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Cudn sach nhé "Tuyén tap mot s6 bai toan so cap chon loc trén www.diendantoanhoc.net"
la mén qua dac biet ma BTC ky thi VMEO II danh tang cho cac ban thanh vién da tham
gia va doat gidi. Day cling 13 mot mon qua mua he ma Nhém Quan Ly muén danh ting cho
tat ca cac ban hoc sinh chuyén toan néi riéng va cac ban yéu thich toan so cap néi chung.

Trong cudn sach nay ching toi gidi thieu véi cac ban 250 bai toan thuodc 5 chi dé 16n cia
toan pho thong bao gom S6 Hoc, T6 Hop, Hinh Hoc, Giai Tich va Dai S6. Kem theo cac dé
toan la khoang 20 bai viét chuyen dé nhé xoay quanh céc bai toan S6 Hoc, To6 Hop. Trong
méi bai viét ching toi da c¢b ging thé hien day du nhitng thao luan ciia cac ban trén dién dan
ve nhiing bai toan d6. Mot sé bai viét chua dude post lén dién dan ma méi chi 1a nhitng trao
ddi rieng gitta cac thanh vien ciing duge gidi thieu trong tai lieu nay. Ching toi rat vui mitng
vi biét dugc riang, nhiing trao doi rieng nhu thé la kha phd bién gitta cac ban thanh vien. Day
thire sy 14 mot mong mudn 16n nhat ctia nhing ngudi diéu hanh dién dan nhu ching toi.

S6 Hoc va To Hop déu la nhiing chii dé thd vi va dep dé ciia toan so cap. Tuy nhién dé
viét mot tai lieu vé hai chti dé nay 1a diéu khong dé. Déi véi S6 Hoc chting toi lza chon nhiéu
chti dé nhé dua trén bo khung la cac bai toan da co tren dién dan, va céc kién thic co ban
nhéat ctia S6 Hoc lan lugt duge dua vao cac bai viét nhd, cac ban c6 thé doc qua cac bai
viét nay va tim hiéu ki hon vé 1y thuyét s6 so cap trong cac cubn sach chuyén khao hon,
chiing t6i gidi thieu hai cuén sach: An introduction to the theory of number ctia G.H.Hardy
& E.M.Wright va Elementary theory of number ctia Sierpinsky. Ban dién ti ctia hai cuén
sach nay déu da dugc gisi thieu tren dién dan. Vé T6 Hgp, chiing t6i chii truong lita chon cac
chti dé mot cach tuong déi roi rac, vi cho rang khong nén khién cac ban phai tiép thu cac
kién thiic t& hop mot cach qua gido khoa. D6i véi céc bai toan to hgp ching t6i cho rang vé
dep ctia ting bai toan c¢6 y nghia cao hon t6i viéc nhan thic cia moi ngusi. Do d6 ching toi
c6 gang lua chon nhitng bai toan t6 hgp dep dé dé kich thich tinh tim toi ctia cac ban doc.
Hai cudn sach so cap vé t6 hop khong nén bé qua la 102 combinatorial problem ctia Titu
Andrecscu & Zuming Feng va Extrenal combinatorics ctia Stasys Jukna.

Tat nhién cac chi dé vé Hinh Hoc, Giai Tich va Dai S6 cfing rat tha vi, nhung dé sé la
noi dung ciia cac an pham tiép theo ctia dién dan. Va béi vi cac an pham ciia dién dan chu
yéu duge xay dung dua trén nhing thio luan ctia chinh céc ban nén hi vong trong thoi gian
tdi chiing ta sé con c6 nhiéu chti dé tha vi va chat lugng ngay cang cao.

Cudén siach nhoé nay ra doi duya trén sy cong téc ctia rat nhiéu ban thanh vien. D6 1a cac
ban K09, TuanTS§, lehoan, NDTPX, clmt, anhminh, neverstop, bk2004, chuyentoan, camum,
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hungkhtn v& lovepear]l maytrang. Ban camum lya chon hau hét cac bai toan gidi tich, muc
t6 hop do lehoan tuyén chon véi su cong tac ctia NDTPX, céc bai toan hinh hoc do MrMATH
soan cling véi sy gitp do nhiét tinh ciia bk2004, chuyentoan va da nhan dude nhiéu y kién
ctia ban neverstop. Cudi cling céc bai toan sé hoc duge Iya chon béi K09 va lehoan, sau dé
TuanT$S va MrMATH da cé nhiéu thao luan dé hoan thién ban thio. Trong qua trinh tuyén
chon ching t6i nhan ra rang cé rat nhiéu bai toan dude sang tao bdi chinh céc ban thanh
vien. Trong thoi gian t6i mong ring diéu nay sé duge phat huy hon nita.

Cudn sach nay duge soan bang phan mém PCTEX version 5.0, géi vntex dugde gidi thieu
bsi ban tamnd. File cai dit chuong trinh v géi lenh cac ban c¢6 thé dowload trén mang
khong qua kho khan. Néu c6 thic méic vé viec sit dung TEX cac ban c6 thé gidi quyét bing
cac tham khao céc cudn sich clia téc gia Nguyén Hitu Dién (sach cho Vién Toan Hoc an
hanh), ngoai ra céc ban c6 thé tham gia cac dién dan vé TEX nhu www.viettug.com hoac trao
doi v6i cac thanh vien c¢6 kinh nghiém soan thao trén dién dan.

Mac du da c6 ging trong viec kiém tra ban thio, nhung rat c6 thé ching to6i van bd s6t
mot so6 16i. Moi v kién déng gép ca vé ndi dung lan hinh thic xin gii vé dia chi mail
ngk_mrmath@yahoo.com. Ching t6i xin chan thanh cAm on va hia sé c¢6 gang hon trong
viec thiét ké cac an pham tiép theo.

Thay mat Ban Bién Tap

MrMATH
www. diendantoanhoc.net
Nguyén Quéc Khanh SV K9 Hé Dao Tao CNKHTN DHKHTN DHQG Ha Noi



Cong tac vién

Trong thoi gian hoan thanh ban thdo, thyc ra nhiing gi dude gidi thiéu trong cudn sach nhd
khong hoan toan la tat cd nhing ¢i nhém CTV lam duge. Trén thyc té nhém CTV da hoan
thien duge hau hét cac dé muc cho ba noi dung Hinh Hoc, Giai Tich va Dai S6. Tuy nhién
viéc gidi thieu dong thai tat ca 5 chit dé c6 1é 1a khong phit hop 1dm v6i muc dich chinh. Ban
liet ke dudi day khong néu len hét duge cac CTV va cong viée clia ho, nhung dit sao ciing 1a
mot tra ciu di ding cho cac ban doc.Trong an pham tiép ndi ctia cudén sach nhd nay, cong
viéc ctia cac CTV sé dugde gidi thieu mot cac day du va chi tiét hon.

1. Tran Nam Diing (namdung) GV DHKHTN DHQG TP Ho Chi Minh: [1].

2. Tran Quéc Hoan (K09) SV K50 CA Dai Hoc Cong Nghe Ha Noi: [2], [3.6], [3.8].

3. Tran Manh Tuan (TuanTS) SV K9 CNTN DHKHTN DHQG Ha Noi: [2], [3.2], [3.3],[3.4].
4. Le Hong Quy (lehoan) HS 16p 12 chuyen toan DHSP Vinh: [6], [7.2], [7.3], [7.7].

