CUC TRI CUA HAM SO

A. CHUAN KIEN THUC
1. Khai niém cuc tri ham so :
Gia st ham s6 x4c dinh trén tap hop D(D < ) va x,€D
X duoc goi 1a mot diém cuc dai cia ham s6 fnéu tén tai mot
(a;b)cD

R a;b , ) X . .
khoang (&;b)chira diém Xosao cho: f lf(x)<f(xo) vxe (a;b)\ | o

Khi d6 £(x,)duoc goi 1a gia tri cuc dai cia ham s6 f.
X duoc goi 1a mot diém cuc tiéu ctia ham s6 fnéu ton tai mot
(a;b)cD

khoang (a;b)chira diém x ho: '
odng (a;b)chira diém x;sao cho {f(x)>f(xo) vxe (a;b\ | x|

Khi d6 f(x,)duoc goi la gia tri cuc tiéu cia ham sé f.

Gié tri cuc dai va gié tri cuc ti€u duoc goi chung la cuc tri

Néu Xpla mot diém cuyc tri ciia ham sé f thi ngw=0i ta néi rang ham sé f
dat cuc tri tai diém X;.
Nhuw vay : Piém cuc tri phai la mot di€m trong cua tap hop D

Diém cuc dai , cuc ti€u goi chung la di€m cuc tri clia ham sé , f(x, ) la
gia tri cuc tri (hay cuc tri ) cia ham sé.

Chu y.

a)Gid tri cuc dai (cuc tiéu ) f(x,) ciia ham sé f chua hdn dd la GTLN
(GTNN) ctia ham sé ftrén tdp xdc dinh D ma f(xo) chi la GTLN (GTNN)
ctia ham sé ftrén khodng (a,b) <D va (a;b) chita x,.

b)Néu f(x) khéng déi ddu trén tdp xdc dinh D cua ham sé f thi ham sé f
khéng c6 cuc tri . )

2. Piéu kién can dé ham sé dat cuc tri:

Pinh 1y 1: Gid st ham s6 f dat cuc tri tai diém Xy. Khi d6 , néu fcé dao
ham tai diém Xothi £'(x,)=0.

Chuy:

* DPao ham f'cé thé triét tiéu tai diém X, nhung ham sé f khong dat
cuc tri tai diém X;.

* Ham s6 cé thé dat cuc tri tai mot diém ma tai d6 ham s6 khong cé
dao ham

* Ham s6 chi cé thé dat cyc tri tai mot diém ma tai d6 dao ham ctia ham
s6 bang 0, hoac tai dé ham sé khong c6 dao ham .

3. Piéu kién da dé ham sé dat cuc tri:

Pinh 1y 2: Gia st ham s6 flién tuc trén khodng (&;b)chira diém xyva cé
dao ham trén céc khoang (a;xy) va (xo;b). Khi d6 :
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f'(xg)<Oxel@xy) =~ . .
thi ham s6 dat cyc tiéu tai diém X;.

f'(x0)> O,xe(xo;b)

[f'(x0)> 0,x(a;x,)

£1(x,) < 0,x€ () thi ham s6 dat cuc dai tai diém X,.

Pinh 1y 3: Gid st ham s fcé dao ham cdp mot trén khoang (&;b) chia
diém X,, f'(xy) =0va fc6 dao ham cdp hai khac 0 tai diém X,.
Néu £"(xy)<0thi ham s f dat cuc dai tai diém X,.
Néu £"(xy)>0thi ham s6 f dat cuc tidu tai diém X,.
Chuy:
1. Néu X; la mot diém cuyec tri cia ham sé f thi diém (x(;f(xg)) duoc goi la
diém cuec tri cua dé thj ham sé6 f.
X N . Fx) =0 .
2. Trong truomg hop f'(X,) =0 khéng tén tai hoac F1(x.) _Othl dinh 1y 3
)=
khong dung dugc.
B. LUYEN Ki NANG GIAI CAC DANG BAI TAP

Dang 1: TIM CUC TRI CUA HAM SO

Bai toan 01: TIM CUC TRI HAM SO TREN TAP XAC DINH.
Phuong phap giai

Tim tap xac dinh D cta ham so f.

Tinh f'(x).

Tim nghiém clia phuong trinh f(x) = 0 (néu cd) va tim céc diém x, €D
ma tai dé ham f lién tuc nhung f’(xo) khéng ton tai.

Van dung dinh ly 2 (lap bang xet ddu f'(x) ) hay dinh ly 3 (tinh f’(x)) dé
xac dinh diém cuc tri clia ham sé6.

Chii y: Cho ham s6 y =f(x) xac dinh trén D.

Diém X =Xy€D 14 di€m cuc tri cia ham s6 khi va chi khi hai diéu kién sau
day cung thao man:

* Tai X=X, dao ham triét tiéu hoac khoéng ton tai

* Dao ham d6i dau khi X di qua X,.
Cac vi du
Vi du 1 : Tim cuc tri ciia cac ham so sau:

2
1. y=L1-X 2.
X

-x2+x+1

2x-4
Loi giai.
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1. Tap xac dinh : D =j \{0}

1 g g x )
Ta c6: y'=-1- =<0 vxeD, suy ra ham s6 nghich bién trén moéi khoang
X

x4c dinh va khéng c6 di€ém cuyc tri.

