Mét sé kinh nghiOm gifi bui to_ n bEt ®Y4ng thac

A.PHAN MO DAU

Bit dang thic 1a mot trong nhitng dang toan hay va kho ddi véi hoc sinh
trong qua trinh hoc tap ciing nhu trong cac ky thi, trude hét 13 ky thi dai hoc ma
hau hét hoc sinh THPT déu phai vuot qua. Ngoai ra bat dang thirc cling 1a mot
dang thuong gip trong cac ky thi hoc sinh gioi toan & cac cp: Tinh, Qudc gia,
Olympic khu vuc va Olympic qubc té.

pé giap cac em c6 thém mot s6 kinh nghiém trong qua trinh hoc tap nham
nam vimg cac phuong phap chirmg minh bat dang thirc dong thoi sir dung linh
hoat hon trong viéc giai cac bai toan vé bat ding thirc, toi quyét dinh viét dé tai
nay nham chia s& cung dong nghiép, hoc sinh va doc gia mot sé phuong phap,
kinh nghiém giai bai toan bat dang thirc.

Pé tai gdm 2 phan co ban:

Phin I: Mot s6 phuong phap chimg minh bat dang thic.

Phan II: Bt dang thirc luong giac trong tam giac.

Do khuén kho cua dé tai, & mdi phﬁn tdi xin mién nhac lai cic kién thurc
co ban vé bat dang thirc vi nhiing kién thirc ndy dugc trinh bay chi tiét trong
sach gido khoa trung hoc pho thong, ma chi tap trung vao cac phuong phap bién

do6i dong thoi néu mot so vi du minh hoa.
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B. NOI DUNG
Phin I: MOT SO PHUONG PHAP CHUNG MINH BAT PANG THUC
1) Dung cac phép bién d6i thich hop
2) Tam thtrc bac 2
3) Phuong phap dao ham, cuc tri ham $6
4) Quy nap
5) Luong giac hoa
6) Phuong phap hinh hoc
7) Céac BDT thong dung
8) Mot s6 phuong phéap khac
I. Sir dung cic phép bién doi.
Vidu I: CM vdi a,b,c 1a 3 s6 duong thi

1< a + b + ¢ <2

a+b b+c c+a

Giai: Via,b,c 1a 3 s6 duong nén ta co

a a b b c c
> > >

a+b a+b+c b+c a+b+c c+a a+b+c

A X X a b C
Cong ve theo vé ta dugc 1< + +
a+b b+c c+a

Mat khac ta c6
a a+c b a+b c b+c
< < <
a+b a+b+c b+c a+b+c c+a a+b+c
b c

A A A a
Cong veé theo vé ta dugc t—+ <2
a+b b+c c+a

Vidu2: CM VxeR taludn cod

XR‘X5+X2 >X‘§

Giai:
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2 2
xP-x% +x7- x+§=x8 Syt XX 3 Z.QX.L+1+1

2 4 4 2 3 3 3
+ﬁ1

X
2 3

2
40X

2

2
+lzl>0 Vxe R
3 3

8 5 2 2
Do dé x - x* +x >x- 2 (dpcm)

Vidu3: CMR

Giai: Ta co

1 11 .
=_- (ke N
k(k+1)  k k+1

Cho k=1, 2, .....n rdi cdng cac dang thirc theo vé ta co

1 1 1 1 1 1
—Ft —+...... +

1 1
+ + = - — .. +—- =I1- <1
1.2 23 nn+1)

% 2 3 no on+l n+l
Vay ta c6 dpcm.

I1. Phuwong phap Tam thirc bac 2.

Vidul: CMR

13-J§< 5x2 +2 <13+J§
11 3x>+2x+4 11
Giai: TXD: xeRr
) 55242 .
Goi P:Zx— thi
3x° +2x+4

(3P- 5)x* +2Px+4P- 2 =0 (*)

bé (*) c6 nghiém x thi
A =0< P?>- (4P- 2)(3P- 5) =0
< 11P* - 26P +10 <0

- 13- /59 -p S13+«/59
11 11

13-\/5< 5x2+2 <13+\/5
11 3x2+2x+4 11

Vay

Dau dt bén trai xay ra
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L _13013- 59)
121

Dau dt bén phai xdy ra

x_13(13+«/59)
121

I1I. Phwong phap ham so6, dung dao ham.
Vidul: CMR VYx>0 thi sinx<x
Giai : Xét ham s6
f(x) =x-sinx
f'(x) =1- cosx =0
= f(x) d6ng bién
Mait khac f(0)=0. Vay f(x)>0 v61 moi x>0 hay vdi moi x>0 thi sinx <x
Vi du2: CMR néu 0<b<a thi
a-b a-b

a

a
<In—<

Giai: Xét ham so f(x)=Inx lién tuc va c6 dao ham trén ©,+)

1 . , A . e
S'(x) = Theo dinh 1i Lagrange ton tai X, v&i b<x,<a sao cho

b)- f(a
iy =L @
b-a
1 Ina- Inb a-b a
o — = = =In—
X, a-b X, b

111
b A — < < —
Vib<x¢<anén v, JpSuyra dpcm.