5. Tran Ditc Anh (camum) SV nam nhat h¢ CLC DHSP Ha Noi: [10].
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Phan I

Mot sé6 chu dé S6 Hoc






Chuong 1

Tong hai binh phuong

Tran Nam Diing

Giéi thiéu. Dinh ly Fermat Euler la mot vién ngoc tuyét voi ciia Todan Hoc thé kyj 17 — 18.
T thoi pho thong khi doc dugc chaing minh (cia Lagrange) dudi day, toi da ting ngay ngat
trude vé dep ciia né. Nhieu nam nay doc lai bai viét cia GS.Tikhomirov trén tap chi Kvant,
toi lai tiép tuc bat ngd vdi nhing ching minh mdi cia mot két qud ci. Qud thich thi vdi bai
bdo, toi da dich ra Tiéng Viét va nhiéu lan truyén vé dep ciua cdc phép ching minh than diéu
trong bai dén cdc thé hé hoc sinh ciia toi. Hom nay, toi zin danh ting cdc ban thanh vién dién
dan www.diendantoanhoc.net ban dich nay.

Céc ban hay dé ¥ xem nhiing s6 nguyéen t6 dau tien 3,5,7,11,13,17,19. Cac s6 5,13 va
17 ¢6 thé biéu dién duge dudi dang tong clia hai binh phuong:

5=1% 4 22 13=22+32 17 =12 + 42,

Con céc s6 con lai 3,7, 11, 19 thi khong thé biéu dién nhu vay duge. Cé thé bang cach nao dé
gidi thich dieu do6 hay khong? C6, va dtng hon 1a ta c6 dinh 1y sau day:

Pinh 1y Fermat Euler. Diéu kién can vh di dé mot sé nguyén t6 18 ¢6 thé biéu dién
duge dusi dang tong hai binh phuong la s6 du trong phép chia sb &y cho 4 1a 1.

Trong céc trusng hop ban dau clia p c6 thé kiém tra tinh ding din ciia dinh 1y nay 5 = 4.1+1,
13=434+1,17=44+1con3=404+3,7=41+3,11=42+3va19=44+ 3.

Do6i chiit vé lich sit dinh ly. Ai la ngusi dau tién phat hién ra diéu nay, va khi ndo? Vao
dip Noel nam 1640 (trong thu dé ngay 25.12.1640) nha toan hoc vi dai Pierre de Fermat
(1601-1665) da thong béo cho Mersenne, ban than ctia Descartes va la "lién lac vién" chinh
clia cac nha bac hoc duong thai ring "Moi s6 nguyén t6 c6 so du trong phép chia cho 4 bang
1 déu c6 thé biéu dién mot cach duy nhat dusi dang tong ciia hai binh phuong". Thai d6 chua
c6 céac tap chi toan hoc, tin tic duge trao doi qua cac 14 thu va cac két qua thong thuong chi
dugce thong bao ma khong kem theo chiing minh.
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12 CHUONG 1. TONG HAI BINH PHUONG

Thuyc ra thi sau gan 20 nam sau bic thu d6, trong bitc thu gii cho Carcavi, duge gi
vao thang 8 nam 1659, Fermat da tiét 10 ¥ tudng ciia phép chimg minh dinh 1y trén. Ong
viét rang v tudng chinh ctia phép chitng minh 14 diing phuong phap xuéng thang, cho phép
tur gid thiét rang dinh 1y khong dang véi p = 4k + 1, suy ra né khong dang v6i mot sd6 nho
hon, cudi cing ta sé di dén s6 5, ma khi d6 ré rang 13 mau thuan.

Nhiing cdch chiing minh dau tien duge Fuler (1707-1783) tim ra trong khoang 1742-1747.
Hon nita, dé t6 16 vi trf ctia Fermat, ngusi ma ong hét stc kinh trong, Fuler da tim ra phép
chiing minh dya theo ding ¥ tudng trén day ctia Fermat. Vi vay, ta goi dinh 1y nay la dinh
Iy Fermat Euler.

Nhitng két qua toan hoc thuong c6 mot tinh chat chung ta c6 thé dén duge bing nhiéu
con duong khac nhau, c6 thé tan cong ching tit nhiéu huéng, va mdi mot con dudng nhu vay
sé¢ dem dén cho nhitng ngudi khong biét s¢ kho khan nhitng khoai cam tuyeét voi.

To6i muén ching t6 diéu nay trén vi du dinh Iy Fermat Euler.

Ta sé¢ di dén dinh cao, dugc phat minh vao thé ky XVII bang ba con dudng khac nhau.
Mot trong ching dude tim ra vao thé ky XVIII, con dudng khéac - thé ky XIX va con dudng
thit ba - & thé ki XX.

1. Cach chitng minh ctia Lagrange. Céch chiing minh nay (c6 thay doi doi chiit) hien
nay duge trinh bay trong hau hét cic cudn sach vé 1y thuyét sé. N6 dya trén bd dé Wilson
néi rang néu p 1a s6 nguyen to6 thi s6 (p—)! + 1 chia hét cho p.

Dé khong qua di sau vao chiing minh két qua phu nay ta chi tudng minh § tuéng chinh
ctia phép chitng minh trén vi du s6 13. V6i mot s6 nam giita 2 va 11 (ké ca nhing s6 nay) ta
tim mot s6 ma tich clia ching khi chia cho 13 du 1. Ta c¢6:

(13 — 1) = 12! = (2.7).(3.9).(4.10).(5.8).(6.11).12.

R6 rang ting cap hai so trong dau ngodc don c6 tich chia 13 du 1. Tt d6 suy ra 12! khi chia
cho 13 ¢6 s6 du 1a 12, nghia la 12! + 1 chia hét cho 13. Trudng hop tdng quét ciing c6 thé
chiing minh tuong tu nhu vay.

Tit b dé Wilson ta rit ra hé qua 1a néu p = 4n + 1 12 mot s6 nguyen t6 thi ((2n)!)2 + 1 chia
hét cho p. That vay, béi vi (bd dé Wilson) (4n)! + 1 chia hét cho p, bing nhitng phép bién
d6i co ban ta thu duge:

(4n)!'+1=1.23.....2n).2n+ 1).....(4n) + 1
=12..2n).(p—2n).(p—2n+1)....p—1)+1
= (2n)L.(=1)*".(2n)! = ((2n))* +1 mod p.

N ~—

Suy ra diéu phéi chiing minh. Dat N = (2n)!, ta da chiing minh N? = —1 mod p. Bay gio ta
phéi vugt qua khé khan chinh, xét tat ca cac cip sd nguyen (m, s) sao cho 0 < m,s < [\/p]
(6 day [z] chi phan nguyeén ctia ). S6 cac cap nhu vay bang ([\/p] + 1)* > p.
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Do d6 véi it nhat hai cap s6 (my, s1) va (ma, s9) s6 du trong phép chia m; + Ns; va ma + Nsg
cho p sé gidng nhau, nghia 1& s6 a + Nb trong d6 a = m; — my va b = 51 — 55 sé& chia hét
cho p. Nhung khi d6 a* — N?b* = (a + Nb)(a — Nb) chia hét cho p va cha y raing N? = —1
mod p ta thu duge a? + b2 chia hét p, nghia 1a a? + b* = rp v6i r nguyén duong. Mat khac
a?+b? < 2p suy ra r = 1 vi nhu thé a® + b? = p. Dinh 1y dugc chitng minh.

2. Ching minh cta D.T'sagir. Phép chiing minh ctia nha toan hoc duong dai D.T'sagir
lam toi hoan toan bat ngd, day 1a mot dicu ky dieu khi ma két qua thu dude tudng chimg
nhu khong tit cai gi ca. Sau day la cach chiing minh do.

Ta hay xét phép bién doi ma mdi bo ba s6 nguyen duong (,y, 2) dude dat tuong ing véi ba
s6 (z/,y/, 2') theo quy tac:

¥=x4+22y =27=y—xv—2 nbuxr<y-—=z
=2y —z,y =y, =x—y+z nbuy—z<2z<2
¥=x—-2yy =x—y+z2 =y trong cac trudng hop con lai.

Ta ky hiéu phép bién doi nay la B : B(z,y,z) = (2,9, 2'). Rat dé dang ching minh ring

phép bién ddi B giit nguyén dang ctia 22 +4yz. Ta chitng minh diéu nay, ching han cho truong
hop thit nhat trong cach xac dinh trén. Ta co:

2?4+ 4y = (v +22)° +42(y — 2 — x) = 2% + Aoz + 427 + dyz — daz — 427 = 2 + dyz.

