CHU PE 3: GIA TRI LON NHAT VA NHO NHAT
1. Dinh nghia
Cho ham sb xac dinh trén D

= S6 M duoc goi la gid tri 16n nhat (GTLN) ctiia ham sb ¥ =f(x) trén D néu

x) <M;VxeD
{f( : , ta ki higu M =max f(x)

I, €D: f(x,) =M
Chii y: Néu f(x) SM;VYx€D thi ta chua thé suy ra M =max f(x)
= S6 m duoc goi 1a gia tri nhé nhat (GTNN) ctia ham sé ¥ =f(x) trén D néu

x)=M;VxeD .
{f( : , ta ki higu M =min f(x)

3x(} eD:f(x()) :M
Chit y: Néu f(x) 2M; ¥x€ D thi ta chua thé suy ra M =min f(x)

2. Cac phwong phap tim GTLN, GTNN ciia ham s

Phwong phap chung:




Pé tim GTLN, GTNN cta ham s6 » =f(x) trén D, ta tinh y’, tim cac diém ma tai d6 dao ham triét tiéu
hodc khong ton tai va 1ap bang bién thién. Tir bang bién thién ta suy ta GTLN, GTNN ciia ham s6.

s Chu y:

= Néuhamsé y =f(x) ludn ting hodc giam trén [a;b].

Thi ta c6 Max f(x) ={ £(@): f(B)] va min £ (x) =[ f(a): /(D)

= Néu ham sé y =f(x) lién tuc trén [a;b] thi luén c6 GTLN, GTNN trén doan d6 va dé tim GTLN,
GTNN ta lam nhu sau:

- Tinh y’ va tim cac diém X,,%,,...,X, ma tai d6 y’ triét tiéu hoic khong ton tai.

- Tinh céc gia tri f(x), f(x,), f(x;),.... f(x,). Khi d6

4y max () = £(0): S ():ef (3,):f @)/ (D)

4y min £ () =[£GS ()i f (3,): 1 (@) 1 (B)

= Néu ham s6 ¥ =f(x) tuan hoan trén chu ky 7' dé tim GTLN, GTNN ctia nd trén D ta chi can tim
GTLN, GTNN trén mot doan thudc D c6 do dai bang 7.

= Cho ham s6 ¥ =/(x) xac dinh trén D. Khi dit an phu ¢ =u(x), ta tim duoc t€EE véi Vx€ D, ta c6
y =g(t) thi Max, Min cia ham f trén D chinh 1a Max, Min cia ham g trén E.

= Khi bai toan yéu cau tim gid tri 16n nhat, gia tri nho nhat ma khong ndi trén tap nao thi ta hiéu 13 im
GTLN, GTNN trén tap xac dinh ctia ham sd.

= Ngoai phuong phéap khao sat dé tim Max, Min ta c6 thé dung phuong phap mién gia tri hodc bat déng
thirc dé tim Max, Min

% Ta cdn phén biét hai khdi niém co bin

- Gid tri 16n nhit ctia ham s ¥ =/ (x) trén D véi cuc dai cia ham sb.

- Gi4 tri nho nhit ctia ham s& ¥ =f(x) trén D véi cuc tiéu ctia ham sd.

3. Tim tp gia tri ciia ham s

Phwong phap chung:

Vigce tim tap gia tri cia ham s6 chinh 1a viéc di tim gia tri nho nhét, ki hiéu 1a m va gia tri lon nhéat, ki hiéu
1a M. Khi 0, tap gia tri ciia ham sé 1a T =[m; M ].
4. Phwong phéap tim GTLN, GTNN ciia ham s6 hai bién (bai toan cuec trj)
+ Cdc bai toan hai bién (yéu cau: tim GTLN, GTNN hodc tim tdp gid tri).
= Su dung phuong phap thé y =h(x) tir gia thiét vao biéu thirc P can tim cyc tri, khi @6 P =1 (x) voi
x€[a;b] = dua vé tim GTLN, GTNN cua bai toan mot bién.
= Sir dung cac bat dang thirc co ban (c6 thé ding dé giai quyét cac bai toan mot bién)
= Bit dang thire AM — GM cho hai sé thuc khong 4m
a+b>2\ab = 4ab <(a+b)* = (a- b)’ =0



= Bit ddng thirc Bunhiacopxki cho céc s6 thuc a, b, ¢, d

. b
(ax+by) <(a® +b7)(x* +37). Dhu “=" xay ra khi % :;

& Mot s6 bo dé co ban diing trong cdc bai todn hai bién

<(x+y)2 <(X2 +y2)

3
N 2 2 2

4 2
(x + ) x2 + 12 3
x3+y32 y ( y )Z(x+y) > w(x+)
2 4
P . 1 4
» Bat dang thirc Cauchy — Schwarz dang phan s6 —+— =
X y x+y

DANG 1: TIM GIA TRI NHO NHAT - GIA TRI LON NHAT CUA HAM SO

Vi du 1: Gia tri nho nhat ctia ham s y =x’ - 3x+5 trén doan [0;2] 12
A.0. B. 3. C.5. D.7.
Loi gidi

Pap an: Chon B
Xétham sé f(x) =x* - 3x+5 trén [0;2], c6 f'(x) =3x*- 3
0<x<2

Phuong trinh f'(x) =0 < {3x2 310 o x =1

Tinh /(0) =5; /(1) =3; £(2) =7. vay minf(x) =/ (1) =3,

Vi du 2: Gia tri 16n nhat ciia ham sé f(x) =x* - 2x* +1 trén doan [0;2] 1a

A. 64. B. 1. C.0. D. 9.

Loi gidi
Pap an: Chon D
Xétham sd f(x) =x* - 2x* +1 trén [0;2], cO f'(x) =4x° - 4x
0=<x=x2

(=4
4x° - 4x =0

x =0

x =1

Phuong trinh f'(x) =0 < {

Tinh /(0) =1; /(1) =0; £(2) =9. Vay max f(x) =/(2) =9.