Vidu 3: Cho a,b,c,d 1a 4 s6 duong bat ki. CM

#MMwM+Mwwm<JM+M+M+M+M+M
4 B 6

Giai: Khong mét tinh TQ gia sir @ <b <c <d

Xétham s6 ¥ =/(x) =(x- a)(x- b)(x- )(x- d)

f(x) 1a mot ham s6 lién tuc va co dao ham trén R

Vi f(a)=f(b)=f(c)=f(d)=0 va £(x) 1a mot ham bac 3 nén ton tai »:>»2.¥s sao cho
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a<y =b=y, <c=<y,=d saocho /') =/"(,)=/"(y;) =0
Vay f'(x) =4(x- y)(x- y,)(x- y;)
Trong khai trién ta c6

- 4y,y,¥; == (abc +acd + abd + bcd)
4y yy + 23+ y3y,) =2(ab+ac +ad +bc +bd + cd)

Theo BPT Cauchy

ViV ¥V Vs v 5y [
=2 233 L >3 (y|y2y3)2

@3\/abc+abd+acd+bcd <\/ab+ac+ad+bc+ba’+ca’
4 h 6

IV. Phuwong phap quy nap.

Phuong phap nay duoc ap dung khi BDT phu thudc 1 tham sb n€ N, voi
cac budc chirng minh nhu sau:

+ Bude 1. C/m BDT ding v61 n=n,

+ Budc 2. Gia st BDT dng voi n=k (k =n,) ta can chimg minh BDT ding
voin = k+1.

+ Bude 3. Két luan BDT dung vi moi ne N

Vidul :C/m Vrn=2.neN" tacod:

L35 . 2n-1 1
2°4°6 2n Bn+l
Gidi: + Khin=2ta c6 (9= { < == ding.
+ Gia st BDT dung v6i n=k tic 1a
135 2k-1_ 1
274767 2k 3k +1
Ta can ching minh (*) ciing dGng véi n=k+1 (k =2) . That vay
135 2k—1< 1 13 2k—12k+1< 1 2k +1
246 7 2k Bk+1 247 2k 2k+2 Bk+1 2k+2

Ta can chiing minh
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1 2k +1 _ 1 _ 1
N3k +1 2k+2  \Bk+D)+1 +3k+4

= 2k +1)A3k +4 <3k +1.(2k +2)

= (4k* + 4k +1)(3k +4) < Bk +1)(4k> + 8k + 4)
= 19k +4 <20k +4 < k>1

Dén day ta thdy (*) ding v6i n=k+1.

Vay theo gia thiét quy nap (*) dung véi Vn >2
Vi du 2: Cho x>0 CMR v6i n =1 ta co

2 3 n

e >Sl+x+—+"—+... +
20 3 n!

Giai: +Véin=1tacod ¢’ =1 Vye(0,x]

Vay jexdy>fdy@ex-l>x<:» e">l+x Vx>0
0 0

Vay BDT ding véi n=1.
+ Gia su BDPT dung véi n=k(k =) Vx>0 t{rc la

2 3 k

e >Sl+x+—+"—+.... +—
21 3 k!

Ta ¢/m BDT ciing dling v&1 n=k+1 ttrc 1a :

2 3 k+1
. X x**
e'>l+x+—+—+.... +

2 3l (k +1)!

2 3 k

e">l+x+—+—+.... + Vx>0
21 3! k!

Nhu vay ta co

2 3 k

y y .y Y
e >1+y+7!+—+ ...... +F Vye(O,x]

3!

Do d6 ta co:

x X 2 k
J'e"’dy > J'(1+y+y—+ ...... +y—)dy
¢ ¢ 2!
2 3 k+1
. X X
©e’-1>x+—'+—+ ......... +

3! (k +1)!
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2 3 k+1
e >Sl+x+—+—+........
21

+
3! (k +1)!