Trong cac truong hgp con lai viec kiém tra ciing don gian nhu vay. Cé nghia la néu nhu déi véi
mot s6 p nao do ta c6 dang thic 22+4yz = p thi ding thitc do giit nguyen sau phép bién doi B.

Ta kiém chiing ring phép bién ddi B 1a xo#n, c6 nghia la néu ap dung B hai lan thi ching ta
sé quay trd lai vi trf ban dau. Ta lai lam diéu nay cho cong thic thi nhat & trén, cac trudng
hop con lai chiitng minh tuong tu.

V6ix < y—2z5khidoa =2z2+2x9y = 2,2 =y— 22—zt dé 2’ > 2y va nghia la
phéi tinh B(2,y/, 2’) theo cong thitc thit ba. Nghia la:

=2 -2y =x+22—-2z2=2x
' =2 -y +Z=x+2z—z4+y—xr—2=y
=y =z

Bay gio ta gia st rang p la s6 nguyén t6 c¢6 dang 4n + 1. Khi d6, thit nhat phuong trinh
2% + 4yz = p c6 it nhat hai nghiem (z = 1,y =n,z=1) va (z = 1,y = 1,2 = n). Va tha
hai 1a phuong trinh nay c6 hitu han nghiém (nguyén duong). Néu nhu gia st rang trong cac
nghiém ctia phuong trinh nay khong c6 nghiém ma y = z (néu nhu ¢6 nghiém nhu vay thi
p = 22+ (2y)? va dinh ly dugc chiing minh), ta thu duge ring phép bién doi B chia tat ca
cac nghiem thanh céac cip ((z,vy, 2), B((z,y,2))), néu nhu, tat nhien (z,y,2) # B((z,y, 2)).
Ta thit tim xem c6 nhitng cap nhu vay khong, hay nhu ngudi ta thudng néi, ton tai chang
nhitng diém bat dong ctia phép bién déi B.
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Néu nhin vio cong thiic xac dinh B ta sé dé dang nhan thay ring nhitng diém bat dong
ctia B la nhing diém ma z = y. Nhung khi # = y > 1 thi phuong trinh 22 + 4yz = p
khong c6 nghiem (vi p khong chia hét cho y). Nghia la chi c¢6 mot diém bat dong duy nhat
(1,1,n). T tat ca cic 1y luan trén ta suy ra rang s6 nghiém ctia phuong trinh 22 + 4yz = p
12 56 18 va c6 mot diém bat dong (1,1, n) con tat ca cac nghiem khac duge chia thanh titng cap.

Nhung, ta lai ¢c6 mot phép bién ddi nita, ky hieu 1a J, J thay ddi chd ctia y vd 2z nghia
1a J(z,y,2) = (x,2,y). Phép bién doi nay tat nhién ciing gitt nguyen dang 22 + 4yz va ciing
xoan. Ta thit xem, nhitng bo ba s6 nao trong nhitng nghiém ctia phuong trinh 2% + 4yz = p
duge J gitt nguyén. tiic 1a nhiing bé nao ma J(z,y, z) = (z,y, 2).

Ta da gia sit tit trude 1a y # 2. Nhung khi d6 thi khong thé c6 diém bat dong. Tat ca céc
nghiém duge chia thanh ting cap. Nhu vay s6 cac nghiém 1a chdn. Nhung ta vita khang dinh
rang s6 nghiém nay 1a 1é. Mau thuan. Vay phai ton tai nghiém ctia phuong trinh 22 +4yz = p
ma y = z, nhu thé p la tong ctia hai binh phuong. Dinh 1y dude chiing minh.

3. Cach chitng minh thit ba. Cach chitng minh ctia Minkowsky dugc stta doi doi chit ma
ching ta sé néi dén bay gig, sé con lam ching ta ngac nhién gap boi. Dang tiéc 1a cach chiing
minh nay khong so cap lam, cu thé la ta can thé nao 1a elippse va cong thitc tinh dién tich
cua no.

Tat cad bat dau ti mot két qua cia Minkowsky ma tudng chimg khong cé lien hé gi véi
dinh 1y Fermat Fuler ma ching ta dang quan tam.

Dinh 1y. Cho a, b, ¢ 1a cac sd nguyén, a > 0 va ac — b> = 1. Khi d6 phuong trinh
2 2 _
ar® + 2bxy + cy* =1
c6 nghiém nguyeén.
Chitng minh. Ta xét hé toa do Descartes vuong goc va cho trén dé tich vo huéng bang

cong thic:
((z,9), (2,y)) = axa’ + byy' + cz2'.

Tich vo huéng nay cho ta khoang cach tit gbc toa do dén dieém (z,y) la:

d((0> 0)7 (I> y)) = \/((I> I)? (y> y)) = \/aI2 + 2bxy + Cyz-

Ta tim khoang cach ngin nhat tit goc toa do dén mot diém khéac né ctia lusi nguyen (m,n)
(m, n 1a nhitng s6 nguyén). Goi khodng cach nay la d* va dat dugc tai diem (m*, n*), nhu thé:

am® + 2bm*n* + en* = d*.
Tap hop tat ca nhimg diém (x,y) clia mit phang thoéa man bat dang thiec:

ax? + 2bxy + cy? < s
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1a mot ellipse. T cach xay dung clia ta suy ra rang néu vi tu ellipse nay theo ty s6 1/2 roi
dua ellipse "co" nay dén cic tam nam trén cac diém nguyén (tinh tién) thi tat ca cac ellipse
thu dugce néu cé cat nhau thi chi cit nhau theo nhiing diém bien.

Dé thay rang dién tich phan giao ciia céc ellipse véi tam gidc c6 dinh & (0,0), (1,0), (1,1)
bing nita dién tich ctia toan ellipse. Ma dién tich nay thi bing (chd khong so cap duy nhat):

rd* o wd”
1 (ac —b%) = 1

Nhu vay dién tich phan ma cac ellipse chiém trong tam giac béang va day chi la mot

nia dién tich tam giac, nghia la:

Béi vi d*” 1a s6 nguyén duong, cho nén d* = 1. Dinh 1y Minkowsky duge chiing minh.

Nhung két qua tuyét voi nay thi c6 lien quan gi dén dinh Iy Fermat Euler? Lién quan
tryc tiép day! Ta biét tit bo dé Wilson rang s6 b® 4 1 trong d6 chia hét cho p, ding khong?!
v +1
a

Bay gio ap dung dinh 1y Minkowsky cho cac sb a = p va ¢ = . Ta thu dugc rang
ton tai nhitng s nguyén m va n sao cho:
1 = am?® 4 2bmn + cn?
= a = a’m? + 2abmn + (b* + 1)n* = (am + bn)? + n?.

Nhu thé (nhé lai ring a = p) ta c6 p = (am + bn)? + n? nghia la p 1a tdng clia hai binh
phuong. Mot lan nita, dinh 1y lai dude ching minh.

namdung

www. diendantoanhoc.net
Tran Nam Ding Giang Vién Dai Hoc KHTN DHQG TP Ho6 Chi Minh

Phu luc. Chiing t6i xin dan ra day mot cach chting minh so cap ctia dinh Iy Minkowsky. Gia

stt b > 0 va chiing minh quy nap theo b. Véi b = 0 ménh dé dung. Gia sit ménh dé da dang véi

0,1,..,b— 1, ta sé chitng minh no ciing ding véi b. Sit dung phép déi bién (z = X —Y,y =Y)
— ax® + 2bxy + cy’ = aX? + (20 —a)XY + (c+a—2b)Y? = AX?> +2BXY + CY?.

Trong d6 A=a, B=b—avaC=c+a—2b.SuyraB2=AC+1vaA>0,0<B<b—1.
Stt dung gid thiét quy nap ta suy ra ménh dé ding véi b va do d6 dinh 1y duge chiing minh.