2
X

Vi du 3: Gi4 tri nho nhét ciia ham s6 f(x) = +13 trén doan [2;4] 1a

A.7. B. 6. C. — D. %

Pap an: Chon B

Cén nh¢ cong thirc dao ham:




u ' _u'v-uy'
V2
z x*+3 x* - 2x-3

Cach 1: Xétham so f(x) = trén [2;4], c6 f'(x) =——F—

x-1 (x-1)

2<x<4
Phuong trinh f'(x) =0 | | o x =3

x"-2x-3=0

Tinh f(2) =7; f(3) =6; f(4) :?. Vay rg{g S(x)=1@3)=6

Cach 2: St dung cong cu TABLE (MODE 7)
Buwéc 1: BAm t6 hop phim MODE 7

X2
Buéc 2: Nhap f(X) =2 *>
X-1
Star =2
Sau d6 4n phim = (néu c¢6 g(X) thi 4n tiép phim =) sau d6 nhap | End =4
Step =0.2
End - Start
(Chi y: Thudng ta chon Step :%)
Buée 3: Tra bang nhan dugc va tim GTNN:
O] Math u Frg) Math
i F i) b k
al 2.2|p.5333 5| 5'§|s.n2ze
3l 2.ul6. 257l 5 A 5
. @ - @ Math |
| b Fi b F(R)
1 el s/l
A ) 2 )
3.5

Dua vao bang gid tri ¢ trén, ta thdy r[r2114r]1 f(x) =/f(3) =6.

) ) L Lo . . -1
Vi du 4: Goi M, m 1an luot 1a gia tri 16n nhat, gia tri nho nhat ciia ham s6 () =x—3 trén doan [0;2].
x -

Gia tri cia 3M + m bang
A. 0. B. - 4. C.-2. D. 1.

Loi gidi
Pap an: Chon C

3x-1 v 8
x_3tren[0;2] c6 /(%) —'()6_73)2<

min /(x) =/(2) =- 5

Xét ham sé f(x) =

Suy ra f(x) 1a ham s nghich bién trén (0;2) = 1
max f(x) =/(0) =3




Vay M :§=> 3M =3;m =-5—- 3M +m =-2

Vi du 5: Gié trj 16n nhat cia him s6 y =3x- 2x- x* 1a
Al B.2. C.3. D. 4.

Loi gidgi
Pap an: Chon B

Cén nh¢ cong thirc dao ham:

() =

Diéu kién xac dinh: 3- 2x- x> >0 o -3 <x <1
-2-2x x+1 )
2\/3-2x- x’ \/3-2x- x2’

Xét ham s& £(x) =v/3- 2x- x> trén [-3;1],¢6 S '(X) =

- h £ () =0 -3<x<l1 1
i '(x) =0 o x =-
uong trin c+1=0

Tinh f(-3) =0; /(- 1) =2; /(1) =0. vay max f(x) =/ (- 1) =2.

Vidu 6: Goi M vam lan luot 1a gia tri 16n nhét va gia tri nho nhét cta ham sb y =xy/1- x*. Gia tri cua

M — 2m bang

A. 0. B. -

N | =

Loi giai
Pap an: Chgn D
Diéu kién xac dinh:  1- x> >0 e -1 <x <I
X 1-2x
1- x* _\/1- x’

Xétham 8 f() =xfi- o wén [-131),e6 /() =VI-x7 -
= 1<x<1 2 2
Phuong trinh f'(x) =0 < { o x ={ \/_\/_}

1- 2x% =0 272

NI V2| 1
z -1 = 1:0’ -— == - | ==
Tinh f(-1) =/(1) =0; f 5 2 S > >
m =min f(x) =1
vay | 12 M- 2m ==~ 2.[- %] :%
M = =—
e/ =

Vi du 7: Goi M va m lan luot 14 gia tri 16n nhét va gia tri nho nhét cia ham s§ y =+/1- x +y/1+x . Gia trj

cia M - 2m”* bang




Pap an: Chon A

X I- x>0
bicu kién xac dinh: o -1=<x<l
x+1=0

1

) 1
Xét ham sb =J1- x ++/ én [-1;1], co f'(x) =- * ?
éthamsd f(x) =v1- x ++/1+x trén[-1;1], c6 f'(x) 2J1- x  21+x

-l<x<l

Phuong trinh  f'(x) =0 < {\/ﬁ _ i  x=0.Tinh f(- 1) =f(1) =v/2; £(0) =2

m =min f(x) =2
Vay - 1] - M-2m*>=2-22=-2
7 |M =max f(x) =2
[-1:1]

Vi du 8: Gia tri 16n nhét ciia ham s& y =/x- 1 ++/3- x- 2v-x* +4x- 3 1a

A. 0. B. -/2. C. 2. D.

A|©O

Loi gidi
Pap an: Chgon C
x-1=>0

Diéu kién xac dinh: o 1=<x=3
3-x2=0

1 1

Pt t =Jx- 1+3- x, taco 1'= - (' =0 x =2
a X + X, ta co 2\/; m

Tinh #(1) =¢(3) =v/2;¢(2) =2 — — /2 <t <2

Khidd ¢ =2+2/(x- 1)(3- x) =2+2V-x"+4x-3 o 2/-x" +4x-3 =1 -2
Dodd y=f(t) =t- (t*-2)=-t>+t+2

Xét f(0) =1 +1+2 trén [V2:2] = = max () =V2. vy maxy =\2

. . 9 1
Vi du 9: Gi4 tri nho nhét ciia ham s6 y =2c¢0s’ x- —cos” x +3cos x * la
A.-9 B.1 C 'i D l
.—9. . - =
Loi giai

Dap an: Chon B

bat ¢ =cosx €[ - 1;1], khido y =f(t) =21 - %tz +3t+%

. 9 1
Xét ham sb f(¢) =2t - 5% +3r+5 trén [-1;1], c6 f'(¢) =8> - 9t +3 >0, V¢




Suy ra f(f) 1a ham s6 dong bién trén (-LD= r[nlllr]l SO =7-1=1

Vi du 10: Gia tri 16n nhat cia ham s6 y =sin’ x +cos2x +sinx+3 1a

A. 0. B. 5. C.4. D. E
27

Loi gidi
Pap an: Chon D

Céan nhd cong thic luong giac:

cos2x =1- 2sin’ x

Tacd y =sin’ x +1- 2sin’ x +sinx +3 =sin’ x - 2sin” x +sinx +4
DPat ¢t =sinx€[- L;1], khidé y =f(¢) =t - 2t* +t+4

Xétham sé f(¢) =t - 2t +t+4 trén [-1;1], cO ['(¢) =317 - 4t +1;