Giéi han : lim y=-w, lim y =+w; lim Y =+ , lim y =- o0,
’ x-0 x— 0" X— -0 X— +00

Bang bién thién

X | =© (4] 400
y - -
400 400
Yy
=00 =00

2. Tap xac dinh : D=; \|[2]

2% +8x- 6 x=1l,y=

Taco: y'= , vxeD:y'=0e
(x- 2)°

GiGihan : Im y=+w , lim y=-0; lim y =+ , lim y=-o0.
: X— 2 x— 2% X— -0 X— 400

Bang bién thién
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Ham s6 dat cuc dai tai x=3,ycp =- g ,ham s6 dat cuc ti€u tai

1

X:]. ,yCT == E.

Vi du 2 : Tim cyc tri cia cdc ham so sau:

X3
1.y:-§+2xz-3x+1 2.

y:(x—2)3— 3x +4.

Loi giai.
1. Tap xac dinh : D =;

x=1,y(1) ==
Ta co: y':-x2+4x- 3, VxeDy'=0 < ’ 3.
x=3,y(3 =1
Gi6i han : lim y = lim x° _1+2_ i,ui =400 s
’ X—> - X -0 3 x X2 X3
lim y = lim x> - = +=- IR
X— +00 X— +00 X2 X3
Bang bién thién
X =00 1 3 400

400 _
v Yc1N
- 3/' \
” Ycr

=00

Ham s6 dat cyc tiéu tai x =1va yq =- % ,ham s6 dat cyc dai tai x =3va
Yep = 1.
2. Tap xac dinh : D =;
Ta c6: y' =3(x- 2)3 -3, vxeD:
=1,y(1) =0
=0 3x- 2% =3e (x- %=1 |
y'=0e= 3(x- 2) = (x- 2) = X =3,y(3) =4

Giéi han : Im y=+w , lim y=-o

X— +00 X— -0

Bang bién thién
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X =00 +4o0
Y + o - o +
—+4oo
y Ycn
(o)
/ \z or
-00 -4

Ham s6 dat cuc tiéu tai x =3va Yot =-4,ham s6 dat cuc dai tai x =1va
Yep = 0.

Vi du 3: Tim cuc tri ctia cac ham sé6 sau:

1. y=- 1}(4- xz+E

1 1 2. y=2x3+3x+1

Loi giai.
1. Tap xac dinh : D =;

Taco: y'=- x3 - 2x =- x(x2 +2), VxeD: y'=0= x=0,y(0) :Z

. . 1 5
. limy=lim x*| -2 S+ | =- oy
Gidi han : X_)_Ooy m 2l
: . 1 1 5
lim y = lim x*|->- =+ | =
Bang bién thién
X | - 1] 40
y + 0 -
CN
y 5
=00
=00
. . s 4w 5
Ham s6 dat cuc dai tai diém x=0, yqp :Z.
2. Tap xac dinh : D =;
Ta ¢c6: y' =6x* + 3>0 ¥xe D, suy ra ham sé dong bién trén ;
Giéi han : lim y = lim x° 2+3+i =-o0; lim y=lim x> 2+i+i =+
. X— =0 X— =0 X2 X3 X— +00 X— +00 X2 X3

Bang bién thién
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=00 400
y +
400
y /
=00
Vi du 4: Tim cuc tri ciia cac ham sé sau:
1. y=-x*+2x*+3 2. y=x*-2x*-3
Loi giai.
1. Tap xdc dinh : D =;
x=0,y(0)=3
. [ 3 — 2 _ \v : '=0
Taco:y'=-4x"+ax=-ax(x"- 1), VXE€D: ¥y =0\ _ 1 0iy=a
. lim y =-o; lim y =-
Gi6i han : MY =70 A0y ==
Bang bién thién
X =00 '1 0 1 '|'°0
y + o - o + o -
CN CR
y
4\ 3/ 4
ct
-0 =%
Ham s6 dat cyc ti€u tai diém x=0, yor =3
Ham s6 dat cuc dai tai hai diém x=#1, yop =4
2. Tap xac dinh : D =;
x=0,y(0)=-3
o1 ' — 3- = 2- Y : '=0
Ta cO: y'=4x"- 4x =4x(x“- 1), VXe€D:y A x =+, y(+1) =- 4
Giéi han: lim y = lim x*| 1- i- i =+00; lim y = lim x4 1- 3- i =+00
: X— - 0 X— - 0 XZ X4 X— 400 X— +o0 X2 X4

Bang bién thién
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X | =00 -1 0 1 40
\'2 - (0] + 0 - 0 +
+0 40
y Ci
/ -3\‘
-4 -4
CT CcT

Ham s6 dat cuc dai tai diémx=0, ycp =-3 .
Ham s6 dat cuc tiéu tai hai diém x=+1, yor =-4

Vi du 5: Tim cyec tri ctia cdc ham sé sau:
2

1. Y=X3-3X7-6X+3 2.
3,92
=-X"+=X"-6
y 2
Loi giai.
Tap xac dinh : D =;
13
=-1Ly(-1D)==
Ta Cé: y|:3X2—3X—6, VXGD: ylzoﬁ X ly( ) 2
x=2,y(2)=-7
Gi6ihan: lim y=lim x3|1- 3. £+i —- 0
’ X— -0 X— - 0 22X XZ X3
: . 3 6 3
1 =1 3 1-— —+—| =
Bang bién thién
X =00 -1 2 400
Y + o - o +
400
y Yci
/-JZD\‘VCT
00 -7

