic. Ching
han nha toan hoc Ailen 14 W.Hamilton (1805 - 1865) da bt pha ra khdi pham

vi s6 phtic va thu dude céc quatenion 1a truong hop don gidn nhat ctia hé sieu
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phitc nhung danh phai tit bé tinh chat giao hoan ctia phép nhan. Hé théng cac
quatenion la hé khong giao hoadn va cac quatenion thé hien duge trong khong
gian bon chieu R*,

Dang tong quét ctia quatenion la
a+bi+cj+dk; a,bc,deR,

trong do 1; 4; j; k dudec Hamilton chi ra la cac don vi siéu phiic va dugc

Hamilton goi la cac quatenion. 0 day

va chinh Hamilton da lap ra bang nhéan sau day:

A k
i —1 k-
i o~k -1 i
o o—i —1

Dé dé nhé bang nhan nay ta luu ¥ hinh vé bd trg sau. Ta bicu dién cac
quatenion i, j, k béi ba diém trén duong tron theo thit tu cting chiéu kim dong
ho.
Tich ctia hai s6 bat ki trong bo ba i, j, k bang s6 thit ba néu phép vong quanh
tur thita s6 thit nhat dén thita sé thit hai 1a theo chiéu kim dong ho va bang s6
thtt ba va v6i dau trit néu phép vong quanh dé ngude chiéu kim dong ho. Ré
rang 1a phép nhan khong c6 tinh chét giao hoéan.

Déi v6i toan hoc ngay nay cac sd phiic va siéu phitc 1a nhitng chinh thé hoan
toan tu nhién, né khong "4o" hon chit ndo so véi chinh cac sd thuye.

Nhin lai lich stt lau dai ctia su phét trién khai niem sé ta thay ring ct méi lan
khi dua vao nhitng sé mdéi cac nha toan hoc ciing dong thoi dua vao cac quy
tac thuc hién cidc phép toan trén ching. Dong thai v6i diéu dé céc nha toan

hoc luon luon c6 gang bao toan cac quy luat sé hoc co ban (luat giao hoan clia
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phép cong va phép nhan, luat két hop va luat phan bd, luat sap xép tuyén tinh
ctia tap hop s6). Tuy nhién sy bao toan d6 khong phai khi nao ciing thic hien
duge. Vi nhu khi xay dung truong sd phiic ngudi ta da khong bao toan dude
luat sap xép tuyén tinh von cé trong truong so6 thyc, hay khi xay dung tap hop
céc sd quatenion ta cling khong bao toan dude luat giao hoan ctia phép nhan.
Téng két lich sit toan bo qua trinh phat trién khai niem s6, nha toan hoc Drc
L.Kronecker (1823 - 1891) da viét:

"Thuong dé da tao ra s6 tu nhién, con tat cd cac logi so con lai déu la cong
trinh sang tao cua con nguor”.
C6 thé néi ring véi khéang dinh bat hii nay L.Kronecker da xac dinh nén mong

vitng chac cho toa lau dai toan hoc trang lé ma con ngudi dang s hitu.

1.2 Cac dang biéu dién s phic
1.2.1 Biéu dién sb phiic dudi dang cap

M&i s6 phiic a + bi hoan toan dugc xac dinh bdi viéc cho hai s6 thuc a va b
thong thuong (a,b € R) goi la cac thanh phan ctia ching.

Nguoi dau tién cd gang néu ro dac trung quy luat clia cdc phép tinh bang ngon
ngit cac thanh phan khong can nhac dén ki hiéu "nghi van" ¢ 13 Hamilton. Cu
thé, ong da dién ta mdi s6 phitc bdi mot cap sé thue (co thit tir) thong thusng.
Vi tap hop s thue 1a tap hop con ctia tap hop sd phitc C nén khi xac dinh
cac phép tinh s6 hoc co ban trén cic sd phiic ta can doi héi rang khi 4p dung
cho céac s6 thuc cac phép toan d6 dua lai két qua nhu két qua thu dude trong
s6 hoc cac s6 thye. Mat khac, néu ta mong mudn cac sd phiic ¢6 nhitng ng
dung trong cac van dé clia giai tich thi ta can doi héi rang cic phép toan co
ban duge dua vao d6 phai thod man cac tién dé thong thuong ctia sé hoc cac

s6 thue.

Dinh nghia 1.1. Mot cap so thuc cé thi tu (a;b), a € R,b € R, duge goi
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la mot s6 phic néu trén tap hop cic cap dé quan hé bang nhau, phép cong va
phép nhan duge dua vao theo cic dinh nghia (tién dé) sau day:

a=c
b=d.
Chi y rang d6i véi hai s6 phitc bang nhau (a;b) va (c;d) ta c6 thé viét

i) Quan he dong nhét trong tap sbé phtc: (a;b) = (¢;d) < {

(a;b) = (c;d) (néu mudn nhan manh day 14 quan hé dong nhat gitta hai cip s6
thyc sap thi tu) hodic (a;b) = (¢;d) (néu mudn néi rang day 1a quan heé bing

nhau gitta hai s6 phric).

ii) Phép cong trong tap sé phtc: (a;b) + (¢;d) := (a + ¢;b + d) va cap
(a + ¢;b+ d) duge goi la tong ciia cac cap (a;b) va (c;d).

iii) Phép nhan trong tap sé phitc: (a;b)(c;d) := (ac — bd; ad + be) va cap
(ac — bd; ad 4 be) duge goi la tich clia céc cap (a;b) va (¢; d).

iv) S6 thyc trong tap s6 phiic: Cép (a;0) duge dong nhat véi s6 thyc a,
nghia la
(a;0) := a hay 1a (a;0) = a.

Tap hop céc s6 phitc duge ki hieu 1a C.

Nhu vay, moi phan ctia dinh nghia sé phtic déu duge phét biéu bing ngon ngit
s6 thue va cac phép toan trén ching.

Trong dinh nghia nay ba tién dé dau thyc chat 1a dinh nghia khai niém bang
nhau, khai niém tong va khai niem tich ctia cac s6 phiic. Do d6 viec déi chiéu
cac tien dé do6 vé6i nhau sé khong dan dén bat cit mau thuan nao. Diéu duy
nhat c6 thé gay ra doi chit lo ngai 1a tién dé iv). Van dé 14 & chd von di cac
khéi niem bang nhau, téng va tich céc sb6 thuc c6 ¥ nghia hoan toan xac dinh
va do d6 néu cac khai niém nay khong tuong thich v6i nhitng khai niem dudgc
dé cap dén trong cac tién de i) - iii) khi xét cac s6 thuc v6i tu cach 1 cac cap
dang dac biet thi buoc phai loai trit tien dé iv). Do d6 ta can ddi chiéu tien deé

iv) v6i cac tien de 1), ii) va iii).
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1) i) - iv). Gid st hai s6 thyc a va b bang nhau nhu nhitng ciap dang dac
biét dong nhat véi ching: (a;0) = (b;0). Khi d6 theo tién dé i), ta c6

(a;0) = (b;0) & a =1,
tiic 1a chiing bang nhau theo nghia thong thuong.

2) ii) - iv). Theo tién dé ii), tong hai s6 thuc a va ¢ dugc xét nhu nhing
cap (a;0) va (¢;0) la bang cap (a + ¢;0+ 0) = (a + ¢;0). Nhung theo tién dé
iv) thi (a + ¢;0) = a + ¢. Nhu vay

(@;0) + (;0) =(a+¢0+0)=(a+¢;0) =a+c,
tiic 14 dong nhat bing tong a + ¢ theo nghia thong thudng.

3) iii) - iv). Theo tién dé iii), tich cac s6 thuc a va b duge xét nhu nhiing

cap (a;0) va (¢;0) 1a bang cap
(ac—0-0;a-040-c¢) = (ac;0)
va theo tién deé iv) ta c6 (ac;0) = ac. Nhu vay
(a;0)(c; 0) = (ac; 0) = ac,
tiic 1a dong nhat bang tich a véi ¢ theo nghia thong thuong.
Nhu vay tien dé iv) tuong thich véi cac tien dé i), ii) va iii).
Ta cling luu ¥ cac cong thitc sau day duge suy tryc tiép tir iii) va iv):
A(a;b) = (Aa; Ab), X € R.
That vay, tir iv) va iii) ta co:
Aa;b) = (A 0)(a;0) = (Aa—0-b; A0+ 0 - a) = (Aa; \b).
Néu A = m € N thi theo ii) ta c6

(a;b) + (a;b) = (2a; 2b);
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(2a;2b) + (a;b) = (3a;3b), . ..

tic 1a (ma; mb) 1a két qua phép cong lién tiép m s6 hang bang (a;b).

Diéu dé phit hop véi biéu tugng thong thuong 1a phép nhan véi s6 tu nhien
tuong tng v6i phép cong m s6 hang bang nhau. Dé dang thay rang cac tién dé
ii) va iii) 14 tuong thich v6i nhau va cac quy luat thong thudng cta cac phép
tinh thuc hién trén céc sd van dugce bao toan khi chuyén sang s6 phtic (duong
nhién phai cit bé cac quy luat c6 quan hé t6i tinh chat sdp duge tuyén tinh).

Tu dinh nghia suy ra trong tap hgp C phép cong va phép nhan c6 tinh chat

két hop va giao hoan ; phép nhan lién hé v6i phép cong theo luat phan bo ;
phép cong c6 phép tinh nguge 1a phép trit va do d6 ton tai phan tit 0 1a cip
(0;0) vi (a;0) + (0;0) = (a;b), Va,beR.

Vai tro don vi trong tap hogp s6 phite C 1a cap (1;0) vi theo tien de iii)

(a;0)(1;0) = (a;b).
Hai s6 phtic z = (a;b) va z = (a; —b) dugc goi 1a lien hgp v6i nhau. Ta c6
2z = (a;b)(a; —b) = a® + b* > 0.

T tinh chat nay suy ra rang véi moi (a;b) # (0;0) ton tai cip nghich dao
(a;b)71, cu thé la cap

1 a b
a2+bz(a’ —b) = <a2—|—b2’_a2—|—b2)'

Nhu vay ta da ching minh rang tap hop céc sd phiic C lap thanh mot truong.
Truong d6 c6 tinh chat :

(a) RcC.

(b) Phuong trinh 22 + 1 = 0 ¢6 nghiém trong C. D6 1a cap (0 ; 1) va (0 ;
).

Duéi dang cap cac phép toan trén C duge thire hién theo cac quy tic
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(1). (@1;01)+(ag;b2) = (a1+az; b1 +0b2) 5 (a1;b1) — (az; b2) = (a1 —ag; by —b)

(11) (al; bl)(ag; bg) = (a1a2 — blbg; a162 + agbl);

..n (ap;b aias + biby a1by — ageb )
(ii). Ea;b;i = ( 1a§+b% 2; 153 +b§2 1), trong do (ag; b)) # (0;0).

1.2.2 Biéu dién sb phiic duéi dang dai s

Nhu vay, ta da dinh nghia va dién dat moi quy tic tinh thyc hién trén cac sé
phiic bang ngon ngit cac thanh phan tic 13 bang ngon ngit cac sd thyc. Diéu
nay rat quan trong vi véi cadch d6 ngudi ta khong bi am anh bdi "cai 4o"clia
ki hiéu ¢ mang lai (mac dut n6 rat thyc vi i 1a cap (05 1).)

Bay gio ta trd vé véi cach viét thong thuong (hay dudi dang Descartes) doi

v6i s6 phitc. R6 rang 1a moi s6 phiic (a;b) € C déu bicu dién duge dusi dang
(a;b) = (a; 0) 4+ (0;0) = (a;0) + (b;0)(0; 1) = a + bi,

trong d6 cdp (0; 1) duge ki hiéu béi chit i.

T tien de iii), suy rang
i*=(0;1)(0;1)=(0-0—-1-1; 0-1+1-0)=(—=1;0) = —1.

Nhu vay ta da trd vé véi cach viét thong thuong doi véi sé phitc (a;b) dudi
dang a + bt nhung gic day don vi 4o ¢ ¢c6 ¥ nghia hoan toan hién thyc vi né 1a
mot trong cac cip so6 thie ma cac phép tinh trén ching duge dinh nghia béi
cac tién deé i), ii), iii) v& iv), d6 chinh I cap (0;1). Tham chi, c6 thé xem nhan
tit i bén canh s6 thic b nhu mot dau hiéu chi ré sé thye b 1a thanh phan thi
hai ctia s6 phtic (a;b).

Thanh phan thit nhat ctia sd phitc z = a + bi duge goi 1a phan thuc cia sd
do6 va duge ki hiéu Re z, thanh phan thi hai dude goi 1a phan 4o va duge ki
hiéu 1a Im z. Can nhan manh rang phan 4o ciing nhu phan thyc ctia sd phic

13 nhitng s6 thuye.
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Biéu thitc (a;b) = a + bi dudc goi la dang dai s6 hay dang Descartes ctia s6
phtic.
He thiic (a;b) = a + bi chiing té rang gitta cac cap so6 thuc c6 thi tu (a;b) va
cac biéu thic dang a + bi ton tai phép tuong ting don tri mot - mot va phép
tuong ng d6 duge mo ta boi hé thite vita néu. Nho phép tuong tng do, thay
vi xét cac cap ta co thé xét cac biéu thic a + bi biéu dién ching.
Céc phép toan (i)-(iii) d6i véi cac s6 phiic viét dudi dang dai s6 21 := ay + byi ;
25 = ag + byt duge dinh nghia nhu sau
(i*) 21+ 22 = (a1 + b1t) + (a2 + bai) = (a1 + az) + (b1 + b2)1,

21— 29 = (a1 + b1i) — (ag + bei) = (a1 — az) + (by — be)i,

(ii*) Z1R%9 = (a1 + bli)(az + bz’l) = (a1a2 — blbz) + (a162 + azbl)'i,

21 ai + byt a1as + biby  aiby — ashy
p— P pr t d/ 2 bz 0‘
Zo Qo+ bat a2 + b2 pEaS i, trong d6 a3 + b3 #

(iii*)
Néu 2z = a + bi thi sd phtc lien hop zZ = a — bi. Do d6

z+ 2z =2 Re z,

z—Zz=21Im z,

|z|%, trong d6 |z| =7 = Vz- 2z = Va2 + 12

Z-Z

S |z| =r = Vz-Z = +Va?+ b dugce goi 1a modun clia s6 phitc z. D6i v6i s6

phiic 21, 25 € C, ta ludén co
|[21] = [22]] < [21 4 22| <[] + [22]-
1.2.3 Biéu dién hinh hoc ciia sd phiic

Ta biét ring gitta tap hop moi cip s6 thuc ¢ thit tu va tap hgp moi diém cta
mat phing Euclide véi cac toa do Descartes vuong goc R? c6 thé xac lap phép
tuong ting don tri mot-mot. Dé c6 didu d6 mdi cap s6 thuc c6 thi tu (a;b) can

duge dit tuong tng véi diem M (a;b) c6 hoanh do o = a va tung do y = b.
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Vi mdi s6 phiic duge dinh nghia nhu 14 mot cip s6 thuc c¢6 thi tir nén mdi s6
phiic (a;b) = a + bi c6 thé dat tuong tng v6i diém M (a;b) va nguge lai, moi
diém M (a;b) clia mat phing sé tuong tng vé6i s6 phiic (a;b) = a + bi. D6 la
phép tuong tng don tri mot-maot.
Nho phép tuong ting

(a;b) — a+ bi

ta xem céc s6 phitc nhu 1a mot diém ctia mat phang toa do hay vecto véi diem

dau tai goc toa do O(0;0) va diém mut tai M(a;b).
Dinh nghia 1.2. Mat phang toa do vdi phép tuong ing don tri mot-mot
(a;b) — a+ bi

duge goi la mat phang phic hay mat phang Gauss va cing duoe ki hiéu la C

va z = a+ bi la mot diém cia mdat phang do.

Mot cach ngin gon, mat phing R? ma cac diém ctia n6 duge dong nhat véi
cac phan tit ctia truong C duge goi 1 mit phing phiic.

Truc hoanh clia mit phing toa do dude goi l1a truc thuc (do céc diém ctia né
tuong ting vdi cac s6 (a;0) = a € R) con truc tung duge goi 1a truc 4o (do céc
diém ctia né tuong tng véi cac s6 thuan ao (0;b) = bi).

S6 phiic 2z = a + bi cling c¢6 thé biéu dién duge bdi mot vecto di tit gbe toa do
v6i cac hinh chiéu a va b trén céc truc toa do. Nhu vay, vecto 2 = a + bi bang
ban kinh vecto clia diém z.

V6i cach biéu dién s6 phiic dudi dang vecto di tit gbe toa do, cac phép cong va
trit cac s6 phitc duge thue hién theo cidc quy tac cong va trit cac vecto. Tuy
nhién phép nhan va phép chia can thyc hién theo quy tac (ii*) va (iii*) do
trong dai s6 vecto khong c6 cac quy tac tuong tu trie tiép nhu vay.

Thong thuong, cac thuat ngd "sé phac” ; "vecto " ; "diém" dugc xem la

dong nghia.
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1.2.4 Biéu dién sé phiic nhé ma tran

Trong muc 1.1 vd muc 1.2 , ta di xay dung truong s6 phiic nhd cac cip sd
thuc c6 thit tu z = (a;b), a,b € R. Uu diém 16n nhat ctia phuong phap nay
12 n6 "hoa gidi" duge cai phan than bi do ki hiéu "nghi van" ¢ mang lai.

Bén canh cach xay dyng d6, con ton tai nhiéu cich xay dung khac nita. Sau
day ta sé trinh bay cach xay dung dua trén phép cong va nhan ma tran trén
truong s6 thuec.

Ta xét tap hop cac ma tran cap hai dang dic biét trén truong sd thyc

M::{(_“b 2) a,bER}

ma trén dé cac phép toan cong va nhan duge thuc hién theo cac quy téc thong

thuong clia dai s6 ma tran. C6 thé ching minh ring tap hop M lap thanh
mot trudng.

Tiép d6, mdi s6 phiic z = a + bi ta dit tuong tng véi ma tran

(_“b 2) (1.1)

D6 1a anh xa tuong ting don tri mot-mot. Qua anh xa nay toan bo truong sé

phtic duge anh xa lén tap hgp M céc ma tran dang (1.1). Ta ¢6

(—ab 2) + (—Cd g) = (—C(lbicd) Zicci) (1.2)

(G 0) (S ) = (i atie) 0

Tit (1.2) va (1.3) suy ra ring anh xa da xay dung la dang cau gitta C v M vi

ma tran & vé phéi ctia (1.2) 1a tuong ng véi cac s6 phric
(a+c)+ (b+d)i=(a+bi)+ (c+ di)
va ma tran & vé phéi ctia (1.3) 1a tuong ting véi cac so phiic

(ac —bd) + (ad + be)i = (a + bi)(c+ di).
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Tit d6 suy réng tong va tich hai s6 phiic trong C tuong ting véi tong va tich
cac anh cua chung trong M.

Dong thai ta ciing thu dude tap hgp MP céc ma tran cap 2 dang

MO:Z{(S 2) aE]R}

la dang cau véi tap hop céc s6 thuc trong R. Trong phép ding cdu nay méi sb

()

Tt d6 c6 thé dong nhat ma tran ; (8 2) vé6i s6 thue a.

thyc a tuong ing v6i ma tran

Néu ta xét mot ma tran tity ¥ ctia M thi

G R I o
(0 1
J=\{-1 0/

Dé thay rang j2 = —1. That vay, ta c6

(Y Y- %)

T d6, ma tran j ¢6 vai tro nhu don vi ao.

trong do

1.2.5 Dang lugng giac va dang mii ciia s6 phiic

Bing céach stt dung toa do cuc trén mit phang phic C:
(a) do dai ban kinh vecto r := |z| = /22 = Va? + b?;
(b) gbéc cuc ¢ = Arg duge goi 1a acgumen ctia z,

ta thu duge hé thic

z=a+bi =r(cosp + isiny), (1.4)
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Rez=a=rcosp, Imz=>0b=rsing.

Biéu thiic (1.4) dugc goi la dang lugng giac hay dang cic ciia s6 phiic z = a+bi.
Argumen ¢ = Argz 1a ham thyc da tri ctia bién phitc z # 0 va déi véi 2 da
cho, cac gia tri cia ham sai khac nhau mot boi nguyén cua 27r. Ham acgumen
khong xac dinh tai z = 0. Thong thuong ngusi ta sit dung gia tri chinh cua
acgumen

p=argz

xéac dinh véi diéu kien bo sung
—m<argz <

hoac

0 <argz < 27.
Dé don gidn céach viét cac sé phiic ta dit

cos £ isinp = e

dang lugng giac (1.4) duge bién doi thanh dang mii
z =re'’. (1.5)

dé6 1a dang s6 md ciia s6 phiic z # 0.
Cac cong thic (1.4) va (1.5) dac biét tién lgi khi thuc hién phép nhéan va chia
céc sd phiic.
Dé dang chitng minh rang néu z; = 71" va 2y = ree¥? thi
1. 2129 = ryreeilvrte) -
A

L
= el soz)’ T9 7é 0.
Z9 T

2.

Phép nang s6 phiic z = a + bi = r(cos ¢ + isin) lén liy thita bac n ddi véi

s6 phiic dugde thye hién theo cong thic Moivre.
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2" = e, (1.6)
wp =z = SretSR, k=0:1;...n— 1. (1.7)

Cong thiic
[r(cos +isinp)]™ = r"(cosny + isinnep). (1.8)

dude goi 1a cong thitc Moivre. Néu r = 1 thi cong thiic Moivre c6 dang dic
biét
(cosp +isiny)" = cosny + isinnep. (1.9)

T cong thic (1.6) suy rang cdn bac n clia sd phiic ¢6 ding n gia tri. Ta cling
can luu ¥ rang khai niém "gia tri s6 hoc" trong phép khai can s6 phiic khong
dugce dua vao va khong thé dua khai niem dé vao theo cach tu nhién nao do.
Dén day, quay lai tim hiéu "tro choi nguy bien" trong nghich 1 da néu & treén,
ta thay sai lam chi yéu da pham phai 6 d6 1a viéc chon cac gia tri ciia can bac
hai ctia sd phtec.

Tu (1.6) va (1.8) va bang cach thay ¢ bdi —p ta c6

1, . )
cosp = — (e + ie7"¥),
2 (1.10)
: — Z(plp _ p—ip )
sing = - (e e ')

Cac cong thic (1.10) duge goi la cong thic Euler.

1.2.6 Biéu dién cac sbé phic trén mit cau Riemann
Ciing v6i cach biéu dién s6 phitc nhu 1a vecto hay diém tren mit phing con c6
cach biéu dién hinh hoc khéac nita. D6 1a biéu dién sé phitc béi diém ctia mat

cau goi la mat cau Riemann.
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Trong khong gian Euclide ba chiéu véi he toa do Descartes vuong goc (£;; )
. N ez IN o 1
ta xét mat cau véi tam tai diem (0; 0; 5) v6i ban kinh bang 5
9 9 1,2 1
S=1EmQ:e+n+(c—5) =
2 4
sao cho n6 tiép xic v6i mat phang 2 tai goc toa do va truc thuc ctia mit phing
z trung véi truc {n = 0;{ = 0}, con truc do thi trung véi truc {£ = 0; ¢ = 0}.
Ta xét phép chiéu 7 vé6i cyc bic tai diem P(0;0;1). Gia sit z € C la diém tity
. N6i diém z € C véi cuc bac P bang doan théng. doan théng nay cit miit
cau S tai diem A(z). Va ngugc lai, gia st A € S la mot diém tiy ¥ ciia mit
cau. Khi dé tia PA sé cit mit phang phic tai diém z. Hién nhién ring do6 la

mot phép tuong ting don tri mot-mot.
Dinh nghia 1.3. Phép tuong ing
T:C32z— A(2) €S

nhu da mo td & trén duoc goi la phép chiéu noi vdi cuc tai diém P. diém

A(z) € S dugc goi la danh noi hay la dnh cau cia diém z.
Dinh 1y 1.1. Trong phép chiéu noi
T:C32z— A(2) €S

diém x = x + iy € C sé tuong tng vdi diem A(z) € S ¢6 toa do la

z )

€:1+|z|2’ TR

(1.11)
Cong thiic (1.11) dugce goi 1a cong thic ciia phép chiéu noi.

Chitng minh. That vay, vi ba diém P(0;0;1), A(z) = (&1;¢) va z = (z;y;0)
cling nam trén mot dudng thing nén cac toa do ciia ching phai théa man he
thic

§—0 n-0_ (-1
r—0 y—0 0-—1"
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hay la
£ n £+
Dé ¥ ring
g+n 2 1
||2:(1—O2 va €2+772+<C—§) =1
ta thu duoce
2=
1-¢
. ) |2[? PR .
va do do6 ¢ = . Thé gia tri ¢ vao (1. .
do do ¢ FuEE Thé gié tri ¢ (1.12) ta tim dugc
JR— $ :7y .
SRR TTiRep
O

Hién nhién trong phép bién ddi 7, diém P(0;0; 1) khong tuong tng véi diém z
nao clia mit phing C. Bay gio ta xét s6 phic I tudng" 2z = oo va “bo sung"
cho mit phing phitc C bang cach thém cho né diém xa vo ciing duy nhat (goi

tét 1a diém vo ciing) tuong tng véi sé phiic z = oo.

Dinh nghia 1.4. Tap hop lap nén ti mat phing phiic C va diém vo cung (ki

hieu la 0o) dugc goi la mat phdng phitc md rong va ki hiéu la C.

Nhu vay C = CU{oo} v C khong phai 1a mot truong. Tit dinh 1i 1.1 suy ring
phép chiéu ndi 7 xac lap su tuong ting don tri mot-mot giita cac diém cta C
va cac diém ctia S\ {P}.
Hién nhién khi 2] — oo thi diém A(z) sé dan dén diém P(0;0;1). That vay,
tr tinh dong dang ctia hai tam gidac zOP va APO suy rang

—_— 1

P=—
JI+ TP
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va do d6 AP — 0 khi |z| — oco.
Tit sy 1i luan d6 ta rit ra két luan ring phép chiéu néi 7 : C +— S\ {P} c6

thé thac trién vao C thanh

bang cach dat

m(00) = P(0;0;1).

Do d6, mot cach tu nhién ta cé thé cho ring diém z = oo tuong ing véi “cuc
bac" P ctia mit cau S va moi diém trén mit cau S ¢6 thé xem nhu 14 mo
ta diém tuong ting clia mit phang C. Phuong phap biéu dién hinh hoc céc s6
phtic nhu trén dude goi 14 phuong phdp biéu dién cau clia cac s6 phic. Mt
cau S, vi li do d6, duge goi 14 mdt cau s6 phiic Riemann®. Tinh wu viét cia
mat cau Riemann 1a & chd trén mit cau Riemann diém vo ciing duy nhét cta
mat phéng phic duge moé td mot cach kha truc quan. Sau nay khi nghién ctu
mot van dé ndo dé néu mudn xét ca diém z = oo thi ta sé tién hanh cac lap

luan trén mat cau Riemann.

1.2.7 Khoang cach trén C

Tuong tGng v6i hai phuong phap biéu dién hinh hoc sb6 phiic da dude mo ta,
ta sé dua vao trong C hai métric. Trong métric thit nhat khoang cach gitta hai

diém z;, 2, € C dugc gia thiét bang

de = de (215 22) = |21 — 22| = /(21 — 2)2 + (41 — o).

°B.Riemann (1826-1866) 1a nha toan hoc Ditc.
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Métric nay 1a métric Fuclide thong thuong trong mat phing R2. Trong métric
thit hai (goi 1& métric cau) khoang cach gitta hai diém z; va z; € C dugc hicéu
14 khoang céach (trong khong gian &;7; () gitta cdc 4nh cau clia chiing. Khoang
cach nay dude goi 1a khodng cdch cau hay khodng cdach Jordan” gitta hai diém
21 VA 29 € C:

d@ déf d@(zl; 2’2).

Dinh 1y 1.2. Gid st dz = dz(21; 22) la khodng cdch cau gitta cdc diém
21 = 1 + 1Y va 2o = To + iys. Khi do

|21 — 2o

1.13
T+ =P L+ ) (1.13)

dz(21; 22) =

néu zo = oo thi
1
\/ 1 + |2’1|2

va khodng cdach cau théa man cdc tién dé thong thuong cia mot métric.

dg(z1;00) = (1.14)
Chiing minh. 1. That vay, tu cong thic (1.11) ta c6
de(z1522) = (& — &)* + (m —m)* + (G — @)

=[G+ G — 2(6160 +mma + (1G2)] Y2

_ |21/ 2> [ 122
Lfal] - 14]aP LI+ ]2+ [2f?)

1/2
Y1y n 21|22 }
(L4 212X+ [22[*) (14 [21]*)(1 + [22/?)

_l_

_ AmPA 4 122)%) + |22lP(1+ 21 ?) — 2(z122 + y1ys) — 221 2|2}/
\/1 + |Zl|2 \/1 + |2’2|2
1/2
[|21]? + |22|* — 22122 — 2y195] / @ = @) + (1 — 2)?)
\/1‘|—|Zl|2 \/1‘|—|2’2|2 \/1‘|—|Zl|2 \/1‘|—|2’2|2

"C.Jordan (1838-1922) la nha toan hoc Phap.

1/2
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_ |Zl — 2’2| )
\/1 + |Zl|2 \/1 + |2’2|2
Cong thiic (1.13) duge ching minh.

Trong truong hop khi z5 = 0o, ta co

c(21;00 \/§1+771 +(1-G)P2=yv1I-G= !

L+ ]z +12)72

Vi zg = oo nén (5 = 1.
Hién nhién ring de(z1522) = 0 va dg(z1;22) = 0 & 29 = 25. Cling dé thay

de(z1; 22) = dg(22; 21). Ta con phai ching minh réng
de(21; 23) < dg(21; 22) + d(22; 23).
D6i véi 21, 29 VA 23, ta c6 dong nhat sau
(21 — 22) (1 4+ 23Z3) = (21 — 23)(1 + 2223) + (23 — 22)(1 + 2123).
Tu do
|21 — 22|(1 + |23]%) < |21 — 23|(|1 + 22%3]) + |23 — 22|(|1 + 21%3)). (1.15)
Nhung dé § rang
(L+u)(1+a7) < (14 [u*)(1+ |v]?)
cho nén
114 20737 = (14 2973) (1 4 Zoz3) < (1 + |22)*)(1 + |23]%) (1.16)
va
114+ 2123 < (14 |20*) (1 + |23)%). (1.17)

T cac he thite (1.13) va (1.15) - (1.17) ta thu dugce diéu phai chitng minh. O
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Ta nhan xét riang trén cac tap hop bi chan M C C (tic 1a nhitng tap hgp duge
chita trong hinh tron ¢6 dinh nao dé6 {|z| < R, R < co}) hai métric Euclide va
métric - cau la tuong duong véi nhau.

That vay, néu M C {|z| < R} thi tur (1.13) ta c6

21— 7
|11_|_7321| < dE(ZUZz) < |Z1 —2’2|, V21,29 € M.

Do d6 métric cau thuong duge ap dung khi xét cac tap hop khong bi chan.
Va n6i chung, khi tién hanh céc lap luan trén C ta st dung métric Euclide d,
con trén C thi sit dung métric - cau dg.

Tu diéu vita ching minh trén day ciing suy ra rang viéc dua vao moi métric

trén day deu bién C thanh khong gian métric.
1.3 Bai tap

Bai 1.1. Cho a,b € C, chiing minh cac bat déng thic sau

lal.

bl
2. Jaxb] <la[+[b]; [a=£0] = |[a] - [b]];

L Jab] = fallol |7| =

1+ al

\/5 )

1 a b
4. > — — 4+ —.
a-+ 8] 2 5(al + oD + ]

3. NéuRea>0thi|l+al>

Bai 1.2. Gid stt a,b € C, chitng minh cac dong nhat thiic sau

1. la+0b]*+ |a—b]* = 2(|al® + [b]?).
2. 1—abl*—|a—b> = (1+ |ab])* — (Ja| + |b])*.
3. Ja+0b]? = (|a] + b)) — 2[|ab] — Re (ab)].

4. |1+ ab]® +|a—b*> = (la]®> + 1)(|b] + 1).
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5. (1+ab)(14ab) < (1+lal>)(1 4+ |b]?).

1& s6 thuan

N —1
Bai 1.3. Gid st 2z = a+ bi, z # +1. Chitng minh rang w = : 1
z
4o khi va chi khi a? + 0% = 1.

Bai 1.4. Gia sit s6 phtic z # —1 va |z| = 1. Khi d6 ta c¢6 thé biéu dién z dudi
14t
dang z = ——, t € R.
T
Bai 1.5. Chiing minh ring néu gia tri chinh arg z= arg (a + ib) théa man
diéu kien —7 < arg z < 7 thi n6 dugc tinh theo cong thic
arctan 2 néu a > 0,

arg (a+ib) = S arctan 2 + 7 néua <0, b> 0,

arctan 2 — 7 néua <0, b<O0.

Bai 1.6. Chiing minh ring néu gia tri chinh arg z= arg (a + ib) théa man
diéu kien 0 < arg z < 27 thi né duge tinh theo cong thiic

arctan 2 néua>0,bb>0
arg (a +1ib) = { arctan 2 + 271 néua >0, b <0,
arctan 2 + 7 néua <0,

Bai 1.7. Ching minh céc bat dang thiic sau
(i) \ﬁ ~ 1] < Jarg 2]
z
(ii) [z = 1] <||z| = 1] + [z[arg z].
(iii) |2] < |Re z + |Im 2| < V/2|z|.

Bai 1.8. Gia st a € C, |a| < 1. Chiing minh ring cac bat dang thic |z| < 1
Z—a

N

va

— ‘ < 1 la tuong duong.
—az
Bai 1.9. Gid st |21 + 20| = |21 — 22|, arg 21 = ¢, 21 # 0, 29 # 0. Tim arg z,.

Bai 1.10. Giad st |z1] = a, |2z2| = b, |21 + 22| = ¢. Tinh |z; — 25].

Bai 1.11. Gia su

z —|z|| = |z|. Tim arg z.

Bai 1.12. Gia su

z+ Z| = |z|. Tim arg z.
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Bai 1.13

Bai 1.14

Bai 1.15

. Gid st |z + |z|| = |2|. Tim arg 2.
. Gid st |z| = |z — |z]i|. Tim arg z.
. Gid st z — z = |z[i. Tim arg 2.

35



Chuong 2

S6 phiic va bién phiic trong
lugng giac

2.1 Tinh toan va biéu dién mot sb bicu thiic
Trong phan nay, ta xét mot s6 tinh toan trén céac sb6 phic cu theé.

Vi du 2.1. Tach phan thyc va phan 4o clia s6

3+1

(1+12)(1—29)

Loi giai. Ta co

341 3+7 34+4 9+6:i—1 4 3
Z = - - - - X .= = -+,
1—-2t+71+2 3—1 341 9+1 5 5

Vi 2Z = a® + b2,
4 3
TﬁdéRez:g,Imz:g-

Vi du 2.2. Tach phan thyc va phan 4o clia
1 )
w=—, 2=2T+1y.
2

Loi giai. Ta co
r 1 z—wy x—uw
r+iy cHiyxr—iy 2+ y?

u+ =

36
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T d6 suy ra
x Y

l.2_|_y2 l.2_|_y2

Vi duy 2.3. Tim argumen ctia s6 phtic
z=—1-/3i.

Léi gidi. Trong trudng hop nay ta ¢6 a = —1, b = —+/3. Ta nhan dugc he
dang

cosp = —=

sing = —
< 1 4m )
Tu do suy ra ¢ = §—|—2k:7r, k € Z. Do do
4
argz:§+2k:7r, ke Z.
Vi du 2.4. Tim Arg (—/3 +1).
Léi gidi. Mbi gia tri argumen ciia s6 —v/3 4 i déu théa man phuong trinh

tanp = —

Sl

T do suy ra

QOkZ—%—I-k‘W, ke Z.

Vi z = —v/3 +i thuoc géc phan tu thit hai nén ¢y 14 argumen néu k = 2n + 1
(s6 18). Do d6

)

Vi du 2.5. Biéu dién s6 phtic sau day duéi dang luong giac

(cosz—isinz) (V3 +1)
3 3 .
1—1

Zz =
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Loi giai. Ta co

T .. m ( 7r)+,, ( 7r)
= — —isin— = —— ——
2 C083 18 3 cos 3 isin 5)
22:\/§+z':2<cos%—l—z'sin%),
3 3
2322'—1:\/5 cos—ﬂ—l—z'sin—ﬂ )
4 4
N ™ 7T 37 117
Tu dé a =V2,p=——+———=——— Do do
6 suy ra ring |z| = v/2, ¢ 3+6 1 15 - Do do

11 11
z=1/2 {COS (—1—;) + 7sin (—1—;)] .
Vi du 2.6. Hay biéu dién tan 5 qua tan ¢.

Loi gidi. Ta c6 hé thiic cos 5y + isin5p = (cos ¢ + i sin )5,
Stt dung khai trién nhi thitc Newton cho vé phai va tach phan thyc va phan

a0, ta co

cos 5p = cos® ¢ — 10 cos® ¢ sin? v + 5 cos psin?

sin 5y = 5cos® psin ¢ — 10 cos? psin® ¢ + sin® .

T d6 suy ra

5tan ¢ — 10tan® ¢ + tan® ¢

tan 5y =
o 1 —10tan? ¢ + 5tan? ¢

Vi du 2.7. Biéu dién tuyén tinh sin® ¢ qua céc ham lugng giac ciia géc boi.

Loi gidi. Dat z = cos ¢ + isin . Khi d6 271 = cos ¢ — i sin .

2% = cosky + isin ke,

2% = coskyp — isinko.

T d6 suy ra

24271 z—z71

o o YT

cos p =
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2P+ 27 = 2cos ko,

2P — 2% = 2isin k.

stt dung cac hé thiic nay ta thu dugc

s (z—z_1)5 22 =522 4102 — 10271 + 5272 — 27
sin® p =

2 321
(2° —279) = 5(2% — 273) + 10(z — 271)
B 32i
_ 20-8ind5p —5-21-8in3p + 1021 - siny
B 32i
_ sinbp — 5sin 3¢ + 10sin
B 16

Vi du 2.8. Tim /2 + 2i.

Loi gidi. Ta c6 2+ 2i = v/8(cos45° + i sin 45°).
Tu do6 ta thu duoe

1 45° o 45° o
V242 = <\/§) ’ (COS 75 +3k360 + 7 sin 75 +3k360 )

= /2 (cos(15° 4 k120°) 4 i sin(15° + k120°)).
Do vay, goi cac gia tri can bac ba ctia s6 phiic 2 + 2i 1& w, w1, ws ta dude

woy = V2 (cos15° + isin 15°) ;

wy = V2 (cos 135° + isin 135°) = V/2(— cos 45° + i sin 45°) ;

wy = V2 (cos 255° + i sin 255°) = V/2(—sin 15° — i cos 15°).
Dé ¥ ring

1
cos45° = sin4h° = —,

3

ta co

w1:—1+z'.
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NEE!
(4

Dé tinh wy vA wo, ta luu ¥ 15° = 45° — 30°. Do d6

cos 15° = cos 45° cos 30° + sin 45° sin 30° =

mize = L (V31
Sin = \/5 9 9 .

Tu d6 thu duce

Sl

V3+1 V3-1
= )
2 2
V3—1 V341
— 1 .

2 2

Vidu 2.9. Tinh A ="+ "2 4B va B =4-42...¢99 .19,

Wo

Wy = —

Loi gidi. Ta viét n theo mod 4 va c6 ngay

1 néu n = 4k,
n i néu n = 4k + 1,
—1  néun=4k +2,
—i néu n = 4k + 3,

Tu day suy ra

A:’én—l—'én+1—|—'én+2—|—’én+3:0

B=i- i1 =1,

St dung cong thic bién déi luong gide quen thudce hodc st dung dang luong

giac clia s6 phiic, ta dé& dang thu dugde cac tinh chat sau.
Tinh chat 2.1. Déi vdi moi da thic luong gidc
An(z) =ap+aycosx + bysinx + - - - + a, cosnx + b, sinnx

luon tim dugc cac da thiic dai so P,(t) va Q,_1(t) lan lugt cé bac khong qud n

va n—1 doi vdi t sao cho

A, (z) = P,(cosz) + sinxQ,_1(cos z).
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Tinh chat 2.2. Déi vdi moi da thic hiong gidc theo sin bac n (n > 1) dang
Sp(x) =bg+ bysinx + bysin2z + - - - + b, sinnz
luon tim duge da thiic dai s6 Q,_1(t) sao cho
Sp(x) = bo + sinx@Q,—1(cos ).
Tinh chat 2.3. Vdi moi da thic luong gidc theo cosin dang
Cyn(x) = ag + aycosx + ag cos2x + - - - + a, cosnx

luon tim duge da thic dai s6 P,(t) vdi hé so bac cao nhdt la 2" ta, sao cho
Cp(x) = Py(cosx).
Ngugc lai, véi moi da thiic dai s6 P,(t) vdi hé s6 bic cao nhat bing 1, qua

phép ddt an phu t = cosx deéu bién doi dugc vé dang Cp(x) vdi a, = 2™,
Vi du 2.10. Viét cong thiic bicu dién ciia cosna va sinna theo céc luy thita

cla cosx va sin z.

Lot gidi. Theo cong thitc Moivre thi  cosnx + isinna = (cosx + isinz)".

Theo cong thiic khai trién nhi thic Newton, ta c6

n
(cosz +isinz)" = Z C* cos"* x(isin z)*
k=0

=cos" x +iC}cos" tasine — C2cos" 2 wsin*z + -+ 1= A+iB,
trong do
no. < o
. (—1)z sin”x néu n chan
- n — . — £ 2
(—=1)z2C" 'coszsin®tx néun lé;
n—2 . — £ =3
B (—=1)"z C%coszsin" 'z néun chin
= n—1 Z °
(—1)7z sin"x néun lé.
Vay
cosnx = cos" x — C2cos" % x sin®x + Clcos" *z sin*x —--- + A,

sinnr = C}cos" ' sinw — C?cos"?x sinx + - + B.
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Vi du 2.11. Biéu dién cac ham s6 sin”z va cos™ z dudi dang cac da thic
lugng giac.

Lgi giai. Gia st z = cost +isint. Khi d6

27! = (cost +isint)™' = cost —isint.

24271 z4+ 27t

Do d6 cost = va sint = -
21

Ta co

(z4+z ) ="+ Ol C22" 22 e O gy

(2" + 2"+ CH 24 272 . C2 néu n chin,
n—1 .
(2" + 2"+ CH 24272 o 4 Ch7 (2 +27) néunlé

va (z—z hn =2t = Clyn iyl 4 O22n 272 o (=)

{(z" +27) = CHz" 2 + 2~ (=2) 4 ... 4 (=1)5C;? néu n chin,
= 1

u
(2" —2) = Ol "2 — (=) o (1) T C? (2 — 271) néun 1é.

Vay
1 1 1 = 2 -
cosnr + C cos(n —2)x +---+ =C7 | néun chin
cos"x = { 2" 2
1 nct /
T [cos nx + Clcos(n —2)x + -+ +Cp? cos a:} néu n 1é,
(_1)% 1 n z £ <3
o [2 cosnx — 2C} cos(n — 2)x + -+ + (—1) 207?} néu n chan
i n — _1 n—1 e n—1
i % [2 sinnz — 2iC!sin(n — 2)x + -+ + (—1)"z C,2 QSinx}
néu n lé.
Vi du 2.12. Chitng minh déng thtc
2 —1
sinlsin—ﬂ---sin(m )W: mvéimEN*.
m  2m 2m 2m—1

Loi gidi. Goi P 1a vé trai ctia dang thiic.
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Xét phuong trinh 2™ —1 = 0. Ta thay phuong trinh nay c6 hai nghiém thyc

la x =+1 va (2m — 2) nghiém phiic. Ki hiéu ¢4 1a nghiém phiic ctia phuong

2k 2k
trinh v6i £ =0,1,...,2m — 1, ta cé g, = cos =1 +z'sin—7T (xem [4]).
2m 2m
Khi do
22m —k)yr . 22m — k)«
Com_k = COS ———— 4+ 151N ——
2m 2m
2km . 2km
=cos|2r— — | +esin | 27 — ——
2m 2m
2km . 2kmw L
=Cco8s — —isin—— = &y
m 2m
Vay

2 —1= (" =)z —e)(x—&1) (¢ —ema)( — Fn)

= (2* = Dpa? = (er + ez + 1]+ [2? = (emo1 + Eor) + 1]

m—1
:(xz—l)H z2—2xcos2k—ﬂ—l—1 .
2

m
k=1

Do d6 véi x # +1, ta ¢

2m o 1 m—1

x 9 km
= -9 — +1].
R H(x xcosm—l-)

k=1

Chuyén qua giéi han khi z — 1, ta dudc

m—1
km
— 22(m—1) i 02 — 22(m—1) 2‘
m kl_ll sin” 5 P

Vay nén P = 1"

2.2 Tinh gia tri cia mét sd biéu thitc luong giic

Truée hét ta tinh gid tri cia mot s6 biéu thic lugng gidc tai cac diém cho

trude 6 cac diic thit dic biet bang céc cong thic bién doi luong giac co ban.
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Vi du 2.13. Chitng minh cac cong thiic

V5 -1 o VB+1
1 ; cos 36 =~

sin 18° =
Loi giai. Ta co
cos 5h4° =sin36° < cos(3-18°) =sin (2 - 18°)

& 4cos® 18° — 3cos 18° = 2sin 18° cos 18°

& 4s8in?18° 4+ 2sin18° — 1 =0.

Suy ra sin 18° 1a nghiém duong ctia phuong trinh  4¢? + 2t — 1 = 0. Do d6

5—1 5+1
sin 18° = V5 va suy ra cos36° = 1 —sin? 18° = \/_4+ .

Vi du 2.14. Chitng minh céng thitc
sin a sin(60° — a) sin(60° 4 a) = i sin 3a.
Lot giai. That vay, ta co
sin a sin(60° — a) sin(60° + a) =

= sin a(sin 60° cos a — sin a cos 60°) (sin 60° cos a + sin a cos 60)

. V3 1. V3 L 1.
—_= —_— _— —_— — S1n
Sin a 5 COSs a 5 Sin a B CcOos a 5 Sin a

3 1 1
=sina (Z cos’>a — 1 sin? a) =1 sina[3(1 — sin®a) — sin a] = 1 sin 3a.

Vi du 2.15. Chitng minh céng thitc

V5 —1
1024

sin 2 sin 187 sin 227 sin 38° sin 42° sin 58° sin 62° sin 78° sin 82° =
Lot giai. St dung cong thiic sinasin(60° — a) sin(60° 4+ a) = isin 3a, ta cb
sin 22 sin 187 sin 227 sin 38° sin 42° sin 58° sin 62° sin 78° sin 82°
= (sin 2° sin 58° sin 62°)(sin 18 sin 42 sin 787)(sin 227 sin 38° sin 82°)

— L (6in 67 sin 54° sin 66°) — —— sin 18°
= 64 S1n Sin Sin = 256 Sin .
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2 5 - 1
T dang thic sin 18° = \/_4 , ta suy ra

V5 —1

sin 2° sin 189 sin 22° sin 38° sin 42° sin 58° sin 62° sin 78° sin 82° = To2d

Vi du 2.16. Chitng minh sin 1° 14 mot s6 vo ti.

Loi gidi. Ta ching minh bang phuong phap phan chiing. Gia st rang sin 1°

13 mot s6 hitu ti. St dung cong thiic
sin3a = 3sina — 4sin®a,

ta thu dugc sin 3° ciing 1a mot s6 hitu ti.
Tuong ti, ta suy ra sin 92, sin 27, sin 81° 1a cac s6 hitu ti.
Ma sin81° = cos 9° va sin 18° = 25sin 9° cos 9° nén sin 18° ciing 1a mot s6 hitu

ti.

V5 —1

Gia sit sin 18° = 2—9, (p,qg € N*, (p;q) = 1). Mat khéc ta c6 sin 18° = 1
q
51 4 ) )
nén \/_4 . Suy ra /5 = Pt4 1a mot s6 hitu ti (méau thuan).
q q

Vay sin 1° 1a s6 vo ti.

Vi du 2.17. Chitng minh déng thtc

T 2 n 3T 1
— —COS — +Ccos — = =
€087 7 73

Loi giai. Ta c6

) 7T( T o 3%)
2sin = | cos = — cos — + cos —

7 7 7 7
.o T .o ™ .o 3T
:2sm?cos?—QSm?cos7+28m?cos7
L 2m . 3T LT L Ar .27
= s1n7 — (s1n7 —sm?) + (s1n7 —s1n7)
T

= sin —.

7
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Vay nén
.o
T s N 3 S = 1
COS — — COS — + CcOS — = = —.
7 7 7 2sin % 2

Vi du 2.18. Tinh gi4 tri ctia biéu thiic

S = (sinz + sin 22 + sin 4x)° — (—sinx + sin 2z + sin 4x)°

— (sinz — sin 2z + sin4x)® — (sinx + sin 2z — sin 47)°,
ing véi x = 20°.

Ldi gidi. V6i x = 20° thi

) ) . 3z x T .
sinz + sin 2z = 2s1n7cos§ = COS§ = sin 4z,

. 09 1 1
sinxsin2x = — | cosx — —
2 2/
x 1 r V3
coszcos§:§ cos—+— 1.

Do dé
S = 25[(sinx + sin 27)® — sin® 2z — sin® 7]
= 2°.5[sin z sin 22(sin® 22 + sin® x) + 2sin? 2 sin? 22 (sin z + sin 27)]
= 2°.5sin xsin 22(sin 2z + sin x) (sin® z + sin 2 sin x + sin® 2)

= 2% 55in  sin 22 cos — <C082 — —sin2zxsin :E)

1 1
=215 (cos:c - 5) cosg (C082 g - cosg + Z)

1 3
=245 (cos:c — 5) cos= . 2

2 4
1 r V3 1 x —
=922.3. - T A )1 =1 .
3 5<2COS2—|— 1 200s2> 5\/3

Vi du 2.19. Cho biéu thic

1
S = 32x(z* — 1)(22% — 1)* + =
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2
Tinh S (cos ?)

NP ” 2m )
Lot giar. Xét x = cosa vdla:?,ta co

S = 32cos a(cos’ a — 1)(2cos® a — 1)* + L
COoS (v
1 —32cos? asin® (2 cos® v — 1)?
N COoS (v
1 —8cos? 2w sin’ 20
N COoS (v
1 — 2sin?4a _ cos8a  —cosa 1
COoS (v COoS (v COoS (v
Vay S (cos %T) = —1.
Vi du 2.20. Tinh céc tong sau :
Sy :cosl+cosg—ﬂ—l—cos5—ﬂ+cos7—ﬂ—l—cosg—w
10 10 10 10 10’
Sy = coslcosg—ﬂ +cosg—7rcos5—7r +cos5—7rcos7—7r +cos7—7rcos9—7r.
10 10 10 10 10 10 10 10

Loi gidi. Nhan xét rang
cos ba = 16 cos® o — 20 cos® v + 5 cos av.
That vay

cos b = cos(2a + 3av)
= €0s 2 cos 3o — sin 2a:sin 3o
= (2cos®a — 1)(4cos® a — 3cos @) — 2sin avcos a(3sin o — 4sin® )
= 8cos’ a — 4cos® a — 6cos® a + 3cosa — 6(1 — cos* @) cos a — 8(1 — cos? a)? cos a

= 16 cos® o — 20 cos® o + 5 cos a.

V6i cac gia tri
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thi cosba = 0. Do vay

T 3T 5 T O

10’ cosﬁ, cosﬁ, cos cos

COS E s E

14 cac nghiem clia da thitc f(z) = 162° — 2023 + 5.
Theo dinh 1i Viete, ta thu dugc
5
Sl = 0, 52 - _Z
Vi du 2.21. Tinh téng
S = c0s 5% + cos 77° 4 cos 149° + cos 221° + cos 293°.

Loi gidi.
Ta ¢6 cos ha = 16 cos® a — 20 cos® a + 5 cos a.

V6i cac gia tri

a=5% a="77, a=149°, a=221°, a=293°,
thi cos bar déu bang cos25° . Do d6

cos b’ cosT7° cos149°, cos221°, cos293°,

1a cac nghiem ctia da thitic P(z) = 1625 — 202 + 5z — cos 25°.
Theo Dinh 1i Viete, ta ¢c6 S = 0.

Vi du 2.22. Chitng minh ring

3 2 </ 4T i/ 87T_§/1 -
\/cos - + 4/ cos - + {/cos - = 2(5 3VT).

Loi gidi. Nhan xét rang

2 2k
zk:cosg%—z’sin?ﬂ (k=0,1,...,6)

1 cac nghiém ctia phuong trinh 27 = 1. T d6 suy ra

2k 2k
zk:cos%%—z’sin?ﬂ (k=0,1,...,6)



2.2. Tinh gié tri ctia mot s6 biéu thiic Iugng giac 49
la cac nghiém ctia phuong trinh
6 5 —
r+zt 4+ +1=0

va dong thoi ciing 14 nghiém ctia phuong trinh
1\* 1\’ 1
r+—) +{x+—-) —2|lxz+—-)—-1=0.
x x x

1 2k
yk:$k+—:a:k+at_k:2cos—7r (k=1,2,3)
Tk 7

T do suy ra

14 cac nghiém ctia phuong trinh 32 + y? — 2y — 1 = 0. Nhung vi

8 o
COS — = COS —

7 7
8

) 67
nén ta c6 the thay cos — béi cos —

Lap phuong trinh bac ba c¢6 cac nghiém la

2 4 8
§/200s77r, \3/2COS77T, §/200s77r

roi dya theo cac hé thiic gita cidc nghiém va cac hé s6 ciia phuong trinh ma

tinh dugc tong can thiét.

Mot cach tong quét, néu o, 3, ~ la cac nghiém ctia phuong trinh
2® + az? 4+ bx + ¢ = 0 con /o, /B, /7 la cac nghiem ctia phuong trinh
23+ Ax? + Bx + C =0 thi

(-4 = (Va+ VB +97)
—a+B+7+3(Va+ B+ A) (Vad+ /67 +v7a) - Vi
= —a—3AB -3V -C,

hay
A% =a+3AB —3V/C.
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Tuong t ta cling tim duge B = b+ 3ABC — 3C2.

Trong truong hgp cia bai toan da cho thi
a=1 b=-2, ¢c=-1, C=-1.
Do do, ta co

A3 =3AB+14
B®=—-3AB — 5.

Dit AB = 2z va nhan vé v6i vé clia hai ding thic nay, ta dugc
22+ 922 +2724+20 = 0.

Suyraz:{’/7—3.DodéA:\3/3\3/7—5.

Vay
o oo 2T ¢ 27 ¢ 2_”_</1< 7)
2cos7—|— 4cos7—|— 8cos7— 25 3V7).

Nhan xét. Bing phuong phap tuong ty, ta c6

2 4 8 1 —
i) i/cosg%—i/cosg%— i/cosg = i/g (3\3/9—6),

COS N

ZZ) cos = 1—Citan2g0—|—cstan4gp_+A’
trong do
. (—1)2 tan™ ¢ véi n chén,
~ )T O tan g véi n e
i) 2 _ 01 tang — O3 tan®  + €3 tan® 4+ -+ + A,
oS p
trong do

4 (=12 Crtan" ! ¢, v6i n chin
(=D tan" g, véin lé.
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2.3 Dang phiic ciia bat dang thiic Cauchy

Ta c6 nhan xét rang tit mot dang thic da cho déi véi bo sé thuc ta déu co
thé mé rong (theo nhiéu cach thitc khac nhau) thanh mot ding thitc méi cho
bo sb phiic tuong tng. Ching han, ta c6 thé coi moi s6 thuc a da cho nhu la

phan thyc ctia mot s6 phiic z = a + ib véi b € R.

Ta néu mot s6 dong nhat thic vé sau can st dung.

Vi du 2.23. V6i moi bo s6 (aj;bj; 1 ;v5), ta luon ¢6 dang thite sau:

n n n n
E aj’le E bj’Uj — E ajbj E Uj’Uj
j=1 j=1 j=1 j=1

= Z (a;br, — bjak)(ujor — ukvj). (2.1)
1<j<k<n

Nhan xét rang, tit dong nhat thic nay ta thu dude dong nhat thitc Lagrange
sau day do6i véi bo sd phiic.
Vi du 2.24. Véi moi bo s6 phiic (aj;b;), ta luon c6 dang thitc sau

Sl Yol =Yt = Y @mhe—abl. (22

=1 j=1 j=1 1<j<k<n
Chitng minh. Tit ding thiic (2.1), bing céch thay a; bdi @j, v; bdi b; va u;
béi a;, ta sé thu duge (2.2).

Heé thiic (2.2) cho ta bat dang thiic Cauchy sau day déi véi bo s6 phiic.

Hé qua 2.1. Vdi moi bo s6 phiic (aj;b;), ta luon cé bat dang thic sau

Sl = | D asb, 2.3)
1 j=1 j=1

j=

Gia st ta ¢6 bo n cap s6 duong (ag; by) sao cho

— €], a>0, k=1,2,...,n.
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Khi d6, theo Dinh 1i ddo vé dau ctia tam thiic bac hai thi
ar ag
I Y L >0,
( bk) (bk a)

a; +afBb: < (a+ Barby, k=1,2,...,n.

hay

Tu day suy ra
Zai—l—aﬁsz < (a+ﬁ)2akbk.
k=1 k=1 k=1
Theo bat déng thitc Cauchy, thi
1 1
n 2 n 2 1 n n
<Z> <aﬁzbz> <l <Zaz+aﬁzbg> |
k=1 k=1 —

Vay nén

=

n 2 n % 1
<Z ai) <aﬁZbi> < §(a+ﬁ)2akbk.
k=1 k=1
T day, ta thu duge bat ddng thic dao Cauchy.

Dinh 1y 2.1. Gid st ta c6 bo n cap so duong (ax; by) sao cho

L la; 6], >0, k=1,2,...,n.
bi
Khi do
n % n 2 A n
k=1 k=1 k=1
trong do

A:%ﬁ, G = \/apb.

Nhin chung, ¢é rat nhiéu bat dang thic nhan duge tit cac dong nhéat thic. Vi
vay, viéc thiét lap dude cac dong nhat thitc duge coi nhu mot phuong phép

hitu hiéu dé sang tac va ching minh bat dang thic.



2.3. Dang phiic ctia bat dang thitc Cauchy 53

Vi du 2.25. Chitng minh ring v6i moi bo ba s6 (x;y; 2), ta luén c6 ding thiic

sau
(22 +2y — 2)> 4+ 2y + 22 —2)* + (22 + 22 — y)> = 9(2® + ¥° + 2°).
Hay tong quat hoa?

Vi du 2.26. Chitng minh ring véi moi bo bén s6 (z;y; z;t), ta luén c6 dang

thiic sau
(z+y+z—t)*+(y+z+t—2)* 4 (z+t+z—y)*+(t+r+y—2)* = 4(? +y+ 27 4-12).
Hay tong quat hoa?

Vi du 2.27. Chiing minh ring véi moi bo s6 (ug; vk; pr), ta luén co6 dang thiic

sau

> (v + ujve)pipr = 2 <Z ukPk) (Z UkPk) .
k=1

jk=1 k=1

Vi du 2.28. Chiing minh ring véi moi bo s6 (ux; vk; pr), ta luén co6 dang thiic

sau

Z (Uj'Uj + Uk'l}k)pjpk =2 <Z UWkPk) .

§k=1 k=1

Tiép theo, ta xét mot s6 md rong khac (dang phiic) clia bat dang thitc Cauchy.

Dinh ly 2.2 (N.G.de Bruijn). Vdi b9 s6 thuc as,...,a, va bo s6 phic (hodc

thuc) z1,. .., 2n, ta déu cé
’ En akzk’z < ! <§ |Zk|2+’ En Zi’) <§ ai) :
2
k=1 k=1 k=1 k=1

Dang thite wdy ra khi va chi khi ap = Re (A\z) (k= 1,...,n), trong dé X la s6

phitc va Y X222 la so thuc khong am.
k=1
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Chitng minh. Bang cach thuc hién dong thai phép quay quanh gboc toa do

déi véi cac z, cling mot goc, ta thu dude

n
Z Ar2r 2 0.
k=1

R6 rang phép quay nay khong anh huéng dén gia tri ctia modul cac sob.

Z % Z %
k=1 k=1
Vay chi can ching minh cho trusng hop

n
Z Ar2r 2 0.
k=1

Néu ta diat zx = 2 +iyx (k=1,...,n), thi

_ 2 2
E ap2r| = AT < E ay, E Ty |-
k=1 k=1 k=1 k=1

277 = |z]* + Re 27,

o ml (k=1,....n).

Y

3

ta nhan ducc

n
‘ E ARz
k=1

T bat ding thic nay va
ZRezi = Re Zzi < ‘
k=1 k=1 k

ta thu duge diéu can ching minh.

2

< % <i ai) (i |22 + i Rez,i) .
k=1 k=1 k=1

n

2
2L

=1

2.4 Tong va tich sinh bdi cac da thic luong giac

Vi du 2.29. Tinh téng
Z cos(kx).
k=0
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Loi gidi. Xét cac tong
A =cosx +cos2x + ---+cosnx, B =sinx +sin2x + ---+sinnz.
Ta co
14 A+iB =1+ (cosz+isinz) + (cos 2z +isin2x) + - - - 4+ (cos nx + i sin nx)

=1+ (cosz +isinz) + (cosw +isinz)? + -+ + (cosx + isinz)"

1 —(cosz+isinz)"t' 1 —cos(n+ 1)z +isin(n+ 1)z

1 — (cosz +isinx) 1 —cosx —isinx
2 sin? "“ — 2isin ilz cos "Hz sin ilz sin "Hz — i cos "—Hz
pr— - ; pr— z z z
2sm 5 — 21 8in 5 Ccos 5 sin £ 5 sin Z 5 jcos < 5
o n+1
sim =z ([ n+1 . n+1 ( x+, :17)
= ——=2|sin T — 1 oS 2 | (sin = +icos =
s1n% 2 2 2 2
sin 2z n .mn sin "t cos 2z sin Hasin 5T
:,793<cos—z—l—zs1n z): +1
Slng S]n5 Sln—
Vay
sin "Hz cos 5
A= —1.
sin §
Vi du 2.30. Ruat gon
.oT . 27 . (m—=1m
A = sin — sin — - - - sin ~———%—
2m 2m 2m

véi m € N*.

Loi gidi. Xét phuong trinh 2™ — 1 = 0. Phuong trinh nay c6 nghiém thuc
x = +1 va (2m — 2) nghiém phtc. Goi z 1& nghiém phic cia phuong trinh

2,0

véi
2k 2k

k:1,2,...,2m—2,tfrczk:cos—w—l—z’sin—w.

ke " ok

0

Nhan xét rang xo,_r = c0S — —isin — =y, k=1,2,...,m — 1.

2m 2m
Vay nén

m—1
2km
2m
—1=(z*-1) -2 — 4+ 1).
x (2 ,!_ll r? — 2z cos 5 T )
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Do do6

R = 2%k
$x2—1 =11 (=* —2xcos2—ﬂj—|—1)

] vm
Vay A= Qm—1 '
2.4.1 Ching minh céng thic lugng giac

Vi du 2.31. Cho tam giac ABC ¢6 A = g B = 27” C = 477T. Chitng minh
rang

(i) OH = OI, = RV2;

(i) R =2r, ;

(iii) a® 4 b* + 2 = TR?.

2 4
Loi giai. Ta coa—QRsm7 b-2Rsm77T c—2Rsm77T

Tiép theo ta tinh OH.

5 2 4
OH? =9R* — (a®* +b* + %) = 9R* — 4R? (sm ?—I—sm T4 sin? —W)

7 7

3 1 2 4 8
:9R2—4R2{5—5(C0877T+COS7W+COS7W)]

3 1 3 5
:9R2—4R2{§+§(cosg+cos7ﬂ+cos7w)].

Xetz-cos?%—zsm7 ta thu duoce
27— 2 -1 -z 1
24+ 23+ 2° = = = :
22 -1 22 -1 1—2

Tach phan thyc hai vé, ta dugc

7T+ 37T+ 57T_1
Cos7 cos 7 Cos T =3
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Vay nén OH? = 9R? — TR? = 2R? hay OH = OI, = Rv/2.
Tiép theo, tinh OI,. Ta c6

T . 27 . 4w

abe S111 — S11l —— S11l —

s1n7—|—s1n7—s1n?
Do
. 4w . 2m s 3m 5% s I
s1n7—|—s1n7—s1n7 —s1n7—|—s1n7— (sm?—l—sm?)
281n4—7rcosz — 251n4—7rcos3—7r = 4smzs1n2—7rsin am
7 7 7 7 7 7 7’
nén OI? = R?> + R? = 2R? hay OI, = RV2.
Ta st dung cac cong thic R = a_bc’ To = 5 , Suy ra
45 —a
abe abe R?

hay R = 2r,.
Tiép theo, theo cau (i) ta c6

7 7 7 4
Vi du 2.32. Chitng minh ring

2 54 7
a® + >+ = 4R? (sm —+s1n2—7T + sin? —W) = 4R?>- = TR

z—ZCk cos2(m — k)x.

. . ) 6” ‘l‘ 6—zm )
Lot giai. Ta co cosz = — Do do

22m COSzm[L' — (6zm + 6—zm)2m
2 zm —zm 2m—k __ 2 2(k m)ix
-1

C 2(k mzm_l_ Z 2(k mzm_l_om

k=0 k=m+1

3

3
L

CY cos2(m — k)x + C cos 2(m — m:B—ZCk cos2(m — k)x.

e
Il
o
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Vi du 2.33. Cho cap s6 cong {a,} v6i cong sai d. Tinh céc tong

n n
S, = E sinag, T, = E COS ay,.
k=1 k=1

Loi gidi. - Néud = 2kn (k€ Z) thi S, = nsina; ;
. d
- Néud # 2kn (k € Z) thi sin§ # 0. ta ¢6

2sina,, sing = 2sinfa; + (n — 1)d] sin
= ; d ! d
= COos a1 + n—§ — cos |a; + n—2 .

3
Xét g(n) = cos {al + (n — 5) d], ta co

d
2sin ay,. sin 3= g(n) —g(n+1).

Vay
( d
2sinay. sing =g(1) —g(2),
2sin as. sin§ =g(2) — g(3),
R L
\QSln Q. SID o = g(n) —g(n+1).

Cong céc dong nhat thitc theo vé, ta dudc

25, Sing =g(1) —g(n +1) = cos (a1 - g) — Cos {al + (n — %) d]

= —2sin {al + nT_ld] sin (—gd) .

sin (a1 + nT_ld) sin (gd)

sin —
2

Do do6

Sy =

Theo cach giai nhu trén, ta thu duge
o Néud=2kr (k€Z)thi T, =ncosa ;
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e Néud # 2kr (k € Z) thi

Chu y 2.1. Nhu vay, vdi moi mot cap so cong, ta tim dudec mot cong thite

tinh tong tuong tng. Ching han, véi x # In (1 € Z) ta c6

T, = Zcos(% -1z
k=1

n—1 . /n
cos|x+ ——2z ) .sin | =.22 . .
2 COSNZI.sInnx sin 2nx
sin 2sinx

. 2
sin —
2

Nhan xét réng, v6i nhiing gid tri clia x sao cho sin2nz = sinx (sinx # 0) thi

1 L
ta luon c¢6 T,, = —. Tu do, ta thu duge mot so ket qua sau

. ﬂ- P
Véin =2, chon z = = ta co

7T+ 3r 1
cos ¢ +eos— = o.
. T
Véln:?),chonx:?,tacé
7r+ 37r+ om
c08 = + €08 = 4 cos — =
. T
V61n24,chonx:§,tacé
7T+ 37T+ 57T+ w1
cos o + €os -+ cos —- +cos o= = o

Vi du 2.34. Tinh tong

Sy = ksinkz, T,=
k=1 k=1

m (l € Z).

3

kcoskx v6i x # 2k
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Loi gidi. Trude hét, ta nhic lai rang (Bai toan 2.40)

Ta co

Sp = Z k.sinkx = Z[—(COS kx)]=— <Z cos k::v)

k=1 k=1
T, = Zk‘cos kx = Z[(sink‘x)’] = <Z sink:x) :
k=1 k=1 k=1

Tu d6 suy ra cac cong thitc can tim.

Vi du 2.35. Chiing minh réng v6i moi s6 tit nhién n déu ton tai da thic P(x)

bac n thod man hé thuc
sin(n + 1)t =sint - P(cost) Vt € R. (2.4)
Tinh téng cac hé s6 ctia da thitc nay.
Loi gidi. Ta chitng minh bang quy nap theo n dua vao hé thiic truy toan
sin(n + 1)x — sin(n — 1)z = 2cos nzsin .

Dé ¥ ring, tong cac hé s ctia P(x) bang P(1). Lay dao ham hai vé ctia (2.4)

ta dugce
(n+1)cos(n + 1)t = cost - P(cost) +sint - P'(cost)(—sint).

Vi khi cosz =1 thi sinz = 0 va cosmz = 1 v6i moi m € Nnén P(1) =n+ 1.
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Vi du 2.36. Tinh tong

Loi gidi. Xuat phat tu hé thic

sin®a = —(3sina — sin 3a),

N

ta tinh ducc
1
S, = — (3". sin£ — sinx) )
4 3n

Vi du 2.37. Tinh tong

3

2k

Sy = tan ————.
arc an2+k2+k4

Lo giai. Dat
14+ n>+n*=—2y, 2n=x+y.

Khidéz=n*’+n+1, y=—(n*—n+1).

Ta co
arctan 2n = arctan Ty arctan x + arctan
2+n24+nt 1—ay Y
= arctan(n® +n + 1) — arctan(n®* —n + 1), viay < 1.
Vay

S,, = arctan 3 — arctan 1 + arctan 7 — arctan 3 + - - - + arctan(n® +n -+ 1)
— arctan(n® —n + 1)
= arctan(n® +n + 1) — %

Vi du 2.38. Cho cap s6 cong {a,} v6i cong sai d. Tinh téng

n
S, = E k sin ay,.
k=1
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n
Loi gidi. Xét B, = > sinag. Ta ¢6
k=1

n—1 n—1
Spn=>[k—(k+1)]By,+nDB,=—> By +n.B,
k=1 k=1

Ta co
e Néud = 2kr (k € Z), thi
Snzwsinal.
2
e Néu d7é 2km (k € Z) thi
—{ cos a1—5 )—cos|ai+ k—% d
§, - = o) el b

- d
2sm§

i nsm(al—l——d) sm(%d)

s d
S 2

- shg{ Beonto =) - B[+ -
~onsin (a1 + 2 5 1d) sin (gd) }
_ —Smig{(n— 1) cos (a1 - g) - gcos {al + (k: _ %) d}
2
—9nsin (a1 + Td) sin (

trong do

-2 -1
n—1 cos (a1 — g + n—d) sin (n—d)
d 2 2 2
E cos(a1—§+kd): )
k=1

N3
IS8
N———
——

d

sin —

Nhan xét 2.1. Tuong tu ta cung tinh duogc cdic téng

n n n
T, = E kcosar, U, = E agsinb, V, = E ag cos by,.
=1 k=1 k=1

trong dé {a,} va {b,} la hai cip s6 cong.

Vi du 2.39. Tinh tong

n n

S, = qu sin(a + k), T, = qu cos(a + kf3),

k=1 k=1
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trong do6 q, o, 8 1a cac s6 thie cho trude.
Loi giai. Ta c6
T, + 1S, = (cosa + isina) + g[cos(a + () + isin(a+ 5)] + - - -
+ ¢"[cos(a + nfB) + isin(a + nf)]

= (cosa +isina)[l + q(cos B +i.sinf) + - - - + ¢"(cosnf + i.sinnf3)]

= (cosa +isina)[l + ge+ -+ + (ge)"],

véi € = cos 3 + 1sin 3.
T d6 suy ra

(ge)" —1
qge — 1
((ge)"™ —1)(ge — 1)
(ge — 1)(qe — 1)
q""?[cos(nf + ) +i.sin(nB + a)] — qlcos(nf — ) + i.sin(nB — a)]
1 —2qcos 3+ ¢?
—q"{cos[(n +1)8+ a] +i.sin[(n+ 1)3 + a]} + cosa + i.sina
1 —2qcos 3+ ¢?
cosa — qcos(nf — a) — ¢"eos[(n+ 1)8 + a] + ¢"2 cos(nf + )
1 —2gcosf + ¢2
N Z,sina —gsin(nf —a) — ¢"sin[(n+1)8 + o] + ¢" P sin(nf + )
1 —2qcosf+ g2 '

T, + 1S, = (cosa +isina)

= (cosa + isin )

_l_

Vay
o sina — gsin(nB — a) — ¢"*sin[(n + 1)8 + o] + ¢"sin(nf + «)
" 1 —2qcos 3+ ¢?
va
7 Cosa - qeos(nf —a) — ¢"*teos[(n+1)B + o] + ¢"* cos(nf + a).

1 —2qcosf+ g2

Nhan xét 2.2. Bing phuong phap tuong ti, ta tinh dude céac tong sau :
i) Vi, = > agsin(a+ k3),
k=1
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n
i) U, = > agcos(a+ kp3),
n
i) w, = > agsinbg, R, = ay cos by,
k=1 k=1

trong d6 {a,} 1a cap s6 nhan vé6i cong boi g # 1 va {b,} 1a cap s6 cong vdi

cong sai d.
2.4.2 Téng va tich ciac phan thic ctia biéu thic lugng giac

Cht ¥ ring, trong mot so6 truong hop, dé tinh tong hitu han cac phan thic
lugng giac, nguoi ta thuong st dung mot s6 tinh chat ciia da thiic, dic biet 1a

cong thiic noi suy Lagrange.

Duéi day 1a mot s6 dinh 1f va ap dung.

Dinh 1y 2.3 (Cong thic noi suy Lagrange). Néu xi,xo, ..., Ty la m gid tr]
tug 4 doi mot khdc nhav va f(x) la da thiic bac nhé hon m thi ta c6 dong nhat
thiic

(x —x2)(x —23) ... (x — Tpy)

(1 — x2) (1 — x3) ... (1 — T4
(x —x1)(x —23) ... (T — )y
(xo — x1) (w9 — x3) ... (T2 — Tp)
(x —x)(x—22) ... (x — Tpp_1)
(T — 1) (T —22) .. (T — T1)

flz) = f(z1)

+ f(22)
+ f(zm)

Chitng minh. Ta can ching minh

Ay (x —xo)(x —x3) ... (T — )
f(l’) f( 1)(1’1—1’2)(1’1—1’3)...(1’1—l’m)
(x—z)(xr—2x3)... (T — zp)
B f(l'2) (1’2 —1’1)(1’2 —1’3)... (1’2 —l’m) S
(x —x)(x—22) ... (x — Tpp_1)

(T — 1) (T, — T2) « . (T — 1)

— f(zm) 0.

Vé trai ctia dang thic 1a mot da thic bac khong vuot qua m — 1 va ¢6 m
nghiém 1, wo,...,T,. Vay da thic d6 dong nhat bing 0. T d6 suy ra dieu

phai chiing minh.
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Hé qua 2.2. Ta c6 cac dong nhat thitc sau day :

) (z= V3@ VB —vT) (== V2)(z = VE)(z — VT)
(V2=V3) (V2= VB)(vV2=VT) (V3= V2)(V3-VB)(V3-VT)

(z — V2)(z = V3)(x — VT7) (z — V2)(z = V3)(x — V5)

~J

WV VBWE V) (VTR BT V)
B, E-de-a)  , E—aE-b)

R O e I s e B Py et N
Dinh 1y 2.4. Néu f(x) la da thic bac khong vugt qud m—2 va Ty, To,..., Tm
la m gid tri doi mot khdc nhau tuy ¥, thi ta cé dong nhat thic

f(x1) f(x2)
(x1 — @) () — 3) ... (X1 — T4 + (x9 — x1) (w9 — x3) ... (T2 — Tp)
TR f&n) — 0.

(T — 1) (T, — T2) « . (T — 1)
Chitng minh. Vé trai ctia ddng thitc chinh 1a hé sé ctia hang tit bac m — 1
trong da thiic f(x) da cho. Dong nhat cac hé s6 clia cic liiy thita ciing bac ta

c6 ngay diéu phai chitng minh.

Vi du 2.40. Tinh téng

cos 1° L cos 2°
(cos1° — cos2°)(cos 12 — cos3°)  (cos2° — cos 1°)(cos2° — cos 3°)

S:

cos 3°
(cos 3% — cos 1°)(cos 3% — cos2°)’

Loi giai. St dung Dinh 11 1, véi
f(z) =z, x; =cosl® xy=cos2° x3=cos3’

thi S = 0.