) L 0 =0 -1<t <l t=l1
P tri () =0 = nd
wong trin 32 are1 =0 |1=L
3
1 112 112
Tinh /(- 1) =0; /| = | === /(1) =4. Vay y,. ===
inh f(-1) f[3J 77 S VAy Vi 7

Vi du 11: Tim gia tri 16n nhat M cta ham sé f(x) =]- x* - 4x +5| trén doan [-6;6]

A. 110. B.9. C.55. D.7.

Loi gidi
Pap an: Chgon C
Xét ham s6 g(x) =- x” - 4x+5 lién tuc trén doan [-6;6]

Dao ham g'(x) =-2x- 4 - g'(x) =0 = x =-2€[- 6;6]

Laico g(x) =0 -x’- 4x+5=0= x =1€[- 6:6]
x=-5€[- 6;6]
g(-6)=-7
ioh 5027 ot 6l (e Y-l (61D lo(e 51 =
Tinh |06 mss M/ =max{lsC 6l Df{eO)f|gM]:|s(- 9] =55
g(1) =g(-5) =0

Nhén xét: bai nay rat dé sai 1am vi khong dé y ham tri tuyét d6i khong am.

Vi du 12: Tim gia tri 16n nhat M ciia ham sb f(x) :]x2 - 3x+ 2\ - X trén doan [-4;4]

A. 2. B. 17. C. 34. D. 68.

Loi gidi
Pap an: Chgon C

Ham sé f(x) xac dinh va lién tuc trén doan [-4;4]




= Néu x€[1;2] thi x*- 3x+2 <0 nénsuyra f(x) =-x" +2x- 2

Pao ham f'(x) =-2x+2— f'(x) =0 = x =1€[1;2]. Tacé {f(l) .
| f(2)=-2
= Néu x€[- 41]U[2;4] thi x*- 3x+2 >0 nénsuyra f(x) =x"- 4x+2
f(-4)=34
Pao ham /(x) =2x- 4 /(x) =0 © x =2€[~ 41 U[24]. Taco ")
| £2)=-2
f(4)=2

So sanh hai truong hop, ta duge M3X f(x)=f(-4) =34.

Vi du 13: Cho ham sé ¥ =f(x) c6 d6 thi trén doan [-2;4] nhu hinh v&. Tim gia tri 16n nhat M cta ham s

y :’f(x)| trén doan [-2;4]?

A.2. B. 3. C. 1. D. |/(0).

Pap an: Chon B

Tir db thi ham sb ¥ =/(x) trén doan [-2;4] -
. . 3
Ta suy ra d6 thi ham so |/ (x)| trén [-2;4]nhuehinhve. /N
Do @6 Max|/(¥)] =3 t4i x =-1 AN A n
-3 -1 o 2 g
:i-: %
N |

1
Vidu 14: Cho (P):y =x" va 4 -2;5

. Goi M 1a diém bat ki thudc (P). Khoang cach MA bé nhat 1a

A. C.—. D. —.

2 2

25 & 5
5

NI

Loi gidgi
Pap an: Chon D




good
Vi M thudc parabol (P) = M (m;m*)= AM =

m+2;m’ - l}
2

17

2
Suy ra MA® =|W|2 =(m+2) +|m- %] =m* +4m +?

, 17
Xét ham sé f(m) =m* +4m+7, c6 f'(m) =4m’ +4; f'(m) =0 & m =-1

. 17 5 5 45
Do do6 —f(-1)=1-4+L =" pmy =2 =2
min f(m) =f(- 1) 1 g M =775

Vi du 15: Cho hai ham s y =f(x),y =g(x) lién tuc va c6 dao ham trén doan [-1;1] théa min
f(x)>0,g(x)>0,Yx€[- ;1] va f'(x) =g'(x) =0, Vx€[- ;1]. Goi m la gi4 tri nho nhét trén doan [-1;1]
ctia ham s A(x) =2 f(x).g(x)- g”(x). Ménh dé nao dudi diy dung?

_h(-1)+h(1)

A. m =h(- 1). B. m =h(0). C.m D. m =h(l).

Loi gidi
Pap an: Chon A

Taco h'(x) =2.[ 1 (x).g(x) + f(x).g (x)]- 2¢'(x).g(x); Vx€[- L1]

Suy ra h(x) =2.g(x).[ £(x)- g'(x)]+2/(x).g'(x) 20 vi f'(x)- g'(x) =0
Do d6 h(x) 1a ham sb ddng bién trén [-1;1] = MinA(x) =A(- D).

DANG 2: BAI TOAN CHUA THAM SO

Vi du 1: Tim gia tri thuc cua tham s6 m dé ham sb f(x) =-x"+4x- m c6 gia tri 16n nhat trén doan [-1;3]
bang 10.
A. m =3. B. m =-6. C. m=-17. D. m =-8.

Loi gidi
Dap an: Chon B
Xét ham sb f(x) =- x> +4x- m trén [-1;3], c6 f'(x) =-2x+4

-1<x<3

o x =2
-2x+4 =0

Phuong trinh f'(x) =0 < {

Tinh f(-1)=-5-m; f(2) =4- m; f(3) =3- m

Suy ra r[r_lg)]cf(x) =f(2)=4-m=10=> m =-6

Vi du 2: Tim gia tri thuc ctia tham sb ¢ dé ham sé f(x) =- x* - 3x” +a ¢6 gia tri nho nhét trén doan [-1;1]
bang 0.
A. a =2. B. a =6. C. a =0. D. a =4.

Loi gidi
Pap an: Chon D




Xétham sé f(x) =- x*- 3x* +a trén [-1;1], 6 f'(x) =-3x" - 6x

-1 <x<l1
Phuong trinh /'(x) =0 < -3x2- 6x =0 = x=0

Tinh f(-1) =-2+a; f(0) =a; f(1) =-4 +a

Suy ra I[nlllr]lf(x) =f()=-4+a=0= a =4.

Vi du 3: Cho ham s6 y=-x*+mx*- (m* +m+1)x. Goi S la tap hop cac gia tri thuc cia tham s6 m sao cho
gi4 tri nho nhét ctia ham sd trén doan [-1;1] bang — 6. Tinh tong cac phan tir cua S.