Ham sé dat cuc tiéu tai Xx=2,ycr =-7,ham sé dat cuc dai tai
x=-1 _13
Yep =5

2. Tap xac dinh : D =;
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x=0,y(0)=-6

Ta c6: v'=- 3x? , VxeD: y=0e
y=- 3 y x =3, y(3) =2
2
Glé’l han : Xl—i»r:nooy :X]il-nocXB i 1+%- X—63 s
lim y = lim x> -1+3- 6 =- o
X— +00 X— +00 2% X3
Bang bién thién
X | =© (0] 3 400
= o + o -

BT _
y Yci
2
. /S/ \
’ Yer o

Ham s6 dat cuc tiéu tai x=0, yor =-6,ham s6 dat cuc dai tai

15
X=3,Ycp :7'
CAC BAI TOAN LUYEN TAP

2

Bai 1: Tim cuc tri (néu c6) ctia ham s sau: y :X'ixfl
X_
Bai 2: Tim cuc tri (néu co) cua cac ham sé6 sau:
l.y:-x3-1,5x2+6x+1 2.y:x3+3x2+3x+5
3 2
3. y=2.3% +2x+4
3 2
Bai 3: Tim cuc tri (néu co) cua cac ham s6 sau:
1. y=-x*+2x%+1 2. y=-x*+2x%+1
3. y:-0,25.x4+x3-4x+1 4. y=-x*+6x*- 8x+1

Bai toan 02: TIM CUC TRI HAM SO CUA HAM SO CHUA GIA TRI
TUYET POI, CHUA CAN THUC.
Cac vi du

| Vi du 1. Tim cuc tri (néu cd) cua cac ham so sau:
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_4-o

1.y= 2.
y 4+|x|
=[x+ 3+
Y | 3‘ x+1
Loi giai.
1. TXD: D =;
. R 4-x | 8
Néu x€[0;+0) thi ¥ = =>y' =- 5 <0, ¥x€[0;+0)
4+x (4+x)
4+x 8
Néu x€(-0;0lthi Yy=5—=Y = >0, Vxe (- ;0]
u i 1 x @ 7
1

Taix = 0 thi y'(0")=-=,y'(0) :% Vi y'(0") #y'(0") nén y'(0) khong ton tai

2
Vay ham sé dat cuc dai tai Xx=0, yop =1

1 X+ 3+ khi x >-3
2.y =[x+3+ = x+1
x+1 1 .
-(x+3)+ khi x<-3
x+1
TXD: D= \[-1
2_
Néu x2-3 thi y =x+3+ ,ta cé: y'=1- 1 : _(x+1 . 1
x+1 x+1? (x+1)
<o x+1%=1 [x+1=# [x=0
=0
vay Q{x>-3 @{x>-3 it x=-2
1 3 1 5
] X:-3 ’: '(-3+):]_- =—, '(-3-):-]_- - —
Tai ,taco: 'y 341 4y (3417 2
Vi y'(-3") #y'(- 3 )nén y'(-3) khong ton tai
Néu x<-3 thi y=-(x+3)+ ,taco: y' =-1- 5<0,Vx<-3
x+1 (x+1)
Bang bién thién:
-® -3 2 -1 o 400
Yy - + o0 - - 0o +

[

' \. / CS'\ \c:
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o2 o2 2 \ ~ N ]- \
Suy ra di€m cuyc tiéu cia ham s61a X=-3 , y.p =- 3 va x=0,ycr =4;

diém cuc dai ciia ham s6 la x=- 2, yop =0.

Vi du 2: Tim cyc tri cia ham s6 sau: y =yx+x?- x+1

Loi giai.
Ham s6 xac dinh o x+x%- x+120e Vx2- x+12>-%
2. -x=0 i
L X7 -x+1=0, ) - vxej XEO@X20"X50@XE;
-x=0 X“-X+1=(-%) x=0 x=1
Vay téap xac dinh cha ham s6 : D =R
2x-1
2_ 1 1+7
yI:}(;+\/x x+1 _ W - x+1 _ WxZ-x+1+2%- 1
2\/x+\/x2-x+1 2\/x+\/x2-x+1 2\/X2-X+1.\/X+\/X2-X+1
1- 2x>0 x<l

2

y'=0e 2/x’-x+1=1- X o 5 ) e
4(X - X+1) :(1- 2X) 4=1

Vay phuong trinh ¥'=0 v6 nghiém, lai c6 ¥' ludn ton tai ,suy ra ham sé
khéng c6 di€ém cuc tri .
Bai 1: Tim cyc tri (néu c6) cua cac ham so sau:

1. y=1+[x- 1| 2. y=](x-3)
Bai 2: Tim cuec tri (néu c6) ctia cac ham sb sau:
X- 2 _x%+20

1.y =—F——x 2.
Vx2- 4x+6 y Jx+1

Bai 3: Tim cuc tri (néu c6) cua cac ham so sau:
1. y =xV4- x? 2. y=2x- Vx?- 3
Bai 4: Tim cuc tri (n€u cd) ciia cac ham so sau:

1. y =¥ (x- 3) 2. y =(x+3)V3- 2x- x?