+Vay theo nguyén li quy nap ta c6 BDT dung v6i Vr =1
V. Str dung phwong phap lwgng giac hoa.

Pé sur dung phuong phap luong giac hoa, trudce hét hoc sinh phai nim
ving cac tinh chat, cong thirc va cac phép bién d6i luong giac. Trén co so do,
trong mot sd bai toan néu dit cac gia tri an thich hop qua cac ham sb lugng giac
thi rat thuan tién.

Vidu l: CMR Vx.» ta co:

2 2 2.2
1 _GT-yd-xTyt) 1

47 1+x)2A+ Y T4

o II I1
Giai: bat x =iga  y =1gps [ 5<0{,/3’ <7

Ta co:

_G7 - (- 27y _(tgia- gt p)1- tglaig? B)
A+ x2)2(1+ Y (1 +tg’a) (1 +1g* )’
=(sin” acos” S - sin® Bcos’ a)(cos’ acos® B - sin’ asin’ f)
=sin(a + f)sin(a - pb)cos(a + f)cos(ax- f)

:;sin(iza +2/)sin(2a - 25)
1
= \A‘ SZ:> dpem

*) Mot sb bai tap:
1.CMR Vx,y€ R thi

1 _Gep-w) 1
2 (xXP+D(yT+1) 2

2. Cho 4 s6 thuc a, b, ¢, d thda mén

{7(1: -+ 5> =1

e e =1

CMR - 1=<ac+bd <1
VI. Phuong phap hinh hgc.

a) St dung cac BPT vé vecto
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1. e+ ] =l + [+
Dau “=" xay ra = u.v cung chiéu
2, wv =l ] =[]
Vidul: Choa,b,cla3 sb thuc bitki CM

\/(a- b)? +c? +\/(a+b)2 +c? 22\/(12 +c?

Giai: Pat « =(a- b:0) v =(a+bic) thi u+v =(2a:20)

Ta ¢ |+ ==+ suy ra dpcm.

Vidu2: CM Vx,y € R thi

Jx? +4)% +6x+9 +[x7 +4)7 - 2x- 12y +10 =5

Giai: Dat v =(x+3:2y) v =01- x:3- 2y») thi u+v =(4:3)
Lai ap dung |+ ==+~ suy ra dpcm.
Vidu3: CM Va.b,cthi abc(a+b+c) <a*+b* +c*
Chu y: Phuong phap vecto dugc ap dung trong cac truong hop ta co thé biéu
dién cac thanh phan cua bdt thanh do dai cac vecto tuy nhién n6 chi ap dung
thuong thi khi khong c6 su rang budc nao cua céc bién con néu cé su rang budc
thi ta thuong dung phuong phap toa do.
b) Phuong phap toa do:
Vidu4: Choabthdamana—-2b+2=0.
CMR J(a-3)* +(b- 5)° +4J(a- 5> +(b- 7)° =6
Giai: Chon A(3;5) B(5;7)
M(a; b) vi thda mén a —2b +2 =0 nén nam trén dudng thang x- 2y + 2=0
(A). Lay A’ ddi ximg A qua (A)taco A(5; 1)
Ta c6 MA+MB=MA +MB>A B
Hay (a-3)* +(b- 5 +y/(a- 5" +(b- 7)* =6

A , 7
Dau “=" xay ra < a =5" b- 3

c¢) Céac phuong phap khac:
Vidu 5: Cho 0<x,y, z<1.CM
x(1- )+ (- 2)+z(1- x) <1
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Giai: Dyng tam giac déu canh 1 nhu hinh v&
Ta co
SA»lMP + SACPN + SABNM < SA»{BC
‘e %sin 60°[x(1- »)+ v(1- 2)+z(1- x)|< %.sin60°.1.1

< x(1- y)+y(-z)+z(1- x)<1

Vidu 6: Cho a, b, ¢ duong. CM

Ja? — J2ab + 5 + b - J3be+c? =rJa? - 2- JBac+c?