K09
www. diendantoanhoc.net
Tran Qubéc Hoan K50 CA Dai Hoc Céong Nghé Ha Noi



16

CHUONG 1. TONG HAI BINH PHUONG



Chuong 2

Cac dé toan so hoc chon loc

Bai toan 2.1. Tim tdt cd cdc s6 nguyén duong nguyén to cung nhau vdi moi phan ti cia
day:

a,=2"+3"+6"—-1 n>1.
Bai toan 2.2. Gidi phuong trinh nghiém nguyén duong x? — (a® + b?) - y* = 1.

Bai toan 2.3. Cho k so tu nhien 1 < a; < as < ... < ax < n thda man [a;, a;] > n vdi moi
1<i<j<k. Chitng minh rdang:

Bai toan 2.4. Hay tim tat cd cdc s6 nguyén duong n sao cho ton tai hodn vi {ay, as, ..., an}
cia {1,2,...,n} thod man tinh chat mot trong hai tap hop sau day:

(’L) {al,alag, ...,alag...an}
(’l’l) {al,al—I—ag,...,al—l—ag—l—...—l—an}
lap thanh mot hé thang du day di modun n.

Bai toan 2.5. Tim s6 nguyén duong k ldn nhat dé ton tai 2k s6 nguyén duong doi mot phan
biét ay,as, ..., ax, by, ba, ..., b ma k téng a1 + by, as + b, ..., ap + by doi mot khac nhau va nho
hon 2005.

Bai toan 2.6. Gid s p la mot so nguyén to. Ching minh rdng trong 2p — 1 s6 nguyén bat
ki déu ton tai p s6 c6 tong la boi so cia p. Két luan ciia bai todn thay doi nhu thé nao néu bé
di gid thiét p nguyén to.

Bai toan 2.7. Ching minh rang so cdac hop so thuoc mot trong hai dang sau déu la vo han:
(i) 2% +1 (id) 6% 4 1.

Bai toan 2.8. Gid st a, b, c la cic s6 nguyén duong nguyén té cung nhau sao cho dang thic
a” = b?+ ¢ ding vdi s6 nguyén n > 1 nao dé. Ching minh ring a cé thé viét thanh tong cia
hai s6 chinh phuong.

17
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Bai toan 2.9. Mot s6 tu nhién la bap bénh néu khi dem né nhan vdi 9 ta dude chinh s6 dé
nhung viét theo thi tu ngudc lai cia cdc chit s6. Chang han s6 1089 la mot so bap bénh cé 4
chit s6 bdi vi 1089.9 = 9801. Van dé ciia ching ta la tim tat cd cac so bap bénh cé n chit so.
Hon nita héay tinh so tat cd cdc s6 bap bénh cé n chit so.

Bai toan 2.10. Chitng minh ring vdi so tu nhién n bat ky déu ton tai hai so nguyén x,y
thod man n|x® — 34y? + 1.

Bai toan 2.11. Tim tat cd cac so tu nhién k sao cho ton tai s6 thuc duong ci thod man:

S(kn)
S(n)

>c¢, VYneN.

Bai toan 2.12. Tum tap ¢id tri ciia N dé phuong trinh sau cé nghiém nguyén duong:
i+ 25+ ...+ 22 = N(z129..2, — 1).

Bai toan 2.13. Day $6 p1.ps, ..., Pn, ... la day tat cd cic s6 nguyén to. Chiing minh rang ton
tai ba so hang lién tiép trong day trén thod man tinh chdat moi so trong ching déu lén hon
binh phuong chi so clia chinh so dé.

Bai toan 2.14. Ching minh rdng ton tai so tw nhién n dé sé 2" + 3" ¢6 ding 23 udc sb
nguyén to.

Bai toan 2.15. Cho day tdng cdc so tu nhién {a,} c6 tinh chat ton tai hing s6 M sao cho
Upi1 — Qp < M v6i moin € N. Chiing minh rang tap udc s6 nguyén to cua day trén la vo
han.

Bai toan 2.16. Xét M = n(n —1)...(n — k + 1) vdi n > 2k. Chiing minh riang M cé udc so
nguyén to lén hon k.

Bai toan 2.17. Gid st p la mot s6 nguyén to cé dang 4k + 3. Chiing minh khi dé p—1 so6 tu
nhién lién tiép khong thé chia lam hai nhom cé tich cdc thia s6 trong moi nhém bing nhau.

Bai toan 2.18. Tim s6 nguyén duong n nhé nhdt sau cho n?> —n + 11 la tich cia bon so
nguyén to (khong can phan biét).

Bai toan 2.19. Tim tat ci cic bo ba s6 nguyén duong (x,y, z) vdi z bé nhat cé thé sao cho
ton tai cdc so nguyén duong a,b,c,d cé cdc tinh chat:

wW=z=clr>a>c
z=ab=cd
r+y=a+b.

Bai toan 2.20. Cho cdc s6 nguyén ai,as, ..., an, va by, by, ..., b, trong dé a; > 2 Vi = 1,n.
Chiing minh rdng ton tai v han cdc bo so6 nguyén (cy,ca, ..., ) sao cho ta cé tinh chat sau:

6101 + 6202 + ...ann|CiL1 + ng + ...+ Cg”.

Bai toan 2.21. Tim tat cd cdc s6 ty nhién n sao cho néu vdi moi hodn vi (ai,as, ...,a,) cia
{1,2,...,n} thi ta luon tim dugc chi s6 i ma ay + as + ... + a; la mot s6 chinh phuong.
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Bai toan 2.22. Tim tat cd cic s6 nguyén duong n sao cho n® — 1 la so chinh phuong.

Bai toan 2.23. Chiing minh rang vdi hai so nguyén duong s,a (s) khong chia hét cho 3)
luon ton tai so tu nhién n thod man S(ns) = a vdi S(x) la tong cdc chit s6 ciia .

Bai toan 2.24. Cho s6 nguyén duong n > 1. Tim 56 nguyén dwong nhé nhat khong cé dang
a b
n®—n

— V0l bat ky cdc s6 nguyén duong a,b,c,d nao dé.

ne —n

Bai toan 2.25. Cho s6 nguyén khong am a va so6 nguyén duong d. Ching minh rang trong
73 s6 a,a+d,...,a+ 72d ¢6 it nhat mot s6 ma trong biéu dién thap phan cia né cé chit s6 9.

Bai toan 2.26. Ching minh ring vdi moi sé thue § € [0,1] va vdi moi e > 0 bat dang thic:

-

' <
ding vdi s6 tu nhién n nao dé.

Bai toan 2.27. Tim gid tri l6n nhat cia biéu thic:

1 1 1
S=—+—+..+—.
aq a9 (07%

Véi cdc gid tri tu nhién ciua aq,as, ..., an biét rang S < 1.

Bai toan 2.28. Cho s6 nguyén to6 p = 4k + 1. Chiing minh rdang ton tai vo so so tu nhién n
sao cho s6 [n.\/p] la mot so chinh phuong.

Bai toan 2.29. Tim tdat cd cdc s6 nguyén duong m va n sao cho vdi moi s6 duong a thod
mdn a™,a" la cdc s6 nguyén thi suy ra a cing la so nguyén.

Bai toan 2.30. Cho trudc s6 nguyén duong N. Héay tim s6 nguyén duong k lon nhat sao cho
vdi cdc s6 nguyén a,b,c,d tug y ma N> <a <b<c<d< N?+k thi ad # bc.

Bai toan 2.31. Tim moi nghiém nguyén duong cia phuong trinh:
t? =dzyz —x —y.