Bai 5: Tim cuc tri (n€u cd) cuia cac ham so sau:

3 V-x%+4x- 3

1. y:\/XZ' X+1+\/X2+X+1 2. y= X+§

Bai toan 03: TIM CUC TRI HAM SO LUONG GIAC.
Cac vi du

Vi du 1 Tim cuc tri (néu cd) cia ham s6 : y =2sin2x- 3

Loi giai.
TXD: D =;
Ta c6 y' =400s2x
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y'=0e c0s2x=0s X:%+k%,k€¢ ,

y" =-8sin2x

) {-8 khi k=2n
y =

8 khi k=2n+l

£+k%] =-8sin

T v kn
2

T nn
4

1 L., L2 T . L.
Vay ham so6 dat cuc dai tai cac diém X = + 0Ty =-1 va dat cuc dai tai

T 7T
x=—+2n+1)—; =-5
1t @iy

TT TT
—+(2n+1)=
4 ( )2

Vi du 2 Tim cuc tri (néu cd) cia ham s6 : y =3- 2008X- C0S2X

Loi giai.

TXD: D =

Ta cé: v' =2sinx(2cosx+1) va y" =2cosx + 4cos2x
sinx =0 x =kn

I:O
y = COSX=-%®X=1%+1{2JI

y"(kn) =2cos(kn) + 2cos2(kn)

y"(kt) =6>0 néu k chén, suy ra ham sé dat cuc tiéu tai diém
x=2nnt,ned¢ va y(2mc) =0

y"(kn) =2>0 néu k 18, suy ra ham sé dat cuc tidu tai diém

x=2n+Dr,ne¢ va y2n+1n=4.

21 . s N
y" i§+k2n <0 suy ra ham so dat cuc dai tai diém x :i%+k2n va
vl 2 ko | =2

3 2

CAC BAI TOAN LUYEN TAP

Bai 1: Tim cuc tri (néu co) cua cac ham sé sau:

1. y=2sin2x- 3 X 6X
Z4+c00s?Z

4 4

2.y =sin®
Bai 2: Tim cuc tri (néu co) cua cac ham sé sau:

0;% 2. ¥ =|cos®x +sin® x| + 3sin 2x
Bai toan 04: TIM PIEM LIEN QUAN PEN CUC TRI CUA SO HAM
SO

Cac vi du

1. y =cosxysinx trén doan
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Vi du 1 Tim céc gié tri cha m dé ham s6: y =x°- 3x* + 2 c6 di€ém cuc dai
va diém cyc tiéu nam & vé hai phia khac nhau ctia duong tron
(C,):x*+y?- 2mx- 4my +5m?- 1=0.

Loi giai.
TXD: D=
x=0=y =2 A(0;2)

C ot g2 N =0
Ta co 'y =3x 6x va y < X=2= y:-2$ B(2,-2)

(C.):(x- m)* +(y- 2m)* =1 c6 tam 1(m;2m) va ban kinh R=1
Vi IB=v5m? +4m \/

tron (Cm)a A<le g<m<1.

@ i >1=R= diém A nam trong duong

=

m+—

Vi du 2 Cho d6 thi (C):y =x*- 6x? + 2x. Ching minh rang (C) c6 3 diém

cuc tri phan biét khong thdng hang . Viét phuong trinh duong tron qua 3
diém cuec tri d6 .

Loi giai.

Trudc hét ta c6 y =2(2x3- 6x+1) = y =0 2x>- 6x+1=0

Xét ham g(x) =2x>- 6x+1 lién tuc trén ; va cé g(-2)g(-1) =-9<0,
g(- D.g(1) =-9<0, g(1).g(2) =-15<0. Do d6 phwong trinh g(x) =0 c6 ba
nghiém phan biét hay ham s6 ¢6 ba cuyc tri phan biét.

Goi M(x4;y¥y) 1a moét diém cuec tri nao do.

Nén cé: xg =3x, - %2 Vo =Xg - 6x3 +2x, =- 3x2 +;x0. Suy ra ca ba diém cuc

tri déu nam trén Parabol y =- 3x? +§x nén né khéng thang hang.

Mat khéac lai cé y% =(- SX% +§X0)2 :9)(% - 9x3 + ?LXO

1 1) 9, 117 , 63 9
:9XO 3XO-§]- 9 3XO-§] ZXO :TXO'?XO E
2..2_121 » 63 9 1211 Yo| 63 9
Suyra xp+yo = Xo- 5 Xty T | %0 G Ty
@X + +EX 121 -g:
0 Yot g ot 7Y™ 5
Vay cac diém cuc tri ndm trén duong tron x*+y +1—;’1 +%y- %_

CAC BAI TOAN LUYEN TAP
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Bai 1: Cho ham s6 y =x3- 3x? + 1. Tim m d€ duong thang néi hai diém cuc
tri ctia ham s6 da cho cat duong tron (T):x% +y? - 4x- 2y + m =0mot day

4430
==

cung c6 do dai bang

Bai 2: Cho ham s6 y =x3- 3x% +2 c6 dé thila (C). Goi A,B 1a cac diém
cuc dai, cuc ti€u ctia d6 thi (C). Viét phuong trinh duong thidng d cit d6
thi (C) tai 2 diém M,N sao cho t& gidc AMBN 14 hinh thoi.