Vi du 2.41. Cho cap s6 cong {a,} véi cong sai d, véi d,ay,as,...,a, khac

boi ctia 7. Tinh tdng

1
—1 SIN A SIN Q41
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Loi giai. Ta co

sin(an+1 — ap) sind
cota, —cot apy1 = — - = — - .
sin a,, sin a1 SN @y, SIN @y g1

Suy ra
1 1
- - = ——(cot a, — cot api1).
sina, sina,,;  sind
Vay
S, = — d(cota1 — cot ag + cotag — cotas + ...+ cot a, — cot any1)
sin
1 sin(a,+1 — a
= ——(cota; — cot any1) = — - — ( o )
sind sind  sinap sin a,
1 sinnd
~ sind sinaysin(a; + nd)’
Vay

5 — sin nd

sin dsin a; sin(a; + nd)’
Vidu 2.42. Cho cap s6 cong {a, } véi cong sai d, trong d6 d # I ; ay,as, . .., a, #
g +1Ir (I € Z). Tinh tong

3

1

T, = - - .
COS @ COS Aj11

k=1
Loi giai. Ta co
sin(an+1 — ap) sind

tan a,+1; — tana, = = .
COS Gy, COS Ayt 1 COS Gy, COS Ayt 1

Suy ra
1
——— = ——(tana, — tan a,41).
COS @y, COS Aj11 sind
Vay
1
T, = (—tana; + tanay — tanas + tanag — ... — tana, + tana,1)

sind

= Sind(—tan aj + tan a,1).
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Vi du 2.43. Tinh tong

n

T
S, = 2F=1 tan? ?tan%—
k=1
Loi giai. Ta c6
2tana
tan2a = ————.
1 —tan“a
Suy ra
tan? a tan 2a = tan 2a — 2 tan a.
Vay

T T
S, = 2" tan? —tan—+21tan —tan—+---+2"_1tan2—tan ~

21 20 22 21

0 €T €T 1 z T
=2 (tan 50 — 2tan 21)+2 (tan2 2tan 5

X
— tanz — 2"t (—)
anxr an 2n

Vi du 2.44. Tinh tong

Loi giai. Ta c6
tana = cota — 2 cot 2a.

Suy ra

T

2n

on—1
n—1 T
) (g

tan? a. tan 2a = tan 2a — 2tan a.

Vay

T
T, = 2" tan? 2—tan +21tan —tan—+---+2"_1tan2—tan

20 22 21

_ 50 xr o x 1 L el
=2 (tan20 2tan 21)+2 (tan2 2tan 52

T
=tanz — 2" tan o

m 2n—1
)—l—---—|—2"_1 (tan

x
2n=

67

X
2n
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2.5 Béat dang thic lugng giac

Trong phan nay, ta xét mot sd bat dang thitc lien quan dén bicu thitc (ham
s6) lugng gidc.

Vi du 2.45. Ching minh rang tap gia tri cia moi da thitc luong giac bac n

(n > 1), khong chita s6 hang tu do (tiic ag = 0)
An(z) =aycosx + bysinx + -+ - + a, cosnx + b, sinnx  véi afl + bfl >0
chita ca gia tri duong va gia tri am.

Loi gidi. Vi a? + 02 > 0 neén ton tai mot gid tri 2o sao cho A, (xq) # 0.

Mt khac v6i x = z¢ ta duge (xem muc 1.1 Chuong 1)

2T 2nm
A, A, —_— o+ AL = 0.
([L’o)‘l’ (l’o‘l’n_l_ )‘l‘ + ([L’o‘l‘n_l_l)

Do A,(x¢) # 0 nén tong trén phai chita it nhat mot s6 hang duong va mot sd

hang am.

Hé qua 2.3. Tap gid tri cia moi da thic luong gidc bacn (n > 1) dang
An(z) = ag + ajcosz + bysinx + - - - + a, cosnz + b, sinnz (a2 + b2 > 0)

chita cd gid tri lon hon ag va gid tri nho hon ay.

Hé qua 2.4. Moi da thic lhigng gidc bac n (n > 1), khong chia s6 hang tu
do

An(z) =ajcosx 4+ bysinx + - - - 4+ a, cosnx + b, sinnx
luon cé it nhat mot nghiém thuc.

Chitng minh. Ta thay A, (z) luon nhan ca gia tri duong va gia tri am. Hon
nita, A,(r) 1a mot ham s6 lien tuc tréen R. T d6 suy ra ton tai {t nhat mot

gia tri x¢ dé A, (z¢) = 0.
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Vi du 2.46. Vi n 1a mot s6 tu nhien va z €  0; —— ).
: 2(n+1)

Chitng minh ring
(1 —cos™ z)(1 + cos”" x) < tan nz tan x. (2.5)
Loi gigi. Tu 0 < z(n+1) < g, suy ra
T T
0<n:5<§, 0<l’<§ va cosnx >0, cosz > 0.

Ta ¢6 (1 — cos™ x)(1 + cos™ x) < tannz tanz

COSNT COS T’
hay
cos(n + 1)x < cos®™ ™ x cosnz. (2.6)

Dé dang chitng minh duge (2.6) bang phuong phap quy nap theo n.
Vay

(1 —cos"z)(1+ cos" z) < tannx tanx véi x € (0; n € N.

)

Vi du 2.47. Véi n 1a mot 6 tu nhien va z € ( 0; ——— ).
: 2(n+1)

Chitng minh ring
(1 —cos" x)(1 + cos" x) < tanna sin x. (2.7)
Loi giai. Ta c6

(2.7) & 1 —cos®x < tannzsinx

& tannzsinx + cos? x> 1.

Ki hieu f(n) = tannxsinz + cos®" z.

Ta ching minh f(k+1) > f(k), v6ik=0;...;n— 1.
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That vay, ta co

tan kz sinz 4 cos®™ ¢ < tan(k + 1)asinx + cos® P
2k 2n+2 :
& cos™ x — cos™" " x < sinxftan(k + 1)x — tan kx|
ok . 9 ) sin
& cos™ rsin®x < sinw -

cos(k + 1)z coskzx’

Do x € (0; ), nén cos(k + 1)x.coskx > 0.

T
2(n+1
Vi vay cos?* z cos(k + 1)z cos kz < 1, diéu nay luon ding.
Vay
fn)> fn—=1)>--->f(1) > f(0) = 1.
Do do
tan na sinx 4 cos™ x > 1.
Vay
T
1 —cos™z)(1 )<t i 6 xe |0, —— e N.
(1 —cos"z)(1+cos" z) < tannxsinz véi x ( ,2(n+1)),n

Vi du 2.48. Chitng minh ring

m L .
—ncos— > 1, v6i moi n > 2.

(n+1)cos
n+ n

Lot giai. V6i moin > 2, ta co

v
(n+1)cos —mncos— > 1
n -+ n
v v
< n | cos —cos— | >1— cos
( n+1 n) n +
o nsi ™ . m(2n+1) i
nsin sin S e
2n(n+1)  2n(n+1) 2(n+1)
va
2 1 2
sin 2n+1) >sin——" S sin— (2.8)
2n(n + 1) 2n(n + 1) 2(n+1)
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Mit khéc, bang phuong phap quy nap theo n, ta dé dang chitng minh duge

T T
N > sin . 2.9
oty T Mot (2:9)

Tu (2.8) va (2.9), ta suy ra

T . 2n+ D) - sin?
sin sin® ———.
2n(n+1)  2n(n+1) 2(n+1)

n sin

Vay

(n+1)cos Wl—ncosz > 1, v6i Vn > 2.

n+ n
Vi du 2.49. Chitng minh ring
2|sinm| + 2|COS{E| 2 3’ Vo cR.

Loi gidi. Khong mat tinh tong quat, co thé coi x € [0; ﬂ Khi dé bat ding

thitc da cho c¢6 dang
: ™
T 4900 > 3 Yy g [0; ﬂ .
Theo bat déng thiic gitta trung binh cong va trung binh nhan, ta c6

) ) 1 1 -
gsinz 4 gcosz _ osinz 5 . QeosT 5 . geos > 3\3/W

Doz € [0; ﬂ nén

sinx + 2cosx — 2 = 0,

va vi vay

2sinm + 2cosm 2 3’ v$ c |:0’ %:| ]
&2 2~ 2 2 . k‘ﬂ-
Dang thic xay ra, chang han, khi z = 5 kelZ.
Vi du 2.50. Xac dinh s6 duong a sao cho

a®®* > 2cos’x, Vx € R. (2.10)
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Loi gidi. Dat cos2x =t thit € [—1;1] va (2.10) c¢6 dang
a'>1+t, Vte|-1;1]. (2.11)

V6i 0 <t < 1thi(2.11) c6 dang

o+

a> (1+1)7, Vte (0;1]. (2.12)

Trong (2.12) cho t — 0, ta thu dugc a > e.
Tuong tu, véi —1 <t < 0 thi (2.11) ¢6 dang

=

a < (141)7, Vte[-1:0). (2.13)

Trong (2.13) cho t — 0, ta thu dugc a < e.
Két hop, ta thu dugc a = e.
V6i a = e thi ta luén co

et >1+t, VteR,

€% > 2cos’x, Vr € R,
Vi du 2.51. Cho da thtc lugng giac
f(z) =0bysinx + bysin2x + - - - + b, sinnx
thod man diéu kien
|f(x)| <|sinz|, véimoi z € R, b; e R,i=1,2,...,n.
Chitng minh ring
|by + 2bg + 3bs + - - - + nb,| < 1.
Loi giai. Ta co

f'(x) = by cosx + 2by cos 2x + 3bz cos 3x + - - - + nb, cosnx.
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Vay nén

f(0) = by + 2by + 3b3 + - - - + nb,,.

Theo dinh nghia ctia dao ham tai diéem z = 0 thi

) = iy LD =IO S0
Suy ra
f(z f(z _|sinz|
701 = [t 72 < g [ 7 <t [ =1
Vay

|bl+262+3bg+"'+nbn|<l

Vi du 2.52. Cho céc s6 thuc a, b, ¢, d. Chiing minh rang néu véi moi x € R,
ta déu co6

acosx + bsinz + ccos2x + dsin 2z < V2 + d?
thi a=b=0.

Loi gidi. Néu ¢ + d? = 0 thi két qua 1a hién nhieén. Vi vay ta gia thiét ring
r=+vc2+d>>0.

) d
Lay goéc ¢ (0 < ¢ < m) sao cho cos2p = ¢ , sin2p = —. Khi d6 ta duge
r r

acosx +bsinz + ccos2x + dsin 2x

= acosz +bsinzr+rcos2(x—¢) < r, VreR.
Thay = bdi = + ¢ vao bat dang thiic trén, ta thu duge
rcos2x + Acosz + Bsine < r, Vo e R, (2.14)

véi A =acosp +bsinp va B =bcosp — asin .
Trong (2.14) cho xz = 0 va = 7, ta dugc A = 0.
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T d6 suy ra

rcos2x + Bsinx < r, Ve eR
& (1 —2sin’2) + Bsinz < r, Vo €R
& sinz(2rsine — B) > 0, Vo e R.
Néu B # 0, ta chon zg sao cho 0 < sinzg < 5 Khi do

sinzo(2rsinzg — B) < 0 (mau thuan).

Vay B = 0, nén

acosp+bsinp =0 N a=0
bcosp —asinp =0 b=0.

Vi du 2.53. Cho céc s6 thuc a, b, A, B. Xét da thic luong gidc

f(z) =1—acosxz —bsinx — Acos2x — Bsin 2z.
Chitng minh rang néu f(x) >0, Vo € R thi a®? +0*> <2 va A2+ B2 < 1.
Loi gidi. Dat r = a?> +b*, R= A%+ B2 Chon «, [ sao cho

a=+/rcosa; b=+/rsina ;acosz + bsinz = /v cos(r — a);
= VRcos26 ; B=+VRsin23; Acos2z + Bsin2z = \/ECOSQ(I’ - f).
Suy ra
flz)=1—/rcos(z —a) — VRcos2(x — 3) >0, Yz € R.

Ta co

f(a%—%):l— \/_ \/ECOS2<O(—6—|— )
f(a—z)—l—\/_ £—\/Ecos2<0z—ﬁ——)
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. 2
e Neu r > 2 thi 1—\/F-\/7_<0.Matkhéc,thi

cos2<a—ﬁ+%):—cos[ﬂ—2<a—ﬁ—l—%)} :—cos2<a—ﬁ—%),

nén mot trong hai so f (a + %) hosc f (a — %) phai c6 mot s6 am (mau
thuan). Vay r < 2.

Ta lai ¢6

f(B)=1=reos(8 —a) = VR,
F(B+7)=1—+rcos(f—a+m)—VR.

e NéuR>1thi 1—VR<0. Ma
cos(f —a) = —cos(f —a+m),

nén mot trong hai s6 f(3) hodc f(8 + 7) phai c6 mot s6 am (mau thuan).

Vay R < 1.

Vi du 2.54. Cho da thtc lugng giac
f(z) =14 acosz + bcos2x + cos 3z.

Chiing minh rdng néu f(x) >0, Ve € R thia=b= 0.

Loi gidi. Chox =mtacé f(n)=1—a+b—1 =—-a+0b >0.
Cho z = = t /fC)—1+“ b i =0 = azb

oz=gtacof(z)= 573 = 5la > a="b.
Ta co

f(z) =1+ cos3z + a(cos 2z + cos x)
=1+4cos’s —3cosz + a(2cos’ v — 1 + cos 1)
= (cosz + 1)(4cos®*z —4dcosx + 1) + a(cosx + 1)(2cos x — 1)

= (cosx + 1)(2cosx — 1)(2cosx —1+4+a) >0, Vz € R.
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Néu a = 0 thi
f(z) = (cosz +1)(2cosx — 1)> > 0, Vo € R, diéu nay ding.

. 1 1-— .
Néu a < 0, chon z sao cho 5 <cosz < Ta thi f(z) < 0 (mau thuan).
. 1 1-— .
Néu a > 0, chon z sao cho 5 > cosz > Ta thi f(z) < 0 (mau thuan).

Vay a =b=0.
2.6 Dac trung ham ctia ham sé lugng giac

Vi du 2.55. Tim ham f : Z — R thod man cac dieéu kien f(1) = a vdi

a € [—1;1] cho trude va

fa+y) + flx—y)=2f(x)f(y), Vz,y €L
Lo gidi.
e Cho x =y =0 tadugc 2f(0) = 2f%(0) nén f(0) =0 hogc f(0) = 1.
Néu f(0) =0 thi choy =0, V z € Z ta dugc 2f(x) =0 nen f(x)=0.
Néu f(0) = 1 thi cho z = y = 1, ta dugc f(2) +1 = 2f2(1)
nén f(2) =2f%1) — 1 =2a* — 1 = cos(2arccos a) (xem muc 5.1).
e Choz =2, y=1tadugc
fFB)+ (1) =2f(2)f()

= f(3) =2(2¢* — 1)a — a = 4a® — 3a = cos(3 arccos a).
Ching minh quy nap theo n ta duge f(n) = cos(narccosa), Vn € N.
o Cho =0, Vy €Ztadudsc f(y)+ f(—y) =2f(y) nén f(y) = f(—y).
Do d6 f(x) = cos(z arccosa), V z € Z.
Tht lai ta thay f(x) = cos(z arccos a) thod man diéu kién bai toan.

Vay f(z) = cos(xarccosa), ¥V z € Z.

Vi du 2.56. Cho a,ai,as,...,a, 1& cac s6 thic. Ton tai hay khong ton tai
mot da thic

P.(x) = 2" +a " + -+ ap1v +ay
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thod man diéu kien

|P(2)| < a, Vx € [—a;al?

Loi gidi. Xét da thic P,(z) = acos (n arccos f) , Vo € [—a;al.
a

Chiing minh quy nap theo n ta thiy P,(z) thod méan yéu cau bai toan.

Vi du 2.57. Tim da thic P(z) = apz™ + a;2" ' + -+ - + a,, v6i ag # 0 thod

man diéu kién
(1 —23)[P'(2)]* =n?*[1 — P*(z)] Vo € R, (2.15)
trong d6 P'(x) la dao ham cia P(x).

Loi gidi. Dé thiy hai da thic dang P(x) = cos(narccosz) va Q(x) =
— cos(n arccos ) thod man diéu kién bai toan. Ta chiing minh khong con da
thitc nao khac thoa man bai ra.

That vay
P(1) =1,
(215) = {[u —a?)(P(@) = n?[l - P(a)], Yz e R
N {Pz(l) = 17

P'(z)[n*P(x) — xP'(z) + (1 — 2?)P"(x)] = 0, Vz € R.
Nhung P’(z) chi ¢6 hitu han nghiém nén
n?P(x) — zP'(z) + (1 — 2*)P"(z) =0, VzcR. (2.16)
So sanh céac heé s6 trong (2.16) ta dugc a,_1 = 0 va

k(k—2n)an—r = (n—k+2)(n—k+ Day_rr2 (V6 2 <k < n).

Suy ra an_3 = ap_5 = --- = 0, CON Gp_2, Ap_4, ... dudc xac dinh duy nhat theo
.

Mit khac, ta co
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nén a, chi nhan hai gia tri déi nhau.

Vay chi c6 khong qua hai da thitc P(z) va Q(z) thod man yéu cau bai toan.
Vidu2.58. Choc; €C,j=0,1,....,n; co#0, ¢, #0; z=¢" t € R,
Chitng minh rang néu

h(z) =co+crz+ e+ +cp2™

thi |h(2)]* 1a mot da thitc lugng gidc bac n theo t.

Loi gidi. Ta c6 e = cost + isint nén e** = coskt +isinkt, V¢ € R.

Dat ¢, = ag + iby v6i ag, by €R; k=0,1,...,n . Khi do

h(z) = Z(ak + iby)(cos kt + i sin kt)

k=0
= [(ag cos kt — by sin kt) 4 i(bg cos kt + ay, sin kt)],
k=0
\h(2)]? = (a coskt — by sinkt)| + Z(bk cos kt + ay sin kt)
k=0 k=0

n

=X+ Z()\j cos jt + p;sin jt),

J=1

Ao = Z lexl?s A + i, = 2ZCjCk_j, (k=1,...,n—1).
k=0 j=0

An F ity = 2cc, # 0 (do ¢y va ¢, cung khac 0).
Vay |h(z)]* 1a mot da thiic lugng giac bac n theo t.
Vi du 2.59. Chitng minh rang ham s6
f(z) =sin®’ 2 (p la mot s6 tir nhien)

13 mot da thitc luong giac theo ham s6 cosin.
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Loi gidi. Tit cong thiic € = cosz + isinz dé dang suy ra

) 6im _ 6—im 6im + 6—im
simy = ————, COSx = —————
2 2
Vay nén
o e _ o P
smyr=-————— .
21
Suy ra
2p
(=1)

f(l’) — 5 . Z(_l)kcgp i 6ikm i 6—i(2p—k)m

_1y (P! . .
_ (22p) <Z(_1)k05p . 62zkm—2zpm

k=0

e . 3

22p
k=p+1
(_1)p \ kovk [ 2i(k—p)x —2i(k—p)z 0210
= o2 'kz_o(—l) Cop(e™ P + e g )+2Tp
(1)

CP
= . Z(—l)kap ccos2(k — p)x + =2

22p—1 92p :

Vay f(z) la mot da thic lugng giac theo cosin bac 2p.

Vi du 2.60. Tim cac ham f(z) xac dinh v6i moi z € R va thod man diéu kién
£(0) = 2003, f (g) — 2004,
flx+y)+ flz —y) =2f(z) - cosy, Yo,y €R.

Loi gidi. Trong dieu kien f(z +y) + f(z —y) = 2f(x) - cosy, Yo,y €R

thayzzt—g, y:g, vVt € R, ta thu dugc

ft)+ f(t —m)=2f (t—g)-cosgzo. (2.17)

Tiép tuc thay z = g, y=1t-— g, vVt € R, ta dudc

F&) + flm—t)=2f (g) . cos (t - g) — 22004 - sint. (2.18)
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Thay tiép z =0, y =t — 7, Vt € R, ta dugc
ft—m)+ f(m—1t) =2f(0) - cos(t —m) = —2- 2003 - cos . (2.19)
T (2.17) va (2.18) ta suy ra
2f(t) + f(t — )+ f(r —t) = 22004 - sin . (2.20)

Tu (2.19) va (2.20) ta suy ra

2F(t) — 22003 - cost = 2- 2004 - sint nén f(t) = 2003 cos t + 2004 sin t.
Thit lai ta thay

f(0) = 2003 - cos0 4+ 2004 - sin 0 = 2003,

f (g) — 2003 - cosg + 2004 - sing — 2004,

flet+y)+ flz—y) =

= 2003 cos(z + y) + 2004 sin(x + y) + 2003 cos(z — y) + 2004 sin(x — y)

= 2003 - 2cosz cosy + 2004 - 2sin x cosy

=2 - (2003 cos x 4+ 2004 - sinx) cosy = 2 - f(x) - cosy.

Vay f(z) = 2003 cos x 4 2004 sin x.

Vi du 2.61. Tim cic ham s6 lien tuc f : R — [—1; 1] thod méan diéu kién

fFO) =1,
{f(f’f +y)+ flz—y) =2f(x)f(y) v6imoizyeR (2:21)

Lot gidi. Vi f(z) lien tuc trén R va f(0) =1 > 0 nén 36 > 0 sao cho
f(z) >0, Vo € (=6;9).
Trong phuong trinh da cho déi chd z va y, ta dugc
fly+x)+ fly—x) =2f(y)f(x) v6imoix,yeR.

T d6 suy ra f(xr —y) = f(y —x) v6imoi z,y € R. Cho y = 0 ta thu dugc
f(=x) = f(x), Yz € R. N6i cach khac, f(z) la ham s6 chin.
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Ta xét cac truong hgp sau :
Truong hop 1. | f(x) |=1,Vz € R.
Khi d6, do f(x) lien tuc trén R va f(0) = 1 nén f(x) = 1, Vo € R. Ham s6
nay thod man diéu kién bai toan.
Truong hop 2. dxg € R, | f(xo) |< 1.
Nhan xét rang véi ng di 16n va 6 nhu trén, thi

€(—5:68) = f(;%)m.

Zo
2n0

Néudn e N*: f (%) =1 thi trong phuong trinh da cho ta dat y = x dugc

f(2z) = 2[f(2)]* — 1, Vz € R. (2.22)

Tu day co

AR fi e oz ik
f(zg) =2 f(;)} — 1 =1, trai v6i gia thiét.

Vaynenf( )<1 Vn € N*. Chon z; = 2T(f)th\1a717é0va

0< f(xz1) <1 va f(z) >0, Vo € (—|z1]; |x1]).
bat f(z1) =cosa, 0 < a < g T (7) ta ¢

f(2x1) = 2[f(x1)]* = 1 = 2cos’ a — 1 = cos 2a.
Gia st f(kxy) = coska, Vk < n, n € N*. Khi do6, ta c6

f((n+1)zy) = f(nay + x1) = 2f (nay) f(z1) — f((n — 1)a1)
= 2cosnacosa — cos(n — 1)

= cos(n + 1)a.
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Vay theo nguyén 1i quy nap, ta ¢6
f(mz1) = cosma, Ym € N*. (2.23)

Do f(x) 1a ham s6 chin nén tit két qua trén, két hop véi gia thiét
f(0) =1 = cos0c. Ta cb

f(mxy) = cosma, Vm € Z. (2.24)

Trong (2.22) thay = béi % ta co

fe=2fs ()] -1

T d6 suy ra

v\ 1+ f(z)  [lT+cosa o
f(;)—\/ 2 —\/ 5 =cos 5.

Gia su f (%) = cos ;—k, Vk <n, n € N* taco
1+ f (E) 1+ cos ol
f X1 . on . on — cos (6]
on+l ) 9 - 9 - on+1"

Vay theo nguyén li quy nap thi

f (E) = cos ;, Vn € N*. (2.25)

2n _n

Tir (2.24) va (2.25), ta ¢6

f (ﬂ;fl) = cos %, Vn € N*, Vm € Z. (2.26)

T (2.26) va do ham s6 f(z) lién tuc trén R, ta c6 f(zit) = cosat, Vt € R,

N !
hay bang cach dat it =z ; — = a , ta thu dugc
T

f(z) = cosazx, Yz € R.

Thit lai, ta thiy ham s6 nay thod méan diéu kién bai toan.
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2.7 Bai tap
Bai 2.1. Tim s6 nguyén n néu (1+4)" = (1 — )™
Bai 2.2. Biéu dién céc s6 phiic sau dudi dang lugng giac
l.a=—1+1iV3l; 2.b=2+V3+1i;

_l+cosp+ising
~1+cosp —ising

3.c=1+cosp+isingp; 4.d
Bai 2.3. Tim diéu kien dé Re (2120) = (Re z1)(Re 22).

Bai 2.4. Ap dung cong thiic Moivre hay:
1. Biéu dién tan 5¢ qua tan .
2. Biéu dién tuyén tinh sin® ¢ qua céc ham sin ciia géc boi ciia .

3. Biéu dién cos* ¢ va sin ¢ cos® ¢ qua ham cosin clia cac géc boi.

Bai 2.5. Chiing minh ring

sin (e gy (g@ + %)
1. sin p+sin(p+a)+sin(p+2a)+- - -+sin(p+na) = — :
sin 2
2
sin _(n+21)a oS (g@ + @)
2. cos p+-cos(p+a)+cos(p+2a)+- - -+cos(p+na) = pr—e .
2

3. 14+ acosp +a*cos2p + -+ + a™ cosnyp
a2 cosnp —a" ! cos(n +1)p —acosp + 1

a? —2acosp + 1
4. asing + a?sin2p + -+ + a"sinnyp
a"?sinng — a"sin(n + 1)p + asingp + 1

a? —2acosp+ 1

Bai 2.6. Chiing minh ring

sin(n + 1)acosna  n—1

1. cos?a + cos?2a + - -+ + cos? na = :
2sin a

1 i 1)a cos na

2. Sin2a+sin22a—|—----|-sin2na:n_l_ _Sm(n+ ) _

2 2sin «
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Bai 2.7. Chiing minh réng

1 L 4 L o L L 2nm B 1
S L R IS LI I | omtr1 2
0 T 24242
.COSlG— 2
5 o V10425
el = -
5 2

Bai 2.8. Chiing minh ring véi moi n chdn (n = 2m), ta déu c6

cosnp = cos™ p—C2 cos™ 2 psin® +C cos" ™ psin? p—- - -+ (—1)mC" sin”™ .
Bai 2.9. Chiing minh ring véi moi n 1& (n = 2m + 1), ta déu c6

sinng = C} cos™ ™t ¢ sin p—C3 cos™ 3 psin® p+- -+ (—1)™"LC L sin" g cos .
Bai 2.10. Ching minh rang véi moi n € Z, ta déu c6

2
1. cos p+Clcos2¢+---+C" ! cosnp+cosn + 1o = 2" cos™ L coS n

2 _2|—2S07
2. singp—l—C’%sianp—l—---—l—C’g_lsinngp—l—sinn—l—1g0:Q"COS"gsinn2 ®.

Bai 2.11. Lap phuong trinh ma nghiém ctia né 1a cac s6

. 9 .o 27 Lo 3T .o NT
1. sin , sin? —/——— sin® ———, --- ,sin? ———;
2n + 1 2n + 1 2n + 1 2n + 1
2. cot? — cot? 2m cot? T cot2 .
’ on—+1’ on+1’ on+1’ ’ on+1’

Bai 2.12. Chitng minh cac déng thiic sau

2T . nm V2n +1

1. sin sin .-+ sin = ,
2n+1 2n+1 2n+1 AL

9 ™ 2T nmwo 1

.Cos2n_|_1cos2n_|_1 Cos2n+1—2n.

Bai 2.13. Chitng minh cac déng thiic sau

T 21 (n—=1m  /n

1. sin — sin — - - - —
sin nsm o sin ( o | 27;1:
T 2T n— 1) n

2. - 20 . —
Cos o Cos o Cos o o1
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Bai 2.14. Tim tat ci cac gia tri clia
1. can bac hai /4 — 3¢

2. cidn bac n cua don vi ;
V3 —i
848

3. can bac 5 cia z =

Bai 2.15. Ching minh rang néu a la mot gia tri clia can bac n cia sd phic
z € C thi moi gia tri khac ctia can d6 thu duge bang phép nhan o véi ting

gia tri e, k =0,1,...,n — 1 1a can bac n ctia don vi, tic la
a,xe1,0E2,...,0Ey_1.

Bai 2.16. 1. Tinh tdng S moi cin bac n cia 1.

2. Tinh tdng cac lity thita bac k clia moi ciin bac n cla sé phiic a.
Bai 2.17. Tinh tong
S=14+2+3*+---+ne"".

Bai 2.18. Cho 1 <n €N, 0 # ¢ € R, giai cac phuong trinh sau:
(@)t = (z—o)" =0;

T+ )" — (x—ci)" =0

= W NN =

-
() +i(xr —ci) = 0;
-

x+ci)" — (cosa+isina)(x —ci)" =0, o 2kn.

Bai 2.19. Ching minh ring néu n 1a boi ciia 3 thi

“1+iv3)" [(—1-i3\"
<f> +<f> =2

va néu n khong chia hét cho 3 thi

—1+iv3\" [(—1-iv3\"
<f> +<#> =
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Bai 2.20. Tinh cac biéu thic

Lo () e ()] e
or= (o) [ () [

Bai 2.21. Ching minh rang

S

S
N———
(Y]
[ V)
| I
L
—_
+
/N
[
S
N———
£
_

‘ =

H
SiT
N———
[\
n
| E— |
| — |
—_
_'_
VN
—
Sh
N———
8
_ 1

Y

(n+1x . nx
cos ———sin — i
1. cosxz+cos2z+---+cosnx = 2 = 2 véix%g(k:EZ)
. Slni
| sin (n+ e sinmg
T gin — I
2. sinzx+sin2x+---+sinnr = 2' T 2 véix%g(k:EZ)
. Slni
in 2
3. cosx+cos3z+---+cos(2n—1) x :sm' n véiz £ krn (k€Z) ;
2sinw
4. sinx +sin3zx +--- +sin(2n — 1) z :SH,l n véixz £ kn (k€Z);
sin x
in(2 1
5. 14 cos2zx+ cosdx + - - -+ cos 2nx :s1n(2r'L——|—)z v6i x # km (k € Z)
sin

sinnzsin(n + 1)x

6. sin2z+sindr +--- +sin2nr = voi x # km (k € Z).

sin x

Bai 2.22. Ching minh rang

1. sinzx +3sin3x +---+ (2n — 1)sin(2n — 1)z

sin 2nx cos x — 2n cos 2nx sin x .
= véixz £ krn (k€Z);

2sin?
2. cosx + 2%cos 2z + 3% cos 3z + - - - + n?cosnx
. s . 0T . (2n4+ 1)z T .
2nsin — cos nx + 2n°sin” — sin ———x + cos — sin nx
- _ 2 2 2 2

T

4sin® =

sin 5

véix;é%r(k:EZ);

3. cosz + 3*cos3z + 5%cosHr + -+ + (2n — 1)? cos(2n — 1)z
(4n? + 1) sin 2na sin®  — 2sin 2nx + 2n sin 2 cos 2nx

voi x # km (k € Z).

2sin®
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Bai 2.23. Ton tai hay khong ton tai da thitc dang
Puz)=2"+ax" ' 4 +ap12 +ay

va thod man |P,(x)| < 2, Vo € [—2;2] 7

Bai 2.24. Chiing minh ham s6 f(z) = cos?’ z (v6i p 1a mot s6 ti nhien) 1a

mot da thic lugng giac.
Bai 2.25. Tim tat ca cac ham sé lién tuc trén R va thod man
flx)f(y) — fl(x+y) =sinxsiny Yo,y € R.
Bai 2.26. Ching minh ring néu v6i moi x € R thod man
acosz + bsinx + ccos 2z + dsin 2z > —V2 + d2.

thia=0b6=0.

Bai 2.27. Cho da thic lugng gidc f(z) = 14 a; cosx + ag cos 2x + ag cos 3x.
Chiing minh ring néu f(z) >0 Vz € R thi a; + as + a3 < 3.

Bai 2.28. Tim gia tri 16n nhat ctia ham s6

y =4sin3x — 4cos2x — 5sinz + 5.



Chuong 3

Mot sb6 ting dung cia sbé phiic
trong dai so

3.1 Phuong trinh va hé phuong trinh dai s6

3.1.1 Phuong trinh bac hai

Ta nhac lai tinh chat nghiém ctia tam thitc bac hai véi hé s6 thuec

f(z) =ar* +br+c=0, a#0, A=0b>—4dac.

e Néu A < 0, phuong trinh khong c¢6 nghiém thuc.

. —b+VvA
e Néu A > 0 thi phuong trinh c6 hai nghiem thuc : z1 5 = —5
a
Nhan xét rang trong truong hop A < 0, phuong trinh tuy khong c6 nghiém
. . —b+ivV—-A
thuc nhung van c6 hai nghiém phtc la cac so phtic lién hop z1 2 = S e—
a

Khi cac hé s6 ctia phuong trinh bac hai f(z) = 0 1a cic s6 phtic thi ta van st

dung céc phép bién déi dong nhat thitc nhu trong trudng hop sb thuc.

af(z) = a*x® +2 (g) (ax) + (é) ¥ —44ac =0,

Ta viét

2

—l—é 2_62—4ac
azr 5) = 1

88

hay
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Vi du 3.1. Cho cap s6 duong a,b véi a > b va a+ b = 1. Goi up,v, 1a cac

nghiém ctia tam thiic bac hai
fulz) =2 —b"w —a™, n €N

Chitng minh ring
Un, vp € (—1;1), Vn € N".

Loi gidi. Ta c6 A = 0> + 4a®® > 0 nén cic phuong trinh tuong ting déu c6

nghiém phan biét. Theo gid thiét thi

fa(=1)=140b"—a" >0, Vn e N~

fr(l)=1-0b"—a" >0, Vn € N*,
Vay —1 va 1 nam ngoai khoang nghiém. Mat khac

bn n n
vr_u +v <1

-1 <
9 ’

Up, vp € (—1;1), Vn € N*.

Vi du 3.2. Cho 0 < p < ¢. Gia thiét cac sd
IR
thod man bat phuong trinh bac hai
f£) =t = (p+q)t+pqg <0.

Ki hiéu

A=—(ti+ta+ - +tn),

B=—(t]+t3+ - +1t2).

S| 3|
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Chitng minh ring
2
A N 4dpq

B~ (p+a9?*
Loi gidi. Ti gia thiét ta thu dugc

n

Z(tk —p)(tr —q) <0

k=1

hay

th (p+q) Ztk+npq<0

k=1

St dung ki hiéu cua bai toan, ta c6

B—(p+q)A+pg<0.

Vay nén
_ 2 2 2
B pq+p+q e (Lortay, (ta) S(p+q)’
A? A? A? A 2pg 4pq 4pq

diéu phai chitng minh. Dang thiic xay ra khi va chi khi

2pq
tk—p tk—q :0,A:—,k‘:1,...,n
(te = p)(tx — 9) .

Vi du 3.3. Cho a,b,c € R, ¢ > 0 va cho tam thiic bac hai
9(x) = a(g® +47)2* +b(”* + ¢V +el¢’ +47)
khong c¢6 nghiém déu thyc. Chitng minh rang tam thic bac hai
f(z) =ax® + bz +c

khong ¢6 nghiém thuec.
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Loi gidi. Véi g = 1, diéu can chiing minh 1a hién nhién.

Khong mat tinh tong quat ta c6 thé coi ¢ > 1 vi vai tro clia ¢ va p = ! la binh
déng. !

Gia st Ay = b? — dac > 0. Khi do

Ay =02 (q? + ¢ V?)? = 8ac(g® + ¢7?)
> b (qY2 + ¢V = 202(¢? + ¢ 7).

Ta sé ching minh
(¢ 44V =2 +q7?)

hay
02—V > V2t - g7 (3.1)

va tit d6 ta suy ra diéu phai chiing minh.

Viét (3.1) duéi dang
h(g) =g — g2 = V2(¢' —¢7) > 0.
Khi do ta co

W(q) = \/75

1
(q"% —q) (1_W) >0 Vg> 1

Vay nén h(q) 1a ham dong bién trong [1; 4+00) va vi vay
h(g) = h(1) =0 Vg > 1.
T d6 ta c6 (3.1) dung, suy ra diéu phai chiing minh.
Vi du 3.4. Cho biét tanz, tany 13 hai nghiém ctia phuong trinh bac hai
at* + vd + ¢ = 0.
Tinh gi4 tri ctia biéu thiic

M = asin®(z +y) + bsin(z + y) cos(x + y) + ccos?(x + y).
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Lot giai. Theo Dinh 1i Viete thi
b c
tanx +tany = ——, tanztany = —.
a a

Khi cos(x + y) = 0 thi tanz tany = 1 va khi d6 a = ¢ nén M = c.
Khi cos(z + y) # 0 thi tanz tany # 1 va khi d6 a # ¢ va

tanz +tany b

tan(z +y) = = .
( v) 1 —tanztany c—a

Vay nén
M = [atan®(x 4+ y) + btan(z + y) + c|cos®(z + y)

_atan®*(z+y) +btan(z +y) +c¢ .
B 1+ tan?(x +y) '

3.1.2 Phuong trinh bac ba

Xét phuong trinh bac ba véi hé s6 thie hodc phiec.
ar® +br* +cx+d=0 (a #0).

Trong trusng hop khi cac hé s6 1a cac s6 thue, thi ta quan tam nhiéu hon dén

cac nghiém thuyc ctia phuong trinh.
Vi du 3.5. Giai phuong trinh
az’ +bx* +cx +d=0 (a#0) (3.2)

biét © = o 1a mot nghiém ctia phuong trinh.

Loi giai. Vi zg 1a mot nghiém cta phuong trinh (3.2) nén

axy + bxd + cro + d = 0.
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Do dé c6 thé viét (1) dusi dang
az® +br® + cx + d = axj + bxg + cxg +d = 0.
Tu d6 ta nhan duce
(z — o) [az® + (azo + b)z + az] + brg + ] = 0.
Xét phuong trinh
az® + (azo + b)x + axf + bxg + ¢ = 0.

Ta co

A = (axg + b)* — 4a(az] + bxg + ¢).

93

(3.3)

Néu A < 0 thi phuong trinh (3.3) vo nghiém va nhu vay thi phuong trinh (3.2)

c6 nghiem duy nhat = = .

Néu A > 0 thi phuong trinh (3.3) c¢6 hai nghi¢m

—(azg+b) £ \/K

T12= 2a
Vay phuong trinh (1) ¢6 3 nghiém la
—(azo+b) £ VA
To; T1,2 = %0 .

Vi du 3.6. Giai phuong trinh

42° —3xr =m, |m| < 1.

Loi gidi. Dat m = cosa (= cos(a £ 27)). Vi cosa = 4 cos? % — 3cos %

phuong trinh (3.4) ¢6 3 nghiém la

o o+ 21
I1 = COS 5; Tg3 = COS .

3

(3.4)

, hén
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Vi du 3.7. Giai phuong trinh

42° — 3z =m, |m|> 1. (3.5)

Loi gidi. Nhan xét rang khi |o| < 1 thi tri tuyét ddi ctia biéu thiic & vé trai

ctia phuong trinh khong viugt qua 1 nén # m. Vi vay, ta c6 thé dat

1 1
:z::—(a+—), a # 0.
2 a

Ta dé dang chiing minh dudc rang

1 1
403 — 3 == (a®>+ = ).
T T 2(@ +a3)

T d6 ta c6 cach gidi doi véi phuong trinh (3.5) nhu sau

Dit
IRV
m—2 a 23 .

a=\mEtvm?2-1

Khi do

va phuong trinh (3.5) ¢6 dang

1 1
42 —3r==-(a®+ = ).
x X 2(@ +a3)

Phuong trinh nay c¢6 nghiém
1 N 1
r=glat-).

Ta chiing minh réng phuong trinh (3.5) ¢6 nghiém duy nhat.
Gié st phuong trinh (3.5) c6 nghiém z( thi z¢o ¢ [—1;1]. Do d6 |zo| > 1. Khi
do6 (3.5) ¢6 dang

4a® — 3z = 4:53 — 3x9

hay
(z — x0)[42* + 4z + 4] — 3] = 0.
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Xét phuong trinh
42 + dxow + 4o5 — 3 = 0. (3.6)

Ta c6 A’ =12 — 1223 < 0 va vi vay phuong trinh (3.6) vo nghiém.
Vay phuong trinh (3.5) ¢6 mot nghiem duy nhat 13

Vi du 3.8. Giai va bién luan phuong trinh

42° +3r =m, m € R. (3.7)
Loi gidi. Néu phuong trinh (3.7) ¢6 nghiem x = zo thi d6 ciing chinh 1a
nghiém duy nhat ctia phuong trinh.

That vay, v6i > o thi 423 + 3z > 423 + 3xg = m va vii T < x¢ thi ta c6

4234 3x < 4a3+3xo = m. Do d6 phuong trinh (3.7) c6 khong qué mot nghiem.

Dat
z:%(a—%) (a #0).

Ta dé& dang ching minh dang thic

Do d6, néu dit

thi
ad=m+vm2+1

va khi d6 nghiém duy nhat ctia phuong trinh (3.7) 1

x:l(a_l) zg(vmmwm—m).

2 a
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Vi du 3.9. Giai va bién luan phuong trinh

3+ at* + vd + ¢ = 0. (3.8)
Lo gidi. Datt =y — % Khi d6 phuong trinh (3.8) c6 thé viét duge dudi

(y—g)3+a(y—g)2+b(y—g)+C=0-

a? a® ab
Sy -py=q p=— b ¢=——+ +c (3.9)

dang

w

Néu p = 0 thi phuong trinh (3.8) ¢6 nghiém duy nhat y = /4.
Néu p > 0 thi ta dua phuong trinh da cho vé dang céc bai toan da xét bang

cach dat y = 2\/§x ta thu dugc phuong trinh dang

3v/3q
TN (3.10)

Néu |m| < 1 thi ta ddt m = cos a va phuong trinh (3.10) c6 3 nghiém

423 = 3xr=m, m =

e’ o+ 21
1 = COS 5; To,3 = COS .

3
1/, 1
m:§Q1+$)

ta thu duge nghiem duy nhat ciia phuong trinh da cho 1a

x:%@+§):%(Vm+wm:7+vm—¢%ﬁi)

Néu |m| > 1 thi dat

Néu p < 0 thi dat y = 24/ %pz ta sé duge phuong trinh 423 + 3z = m.
Dat

v6i
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Khi d6 phuong trinh c6 nghiém duy nhat

T nghiém z ta tinh duge nghiém y va tit dé suy ra nghiém ¢

Vi du 3.10. Giai phuong trinh
827 4 2422 + 62 — 10 — 3v/6 = 0.

Lot giai. Phuong trinh da cho tuong duong véi phuong trinh sau

3 10 + 3v6
:173—|—3x2—|——:17—+7\/_:

0.
4 8

Dat z = y — 1. Ta thu dugc phuong trinh

Lai dat y = tv/3 ta thu duoe phuong trinh

43 — 3t = 2=,

S

Phuong trinh nay c¢6 cac nghiém la

b = COS =, 1y = cOS Xty = cos
1= 008 75, t2 = cos -, g = cos .

Tré lai v6i an x ta c6 cac nghiém

B T 1 B 3 1 B T 1
[171—C0812 , Ty = COS 1 , X3 = COS 15 )
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3.1.3 Phuong trinh bac bén
Xét phuong trinh bac bén véi hé s6 thue hodc phic
az’ + bz’ + e’ +dr +e=0 (a #0).
Vi du 3.11. Giai phuong trinh trung phuong

ar* + bz’ +c=0 (a,b,c€R, a#0, c#0) (3.11)

Loi gidi. Dat 22 =y, y > 0. Khi d6 phuong trinh (3.11) tré thanh
ay* +by+c=0, y>0.

Giai phuong trinh bac hai nay ta tim dugc y, tit d6 (véi y > 0) tinh dugce z.

Néu ac < 0 thi

\/—b+\/62—4ac
r== .
2a

Néu ac > 0 va b? — 4ac > 0 thi

\/—bi\/62—4ac
r ==+ .

2a

Néu ac > 0 va b* — 4ac < 0 thi phuong trinh (3.11) vo nghiém.
Vi du 3.12. Giai phuong trinh
(x+a)(z+b)(z+c)(r+d) =m
v6i gid thiét rang a +b = ¢ + d.
Loi gigi. Dat 2 + (a4 b)x = 2> + (¢ + d)x = t, ta thu dugc phuong trinh
(t+ ab)(t + cd) = m.

Giai va bién luan phuong trinh nay ta thu duge t va tit do6 tinh duge x.
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Vi du 3.13. Giai phuong trinh
(z +a)* + (z +b)* =m. (3.12)

C . b
Loi giai. Dat v =1t — ot

. Phuong trinh (3.12) tré thanh phuong trinh
trung phuong dang (9)

2 + 1262 +2 —m = 0.

Giai phuong trinh nay tim dugc ¢, tit dé tinh duge x.

Vi du 3.14. Giai phuong trinh
ax* +bx® +cx’ +dr+e=0 (3.13)

v6i dieu kién
ad® = eb® (a,e #0). (3.14)

Phuong trinh (3.13) véi dieu kien (3.14) duge goi 1a phuong trinh hoi quy.

Loi gidi. Viét dieu kien (3.14) duéi dang

Ta c6 d = ba, e = aa? va sau khi thé vao phuong trinh (3.13), ta thu dugc
az® +bx® + ca® + bax + aa® = 0. (3.15)

Nhan xét rang x = 0 khong phai 1a nghiém ctia phuong trinh (3.15). Chia hai

vé clia phuong trinh cho z? ta thu duge
) a
at* +vd+c—2a00=0, t =z + —. (3.16)
x

Giai va bién luan phuong trinh (3.16), tit dé tim duge ¢, sau d6 tinh x.
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Vi du 3.15. Giai phuong trinh
rt = az® 4+ br +c, (3.17)

biét rang

b> =4(a+2)(c+1), b#0. (3.18)
Lot giai. Xét tam thic bac hai ting véi biét thic
A=b—4(a+2)(c+1)=0

dang
f(z) = (a+2)2? + br +c+ 1.

Viét phuong trinh (3.18) duéi dang tuong duong sau
(2?2 4+1)> = (a +2)2° + br +c+ 1. (3.19)
Néu a+ 2 < 0 titc a < —2 thi
(22 +1)2>0, (a+2)2?+br+c+1<0

nén phuong trinh da cho vé nghiém.

Néu a + 2 > 0 titc @ > —2 thi ta c6 thé viét (3.19) dusi dang

(22 + 1) = (\/a+2:vj:\/c+1)2

( dau (+) ting v6i truong hop b > 0, dau (—) tng véi truong hop b < 0).

Ta thu duge cac phuong trinh bac hai

a:2+1:i(\/a+2a;i\/c+1).

Vi du 3.16. Giai phuong trinh

rt=ax® +br+c (b#0). (3.20)
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Loi gidi. Goi o la s6 thuc thod man hé thic
b? = 4(a + 2a)(c + o?). (3.21)

Nhan xét rang luon luon ton tai s6 o nhu trén vi phuong trinh (3.21) 1a mot

phuong trinh bac 3 ddi véi a. Khi d6 tam thitc bac hai
f(x) = (a+2a)z* + br + (c + o?)
¢6 nghiém kép va

b1
f(z) = (a—l-QOé){I—l—m] neu a4+ 2a # 0,

c+a? néu a4+ 2o = 0.

Viét phuong trinh da cho dudi dang
'+ 202” + o® = f(z)

hay
(% + a)? = f(2). (3.22)

Néu a + 2a = 0 thi (3.22) c6 dang (2* + a)? = ¢ + o
Néu a + 2a < 0 thi phuong trinh (3.22) vo nghiém.
Néu a + 2a > 0 thi phuong trinh (3.22) tré thanh cip phuong trinh bac hai

b
2ta=+Va+2 - ).
T+« a+ a(a: 2(a+2a))
Vi du 3.17. Giai phuong trinh
th+at® + Bt + 4t + 6 = 0. (3.23)
L% gidi. Ditt=x — %. Khi d6 phuong trinh (3.23) ¢6 dang

' = az® + bx + ¢, (3.24)
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trong do
60
T
203 1
"= T
1
c :E(?)o/l — 168a? + 64a3 — 2566).

Tiép theo ta giai (3.24) theo cach gidi cia bai toan trudc.
Vi du 3.18. Cho a > 0. Khai trién biéu thtc

(1 av) + (1+ avD)’

ta thu duge da thitc (bac 4) P(x). Giai phuong trinh P(z) = 0.

Loi gidi. Diat a’x =t ta thu duge phuong trinh
t* 4 28t° + 70t* 4+ 28t + 1 = 0.
Day 1a phuong trinh hdi quy nén dé dang dua vé dang phuong trinh bac hai
y> 428y + 68 =0

Vol y =t + %
Phuong trinh bac hai nay c6 hai nghiém y; » = —14 + /128, Tt d6 ta tim

dugce t va tinh duge phuong trinh ¢6 4 nghiém thuc am.
Vi du 3.19. Giai phuong trinh

'+ 483 4+ 3t — 12t — 16 = 0.
Loi giai. Dat t = o — 1. Ta duge phuong trinh

2t =322 + 10z + 4.
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Ta xac dinh a sao cho 10? = 4(3 + 2a)(4 + a?) hay
2a* + 3a® +8a — 13 = 0.

Ta thay a = 1 thod man phuong trinh. Vay c6 thé viét phuong trinh da cho
dudi dang

(2 + 1) = 52% 4+ 10z + 5,

hay
(22 +1)? = 5(z + 1)

Giai phuong trinh nay ta thu duge cac nghiém la

NGE= \/1+4\/§_
2

T12 =

3.1.4 Phuong trinh bac cao

Ta xét mot s6 truong hop dic biét clia phuong trinh bac cao giai duge bang

cach st dung cac dong nhat thic dai s6 va lugng giac.

Vi du 3.20. Cho bo s6 m,n, p € R. Giai phuong trinh

3 4+ m3 23+ nd 3+3 T—m r-n r-p_,
(x +m)3 ($+n)3+x3+p3 22 24m z+n x+p
(z +p)?

Loi gidi. Nhan xét rang

(x —m)*

2 +m? 3(x
4 (z +m)?

1
@rmp 1

Vi vay phuong trinh da cho tuong duong v6i phuong trinh sau

4(x+m)? 4 4(x+n)? 4
3 3 x—m r—n r—p

—= = 0. 3.25
2+2 T4+m T+n T +p ( )
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r—m :E—n_b rT—p
) 7$+p

Cc

x+m r+n

va dé y rang

1 3, 1 3, 1 3, 3 3
phae gttty m gt gebe=0

c6 thé bién déi duge vé dang

(ab+c)* = (1 —a®)(1 —b%). (3.26)

Thay cac gié tri a, b, ¢ theo bién z, m, n, p ta dudc

2 _ 4[z3 + (mn — mp — np)x|?

(@bt = T PE TP m 1)
dmzx dnx

l—a?= "2 =T

4 (x +m)?’ b (x +n)?

Vay (3.26) c¢6 dang
2?2 4 2(z + p)v/mn +mn —mp—npl[* — 2(x +p)vV/mn +mn —mp—np| = 0.
Giai ra ta dugc cac nghiém cia phuong trinh la

1 =22 =0,

x3.4 = £(y/mp — \/np) — vmn,
w56 = v/mn £ (y/mp + /np.

Vidu 3.21. Cho 0 < a < ——.
n+2

Chiing minh rang v6i moi da thic Q(z) € R[z] bac n thi da thic
P(z) = (2* — 2z cosa + 1)Q(x)

khong thé c6 tat ca cac he sé déu khong am.
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Loi giai. Gia st

Q(z) = apz" + ayz" '+ -+ 4 an1T + ap

va
2 1
P(x) = box™ + by + o+ b1+ bpyo.
Khi do
( b _
o = Ao,
by = a; — 2ap cos a,
by = as + ag — 2a4 cos a,
bpi1 = Gn_1 — 2a, oS a,
. bn+2 = Ap.
Suy ra
b = a + ap—2 — 2ap_1 coS v, Apy2 = apy1 =0, a1 =a_y =0
va

n+2

Zbksink‘a = 0.
k=0
) T . . .
Ma sinka > 0 vi o € [ 0; ——= ) nén ton tai hé so b; < 0.
n+2

Vi du 3.22. Cho ag, ay,...,a, lan+1 sd doi mot khac nhau. Giai hé phuong

trinh sau
To + T1a0 + T2ad + - + xpall =0
To + a1 + 2203 + -+ xpal =0 (1)
To + T1apn + 202 + -+ xpa = 0.

Loi giai. Xét da thic
f) =2y + 21y 4 -+ 21y + T0.
Ta c6 deg f < n. Tu hé (1) ta cd

flao) = flar) = --- = flan) =0,
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nén f(y) ¢c6 n+ 1 nghiém phan biét, do d6 f(y) = 0. T do6 suy ra
To=21=---=x, =0.

Thit lai ta thay 2o = 21 = - - - = 2, = 0 thod man hé da cho. Vay hé c¢6 nghiem
duy nhat
(zo; 15+ 520) = (0;0;5- -5 0).

Vidu 3.23. Cho ay, as, . .., a, 1an s6 thuc doi mot khac nhau. Giai hé phuong

trinh . )
ay"r1+ay " we+ -+, +af =0

—1 —2
a, x1+ay ‘xo+ 4w, +ay =0
av ey +a" ey + -+ x, +a” =0.

Loi giai. Xét da thic
f(u) =u"+ $1un_1 + o+ Tp1U + Xy

Tu hé trén ta co

flar) = f(ag) = -+ = f(a,) = 0.
Xét
g(u) = (u—a)(u—az) - (u—an)
=u" + A+ Aut Ay,
trong d6 do g(u) c6 n nghiém ay, as, . . ., a, va deg g = n c6 hé s6 bac cao nhat

bang 1 nén theo Dinh 1 Viete thi

A = (“D)Mar+an b+ an)
A2 = (_1)2(a1a2+a1a3+""l’an_lan)

Xét da thue
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Ta c6 deg h < n — 1 va h(u) cing c¢6 n nghiém 1a ay, as, .. ., a, phan biét nén

h(u) = 0. Do dé ta c6
T = Al, T = Ag, ey Ty = An, (327)

trong d6 cac s6 A; duge xac dinh tir (2). Vay hé c6 nghiem duge xac dinh nhu
6 (3) va (2).

Vi du 3.24. Ton tai hay khong ton tai cac s6 ai, as, . .., a, € R 1a cac nghiem
cua da thic
P(z) =a" + Z(—l)kCﬁagx"_k.
k=1

Loi gidi. Gia st ton tai cac s nhu vay. Khi d6 theo Dinh 1f Viete thi

CFay = Z Qi iy - a,, (k=1,...,n)

11 <t <--<ip

(tong nay c¢6 CF s6 hang).

Gia su
lax| = max{|a|, |az|, ..., |an|}.
Khi d6 ta c6
Crlaxl® = D laillas,| -+ |as | < Chlaxl".

11 <t <--<ip

Vay
|as| = [az| = - = [an]

Mat khac

la1 + ag + - - + a,| = nlaq]
nén ai, as, ..., a, cung dau va do dé chiing bang nhau va dat bang a. Ta

duge P(x) = (x — a)" 1a da thitc thod man diéu kién bai ra.
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Vi du 3.25. Chiing minh rang khong ton tai mot tap hitu han cac s6 thuc
duong M sao cho tng v6i mdi n nguyén duong déu ton tai da thic bac n thuoc

M|z] c6 dtng n nghiem déu thuoc M.
Loi gidi. Gia st ton tai tap
M ={ay,a9,...,a,} (a=a; <---<a,=0>)
thod man yeéu cau ctia bai toan. Khi d6 theo gid thiét thi ton tai da thic
P(x)=by+bixz+ -+ bya" € M[z]

sao cho P(x) ¢6 n nghiém xy, zs, ..., z, thuoc M. Theo Dinh Ii Viete thi

- bn—l ? bn—2 bn—l ? |bn—2 |
2= - -2 — 2 .
2" 52 -5 < ()

" AN
2<§ 2= 2= Vn € N*
na _jZI:Ej_ (a) + » n e N7

diéu nay 1a khong thé xay ra. Vay khong ton tai mot tap hitu han céc sb thuc

Suy ra

duong M sao cho tng v6i mdi n nguyén duong déu ton tai da thic bac n thuoc

M|z] c6 dtng n nghiem déu thuoc M.

Vi du 3.26. Cho da thiic f(z) € R[z] c6 it nhat 2 nghiéem thyc. Chiing minh
rang da thic P(z) = f(z) — f/(x) ciing c6 it nhat 2 nghiem thue.

Loi gidi. Gia st 21,22 (v1 < 23) 1a nghiém ctia f(z). Xét ham s6

Ta co
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Theo Dinh 1i Rolle thi ¢/(z) c¢6 it nhat mot nghiem thuc trong (a1, x2) néu
11 < Tp v ¢6 nghiém bing z; néu x, = 1. Suy ra da thiic P(z) c6 it nhat
mot nghiem thye. Vi deg f(z) = deg P(x) = n nén néu n 1& thi hién nhien
f(x) c6 it nhat 3 nghiem thyc va vi vay theo 1ap luan trén thi P(x) sé c6 it
nhat 2 nghiém thyc. Néu n chén thi do P(z) c¢6 nghiém thic nén né phai c6

it nhat 2 nghiem thue.

3.1.5 Cac bai toan vé phuong trinh, hé phuong trinh dai s6

Mot phuong trinh véi an phitc f(2) = 0 va véi nghiem z = z + iy, c6 thé giai
bang cach tach phan thuc va phan 4o, ta luon c6 thé dua vé dang hé phuong

trinh
{h(fv, y) =0

g(z,y) = 0.
Chéng han, dé tim can bac ba ctia s6 phtc 1 + ¢, ta tim s6 phtc 2 = = + iy

sao cho 23 =1 4 i. Bing cach tach phan thuc va phan 4o trong ding thic
(x+1y)* =1+1,

ta thu dugc hé phuong trinh

2 —3xyt =1
{3:52y — ?gj?’ = 1. (3.28)

Giai he nay, tim duge (x,y), tu do, ta sé tim duge z. Tuy nhién, r6 rang z cé

thé tim dugce bang cach khai can 1 + ¢, cu thé la

2=v1+i= i’/ﬂ(cos%—l—z’sinz)

4

2k 2k
V2 {Cos (% + Tﬂ) +isin (% v Tﬂ)] L k=0,1,2.
T d6, ngugce lai ta da tim duge nghiém ctia hé phuong trinh (3.28) la

(s ™ 2km\ o= . (T 2km B
(557?/)—(\/5008(12—!- 3 ),\/ism(m—l— 3 )), k=0,1,2.
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Nhu thé, mot s6 hé phuong trinh c6 thé c6 "xuat x@" tit cac phuong trinh
nghiém phtic. Bing cach di ngugdc lai qua trinh tit phuong trinh nghiém phiic
ve hé phuong trinh, tit hé phuong trinh da cho ta thu dudc phuong trinh
nghiém phiic gbc. Giai phuong trinh nghiém phiic nay, so sanh phan thyc va
phan 4o, ta duge nghiém ctia hé phuong trinh.

Tiép theo, ta xét vi du sau day.

Vi du 3.27. (Viet Nam 1996) Giéi hé phuong trinh

1
vV3z |1+
r+y

1
VTy 1 - = 44/2.

r+vy

=2

Loi gidi. Trude hét, ta nhan thay =,y > 0. Dt /o = u, /y = v. Heé phuong

LYz
b w2 +v2) /3
1 4/2
v(1-—— ) =2Y2
u? + v? VT

Vi u? 4 v? la binh phuong ctia mo-dun sé phitc z = u + iv, bang cach cong

trinh da cho trd thanh

phuong trinh thit nhat v6i phuong trinh thit hai (sau khi nhan véi 4), ta dugc

P NG
N AL V2

S
w402 /3 N4

U — z 1 .
Vi ——— = — = —, nén phuong trinh trén dugc viet lai duéi dang
w402 22 2z

1 2 42
z—

ph-=—+

2 V3T

) 2 4V2 B
&z —<7§+27>z+1—0

¢w:—i2—HC€iﬂ>

1
V3 V21 V7
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T d6 suy ra

(1 2 22
(u,v) = <ﬁiﬁ’7i\/§>

Do dé hé phuong trinh da cho c¢6 hai nghiém
2
1 2 \? (22 11 4 22 8
) =(—=+t—) ,| == +V2 ==+ — 24+ ).
(®:9) (\/5 m) <ﬁ ) (21 Viak ﬁ)

3.2 Cac bai toan veé da thiic

3.2.1 Phuong trinh ham trong da thic

Nghiém ctia da thitc dong vai tro quan trong trong viéc xac dinh mét da thiic.

Cu thé néu da thic P(z) bac n c6 n nghiem z1, 29, ..., z, thi P(z) c¢6 dang
Plx)=clx —z1)(x —x2) -+ (x — ).

Tuy nhién, néu chi xét cidc nghiém thuc ctia da thic thi trong nhiéu truong
hop sé khong c6 di sd nghiem. Hon nita, trong cac bai toan phuong trinh ham
da thitc, néu chi xét cac nghiem thyec thi 1i giai sé 1a khong hoan chinh. Dinh
1i co ban ctia dai s6 vi vay déng mot vai tro hét sic quan trong trong dang
toan nay. Ta stt dung cach phéat biéu don gidn nhat ctia né: mot da thic véi
hé s6 phiic (bao gom ca s6 thyc) luon c6 it nhat mot nghiem phiic (bao gom

cé nghiém thuc).

Dudi day ta xem xét mot sd ap dung.

Vi du 3.28. Cho 0 < a < 1. Tim tat cd cac da thic f(z) bac n (n > 2) sao

cho ton tai day so 71,79,...,7, (r; <79 < ... < 17,) thod man cac diéu kien
sau
f(ri) =0, o
{ flar; + (1 —a)riy) =0 (1=1,2,...,n).
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Loi gidi. Nhan xét ring v6ia < b vaz = aa+ (1 —a)b thi z € (a,b). Khi d6

1,1 2a-1
L — r—b a(l—a)(b—a)

1 1
Dovayp>0khivachikhia>§,p<0khivachikhia<5Vép=0khi

1 )
va chi khi oo = 5 Theo gia thiet thi

flz) = CH(I — i)

BN
f(x) -

1 P
Vin>3val<a< 5 ta dit x = ar; + (1 — a)re. Khi dé theo gia thiét thi
f'(z) = 0 va dong thai ta lai c6

flo) 1 1 +y L o,

fl) z—r  x—r —r—T

mau thuan. Tuong ty véi n > 3 va % < a < 1 ta ciing nhan duge diéu vo Ii.
Néun =2va a # % thi tuong tu nhu trén ciing dan dén diéu mau thudn. Do
vay chi con truong hop n =2 va a = % dé xét. Khi d6 moi tam thiic bac hai
c6 2 nghiém phan biét déu thod man deé bai.
Vi du 3.29. Tim tat cd cic da thic P(x) khdc hing sao cho

P(x)P(x+1) = P(x* +x+1), Vr € R, (3.29)
Loi gidi. Gia st xg 1a nghiem cta P(z) = 0. Khi d6 22 + 2o + 1 ciing 1a
nghiéem. Thay x béi z — 1 trong (3.29), ta thay rang

P(z — 1)P(x) = P(z* —x + 1).

Vi P(x9) = 0 nén z2 + 2o + 1 ciing 14 nghiém cta P(z) = 0.

Chon « 1a nghiém c¢6 mo-dun 16n nhat (néu ton tai vai nghiem véi mo-dun 16n
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nhat, ta chon mot trong s6 cac nghiém do6). T cach chon o nhu vay ta suy ra
0 +a+1<|o|vala?—a+1|<|a]vicda* +a+1vaa?—a+1deula
nghiém cia P(z) = 0.

Ta nhan xét rang o # 0. Tiép theo, ta co

2lal = |(a2+a+1)—(a2—a+1)| < |a2+a+1|+|a2—a+1| < la|+]a| < 2|al.

Vay phai x4y ra dau dang thiic nén tit day suy ra o’ +a+1= —3(a? —a+1)
v6i mot hang s6 duong 3 ndo d6. Hon nita tit tinh 16n nhat clia || ta con suy
ra

& +a+1]=|a®—a+1|=|a

Nhu vay =1 va ta cé
2 _ 2
a“+a+l=—(a"—a+1),

suy ra o? +1 = 0. Tt d6 o = +i va 22 + 1 1a thita s6 ctia P(z). Nhu vay ta c6

thé viét P(z) dudi dang
P(z) = («* + 1)"Q(x),

trong d6 Q(z) 1a da thic khong chia hét cho x? + 1. Thé ngugc trd lai vao
phuong trinh (3.29), ta thay Q(z) cling thod man diéu kién

Qx)Q(x+1)=Q(2*+x+1), Vz € R. (3.30)

Néu phuong trinh Q(z) = 0 lai ¢6 nghiém thi 1f luan trén day suy ra nghiém
c6 mo-dun 16n nhat clia n6 phai 1la +i. Diéu nay khong thé xay ra vi 22 + 1
khong chia hét Q(z). Ta suy ra rang Q(z) 1d mot hing sb, gid st 1a ¢. Thay
vao phuong trinh (3.30) cia Q(x), ta dugec ¢ = 1. Nhu vay 16p céac da thiic
thod man phuong trinh (3.29) 1a P(x) = (2% 4+ 1)™ v6i m 1a mot s6 nguyén

duong nao do.
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Vi du 3.30. Tim tét ca cac da thic P(x) thod man diéu kien
P(z)P(x +1) = P(z?), Yo € R. (3.31)

Loi gidi. Gia sit « la nghiém cta phuong trinh P(x) = 0. Khi d6 tit phuong
trinh suy ra o?, o, o, ... cing I nghiém ctia P(z) = 0. T day suy ra
rang |a] = 0 hodc |a] = 1, vi néu nguge lai ta sé thu duge day vo han cac
nghiém phan biét ctia P(z). Tuong tu o — 1 1a nghiém cta P(x) va li luan
tuong tu, ta cling duge |a — 1| = 0 hodic |a — 1| = 1. Gi st rang |a| = 1
va |a — 1] = 1. Ta viét a = cos3 + isin3, ta thay ring 2cosf = 1. Tu day
suy ra cosf3 = % hay # = g hoac ( = 5%. Gia st [ = g Xét a? ciing
14 nghiem ctia P(x) = 0. Nzhu vay o® — 1 ciing la nghiém ctia P(z) = 0 va
la? —1| = (cos (2%) — 1) + sin? (2%) = 3. Mau thuan vi moi nghiém cta
P(x) = 0 c6 mo-dun bang 0 hodc 1. Tuong tu véi truong hop 3 = 5%.
Nhu vay ta cé thé két luan réing o = 1, hodic a — 1 = 0. Tit day P(z) c6 dang
P(x) = cx™(1 — x)", véi ¢ 1a mot hing s6 ndo d6 va m,n la cac s nguyen
khong am. Thay vao phuong trinh da cho, ta dé& dang kiém tra dugc ring ¢ = 1

va m = n. Nhu vay 16p céc da thitc thod man diéu kién da cho 1a
Plz)=a2"(1—x)™,
trong d6 m 1a mot sd tu nhién.
Vi du 3.31. Tim tét ca cac da thic P(x) théa man phuong trinh
P*(x) — P(2*) =22, Vx € R. (3.32)
Loi gigi. Néu dat P(x) = ax® + R(z) véi deg R(z) = r < k thi ta c6
P(z) — P(2%) = (a® — a)2®* + 2a2"R(x) + R*(z) — R'z?).

Tu d6 suy ra deg(P?(z) — P(2?)) hodc bang 2k néu a # 1, hodc bang k + r

néu a = 1 va r > 0, hodc bang —oo khi a = 1 va r = —oo (ttic 1a dong nhat
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bing 0). Tu d6, suy ra k < 4. Dén day ta dé dang tim dugc cdc nghiém ctia
(3.32) Ia 2 + 1,23 + z, 22% va —2%.

Vi du 3.32. Tim tat ca cac da thic P(z) thdéa man phuong trinh
P(z® —2) = P*(z) — 2, Vx € R. (3.33)

Loi gidi. C6 hai da thic hing théa man phuong trinh 1a da thic dong nhat
—1 va da thitc dong nhat 2. V6i cac da thitc bac 16n hon hay bang 1, 4p dung
hé qua ctia dinh 1i ta suy ra véi mdi s6 nguyén duong n, ton tai khong qua mot
da thitc P(z) théa man (3.33). Diém kho & day 1a ta khong c6 co ché don gian
dé xay dung cac nghiem. Diing phuong phap dong nhéat he sb, ta tim dude céc

nghiém bac 1, 2, 3, 4 lan lugt la:
x, 2% — 2,23 — 3z, 2" — 42 + 2.
T day, c6 thé du doan duge quy luat ctia day nghiem nhu sau:
P,=2 P=x Pyi=2P,—P,1, n=1,2,3,... (3.34)

Cudi cung, dé hoan tat 15i giai bai toan, ta chi can ching minh céc da thic
duge xac dinh bdi (3.34) théa man phuong trinh (3.33). Ta c6 thé thyc hien
diéu nay bang cach st dung quy nap toan hoc hoac bang cach sau:

Xét x bat ky thuoc [—2;2], dat = = 2cost thi tir cong thiic (3.34), ta suy ra
Py(x) =4cos2t —2 = 2cos2t, P3(x) =2cost.2cos2t —2cost = 2cos 3t,

va néi chung P, (z) = 2cos(nt). T do, ta c¢6

P (2*—2) = P,(4cos’t—2) = P,(2cos2t) = 2cos(2nt) = 4cos?(nt)—2 = P*(z)—2.

Dang thitc nay ding véi moi o € [—2;2] do d6 ding véi moi 2. Bai toan dugce

gidi quyét hoan toan.
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Vi du 3.33. Tim tat ca cac bo (a; P; Q) trong dé a 1a hing s6 thue, P,Q la

cac da thtc sao cho: ) )
Pi(x)  P(a®)
o (i) =5 (;) +a. (3.35)

Loi gidi. Néu (a; P; Q) la nghiém thi (a; P- R; Q- R) cling 1a nghiem. Khong

mat tinh tong quat, ta gia st (P;Q) = 1.
Phuong trinh c6 thé viét lai thanh
P(2)Q(z%) = Q*(x)(P(z%) + aQ(z?)). (3.36)

Do (P?(x); @*(z)) = 1 nén tit day ta suy ra Q*(z) = cQ(z?). Tu d6 giai ra
duge Q(x) = ca™, v6i n 1a s6 ty nhién nao d6. Thay vao phuong trinh (3.36),
ta duge
P?(x) = cP(2%) + ac’x™".
P
bat R(x) = ﬂ, ta dugc phuong trinh
c
R*(z) = R(z?) + az®". (3.37)

Thay x = 0 vao phuong trinh (3.37), ta dugc R*(0) = R(0). Do (P;Q) = 1
nén a # 0 va R(0) # 0. Tt d6 R(0) = 1. Dat R(z) = 1+ 28S(z) vé6i S(0) # 0.
Thay vao (3.37), ta duge:

1+ 2285 (x) + 2% 8% () = 1 + 2°*S(2?) + a®"

& 208S(x) + 2% (9% (2) — S(2?)) = ax®".
Néu k > 2n thi chia ca hai vé cho 22", ta dudc
20572 S () + 2% 72(S?% () — S(2?)) = a.

Thay = 0 vao suy ra 0 = a, mau thuan.

Néu k < 2n thi chia hai vé cho k, ta dugc

25(x) + 2F(S%(x) — S(2?)) = az®*.
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Thay = = 0 vao, suy ra S(0) = 0, mau thuan.
Vay chi con mot kha ning cé thé xay ra la k = 2n. Liac dé ta duge phuong
trinh

25(x) + 2*(S*(x) — S(2?)) = a.
If luan tuong tu nhu trong 10i gidi ctia vi du 3.31, ta suy ra S?(z) — S(2?) hoic
dong nhat bang 0, hodc c¢6 bac > bac cia S(z). Nhu vay, néu S?*(z) — S(a?)
khong dong nhat 0 thi vé trai sé c6 bac 1a 2n + s, mau thuan.
Vay S%(z) — S(z?) =0, suy ra S(z) = g, va thay lai vio dang thiic
S%(z) — S(2?) = 0 ta suy ra a = 2. Ta duge két qua

a=2, Q(x)=cx", P(x)=c(l+2°").

Vi du 3.34 (Viét Nam 2006). Hay xac dinh tat ca cac da thic P(z) v6i he

s6 thuce, théa man heé thic sau:
P(z?) + 2(3P(x) + P(—x)) = (P(x))? + 22%, Vo € R. (3.38)
Loi gidi. Thay x = —x vao (3.38), ta dugc
P(z®) — 2(3P(—x) + P(z)) = (P(—x))* + 22°. (3.39)
Trie (3.38) cho (3.39), ta dugc

4a(P(x) + P(—x)) = P*(z) — P*(—x)
< (P(x)+ P(—xz))(P(x) — P(—x) — 4x) = 0. (3.40)

(3.40) dang v6i moi x thudc R, do d6 ta phéi c6 hodc 1a P(x) + P(—z) =0
ding v6i vo s6 cac gia tri z hodac P(z) — P(—x) — 4z = 0 ding v6i vo sb céc
gid tri x.

Do P(x) la da thiic nén tit day ta suy ra hodc P(x)+ P(—x) = 0 ding v6i moi

x hodc P(x) — P(—x) — 4z = 0 dung vé6i moi x.
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Ta xét cac truong hgp sau:

Truong hop 1. P(x)+ P(—z) = 0. Khi d6 ta c6 phuong trinh
P(2®) + 2zP(z) = (P(2))* + 22% & P(2?) — 2 = (P(x) — 2)%.

Diat Q(z) = P(x) — x thi Q(z?) = Q*(z), tadugc Q =0, Q =1, Q(z) = =™

Tu d6 P(x) = z, P(x) = 2+ 1, P(x) = 2™ + x. So sanh véi diéu kien

P(x) 4+ P(—z) =0, ta chi nhan dugc cac nghiém:
Px)=xzvaPlx)=2*"+2, k=0,1,2,...

Truong hop 2. P(x) — P(—x) — 4z = 0. Khi d6 ta ¢6 phuong trinh

P(z?) + 2(4P(x) — 42) = P*(x) + 22° & P(2?) — 22 = (P(x) — 22)%

Dat Q(z) = P(z) — 2z thi Q(2?) = Q*(x), ta dugc Q =0, Q =1, Q(x) = z™.
T d6 P(z) = 2z, P(z) = 2z + 1, P(x) = 2™ + 2z. So sanh véi diéu kién
P(x) — P(—x) — 4z = 0, ta chi nhan dugc cac nghiém:

P(z) =2z, P(z)=2r+1va P(z) =2?*+22, k=1,2,3,...

Téng hop hai trudng hgp, ta co tat ca nghiem ciia (3.38) 1 cac da thiic
P(z) =z, P(zx) =2z, P(x) =2z +1,
P(z) =2 4z, Pl)=2* + 2z véi k = 2,3, ...

Vi du 3.35. Tim tat ca céc da thiic véi hé s6 thuyc P(z) thoa man dang thiic
sau v4i moi s thuc x

P(z)(22%) = P(22° + z). (3.41)

Loi gidi. Ta sé di tim nghiém khong dong nhat hing s6 bac nhé nhat clia
(3.41). Xét truong hop P(x) ¢6 bac nhat, P(z) = ax + b. Thay vao (3.41), ta
co

(ax +b)(2a2* +b) = a(22® + x) + b
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So sdnh hé s6 clia cac don thitc 6 hai vé, ta duge hé
a®=2a, 2ba®* =0, ab=a, b* =0

Hé nay vo nghiem (do a # 0) nén ta c6 thé két luan: khong ton tai da thiic
bac nhat thoéa man (3.41).
Xét truong hop P(z) c6 bac 2, P(x) = az® + bx + ¢. Thay vao (3.41), ta c6

(az? + bx + ¢)(4az* + 2b2* + ¢) = a(22® + x)* + b(22°> + ) + ¢

& 4a®2® + dabz® + (4ac + 2ab)z* + 2b%2° + (ac + 2bc)x? + bex +

= 4az® + dax* + 2022 + ax® + bz + ¢
So sdnh hé s6 cic don thic ¢ hai vé, ta dugc he
4a* = 4a, 4ab =0, 4ac + 2ab = 4a, 2b*> = 2b, ac+2bc=a, bc=b, * =c¢

Heé nay c6 nghiéem a = ¢ = 1, b = 0. Nhu vay, P(x) = 2? + 1 1a da thic bac
hai théa man (3.41). Ta suy ra (224 1)* 1a tit ca cac da thitc bac chin (khong
dong nhat hang s6) thoa man (3.41).