A. 0. B. 4. C.—4. D. 2./2.

Loi gidi
Pap an: Chon A
Tacod f'(x) =-3x>+2mx-m’ - m- I;¥x€R. Ma A'=-2m*- 3m- 3<0;VmeR

Suyra »'<0; Vx€[- ;1]. Do d6 ham s§ f(x) nghich bién trén - L1 = r[nlllr]ly =y(1) =-6

m =2
Laico y()=-2-m’ > -2-m’ =6 m’ =4 < It vay Y m =0.

Vi du 4: Biét ham s6 y =Ge+m)’ +(x+n)’ - x* v6i m, n 1a tham sé ddng bién trén khoang (- o;+0) . Gia
tri nho nhat cua biéu thic P =4(m” +n’)- m- n bang

A.4. B C.-16. D. - —.

1
T4 16

Loi giai
Pap an: Chon D
Tacé y' =3(x+m)> +3(x+n)* - 3x° 23[x2 +2(m+n)x+m’ +n2]
Ham s6 da cho ddng biéntrén R & y'20; VxER & A'=(m+n)’ - m* - n* <0 e mn <0

Lai c6 P =4(n? +?)- (m+n) =4(m+n)’ - 8m- (m+n) =4(m+n)’ - (m+n)

=4(m +n)’ - ,'Z.Z(r.rft+n).l +L- 1 =l2(m+n)- ll L >- i:' P, =- 1
4 16 16 4 16 16 16

2
X -

, \ A m I \ A N AR Ao 2 1. IR T
Vidu 5: Cho ham s6 f(x) = 2 v6i m 1a tham so6 thuc. Tim gid tri 16n nhat cia m dé ham so c6 gia tri
x+

nho nhét trén doan [0;3] bang — 2.
A. m=-4. B. m =5. C. m =4. D. m =1.

Loi gidi
bap an: Chon C
x-m’ 8+m’

Xét ham s6 f(x) = 3 trén [0;3], c6 f'(x) :(x+—8)2>0; Vx€[0;3]




2
Suy ra f(x) 1a ham sb dong bién trén (0;3) — r[101131]1 f(x) =£(0) =- %

2
m

Theo bai ta, ta co %g?f(x) =2 - 3 =-2om =16=> M. =4

+ 16
Vi du 6: Cho ham sé —% (v6i m 1a tham sé thyuc) thoa man m1n y+ 1’{1125( y _? Ménh dé nao dudi
X

day la ding?
A. 0<m <2. B. 2 <m <4. C. m <0. D. m>4.

Loi gidi
Pap an: Chon D

1-m
én [1: 5 [(x) =—; Vx€[L;2
trén [1;2], c6 S (%) Gy [1,2]

Do do mmy+rf11a2xy =f(H+f(2)= 1+2m+2;m :?: m =5

Y1 £ x+m
Xéthamso y =
x+1

Vi du 7: Cho ham s f(x) T’Z (v6i m 1a tham s thuc). C6 bao nhiéu gia tri nguyén m thudc doan
x

[-10;10] théa man Maxy =2miny o

A. 5. B. 11. C. 16. D. 6.

Loi giai
bap an: Chon B

Xétham s f(x) =

o ™ irén [0:1]. Co f'(x) = 2)2;Vx€[0;1]

(x+
» THI1.Véi m>-2 suyra f'(x) >0= f(x) 1a ham s6 dong bién trén (0;1)

Do d6 max £(x) =f() =" smin f () =/(0) =- 2

1-m

3

Theo bai ra, ta co

|3

1
@1-m2-3m©m2-5

Két hop voi m€[-10;10] va me Z= ¢o 11 gia tri nguyén m

» TH2.Véi m<-2 suyra f'(x)<0= f(x) 1a ham s6 nghich bién trén (0;1)
) _ _m__. _ 1-m
Do d6 max f(x) =/(0) == —;min f(x) =f (1) =—=

.. . m 1-m
Theo bai ra, ta c6 - — =2.

2

]©-3m24-4m@m24 (vo 1y)

Viy c6 tit ca 11 gia tri nguyén m thoa min yéu cau.

2 2

. . - n A TR A, o 1 £ X-m=-2
Vi du 8: C6 bao nhi€u gid tri ciia tham s6 m dé€ gid tri 1on nhat cia ham s6 y =——— trén doan [0;4]
X-m




bang — 1.
A. 3. B. 2. C. 1. D. 0.

Loi gidi
Pap an: Chon C
Le-m)-1.(-m*-2) _m’-m+2

Tacd f'(x)= P— = - > 0; Vx #m

m>4 Lo .
Vi x =m&[0;4] < lm <o B dugce f(x) 1a ham so dong bién trén (0;4)

- m? 2-m’ m =2
2-m . Theo bai ra, ta co " — e
4-m -m m=-3

Suy ra max /(x) =/ (4) =

. . m >4 ;
Két hop diéu kién: w0 " 3 la gia tri can tim.
m

Vi dy 9: Cho ham s y =ax’ +cx+d,a #0 c6 M /() =f(-2) Gia trj 16n nhit cua ham s6 y =/ (x)

trén doan [1;3] béng
A. 8a+d. B. d - 16a. C.d-1la. D. 2a+d.

Loi gidi
Pap an: Chon B
Ta cod (I:Illl(;l)f(x) :f(' 2) - — llm f(x) =+00=> g <0
Lai c6 f'(x) =3ax’ +¢ ma (r_rlojf)l)f(x) =f(-2)= f'(-2) =0 12a+c =0
Do d6 f(x) =ax’ +cx+d =ax’ - 12ax+d

Xétham sé f(x) =ax’ - 12ax+d trén [1;3], c6 f'(x) =3ax’ - 12a;

x =2

1<x<3 1 <x<3
Phuong trinh f'(x) =0 <

= =
3ax* - 12a =0 x*-4=0

Tinh /(1) =d - 11a; /(2) =d - 16a; f(3) =d - 9a. Vay Max S(x)=d - 16a.