Bai toan 06: TIM CUC TRI CUA MOT SO HAM SO KHAC
Cac vi du

Vi du 1 Tinh dao ham cua ham s6 tai diém x =0 va chimg minh rang
ham s6 dat cuc tidu tai x =0, biét réng ham s6 £(x) xac dinh béi:

31+xsin2x- 1

)= ,x#0

0 ,x=0

Loi giai.

f(x)- £f(0) = J1+xsin?x-1
th ’
X

£'(0) =lim >

x-0 x—0 X

xsin? x

2
(1+ xsin? x) +31+xsin?x +1

sinx 1

£'(0) =lim
x— 0 5
X

=0

£'(0) =limsinx.

x— 0 X 2
. 3 .
%/(1+ x sin? x) +V1+xsin?x +1

2
_ sin” x B
Mat khac x #0, ta c6 : £(0) = 2 = £(x) =20 =£(0).
3(1+xsin?x) +¥1+xsin?x +1

Vi ham s6 f(x)lién tuc trén ; nén ham sé f(x)dat cuc tiéu tai x =0.

2.0 1
Vi du 2 Cho ham s6 f(x)= Xsmy X ¢0. Chting minh ring f'(x)=0

0 ,x=0

nhung ham sé f(x) khoéng dat cuc tri tai diém 0.

Loi giai.
co M :xsinlvé'i moi x #0.
X X

Ta
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1 T _ N R ~
xsin_ < va }(%X =0 nén 1lim =0. Do d6 ham s6

x— 0

V6i moi x #0:

f(x)- £(0)

f(x) c6 dao ham tai x=0 va £'(0)=0.

1 _
L&y mét day x, :ﬁ, khi a6 £(xn)= -7 sin2nm =0,Vne;

Gia s (&;b) 1a mot khoang bat ky chita diém 0.
vi Imx, =Ongn véi n @i 16m x, €(a;b) va do f(x,)=0=£(0),vne; , theo

dinh nghia cuc tri cia ham sé , x =0 khong phai 1a mo6t diém cuc tri clia

f(x).

Dang 2: TIM PIEU KIEN BPE HAM SO CO CUC TRI

Bai toan 01: TIM PIEU KIEN DE HAM SO CO HOAC KHONG CO
CUC TRI.

Phuong phap .

Quy tac 1: Ap dung dinh ly 2

e Tim f'(x)

* Tim cac diém x,(i=1,2,3...)tai d6 dao ham bing 0 hodc ham sé lién tuc
nhung khong cé dao ham.

» Xét ddu cua f'(x). Néu f'(x)d8i ddu khi Xqua diém X, thi ham s6 ¢
cuc tri tai diém X;.

Quy tac 2: Ap dung dinh 1y 3

e Tim f'(x)

* Tim céc nghiém x;(i=1,2,3..) clia phuong trinh f'(x)=0.

¢ V6imbi x; tinh £"(x,).

- Néu f"(x,)<0 thi ham s6 dat cuc dai tai diém x;.

- Néu f"(x,)>0 thi ham s6 dat cuc ti6u tai diém x;.

Cac vi du
Vidul:
2
1. binh m dé ham s6 y :Lm}lﬁz khéng c6 cuc tri.
X-

2. Cho ham s6: y =(m- 2)x3- mx- 2. Véi gia tri ndo cia m thi dé thi caa

ham sé khong c6 diém cuc dai va diém cuc tiéu.
Loi giai.
1. Ham s6 da cho xéc dinh D =j \ {1}=(- 0; 1) U (1;+c0)
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X2 2x-m- 2

(x- D?

Ham so khéng c6 cuec tri khi va chi khi y'=0 v6 nghiém hoac c6 nghiém
kép , tirc phéi c6: A'<0=> 1+m+2<0=> m <-3

Vay, véi m <-3 thi ham s6 khong c6 cuc tri.

2. Ham s6 da cho xac dinh trén ;

Ta ¢6: y =3(m- 2)x*- m
Pé ham s6 khéng cé cuc tri thi phwong trinh ¥ =0 v6 nghiém hoac cé
nghiém kép = A <0= 0+43m(m- 2) <0« 0<m <2

Vidu2:

1. Pinh m dé ham s6 y =(m + 2)x° + 3x*> +mx- 5 ¢6 cuc dai, cuc tiéu.

2. Tim me; dé ham s6: y =mx*+(m- 1)x*>+1- 2m chi cé mot diém cuc
tri.

Loi giai.
1. Ham s6 da cho xac dinh D =;
Ta c6: y'=3(m+2)x* + 6x+m
Ham s6 cé cuc dai, cuc tiéu khi va chi khi y'=0 cé 2 nghiém phéan biét,
tirc phai co:

m #- 2 m #- 2 m #-2 m=#-2
= = = f—4

A'>0 9- 3m(m+2)>0 -3m2%- 6m+9>0 -3<m<1
-V/\ Y m -

VO 3<¢m<1

2. Ham so da cho xac dinh D =;

thi ham s6 c6 cuc dai, cuc tiéu.

x =0

2mx? +m-1=0 (*)

Ham so chi cé6 moét cuc tri khi phuwong trinh y'=0 ¢é m6t nghiém duy
nhat va y' d6i dau khi x di qua nghiém d6 .Khi d6 phuwong trinh

Ta c6 y'=4mx3- 2(m- Dx va y'=0s

2mx? +m- 1=0 (*) v6 nghiém hay c6 nghiém kép x =0

m =0
m =0 m <0
= m #0 = 0 >1<: -1
A'=-2m(m-1)<o (M=Y M= [m=

Vidu 3: Tim me; d€hams6 y=-2x+2+myx?- 4x+5 cO cuc dai

Loi giai.
Ham s6 da cho xac dinh D =;
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y':-2+m—x-2 ;yt=

Ta co: 2 - Ix+5

.m0
(x2- 4x+5) "

+ Néu m =0 thi y=-2<0 VX€; nén ham sé khoéng cé cuc tri.