Vay con cac nghiém ciia (3.41) c6 bac 18 thi sao? Ré rang da thiic 2%+ 1 khong
"sinh" ra dugc cac nghiém bac 16. Rat may mi#n, ta c6 thé ching minh da
thiic bac 1é khong thé la nghiém ctia (3.41). Dé chitng minh diéu nay, dya vao
tinh chat moi da thic bac 1é déu c6 it nhat mot nghiem thie, ta chi can chiing
minh néu P(z) 1a mot da thitc khac hang s6 théa man (3.41) thi P(x) khong
c6 nghiém thyc (day chinh la ndi dung bai thi HSG Viét Nam 1990).

That vay, gid st a 1a nghiém thyc ctia P(z), khi d6 202 + « ciing 1a nghiem
ciia P(x). Néu a > 0 thi ta c6 o, a + 203, a + 202 + 2(a + 2a3)3, ... diy tang
va tat ca déu la nghiem ctia P(x), mau thuan. Tuong ty, néu o < 0 thi day

noi treén 1a diy gidm va ta ciing c6 P(z) c¢6 vo so6 nghiem. Néu o = 0, dat



120 Chuong 3. Mot s6 1ing dung ctia s6 phiic trong dai s
P(z) = 2*Q(z) véi Q(0) # 0, thay vio phuong trinh ta co:

2" Q(2)(22%)Q(22%) = (22° + 2)"Q(22° + )
& Qx)(227)'Q(227) = (22” +1)"Q(22° + ).

Thay z = 0 vao ta duge 0 = Q(0), mau thuan.
Vay P(z) khong c6 nghiem thuc, c6 nghia la P(z) khong thé cé bac 18. Noi

cach khéc, bai toan da dudc gidi quyét hoan toan.
3.2.2 Cac bai toan vé da thic bat kha quy

Nghiém phiic ctia da thic véi hé sé nguyén, trong nhiéu truong hop 1a chia
khoa dé chitng minh tinh bat kha quy (trén Z va Q) ctia da thitc d6. Ching
ta tim hiéu cac 1f luan mau trong van dé nay thong qua cac tinh chat va vi du
sau day.

Truée hét xét mot sb6 tieu chuan xét tinh bat kha quy ctia da thitc v6i hé sb

nguyen.

Dinh 1y 3.1. (Tiéu chuan Eisenstein®)
Cho P(x) = apa™ + ap_ 2™t + -+ + a1 + ag la mot da thiic hé s6 nguyén.
Gid si ton tai s6 nguyén to p théa man nhing dieu kién sau:
1) a, khong chia hét cho p.
2) Tat ca nhitng hé s6 con lai déu chia hét cho p.
3) ag khong chia hét cho p?.
Khi dé da thiic P(z) bat khd quy trén Q|x].

Ching minh. Gia st da thic P(z) kha quy trén Z[z| va P(x) = g(z)h(x),
trong do
gx)=by+biz+---+bax", b €Z, 0<r<n

h(z)=co+az+-+ca®, €L, 0<s<n.

'M.Eisenstein (1823-1852) 1a nha toan hoc Ditc.
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Dong nhat hé sé trong ding thitc P(z) = g(x)h(x) ta dugc

(
aog = boco
a] = 6100 + boCl

Theo gia thiét p chia hét ag = bycy, ma p 1a sd nguyén t6 nén hosic p chia hét
b hoisic p chia hét c¢g. Gia st p chia hét by, thé thi p khong chia hét cy,vi néu
khong thi p? chia hét ag = byco, trai gia thiét. p khong thé chia hét moi hé s6
ctia g(z), vi néu thé thi p sé chia hét a, = b,cs, trai gia thiét.

Gia st by (0 <t < n) la he s6 dau tién trong day he sb by, by, . .., b, clia g(z)
khong chia hét cho p.

Xét a; = byco + by_1cy + -+ - + bocy, trong d6 ag, by_1, . . ., by déu chia hét cho p.
Vay byco phai chia hét cho p, ma p nguyén t6, ta suy ra hoac cq chia hét cho

p, hosic b; chia hét cho p, mau thuin gia thiét vé b, va cp.

Vi du 3.36. Ching minh rang néu p 1a mot s6 nguyén t6, thi da thiic
Plx)=at+aP 2+ fao+1

bat kha quy tren Q[z].

Loi gidi. Ta bién doi da thitc P(z)

r_q

bat x — 1 = y, ta nhan dugc:
P(x) = w " C';yf”_z 4+t 05—2?/ + sz’,’_l.
Dat Q(y) = y* '+ Chy? > +- -+ CP?y+CP~. Do Q(y) la da thitc Eisenstein,
Q(y) bat kha quy, suy ra cd P(z) cling bat kha quy, vo Ii.
Qua vi du trén ta thay ring bing cach doi bién ta c6 thé ching minh su bat kha

quy clia da thitc chura thoa man tiéu chuan Eisenstein thanh da thic thda mén
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tieu chuan Eisenstein. Diéu nay phét huy tac dung ctia tiéu chuan Eisenstein.
C6 rat nhidu vi du dé thyc hién phuong phap nay nhu P(z) = z* — 22 + 3
bat kha quy vi ta thay thé z = y + 1 vao da thitc P(x) thi nhan duge da thiic
théa man tieu chuan Eisenstein y* 4 41> + 6y + 2y + 2. Nhung khong phai lac
nao ciing thay bién dé dua mot da thic chua théa méan tieu chuan Eisenstein

thanh da thitc thoa man tiéu chuan Eisenstein. Ta xét tiép vi du sau

Vi du 3.37. Ton tai da thiic bat kha quy, ma né khong c6 mot cich bién
ddi tuyén tinh clia an nao c6 thé chuyén no thanh da thiic Eisenstein (véi s6

nguyén to p nao do).

Lot gidi. Xét da thic P(z) = 22?2 + 1, da thitc nay bat kha quy trén Q|z].
D&i bién x = ay + b (a, b 1a nhitng s6 nguyen bat ki). Khi do ta c6

Q(y) = 2a*y* + daby + 2b* + 1.

Gia st Q(y) 1a da thitc thdéa man tiéu chuan Eisenstein, nghia I ton tai s6
nguyén t6 p sao cho 2a? khong chia hét cho p, va 4ab ; (20% + 1) cung chia hét
cho p.

Suy ra, b khong chia hét cho p, nhung khi d6 4a chia hét cho p, tit day c6 hoic
a chia hét cho p hosic 4 chia hét cho p.

T truong hgp thi nhat ta nhan duge hé sé cao nhat ctia da thitc Q(y) chia
hét cho p, dieu nay vo li.

Tu truong hgp thit hai 4 chia hét cho p, suy ra p = 2. Nhung khi d6 262 + 1

khong chia hét cho p ta ciing thu duge diéu vo Ii.

Dinh 1y 3.2. (Tiéu chuan Eisenstein mé rong)
Cho P(z) = ana™ + an_ 12"t + -+ + a1 + ag la mot da thiic hé so6 nguyén cé
bac n. Gid st ton tai so nguyén to p théa man nhiing dieu kién sau:

1) a, khong chia hét cho p.

2) Ton tai k, 0 <k <mn sao cho ag,ay,...,ax chia hét cho p.
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3) ag khong chia hét cho p*.
Khi dé da thic P(z) c6 da thic wdc bat kha quy trén Z[z] ma bac cia né khong
nho thua k + 1.

V6i k = n — 1 ta dudc tieu chuan Eisenstein quen thuoc.

Chitng minh

Néu da thic P(z) bat kha quy tren Z[z] thi dinh i duge ching minh.

Néu da thitc P(z) khong bat kha quy trén Z[z] va duge biéu dién thanh tich

clia nhitng da thic v6i hé sd nguyén bat kha quy

Do ag : p, nén heé s6 tu do ctlia mot da thitc nao dé ciing chia hét cho p.
Khong mat tinh chat tdng quat ta coi d6 1a hé s6 tu do ctia da thic g(x).
Khi d6 ta c6 thé viét P(z) dudi dang sau

trong dé
gx)=bo+bx+---+ba", b €Z, 0<r<n
hz)=co+cx+- - +cx®, ; €Z, 0<s<n.
Vi da thiic g(x) duge chon sao cho by @ p, ma ag = bocy [ p* nén cy [/ p.
Ciing theo gia thiét thi a, = b.cs [/ p= b, [ p.
Gia stt by (0 <t < r)lahe sbé dau tién ctia g(x) trong day bg, by, . . ., b, khong

chia hét cho p. Ta xét
Ay = th() + bt_lcl + -+ Ctbo.

O vé phai clia déng thitc nay c6 s6 hang dau tien ciia tdng khong chia hét cho
p, con lai cac chia hét cho p. Nén a; khong chia hét cho p, va theo gia thiét
tht 2 ctiadinh lithit > k+1,suyrak+1—1t<0.
Tacorzr+k+1—t=(k+1)+r—t>k+1
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Vi du 3.38. Chiing minh da thic sau bat kha quy
P(z) = 2* +2° — 32* — 3 — 3.

Lot gidi. Gia st P(x) khong bat kha quy trén Zz]. Ap dung dinh If trén véi
k =2, p =3, suy ra da thitc uéc thyuc su cia P(x) la G(x) ¢ bac > 2+1 =3
bat kha quy. Tt d6 deg G(z) = 3, suy ra P(x) c6 nghiém hitu ti, nhung nghiem
hitu ti ctia P(z) néu c6 1a uée ciia 3, kiém tra thay cac uéc nay déu khong 1a

nghiém ctia P(z). Vay P(z) bat kha quy trén Z[z] nén bat kha quy tréen Q|z].
s s . 1
Bo6 deé 3.1. Cho & la mot so phic sao cho Re& < b — 5 Khi do
b—¢ > [b—1-¢|.

Chitng minh. Dit £ = n+i¢ v6in, ¢ 1a cac sd thuc, va ki hieu Re ¢ 1a phan
thie ctia s6 phiic &.

. 1
Theo gia thiet thi Re{znvan<b—§. Ta co
2 2
b—¢|>p—-1-¢l e b—¢ > |b—1—¢
S0 =2+ n*+ =02+ 1+n*—2b— 2bn+ 2 + £

1
Sn<b— .
m 2

B6 dé dugc chitng minh.
Dinh ly 3.3 (Tieu chuan Perron). Cho P(z) la da thic vdi hé s6 nguyén. Gid
thiét ton tai s6 nguyén b va s6 nguyén to p, sao cho chiing théa mdn nhiing

dieu kién sau:

1. P(b) =p,

2. P(b—1) %0,

3. Tat cd cdc nghiem & (i = 1,2,...,n) cla da thic P(x) théa man bat
dang thic Re& < b — %

Khi dé da thic P(z) bat khd quy trén Z[z).
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Chitng minh. Gia st P(x) = G(z)H(x), 6 day G(z), H(x) la da thic nguyén
khong phai & hang so.

Tit dang thidc P(b) = p (do p la s6 nguyen t6) suy ra G(b) = £1 va H(b) = +p
hodc 1a G(b) = £p va H(b) = £1.

Xét G(b) =1 va gid st nghiém cia G(x) 1a &, &, ..., & (1 <k <n). Khi dé

Ga) = clz = &)(r = &) .- (r = &),

¢ day c 1a he s6 cao nhat cia G(z).

G(b)

VIiG(b) =1 va G(b— 1) € Z*, ta ¢6 bt dAng thitc }m}gmay I
‘ b—& b—¢& ‘ b— & ‘gl, (%)
b—1-61b-1-6& b—1-&
5N N PURDINEEN s 1.2 ax s 2 6_51 40t s ~
dieu nay vo li, vi theo véi bo de 3.2 thi ¢6 m > 1 v6i moi ¢. Nhu vay,

da thitc P(z) bat kha quy trén Z[z].
Vi du 3.39. Cho b > 3 la s6 nguyén va p la mot s6 nguyeén to.
Ta viét p trong hé s6 co s6 b, nghia 1a p c6 dang
p=ah" +a b+ +ay,

¢ day n 1a s6 tu nhien, ag #0va0< a; <b (i =0,1,...,n). Xét da thic

P(z) = apz™ + a1z" ' + -+ + ay.
Chiing minh rang P(z) bat kha quy trén Z[z] (gia thiét p > b vi véi p < b thi
da thiic 1a hang s6).
Loi gidi. Ta dung tieu chuan Perron. Hién nhién P(b) = p va P(b—1) # 0,
vib—1 > 1, vi tat ca he s6 a; khong am va it nhat mot trong ching la s6
duong.

Ta chi can chitng minh moi nghiém ¢ ctia P(x) théa man bat dang thiic

1
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Néu Reé < 0 bat ding thic Reé < b — % Ja hién nhien.

Néu Re& > 0. Ta ki hieu 7 1a mo dun ciia &, nghia la || = 7.

e Néu r < 1, tit bat ding thic hién nhién Re ¢ < }Ref} <r<l<b-— % suy
ra Reé < b— % 1 hién nhien vi b > 2

e Néur > 1, véi cac diéu 6 trén thi ¢ # 0, khi d6 chia ca hai vé clia dang
thic P(£) = 0 cho &" ta nhan dugc

ap —|- - ‘|‘ ‘|‘ —|- — =0.
£ & 5"
Tu day ta co
‘ + 2 =2
a/O _— o _— ) — .
£? "
Theo bat déng thic vé médun cho vé phai, ta c6
e I
52 é‘n 5‘ }g}n r2 rn’

a1
ma‘Re<a0+—)‘\‘(a0+—)‘ nén
3 3
[Re (a0 + )| < 540+ 22
é‘ 7:2 rn

Ta biét rang a; < b— 1, ta c6 thé danh gia vé phai ctia bat ding thic trén

1
1—
ao an 1 1 b—1 n—1
B I b—l(— _): . r_—.
R s N Cllt D i SRR E|
”
Bé&i vi r > 1, tit bat déng thic cudi ciing ta nhan dudc
az an 1 1 1
2 I e (=) —
2+ +7’“ ( )7’21_1 ( )r(r—l)’
r

tir do suy ra
1

‘Re (ao + %)‘ < (b— 1)m
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Nhung ta gia thiét Re& > 0 suy ra Re B (vi ap 1a s6 khong am) va vi ag

13 mot s6 nguyén duong, nén Re (ao + %) > 1. Suy ra

Re(ao+%):‘Re<ao+%)‘>l

va cudi cling ta nhan duge bat ding thic
1

1< (b—l)m.

Vir > 1 nén tit bat dang thiic cudi ciing ta suy ra 7(r — 1) < b — 1.
3

Giéseref26—%,hayl§w’>b—%:>r—126—5.

Nhan hai vé bat dang thtc trén ta c6 7(r — 1) > b* — 2b + Z, tr d6 co
62—26+Z<b—1 hoiic b? — 3b < —Z.

Vi b > 3 nén béat ding thic cudi khong xay ra. Ta cé diéu can ching minh.

Sau day ta tiép tuc xét them mot s6 16p da thiic bat kha quy khac nita

Vi du 3.40. Cho P(x) la da thitc ¢6 bac 1é n =2m + 1 va P(a;) = £1 véi n
s6 nguyéen khac nhau ay, as, ..., a,. Khi d6 P(x) bat kha quy.

Loi gidi. Gia st da thic P(x) phan tich duge thanh tich P(x) = G(z)H ()
v6i G(z), H(x)lanhitng da thitc he s6 nguyen khac hing s6. Khong mat tinh
tong quét ta c6 thé gia st deg G(x) < m.

Tit ddng thitc P(a;) = %1, suy ra G(a;)H(a;) = 1. Do nhitng s6 G(a;), H(a;)
la nhitng s6 nguyén, ta nhan duge G(a;) = £1 véi moi i = 1, n.

Nhung n = 2m + 1 > m, suy ra it nhat trong cac dang thiic G(a;) = 1 hoic
G(a;) = —1 théa man vé6i hon m gia tri cia i.

Mat khac, deg G(z) = m nén G(z) la da thiic hing s6 1 hodc —1, diéu nay
trai voi gia su.

Vi du 3.41. Cho P(z) la da thiic v6i he s6 nguyén bac n > 8. Gid sit ton tai k
nhitng s6 nguyén khac nhau a;, as,...,ay, ¢ day k > g, sao cho P(ag) = +1.
Khi d6 da thiic P(z) bat kha quy.
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Giai. Gia st P(z) = G(z)H (), khi d6 it nhat mot trong nhing da thiic G(z)
va H(z), cho d6 la G(x), ¢c6 bac m < g sao cho phuong trinh ‘G(I)‘ =1séco
k nghiém ay. Do k > g,m < g, nén k > m. Nhung theo gia thiét thi n > 8,
khi d6 £ > 5. Ta ¢6 hoic la G(a;) = 1, hoac 1a G(a;) = —1. Ma béac cua G(x)
nhoé hon k nén trong ca hai truong hop ta nhan duge G(z) 1a hing s6 +1 hodic
—1, la diéu vo 1.

Vi du 3.42. Chting minh riang néu da thiic f(z) € Z[z] bac n ma nhan gia tri
bang %1 tai nhiéu hon 2[%} diém nguyén phan biét thi f(z) la da thiic bat

kha quy.

Loi giai. Dit [g} =m. Gid st f(z) = g(x)h(z), trong d6 g(z), f(z) € Z[z]
va

0 < degg(zr) < degh(x) < n.

Vin = 2m hoiic n = 2m + 1 nén deg g(z) < m. Mit khac, theo gia thiét ton

tail s6 x1, a,...,2; (I > 2m) sao cho
f(z;) = g(zi)h(x;) = £1, i=1,2,...,0 (I >2m).

Suy ra g(x;) = +1 v6i moi ¢ = 1,2,...,l. Vay trong [ s6 z; phai c6 it nhat
m + 1 s6 dé g(z;) = 1 hodic g(x;) = —1 ma g(z) chi la da thiic bac nhé thua
hodc biang m nén g(xr) = 1 hoac g(z) = —1, trai véi gid sti. Vay f(z) 1a da
thitc bat kha quy.

Vi du 3.43. Cho ay,as, ..., a, la n s6 nguyén phan biét. Chiing minh réng
P@)=(x—a)*(z —a2)*...(x —a,)* +1
12 bat kha quy.

Loi gidi. Gia st P(z)lakha quy. Khidé P(z) = f(z)g(z), trong d6 f(x), g(x)

la cac da thitc c6 hé s6 nguyen va co bac 16n hon 0. Cé thé coi hé s6 cao nhét
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cia f(x) duong. Do P(z) vo nghiém nén f(z), g(x) cing vo nghiém, nén
f(z), g(z) 1a da thic duong trén R va f(ag)g(ar) =1 v6imoi k =1,2,...,n.
Gia st
flxy=a"+---, glay=2"+---, v6is+r=2n

Néu x4y ra r < s thi r < n nén g(z) =1, vo li.

Néu xéy ra r = s = n thi f(z) — g(z) c6 bac < n — 1 va triét tieu tai n diem
aj Nén

f(z) —g(x) =0 hay f(z) =g(z), Vz €R.

Do dé6 ta co
P(x) = (z — a1)2(x — as)* ... (x — @) + 1 = [g(2)]?
voig(z) — 1= (z —a1)(z —ag)...(x — ay,) va vi vay
(z—a)(x—a)’...(r—a)’+1=((z —a)(x —as)...(x —an) + 1)2,
v6i moi € R. Diéu nay khong thé xay ra. Vay P(z) bat kha quy.
Vi du 3.44. Cho ai, as,...,a, la n nhitng s6 nguyén khac nhau, p 1a s6
nguyen bat ki va

Plz)=plx—a)(r —az2)...(x —a,) + 1.

Da thtc nay bat kha quy, loai trit cac truong hop sau day:
1. p=4,n =2 Vi a1, as 13 hai s6 lién tiép, nghia 1a a; = as + 1. Cu thé
Pla)=4z—a)(z—a1—1)+1= 2z —a1) — 1)2.
2. p=1,n=4vaay,ay,as, as (5ap xép thich hop) 1a bon s6 lien tiép. Khi d6
Plz) = (z—a))(z—ar—1)(z—a;1—2)(r—a; —3)+ 1
= (e—a1—D(z—a1 —2) — 1)2.
3. p=1,n =2 va ay, as khac nhau 2 don vi, nghia la a; = ay + 2.

Khi d6 P(z) = (z —a1)(z —a1 —2) + 1 = (z — a1 — 1)2.
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Lot gidi. Gid st P(x) phan tich duge dudi dang P(z) = G(z).H(x) véi
G(z), H(z) 1a nhiing da thiic c6 he sé nguyen va c¢6 bac nhé hon n.
Vi P(a;) = 1, v6i i = 1,2,...,n, nén ta c6 G(a;)H(a;) = 1. Mat khac,

G(a;), H(a;) 1a nhitng s6 nguyeén, suy ra v6i moi ¢ thi
G(al) = H(al) =1V G(al) = H(al) = —1.

Khi d6 G(a;) — H(a;) = 0, suy ra G(z) — H(z) c6 n nghiém.
Ma deg (G(x) — H(z)) < n nén ta dugc

G(r)— H(x)=0< G(x) = H(x), Vx € R.

Ta c6 P(x) = G(x)?, n la sé chin, va hé s6 cao nhat ctia P(x) 1a p phai 1a s6
chinh phuong

Nghia la P(z) bat kha quy khi ta chi ra n 1a mot s6 1é, hodc n 14 chn nhung
p khong 13 s6 chinh phuong, trong truong hgp riéng p 14 mot so6 am.

Ta dat p = ¢*> van = 2m, 6 day ¢ 1a hé s6 cao nhat ctia G(x) con m 1a bac
ctia n6. Khong mat tinh tong quét gia sit ¢ > 0 (truong hop nguge lai ¢ thé
thay toan bo dau cia G(z)).

Ta xét da thic G(x), v6i méi i ta ¢ G(a;) = 1 hodc 1a G(a;) = —1. Ta sé
chiing minh méi ddng thiic nay théa méan véi ding m gia tri cta i.

That vay, néu G(a;) = 1 dang véi nhiéu hon m gia tri ctia i, ma bac cia G(x)
1a m nén G(x) trung vé6i hing s6 1, vo 1.

Suy ra s6 lugng k ctia chi s ¢ sao cho G(a;) = 1 khong 16n hon m.

Néu k < m, Ta sé nhan dugc G(a;) = —1 v6i n — k > m chi s6 cta i, tit day
ta lai suy ra G(z) trung vé6i hang s6 —1, vo li.

Nhu vay, dang thiic G(a;) = 1 chi thda méan véi ding m gia tri clia i.

Khong mat tinh tong quat ta cé thé cho G(a;) = G(az) = -+ = G(a,) = 1 va
khi d6 G(am+1) = Glamsz) =+ = G(a,) = —1
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Ta xét da thitc G(z) — 1. Da thiic nay c¢6 bac m, hé sd cao nhat 1a ¢ va da biét
m nghiém khac nhau aq, as, . . ., am,.

Suy ra G(z) — 1 =q(x —a1)(x —az)...(x — a,). Dit

o1(z) =(r—a1)(z —ag) ... (x — ap),
@2(37) = (I - am—l—l)(le - am+2) e (I - an)>

o(x) = p1(z)pa(z).
Tu P(x) = G(x)? ta co:
po(x) + 1= (qpr(x) + 1), suy ra pp(z) = ¢*pi () + 2qp1().

Ta biét rang p = ¢* va p(x) = p1(2)2(z), n = 2m, chia ca hai vé dang thiic

trén cho gpi(x), ta nhan duge
q(pa() — ¢1(2)) = 2. (%)
Ta so sanh hé s6 tu do hai vé trai déng thic, dé la
(—1)mq(am+1am+2 ey — 109 . . .am) = 2.

Suy ra ¢ = 1 hoac ¢ = 2, va tuong ing p = 1 hoac p = 4.
Nhu vay ta da chiing minh duge da thic P(z) bat kha quy khi p # 1 vap # 4.
Ta xét hai truong hop cu thé nay

Truong hop p =4 (¢ =2) : Trong truong hop nay (x) cé dang
(x —ami1) (T — ama2) ... (x—an) — (. —a1)(zr —az)...(r —an) =1. («a)
Ta chiing minh («) chi ding v6i m = 1. That vay, cho = = a; ta nhan duge
(a1 — ams1)(ar — amy2) - .. (a1 —ay) = 1. (xx)

Vi céc thita s6 6 vé trai 1a nhitng s6 nguyén, nén cic thita s6 thuoc {+1; —1}.

Néu m > 3, it nhat hai trong nhitng thita s6 nay tring nhau, vo i.
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Néu m = 2 ta chi c6 hai thita s6 va vi tich clia chiing duong nén ching cling
dau, suy ra ching tring nhau, vo li.

Néu m =1 thi (%) c6 dang (r —as) — (x —a1) = 1. Suy ra a; = as + 1. Nhu
vay phan 1 dugc chiing minh.

Truong hop p=1 (¢ =1) : Trong truong hgp nay (x) c6 dang
(= a1 ) (T — amy2) .. (x—ap) — (. —a1)(x —az) ... (x — ap) = 2. (x* %)
Ta chiing minh m < 3. That vay, thay x = a; vao (* % *x) nhan dugc

(a1 - am+1)(a1 — am+2) e (a1 — an) = 2.

Néu m > 4 thi ching minh tuong tu phan trén c6 it nhat hai thita sé6 bang
nhau. Suy ra m < 3.

Néu m = 3, thi (* * *) c6 dang
(a1 — aq)(ay — as)(ay — ag) = 2.

Tt dang thic nay suy ra hai trong nhing thita s6 ¢ vé trai bang +1, nhu vay
ching phai c¢6 dau trai nhau, vi nguge lai thi ching triing nhau.
Tachodélaa;—as=1, a; —ag = —1, khi d6 a1 —ay = —2 hay a1 = a4 — 2.
Ta lap lai cting 1f luan nhu déi véi a, thay vao chd a;. Ta nhan dude as = a;— 2,
& day ¢ 1a s6 nao day trong céac s6 4,5, 6. Dang thitc as = a4 — 2 khong xay ra
vi khi Ay thi a; = as. Suy ra as = as — 2 hoic 1a a; = ag — 2. Khong mat tinh
chat tdng quat ta cho as = a5 — 2.

Cubi ciing bang cach thay x = az vao (x**) va i luan tuong tit ¢6 a3 = ag — 2.
So sanh hé s6 clia 2% & (x % %) c6 —ay — a5 — ag +a; +ag +az = —6 # 0, vo Ii.
Nhu vay m # 3 va m chi con lai hai khé nang m =1 va m = 2.

Néu m = 2 : lan lugt thay vao (x * *) o = a; v = = as ta nhan dugc

(a1 —as)(ay —aq) =2, (az —az)(az —aq) = 2.
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Tt dang thic thit nhat suy ra bén kha niang sau:

ar—a3=1 a1 —as4=2; a1 —az=—1, a1 —aq4 = —2;

ag—a3 =2, a1 —as=1; a1 —az3= -2, a1 —aqg = —1.
Vi vai tro clia az va ay 1a ddi xting, nén ta chi xét hai truong hop dau la du.
Truong hop az =a; + 1 va ag = a1 + 2.

Thay vao dang thiic (as — a3)(az — a4) = 2, ta nhan dugc

. as—a;—2 = -2 az—a;—2 =1
(02_a1_1)(a2_a1_2)_2<:>{a2—a1—1 :_1\/{@2—@1—1 = 2.

Trong truong hop thi nhat nhan duge a; = ao, trai gia thiét.

Tt truong hop thit hai suy ra as = a; + 3.

Nhu vay a;a3 = a1 + 1,a4 = a1 + 2, a2 = a1 + 3 1a bon sd nguyeén lién tiép,
diéu nay da ching t6 phan 2 duge chitng minh.

Néum =1, thi (x*x*) c6 dang (v —az) — (z —ay) = 2, tu day suy ra a; = as+2,

tiic 1a phan & duge chiing minh.

Vi du 3.45 (IMO 1993). Chitng minh rang v6i moi n € N, n > 1, da thric
P(z) = ™+ 52""! + 3 khong thé phan tich thanh tich ctia hai da thitc c6 bac

khong nhoé hon 1 vé6i hé s6 nguyeén.

Loi gidi. Gia st x1, 29, ..., 7, 12 tat ci cdc nghiem cla da thic P(z).
Khi do6 ta c¢6
P(x)=(z —x1)(x —x2) - - - (T — ).

Suy ra 3 = (=1)"z129- - x,. Ta ¢6 v6i mai ¢ thi
2P+ 520t +3=0=3=[2""|z; +5], i=1,2,...,n. (3.42)

Gia st ngugde lai rang da thic P(x) kha quy, tic 1a P(z) = Q(z).S(z) véi
Q(z), S(z) 1a cac da thiic khac hiang vé6i hé sé6 nguyén. Thé thi 16 rang Q(x)

sé 1a tich clia mot s6 thita s6 z — x; va S(z) 1a tich clia cdc thita s6 con lai.
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Khong mat tinh téng quat, gia st
Q) = ([ —a)(@ —22) - (v —x), S(@) = (2 —@ps1) ... (z — Tn).

Suy ra |z179 - - Tg| VA |TEi1 - Tn| 12 clc s6 nguyen c6 tich 1a 3. Nhu vay mot
s6 bang 1 vi mot s6 bang 3. Khong mat tinh tong quat, gid st |22y - - 21| = 3
VA [Tpg1 x| = 1

Trong (3.42) cho i chay tit 1 dén k roi nhan vé theo vé, ta dugce
3k =|xy - ap" (w1 +5) - (2 +5)| = 31 |Q(=5)].

Suy ra k > n — 1. Nhu vay S(z) 1a nhi thic bac nhat va P(z) c6 nghiem
nguyen. Nhung nghiém nguyén ciia P(x) chi ¢6 thé 1a -1, 1, -3, 3. Kiém tra lai
thi ching déu khong 1a nghiem. Mau thuan nay ching t6 dieu gid st trén 1

sai, tiic da thiic P(x) 1a bat kha quy.

Vi du 3.46 (Nhat Ban 1999). Chitng minh ring khong thé phan tich da thiic
flz) = (@* +1%)(2® +2%)--- (2 +n®) + 1

thanh tich ctia hai da thitc hé sé nguyén bac 16n hon hay bang 1.

Loi gidi. Gia st ngugce lai, ta ¢6 f(z) = g(x).h(x) v6i g(z), h(x) 1a céc da
thitc v6i hé s6 nguyén c6 bac 16n hon hay bang 1. Khi do6, dé y réang f(£ki) = 1

véi k=1,2,...,n, ta co
1 =g(ki)h(ki), k==+1,42,, £n.

Vi s6 1 chi ¢6 4 cach phan tich thanh tich clia cac s6 nguyén trong Z[i] 1a

1.1, (—1).(—=1),i.(—7) va (—i).i nén ta c6 v6i moi k € {+1,£2,...,£n} thi

(g(ki); h(ki)) € {(1;1); (=1; =1); (45 —4); (—4;9) }.

Nhu vay trong moi truong hop ta déu c6 g(ki) = h(ki) = h(—ki). Nhu thé da
thic g(z) — h(—x) ¢6 2n nghiém phan biét, trong khi bac ctia né nho thua 2n.
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Vay ta phai c6 g(z) — h(—z) 1a da thiic hiang 0, tic 1a g(z) = h(—z). T d6
degg(z) = degh(x) = n.

Vi f(x) la da thitc don khéi (hé s6 bac cao nhat bing 1) nén ta c6 the gia st
g(z), h(x) don khéi. Khi d6 da thitc g(x) — h%(z) c6 bac nho hon 2n. Da thiic
nay c6 it nhat 2n nghiem ki véi k € {£1;+2;...;+n}. Suy ra g*(z)—h?(z) = 0.
Ta khong thé c6 g(x) = —h(z) vi g va h don khéi. Vay ta phai c6 g(x) = h(x).
Nhu thé f(z) = ¢*(z). Tu day suy ra (g(0))? = f(0) = (n!)? + 1. Diéu nay la
khong thé vi g(0) 1a s6 nguyén va n > 1.

3.2.3 Bai toan vé su chia hét ctia da thiic

Nhan xét rang néu da thic P(x) chia hét cho da thic Q(x) thi moi nghiem
clia Q(x) déu la nghieém ctia P(x). Tinh chat don gidn nay 1a chia khoa dé giai

nhiéu bai toan vé sy chia hét ctia da thitc. Ching ta xem xét mot s6 vi du.

Vi du 3.47. V6i gia tri nao ctia n thi 22" + 2™ + 1 chia hét cho da thiic

2+ + 1.
. R L, S 1 . 3 .. N . 2
Lot giai. Nhan xét rang ¢ = 3 + zg = Cosg + zsmg la nghiém cua

phuong trinh Q(x) = 2% + x + 1 = 0. Da thitc P(z) = z?" + 2" + 1 chia hét
cho Q(x) khi va chi khi P(¢) = 0. Diéu nay tuong duong vdi
dnm dnm 2nm

COST—I—’iSiH 3 + cos 3 +z’sin%+1:0

2
<:>2COS%+1:0<:>TL:3/€+1 hodc n = 3k + 2.
Vay véi n = 3k + 1 hosic n = 3k + 2 (k € Z) thi P(z) chia hét cho Q(x).
Trong vi du duéi day, mot lan nita, cin ctia don vi lai déng vai tro then chét.
Vi du 3.48 (USA MO 1976). Cho P(z),Q(x), R(z), S(x) la cac da thic sao
cho
P(2°) 4+ 2Q(2°) + 2*R(2°) = (z* + 2* + 2> + x4+ 1)S(2).

Chiing minh rang P(x) chia hét cho = — 1.
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2mi

Loi gidi. Dat e = e5 thi € = 1. Thay x lan luct bdi e, 2,3, &%, ta dugc

cac phuong trinh
P(1)+eQ(1) +e°R(1) =0

P(1) +*Q(1) +&*R(1) =0
P(1)+°Q(1) +°R(1) = 0
P(1) +£'Q(1) +*R(1) = 0

Nhan céc phuong trinh tir thit nhat dén tha tu lan lugt v6i —e, —e2, —e3, —,
ta duoce

—eP(1) —2Q(1) — *R(1) = 0
—?P(1) - £'Q(1) — (1) =0
—&3P(1) —eQ(1) — *R(1) = 0
—&'P(1) = £2Q(1) — *R(1) = 0

St dung déng thiic 1 4 ¢ + &2 + &3 + ¢? = 0, ta duge 5P(1) = 0, tiic 1a P(x)
chia hét cho z — 1.

3.2.4 Quy tac dau Descartes trong 1ing dung

Tiép theo, ta xét mot s6 bai toan khao sat sd nghieém thuec, s nghiém phiic
ctia da thic thong qua sé lan ddi dau hoiic s6 lan gitt nguyéen dau ctia day he
s6 tuong ting bang cach sit dung quy tac dau Descartes. Trén co s6 d6 mé rong

pham vi tng dung ctia quy tic nay trong dai so.
Bé dé 3.2. Ki hiéu sé vi tri doi déu clia day cic hé s6 cia cdc da thic bac n
f(z) = ao + a1z + agz® + - -+ + a, 2"

(=) = ag— a1z + apx® + - -+ + (=1)"a,z”
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lan luot la W+ va W—. Gid st a, la s6 hang dau tién khdac O trong day cdc hé

SO g, A1, A2, ..., Ay_1, Ay, ..., 0y cla da thic f(z). Khi dé

n—v—(Wr+W7)>0.

k

Chitng minh. Ki hicéu a,z”® vh ;2! 1a hai s6 hang thod man diéu kién

ar # 0,41 = Qg2 = - =a;—1 = 0,a; # 0.

Khi do
fl@) = a” + -+ apa” + qr’ + -+ a,2", a, #0.

Suy ra v la mot gia tri riéng cua k.

Néu (n — k) 1é thi v6i méi cap apz® + a;z! sé dong gop mot don vi vao cho W+
hoac cho W—.

Néu (n — k) chan thi tit cap apa® + a2' hai dai lugng W+ va W~ nhan thém
mot don vi cho mdi dai luwong hodc khong nhan gi ca.

Mat khéc ta c6
L

C
(n—v)=> (I—k+> (k)

L c
trong d6 tong > duge lay theo cac hicu (I — k) 1é, Y dugc lay theo céc hicu
(I — k) chdn. T d6 suy ra

L c
(n—v)=(Wr+W7)=> (I—k—=1)+ Y {l—k—[1—sign (aza)]}.
N Z L C N
Nhéan xét rang, cac s6 hang trong > va Y déu khong am. Do d6
(n—v)—(Wr+WwW-)>0.

Dinh 1y 3.4. Gid si da thic f(x) = ap+ a1z + agz® + - - + az™ (a, # 0) ¢6
cde nghiem déu thue, goi W la s6 vi tri doi dau ctia day hé s6 ag, ai, . . ., an VA

N la 56 khong diém duong ciia da thic f(x) thy W = N.



138 Chuong 3. Mot s6 1ing dung ctia s6 phiic trong dai s

Chitng minh. Gia st NT la s6 khong diem duong, N~ 14 s6 khong diém am
ctia f(x). Khi d6 N~ 1a s6 khong diém duong ctia f(—x). Do da thiic f(x) chi

c6 cac nghiem thuc nén véi cac ki hieu nhu bé dé 3.2, ta co
n=Nt+v+N hay n—v=N"4+N"
va
0 < (n—v)—(WHW™) = (N* AN )= (WH W) = (N* =W H) (N~ =)
Theo quy tic dau Descartes, ta co
(NT-WH <0va (N~ -W")<0.

Do do6
(N* =W =0va (N"—=W") =0.

Suy ra Nt = W™ tic la N = W.
Vi du 3.49. Cho da thrc
f(x) = ap + a1x + ax® + - - + a,a”
thod man cac diéu kien
ap #0, a, #0 va 2m hé sb lién tiép déu bang 0, véi m € ZT,m < g

Chiing minh rang da thitc f(z) c6 it nhat 2m nghiém phic.

Loi gidi. Véi cac ki hieu nhu bo dé 3.2 va ki hieu N*, N~ lan lugt 1a s
nghiém duong va am cua f(z).

Theo quy tic dau Descartes, ta c6 W > NT, W~ > N~. Suy ra

WHr4+v+W- >N +v+4+N—
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Do Nt + v+ N~ la s6 nghiém thyc ctia f(z) nén s6 nghiém phiic ciia f(z) 1a
n—(NtT+v+N)z2n—Wr+v+W").

Theo 15i gidi bo dé 3.2 ta c6

L C
n—Wr+v+W7)=> (I —k—1)+> {I—k—[1—sign(aa)]}.

Do dé néu ay, # 0, app1 = Apyo = -+ = Agyom = 0 thi
o Hoacl—kléval—k>2m+1;
¢ Hoacl—kchinval—k > 2m + 2.
Vay s6 nghiém phiic ctia da thic f(z) lan — (Nt +v+ N7) > 2m.

Vi du 3.50. Ki hieu H, 1a tap hop tat ca cic da thidc he s6 thuc Py (x) bac

hai véi hé s6 tu do bang 1 (tic P»(0) = 1) v ¢6 nghiem thyc. Gia sit

=1+ pz+pa®+- 4 ppa™ + -

Pg(l’)

Chitng minh riang véi moi P(z) € Hy, cac da thic

Po(2) =14 praz + poz® + - + poz®™, meN
déu khong c6 nghiem thue.
Loi gidi. Khong méat tinh tong quat, xét da thic

Py(z) = (1 — ayz)(1 — agx), trong d6 ajag # 0.

Khi do
I 1
Py(z) (1 —oaz)(l — agx)
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_ a0y [041—042 +a%—a§I+a?—a§I2+___+Oé'f—Oé_§Ik+__
a1 — Q2 1009 102 1009 102
=1+ (o1 + o)z + (o] + non + 03)a” + -+ Y ajada’ + -
i+j=k
Suy ra
Py(x) =1+ (a1 + az)z + (&2 + cqos + o)z -+ Z ot oz
i+j=k
4+ Z ol ¥l 4 Z alada®™ (i e N,jeN).
i+j=2m—1 i+j=2m
Xét tich
P(x)Py(x) =

= [1 — (a1 4+ a2)z + 0410421’2:| [1 + (a1 4+ ag)x + (af + arag + a3)2?

_— o iy
-+§ ajadart 4+ E AT+ E o/laéatm]

it+j=k i+j=2m—1 i+j=2m

Ta thyc hién phép nhan da thic, roi thu gon cac don thitc dong dang. Sau day
ta tién hanh thu gon cac don thitc bac & (k < 2m) sinh ra tir tich hai da thiic

trén.
E adada® — (a4 as) g a1a2:E + aran g ozlazzc
i+j=k i+j=k—1 i+j=k—2
1 1
= [Z ajad — Z ool Z atad™ Z aitladt } k—0.
i+j=k itj=k—1 itj=k—1 itj=k—2

Tiép theo, ta thu gon cac don thitc bac 2m + 1

al + Oég E ol Oéj 2m—+1 + aqan § azla%l,%n—l—l

i+j=2m i+j=2m—1
1 1
_ [ 2: attlad Z alad 1 Z aitlodt :|l,2m+1
i+j=2m i+j=2m i+j=2m—1

= — E ol o p?m

i+j=2m+1
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Mt khac, khi nhan hai da thitc trén ta thay chi xuat hién mot hang tit bac
2m + 2 la

i j 2 1+l 2m+2
g’ E ajad ™ = E oittal, mt

i+j=2m i+j=2m

Ta thu duoce

P(l’)pg(l’) -1 Z a1a2$2m+1 + Z az—l—l J+ll,2m+2
i+j=2m+1 i+j=2m
Nhu vay trong s6 céc he s6 ctia da thic H(z) = P(z)Py(z) ¢6 2m he s6 lien
tiép bang 0. Theo bai toan 3.49 thi H(x) c6 it nhat 2m nghiém phtic nhung
deg H(x) = 2m + 2 nén H(z) c6 khong qua hai nghiem thic. Theo dé bai, da
thic P(z) c¢6 hai nghiém thyc nén P, () khong c¢6 nghiém thuc.
Tiép theo, ta ching minh dinh I quan trong sau day mo ta mot s6 16p da thic

khong ¢6 nghiém thuec.

Dinh 1y 3.5 (Laguerre). ? Ki hi¢u H,, la tap hop da thiic hé sé thuc P,(x)

2,

biac n, (n > 0) vdi hé s6 tu do bang 1 va cé tat cd cic nghiém déu thuc. Gid si

() =1l+piz+pa”+-+pa 4.
Khi dé, ing vdi moi P,(x) € Hy,, cic da thic dang

Po(2) := 1+ pra + poa® + - + pomz®™, meN
déu khong cé nghiém thuc.
Ching minh. Gia st

P.(z)=14+ax+ -+ ax", véi a, #0

1a da thice thuoc H,,.

*N.Laguerre (1834-1886) la nha toén hoc Phap.
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T gid thiét, ta co
1= Py(z)(1+px + Pz 4 - A Porn @™ + pompr T 4 )

hay
1= Pn(l’)[pzm(l’) + p2m+1l'2m+1 4. ]

T hé thitc cudi nay, ta thu duge

~

Pn(f)P2m($) =1- p2m—|—11’2m—|—1 + -

So sanh (dong nhat thiic theo luy thita) hai vé, ta c6 dang thiic

~

P, (:E)sz(iv) =1+ q2m+1a?2m+1 + q2m+2g:2m+2 oot Q2m+n$2m+n,

trong d6 qam+1 = —P2m+1, 2mt+n = P2m0n.-

Theo bai toan 3.49, thi da thiic

c6 it nhat 2m nghiem phiic, tiic 14 H(z) c6 khong qua n nghiém thuec

(do deg H(z) = 2m + n). Nhung theo gia thiét thi da thic P,(z) c6 n nghiem
thuc nén da thtc f’gm(:v) khong ¢6 nghiém thuec.

Tiép theo, ta phat biéu két qua quan trong sau day nhu la mot he qua truc

tiép suy ra tir dinh 1i Laguerre.

Heé qua 3.1. Gid st P,(x) la da thic thuc bacn (n > 0) vdi hé s6 tu do bang
1 (P,(0) = 1) va c6 ciac nghiem déu thyc. Khi dé, ting vdi méi m (m € N¥)

cho trude, luon ton tai da thic f’gm(:v) bac 2m khong cé nghiém thiuc sao cho

~

Pn(f)P2m($) =1 + Qnx + Q2ZB2 + -+ q2m+nI2m+n>

trong do ¢y = qa = -+ = Qo = 0.
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Chitng minh. Do P,(r) la da thitc bac n (n > 0) v6i he s6 tu do bing 1,

c6 cac nghiem deéu thuyc nén

2m+1

=1l+pr+ p2I2 4+ 4 pszEzm + Dom41®
Pn(I)

Theo dinh 1i 3.5 v6i mdi m € N ludn ton tai da thiic
Po(2) = 14 p1& + poa® + - + pypa®™™

khong c¢6 nghiém thiyce. Khi do,

1 A

— Pm o 2m+1___ ]
Pn(:E) 2 (55)"‘292 +1T

Suy ra

Pn(f)P2m($) =1- p2m—|—11’2m+1 + -

Dong nhat hé s6 theo timg bac luy thita ¢ hai vé, ta thu duge

Pm+1 = —P2m+15 " 5 @2m4n = P2mn.
Vay
Pn(f)p2m($) =1 + Qnx + Q2552 + -+ q2m+nI2m+n>
trong d6 ¢1 = ¢ = -+ = ga;n = 0.

Sau day ta mo t4 mot 16p da thitc bac 1é c6 duy nhat mot nghiém thue (don).

Vi du 3.51. Ki hiéu H, 1a tap hop da thic thuc P,(z) bac n, (n > 0) véi hé

s6 tur do bang 1 (tic P,(0) = 1) va c6 cac nghiem déu thyc. Gia si

=1 24 ... Ey oo,
o) + D1+ Pox” 4 PR
Chiing minh ring tng véi mdi P,(zr) € H,, cic da thiic

p2m+1(£l?) =1+pz —I—p21’2 4 .- +P2m+1$2m+1, m e N

déu c6 duy nhat mot nghiem thyc (don).
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Lot giai. Tuong tu nhu cach ching minh dinh Ii trén, ta gia su
P.(z)=14aiz+ -+ aya"
1a da thtce thuoe H,, va
1= Py(z)(1 4 pr1z + pax® + - 4 Pom 1 2™ 4 pogar® 2 + -+ ).

Do d6
l= Pn(f)[p2m+1(17) + Pomia®™ T2 4.

Tt hé thitc nay, ta suy ra

Po(@) Poi1(2) = 1 — pamyna®™ 2 4 -+
So sanh dong nhét thic theo luy thita ¢ hai vé, ta thu duge dang thic

Pn (f)p2m+1 (f) =1 + q2m+2$2m+2 + q2m+3$2m+3 + -+ q2m+n+1$2m+n+1>

trong do6 @om+2 = —P2m+2, 2mtntl = D2m+10n.

Theo bai toan 3.49 thi da thtc
H(z) := Py(2) Py (2)

c6 it nhat 2m nghiem phtec, tic 1a H(z) c6 khong qua n + 1 nghiem thyc.
Vi da thiic P,(z) ¢6 n nghiem thye, nén da thic Py, (z) sé ¢6 khong qué
mot nghiém thye. Mat khac, p2m+1(:c) 1& da thitc bac 1é nén no cé it nhat mot

nghiém thuyc. Do d6 da thiic p2m+1(:c) c6 duy nhat mot nghieém thue.

3.3 Phuong trinh ham véi bién doi phan tuyén tinh

Ta khao sat 16p cac phuong trinh ham véi acgumen bién ddi sinh béi ham

phan tuyén tinh thuc dang



3.3. Phuong trinh ham vdéi bién doi phan tuyén tinh 145

trong do
_ar+
N T+

w(z)

) cw—ﬁsé()

3.3.1 Mot sb tinh chat ctia ham phan tuyén tinh

Trude hét, ta khio sat phuong trinh dai s6 v6i hée s6 thuc dang

=x, m#0. 3.43
T+ 7 ( )

Phuong trinh (3.43) tuong duong véi phuong trinh bac 2
2> +yx—m=0.m#0. (3.44)
Phuong trinh (3.44) c¢6 nghiém thuyc khi va chi khi A :=~+% + 4m > 0.

(i) Néu A = 0 thi phuong trinh (3.44) c6 nghiém kép xo = L

2
(i) Néu A > 0 thi phuong trinh (3.44) c6 2 nghiem thyc phan bigt
U /Y
R

Trong trusng hgp khi A < 0 thi phuong trinh (3.44) c6 2 nghiém phitc lién
hop

v i/ =A
Z1,2Z—§:F 5

Tiép theo, ta chi ra cach dit an s6 phu dé dua phuong trinh dai sé tong quat
sinh bsi ham phan tuyén tinh w(z) dang

ar +
T+

=z, ay—[F#0 (3.45)

vé phuong trinh dang (3.43).

Ta stt dung cac dong nhat thiic sau

ax + 08— ay
T+ T+
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va viét phuong trinh dang (3.45) duéi dang

a+ﬁ_a7:a:(:>oz+ b~ ay =(r—a)+a,
T+ (x —a)+ (v+ )
hay
M:t, (3.46)
t+ (v +a)

trong d6 t = x — a. R6 rang phuong trinh (3.46) c6 dang (3.43).
Truong hgp dic biét khi v + a = 0 thi phuong trinh (3.46) ¢6 dang don gian

B+ a?
t

—t (3.47)

va ham phan tuyén tinh tuong tng

c6 tinh chat dic biét

titc ham w(x) 1a phép bién d6i ddi hop.
3.3.2 Dang ciu phan tuyén tinh.

Anh xa phan tuyén tinh da duoge dé cap 6 phan tren, & day ta sé trinh bay cac
tinh chat co ban nhét ctia anh xa dé.
Anh xa phan tuyén tinh duge xac dinh béi he thic

az+0b
W= ad — be # 0, (3.48)

trong d6 a, b, c, d 1a cac s6 phiic.
V6i diéu kien ad — be # 0 ta c6 w # const. Trong cong thiic (3.48) néu ¢ = 0
con d # 0 thi

D6 1a mot ham nguyeén.



3.3. Phuong trinh ham vdéi bién doi phan tuyén tinh 147

Dinh 1y 3.6. Anh za phan tuyén tinh (3.48) la mot phép dong phoi tw C len
C.

Chitng minh
1. Truong hop ¢ = 0 1a hién nhién.
2. Ta xét truong hop ¢ # 0. Giai phuong trinh (3.48) ddi véi z ta c6

dw —b
S - . 4
= ad —bc # 0 (3.49)

D6 la ham nguge cua (3.48). Anh xa (3.49) don tri trong mit phang C va la
anh xa phan tuyén tinh. Do d6 (3.48) don tri mot - mot trén C.

2 d i NS
Tinh lién tuc ctia (3.48) tai céc diem z # ——, oo 1a hién nhién. Bang cach dat
c

w(oo) ==, w(—@) —

Cc

ta thay rang (3.48) lién tuc tren C. Dinh i duge chiing minh.
Dinh 1y 3.7. Anh za phan tuyén tinh bio gidc khip noi trén C.

Ching minh. DOi véi truong hop z # ——, oo tinh béo giac suy ra tit nhan
c

xét rang tai cac diem do

d_w _ ad — bc 20,
dz  (cz+d)?
~ IEN .2 2 . N N . - 2 d N N P
Bay gio gia sit hai duong cong v, va 7, di qua diem z = —— va « la gbc
c
gitta v, va 7o tai diém Ay. Suy ra ring goc giita cac anh vf va 73 clia 1 va v,
. d .
tuong ting qua anh xa (3.48) tai diem w = oo (tuong ting véi z = ——) la bang
c
a Vi
1 c
lim = lim —— #0.
daz—l—b( d) daZ—l-b?é
Z——— zZ+ - Z———
c cz+d c c

Truong hop z = oo ciing duge chiitng minh tuong tu.
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Dinh nghia 3.1. Anh za phan tuyén tinh bién mién D lén mién D* dugc goi
la dang cau phan tuyén tinh, con cic mién D va D* dugc goi la nhing mien

dang cau phan tuyén tinh vdi nhau.

Dinh 1y 3.8. Tap hop moi dang cau phan tuyén tinh lap thanh mot nhém vdi
phép todan lap ham hop, nghia la
1) Hop (tich) cic dang cau phan tuyén tinh la dang cau phan tuyén tinh.
2) Anh za nguoc cia ding céu phan tuyén tinh la ding céu phan tuyén

tinh.

Chitng minh. Khing dinh 2) la hién nhién. Ta chting minh 1). Gia st

. a1z + bl
(= st d aidy — bici #0,
a2C ‘l‘ bg
= do — b 0.
w oo+ dy’ Qo202 9Co F
Khi do
a1z + by b
_ @2 c1z +d; 2 _ (arag + c1b2)z + (bras + dibs) _az+ b
a1z + by +dy (a102 + Cldg)z + (6102 + dldz) cz+d’

c
2 c1z + dq

trong d6 ad — be = (a1dy — bycy)(ady — bacy) # 0.

Nhan xét 3.1. Hién nhién rang nhom cac déng cau phan tuyén tinh 1 nhém

1

khong giao hoan. That vay, gid st w(z) = —, p(z) = 2z + 1.
z

Khi do

Do do6

w(p(z)) # p(w(2)).
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Vi qua phép chiéu ndi ca duong thing 1an duong tron trén C déu tuong tng
v6i duong tron trén mat cau Riemann nén ta c6 thé quy uée goi duong thing
hay duong tron trén mit phing phic déu la "duong tron" trén C (ta xem
duong thing trén C la dudng tron trén C di qua diém oo), v& goi hinh tron,
phan ngoai hinh tron va nita mat phang (hinh tron véi ban kinh vo ciing) déu

I3 "hinh tron" trén C.
S(a,R) ={|z — a| < R} — hinh tron,
S*(a, R) = {|z — a| > R} — phan ngoai hinh tron,

P(R,p) = {z € C:Re(e ¥z) > R} la ntta mat phéng.
That vay, dat e™ = cosp +isinp, z = x + 1y, ta c6
P(R,p) = {(z,y) € R? : xcosp + ysinp > R}.
D6 1a ntta mit phing.
Dinh 1y 3.9. Dang cdu phan tuyén tinh bat ky bién "hinh tron" ("dwong tron")
thanh "hinh tron" (twong dng thanh "duong tron”).

No6i cach khac: "hinh tron" va "duong tron" déu la bat bién ctia nhém céc
diing cau phan tuyén tinh.

Chiétng minh. Anh xa phan tuyén tinh c6 thé biéu dién dudi dang hop cia
cac anh xa:

a bec—ad
w:2+ & =

1 d
) =z+ - )
c ¢ ¢ c
- pe c oz £ s Nz 1 P 2,0 - z £
trong do6 c6 hai anh xa tuyéen tinh va anh xa £ = Z Doi véi cac anh xa tuyén
. N 1
tinh dinh 1i 3.9 1a hién nhién. Ta chi can xét phép nghich dado w = —.
z
1. Ta xét truong hgp hinh tron S(a, R). Anh ciia né 6 la

1
’— - a’ <R, |1—aw|<Rw|, |1-auw?®< Ruwl
w
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= 1 — 2Re(aw) + |a®||w|? < R*|w|*.

Tiép theo ta xét ba truong hop sau

a) |a| > R. Ta c6

(la]* = R*)|w|* — 2Re(aw) +1 < 0

aw |a|? |a|? 1
=|w|* — 2Re + < —
P2 (P~ (af P [P
S [P |
al* = R*1 - (|a]* — R?)
:>"LU a < i
P 2| <

D6 1a hinh tron.
b) Gia sit |a| < R. Tuong tu nhu trén ta cé

a - R
= " R —aP

w

c) Gia st |a| = R. Dit a = |ale’?, p = arga, ta co:

1 , 1
Re(aw) > 5= Re(e"?w) > Sl

dé 1a nita mit phang.
2. D4i v6i phan ngoai hinh tron A*(a, R) dinh Ii dugc xét tuong tu.
3. Bay gio ta xét phép anh xa nita mat phing Re(e *?z) > —R, R > 0. 4nh

cua no sé la

1 W )
Re (e_w—) > —R = Re (e_lwi) > —R = Re(ew) > —R|w|?,

w |w]?

va do do

, 4 1 1
2R|w|? 4+ 2Re(e?w) > 0 =|w|? + 2Re (6—10) +— > —

R iR AR
e 2 e~ 1
> — > .
ﬁ‘z” °R |~ 1R’ ‘Wr °R |~ 2R

D6 1a phan ngoai hinh tron. Phép anh xa nita mit phiang Re(e™%z) > R > 0

duge xét tuong tu.
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) ) 1
Nhan xét 3.2. Trong moi truong hgp, diem a duge anh xa thanh diem —.
a

diém nay thuoc anh hinh tron S(a, R) ciing v6i mot lan can nao do clia no.
Dinh 1y 3.10. Anh za phan tuyén tinh bién mién thanh mién.

Chitng minh. Gid st B 1a mién, w = ¢(z) 1a 4nh xa phan tuyén tinh,
D = ¢(B).

1. Chttng minh D 1a tap hgp md. V6i moi wy € D, ton tai duy nhat diém
20 € B sao cho ¢(z) = wp. Gid stt U(z9) C B la lan can cta diém z, (hinh
tron véi tam zyp néu zg # oo hodc phan ngoai hinh tron néu 2y = co). Khi d6
theo dinh Ii 3.9 ta c6 o(U(20)) 1a “hinh tron" chita diém wy cting véi mot lan
can nao dé ctia n6. Nhu vay wg 1a diém trong ctia D va do d6 D la tap hop
ma.

2. Ching minh D la tap hgp lién thong. Vi B 1a tap lién thong nén tit dinh
Ii 3.6 suy ra rang D la tap hop lién thong.

Nhu vay D la tap hgp mé lién thong, nghia 1a: D 13 mot mién.

Dinh 1f 3.6, 3.7 va 3.9 1a nhitng tinh chat dic trung ciia anh xa phan tuyén
tinh.

Ngoai tinh bao giac va bao toan dudng tron, nhém cac ding cau phan tuyén
tinh con c6 nhitng bat bién khac nita.

Dang cau phan tuyén tinh (3.48) chita ba tham s6 phiic lati s6 ctia ba trong
bén he s6 a,b, ¢, d v6i he s6 thit tu (#£ 0). Cac tham s6 nay duge xac dinh don
tri bai diéu kién: ba diém cho trudc zi, 2o, z3 clia mat phang phic (z) bién
thanh ba diém w;,ws, w3 ctia mat phang phic (w). didu d6 duge suy ra tit

dinh i sau day.

Dinh 1y 3.11. Ton tai ding cdu phan tuyén tinh duy nhat bién ba diém khdc

nhau z1, 20, z3 € C thanh ba diém khdc nhau wy,ws, ws € C tuong ung. Ding
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cau dé dugc xdac dinh theo cong thitc

'LU—’LUl.’LUg—'LUQZZ—Zl.Zg—ZQ. (350)

w— W2 W3 — W Z— 29 R3— 21

Chitng minh

1. Tinh duy nhat. Gia st ta c6 hai dang cau wi(z) va wy(z) thoa méan cac
diéu kién ciia dinh 1i. Gi& st {>(w) 14 anh xa ngudc clia wy(z).
Ta xét anh xa (owi(2)]. d6 1a mot dang cau phan tuyén tinh. dang cau nay

c6 ba diem bat dong z;, 2o v 23 vi

wy(zg) = wg, k=1,2,3,

G(wy) = 2z, k=1,2,3.

. b
Do d6 néu dat (ou(2)] = Zzzj——d thi
azrp +b
= k=1,2,3
CZk+d Zks ) &y 9

hay la
czi+(d—a)z,—b=0, k=1,23.

Da thitc bac hai & vé trai chi c6 thé c6 ba nghiém khac nhau (z; # x5 # 23)
khi moi h¢ s6 ctia n6 déu bang 0, tic la a = d, b = ¢ = 0 va w1 (2)] = 2 hay
1a w(z) = wa(z).

2. Su ton tei. Dang cau phan tuyén tinh théa man diéu kién ctia dinh 1i
duge xac dinh theo cong thiic (3.50). That vay, gidi phuong trinh (3.50) ddi véi
w ta thu duge ham phan tuyén tinh. Ngoai ra khi thé cip z = z; vA w = w;
vao eq3.50 thi c& hai vé ctia (3.50) déu bang 0. Thé cip z = 23 v w = ws
vao (3.50) ta thu dugc ca hai vé déu bang 1 va cudi cling, thé cap 2z = 2o va

w = wsy ta thu dugce cd hai vé déu bang oo.

Trong hinh hoc, biéu thic

Z— 21 R3— 21

Z — 29 23— 29
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duoc goi 1a ti s6 phi diéu hoa ctia bén diém z, 21, 2o VA 2.
Néu bén diém zy, 29, 2, 3 ndm trén mot dudng tron (hodc dudng thing) thiti
s6 phi diéu hoa 1a mot s6 thie. That vay

a) Néu cac diém zy, 29, 2, 23 nam trén duong thang
(= +te'”, —oc0o<t <00

ta co: 21 = (o + 11, 29 = (o + tae', 2 = (o + toe'®, 23 = (o + 3™ va tu do

Z2—2 23— 2% to—1t1 ty3—t
(21, 29,2, 23) = L,z A0 1.3 TR
Z — 29 23— 29 to—tg tg—tg

b)

Néu cac diem z, 21, 29, 23 nim trén duong tron ¢ = ( + re, r > 0,
0<t<2m, taco 2y = (o+1e’?, 2o = (o +1e™¥?, 23 = (o + e’ va tir d6 ta co

6i§00 — 61'@1 6i§03 — 61'@1

( 1) ©25 < 3) erro — etp2 ewrs — etp2

e

Z-<P()+<P1 P0—P1 _;P0—¢1
2 (& 2 — € 2 (&

Z-so2+so1 ;j$3=%1 _;$3=¥1
2 e 2 2

. potpo L o0—p1 _sw0=e1 | T se1tes ) L P3—93
e’ 2 e —e 2 e 2 e —e 2
. Yo — Y1 . Yo — ¥
sin 5 sin 5
= : e R.
. Yo — P2 . P3— P2
sin sin

2 2

Tt dinh 1f 3.11 ta rat ra mot tinh chat quan trong nita clia déng cau phan

tuyén tinh.

Heé qua 3.2. Ti so phi dieu hoa la mot bat bién cia nhom cdc dang cau phan

tuyén tinh.
Dinh nghia 3.2.

1. Hai diém z va 2* dugc goi la déi xing vdi nhau qua duong tron
I' = {|z — %] = R} C C néu ching c6 céc tinh chat sau:

a) z va z* cling nam trén mot tia di ti 2o;

b) |z — 20| - |2* — 20| = R2.
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2. Moi diém trén duong tron I' duge xem la déi xtng véi chinh né qua T
Tit dinh nghia 3.2 suy ra riang cac diém doi xing qua duong tron I' lien hé véi
nhau bdi hé thue

R2

zZ — 20

w = 29+

That vay, tit biéu thic vita viét suy ra

lw — 20| |2 — 20 = R?

arg(w — z9) = arg(z — 2p).

Trong hinh hoc so cip ta biét rang hai diéem z va z* d6i xing v6i nhau qua
dudng tron I' khi va chi khi moi duong tron v € C di qua z va z* déu truc

giao v6i I'. Ta ¢6 dinh i sau.

Dinh 1y 3.12. Tinh déi zing tuong hé gida cic diém la mot bat bién cia

nhom cdc dang ciu phan tuyén tinh.
Chitng minh. Két luan cta dinh 1i dude suy tit dinh 1{ 3.7 va 3.9.

Tt su bat bién clia tinh déi xtng gitta cac diém suy ra ring trong truong hop
khi duong tron bién thanh dudng thing, tinh déi xiing triing véi khai niem déi
xing théng thuong.

Ta minh hoa viéc 4p dung tinh bat bién ctia cac diem déi xing qua déng cau

phan tuyén tinh bang cac dinh 1f sau day.

Dinh 1y 3.13. Dang ciu phan tuyén tinh bat ky bién nia mat phdang trén lén
hinh tron don vi déu cé dang

w = ei’\g, Ima > 0, (3.51)
z—a

trong do X\ € R la so thuc tuy 4.
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Chitng minh. Gia st ddng cau phan tuyén tinh w = w(z) 4nh xa nita mit
phéng trén Im z > 0 lén hinh tron {|w| < 1} sao cho w(a) =0 (Ima > 0).
Ta nhan xét ring diém w = 0 vA w = oo sé tuong ing véi cac gia tri lien hop

clia 2, do d6 ¢ # 0 (vi néu ¢ = 0 thi diém oo sé tuong ting véi diém o).

Cac diem w = 0, w = oo sé tuong tng véi cac diem —— va ——. Do do6 c6 the
a c
2 d _ az— o
viet ——=q, ——=avaw=— — -
a c cz—«

Vi cac diém ctia truc thic ¢6 anh nam trén duong tron don vi, tic 1a |w| = 1

khi z = 2z € R, cho nén

a r—« a
cCT— c
. . ~ e
va a = ce”. Nhu vay w = e —— .
z—

Ta chitng minh réng d6 1a dang cau phai tim. That vay, néu z = 2 € R thi hién
nhién |w| = 1. Néu Im z > 0 thi z gan a hon so véi @ (ttc 1a |z —a| < |z — @)

va do d6 |w| < 1.

Nhan xét 3.3. Trong anh xa (3.51) géc quay clia cac dudng cong tai diem o
I bing A — g Vi tit (3.51) ta c6

argw'(a) = X — g

Dinh 1y 3.14. Moi dang ciu phan tuyén tinh bién hinh tron {|z| < 1} lén

hanh tron {|w| < 1} déu cé dang

(3.52)

w=e —
1—az’

trong dé |a| < 1, X € R la s6 thuc tuy .
Chitng minh. Gia sit ddng cau phan tuyén tinh w = w(z) bién hinh tron

{]z| < 1} len hinh tron {Jw| < 1} sao cho w(a) =0 (Ja| < 1). Theo tinh chét

bao toan diém déi xtng, cac diem w = 0, w = oo tuong ung véi cac diém lien
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1
hop z =ava z=—, || < 1. Do d6
a

d 1
—— =qQ, - = |Oé|<1,
a o
va
a z2—« a z— « a zZ— «Q
w = — = — - — e R — — -
cz_l c az—1 c 1—az
o

Vi cac diém ctia duong tron don vi phai bién thanh cac diém ctia duong tron
don vi nén |w| = 1 khi [z =1. Viz-Z = |z|* nén 2z = 1 khi |z| = 1. Vi s

1 — @z va 1 — oz lien hgp v6i nhau va |1 — @z| = |1 — @z| nén néu |z| = 1 thi
I1—az|=|1—-0az| |z| =]z —azz| = |z — a].

Do d6 khi |z| =1 thi ta co:

Z—

_’:1.
1 -z

Nhung khi dé |w| = 1 cho nén ‘?‘ =1va ? = ¢, X\ € R. Nhu vay ta thu
dugce (3.52).
Ta can ching minh ring dé la ding cau mudén tim. That vay néu z = €% va
a = rie’ thi

e — re
1 —re . e

—i6

‘1 —7’16
1 —rie- Zﬁe“"

|w| =
Néu z = re?? (r < 1) thi

|z —al*> — |1 —az|* =7* — 2rry cos(0 — B) + 7] — (rir? — 2rircos(0 — 3) + 1)
= -1)1-7*)<0

vado doé |z —af* — |1 —az|?> < 0 va |w| < 1.
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Nhan xét 3.4. Vi

dw ) 1
e L <1
(d) CTTp et

cho nén vé mat hinh hoc A bing géc quay ctia anh xa (3.52) tai diém «:

A= {arg Z—i] .

Tt cong thite (3.52) ta con rat ra hé thic

dw B 1
(1) _ ==

va do d6 do gian dan dén oo khi diém o dan dén bién ctia hinh tron don vi.

Nhan xét 3.5. Phép ding cau bién hinh tron {|z| < R} lén hinh tron
{|lw| < R’} ¢6 dang

Y
w= RR'e=

7R2, |Oé|<R,)\€R
az —

Vidu 3.52. Giasit Uy = {|z| < 1}, Uy = {|z = 1| < 1} va D = U; N Us. Tim

dang cau bién mién D lén nita mat phang trén.

Loi gidi. Giao diém clia cac cung tron gidi han mién D 1 cac diem sau:

V3 el V3
2

+ ,a—2 2

1
a=—
2
Gia st cung tron di qua diém z = 1 duge ki hiéu 1a §; va cung tron di qua
diém z = 0 1a &,. Ta ap dung céc anh xa trung gian sau

1. Anh xa
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bién mién da cho D thanh mot géc trong mit phang z; v6i dinh 1a z; = 0. Vi
) Lo 2
gbc gitta hai cung tron d; va d, tai cac diem a ciing nhu a* deu bang 3 nén

L2 . PN
do mao cua goc vita thu duge bang g Dé dang thay rang

—
I
Y
N =
L
| S
SN—

B

va do dé géc - anh thu duge ¢ canh di qua diém z1(1) va z1(0). Ta ki hiéu
géc d6 1a D(z).
2. Anh xa quay zg = e 2 bién géc D(z1) thanh goéc c6 mot canh trung

V3

v6i phan duong ctia truc thuc, con canh kia di qua diém —5 + 27 .

. . 3 2T 3
3. Anh xa can tim c6 dang w = z; (géc ¢6 do mé 353" 7T!) .

Hop nhat 1) - 3) ta thu duge

3
e [22-1+iVBY
22 —1—1i/3

va hién nhien dé chi 13 mot trong cac ham thuc hién anh xa phai tim.

Vi du 3.53. Anh xa mién D 1a goc {0 < argz < 73,0 < 6 < 2} véi nhét
cit theo mot cung ciia duong tron don vi tit diém z = 1 dén diém z = 7,

0 < a < (hay vé hinh).

Lot giai. Ta sit dung cac anh xa trung gian sau day

1. Anh xa 2, = 27 bién goc da cho thanh géc D(z1) c6 do md bang m véi
nhat cit thuoc duong tron don vi di tit didm 2 = 1 dén didm z = ¢'5™,

2. Anh xa phan tuyén tinh

21—1
Zl—l—l

9 =
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bién mién D(z;) thanh nita mit phang trén véi nhat cit theo truc do tit goc

L s a .
toa do dén diem ¢tan —7. Ta ki hiéu mien anh dé6 1a D(z2).

26

3. Anh xa z3 = 22 bién mién D(z,) thanh mit phing véi nhat cit theo

(— tan? 2&%; oo) C R. Ta ki hiéu mién thu duge 1a D(z3).

Hién nhién ham can tim c¢6 dang

1 2
B —1
w = 1/2’3—|—tan2g = Zli +tan? 27

Dé két thic phan nay, ta ching minh ring dnh wa phan tuyén tinh (3.48)

b 7z 2 . »
w = aZ_—II—-d’ ad — bc # 0 bien nia mat phang trén lén chinh no khi va chi
cz

khi moi hé s6 a,b,c,d déu la nhing s6 thuc théa man diéu kién ad — be > 0.

Gia st anh xa (3.48) bién nita mit phang trén lén chinh n6. Ta xét ba diém
khéc nhau 21, 2o v 23 clia truc thuc trong mit phéng z. anh ctia ba diém nay
13 nhing diém bién ciia nita mit phang Imw > 0, titc la cac s6 wp = w(zy),
k =1,2,3 1a nhitng s6 thyc. Tt do, ta thu dude hé phuong trinh véi cac hé s6
thuc dé xac dinh a, b, ¢, d. Do d6 véi su chinh xac dén mot thita sé nao dé ti
hé phuong trinh tuyén tinh vita thu duge dé dang suy ra rang cac hé s6 clia
(3.48) déu 1a thyc. Vi w = u +iv, 2 = z + 4y nén khi y > 0 ta c¢6 v > 0. Thay

w=u+iv, z = x + iy vao (3.48) ta c6

_ y(ad — be)
(cx + d)? + (cy?)

T d6 suy ra ad — be > 0.
Ngugce lai, néu cac hé s6 a,b, ¢ va d déu thyc thi truc thyc cia mat phang ()
duge anh xa lén truc thyc clia mat phang (w) va vi ad — be > 0 nén nita mit

phang trén dugc anh xa lén nita mit phing tren.
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3.3.3 Phuong trinh ham sinh béi ham phan tuyén tinh

Bai toan téng quat 3.1. Xac dinh cac ham s6 f(z) thoa méan diéu kien sau

ar + 3 =~ afla . _
P52 = s +0, wre R () (359

trong d6 «, 3,7; a,b la cac hiang s6 thuc, a # 0, ay — 8 # 0.

Ta khéo sat bai toan tong quat (3.53) trong ba trusng hgp dac trung dién hinh

sau day:

(i) Phuong trinh w(z) = x ¢6 hai nghiém thyc phan biét.
(ii) Phuong trinh w(z) = « ¢6 1 nghiém kép (thuc).

(iii) Phuong trinh w(z) = = khong c6 nghiém thuec.

Nhan xét rang, phuong trinh trong truong hop (iii) tuong duong véi phuong

trinh w(x) = x ¢6 hai nghiém (phiic) 14 cac s6 lien hgp phiic clia nhau.

Ta chuyén bai toan tong quat 3.1 vé bai toan tong quat sinh béi ham bac nhét

quen biét ma cach giai da biét

Bai toan téng quat 3.2. Xac dinh cac ham s6 f() thoa méan diéu kien sau
flox +B)) =af(z)+b, VzeR, (3.54)

trong d6 «, 3, a,b la cac hing s6 thuc, a # 0, a # 0.

hodc vé dang bai toan tong quat sinh béi phép déi hop bac n dang sau day.

Bai toan téng quat 3.3. Xac dinh cac ham s6 f() thoa méan diéu kien sau

az + P =af(x x -
F(EE2) = afo) +0, voe R () (3.59

trong d6 «, 3,7, a,b la cac hiang s6 thuc, a # 0, ay — 5 # 0, va

wn(T) =2, w1 = w(wk(z)), wol(z) :=x.
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Tiép theo, ta minh hoa cach gidi ting v6i cac truong hop thong qua cic bai
toan cu theé sau day.
T két qua khao sat ciia phan trude, ta chi can xét cac phuong trinh ham sinh
bdi w(x) c¢6 dang
w(x) = L, m # 0-
T+

Vi du 3.54. Xac dinh cdc ham s6 f(z) théa man diéu kién sau

1
f(2 ) =2f(z)—1, Yz € R\ {2}. (3.56)
-
Loi gidi. Nhan xét rang phuong trinh
1 JR—
2—x *

c6 hai nghiem thic z = 1 vi 2 = 2. St dung phép doi bién

r—1
=1,

r—2

ta thu duoce

Vay (3.56) c¢6 dang
f(2+ 5 ):2f@+~3—)—1,WER\Q;1L

st—1 t—1
hay
1
g (it) =2g(t)—1, YVt e R\ {2; 1}, (3.57)
trong do
3

Vi du 3.55. Xéc dinh cac ham s6 f thoa man diéu kién sau

f (&) _3f(2)+2, Vo e R\ {3}, (3.58)
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Loi giai. Phuong trinh

2
=
3—x
c6 mot nghiem (thuc) kép z = 1. St dung phép doi bién
L =t
r—1
ta thu duoce
14 2 + !
xr = — —= _
T 3-u t—1

Vay (3.58) c6 dang

f(1+t_%) :3f(1+%)+2, vt e R\ {0; 1},

hay
gt—1)=3g(t)+2, VteR\{2; 1},

w1141,

Vi du 3.56. Xac dinh cac ham sé f thoa man diéu kién sau

trong do

f(QEI) _2f(2)+5, Vo eR\ {2}, (3.59)

Loi giai. Day la truong hgp phuong trinh ham véi nghiém dic trung cla

phuong trinh sinh w(z) = = khong c6 nghiém thyc. Phuong trinh sinh 5 =
—x

x, c6 nghiém 2, = 1 & i. Stt dung phép doi bién x — 1 = ¢, ta thu dugc

2 1+t
=1+t ———=1+—
v t 2—x +1—t

va viét phuong trinh (3.59) dudi dang

f(1+1—i—i) —2f(1+1)+5, VteR\{1}.

hay

g G—j) — 2g(t) + 5, Vo e R\ {1}, (3.60)
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trong do
g(t) = f(1+1). (3.61)

14+t
Xét phuong trinh ham (3.60) ting véi truong hop w(t) = 1 + ; va phuong trinh

sinh tuong tng w(t) = ¢ ¢6 hai nghiém thuan do +i. Ta viét

14t 1+4ttan®
1—t 1—ttan?

w(t)

s
4
o
4

do d6 w(t) c6 tinh tuan hoan (déi hop) bac bon, nghia la

Vi vay, phuong trinh ham (3.60)-(3.61) dua vé hé phuong trinh tuyén tinh va
c6 nghiem duy nhat g(t) = -5 = f(z) = =5, Vz € R\ {2}.