Bai toan 2.32. Gid st A la tap hop N thang du mod N?. Ching minh rdng ton tai tap hop
B gom N thing du mod N? thod man tap hop:

A+ B={a+blac Abe B}
chita it nhat mot nia hé thang du mod N2.
Bai toan 2.33. Cho s6 tu nhién n > 2. Chiing minh rang:

1989[n™" — n"".
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Bai toan 2.34. Sdp zép day cic s6 nguyén to theo thit tu tang dan pi,ps,.... Ching minh
ring
P!
Pn(Pn + 1) (pn + 2)...(Pr1 — 1)
Bai toan 2.35. Gid st S la tap hop tat ca cic s6 nguyén to bé hon 40. Tim s6 k nhd nhat

sao cho vdi moi tap con k phan t cia S déu ton tai 3 phan ti doi mot phan biét a,b, ¢ sao
cho a + b+ c ciing la mot so nguyén to.

€eZ VYneN n>2.

Bai toan 2.36. S0 nguyén duong n dudc goi la dang ghét néu ton tai s6 nguyén duong m ma
trong tap hop {1,2,...,28011980} c6 ding n s6 1 < xy < ... < x, khong dong du vdi nhau
theo mod n. Néu diéu nay khong xdy ra thi n duoc goi la dang yéu. Xdc dinh so6 nguyén duong
ddng yeéu bé nhat.

Bai toan 2.37. Cho cic so nguyén duong a,b. Chitng minh rang ton tai bo s0 nguyén diuong
(1,9, ..,nx) thod man tinh chdt n; +n; 1 |nmi Vi = 0,k trong dé quy wdc ng = a,ny11 = b.

Bai toan 2.38. Ching minh rdng moi sé nguyén ldn hon 17 déu cé thé biéu dién thanh tong
ctia 3 50 nguyén lon hon 1 doi mot nguyén to cung nhau. Chiing minh tinh chat dé khong
dung voi 17.

Bai toan 2.39. Cho s6 nguyén to p > 3 va ay,as, ..., a2 la cdc s6 tw nhién sao cho p khong
chia hét ay, va af — 1 véi moi k. Ching minh ring cé thé chon ra mot s6 dé tich cic s6 dé cé
s6 du la 2 khi chia cho p.

Bai toan 2.40. Vdi s6 nguyén duong n goi S(n) la tong cdc chit s6 ciia n. Ching minh ring
ton tai k s0 tu nhién ai,as, ..., a, sao cho:

an + S(ay) =am+ S(a,) V 1<nm<k

Bai toan 2.41. Chiing minh rang phuong trinh x3 + y> + 23 — t3 = 42 ¢6 v6 han nghiém
nguyén. So nghiém nguyén duong cia phuong trinh nay la bao nhiéu, hiu han hay vo han?

. , , . a c .
Bai toan 2.42. Gid sin,a,b,c,d la cic so tu nhién (n > 2) thod man —+— < 1 va a+c < n.

b d

. . , . . a c
Co dinh n, tim gia try [0n nhat cia — + —.

b d

Bai toan 2.43. Tdp hop S gom k + m — 1 s6 nguyén bat ky, m >k > 2,k|m. Chimg minh
rdng ton tai m so trong cic sé dé cé tong chia hét cho k.

Bai toan 2.44. Gid si rdng biéu dién thap phan cia /5 ¢é dang

V5 = 2, aras...ap pbb.. bbb a1 ...

m s6b
Biét rang b # apn,b # any1. Chitng minh rang n > m — 2.

Bai toan 2.45 (Open Question). Gid si P la mot tap con khdc rong ciia tdp cdc s6 nguyén
to sao cho vdi moi p1, pa, ..., px € P (khong nhat thiét phan biét) thi moi wdc s6 nguyén to clia
SO p1pa...pr + 1 ciing thuoc vao P. Héi tap hop P ¢ trung vdi tap hop tat cd cic so nguyén
to6 hay khong.
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Bai toan 2.46. Tim tat cd cic ham s6 f : Z — Z thod man dang thic:
@)+ f°) + f(2°) = (f(@) + (F@) + (f(2))® Va,y,2€ Z.
Bai toan 2.47. Gid st m la mot so nguyén duong lén hon 1 cho trude. Tom hang so C' lén
nhat sao cho:
1 ~ 1
1<k<n,(k,m)=1 k=1

Bai toan 2.48. Ching minh hai ménh dé sau day:

i) Néu n > 49 thi ton tai hai s6 nguyén a,b > 1 sao cho a +b=n va:

wga) +@ <1

ii) Néun > 4 thy ton tai hai s6 nguyén a,b > 1 sao cho a +b=n va:

Bai toan 2.49. Vdi moi so tu nhién n = ay...aza; xét ham so:
T(n) =10 Z aH—Zai.
i chdn ilé

Hay tim s6 nguyén duong A nhé nhat sao cho ton tai cic so tu nhién ni,ne, .., Mg VA
mi, Ma, ..., Miag thod man hai diéu kién:

A=n;+no+ ...+ nwg=my +ma+ ..My
T(nl) = T(?’Lg) = ... = T(?’L148)
T(ml) = T(mg) = ... = T(m149).

Bai toan 2.50. Ky hieu o(n) la so cic so nguyén duong nhé hon n va nguyén to cung nhau
vdin va w(n) la $6 cdc s6 nguyén to khong vugt qud n. Chiing minh rang véi moi s6 tu nhién
n > 1 ta co:

m(n)

p(n) > 5

é:j/ :

}s&"‘"
3 F
[ NP
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Chuong 3

Mot so chu dé so hoc chon loc

3.1 S6 bap bénh

Bai toan 3.1.1 (S6 bap bénh). Mt s6 tu nhién la bip bénh néu khi dem né nhan vdi 9 ta
duge chinh s6 dé nhung viét theo thi tu nguoc lai cia cdc chi so. Chang han so 1089 la mot
56 bap bénh c6 4 chwt so bdi vi 1089.9 = 9801. Van dé ciia chiing ta la tim tat cd cdc s6 bap
bénh c6 n chit s6. Hon nita hay tinh so tat cd cdc s6 bap bénh cé n chit so.

LOT GIAL Xét day s6 Fibonaci { f,} xac dinh béi cong thiic truy hoi sau fo =0, fi = 1, fuio =

frs1 + fn ¥ € N. Ngoai ra goi s6 cac s6 bap bénh c6 n chit s6 1 S,,. Ta sé chiing minh rang
s6 ¢6 4 chit s6 1089 1a s6 bap bénh nhd nhat va véi sd ty nhien n > 4 thi ta co:

Sn = fin/21-1-

That vay, két luan tht nhat 13 dé dang thu duge khi ta xét truc tiép khi n = 1,2, 3. Xét
n > 4. Gia st @1az...a, 1a mot sé6 bap bénh c6 n chit s6, diéu d6 c6 nghia la:

9.G1G2...Gp, = Gp...A20]. (3.1)

Suy ra a; = 1,a, = 9. Thay lai vao (3.1) thi 80 4+ 9.asa3...a,0 = a,_;...a50 = ay < 2. Nhu
vay as = 0 hodic as = 1, ta xét hai truong hop nay:

1. Néu a; = 1 Tu (3.1) lay theo mod 100 suy ra a,_, = 7, lai thay lai vao (3.1) suy
ra:
9.(11.10"% + 79 + az...a, _200) = 97.10" 2 + 1 + a,,_3...a300.

Nhu vay vé trai 16n hon 99.10"~2 va nhu vay ré rang 16n hon vé phai. Loai.
2. Néu a; = 0 Lay (3.1) theo mod 100 suy ra a,_; = 8. Thay lai vao (3.1) ta co:
9.(10™ ' + 89 + az...a, 200) = 98.10" 2 + 1 + a,,_5...a300 = a3 > 7.