Giai: Dung hinh nhu hinh v& sao cho: A
OA=a ; OB=b ; OC=c
ZAOB =45 ZBOC =30° a

Ap dung dinh 1i ham sé cosin

trong tam giac ta co:

B
AB =\a* - \2ab + b’ O N
BC =\b* - Bbc+¢ e

cos ZAOC =cos(45" +30") =cos45° cos30° - sin45°sin 30"
S SRE T U W WEVE RS R WY oy
272 22 202 2
VAy 4C =a® - \2- VBac +c? tlic 1A
Ja? - Jzab + 5 + b7 - e+’ =rJa’ - \2- JBac+c’

Dau dang thirc xay ra

aby2 +b—c Zlacsin75° o p=2NEITNS 2443

= § +5 =S =
AAOB ABOC AAOC 4 4 2 a+c
*) Mot sb bai tap
1. Cho a, b, ¢, d 1a 4 s6 thuc thda man

a® + b7 +1 =2Ca + bH)
e +d? +36 =12(c + )

CM: (V2-1)° =(a- 0)" +(b- d)’ (2 +1)’
2.CMR Vx taco
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Vax? - 2x 41 442x7 - (3- Dx+1+2x> + (3 +D)x+1 =3
3. Cho x, y thoa

C/m %sz +y? <20

4. Cho x, y, z duong thdoa man xyz(x+y+z)=1
Tim MIN (x+y)(x+z)

VII. Sir dung cac BDT quen thugc.

1. Bét ding thirc Cauchy

a. Cho 2 s6 khong am x, y ta co

+ 4
2> [ Déu “="e x=y
11 4 A9
Dang khac —+—-=—— Dau “="e a =b
: a b a+b

b. Tong quat cho n s6 khong am a,.a,.......a, ta co

Vidul: Choa,b,cla3sb duong tuy y
CMR Vx€R taco

X

+

X

+

X

ab
c

be
a

ca
—| =a*+b" +c"

Giai : Ap dung BDT Cauchy cho cac cip s6 duong ta co :

ab) | be >2,| abbe ™ _ope

c a ca

be Lleal o5 bc.ca e
b ab

ca a_b - ca.ab oy

b c bc

Cong vé theo vé ta c6 ta co dpem.

Dau “=" xay ra khi va chi khi x=0.
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Vidu2: Véia, b, c duong CM
3 3 3
a_+b_+c_ >ab +bc +ca
b ¢ a

Giai : 4p dung BPT Cauchy cho cac cip sé duong ta co :

3 3
a—+ab ZZW}a—.ab =2q°
b b

3 3
b—+bc ZZW}b—.bc =2h*
c c

3 3
c—+ca ZZ,fc—.ca =2¢?
a a

Cong vé theo vé ta co :
3 3 3
4 b rbetea >2(a’ +b> +c%) (1)
b ¢ a

Mat khac ta c6
@ 4B 4t ab- ac- be =1 [(a= b +(b- 0 + (- a)’ |20
= a’+b> +c? =ab+bc+ca

_%

Thay vao (1) suy ra dpcm. Dau xay ra khi va chi khi a=b=c.
c. Mot s dang toan co ban sir dung BDT Cauchy tong quéat dé ¢/m.
1) Cho n s6 thuyc duong @;»a@s .-, @, thda man

I 1 1

—t+—+ ... + =k (k >0 Cho tru’('yc)
al a2 n
CMR
| 1
+ +....
mlal +m2a2 +....+mna” mzal +m3a2 +..‘.+m1an
| k
+ <

ma, +ma, +...+m _a, m+m,+..+m,

V61 my,my ...y m, la cac s0 nguyén duong tuy y.

Giai: 4p dung BDT Cauchy cho m =m, +m, +...+m, s6 ta co:

ml oM M my,
ma, +mya, +....... +m,a, =mia"ay”..... a (1)

Lai 4p dung cho m sb duong ta co

§inh ThpP Lu - Tréng THPT Chuy?2n
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m m
L+ 24+
al (12 an
T (1) va(2)tacd
m
(m1a1+m2a2+ ....... +ma) L2+ >m?
a4 a,
1 1 |m m n

- e

ma, +mya, +...+ma, m-\|a a, .,

Twong ty cho cac phan thire con lai cudi cing cong cac bdt dang nhu (*)
lai vé theo vé ta c6

1 1 1
+...+ =—(mk)=————
ma, +mya, +...+m,a m,a, +ma, +..+m,_,a m- m +...+m

non n-1"n
*) Mot so bai tap
1. Cho 3 s6 duong a, b, c. CMR
1 1 1 2 2 2
et —+—> + +
a b ¢ a+b b+c c+a

a b ¢ _a+b+c
2.CMR  ;+—*=

b ¢ a 3abc

I\

Tong quat
k k k
a, al o, a, Za1+a2+....+an
a, a, a, Kaa,...a,

cr, > = O 1 1
3. ChO {(l~+ 5o =1 . Tlm MINS :ab+E

2. Str dung BDT Bunhiacopxki(BCS)
V6i2 b0 s6 @, a,...a,) va (b,.b,........5,) bt ki ta c6

(a,b, +ab, +....vab V¥ <(a’+a’ +..+a’ )b} +b> +...+b)