3.4 Bai tap

Bai 3.1. Xac dinh ¢ (¢ € C) sao cho phuong trinh
(1 + z:c) 2002
- =c
1 -z

Bai 3.2. Cho da thitc P(z) # const. Chting minh ring hé phuong trinh sau

c6 cac nghiem deéu thuye.

chi c6 khong qua hitu han sé nghiem thyc

[ P(t)sintdt = 0
0
[ P(t)costdt = 0.
0

Bai 3.3. Cho s6 nguyén duong n va cac sd ay, by € R. Chiing minh ring

phuong trinh
T+ Z(ak sin kx + by coskx) =0

k=1

c6 nghiém trong khoang (—7 ; ).
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Bai 3.4. Cho M > 0 va cho tam thic bac hai
f@)=2*>+br+ec

c6 cac hé s6 nam trong [—M ; M]. Goi z1, 7o la hai nghiém thuyc hodc phiic

ciia f(x). Chiing minh rang

(1+ [21])(1 + |22]) < 4V3M.
Bai 3.5. Cho tam thtic bac hai

f(z) =ax® + bz +c
c6 cac nghiem deéu thyc va da thiic
P(x)=ao+ aix + - + apx” € R[z]
c6 3 nghiem thyc. Chitng minh rang khi d6 da thiic
Q(x) = aP(z) + bP'(x) + cP"(z)

ciing c6 it nhat ba nghiém thue.
Bai 3.6. Cho cac s6 thuc a, b, ¢, d, e, r thoad man diéu kien

abcder # 0, ar + be + cd = 0.

Gii he phuong trinh (an z,y, z,u, v):
rz—y? zu—yz av—yu  yu—2>  rzu—yv 20 —u’

a b c d e r

Bai 3.7. Cho s6 tu nhién

P = apay...an
12 mot s6 nguyén t6. Chiing minh ring da thic tuong tng
P(z) = apz™ + a1z "+ +a,

sé khong c6 nghiém hituti.
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Bai 3.8. Chiing minh ring moi nghiém ctia phuong trinh

1 . n 1 .
—l—z.a? = _H.a,lgnEN,aER.
1—1x 1—1a

Bai 3.9. Giai phuong trinh

(Z x) =2 OH_Z,, 1<neN, aeR

1+ cota—1

Bai 3.10. Giai cac phuong trinh sau :

1. 2" —nax™ ' — C%a%2x" 2 — ... —a" = 0.

N

4ttt +1=0.
3. P +art+al+ad?+a'r+a® =0, 0#£acC.

Bai 3.11. Giai cac hé phuong trinh sau trong C :

24w =0 22W°
1 St =1, 2 22 —ws
Btuwd =0 2w
3. {22w4 _ 1. 4. { 2Pw7
o 2% + w?

Bai 3.12. Giai hé phuong trinh sau

3 —
T+ $f+ =3
fy =0
5 .
oz +y?
Bai 3.13. Giai hé phuong trinh sau
12
1 _ —
Ve 3T +y
12
= 6.
vy 3T +y

Bai 3.14. Giai hé phuong trinh sau

23— 3z =1
3z%y — y° = —/3.

=1

~- -2

165



Chuong 4

S6 phiic trong cac bai toan sbé
hoc va to hop

4.1 Giai phuong trinh Diophant

Vanh cac s6 phtic nguyén Z[i| va néi chung la cdc vanh s6 nguyén dai s6 c6
nhitng tng dung kha hiéu qua trong viéc gidi cac bai toan vé phuong trinh
Diophant. O day ta thuong dung dén tinh chat quen thuoc sau day: néu a, b
1a cac s6 nguyén (nguyéen dai s6) nguyén to ciing nhau va tich a.b 1a luy thia

ding bac n thi a, b két hop véi mot luy thita dung bac n.
Vi du 4.1. Tim tat ca cdc nghiém nguyén duong ctia phuong trinh 22+1 = 33

Lot gidi. Ta c6 (z+1)(x — i) = y3. Ta sé ching minh hai s6 x + i va x — i
1a nguyén to6 cling nhau.

Gia st trai lai ¢6 s6 nguyéen t6 Gauss 7 sao cho 7 | x +14 v 7 |  — 4. Suy ra
7| 2idod6m |2 Vay N(m)|N(2) =4, suy ra N(m) chan.

Vi N(m)|N(z +i) = 22+ 1 = y> nén y chin do d6 x 1& va 22 + 1 = y* chia hét
cho 8.

Nhung z? + 1 = 2(mod 4). Ta ¢6 mau thuan. Vay (z + i,z — i) = 1. Nhu thé
x +1 két hop v6i mot 1ap phuong nao d6. Vi —1 = (—1)3, i = (—i)3, (—i) =143

166
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nén chinh = + ¢ 1a mot 1ap phuong. Ta c6
r+1i=(a+ib)® = (a® — 3ab®) +i(3a%b — b*),

suy ra x = a(a® — 3b); 1 = b(3a® — b?) hay |b| = 1; [3a® — b*| = 1. Ta thu dugc
13a> =1 =1haya=0, b= —1. Do d6 z =0, y = 1 la nghiém duy nhat cta
phuong trinh da cho.

Vi du 4.2. Chiing minh réng véi moi s6 ty nhién n, ton tai cac s6 nguyén

(a,b,c) véi (a; b) = 1 sao cho a? + b? = cn.

Loi gidi. Lay x,y la hai s6 nguyén duong nguyén to ciing nhau va gia st

(x 4+ iy)" = a+ib. Khi d6
a’® 4+ b* = N(a +ib) = N((z + iy)") = (N(z +iy))" = (2* + y»)"

Dit 22 4 y? = ¢, ta c6 ngay hé thic a® + b = ™.

4.2 Rt gon mot sbé tong to hop
Can nguyeén thuy bac n ctia don vi véi tinh chat co ban 1a
1+eb 4+ 4 =0

v6i (k,n) = 1 c6 ting dung kha higu qua trong viéc rit gon cac tong to hop.
Ngoai ra cong thitc Euler e = cosa + isina c6 thé dua cac tong lugng giac

thanh céc cap s6 nhan ho#c cong thic khai trién nhi thec.
Duéi day ching ta xem xét hai vi du tiéu biéu

Vi du 4.3. Tinh tong
[n/3]

Z 3k,

k=0
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Loi giai. Xét da thic

P(z) = (14+2)" = 3 Clat.

k=0

Xét e 1a can nguyén thuy bac ba ciia don vi, tic 1a €2 + e 4+ 1 = 0 thi ta ¢6
g2k 4 ek +1 = 0 khi k khong chia hét cho ba va bang ba néu k chia hét cho
ba. Vi thé

n (3]
P(1)+ P(e) + P(?) = Y Ch(1 4" +*)=3) " Ci~.
k=0 k=0

Cudi cing, do P(1) = (1+1)" = 2",

1B\]" (1 vB)

P(e) = 1—|—<—§+2’§ ] :<§—|—z§> :cos%—l—z’sin%,
1 3 1 3

P(e?) = 1+<———z’—\é_ ] :<§—z—\é_> :cos—ﬂ—zsm—n;,

~ 2 X N > 1 nm
nén ta dugc tong can tim bang 3 (2" + cos ?)

Vi du 4.4. Tinh tong

Loi gidi. Xét cac tong
C = ZCﬁcosk‘x, S = ZCﬁsink‘x.
k=0 k=0
Ta c6

C+iS = ZCS(COS kx +isinkx) = Z CFek* — (1 4 )"
k=0

k=0

= (1+cosx +isinz) :<2cos§) (Cos——l—zsm—)

2 2
(2 x)n< nx s na?)
= — — in— ).
cos 5 cos - +isin
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Tu do

T\ nx
C = (2 —) y
COS B COS B

hay

Z C*coskx = (2 cos z) cos L.
k=0 2 2

Vi du 4.5. Chiing minh rang

22M cog?™ 1 = E CY cos2(m — k)z.
) 6im + 6—im
Loi giai. Ta co e = cosx +isinz va cosz = — Do do
22m COSzm[L' — (6” + 6—zm 2m 2 zm —zm 2m—k __ 2 2(k m)ix
m—1
— Céf 2(k—m)ix 2 2(k m)ix + Cm

k=0 k=m+1
m—1

Cy cos2(m — k) + O3 cos2(m — m)x
0

e
Il

CY cos2(m — k)x.

NE

e
Il

0

4.3 Céac bai toan dém

S6 phitc c6 nhitng ing dung rat hiéu qua trong cac bai toan dém. Va vai tro
trung tam trong k§ thuat ting dung s6 phitc vao cac bai toan dém tiép tuc lai
14 can nguyén thuy ctia don vi. Cht ¥ 1a néu ¢ 1a can nguyén thuy bac n cia
don vi thi ta c6

) 1+e+---+e"1 =0,

i) 14+eF 4 4D =0 véi (k; n) = 1.

Day chinh 1a tinh chat quan trong ciia can nguyén thuy thuong duge st dung.



170 Chuong 4. S6 phiic trong céc bai toan s6 hoc va té hop

Vi du 4.6 (PTNK 2009). Tim s6 tat ca cic s6 c6 n chit sb 1ap tit cac chit s6
3, 4, 5, 6 va chia hét cho 3.
Loi gidi. Goi ¢, 1a s6 cac s6 ¢6 n chit s6 thdéa man yéu cau dé bai. Goi a 1a
mot nghiém ciia phuong trinh 22 +2+4+1=0. Khidé o® = 1vaa?* +a*+1=0
néu k khong chia hét cho 3, a?* + o + 1 = 3 néu k chia hét cho 3.
Xét da thic

P(x) = (2° + 2" + 2° + 2°)".
Dé thay ¢, chinh la bing tong cac hé sb clia cac s6 mil chia hét cho 3 trong

khai trién ctia P(z). Néi cach khac, néu

6n
P(zx) = Z apx”
k=0
2n
thi ¢, = > as,. Mat khac ta co
k=0
6n 2n
P(1)+ P(a) + P(a®) = Y ar(1+a" +a™) =) 3as.
k=0 k=0

Cudi cung, do P(1) = 4", P(a) = P(a?) = 1 nén ta c6

2n

4" + 2
Cp = Za3k = 3 .
k=0

Vi du 4.7 (IMO 1995). Cho p 13 mot s6 nguyén t6 16. Tim s6 céc tap con A

ciia tap hop {1,2,...,2p}, biét rang
(i) A chita ding p phan ti ;
(ii) Tong cac phan tit ctia A chia hét cho p.

Loi gidi. Xét da thic P(x) = 2?1+ 2?72+ ...+ 2+ 1. Da thic nay c6 p—1
nghiém phtic phan biet. Goi « 1a mot nghiem bat ki ctia P(z). Chu § rang
a,a?, ..., a”7 1 1a p — 1 nghiéem phan biét ctia P(z) va of = 1.

Do d6, theo dinh 1i Viete, 271 — 1 = (z — a)(z — a?) -+ (z — aP™1).
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Xét da thic
Q(z) = (z —a)(z —a?)- - (z — a®)

va goi
H={AcC{1,2,...,2p}: |Al=p}
Gia su
2p
Qz) = Zakzzk.
k=0
Khi do

a, = — Z oW S(A) = Za:

AeEH T€EA

Vi néu S(A) = j(mod p) thi ¥4 = o/ nen

p—1
a, = E naj
P I
j=0

trong d6 n; 1a s6 cac A € H sao cho S(A4) = j(mod p).
Mat khéc Q(x) = (xP — 1), suy ra a, = —2. Thanh tht

p—1
anaj = 2. (4.1)
=0

Xét da thuce

p—1
R(z) = anatj + ng — 2.
=0

Tit ding thiic (4.1), suy ra o 13 mot nghiém ciia R(x). Vi deg P = deg R va «
1a mot nghiem bat ki cia P(x) nén P(x) va R(z) chi sai khac nhau hing s6
nhan. Tu do
Np—1=MNp—2="-+=1T1 :no—Q,
suy ra
Np—1+npo+--+n+n—2 Cy,—2
p P

n0—2:
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Vay dap s6 ctia bai toan 1a
-2

p

n0:2—|—

Vi du 4.8 (Rookie Contest 1999). Cho n la s6 nguyén t6 va ay, as, ..., an
1a cac s6 nguyen duong. Goi f(k) 1a s6 cdc bo m s6 (c1,¢a,. .., Cy) thod man
dieu kien 0 < ¢; < a; va ¢y + ¢ + -+ + ¢ = k(mod n). Chitng minh rang
f(0) = f(1) = --- = f(n — 1) khi va chi khi n | a; véi j nao dé thudc
{1,2,...,m}.

C e s 2r .27 N . )
Lot giai. Xét a = cos — + ¢sin —. Cha ¥ rang hé thiic sau dung
n n

ﬁ(X + X4 X = [ xetter

k=1 1SCkSak
va
fO+fWatfn-na = [[ xore =]Ja+a®+-+a™).
1SCkSak k=1

T day suy ra f(0) = f(1) =--- = f(n — 1) khi va chi khi

fO) + f(Ma+--+ f(n—1a""=0.
Diéu nay tuong duong véi [] (a+a?+---+a) =0, tiicla a+a?+---+a% = (

k=1

v6i j nao dé6 thuoc {1,2,...,m}. T day suy ra % — 1 =0, tic lan | ;.

4.4 Sb6 phiic nguyén va ing dung trong li thuyét s
Ta xét bai todn tim tat cd cic cdp s6 nguyen (z; y) thod man phuong trinh
z° — y3 =1.

St dung s6 phiic ta c6 thé giai né bang cach trude hét nhan xét phuong trinh

trén tuong duong véi x2 + 1 =y hay (z +14)(z — i) = y°.
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Tich hai s6 1a mot lap phuong thi ban than mdi s6 ciing 1a mot lap phuong.

Thanh thit x + i = (a + bi)3, trong d6 a,b € Z, hay
r+1i=(a® - 3ab®) +i(3a* — b*).
Tach phan thuyc va phan 4o & hai vé, ta thu dudc
r = a(a® — 3b); 1 = b(3a* — V?).

Tt phuong trinh 1 = b(3a? — b?) suy ra |[b| = 1,[3a® — 0| =1 = [3a* — 1] =1
hay a = 0. Suy ra z =0 va y = 1. Vay (0; 1) 1a nghiém nguyén duy nhét ctia
phuong trinh da cho.

Loi giai trén cho dap sb6 ding va s6 phiic dudge ding dé tra 1oi cau hoi vé s tu
nhién! Tuy nhién, vé phuong dién logic chat ché thi cac lap luan trén khong
thé chap nhan dugc vi ta da mac nhién diing céc tinh chét ctia tap so6 nguyén
7 cho mot tap hop khac, cu thé 1a tap cac sé dang a + bi véi a, b 1a s6 nguyen.
Sau day ching ta chitng t6 rang tap cac so6 phic dang a + bi ¢6 rat nhiéu tinh
chat nhu tap Z do dé ching ta c6 thé lam s6 hoc trén cac s6 phiic nay. Va
diéu quan trong hon 1a nhd né ching ta cé thé giai duge cac bai toan vé tap

Z ma néu chi ditng trong Z ta sé khong thé tim dugc 15i giai.

Dinh nghia 4.1. S6 phic c6 dang a + bi ¢ dé a,b € Z dugc goi la so phiic

nguyén (hay s6 nguyén Gauss).

Tap tat ca cac s6 phiic nguyéen (duge Gauss khao sat dau tien (1832) duge ki
hieéu 1a Z[:] va thuong dugc ki hieu bang cac chit cai Hylap «, 3,7, . ...

RO rang Z C Z[i]. Nhu vay, mot s6 nguyen thong thuong la sé phiic nguyén
¢6 phan do bang 0. Trén mat phang phitc, tap Z[i] 1a tap cac diém (a ; b) c6
toa do nguyeén.

D& kiém tra ring tong, hiéu, tich clia hai s6 phiic nguyeén lai 1a mot s6 phiic

nguyén. T d6 suy ra tap Z[i] dong d6i véi phép cong, trit, nhan.
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Ngay ttt nam 300 trudc cong nguyén Euclide da nhan thay rang khai niem
chia hét va khai niém s6 nguyén t6 1a hai khai niém quan trong nhat ctia sd
nguyén. Nhiéu tinh chéat c6 vé rat hién nhién ciia cac so6 nguyen lai lien quan
dén nhitng suy luan kha tinh vi. Chang han, dé chiing minh ring néu tich ctia
hai s6 nguyén ab chia hét cho s6 nguyén t6 p thi hosic a hoac b phai chia hét
cho p, ta phai dua ra khai niém udc chung 16n nhat ctia hai s6 va dung thuat
toan Euclide dé mo ta uéc chung 16n nhat. Ciing tit d6 ngudi ta thiét lap nén
dinh 1i co ban ciia s6 hoc: Néu n la mot sé nguyén thi n cé thé phan tich mot
cach duy nhat thanh tich cdc s6 nguyén to. Nhu vay, mudn lam so hoc trén céc
s6 nguyén phric Z[i], ta ciing phéi xay dung dugc khéi niem chia hét va khai

niém s6 nguyeén t6 trong Z|[i].
4.4.1 Tinh chat chia hét trong tap cac sd phiic nguyén

Dinh nghia 4.2. Cho «, 8 € Z[i| trong dé o # 0. Ta néi 3 chia hét o hay
« chia hét cho 8 néu ton tai vy € Z[i] sao cho a = 3. Néu 3 chia hét a, ta
néi B la mot ude ciia o va viét B | a hay o la mot boi cia B va viet o * 3. So
phiic nguyén e duge goi la don vi néu € la ude clia moi s6 phiic nguyén o.

Chuan ciia s6 phiic nguyén o = a + bi, ki hiéu bdi N(«a), dugc zdc dinh bdi

cong thic sau

Tinh chat 4.1. Néu «, 3,7 € Z[i] sao cho o|B, 5|y thi a | 7
Tinh chat 4.2. Néu «, 3,21, 22 € Z[i] sao cho v|a,v | B thi v | (z10 + 223).

Tinh chat 4.3. Chuan N(a) la mot s6 tu nhién.
N(a) =0 khi va chi khi o = 0.

Tinh chat 4.4. Néu a = v3 thi N(a) = N(y)N(B). Néi rieng, néu o chia
hét cho (3 thi N(«) chia hét cho N(f3).
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Tinh chét 4.5. Tap U tit cd cdc don vi cia Z[i] la U = {1, +i}. Tap U lap
thanh mot nhom nhan, déng doi voi phép lay lien hop va s6 phite nguyén o la

mot don vi khi va chi khi N(a) = 1.

Dinh ly 4.1 (Thuat chia Euclide). Cho «, 3 la hai so phiic nguyén bat ki vdi
B # 0. Khi dé ton tai cdc so6 phic nguyén v, sao cho

a=~8+3, 0<N(®)<NQB). (4.2)

. .. o, O . 4 . 2
Ching minh. Gia suB:u+zv v6i u,v € Q. Ta ¢6 the chon z,y € Z sao
cho x gan u nhéat va y gan v nhat tic 1a
| | < . | | < .
—z <= Jv— —.
=y II=3

Dat v =z +iy € Z[i],d = a — 3. Khi d6 ta c6 a = y3 + §. Ta chiing t6 rang
N(0) < N(B). That vay

N(G) = |a =8 = 1B =P = N(B)|S — 7)*

g

@I R

Mat khac

Q ) 1 1
5= =)+ = g)ilP = ju—aP o=y < g <1

Do d6 N(5) < N ().

Ta ¢6 thé minh hoa hinh hoc thuat chia Euclidean nhu sau:

Céc boi ctia s6 phiic nguyen 3 duge biéu dién béi cac dinh clia mot 1ludi cac 6
vuong véi 6 vuong co ban 1a 6 vuong véi bon dinh 14 0, 3,13, (1 + ).

S6 nguyén o sé nam trong mot 6 vuong nao dé. Phan du § chinh 1a hiéu gitia
a v6i dinh gan nhat véi o clia 6 vuong. N(§) < N(3) vi dé chiing minh dugc
rang trong mot hinh vuong khoang cach tit mot diém bat ki clia hinh vuong

tdéi dinh gan nhat v6i né thi phai bé hon canh ctia hinh vuong.
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Chii y. Biéu dién (4.2) la khong duy nhat. N6i cach khac, trong thuat chia
néi trén thi phan du va thuong s6 la khong duy nhat. Chang han

S5+4i=(3+20)+ (2+21) =2(3+2i) + (—1),
N(3+2i)=13> N(2+2i) =8 N(3+2i) =13 > 1= N(-1).

Dinh nghia 4.3. Cho «, 3 € Z[i] la hai s6 phic nguyén khdc khong. Ching
duge goi la nguyéen t6 cling nhau néu tat cd cic wéc chung cia o va 3 chi la

{41; +i}. N6i cach khdc, néu vy | a va vy | B thi v € {&1; +i}.

Dinh 1y 4.2. Gid st « va 8 nguyén to cung nhau. Khi dé ton tai cac so phiice

nguyén o, vy sao cho aug + By = 1.

Chitng minh. Diat A = {au + Bv}, trong d6 p, v chay trén tap Z[i] va lay
v € A la phan ti ma chuan N(7) c6 gia tri nho nhat trong cac chuan ctia cac
phan tt khac khong trong A. Theo thuat chia Euclide ta tim duge 6,6 € Z][i]
sao cho

a=0y+9, 0<N(@) < N(v).

Ta chitng t6 rang § € A. That vay, vi vy € A nén v = oy + Sri. Do d6
d=a—0y=a—0(au + Pr) =a(l —0u) + B(—0v1) = aus + Bre.

Viring N(6) < N(7),d € A va N(v) c6 gia tri nhé nhét trong cac chuan ctia
céc phan tit khac khong trong A nén ta phai c6 § = 0. Do d6 a = 7. Vay ~ la
mot ude cua . Tuong tu, v cling 1a mot uée cua S tic la v la mot wée chung
clia o va 3. Vi rang o va (8 1a nguyén t6 cling nhau nén v phai 1a mot don vi.
Vay

1 =195 =a(uy) + B(7) = apo + Bro.

Dinh nghia 4.4. Cho «, 8 € Z[i] la hai s6 phiic nguyén khdac khong. Ta noi
rang v € Zi] la udc chung lon nhat (UCLN) cia o va 3 va viét (o ; ) = v
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néu vy la udc chung cia hai s6 o, 3 va chuan N(v) c6 gid tri l6n nhat trong

tap hop chuan cia tat cd cic ude chung cia o va (3.
UCLN luén ton tai vi chuan ctia uwéc ctia o khong vuot qua chuan cia o

Dinh ly 4.3. Gid s rang (o ; 8) = . Khi do, ton tai cac so phiic nguyén
W, v sao cho au+ v = 1.

Néu 7 la mot wde chung bat ki cia o va 3 thi w | 7.

Chitng minh. Theo gia thiét ta c6 o = m7, 3 = moy. Ta chiing minh m; va
7o nguyen t6 cting nhau. That vay gid st € = (71 ; M) = T = WiE, Ty = Woe.
Vay a = wie7y, f = weey. Suy raey | a, v | § tic la ey 1a uéc chung clia o va
B. Theo dinh nghia ta phai ¢6 N()N(y) = N(ey) < N(y) = N(e) = 1. Suy
ra € 1a don vi. Vay m;, mo nguyén t6 ciing nhau. Theo dinh 1i 4.2 ¢6 ton tai cac

s6 phiic nguyén pu, v sao cho
T+ mov =1

Thanh thu
Ty + movy =y = ap+ v =1.
Tiép theo, ta c6 wla, 7|3 = 7 | (au + fv) = 7.
Hé qua 4.1. Néu v|afB va v, a nguyén to cung nhau, thi v | 3.
Chatng minh. That vay, ton tai cac s6 phiic nguyén p, v sao cho ap+~yv = 1.
Do d6 8= afBu+vB. Viy | af, ylyv nen vy | (aBu+vB) = v | 5.
4.4.2 Sb nguyén té6 Gauss
Dinh nghia 4.5. Mot s6 phiic nguyén khdac don vi m dugc goi la mot so nguyén
t6 Gauss néu T khong thé biéu dién duge dudi dang tich ciia hai $6 phitc nguyén

khdc don vi. Néi cach khdac, ™ duge goi la mot so nguyeén to Gauss néu ti dang

thitc m = af3 ta phdi c¢é o hodc 3 la don vi. Néu m khong la s6 nguyén to Gauss
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ta néi 7 la mot hop so Gauss. Néi cach khdc, © dudce goi la hop s6 Gauss néu

né cé thé viét dudi dang © = af, vdi o, 3 la hai s6 phitc nguyén khac don vi.

Dinh nghia 4.6. S6 (8 goi la mot s6 két hop vdi o néu o = €3 & dé € la mot
don vi. Nhan hai vé vdi € ta dugc 3 = éa, do dé o ciing la két hop vdi 3. Nhu
vay ta 6 thé néi o va B la hai sé két hop véi nhau. Quan hé "két hop" la mot

quan hé tuong duong (cé tinh phdn za, doi zing va bac cau).

Tinh chat 4.6. Néu mot s6 nguyén thong thuong la s6 nguyén to Gauss thi
chinh ban than né phdi la so6 nguyén to. Tuy nhién, diéu ngudc lai khong ding.
Mot so6 nguyén to thong thuong chua chdc la mot so nquyén to Gauss. Chang
han 5 la s6 nguyén to thong thuong nhung vi 5 = (2+1)(2 —14) do dé 5 la hgp

so Gauss.

Tinh chat 4.7. S6 Gauss 7 la s6 nguyén to Gauss khi va chi khi so két hop

vdi né la so nguyén to Gauss.

Tinh chat 4.8. S6 Gauss 7 la s6 nguyén to Gauss néu va chi néu né chi chia

hét cho cdc don vi va cdc so két hop vdi no.

Dinh 1y 4.4. Gid s 7 la mot s6 nguyén to Gauss. Khi dé, néu «|(a3) thi
7 | a hodc w|f3.
Mot cach tong quat, néu mlonas . ..oy, (n > 2) thi m chia hét mot thia s6 oy

nao do cua tich.

Ching minh. Gid st m khong phai 1a uéc ctia o. Ta chiing minh ring
khi d6 o, 1 nguyén t6 cing nhau. That vay gid st khong phai nhu vay.
Goi v 1a u6c chung khéac don vi cia m va a. Ta ¢c6 m = ym,a = yay. Vi vy
khong phai 1a don vi vd 7 14 s6 nguyén t6 Gauss nén m; 1a don vi. Do d6
T =7 = v = m¢ = 7|y = 7|a. Diéu nay trai véi gia thiét. Thanh thi a, 7

1a nguyeén t6 cting nhau. Do hé qua 6.4, ta suy ra 7|3.
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Két luan tong quéat duge chitng minh bing phuong phap quy nap. V6in = 2 thi
khéng dinh ding. Gia st khéng dinh ding véi n va Tlarag . .. Q1 = Bamy
trong d6 ta dit 3 = ajas...a,. Theo trén ta c6 7S hodc m|a,, 1. Néu «|3 ta

ap dung gia thiét quy nap dé két luan riang ton tai i véi 1 <i <n dé 7 | ;.

Bay gio ta c¢6 thé chitng minh dinh 1f phan tich mot s6 phitc nguyeén thanh cac

thita s6 nguyéen t6 Gauss.

Dinh 1y 4.5 (Dinh li co ban vé cic s6 phiic nguyén). Cho « la so phiic nguyén

khic khong va don vi. Khi dé o ¢6 thé biéu dién dudi dang
O =TT ...Tm,
trong dé m; la cdc s6 nguyeén t6 Gauss. Néu cé hai biéu dién
Q=TT ...Ty = WiW2...Wn,

thi ta phdi c6 m = n va ton tai mot hodan vi (iy,...,1,) ctia (1,2,...,n) sao
cho m; va wi; la hai s6 két hgp vdi nhau (j = 1,2,...,n). Nghia la, moi so
phitc nguyén o khdc khong va don vi c¢6 thé biéu dién (phan tich) thanh tich
ctia cdc s6 nguyén té6 Gauss. Thém vao do, biéu dién nay la duy nhdt, chi sai

khdc thi tu va cdc thia so don vi.

Chitng minh. Néu a 1a s6 nguyén t6 Gauss thi chinh « 14 thanh phan duy
nhét trong biéu dién. Néu trai lai, o duge phan tich thanh tich ctia hai s6 phic
nguyén khac khong va khac don vi a = 313,. Néu 3; 1a s6 nguyén t6 Gauss
thi ta gi®t nguyén né. Néu trai lai n6 duge phan tich thanh tich ctia hai s6
phitc nguyén khac khong va khéac don vi 31 = B306,. Ta cling lam diéu tuong
tu nhu vay cho 3. Ta tiép tuc qua trinh nay chiig nao con cé hgp sd6 Gauss
xuat hién (néu xuat hién hop sb ta lai phan tich né thanh tich ctia hai s6 phiic
nguyén khac khong va khac don vi). Sau mot s6 hitu han buée qué trinh phai

két thuc (tic 1 khong con hgp sb6 nita). That vay gid st a = £132... 5, thi
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N(a) = N(B1)...N(3,) > 2" do d6 n < log, N(a) do d6 n khong thé tang vo
han duoc.
Tiép theo ta chiing t6 tinh duy nhat ciia st phan tich (sai khac thit tu va céc

thita s6 don vi). Gia st ta c6
O=TTo... Ty = Wws...w, (m<n),

trong d6 cac nhan tit 7; va w; 1a cac s6 nguyéen t6 Gauss, khong nhat thiét
phéan biét. Vi 7y |wiws ... wy, do d6 theo dinh li 4.4, m; 14 wéc clia mot nhan
tw, ki hieu nhan tt do 1& w;,, m1|w;, . Vi w;, 1a s6 nguyen t6 Gauss nén 7y, w;,

1a hai s6 két hop, w;, = e1m;. Gidn u6c hai vé cho 7 ta thu duge
To...Tp = E1W2 ... Wn.

Tiép tuc qué trinh nay ta thu dugc w;, = e9ma, ..., wi,, = EmTm. Néun > m

m

thi ta co

1=¢e1...epllw;

trong d6 j & {i1; ... ;in}. Vay w; | 1 do d6 w; 1a don vi. Ta c6 mau thuan.

Thanh thit, m =n va
a=mmy... Ty, = (e1m)(€2m2) . .. (EmTm)

g; 1a cac don vi véi Ilg; = 1.

Dinh 1i sau day c6 nhiéu 4p dung trong viéc giai cic bai toan khac nhau.
Dinh 1y 4.6. Cho o va 3 la hai s6 phite nguyén nguyén to cung nhau. Gid si
aff =~

trong dé k > 2 la mot so nguyén duong. Khi dé ton tai cdc so6 phiic nguyén

a1, 81 va cac don vi €,0 sao cho

a=caf ; B=0p
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Chitng minh. Gia st ring a = 7} ... 75, 3 = wi' .. .wh & d6 m;,w; 1a céac
s6 nguyen t6 Gauss doi mot phan biet, s;, ¢; 1a cac s6 nguyén duong. Tu dinh
Ii 4.4, dé thay {m;,w;} 1a tap tat cd cac wdc nguyén t6 cia . Gid st v =
ol Wl Dat g = 7ot B = WL wh ta co aff = obpEh
Vial | afB va of, 3 1a hai s6 nguyén t6 ciing nhau nén theo hé qua 6.4 ta két
luan ring of|a. Vi alafBF va a, B 1a hai 6 nguyén t6 ciing nhau nén theo he
qua 6.4 ta két luan rang a|a¥. Thanh thit hai s6 o va of 1a két hop véi nhau.

Tuong tu, hai s6 8 va 3F 1a két hop véi nhau. Vay dinh 1i duge chitng minh.

Vi du 4.9. Cho p la s6 nguyén t6. Khi d6 phuong trinh p = 22+ 3? ¢6 nghiem
nguyén khi va chi khi p khong c6 dang 4k + 3.

Chitng minh. Gia stt ngudc lai, phuong trinh p = 22 + y? ¢6 nghiém nguyeén
(a; b) va p = 4k + 3. D& thay a, b déu khong chia hét cho p. Ta c6

p—1 1

a’>=—-b> (modp)=d'=(-1)=7 V¥ " (modp)=1=-1 (mod p).

Ta ¢6 mau thuan. Déo lai gid sit p khong c6 dang 4k + 3. Khi d6 p = 2 hoac

p = 4k + 1. Néu p = 2 thi phuong trinh 2 = 22 + 3 16 rang c6 nghiem (1 ; 1).
5 1z —1

Gia stt p = 4k + 1. De thay tap {jzl; +2;...; j:pT} la hé thang du thu gon

(mod p) thanh thi

(£1)(£2). .. (ip;l) —(p—1'=—-1 (modp).

\; g

12 s6 chin nén

() 4120 o

—1
bat m = {(pT)'] va ¢ = |/p). Xét tap {z +my,z,y = 0,1,2,...,q}.

Vi (g + 1) > p neén ton tai (z1; y1) # (22; y2) sao cho x1 + my; = T2 + mys
(mod p) suy ra (x; — x2) = m(ys — y1), hay 1a (21 —y1)? = m?(y2 — 11)%
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Dit a = vy — 22],0 = |y1 — y2|. Vim? = —1 (mod p) nén suy ra a®> + 0> =0

(mod p). Lai ¢6 a® < ¢* < p,b* < ¢*> < p,a® + b* # 0 nén suy ra a® + b* = p.

Dinh 1i sau day sé xac dinh tat ca cac s6 nguyén t6 Gauss.

Dinh ly 4.7. Cho 7 = a + bi la s6 phiic nguyén khac don vi. Khi dé:

1) Néub=0,a#0 thi 7 la so nguyén to Gauss néu va chi néu a la s6 nguyén
to thong thuong cé dang 4k + 3.

2) Néua=0,b%#0 thh w la s6 nguyén to Gauss néu va chi néu b la s6 nguyén
to thong thuong cé dang 4k + 3.

3) Néua #0,b#0 thi w la s6 nguyén té6 Gauss néu va chi néu N(mw) = a?+b>

la 56 nguyén to thong thuong.
Vay tap hop tat ca cic so6 nguyén té6 Gauss gom

e Tat cad céc s6 nguyén t6 thong thuong p c6 dang 4k + 3 va cac sd phiic

nguyén két hgp vdi ching.

e Tat ci cac s6 phitc nguyén a + bi, trong dé (a; b) 1a nghiém nguyeén ctia
phuong trinh p = a® +b? vé6i p = 2 hodc p 1a s6 nguyén t6 c6 dang 4k + 1.
(Nghiém (a; b) luon ton tai theo bai toan 4.9).

Ching minh. Ta c6 7 = a. Néu 7 1a s6 nguyén t6 Gauss thi a phai 1a s6
nguyéen to thong thuong. Ta chiing minh a c¢6 dang 4k + 3. Gia sit a khong c6
dang 4k + 3. Theo bai toan 4.9, ton tai s6 nguyén z,y sao cho

a=2"+1y% 2,y N* = a=(z+iy)(z —iy).

Do d6 7 = a 1a hop s6 Gauss. Mau thuan. Dao lai gid stt 7 = a 1a s6 nguyén

td thong thuong c6 dang 4k + 3 va 7 1a hop s6 Gauss. Khi d6

m=af = N(r)=a*= N(a)N(B8) = N(a) = N(B) = a.
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Gia stt a = x + iy. Khi d6 N(«a) = 22 + y* = a. Diéu nay trai véi bai toan 4.9
vi a 1a s6 nguyén t6 dang 4k + 3.

Ta c¢6 m = ib. Do d6 7 va b hai s6 phiic nguyén két hop. Do d6 7 1a s6 nguyén
t6 Gauss néu va chi néu b 1a s6 nguyen t6 Gauss. Do 1) ta c6 diéu can chiing
minh.

Gia st rang N(w) 1a s6 nguyén t6 thong thuong. Néu 7 1a hop s Gauss
thi ta c6 7 = af trong d6 a, 3 1a cac sd phic nguyén khac don vi. Do d6
N(m) = N(a)N(f). Suy ra N(a) = 1 hoac N(B) = 1. Ta ¢6 mau thuan.
Ngugc lai gid st 7 14 s6 nguyén t6 Gauss. Ta phai ching minh N () 1a s6
nguyén té6 thong thuong. Trude hét ta chi ra rang c6 ton tai s6 nguyéen to
thong thuong p sao cho m|p. That vay vi 77 = N(w) do d6 7 1a udc clia s6
nguyén duong thong thuong N(7). Goi n 1a s6 nguyén duong thong thuong
bé nhat nhan 7 1a wée. Khi dé n 14 s6 nguyeén t6 thong thuong. That vay, néu
trai lai gid st n = nng, 1 < ny < n,1 < ng < n. Vi m|lniny = n nén theo
dinh 1f 4.4 ta c6 m|n; hodic 7|ny. Diéu nay mau thuan véi cach chon n. Vay n
phai 1a mot s6 nguyen t6 thong thuong, ta ki hieu né 1a p. Ta ¢6 p = 73 (do
7 | p). S6 8 khong phai 1a don vi vi a # 0,b # 0. Vay N(7) < N(p) = p*>. Ma
N(m)|N(p) = p* nén suy ra N(7) = p. Dinh 1 dugc chiing minh xong

Tiép theo, ta xét mot s6 van deé lien quan dén dong du.

Dinh nghia 4.7. Cho «, 37 la cdc so phic nguyén. Ta néi rang o dong du
vdi 3 modulo v néu v|(a — (). Khi dé ta viet a = 3 (mod 7). Dé thiy quan

hé dong du modulo v zdc dinh mét quan hé tuong duong trén Z[i.

Dinh 1y 4.8 (Tinh chét ctia quan hé modulo ). 1. Néu v = m la mot s6
nguyén thong thuong, « = a + bi, 3 = x + iy thi a = 3 (mod ) néu va chi

néu a =z (mod m),b =y (mod m).
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2. Néu a; = 31 (mod v) va az = B2 (mod v) thi
agta=0+p (mod~y) wvi ajaz =002 (mod 7).

Dinh 1y 4.9. Cho p > 2 la mot s6 nguyén to thong thuong va o la mot so

phic nguyén. Khi doé

1) ap:{a(modp) néu p =4k + 3

amodp  néup=4k+ 1.
2) Véi moi s6 ngquyeén té p thong thuong ta luon ¢ o = amod p.

3) o=t = 1(mod p) néu p = 4k + 3, a # Omod p
o~ = 1(mod p) néu p =4k + 1, N(a) # 0(mod p).

Chitng minh. Giasta=a+bi. ViCl =0 (modp), (1 <k <p—1)va

theo dinh 1i Fermat, ta co
o’ = (a+bi)? =d’ + (ib)’ = a+1i"b (mod p).

Mat khéc, néu p = 4k + 3 thi i? = —i va néu p = 4k + 1 thi ¥ = . Thanh tht,
a? =« (mod p) v6i p =4k + 1 va o? = & (mod p) for p = 4k + 3.
Néup =4k +1tacoa” =a” =a (mod p).

Néu p = 4k + 3 ta c6 o” = a” = a (mod p).

Gia st a=a+bi #0 (mod p), p =4k + 3. Khi d6 a*> + b* # 0 (mod p) (vi
néu trai lai thi a = b= 0 (mod p) = a =a+bi =0 (mod p).

Do d6 ton tai ¢ € N sao cho c(a® + b*) =1 (mod p).

Dat 8= c(a—bi) = af =c(a® +b*) =1 (mod p). Do 2) ta c6

a(@”'=1) =0 (mod p) = fa(a’ '~1) =0 (mod p) = o” '~1=0 (mod p).

Gidst a=a+bi #0 (mod p),p =4k + 3, N(a) = a® + b* # 0 (mod p).
Tuong ty nhu trén c6 ton tai 3 sao cho fa =1 (mod p).

Béng 1ap luan nhu 2) tt o? = o (mod p) ta dan dén a?~! = o = a (mod p).
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4.4.3 Mot s6 ap dung s6 phiic nguyén

Vi du 4.10. Tim tat ci cac bo ba Pitago (z; y; z) tic 1a tim tat ci cac

nghiém nguyéen duong (z; y; z) clia phuong trinh 22 + y? = 22

Loi gidi. Virang bo (z; y; z) 1a bo ba Pitago khi va chi khi (kz; ky; k2) 1a
bo ba Pitago véi k € N* nén khong giam téng quat ta gid strang (z; v; 2) = 1,

tuc 1a (x; y; 2z) la bo ba Pitago nguyén thuy. T d6 suy ra

(z5y)=(y; 2) = (z52) = L,
do d6 z,y khong ciing chdn. Tuy nhién z,y khong thé ciing 1é vi néu thé thi
22 =1+41=2 (mod 4) 1avo 1i. Gia stt x chin, y 16. Khi d6 (z+iy)(x—iy) = 2°.
Bay gi¢ ta ching minh hai s6 phic nguyén = + iy va x — iy 1a nguyén to
ciing nhau. That vay, gia si trai lai ton tai s6 nguyeén t6 Gauss 7 sao cho
7|l@ + iy, w|x — iy Suy ra 7|2z, 7|2iy. Ta chi ra réng 7 khong 1a u6c ctia 2. That
vay néu 7|2 thi N(7)|N(2) = 4. Do d6 N (=) chin. Vi N(7)|N(z+iy) = 22 +y>

do d6 x? + y? 1a s6 chdn. Mau thuan. T d6 7|z, w|y. Suy ra
N(m)|N(z) = 2% N(m)|N(y) = v*.

Theo dinh 1i 4.7 ta ¢c6 N(7) = p 1a mot s6 nguyeén t6 thong thuong, vay pl|z, p|y.
Diéu nay trai véi gia thiét (z; y) = 1. Theo dinh 1{ 4.6 ta c6

r+iy = £(m +1in)? = £(m? —n?) + £(2mn)i

hoac

T+ iy = +i(m +in)? = £2mn + (m* — n?)i.
Vi x chén, y 1& z,y € N*, ta thu dugc x = 2mn,y = +(m? — n?). T d6
z=(m?*+n?).Vi(y; z) =1nén (m; n) =1 va m,n khong c6 cung tinh chin
16. Ngudc lai, ta dé kiém tra cong thic

x =2mn xr =|m*—n
y = |m?—n? hosic y =2mn
z =m?+n? z =m?+n?
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trong d6 m,n € N*,(m;n) =1,m # n (mod 2), xac dinh cho ta mot bo ba

Pitago nguyeén thuy (z; y; 2)

Vi du 4.11. Tim tat cd cic s6 nguyén duong a, b, ¢ phan biét sao cho a?, b?, ¢

lap thanh mot cap s cong.
Loi gidi. Bai toan quy vé viéc tim nghiém nguyén x # y ctia phuong trinh
2?4+ y? = 227 (4.3)

Virdng bo (z; y; 2) 1a nghiém ctia (4.3) khi va chi khi (kx ; ky; k2) 1a nghiem
clia (4.3) v6i k € N* nén khong gidm tong quat ta gid st rang (z; y; 2) = 1.
Néu x,y chan thi suy ra z chén, vo li. Gia sit z 1é do d6 y 1&. Vay vé trai chia

4 du 2 do d6 z 1é. Néu p|z, ply thi p|z (do p 18). Vay (z; y) = 1. Ta c6
(z +iy)(x —iy) = 222 = (1 +)(1 —4)2> (4.4)

Suy ra (1 + )|z + iy hodc (1 + )|z — 1y.

Vay = + iy = (1 +7)(u + iv) hodc x — iy = (1 + 1) (u + iv).
Can béang phan thuc va 4o ta dudc r = u — v,y = +(u + v).
Thay vao (4.3) ta duge u? + v? = 22. Viz # y nén u,v # 0.
Do (z;y)=1nén (u; v) = 1. Thanh thi

u =2mn u = +(m?—n?)
v =+(m?—n?) hodic v =2mn
z = 4(m?+n?) z = 4(m?+n?),

trong A6 m,n € Z, (m;n) =1,m # n (mod 2). Ta c6
lz| = |u—vl, ly| =u + v, |z =m*+n’
T d6 ta nhan duge cong thitc nghiém nguyén duong la

a = |2mn +n* —m?|,c = [2mn + m?* — n?|,b = m* + n?
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hay dudi dang déi xitng hon
a=|(m+n)*—2n%,c=|(m+n)*—2m?|,b =m* + n?

trong d6 m,n la cic s6 nguyén duong phan biét nguyén t6 cling nhau, khéc

tinh chan 18&.
Vi du 4.12. Tim tat ca cac cap s6 nguyén (z; y) thod man x? + 1 = y3.

Loi gidi. Ta c6 (v +1i)(x — 1) = y>. Ta sé chi ra hai s6 = + 4,z — i 1a nguyén
t6 cuing nhau. Gia sit trai lai ¢6 s6 nguyén t6 Gauss 7 sao cho 7|z + 1, 7|z — 1.
Suy ra 7|2i do d6 w|2. Vay N(m)|N(2) = 4, suy ra N(m) chén.

Vi N(7)|N(z +1i) = 2? +1 = 3® nén y chin do d6 x 1& va 2% + 1 = y3 chia hét
cho 8. Nhung 22 + 1 =2 (mod 4). Ta c6 mau thuén.

Ta thay z + 4 13 két hgp v6i mot 1ap phuong nao dé. Ma ta c6 —1 = (—1)3,

i = (—i)3,(—i) = > nén chinh z + i 1a mot 1ap phuong. Vay

r+i=(a+ib)® = (a® — 3ab®) +i(3a*b — b*)
=1z =a(a® — 3b);1 = b(3a* — b*) = |b| = 1; |3a* — b*| = 1

=|3a* —1|=1=a=0,b=—1.
Do d6 x = 0,y = 1 1a nghiém duy nhat ctia phuong trinh da cho.

Vi du 4.13. Chtng minh ring mot sé6 nguyén duong n > 1 duge biéu dién
thanh tong ciia hai s6 chinh phuong khi va chi khi trong phan tich tiéu chuan

clia n cac udc nguyen té dang 4k + 3 c¢6 luy thita chén.

Loi gidi. Giastrangn = 22+y%6d6 x,y € N. Khi d6 n = (z+iy)(z —iy).
Vin > 1nén z+ iy khong 1a don vi. Phan tich x +iy thanh tich cac s6 nguyén
t6 Gauss ta ducc

x4+ iy = 1(eiq;) " TI(0;m;)"
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trong d6 €;,d; 1a cac don vi, ¢; 1a cac s6 nguyen t6 thong thuong dang 4k + 3
(d6 cling 1a cac s6 nguyen t6 Gauss) va 7; = a; +1ibj 1a cac s6 nguyén t6 Gauss
v6i a; # 0,b; # 0. Ta co

r—iy =z + iy = 1(&q) " T(5;7;)".
Vay
n = Mg TI(N(r;))5.
Dat N(7;) = pj. Theo dinh 1{ 4.7, p; 1a cac s6 nguyen t6 thong thuong khong
c6 dang 4k + 3. Vay phan tich tiéu chuan cta n 1a
Ngugc lai, gia su
n= Hqizsiﬂpzj.
Theo bai todn 4.9, p; ¢6 thé viét dudi dang tong ctia hai s6 chinh phuong khac
0, pj = a3 +b3. Dat m; = a; +ib; ta c6 N(m;) = m;7; = aF + b5 = p;. Ta xét
s6 phiic nguyén sau day

Sq t;

a = g Il
Khi d6 aa = Hqizsiﬂpzj =n. Gid st a = z +4y. Khi d6 n = 22 + 2.
Ta c6 thé xét sé phitc nguyen khac sau day

v = Hqisiﬂﬂéjﬂﬁj”
trong do6 l;,r; € N sao cho l; +r; =t;. Khi do6
7y =gy ™ = T1gi 1y = n.

Gia st v = w + v thi n = u? + v? vA ta ¢6 mot cach biéu dién khac cia n
thanh tong cia hai s6 chinh phuong. C6 thé chiing minh ring néu phan tich

tiéu chuan cua n 1a
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thi s6 nghiém nguyen khong am (z; y) ctia phuong trinh n = 22 + y? 1a
(1 +t,).

Vi du 4.14. Cho p la s6 nguyén t6 dang 4k + 3 va z,y, 2 1a cac s6 nguyén

duong thod man

p+1

.
Gia stt rang x, y nguyen t6 cing nhau. Ching minh rang xy chia hét cho p.

Loi gidi. Truée hét ta ching minh hai sd phiic nguyén = + iy, — iy 1a
nguyén t6 ciing nhau. Néu gid st trai lai c6 s6 nguyén t6 Gauss 7 sao cho
7|lx + 1y, |z —iy. Khi d6 7|2z, w|2iy. Ta chi ra ring 7 khong phai 1a uéc ctia 2.
That vay, néu 7|2 thi N(7)|N(2) = 4. Do d6 N(7) chén. Vi N(7)|N(z +iy) =
224y? = 2" nén 2" chin. Do d6 z chin, diéu nay kéo theo 4|25 = 22 +y2.
Lai c6 (z; y) = 1 nén x,y khong cung chén. Vay 22 + y*> = 1,2 (mod 4). Ta
c6 mau thuan. Vay |z, 7|ly. Suy ra N(7)|N(z) = 22, N(7)|N(y) = y*. Do
dinh 1f 4.7, N(7) = p 1a s6 nguyeén to, nén p|z, p|y. Diéu nay trai véi gid thiét

p+1

(x;y)=1.Vix+iy=c(a+bi) 2 nén
(z +1y)* = £(a + bi)PT = £(a + bi)(a + bi)?.
Do vay (a + bi)? = (a — bi) (mod p) nén
(z+iy)* = (2* — y?) + i2vy = £(a® + b*)  (mod p).
T d6 22y = 0 (mod p). Vi p 1a s6 nguyen to 1é nén ta két luan duge plry.
4.5 Bai tap

Bai 4.1. Chting minh ring mot sé nguyén duong n > 1 biéu dién thanh tong
ctia hai s6 chinh phuong khi va chi khi trong phan tich tiéu chuan ctia n céc

u6e nguyeén t6 dang 4k + 3 ¢6 luy thita chin.
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Bai 4.2 (IMO 1974). Chiing minh rang sb
> cyz
k=1
khong chia hét cho 5 véi moi sd nguyén n > 0.
Bai 4.3. Tinh tong > (Cff)2 coskx véi x € [0; 7).
k=1

Bai 4.4 (Cuoc thi Traian Lalescu - Romania, 2003). C6 bao nhiéu s6 c¢6 n

chit s6 chon tir tap hop {2; 3; 7; 9} va chia hét cho 3?

Bai 4.5. Cho ba s6 nguyén duong m,n,p, trong d6 m > 1 va n + 2 =

0 (mod m). Tim s6 bo (x1; To;. .. ; Tp) gom p s6 nguyén duong sao cho tong
(1 + 29+ - - - 7,) chia hét cho m, trong d6 méi s6 1, T, . . ., x, déu khong 16n
hon m.

Bai 4.6 (IMO 2007 Shorlist). Véi s6 nguyén duong n > 1, xét tap
S={1;2;3;...;n}.

T6 cac s6 clia S bang 2 mau, u s6 dude t6 mau do va v s6 duge t6 mau xanh.
Hay tim s6 cac bo (z; y; z) thuoc S sao cho

a) x,y,z duge to cing mau ;

b) x +y + 2z chia hét cho n.
Bai 4.7 (Viet Nam TST 2008, Bai 6). Kif hicu M 1a tap hop gom 2008 s6
nguyén duong dau tien. To tat ca cac sé thuoc M bdéi ba mau xanh, vang, dé
sao cho méi s6 dude t6 bdi mot mau va mdi mau déu duge ding dé t6 it nhat
mot s6. Xét cac tap hop
Si={(z;y;2) € M| 2,9,z cing mau va x + y + z = 0 (mod 2008)};
Sy ={(z;y;2) € M*| 2,9,z doi mot khac mau va z + y + z = 0 (mod 2008)}.
Chitng minh rang 2|S;| > |Sa|.
(Ta ki hicu M3 := M x M x M va |X| la s6 phan t1t ctia tap hitu han X).
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Bai 4.8. Tim cong thitc tong quét ctia diy s6 {z,} xac dinh bdi
ro=1, 21 =0, 29 =0, Tp13 =22p19 — 3Tpio + 2Tp11 — Tn.-

Bai 4.9. Xét khai trién

1

m=1+a1$+a2I2+“'

Chiing minh réng néu a; > 0 véi moi j = 1,2,3,... thi phuong trinh
1+ ax+br*=0
c6 cac nghiem deéu thuye.

. ) 1 1
Bai 4.10. Ching minh rang néu « + — = 2cos a thi 2™ + — = 2cos(na).
T il



Chuong 5

Mot s6 ing dung ctia s6 phiic
trong hinh hoc

Chuong trinh Toan hoc & bac Trung hoc pho thong ctia hau hét cac nude
déu c6 phan kién thic s6 phite. O nude ta, sau nhidu 1an cai cach, noi dung
s6 phiic cudi ciing ciing da duge dua vao chuong trinh Giai tich 12, tuy nhién
con rat don gian. Vi nhiéu 1y do khac nhau, rat nhiéu hoc sinh, tham chi I
hoc sinh khé4, giéi sau khi hoc xong phan s6 phiic ciing chi hiéu mot cach rat
don so: st dung s6 phiic, c6 thé giai dude moi phuong trinh bac hai, tinh mot

val téng dac biét, ...

Viéc stt dung s6 phiic trong nghién citu, khao sat hinh hoc phang té ra co
nhiéu thuan loi, nhat 1a trong viéc xem xét cac van dé lien quan dén cac phép

bién hinh ctia mit phéng cting v6i hinh hoc ctia chiing.

Trong chuong nay sé mo ta mot sd két qud, khai niem co ban ctia Hinh hoc
Euclid phéng duéi dang ngon ngit s6 phitc nhu géc, khoang céach, su dong quy,
thing hang, dudng thang, dudng tron ciing véi mot sé6 phép doi hinh, dong

dang & dang co ban nhat.

192
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5.1 Mo ta mot sd két qua ctia hinh hoc phang bing ngén
ng s6 phiic

Cho truéc hai diem M (m), N(n). Khi d6, do dai doan M N bing MN =
In —m| = d(m;n)

Trong mat phang cho truéc doan thing AB. Khi d6, diém M chia doan
thang AB theo ty s6 k € R\ {1} khi va chi khi MA =k - MB,

a—m=%Fk-(b—m)

trong d6 a,b va m 1a toa vi clia cac diém A, B va M theo thi tu do.

Tit d6, néu ky hig¢u [AB] 1a chi doan thang AB, ky higu (AB) la chi ducng
thang AB, ky higu [AB) la chi tia AB, ta c¢6 cac két qua sau

Cho trudc hai diém A(a), B(b) phan biét va diém M (m). Khi d6

Me[AB| & 3t >0 z—m=t-(b—m) < It ec[0;1]]:m=(1—t)a+t-b (1)
Me(AB)e FHeR: m—a=tb—a)& HeR: m=(1—-t)a+th (2)

Dinh Iy 5.1. Cho trudc hai diem A(a), B(b) phan biet va diem M(m). Khi

dé, cac ménh dé sau tuong duong
e M €[AB)
e 3t>0:m=(1—-ta+tb

o arg(m —a) =arg(b—a)

m—a

=teRT
b—a

T do, dé y riing t =t Vt € R, ta thu duge phuong trinh ctia duong thing
di qua hai diem Wy (w;), Wa(ws) la

(z —w1) - (wg —wy) — (2 —wi) - (W —wi) =0 (3)
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5.1.1 Géc gita hai dudng thing

Trong mat phéng phic, cho hai diém
Ml(Zl),Mg(Zg) va Q = argzyg, k = 1,2 Khi
do, do

(@),OMl)—l—(OMl; OM,) = ((72, OM,) (mod 27)
nén

M2 (22)

Ml (21)

(OM,; OMy) = (Oz; OMsy) — (Oz; OM,;)  (mod 2r)

. z .
hay goc dinh hudéng tao bdi tia OM; véi tia OM; bang arg 22 Ty d6, néu cho
<1

bén diém phan bict My (z:), k = 1,2,3,4 thi géc (dinh huéng) tao béi dudng
Z4 — 22
Z3 — 21

Dinh 1y 5.2. Hai tam giac ABC, A'B'C’" dong dang cung hudng khi va chi
khi

thang M, Ms v6i dusng thang M, M, bing arg

c—a c—a
b—a bV —a

Va hai tam giagc ABC, A’B'C" dong dang ngugc hudng khi va chi khi

c—a /

b—a

—7
—a

|| A

5.1.2 Tich vd huéng citia hai s6 phiic
Trong mit phang phiic cho hai diém M (z1), Ma(z2). Khi d6

———
OM1 . OM2 = OM1 . OM2 + COS éMlOMg
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Néu 2, ¢c6 modul bang 74, va c¢6 argument bang ay, thi

—_— —_— . .

OM; - OMy =1y - 19 - cos(ag — a1) = 1179(COS vy COS iy + sin vy sin )

Do do6

1
< 21;29 >= 5-(21'2’_24-2’_1-2’2)

T do suy ra < z1; 29 > =< 21529 > va do d6 < z1; 20 >€ R Tich vo hudng
clia hai s6 phiic ciing c6 cac tinh chat nhu tich vo huéng ctia hai véc-to. Ngoai

ra < zi;2zp >= 2 < 21;29 > va < 221,29 >= 2 < 21529 >.

Nhan xét 5.1. 1. Trong mat phdng phitc cho hai diém M, (z1), Ma(22). Khi

d6 < z1; 2o > bang phuong tich cia O vdi duong tron duong kinh M, M,

2. Néu A(a), B(b), C(c) va D(d) la bon diém phan biét ciia mat phing phic,
thi

ABLCD<:><b—a;d—c>:0@Re(iii) =0

5.1.3 Tich ngoai ctia hai s6 phitc. Dién tich tam giac

Trong méat phing phiic cho hai diém M (z1), Ma(z2). Khi d6

OM1 X OM2 = |OM1| . |OM2| . SinéMlOMg
Néu 2, c6 modul bang 74, va c¢6 argument bang ay, thi
% % . . .
OM; x OMsy = rirgsin(ag — o) = m72(Sin ag cos a; — cos ag sinay)
Do do
1 _
21 X 29 = 5(21'22—21'22)

T do, do 23 X 29 = 21 X zg nén suy ra Imz; X 20 =0
Tich ngoai clia hai s6 phiic ciing c¢6 cac tinh chat nhu tich ngoai clia hai véc-

to trong mit phang, ngodi ra (zz1) X 22 = z- (21 X 29) va 21 X (220) = Z- (21 X 20)
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Nhan xét 5.2. 1. Ba diém A(a), B(b),C(c) thing hang khi va chi khi (b —

a)X (c—a)=0

2. Néu A(a), B(b) la hai diém phan biét, khong thdng hang véi O thi a x b =
2. [OAB), trong dé, kyj hiéu [A1A, ... A, la dé chi dién tich dai s6 ciia
da gidc dinh huong A1As ... A,

8. Ti nhan zét 2, vdi ba diém A(a), B(b) va C(c) phan biet, khong thang
hang, thi

1
[ABC] = §(a><b+b>< c+ecxa)

5.1.4 Dudng tron

Duong tron tam My(zo) ban kinh R 1a tap hop nhitng diém M (z) sao cho
MyM = R hay |z — 2| = R tic la

2Z —Zor — 202+ 2070 — R2 =0
Tu d6, moi duong tron déu c6 phuong trinh dang
2Z+az+az+ =0
trong d6 a € C va 3 € R.
Duong tron nay c6 tam véi toa vi —a, ban kinh R = /aa —
5.1.5 Mo ta cac phép bién hinh phing bing ngon ngit sd phiic
Phép do&i hinh.

Phép tinh tién. Phép tinh tién theo véc-td © = (v) la phép bién hinh
bién diém M(z) thanh diém M’(2') sao cho MM’ = ¥’. Do d6, biéu thiic ciia
phép tinh tién 1a 2’/ = f(2) = z + v

Phép quay. Phép quay tam My(z) géc quay « la phép bién hinh bién

2 _
M (z) thanh diem M'(z")ma MoM = MM’ va (MoM; MoM') = o (mod 27).

Tit d6, bicu thitc clia phép quay 1a 2’ — 2o = €"*(z — 2)
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Phép dbi xiing-truc. Phép ddi xiing qua dudng thang ¢ 1a phép bién hinh
bién méi diem M (z) thanh diém M’(2') sao cho £ 1a trung tryc ctia MM’'. Tt
do

e Phép dbi xting qua truc thyc: 2/ = f(2) =z

e Phép dbi xting qua truc do: 2’ = f(z2) = -2

— — D —_— — — .
e Do 2(Ozx; ¢) = (Ox;0M) + (Ox;0OM’ (6 day ¢ = (zp)) nén phép doi
xing qua dudng théng ¢ di qua goc O va diém zy = e'2 c6 biéu thic

2 = f(z) = ez
Tit d6, néu A = T (¢) véi v = (2) thi phép doi xiing qua A c6 bicu thiic

7 = e"7 4 22

M(z)
M (z)
—
v
M/(Z/) M (2"
27
M?/(Z//)
Phép vi tu

Phép vi tu tam C(2), ty s6 7 € R* If phép bién hinh bién diém M (z) thanh
2 v —_ 2
diem M'(z') ma CM’ =r - CM. Do d6, c6 bieu thic

Z=r-(2—20)+ 20
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5.1.6 Diéu kién dong quy, thing hang, vudng géc va ciing nim trén

mot dudng tron (dong vién)
Dinh 1y 5.3. Cho ba duong thang vdi phuong trinh Ay : (z — 21) X up =
0 Ag; (2 — 2) xup = 0 Az : (2 — 2z3) X u3 = 0. Khi dé, ba duong thding
A1, Ay, Ay dong quy khi va chi khi

(u1 X ug)? + (ug X uz)?* + (uz X ug)* # 0

{ (ug X ug)(z3 X ug) + (ug X uz)(z1 X uy) + (uz X ug)(2z2 X ug) =0

Dinh 1y 5.4. Ba diém M,(z1), Ma(2), M3(z3) thdng hang khi va chi khi

23 — 2
ALY b

29 — 21

hay Im (23 — Zl) =0

2 — 2
Dinh 1y 5.5. Bon diém M(z), k= 1,2,3,4 ciing nam trén mot duong thing
hay duong tron khi va chi khi

23 —R2 23— 24

: eR
21 —R2 21— 24

Hé qua 5.1. Bon diem My(z), k = 1,2,3,4 cing ndm trén mot duong thing

23— 2 23— 2
khi va chi khi 2—— e R va =—eR
, 21 — 22 21 — %4 R
Bon diem My(zx), k = 1,2,3,4 cung nam trén mot duong tron khi va chi

23 — k2 23— 24 23 — 22 . R3 T 24
: € R nhung Z R va R
21 —R2 k1T 24 Z1 — R2 21 — 24

Dinh ly 5.6. Néu A(a), B(b),C(c) va D(d) la bon diém phan biet cia mat

khi

phang phiic, thi

ABLCD<:><b—a;d—c>:0<:>Re(Zii) =0
5.2 Mot sé vi du ap dung

Cho A(a), B(b),C(c) la ba dinh ctia mot tam gidc. Khi d6 tam gidc ABC
1a tam gidc déu khi va chi khi hai tam gidc ABC, BCA la dong dang cling
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huéng. Diéu nay tuong duong véi

c—a_a—b
b—a c¢—b

S (c—a)(ic—=b)=(a—b)(b—a)

& —ca—be+ab=—a*—b* + 2ab

S a’+ b+ =ab+be+ ca

Mat khac, tam gidc ABC déu, dinh huéng duong (tuong ting am) khi va chi

khi phép quay tam A, géc quay +% (tuong ting —%) bién B thanh C, do d6
Tam giac ABC déu, dinh huéng duong khi va chi khi a + bw + cw? = 0, va

tam gidc ABC déu, dinh huéng am khi v& chi khi aw? + bw + ¢ = 0, trong d6

w? = 1.

Vi du 5.1 (Napoléon). Lay cac canh BC,CA, AB ctia tam gidc ABC lam

day, dung ra ngoai cac tam giac déu véi tam tuong tng Ay, By, Cp. Ching

minh rang Ag, By, Cp 1a dinh cia mot tam giac déu.

Loi gidi. Gia st tam giac ABC dinh huéng duong. Goi x 14 toa vi ciia diém

X nao dé trong mit phang. Ta co
a+cw+bw?=0b+aw+cw’=0,c+bw+av’=0
Do Ay, By, Cy theo thit tu 1a trong tam cac tam giac BC'A,, CAB;, ABC| nén
3&0 :b‘l'C‘l'al,?)b(] :C‘l'a‘l'bl,?)C(] :a+b+01
Tu dé
3(co + apw + bow? =a+b+c +wb+c+ar) +w(c+a+b)
= (b+ aw + caw?) + (¢ + biw + aw®)w + (a + cyw + bw?)w? = 0
Suy ra diéu phai chitng minh.
Loi gidi 2. Gia st tam giac ABC dinh huéng am, va x 1a toa vi clia diém X

nao do trong mat phang. Khi dé, ta cé

c=e"F(b—ap) + ap,a=e"5(c—by)+by,b=e"5(a—co)+co
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Suy ra

b=e"% ("% (c—by) + by — co) + co

IS

- 47

6Z'T(€i'%ﬁ(b - Cl()) + ag — bo) + 61"2%(()0 — C()) + ¢

= b — Qo + 6’@"%(&0 — bo) + €i'%ﬁ(bo — C()) + Co

Tit d6 cg — ag = 75 (by — ag) diéu dé cé nghia la tam gide AygByCy déu
B

B

Gy

Ao

Ay

Vi du 5.2 (BMO 1990 - Shortlist). Cho tam gidc ABC. Lay céac canh lam
déy, dung ra ngoai ba n—giac déu. Tim tat ca cac gid tri ctia n sao cho tam

clia ba da giac déu d6 1a dinh ctia mot tam giac déu.

Giai. Gia su tam giac ABC dinh huéng am. Goi Ay, By, Cp la tam cla cac da
gidc déu dyng trén canh BC,C A, AB (hinh vé&). Khi d6 Z/BAyC = ZCByA =
ZAB,C = 2¢

Ditw = e va goi a, b, ¢, ag, by, co 1an luot 1a toa vi clia cac diem A, B, C, Ay, By, Co

theo thit tuy d6. Tu gia thiét, ta co

a=by+ (c—bo)w,b=co+ (a — co)w,c=apg+ (b— ap)w
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Co
(
A
By
C B
2n
Ay
Tu do
b a— cw b— aw c— bw
T l—w T w1 —w

Tam gidc AgByCy déu khi va chi khi a2 + b2 + ¢ = agbo + boco + coag

Thay ag, by, co tim dude & trén vao, khai trién, riat gon, ta dude
I+w+w?)[(b—a)+(a—c)+(c—b)°] =0
Diéu nay tuong duong véi 1 +w + w? =0 do d6 n = 3.

Vi du 5.3. Trén céc canh clia luc giac 16i c6 tam doéi xing A;AsAsAyAsAg,
dung vé phia ngoai cac tam giac déu Ay A 1B (véi k=1,2,...,6 vA quy udc
A7 = Aj). Chitng minh réng trung diém cac doan théng BjBii1 1 dinh cta

mot luc giac deu (véi k=1,2,...,6 va By = By)

Loi gidi. Gia st luc giac A1 A3 A3 Ay AsAg dinh huéng am. Chon tam doi xing

O ctia luc giac 1am goc, goi x 1 toa vi clia diém X trong mat phing phic, dat

'S

€3 = w. Khi d6 a3 = —ag. Do tam giac ApAp1 By déu, c6 huéng duong,

wly

nén by, + w?ay + wlap © by = wagy + way. Suy ra by = —byis
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Do P, la trung diém ctia ByByi1 nén p, = % Vk=1,2,...,6 Tu do

b, +0b bpis+b b, +0b + (b b
Do + Diss = k 2k+1+ k+32 k+4:(k k+3) 2( k+1 k+4):0

do d6 luc giac P, P, P3Py PsPs nhan O lam tam doi xiing.
Ky hi¢u f la phép quay tam O goc quay —Z. Ta c6

_ bi+0b 1 . B
fp)=w-( 12 2)=§-w-(wa2+wa1+wa3+wag)
1
:§w(a2+wa1+wa3)
1 — ;)
25-(a3—|—wa2—l—w al)
1 _
25-(a3+wa2+wa4):p2

Do d6, f(p1) = p2. Tuong tu, ciing duge f(p2) = ps, f(ps) = pa, dpcm.

Vi du 5.4 (IMO 1977). Cho hinh vuong ABCD. Dyng vé phia trong hinh
vuong cac tam giac déu ABK, BCL,CDM va DAN. Chiing minh rang trung
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diém cac doan thing KL,LM,MN NK,BK,BL,CL,DM,DN va NA la
dinh ctia mot thap nhi giac deéu.

Loi giai. Gia sit hinh vuong ABC' D dinh huéng duong. Chon tam O cta hinh
vuong lam gbc, goi x 1a toa vi clia diém X trong mat phing phiic.

Khi d6 b =ia,c = —a,d = —ia.

Dit €3 = w ta ¢b
k= (iw+wa,l=(—w+iw)a,
m=(—iw—w)a,n = (w—1w)a
Dé }/f r?mg da gléC P1Q151P2Q252P3Q353P4Q4S4 nhan O lam tam dél Xl,]fng,
do do6 véi f la phép quay tam O, géc quay +¢ thi chi can chiing minh f(pg) =
Gk, f(ar) = sk va f(sk) = prr (K =1,2) la di

D C

P

Tt cach dung, ta cé

plZ%(k‘Jrf): (i = Dw+ (i +1)w], pp =5 [-(+Dw+ (i - 1)i],

N
N
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a.. a :
—E[z(1+w)+w], 5125[1+zw—|—w]

q1 =
Khi d6, véi € = €5 thi

(1 —Dew + (i + Dew]| = ¢

N

f(p1) =ep1 =
flq) =eq = % lie + iew + ew] = 51

a .
f(s1) =es1 = 3 e +icw + cw] = po

Mot céch tuong tu, cing duge f(p2) = g2, f(g2) = s2, f(s2) = p3 (DPCM)

Nhan xét. Bai toan nay hoan toan c6 thé giai bing phuong phap toa do nhu
trong [5], hay phuong phap téng hgp nhu trong [6], tuy nhién 16i gidi qua dai.
Loi giai duge trinh bay & trén duge xuat phat ti ¥ tudng stt dung phép quay
véc-to, tuy nhién bing cong cu sb phic, da lam giam di dang ké cac dong téc

bién do6i phiic tap trén céc véc-to

Vi du 5.5 (SEA-MO 1998). Cho tam gidc ABC. Lay diém P khac phia véi
C' déi véi duong thang AB, diém @ khac phia véi B déi véi duong thing C'A
va diém R cung phia v6i A ddi véi dudng thing BC sao cho céac tam giac
BCR,ACQ va BAP dong dang. Chiing minh ring tit gidc APRQ 13 mot hinh
binh hanh.

Lot giai 1. Gia st tam giac ABC dinh huéng duong va goi x la toa vi cla

diém X. Dat 28 =49 = BE — ¢ /ABP = /CAQ = ZOBR = p,w = e'¥.

Khi do6, ti gia thiét suy ra
p = (tw+ 1)b — twa,

q=(tw+ 1)a — twe

var = (tw+ 1)b — twe
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Khi dé p+q = (tw+1)(a+b)—tw(a+c) = (tw+1)b—twe+(tw+1)a—twa = a+r
(DPCM)
Loi gidi 2. T gid thiét, suy ra cac tam giac BOR, ACQ va BAP dong dang

cung huéng. Vay
r—b qg—a p-—>b

= =zeC
r—c gqg—c p-—a
Tu do
b— za a— zc b— zc
g N g Lr =
P=q 9T 13 1—2
Suy ra
b—zc+ (1 —2)a
P+q= =a+r

1—=z

Vi du 5.6. Trong mat phzzmg cho bén tam giac ABC, AB,C,, A,BCy va
A3BsC dong dang, cting huéng. Goi Ay, By va Cy theo thi tu la trung diém
cua A2A3, BlBg va 0102. Chfmg minh r?mg AA(]B(]CO w ANABC

Loi gidi. Goi z 1 toa vi clia diém X. Gia stt phép dong dang f1(z) = a1z + 34
bién tam giac ABC thanh tam giac AB;Cy, phép dong dang fa(2) = sz + (3o
bién tam giac ABC thanh tam gidc Ay BCy, phép dong dang f3(z) = azz + (35
bién tam gidc ABC thanh tam giac A3BsC.
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Khi do

bo—aozé(bl%—bg—ag—ag):%[(bl—a)+(a—b)+(b—ag)+(bg—ag)]
:%(aﬁ—ag%—ag—l)(b—a)
Tuong tu, cing duge ¢ — ag = %(al +ast+as—1)(c—a)
Vay 220 _ 7% ppowm)

b(] — Qo b—a
L £ AB VLTS <7 p N

Nhan xét 5.3. Neu dat 45 =t va a = (AC; AB), thi bang cach lam tuong tu

nha 104 gidi 1 bai todn 5, ta ciing ching minh dugc by — ag = te'(co — ag) va

cing duge diev phdi chiing minh. Bang nhiing cdach lam nhuw trén, khong nhiing

ta ching minh duge cdc tam giac dong dang, ma con chi ra duge chiing dong

dang cung hudng, va ciing tim duge ty so dong dang theo cdc tyj s6 da cho.

Vi du 5.7 (Italy MO 1996). Cho dusng tron (O) va diem A & ngoai (O).
V6i méi diém P trén duong tron, dung hinh vuong APQR, véi cac dinh theo

nguge chidu kim dong ho. Tim quy tich diem @ khi P chay khap trén (O).

Loi gidi. Khong mat tong quat, coi duong tron (O) c6 tam tai goc, ban kinh

bang 1, goi x 1 toa vi ctia diém X tréen mat phing. Khi do, ta c6
g=e"2a—p)+p<=q=—ia+(1—i)p

Do d6, quy tich ciia diém @ la dudng tron co tam tai diém A'(—ia) (tic la
A= Q% (A)), ban kinh R = |(1 —i)p| = V2

Vi du 5.8 (Bulgaria MO 1997). Cho hai hinh vuéng don vi K3, Ky véi tam
M, N trong mit phang sao cho M N = 4. Biét rang hinh vuéng K, c6 hai canh
song song v6i M N, hinh vuong K, c¢6 mot dudng chéo nim trén dudng thing
MN, tim quy tich trung diém XY, trong d6 X 1a mot diém trong ctia K, Y

la mot diém trong ctia Ko
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L&i gidi. Khong mat tong quat, coi M (—2), N(2) va goi w 1a toa vi clia diém

W trong mat phang phitc. Khi d6 a; = —g—%,bl = —%—%,cl = —%-l—%,dl =
5 [N _ 1 _ i _ 1 _ %
—§+§Vaag—Q—E,bg—Z—E,CQ—2+—2,CZ2—2+—2

D, C

Ay

Ta c6 X nam trong hinh vuong A, B,C; D, khi va chi khi & = 1 + 291, 71, €
R Vi |xo| < 3, |z1+2] < 5
Va Y nam trong hinh vuong AsB>Co Dy khi va chi khi y = y1 + 21, yr € R v6i
ity —2l < svaly—yp -2/ <5

Vay, v6i Z la trung diém XY thi z = B39 4. 22802 — ¢ 4 4y,

Tir—2—%<x1<—2+%,2—%<y1:|:y2<2+%suyra |u|<‘/§;rl

Tuong ty, cing duge |v] < 1+2‘/§, lu 4 v, |u—v| < \fjﬁl

Vay, quy tich diém Z 14 mién bat giac giéi han bdi cac dudng thang |z| =
\/§+1|| \/§+1| oyl \/§+1| | V2+1
) = y | L = |T — = =
B Yy B Yy 2\/5 Yy 2\/5

Nhan xét. Vé mat hinh hoc, quy tich diém Z la mién trong da gidc déu

c6 dinh la trung diém cac doan néi céc dinh ctia hai hinh vudng la anh cta
A1B1C1 Dy, AyByCy D5 titong ting qua cac phép tinh tién theo cac véc-to %MN
va s NM (hinh vé)

Vidu 5.9 (Poland MO 1999). Cho luc giac 16i ABCDEF ¢6 LA+ /C+/E =
360° va AB-CD-EF = BC - DE - FA. Chitng minh rang

AB-FD-EC =BF-DE-CA
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Loi gidi. Goi w 1a toa vi ctia diém W trong mat phing phic. Dit b —a =

r,c—b=y,d—c=ze—d=t,f—e=u,a— f=w.