+ m=#0 vi ddu cua y"chi phu thudéc vao m nén d€ ham c6 cuc dai thi
trudéc hét y"<0 « m<0. Khi d6 ham so c6 cuc dai & Phuong trinh y'=0
c6 nghiém (1.

Cach 1:

Ta c6: y'=0e 2/(x- 2)* +1 =m(x- 2) (2.

Pat t=x- 2 thi (2) trd thanh :

mt=2yt*+1le (m2-4)t2—1@ 2 = 1 = (1 c6 nghiém

m2- 4

o m?-4>0= m<-2 (Do m<0).
Vay m<-2 thi ham s6 cé cuc dai.
Cach 2: V6i m<0 ham so dat cuc dai tai X =X,

m(x,- 2) ne w;‘xcz)- 4%, +5 _m )

= y'(XO):Oc> - =

-\’X(Z)'4:)(0+5 X0'2 2

2—
V6i m<0 thi (D= %<2, Xétham s6 : £(x,) =0 4";*5
Xo'

Xg <2
2 2
X2 - 4% +5 Ix2 -
lim £xg) = im YO 20*0 _ g iy () = i VRO F0*O
X~ - o0 X=-o o Xp- . -2  Xg- 2
-2
(xo-2) \/XO- 4x5 +5
Bang bién thién :
X - 0
2
f'(x) )
1
f(x) T
- 00

Phuong trinh Do nghiém x;<2« % <-lem<-2
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X% A mX + 2

Vidu 4: Tim me; déhamsé y = c6 diém cuc ti€u nam trén
X—
Parabol (P):y =x° +x- 4.
Loi giai.
Ham s6 da cho xac dinh D =/ \{1}
o, xX*-2x-m- 2 . 5
Tacé Y :Wﬂﬁfl. pat g(x)=x*- 2x- m- 2.
X-

Ham sé ¢6 cuc dai , cuc tiéu khi phuong trinh g (x) =0 ¢6 hai nghiém
han bist kha A'=1-(-m-2)>0 [m+3>0 3
(—4 = S m>-
phan biét khac 1 g(1) =-m- 30 m %3

A(1+\/m+ m+2+2ym+ 3) la diém cuc ti€u ctia do6 thi ham so6 .
2
Ae(P)= m+2+2\/m+3:(1+\/m+3) +1+Yym+3-4 < m=-2

Vi du 5: Cho ham s6 y =x°- 3mx?+3(m?- 1)x- m3+m (1), m 1a tham

s6. Tim m d& ham s6 (1) ¢6 cuc dai, cuc ti6u déng thoi thoi khoang cach
tir di€m cuc ti€u cua do6 thi dén géc toa dd O bang 3 lan khoang céch
tir diém cuc dai ctia d6 thi dén O.

Loi giai.

Ham s6 da cho xéc dinh D =;

Ta co: V' =3x% - 6mx + 3(m2- 1)

v =0 3x2 - 6mx +3(m2- 1)=0e x2- 2mx+m?- 1=0= x=m- 1" x=m+1

am sé c6 cuc dai, cuc tifu Vmej .
Piém cyc dai ctia d6 thila A(m- 1;2- 2m);

Diém cuc tiéu cla dé thila B(m+1-2- 2m),
OB=30A o [(m+1) +(-2- 2m)? =3/(m- 1)* +(2- 2m’

o m+12+(-2- 2m)? :9[(m- 1% +(2- 2m)1 & 2m?- 5m+2=0

< m =2 hoac m:%

x%- (m+1)x- m?+4m- 2

x-1
dong thoi tich céc gié tri cuc dai va cuc ti€u dat gid tri nho nhat.

Vidu 6: Tim me; dé hamsé y= c6 cuc tri
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Loi giai.

Ham s6 da cho xac dinh D =/ \{1}

x?- 2x+m?- 3m+3 _ g(x)
x-0° (-1

Ham s6 c6 cuc dai, cuc tiéu khi phuwong trinh g(x)=0,x #1

A'>0
c6 hai nghiém phan biét X;,x,khac 1. < g(1)¢o'i' l<m<?2

Tacéd ¥ = 5 X#1 g(x)=x%- 2x+m?- 3m+3

Goi A(xy;y,),B(x,;¥5) 1a cdc dim cuc tri clia d6 thi ham s6 thi x;,X,

1a nghiém clia phuong trinh g(x)=0,x #1 .
x; =1- -m?+3m- 2= y;=1-m+2 -m?+3m- 2
Xy =1+y-m?+3m- 2= Yy, =1-m- 2 -m?+3m- 2

V1Yo =(1- m)2 - 4(- m? + 3m- 2)

Khidé y'=0«

) 7 4
V¥, =5m?- 14m +9=f(m) va f(m) c6 dinh S[E;_ E]
Véi 1<m <2, xét f(m) co m=Le(1;2)= min f(m)=-2
’ 5 me(1;2) 5

. 4 .. 7
= miny,.y, =- = khi ng

CAC BAI TOAN LUYEN TAP

Bai 1:

1. Tim m dé ham s6: y =mx® + 3mx” - (m- 1)x- 1 ¢6 cuyc tri.

2. Tim me; déham s6: y =mx*+(m- 1)x?+1- 2m chi c6 mot diém cuc
tri.

Bai 2: Cho ham s6 y :%x4 - mx? +g . X4c dinh m dé doé thi cia ham s6 da
cho ¢6 cuc tiéu ma khong cé cuc dai.