N , 5 a, _a, _ _4a
e —=—==... =
Dang thirc Xay ra h, b, b

V61 quy udce a=0 thi b=0
Chiing minh:

+Néu o/ +a; +...+a;=0 suy ra BDT luén luén ding

§inh ThpP Lu - Tréng THPT Chuy2n 12
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+Néu @ +a? +...+a’>(). Xét tam thirc

J(x) =(ayx- b)) +(ax- b,)’ +...+(a,x-b,)’
f(x) =(a; +ai +...+a’)x’ - 2(a,b, + a,b, +...+a,b )x+(b +b, +...+b])
f(x) 20 ¥xER= A =<0

= (ab, +ab, +...+a,b))’ <(a] +a3 +...+a’ )b} +b} +...+b})

n-n

Vidu 1: Cho 2 s6 thyc x, y thda min x++3y =2,
CMR 2x* +3y° z%

Giai: Theo BDT BCS ta ¢6

2

1
f.xﬁx + 1.\5)/

=

Gy +3y2)© 2x% +3y? 2%

l+1
2

2
4 A2x ~3y * T3
A —5? A - =T =Y Y"7 =
Dau “=" xay ra ; ! 4

NG ENE
Vidu 2: a) Cho n sé thuc G,.a,......a,) van sb duong ®,.b,,......b,)

2 2
LI +al>(al+a2+ ..... +a, )
CMR AR R w—

b) CMR

2 2
2a + zb + ! >l Va,b>0
b-+2a a +2b 1+2ab

Giai: a) Ap dung BDT BCS cho 2 bd s6 duong

al . a2 . . an \ . . . )
i e | v NCENCEEN S
Ta co

2 2 2
a a a
ek N s

b

1 2 n

(bl +b, +....+bn)

2 2
a, +a7n>(al+a2+...+an)

b b, b (b+b,+..tb)

n

b) Ap dung két qua & a) ta c6

a’ b* N 1 S (a+b+1)

2 +— 22— ; =1= dpcm
b +2a a +2b 1+42ab b +2a+a” +2b+2ab+1

§inh ThpP Lu - Tréng THPT Chuy?2n
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Vidu 3: Cho ab+bctca=1 a, b, cla3sd duong
CMR a,b,e >(a+b+c)’
b ¢ a

Giai: Ap dung BDT BCS ta ¢ a, b, ¢ dwong nén

(@+b+c) = \/ab\/g+\/a /2+\/£\E S(ab+bc+ca1£+é+£
b c a b ¢ a
a b ¢ ,
= —+—+—>(a+b+0)”
b ¢ a
Jab _Jbc _~ac 1
@ ”<:> = = @a:b:c:—
SN 5
b c a

VII. Cac phwong phap khac
1. Sir dung Khai trién nhi thirc Newton
Pé ¢/m A>B ta ¢6 thé 1am nhu sau

a) Néu dua A vé dang
A=(a+b)" =) Cla"'b'
i=0
Ta tim cach ¢/m B khong 16n hon tong T ctia mot s6 phan tir ctia chudi

thi B <T <4 (cach ngit chudi duong)
b) Néu dua dugc B vé dang

B=(x+y)" =) Cx"'y" (¥
i=0
Ta tim cach danh gia mdi s6 hang cia chudi (*) khong 16n hon cac biéu

thie Ty ma ij <4 e d6 B sfrj <4
j=0 =0
Vidu 1: Néu I <1 vannguyén, n>1 thi
A+x)"+(1-x)" <2"
Giai: Ta co

2" =(l+x+1-x)" =(1+x)" +(1- x)" + Y C!(1+x)""(1- x)’

i=l
Vi k<1 nén A+x)"'(1-x) >0 Viel2,.n-1, Viy 2">(1+x)"+(- x)"

Vidu2: CMR Vm nguyén duong, m22 ta co:

§inh ThpP Lu - Tréng THPT Chuy2n 14
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2 2m+1 2
[m - 1] L] <1 o
m -
Giai:
2m+l B 2m+1
m- -1 m-1 m- -1 m-1 (m-1)°
] 2 2m+l )
= l + C'im+1 ﬁ# + C-;ZHH_I { - +..... + Cs:::ll { ﬁl ] > l + 2 + l ~
Som -1 -1 T mt -1 m-1 (m-1)