Nhu vay a3 nhan 1 trong 2 gia tri 8 hodc 9. Goi s6 nghiém trong hai truong hop nay lan lugt
la K, va T}, tuong tng. Khi dé6 ro rang ta ¢6 S, = K, + T,,.
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2.1. Buéc 1. Tinh K,,. Dé thay K5 = K¢ = 0. Xét n > 7. Ta co:
9.a1.ap 3 = 8.10" % + @, 3...as. (3.2)

Suy ra as > 8. Xét truc tiép dé thay ay #8 = a4 =9 = K; = 0, Kg = 1 (56 108981089) .
Xét n > 9, khi d6 9.a5...Gp—2 = Gn_1....a5. Day chinh 1a cong thitc xac dinh mot s6 bap bénh
c6 khong qua n — 8 chit s6 (theo (3.1)) nén:

[n/2]
Kn = Z Sn—2k-
k=4

2.2. Buéc 2. Tinh T;,. Dé thay T5 = 1 (s6 10989). Xét n > 6, 1ay (3.1) theo mod 1000 suy
ra a,—o = 9. Thay lai vao (3.1):

9.(109.10™3 4 989 + ay...a,_300) = 901 + 989.10"* + a,,_3...a400

— 901 .Gp3 = 8.10" % — 8 + @, 3...q1. (3.3)

Ts = 1 (s6 109909). Xét n > 7 suy ra ay > 8, lai xét hai truong hop. Néu ay = 8, 1ay (3.1)
theo mod 1000 thu dugc a,_3 = 0, thay lai vao (3.1) ta c6 9.@5...a, 1 = 8.10" 8 + @, _4...as.
Theo (3.2) thi s6 nghiém clia phuong trinh nay 1a K,,_». Néu ay = 9 thay lai vao (3.1) suy ra
@5...Gp_4 = 8.10" — 8 + @, _4....a5. Theo (3.3) thi s6 nghiém ctia phuong trinh nay 1a T, .
Vay ta co:

Tn = Kn_g + Tn_g = Sn_g.

Tém lai chiing ta da ching minh dude cong thitc sau day ciia day cac s6 Sp:

[n/2]
Sn = Kn + Tn = Sn—2 + Z Sn—2k-

k=4
Dic biét 1a véi cac xac dinh nhu da néi § trén thi day cac s6 Fibonaci ciing thod man:

[n/2]
fn = fn—2 + Z fn—2k-

k=4

Viéc chiing minh cong thic nay khong qua khé khan va danh cho ban doc nhu mot bai tap
nhd. Bay gio dé ¥ rang cac gia tri ban dau ctia hai day {S,,} va {fjn/2-1} la hoan toan trung
nhau. Va do d6 ta c6 thé két luan réang S, = fj,/2—1 v6i moi s6 tu nhiéen n > 4. Day chinh la
diéu ta can ching minh.

Xét day cac sd bap bénh dang dac biét sau day:

p1 = 1089

p2 = 10989

pn = 10999...99989 n la s6 ty nhién bat ki.
=

n—1s69



31. SO BAP BENH 2%

Khi d6 véi so dd chitng minh nhu trén ching ta dé dang thu dudge dang tong quat nhu sau
clia tat ca cac sé6 bap bénh:

PmiPms - -PmpPmy, 1 Pmy - PmaPmy -

Trong d6 mq,ma, ..., , my, V& my,4q la cac so0 tu nhién tuy ¥.

Lo1 BiNH. Day 1a mot bai toan hay, van dé dat ra la khdo sat mot loai s6 dic biét. diéu
thd vi 1a xult x ctia tit bap bénh. Cé thé thay ré qua cong thic tong quéat xac dinh mot
s6 bap bénh bat k¥ néu trén, cau tric clia cic s6 c6 tinh chat (3.1) ¢6 thé chinh la nguon
gbc ctia tén goi thi vi nay. Mot diém dic biét nita 1a trong ching minh trén ching ta da
dua vao (3.2),(3.3) dé thu dugc cong thiic truy hdi dic biét ctia day {S,}. Can phai quan
sat mot cach tinh tao thi méi tranh dugce nhitng suy luan thira, khong can thiét va c6 thé lac dé.

Dé cho chinh x4c ta c6 thé goi cac s6 bap benh kiéu nay la céc s6 9 — bap bénh. Mot
van dé nita 1 c6 cac s6 bap benh kiéu khéac khong, tic 14 véi s6 a nhu thé nao thi ton tai sb
a — bap bénh, v6i gid thiét 1 s6 @ — bap bénh 14 s6 ma khi dem nhan né véi a ta dude chinh
s6 d6 nhung viét theo thit tu céc chit s6 nguge lai. Day 1a mot bai toan khong qua kho, tham
chi rat ciit nhung can phai xét tat ca cac truong hop a 1a chit s6. Két qua 1a a chi c¢6 thé 1a
1,9 hoiic 4. Dac biet néu a = 4 thi két qua van rat tuong tu, su khac biét c6 chang chi 1a &
cach xac dinh day {p,}. Khi a = 4 vai tro ctia s6 2178 sé thay thé vai tro cia s6 1089 (chi ¥
1a 2178.4 = 8712). Chinh x4c hon ching ta c6 két qua sau day:

Bai toan 3.1.2. Chitng minh rdng cé bao nhiéu so 4 — bap bénh thi cing cé bay nhiéu so
9 — bap bénh.

Chiing minh tryc tiép két qua nay thuc sy 1a mot viec rat kho (1)

THAY CHO LOI KET. Trong s6 hoc con vo van nhitng loai s6 dang chu y khac va ching
ta sé sém trd lai cht dé nay vé6i nhitng khao sat chi tiét hon. Dudi day 1a mot s6 bai toan vé
cac loai s6 dic biet khac da xuat hién trong cac k¥ thi hoc sinh gioi gan day va trude kia:

Bai toan 3.1.3 (S6 dong dua). Mot s6 nguyén duong duge goi la dong dua néu trong biéu
dién thap phan cia né, hai chit so bat ky ding canh nhau cé6 mot s6 bang 0 va mot so6 khac 0,
chit s6 hang don vi khdc 0. Tim tat cd cic so nguyén duong n sao cho n khong cé boi so nao
la s6 dong dua.

Bai toan 3.1.4 (S6 luan phién). Mot s6 nguyén duong dugc goi la luan phién néu trong
biéu dién thap phan cia nd, hai chi s6 bat ky ding canh nhau ¢é mot s6 chdn va mot sé Ié.
Tim tat ca cic s6 nguyén duong sao cho né khong cé boi so luan phién nao cd.

Bai toan 3.1.5 (S6 buéng binh). Cho cdc s6 tu nhién doi mot nguyén to cung nhauv a, b, c.
Mot s6 tu nhién goi la budng binh néu né khong biéu dién duoc dudi dang xab+ ybc + zca vdi
cac so tu nhién x,y, z. Héi c6 bao nhiéu so6 budng binh.

Bai toan 3.1.6 (S6 kim cuong). Mot s6 nguyén duong duge goi la kim cuong 2005 néu
trong biéu dién thap phan ciia né cé 2005 chit s6 9 ding canh nhau lién tiép. Day {a,} ting
ngdt cdc s6 nguyén duong thod man a, < nC vdi hang so thuc duong C nao dé. Chitng minh
rang day so {a,} chia vé han cdc s6 kim cuong 2005.
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3.2 Dinh ly Fermat nho va mot ing dung dep

Bai toan 3.2.1 (Dinh ly Fermat nho). Vdi s6 nguyén té p cho trudc va so tu nhién n tuy
Yy thi n? — n chia hét cho p.

Dinh 1y nay da qua quen thuoc véi cac ban, cich chiing minh truyén théng la st dung phép
ghép cdp va hé thing du. Tuy nhién ching t6i muén mai cic ban thudng thitc lai mot cach
chitng minh tuyét dep ctia bai toan (3.2.1). Céach chiing minh nay khéc véi cach ching minh
thong thuéng st dung hé thing du, méac du trong hai cach thi cach thit hai c¢6 thé mé rong
dé chiing minh két qua manh hon ctia dinh Iy Fermat (dinh Iy Euler) dé dang hon.