Vi du 10: Cho ham sé f(x) =ax* +bx* +c,a #0 c6 g}}g)f(x) =/(-1. Gi4 tri nho nhét cia ham sé

1 .
y =f(x) trén 3;2 bang

A. 8a +c. B.c- —. C.c+—. D. c- a.
16 16

Pap an: Chon D

Tace min /(x) =/(-1) = = lim f(x) =+ = a>0




Laicod f'(x) =4ax’ +2bx ma f_nmi,%f(x) =fGD=f(1)=0=b=-2a
Do d6 f(x) =ax* +bx* +¢ =ax* - 2ax* +¢

2

Xétham sé f(x) =ax® - 2ax” +c trén cod f'(x) =4ax’ - 4ax

l <x =<2 l <x =<2
Phuong trinh f'(x) =0 < 12 o 12 o x =1

4ax’ - 4ax =0 x(x*-1)=0

Tinh f[;]—c-—f(l) =c- a;f(2) =8a +2. Vay f[nllllf(x) =f() =c-a.

Vi du 11: Héi tdp hop nao dudi day chira tat ca cac gia tri thuc cia tham sd m dé gia tri 16n nhat cua ham
sO ¥ :’x“ - 2x° +m’ trén doan [0;2] bang 5?

A. (F03-5)U(0;+0).  B. (- 5;-2). C. (-4-DU(S+0). D, (-4-3).

Loi giai
Dap an: Chon B

) x
Xétham s6 f(x) =x* - 2x* +m trén [0;2], c6 f'(x) =4x" - 4x; f(x) =0 & [

}

max :[
suy ra THa. y

, m-1| =5
= THI1. Néu maxy=|m-1|——> o m=-4
[1:2) |m = 1| =|m +8|
. ‘m +8| =5
= TH2.Néu max y =|m+8| - — m=-3
[1:2] ‘m +8| Z|m - 1|

Vay c6 2 gia tri m can tim va thudc khoang (- 5;-2).

Vi du 12: Cho ham s6 f(x) =‘2x3 - 3x* +m‘ . C6 bao nhiéu gia tri nguyén cua tham sé thuc m dé
i /953

A. 4. B. 8. C. 13. D. 39.

Loi gidi
Pap an: Chgon C
x =0

Xét ham s6 g(x) =2x° - 3x* +m trén [-1;3], co g'(x) =6x° - 6x;g'(x) =0

|

= THI. Neumlnf(X)—lm 5| |m-5|<3e -3<m-5<3e2<m=<8

[- 1:3]

| fED = ; £(0) =|m| o B
Tinh . Khi d6 min f(x) —[
S@) =m-1; f(3) :‘m +27| [-1:3]




Kéthop m€Z— — m 2{2;3;4;-~-;8} . Thirlai = ¢6 6 gia tri nguyén 4m m can tim.

m- IP'

m J
= -30 <m <-24

b b

m+27| <[ |m- 5
‘m+27‘ <3

= TH2. Néu r[pli;]lf(x) =[m+27| <

Két hop - suy ra ¢6 7 gia tri nguyén m can tim.

Vay c6 tat ca 13 gia tri nguyén m théa méin yéu cau bai toan.

Vi du 13: Cho ham s6 ¥ =|x° - 3x” +m| (vé&im 1a tham sé thuc). Héi M3X Y ¢4 gid tri nho nhét 142
. [1;2] g

A. 2. B. 4. C.1. D. 3.

Loi gidi
Pap an: Chon A

. x =
Xétham sé f(x) =x* - 3x* +m trén [1;2], c6 f'(x) =3x7 - 6x; f'(x) =0 & [ B

-

Tinh |/ (0)] = /@] =|m- 4| suy ra maxy ={|m;

f) =pm-2

= THI. Néu maxy =|m| = — |m[ 2|m- 4| = m 22 = — |m| =2

Dau bang xay ra khi va chi khi m =2

= TH2. Néu rﬁi‘?{y:‘m' 4‘——>‘m- 4‘ S‘m‘ﬁ m<2——-m-4<-2& ‘m- 4‘ >2

Diu bang xay ra khi va chi khi m =2 . Vay haxY ¢6 gia tri nhé nhit I3 2.

Vi du 14: C6 bao nhiéu s6 thuc m dé ham sé ¥ 2‘3964 - 4x7 - 12x° +m‘ c6 gid tri 16n nhét trén [-3;2] bang

150?
A. 2. B. 0. C.6. D. 4.

Loi gidi
Pap an: Chon A
Xét ham sé g(x) =3x* - 4x° - 12x° +m trén [-3;2] ¢6 g'(x) =12x° - 12x7 - 24x

Ph h ( ) 0 -3<x<2 x=-1
t v 1 x) =0 PN
tong trint & 12x° - 12x* - 24x =0  |x =0
S =|m-5[; £(0) =m
Tinh | ’ | . Khi d6 max f(x) Z“m - 32[;|lm +243H
f(-3) =|[m+243; £(2) =|m- 32| [-32]

|m - 32| <|m +243|
=

m=-93
|m +243| =150

= THI1. Néu I{;l;lﬁf(x) =|m +243| = {
|m - 32| =|m +243|

o m=-118
|m - 32 =150

= TH2.Néu Igl&)%f(x) =|m- 32| o {

Viy c6 tit ca 2 gia tri m thoa man bai toan.




Vi dy 15: Cho ham s6 f(x) =|x" - 4x* +4x* +4|. Goi M, m 14n luot 1a gid tri 16n nhit va gié tri nho nhit

ctia ham s trén doan [0;2]. C6 bao nhiéu sé nguyén a €[ - 3;3] sao cho M <2m

A. 6. B. 5. C.7. D. 3.

Loi gidi
bap an: Chon B

Xét ham s6 u(x) =x* - 4x° +4x* trén [0;2], c6 u'(x) =4x" - 12x” +8x

Phuong trinh #'(x) =0 < x{ 0;1;2} . Khi @6 u(0) =u(2) =a;u(l) =a+1

b 2

a+1|}

Suy ra max S (x) :“a a "‘1” va r[r()1121]1 S (x) =[|a

[0:2]

min f(x) =0 M =1
» THI1. Véi a =0, ta thay {

[0:2]
= khong TMBK
11[(1)32?( f(x) =1 m =0 (khong )

min f(x) =|a|
= TH2.V&i a>0, taco | ma M <2m= |a+1|<2ld| = a =1
max f(x) =|a +1]

Két hop voi didu kién ¢ €[-3;3] va a€Z— — [1;2;3)

r[rglzr]l f(x) :|a + 1|

= TH3.V6i a<0,taco ma M <2m= |a| <2]a+1| e a=-2

max /() =ld

Két hop a€[-3;3] va a€Z— — {-3;-2]

Vay c6 5 gia tri nguyén cia a.