Do AB-CD-FEF = BC-DE - FAnén |zzu| = |ytv| (1)
Do LA+ /C+ ZE = 360° nén arg (_iv A _%) = 0 diéu nay c6 nghia la
£ _iy -2 1a mot s6 thiyc duong. (2)

Tu (1),(2) suy ra zzu = —vyt hay zzu + vyt =0
Doz+y+z2+4+t+u+v=0neén
st(x+y+z+t+u+o)+ (rzut+ovyt) =0
<:>a:2t+:vty+:vtz+:vt2+:Btu+:vtv+:vzu+vyt:0
= (zt? + xtz + xtu+ z2u) + (2°t + sty + v + VyYt) =0

rt+z2)(t+u)+tlr+y)(z+v)=0

Do d6 |z(t + 2)(t +u)| = |t(z + y)(z + v)| (DPCM)

Vi du 5.10. Cho ti giac 16i ABC'D. Dung cac hinh vuong AM BN va CPDQ
cung huéng. Chiing minh rang |MQ?* — NP?| = 4Sapcp

Giai. Coi tit gidc ABCD dinh huéng am (hinh vé). Goi XY, Z, T theo thi
tur 1 trung diém céc canh AB, BC,CD, DA cta ti giac ABCD. Goi w 1a toa
vi clia diém W trong mit phéng phiic. Dé ¥ ring MP? — NQ? = (W +
NQ)(MP - NQ)

Ta co

(p—m)*—(¢g—n)?=2<z—zn—m+p—q>
=2<z—uziila—b+d—c) >

= <z—x;t—y>

Vay |(p —m)* — (¢ — n)?| = 4Sapcp (Do Sapep = 2Sxyz7)
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Vi du 5.11. Xét ti giac ABC'D khong c¢6 hai canh nao song song. Goi
G, Gy, G, G4 theo thi tu la trong tam céac tam giac BCD,CDA, DAB, ABC.
Chtng minh rang néu AG, = BG, va CG,. = DGy thi ABCD 1a mot hinh

thang can.
Loi gidi. Goi = 1a toa vi clia diém X trong mit phang phic va dat s =
a+b+c+d. Taco

_btc+d s—a _s—b s—c s—d
- 3 - 3 , b =

Ga
Do AG, = BGy nén
la—g.| =b—gp| & |da—s| = [4b—s| &< da—s;4a—s >=< 4b—s;4b—s >

Tt d6 2(|a|*> — |b]*) =< (a —b); s > (1)
Tuong tu, tt CG. = DGy cing duge 2(|c|* — [d|*) =< (¢ — d); s > (2)



210 Chuong 5. Mot s6 1tng dung ctia s6 phitc trong hinh hoc

Trit (1) cho (2) vé ddi vé, ta duge
2(Jal* = [ = |e)* +|d)*) =< (a—b—c+d);(a+b+c+d) >
<2(|al* — [b* = |e* +1d]*) = |a +d|* — b+ cf?
&aa — ad —ad + dd = bb — b — be + ¢
Sla—d? =|b— c?
Tic la AD = BC (3)
Cong (1) v6i (2) vé ddi vé, ta duge
2(lal> = [b* + |c|* = |d|*) =<a—b—d+c;a+b+c+d>
va tuong ty nhu trén, thu duge AC = BD (4)
T (3) va (4) suy ra diéu phai ching minh.
Vi du 5.12. Goi G la trong tam ti gidc ABCD. Ching minh rang GA L
GD <= AD = MN, trong d6 M, N theo tht tu la trung diém AD, BC.

Loi gidi. Goi w 1a toa vi clia diem W trong mat phang phiic. Do G(g) la

trong tam ti gidc ABC'D nén g = etbtetd
Ta co
GALGD &<a—g;d—g>=0
a+b+c+d a+b+c+d
®<G_f;d_f>:0

S<3a—b—c—d;3d—b—c—a>=0
s<(a—b—c+d)+2a—-d);(a—b—c+d)—2,—d) >=0
S<atd—-b—cat+d—-b—c>=4<a—d;a—d>

d b+cl|
“; - ;C — |la—d|* & MN = AD

Vi du 5.13 (St. Petersburg 2000). Cho tam giac ABC nhon noi tiép trong
dudng tron w. Duong thang ¢ 1a tiép tuyén ctia w tai B, K 1a hinh chiéu cta
trye tam H ciia tam giac ABC trén ¢, va goi M 1a trung diem AC. Ching

minh ring tam gidc BKM can.
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Loi gidi. Khong mat tong quat, coi w la duong tron don vi, a = z + yi, b =
i,c=z+ti. Khid6 ¢ == 4. L2
Do H la tryc tam cta tam giac, nén h = = + z + (y + ¢t + 1)i. Khi d6

k=z+z+1.
Ta c6 |b— (] = \/( )P (e2) L e 22 4 (£ — 2)2 (1)

Valk— 0=/ (52) + () = Ve P - 2? @
Tt (1),(2) suy ra diéu phai ching minh.

Vi du 5.14. Cho tam gidc ABC nai tiép dudng tron w. Goi A; la trung diém
canh BC va A, 1a hinh chiéu ctia A; trén tiép tuyén clia w tai A. Cac diém
By, By, C1, Cy duge xac dinh mot cach tuong tir. Chitng minh riang cac duong
thzzmg A1Ay, BBy, 010y dong quy. Hay xac dinh vi tri hinh hoc diém dong

quy.

Loi gidi. Khong mat tong quat, coi w 1a dudng tron don vi. Goi w 1a toa vi

ctia diem W trong mat phéang phiic.

Ay

B\ff/

Ta ¢6 ay = % va duong thang A; A, 1a dudng thang di qua A;(ay), song
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song v6i OA, do d6 A; A, ¢6 phuong trinh

_ __ b4+ec b+ c
az —az=a- —a-
2 2

Do aa = 1 nén phuong trinh dugde viét lai dudi dang

R <b+c_a2_ (b+c)>
2 2

2__a+b+c_a2(a+b+c)

hay

Z—a 2z = B B

Goi N la tam dudng tron Euler clia tam gidc, thi n = “2+¢ do d6 A;4, di

qua N. Tuong tu cing c¢6 By By, C1Cs di qua N (DPCM)
5.3 Chitng minh bat ding thic hinh hoc

Viéc biéu dién cac diém trong mat phing bing cac s6 phiic (toa vi) cho
phép ching ta dua cac bat déang thic hinh hoc vé cac bat dang thitc vé mo-dun
s6 phic. Khi do6, cac hing déng thic dai sd va bat dang thic tam giac don
gidn: |z1 + 22| ? |z1| + |z2|, trong rat nhiéu truong hgp, 1a chia khoa cho lai

giai bai toan.

Vi du 5.15 (Béat déng thitc Ptolemy). Cho tt giac ABCD. Chiing minh ring
ta luon c6 AB.CD+ AD.BC > AC.BD. Dau dang thic x4y ra khi va chi khi

A, B,C, D theo thtt ty 1a dinh ctia mot ti gidc 16i noi tiép mot dudng tron.

Loi gidi. Xét mat phang phc, goi a, b, ¢, d 1a toa vi ctia cac dinh A, B, C, D
trong mit phang phiic.

Ta co
AB.CD+ AD.BC = |a—d| X |d—c|+ |d—a| x |c — b

> |(a—d) x (d—c)+(d—a) x (c—b)| = |(c—a)(d—b)| = AC.BD
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Dau ding thitc x4y ra khi (b —a)(d — ¢) = t(d — a)(c —b), t > 0.
Khi do

e x s {0 — e {7

hay ZDAB = 7 — ZDC B hay tit gidc ABC D nai tiép duong tron.

Vi du 5.16. Cho tam gidc ABC va mot diem M tity ¥ nim trong mit phing
tam giac. Chitng minh ring

MB.MC n MC.MA n MA.MB -1
AB.AC BC.BA CACB —

Dau dang thitc xay ra khi nao?
Loi giai. Ta c6

(m—a)im—0) (m—=>b(m—-c) (m—c)(m-—a)

(c—a)(c—0b) (a —b)(a—c) + (b—c)(b—a) =1 (5.1)

Chon hé toa do nhan dudng tron ngoai tiép tam gidc lam duong tron don

vi. Goi m, a, b, c tuong ting la toa vi cia M, A, B, C' tuong ting. Khi d6
MA=|m—a|l, MB=|m->5|, MC = |m— ¢,
AB=|a—b|, AC=]a—¢|, BC=|b—¢|.

Ap dung bat ding thitc vé gia tri tuyet déi, tir (5.1) suy ra

lm—a|x|m—=0b |m—-0x|m—c| |m—c|x|m-—aq]
lc —al x |c— b la —b| x |a— ¢ |b—c| x |b—al

> 1.

va d6 chinh 1a diéu phai chiing minh.
Vidu 5.17. Cho tam giac ABC va mot diém M bat ky ndm trong mit phing

tam giac. Chitng minh ring

MB.MC L MC.MA L MA.MB > 1
AB.AC BC.BA CACB —

Dau dang thic xay ra khi nao?
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Loi giai. Ta co

(m—a)(m—0) (m—=>b(m—-c) (m—c)(m-—a)

C—a)c—0)  (a-ha-0  G-o0b-a)

=1. (5.2

Chon hé toa do nhan dudng tron ngoai tiép tam giac lam duong tron don vi.

Goi m, a, b, c tuong tng la toa vi cua M, A, B, C, tuong tng. Khi dé
MA=|m—al, MB=|m—=»5|, MC =|m— |

AB=|a—-b|, BC=|b—c¢|, CA=|c—al.
Ap dung bat déng thic tri tuyet déi, tir (5.3), suy ra

lm—allm—05b |m—=20|lm—c |m—c|lm—al -1
lc — al|c — b la — bl|a — ¢ b—c|lb—a| —

va d6 chinh 1a diéu phai chiing minh.
5.4 Cac bai toan hinh hoc ching minh va tinh toan

S6 phtic ¢6 tng dung to 16n va hiéu qua trong cac bai toan hinh hoc. Bang
cach biéu dién toa vi cac diém ctia mot hinh hinh hoc bing céc s6 phiic, ta co
thé biéu dién cac diéu kien dé bai ¢6 ban chat hinh hoc bing céc dang thiic
dai s6 v chuyén két luan hinh hoc vé cac ding thic dai s6. Nhu vay, bai toan
chiing minh hinh hoc c¢6 thé dua vé viéc kiém tra mot hing dang thic, hoic

mot hiing dang thic c6 diéu kien.

Vi du 5.18. Cho tam giac ABC. Trong nita mat phing bo AB chita diém C,
dung hinh vuong ABDE. Trong nita mit phang bd BC chita diem A, dung
hinh vuong BCFG. Chitng minh ring GA vuong goc v6i CD va GA = CD.

Loi gidi. Lay he toa do vuong goéc cé gbe tai B, vécts BC la chiéu duong
cua truc thyc. Ky hiéu nhan ctia cac dinh cua tam giac ABC tuong tng la
a, b=0, c.
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Khi d6 toa do ciua G la ic.
Toa do cua diém D 1a —ia.

Goi goc gitta GA va C'D ky hiéu la ¢ thi

—ta —c
© = arg —.
a —1c
<y —ia—c _ (—ia—c)(atic) _ —i(a®+c?) _ .
Xét a—ic ~  (a—ic)(atic) —  a?+4c2 T L

Do arg (—i) = —g nén GA vuong goc véi C'D. Ngoai ra thi
|GA| = |a —ic| = | —ia—c| =|CD|.
Vay ta c6 diéu phai ching minh.

Nhan xét 5.4. Dé ¢ dén biéu thic toa do ciia cic phép bién hinh, ta thiy
phép tinh tién tuong wng vdi phép cong s6 phite, phép quay la phép nhan vdi so
phiic c6 mo-dun bing 1, phép vi tu la phép nhan vdi so thuce, phép vi tu quay
la phép nhan vdi s6 phic bat k.
Vi du 5.19 (IMO 1986). Trong mat phéng cho tam gidc A; Ay Az va diem F.
V6i mbi s > 4 ta dit A, = A,_3. Dung day diém P,, P, ... sao cho diém P4
la &nh cia Py véi phép quay tam Agyq (K =0,1,...) mot géc 2% theo chiéu
kim dong ho. Ching minh rang néu Pggg = Fp thi tam giac 414543 13 tam
giac deéu.
Loi giai. Vi moi k k > 0, tam giac Ap 1 PpPryq can voi PyAp 1 Pei1 = 2%
Goi pr, a; 1a toa do clia cac diem Py, Ay, tuong ting v6i k = 0,1, .. ..
Thi pr1 — ary1 = a(pr — ags1 v6i o = cos 2% + i sin 2—7T

3
Cu thé,
pr=ar+a(Py —a1), po =az+a(pr —az), p3 = az+ a(px — az).
Do d6

pe = az — aay + afa; + a(po — a1)] = (1 — @)az + a(l — a)ay + o*po,
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p3 = az—aaz+a(1—a)agt+a(l—a)a; +a’py] = (1—a)(az+aay+a’a;]+a’py,

Lai do o® = 1 nén
p3 = (1 — Oé)(ag + aag + a2a1 ‘|'p0,

Nhan xét rang po.ps, ps, . .. 1ap thanh cap sd cong vdi s6 hang dau tién p
va véi cong sai (1 — a)(as + aas + a?ay).

Vay nén néu P1986 = P(] thi
3 x 662(1 — a)(as + aay + a?ay) + po = po.

Suy ra
as + aas + a’ay (5.3)

Maa:ﬁzzﬁ—lvaazzﬁ‘l::ﬁ‘gﬁ:—ﬁvéiﬁ:cosg+z'sing.

Thay vao (5.3) ta cé
a3+ (8 —1)az + Ba; =0

suy ra

as = a9 + ﬁ(al — ag)

nén tam gidc A;A,A3 deéu.

Vi du 5.20. Cho tam giac ABC' truc tam H, vé duong tron duong kinh C'H,
cat cac canh AB va AC tai P va Q. Chiing minh ring nhiing tiép tuyén tai

diém P va @ dbi v6i duong tron cit nhau tai diém giita ctia AB.

Loi gidi. Chon hé toa do véi dudng tron ngoai tiép tam gidc ABC 1a duong
tron don vi. Do P, () 1a chan duong cao ctua tam giac ha tit A, B nén

(i

(a+ b+ c— bea)
(a4 b+ c— ach)

N[N
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Tam O clia dudng tron duong kinh CH la trung diém C'H nén
1 1 1
a= §(c+h) = §(c+a+b+c) :a+§(a+b).

, b
Goi M la trung diém cta AB, thi m = a4 ;— )

Ta co
s(a+b)—3(a+b+c— beca)

c+ia+b)—3(a+b)—bea

m-—p
0—p
_bcd—c_bd—l b—a

c+bca 1—|—bd:b—|—a

Tuong tu ta co:
m—q a—b
0—qg a+b

Cac ti s6 trén 1a s6 4o. That vay néu b = xo + iy, @ = x1 +iy; thi Z—;Z c6 phan

thue 1a phan s6 véi tit s6 bang 0:

(w0 — 1) (o + 1) + (Yo — y1) (Yo + y1) = (x§ + v5) — (a7 +45) = 0.

Chitng t6 MP L OP, MQ 1L OQ. nghia la M P, M(Q 1a tiép tuyén ctia duong
tron (dpem).

Nhan xét rang, so6 phitc t6 ra dic biét hieu qua vdi cac bai toan lién quan

dén vuong goc.

Vidu 5.21. Vé phia ngoai ctia tit gidc 16i ABC D, lan lugt dung cac hinh vuong
nhan AB, BC,CD, DA lam canh. Cac hinh vuéng nay c6 tam la Oy, Oy, O3, Oy.
Chtng minh rang 0,03 vuong goc véi 0,04 va 0105 = 050,.

Lot gidi. Gia st cac hinh vuong la ABMM', BCNN', CDPP', DAQQ' c¢6
tam 1a Oy, 02, O3, O4. Ta quy udc chit cai thuong 1a toa vi ctia céc dinh, chdng
han a 1a toa vi cta diém A.

Ta nhan thay rang, diém M nhan dudc tit phép quay tam B, géc quay /2.
Tu d6 suy ra m = b+ (a — b)i.
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Tuong tu

n=c+((b—-c)i, p=d+ (c—d)i, g=a+ (d—a)i.

Do do
_a+m  a+b+(a—Db)i _btct+(b—c)i
01 = 2 - 2 , 01 = 9 )
c+d+ (c—d) d+a+ (d—a)i
03: ’04: .
2 2
Suy ra

03—01_(c+d—a—b)+z’(c—d—a—b)__z,
o4—0y a+d—b—c+ild—a—-b+c)

Do dé 0,03 vuong géc O,0y4. Hon nita,

’03—01’:|_Z,|:1
04 — 02

nén 0103 = 0204. .

Vi du 5.22 (IMO 17, 1975). Vé phia ngoai ctia tam giac ABC, lan lugt dyng
cac tam giac ABR, BOP, CAQ sao cho ZPBC = ZCAQ = 45°, Z/BCP =
ZQCA =30, LZABR = ZRAB = 15°. Chting minh rang

ZQRP =90°, RQ = RP.

Loi gidi. Ta xét bai toan trong mat phang phitc. Goi M 1a chan dudng vuong
goc ha tit diém P xubng duong thang BC. Ta qui uéc chit cai thuong 1a toa

vi ctia dinh tuong tng, chang han, a 1a toa vi ctia diem A. Vi MP = MB va
MC

W: 3 nén

Do do6
c+v3b . b—c

+1 .
1+v3  1+V3

Tuong tu ta cling tinh duge

c+\/§a .a—=c
q= +i -
1+v3  1+3
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Diém B nhan duong tit diém A bing phép quay tam R, goc quay q¢ = 150°.
Do dé

b—a( - 224 13)

Tt d6, bing cac phép bién ddi dai s6, ta dudc

q_

P <c+\/§b ,b—c>l<c+\/§a ,a—C)_,
+1 : +1 =1.
1+v3  1++3 1+4v3  1++3

Suy ra QR vuong goc v6i PR hay ZQRP = 90°. Hon niia, |p| = |ig| = |¢| nén
RQ = RP.

Bén canh cac bai todn chitng minh vuéng goc, so6 phiic ciing té ra hiéu qua

trong cac bai toan vé thing hang, dong quy.

Vi du 5.23. Cho ABCD va BNMK la hai hinh vuong khong giao nhau, F
la trung diém ctia AN. Goi F la chan duong vuong géc ha tit B xudng duong
thang C K. Chiing minh réng cac diem E, F, B thang hang.

Loi gidi. Ta xét bai toan trong mat phéng phic. Chon F lam gbc toa do va
CK, FB lan lucgt 1a truc hoanh va truc tung. Goi ¢, k, bi lan luct 14 toa vi clia
cac diem C, K, B véi ¢, k,b € R. Phép quay tam B, géc quay ¢ = 90° bién
diém C thanh diém A, do d6 A c6 toa vi la a = b(1 — i) + ci. Tuong ty, diem
N la anh ctia diém K qua phép quay tam B, goc quay ¢ = —90° nén diém N
c6 toa vila n = b(1 + i) — ki. Tit d6 suy ra toa vi diém E, trung diém ctia
doan thang AN la

a+mn c—k

—b
2 T

Tit d6 suy ra diém E nidm trén dudng thang FB hay cac diém E, F, B

e =

thang hang.

Vi du 5.24. Trén cac canh AB, BC,C A ctia tam giac ABC ta lan lugt dung
céc tam giac dong dang c6 cting huéng 1a ADB, BEC, CF A. Chiing minh rang
cac tam giac ABC va DEF ¢6 cung trong tam.
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Loi gidi. Ta qui u6c chit cai thudng 1a toa vi ctia dinh tuong ting, chang han,
a 1a toa vi ctia diem A. Vi ADB, BEC,CF A la cac tam giac dong dang co
cung hudéng nén

d—a e—=b f—c

b—a c—b a-—c
Dodéd=a+(b—a)z, e=b+(c—b)z, f=c+ (a—c)z. Suy ra

ctd+f a+b+c
3 N 3

Hay céac tam giac ABC va DEF ¢6 cung trong tam.

Vi du 5.25 (IMO Shortlist). Cho ABC 1a mot tam gidc déu c6 tam la S va
A’B'O 1a mot tam gidc déu khac cé cing huéng. Goi M, N lan lugt 1a trung
diém ctia cac doan thang A’B va AB’. Chiing minh ring céc tam gidc SB'M
va SA’N dong dang.

Loi gidi. Goi R 1a ban kinh ctia duong tron ngoai tiép ciia tam giac ABO,
dat
e= cos%? —I—z'sin2§p-
Ta xét bai toan trong mit phing phitc. Chon S 1a gbc toa do va SO la truc
thuc (truc hoanh). Khi dé, toa do ciia cac diem O, A, B 1a R, Re, Re?.
Goi R+ z 1a toa do ctia diém B’, thi R — ze la toa do ctia diem A’. Suy ra

toa do cua M, N la

zp+z2y Re*+R—ze R(e*+1)—ze —Re—ze —e(R+2)

ME T 2 2 T 9 2
s _zA+zB/_Re+R—z_R(e+1)+z_—R62+z_z—§_R—ze
NT Ty T 2 - 2 - 2 2 2
Ta c6

;- Za — Zg R R —

FBTES _ M TES e R_Ze<:>6621<:>|e|2:1.

ZM — 28 ZN — 28 @ TZ:

Tu do suy ra cac tam gidac SB’M va SA’N dong dang.



5.4. Céac bai toan hinh hoc chitng minh va tinh toan 221
5.4.1 S6 phiic va da giac déu

Can bac n ctia don vi 1a céc s6 phiic c6 bicu dién trén mit phing toa do la
dinh ctia mot n-gidc déu. Tinh chat don gian nay c6 thé st dung dé giai nhiéu

bai toan lien quan dén n- giac déu.

Vi du 5.26 (Romania 1997). Cho n > 2 la mot s6 nguyén va f : R? — R 1a

mot ham sé sao cho véi moi n-giac déu A A, ... A, ta cod
f(AL) + f(A2) + -+ f(An) = 0.
Chiing minh rang f(A) = 0 véi moi A thuoc R2.

Li gidi. Ta dong nhat R? v6i mat phing phitc va dit e = e2™/™. Khi d6 diéu
kien dé bai chinh 1a ting véi moi s6 phiic z va s6 thuc t ta déu c6

n

D (z+te)y =0.

j=1

T d6, nhu nhitng truong hop riéng, ta c6 véi moi k =1,2,...,n

n

> (z—efttey =0

=1
Cong céac dang thic nay lai, ta dudc

YD) -1 -me)f=o.

m=1 k=1
V6i m = n tong trong bing nf(z); véi cac gia tri m khac, tong trong lai chay
qua dinh clia n-giac déu, do d6 bang 0. Vay f(z) = 0 v6i moi z € C.
Vi du 5.27 (Balkan MO 2001). Mot ngii giac 16i c6 cac goc bang nhau va c6
cac canh 1a cac s6 hitu ty. Chitng minh rang ngii gidc dé déu.
Loi gidi. Ta dung s6 phiic dé giai. Gia st dinh ciia da giac 16i 1a cac s6 phiic
V1,V2y...,Us. Xét 21 = VU2 — V1, 22 = V3 — Vg, 23 = Vg — VU3, 24 = V5 — Uy, 25 =

V1 — Us.
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Khid()taC621+22+23+Z4—|—Z5:0.
bat w; = z;/z1. Ta c6 w1 =1 va wy + wy + w3 + wy + ws = 0. Vi ngl gidc

16i ¢6 cac goc bang nhau, ta c6 (ddnh s6 lai néu can),
_ 9 _ 3 _ 4
W2 = QW, W3 = A3W , Wq = A4W", W5 = AW ",
trong d6 w = €%/° va moi a; 1a céc s6 hitu ty. Nhu vay w la nghiem ctia da
thitc v6i hé s6 hitu ty
2 3 4 _
1+ asw + asw” + aqw® + asw™ = 0.

Nhung da thitc t6i tiéu clia w trén Q[z] 1a 1+t + 2 + 2 + 4 tic 1 +w +
w? + w4+ w* =0. Tu d6 suy ra as = a3 = ay = a5 = 1, tiic 1a |w;| = 1, suy ra
|2;| = |21], nghia 1a ng giac la deéu.

5.4.2 Dang thic lugng giac trong tam giac

Vi du 5.28. Cho tam giac ABC ¢6 A =n/7, B=2r/7, C = 4x/7. Ching
minh rang

OH = OI, = RV2.
Loi giai. Ta co

a= 2Rsin§, b= 2Rsin 277T, ¢ = 2Rsin 4—7T

7
Vay nén
2 4
OH? =9R* — (a®* +b* + %) = 9R* — 4R2<sin2 % + sin® 77T + sin® 77T)
3 1 2 4
9R2—4R2[§—§<cosg+cos7ﬂ+cos7w)}
3 1 3 5
9R2—4R2[§+§<cos§+cos7w+cos7ﬂ)}
T .7
Dat z = cos = + isin —, ta dugc
7 7
27—z —1-—z 1

3 5 _ _ )
itz +Z_z2—1 22 -1 1—=2
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Lay phan thyc hai vé ta duge

7T+ 37T+ 57T_1
Cos7 Cos 7 Cos T =3

Vay OH? = 9R?* — TR? va OH = Rv/2.

Vi du 5.29. Cho tam gidc ABC ¢6 A =n/7, B=2r/7, C' = 4x/7. Ching

minh rang
R =2r,.
Loi giai. Ta c6
b sin Z sin 2Z sin 4&
OIsZRz—I— aoc :R2+4R2 7' 27 '74_
b+c—a sin 7 + sin ¢ + sin =%
Do
,47T+,27T T ,37T+,57T (,7T+,77r)
in— +sin— —sin— = sin — 4+ sin — — ( sin — + sin —
S 7 7 7 7 7 7
2,47T 7T2,47r,37r 2,47T< T 37T)
= 2sin — cos — — 2sin — sin — = 2sin — [ cos = — cos —
7 7 7 7 7 7 7

R 7 S ¥
= 4sin — sin — sin —-

7 7 7
Vay nén OI? = R? + R? = 2R? suy ra O, = RV2.
Vi du 5.30. Cho tam gidc ABC ¢6 A =n/7, B=2n/7, C = 4x/7. Ching
minh rang
@’ + b + & = TR
Loi giai. Ta c6
2 4 7
a>+ b+ = 4R2<sin2 T + sin® il + sin® —W) = 4R?*- = TR*
7 7 7 4
5.5 Bang cac cong thiic co ban ting dung sé phiic vao
giai toan hinh hoc

Sau day 1a mot bang (liet ké) cac cong thitc co ban can dung dén trong

viéc giai toan Hinh hoc phing bing s6 phitc ma ching ta sé gip sau nay. Do



224 Chuong 5. Mot s6 1tng dung ctia s6 phitc trong hinh hoc
12 nhitng cong thiic dé tinh do dai, tinh do 16n ctia géc, tinh dién tich, tinh ty
s6 don (clia ba diém), tinh ty s6 kép (ctia bén diém); thiét lap diéu kién song
song, vuodng goéc clia cac duong thing, diéu kieén (dau hiéu) dong dang ctia hai

tam giac, dieu kién lien thuoc, phuong trinh duong tron...

1. OA” = aa, AB" = (a — b)(@—b)

2.CE(AB)(:)E-E:(b—a)(E—d)@(abc):Z:b: — (abo)
(ty s6 don ctia ba diem A(a), B(b), C(c) la s6 thuc)

3. Bén diém A, B, C, D thing hang hay dong vién can va du la ty s6 kép
(a,b,c,d) la thuc

c—a d—a

c—a d-a
(a,b,c,d) e E_E.E_E—(a,b,c,d)
Cu thé
A B.C.D thing hang khi va chi khj =% . 4= ¢Zae d=a _p
it & hats b d—b c—b " d—0b
A, B,C,D dong vién can va du 13 C_a'—d_aéRnhlm £ % d_ag]R
, B, C, ong vién ca adila —p: o gc—bad—b

4. Bon diém A(a), B(b), C(c), D(d) khong thang hang. Khi d6

AB|CD e 2= c g
d—c
va

ABLCH%@#Z_G

eiRtmnaRe(Z_“)zo

—C —C

5. Tam giac ABC déu, c6 huéng thuan (dinh huéng duong) khi va chi khi

a+bw+cw? =0

e

2 _

3

w|'§"

trong d6 w = cos 23—” + 17 -sin
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10.

11.

(Hay dac biét, c6 thé xdy ra A= B = ()
Tam giac ABC' deéu, c6 huéng nghich (dinh huéng am) khi va chi khi

aw? +bw+c=0

- 2

. .. 2w
trongdou):coszg—”—I—z-sm%”:eZ 3

. Hai tam giac A;B,C) va A,B,C5 dong dang ciing huéng khi va chi khi

bl_al:bz_azza (v € C)

C1 — ap Co — Q2

Hai tam giac A;B,C; va Ay B>,y dong dang ngude huéng khi va chi khi

brﬂizg_ézﬁ(ﬁEO

C1 — ap Co — Q2

Dién tich ctia tam gidc ABC' dinh huéng, véi cac dinh A(a), B(b), C(c),

dugce tinh theo cong thic

il a 1
—1b b1
dlcz1
a a 1
Do d6 A(a), B(b),C(c) thang hang khi vachikhi | b b 1 |=0
c ¢ 1

. Phuong trinh duong théng a-z+a@-Z+ =0 trong d6 a« € C*,f € R

. Khoéang cach tit diém M (z) dén duong thing A :a-z+a-z2+8=0

bang
- zo+ @z +

Voo

Phuong trinh ducng tron z-Z+a-z4+a-z+  trong do o € C, 5 € R

Phuong trinh dudng tron di qua ba diém A(a), B(b),C(c) phan biét,
khong thing hang c¢6 dang

Qf
|
ol

Z—a zZ—cC

z_
b—a b—c p—

Q

S|
|

ol
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12.

13.

14.

15.

16.

17.

18.

19.

Chuong 5. Mot s6 1tng dung ctia s6 phitc trong hinh hoc

(b—a)(d—2)+ (b—a)(d —c)
2lb—al-|d—¢|

Tt d6 AB LCD <= (b—a)(d—2¢)+ (b—a)(d—c)=0

—(b—a)(d—7¢)+ (b—a)(d—c)
2ilb—al - |d— ¢

cos(%ﬁ; C'_l))) =

sin(/ﬁ; C'_l))) =
AB va CD la hai day cung ctia dudng tron z -z = R2. Khi d6

AB||CD <= ab=cd va AB 1 CD <= ab+cd =0 (a-a="bb=c¢=dd=R*)
AB, CD lahai day cung ctia duong tron don vi z-z = 1, (AB)N(CD) = S.

Khi do

a+b—(c+d)
ab — cd

(el

(a-a=b- c=d-d=1)

S =

Néu C’ 1a chan duong cao, ha tit dinh C ctia tam gidc ABC ndi tiép trong

duong tron don vi z-Z =1, thi
1
- - b4 c— —
5 (a +0+c )
véia-a=b-b= =1
AB la day cung ctia duong tron don vi z-Z = 1. Khi d6

Z € |[ABlhay Z € (AB) <= z+abZ=a+10

C la giao diém cac tiép tuyén tai A vd B ctia duong tron don vi z-Z = 1.
Khi do

AB 1a day cung ctia duong tron don vi z - Z = 1. Khi d6 v6i méi diém M
khong ndm trén dudng tron, hinh chiéu (vuong goc) ctia M trén dudong
thing AB dugc xac dinh béi

1
hzi(m—abm—l—a—l—b)
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20. Tam giac ABC noi tiép trong duong tron don vi z -z = 1, thé thi dién

tich S cta n6 duge xac dinh bdi

i (a=0b)(b—c)(c—a)
S:Z. abc

5.6 Bai tap

Bai 5.1. Cho ABCD la mot hinh vuong c6 dinh. Xét tat ca cac hinh vuong
PQRS sao cho P, R nam trén hai canh khac nhau va ) nam trén mot duong

chéo ctia hinh vuong ABCD. Tim tat c cac vi tri c6 thé duge ctia diém S.

Bai 5.2 (Colombia MO 1997). Xét diém P nim bén trong hodc trén bién

ctia hinh vuong ABCD. Tim gia tri 16n nhat, gia tri nhé nhat c6 thé dude cta
f(P) = ZABP + /BCP + /CDP + /DAP

Bai 5.3 (Greece MO 1997). Cho t1 giac 16i ABCD. Goi E, F,G, H theo thi
tu la tam céc hinh vuong véi cac canh AB, BC,CD, DA dung ra phia ngoai
tit giac. Chiing minh rang

- Trung diém cac dudng chéo clia hai tt giac ABCD, EFGH la dinh cta
mot hinh vudng.

- EF va GH vuong goéc véi nhau va bang nhau

Bai 5.4. Trén cac canh AB, BC, C'A ctia tam giac ABC', dung ra phia ngoai
ba tam giac dong dang ABC,, A1 BC, AB;C. Chiing minh réng trong tam hai
tam giac ABC, A;B,C; trung nhau. Héi két luan ctia bai toan con ding khong
néu cac tam giac ABC,, A1 BC, AB,C dung vao phia trong ctia tam gidc ABC?

Bai 5.5. Trén dudng tron w cho trude hai diém A, B ¢6 dinh va mot diém M
di dong trén w. Tréen tia MA lay diéem P sao cho MP = MB. Tim quy tich
diém P.
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Bai 5.6. Cho ti giac 16i ABCD. Lay céc canh AB,CD lam day, dung ra
ngoai cac tam giac vuong can ABX,C DY . Chitng minh ring

V2XY < AC + BD

Bai 5.7. Cho tam gidc ABC noi tiép trong dudng tron don vi. Biét rang ton
tai @ € (0; %) sao cho a + bsina + ccosa = 0 (6 day a, b, ¢ 1a toa vi clia cac

=
\ 142
dinh A, B, C), chitng minh ring 1 < Sape < +2f

Bai 5.8 (Romanian 2003). Goi M, N, P,Q, R, S theo thit ti 1a trung diém
cac canh AB, BC,CD, DE, EF, F A cia luc gisc ABCDEF. Chiing minh ring
RN? = MQ?+ PS? & MQ L PS

Bai 5.9 (Romanian 1994). Cho tit giac 16i ABCD. Goi E, F,G, H theo thi
tu 1a trung diém cac canh AB, BC,CD, DA. Chitng minh ring

AB 1 OD < BC?+ DA? = 2(EG* + FH?)

Bai 5.10. Xét diém M trén dudng trong ngoai tiép ctia tam giac ABC, khong
triing vé6i cac dinh ciia tam giac. Chitng minh réng tam dudng tron Euler ctia
cac tam giac MBC.MCA, MAB la dinh ctia mot tam giac dong dang vé6i tam
giac ABC.

Bai 5.11. Chiing minh rang tam gidc ABC vuong khi va chi khi duong tron

Euler tiép xtic v6i duong tron ngoai tiép.

Bai 5.12. Cho tam giac ABC. Goi w,, wpva w, theo thit tir la cac duong tron
nhan cac duong trung tuyén ké tit A, B va C' lam duong kinh. Ching minh
rang, néu hai trong ba dudng tron nay tiép xic véi dudng tron noi tiép clia
tam giac ABC, thi duong tron thi ba ciing tiép xtc véi duong tron noi tiép

cua tam giac.

Bai 5.13 (Romanian 2008).
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Bai 5.14. Cho tt giac ABCD noi tiép. Goi E,, B, E., E; theo thit tu 1a tam
duong tron Euler ctia cac tam gidac BCD,CDA, DAB, ABC'. Chitng minh ring
cac dudng thang AE,, BE,, CE,., DE; dong quy. Hay xac dinh vi tri hinh hoc
diém dong quy.

Bai 5.15. Cac canh AB, BC' va C'A cta tam giac ABC dugce chia thanh ba
doan bang nhau bdi cac diém M, N; P,Q va R, S. Vé phia ngoai ciia tam giac
ABC, dung cac tam gidc deu MND, PQE, RSF. Chiing minh ring DEF 1a
tam gidc deéu.

Bai 5.16. Vé phia ngoai ctia tam giac ABC ta dung cac tam gidc hinh vuong
ABEF va ADGH lan lugt c6 tam 1a O va Q. M la trung diém ctia doan BD.
Chtng minh rang OMQ 1a tam gidc vuong can tai M.

Bai 5.17 (IMO 1982 shortlist). Ve phia ngoai ctia tit giac 16i ABC' D, ta dung
cac tam giac déu ABM, C' DP; vé phia trong clia t1t gidc, ta dung cac tam giac
déu BCN, ADQ. Chitng minh rang ti gidc M N P(Q 1a hinh binh hanh.

Bai 5.18. Cho ABC la tam giac nhon. Trén cling mot phia ctia duong thing
AC chita diém B, ta dung céac tam gidc vuong can DAB, BCE, AFC tai céc
dinh A, C, F. Chiing minh ring D, E, F thing hang.

Bai 5.19. Goi A, B, C la cac diém déi xting ctia A, B, C tuong tng qua céc
canh BC,CA, AB. Tim diéu kién can va du gitta cac géc A, B, C clia tam giac
ABC sao cho

i) AB, BC,CA ddng quy tai mot diem.

ii) A, B,C thang hang
Bai 5.20. Cho A, B,C la ba dinh lién tiép clia mot n-giac déu, M 1a mot
diém nam trén duong tron ngoai tiép n-giac déu sao cho B va M niam khac

phia dé6i v6i AC. Chiing minh rang

MA + MC = 2MB cos
n
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Bai 5.21. Cho P la mot diém bat ky nim trén dudng tron ngoai tiép hinh

vuong ABCD. Tim tat ci cac sd nguyén duong n sao cho dai lugng
PA"+ PB" 4+ PC"™ + PD"
khong phu thuoc vao vi tri ctia P.

Bai 5.22. Cho tam giac ABC ¢6 cac canh BC = a,CA=b,AB =c. M la
mot diém bat ky ndm trong mit phéng tam giac. Chitng minh ring

a) a.MA?+b.MB?+ cMC? > abc

b) a.MB.MC +b.MC.MA + ¢.MA.MB > abe.

Bai 5.23 (China TST 1998). Cho tam gidc nhon ABC' ¢6 céc canh BC =
a,CA = b,AB = c. P la mot diém bat ky nim trong mat phang tam giéc.

Chitng minh rang
a.PB.PC+b.PC.PA+ c.PA.PB = abc
khi va chi khi P trung v6i truc tam cua tam giac ABC.

Bai 5.24. Cho tam gidc ABC c6 trong tam G. Goi R, Ry, Ry, R3 lan luot 1a
ban kinh duong tron ngoai tiép cac tam gidc ABC, GBC,GCA, GAB. Chiing
minh ring

Ri+ Ry + R3 > 3R.



Chuong 6

Khao sat day s6 va phuong
trinh sai phan

6.1 Mot s6 khai niém co ban va tinh chat ctia sai phan

Dinh nghia 6.1. Gid sii f : R — R la mot ham s6 cho trudc va h =

constant # 0. Ta goi sai phan cip 1 cia f la dai lugng

Af(x) = flz +h) + f(z).

Gid st da dinh nghia dugc sai phan cip n — 1 cia f. Khi dé, sai phan cip n

cua f duge dinh nghia nhu sau:
A"f(z) = A[A" f(2)](n = 1), A f(2) := f(x).

Chii ¥ 6.1. Mdc diu h c6 thé la mot hing so bat ki nhung gid tri thuong ding
la h = 1. Mot trong nhing li do dan dén chi xét h = 1 la: viéc tinh todn sai
phan hitu han rat can thiét cho viéc tinh tong ciia chudi. Du an hay hién, moi
s6 hang cia chudi la mot ham so bién s6 nguyén xdac dinh vi tri cia so6 hang
trong chudi vi vay bién doc lap dugc gid s la gid tri nguyén sai khdac mot don

vi. Vdi h =1 ta ¢

Af(x) = flz+1) = f(z).

231
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Dinh nghia 6.2. Biéu thic giai thita: Cho ham s6 f, : R — R. Ta goi biéu
thiic

Jefe—1fe—2 " fomnt
la biéu thic giai thia.

Xét dang giai thitta quan trong sau:

(a+bx)™ =(a+bz)(a+br—1)---(a+br—n+1).
Dac biét, khi a =0, b =1 ta co
W =gz —1)(z—-2)---(x—n+1).

Dinh nghia 6.3. Gid si ham y = f(x) cho dudi dang bing y; = f(x;) tai cdc
moc x; cdch deu: xi1 — x; = h = constant(i > 0). Khi dé sai phan cia day y;

duoe xzac dinh nhu sau:
Ayi = Yiy1 — Y
APy, = A(Ay) = Ay — Ay, -
Ay, = AA"y) = A"y — AV Ny,

)

).

Vidu6.1. Az? = (zx+1)> —2? =21+ 1;
Algr =lg(z+1) —lgx = lg(%’l): lg(l +
Asinz = sin(z + 1) — sina = 2sin 1 cos(z +

Aa® = (a—1)a”

NG

Asin(a + bx) = 2sin & cos(a + & + bx)

Acos(a + br) = —2sin & sin(a + & + bx)

Az! = zx!

Ala+ bx)™ = bn(a + b)Y dic biet Ax™ = nz(—1),
)nsin<a + bx + @)

b
2
b)" n(b+r)

5) cos(a + bx + T)

A" cos(a + bx) = (2 sin



6.1. Mot s6 khai niém co ban va tinh chat ctia sai phan 233
Dinh nghia 6.4. Ta goi Ef, = fu1 la todn ti dich chuyén.

Dé thay
Emfm = E(Em_l)fm = fm—l—m-

Goi I 1a toan tit dong nhéat, tic 1a I f, = f,, ta c6 A = E — I va v6i sd nguyén
duong m ta c6

m

A" fp=(E—=I)"fo=> (-1)'CLE" " fo, E® = 1.

i=0
Dinh ly 6.1. a. Sai phan cia hang s6 bang 0.
b. Sai phan moi cap la todn tii tuyén tinh.

c. A™(z™) =nlh™ A™(z™) — 0(m > n) n,m nguyén duong.

Hé qua 6.1. a. A"az™ = a(n!)
b. A"Hlzn = (.

c. Néu f, la mot da thite bac n cia x c6 dang
fo=Agz" + A"+ A

thi
A" f, = Ag(n).

Dinh ly 6.2. a. Néu P(z) la da thic bic n thi theo cong thic Taylor

AP:=P(x+h)— P(x) = i ZL,—;P(i) (x).

b. f(x+nh) =" CLA f(x).
c. A"f(z) =31 o (—=1)'CLf(x+ (n—i)h).
d. Gia st f € C"[a,b] va (x,x +nh) C [a,b]. Khi do

A" f(x)

o = f™(z+0nh), 6 (0,1).
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Hé qua 6.2. Néu f € C"[a,b] thi khi h di nhd

LA

Foa) e S

Dinh 1y 6.3. a. Af.g: = foAge + o1 Afe (Cong thiic sai phan ting phan).
b. > Afe = for1— fm, (m<n).
k=m

Dinh 1y 6.4. (Newton) Néu f, la moét da thic bac n cia x thi né cé thé biéu
dién dudi dang

(1.10) (3) (n)
X X X
A% fo+ =—N%fy+ -+ Z—A"f,.
2! 3! n!

fo=fo+a"Af+
Chaing minh: Theo dinh nghia ctia biéu thic giai thita, ta c6 thé gia st
foe=a0+ a1z 4 a0 oy g 2™,
Lan luot 1ay sai phan cac cap cua f,, ta dudc

Af, = a1+ 2a2z(1'8) + 3a3z(1'10) + -+ nanx("_l)
A%, = 2-1-a5+3-2 a2+ 4 (n—1)- aa™?
A, = 3-2-1-az+-—+n-(n—1)(n—2) az"?

A"f, = an(n!).

Cho x = 0 trong cac dong nhat thic trén ta dugc

Afo A
ol 7 '

a0:f0>a1:A.f0>a2: |
n

Vi du 6.2. Gid st f, la mot da thiic. Tim s6 hang thit chin fs ciua day sau:
fO = 1>f1 :4>f2 = 10>.f3 :207f4 :357f5 = 56.

8.7 8-7-6
f8:f0+8Af0+TA2f0+ a0

A fo=14+8-3428-3+56-1=165.



6.1. Mot s6 khai niém co ban va tinh chat ctia sai phan 235

Vi du 6.3. Tim s6 hang tong qudt cia f, biét: fo =1, f =4, f» = 10, f3 =
20, f, = 35, f5 = 56.

(1.10)
2!
Vi du 6.4. Biéu dién f, = 22° — 32% + 3z — 10 dudi dang chudi giai thia.

T

3) 1
X
fo=fo+2WOAf + A?fy + ?A?’fo — g[z?’ + 622 + 11z + 6].

fo =22 — 322 + 32 — 10 = 22 4 32119 4 2,08 _ 1.

Cha ¥ 6.2. Ta ¢6 thé ding Dinh lj phép chia c¢é du dé tinh cic hé sé trong
biéu dién da thic thanh chudi giai thita nhanh hon cdich dung bing sai phan

nhu trén. That vay, gia si P,(x) la da thic bac n dang
Po(z) = box™ + byz" ™t + bex™ % + -+ + by_17 + by (1.1)
Theo Dinh lij Newton ta cé thé biéu dién P,(x) dudi dang
P.(r) = Ay+Aix+ Ayx(z— 1)+ Asz(z — 1)(x — 2)
+ -+ Axz-1)(x—-2)--(z—n+1). (1.2)

Ta can zdc dinh cic A;,i = 0,1,2,---n. Chia B,(x) trong (1.2) cho x. Phan
du la Ag = P,(0) = b, va thuong la

P i(z) = A1+ A (z—1)+As(xz—1)(z—2)+ - -+ Ap(z—1)(x—2) - - - (x—n+1).
Chia P,_1(x) cho (x —1). Phan du la P, 1(1.8) = Ay, va thuong la
Poo(z) = Ag+ As(x —2) 4+ -+ A —2)(x = 3)--- (x — n + 1).
Tiép tuc qud trinh cudi cung ta nhan dugc
P(z)=A,1+ A, (z—n+1).

Chia Pi(x) cho (x —n+ 1) ta nhan duge phan du A,_1 = Pi(n— 1) va thuong
A,. Ro rang A,, = by hé s6 clia 2" trong P,(x). Can bang hé so trong hai dang

cia P,(x) ta tim dugc cic A,.
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Vi du 6.5. Biéu dién f, = 22° — 32% + 3z — 10 dudi dang chudi giai thia.
fe=22°-32> + 32— 10 = Az(z — 1)(x — 2) + Ba(x — 1) + Cx + D.

Ro rang D = —10 va A = 2. Chia f, cho x, thuong la 2x* — 3z + 3, du la
—10 = D. Chia 22 — 3z + 3 cho (x — 1), thuong la 2x — 1, du la C' = 2. Chia
2x — 1 cho (x — 2) thuong la 2, du la B = 3. Vay

fo=22% =322 + 32 — 10 = 223 4 32119 4 2,08 _ 10

Nhan xét 6.1. Trong nhiéu bai todan cé st dung sai phan, ta thuong phdi khai
trién biéu thic giai thia ™ thanh da thic cia x hay khai trién don thic x™
thanh chudi cdc biéu thic giai thia dang 2. Cdc s6 Stirling logi 1 va loai 2

: A X : . -2 PN
cho ta cac hé so trong cdac khai trién trén.

Cac sb Stirling

Tt dinh nghia biéu thic giai thita, ta ¢ cac cong thiic sau
a.z™=g(x—-1)--(x—n+1)
b. 2 = 2™ (z —m)»™ m<n

c. 2™ =Stz + SPa? 4 ... 4 SPa" = ; St

d. 2D = (M (x —n) = 3 SPai(z — n)
i=1
n+1 ) n )
e. S Syt = 3 Srai(x —n)
i=1 i=1
Do d6 ta nhan duoce

n+l _ an n
SiT =511 —nsSy

Rorang, S" =1, Sy=0, SP"=0,i>n.Tagoicicsd S" xac dinh theo
cong thic trén la cac s6 Stirling loai 1. Céc s6 nay duge dung dé biéu dién he

s6 cia ™ trong khai trién (™ thanh da thiec.
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n] ST [ ST [ ST [ ST [ ST [ 87 &7
T 1

7 =1 i

3 2 =3 I

I =6 | II | =6 | 1

51 24 | =50 | 35 | —10 | 1

G =120 274 | =225 & |15 1

7 720 | 1764 | 1624 | =735 | 175 | =21 | 1

Ta co
n

x(n) _ S{Lx_|_53$2_|_..._|_53 n :ZSZ."x".
i=1
Cho 2 = 1 ta ducc

n

> sr=o.

i=1

Do dé, tong cac phan tit trén mot hang bang 0.

Vi du 6.6. Ding bing trén viét biéu thic giai thira 9 dudi dang da thic. Ta
co

20 = 26 — 152° + 852* — 2252% + 27422 — 120x.
S6 Stirling loai 2:

Céc s6 Stirling loai 2 duge diung dé biéu dién heé s6 ciia 2™ trong khai trién

2™ thanh chudi giai thua.

z = 23 = 51208 do d6 ST =1
2? = U (10 = 62,08 4 62,0110 q6 46 S7 =1,5% = 1

3 = g8 4 32110 4 03) — Sfx(1'8) + Sg’x(l'w) + Sg’x(g) do do S? =1,83 =355 =1.
Téng quét,

" = S{Lx(m)+S§x(1'10)+5§x(3) 4. .4_5?_1&;(1'—1) +SZ-"a7(i) 4. .4_5:&;(@ (1.3)
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hay

n

" = Z S?z(i).

i=1
Theo cong thiic Newton,

fo=3 eSS AE]

i=0 ’ i=0

Thay f, = 2™ ta dugc

A2 AP n
2" = (19 [Afn]m:() + i(l'w)[—I]m:O oot A [ x }
2' n' =0
hay
“L AR
SICD
* Z . Z' x=0
=1
Ta lai co
Ai n
Si'= ]T } (1.4)
1. =0
va
) 4 iz® = 3. 2@, (1.5)

Theo dinh nghia

2 — S{z+1$(1.8)+5§+1$(1.10)+_ ) __I_Sin—l—ll,(i)_l__ ) __I_Sgi—lll,(n—l—l) _ ZS?HI(D
i=1
(1.6).
Tu (1.3) ta ¢6

n

"t = S84 Snpp 0 g D 4 S SR () = Z Srax®.

(2

-1

(1.7)
Heé s6 ctia 9 trong (1.6) 14 S he s6 ctia 2 trong (1.7) 1a SP, +iSP. Vay
ta co

Srtl = §n QS
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Vi du 6.7.

S2 =355+ Sy =3(6) + 7 =255 =4S5] + S5 = 4(1.8) + 6 = 10.

ST ST ST [ S Se [Se[ST
T 1

2T T [ 1

ST T3] 1

ITT 716 1

5T T [15] 25 [ 10 1

6] T |31 90 [ 65 | 15 | 1

7T T [ 63301350 [ 140 | 21 | 1

Vi du 6.8. Dang bing trén khai trién 28 thanh chudi cic biéu thic giai thia.
Ta co

2% = 2@ 4 3120 + 902 + 6523) 4 155010 4 (1),
6.2 Tinh tong bang phuong phap sai phan

Trude tién ta xét bai toan sau: Xac dinh g, sao cho Ag, = f., v6i f, 1a
ham da biét. Nhan xét rang, néu g, 1a mot 16i gidi ciia bai toan trén thi g, +C

v6i C' 1a hang s6 bat ki cling 13 161 giai ctia n6. Trong tai liéu nay ta sé ki hieu
Gz + C= A_lfm, C eR.
Ta dé& dang kiém tra dudc céc tinh chat sau day ctia A~

Dinh ly 6.5. a. A™'0=C, C€R,
b. AN fetg.) =AM fu £ A, + O, CER,
¢ Akfy = kA o+ C, k CER,
d. AV foAgy) = fog: — AMger1 Af] +C, CER.

Vi du 6.9. Tu 6 A2 +C|= 211, Do dg

(3)
A1(1110) % L C
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Vidu 6.10. a. A™la" = 2+ C, C€R,
b Atz =20 L O CeR,
c. A‘l(a+bx)(" %%—C C eR,
d. A sin(a + bx) = b cos(a — 2 +bx)+C, CEeR,
e. A~ cos(a + bx) = 2smg sin(a — 2+ bx)+C, CeR,

f A za)=2!+C, CeR.

Vidu 6.11. Tinh a. A713%, b. A~ (23 =222+ T2 —12), ¢. A7 z(z+1)(z+2)].
a. AT =+C=%2+C, CeR.
b 2® — 222 + Tx — 12 = 2 + (110 4 6218 — 12,

AN =202 + 72 —12) = AN z® 4 2310 4 6208 — 12)
— A1) 4 AT1,(110) 4 gA=1,(18) 19 A=1,(0)

4) (3)
B fz_%_§§‘4‘3x“1m-—12x“8)+(1 CeR
C.
Az + )@ +2)] = A z+2)®
)
= %4_0
(z +2)(z + 1) (@)(x = 1)

= 1 +C, CelR.

Vi du 6.12. Tinh A~tx3%.
S dung tinh chat d cia Dinh lj 5, ta dat f, =z, Ag, = 3*. Khi do

3 3=+t 3
Af,=1, g =A"13== ¢, = = —3°.
f ) g 27 Gr+1 2 23
Do do ta nhan duoce
3 3
A3 = z- 5 = A‘l[i?f A+ C
3 33 3
— T 4 Cc=23" - R.
T 22+ b J+G C e
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Vi du 6.13. Tinh A~122=L

20—
Ta phadi tim g, sao cho
20 — 1

Stt dung dinh nghia sai phan ta cé thé gid si

_ [

z 2:2—1’

trong do f(x) la mot da thic cia x. Vi

2¢ — 1
Ago = fo = ot
nen
[e+1)  f@) _ f)
Qm 2:2—1 2:2—1
hay

flx+1)—2f(x) =4z — 2.

VE phdi ctia phuong trinh nay la tuyén tinh. Do dé vé trdi phdi tuyén tinh, nén

f(z) phdi cé dang f(x) = ax + b, kéo theo f(z +1) =ax+a+b. Do do
(ax +a+0b) —2(ax + b) = 4a — 2.

Can bing hé so ta nhan dugc
ar —2ar =4x, a+b—2b=-2.

Suy ra a = —4,b=—2 va f(x) = —4x — 2. Tu do

—4r —2 2¢ + 1

G = 2:2—1 - 2m—2

Vay
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Tiép theo ta dé cap dén viéc tinh tong bang phuong phap sai phan. Gia st
ta phai tinh tong ZZ;; ax, khi d6 ta tim day {zx} sao cho xpy1 — xp = ax. Thc

1a Az, = ai. Khi d6 ta ¢6

3
—

n—1

n -1 n

ar = E Az =z, — 11 = 2|7 = A aglT.
k=1

e
Il
—

Vi du 6.14. Tinh tong
1-242-34---+n-(n+1).
Ta ¢6 fr = x(x+1) = (v +1)110),
ifm _ A—1($+1)(1.10)|?+1
1

(14 2)® ntl (n+2)® 20 (n+2)(n+1n

3 N 3 3 3
Vi du 6.15. Tinh tong
1P 4+2° + - 40k
Ta c6 fp=a=z(x—1)+x= 2(110) 4 .(18)

Yofoo= AT O 40O

1
[:p(g) 2(1:10) nil (M 1)(3) N (n+ 1)(1'10) _ (n+1)n(n—-1) N (n+1)n

3 * 2 II¥ 3 2 3 2
n(n+1)(2n + 1)
; .

Vi du 6.16. Tinh tong cia n sé hang dau tien cia chudi vdi s6 hang tong
quat la

x® + T

Ta ¢6 fp = a° 4+ 7o = 2O + 32(110) 4 84(1:8),

St = ATa® 4 32010 4 g 09
1
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4
= [ﬂ ‘l‘l’(g) +4l’(1'10)]|?+1 _
4

1
= Zn(n +1)(n* +n + 14).

(n+ 1)@
4

+(n+1)® 4+ 4(n +1)110
Vi du 6.17. Tinh tong

a 1
S = ag, Qp = .
; T ke OWVE+ kVE T

Ta co
1 1
T Gt OVE+RVETT  VEVERI(WE+VET )
_ VEFI-VE_1 1 1
Vivk+1  VE VE+1 Vk
Do dé
- - 1 1 1
S:;“k:‘;Aﬁ:‘<m‘l):1‘M‘

Vi du 6.18. Chiing minh rang ton tai cic so A, B thod man vdi moi n nguyén

duong, dang thic sau ding

ay+ag + -+ a, = Atgn + Bn, ay = tgk - tg(k — 1).

Ta co
tgk — tg(k — 1)
1=tk — (k—1)] =
gl =tk — (k= Dl = 5 =
suy ra
tgl + tgl[tgk - tg(k — 1)] = tgk — tg(k — 1) = Atg(k — 1).
Suy ra
Atg(k —1)
gk —1) = =D,
tgk - tg(k — 1) ol
Do do

3
3
3
3
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Vi du 6.19. Cho cdp sb cong a1, as, - - ,an, cong sai d. Tinh tong

n

- 1
S, = E sinag, T, = E - - )
—1 SIN Ag - S1N Qg1

k=1
Ta co
) . d ) ) 3 1
2sin ay, sin 5= 2sinfa;+(n—1)d]-sin 5= cos[ai+(n— i)d] —cos|a+(n— 5)0[]
Dat b,, = cosla; + (n — %)d], ta co
) . d
2sin a,, sin 3= by — bny1 = —Ab,.
Do dé
28 sind— iAb = by — bpy1 = cos(a —g)—cos(a +(n—1)d)
n 9 - £ n — V1 n+1 — 1 9 1 9 .
Tw do ta nhan duoc
o _ sin(a; + 25+d) sin(%d).
" sin g
Ta co
sin(an1 — ap) sind
cotga, — cotgan41 = — - = — . .
Sind, - SiNGpp1 SN Ay, - SIN g
Suy ra
1 1
- - = ——(cotga, — cotga,+1) = —Acotga,,.
sina, -sina,.; sind
Vay
1 sin(apt1 — aq) 1 sin nd
s1nd(60 gans1— cotgar) sindsina, - sina,+;  sindsinay - sin(a; + nd)

Vi du 6.20. Tinh tong cia n sé hang dau tien cia chudi vdi s6 hang tong

quat la
x2*

(z+2)!
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Ta phdi tim g, sao cho

2
(z+2)V

Stt dung dinh nghia sai phan ta cé thé gid si

. (:E—I—l)!2 ’

trong do f(x) la mot da thic cia x. Tu
Age = gut1 — gz = Ja,

ta co
flx+1)2t0 f(x)2" 227

(z + 2)! (x+1)  (z+2)!

hay
2f(z+1) — (z+2)f(x) = .

VE phdi ctia phuong trinh nay la tuyén tinh. Do dé vé trdi phdi tuyén tinh, nén

f(x) phdi la ham hang. Gid st f(x) = k. Khi dé

va
2k — (z+2)k = x.
Tw dé ta c6 k= —1= f(x).
Vay
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a2 —9®

n+1 __

(z+ 2" (x4 1)
2n+1

C(x+2)0
Vi du 6.21. Tinh tich phan hitu han: A~ 2=

2z—1 *

n+1

Ta phai tim g, sao cho

20 — 1
Agy = fo= o1
Gia s
f(x)
G = 2r—1 :
Vi
20 — 1
Agm fm = 2:2—1
néen
fe+l)  f@)
Qm 2:2—1 2:2—1
hay

flz+1)—2f(x) =4z — 2.
VE phdi ctia phuong trinh nay la tuyén tinh. Do dé vé trdi phdi tuyén tinh, nén
f(z) phdi c6 dang f(x) = ax + b, kéo theo f(z +1) =ax+a+b. Do do
(ax +a+b) —2(ax +b) = 4z — 2.

Can bang hé so ta nhan dugc

axr — 2axr =4x, a-+b—2b= -2,
Suy raa=—4,b=—-2va f(x) = —4x —2. Tu dé

—4:5—2_ 20+ 1

Gz = 9z—1 - 9z—2

A~

Vay

Ai2e-1 2041

2r—1 - 9r—2 +C
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Da thic Bernoulli

Trong viéc nghién cttu da thic ta gap bai toan: Tim da thic bac n cla x,

P,(z) sao cho

:L.n—l
AP@) = o (1.8)
hay
:L.n—l
P.(z)=A"" = + C. (1.9)
Gia thiét P,(x) c6 dang
P,(z) = ZA% = AO%T + Al% +o Az + A, (1.10)

Tu (1.8) ta co
n—1

Pl(z+1)—= Pl(z) = 2

- (n—-2)!
AP (z) = £

Mt khac, cing tir (1.8) ta c6

AP, () = &5

Suy ra

hay
P/(ZL’) —Pn_l(l’) = k.

n

Tu (1.10) ta c¢6
P (0)=A,1, P,1(0)=A, ;.

Do d6 k = 0. Vay
P!(z) = DP,(x) = P,_1(x).

P, (z) dugc goi 1a ham Bernoulli.
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Ta co

Tir (1.8) v& (1.9) ta nhan duge AP (z) = 1, suy ra Pi(z) = A2 = 2 + O,
suy ra Ag = 1. Mat khac,

A
Pl(z) = Py(z) = =2% + Az + A,

-2
Tit (1.8) va (1.9) ta nhan duge APy (z) = z, suy ra Py(z) = A~z = @ -
Cy = @ + Cs, suy ra A; = —1. Tiép tuc nhu vay ta xéc dinh dugc tat ca
céc he s6 Ay, As,--- . Tuy nhién ta c6 nhan xét sau day:
P.(z) Agjn+A e +---+ A + A
(1) = Ag— —f - 1T n-
“nl T (= 1) !
Suy ra
A n A n—1
AP, (1) = Ag— + Ay~ ...+ A, Au.
n! (n—1)!
Suy ra
n—1
A
APn =0 — ‘ -
([L’)| 0 ; (n — Z)'

Vi vay,
—I—Véin:?):%l—l—%—l—%zo,suyra/lg:l/lz
—I—Véin:4:%%—%—I—%—I—%:O,suyraflgzo.

Tuong t,
Ay = —1/120, A5 =0, Ag = 1/30240, A7 =0, - - -

Ta thu duge cac ham Bernoulli sau day:

P(z) =2 — 3
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Pw) =% -5+
Pia) =5~ T+
Pi) =% — 55+ % — 7
Ps(i)zlm—;]—%—l-?—;—%.

Tinh chat ctia da thitc Bernoulli:

1. DP,(z) = P,—1(z) suy ra DP,;1(z) = P,(z), suy ra

/ Po(2)dz = Pyt (b) — Pasa (a).

NX:

[y

n—

A;
P(0) = A,, P,(1.8) =

(n—1)!

FA, =0+ A, = A,

Il
=)

i

Do do6
1

/Pn(l')dl' = Pn+1(18) — Pn_|_1 (0) = An+1 — An+1 =0.
0
2. Agk_l =0vé6i k> 1.

Chiing minh: Ta c6

22k
AszH(CE) = (2]{:)!
’ 22k
Pz +1) — Popga(x) = 20
Thay x béi —x ta duge
22k
Pyyi(1 — ) — Popya(—2) = k)"

bat F(z) = —Pyt1(1 — x), suy ra
—Poyyi(—2) = P11 = (z+ 1)) = F(z + 1),

Do do6

249
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Suy ra
AF(I’) = AP%—!—I (ZL’)

suy ra
F(ZL’) — P2k+1 (ZL’) =C
hay F'(z) = Py (x) = 0 hay Py 4 (1—2) = Py (x) hay Por(1—x) = Por(x).

Dao ham hai vé dang thic nay theo z ta dudc

=Py (1 — ) = Py (x)

hay
—Pyp1(1 —x) = Py—q(x), k>1
hay
Popq1(z) + Pop—1 (1 —x) = 0.
Do do

Po—1(0) + Pop—1(1.8) = Agg—1 + Aoj1 = 2491 =0, k> 1.
Ta goi B,(x) = n!P,(x) la da thiic Bernoulli.

Vi du 6.22. By(z) =1

Bi(z) =2 — 3
By(x) =2® —x+ ¢
By(w) = a® — 32% + 3
By(z) = a* — 22% + 2% — 5
Bs(z) = 2° — Sa* + %:B?’ z
Bg(z) = a8 — 32° 4+ 32 — & + &
Br(x) =a” —a® — LS+ Ta® — TaP + £,
Ta co
Ll
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do do
An!P,(z) = na""!
hay
hay
ABpii(r) = (n+1)2".
Suy ra
1
A_l "= —Bn C.
v n+1 nlw)+
Suy ra
z—1
By, — Bha(1
S = artgrfy = et = Buaall)
r=1 n+ 1
Vi du 6.23.
z—1
B — B3(1.8 — 12z —1
sz = 12422 ._|_(x_1)2 _ A_1x2|gf _ 3() - 3(1.8) _ z(x )6( T )
r=1
z—1
B — B4(1.8 — 1)\ 2
S0t = 1P e (o 1) = A = DB ale Z1)y2
r=1

Ham Gamma

Ham Gamma dugc xac dinh béi tich phan
['(n) = /x"‘le_mdx (1.11).
0

I'(n) xac dinh v6i bat ki gia tri thuc ctia n loai trit 0 va cic s6 nguyén am. Véi

n nguyén duong ta sé ching té rang

I'(n) =(n—1)L
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Tt dinh nghia ta co
= /e_mdx =—’FF=0+1=1 (1.12).
0

Tich phan ting phan ta dugc

t t

/:E"_le_mdzz =—t""e "+ (n-1) /:E"_ze_mdz.

0 0

Ding Dinh 1y L’Hospital ta c6 —t" e~ tién dén 0 khi ¢ ra co. Vi vay,

/:E “le™dr = (n—1) /:E(" D=te=2dy (1.13)
0 0

hay
I'(n)=(m-1)C(n-1) (1.14)

va thay n béi n + 1 ta dude
I'n+1)=nl(n), I'(n)=———. (1.15)
Tu (1.14) suy ra

'n) = n=—1)I'(n—1)=(Mn—-1)(n—-2)['(n—2)
= n-1)n—-2)(n—3)---3-2-1-T'(1) = (n—1)!

Tu (1.12) ta duge I'(1) =1, do d6
I'(n) =(n—-1)L

Nguoi ta da tinh duge céac gia tri cia I'(n) véi 1 < n < 2 va nhd céc cong

thiic (1.14) va (1.15) ta c6 thé tinh T'(n) véi moi gia tri duong ciia n.
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Vi du 6.24. a. I'(3.2) = (2.2)(1.2)[(1.2) = (2.2)(1.2)(0.9182) = 2.424.

b. T(0.6) = HLO) — 08935 _ 4 489,

c. T(0.5) = /7.

Véi n 1a s6 thie am ta sé ding cong thitc (1.15) dé tinh T'(n).

Vi du 6.25. T(—0.4) = 58 = {00 — —3.723

Chia y 6.3. Nguoi ta chiing minh dudge rang véi n = 0 va n nguyén am thi
['(n) khong zdc dinh.

Ham Beta

Ham Beta duge dinh nghia bdi

1

B(m,n) = /zm_l(l — )" Yz (1.16).

0
Ham Beta xac dinh v6i moi m,n > 0.
bat y=1—xtaco
1 1

B(m,n) = /zm_l(l — )" dr = /y"_l(l —y)" tdy = B(n,m). (1.17)

0 0
Tiép theo ta sé tim mdi lién hé gitta ham Gamma va ham Beta.

Trong (1.11) dat = = 22, dx = 22dz; ta dugc
I'(n) = 2/2’2"_16_220[2.
0

Tu do ta co
I'(m) = Q/e_mzzzm_ldz

0
00

I'(n) = Q/e_yzyzn_ldy

0
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(m)L'(n) = 4//e_mz_yzzzzm_lyz"_ldydx.
00

Chuyén sang toa do cuc ta c6

(m)L'(n) = 4// 2™ (cos 0)*™ 1?1 (sin 0)*" trdrdf
0

= 2/6_ *p2lmn) _ldr-Q/(cose)zm_l(sin 0)*"1df

0 0

= T(m+n)-2 [ (cos)*™ !(sinf)** 1db.

=]
SIE]

Ta sé chiing minh rang

/COSQ )21 (sin 6)**~1d6.
0

Dat
r=cos’f, (1 —x) = sin? 6, dr = —2 cos  sin Odb.
Ta ducce
z % cos? )™~ 1(sin? )"~ (—2 cos f sin HdA)
/(Cos 6)*™1(sin 0)*"~'dp /2
0 s
3
= 2/(Cos 6)*™1(sin 0)*"1d6.
0
Vay ta co
L(m)L'(n) =T'(m +n)B(m,n)

hay
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g
Vidu 6.26. Tinh tich phan [ sin” zdz, n > —1. Daty = sinz, dy = cos zdz.
0

Suy ra dr = -2 = (1 — yz)%ldy. Khi do

COos ™

1
sin” xdr = /y"(l — yz)%dy.
0

o
[NIE]

Dit z = y?, dz = 2ydy, dy = 26\72' Ta cé

1

1
/y"(l—yz)Tldy = /z%_%(l —z)%dz
0

0

Bai tap
1. Tinh céc tong sau:

L.S=1-1!42-21+---+n-nl=> k-kL
k=1

2.8 =13+22+... 4 0= znjk:?’.
3. S:sinx+sin2x+---+ks:i;na?
4. 8 =cosx+cos2x + -+ cosnw
5.8=a+aq+ - +ag"?

6. S =sin(a + x) + sin(a + 2x) + - - - + sin(a + nx)
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7. S =cos(a+ x) + cos(a + 2z) + - - - + cos(a + nx)

_ 12 12492 12492 32 124924324 42
10. 1'3—|—2-4—|—3-5_|_..._|_n(n_|_2).
11.1-224+2-3243- 42+ +n(n+1)%

12. S = 35+ $+-+

1
n-(n+1)"

13.5 = 1—23 + 234 oot (n—2)-(1n—1)-n + (n—l)-vlz-(n+1)'
14. S =sinmz +sin fo + - - - + sin 5.
15. 85 = (21s1n2 9) —|—<2 sin? 9) +- 4 (2"s1n2 9) .
16.6-9+12-21+20-37+30-57+42-81---+ (n s6 hang).
17. S = 4L + &=+ =5+ (ns6 hang).
2. Tinh cac tong sau:
1.12-242%.22 4 32.23 ... 4 n22m,
2.2:2+46-22412-234+20-21+30-25+ -+ (n s6 hang).
3. Zn: rsinw.
4. (l}ié stt f, 14 mot ham kha tich hitu ty bac n. Ching minh ring, tich
phan timg phan lién tiép cho ta cong thiic

a
-1

A= [ A St (1) A (1) () ]

-1

5. St dung két qua cau 4 tinh

n

23”” @) Z (2% — 32+ 2).

_ 1 1 1 1
6.5=17 sz taiet T oo

1
7. 21: (52—2)(52+3)

1
8. 21: (2z—1)(2z+1) (2z+5)"
9.8 ="2+% +35 + 5 + - (ns0 hang).

3. Tinh céc tong sau:
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1. Z?:fr,fm R
SIAVES
3.5 funfr = HE5P

4 Z?:fm,fz )

" a IE2
5' Zo:f(ﬂ)fr - (3:|z—+z) .

4 Chiing minh céc dang thiic sau:

[\)

1 1—\<2n+1)
1 f a?dy VT .\ ? ]
: 1—x2 2 :
0 I'{ n+1
3 . F(”Tl F(—’”Q“)
2. [sin” z cos™ xdr = 5 - )
o0
— T'(n+1)
3. [ame " dr = —5+.
0
1 ﬁr(l)
dx n
4. f £ = )
0 Vi—zx N
o0
N

6.3 Phuong trinh sai phan tuyén tinh véi hé sé hing

Déi v6i phuong trinh sai phan tuyén tinh thi bang phép doi bién ta dua vé
hé phuong trinh tuyén tinh cip 1. Trong muc nay, hé théng lai mot s6 két qua
ve cong thitc nghiém phuong trinh cap cao dugce suy ra mot cach tuong tir tit

phuong trinh cap 1.

Dinh 1y 6.6. Nghiém tong qudt x, cia (2.2) biang tong @, va x*, vdi ¥ la

mot nghiém riéng bat ki clia (2.2).

Dinh nghia 6.5. z,,1, ---, . dudc goi la k nghiém doc lap tuyén tinh cia
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(2.3) néu tu hé thic

Clznl + -+ Ckl’nk =0
suy ra Cy = -+ =Cy = 0.
Dinh 1y 6.7. Néu x,1 -+ , 2 la k nghiém doc lap tuyén tinh cia (2.3), thi
nghiém tong qudt &, ciia (2.3) cé dang

fn = OIInl + -+ Ckfnky
trong dé Cy,Ca, -+ ,Cy la cdc hang so tuy 9.
Dinh 1y 6.8. Néu A\, Ao, -+ , A\, la k nghiém thuc khdc nhau cia (2.4) va cq,
Cay -+, Cp la k hing s6 tuy 4 thi

Tn = CLA] + 2Ny + -+ + A

la nghiém tong qudt cia phuong trinh sai phan tuyén tinh thuan nhat (2.3).

Chi y 6.4. Néu phuong trinh ddc trung (2.4) ¢ nghiém thuc X\; boi s, thi
ngoai nghiém X}, ta cé nXi, n*Xt,---  n° X! ciing la cdc nghiém doc lgp tuyén

tinh cia (2.3) va do dé

s—1 k
Fo= Y CiniI 4+ > CiAT
=0

jAi=1
Vi du 6.27. Tim cic ham f : Z — R théa man cdic diéu kién

5

ﬂI+w+f@—y%=ﬂ@ﬂwﬁayerm%#QﬂD25-

Chox=n € Z,y =1 ta dugc

fin+1) + f(n=1) = f(n)f(1).

Dat f(n) = u, ta thu duge phuong trinh sai phan

5

5
Upi1 = iun — Up—1,u0 = f(0) #0,u; = 5"
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Cho x =1,y =0 ta dugc f(1)f(0) =2f(1), suy ra f(0) =2 =wug. Ta dé dang
tim dugc nghiém

1
f($)22m+2—m, Va € Z.

Dinh 1y 6.9. Néu phuong trinh ddc trung cé nghiém phic \; = a + ib =
r(cos¢ + isinp) thi

k
Ty = Z CiA! 4+ 1"(C} cosngp + C2 sinn).
j#i=1

Vi du 6.28. Cho f : N* — R théa man cac dicu kién

fln+2)=f(n+1) = f(n), f(1) =1,f(2) = 0.

Chitng minh rang

2
<22, e

Dat f(n) = u, ta dugc bai todn gid tri ban dau

Unp4+2 = Up4+1 — Up, U1 = f(l) = 1>u2 = f(2) = 0.

Phuong trinh ddc trung co nghiém phic

_ 13
-

1-iV3

A 5

2

Ta c6 X = cos 5 +isin g. Ta dé dang tim dugc nghiém cia bai todn gid trj ban

dau la
n7r+\/§, nm
" = — 4+ —sin —.
U cos3 3s 3
Do dé
3  2v3
|f(n)] < 12—|—§=T\/_, Vn € N*.

Dinh 1y 6.10. Néu phuong trinh ddc trung cé nghiém phic \; boi s thi

k
Tp = Z CNIr" (A +Agnt- -+ An* 1) cos n+(Bi+Bynt- - -+ Byn® 1) sin ny).
j#i=1
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Mot s6 trudng hop c6 thé tim nghiém rieng mot cach don gian.
e Truong hop f, = Pn(n), méeN

1. Néu Ay, -+, A\x 12 cdc nghiem thuyc khac 1 ctia phuong trinh (2.4) thi
Y =Qm(n), meN, véi Qn(n)la da thic cing bac m véi f,.

2. Néu (2.4) c6 nghiem A = 1 boi s thi y* = n°Q,(n), m € N, véi Q,(n)

la da thitc cung bac m véi f,.

Vi du 6.29. Cho f : N* — R théa man cac dicu kién

fin+1)=2f(n)+ f(n—1)=n+1,f(1) =1, f(2) =0.

Chaing minh rang (6 f(n) — 24) la boi cia n vdin > 6. Dat f(n) = u, ta dugc

bai todn gid tri ban dau
Unt1 — 2Up +Up—y =1+ Lug = f(1) =1, up = f(2) =0.