Mat khac ta co:
4m>-1>3m” - 3
@2m+1+m(2m+l)+m(2m+l)(2m-1)> 1 . 2
m>-1 (m>-1)7 3(m’ - 1)° (m-1" m-1

= dpcm
Vidu3: Néunlasdtenhiénlénhonl. CM K/Z<1+\/%
Gidi: Vi n>1= 4n>1. Dit 4/n =1+x(x>0). Lic d6 ta co

Ll - 1)'\‘34_“”_'_’\,“::> n>l+”(n- l)xz = x2 <2 x<\/§
2 2 " "

n=(1+x)" =1+nx

= x+1<1+ 2. K/;<1+\E
1

n

2. Stir dung phwong phap phan chia.

a) Néu ham s6 bién thién phirc tap trong tap xac dinh ta chia tap xac dinh D
thanh cac tap con D, D,,....sao cho viéc tim cuc tri ctia ham s0 trén cac tap con
de dang hon.

b) Néu tinh chit ctia ham thay d6i ca trén cac tap con thi ta phan tich ham
thanh tong cuia cac ham don gian hon dé tim cuc tri cua cac ham thanh phan.

Vidu 1: Tim Max ctia F(x,y) =x*?y(4- x- ») vdi x,y la cac so thuc thda man
Giai:
+ Khi x+y=4ta cd F <0. Dau “=" xay ra = x+y =4

4+ Khi x+y<4tacd x =0,y =0,4- x- y =0
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Ap dung BPT Cauchy cho 2004 s khong 4m ta dugc

X X X

F=2002"2_* _* . D (de e
2002 200220027 7Y
X 2004
2002. oA xe
= F <2002 2002 TUTAET YL 2002
2004 50120
2002
al g :W 20022002
' = = — :4 - x- - . F _2002"
2002 7 y T Vi res
Y501

Vidu?2: Tim Min F(x) =Jx- 20011]+|x- 2002|] x€R
Giai: Xét cac truong hop:
+ x =2002. Luc do

F(x) =2x- 4003 = F(x) =1
'Ze x =2002

+ x€(2001,2002)=> F(x) =1
+ x <2001 = F(x) =4003- 2x =1
'Ze x =2001
Viay Min F(x) =1 & x€[2001,2002]
Vidu 3: Tim Min4 =x(y +2z)+z(x+y) trong d6 x, y, z la cac s6 thuc thda mén
xP+yt 4z’ =1,

Giai: Bat 4, =xy+yz+zx; A, =zx=> A =4, + 4,
Tach: (x+y+z) >0=> x*+y° +2°+24, >0 4 z-%

Ping thirc xay ra
el NS § )
Ta cling co
1 1 1 1 1
Al =lzlx == (22 +x7) ==(1- y) === - = <4, <=
il <h ey =La- b 1oy <L

Ping thirc xay ra
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g BN 2)
1
x:—2
:,Az_l 'l]:'l, |:|©{(l)©<y20
2 2 (2) {
Z:-ﬁ

3. Sir dung mdi quan hé giira cac bat dang thirc:
Vidy tir ding thirc »+3z+2x =-1 taco bdt  (v+y+2)* 20= x> +y? +27 22,

Tir d6 ta c6 thé chimg minh dé dang cac BDT

Vidu: Détx=a+b; y=b+c; ;=8
E— : a-b b-c c-a-
Ta co
2 2 2
a+b + b+c + c+a >3 ()
a-b b-c c-a
a*+b* b *+c? F+a® 5
>t >t > =5 (2
(a-b)" (b-¢) (c-a) 2
ab bc ca 2-1 3)

va (a- b)> +(b- ¢)? +(c- a)y 4

Cong (2) va (3) rdi bién ddi ta co:

a-bv -7 F-ad >2
(a-b)3 (b-c)3 (c-a)3 4

Véi mot s mbi quan hé nhu trén ta c6 nhidu bdt. Vi vy trong ¢/m can
str dung khéo 1éo quan hé do.