Vi du 16*: Cho ham s6 f(x) =’x3 +ax’ +bx + C‘ . Goi M 14 gia tri 10n nhét cta ham s6 trén doan [-1;3]. Khi

M dat gia tri nho nhét, tinh gia tri cla biéu thic ab +bc +ca

A.-6. B. 0. C.-12. D.-18.

Loi gidi
Pap an: Chon A

-1
bat ¢ ZXTE[- L;1]= t =cosx= x =2cosx+1

Khi d6 f(x) :‘(.’lcosxﬂ)3 +a.(2cosx+1)* +b.(2cosx +1) +c‘
=[8cos® x + (12 +4a).cos” x + (6 +4a +2b).cosx +a+h+c +]|

a+b+c+1

Suy ra S(x 4cos’ x+ (6 +2a).cos’ x+(3+2a +b).cosx +

§|4cos3 x- 3cosx‘ =]cos 3x| <1

)
2




6+2a =0 a=-3
Dau bang xay ra khi va chi khi {3+2a+b=-3 & b =0

a+b+c+1=0 c =2

DANG 3: BAI TOAN THU'C TE UNG DUNG MIN — MAX

Vi du 1: Nguoi ta ti€ém mdt loai thudc vao mach mau & canh tay phai cia mot bénh nhan. Sau thoi gian la ¢

gid, néng do thudc hdp thu trong méau cta bénh nhidn d6 dugc xac dinh theo cong thirc

C(1) 2?2’ igi (0 <t <24). Héi sau bao nhiéu gio thi ndng do thudc hip thu trong mau ciia bénh nhan do 1a
cao nht?
A. 24 gio. B. 4 gio. C. 2 gio:. D. 1 gio.
Loi gidi
Pap an: Chon C
0,28¢

Yéu ciu bai toan: Tim gia tri cua 1 €(0;24) dé C(¢) :t2 w2 dat gia tri 16n nhat

. 0,28¢
Xét ham so C(7) =22 trén (0;24),¢6 C'(¢) =

0,28(¢> +4)- 0,28¢.2t _-0,28 +1,12
(" +4) (£* +4)

0<t<24

0,287 +1,12 =0 | 2 Tinh €(2)=0.07

Phuong trinh C'(¢) =0 <

Suy ra Max (1) =C(2) =0,07. yay sau 2 gi¢r thi ndng d6 hip thu 1a cao nhat.

(0;24)

Vi du 2: Nguoi ta gioi thi€u mot loai thuoc kich thich su sinh san ciia mot loai vi khuan. Sau it phut, s6 vi
khuan dugc xac dinh theo cong thire N () =1000 +30¢* - £* (0 <t <30) . Hoi sau bao nhiéu phut thi s6 vi
khuén 16n nhét?

A. 10 phut. B. 20 phit. C. 30 phit. D. 15 phut.

Loi gidgi
Pap an: Chon B
Yéu ciu bai toan: Tim gid tri ciia t €[0;30] dé N(t) =1000+30¢* - £ dat gid tri I6n nhat
Xét ham s6 N(¢) =1000+30¢% - £ trén [0;3], c6 N'(t) =60¢ - 3¢

0 <t <30
60zt - 3t* =0

N(0) =N(30) =1000

\ Nv t :O =3
Phuong trinh N'(?) N(20) =5000

< ¢t =20, Tinh {

Suy ra Max N () =N(20) =5000. v3y sau 20 phut thi s vi khuan la 16n nhét.

Vi du 3: Ong A muén mua mot manh dat hinh chit nhat c6 dién tich bang 100m? dé 1am khu vudn. Hoi
ngudi d6 phai mua manh dat c6 kich thude nhu thé nao dé chi phi xay dung bo rao 13 it ton kém nhat?

A. 10m x 10m. B.4m x 25m. C. 5m x 20m. D.25m x 8m.

Loi giai
Dap an: Chon A




Yéu cu bai toan: Cho dién tich va tim gia tri nho nhét ctia chu vi hinh chit nhat

Goi x, y lan lugt 1a chiéu rong, chi€u dai cua hinh chit nhat

100
Dién tich hinh chit nhatla S =xy =100 & y =——
X
P AL s £\ 13 200
Chu vi hinh chir nhét (bd rao manh dat) la C =2x+2y =2x+—
X

Ap dung bt dang thirc Cosi, ta c6 2x +@ =2 f2@ =40= C_,, =40
x x

L 200
Dau bang xay ra khi va chi khi 2x =—— & x* =100 x =10= y =10
X

Vi du 4: M{t cOng ty muon thiét ké mot loai hop c6 dang hinh hop chit nhat c6 day 1a hinh vudng sao cho
thé tich khéi hop duogc tao thanh 1a 8dm? va dién tich toan phan dat gia tri nho nhat. Do dai canh day cua
mdi hop mudn thiét ké 1a

A. 232dm. B. 2dm. C. 4dm. D. 2\/2dm.

Loi gidi
Pap an: Chon B
Goi A, x 14n luot 1a chiéu cao va do dai canh day cua hinh hop chir nhat
8

Thé tich khéi hop chit nhat 1a V =Bh =x’h =8 & h =—
X

3 32
Dién tich toan phan hinh hop chit nhatla S, =S, +S5, =4hx + 2x% =2xT + =

X
Taco 2X2 +2 :2x2 +E+E 2313’2_)(2'&‘& =24= Smin =24
X X X X X

L 16
DAu bang xay ra khi va chi khi 2x* =— < x’ =8 & x =2
X

Vi du 5: Cho mdt tim nhém hinh vudng canh 12¢m. Ngudi ta cat & bon goc ctia tim nhom d6 bon hinh
vudng bé‘mg nhau, méi hinh vuéng c6 canh x cm, roi gap tAm nhoém lai nhu hinh v& dudi day dé dugc mot

cai hop khong ndp. Tim x dé hop nhan dugc co thé tich 1on nhat.

A
A
12 |
I
kel e et RS [l
T B Pl
A. x =4. B. x =3. C. x=2. D. x =1.