Phuong trinh dac trung ¢é nghiém kép X = 1. Nghiém tong qudt ciia phuong
trinh thuan nhat la A+ nB. Ta tim nghiém riéng dudi dang n?(an + b). Dé

dang tim dugc a = %,b = % Do do

1 1
n=A+DB 2(— —)
U +Dbn—+n 6n—|—2

va nghiém cia bai todan gid tri ban dau la

11 n®> n?
w=f) =4— —n+ T
U f(n) 3n+6+2

Do do
(6f(n) — 24) = (n® + 3n* — 22n)

chia hét cho n.
Vi du 6.30. (Dé du tuyén IMO - 1992) Gid st a,b la 2 s6 thuc duong. Tim

tat ca cac ham f: [0,00) — [0,00) théa man dieu kién

f(f(@)) +af(x) = bla+b).
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Vi phuong trinh ham trén ding vdi moi x € [0,00) nén
FUF () +af(f(2)) = bla+b) f(x), x = f(z).

Tuong tu nhu vay ta thu dugc

fr3 (@) + af™ (@) = bla+0) f*(2).
Co6 dinh x ta thu dugc phuong trinh sai phan

Unt2 + atpyr = b(a + b)uy,.

Phuong trinh ddc trung co 2 nghiém A = b,A\ = —a — b. Khi do

f"(x) =up, =K -b"+L-(—a—"0)".

Ta co
uw=z=K+1lu = f(r)=Kb— L(a+0b).
Vi f*:]0,00) — [0, 00) nén

0s (a +b)" _K<a—|—b) (=1L

Mat khac, do <a%b)n_) 0 khi n — oo nén ta phdai co L = 0. Vay
f(z) = Kb = bz.

e Truong hop f, = P(n)s"

1. Néu cac nghiem ctia (2.4) deéu 1a cac nghiem thuyc khac 8 thi yf =
Qm(n)B™, véi Qpn(n) la da thic bac m.

2. Néu (2.4) ¢6 nghiem A\ = 3 boi s thi v = n°Q,,(n)B", véi Qn(n) 1a da
thie bac m.

Vi du 6.31. Xét phuong trinh sai phan

Tptda — 101’n+3 + 35l’n+2 — 501’n+1 + 24l’n = 48 - 5™,
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Phuong trinh dac trung cé cdac nghiém A\ = 1, o = 2, \3 = 3, \y = 4 déu khdc
5. Tu do ta nhan duoc

x, =2-5"

e Truong hop f, = acosnx + Bsinnz, «o,F€R

Tim nghiém riéng dudi dang
Y, = acosnz + bsinnz.
Vi du 6.32. Tim nghiém riéng x phuong trinh sai phan
Tpts — 2Tpyo — Tpy1 + 2T, = (2 — \/5) cos % -+ 2sin %

St dung phuong phdp vita trinh bay ta dé dang tim duoc

. nm
X, = COS —.
" 4
o Truong hop fr, =g + -+ + Gns
Tim nghiém riéng y, ing véi ham ¢,;, ¢ =1,---,s. Nghiém riéng y ting

véi f, sé la
Y= Ui
i=1
Vi du 6.33. Tim nghiém riéng x; phuong trinh sai phan

3 3
Tnaa — 3Tpasg + 3Tpio — 3Tpyy + 22, = 3 sin % — \/7_ cos % +10-2" + 2.

Dung nguyén lyj chong nghiém va dap dung phuong phdp trong 3 truong hop da
néu ta duoc
. nw
x, =sin—+n-2" —n.
3
Bai tap

1. X4c dinh s6 hang tong quét u, ciia day sé néu biét



6.3. Phuong trinh sai phan tuyén tinh véi hé s6 hing 263

n = Un 27 £ %
a. {u 1= Un + 20 Dap s6: u, =n? —n+ 2.

Uy = 2.
el = n — 14 1, L
b {u +1 = bou nt Dép s6: u, = 99 — n?.
Ug = 7
n =2 n n’ 2 %
C. {u+ tn +3 bap so: u, =7-2" 4 3™
Ug = 8
Unpt+1 = 7un + 7n+1’ L £, _ n
d. {uo 101 Dép s0: u, = (101 +n)7".
_ 1 nmw
e. {Z”i; vzt T fsm i Dép s6: u, = cos ™.
0

2. Dung phuong phap bién thién hing s6 tim nghiém riéng u* ctia cdc phuong
trinh sai phan sau
a. Upy1 = Up +n-n!. Dap s6: u’ = nl.

b. Up41 = 2u, +6-2". Dap so: u; = 3n - 2".
Sln(’ﬂ——)fﬂ
_ 4 ALk T
C. Upt1 = Up + cosnx. Dap so: u; = —aamz s Sing # 0.
1-—n Z A, . n
d. Upy1 = Up + 5e1- Dap s0: uy, = 5.

n-n!
5 -

€. Uny1 = DUy + £(n* — 3n + 1)nl. Dap sb: uj, =
3. Dung phuong phap phuong phap ham Green tim nghiém riéng x cta cac
phuong trinh sai phan sau

1. 2p1 =22, +n>—n+1.DS:2f =-n?>—n-3

2. Ty = 5Ty + 1% +3n+2. DSt 2 = —1k* — Tk — 2

3. Tpy1 = 3, + (2—n)2". DS: :E’:L = n2"

4. Tpy1 = 2x, + cos G — 2sin . DS: ) = sin .

4. Xac dinh s6 hang tong quat u, cta day s6 néu biét
{ 1= Mm+Du, +2"(n—1),
= 0.

n

b. nat (Un + 1),

IIH

D||

u1—0

n(n+1)---(n+k)
Un+1 = Gkt 1) (nt2k+1) (un +1),

u1—0

d.

{ 4 1),
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5. Giai cac phuong trinh sai phan sau

a. Tpyz — (Tpio + 162,11 — 122, = 0. Huéng dan: Phuong trinh dic trung
c6 cac nghiem A\ = 2 (kép), Ay = 3.

b. Zpi3 — bxpio + 82,11 — 62, = 0. Huéng dan: Phuong trinh dic trung c6
cac nghiem A\ =3, Ay =1 —l—z',)\_gz 1—1q.

C. Tnie — 3Tnis + 4Tpiq — 6Tpis + 5Tpio — 31 + 22, = 0. Huéng dan:
Phuong trinh dic trung cé cac nghiem A\, = 1,y =, A3 = i (kép), A3 = —i
(kép).

d. zy43 — Ty + 162,11 — 122, = n + 1. Huéng dan: Phuong trinh dac
trung c6 cac nghiem \; = 2 (kép), Ao = 3 déu khac 1.

€. Tpida — Tpiz — 3Tpio + DTpy1 — 22, = 1. Huéng dan: Phuong trinh dic
trung c6 cac nghiem A; =1 (boi 3), Ay = —2.

f. X3 — TTpyo + 162,41 — 122, = 2"(24 — 24n). Huéng dan: Phuong trinh
ddc trung c6 cac nghiem \; = 2 (kép), \y = 3.

6. Tim tat ca cac ham s6 f thod man diéu kién

a.

f(f(x))=3f(x) — 2z, VzeR.

Huéng dan: Vi phuong trinh ham trén ding véi moi x € R nén

{f:]R—)]R,

f(f(x)) =3f(x) — 2z,Vx € R.
Tuong ty nhu vay ta thu duge

fr(@) = 3" () — 2" (2).
Cé dinh z ta thu duge phuong trinh sai phan

Upt2 — SUpt1 + 2Up, ug = T, u; = f(x).

{f:N—>N,f(1):1,
2f(n)f(k+n)—=2f(k —n)=3f(n)f(k), Vk=n.
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Huéng dan: Cho k = n = 0 ta duge f2(0) = —2(0) suy ra f(0) € {0, —2}.
Gia st f(0) = 0. Thay n = 0 vao phuong trinh ham trén ta duge —f(k) =
OVE € Nnén f(1) =0 (vo ly). Vay f(0) = —2. Thay n = 1 vao phuong trinh
ham ta thu dude bai toan gia tri ban dau thuan nhét bac 2.

| {f:N—>Z,f(1):1,
f(k+n)—=2f(n)f(k) + f(k—n)=3n-2"

Huéng dan: Cho k = n = 0 ta duge —2f2(0) + 2f(0) = 0 suy ra f(0) €
{0,1}. Gi&d su f(0) = 0. Thay n = 0 vao phuong trinh ham trén ta dugc
2f(k) = OVk € N nén f(1) = 0 (vo ly). Vay f(0) = —2. Thay n = 1 vao
phuong trinh ham ta thu dude bai toan gié tri ban dau khong thuan nhat bac
2.

7. Xac dinh s6 hang téng quat ctia day {z,} néu

I = a,

Tman = Tm + Tp + mn,  VYm,n.
Dép s6: z, = n(%(n —-1)+ a). Tht lai thay két qua nay théa man deé bai.
8. Ton tai hay khong mot day s6 {z,} ma Vm,n € N ta c6

Tman = Tm + Tp + M.
Hudéng dan: Gia st 27 = a. Giéi tuong tu vi du trén ta duge
1
Ty = n[i(n%— 1) +a]—1.

Thit lai thay két qua nay khong théa man dé bai véi moi m, n.

9. Xac dinh s6 hang tong quat ctia day {z,} néu biét
{Il = Q, T = 67

Tmin = Lodn  Ym op € N, 2R € N,
2

Huéng dan: Dé thay

Tp = T (nd1)4+(n-1) .
2
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Giai phuong trinh sai phan tuyén tinh thuan nhat véi diéu kién ban dau

r1 = «, 19 = 3 ta dugc
Tn =2a— 0+ (06— a)n.
10. Xac dinh day s6 {x,} néu biét
Tonn = TmTn.
Huéng dan: Ta c6
T = Tl = TinT1

suy ra x1 = 1.

k1 . ko ke
Tn =T k1 k ky = O Oy~ ==~y .
n p11p22mp/ 1 "2 l

11. Xac dinh s6 hang tdng quat ctia day {z,} néu biét

T = «,
Tpi1 = ar, + /b2 +c, a*—b=1a>0a>1.

Huéng dan: Giai phuong trinh sai phan tuyén tinh thuan nhat véi x; = a, 29 =
ac + vba? + ¢ = (§ ta duge x,, = al’\_z/\_f)\? + al’\_l;f PN =at+Vat—1, ) =
1 2

a—+va?—1.

12. Xac dinh s6 hang tong quat ctia day {z,} néu biét
{a:l =q,xy=0

m%—l—a
Tp—1 "

T+l =

Huéng dan: Dua vé phuong trinh

)
T3 + T2

Tp = t($n+1 + fn—1)>t =

13. Hay tim tat ca céc gia tri cia a € R dé

1 = a
T
$n+1:ﬁ> n €N

xac dinh mot day, hay tim s6 hang tong quét clia day so.
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Huéng dan: Dat day s6 phu v, = i, khi d6 ta c6
Ynt1l — 2Yn = 1.

Giai phuong trinh nay ta nhan duge

(a+ 12" —a
n — a )
suy ra
a
Ty = :
(a+1)2n"1 —q

Ta phéi tim gia tri ctia a sao cho x,, # —2,Vn.

14. Xac dinh s6 hang tdng quat ctia day {z,} néu biét
{xl =a,r0=0

m%71+2bmn,1 —bx,_o+c
-’En72+b

Tpn =

Huéng dan: Dat y,, = z, + b. Khi d6 ta c6

- 93—1 +c
Yn—2 .

Yn

Phuong trinh dang nay da biét cach giai.
15. Xac dinh s6 hang tdng quat ctia day {z,} néu biét
T = q,
{an = m, a>0,a>1,a>-b=1.
bat y, = i, ta dugc
Yn+1 = aYn + /bY2 + c.
Day 1a phuong trinh sai phan da biét cach giai.
16. Xac dinh s6 hang tdng quat ctia day {z,} néu biét

T = «,
Tpil = UnTp + fn, an #0.

Dit day sé phu 2, = yn Z;é a.

n—1

%:[%+2Hkn o

k=1 Lli=o @i =g
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Truong hop a,, = ¢ = constan, ta cé

SELEE

ck-

_l_

MH

Tn = |

olQ

-let, e> 1

e
Il

1
17. Xac dinh s6 hang tdng quat ctia day {z,} néu biét

r1=a>0,a,>0,VneNLkeR
Tpi1 = apzk.

Logarit hoa hai vé ctia phuong trinh theo co s6 e ta dugc
Inz,y1 =Ina, + klnz,.

Dt day sé phu Inz,, = y, dua vé phuong trinh dang

Yni1 — kyn = Ina,.
Dit day sé phu v, = k" u,

n—1 fen— 11 n— 1lna
Ty =X = g, = N et ]

18. Xac dinh s6 hang tdng quat ctia day {z,} néu biét

r1=a >0,
Tpy1 = f’}:la:ﬁ, fn>0,Vn e Nk eR.

Chuyén vé dang

k
Tn+1 . €,
-
fn—l—l .fk
dat day s6 phu v, = ?—” Ta c6
n
k
Un4+1 = Uy

Logarit co s6 e hai vé, ta dugc

Inv,y 1 = klnwv,.
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Dit day sé phu u, = Inw,.

g]kn71 .
f1
19. Xac dinh s6 hang tdng quat ctia day {z,} néu biét

To =7,
Tpi1 =ax? —b, ab=2,a,b€eR.
Dit day sé phu 2, = by, suy ra yp = T=a. Taco
byn+1 = abzyi —b
hay
Ynt+1 = 2?/3 -1

Xét truong hop |a| < 1 va |a] > 1, x, = bcos2"p hayx,, = bch2"p.
20. Xac dinh s6 hang tong quat ctia day {z,} néu biét

Ty =
Tpy1 = axd — 3z, a>0.

bat z,, = %yn Ta co

_xov/a  av/a
22

Yo =7

Ynt1 = 4y2 — 3y,

Xét truong hop |y] <1 va || < 1.

2 .1 3 3n Vao? —1)3"
zn:%smiﬁ gp—m[(a\/a+\/aa —4)° + (w/a — Vaa? —4)°],

ro= 2+ VD 4 (= VD

21. Xac dinh s6 hang tong quat ctia day {z,} néu biét

Ty =
Tpy1 = axd + 3w, a>0.
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bat z,, = %yn Ta c6

Ynt1 = 4Y2 + 3y,

Do 1o = 7 nén ton tai ¢ sao cho chp = . Chitng minh bang quy nap ta
dugc
Yn = sh3" .
Do dé
2
Va

atnth g4 cho trude, a,b,c,d € R. Ching

Ty, = sh3" .

22. Xét phuong trinh z,,, =

minh rang: Néu (y,, z,) 1a nghiém ctia hé phuong trinh

Yn+1 = QYn + b2y,
Zni1l = CYp + dzp,

véin=0,1,2--- vayo = a,2 = 1 thi z,, = £ la nghiém ctia phuong trinh
sai phan hitu ti
_ar, +b
ey, +d’

T+l =
véin=0,1,2--- vaxy = a.
Huéng dan: Khi n = 0 thi ménh dé trén ding do z¢ = i’—ﬁ = «. Gia sit ménh
dé trén dang véi n, ta ching minh né ding véi n + 1. Ta ¢6

Yn+1 _ayn‘l'bzn _az_:+b_a$n+b
Zntl  CUn + d2n _cz—:+d_cxn+d'

Tnt1 =
Dé ¥ ring he

Yn+1 = QYn + b2y,
Zni1l = CYp + dzp,

véin =0,1,2--- va o = a, 29 = 1 1a hé phuong trinh sai phan tuyén tinh

thuan nhat cap 2 da biét cach giai.
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6.4 Heé phuong trinh sai phan tuyén tinh thuan nhat véi
hé s6 hang

Xét hée phuong trinh sai phan tuyén tinh thuan nhat & an dang

U, = AU, (3.1)
trong d6 A 1a ma tran vuong cap k va Uy 1a véc to cho trudc.

Gid st vy, 0y, , v, 12 cac véc to rieng doc 1ap tuyén tinh tuong tng véi
cac gia tri rieng A\, g, - -, A\x ctia A. Khi d6 ton tai cac sd oy, ag, - -+, ap sa0
cho

Uy = a10; + avy + -+ - + ;.
Ta co
Uy =AU, =AU, | == A",
va

<
I

AUy = A" (oqvy + vy + -+ + apuy,)
= a1 A"y + A"y + - + A"y
= AU+ AUy + - ap ALy
Ta sé ching té
U, = a1 A7y + e Ajuy + -+ - + AL ug
théa man (3.1). That vay,

AU, = agATAv; + ey Au, + -+ - + ap AL Ay,

= a M Ty + Xy 4+ AT,

= Un—l—l‘

U, = a1 \[u; + aoAjuy + -+ + ap Ay,
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13 nghiém tong quat clia hé phuong trinh sai phan tuyén tinh (3.1).

Toéng hop lai van dé vita néu ta cé dinh 1y sau:

Dinh 1y 6.11. Néu v,,v,, -+ ,v, la cdc véc to rieng doc lap tuyén tinh tuong
wng vdi cdc gia tri rieng A, Ag, - -+ , A\, ctia A thi nghiém tong qudt ciia hé (3.1)
co dang

U, = a1 A1) + e Ajvy + -+ + ap AL vy,
trong dé o1, o, -+, o la cdc so thuoe truong K.

Dé minh hoa dinh nghia, ta tim nghiém tong quét ciia hé phuong trinh sai
phan tuyén tinh
Qn—l—l = AQn

trong do6 ta xét hai truong hop sau:

Truong hop 1: v6i

_( cost sint
A= (—sint cost)

A cosht sinht
~ \sinht cosht

Truong hop 2: v6i

Déi véi trusng hop 1, ta c¢6
Gi4 tri rieng ctia A 1a A\ o = X,

Goi v = (Z) la véc to riéng ctia A tuong ting gia tri riéng . Ta co

sint sint
U = (z’sint) ANCOE (—z’sint) (t # km,k € Z).
Nghiém tong quét ctia hé c¢6 dang

U, = Ay +adyu,

_ itn [ Sint —itn sint
= e (z sin t) + aze (—z' sin t)

( sin t(ape®™ 4+ age™in) )

isint(ae™ — qpe™")
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Déi véi truong hop 2, bang phuong phép tuong tu ta tinh duge nghiém

téng quat ctia he 1a

nt —nt
U, = sinht (ale +oae )) .

Oél€nt _ Oé2€_nt)

D6i v6i mot s6 tich phan suy rong, néu chi sit dung phuong phép tich phan
quen thudc thi bai todn c6 thé rat phiic tap. Bing viec ap dung hé phuong

trinh sai phan tuyén tinh, ta c6 thé dé dang tinh dugc céc tich phan do.
Vi du 6.34. Tinh cac tich phan sau
I, :/ x"e *sinxdx, K, :/ z"e™" cos xdx.
0 0

Tich phan tung phan : Dat

u=2zx"e " dv=sinzdr,
ta co
In = nKn—l - Kn>
K, = —-nl, 1+ 1,.

Tw do ta duoc

In‘l’Kn = nKn—h
I,— K, = nl,4

hay

n
In - _(In—l + Kn—1)> IO =

3o
NS

n
K, = =(-I,.1+K,1), Ky=-—
2( 1+ 1) 0= 5

Doi bién
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ta duoc hé
n
Tn = Tp_1+Yn-1, To= 7
2
Yn = —Tp-1+Yn-1, Yo= <
2
Heé nay tuong duong voi hé
n
Tpntl = Tpn+Yn, To= <
2
Yn+l = —Tp+Yn, Yo= 5

Ta viét hé trén dudi dang

Qn—l—l = AQ

n?

() e=() w0

Cac gia tri riéng cua A la Mo = 1+14. Cdc véc to riéng doc lap tuyén tinh

V01

o303

cta A tuong dng voi cac gid tri riéng Ay, Ao la

() w()

Nghiem tong qudt cia hé la

= ()

_ ((\/5)"((@1 + ) cos &F —I— i(a; — ag) sin —))
(V2)"((oq — )i cos 2 — (a1 + ag)sin 2F)
_ ((\/5)"( cos —I— zﬁsm ))
(V2)"(Bi cos o —asin ) )

Tw do ta nhan duoc

Ty = (ﬂ)"(acos%—l—zﬂsin%)
Y = (V2)" (ﬁzcos%—asin%)
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Chon =0 ta d‘uaca:%,ﬁz':%, do do

2 n

T, = @(cos % + sin %)

(\/5)"( nwo . nﬂ)

= 08 — — sin —).

Y 2 Y 1
Vay,

n!(v/2)" nw . nmw

In = W(COSZ —I—Sln Z)

n!(v/2)" nw . nmw
Kn = 727%1—1 (COS Z — S1n Z)

Dé&i v6i mot sé bai toan kho ciia s6 hoc, ta ciing c¢6 thé gidi quyét bing
cach ap dung hé phuong trinh sai phan tuyén tinh. Dé minh hoc diéu nay, ta

xét vi du sau:

Vi du 6.35. Cho n,k € Z*. Chiing minh rang véi (xo,%0), To, Yo € 2T, ton

tai duy nhat (T, Yn), Tn, Yn € Z1 théa man

(xg — yo\/E)" = 2y — YuVk. (3.3)

T dé suy ra rang: Néu phuong trinh 2* — ky?> = 1,k € Zt ¢6 nghiem
nguyén duong vdi k nao dé thi né cé vo so6 nghiem nguyén duong.

Chitng minh bing phuong phdp quy nap.

Ta chi can ching minh (3.2) con (3.3) chiing minh tuong tu.

That vay, vdin =1 thi (3.2) dung.

Gid st (3.2) ding vdin tic la

ta ching minh (3.2) ding vdin + 1.
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Ta co

(o + ?/(J\/E)HJrl = (w0 + yo\/E)n(ifo + yo\/E)
=:%%+mm+@m+%mWE

= Tnt1 + Yur1VE,
tw do ta co
Tntl = ToLn + kyoyn € 27
Ynt1 = YoTn + Loy € Z7
Chitng minh tinh duy nhat:
Gid sit ton tai (z,,,y,,) , T,y € ZF théa (3.1). Khi dé ta c6

atn+yn\/E=:B/n+y;L\/E<:>:Bn —a:/n = (y;—yn)\/E

/

Gid st yn # 1., suy ra % = V'k, nhung do k khong chinh phuong nén
ta c6 diéu mau thudn. Vay, i, =y, va do doé x, = x,,.

Ta gid thiét k khong chinh phuong vi néu k chinh phuong thi k = 2 suy ra

P —kf=ler-1ry=1s

r—Lly = =+1
r+ly = +1
tu day ta co
r = =1
y = 0

do dé k khong théa gid thiét ciia bai todn.

Bay gio gid s phuong trinh

2> —ky*=1keZ"



6.4. He¢ phuong trinh sai phan tuyén tinh thuan nhat véi hé sé6 hing 277
c6 nghiém nguyén duong (xo, yo), To, Yo € Z+. Khi do
22— kyt =1 o (zo+ Vkyo)(zo — Vkyo) = 1.
Vdi moin € ZT ta co

(w0 + \/Eyo)n(ffo - \/Eyo)n =1
& (zn + Yy VE) (@0 — yoVE) = 1

& 22 —kyl =1
R6 rang, (Tn,yn) la nghiém cia phuong trinh x* — ky* =1,k € Z ™.

Vi du 6.36. Da thiic Chebyshev duogc dinh nghia nhu sau:

sin(n+1

Vi x = cosO ta dat T,,(x) = cosnf va U,(z) = sme)e la cac da thic

Chebyshev loai I va loai II. Chung la nghiém ciua cic phuong trinh sai phan
sau:

Tn+1 = 2I’Tn - Tn—1> T(] = 1, T1 =X (34)

Va4

Un+1 = QI’Un — Un—1> U(] = 1, U1 = 2x. (35)

Phuong trinh (3.4) tuong duong vdi hé phuong trinh sau

Tn—l—l = 21’Tn — Sn

Sn+1 = Tn

Ta viét lai hé nay dudi dang

trong do

Gid tri rieng cia A la Mo =2 £ Va2 — 1.



278 Chuong 6. Khao sat day sé va phuong trinh sai phan
Goi v la véc to riéng cua A tuong ing voi cac gia tri riéng Ay, Ay, ta co
B 1 B 1
U= \p—vaZ—1)° L= \s+ Va2 —1)"
Nghiem tong qudt ciia hé phuong trinh sai phan tuyén tinh cé dang

U, = a1y + ey,

:( on(x + VAT —1)" + an(x — VaZ — 1) )
(o 4+ = 1) = VAT = D)t as(e — VT 1) 4 VT )

Tw do ta co
T,=a(z+ V2 —1)"+ ag(x — vVa? = 1)".
Cho n bang 0 va bang 1 ta thu duogc

o] +ay = 1
a(r+vVae2—1)+a(z—va2-1) = uz,
te do ta tim duoc o = %, g = %

Vay,
1 1
T, = 5(:5—{— Vaz—1)"+ 5(17 —Vaz—1)"

Phuong trinh (3.5) tuong duong vdi hé

Rn—l—l = Un>

tu do ta co ngay
U, =0i(x+ Va2 —=1)"+ Bo(x — Va2 = 1)".
Cho n bang 0 va bang 1 ta thu duogc

Bi+pB =1
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bilz+ Va2 —1)+ oz — Va2 —1) = 2z,

tw do ta tim duoc

_x—l—\/a?2—1 Tz —vVr2 -1

SN BV o
Do do
I (x) _ (l’ + V2 — 1)n+1 (l’ — 2 — 1)n+1 ‘

2P -1 2P 1
6.5 Heé phuong trinh sai phan tuyén tinh véi hé sé hing

Xét hé phuong trinh sai phan tuyén tinh khong thuan nhat véi hé sé hang
Uy yy = Au, + by, (3.6)
trong d6 A la ma tran vuong cd k x k, u, 1a véc to cho trude, b,, 1a vé phéi ciia
hé.
Dé thay nghiém ctia (3.6) c¢6 dang

u, = A"uy + Z An_j_lbj'

=0
Van dé la ta can tinh A”. Dé giai quyét van dé nay, ching toi xin gi6i thieu
mot s6 phuong phap nhu sau:
S& dung dinh ly Caley-Hamilton
Gol
c(N) =det(M — A) =X+ N+
=A=X)A—=X2) - (A=)
la da thitc dac trung cua A.
Theo dinh 1y Caley-Hamilton thi ¢(A) = 0, hay

AF fop AP At egl = (A= NI)(A—= X))+ (A= \I)=0.

Ta c6 cac dinh 1y sau diing dé tinh A™.
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Dinh 1y 6.12. Cho (A)xk la ma tran khong suy bién; A1, Aa, ++-, M\ la cdc gid
J
tri rieng cia A. Dat M(0) =1, M(j) = [[ (A—X\I), j > 1. Néu zj(n), j =

i=1

1, 2, -+, k thoa man
ri(n+1) = MNazi(n), 1(0) = 1;
zim(n+1) = Npuia(n) +x5(n), 2541(0) =0, j=1,2, - k-1,
thy A™ = §$j+1(n)M(j).
Chiing minh: Ta co

ri(n) = An;

zjp(n) = Z)\;L‘Fll Y2;(1), j=1,2,--+ k—1; M(k) = 0.

k—1

O(n) = x4 (n)M(j).

=0
Ta can chitng minh

(1) =0, d(n+ 1) = Ad(n).

R6 rang
k—1
0) = 1 (0)M(j) = 21 (0)M(0) = I.
j=0
Ta c6
k—1
d(n+1)— me (n+ DM@G) =Y xj41(n)AM()).
j=0
Vi
AM(5) = (A= Nl + N I) My = M (5 + 1) + \ja Mj,
nén
k—1
P(n+1) = A®(n) = ) (zjr1(n) = Ajrzjn(n Z zj1(n)M(j+1).

<.
Il
o
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Mit khac, ta co

k—1 k k—1
S wpam)MG+1) = zi(n)M(i) =Y x;(n)M(j),
§=0 i=1 j=1
do do
d(n+1)— Ad(n) = (z1(n+1) — Nui(n))
k—1
+ (#j11(n) = Ajr(n) — 2;(n))M(j) = 0
j=1
Dinh 1y dugc chiing minh.
Vi du 6.37. Xét
11
A= -2 3 1 ].
-3 1 4
Ta co
n—1 '
c(N) = (A =2*(A=3), wi(n) =AY, wja(n) = Y AT uy(0)
=0
Do do
ul(n) = 2n’
n—1 n—1
uz(n) — Z 2n—i—12i — Z2n—1 — n2n—1’
i=0 i=0
n—1
ug(n) = Y 3o
i=0
3 = . 2 ' n n n—1
=0
Vay

2n=1 — 3n — pon-l n2~t =2+ 3"
A" = 2m — 3" — 2t (p42)2nt —2n 4 3n .
2ntl —93n — p2n—l n2n—1 —2" 423"

281
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Dinh 1y 6.13. Cho (A),., la ma tran khong suy bién,

A =Nt N et
la da thic dac trung cia A, z(n) la nghiém cia phuong trinh sai phan

zin+k)+c_1zin+ k=1 +---+cz(n+ 1) + cpz(n) =0,

thoa
C1 C . . . Ck- 1
q1(n) g . ... 1 0 z(n)
qr(n) Cp—1 1 z(n +k— 1)
1 0 0
Khi do

Ching minh: Dat

Ta can chiing minh
Y(0) =1, h(n+1) = Ap(n).

Ta c6

k-1 |

P(0) =Y g1 (0)A7 = 1 (0)A° = I.

=0
Tu gia thiét ta c6
qi(n+1) = crz(n+1)+coz(n+2)+--+ck— 1) z(n+k—1)+2(n+k) = —coz(n),

suy ra

q(n+1) 4 coz(n) = 0.
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Tuong tu

@n+2)+cazin+1)=qgn+1)

(n+k)+c1z(n+k—1)=qn+k—1).

Vi gx(n) = z(n) nén
@1(n+1) + coge(n) =0

¢@2(n+1) + cigr(n) = 1 (n)

qe(n + 1) + ce—1qx(n) = qe-1(n).
Khi dé
Y(n+1) — AP(n) =
= qn+ DI+ (—agn)A" — - — g1qe(n) A*) — ge(n) AF
= q(n+1)I—gn) (A + -+ ck_lAk_l) — qr(n)A"
( )

= qn+1 I—l—coqklzo.
Dinh 1y dugc chiing minh.

Vi du 6.38. Xét

I

Il
7N
|
OJ[\DO
— o

N
~_—
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Ta co

c(A\) = A3 —7A% + 16\ — 12.
Phuong trinh
z(n+3)—T7z(n+2)+16z(n+1) — 122(n) =0, 2(0) = 2(1) =0, 2(2) =1
c6 nghiem la z(n) = —(2+n)2"~ + 3". Khi dé
gi(n) = —3(1 +n)2" + 43"
¢@(n) = (8 4+ 5n)2" ! —4.3"

g(n) = —(2+n)2" ! 4+ 3"

-5 4 5
A=71,A4%= -9 8 5 |.

Ta tinh duoc

—14 4 14
Vay
2 ' 2n—1 —3n _ n2n—1 n2—1 —_9n + 3n
A" =N g A = 2032t (n2)2nt 2 43
j=0 ontl 937 — pon—t n2n1 —2" + 23"

Dinh 1y 6.14. Cho (A),., la ma tran khong suy bién,
A =Xt N et

la da thic dac trung cia A. Gid st yi1(n), ya(n), - - -, yx(n) la cic nghiém cia
phuong trinh ¢(E)y(n) = 0. Neu {(yi(n), y2(n), - - -, ye(n))} la tap doc lap

tuyén tinh tha ton tai cdc ma tran E,, Es, E} sao cho
A" =y (n)Ey + - - - + yp(n) Ex.
Ching minh: Xét he

1
A



6.5. H¢ phuong trinh sai phan tuyén tinh vdi hé s6 hing 285

Vi
y1(0) y2(0) Y& (0)
y1(1) y2(1) yr(1)
) £ 0
yi(k—1) y(k—1) . . . y(k—=1)
nén hé trén c6 nghiem duy nhat (Ey, Es, - -+, E) thoa

A" =y (n)Ey + - - - + yp(n) Ek.
Dinh 1y dugc chiing minh.

Vi du 6.39. Xét

11
A= -2 3 1 |.
-3 1 4
Ta co
3
A=Y " y(n)E;,
j=1
trong do

yl(n) = 2n’ y2(n) = n2n_17 y3(n) = 3n’

FEy, Es, E3 la nghiém ciua hé

{ 1

A
A2
sSuy ra

2 0 —1 -1 1 0 -1 0 1
Ei=11-1),FB=11-1] E=(-101].
-3 1 4 —3 1 4 —2 0 2

< 2n—1 —3n _ n2n—1 n2—1 —_9n + 3n )

n(0)Er + y2(0)E +  ys
n(Er + p()Ey + y3(1)Es
n2)E + 1(2)E; +

A

Vay

Av= | 2n—3n—p2nl (p42)2n !t —on 4 3n

2ntl —93n — p2n—l n2n—1 —2" 423"



286 Chuong 6. Khao sat day sé va phuong trinh sai phan

8 —19 12
A={11 0 0 ].
0 1 0

3
A" =) y(n)E;
j=1

Vi du 6.40. Xét
Ta co

trong do
yl(n) = 1n’ y2(n) = 3n’ y3(n) = 4n’

El, EQ, E3 la nghzém cla hé
{ 1

A

A2

D =6;Dp, = A*—7A+121; Dp, = —3A%* +15A —121; Dy, = 2A* —8A +61;
1 2 3

Ey + E, + Ej
Ei + 3Ey + 4F;3
Ey + 9E; + 16E3,

Dé kiém tra dugc

trong do
45 —140 96
A= 8 —19 12
1 0 0.
Do do
%—%2 —% L -18 %—63—4 16
E1: ? —§ 2 ,EQ— —? —5% —6 ,Egz % —12—6 4
6 "6 2 -3 3 2 5 3 1
Vay
193 164” 7 . 453" 644" n n
E_T_l_ 3 —§+—n— 3 2—18-3"+16-4
An: 1 3__|__ _ _|_153 _ 164" 2_63n_|_44n
6, 3 4P b7 5% 4
s 5+t 73 ——+——— 2—-2.3" 44"

Dinh 1y 6.15. Cho (A),.,. la ma tran khong suy bién, khi dé ma tran A dugc
phan tich duy nhat dudi dang A = S + N, (trong d6 SN = NS, S nita don,
N lay linh) va

An = (S + N)" = 87 + ( ?)Sn—lj\u ( : )S"‘2N2+---+

+ ( k‘ﬁ | ) Gn—k+1 k=1
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Chaing minh: Ta viét c(\)dudi dang

C()\):H()\_Ml)nlynlzly n1+n2+"'+ns:k.

i=1
Khi d6 ta c6 thé phan tich ¢(\)~! nhu sau
I al) N ca(N) R cs(A)

cA)  (A=p)m (A= pg)m (A= pe)me

Xét da thtc
£ = e T =)™,

J#
khi do
L= fiA)+ fo(AN) +-- -+ fs(N).

Va véi F; = fi(A) ta c6 cac hé thic sau

Fi+FR+--Fs=I1 FF;=FF=0,F =F,

i=1

Ta co

A=S+ N, SN=NS, N¥ =0, S ntta don.

Dinh 1y dugc chiing minh.

Vi du 6.41. Xét

— o =
B

) |

1 1—A 1

() =22 =3

Ta co

L= (1= NA=3)+ (A =2 = A + L(\), Fi = f(A).

2 0 —1 -1 0 1
FE=(11-1),R=(-101].
2 0 —1 —2 0 2

287
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1 01 -1 10
S=2F+3FK=| -1 21 |, N=A-S=(-11 20 |.
-2 0 4 -1 10

N?=0,SN =NS=2N, A" = 8" +n2"" ' N.
Tinh luy thira cia ma tran Jordan

Ta biét rang, vdi ma tran A da cho luon ton tai ma tran @@ khong suy bién

sao cho A = QAQ™! 1a ma tran Jordan. Viét phuong trinh (3.6) duéi dang

Qu, 11 = QAQ™'Qu, + Qb,, (3.7)

bat v, = Qu,, ta dugc
Uppr = N'ug + Q) A",
=0

Trude hét ta nhic lai cach dua mot ma tran vé ma tran Jordan.

Tim da thitc dac trung A — A\ va s6 dac trung clia ma tran A cap n da
cho. Gia st \; la nghiém dac trung boi m;.

D6i v6i mdi nghiem dic trung \; boi m; ta tim céc 6 Jordan tuong tng véi
n6 (s6 lugng va cd ctia ching). S6 cac 6 Jordan tuong tng véi gia tri rieng \;
bang n — r;, v6i r; 1a hang clia ma tran A — \;I. Nhu vay, néu n — r; = m; thi
\; tuong ting véi m; 6 dang J;(\;). Néu n — r; < m; thi \; tuong tng véi g, 0
dang Jp,(\;), v6i

¢

Gn = Ta-x1h-1 = 2T (A-xh T Ta-npi, b =12, 4 Z = m;.
h=1

Dic biét, néu ); 1a nghiem don ctia phuong trinh diic trung thi c6 mot 6 Jordan
Ji(\;) tuong tng véi nghiém do.

Tiép theo ta nhac lai cach tim ma tran @ dua mot ma tran da cho vé dang
Jordan.

Néu ma tran A cap n duge dan dén dang chéo A = Q71 AQ thi céc toa do

clia n véc to rieng doc 1ap tuyén tinh clia ma tran A 1a cac cot clia ma tran Q.
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Néu dang Jordan ctia ma tran A khong 1a dang chéo thi ta can ctt vao
nguyén tac sau: Néu f 1a anh xa tuyén tinh ma ma tran ctia né trong co sé
{e1,--+ ,e,} 1a A, con {e], - e/} 1a co s6 ma trong d6 anh xa f ¢6 ma tran
Jordan A, thi ma tran @ 13 ma tran chuyén tit co sé {ey, -+ ,e,} dén co s6
{6/1> U >6;L}'

T nhan xét trén, ta rat ra cac bude nhu tim ) nhu sau:

- Tim dang Jordan ctia ma tran da cho;

- Tim toa do cta cac véc to co sé ey, - -+ e, trong co s6 {ey, -+ ,en};

- Tim ma tran chuyén tit co 6 {e1, -+ ,e,} dén co sé {e], - ¢

Yy nlt

Vi du 6.42. Tim ma tran Q) dua ma tran

veé dang Jordan.

- Dé thay da thic ddc trung cia A c¢é 2 nghiém la A = 2 va A = 3. Do doé

=(39)

- Hai véc to riéng u,v cia A tuong ing véi A =2, A =3 la u = (2b,b),v =

(3a,a),a,b e R.
3a 2b
o= (7)),

Do do ta co
Vi du 6.43. Tim ma tran Q) dua ma tran

-1 0 1
A= 0 2 0 |.
-1 0 3
- Dang Jordan cua A la

S

dang Jordan ciua A la

vé dang Jordan.
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Tw ma tran A ta co

fler) = 2¢
fles) = —2¢
fles) = ey —2e;
Do dé €} la vée to rieng cia A tuong ing vdi gid tri rieng 2. Toa do x1, T2, T3
—31’1 + 01’2 + 3 = 0
cla € trong co sd {ey, ea, e3} la nghiém cia hé  0xy + O0xg 4+ 0zg = 0 Ta

—x1 4+ 02y — b3 = 0.
nhan dugc €| = Oey + keg + Oes. Dé thay €, la véc to riéng cia A tuong ting

vdi gid tri rieng —2. Tuong tu, ta tim dugc e, = —te; + Oey + tes. Gid s

z = (21, 22, 23) la toa do ctia €}. Khi do
Az = (—t,0,t) — 2(z1, 29, 23),
tu do suy ra

/

es = (—t —s)er + Oex + ses; s, t € R, [s| + |t]| # 0.

0 —t —s—t
Q=1 k 0 0 )
0 ¢ S

1. Tim nghiém téng quét ciia hé phuong trinh sai phan thuan nhat

A

Bai tap

yn—l—l = Ayn
v6l ma tran A dudge cho bdi
0 1 -2
-1 0 ) 2
2 1
1 3
0 1

7 6
2 6
5 -3 =2 0
8§ -5 —4 1
-4 3 3 2
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-1 0 4 2 01 -1 1 0
0o —12).loz20],[ 0o -10)
0 0 1 00 3 0 0 3
2. Tim nghiém tong quat ctia hé phuong trinh sai phan khong thuan nhat
Qn—l—l = Ayn + va
v6i ma tran A va véc to b,, cho bdi

TG

6.6 Mot sb 16p phuong trinh sai phan phi tuyén cé cham
Xét phuong trinh sai phan phi tuyén dang
Tpt+1 = F (xna Tp—1, =" $n—k)> n= 07 17 T (45)

trong d6 T_k, _gt1, - - -, To la cdc sO cho trude, F € C [IF 1], véi I 1a

khodng s thyc va k 1a s6 nguyén duong cho trudc.

Dinh nghia 6.6. Mot day so thuc (xn) 2, duoc goi la nghiém cia phuong
trinh (4.5) néu né théa mdn (4.5) vdi mein =0, 1, - - -.

Cho trudc (k + 1) so thuc a;, i = —k,—k + 1, -+, 0 thi phuong trinh
(4.5) ¢6 nghiém duy nhat (x,),"_, théa man diéu kién ban dau x; = a;, i =

—k,~k+1, -, 0.

Dinh nghia 6.7. Mot nghiém (x,),— . ctia phuong trinh (4.5) dudgc goi la

nghiém duong néu x,, > 0, Vn.
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Dinh nghia 6.8. Mot nghiém duong (x,).._, clia phuong trinh (4.5) dugc
goi la gidi noi ngat néu

0 < lim infz, < lim supx, < oco.

Dinh nghia 6.9. Mot diy (x,) duoc goi la dao dong zung quanh diém 0 hay
don gidn la dao dong néu cac so6 hang khong dong thoi duong hodc khong dong
thoi am. Ngugc lai, ta néi day (r,) khong dao dong.

Mot day (v,) dugc goi la dao dong ngdt néu Vng > 0, Ing, noy > ng sao
cho Xy, .2y, < 0.

Mot day (x,) dugc goi la dao dong Tung quanh T néu day (x, — ) dao
dong.

Mot day (v,) dugc goi la dao dong ngat zung quanh T néu day (v, — )
dao dong ngat.
Pinh nghia 6.10. Cho I la khodng s6 thue, T € I duge goi la diém can bing
ctia phuong trinh (4.5) néuz = F(Z, T, -+, T ).

i) Diém can bang T ciia phuong trinh (4.5) dugc goi la on dinh dia phuong
néu Ve > 0, 36 > 0 sao cho moi nghiém vdi dieu kién ban dau x_y, T_py1, - -
wTo €(T—0;,2+0) thhe, € (T —¢e;T+¢€), Yn €N,

i) Diém can bing T clia phuong trinh (4.5) duoc goi la on dinh tiém cin dia

phuong néu né on dinh dia phuong va néu 3y > 0 sao cho Vi x_j, T_j41, -, To
€l mar_g, T_gy1, -+ To € (T—7; T+7) thilimzx, = 7.
n—oo

i) Diém can bing T ciia phuong trinh (4.5) duoc goi la hit toan cuc néu
moi nghiém (), cia phuong trinh (4.5) déu hoi tu dén T khin — oo.

i) Diém can bing T ciia phuong trinh (4.5) duge goi la on dinh tiém can
toan cuc néu né on dinh dia phuong va hit toan cuc.

v) Phuong trinh
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dugce goi la phaong trinh tuyén tinh lien két vdi phuong trinh (4.5) zung quanh
diém can bing 7.

vi) Phuong trinh

k
oF .
)\n—l—l:Za (j>j>"'>>j)An_Z> 7120,1,"',
Ln—i
=0

dugce goi la phuong trinh dic trung lien két vdi phuong trinh (4.5).

Dinh nghia 6.11. Gid st (z,),— . la mot nghiém duong cia phuong trinh
(4.5). Khi dé ta goi:

i) Mot niba chu trinh duong cia mot nghiém (xy).- . clia phuong trinh
(4.5) mung quanh diém can bang T la mot day (z, 2141, - - -, Tm) Sao cho tat

cax; >x, i=1,14+1, -+, mva sao cho hoac la
{=—k hay { > —k va xy_1 <7,

va hodc la

m =00 hay m < 00 V4 Ty < T.

i) Mot nida chu trinh am clia mot nghiém (x,). -, cia phuong trinh (4.5)
zung quanh diém can bing T la mot day (xi, x4, - -+, Tm) Sao cho tat cd

<z, i=101+1 -, muvd
{=—k hay ¢ > —k va xy_1 > T,

va hodc la

m =00 hay m < 00 V4 Tyl = .

Dinh nghia 6.12. Nia chu trinh dau tién cia mot nghiém la nia chu trinh

bat dav vdi s6 hang x_j, va né duong néu x_, > T, né am néu x_j, < T.
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Meénh dé 6.1. Cho F € C[I*' I] (I la khodng s6 thuc tuy §), k € N*.
Goi (z,)77_, la mot nghiém bi chan cia phuong trinh (4.5). Gid st rang
nh_}rgo infz, =J€l, nh_}r{)lo supz, = S € I. Khi dé ton tai hai day (J,))— . va
(Sn) 2 théa man phuong trinh sai phan (4.5) vdi moin € Z ma Jo = J,
So = 8; Jn, Sy € [J; S],Vn € Z va véi méi N € Z thy Jy, Sy la hai diém
gidi han cia day (x,),- .

Hon niia, véi méoi m < —k, ton tai hai day con (x,,) va (z;,) cia nghiém

(2n)0-_ théa lim z,, N = Jy, lim 2y, 4n = Sy, vdi moi N > m.
Vi du 6.44. Xét phuong trinh sai phan
Tnt1 = Tn, n = 07 17 T (46)

vdi dieu kién ban dau xo. Khi dé diém can bing = 0 la on dinh dia phuong,

nhung khong on dinh tiem can dia phuong.

That vay, nghiém cta phuong trinh (4.6) ¢6 dang x,, = ¢, ¢ € R. Do dé
Ve > 0, 36 = ¢ sao cho bat ky nghiém x,, = ¢ thoa |zg — 0] = |c| < J, ta c6
|z, — 0] =] < d=ce.

Diém can bang Z = 0 khong 6n dinh tiém can dia phuong vi c6 s6 6 > 0
(khong phu thudce €) va nghiém x,, = ¢ sao cho |zy| < § nhung x,, khong hoi

tu ve 0.

Vi du 6.45. Xét phuong trinh sai phan

1
Tn+l = 3Tn, M= 0,1, ---, (4.7)

vdi dieu kien ban dau xo. Khi dé diém can bang T = 0 la on dinh tiém can

toan cuc.

That vay, nghiém cia phuong trinh (4.7) c6 dang z,, = ( )nzvo. Do do

1
3

lim z, = lim (l)nato = 0.

n—oo n—oo 3
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Va diém can bang # = 0 la 6n dinh dia phuong. That vay, Ve > 0, 3§ =
d () = e > 0, sao cho véi nghiem z,, = (%)nzzo théa man |xg — 0| = |zo] < &
thi |z, — 0| = ‘(%)nzo‘ <lrgl <0 =e.

Meénh dé sau thuong duge st dung dé khao sat tinh on dinh dia phuong

ctia nghiém phuong trinh (4.5) trong truong hop k& = 1.
Meénh dé 6.2. Xét phuong trinh
Tpt+1 = F ($n> l’n_l) , = 07 17 U (48)

Gid st T la diém can bing ciia phuong trinh (4.8) va phuong trinh dic trung

lien két vdi phuong trinh (4.8) cé dang
N —r)—s5=0. (4.9)

Khi do

i) Néu hai nghiém cia phuong trinh (4.9) nam trong hinh tron don vj
|\ < 1 thi diém can bing T la on dinh tiém can dia phuong.

i) Néu co it nhdat mot nghiém cia phuong trinh (4.9) cé gid tri tuyét doi
lon hon 1 thi & khong on dinh.

i) Diéu kien can va di dé hai nghiém ciia phuong trinh (4.9) ndm trong
hinh tron don vi |A| <1 la|rl<1—s<2.

i) Diéu kién can va di dé mot nghiém cia phuong trinh (4.9) c6 gid tri
tuyét doi bé hon 1 va nghiém con lai cé gid tri tuyét doi lon hon 1 la r? > —4s
va |r| > |1 — s].

v) Diéu kien di dé hai nghiem ciia phuong trinh (4.9) ndm trong hinh tron

don vi la |\ < 1la|r|+|s| < 1.

Vi du 6.46. Xét phuong trinh sai phan

T =a+ 2 =01, (4.10)
Tn
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vdi diéu kien ban dau x_q1, xo. Khi dé, diém can bing T = a + 1 cia phuong
trinh 1o on dinh tiém can dia phuong néu o > 1, khong on dinh tiém can néu

O<a<l.

That vay, ta c6 phuong trinh dic trung lien két véi phuong trinh (4.10)

xung quanh diém can bing 7 = a + 1 1a

1 1
22 A\ — = 4.11
+a—|—1 a—+1 ( )
Ta co
2
[+ |s| = ——

a+1
Néu a > 1 thi |r|+]s| < 1. Do d6, hai nghiém ctia phuong trinh (4.11) nam
trong hinh tron don vi |A| < 1. Theo Ménh dé 4.5 thi diém can bang 7 = a+1
14 6n dinh tiém can dia phuong.
Néu o < 1 thi |r| + |s| > 1. Do d6, phuong trinh (4.11) c6 it nhat mot
nghiém c6 gia tri tuyét doéi 16n hon 1. Theo Ménh dé 4.5 thi diém can bing

Z = o + 1 14 khong on dinh tiem can.
Vi du 6.47. Xét phuong trinh sai phan
Tpyp =—, n=0,1,---, (4.12)

trong dé dieu kién ban dau x_1, xo; o, (3, 1 la cdc s6 thuc duong sao cho o =
2 2 < 2
@ va n > 3. Khi do, diem can bang ciua phuong trinh nay la khong on

dinh.

That vay, xét phuong trinh xéc dinh diém can bing

a — BT
n—2x

T = ,

hay
(i‘)z—(ﬁ—|—77)i’—|—a:0’
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nén )
_ B+
- — =0.
(-5
Do do6
:E:—ﬁ_l—n.
2

Phuong trinh dic trung lien két v6i phuong trinh (4.12) xung quanh diém

can bang 7 = 231 1a
2
Ny onth
n—-6  n-p
st r— 28 o _ nts D d6 — 28 | ntpB 25
bat r = —-=5, s = 125, khi d6 [r| + |s| = ;=5 + =5 > 1+ =5 > 1. Theo

Menh dé 4.5 thi diém can bang z = 2 khong on dinh.

Vé mot 16p phuong trinh sai phan hitu ty bac 1

Trong muc nay ta nghién cttu sy hoi tu ciia nghiém phuong trinh sai phan

hitu ty bac mot
o+ ﬁl’n
A+ Bz,

trong d6 n € Ny va xg 1a s6 thuce khong am cho trude. Trude hét ta xét vi du

(4.13)

T+l =

sau:

Xét phuong trinh

Tpyr =1+ ;@ = 1.

14z,
Ta sé chimg t6 lim, e , = v/2. Tt d6 ta sé phét biéu dinh 1y tdng quat

ve sy hoi tu clia nhitng day {z,} théa man phuong trinh

Tp41 = .f(l’n)

v6i 7o > 0 cho trude, f 1a ham duong, lien tuc, nghich bién trén [0, 0o).

Xét ham
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ta co 1 < f(x) <2, f(z) 1a ham duong, lién tuc, nghich bién trén [0, co).

T
1
1+ x,

= f(wn)

T+l = 1+

ta suy ra

l<zpp1 <2, v6imoin=0,1,2,---.

Ta xét hai truong hop:

Truong hop 1: xg < xo suy ra f(xg) > f(z2) hay x1 > 3 suy ra f(z;) <
f(z3) hay z9 < x4 suy ra f(x2) > f(x4) hay z3 > x5, - -

Quy nap : xg, < Tonio. That vay, gid st xop < Togie suy ra f(rog) >
f(I2k+2) hay Zog1 > Tok43 suy ra f(I2k+1) < f(I2k+3) hay Zogto < Tokta SUY
ra {x9,} la day tang. Ching minh tuong ty ta duge {xa,41} 1a day giam.

Ta co:

- Day {x2,} tdng va bi chdn trén nén {zs,} hoi tu. Gid st x5, — «a khi
n — 0o.

- Day {zon+1} gidm va bi chan duéi nén {zs,41} hoi tu. Gid st xe,11 — 0
khi n — oo.

Do ham f lién tuc nén ta c6 hé

g = fla),
a = f(B),
hay
b= 1+1ia’
o = 1+ﬁ

Tu d6 ta nhan duce
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Truong hgp 2: x¢ > xs.
Lay xo = 2 suy ra

4 R T |
32T I T T Ao

Ta co:

- Day {x2,} gidm va bi chan duéi nén {z3,} hoi tu. Gid st x9, — « khi
n — o0o.

- Day {z2,4+1} tang va bi chédn trén nén {x9,41} hoi tu. Gid st xo,41 — 0
khi n — oo.

Tuong tu truong hop 1 ta cing thu duge o = 3 = /2. Vay,

lim z,, = V2. ]

Dinh 1y sau cho ta mot diéu kien di dé moi nghiem ctia mot 16p phuong

trinh sai phan phi tuyén bac mot hoi tu.

Dinh ly 6.16. Gid s f : [0,+00) — (0,400) la ham s6 lién tuc, nghich

bién trén [0,00) va hé phuong trinh

r = fly),
y = f(z)

c6 nghiem duy nhat x =y = {. Khi dé moi nghiém ctia phuong trinh sai phan

phi tuyén bac mot

Tnt1 = f(zn), m €Ny, (xo>0 cho trudc)
hot tu toi L.
Chiing minh: Ta xét hai truong hgp:

Truong hop 1: xg < 2. Ta c6 f(xg) > f(x2) hay x1 > x5 suy ra f(z1) <

f(z3) hay zo < x4 suy ra f(x2) > f(x4) hay x3 > x5, - .



300 Chuong 6. Khao sat day sé va phuong trinh sai phan

Ta sé chiing minh quy nap rang s, < Tanie, Vn € Ny. That vay, gia st
Top < Tokto SUY Ta f(2or) > f(@ory2) hay Topp1 > Topys suy ra f(wopy1) <
f(zokt3) hay zopio < Toriq suy ra {za,} la day ting. Ching minh tuong tu ta
duge {xo,11} 1a day gidm. Day {xs,} tdng va bi chdn trén, day {zon41} gidm
va bi chin dudi nén ching hoi tu. Gia st xo, — u, 2,41 — v khi n — 0o. Do
f 1a ham lién tuc nén ta c6 f(u) = v. Ly luén tuong tu ta cing c6 f(v) = u.

Vay ta nhan dugce hé phuong trinh

Theo gia thiét hé nay c6 nghiem duy nhat v = v = /.

Truong hop 2: xg > x5. Trong trudng hgp nay, day {xs2,} gidm va bi chin
duéi, day {zg,41} tdng va bi chan trén. Gid st x9, — u, Tope1 — v khin — oo.
Tuong tu truong hgp 1 ta thu duge u = v = /.

Vay ta c6

lim z, = ¢.

Dinh 1y dugc chiing minh.
Bay gio ta ap dung dinh 1i 6.16 dé khao sat su hoi tu cia nghiém phuong

trinh (4.13). Xét ham s6 f(z) = 2%, 2 > 0. Ta ¢6 f la ham lien tyc va

nghich bién trén [0, +00) néu BA < Ba. Mt khac, dé kiém tra dugce hé phuong
trinh

c6 nghiem duong duy nhat

_ B—A+/(A-[)?+4Ba
_ 5 .

r=Yy
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Do d6, theo dinh 1y 6.16, moi nghiém ctia (4.13) hoi tu t6i s6 duong

B—A++\/(A=B)?+4Ba
2B ‘

/€:

Vi du 6.48. Tinh can bac hai duong ciia mot s6 duong a.
Xét phuong trinh sai phan hiu ty

Ty + a

i " € Ny, (zo > 0 cho trudc).

T+l =
Dé thay, moi nghiém ciia phuong trinh nay hoi tu tdi \/a.

Nhan xét 6.2. Ta co thé sit dung dinh lyj 6.16 dé khdo sat su hoi tu clia nghiém
nhiéu phuong trinh sai phi tuyén khdc phuong trinh (4.13). Chdng han, ta cé

vi du sau:
Vi du 6.49. Khdao sat su hoi tu ciua nghiém phuong trinh

T = V3+ ——, neNy, (x> V3 cho trudc).

[L’n—

Xét ham so

flx) = \/54-\/71 Va € [V3, +00).

R6 rang f lien tuc trén [V/3,+00). Ta cé
/ —1
)= ——0 <0, Vzel[V3, +0).
£ = [V, +0
Do dé f nghich bién trén [\/3, +oc0).

Xét hé phuong trinh

U
Y - PR
vuz—1

u = \/§+ \/%, Vu,v - [\/g, ‘I—OO)

Ta sé chitng minh hé nay cé nghiém duy nhat v = v. That vay,

wWu—1 = V3Vu2—1+u,
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w2 —1 = V3V 140, VYu,ve V3, +00).

Lay phuong trinh thit hai tri vé theo vé cho phuong trinh thit nhat cia hé ta

duoce

W —1—ovVu2—1=vV3vV2—1—-V3vuz —1+v—u.

Viét lai phuong trinh nay dudi dang
Vo2 — 1<u— \/g)—\/u2 — 1(21 — \/§)= v —u.

Ta ching minh u = v. Gid st trdi lai, u > v, khi dé vé phdi am. Ta ching

minh vé trai duong. That vay, zét ham so f(t) = \'5/;2431, t > /3. Dé thay, f

la ham don diéu tang. Do do ta co

f(u) > f(v)
u—3 - v—+3
Vuz—1 V-1

v2—1<u—\/§)> m(v_@)
v2—1<u—\/§)—\/m<v—\/§)> 0.

Diéu nay chitng té vé trdi duong. Ta c6 diéu vo lj. Do dé u = v.

Xét phuong trinh

=3+ f

ViZE—1

Vil e [V3,+00) nén 0 < 1 < 1. Do dé ton tai 6 € (0,7/2) sao cho § = sinb.

(€ [V3,+0). (%)

Khi do phuong trinh co dang

,g:

1
—— =3+ — & (sinf — cos0) + V/3sin b cosf = 0.
sin 6 cos 0

Gidi phuong trinh (x) vdi diéu kién € € [\/3,4+00) ta dudc nghiém duy nhat

1 V3(V5+1)

:sin9: 2
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Vay, moi nghiém ciia phuong trinh sai phan trén vdi dieu kién ban dau thudc
[v/3,+00) hoi tu dén s6 duong

P V3(V5+1)
S

Nhan xét 6.3. Dé thay ring, néu (yn, 2,) la nghiém clia hé phuong trinh sai

phan

Ynt1 = BYn+azn, Yo = o,

Zni1 = By,+ Az, 2z =1

thi =, = ZZ’—: la nghiém cia phuong trinh (4.13). Do dé, viéc khdo sdt su hoi tu
clia nghiém phuong trinh (4.13) c6 thé chuyén vé viéc tim nghiém (yn, zn) clia
hé phuong trinh sai phan trén, sau do tinh gidi han ZZ’—: khi n tién ra v0 cung.

Tuy nhién, cach nay khong gon bang cach st dung dinh lij 6.16.
Vé mot s6 phuong trinh sai phan hitu ty bac hai

Trong muc nay ta khao sat su hoéi tu ctia nghiém phuong trinh sai phan

sau
ﬁIn + «
A+x,+Cxpy’

trong d6 n € N va xg, 27 14 2 s6 thyc khong am cho trude. Ta gid thiét cac

(4.14)

T+l =

tham s6 trong phuong trinh (4.14) 1a cac s6 thuyc duong.
Trong muc nay ta luon gia thiét f : [0, +00) x [0, +00) — [0, +00) la ham
lien tuc. Céc bd dé sau rat can thiét dé khao sat su hoi tu ctia nghiem phuong

trinh (4.14).
Bé dé 6.1. Néu moi nghiém ctia phuong trinh

Tpt1 = f(xp,xn—1), meEN, (zg,z1 >0 cho trudc) (4.15)
hoi tu dén mot so duong £, thi hé phuong trinh

r = fly,mx),
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y = [(zy)
c6 nghiem duong duy nhat ¢ =y = /.

Chiing minh: Goi (z,y) 14 mot nghiém duong ciia hé phuong trinh trén. Xét
phuong trinh (4.15) v6i 11y =  vA 19 = y. Thé thi 2o = f(x1,20) = f(z,y) = ¥
va 23 = f(x2,21) = f(y,z) = z. Ta chiing minh bing quy nap rang za, = y
VA Topy1 = @ v6i moi k. Gid st Top = Y, Topr1 = @ v6i mot sO tir nhién k& ndo

do, ta sé ching minh o1y = ¥, To(k41)+1 = =. That vay, ta c6

T2(k+1) = f(art1, vor) = f(z,9) = v,

To(kt1)+1 = f(Toni2, op) = f(y,7) = 2.

Nhu vay xor = ¥y, Topr1 = = v6i k € Ny. Theo gia thiét {z,}, hoi tu dén s6
duong /¢, nén ta dugc cac day con {wor o, {®art1}72, hoi tu dén ¢, tic 1a
x =1y = /(. B6 dé dugc chiing minh.

B6 dé sau sé chi ra rang diéu kien ctia bo dé 6.1 1a di néu ham f bi chin
va don diéu gidm theo bién z, don diéu tang theo bién y. Truée hét ta xét vi

du sau:

Vi du 6.50. Xét phuong trinh sai phan

T, +1

m, o, L1 cho trudc .
n n—1

T+l =

Chon o, z1 € (0,1). Xét ham so

z+1

f(l“,y):m-

Dé thay f dong bién theo x, nghich bién theo y. Mdt khdc,
in m,y}Of($7y) =0:= Qo, Supm,y}Of($7y) =1:= /60

Va4

Ty € (g, Bo), Vn = 2.
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Dat
ap = infm,ye(ao,ﬁo)f($7y)7 B = Supm,ye(ao,go)f(%y)-
Ta co
a1 = f(ao, o) = %, B = f(Bo,0) = 1.
Twong tuw

Apy1 = in m,ye(an,ﬁn)f(I> y) = f(an> ﬁn)> ﬁn-l-l = Supm,ye(an,ﬁn)f($> y) = .f(ﬁfh Oén),

vdin=0,1,2,---. Ta dugc {an}n la day don diéu tang va bj chan trén bdi 1,

{Bn}n la day don diéu giam va bi chan dudi bdi 0, do dé ching hoi tu. Gid si

lim o, = «q,

lim 5, = p.
Ta thu duoe hé sau

a = fla,B)

B = f(Ba)
Suy ra

1
a=0=—

7

Mt khdc, ta chiing minh bang quy nap duoc
Tny2k € (ak>ﬁk)> k:07172>"' .

Do do
1

limz, = —.

V2
Bé dé 6.2. Gid sit ham f don diéu gidm theo bién x vdi médiy > 0 va don diéu
tang theo bién y vdi moix > 0. Gid thiét them rang, M := sup, ,~ f(z,y) < oo

va hé phuong trinh

u = .f('U>u)>
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v = .f(u> 'U)
c6 nghiem duy nhat uw = v = £. Khi dé moi nghiém cia (4.15) hoi tu dén £

Chaing minh: Theo gid thiét ta c6 T, = f(2p, Tp_1) < M v6i moi n € Na,
Khong mat tinh tong quat ta gia st z, < M v6i moi n € Ny. Ta xét hé phuong

trinh sai phan sau

Unt1 = f(vmun)>

Ups1 = f(Un,vy)
v6i n € Ny, 6 day ta dat ug = 0,v9 = M. RO rang,
Uy < Tp < Vg VOl moin € Np.

Do ham f don diéu gidm theo bién z va don diéu tang theo bién y, nén

T2 = f(Tpi1,n) < f(ug,v0) = v1
va tuong t,

T2 = f(Tpi1, ) > f(vo,up) =up  v6i moi n € Ny.

Bing phuong phép ching minh quy nap, ta c6 thé thay ring

Up < Tpaok < Vg VOl moi k,n € Ny.

Mit khac uy < w1 va vy > v;. Ciing do ham f don diéu giam theo bién z va
don diéu ting theo bién y nén ta c6
uy = f(vi,u1) > f(vo,u0) = u

va tuong t1r v < v;. Bang chiing minh quy nap ta c6 day {uy}x don diéu ting
va day {vp}r don dieu gidm. Goi u, v 1an lugt 1a gi6i han ctia cac day {ug}x

va {vg}k. Ta ¢6 u va v théa man hé phuong trinh

u = .f('U>u)>
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v = f(u,v).

Theo gia thiét u = v = . Nhu vay cac day {ux}r vd {vi}r 12 hoi tu va gi6i
han ctia hai day nay la £. Theo trén ta c¢6 ur < Tpior < Vi, k,n € Ny nén ta

duge day {z,}°%, hoi tu va lim, .., 7, = £. B6 dé& dugc chiing minh.

Chu y 6.5. Néu ham f bj chan thi véi méi nghiém {x,}, cia (4.15), ton tai
hai day gidi han day {un}nez 00 {Vptnez thod man (4.15) véi moin € Z sao

cho

up = limsupx,, vo=liminfz,, wu,, v, € [vo,uo] vdi moin € Z.

n—00 n—00

Hai day gidi han day nay duge chon ti tap gidi han w cia nghiém {z,}n.
Bé dé 6.3. Gid st ham f don diéu gidm theo bién y vdi moi x > 0 va

M = sup f(x,y) < oc.
z,y=>0

Thé thi vdi moi nghiém {x,}n clia (4.15) ta cé

max f(x,0) > limsupz, > ¢ > liminfx, > min f(z, M).
0<z<M oo n—o00 0<z<M

Chaing minh: Chon hai day gidi han day {u,}nez VA {Un }nez tit tap gi6i han

w cua {z,}, sao cho

uog = limsupx,, wvo=lminfz,, u,,v, € [vy,ug| v6i moi n € Z.

n—00 n—00

Ta c6
ug = ur = f(uo,u—1) = f(uo, uo).
Tuong tu, ta nhan duge
vo < f(vo, vo).
T day suy ra nghiém duong duy nhét ctia phuong trinh = f(z, ) phai ndm

trong [vo, ug]. Mt khac,

Up = .f(u—1>u—2) < f(u—1>0) < Og;z}liw f($>0)
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Tuong tu, ta co

> mi .
vo/oglgan(éf,M)

Bé dé dugc chimg minh.
Bay giv ta khao sat tinh chat ctia nghiem phuong trinh (4.14). Dé tién theo

doi ta nhic lai két qua sau ctia D.V. Giang.

Dinh ly 6.17. Gid st 8 > a/A. Néu mot trong cic dieu kién sau thod man

thi du doan ciua G. Ladas la diung.

(i) B> A va C < 1;
(ii) B> A,C > 1 va (B— A)? < 4a/(C —1).

Nhan xét 6.4. Két hop dinh lj 6.17 va bé dé 6.3 ta thiy ring, néu cdc diéu
kien (i)-(ii1) cia dinh ly 6.17 khong zdy ra thi vdi moi nghiém {x,}, clia (4.14)

ta co
a < liminfz, </ <limsupz, <b,
trong do
1 4o
= —|(f—-A-— — A2 —
1 4o
b = —(—-A — A2 — )
2(6 +\/(ﬁ ) 0—1)

Tiép theo ta nghién citu du doan ctia Ladas trong truong hop = A. Dang

tiéc trong trudng hop nay ta van phai han ché trén cac tham sé 3, a va C.

Dinh 1y 6.18. Gid st 3= A va C < 1. Neu a < 432/(C +1) thi du dodn ciia
G. Ladas la ding.
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Chaing minh: Trude hét dé ¥ rang néu o < (2%, ta c6 thé ap dung truong hop
(i) ctia dinh ly 6.17. Vi vay, khong mat tinh tong quét ta gia st rang a > (2.
Mat khéc ta c6

{ = 4.16
Cc+1 ( )
va
(B = O) (w0 — ) = Cl(zn — 1)
1 — b = . 4.17
|ZE i | In+0$n—1 ‘l’ﬁ ( )
bat 6, = |z, — ¢|. Ta nhan duge
St < |8 — £|6, + Cfén_l‘
B
Xét phuong trinh sai phan tuyén tinh
- E n ‘I’ Of n— 20
Yn+1 = |ﬁ |y ﬁ Y1 vOl n € N, (’y(] = 50, Y1 = 51)
Dé thay 6, < ¥y, v6i moi n € Ny va v, c¢6 dang
Yn = Oél)\? + Oég)\g,
trong do A; 2 la cac nghiém cua phuong trinh
BN =|B—L]| X+ CL. (4.18)

Ta chiing minh rang cac nghiém ctia phuong trinh (4.14) c6 gia tri tuyet doi
nhé hon 1 (va hé qua 1a y, — 0 khi n — oo). Diéu nay tuong duong vdéi viéc
chiing minh

B> |6—1¢+Ct. (4.19)

Cubi cling ta hiy xét hai truong hop co thé xay ra: Néu a < B2(C + 1), ta
cof>Clvahequala |- +Cl=0+(C—-1){<p(viC <1). Truong
hop th hai la a > B2(C+1). Tac6 <A |3 — 4|+ Cl=(C+ 1)l — 3 =

a(C+1)—p3<268-p5=0(via<48?/(C+1)). Dinh li dugc chiing minh.
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Dinh 1y 6.19. Gid st = Aval < C < 2. Neuwa <93%/(C+1) thi du dodn

cta Ladas la ding.

Chaing minh: Trude hét chi § rang néu o < 42, ta c¢6 thé 4p dung truong hop
(i) dinh 1y 6.17. Vi vay khong mat tinh tong quat, ta gid st a > £2. Xét ham
Bx + «
T,Y) = ————.
f(@,y) x4+ Cy+p

Ta s& ching t6 sup, o f(7,y) = - That vay, ta co

) = Br+a —a artaCy-pf
BY = t+Cy+3 0 r+Cy+p
a_OéC?J‘l'ﬁfE(%—ﬁ) o}

8 e+ Cy+p8 B

v6i moi z,y > 0.

Lay € > 0 nho tuy ¥, ta chiing minh ton tai (z,y) € [0,00) x [0, 00) sao cho
flz,y) > 3 — € tuc la
axr +aCy — [
r+Cy+p

<€

hay
(z+Cy)(e—a) +ef+ 5%
x+Cy+0

Néu € > « thi bat dang thitc trén hién nhién ding véi moi (z,y) € [0, 00) x

> 0.

[0,00). Con néu € < «a thi ta chon z = 6—12(:17 + Cy)(a — €) va y tuy ¥ thuoc

[0, 00), khi d6 bat dang thiic trén thoa man. Vay SUp, >0 f(7,y) = 3
Mat khac, ta co a%f(:v,y) = m < 0, Vz,y > 0 nén ham f(z,y)

don di¢u giadm theo bién y trén [0, 00), do d6

flx,y) = f(x,a/B), Vye[0,a/6].

~ P C 2 N ~
Hon nita, ta c6 %f(:v,y) = % va do C' > 1 nén

o fa/8) > 0.
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Suy ra
f(x,y) = f(z,a/B) = [(0,a/B), Va,y€|0,a/0].

Tu d6 ta thu duoe

: Ba [1e" 1G]
m7y€1(r(}7a/ﬁ)f($’ y) f( 704/6) /62 T Co > (C n 1)@ C 1
Dé ¥ I‘%ng Tn+1 = f($n> zn—l) nen
Ty > Ci—l—l vl n € Ny.

Mt khac, dat o, = |z, — ¢|, ti (4.17) ta co
o |8 — )0, + Cfén_l.

On,
+1 X 26
Xét phuong trinh sai phan tuyén tinh
- E n + Of n— 40
Yn+1 = 15 |y2ﬁ Yol véin €N, (ya=0d4, y5=205).

Dé thay 6, < ¥y, v6i moi n € Ny va vy, c6 dang
Yn = AT + 2y,
trong d6 A; 2 la 2 nghiém phan biét ctia phuong trinh
20\ = |B — N+ CL. (4.20)

Ta chitng minh rang cac nghiém ctia phuong trinh (4.20) c6 gia tri tuyet doi
nhé hon 1 (va hé qua 1a y, — 0 khi n — oo). Diéu nay tuong duong vdéi viéc
chiing minh

28> | =1+ CL. (4.21)

Xét hai truong hgp sau cé the xay ra: Néu a < (C +1)3%, tacé 8 > ( =

Va/(C+1) vahe quala|f -/l +al =+ (C -1 < B+ <26 (vi
a < 2). Truong hop thit hai 1a a > (C + 1)3?. Ta nhan duge § < ¢ va
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|B—l|+Cl = (C+1){—B = \/a(C+1)-B < 3-8 =26 (Via < 95%/(C+1)).
Dinh 1y dugc chiitng minh

Dinh Iy sau cho mot diéu kien di dé moi nghieém ctia (4.14) hai tu.
Dinh 1y 6.20. Néu v < A thi moi nghiém cia (4.14) hoi tu tdi (.

Chaing minh: Xét ham s

vy +a
H __wre
(%4, u,0) v+ Bu+ A

Dé y ring H(z,y,z,y) = f(x,y). Hon nita, H(x,y,u,v) I3 ham don diéu
tang theo céc bién z,y va don diéu gidm theo cac bién u,v. Xét hé phuong

trinh sai phan sau

Un+1 = H(”n; Un—1, )\n> )\n—1)>
Ant1 = H(An, A\—1, Un, up—1)  v6in € N,
Trong do,
Ao = A =0,
o

= =M )
Uo (751 +A—’}/

R6 rang, zny1 = (o0, 2n1) < M = sup, . f(7,y) véi moi n € N. Vi vay

khong méat tinh tong quét ta gia st zo, z1 < M. Ta c6

Uy = Uy = Ug,
Ao <A< g,
)\0 < Zo < U,

A <2 < ur.

Bing quy nap, ta c6 thé ching minh ring {)\n}n 13 day don diéu khong giam,
{un}n 1a day don diéu khong tang va A\, < z, < u, v6i n € N. Goi A la gidi
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han ctia day {\,}, v u 1a giéi han cta {u,},. Thé thi

u = Yuto
— (BF)A+A”

A = YA+a
— BDutA-

Theo gia thiét v < A, do d6 tit hé phuong trinh nay ta thu duge u = \ = /.

Dinh li duge chiing minh.
Vé 16p phuong trinh sai phan hitu ty bac k trén bac (k — 1)

Xét phuong trinh sai phan htu ty bac k trén bac (k — 1)

Tn—k
Tpy1 =+ , n=0,1,---, 4.22
" f ($n> Tp-1, " In—k—l—l) ( )
trong d6 o > 0, k € N, diéu kién ban dau x_y, _p41, - - -, To 1& cac s6 thuc

duong cho trude.
Gia st f 1a ham thoa gia thiét (H) sau day: f : [0; oo)k — (0; 00) 1& ham
lién tuc.
Vi diéu kien ban dau la céc s6 thuc duong va do gia thiét (H) nén nghiém
ctia phuong trinh (4.22) la duong.
Dat
g(u) == f(u, u, -+, u), u>0.

Do gia thiét (H) nén ¢ 1a ham tang va luon nhan gia tri trong khoang (0; oo).
Karakostas va Stevic da nghién cttu tinh bi chan, tinh hat toan cuc, tinh
dao dong va tinh tuan hoan ctia nghiem ctia phuong trinh (4.22) véi cac diéu
kién trén.
Dinh 1y sau cho phép ta xac dinh dugce do dai t6i da ctia mdi nita chu trinh

cua nghiém.

Dinh ly 6.21. Gid st ham H di tu tap [0; oo)kH vao tap [0; 00) ¢d cdc tinh
chat: 3ig € {1, 2, - - -, k} sao cho H (21, za, - - -, zx, y) la ham khong tiang theo
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moi bién z;, i € {1, 2, -+, k}\{io}, gidm theo z;, va tang theo y. Goi T la

diém can bang cia phuong trinh sai phan
Tpt1 = H (Tp, -, Tppr1, Tnek), n=0,1, - (4.23)

Khi dé, tru nita chu trinh dau tién, moi nghiém dao dong ciia phuong trinh
sai phan (4.23) vdi dieu kién ban dau duong déu cé cac mia chu trinh cé do

dai toi da la k.