Phin II: BAT PANG THUC LUQNG GIAC TRONG TAM GIAC
I. Sw lién quan giira cic bat ding thirc trong tam gidc:

Trong qua trinh chimg minh cac BDT trong tam giac, bang cac phep bién
d6i twong duong ta c6 thé tim duoc mdi quan hé mat thiét tir nhiing bat dang
thirc c6 v€ hoan toan khac nhau.

abc

Vidul: XétBDT (p- a)p-b)p- <) = (1)

trong d6 @.b.¢ 1a d0 dai 3 canh 1 tam giac ; ?1a ntra chu vi.
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CM: Theo BDT Cauchy ta co

(p-a)(p-b)s(p"’;p'b)z

CZ

T4

(p-b+p-¢° _a°
4

b2

(p-b)p-co) =< 2

(p-c+p-a)
4 4

(p-o)p-a) =
Nhén tuong tmg theo vé cac s6 khong am ta dugc
[(p- aXp-b)p- Of S[%bc] suy ra dpcm.

Bay gio ta bién d6i (1) nhu sau :
M) = p(p- a)Xp- B p- c) Sp.“gﬁ

= §? S%abc = pr.% < abe

8
< R=2r (2)
(2) 1a BDT méi va hoan toan khac so voi (1)

CM (2) nhu sau: Ta c6

S :%absinC’ =2R’sin 4sin Bsin C = pr

5. . . +b+
= 2R sin Asin Bsin C =4 ¢

r

r 2sin Asin Bsin C 2sin Asin Bsin C . A . B .
= — = = =4sin —sin —sin —
R sinA+sinB+sinC 2 2 2

A
4cos—cos—cCcos—

= 1% =cosA+cosB +cosC-1 S%- 1 :%= R =2r(dpcm)

(cos A+cosB+cosC S% la BDT co ban)

Tiép tuc bién d6i theo hudng khac :
2

abe SE abc
8

)= §? <L ape & | 22€
8 4R

< % <a+b+c (3)
< 4sin Asin Bsin C <sin A +sin B +sinC (4)

(4) 1a mot BDT méi lién quan gifra cac goc. CM (4) nhu sau :

§inh ThpP Lu - Tréng THPT Chuy?2n
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. . . A B
(4)  sin Asin Bsin C <c0s—C0S—C0S—
2 2 2
. A. B.C
< 8sin —sin —sin— <1
2 2 2

< cosA+cosB+cosC S%

Suy ra dpcm.
Tiép tuc bién d6i (1) :
b+c 1
1 3 a+ >
D= @ e e R

1 1 1 _ 1 hh+hh +hh 1
S —Ft—F—2=2— >—
bc ca ab R? 4S* R’
2
o by +hh b, = (9

(5) 1a mot BDT méi lién quan dén cac dudng cao.
Ta bién d6i (1)
M) 1 8 2p >8(a+b+c)

- ap-bp-o abe . (p-aNp-bp-o) abe

o WA+ (p-b+(p-c) g
(p-a)p-Db)p-c)
] ] 1
= + +
(p-b)p-c) (p-c)p-a) (p-a)p-b)
rarb + r[)}z‘ + r:‘ra >8hﬁhb + hbhc + hchﬂ
s 8§ 5 48?
@ rn,+nr +rr, 22(hh, + hho+hh,)  (6)
1 1 1

-
ab bc ca

1 1 1
+

> — + —
ab bc ca

oW a*(p-b+(p-c) ¢
(p-a)p-b)p-c)
1 1 1
= B
(p-D)p-c) (p-c)p-a) (p-a)p-b)

(6) 1a BDT lién quan dén ban kinh duong tron bang tiép va duong cao.

>8

=

Tir cac bién d6i ta thay cac BDT sau 13 twong duong :

abc

(p-a)p-b)p-o) == (1)

§inh ThpP Lu - Tréng THPT Chuy?2n
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R>2r (2)

abc

? <a+b+c (3)

4sin Asin Bsin C <sin 4 +sin B +sin C (4)
48?

hahb + hbhc + hcha = R2 (5)

ra rb + rbrc + rz‘ra Zz(ha hb + hb hc + h(fha) (6)

Tur (5) va (6) suy ra
2
AR N 22 (7)

Tom lai, gitta cac BDT tam giac trong rat khac nhau nhung lai 6 mot mdi
quan hé tuong duong hodc hé qua.
Pé dé nhg va CM cac BDT ta thuong di tir mot hé thire hodc mét BDT
quen thudc roi bién doéi vé cac BDT mai, tir do suy ra cach CM BDT do6 khi gap.
Vidu2: Tacé 2 hé thirc trong tam giac

{lg,r v e FF v 22 ——rer A s FFrer 1>

A e L vt Lt € v rr S s L — «=>
S =S = 5= == = =

7=z

Tir (1) ta c6 thé suy ra cac BDT
1g4 +1gB +12C =333 (3)

tgAtgBtgC = 33 (4)