Chitng minh bai toan (3.2.1). Stt dung phép dém. Ta chia mot vong tron thanh p phan
déu nhau 1,2,...p va t6 cidc phan d6 bang 1 trong n mau cho trude. Hai cich to duge goi 1a
dong dang néu qua mot phép quay ching tré thanh mot hinh duy nhat. Dém s6 cac 16p ma
modi 16p bao gom tat ca cac cach to dong dang v6i nhau.

Ta c6 s6 cach t6 1a nP, néu trong mot 16p cac cach to dong dang vé6i nhau c6 2 céch to
khéc nhau thi 16p d6 c6 ding p phan tit (nghia 14 p cAch t6 sai khac nhau mot phép quay).
Chi c6 ding p 16p ma mdi 16p chita ding n phan tit gidng hét nhau (tuong ting véi n cach to
toan bo vong tron bang mot mau duy nhat). Vay sb 16p sé la:

nP —n
4

Biéu thitc nay di nhién phai 1a mot sé nguyén. Diéu d6 chitng t6 nP — n chia hét cho p.

Vé tam quan trong cia dinh 1§ nay c6 1& nén danh han mot chuyen khao dé viét vé né,
tuy nhién trong bai viét nay ching to6i chi mudn gi6i thiéu mot bai toan "nhé" va kha tha vi,
c6 thé chitng minh tryec tiép dep mét bang dinh 1y nay nhd két hop véi dang thitc thi vi:

1 1 1

-4 3.4

2 3 + 6 (34)
Bai toan 3.2.2 (IMO 2005). Tim tdt cd cdc s6 nguyén duong nguyén to cing nhau véi moi
phan ti ciua day:

a,=2"+3"+6"—-1 n>1.

Chitng minh bai toan (3.2.2). Ta sé chitng minh rang véi s6 nguyén to p bat ki déu ton tai
boi s6 clia p 1a phan tit ctia diy {a,}. That vay, ro rang 1a 2|a; = 10 va 3|ay = 48, xét mot
s6 nguyen to p > 3 bat ki. Stt dung dinh 1y Fermat nhd ta cé bién doéi sau:

o=l gl gl

=22 = —1
Qp—2 + + 5 + 3 + G
1 1 1
E§+§+6_1 mod p =0 mod p.

Bién d6i thit 3 ding vi chiing ta c6 dang thiic (3.4). Day 1a mot dang thitc rat don gidn nhung
n6 lai ¢6 nhiéu ng dung rat tha vi, khong chi rieng trong bai toan nay.
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3.3 Mot s6 tinh chit ctia ham téng cac chit s

D&i v6i s6 tut nhién n = @yas...a, ta xét S(n) = a1 +as + ... + a, va goi S la ham tong céc
chit s6. Trong muc nay ching toi sé trinh bay mot sé tinh chat ctia ham s6 nay.

Bai toan 3.3.1. Chiing minh 3 tinh chat co ban cia ham S(n):

(1) S(a)<a vdi moi 6 tu nhién a
(2) S(a+0b) <S(a)+ S(b) vdi moi s6 tu nhién a,b
(3) S(ab) < S(a)S(b) vdi moi sO tu nhién a,b.

Ba tinh chat nay la nhitng hicu biét ban dau vé ham S(n), mac du don gian nhung déu rat
quan trong. Chitng minh khong quéa kho khan vi vay cac ban hay tu chitng minh ching.
Bay gis mdi cac ban dén vé6i 2 két qua dep dé sau day:
Bai toan 3.3.2. Gid st 10 — 1|M vdi k € N khi d6 S(M) > 9k.
LOI GIAL Dat M = a;...ajag. V6i moi i € {0,1, ...,k — 1} ky hieu:

fﬁ = j{: aj.

j=i mod k

Theo gia thiét 10 — 1|M = 10* — 1|10'M véi moi [ = 0,1, ...,k — 1. Do d6 ta co:

Sk_110F71 + Sp 910572 4 ... + 5110 + Sp10° chia hét cho 10F — 1
Sk110°  + S, 210! + ...+ 5110% + Sp10! chia hét cho 10% — 1

Sk_1 1052 + Sk_glok_s + ...+ 51100 + 50101 chia hét cho 10* — 1.
k—1
Suy ra (Sk—1 + ... + S0)(10* 1 + ... + 10+ 1) > k(10" — 1) = S(M) = >_ S; > 9%.
=0

Bai toan 3.3.3. S((10* — 1)m) = 9k vdi moi 1 < m < 10F.

LOI GIAL Dat m = @ras...a;10" v6i as # 0,5 < k. Ta co:

S((10" — 1)m) = S(aias...as_, 99..9 (9 — a)...(9 — a,-1)(10 — a))

k—ssb69

s—1 s—1
= E ai—|—9—|—9—|—...—|—9—|—§ (9 —a;) + (10 — as)
D Y e
i=1 i=1

k—ss69

= 9k Diéu phai chitng minh.

LO1 BinNH. Hai két qua trén la nhing tinh chat dep ctia ham S(n), trong d6 dang thiic & bai
toan (3.3.3) la mot ding thiic tuyét voi. Véi hai két qua nay, ta cé thé giai quyét mot loat
cac bai toan, trong d6 c6 mot bai toan dep dé sau:
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Bai toan 3.3.4 (USAMO 2005). Dit A = {1,2,...,n}. Goi f(n) la gid tri nhé nhdt cia
s6 tu nhien k cé tinh chdt ton tai n s6 nguyén duong phan biét x1, s, .., T, thod man:

S(Zx) =k wdimoil €A T+¢.

il
Ching minh rdang ton tai 0 < ¢; < ca thod man cilog;yn < f(n) < caloggn vdi moi n.

LOI GIAI. Trudc hét ta chiing minh sy ton tai ctia ¢;. Dat m = [log;gn] = 10™ — 1 < n.
Xét n sd a; = x1, as = T1 + Ta,..., @y = T1 + T2 + ... + z,. Theo nguyén 1y Dirichlet ton tai
1 <i < j <msao cho a; = a; mod (10™ —1). Tt d6 suy ra a1 + ... +a; = 0 mod (10™ —1).
Mat khac 4p dung bai toan (3.3.2) ta c6 f(n) = S(ai41 + ... + a;) > 9m = 9[log,, n].

Ta ching minh sy ton tai clia ¢p. Chon oy = 105 —1, ..., 2, = (10— 1)n. V6i k = [2log,on+1.].
Stt dung bai toan (3.3.3) suy ra S(>_x;) =9k véimoi [ € A, I # ¢

i€l
= f(n) <9k <9[2log,,n + 1].

Bai toan da dugc ching minh.

Mot van dé khac 1a khao sat tinh chat ctia day {S(a™)} véi a 1a s6 tu nhién c¢6 dinh. Riéng
v6i a = 2 thi lim S(2") = oco. Day da la mot bai toan kho, cac ban c6 thé chitng minh ring

1 ) /
S(2™) > 5 logy, n va tit d6 dé dang suy ra két qua bai toan. Ching ta sé khong ban qué sau

ve bai toan nayy ma sé giai quyét mot bai toan tuong tir sau day:

Bai toan 3.3.5. Tim tat ca cac so tu nhién k cé tinh chdt ton tai s6 thuc duong ¢, sao cho:

S(kN . .
S((N)) > 001 sO tu nhién N bat ki.