Ching minh: Goi (x,).—_, la nghiém dao dong ctia phuong trinh (4.23) ma
nghiém nay c6 it nhat hai nita chu trinh. Gia st ton tai mot nita chu trinh cé

do dai 16n hon k, khi d6 ton tai s6 tit nhién N sao cho

IN-k <T < IN—f+1, ***y TNy TN+1,
hoac
TNk 2T >TN_kt1, """ TNy, TN41-
Truong hop oy 1 < T < TN_gt1, " TNy TN11-
Ta co
ITN+1 = H($N7 oy TN—k+1, $N—k) < H(j7 j? T j) = j’
suy ra
TN+ < T (V@ ly)
Trudng hop vy > T > TN_k41, ~*+ , TN, TN41
Ta co
ITN+1 = H($N7 oty TN—k+1, $N—k) > H(j7 j? T j) = j’
suy ra

TN4+1 > T (V@ ly)

Nhu vay, ca hai truong hop ta déu dua ra dieu vo 1y. Do d6 moi nghiem
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dao dong véi diéu kién ban dau duwong déu cé cac nita chu trinh véi do dai
khong vuot qua k (trit nita chu trinh dau tien).

Hé qua 6.3. Gid st ham f théa man gid thiét (H) va T la mot dieém can
bang duong cia phuong trinh (4.22). Khi dé, tric nita chu trinh dau tién, moi
nghiém dao dong vdi gid tri ban dau duong cé cdc nita chu trinh vdéi do dai

khong vugt quad k.

Ching minh: Dat

Yy
f(Zb 22y Zk)

H(Zb Zg,"',Zk,y):Oé‘l—

Do f :[0; oo)k — (0; 00) la ham lién tuc va luon nhan gia tri duong nén
H (21, z2, -+, 2k, y) 1a ham lién tuc. Mat khéc, f la ham khong gidm v6i moi
bién va tang vdi it nhat mot bién nén véi cach dit nhu trén thi ham H khong
tdng v6i moi bién z;, 1 € {1, 2, - - -, k} \ {io}; gidm theo bién z;, va tang theo
y. Khi d6 ham H thoa man gia thiét ctia Dinh 1y 6.21.

Vi vay, trit nita chu trinh dau tién, mdi nghiém dao dong ctia phuong trinh
sai phan

Tpr1 = H (Tp, -+, Tngr1, Tnek), n=0,1, -

v6i dieu kien ban dau duong déu c6 céc nita chu trinh vé6i do dai khong vugt
qua k. Hay, trtt ntta chu trinh dau tién, moi nghiém dao dong ctia phuong trinh

Tn—k
Tpy1 = a0+ ,7120,1,"',
f (5Em Tn—1, " ZEn—k+1)

v6i dieu kien ban dau duong cé cac nita chu trinh véi do dai khong vuot qua
k.

Tiép theo ta nghién citu tinh bi chan, hoi tu va tuan hoan cia nghiém
phuong trinh (4.22).

e Truong hop g (a) > 1.

Ta c¢6 g la ham tang trén [0; 0o), nén véi moi u > « thi g (u) > g (o) > 1.
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Néu o = 0 thi 0 la diém can biang duy nhat ctia phuong trinh

Tn—k
. 4.24
lﬁ, Tty $n—k+1) ( )

Tp41 = f(

That vay, gia sit Z 1a diém can bing ctia phuong trinh (4.24), tic 13

B T
l’ =
f(zz -z
hay
1
9(7)
Do do6
=0
Ta co
Tn—k
Tpt1l =
i .f ($n> l”n—17 T $n—k+1)

< Tn—k o Tn—k
f(070770) g(O)’

suy ra diém can bang z = 0 1a hit toan cuc.

Gia stt o > 0. Hai dinh 1y sau day cho ta dau hiéu nhan biét phuong trinh
(4.22) c6 duy nhat diém can bang duong va moi nghiém duong ctia phuong
trinh nay bi chan.

Dinh 1y 6.22. Gid s g () > 1 va ham f théa man gid thiét (H). Khi dé

phuong trinh sai phan (4.22) cé duy nhat diém can bang duong T.

Chitng minh: Gia st 7 1a diém can bing ctia phuong trinh (4.22). Ta c6

‘H

r=a+

3

S

g
Xét ham sb
F:la,00) — R

r — Tr—o— —:.
g9(x)
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R6 rang F' lién tuc trén [0;00), théa F' (0) = —a < 0va lim F(x) = +oo.

T—+00
Do d6 ton tai z € (0; oo) sao cho F (z) = 0, hay

. T
r =« —_—.
g9(z)

Ta chiing minh 7 1a duy nhat. That vay, Vz, y € [0; 00) : > y, ta ¢

F(z)— F(y) = (ﬂf—a—ﬁ) (y_a_ﬁ)

zg (y) — yg (z)
—EY T e W)
_=yg@)gy) —(r—yg@) +z[g(x) —g)
9(x)g(y)
_—ye@ gl -1 +ylg (@) —g )]
g(x)g(y) '

Dog(x) >g(y) > ¢g(a) >1nén F(x)— F(y) >0, suy ra F' la ham ting trén
[0; 00). Vay 7 la diém can bang duong duy nhat ctia phuong trinh (4.22).
Dinh 1y 6.23. Gid si g(«) > 1 va ham f théa man gid thiét (H). Khi dé
moi nghiém vdi dieu kién ban dav x_j, T_jpi1, - -+, To la cdc so thuc duong sé
bi chdn bdi so

ag (a)

My == max{x_p, T_py1, - - -, 5170} + —.
{ i g(a)—1

Chitng minh: That vay, gid st (z,),-_, 1& mot nghiem tuy ¥ ctia phuong trinh
(4.22). Vi z, > a, Yn > 1 nén

Tp—k Tpn—k
Tptl1 = @+ - < o+ - ,
g9 (a)

.f ($n> ) l’n—k—l—l)
Vé6i bat ky m e Nvar € {0, 1, - - -, k}, ta co

n=01,--

T(k+1)m+r—k

X(k 1mr1<a+
(et g(a)
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Mat khac
T(k+1ym+r—k = T(k+1)m+r—k—1+1 = T(k4+1)(m—1)+r+1

T (k1) (m—1)4+r—k
g9(a)

< o+

T(k+1)(m—2)+r—k
g9(a)

T (k1) (m—1)4r—k < O+ )

1 1
matr+l < — — m—2)+r—
L (k+1)ym+r+1 a+ q (Oé) (Oé + g (Oé) L (k+1)(m—2)+ k)

1 x m—3)+r—
<a+—a + (a+ (k+1)m8)+ k)

Q
Q
—_

« «
<adt——+—5—+ -+ + Ty
g(@)  g*(a) g"(a) g™ (a)

m
Tkt 1ymr+1 < O Z ¢+ xr kg™ < 1—¢q Tk
Jj=1



6.6. Mot s6 16p phuong trinh sai phan phi tuyén cé cham 319

suy ra
o
Tp <Smax{r_g, -+, o} + T
(@)
Hay
Tn < max {a’;_k’ SN 1'0} _I_ L@ = MO
g(a)—1

Cac dinh 1y sau dé cap dén tinh hit toan cuc clia nghiém duong phuong
trinh (4.22).

Dinh 1y 6.24. Gid st o > 0, g(a) > 1 va ham f théa mdn gid thiét (H).

Khi dé, néu ham x — % giam trén (o; 00) thi moi nghiém duong cia

phuong trinh (4.22) hoi tu.

Chitng minh: Gid st (x,,),. , 1a nghiem duong clia phuong trinh (4.22), theo
Dinh ly 6.23 thi (x,,) -, bi chan. Do d6 ton tai
lim infz, ;=1 (o <Il<oo)va limsupz, = L (I <L < o). Hién

nhién ¢g(L) 1a mot s6 thyc xac dinh. Lay gidi han trén va giéi han dudi hai vé

cta (4.22), ta dugc

g(L g()"
Ta co
>« + L
g(L)’
suy ra
(l—a)g(L) >
Hay
(l=a)[g(L) =g (a)] > ag(a)+[1 —g(a)]l. (4.25)
Tuong tu
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& (L-a)lg(l)—g(@)]zag(a)+ [l —g(a)] L. (4.26)

Néul:athia2a+g(‘l—L), suy ra @« < 0 (vo 1y). Do d6 | > «, nén
g(l)>g(a).
Gia st rang [ < L. Tt (4.25) va (4.26), ta co6

(l—a)lg(L) —g(a)] = ag () +[1—g(a)]l
zag(a) +[1—g(a)L

> (L—a)lg(l) —g(a)],
suy ra

(—a)[g(L)—g(@)]=(L—-a)lg()—g(a)].

g(L)—g(@) S g()—g(a)
L—« - l-a

Mat khac, ham M gidm trén (a; 00), nén véi a < I < L ta c6

g()—g(a) _g(L)—g(a)
|-« - L—a

Khi do

g0 —g(a) _g() —g(a)
-« l—a

(Ta c6 dieu vo ly).
Vay L = [, tic la moi nghiém duong ctia phuong trinh (4.22) hai tu.

Hé qua 6.4. Gid st a > 0, g(a) > 1 va ham f théa man gid thiét (H). Khi
dé, néu ham g lom chat trén (a; 0o) thi moi nghiém duong cia phuong trinh
(4.22) hoi tu.

Ching minh: Dat

G: (a;o0)— R
x G (z) = 9(@)=g(a)
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Theo Dinh 1y 6.24, ta chi can ching minh ham G(z) giam trén (o; oo).
Thc 1a ching minh G’ (z) < 0, Vz € (; 00).

Ta co

G (2) = (r—a)g (2 :O[Zq)gaf) —9(a)]

Vi g kha vi trén (a; oo), nén theo Dinh ly Langrange ton tai ¢ € (a; x) sao

cho

hay
9(@)—gla)=(x—a)g (o).

Mt khéc, g 16m chit trén (a; oo) nén ¢” (x) < 0, Vo € (o; 00), tiic 1a ¢'(x)

gidm trén (a; 00), suy ra

(¢ —a)’
_ -y (@) —g ()] _, ¥z € (0 o)
(¢~ )’ ’

Ta ki hieu M; = %.

Dinh ly 6.25. Gid st > 0, g (o) > 1 va ham f théa man gid thiét (H). Néu

ham g théa man bat dang thic
ug (u) —vg ()| < ¢* (@) Ju —v|, u,v € [a; Mi],
thy moi nghiém duong ciia phuong trinh (4.22) hoi tu vé diém can bing T.

Chitng minh: Gid st (), _, 1a nghiem duong ctia phuong trinh (4.22). Theo
Dinh 1y 6.23 thi z,, € (a; Mo], Vn > 1, v6i My := My +max{x_,_,---, xo}. St



322 Chuong 6. Khao sat day sé va phuong trinh sai phan

dung Ménh deé 1.2, ta c6 hai day gi6i han day (y,,) va (2,,) thoa man phuong

trinh sai phan (4.22) v6i moi m € Z va

lim inf z, = 20 < 2, Ym < Yo = lim sup x,, Vm € Z. (4.27)

Dé nhan thay tat cd sé hang ctia hai day (ym), (2m) déu thuoc [o; M.

Gia st rang zg < yo. Tl cong thiic (4.22), ta c6

o < —2 (4.28)
9 (20)
va
20
Z0 > o+ . 4.29
9 (yo) (4.29)
T (4.28) ta ¢6
o <ot -2 Lot L
g (%0) g ()
suy ra
1
N
g(a)
Nén
« ag (a
y0< 1 - g() :=M1<M0.
11— 9@ g(a)—1

Do d6, tat ca cac s6 hang ctia hai day giéi han day thuoc [o; M.
Tit bat dang thiic (4.29) va tinh don diéu ctia ham g, ta cé

Z — 209 (2
Yo — 20 < Yo 2o < Yog (y0)2 0g (20) < o — 2.
g9(20)  g(w) g* (@)

(Ta c6 dieu vo ly).
Vay
Yo = Zo.

Dinh ly 6.26. Gid sit o > 0, g(a) > 1 va f la ham théa man gid thiét (H).
Néu ham g khd vi va théa man mot trong cac dieu kién sau:

J () < ~lg() — 11,

- v € o My, (4.30)
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g 1 (1 - ﬁ)z, v € [a; My], (4.31)

g (v) g(a)—1
g g -1 " ag(a)

thy moi nghiém duong ciia phuong trinh (4.22) hoi tu vé diém can bing 7.

, U E [a; My], (4.32)

Chitng minh: Goi (z,);-_, la nghiém duong cta phuong trinh (4.22). Khi d6,
nhu Dinh 1y 6.25 ¢6 hai day giéi han day (y.,), (zm) thoa (4.27), (4.28), (4.29)
va théa man phuong trinh sai phan (4.22) v6i moi m € Z.

e Ham g théa diéu kien (4.30), ta can chiing minh yy = 2. Gia st yo > 20.

Dinh nghia ham

_u g(v)
@(U,U) - g('U)—l’
va dat
G(r):=@[(1—7)z0+1Y0, (1 —7) Yo+ r20).
Ta c6
_ _*0 9 (o)
¢(0)_®(20>y0)_a g(yo)_lz()?
va
_ _ % g(%)
¢ (1) = @ (yo, 20) = 0 () -1 < 0.
Nhu vay
¢(1) <0< 9¢(0)
Mat khac
Jro € (0; 1) théa man ¢ (1) — ¢ (0) = ¢’ (10),
suy ra

gb’ (7’0) < 0.
Nhan xét rang

(L—=r)zo+ry gl —7)yo+rzo]
a gl(1—7r)yo+rz) — 1

¢(r) =
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suy ra
"y :l _ . _(?/0_20)9/[(1_7’)?/04'7’2’0]
o' (r) a(yo 0) (g[(l—r)y0+rz0]—1)2 .

Do ¢’ (r9) < 0 nén

1 —20)9 (v
- (y(] - ZO) - (yo 0)9 (20) < 07 ('UO = (1 - T) Yo + 720 € [Oé, Ml])>
a g (vo) — 1]
suy ra
/
9 (vo) - <0
@ [g(vo) — 1]
Hay
g (vo) > Lg(vo) — 1)° (trai gid thiét).
Vay

e Ham ¢ thoa diéu kién (4.31), ta can ching minh yo = 2o. Gia sit yo > 2.

Dinh nghia ham

Q 1
V(u,v)=1——— )
(u, v) u  g(v)
va dat
Y (r) =V [(1—7r)z0+ryo, (1 —7)yo +720].
Ta co
Q 1
0)=U 20, =1-—- 207
w( ) ( 0 yO) 20 g(yO)
va
Q 1
1) =V (yp, 20) =1— — —
¢() (yo 0) Yo 9(20)
Nhu vay
¥ (1) <0<y (0)
Mit khac,
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suy ra

’l/)l (7’0) < 0

Khi do

ug € o Mq],
nén
a a o« lg. () — 1"
ug — M7 [ag(a) r ag® (a)
g(a)—1
Do dé6 ) )
g(vo)z%z[g(a)—l] 1(1 1 )
g% (vo) ~ g ag? (a) ! g (a)

(Mau thuan véi gia thiét).
Vay
Yo = 20 — xT.
e Ham ¢ thoa diéu kién (4.32), ta can chiing minh yo = 2o. Gid stt yo > 2o.

Dinh nghia ham hai bién

U
Z(u,v):=u—a— ,
(u, v) g(v)
va dat
C(r):=2Z[(1—7r)z0+1Y0, (1 —7)yo + 720].
Ta co
20
0) = Z (2o, =z2)—a— >0,
C() (0 yO) 0 g(yO)
va
Yo

C(l)ZZ(yo,ZO)Zyo—a—g
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Nhu vay
¢(1) <0< ¢(0).

Theo Dinh 1y Langrange
Jrg € (0; 1) théa méan ¢ (1) — ¢ (0) = ¢’ (ro),

suy ra
C/ (7’0) < 0
Khi do
1 uog’ (vo)
1- 5; ) =(1- ) = (11— )
g (vo) 9 (vo) ug = (1 —7r) 20+ 1y, vo = (1 —7)yo + 120
suy ra
9 (vo) [9 (vo) — 1] < uog’ (vo) -
Hay
glw) 1
9 (Vo) [g(vo) — 1] ~ wo
Do
ug € o Mq],
nén
1.1 _g@-t
U M, ag (a)
Khi do
J (v0) 1 g1

(Mau thuan véi gia thiét).
Vay

’y(]:Z(]:[Z’.

Dinh ly 6.27. Gid st a > 0, g(a) > 1, ham f théa man gid thiét (H) va h

la. ham cho bdi cong thite h (u) := =% Néu ham hop hoh lom tren [o; M,]
g(u)

thi moi nghiém duong cia phuong trinh (4.22) hoi tu.
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Chitng minh: Gia st (x,,),-_, 1a mot nghiem ciia phuong trinh (4.22). Khi d6

ton tai hai day gi6i han day (y.m), (zm) thda man phuong trinh (4.22) véi moi

m € Z, ma tat ca s6 hang ctia hai day nay déu thuoc [«; M;] sao cho

lim infx, = 20 < 2pm, Ym < Yo < lim supz,
n—oo

n—oQ

va 29, Yo thoa

Z0 > o+ 0 , Yo S a+t Yo
9 (o) g (20)
Ta co
20 20
20 > o+ > a+ ,
9 (Yo) g (M)
suy ra
1
21— ) Qo
( Q(Ml)
Hay
ag (Ml)
= Nj.
= g(My) -1 '
Khi do
Yo Yo
Yo < o+ < o+ )
9 (20) g (Ny)
suy ra
(1 ! ) <
Yo - X @,
g (Ny)
hay
ag (Ny)
< = M,.
P g(V) -1 ’
Mit khac, ta co
20 > o+ 0 + =0
0= Z )
9 (Yo) g (My)
suy ra
M.
20 > a ag( 2) NQ.
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Ctt nhu vay, ta nhan duge hai day (M,) va (IV,,) ma cac s6 hang ciia hai day
nay thuoc [«, M;], duge dinh nghia nhu sau:

ag (Mn) . ag (Nn—l)

Ny =——— M, = ———"—.
g (Mn) -1 g (Nn—l) -1

Dé dang chiing minh duge day (V,,) khong giam va day (M,,) khong tang (do
ham s6 y = £ giam trén (1; 00)). Vi vay gii han ciia hai day nay ton tai va
thoa diéu kien
No < 20 < Yo < My,

Vv6i N := lim Ny, M := lim My, M = h(N), N = h(M).
Khi dé6

hoh(M)=h(N)=M, hoh(N)=h(M)=N. (4.33)

Gia stt rang N < M, ta c6

o

1
1- g(My)

= N; > a.

hlh(a)] = h (L(O‘)) — h(M,) =

Vi hoh 16m trén [a; M| va h[h(a)] > a nén do thi ham s6 hoh (z) cit duong
phan gidc thit nhat tai nhiéu nhat 1a mot diém (mau thuin véi (4.33)). Vay

M = N,

dan dén

No = 29 = yo = M,.

e Truong hop g (a) < 1.
Trong phan nay, ta xét truong hop g (o) < 1, k = 2m + 1 va cic s6 hang 1é
cia nghiém khong anh huéng dén mau ctia phuong trinh (4.22), ttic 14 nghien

citu truong hgp

f (U1, U2, U3, * * *y, U2m—1, U2m, U2m+1) =F (U1, ug, * -+, U2m—1, U2m+1)
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va phuong trinh (4.22) ¢6 dang

Tn—2m—1
F($n> Tp—2, " fn—2m)

Tpy1 = a0+ (4.34)

Khi d6 gia thiét (H) d6i véi ham F duge phat biéu lai nhu sau:
(H'): F:[0;00)™"" — (0; 00) 1a mot ham lien tyc, khong gidm véi mdi
bién va tang véi it nhat mot bién.
Vi ham ¢ (u) := F (u, u, - - -,u) 1a ham tang nén c6 ham nguge g~'. Ta c6

dinh 1y sau:

Dinh 1y 6.28. Gid st o > 0,g(a) < 1 va ham F théa man gid thiét
(H'). Hon nia {:E >a:g(r)> ﬁ} £ (0, trong dé b co dinh thuoc khodng
md (a; g7t (). Xét nghiem (zn)r_, . n=—k, —k+1, -+ cida phuong trinh

(4.34) sao cho vdi moi j=m, m—1,--- 1,0 ta cé

a < T2 < b,

va
b
-1
T_2; > ¢ (b—a = P.
Khi do
lim x5, = 00,
n—oo
va
. (6]
lim Ton+1 = 1

trong do L =: lim g (u).
Trong truong hop g khong bi chan, ta dat % = 0.

Ching minh: Tu tinh don diéu tang cia ham g, ta ¢6

ng(P)Zg(g‘1 (b_ba)) Zb_ba>1-
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Ta co
o<z =a+ Lo <a+
1= T\
F (zo, x_g, -+, T_om) g(P)
suy ra
b
o<z <at+——=>0b<g ' (1).
b—a
Lai ¢6
+ T—_2m
Ty = .
2 F(xy, x_q1, T omy1)

Vi 2_9;41 < b, i =0, m vd F 1a ham lién tuc, khong gidm véi moi bién, tang

v6i 1t nhat mot bién, nén ta c6

F(xy, zo1, -, 7 omy1) < g(b).
Do do
1
To > —<T_o9m > T_2m > P.
2 >+ g(b)z 2 T2
Tuong tu
a<r3=0a+ To2mid <Q+L=b<g_l(1)
F (I2> Zo, * $—2m+2) g (P) ’
va
T —2m+2 1
T4 = + >0+ —<T_om > P.
1 F(xg, x, - - -, T_omy3) g9 (b) e
Tori1 = @+ Do o <at—=b<gl(l)
241 = o ’
+ F([L’QT, Tor_2, " ", $2r—2m) g (P)
Tor42 = & + F(mghq,mgmrzjf,z-imzrfzmﬂ) > o+ ﬁfﬂ%—%n = Lar—2m = P
Nhu vay
Torp1 € (a5 b), Togry1) > O+ —=Top 9m = O+ ——=To(jr— (m11)+1)-
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Quy nap, ta c¢o

To[(m+1)r+4] > O+ —g o) T2[(m+1)r—(m+1)+4]

1
o+ —x m r— j
g (b) 2[(m+1)(r—1)+]

1
>a+ q (b) [O‘ + 5E2[(m+1)(r—2)+j]}
Qo L 1
q (b) g2 (b) 2[(m+1)(r—2)+]

a+

Saf——p 4T Y
g(b)  g*(b) gt (b) g7 (b)
1

>ra+ ——x9;, VjE{—m, —m+1, ---, —1, 0}.
gr(b) 255 VJ { }

Khi do

lim zs,, = 0.

n—oQ

Tiép theo ta chiing minh

, a
lim 29,1 = T
n—00 1— =
L
Vi lim 29, = oo va L = lim ¢ (u) nén
n—oo uU—0o0
hm F (l’gn, Ton—2, ", l’gn_gm) = L
n—oo

Tu dieu nay va tit 29,41 € (a; b), suy ra ton tai giéi han httu han [; :=
lim inf 29,41, ls := lim sup xg,; thoa man
n—oo n—oo

Li

l; > ,
_a—l—L
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va
I < +ZS
S\OZ L-
Khi do
lz(l—%)Za va ls(l—%)éa,
suy ra
o 1 o
—2>1——=2>—,
ls — L~ [
nén
lzzls
Vay
lim I2n+1:li:ls: Oél.

e Truong hop g(a) =1

Xét phuong trinh (4.22) trong truong hop g (o) = 1. Néu a > 0 thi chiing
minh tuong tit nhu Dinh 1y 6.22, ta c¢6 phuong trinh (4.22) c6 diém can bing
duong duy nhat z.

Dinh 1y sau 1& két qué chinh ctia muc nay:

Dinh ly 6.29. Gid st o > 0 va ham lién tuc f (21, - - -, zx) khong giam vdi
méi bién thda g (o) = 1. Khi dé maoi nghiém khong dao dong (z,),—_, cta
phuong trinh (4.22) hoi tu dén nghiém (w,) c¢6 chu ky (k + 1). Hon nita, néu
c6 mot chi s6 g € {1, 2, - -+, k} ma ham f (21, - - -, 2x) tang tai z;, trong mot
lan can phdi cia o thi moi nghiém khong dao dong cia phuong trinh (4.22)

. £ -2 ~ D —
hoi tu dén diém can bang T.

Ching minh: Gi& st (x,) -, la nghiém khong dao dong ctia phuong trinh
(4.22). Khi d6 ta c6 cac truong hop sau:
Truodng hgp 1: z, > &, Vn > —k. Ta ¢6

_ + Tn—k ( + T )
T — T = — |« —
! .f ($n> ) l’n—k—l—l)
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Tn—k T

f ($n> Y In—k—l—l) g (j)

_ T — T oz f (@ny -y Tpegyr) — g (T)]
f ($n> T In—k—l—l) g (j) f ($n> T In—k—l—l)
Vi

Tp >T>a, Vn> —k,

nén
f(xn, - Tpogr1) > fa, - -, a) =g(a) =1.

Do do

Tn41 — T < Tn—k — j,
suy ra

Tn+1 < Tn—k-
Tu diéu nay va bang quy nap, ta nhan duge
Tyt 1)4n < Tkt D) fn—k—1 = Tr—1)(k+1)+n, V7 >0, n > 0.

Vi vay ton tai gidi han

Wy 1= 1iM Ty (kg1)4n, V0.
T—00

Mat khac

wp = lim Tr(k+1)4n = lim T(r—1)(k+1)+n+k+1 = Wni(k+1)-
T—00 T—00

Vay, moi nghiém khong dao dong (z,) -, clia phuong trinh (4.22) hoi tu
dén nghiem (w,) c6 chu ky (k + 1).
Truodng hop 2: z, <z, Vn > —k

Chting minh tuong ti nhu truong hop 1, ta duge diéu can chitng minh.
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Tiép theo, gid st c6 ig € (1,2, -+, k) ma f (21, 22, - - -, 2x) tang tai z;
trong mot 1an can phai ctia «, ta chiing minh moi nghiém khong dao dong ctia
phuong trinh (4.22) hoi tu dén diém can bang z.

Vi méi nghiém khong dao dong ctia phuong trinh (4.22) hoi tu dén nghiém
wy €6 chu k¥ (k + 1) nén ta chi can ching minh w, = 7, ¥n > —k. That vay,
khong méat tinh tong quat, ta gia st x, > 7, Vn > —k.

Néu Ing > —k: wy,, > 7 thi

Who—(k+1) — L

Wny — T S f(Wng—1, =+ W)

suy ra
f(wWng—1, =+, Wng—t) < 1.

Lai ¢6

L=g(a) < f(wno—1, 5 Wng—k) ;
nén

fwng—1, =+ wng—k) =1 =g (o) = f(a, -+, @)
Nhu vay
Wnp—ip = < T (vO 1y).
Vay
Vn > —k: w, =T.

Dinh ly 6.30. Giad st o =0, f(uqy, - -+, ug) la ham lién tuc va tang vdi moi

bién trong lan can phdi cia 0. Néu g(0) = 1 thy moi nghiém duong ciia phuong

trinh

Tn—k

Tyl = f( n=01,---, (4.35)

$n> l”n—l> T $n—k+1)’
hoi tu dén nghiém cé chu ky (k+ 1) dang p, 0,0, ---,0,p, 0,0, -0, p, - - -,

vdi p € [0, 00).
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Chitng minh: Trudc tién ta ching minh phuong trinh (4.35) c¢6 duy nhat diém

can bang 7 = 0. That vay, 7 1a nghiém ctia phuong trinh

7
9(7)
s x|l L ) 0
xr - | =
9(7)
_ 1
<2 =0hoacl ———=0
g9(z)

< 7 =0 hodc g(z) =1=g(0)
& =0
Goi ()7, 1a nghiéem duong ctia phuong trinh (4.35) véi diéu kien ban
dau duong. Khi d6 (z,);7_, khong dao dong va hoi tu dén nghiem c6 chu ky
(k+ 1), ki hieu la (wy,). Gia st Ing : wy, > 0.
Tt phuong trinh (4.35) ta c6

w o w’ng—(k—l—l) _ w’n()
" f (wng—h Wno—25 * % wng—k) f (wng—h Wno—2, " % wng—k)’
suy ra
1= g (0) < f (wno_l, Wno—2, " % wno_k) =1.

Wny—j = 0,Vj =1, k.
Trc 14, (z,)7— _, hoi tu dén nghiem (w,) ¢6 chu ky (k + 1) dang
Wngs 0,0, 0, Wngs 0,0, - <+, 0, wny, -« -
Vé 16p phuong trinh sai phan hitu ty bac (k — 1) trén bac k
Xét phuong trinh sai phan htu ty bac (k — 1) trén bac k

Tl = A+ f(l'n, c. ,l'n—k—l—l)’ n = 0’ 1’ e (436)

Tn—k
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trong d6 k 1a s6 tu nhién duong, A € (0;00) va f: R¥ — R, 1a ham lien tuc,
khong gidm véi moi bién.

Ta sé nghién ctu tinh bi chdn, hoi tu ctia nghiém phuong trinh (4.36) véi
cac gid thiét tren.

Trong muc nay, ta nghién citu sy ton tai va tinh duy nhat ctia diém can
bing duong T ctia phuong trinh (4.36).

Dinh 1§ sau cho ta dau hiéu nhan biét su ton tai va tinh duy nhét ctia diém

can bang duong 7.

Dinh 1y 6.31. Xét phuong trinh sai phan (4.36), vdi A >0 va f: RE — R,
la ham lien tuc. Gid si rang ham g(u) = f(u,u, - - -,u) théa man it nhat mot

trong cdc dieu kién sau:

lim infﬁl;) <1, (4.37)

U——+00 u
u>v>A=gu)—gv) < Alu—v), (4.38)
u>v2A:>$<@. (4.39)

Khi dé tap S gom tit cd cic diém can bing ciia phuong trinh (4.36) la tap
con khdc rong ciia (A; 00). Hon nita, néu dieu kién (4.38) hodc dieu kién (4.39)
dugce théa man thi tap S chi c6 mot phan ti, tic la phuong trinh (4.36) c6 duy

nhat diem can bang.

Chiing minh: Ta can chiing minh phuong trinh g(u) = u(u — A) c¢6 nghiém lén
hon A.

That vay, gia st phuong trinh g(u) = u(u — A) khong ¢6 nghiém 16n hon
A, titc 1a do thi hai ham s6 g(u) va u(u — A) khong c6 giao diém c6 hoanh do
thuoc (A4; oo). Nhan xét rang ham s6 g(u) tang trén (0; oo ) va nhan gia tri

trong (0; oo ) nén tir diéu gia st trén ta co

g(u) > u(u—A), Yu > A.
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o Gid st diéu kien (4.37) dugce thoéa man, ta co

lim _inf&z > lim inf (1-3) =1 (voly).

Nhu vay phuong trinh g(u) = u(u — A) ludn c6 nghiém 16n hon A, gia si la z.
Khi do

9(1) = z(z — A),
suy ra
g a=99
T
Do do6
S #0.

e Gia st dieu kien (4.38) dugc théa man. Khi d6 véi bat ky u > A, ta co
g(u)—g(A) < A(u—A4),

suy ra

g(A)+A(u—A)>g(u) >u(u—A).

g(A) >u(u—A)—Au—A) = (u—A)>, Yu> A (4.40)

Vi ukinm (u— A)* = 400 v g(A) 1a mot s6 thie xac dinh neén tir (4.40), ta c6
diéu vo 1y.

Vay phuong trinh g(u) = u(u — A) c6 nghiém z > A. Ta chiing minh z la duy
nhat. That vay, gid st 7,  1a hai nghiém ctia phuong trinh g(u) = u(u — A)

théa A <z < y. Khi do
0<g(y)—g@=9@H—-A)—-z(T-A)
=y-1)(y+r-A) <A[Y-1),

suy ra

g+x<2A (voly).
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Vay = =19.

o Gia st diéu kien (4.39) dugc théa man. Dat

Uu
Khi d6
g9 (A)
A =2~
h(A) I >0
Vi u> 2 4 At h(u) =2 4+ A<ID g A <0, nghia la
A
90— ay<o vus LA 44
U A
Hay

g(u) <u(u—A), Yu> %%—A (vo 1y).
Vay phuong trinh g(u) = u(u — A) luén ¢6 nghiém z > A. Ta ching
minh 7 1& duy nhat. That vay, gid st z, i 1a hai nghiém ctia phuong trinh
g(u)=u(u—A) théa A <z <y. Khi dé

90 9@
Yy X
suy ra
j—A<z—A
Hay
y<z (voly)
Vay

Dinh ly 6.32. Xét phuong trinh sai phan (4.36), véi A >0 va f: RY — Ry

la ham lien tuc. Gid s rang ham g(u) = f(u,u, - -+, u) théa man diéu kién

Khi do S la tap compact.
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Ching minh: Gia sit  lim % < 1, ta chitng minh S compact. That vay, néu

ton tai mot day (uk)utr;rrj; S dan t6i +oo thi Q(UL{) =1- ;ik — 1,ta c6 diéu
vo 1y. Do d6 V (ug) C S thi (ug) bi chin, nghia 1a S bi chan.

Ta con phai chiing minh S déng. That vay, V (ug) C S : up — uo, ta chiing
minh ug € S.

Vi g lién tuc nén g (ug) — g (up), mat khéc u, € S nén

uk:A—l—f(Uk’Uk’ ,Uk) :A—I—g(Uk),
U Uk
suy ra
lim g (u)
lim w, = A+ IHL,
k— 400 lim  wy
k—+o00
nén
U
Ug = A + g( 0) .
Uo
Hay
Ug € S.

Vay S dong va bi chan, nén S compact.

Dinh 1y sau cho phép ta xac dinh dugce do dai tdi da ctia mdi nita chu trinh

cua nghiém.

Dinh 1y 6.33. Gid st A > 0, f : RX. — Ry la mot ham lién tuc, tang vdi
moi bién va théa dieu kién (4.39). Goi T la diém can bing duong duy nhat va
(z0)07_,. la nghiém duong, dao dong bat ky cia phuong trinh (4.36). Khi dé,

moi nita chu trinh duong va moi nia chu trinh am cia (x,).. . wung quanh

T c6 khong qud (2k + 1) so hang.

Chiing minh: Gid st s, Tey1, +  *, Tspops1 12 (2k + 2) s6 hang lién tiép cla

(zn)07 . thoa xgy; > 7,4 € {0, 1, -+, 2k + 1}. Goi iy la phan ti 16n nhét



340 Chuong 6. Khao sat day sé va phuong trinh sai phan

trong tap {0, 1, - - -, 2k + 1} théa

Tspip = MaX {Ts, Top1, ***, Topoktl) -
o Néu ig € {0, 1, -+, k} thi max{Terigsn, -+ Tsrigr1} < Tstip- (Vi néu
MaxX { Tstigths = Totigtl) = LTstip thl 7" = dg +ng, 1 < ng < kt 4qyy =
Tstir = Tstigtng, MaU thuan véi i = max {0, 1, - - -, 2k + 1}).

Vi f 1a ham lién tyc, ting véi mdi bién nén

l’ . k “ e . l’ . 1 l’ . .« . l’ .
$S+i0+k+1 — A‘l‘ f( s+ig+ks s Ls+ig+ ) < A‘l‘ f( s+1i0 ) S-Ho)’
Is—l—io Is—l—io
suy ra
9 (Tstio )
Tstigtht1 < A+ A
Is—l—io
Do x4y, > T nén ap dung (4.39) ta duoce
+10 p g
9(@si) _ 9(3)
< —.
L s4ig X
Khi do
Tstigth+1 < A+ % =z (voly).
e Néuige {k+1, - 2k+ 1} vamin{wsiiy_1, - - *, Tsrig—k_1} < Tsti, thi ta
co
f ($s+i —15 "y Tt —k)
I(S—l—io—l)—‘rl = A_I_ 0 ’ ) 0 ,
Lstig—k—1
suy ra
Tstip-Lstio—k—1 = ATspig—t-1 + [ (Tstig—1, =+, Tstig—k) -
Hay
- A$s+i0—k—1 _I_ f ($s+i0—1> R Is—l—io—k)
Lstig—k—1 =
Is—l—io
< Axsriy + [ @stios =5 Totio)
Is—l—io
9(z)
<A+—==1.

T
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Nhu vay
Torip—k—1 < T (VO 1¥).

e Néu k < Tstip = Tstig—1 = * * * = Tstig—k—1 thi ta co

- A$s+i0—k—1 _I_ f ($s+i0—1> RS $S+i0—k)

Lstig—k—1 =
IS—I—Z'()
— Axgpiy + f (173—1—1'0, o IS-l-io)
Is—l—io
g@ _
CA+—==17.
X

Suy ra

Tstig—k—1 < T (vOly).
Vay moi ntta chu trinh duong cta (z,),- , xung quanh Z c¢6 khong qué
(2k + 1) s6 hang.
Chting minh tuong tu cho truong hgp ntta chu trinh am.

Tiép theo ta nghién citu tinh bi chan ctia nghiém duong phuong trinh (4.36).

Dinh 1y 6.34. X¢ét phuong trinh sai phan (4.36), vdi A >1 va f : RE — R,
théa tinh chat

vyb Uk € R-l— : f(y1> T yk) < Cmax{yh B yk} +b7

trong dé b,c co dinh théa ¢ € (0;A), b > 0. Khi dé moi nghiém duong cia
phuong trinh (4.36) bi chan.

Chiing minh: Gié st ton tai nghiem (z,,)>" _, chita mot day con (x,) dan dén
+00, ta co thé gia sit z,, < z,, Vm < s,.
Vé6i moi s, > k + 2, ta co

f (Isn—h Y $Sn—k)

Ls, —k—1

Tz, = A+

n
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<A+ cmax {xs, 1, *** Ts,—ky +0
Ls,—k—1
b cxg
A n
At a

suy ra

Az, < A+ b+ cx,.
Hay

rg, < 2L (vo ly).

Vay moi nghiém duong ctia phuong trinh (4.36) bi chan.

Dinh ly 6.35. Gid st f : R — Ry la ham tang vdi méi bién va théa diéu

A

kién

f(ul, Ug, * - -, uk) < Zaiui; Vulzo’z: 1, k.

=1
Néu A théa man bat ding thic
Z Qi Qiy = - - A4y < At+1, (441)
i1t #kL, =10t

(vdi t la so tu nhién duong cho trudc) thi moi nghiém duong cia phuong trinh
(4.36) bi chan.

Chaing minh: Gia st réang ton tai nghieém (x,,) chita mot day con (z,, ) dan dén

+00, ta co thé gia sit o, < z,,, Vm < s,. V6i n dua 16n, ta c6

f(zn—la"' ’ l’n_k) 1
Ty =A+ <A+7E AiTn—;.
Tp—(k+1) Tn—(k+1) T3
Suy ra
Tn < E iy E Wiy T—iy —is
In—(k—l—l i1=1 zn i1 —(k+1) ig—1

< A+ Z a;, + Z i, i, i (do x, > A, Vn)

i1=1 i1=1, i2=1 Ln—(k+1)Tn—is —(k+1)
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zn_il_iZ zn—il—ig
= A+ E a;, + E @i, i, + E @i, Qj,

Tp—(k+1)Tn—iy —(k+1) Tp—(k+1)Tn—iy —(k+1)

i1=1 i1+ io=k+1 i1+ o F£k+1
1
< A+ E i, + — E @iy Ay + E ai1ai2$ Py L iy —ig®
=1 zl—l— io—k+1 i1+ i Akt n—(k+1) iy —(k+1)
Suy ra
T, < A+ E ai, + — E iy Wiy
i1=1 Zl—l— io=k+1
1
+ g ailaizx . A+ —mMmMmM - g @iy Tr—iy—in—is
i+ ig;ék+1 n—(k+1)*tn—i; —(k+1) n—iy—ig—(k+1) ig—1
1 1
< A + E all Z E ailaig + ﬁ E ailaigai:;
i1=1 i1+igFk+1i1 +ig+iz=k+1
Lp—iy—ig—is
+ E ailaizai3x T -
i1 +in kT +ioFizh+1 n—(k+1)tn—i;s—(k+1)tn—(i1+i2)—(k+1)
k
1
< A+ E @i, + E @iy Ay + E ai1ai2x . L iy —ig
i1=1 i+ ia=k+1 i1+ iaAk+1 n—(k+1) P n—iy —(k+1)
k
z, < B+ g iy Ay = == Ay
i1, do,0 g1 =101 g+ Fij 1 AR+, V=1, ¢
% Ln—(iy+ig++it1)
)
Ln—(k4+1)Tn—iy—(k+1) *** Tn—(i1+ig+--+ir) — (k+1)
vOi

1 1 1
B = A—I-Zail—l-zzailaiz—l-ﬁ Z ailaizaig‘l'""l‘ﬁ

i1+ioF#k+1

X E Qg Ay * * Qg -
i1+ig -+ 11 #£k+1, j=1t—1ip +ig+-+ij41 =k+1
Suy ra
k
Ty, < B+ E Ay Qg * "+ Ay gy

i1, G2, iep1 =1 i1+ +Hij41 £k+], V=1t
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Isn_(i1+i2+”'+it+1) (442)
Tsy—(k+1)Tsp—iy —(k+1) * " Lsp— (i1 +ig+-+is)—(k+1)

X

Vi x, <z, Ym < s, v z, > A, Vn nén tu (4.42) ta c¢6

k
Ts,
Tn < B _I_ 5 ailaig T ait+1 F)
i1, dg,sdep1=1 d1tigt+ij 1 #k+L, Vi=1,¢
suy ra
b X
Sn
T, — > @iy Qig "+~ Qi 7 S B
i1, G2, i1 =1 d1+igt-+ij 1 AR+, Vi=1,¢
hay
k
1
T, | 1 — E iy @iy "+ Qg 7y <B
i1, g, dep1=1 d1tiot-+ij 1 #k+L, Vi=1,¢
hay
B
Ts, S ;
1
1- Z iy Ay = = Qg 4T

i1, G2, sdep1=1 d1tigtHij £k, Vi=1,¢

Do d6 (zs,) bi chan (V6 1y). Dinh 1y duge ching minh.

Truong hop dic biet, véi k = 1, diéu kien (4.41) tré thanh A > 0. Do d6
trong truong hop nay ta cé két qua: Véi moi sé thue duong A > 0, moi nghiem
duong cua phuong trinh z,,, = A + mi—’il, n=20,1,--- bi chan.

Trong muc nay, ta nghién cttu tinh hit toan cuc ctia nghiém duong phuong

trinh (4.36).

Dinh 1y 6.36. Gid si f : RE — Ry la ham lién tuc, khong gidm vdi moi
bién va ting vdi bién thit nhat, ham g(u) = f(u,u, - - -, u) théa man dicu kién
(4.38). Khi dé moi nghiém bi chan ciia phuong trinh (4.36) hoi tu dén diém

can bang .
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Chitng minh: Gid st (x,,),-_, 1a nghiém bi chin ctia phuong trinh (4.36). Khi
do, ¢6 hai day gi6i han day (ym) va (zm) clia (z,,)-_, thoa phuong trinh (4.36)

v6l moi m € Z va

lim infx, = 20 < 2, Ym < Yo < lim sup x,,.

Gié st day (x,))~ , khong hoi tu, khi d6 zg < yo. Tt (4.36) va vi f 1la ham

khong gidm véi mdi bién, nén ta c6

o< AL? (%0)
20
va
0> A+ g (Zo).
Yo
Do do6
g (Yo) + Azo > 2oy0 > Ayo + g (20) ,
suy ra

9 (y0) — 9 (20) > A(yo — 20) (vO1y).
Dinh 1y dugc chiing minh.

Dinh 1y 6.37. Xét phuong trinh sai phan (4.36), vdi A > 1 va f: R¥ — Ry
la ham lién tuc théa man cdc diéu kién

a) f khong gidm vdi moi bién va tang vdi bién thit nhat.

b) g(u)—g ) <clu—v), Yu>v>0;c co dinh thuoc [0; A).
Khi dé moi nghiém duong ciia phuong trinh (4.36) hoi tu dén diém can bing
duong cua phuong trinh nay.
Chaing minh: Do f khong giam v6i moi bién va tang v6i bién thi nhat nén

f (yb Y2, = yk) < g (maX {y17 Yz, * -y yk})> vyh Y2, 0 Yk € R.

Do (b) ta c6

g (maX {y17 Y2y =y yk}) —4g (0) < cmax {y17 Yz, -y yk}>
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suy ra

g (max{yi, y2, - -, Yx}) < cmax{y1, y2, - -, Yry +g(0).

Do do6

f (y17 o >yk) < g (maX {y17 o >yk}) < cmax {y1> o >y/€} +g (0) :

Vay
f(y1> Y2y -y yk) < cmax {y17 Y2y =y yk} +g (0) :

Tu diéu nay va Dinh 1y 6.34, ta ¢6 moi nghiém duong ctia phuong trinh
(4.36) thi bi chan. B6i ham ¢ thoa diéu kieén (4.38) ctia Dinh 1y 6.31 nén
phuong trinh (4.36) c6 duy nhat diém can bing z > A. Do Dinh 1y 6.36, nén
moi nghiém duong ctia phuong trinh (4.36) hoi tu dén diém can bang Z.

Dinh 1y dugc chiing minh.

Dinh 1y 6.38. Xét phuong trinh sai phan (4.36), vdi A > 1 va f: RE — Ry

la ham lién tuc, khong gidm vdi moi bién va théa man dieu kién sau
gy =f@y -y =y, yeR,.

Khi dé, moi nghiém duong ciia phuong trinh (4.36) hoi tu tdi diém can bing
A+1.

Chitng minh: Ta c6 phuong trinh (4.36) c6 duy nhat diém can bang 7 = A +1

vi thoa dieu kién
gu)—gw)<Au—v), Yu>v>A.
Ta co
flyn, - ye) < f(max{yy, yo, - g}, - max{yr, yo, * , Yr})

=g (maX {y1> T yk}) = max {y1> ) yk}> vyh Yk € R—l-'
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Theo Dinh 1y 6.34 thi day (z,,),— , bi chan (véic=1< A va b=0). Mat
khac, do ham ¢ théa diéu kién

gu)—g)=1(u—v), Yu>v>0,

nén theo Dinh 1y 6.36, day (x,)—_, hoi tu dén diém can bing # = A+ 1. Dinh

I duge chiing minh.

Vé mot 16p phuong trinh sai phan phi tuyén cé6 cham
Xét phuong trinh sai phan phi tuyén vé6i mot cham dang
Tnt1 = ATy + F(Tp_m), (4.43)

trong d6 m 1a mot s6 nguyén duong ¢ dinh, n € Ng; z;, (i = —m, 0) 1a céc
s6 duong cho trude; A € (0,1) va F € C([0,00)). Phuong trinh (4.43) xuéat
hién trong nhiéu tng dung va c6 thé duge xem nhu la két qua clia sy 10i rac

hoa phuong trinh vi phan phi tuyén c6 cham

z(t) = —px(t) + f(x(t — 7)), (4.44)

trong d6 ¢ > 0, f € C([0,00)), i va 7 1a cac tham s6 duong.

Trong muc nay ching ta nghién citu mot s6 tinh chat ctia nghiém phuong
trinh sai phan phi tuyén v6i mot cham (4.43). Cu thé 1a, ta sé xac dinh mot
s6 dieéu kien dé moi nghiém ctia phuong trinh trén 1a hoi tu vé 0, giéi noi ngat
hay hoi tu t6i trang théai can bing duong duy nhat. Dic biet 1a diéu kien dé
ton tai nghiém tuan hoan khong tam thuong cta (4.43).

Xét phuong trinh sai phan phi tuyén c¢6 cham (4.43). Ta c6 cong thiic bién

thién hing s6 nhu sau

Tnp1 = Ny + Z MR (2iom) véi n € No. (4.45)
=0
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Cong thitc (4.45) duge ching minh dé dang bang cach st dung phuong phap
quy nap theo n.

Dinh 1y sau sé cho ta mot diéu kién can va di dé moi nghiem ctia (4.43)
hoi tu téi 0.
Dinh 1y 6.39. Diéu kién can va di dé moi nghiém {x,}, ciia (4.43) hoi tu

tdi 0 khin tién ra vo cung la F(u) < (1 — XN)u vdi moi u > 0.

Chaing manh: Trude hét gid st rang F(u) < (1 — A)u véi moi u > 0. Goi {z,}n
1a mot nghiém ciia (4.43) va M := max_,,<;<o ¥;- Ta ching minh rang z,, < M
v6i moi n. That vay, dung phuong phap quy nap gia st rang z, < M véi moi

k<n. Taco

Tpnt1 = Afn +F($n—m)
< AM 4+ (1— NM = M.

Vi vay x, < M v6i moi n. Dat

¢y = limsupz, < +oo,
Uy = limsup F(zp—m) < +00.

Lay € > 0 14 mot s6 nhd tuy §. Dat N = N(e) sao cho F(zp_m) < lo + €

v6imoin > N. Véin > N taco

Tpnt1 = Afn +F($n—m)

< Ar, + 4l + €.

Lay gi6i han trén hai vé ta nhan dudc

EQ‘I’E
1—X

l <

Vi € 1a s6 nhé bao nhiéu tity ¥ nén diéu nay cho ta

ly
1—X

4l

N

(4.46)
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Mit khac, {z,}, v& {F(zn_m)}n 1& cc diy bi chin nén ta c6 thé chon mot

day con {n;} ctia tap s6 tu nhién sao cho

by = lim F(Zp,—m).

k—o0
Ta cfing c6 thé gia sit rang day con {z,, .} hoi tu t6i gidi han £3. Vi F 1a

ham lién tuc nén ta c6 o, = F({3). Néu ¢3 > 0, thi
ly = F(fg) < (1 — )\)fg

RO rang, 03 < 01. Vi vay fo < (1 — A\)¢y. T (4.46) ta c6

1-A
1-A

ly < (1 — )\)fl < by =¥

Thic 1a by < fy (vo ly). Vay ¢35 = 0 do d6
ly = F(l3) = F(0) =0 suy ra ¢, =0.

Nhu vay,

lim z, = 0.

Ngugc lai, gia st rang F'(u) < (1 — A)u khong théa man v6i moi u > 0. Hai

truong hop sau c6 thé xay ra:

(i) Ton tai a > 0 sao cho F(a) = (1 — Na.

(ii) F'(u) > (1 — N)u v6i moi u > 0.

Trong truong hgp thi nhat day {z,}, v6i z, = a, Vn la mot nghiem
duong nén khong hoi tu dén 0. Ta xét truong hop thit hai. Dit o; =2, i =
—m, 0. Ta chiing minh réng x, > 1 v6i moi n. Bing quy nap, gid si rang

xr > 1 v6i k < n. Thé thi

Tpnt1 = Afn +F($n—m)
> A+ (1-XN) =1
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Vi vay x, > 1 v6i moi n, do dé x,, khong hoi tu téi 0. Dinh 1y duge chiing
minh.

c
1-X-°

Nhan xét 6.5. Dé thay ring néu F(x) = ¢ (hang $6) thi lim, .o v, =

That vay, phuong trinh Tpi1 = \tn—+c ¢ nghiém tong qudt la x, = a\" + -
-

Do X\ € (0,1) nén ta cé ngay lim,_ o x,, =
Dinh 1§ sau la mot diéu kien di dé moi nghiem ctia (4.43) 1a gidi ndi ngat.

Dinh 1y 6.40. Gid st rang F(z) = H(z,x), trong dé H : [0,00) x [0,00) —
[0,00) la ham lién tuc, dong bién theo bién thi nhat nhung nghich bién theo

bién thit hai va H(x,y) > 0 néu x,y > 0. Gid thiét théem rang

H
lim sup (z.9) <1-=M\ (4.47)
(z,y)—=(c000) T
H(z,y)

lim inf

>1— A (4.48)
() —(00) T

Khi dé moi nghiem {x,}, ctia (4.43) la gidi noi ngat.

Chaing minh: Truée hét ta chiing minh réng {x, }, 1a bi chan trén. Bang phuong
phap chting minh phan ching, gia st limsup,,_.. x, = co. Vi mbi s6 nguyén

n > —m, ta dinh nghia

ky, :=max{p: —m < p<n,z,= max z;}.
—m<i<n

Nhan xét rang k_, < ki1 < -+ < kp — 0o va do do

lim zy, = oo.

n—oQ

Chon ny > 0 sao cho k,, > 0. V6i n > ng ta co

Ty = Mhy—1+ H(Tk,—1-m, Thy—1-m)

< )\l’kn + H(Ikn—l—m, 0)
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va vi vay

lim H(zk,-1-m,0) = oo.

n—oo
Diéu nay kéo theo

lim xp, 1 = 00.

n—oQ

Mat khac

Ty = Algy—1+ H(Thky—1-m, Thy—1-m)

< Amy, + H(xg,, Tr,—1-m)
(Vi xp, = T, 1-m va H(z,y) 1a ham dong bién theo bién x) nén ta c6

H
lim sup M > limsup
(z,y)—(00,00) T n—o0 Ty,

H(zkn7 zkn_l_m)

>1- A
Diéu nay mau thuin véi (4.47). Do d6, {z,}, bi chin tren.

Tiép theo, ta chiing minh réng lim inf,_ z,, > 0. Bing phuong phép chiing
minh phan ching, gid st rang liminf, .. x,, = 0. V6i moi s6 nguyén n > —m,

ta dinh nghia

spr=max{p: —m < p<n,z,= _Trr{1<11n<n:vz}
NN

Ro rang, s_,,, < S_pa1 < --- < s, — 00 va do do

lim x,, = 0.

n—oQ

Goi C' 1a mot can trén cua {x, }, va ng > 0 sao cho s,, > 0. V6i n > ng ta

Ts, = Afsn—l + H(fsn—l—m> zsn—l—m)

> Az, + H(xs,—1-m, C)

va do do

lim H(zs,—1-m,C) = 0.

n—oo
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Diéu nay dan dén

lim x5, -, = 0.

n—oQ

Mit khac,
s, = Afsn—l + H(fsn—l—m> zsn—l—m)

2 )\Isn _I_ H($Sn7 xsn_l_m)

(1 - A)zsn 2 H(Isn7x$n_1_m)

(Vi w,, < Ts,—1-m va H(z,y) 12 ham dong bién theo bién z) nén ta nhan dugc

H H Sn Sp—1—m
liminfﬁéliminf (T Tsn1m)

(zy)—(00) T n—00 Ts

<1-2A

n

diéu nay trai véi (4.48). Dinh 1§ dugce chiing minh.

Dinh nghia 6.13. Vdi mot nghiém gidi noi ngat {x,}n cia (4.43) ta goi tap
tat cd cac diém tu cia day cic véc to {v, = (Tn-m>Tnomil,  »Tn)In 0 Lap

gid1 han 6 mé ga cia {x,}, va ki hiéu la w(z).
Nhan xét 6.6. Tap gidi han w(x) compact va bat bién doi vdi anh za
T - RT+1 N RT+1

zdc dinh bdi Tv, = v, . Néeu mot nghiem {x,}, la tuan hoan thi tap hop gidi
han w(z) gom hitw han diém. Ngugc lgi, néu tap hop gidi han w(zx) gom hiu
han diém, thi ban than né la mot nghiém tuan hoan (zem [?]). Hon nia, dnh
za T : w(x) — w(x) la toan dnh. Vi vay, ton tai hai nghiém cé nguon goc
{P.}nez va {Qn}nez (gid tri ban dau dugc chon trong tap gidi han w(x)) cia

phuong trinh (4.43) vdi moin sao cho

limsupz, = F, liminfz, = Qo

n—00 n—oQ

Va4

Q(]gpngp(]a Q(]g@ngp(b \V/’)’LEZ
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Ta co
Po=AP1+ F(P.m1), Qo=XQ-1+ F(Q-m),

va hé qua la,

F(P 1) F(Q-m-1)
R < L Qo>
ST o @ )
T cong thitc nay ta co
L inf P(2) < liminfz, < i <1 supF(x)
. < liminfz, < lim n < -sup F(z).

Tu day ta luon gid sit réng phuong trinh x = Az + F(z) ¢6 nghiém duy
nhat r = 7 € (0,00). Ta sé xac dinh diéu kieén dé moi nghiém ctia (4.43) hoi

tu tdi trang thai can bang duy nhat Z vé6i tat ci cac cham.

Dinh ly 6.41. Gid si F' la ham don diéu tang va

F
lim sup (z) <1—=) (4.49)
T—00 xXr
F
lim inf @) 1 (4.50)
T—> €T

Khi d6 moi nghiém {x,}, clia (4.43) hoi tu dén T.

Ching minh: V6i méi x € [0,00) dat H(z,y) = F(z),Vy € [0,00), thé thi diéu
kién (4.47) va (4.48) 1a théoa méan va dinh 1y 6.40 dugc ap dung. Diéu nay c6
nghia ring moi nghiem clia (4.43) 1a gidi noi ngat. Vi vay, véi mdi nghiem
{z,}n clia (4.43), ton tai hai nghiem c6 nguon goc {P,}nez va {Qy}nez clia

(4.43) sao cho

limsupzx, = P, liminfx, = Qq (4.51)
va
Q(]gpngp(]a QOangp(b Vn € Z.
Hon nita,
F(P_,_ F(P
Py < ( D o ) (4.52)

1—X 1=\
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va tuong tu
F(Q-m-1) _ F(Qu)
I-x 7 1-X

(4.53)
£a) = T\

T (4.52) va (4.53) ta thu duge £(FPy) > 0 va £(Qp) < 0. Mat khéc, tir (4.49)

suy ra limsup,_, . &(x) < 0, va tit (4.50) ta nhan duge liminf, o &(x) > 0. Do

—(1- ).

do, hai truong hgp sau c6 thé xay ra: Hoac 1a trong (0, Qo] va [Py, 00) ¢6 hai
diém K, K" khac nhau sao cho £(K') = £(K") = 0, hoiic Py = Qo = Z. Theo
gid thiét thi truong hop thit hai xay ra. Dinh 1y dugce chitng minh.

Dinh ly 6.42. Gia s F' la ham don diéu giam. Dat

Gid thiét thém rang hé hai phuong trinh sau

a=f(B3), B=[f(e)

c6 nghiém duy nhat o = 3. Khi dé moi nghiem {x,}, ctia (4.43) hoi tu dén 7.

Ching minh: V6i mdi y € [0, 00) dat H(z,y) = F(y),Vz € [0,00), thé thi diéu
kién (4.47) va (4.48) la théa man va dinh 1y 6.40 dugc &dp dung. Do vay, véi
mdi nghiém {z,}, cia (4.43), ton tai hai nghiém c6 nguon goc {P,},cz va

{Qn}nez clia (4.43) sao cho

limsupz, = F, liminfz, = Qo
va
Qo < P, < P, Qo<Q,< P, VYnelk
Vi vay,
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va tuong tu

Qo = 7F(1er;\—1) > f(o0) =: ay.

Xét hé cac phuong trinh sai phan sau

any1 = f(bn), bpy1 = f(an) v6in €N,

Thé thi cd Py va Qo cung thuoc vao doan [ay,, b,] v6i moi n € N. Day {a,}n
1a don dieu tang va day {b,}, 14 don diéu gidm. Vi vay ton tai hai gi6i han

tuong tng la o va #. Hon nita, cac giéi han nay théa man hé

a=f(8), B=fla)

Theo gia thiét clia ta thi o« = 8 = 7. Vi vay, lim, o @y, = lim,_0o b, = T V&

do do, Py = Qg = 7. Dinh 1y dugc chiing minh.

Tiép theo, ta gia st rang véi yo > 0, ta co

F(yo) = max F(x)

x>0

va F' la ham don diéu tang trong [0, yo], don diéu giam trong (yo, 00). Trong

truong hop nay F dude goi la ham hinh chuong. Dat

Gia thiét them rang {z, }, 12 mot nghiem gi6i noi ngat ctia (4.43). Goi { Py }nez

va {Qn }nez 12 hai nghiém c6 nguon goc ciia phuong trinh (4.43) sao cho

limsupzr,=F, Qi< P, <P, VneZ. (4.54)

n—oo

Vi vay,

= f(¥o)- (4.55)
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Dinh 1y 6.43. Gid st rang f(yo) < yo va (4.50) ciing dugc gid thiét la ding.
Gid st {x,}n la mot nghiém gidi noi ngat cia (4.43). Thé thi {x,}, hoi tu
dén 7.

Chiing minh: Tu (4.54) va (4.55) ta c6 P, < By < yo, Vn € Z. Nhung F la

ham tang trong [0, yo] nén ta thu dugce
F(P_n1) < F(R)

P < - ST (4.56)
va tuong tu
F(Q-m-1) _ F(Qo)
Qo = - 21_)\- (4.57)
Dit
F
éa)= "2 1.

T (4.56) va (4.57) suy ra

§(Py) 20, £(Qo) <0.

Mt khac, ré rang lim sup,_, .. £(z) < 0 va tur (4.50) ta c6 liminf, o &(x) > 0.
Do d6, hai trusng hop sau c6 thé xdy ra: Hogic 1a trong (0, Qo] va [Py, 00) ¢6
hai diém K', K" khac nhau sao cho £(K') = £(K") = 0, hoiic Py = Qo = 7.
Do gia thiét clia ta truong hop thit hai xdy ra. Dinh 1f duge chiing minh.

Xét truong hop f(yo) > yo. Trude tien, ta nhic lai dinh 1§ sau ctia Ivanov
da dugc trinh bay trong [7]:

Dinh 1y 6.44. [?] Gid st ton tai mot doan I trong R la bat bién doi vdi anh
za f € C(R), tic la f(I) C I. Gid thiét thém ring, c6 duy nhat mot diém
T € intl la diém hit toan cuc cia f, tic la f(T) = T va lim,_o fH(x) =T
vdi moi x € ntl. Thé thi, moi nghiém {x,}nen_,, @i € ntl, i = —m,0
cta phuong trinh

1

n == n n—m), >0
Tnt1 $+M+1f(55 ), H

_H
p+1

hoi tu toi T.
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Dat I 1a doan [0, f(yo)]. R6 rang ham f dwa I vao chinh né. T (4.55) ta
c6 o, € I v6i tat ca n trit mot sd hitu han chi s6 n. Miat khéac, vi T 1a nghiem
duong duy nhat ctia phuong trinh z = Az + F(z) nén n6 ciing 1a nghiém duong
duy nhét ctia phuong trinh f(z) = x. Diéu nay c6 nghia 7 € intl 1a diém cd

dinh duy nhéat ctia f. Ta c6 bd dé sau:

B6 dé 6.4. Gid st rdng lim, .o f*(z) = T vdi tat cd x € I. Thé thi moi

nghiém gidi noi ngdt cia (4.43) hoi tu tdi T.

Chaing minh: Nhu da dé cap 6 trén v6i mot nghiém gidi noi ngat {x, }, ta phai
c6 x, € I v6i tat ca n trit mot sd hitu han chi s6 n. Vi vay khong méat tinh
tong quat ta gia st rang x, € I v6i moi n. Theo dinh 13 6.44 ta c6 diéu phai

chiing minh.

B6 dé 6.5. Gid sit ham f ¢6 dao ham dén cip 3 tren I, |f/(Z)| < 1 va dao

ham Schwarzian

w3 ('@
@2y

cia f am trong I\ {Z}. Thé thi lim, .. f*(z) =T vdi tit cd x € I.

Sf(x)

Phép chiing minh ctia b dé 6.5 c6 thé tim thay & [?],[?]. B6 dé 6.4 va 6.5
cho ta dinh ly sau:

Dinh 1y 6.45. Gid st ham f c¢6 dao ham dén cap 3 tréen I, |f'(T)| < 1 va dao

ham Schwarzian

_ f///(l’) _§
f(x) 2 f’(at))

cia f am trong I\ {T}. Thé thi moi nghiem gidi noi ngat cia (4.43) hoi tu

Sf(x)

tol .
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Bay gio chiing ta nghién cttu hiéu suat ctia cham m déi véi syt hoi tu cia
nghiém phuong trinh (4.43) tdi trang thai can bang duong 7. Ta gid thiét
f(yo) > yo. Diéu nay kéo theo T > .

Meénh dé 6.3. Vdi moi nghiém gidi noi ngdt {x,}, ctia (4.43) ta co

N % < lim infr, <7 <limsupz, < f(?/o)-

Chaing minh: Goi { P, }nez vA {Qn}nez 12 cac nghiém c6 nguon goc ciia phuong

trinh (4.43) v6i Py = limsup,,_, ., ¥, va Qo = liminf, .. z,. Ta c6
Qo =AQ-1+ F(Q-1-m) = AQo + F(Q-1-m),

do d6 Qo > f(Q—-1—m). Nhung Qo < Q_1—m, Vi vay Q_1—m = f(Q-1-m). Mat
khéc, ta c6 y < f(y) v6i moi y € (0,7). Vi vay, Q_1_,, = T. Tu day suy ra

Py > 7. Hon nita, tit cong thitc bién thién hang s6 ta c¢6

Qo = A1+ F(Q-1-1)
= MMz + F(Q-2-n)) + F(Q-1-m)
= )\2Q—2 + )\F(Q—2—m) + F(Q—l—m)

= NMQ_in+ Y NF(Qoiomey) > AT

=0
Mit khac,
Py = APy + F(Po1_) < APy + F(Po1),
nén Py < f(P-1—m) < f(yo). Nhung Py = P_i_p,, do d6 P_1_,,, < f(P-1-m).
Mt khac, ta c6 y > f(y) v6i moi y € (T,00). Vi vay, P_;_,, < 7. T day suy
ra Qo < 7. Ménh dé dude ching minh.
Dinh ly 6.46. Gid st ton tai cdac hang s6 duong Ly, Ly sao cho ham f thod

man diéu kién

0< flo) =T < Li(T—2) wdi moi x € [N"T, 7],
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0

N

T— f(z) < Lo(x — ) wdi moi x € [T, f(yo)]. (4.58)

Khi dé moi nghiém gidi noi ngat {x,}n cia (4.43) hoi tu dén T néu

1
VL Ly

Chaing minh: Goi { P, }nez vA {Qn}nez 12 cac nghiém c6 nguon goc clia phuong

)\m—l—l >1—

trinh (4.43) v6i Py = limsup, .. =, vd Qo = liminf, ., x,. Tt ménh dé 6.3
ta co

NHTE < Qo< Pt KT L Q1 < Py < fyo).

Tu cong thitc bién thién hing s6 ta c6

m

T—Qy = T—\N""Q_1_,, — Z AjF(Q—l—m—j)
=0
< PN = (1= Nf(Q1my)
=0
=N NE Qo)
=0
< (1= > N (@~ f(Q-1-m—j))
{0i<m:  T2f(Q-1-m—j;)}
< (1=A""Y(PR = T)Lo.

Tuong t,

Pp—% = \""'P,_,, -7+ Z )\jF(P—l—m—j)

J=0

A DT+ (1= N\) Z N f(P_y_mj)

N

= (1-2) Z N (f(P-i_mj) = T)

N
=
|
Nt
(]

N (f(Poyom—j) = T)
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= 1— Z)\Lll’—Qo)

= (1_)\m 1)L1 ZL’—QQ
< (L= A")’LiLy (P — 7).

Nhung tit gid thiét cia ta,
(1 — )\m+1)2L1L2 < 1,
nén Fy = Qg = 7. Dinh 1y dugc chiing minh.

Ménh dé 6.4. Gid s cic gid thiét cia dinh Iy 6.46 dugc thod man. Cho

mo = 0 la mot s6 nguyén sao cho my < m va

Aot > 1

1
VIiLy
Thé thy moi nghiem (khdc hang) {x,}n cia (4.43) khong tuan hoan vdi chu ki

m — my.

Chaing minh: Gia st trai lai, tic ton tai {z,}, 1a mot nghiem tuan hoan (khac

hang) v6i chu ki m — mg. Thé thi {z,}, 14 nghiém clia phuong trinh
Tnt1 = ATy + F(Tp—my)-
Cham trong phuong trinh nay la mg, nén ap dung dinh 1y 6.46, ta co

lim z, = 7.

n—oQ

Nhung {x,}, 1a day tuan hoan nén z,, = T véi moi n. Diéu nay mau thuan vdéi
gid thiét {x,}, la nghiem khac hing. Ménh dé duge chiing minh.

Trén day ta da nghién cttu hiéu suat ctia cham m doéi véi sy hoi tu cla
nghiém phuong trinh (4.43). Ta da ching minh rdng v6i cham nhé va F 1a

ham phi tuyén hinh chuong, thi méi nghiém gidi noi ngit hoi tu dén trang thai
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can bang duong 7. Bay gio ta sé nghién cttu tinh tuan hoan ctia nghiém trong
truong hop cham m du 16n. Vé6i gid thiét f(z) > x khi < T va f(z) < z khi
x > T, ta dd chiing minh rang tat ca cAc nghiém gidi noi ngit {z, }, cta (4.43)

thda man

AT < liminfr, <7 <limsupz, < max f(z). (4.59)

n—c0 oo A HE < <T
Hé qua 1a, néu mot nghiém gisi noi ngat khong dao dong xung quanh trang
thai can bang duong 7, thi né phai hoi tu dén 7. Ciing vay, 16 rang rang moi
nghiém tuan hoan khac hang sé phai dao dong xung quanh z. Cho nén, trong
muc nay ta chi quan tam nghiém dao dong xung quanh trang thai can bang
duong 7.

Ta gi& st ton tai mot doan compact I = [a,b] © T sao cho f(I) C I,
f(x) >T véiz € (a,7) va f(z) < T véi x € (T,b]. Ki hicu K 1a khdi [z, b]™ .
R6 rang, K 1a tap 16i compact ctia R™*!. Ta nghién citu nghiém dao dong cia

(4.43) xuat phat tu K.

Meénh dé 6.5. Gid st {x,}, la mot nghiém cia (4.43) wuat phat tu K. Thé

thi x,, € I vdi tat ¢ n € N.

Chiing minh: Ta ching minh quy nap theo n. Gia st zy € I = [a,b] véi tat ca
kE < n. Thé thi

Tnt1 = A + (1 = N f(Zn-m) = Aa+ (1 —Na =a,

béi vi f anh xa doan I vao chinh né. Twong tu, x,.1 < b, va do d6, x,41 € 1.

Meénh dé duge chiing minh.
Meénh dé 6.6. Ton tai mot nghiem dao dong cia (4.43) zudt phdt i K.

Chitng minh: Gia st trai lai rang moéi nghiém xuéat phat tit K 1a khong dao

dong. Thé thi tir (4.59) ta suy ra tat ca cdc nghiém déu hoi tu dén trang thai
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can bang 7. Mit khéc, xét anh xa

K: XK — K
(l'_m,l’_m+1,"' 7$0) = (Im>$m+1>"' ,I2m)-
Ro6 rang K la mot anh xa lién tuc. Dinh (Z,7,--- ,Z) 1a mot diém bat dong

cic bién ctia anh xa K. Theo dinh ly diém bat dong (khong cuc bien) Browder
(xem [?]), K c6 mot diém bat dong khac & béen trong K. Goi {y,}, 12 mot
nghiém ciia (4.43) xuat phat tit diém bat dong nay. Thé thi {y,}, 1& mot
nghiém tuan hoan khac hing cta (4.43). Diéu nay mau thuan véi gid thiét
rang moi nghiém xuat phat tit  hoi tu t6i trang thai can bang duong. Ménh
dé dugc chiing minh.

Dinh nghia 6.14. Mot nghiém {x,}, cia (4.43) zuat phdt tu K duge goi la
dao dong cham zung quanh trang thdi can bang duong T néu ton tai day cdc
50 ngquyén duong

N <Ng < --- <N < ---
sao cho g1 — ng > m va
Tngs Tngp+15 " * s Tngptm = T
Trg 1> Tngp 1415 """ 2 Lngp_14m < T
vdi tat cd cac s6 nguyén duong k.
Meénh dé 6.7. Moi nghiém dao dong ciia (4.43) wuat phdt ti K la dao dong
cham.

Chaing minh: Xét mot nghiem dao dong {z,, }, xuat phat tit . Tt dinh nghia
ctia K ta ¢6 T m,Tomet1, - ,To = Z. Gid st ny 1a chi s6 nhé nhat sao cho
Tp, < T. Thé thi T, , Tp, 11, Tpyem < T. That vay, gid st trai lai, ttc 1a c6

k € [0,m) sao cho @y, 1k11 = T VA T, 4 < T. Khi d6,

(1 - A)f($n1+k—m) = Tpy+k+1 — A$n1+k > — )\E>
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suy ra f(Tn, +k—m) > T. Nho gid thiét tréen ham f, ta nhan dugc z,, 1 x—m < T.

Diéu nay mau thuin vé6i tinh nhé nhat ctia ny. Vi vay,

Tny s Tng41, "7 5 Toggm < T

Bay gio gia st ng > ny 1a chi 6 nhé nhat sao cho ,, > T. R6 rang, ny > ni+m.
Ta s& chting minh rang T,,, Tp,+1, "+ » Tnytm = T. That vay, gid st trai lai,

ton tai k € [0,m) thod man x,, k11 < T VA T,k = 7. Khi do,

(1 - A)f($n2+k—m) = Tng+k+1 — A$n2+k <T-—- )\E>

kéo theo f(Zy,+k—m) < T. Nho gid thiét ctia ham f, ta nhan dugc z,, x—m > T.

Diéu nay mau thuin vé6i tinh nhé nhat ciia ny. Vi vay,
($n2>$n2+1> e >$n2+m) e K.
Bing quy nap, ta c6 thé xac dinh day
Ny <ng <--- < np<---
céc sO nguyeén duong sao cho ng 1 — ny > m va
Lok Tnge+1 """ s Tng+m P z,

Tnopr1r Tnogqr+1s " s Tnggpr+m <7

v6i tat ca cac s6 nguyen duong k. Ménh dé duge chitng minh.
Bay gio ta nghién cttu syt ton tai nghiém tuan hoan khong tam thuong clia
(4.43) khi cham m di 16n. Tuyén tinh hoa (4.43) tai trang thai can bang (dat

Tp =T + €Yy, vOi € > 0 14 mot s6 nhd tuy ¥) ta dugce
Ynt1 = A\Yn + F/(f)yn—m-
Tim nghiém dudi dang y, = 2", ta nhan dugc phuong trinh dic trung

2 =\ 4 F(T).



364 Chuong 6. Khao sat day sé va phuong trinh sai phan

Su 6n dinh tuyén tinh ¢ day duge xac dinh nhs do 16n ctia z. Diéu kien on
dinh 13 | 2 |< 1 va khong 6n dinh khi | z |[> 1. Truong hop | z |= 1 thi hién
tuong ré nhanh Hopf xdy ra. Hé s6 ré& nhanh dugc xac dinh nhu sau: Chon

2z =cosf +isind va dit D = F'(T), ta cé

(cosf 4 isin@)™ = X(cos@ 4 isinf)™ + D,

cos(m+1)0 +isin(m+ 1) = A(cosmb + isinmf) + D.
T day ta nhan duge

cos(m+1)0 = Xcosmb + D,

sin(m+1)0 = Asinmé.

Suy ra
1 =\?+ D? 4+ 2\D cos mé,
hay
o— 1 -\ - D?
cosmb = D ,
hay
0 1 -\ - D?
= ar _
m arccos D
Mait khac, ta ciing co
cosmfcosf —sinmfsinf = Acosmb+ D,
sinmf cosf 4+ cosmfsinf = Asinmé.
Giai hé nay ta dugc
o 14+ X —D?
cosf = ) ,
hay
1+ X\ —D?
0 = arccos ————.

2\
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Do d6, hé s6 ré nhanh 1a

1-X2-_D?2
22D
1+)\2_D2 9
2

arccos

m =
arccos

trong d6 F'(Z) € [-1 — A\, =14+ AN U[1 =\ 1+ A
Theo nguyén 1y ré nhanh Hopf ta c¢6 két qua sau cho sy ton tai nghiém

tuan hoan khong tam thuong cta (4.43).

Dinh 1y 6.47. Néu ham F kha vi tai T va cham m thod man diéu kién

1-)\2—D?
YR <D==F%f)€L—L—&—&+Aﬂﬂl—%1+AD (4.60)
2\

arccos

m >
arccos

thi (4.43) nhan mot nghiém tuan hoan khong tam thuong, zuat phat tu K va

dao dong cham zung quanh trang thdi can bang duong T.

Dinh nghia 6.15. Mot nghiem {x,}, clia moé hinh quan thé (4.43) duoc goi

la diét vong néu lim,_. x, = 0; duge goi la truong ton néu

0 < liminfz, < limsupz, < oo

n—00 n—00

va dugce goi la phat trién bén vimg néu ton tai gidi han lim, .. =, € (0,00).

Vi du 6.51. (Mo hinh quan thé chim cit ¢ bang Wisconsin)
Khdo sdt su diét vong, truong ton, phdt trién bén viing va tuan hoan cia

moé hinh quan thé chim cit ¢ bang Wisconsin hop ching quoc Hoa Ky

%?;L O0<A<1, puk>0)
X

n—m

T+l = Afn +

Phuong trinh nay thuoc dang (4.43) vdi

Fle)= e f(o) =

Su diét vong
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Neud+pu<1haypu<1l—X\th

pr (1—=MNzx

F —
@) =T S T

<(I1=MXNz, x>0.