Loi gidi
Pap an: Chgn C

Khi cat va gép tAm nhom, ta dugc hinh hop chir nhat co chiéu cao x; day 1a hinh vuéng canh




12- 2x = Thé tich khéi hop chit nhat 1a ¥V =Bh =x.(12- 2x)(12- 2x)
Cach 1. Khao sat ham sé f(x) =x.(12- 2x).(12- 2x) trén (0;6) — — max f(x)

(4x+12- 2x+12- 2x)
27

Céch 2. Ta c6 4x(12- 2x).(12- 2x) < =512= V <128

Déu bang xay ra khi va chi khi 4x =12- 2x & 6x =12 & x =2.

Vi du 6: Khi san xuét vo lon sira bo hinh tru, cic nha thiét ké ludn dit muc tiéu sao cho chi phi nguyén liéu
1am vo hop 1a it nhét (dién tich toan phan cta lon 1a nho nhét). Ban kinh day vo lon 13 bao nhiéu khi ta
mudn c6 thé tich lon 14 314 cm’ ?

A.R= 314 B. R=; @ C. R =9423/2m. D. R =3 314.
7T T 271

Loi gidi
Pap an: Chon D
Goi R, /& 1an luot 14 ban kinh day, chiéu cao cta lon sita

314

2

Thé tich cua lon sita hinh trula V' =aR*h =314 = h=

TR

628
Dién tich nguyén liéu lam vo hop (S, hinh try) 1a S, =27Rh + 27R? =27R* + =

Tacod 27R’ +%_2 R’ +%+% >3\/2 R%% =33/2.(314) 7

314

Dau bang xay ra khi 27R* = — 314 314

R3 = <& R =3
2 2

Vi du 7: Mot duong day dién duoc ndi tir nha may dién trén dat lién ¢ vi tri A dén vi tri C mot hon ddo.
Khoang cach ngén nhéat tr C dén dat lién la BC =lkm, khoang cach tir A dén B 1a 4 km. Nguoi ta chon mdt
vi tri diém S nam gitra 4 va B dé méc duong diy dién di tir A dén S, r6i tir S dén C nhu hinh v& dudi day.
Chi phi mdi km day dién trén dat lién 1a 3000 USD, mdi km trén dién dit ngam dudi bién mat 5000 USD,
Hoi diém S phai cach A bao nhién km dé chi phi mic duong day dién it nhat?

. -l. L:m

5 13 7

Loi gidi
Pap an: Chon C
Pt S4 =x(km; 0 <x <4), tacd SA+SB =AB = SB =4- x(km)




Tam gidc SBC vudng tai B, co SC =v/SB* + BC> =\[1+(4- x)* =v/x*- 8x+17
Do d6, sb tién dé mac day dién trén dat lién 1a 7, =3000 x SA = 3000x
S6 tién dé méc day dién ngdm dudi bién 1a 7, =5000 x §C =5000/x° - 8x +17

Suy ra tong s tién mic ddy dién 1a T =T, +7, =3000x +5000v/x> - 8x +17

, , 5x- 20

Xétham sd f(x) =3x+5vx> - 8x+17 trén [0;4], c6 S '(x) =3 +ﬁ
x* - 8x+
1
Phuong trinh f'(x) =0 & 3+v/x°- 8x+17 =20- 5x = x :?3
N . n . 13
Dua vao bang bién thién, ta dugc r[r0114r]1 f(x)=f ) =16
13

Vay sb tién it nhat 1a 7 =100.16 =16000USD. D4u bing xay ra khi x =

Vi du 8: Mot soi day kim loai dai 60 ¢m dugc cit thanh hai doan. Poan day thi nhat udn thanh hinh vudng

canh a, doan ddy thir hai uén thanh duong tron ban kinh ». Dé tong dién tich ctia hinh vudng va hinh tron

I ; a s
nhd nhat thi ti s6 — bang
r

v .

O

A. 1. B. 2. C.3.

Loi gidi
Pap an: Chon B
Goi x 1a d9 dai ctia doan day cudn thanh hinh tron (0 < x < 60)
Suy ra chiéu dai doan con lai 1a 60- x

© o4 \ X A \ \ X
Chu vi duong tron: 27r =x= r =2— — — Dién tich hinh tron: S, =77 =4—
T T

2

60- x
4

Dién tich hinh vudng: S, :[

60- x
4

P (4+m)x* - 12077x +36007
16

2
Téng dién tich hai hinh: § =>—+
JU

@+m)x- 607 o\, 2607 o, _4+7

87 4+ 87

. A 60
Suy ra ham S chi c6 mdt cuc tri va la cuc ti€u tai x =4

Pao ham: §'= >0

+7r

, 60
Do d6 S dat gi4 tri nhé nhat tai x =———
4+




e 00T 30 20 a4 _20_,
N Tk 4+m) 0" T (4+m)d

r120

Vi du 9: Doanh nghiép Alibaba can san xuat mot mit hang trong dung 10 ngay va phai sir dung hai may A
va B. My A lam viéc trong x ngay va cho so tién 13i 1a x* +2x (triéu dong), may B lam viéc trong y ngay
va cho sd tién 1ai 1a 326y - 27y (triéu dong). Hoi doanh nghiép Alibaba can sir dung may A lam viéc
trong bao nhiéu ngay sao cho sd tién 13i 1a nhidu nhat? (Biét rang A va B khong dong thoi 1am viéc, may B
lam viéc khong qué 6 ngay).

A. 5. B. 6. C.7. D. 4.

Loi gidi
Pap an: Chon B
Téng s tién hai may lam dugc 1a 7 =T, +T, =x’ - 27y +2x +326y
Theo baira, tacd x+y =10;y <6 nén y =10- x va 4 <x <10
Suyra T =x"- 27(10- x)* +2x +326(10- x) =x’ - 27x° +216x +560
Xét ham sd f(x) =x’ - 27x” +216x +560 trén [4;10], c6 f'(x) =3(x*- 18x +72)
Phuong trinh /(%) =0 < x =6 — — max f(x) = f(6) =1100

Vay x =6 thoa man yéu cau bai toan.

Vi du 10: C6 hai ciy cot dung dimg trén mit dét lan luot 14 4B =Im, CD =4m va dinh cua hai cot 13 hai
diém A va C cach nhau 5m. Ngudi ta chon mot vi tri trén mat dat (nam giita B, D) dé giang day ndi dén hai

dinh cot dé trang tri nhu mé hinh bén. Tinh d6 dai ngdn nhét cua doan day?