Bai 3: Tim m dé ham so6 sau ¢0 cuc tri:

1. 2

_X2+(2m- Dx+m*“+m- 3
y =x°- 3m- Dx? +32m- 4x+m A X+m
2 2
x“+(m- Dx+1 X“+mx- 2
2. y= ( 4. y=—

mx- 1 mx- 1
2 s A, 2 3 ,
Bai 4: Tim @ dé cac ham sé f(x):%- X?+ax+1; g(x):%+x2+3ax+a. cé

w

cac diém cuc tri nam xen ké nhau.
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Bai 5: Cho ham s6y =x* + 4mx® + 3(m + )x* + 1. Tim m dé:
1. Ham s6 cé ba cuc tri.
2. Ham s6 c6 cuc ti€u ma khéng c6 cuc dai.
Bai 6:

N ~ ax® + bx +ab \ . ~ N , c .
1. Cho ham s6 y BE— (a,bla hai tham s6 ,a#0.Tim céc gia tri

ax +

cua a,b sao cho ham sé dat cuc tri tai x=0 va x=1.
2. Tim céc hé s6 a,b,c,d cia ham s6 y =ax® + bx? + cx+d sao cho cac diém
A(0;2) va B(2-2) 1an luot 1a céc diém cyc ti€u va cuc dai cha d6 thi ham
SO .
Bai, toan 02: TIM PIEU KIEN PE HAM SO CO CUC TRI TAI
PIEM .
Phuong phap . , )
Trong dang toan nay ta chi xét truwong hop ham sé cé dao ham tai
Xo.
Khi d6 d€ giai bai todn nay ,ta tién hanh theo hai budc.
Buoc 1. biéu kién can d€ ham sé dat cuc tri tai xo 1a y'(X,) =0, tir diéu
kién nay ta tim duoc gia tri cia tham s6 . ]
Buoc 2. Kiém lai bang cdch dung moét trong hai quy tac tim cuec tri ,dé
xét xem @id tri ciia tham s6 vira tim dwoc c¢6 thda mén yéu cau cta bai
toan hay khong?
Chu y:
Pinh 1y 3: Gid stt ham s6 fcé dao ham cdp mét trén khodng (&b) chia
diém %, f'(xg) =0va fcé dao ham cdp hai khdc 0 tai diém X,
Néu £"(xy)<0thi ham sé f dat cuc dai tai diém X,.
Néu £"(xy)>0thi ham sé f dat cuc tiéu tai diém Xq.
f1(x,) =0

thi dinh Iy
frx,) =0 Y

Trong truong hop f'(X,) =0 khéng tén tai hodc {

3 khong diing duoc.

Cac vi du

Vidu 1:Cho ham s6: y :éx“?’ - mx? +(m2 -m+ 1)x+ 1. Véi gia tri nao cta
m thi ham s6 dat cuc dai tai diém x =1.

Loi giai.

Ham so da cho xac dinh trén ;

Ta c6: y'=x*- 2mx+m?- m+1, y"=2x- 2m

Diéu kién can: y'(1)=0= m?- 3m+2=0< m =1 hodc m =2
Piéu kién du:
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V6i m =1 thi y"(1)=0= ham s6 khong thé cé cuc tri.
V6i m =2 thi y"(1)=-2<0= ham s6 cé cuc dai tai x =1 .
Vay, m =2 la gid tri can tim.
Nhan xét:
* Néu trinh bay 10i giai theo so do sau: Ham sé dat cuc dai tai
y'() =0
=
yu(l) < 0
Vi ddu hiéu néu trong dinh Ii 3 chi phat bi€u khi y"(xy) #0. Céc ban sé
thay diéu dé ré hon bang céach giai bai toan sau:
1. Tim m dé ham s6 y =x* + 3mx? + m? +m dat cuc ti€u tai x =0

x=1 (+) thi 10i giai chua chinh xac

2. Tim m dé ham s6 y =-x%+ 3m- 2)x* +(m- 4)x+2m- 1 dat cyc dai tai
x=-1.
» Néu ta khdng dinh duoc y"(Xy) #0 thi ta stt dung () duoc.

2
Vidu 2 : Tim cac hé s6 a,b sao cho ham sé y _ax”+bx+ab dat cuc tri tai

ax+b
diém x =0 va x =4.

Loi giai.
Ham s6 da cho xac dinh trén vx - E,a #0
a
a?x? + 2abx + b? - a’b
(ax + b)2

Ta c6 dao ham V' =

* Piéu kién can :
Ham s6 dat cuc tri tai diém x =0 va x =4 khi va chi khi

b?-a’b
=270
y'(O)zO@ b? L [a=2
y'(4)=0 " |16a’ +8ab+b?-a’h _ " |b=4
(4a+b)2
Didu kién d a:-Zzy. x? - 4x Y =0 x =0
* Diéu kién du : Y =
i b=4 ('X+2)2 x=4

Twr badng bién thién : ham s6 dat cuc tri tai diém x =0 va x =4.
Vay a=-2,b=4 la gié tri can tim.

Vi du 3 : Cho ham s6: y =2x?- 3(m + 1)x? + 6mx + m?>. Vi gia tri nao ctia m

thi d6 thi ham sé c6 hai di€m cuc tri A, B sao cho AB=/2.

Loi giai.
Ham s6 da cho xac dinh trén ;
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Ta c6: y =6(x- 1)(x- m)

Ham sé ¢6 cuc dai, cuc tiéu 1 ¥ =0 cé 2 nghiém phan biét tirc la m #1.