Theo dinh ly 6.39 ta co lim, o x, = 0.
S truong ton

Tiép theo ta zét X\ + pu > 1. Dat

1
14+ yk

H(z,y) = px

R6 rang, H la ham dong bién trén [0, +o0) doi vdi x va nghich bién trén
0, +00) doi vdi y; hon nia H lién tuc va F(x) = H(x,x). Ta cé

1

KT E
lim sup " Jimsup Lk =0<1-—)\,
(m,y)—>(oo,oo) Z Yy—00 _I_ )
.. le:yk ..
lim inf = liminf =pu>1-A\
(z,y)—(0,0) xT y—0 1+ yk

Vay theo dinh ly 6.40 ta co

0 < liminf x, < limsupx, < oco.

b Su phdt trién bén ving
Ta co
: 1+ (1—k)a*
Fl(z)=p- 14+ (1 - k)"
(14 k)2

Do dé néu k <1 thy F'(z) > 0 va F la ham dong bién. Hon nita cic diéu kién
(4.49) va (4.50) cia dinh lyj 6.41 duge thoa man. Tic la

F
lim sup (z) = lim sup o -=0<1—=A
T—00 T—00 X
F
lim inf (z) = liminf =pu>1-A\

z—0 €T z—0 14+ ;L’k o
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Xét phuong trinh F(x) = (1 — Nz, > 0 ta ¢6 £ = (1 — Nz tu dé ta

1+4z*
thu dugc © = ¢ % duy nhat (viz > 0). Theo dinh lij 6.41 ta cé
lim 7., = ¢ M
nooo 1—X

Bay gio ta xét truong hop k > 1. Trong truong hop nay dung dinh ly 6.43

ta tinh duogc

Xeét yo = {“/ﬁ>0 ta co

F(yo) = max F(x)

x>0

Yo (k= Dp

F = =
(vo) 1+t 2 Yo
va ta nhan duge rang neuw 0 < k < /\+Z_1 tha

1 A+ p—1
Flgo) = (1= g < (1 = ——

lim z :\kli)\_l—'u_l
n—oo 1—X

Tiép theo ta zét truong hop

Jyo = (1 = A)yo,

tu do suy ra

i
k>———.
>A+u—1

Dé dp dung dinh li 6.45, trudc hét ta tinh f'(T). Ta cé
_ 1
f'(@) = ;{u —k(A+p—1)}
Ta can tim diéu kién dé | f'(Z) |< 1. Diéu nay cho ta

24
kL ———.
SA+pu—1
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Ta sé chitng minh rang vdi k > 2 dao ham Schwarzian Sf la am trén doan
[0> f(yO)] Ta co

k(k— )28 {(k —1)(k — 2)2* + 2(k + 1)}
i) == 202{(k — 1)ar — 112 |

Vi vay Sf(x) <0 vdi moi x >0 néu k > 2

Trong truong hop 1 < k < 2 ta phdi gid thiét thém rdang

I <k2(/€—|—1) k
11—\ 2—k k-1

dé nhan dudc sy on dinh tiém can toan cuc cia T. That vay, dieu kién dé dao

ham Schwarzian am trong [0, f(yo)] la

— b +2(k+1)>0

-k
\/ 2(k+1) \/ 20k + 1)
1 Voo
Ngoai ra ta con can

2(k+1) _(k:—l),u
Vo s > _k:(l—A)'yO

J2(k + 1)
2 —

1)

k

Kn (k:—l— 1)k
T S 2—k k-1
Dé dp dung dinh li 6.46 ta tim s6 L sao cho

1
[f(x) =z < Llz =7 vdimoix € [yo, f(yo)].

(@) Fliz)  p [A+a%) —ka* 2]  p [1+(1—k)ah]
I—X  1-2) (1 + k)2 1= (1 4ak)2

po [1+(1=k)yl

— k
T 1=X (14y)?

, vot Yy = x".
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Vi ¢(y) luon am neén ta zét

o) =| (y) |= -~y 1

— > yk.
1_)\ (1+y)2 9 y/y(]

Dé dang tinh duogc

/ 1

¢ y) = (1_A)(1+y)4[(1—k‘)y2+2y+k‘+1]

va phuong trinh ¢ (y) =0 c6 2 nghiem y, = —1,yo = % Vay

k+1 1 k—1)2
max w(y)zw(k_l)zl_A-( 4k)

vE[YE, f(y0)*]

Do dé, néu

1
)\m+1>1__
L

va néu f(N"TIT) > T, tic la, néu

A+pu—1 1 — amtl
>
- L — \(mAD)k

thi ta co

lm 2z, =7

vdi moi nghiém {x,}, cla (4.43).

Tong hop lai cic két qud & tren ta dugc:

Néu X+ p < 1 thy moi nghiém diét vong.

=L =1, =Ls.
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Néu X+ p > 1 thy moi nghiém truong ton. Véi dieu kién nay thi trang thdi

can bang dwong duy nhat cia mo hinh la

el A+ p—1
1—X

T =

Khi dé moi nghiém phdt trién bén ving (lim, .. 2, = T) néu mot trong hai

dieu kien sau day thod man:

. 2
(i) ke (0 x| V|2 3.
1A+ Atp—1

.. _ ym+1 4k 1=X N
(i) 1 — N < G2 5 V0 T oaeeor S Ty
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Nhan xét 6.7. Két qud nay la mdi va cé § nghia, bdi vi trude day (zem [7],
1?1, [?]), cdc tdc gid da ching minh sy on dinh toan cuc vdi tat cd cdc cham,

tuy nhién st dung thém gid thiét khdc.

Trong [?] cdc tac gid da ching minh rang néu

2 M
k .
<1—)\ Ap—1

thi trang thdi can bang duong T la on dinh tiem can dia phuong. Két qud ciia

ta la on dinh tiém can toan cuc nén doi héi phdi thém dieu kién vé cdac tham

_Q>\

S

Bay gio ta nghién citu tinh chat tuan hoan cia nghiém. Gid si

20 . w1
k> ——h =
Arp—1 TN R
Thé thi
_(k=Dp
F(yo)—Tyo—rgggF(fv),
V4
1-—)

F/@) = —=lu= kA +p=1] <0

Ré6 rang, f(yo) > yo va f don diéu tang trong doan [yo, f(yo)]. Ton tai mot
doan dong I = |a,b] C [yo, f(v0)] sao cho f dnh za doan nay vao chinh nd.
Khi dé, vdi cham m di lon ton tai mot nghiém tuan hoan khdc hdng so zudt
phdt ti khoi [T,b]™ . Chii o ring, dé nhan dugc (4.60) doi héi phdi cé

20 1

LA pri I g

Vi du 6.52. (Mo hinh quan thé ruoi zanh Nicholson,).
Khdo sdt su diét vong, truong ton, phdt trién bén vimg va tuan hoan cia

mo hinh quan thé ruoi xanh Nicholson

Tptl1 = )\In + pl’n—me_qmnima A S (07 1)7 b, q € (07 OO)
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Phuong trinh nay thudc dang (4.43) vdi

F(x)

Pla)=pee™®,  f(z) = 10

R6 rang, ham phdt trién trong mé hinh nay la ham hinh chuong vdi bat ki
p,q € (0,00); trong khi dé, vdi 0 < k < 1 thi ham phdt trién trong mo hinh
quan thé chim cit la ham don diéu tang tren [0, 00).

Ta dé dang nhan dugc cdac diéu kién sau cho su diét vong, trudong ton, phdat

trién bén ving va tuan hoan cta quan thé rudi zanh Nicholson:
Néu p <1 — X thi moi nghiém diét vong.
Néu p > 1 — X thi moi nghiém truong ton.

Néu p > 1— X thi trang thdi can bing duong duy nhat la

_ 11 p
T=—-In——-.
g 1-—X\

Khi dé néu mot trong 2 diéu kién sau thod man thi moi nghiém la phdt trién

bén viing:

(Z) p < 62(1 - )‘)7

In ;)7(17)\)62

(i) (1 —X) <p<e*vam< —5—

Néu p > e? va
1-A2—[(1-2)(1-1n $£5)]?
2A[(1-N)(1-In 1))
1+A2—[(1-2)(1-In ££5)]2
2

arccos
m >

arccos

thy ton tai nghiém tuan hoan khdc hang so.

Bai tap
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1. Chitng minh dinh 1y sau: "Gi& st ham f don diéu gidm theo bién z véi

mdi y > 0 va don diéu tang theo bién y v6i mdi o > 0. Gid thiét thém ring,

M :=sup, >0 f(z,y) < oo va hé phuong trinh
u = .f('U> u)>
v o= .f(u> 'U)

c6 nghiem duy nhat v = v = £. Khi d6 moi nghiém cta

O+ YTp_1
A + B$n + Tp—1

T+l =

hoi tu dén ¢".
2. Gid st v > a/A. Chiing minh ring, néu mot trong cic diéu kién sau thoa

man thi moi nghiém ctia phuong trinh sai phan

xXr = a+ YTn—1
n+1 A + Bl’n + L1
~r Z \/T -
hoi ty dén £ = (=4 ;(;EJIB)H)JF«, A:

(1) v < 4
(i) 7 > Ava B <1,
(iti) y > A, B>1va (y— A)? <4a/(B —1).

3. Cho day (x,),—_, xac dinh theo cong thiic

Tn—-1
In—l-l:a_l_ ,7120,1,"',
n

trong d6 x_1, xo 1a cac s6 thuce duong cho trude. Ching minh rang

%)
n=-—1

a) Néu a > 1 thi day (z,) hoi tu.

b) Néu 0 < a<1vaaz_g, zthéa 0 <z <1, 20> L thi

lim x5, = 00,

n—oQ
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lim Ton+1 = Q.
4. Cho day (z,),—_, xac dinh theo cong thic

ﬁfn—k
n = ’ n:07 17"'7
Tn+1 a_l—l—l—l’g

trong d6 x_y, - - -, ¥p 1& céc s6 thuc duong cho trude, 0 < o < 1 vd B €
(0; 1 + a*). Chiing minh rang day (z,),—_, bi chan.
5. Cho day (x,) -, xac dinh theo cong thic

Tn—k

Tpt1 = @+ , n=0,1,- -
! BHaptopy ok
trong d6 x_y, - - -, T 1a céac s6 thuc duong cho trude, p; € (0; 1), j =1, k sao

00
n=—~k

cho p1 +p2+ -+ pr = A€ (0; 1), 8 > 1. Chitng minh ring day (z,)
hoi tu.

6. Cho day (z,),._, xac dinh theo cong thic

Tn—k
)
L4 mah +mah’ ) + -+t

Tpt1 =+ n=201,- -

trong d6 z_j, - -, ¥ 1a cac s6 thuc duong cho trude, a > 0; 7; >0, j =1, k

oo
n=—*k

k
sao cho Y7 >0,p, € (0; 1), =1, 2, ---, k. Chiing minh rang day (x,)
=1

hoi tu.

7. Cho day (x,) -, xac dinh theo cong thiic

Tn—k
Tpt1 =+ n=20,1,---
t >\1 >\2 L. >‘k ) ) )
Tn Ty~ 4 l’n—k—l—l
trong d6 x_y, - - -, o 1a cac s6 thue duong cho truée, A\, Ao, - - -, A\ 1a cac s6

oo
n=—*k

thyc duong, sao cho A\; + Ag + - - - + A\ = 1. Chiing minh réng, day (x,)
hoi tu néu mot trong cac dieu kién sau dude théa man
a)a>0,t>0vata > 3.
b)a > 0 va 2ta > 3+ /5.
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8. Cho day (z,),._, xac dinh theo cong thic
(A + Ao+ + M) Tpie

Tpt1 = @+ , n=0,1, -

i Ml + Xl 4 Nl
trong d6 x_y, - - -, 2o la cac s6 thue duong cho trude, a > 1,0 > 0,\; >0, i =
1, 2, - -+ k. Chting minh réng, day (x,)) _, hoi tu néu mot trong cac diéu kién

sau dugc théa man:
a)f+2<a+a "l
b)2a? > 0424 /0% + 40,
9. Cho day (z,),-_, xéc dinh theo cong thiic

Tn
Tnt1 = A+

,7120, 17"'7
Tp—1

trong d6 A > 0, x_1, xg 1a cac s6 thyc duong cho truée. Chitng minh rang day
(z,,);~ | bi chan.

10. Cho day (x,),— _, xac dinh theo cong thic

1Ty + A2Tp_1
$n+1:A+$—, nzo,l,"',
n—2

trong d6 x_o, x_1, Tg, a1, az, A 1a céc s6 thiec duong cho truge. Chitng minh
rang

a) Néu as < A thi moi nghiém ctia phuong trinh bi chan.

b) Néu a; + ay < A thi moi nghiém ctia phuong trinh hoi tu dén diém can
bang T = A + a1 + as.
11. Cho day (z,),._, xéc dinh theo cong thiic

4$n + 2$n—1 + Tn—2 + Tn—-3
8In—4 ’

In+1:2+ ’]’L:O’l’...’

trong d6 x_4, v_3, T_o, T_1, To la cac s6 thuc duong cho truée. Ching minh
day (x,)2_, hoi tu vé diém 3.
12. Cho day (z,),-_, xac dinh theo cong thic

1Ty + A2Tp—1 + -+ + QpTp—k41
$n+1:A+ . ’n:(]’l’...’
n—k
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trong d6 T_j, T_ps1, - - -, To, G1, A2, - - -, ax 1a céc sO thue duong cho trude,
A > 1. Ching minh rang, néu a; + as + - - - + ap = 1 thi day (x,))—_, hoi tu

vé diém can bang 7 = A + 1.



Chuong 7

Khao sat cac phuong trinh dai
sO

376
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7.1 Nhic lai cac kién thiic cd ban vé s6 phiic va ham
phic



7.2. S6 nghiém ctia phuong trinh da thifc trén mot khodng 409

7.2 S6 nghiém ctia phuong trinh da thiic trén mét khoang
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7.3 Danh gia khoang nghiém



7.4. Gii gan diing phuong trinh da thiic 481

7.4 Giai gan dang phuong trinh da thic



Phu luc A
Ham sinh va ap dung

P-1 Vi du minh hoa

Trude hét ta xét hai vi du sau
Vi du P.1. V6i n € N* ta ki hieu [,, 14 s6 cach phan tich n thanh tong cta céc
s6 tu nhien 18, con k, 1a sé cach biéu dién n thanh téng clia cac s6 tu nhién
doi mot khac nhau. Chitng minh rang l, = k,, V n € N*.
Loi gidi. V6i |z| < 1, xét cidc ham s6
px)= ] <1+xi+x2i+x3i+---), glz)=JJ1+2%).  (0)
ieN, i 18 jeN

Ta ¢6 cac nhan xét sau:

Hé s6 clia 2" trong khai trién p(x) trong (0) chinh Ia [, vi né bing s6 cach
chon céc thita s6 2! sao cho tong cac lity thita ctia = bang n.

Hé s6 clia 2™ trong khai trién vé phéi ctia ¢(x) chinh 1a k.

Chu y rag khiz € (—1;1),taco6 1 +x+a? + 23+ -+ 2" +--- =
do do

1—=x

111
p(z) = l—2l—a31—2a%
Cbnq(x)zl_le_x41_x6---: 1 1 1
l—21—221—2a3 l—21—2a3%31—2°

Vay nén p(x) = q(x), suy ra l,, = k,, V n € N*.

517
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Vi du P.2. Cho (a,) C N, (n € N) la day s6 khong gidm sao cho moi so tu
nhién déu c6 thé biéu dién mot cach duy nhat dudi dang a; + 2a; + 4ax trong

do6 i, j, k € N, khong nhat thiét phai khac nhau. Hay tinh asgos.
Lot gidi. Dat F(x) = x% 4+ 2™ 4+ 2% 4 -+ v6i |z] < 1. Khi d6
F(a:z) = %% 4+ 2% 4 272 .. F(a:4) =20 4t p ot

T d6 ta co F(a:)F(:zz)F<a:4) = > putatia .= M(z).
i;5;k€EN
Theo gi& thiét, moi s6 tu nhién déu c6 thé phan tich duge dudi dang a; +2a; +

“+o0o
1 z 2
4ay, nén ta c6 M(x) = E "= M(z) = T Ta c6 day bién doi sau
-
n=0

:(1+:£)<1+:E8)<1—|—:582)<1_|_5583)....

Vay a; 1a cac s6 tur nhién ma khi viét theo co s6 8 chi c6 mat cac chit s6 0
va 1. Dé xéac dinh aggos trude hét ta bicu dién sé 2004 theo co s6 2 roi thay
co 6 2 bdi co s6 8. Ma 2004 = 22 + 24 + 26 + 27 + 28 + 29 4 219 pen ta duge
as004 = 8 4 81 485 + 87 + 8% + 8% + 810,

P-2 Khai niém vé ham sinh

Trong 16i giai ctia hai vi du trén ta da sit dung khéi niém ham sinh (Gener-
ating function). Khéi niém nay con duge st dung trong cac dang bai tap khéc
ve day so nén ta sé nhic qua ¢ day. Ban doc quan tam c6 thé doc bai viét

cua Srini Devadas va Eric Lehman trong tap chi "Mathematic for Computer
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Science", April, 2005.

C6 hai khéi niem trong Toan pho thong ma & day ta mudén mé rong, dé la:
1. Khai niém téng ctia cap s6 nhan It vo han (Sach gido khoa Dai s6 va Giai
tich 11 nang cao, trang 133).

2. Khai niém da thitcc P(z) = ag + a17 + asz® + - - - + a,z" 1= Z apz®.

Dinh nghia P.1. Cho day ham (u,(z)) vdi u,(x) € F(X), X C R. Cho
QCX.

Goi S, ( Zuk ) la tong riéng thit n cia day. Néu (S,(z)) = S(x) trén
Q, thi S(x) con duac goi la tong vo han cic s6 hang ciia day ham (u,(z)).

Ta viét S(x Zun

“+o00

Ki hiéu Zun hay la >~ un(x) con duge goi la chudi (ham) vdi s6 hang
n=0
tong quat un( ), con S(x) dugc goi la tong ciia chudi do. Ta con néi ring chudi
+oo iy
" un(z) hoi tu vée S(x) trén Q va ky hiéu la Zun = S(x) trén Q hay la
n=0 n=0
+m Z N
> un(x) = S(x) néu da ré mién Q.
n=0
Dinh nghia P.2. Chudi ) a,z™ vdi a, € R dugc goi la chuoi lay thia.
n=0

+00 oo
Vi du P.3. Chudi > wiz” la mot chudi lay thia. > uia”™ = 1L trén
—x

n=0 n=0
. +00 ) Uy
hay 1a > wia" = up + wyr + wpz? +--- = T2 (—1;1).
n=0 -
Cha y P.1.

+00
1. Chuoi liy thita Y. a,2" = ag + a1 + agx® + -+ - + a,a™ + - - - 13 md rong
n=0
+00
clia tong vo6 han Y uy2™ khi céc hé s6 cia tong khac nhau, ciing 1a md rong
n=0
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clia da thitc P(z) khi s6 s6 hang 1a vo han. C6 thé coi chudi lity thita 1a da

thitc bac vo cung.
~ +m 7z ~ Z
2. Trong chudi » a,z™ lay x = 1, duge chudi 6 ag+a1+as+---+a,+--- =
n=0
+OO . - . 2
>~ ay,. Dol v6i chudi s6 ta cling c6 cdc khéi niém tong riéng, hoi tu, phan ki,
n=0
v.v. nhu v6i chudi ham. C6 thé coi chudi s6 1 trusng hop rieng ctia chudi ham

VOi up () = ap.

+00
Dinh ly P.1 (Diéu kién can dé chudi s6 hoi tu). Néu > a, hoi tu thi a, — 0.

n=0

+00
Hé qua P.1. Chuoi ) a, vdi (a,) khong phdi la mot VOB thi phan ki.

n=0
Dinh 1y P.2. NéeuVn € N: wu,(z) € C(X) va Jrioun(:ﬂ) = f(z) tréen X th
f(z) € C(X). i

Dinh ly P.3. NéuV n € N: u,(z) c¢é dao ham trén X va Jrzzun(:z) = f(x)
tréen X thi f(x) cing c¢é dao ham trén X va Jrzzu;(a?) = f'(x) trén X.

Dinh 1y P.4. NéeuV n € N: wu,(x) € C([a;b]), (a < b) va Jrz:un(z) = f(z)
tréen |a;b] thi f(x) € C([a;b]). Ngoai ra, Jrzzfmun(t) dt = ff(t) dt véi moi

x € [ab)].

Hién nhien chudi liiy thita théa man tat ca cac diéu kién ctia ba dinh I trén.
Dé xac dinh sy hoi tu ctia mot chudi ham, thuong st dung tieu chuan Weier-
strass

Dinh ly P.5 (Tiéu chuan hoi tu Weierstrass cho chudi ham). Cho chudi ham
+00

S un(z) véi u, : X — R. Néu ton tai day s6 (c,) C RT sao cho |u,(z)] <
n=0

—+00 —+00
Co, Vo € X, Vn €N wva chudi s6 Y ¢, hoi tu thy chudi ham > u,(x) hoi tu
n=0 n=0

deu tren X.
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Dinh nghia P.3 (Khai tri¢n Taylor).
1. Biéu dién (hinh thic) ham so f(x)* va khai trién Maclaurin? dudi d(mg
f'(a) f"(a)

(") (")
f@) = f@+ @)D a5 T

dugc goi la khai trién ham so do thanh chudi Taylor.

2. Ddac biét, khi a = 0, chuoi Taylor con dugc goi la chuoi Maclaurin

/ "(q (n) (n
PRI PP O il O S oF iilC

Ta sé khong di sau hon ma chi luu § rang trong hai biéu dién trén, chua chic

vé phai da hoi tu vé vé trai. Tuy nhién, néu xay ra su hoi tu thi khai trién
dang d6 1a duy nhat. Trong phan nay ta quy uéc néu viét duge dusi mot trong

hai dang trén thi vé trai hoi tu vé vé phai.

Dinh 1y P.6 (Khai trien Maclaurin ctia mot s6 ham s6 so cap).
2 3 n
x

I Voimoiz€R, c6 e®=1+— 4t ot por., (1)
1 2 3! n!
9 VéimeizeR o erm1-S 4T T i 2
. Voimoix €R, co e = —ﬂ%—a—g'%— —I—(—)E—l—---. (2)
T — 2 4 2n

3. Vaimoix € R, co cosha:::% 1+2 +i'+ +(2n)!+---(3)
r _ T 3 5 2n+1

4. Vormoix € R, co sinh:ﬂ::%—z%—%%—%%— —l—m—l—

22 gt g0 220 4)

5. Voi moix € R, c6 coszzl—a—l—ﬂ—a—l- —I—(—l)"(2n)!—|—---.(5)

JIE B 2t
6. Vi moiz € R, c6 S G N (i
P MOt T co sinz =ux TR ( )(2n+1)! (6)

Chu y P.2. Ta da khong stt dung dén diéu kién x € R nén cac cong thiic trén

ciing dung v6i x € C. Trong cong thic (1) thay = béi iz ta duge
1)\ 2 1 \3 T\
(iz) (iz) (iz)
+1'+2!+3!+ T
'Brook Taylor (1685-1731), nha toan hoc ngudi Anh, cing thoi véi Newton va Leibniz. Khéi
niém chudi Taylor dugc Ong dua ra khi méi 29 tudi, trong cudn " Methodus incrementorum directa
et inversa", London, 1715.

2Colin Maclaurin (1698-1746), nha toan hoc ngudi Scotland. Khai trién nay duge ong dua ra
nam 1742.
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2 4 6

(LA , z S
“(mgrgogt) gy o) swm
e = cos z +isin z. (7)
Twong tu, co6
e =cosz —isinz (8)
Tu (7) va (8) ta duge hai cong thic sau
cos z = % = cosh(iz) 9)
: e —e 1 o .
sinz = ——— =~ sinh(iz) hay la sinh(iz) = isin z. (10)
i i

Céac cong thiic (9), (10) goi la cac cong thic Euler. Vé6i z = = + iy, x;y € R,
ta co

¢* = ™Y = ¢%el = ¢%(cosy + isiny) (11)

Ta biét ring moi s6 phiic déu c6 thé viét dudi dang lugng giac z = r(cos ¢ +
isin ). Theo (7) con c6 thé viét s6 phiic z dudi dang z = re’. D6 la dang mii

clia s6 phiic.

Dinh 1y P.7 (Mot s6 khai trién Maclaurin khéc).
1. Voimoix € (—1;1), co

1
E:1+:c+:c2+:v3+---+;n"+---. (12)

2. Véimoixz e (—1;1), t eR, co
t t(t—1 tt—1)---(t—n—+1
(-1) o, =D (nt)

t_ N
(1+x) —1—|—1!ZE—|— 5 o

3. Voi moixz € (—1;1), co

1.2 1.3 l.n—l—l

In(1 —r— 4 (=1)"
n(l+z)=x 2+3 + (—1)

14
n+1+ (14)

Bing phép thé ; lay dao ham hai vé ; lay tich phan hai vé ta c6 thé tim dugc

khai trién ctia cac ham sbé khac nita.
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« N 1 1 1
Vi du P.4. Ching minh chuoi diéu hoa 1 + 2 + 3 +---+ —+4--- phan ki.
n

Lot giar. Xét day cac tong riéng S, = E —. Goi k € N, sao cho
— J
J=1

2P <n < 2" ok <logyn < k+ 1=k = [log,n).

1 o e 1A 3Ze s s .
% 2 > ST Thuyc hién day bien doi va danh gia sau

S—1+1+<1+1)+ -l—( L + + 1)+ L + -l—l
n 2 2k 41 ok+1 ok+1 4 1 n

1 1 1 . .
>Z<2i+1 +---+2i+1) (do 1> ivabé di céc s6 hang duong & cudi)

2i
1 1 11
(VI <2i_|_1+"'+2i+1) >22i+1 25)

=1

1
=Ty = §<[log2n]+1) — 400 = 5, — +00.

Vi du P.5. Chitng minh rang tap cic so nguyén to § la vo han.

= | 1 1
Loi gidi.> Véi moi p € 9, ta c6 chudi >, — hoi tu (vi |~| < 5 < 1).
n:Opn p
Gia st tap 9 1a hitu han va § = {p1;p2;--- ;i }-
- | _ R 1
Khi d6, do m6i chudi )  —, (5 € 1..) hoi tu nén chudi H (Z_n) =
n=0 D; i=1 “n=o0 i
+o00
Z ¢, ciing hoi tu. Nhung cac s6 ¢, c6 dang T nén theo khai trién
S p11p22 . pl
” B +00 +00
tiéu chuan cua s6 nguyén duong, ta ¢6 > ¢, = >, — la phan ki theo vi du
n=0 n=0

P.4. Diéu mau thudn d6 chiing t6 gia st clia ta la sai, tic 1a tap 9 vo han.

s 1 1 1
Vi du P.6. Chitng minh rang %zl—g—l-————l———--- (16)*

3Loi giai clia Leonard Euler (1707-1783).
1Két qua nay duge G.W.Leibnitz dwa ra nim 1666.
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Loi gidi. Co 1 —|—1172 = z(—l)nzzn, vV x e [—1;1]. Tu do, v6i moi x € [0; 1],
ta co
oo ) oo p2n+l
arctan:EZO/ ;00/ )"t "dt:nzzo(—l)"2n+1, Vael-1;1].

Cho z = 1 ta dugc diéu phai chiing minh.

Dinh nghia P.4 (Ham sinh). Ham sinh ciia day s6 (gn) vdi dang khai trién

< 905913925+ 5 Gn; -+ > la mot chuoi lay thwa hinh thiec G(x) == go + 1z +
+00

G+ g =Y gpa”
n=0

zZ ~ s ~ +m 7z ~
Ta viet "chubi hinh thic" vi chua chac chudi > g,2™ da hoi tu. Néu chudi do

n=0
hoi tu vé ham s6 G(x) thi ta viét

< 903915925+ i ns > Qo+ TG+ A gpa 4o = [= V 3]G().
Hay 1a ngan gon hon (g,) «— G(z).

+00
ViduP.7. 1. <0;0;0;--- > > 02" =0.
n=0
2. <a;0;0;-->—a+0x+02*+--+ 02"+ =

3. < ag;ai;ag;---ay;0;0;0;- - > Zakzzk.

4. <LLLL->e—= 4o+’ a4 =

Dinh 1y P.8 (Céic phép toan d6i v6i ham sinh).
1. Néu (gn) <« g(x); (fu) < f(x) va a,b la cic hang so thi

(@ gn+0- fn) —a-g(x) +b- f(z).

2. Néu < fo; fr; fa;- -+ >e— flx) thh < 0;0;---;0; fo; f1; fa;- -+ >e—
—_———
k chit s6 0

¥ f(z)

8. Néu < fo; fu; fa: fai--- > f(x) thi < f1;2f5;3f3:- - > f'().
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Vi du P.8. Tim ham sinh ctia day céc s6 chinh phuong (n?).

Lot giai. Xét day tuong ung sau

1 1 ! 1
<1;1;1;1;---><—>—:><1;2;3;4;---><—>( ):7
1- 11—z (1 —x)?
T T ! 142z
=><0;1;2;3;-- - >e— ——— =< 1;4;9;16; - - - > ( ) =
(1—x) (1—x) (1—z)?
1
= (n?) =< 0;1;4;9;16;--- > zl+z)
(1—z)?
Vidu P.9. 1. Tim ham sinh ctia day s6 (a,) cho béi
ap=0; a1 =1; apyo = 3a,11 — 2ay,. (15)
2. Tt d6, hay xac dinh s6 hang téng quat ciia day s nay.
Loi gidi. 1. Gia st (a,) «— f(x). Ta c6 day bién doi
< 0 1 0 0 0 e > T
+ < 0 3ap 3ag 3as 3ag -+ > «——  3xf(x)
< 0 0 =210 —2a1 —2ay -+ > «—— =22%f(x)
< ay as as ag o > — f(x)
Vay f(z) = o + 32f(z) — 202f(2) = f(z) = wa la ham sinh can
tim.
2. Viet 3 4,07 = () = o -
. L = - . r
ié nzoaa: T)= o T, Swra

fla) = (14 Qo)+ %) 4o+ o)) = (T4 ot ba + )

“+o0o
= 2(2" —1)2" = a, = 2" — 1 la s6 hang tong quat can tim.
n=0

P-3 Mot sb vi du ap dung

Vi du P.10. Cho py;pa;- -+ ;pn;- -+ la day céc sd nguyeén to lién tiép.
Cho xy € (0;1). Day s6 (z) duge xac dinh nhu sau

0 néu x5, =0

Tk = {pk } néu xy_1 # 0,

Tk—1
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trong d6 ta ky hiéu {a} := a — [a] 14 phan phan ctia s6 thuc a.

Tim z( dé trong day s6 (x1) chi c6 hitu han s6 khéc 0.

Loi gidi. Nhan xét rang néu x, € Q (Q := tap cac so hitu ty) thi

Lr—1 = 0
Khi 2, = 0, ta c6 | _Pk c N =1 €Q
Tk—1
Khi z; # 0, ta ¢c6 xp = Dr —{pk}ﬁzk_lzp—kﬁzk_le@.
Tr—1 Tr—1 { Pk }
T+ | ——
Tk—1

Vay néu z, € Q thi 41 € Q. Ta can phai ching minh ton tai k& dé x;, = 0.
Khi d6 cac s6 hang tiép theo déu bang 0 va trong diy s6 c6 khong qua k s
hang khéc 0 1a xg; 21; - - - ;24—1. Thé nhung, néu x5, = 0 € Q thi theo trén
T 1 €EQ=2,020€Q=--=19€Q.

Ngudc lai, néuzoe@ﬁzoz%V6i0<m<nth\1:£1:%trongdérlasé
du trong phép chia np; cho m. T d6 suy ra mau s6 ctia x; nhé hon mau sé
cua xg.

Tuong tit, chitng minh duge ton tai 2; sao cho mau s6 ctia 2; bang 1 va khi do
Pr e N*, suy ra 241 = {&} = 0 nén ton tai k, (k=1+1), sao cho ;z; = 0.

X x
Vay zo € Q 1a cac gié tri can tim.

Vi du P.11. Tim s6 cac tam gidc c¢6 s6 do cac canh 1a céc s6 nguyén duong

khong vugt qué 2n.

Loi gidi. Goi f(n) 1a sé can tim ; fi(n) 1a s6 cac tam giac ¢6 s6 do mot canh
14 2n + 1, s6 do cac canh kia khong qui 2n+1 ; fo(n) 14 86 cdc tam giac c6 s6

do mot canh 1a 2n + 2, s6 do cac canh kia khong qua 2n + 2. Khi d6 dé thay

f) =35 fln+1) = f(n)+ fi(n) + fa(n)

c6 3 tam giac c6 s6 do cac canh khong qua 2 13 cac tam gide (1;1;1) 5 (1;2;2) ; (2;2;2)).
g

Goi a > b > ¢ 1a s6 do ba canh ctia mot tam gidc thi fi(n) 1a s6 cac tam giac
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co

a=2n+1;b=2n+1-k, (k€0.2n); c=xz (v6ix € N z <b).
Nhung
b+c>a=2n+l1—k+x>2n+l=ax>k=k+1<xc<2n+1-k; k< n.

Vay véi moi gia tri cia k < n, x nhan 2n + 1 — 2k gié tri va do dé
fin)=>» 2n+1-2k)=---=(n+1)%
k=0
Hoan toan tuong tu ta cing duge fao(n) = 2(271 +2—-2k)=---=(n+
k=0

1)(n+2).

Tudéosuyra f(n+1) = f(n)+(n+1)2+(n+1)(n+2) = f(n)+2n*+5n+3.
Giai phuong trinh sai phan tuyén tinh cap 1 trén véi f(1) = 3 ta duge f(n) =
n(n+1)(4n + 5)

6

Vi du P.12. Cho S,, = {1; 2;---; n}. Phan tt j € S, dudc goi la diém bat

la sO can tim.

dong ctia song anh®, p: S, — S, néu p(j) = J.

Goi f(n) la s6 song anh tit S, lén S, khong c6 diem bat dong, con g(n) 1a sb
song anh c6 ding mot diém bat dong. Chiing minh ring |f(n) — g(n)| = 1.
Loi gidi. Goi p 1a mot song anh tit S, 1én S, ma c¢6 ding mot diem bat dong
7.

C6 n cach chon j € S, va f(n — 1) céch lap cac song anh tiut S, \ {7} lén
S, \ {j} ma khong c6 diém bat dong. Vay

gn)=nf(n—1), Vn=>2. (1)

Bay gio, goi r 1a song anh tit S, lén S, ma khong c6 diém bat dong.

Khi d6, r(1) = j v6i j # 1 va ¢c6 n — 1 céch chon j nhu vay.

Vé khai niém song anh, xem trong chuyen dé Phuong trinh ham



528 Phu Iuc A

Néu 7(j) = 1 thi ¢6 f(n — 2) céc song anh tur S, \ {1;7} len S, \ {1;7} ma
khong c6 diém bat dong. Néu bo sung thém 7(1) = j, r(j) = 1 thi song anh
r dé tit S, len S, ciing khong cé diém bat dong. Vay c¢6 (n — 1)f(n — 2) cac
song anh tir .S, 1én S, loai nay.

Néu r(j) # 1 thi ¢c6 f(n — 1) cac song anh tit S, \ {1} len S, \ {1} ma khong

c6 diém bét dong. Goi ¢ 1a mot song anh nhu vay. Bang cach dit

{r

ta ciing dugc song anh p khong cé diém bat dong tit S, lén S,. Vay c6 (n —

q(%) néu q(i) # j
1, p(1)=j mnéuq(i)=j

1)f(n — 1) cac song &nh tit S, 1én S, loai nay. Tom lai, ta c6
fln)=m—-1)f(n—-2)+n-1)f(n—1), Vn > 3. (2)
Tu (1) va (2) suy ra véi moi n > 2 ta luon co

f(n+1)—g(n+1) = n[f(n)+f(n=1)]=(n+1)f(n) = nf(n=1)=f(n) = g(n)—f(n).

Ma f(1) —g(1) =0—-1=—-1= f(2) —g(2) =1, ---. Bang phuong phap quy
nap ta ching minh duge f(n) —g(n) = (=1)" = |f(n) — g(n)| = 1.

Vi du P.13. Trén mit phang cho 2n + 1 dudng thang (n € N*). Ching cat

nhau tao thanh cac tam giac.

n(n+1)(2n + 1) .

Chting minh rang s6 céc tam gidc nhon tao thanh khong vuct qua G

Loi gidi. Goi s6 cac tam giac nhon tao thanh 14 f(n). Ta phai chiing minh

nn+1)2n+1)

f(n) < c

, Vn € N*.

C6 thé gia sit trong 2n + 1 duong thing da cho khong c6 hai duong thang nao
song song, khong c6 hai dudng thang ndo vuong goéc véi nhau va khong cé ba
duong thing nao dong quy.

That vay, néu c6 hai duong thing song song hoiic vuong géc thi ta chi viéc
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quay ching mot géc du nho sao cho cdc tam gide nhon van la cac tam giac
nhon, khi d6 sé cac tam giac nhon khong giam. Néu c¢é ba duong thing nao
dong quy thi ta tinh tién song song mot duong mot khoang dt nhd, s6 tam
giac nhon ciing khong giam.

Nhu vay, ba dudng thing bat ki trong s6 cac duong thing da cho luon cit
nhau va tao thanh mot tam giac hoac nhon hoac tu.

Goi g(n) 1a s6 cac tam giac ti. Ta goi mot tam gidc tao bdi ba duong thang
a,b, c nao d6 1a gid nhon canh a néu cac géc chung canh a clia tam giac doé la
cac goc nhon. Chon mot duong thing [ nao dé va coi né la truc hoanh. Cac
dudng théng con lai duge chia thanh hai tap: Tap TF gom céc duong thing
véi he s6 goc duong va tap T~ gom cac duong thing véi he s6 goc am. Hai
dudng thang tao v6i [ mot tam gidc gia nhon néu mot duong thuoc T+, duong
kia thuoc T~. Goi p la s6 duong thang thuoc T+, ¢ la s6 dudng thing thuoc
T—. Khi d6 p + ¢ = 2n va s6 tam gidc gid nhon canh [ sé 1a pg. Nhé ring

pq < (%)2 =n?
Nhung [ ¢6 thé la dudng thing bat ki trong s6 2n + 1 duong thing da cho
nén ta c6 s6 cip (dudng thing [ ; tam gidc gid nhon canh [) sé khong qua
n*(2n + 1).

Trong cach tinh trén mdi tam giac nhon duge tinh 3 l1an (theo 3 canh) con méi

tam giac tu chi duge tinh mot 1an nén 3f(n) + g(n) < n?(2n +1).

Thé nhung tong s6 cac tam giac 1a Cy,_;, tic la

(2n + 1)(2n)(2n — 1)

f(n)+g(n) = 023n+1 = 6 )

n?(2n +1) — (f(n) + g(n)) _nn+1)@2n+1)
2 6

Vay ta c6 f(n) <

Vidu P.14. Cho (f(n)), (n € N) la day s6 tu nhién khong gidm sao cho moi s6
tur nhien déu c6 thé bicu dién mot cach duy nhat dusi dang f(i) +2f () +4f (k)
trong d6 i, j, k € N, khong nhat thiét phai khac nhau. Hay tinh f(2004).



530 Phu Iuc A

Loi giai. (Day la 1oi giai khéac cua vi du P.2). Ta ¢6 cac nhan xét sau

Nhan xét P.1. Day (f(n)) tdng ngit.

That vay, néu f(j) = f(j+1) thi n = f(i) +2f(j) +4f (k) = f()) +2f(j +

1)+ 4f(k) 1a didu vo 1i vi s6 n d6 c6 hai cach biéu dién khac nhau.

Nhan xét P.2. C6 duy nhat mot day (f(n)) thod man yeu cau dé bai.

That vay, gia st ¢6 hai day (f(n)), (g(n)) cing thod man yéu cau bai ra.
Goi n 1a chi s6 nhé nhat ma f(n) # g(n), tic 1a f(i) = g(i), Vi < n.
Gia st f(n—1) < g(n) < f(n). Hién nhién, £(0) = g(0) = 0. Do g(n) € N nén

gn) = f(@)+2f(j) +4f(k), v6ii, j, k <n.
Ma g(n) < f(n) nén ta c6
f(@)=g(), () =90), f(k) =g(k) = g(n) = g(i) + 29(j) + 4g(k).

Nhung g(n) = g(n) +2¢(0) +4g(0) suy ra dieu vo li. Vay day (f(n)) thod man
yéu cau bai ra la duy nhét.

Ta xac dinh mot s6 s6 hang ban dau. C6 f(0) =0, f(1) = 1. Vi m < 7 ¢6
m = xo + 2z + 4o, (z; € {0;1}) = f(2) =8, f(3) =09.
V6im < 63 c6 m = xg+2w1 + 2229 + 2323+ 24wy + 2525, (2, € {0;1}), suy ra
m = (zo + 8x3) + 2(z1 + 8x4) + 4(x2 + 8z5).

Nhung ;+ 82515 € {0: 1;8; 9} vA 9+ 2.9+ 4.9 — 63 nen f(4) = 64, f(5) = 65.
N6i chung, néu m = xg + 2x1 + 22w + 2823+ -+ (x; € {0;1}) thi

m = (x9+ 83+ 826+ ) +2(w1 +8v4 + 427+ -+ ) +4(wo + 815+ 8% wg+- - )
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nén ta chon f(n) duéi dang f(n) = yo + 8y1 + 82y2 + -+ (y; € {0;1}).

Do (f(n)) tang ngat nén néu n = ng + 2ny + 22ny + - -+ 1a cach biéu dién s6 n
theo hé co s6 2 thi f(n) = ng + 8ny + &*ng + - - -

Dic biet, do 2004 = 22 + 2% + 26 + 27 4+ 28 4 29 4 210 nen ta duge

£(2004) = 82 + 8 86 + 87 4 8% + 8% + 810,
Vi du P.15. Cho f(z) € Q[z], degf > 2. Day cac s6 (a;) C Q théa man diéu
kien f(any1) = a, v6i moi n € N*. Chitng minh ring ton tai k # [ dé ax = a;.

Loi gidi. Trude hét ta ching minh tap {a,} gi6i noi. That vay do deg f > 2
nén ton tai zo > 0 sao cho |f(xg)| > 2|z| v6i moi x théa man |z| > zg. Gia st

ton tai n sao cho véi |a,| > zo ta c6 f(a,) > 2|a,|. Thé thi

a1 = flan) > 2|an| > 220 = an_2 = flan_1) > 2|an_1| > 22|a,| > 2%z

= a; > 2" 'y = n hitu han = {a,} bi chan.

Ta chitng minh s6 mau s6 clia cac phan sé a1, as, as,...1a hitu han. That vay,
ki hieu L 1a mau s6 chung nho nhét ciia cac sé hé s6 trong da thitc f(x). Ta
)

1
flz) = Z(bofn + bzt b+ by), (b €7).

Khi d6 v6i m tuy y thuoc N*
am = f(@ms1) Z bjam i = Zb i = (1)

Dat t = bob, b € Z, sao cho t chia hét cho mau s6 cta a,,. Nhan hai vé ctia (1)
VO by~ Ly ta duoe bgb"ay, 1 +bibg” Lyng m+1+ 4 bnbi™ Lyn — bg_lanam e Z.
Suy ra boba,, 1 = ta,y1 la nghiém cia mot phuong trinh da thic véi cac hé

s6 nguyén va heé s6 chinh bang 1 nén ta,,.1 € Z suy ra t chia hét cho mau sé
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clla @ y1. Vay t chia hét cho mau s6 clia tat ca cac s a, (do & trén ta chon m
bat ki, thuoc N*). Vay cac mau sb clia cac s6 a, chi c6 thé 1a cac udc sb cla
mot s6 ¢ c6 dinh. Do d6, s6 mau s6 ciia cic phan sé a1, as, as,--- 1a hitu han.
Tré lai bai toan. Do tap cac phan s6 {a,} 1a bi chin va s6 cdc mau sb clia céc
phan s6 a, 1a hitu han nén cac s6 a,, chi nhan hitu han gia tri. Nhung c6 vo s6

cac s6 a, nén theo nguyen Ii Dirichlet, ton tai k # [ dé a, = a;.

Vi du P.16. Cho f(z) = 2% — 62* + 9z.
Hay xac dinh s6 nghiém ctia phuong trinh  f(f(--- f(f(z))---)) = 0.

~~

7 lan 14y ham hgp f

Loi gidi. Nhan xét rang phuong trinh f(z) = 0 2 =0 V z = 3. Ky
hieu fr(x) = f(f(--- f(f(x))---)). Gid st phuong trinh fi(z) = 0 c6 ag

J

k lan lf;;ham f
nghiém ; phuong trinh fy(z) = 3 ¢6 by nghiem. Vi fi(z) = 0 & fr_i(x) =

0V fi1(z) =3 nén
ar = Qp—1 + bp—1. (1)
T bang bién thién ctia ham s6 y = f(z) ta c6 f: [0;4] — [0;4] vA v6i moi

a € [0;4], phuong trinh f(z) = a ¢6 ding ba nghiém phan biét nén by, = 3bx_;
ma by = 3 = b, = 3*. Tit (1) vi do a; = 2 (dé thiy), ta dugc

ar = Ap—2 + bp—o + bp—1 = ap—3 + bp—3 + b2 + b1 = - -~

=ar+bi byt b =243+ 34 43

k-3 3F+1 37 +1
+ 31 5 = ary 09
. < 2 o . 1 2a,
Vi du P.17. Cho day s6 (a,) xac dinh béi  ag = 57 Gntl =g a va day
a’ﬂ

s6 (by) xac dinh bdi by =4; by = b2 — 20, + 2.
" gbiby by
- , .

Chitng minh rang v6i moi n € N* ta luon c6  a,
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. 1—2
Loi giai. Xét hz 0 = . Ta c6
1 gidi. Xét ham so f(x) 1o Taco
2a,
1—ant1 1+a? (1—%)2 9
n = = n = = n)-. 1
fant1) 1+ apes : S, 1+a, f(an) (1)
_I_
1+a2
1
) -5 1
Ap dung lien tiép (1) véi f(ag) = —% =3 ta duge
1 —
+ 2
2 22 2n+1 1 2n+1
flann) = flan) = flan) == @) = (3) - @
S 1_an+1 B <1)2n+1:> _32n+1_1 N _32n_1
uy ra 1+ Ui - 3 Ant1 = 32n+1 +1 ap = 32n +1

Lai xét ham s6 g(r) = x — 1.

06 f(bps1) = bpps — 1 =2 — 2b, +1 = (b, — 1) = f2(by,). Vay
b — 1= fbn) = f2(bnor) = f* (buz) = -+ = f2"(bo) = 3% = b, = 37" + 1.

Tw do co

2n71

anby =37 —1=3""+1)--- (3% +1)(3* = 1) = by_1by_s - b1.2.by = K.

Cha y P.3. Lap luan ma ta da st dung trong (2) duge goi la dé quy. Phuong
phap tim s6 hang téng quat clia day sbé st dung trong vi du trén duge goi la
phuong phap ham lip. Ta thuong x4c dinh cdc ham s6 f(x), h(x) sao cho
f(un) = h(f(un_1)). Ap dung de quy suy ra

fun) = h(f(un-1)) = h(h(f(un-2))) := ha(f(un—2)) = -+ = hn(f(u0))-

Tit d6 thu duge biéu thiic cla u,. Haim s6 f(z) duge goi la ham sé phuy, con
ham s6 h(x) duge goi 1a ham lap. Trong vi du trén, 6 ca hai truong hop ta déu
c6 ham lap 1a h(z) = 2%

Vé khéi niem ham lap, xem trong chuyén dé "Phwong trinh ham".
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Vi du P.18. Cho k € N* va day s6 (a,) théa man dieu kién

ao=0; a1 =1; apio = 4an41 — a,. Chitng minh ring a, : 3" < n: 3~

7 n

Lot giaz. Déthéyan:p — L i p=2+V3q:=2-V3, pg=1
2v/3

pn_qn)g_l_ pn_qn :p3n_q3n

23 2v/3 23

T ar =1, as = 4 VA a3 = 15a,41 — 4a, suy ra néu n khong chia hét cho

C6 3an(4a® +1) = 12( — 4y, ¥ 7.
3 thi a, ciing khong chia hét cho 3. Dat n = 3°.t véi (t;3) = 1. Theo trén, a;
khong chia hét cho 3. Ta c6

s—1
an = agst = 3ags—14(4a3e—1, + 1) = -+ = 3q H(4a§kt +1) 1= 3%.a;. M.
k=0

DoV n € N, s6 (4n? + 1) khong chia hét cho 3 nén a;. M khong chia hét cho 3.
Vay s6 mil clia 3 trong khai trién chinh tic ctia n bing s6 mil clia 3 trong khai
trién chinh tic cta a,. Vay n: 3* & n =23t (s> k) < a,=3°L, (L€

N) < a, : 3.

29
Vi du P.19. Chitng minh rang ton tai ¢ € R sao cho s [222‘ ] , (n lan

nang lén 1ty thia) 14 s6 nguyén t6 véi moi n € N*. (Ta ki hiéu [z] 1a phan
nguyén cta so thie z.)

2
Loi gidi. Goi g 1a tap cac s6 nguyen to6 va ki hieu 2,,(q) := 222: (n 1an nang
len liy thiia). Ta sé xay dung day cac doan that A, = [a,;b,] théa man diéu
kién
A1 D Ay DAz D -+ sao cho véi moi ¢ € A, ton tai p, € § dé p, = [2.(q)].
e V6in =1, chon A = {1; g} . Khi d6 [21(q)] = 2 € § v6i moi ¢ € A;.

e Gié st da c6 doan A, va v6i moi ¢ € A, p, = [2,(¢)] € §. Ta co6
Pr = [20(q)] = Pn < 2.(q) < pn+ 1= 2" < 2,41(q) < 2.2°7.

Nhung véi m > 2 thi gitta m va 2m luon ton tai it nhat mot s6 nguyén to, néi
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cach khéc, ton tai p,o1 € , sao cho 2P» < ppyq < 2.2P7. Ta dung doan

- 2

At = | oga(loga(- - (Iog(pasn)))); g logs (-~ oy (pss + 3 )))

~~

n lan 1ay ham hop n lan lé;,ham hop

1
Co Ap1 CAp VA Prg1 < 2041(Q) < Prs1 + 3= 2n41()] =pnt1 €9, V g€

A, ;1. Vay ta da xay dung duge diy cac doan that (A,) théa man yéu cau dat

ra.

Do A = ﬂ A, # () nén ton tai ¢ € A. Véi s6 ¢ d6 ta c6 [2,(q)] € § v6i moi
n=1

n € N*.

- 1 1 1
Vi du P.20. Chuéi ((z) := 1—|—2——|-3——|----+—+--- dude goi la ham
z z /rLZ

Zeta.
St dung ham Zeta hay ching minh
1 1 1 =1 g
) — 14— - . 1

6

Loi gidi. °. Euler da xuat phéat tit ba nhan xét sau:

1. Néu da thic P(z) = apz™ + ayz" '+ +an1x+a, (ag#0, a, #0) co

cac nghiém z; xo; - -+ ;x, € R* thi
T T T
Plz) = n(l——)(l——)---(l——). 1.1
() =a o o o (1.1)
) 1.3 1.5 - l.2n—1
. snzr . ~ .
3. Ham so c6 vo s0 nghiém thuoc R* 1a x4, = £nm, (n € N*).

x
M6 rong cong thiie (1.1)7, Euler viét

00 -0 o

Ctia chinh L.Euler
"Géan 100 n&m sau, nha toan hoc ngudi Ditc K. Weierstrass (1815-1897) mdi chiing minh dugc
sy md rong nay la ding din!
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He s6 ctia 22 & vé phai ctia (1.3) 1a

1 1 1 1
EoEe T e T et (14)
. ? 1 1 1
T (1.2), he s6 ctia x? trong khai trién cia Sl Y —3="%
T do6 va tu (1.4) ta duge
11 1 L I
N=Td — 4 — e — 4= =1
(@) =1+gmtg ot 2=

Chi y P.4. Vé ham Zeta, tit gitta thé ky XIX, nha toin hoc ngusi Ditc Georg
Friedrich Bernhard Riemann (1826-1866) da dua ra gia thiét ring moi nghiem
ctia ham Zeta déu 1a sd phiic va c¢6 dang 2, = % + Y. Cho dén nay, gia thiét
Riemann van 1a bai toan md, chua gidi quyét duge. Bang méay tinh dién ti,
ngudi ta da tim duge vai triéu nghiém ctia ham Zeta va ching déu c6 dang nhu
& gia thiét Riemann. Tuy nhién d6i véi Toan hoc diéu dé chua phai 1a ching

minh!
Vi du P.21. Hay tinh x4c sudt dé mot phan s6 duge lay bat ki 1a phan s6 tdi
gian.

Loi gidi.® Ta chon trong s6 cac phan s6 dang ™ v6i 1 < m;n < N, trong
n
d6 N € N* 1a s6 cho trude. C6 tat cd N? phan s6 nhu vay. Goi f(N) la s6

céc phan s6 t6i gian trong s6 N2 phan s6 d6. Khi do, xac suat p can tim la

. (V)
= 1 .
N—1>r—|r—loo N2
S6 phan s6 c6 tit va mau c6 thé rit gon cho 2 (tt va mau cing chin) la
N N N2 ~ 2 h,\ FS hu ~ ~ h-,/\ 1 1 h,\\ 2 t,'Z FS
.~ = — nén cac phan sb nhu vay sé chiém — = — phan clia tong sb
5 9 4 P Ay 1 92 p g

céc phan s6. Do d6, s6 phan s6 ma khong tdi gian duge cho 2 sé chiém 1 — %
phan.

Tuong tu, luong phan s6 khong téi gian dude cho 3, 5, 7 sé chiém tuong ting

8Cfia nha toén hoc ngudi Nga P.L.Chebyshev (1821-1894).
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1 1 1 . . . P
la (1 — 3—2) ; (1 — 5—2) ; (1 — ﬁ) phan. Goi ¢ la uéc s0 nguyén to 16n nhat
ctia N thi s6 phan s6 khong t6i gian trong s6 N2 phan s6 noi trén 1a

v (- 3)0-5)(-5)

Hién nhién, khi N — 400 thi ¢ — +00. Ta c¢6
. f(N) 1 1 1y 1
L :qETm(l‘z—z)@‘g—)“'(l‘@)—qH(l‘@)'

. 1 . 1
Deé tinh p ta xét — va ap dung khai trién cta 1o’ dugc
P x

111 1

R RS S
2 3 q
TI(E)
- 02
a2cg =0 1

Lap luan tuong tu nhu & vi du P.5 va st dung két qua ctia vi du P.20 ta dugc

1 1 1 1
]_9:1_|___|___|_..._|___|_...:

®|>1w

6
R - = p=— ~0,6079.



Phu luc B
Hé dong luc hoi quy va hé dong
luc tuan hoan

Q-1 Ma tran lay linh

Ma tran lfiy linh va ma tran tuan hoan 1a cac van dé da dugc dé cap dén.
Trong chuong nay, ching ta sé nghién citu, khai thac mat ing dung ctia ching;
chéng han nhu néu ma tran cong dong trong cac hé sinh hoc 1a ma tran luy
linh hay tuan hoan thi dang diéu ctia hé khi thoi gian ra vo cling sé dé dang
nhan dude nhd tinh chat dic biét clia cadc ma tran nay. Mat khac, sit dung
khai trién Jordan ching ta c6 thé tim dudc cong thitc nghiém tudng minh va
mot mot phép ching minh méi vé tinh on dinh nghiém cta hé dong lyc (ca

roi rac va lién tuc).

Dinh nghia Q.5. Ma tran vuong A dugc goi la ma tran liy linh néu ton tai
s6 nguyén duong p sao cho AP = 0 (& day 0 la ma tran khong). Da thiic dic

trung cua ma tran duge dinh nghia bdi
Xa(A) = det(N — A).

Dinh 1y Q.9. Cho A la mot ma tran vuong cd n x n trén truong bat ky. Thé

thi, A la ma tran ldy linh néu va chi néu
xa(\) = A"

539
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Chitng minh. Néu da thic dic trung ctia ma tran A c6 dang A" thi ap dung
dinh 1y Caley - Hamilton ta dugec A™ = 0. Vay A 1a ma tran luy linh. Dé chiing
minh phan do lai ctia dinh 1y ta nhan xét rang véi truong k bat ky luon ton
tai truong K 14 md rong cia trudng k sao cho trong K moi da thitc v6i hé s6
trong k c6 dt nghieém, tic K 1a truong déng dai sd. Vi thé, khong méat tinh
tong quat, ta gia st trudng da cho la truong dong dai sé. Ki hieu A 1a mot gia
tri riéng ciia ma tran luy linh A tng v6i véc to rieng v ctia A. Khi d6 Av = Av.
Theo gia thiét A 1a ma tran lity linh nén ton tai s6 nguyén duong p > 1 sao
cho AP = 0. Do d6 APv = X\Pv = 0. Nhung véc to rieng v khong thé biang 0 nén
AP = 0. Suy ra A = 0. Vay da thtc dac trung ctua A phai c6 dang \"*. Dinh ly

duge chiing minh.

Nhan xét Q.3. Nhan zét rang, néu k la truong so thuc R hodc truong so
phic C thi ta co phép ching minh khac. That vay, vi k la khong gian Banach
nén theo dinh lyj ciia Gelfand, ban kinh pho
p(A) =supf| A|: A€ a(A)} = lim || A" [|7 .
Ma A la ma tran liy linh nén ton tai s6 nguyén duong p > 1 sao cho AP = 0.
Do vay p(A) =0 nén X =0. Vay da thic dac trung cia A phai ¢é dang \"™.
Két hop dinh 1y nay véi dinh 1y Caley - Hamilton ta c6

Hé qua Q.2. Néu A la mot ma tran liy linh c¢d (n X n), thi ta ¢6 A™ = 0.
Nhan xét Q.4. He qud nay ndi ring néu ta can kiém tra tinh g linh cia
mot ma tran n X n thi chi can tinh dén luj thua thit n cia né la di. Néu tdi
lug thita n ma van chua nhan duge ma tran 0 thi ma tran dé chdc chan khong
thé la ma tran lug linh duge. Hon nia ta can chi § rdng tong cing nhu tich
ctia hai ma tran lug linh khong nhat thiét phdi la lug linh. That vay zét hai ma

tran lug linh (2 x 2) sau day

0 1 N 00
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Ta ¢6 A2 =B%=0, do dé A va B la cic ma tran liy linh. Nhung cd tong

A+B:((1) (1)) va tich AB:((l) 8)

khong la ma tran lug linh vi (A + B)? = I (ma tran don vi) va (AB)?> = AB.
(Cling c6 thé tinh tryc tiép duge da thiic ddc trung cia A+ B la A\* — 1 va da
thatc ddc trung cia AB la N> — X nén chiing khong thé la lug linh). Mat khdc
nhan thay rang néu hai ma tran lug linh A va B la tua giao hodn vdi nhau
(AB = X\- BA) thi 76 rang cd tong va tich ciia ching la lug linh. Ddo lgi ta cé
hai ménh dé quan trong sau day:

Meénh dé Q.1. Néu A, B va A+ B la cic ma tran liy linh c¢d (2 x 2) thi ta
c6 AB = —BA. Tu do, AB va BA la cac ma tran luy linh.

Chitng minh. Theo dinh 1§ Q.9 ta c6 A? = B? = (A+ B)?* = 0. Vivay, AB+
BA =0, dod6 AB = —BA. Tu dé suy ra, (AB)> = ABAB = —AABB =0,
do d6 AB la ma tran liy linh. Tuong tu ta thu duge BA 1a ma tran liy linh.
Meénh dé duge chiing minh

Meénh dé Q.2. Néu A, B va AB, BA la cic ma tran liy linh cd (2 x 2) thi
A+ B la ma tran luy linh va ta cung thu dugc AB = —BA.

Ching minh. Ta co
(A+ B)*=A>+ AB+ BA+ B*= AB + BA.
Tit do,
(A+ B)' = (AB+ BA)> = (AB)* + ABBA+ BAAB + (BA)* = 0.

Diéu nay chiing t6 A+ B 1a ma tran lfiy linh v nhd ménh dé trén ta thu duge
AB = —BA. Ménh dé duge chitng minh.

Nhan xét Q.5. Doi vdi nhing ma tran lug linh cd lén hon 2 x 2 thi ménh dé

Q.1 va Q.2 khong con ding. Ta lay cdc vi du nhu sau:
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000 0 -2 1 )
Vidu Q.22. Vi A=1[(2 0 O va B=1[(0 0 1]|. Dékiem
2 20 0 0 0
tra dugc A, B, A+ B la cic ma tran lug linh nhung ma tran

0O 0 O
AB=|0 —4 2
0 —4 4
khong la ma tran lug linh vi

0 0 0
(AB)* =0 =32 16| #0.
0 —32 32

000 100
dugc AB,BA, A, B la cac ma tran lug linh nhung ma tran

010
A+B=(0 0 1
1 00

khong la ma tran lug linh vi

010 000 9
Vidu Q.23. VéiA= [0 0 1 vwa B=1{0 0 0)|.Dékiém tra

(A+ B)*=1.

Nhan xét Q.6. Ma tran lug linh zudt hién trong ly thuyét hé dong luc nhu
mot hé dong luc hoi quy don gidn nhat. Néu zuat phdt to mot véc to bat ky
trong khong gian n chiéu thi hé thong luon quay vé goc toa do sau khong qud
n bude. Tiép theo ta dé cip dén mot so6 khdi niem va tinh chat cia ma tran

tuan hoan.

Q-2 Ma tran tuan hoan

Dinh nghia Q.6. Ma tran vuong U duge goi la ma tran tuan hoan néu ton

tai 56 nguyén duong k > 1 sao cho U* =1 (¢ day I la ma tran don vi).

Ma tran tuan hoan 1a vi du don gian cho hé dong lyc tuan hoan. Sau p bude

hé théng cla ta trd vé trang thai ban dau. Day ciing 1a chu ky ctia hé dong
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Ie. Cac ma tran tuan hoan déu la cac ma tran nia don (xem [?], p.613)).
Nhéc lai rang ma tran nia don 1a cac ma tran c6 hé véc to rieng day du (tic
la chiing dong dang v6i ma tran chéo). Chang han xét ma tran

[ cos(2w/p)  sin(27/p)
U= (_ sin(27/p) COS(27T/p))

ta c6 ngay UP = I nén U la ma tran tuan hoan. Day 13 mot phép quay quanh
gbc toa do véi goc 27”. R6 rang 1a sau p bude ta quay vé vi trf ban dau. Mot
16p cac vi du hap dan khéac 1a cac ma tran hodn vi. Nhitng ma tran nay dung
dé biéu dién cac nhom doéi zing. Dé cu thé hon nhitng van dé nay ta ky hieu V
12 khong gian véc to n chiéu trén truong so phiic véi co sé 1a {vy, vy, -+ v, }.
Ki hiéu S,, 1a nhom déi xing véi cac phan tit 1a cac hoan vi ctia tap hop
{1,2,--+ ,n}. Tuong ting v6i moi hoan vi o ta thanh 1ap anh xa tuyén tinh P,
nhu sau F,u; = v,(;) vl j = 1,2,--- ,n. Ma tran cta anh xa tuyén tinh P,
trong co s6 {vy, vy, -+ , v, } cing duge ky hiéu la P, va c6 tén 1a ma tran hoan

vi. Vé mat triyc quan, cac ma tran hoan vi l1a cac bang sé vudng ma trong moi

dong mdi cot c6 ding mot s6 1, cac so con lai déu bang 0. Ching han

010 010
P(1,2): (1) 8 (1) va P(17372): (1) 8 (1) .

v6i (1,2) 1a hoan vi d6i chd 1 véi 2, con (1, 3,2) 1a vong xich dua 1 vao 3, 3 vao

2 con 2 thi tré ve. Ta c6 P )

xPu2) = (A2—1)(A—1) con da thiic diic trung ciia PasoylaxPase) = (A3—1).

= P(317372) = I va da thitc ddc trung ctia P o) 1a
Bay gio ta sé nghién citu chi tiét da thitc dic trung clia cac ma tran tuan
hoan.

Bé dé Q.1. Néu U? = U? = I, trong dé p va q la cic sé6 nguyén té cung nhau
thiU = 1.

Chitng minh. Vi p va ¢ 1& hai s6 nguyén t6 cting nhau, nén ton tai cac s6
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tu nhién m va n sao cho pm = ng + 1. Do dé,

Ump — Unq—l—l.
Theo gia thiét, ta c6 vé trai 1a I va vé phai 1a U. B6 dé duge ching minh.
Dinh ly Q.10. Cho A la mot ma tran cd n x n trén truong so hiu ty Q vdi
cac gid tri riéng khdac nhau trén truong so phitc C. Gid thiét them la ton tai
50 nguyén to p sao cho AP = I. Thé thi da thitc ddc trung ciia A phdi cé dang
NP —1 hode N1+ NP2 4 ...+ 1. Suy rap=n hodcp=mn-+1.
Chitng minh. Cho ) 13 mot gia tri rieng ctia A. Thé thi \? = 1. Mt khac
céc gia tri rieng clia A déu phan biét nén da thitc dac trung ciia A phai la

thita s6 ctia da thitc \? — 1. Khi phan tich da thiic A\? — 1 ra thita s6 nguyén

t6 trén truong s6 hitu ty Q ta dudc

NW—1=A=1NT W24 1),
Vay da thic dac trung ctia A chi ¢6 thé 1a mot trong hai dang trén. Ta da
chiing minh xong.
Nhan xét Q.7. Diéu kién cdc gid tri riéng cia A phdi phan biét la vo cung
quan trong khong thé b6 duge. Vi du ma tran don vi I thod man tit cd cac diéu
kién khac cua dinh ly nay ma khong cé da thic dac trung nhu hai dang trén.
Hé qua Q.3. Néu p la so nguyén to lon hon 2 thi it nhat mot trong hai so
{cos(2m/p),sin(27 /p)} phdi la s6 vo ty.

Ching minh. Ta xét ma tran sau

[ cos(2w/p)  sin(27/p)
U= (_ sin(27 /p) COS(27T/p)) '

Khi d6 UP = I. Néu ca hai s6 {cos(27/p),sin(27/p)} 1a s6 hitu ty, ta st dung
dinh 1y 1.2 v& nhan dugc p = 2 hoiic 3. Theo gia thiét clia ta p 1a sé nguyén
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t6 16n hon 2. Véi p = 3 ta c6 ngay sin(27/3) = v/3/2 1a s6 vo ty. He qua dugc
chiing minh xong.

Bay gio ta xét da thic dic trung clia cac ma tran hoan vi. Truéc hét nhan
xét réng véc to v = v, + v, + - - + v, 12 véc to rieng clia moi ma tran hoan vi
ting véi gia tri rieng bang 1. Mit khac néu hoan vi o khong thay doi vi tri ctia
J thiv; sé la véc to rieng cia ma tran P, ting véi gia tri rieng bang 1. Nhu vay
néu o c¢6 dinh k diém thi da thitc diic trung ctia P, sé chia hét cho (A — 1)*.

Cu thé hon ta c6

Bé dé Q.2. Gid st o € S, la mot vong zich do dai p. Thé thi da thic dac

trung x(\) ctia ma tran hodn vi P, la
(NP —1)(A—1)"P.

Chitng minh. Ta sé liet ké tat ca cac véc to rieng (doc lap tuyén tinh) clia
ma tran P,. Khong mat tinh tong quat, gid sit o la vong xich (1,2,--- ,p).
Khi d6 {v,,,, -+ ,v,} la n — p véc to rieng doc lap tuyén tinh tuong ing véi
gia tri rieng 1. Bay gio dit ¢ = cos(27/p) + isin(27/p) 1a can bac p cia 1 va

yj — §jp21 + §j(p_1)y2 + e 4 gjyp vl ] = 1’ 2’ Y /5 Khi dé
Pij — §ij2 + §j(p_1)Q3 + .. 4 §jQ1 = gjyj,

Bdi dinh Iy quen thudc ctia VanderMonde ta ¢6 hé véctorieng ¢’ j = 1,2,--- ,p

13 doc lap tuyén tinh. Suy ra da thic dic trung clia ma tran hoan vi P, 1a
(= A= 6 (A= YA = 17 = (¥ = (A=)
Bé dé dugc chiimg minh.

Dinh ly Q.11. Gid su T € S, duoc biéu dién dudi dang tich cua k vong wich

r01 nhau 01,09, 0. Gid s p; la do dai cia o; (véii = 1,2,--- k) va



546 Phu luc B

q=n—(p1+p2+---+pp). Thé thi da thic dic trung x(\) ctia ma trgn hodn
vi P- la
(APL—1)(W2 = 1) - (APF = 1) (N —1)4.

Chitng minh. Bing quy nap theo k va st dung bd dé 1.2, ta c¢6 dinh 1y ding
v6i k = 2. Khong mat tinh tong quat, ta gia st oy 14 vong xich (1,2,--- ,p1) v&
gid sit o9 1a vong xich (p1+1,p1 +2, -+, p1 +p2). Trude hét ta co n—p; —po =
q véc to rieng doc lap tuyén tinh ctia P, tuong tng véi gid tri rieng 1 1a
Upyipotts > Uy BAY gi0 gid st ¢ = cos(2m/p1) +isin(27/py) 1a nghiém phiic
thit p; cta 1 (¢P* = 1) va gid st o = cos(27/ps) + i sin(27/p2) 1a nghiém phiic
thit po ctia 1 (¢P2 = 1). NhS d6 ta c6 thé viét cac véc to rieng clia P, tuong
ting véi ¢! va ¢J trong d6 £ = 1,2,--- ,p va j = 1,2,--- ,py. Vi thé da thitc

dac trung x(A) cua P, c¢6 dang
X = (9 = D= = (A= 1)

Dinh 1y dugc chiing minh.

Tiép theo ta ta nghién cttu khong gian véc to tuyén tinh dinh chuan k chiéu
V trén truong s6 phiic C. Ma tran liiy dang 1a ma tran vuong U c5 (k x k)
sao cho U — [ la ma tran lay linh. R6 rang, da thic dac trung ciia ma tran
lity dang U 1a (XA — 1), Vi vay, ban kinh pho clia ma tran liy dang 1a 1. Dé y
rang, chuan ctia cadc ma tran liiy linh c¢6 thé rat 16n, mac dit ban kinh pho cia
chiung 1a 0.

Ta dinh nghia

At t o

M= A AT

R6 rang, chudi nay hoi tu véi chuan ciia ma tran. Tt dinh nghia, dé thay

o (e4t) = AeAt

Y

o Néu A va B la cic ma tran vuong giao hoan thi (A58t = eAteBt
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o Néu A\ la mot gia tri rieng ctia A thi e 1a gia tri rieng ctia e,

o Néu U? = I thi eV* = I cosht + U sinh t.

o Néu N 1a ma tran liy linh ¢3 (k x k) thi

Nt t i k-1
— [+ - N+... -
c LR TR T T
la ma tran liy dang.
Ta hay xét cac vi du sau,
2 (0 1 . vt _ [(cosht sinht 2 1\
o Neu U= (1 0) thi € = (sinht cosht (U" =1);

2 0 1 N cost sint

Nhéc lai ring, moi ma tran A déu c6 thé biéu dién duy nhat dudéi dang A =
S + N, trong d6 S la ma tran nita don, N la ma tran liy linh va SN = NS
(khai trién Jordan cong tinh). Ta c6 dinh 1y quen thudc sau méa phép chiing

minh né c6 thé thiy dé dang nho sit dung khai trién nay.

Dinh ly Q.12. Nghiem ciia hé u(t) = Au(t) vdit > 0 c6 dang u(t) = e*u(0).
Hon hita, néu A = S+ N la khai trién Jordan cong tinh cia A, trong dé S la

ma tran mia don cd k x k c6 k véc to rieng doc lap tuyén tinh vy, vy, -+ v,
tuwong tng vdi cdc gid tri riéng A, Aa, -, M\ (khong nhat thiét khdc nhau), thi

nghiém tong qudt ciia hé cé dang
u(t) = apeMteNty, + ageelNty, + -+ ageMtelNty,  wdit > 0. (4.1)

Néu Re (\j) < 0 vdi tat cd j =1,2,---  k, th

lim u(t) = 0. (4.2)
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Ching minh. Tu SN = NS ta c6

p(S+N)E _ St Nt

tir d6 ta c6 (4.1). Ta ching minh(4.2). Dé y réng do 16n cua || eNu; || 1a gid

tri ctia da thiic (¢ bién s6) bac k — 1 khong ddi. Do do,
Jim [ ] - || My, [0,

va suy ra (4.2).

Cht y rang nghiém ctia he

c6 dang

Ma tran A ctia hé nay la ma tran lay linh va chi ¢c6 mot véc to riéng (doc lap

tuyén tinh). Dé ¥ ring

At _ (1t
e —I—I—tA—(O 1)

va ta luén c6 nghiem ciia he u(t) = Au(t) véi t > 0 la u(t) = eMu(0).

Tiép theo, ta chitng minh tinh on dinh nghiém ctia hé dong lyc rdi rac bang
cach ding khai trién Jordan nhan tinh. Nhic lai ring tat ca cac ma tran kha
nghich A déu c6 thé bicu dién (duy nhat) dudi dang tich (giao hoén dugc) clia
mot ma tran nita don S v mot ma tran liy déng U (khai trién Jordan nhan
tinh). Gia tri riéng ctia S chinh 1a gia tri riéng ctia A. Ta ¢6 dinh 1y quen thudc

sau ma phép ching minh né c6 thé thiy dé dang nho sit dung khai trién nay.

Dinh 1y Q.13. Nghiém cia hé u, ., = Au, véin = 0,1,---, c6 dang u, =
A"uy. Hon nita, néu A = SU la khai trién Jordan nhan tinh cia A (A dugc

gid thiét la ma tran khd nghich), trong dé S la ma tran nia don cd (k x k) c6
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k véc to rieng doc lap tuyén tinh vy, vy, -+ v, tuong ing vdi cdc gid tri riéng
A Az, -+, A (khong nhat thiét khdc nhau), thi nghiém tong quat cia hé co
dang

u, = a1 ATU" v + aoA\jU" vy + - - - + o AUy, voin = 0,1, - - - (4.3)

Néu | \j |< 1 vdi tat cd j=1,2,---  k th

lim u, = 0. (4.4)
Chitng minh. Do v,,v,, - ,v, la cac véc to rieng doc 1ap tuyén tinh trong

khong gian k chiéu, nén chting tao thanh co sé cia khong gian nay. Vi vay, véi

véc to u, cho trudc, ta c6
Uy = 01V + Qg + - - - + Q.

Thay vao cong thic u,, = A"u, ta cé ngay

U, = A"QO UnSn(Oq)\l + Oéz)\zyg + -4 ozk)\kyk)

n

= AU vy + ax\jU" vy + -+ - + ap A U vy

Néu gid tri tuyét dbi cia A nho hon thi | A" |= (1 + a)~! tién t6i 0 rat

nhanh khi n tién t6i vo cing. Con chuan ctia ma tran luy dang

k—1
1) (n — 1
TR U e A U
— 7!
s€ bi chan trén bdéi da thic
k—1
N T
p(n) = ! r'H nn—=)---(n—r+1)
r=0 ’

c6 bac 1a k — 1 (c6 dinh) ctia n. Ham s6 mil ¢6 do 16n rat nhiéu so véi ham da
thitc. Néi mot cach cu thé hon néu p(n) 1a da thiic con a 13 mot s6 duong thi

)|
n—o0 (1 + a)"
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Vi vay ta ¢6 lim,, .~ u,, = 0. Dinh ly da dugc chiing minh trong truong hop
A la ma tran kha nghich. Néu A khong kha nghich ta c6 thé phan tich khong
gian véc to da cho thanh tong truc tiép ctia hai khong gian con bat bién la 14
va Vo = {v: Av = 0}. Han ché clia 4nh xa tuyén tinh A trén khong gian con
V; 1a khé nghich nén ta c6 thé ap dung két qua vita ching minh & trén dé két
luan lim,, o u,, = 0.

Dé ¥ ring ma tran liy linh

(30,

c6 duy nhat mot véc to rieng (doc 1ap tuyén tinh)

()

nén nghiém toéng quat ciia he Uy, = Au, v6in =0,1,2,---, khong c6 dang
(4.3) trong dinh ly trén. Hon nita, u, va u; khong nhat thiét 12 0 va u, = 0

VvGi tat ca n > 1.
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