(4) = tgAtgB +1gBigC +1gCigA >33/tg’ Atg’ Big’C =9 (5)
(5)= tg”A+1tg’ B +1g’C =1gAtgB + tgBtgC + tgCtgAd =9 (6)

Viy tir (1) co duge (3),(4),(5),(6).
Xuat phat tir (2) ta co:
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[t £+t E+zf < 2 >3[r ét £+t Et £+t Et 4 =3
EHTEGTES ] SIS EGTIEGE S TIESIES

4 B C
=g g +tg— =3 (7
g g g V3

,A B L,C 1| A4 B c)
= tg” —+tg” —+tg —=—|tg—+tg—+tg—| =1 (8
(7) g2 g2 g2 3[g2 g5 g2] (8)

e, B;Ci[m R e
€| S|y Ty TIEYE S
1

= tg?fg?tg%ﬂ 9

&

3
\ \ A B C
Tt (3) va (9)= 1gd +1gB +1gC 227tg3tg5zg5 (10)

Tém lai tir mot sd hé thic ta co thé théy trong no an chira nhiéu BDT can
duoc khai thac.
I1. Nhirng phwong phap chirng minh chon lgc cac BDT tam giac.

Viéc lya chon phuong phap dé chimg minh cic BDT co ban quen thudc
trong tam giac giup rut ngan thoi gian lam bai.
Vidul: CMBDT:sindssinbssinC =22 (1)

Giai : (1) duoc CM theo nhiéu phuong phép, sau ddy 1a phuong phap ngan gon:

Ta co
sin A +sin B +sinC ZZCOS% cos— B+sin— S% ﬁcos— 1+sin —
<T [\/_cos£+l+smg %r :% %+cos %-% S% %+1 zg
Vidu?2: CM BPBT cosAd+cosB+cosC S% (2)
(2) dugc CM don gian nhu sau :
cos A +cos B +cosC :2cosA;BcosA_ B 11- 2sin2§ =
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. C A-B . C
2sIin—| cos -sin— | +1
2 2
2
SZsinE 1- Sin% +1sl sin%+1- sing +1:%

Vidu3: CM BDT sin 4sin BsinC s% 3)

(3) dugc cm dé dang tir (1), nhung ta cling ¢6 thé cm (3) nhu sau

sin Asin Bsin C zl(cos(A— B) +cosC)sin C Sl(1+cosC) sin C NE)
2 2 \E
ﬁll 1+COSC+SIHC ,\/g :£ 1+2COS[C—E £3\/§
2 4 V3 8 3 8

Vidu4: CM BPT cosAcosBcosC Sé 4)

Ta co

cos - cosC

cos Acos BcosC :% cosC s%(l— cosC)cosC

11

<

2°4

oo~ N

(1- cosC +cosC)* =

A B Cc 3
1 . sin — + sin — +sin — <—
Vidu5: CM 5 5 5 =5

A+B A- B

. A . B . C . . ,A+B
5 sin — +sin — +sin — =2sin cos +1- 2sin” ——
Taco sin 2 2 4 4

2

<2sin At o1 2sin AP B ol ATB ) L33
4 4 2] 252
C. KET LUAN

Trén day 1a mot s6 kinh nghiém dtc rat trong qua trinh giang day hon 30
nam qua, dic biét 14 trong qua trinh boi dudng hoc sinh gioéi. Tir nhitng van dé
trinh bay trén day c6 thé rat ra két luan rang: viéc nghién ctru giai cac bai toan
vé bit dang thirc ddi v6i hoc sinh phai 1a mot qué trinh thuong xuyén va dic biét
1a phai dugc nghién ctru chu dao ngay tir nhimg kién thirc co ban & 16p 10.
Trong d6 phuong phap chimg minh BDT theo sudt chuong trinh tir 16p 10 va
dugc hoan thién ¢ 16p 12 1a tim cuc tri va GTLN, GTNN cua ham s6. BDT
luong giac trong tam giac la mot sy van dung cia BDT va cac h¢ thic lugng
trong tam gidc nhung lai 4n chtra nhitng phép bién d6i rat tinh vi ma it ngudi c6
thé thay dugc.
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Mac du co thé con nhiéu han ché nhung t6i hy vong rang dé tai nay s&
dong gop rat tot cho cac ban dong nghiép va hoc sinh c6 thé tim hiéu sau sic
hon vé bat dang thirc nham néng cao hiéu qua trong giang day va hoc tap. Toi
rat mong nhan dugc ¥ kién dong gop cua doc gia.
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