V6i m=#1, thi d6 thi cia ham s6 c6 céc diém cuc tri la
A(Lm3 +3m- 1),B(m;3m?).

AB=v2 [ (m- D?+(Bm?- m3- 3m+1) =20 m=0m=2 (thod diéu kién).

Vay, m =0; m =2 13 gid tri can tim.

2 2
Vidu 4 : Cho ham sé6 y _X 2(m + 1)X2+ m o+ 4m. Tim gid tri cia tham so
X+

thuc m sao cho ham sé cé hai diém cuc tri A, B théa man:
OA%+0B? =120.

Loi giai.
Ham s6 da cho x4c dinh va lien tuc trén khodng (- o0;- 2) U (- 2;+x)
):x2 +4x+4- m? _ g(X)

(x+ 2)2 (x+ 2)2

Ham s6 c6 hai cuc tri khi va chi khi y'x) =0 ¢6 hai nghiém phan biét va

Ta c6: V'(x

d6i ddu qua moi nghiém ticla g (x) =0 ¢6 hai nghiém phan biét khac -2
Nghia 13 phai c6 A'=m?>0 £0
1a la al CO: = m .
J P g(-2)=m? =0
Khi d6 hai diém cuc tri 1a A(-2- m;-2), B(-2+m;4m- 2)
uLr 9 2 o una 2 2
OA =(-2- m;-2)= 0A2 =(-2- m)*+(-2)°, OB =(- 2+ m;4m - 2)= OB =(- 2+m)" + (4m- 2)
5 26 s aia in
= OA2+0OB? =18m?- 16m +16=120 > m =-2 hodc m =3 thoa diéu kién

m#0 Vay, m =-2 hoac m :%6 théa méan yéu cau bai toan.

Vi du 5 : Cho ham s6: yz%x3- mx? - x+m+1. Véi gid tri ndo cla m thi

do thi ham sé cé hai diém cuc tri A, B sao cho AB nhd nhat.

Loi giai.

Ham s6 da cho xac dinh trén ;

Ta c6: y' =x%- 2mx- 1

Ta cé: A'=m?+1>0,Vme; 0 ham s6 ludn c6 hai diém cuc tri X;,X,.

Gia str cac diém cuc tri ciia ham s6 1a A(Xy;y4),BXy;y5) .
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Ta co: y :é(x- m).y - %(m2 + 1)x+:—23m+1 ( ban doc xem thém bai todn 03,
dang todn 03 )

0y, =- %(m2+1)xl+§m+1; Vo =- :—23(m2+1)x2+%m+1

Suy ra: AB? =(x,- %) +(¥, - y;)> =(4m? + 4) 1+;l(m2 +17| =4 1+‘3

0 ABZZ—\/3173. Dau "="xayral m=0. Vay, 1rnjnAB:2—\/3T3 khi m =0.
CAC BAI TOAN LUYEN TAP

Bai 1:

1. Cho ham s6 y =x3- 3(m + Dx* + 3Sm(m + 2)x- m>- 3m? + m. Ching minh
rang voi moi gia tri ciia tham sé m doé thi ham sé c6 hai diém cuec tri va
khoang céch gitra hai di€ém nay khong doi

_X2+(m+1)x+m+1

2. Goi (Cy;)1a do6 thi ham s6 y = , chimg minh rang véi

x+1
moi m, d6 thi (C,)ludn cé cuc dai, cuc ti€u va khodng céch giira hai
diém d6 bang /20.
3. Chimg minh rang véi moi tham s6 m ham s6
y =2x3 - 3(2m + 1)x? + 6m(m + 1)x + 1 luén cé cuc dai va cuc tiéu déng thoi
khodng céch giilra cdc diém cuc dai va cuc tiéu cta do thi ham sé khéng
doi.
Bai 2: Tim m dé€ ham sé:

3
1.y :%+(2m- Dx2 +(m- 9)x +1 dat cuc tiéu tai x =2 .

2. y=mx’+2(m- Dx?- (m+2)x+m dat cuc tiu tai x=1 .

2
3. vy X FMX+1 got cuc tidu tai x =1.
X+m

2
4. y:x +(m- Dx+3- 2m dat cuc dai tai x=-1.
X+m

Bai 3:

1. Cho ham s6 y=x*- 2m?- m+1)x?+m- 1.Tim m dé€ do thi cia ham s6
c6 khoang céch gitta hai diém cuc tiéu ngan nhat.

2. Tim m d€ d6 thi ham s6:y=x3- 3x?+2 tiép xuc véi duong tron:
(x- m)? +(y- m- 1)® =5.

3. y=-x3+3x%+3m?- Dx- 3m?- 1 (cé cuc dai, cuc tiu va céc diém cuc
tri ciia do thi ham sé (1) cach déu goc toa d6 O.
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Bai 4: Tim m dé d6 thi ham sé: c6 2 cuc tri, déng thoi khoang céach gitra
2 cuc tri bang 2415 .
x?- (m+1)x- m?+4m- 2

x-1
dong thoi tich céc gid tri cuc dai va cuc ti€u dat gia tri nho nhat.

-1

Bai 5: Tim m dé€ d6 thi ham s6: y = c6 cyec tri

2
Bai 6: Tim m dé d6 thi ham sé: y _mx c6 hai diém cuc tri A,B va

X

doan AB ngan nhat.
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