(&)

A. J41. B. \/37. C. J29. D. 3./5.

Loi gidi
Pap an: Chon A

» Cach 1: Bat BE =x v6i x>0.Taco BD =,/5 - (4-1)° =4 nén ED =BD- BE =4- x

Lai 0 AE +EC =x* +1+J(4- x)* +16 . Dt f(x) =v/x’ +1+x> - 8x+32,x>0

x-4

+ ; Vx>0
Jx? - 8x+32

, X
Tac()f(x):\/2 N
X+

4
Giai phuong trinh f'(x) =0, ta thu dugc x =3 va tim duge min £ (x) =v/41

» Cich 2: Goi H la diém d6i xting v6i 4 qua B va K 1a diém ddi xtmg véi C qua D




Va 712 hinh chiéu cua 4 1én CD. Khi d6 AHKC 14 hinh thang can va 4G =+ AC?- GC* =4
Ta thly EC =EK nén AE + EC =AE + EK
bé { AE + EC} . khi va chi khi {AE + EK} . va diéu d6 co nghia Ia 4, E, K thang hang.

Vithé 4K =JKG? + AG? =/4* +5> =/41 . Hay d9 dai ngin nhit ciia doan diy chinh bing /41

Vi du 11: M6t manh vuon hinh chit nhat ¢é dién tich 961 m?, nguoi ta mudn mé rong thém 4 phan dat sao
cho tao thanh hinh tron ngoai tiép manh vuon. Biét tAm hinh tron tring v6i tim cta hinh chit nhat (xem
hinh minh hoa). Tinh dién tich nho nhét S,,, cta 4 phan dat dugc mé rong

.—/F___x\"w

\ g

a/

| MH‘---\ _//"//
D\

\\

;
#
v
#

c

W —

e ——

A. S =96ln-961.  B.S,. =1922m- 961. C.S. =1892m- 946. D. S, =480,57- 961.

mi

Loi giai
Pap an: Chon D
Goi x (m), y (m) (x>0, y>0) 1an luot 13 hai kich thuéc manh vuon hinh chir nhat;
R (m) 1a ban kinh hinh tron ngoai tiép manh vuon — — R*> =OB> 2#
Theo dé bai, ta c6 xy =961 m” . Dién tich 4 phan dat mé rong: S =S,,, = S,pep =7TR* - Xy

2 2 Cosi
ZE.()C%4)})- Xy Zﬂ.%- xy =480, 57 - 961

Vi du 12: Cho mét td gidy hinh chit nhat véi chiéu dai 12¢m va chiéu rong 8cm. Gap goc bén phai cia to
gidy sao cho sau khi gip, dinh cta goc d6 cham day dudi nhu hinh v&. Dé d6 dai nép gap 1a nho nhat thi gia

tri nhé nhat d6 bang bao nhiéu?

A. 6. B. 6./5. C. 6/2. D. 6+/3.

Pap an: Chgn D
bat CN =x(cm) va MC =y (cm)




Do dai dwong gap khiic can tim chinh 1 d6 dai doan thing MN =./x* + )
D& thay MHNC 14 hinh thoi nén MC =MH =y, NC =NH =x

Goi K 1a hinh chiéu ctia M xudng BD = MK =8 = HK =./y’ - 64

Ma HD =yJHN’ - ND* =\Jx* - (8- x)* =J/16x- 64 =4/x- 4
= KD =y =HK+HD =\)*- 64 +4Jx- 4 & y- [y’ - 64 =4/x- 4

o8 ufide yefyt-ea =10
y+4yt - 64 x-4

16 8+2(x-4 2
Khi d6 2y = x_4+4\/x- o y= \/x().c4 ):\/:4

4 2 2
Do d6 MN’* =x>+y*> =x" + x4. Dit f(x) =x"+ 4x
x- X-

voi 8>x>4

Co f1(0) =2x+4- —22 () =0 (x+2)(x- 4 =32 & x =6
(- 4)

Suy ra min f(x) =£(6) =108 = MN,, =108= MN,,, =63

Vi du 13: Mot cira s6 ¢6 hinh dang nhu hinh bén, bao gdm: mot hinh chit nhat ghép v6i ntra hinh tron c6
tdm nam trén canh ctia hinh chit nhat. Biét rang tong d6 dai duong vién cho phép cua cira s6 1a 4m. Hoi

dién tich lon nhat cua cua so 1a bao nhiéu?

4 %
R B
1
D C
A.S=4. B.S:S. C.S:4. D.S:8.
4+ 4+ 8+ 8+
Loi giai

Pap an: Chon B

AP =B =Y D 42BC =2(R+x):C, =xR
= - — X ; hen =T
G(.)l AJ] =IB =R hen h
Suy ra TR +2(R+Xx) :4@x:w
TR

Va S, =AB.BC =2Rx;S,, =

hen

Tong dién tich ctia cura s6 1a

aR* TR’

- 2
R.4 (JT+2)R+JTR _r
2 2

S =2Rx+ 2 [4- (z+2)R]+




8 -
4+

—4R-

\/ 8. R\/2+£
4+ 2

Do d6 dién tich 16n nhat cia ctrasdo la S =

247 g2 =
2

4+

Vi du 14: Cho hinh vuéng 4BCD d6 dai canh bang 2m nhu hinh v&. Lay hai diém P, Q (thay doi) lan luot
nam trén hai canh DC, CB sao cho PQ ludn tiép xtc véi duong tron tim A ban kinh 4B. Tim gia tri nho
nhat d6 dai doan thang PO (két qua lam tron dén hang phan trim)

4

Q
D --’4
’)

3

A. 1,08 m. B. 1,32 m. C. 1,66 m. D. 1,54 m.

Loi gidi
Pap an: Chon C

1
bit Pap =x,taco @AP+§AQ :Egl =45° suy ra BAQ =45°- x

- 2
Khi do PO =ADtanx+ ABtan(45° - x) =2 tanx +1 o0 | =p @0 X1
I+ tanx tan x +1
2
bit ¢ =tanx (0 <t <1), ta dugc PQ:zt +12
t+
r’ +2t 1
Xét f(t)— ) tren(O 1), c6 f'(t) =———— P S F() =0 e t = 1442

Suy ra ham sé f(f) dat gid tri nho nhat khi ¢ =- 1++/2. Vay PQO,., ~1,66.