LOI GIAIL Ta sé chitng minh réng s6 tu nhién & thod man diéu kién bai toan khi va chi khi
trong phan tich chinh tic ctia k khong c6 cac thita s6 nguyéen té khac 2 va 5. That vay, néu
k = 2P .57 thi ta co:

S(10Pt9.N)  S(2P.59.N)

SESN) 2 —sman T = T s

2 Cr — 5(5;0‘211)‘

Ngude lai, néu k = 27.59.t v6i s6 tit nhién ¢ > 1 vA nguyén t6 cing nhau véi 10. R6 rang néu
k thoa méan bai toan thi ¢ cling vay. Sit dung dinh 1y Euler ta co:

1090 — 1
t|10“°(t) -1 = — = a10g.--pz)-
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Trong cach viét trén céc chit s6 a; c6 thé bang 0. Ta lai cé:

10met) — 1
t

1090 — 1
- ((10%0“))7”—1 + 1090 4 1)

By =

t
=DB1By...By
—

m

me® -1
t —

m

Vit > 1nén a1a2...Qp(t) < 99 ...99. Dod6 tacé BiBy...Bi+1= BlBl...(Bl + 1)
w(t) 69

10me® 4 ¢ — 1
:>5( : )zm—1. (3.5)

Chon m dii 16n dé 10™#® >t — 1 ta c6 ngay:
S(10™*® 4t —1) =1+ 5(t—1). (3.6)

10me®) 4 ¢ —1
- .

Tém lai ta da xét day cac sd tu nhién sau day A,, =

S(tA) o1+ S(t—1)
S(An) — m-—1
ra ¢; = 0. Mau thuan. Vay ta c6 diéu phai chitng minh. Mot cau héi mé 1a danh gia:

inf {% | k:eN}.

Bai toan 3.3.6. Ching minh rang ton tai k so tu nhién a1, as, ..., ay sao cho:

Gia st phan ching, tit (3.5) va (3.6) ta suy ra ¢ < . Cho m — oo suy

an + S(an) = apy + S(ay) V1 <n,m<k.

LOI GIAIL Ta chiing minh bing quy nap theo n ring ton tai n s6 ty nhién khac nhau doi mot

ay, as, ..., a, thod man a; + S(ay) = ay + S(az) = ... = a, + S(ay,). That vay, véi n = 2 chon
a = 98, as = 107 thi 98 + S(98) = 115 = 107 + S(107). Gia sit riing khing dinh da ding
t6i n va a; + S(a1) = ax + S(az) = ... = a, + S(a,) = Is. Ré rang ton tai [ € {1,2,...,9} dé

9]s + 21, dat s + 21 = 9m. D& thay m 16n hon s6 chit s6 clia cac s6 a;, i = 1,2,...,n. Xét cac
s6 sau day:

a,=10"+a; i=1,2,...,n

anq = 10m —1.

Khi d6 a} + S(al) =10™ +1+ s v6i i =1,2,..,n + 1. Vay ta c6 diéu phai chiing minh.

Céc tinh chat vé ham toéng cac chit s6 con nhiéu, nhung ching to6i tam két thic bai viét
bang hai bai toan. Mot bai 1a dé thi ctia Nga, con bai kia 1a mot bai toan "mdéi":
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Bai toan 3.3.7. Gid st a,b,c la cic s6 tu nhién thod man S(a + b),S(b+ ¢),S(c+ a) déu
nhé hon 5. Hay tim gid tri l6n nhat cia S(a+b+ c).

Bai toan 3.3.8. Vdi moi so tu nhién n = a;...azay xét ham soé

T(n) =10 Z aH—Zai.

i chdn ilé

Hay tim s6 nguyén duong A nhé nhat sao cho ton tai cdc so tw nhién ni,no,..,Nus VA
mi, Ma, ..., Miag thod man ba dieu kién:

A=n;+ng+ ...+ nwug =my + ma + ... M9
T(nl) = T(ng) = ... = T(n148)
T(ml) = T(mg) = ... = T(m149).

3.4 Hai ttng dung cua phuong trinh Pell

Phuong trinh Pell ¢6 dién la phuong trinh c¢6 dang 2> — Dy? = 1 trong dé D la s6 nguyén
duong khong 1a binh phuong ctia mot s6 tu nhién. Bang cach st dung 1y thuyét lien phan s,
diing bd dé Dirichlet hay phuong phap hinh hoc véi cac duong hypecbol ngudi ta da ching
minh dugc rang phuong trinh Pell luon c6 it nhat mot nghiem.

Tit viéc c6 nghiem ta c6 thé thay ngay ring phuong trinh Pell c¢6 vo han nghiem. That
vay, néu (z,%) la mot nghiem thi (222 — 1,2zy) ciing 1a mot nghiém, cac ban c6 thé kiém tra
diéu nay bang cac phép bién doi tuong déi don gian. Van dé la tim cong thic tong quat cta
tat ca cac nghiem. Dé lam diéu d6 can dén khai niem nghiém co sé.

Trong s6 cac nghiém, ta lay ra mot nghiem (g, 1) c6 tong x + yo nhé nhat c6 thé, khi
d6 (o, yo) goi 1a mot nghiem co sd. Khi d6 tat ca cdc nghiem ctia phuong trinh Pell sé 1a:

(a+bvVD)" + (a — bv/D)"

2v'D
(a4 bVD)* — (a — b\/ﬁ)"

Yn = /D

Viéc chitng minh chi tiét dinh 1§ nay khong thuoc pham vi bai viét, cac ban c6 thé sit dung
phuong phap gen (sé duge dan ra trong mot vi du & phan sau) dé thyc hién cong viéc nay.

T, =

Muc dich ctia ching toi 1a trinh bay véi cdc ban hai tng dung dic sic ctia nhimg hiéu
biét vé phuong trinh Pell vao cac bai toan sb6 hoc.

Bai toan 3.4.1 (TST VMO 2005). Tim tat ci cac ham so f : Z — Z thod man dong nhat
thiic sau vdi cdc s6 nguyén x,y, z bat ky:

F@®+y’+2°) = (f(2)) + (f() + (f(2)".



3.4. HAI UNG DUNG CUA PHUONG TRINH PELL 31

LOT GIAL Ta s& tim mot dang thiic dang a® + b% + ¢ = d® + € + 2 ding véi n bat ky, trong
do6 céc bién a,b, c,d, e, f déu phu thuoc n. Day 1a ¥ tudng chinh va viéc thie hién né sé dan
ta t6i v6i phuong trinh Pell. That vay, ta co:

(z+1)P—(x—1)3 = (y+h)?>—(y—h)>3+(z—1)3—(2+1)3 < 3l2x® +13 = 3hy? + h® = 3t2* —13.

Vi muc dich ciia ta la tim mot cong thic truy hdi ¢é chita n nén ta cé thé chon x =n,l =1
khi dé déng thic trén tré thanh:

3n® +1=3hy* + h* — 3t22 — 7. (3.7)
Tt (3.7) suy ra h —t = 1 mod 3, chon h = 2,t = 1 vay (3.7) tuong duong véi 3n® + 1 =
62 +8—-322 —1<=3n?—-6=6p2+8—-322 -1 <= n%—1=2y%— 22 Talai co:

212 —n? =2 —n?
252 -7 =1
— 2 —n? = (2.1 —n?)(2.5° - 7%)

= (V2.1 —n)(V2.1 4+ n)(V2.5 = 1)(V2.5 + 7)

= (V2.1 = n)(vV2.5 = D[(V2.1 4 n) (V2.5 + T7)]

= [Tn 4 10 — V2(5n + 7)][Tn + 10 + V2(5n + 2)]

= (Tn +10)* — 2(5n 4+ 7)%
Va nhu thé 2(5n + 7)% — (7Tn + 10)2 = n? — 2, ta c¢6 thé chon y = Tn + 10,z = 5n + 7.Cudi
cling ta c6 dang thec:

(n+m)*—(n—m)* = (5n+9)° — (5n + 5m)* + (Tn + 9Im)® — (Tn + 11m)>.

Dén day thi bang phép quy nap don gian (cdc ban ty thyc hién) ta co:

0 véimoiz € Znéu f(1) =0
flx)=<x v6imoixz € Z néu f(1) =1
—x véimoi x € Z néu f(1) = —1.

Bai toan 3.4.2 (TST VMO 2002). Tim tat ci cic da thiic P(z) hé s6 nguyén sao cho da
thiic sau la binh phuong cia mot da thic hé s6 nguyén:

Qx) = (2% + 62 + 10)(P(2))? — 1.

LOI GIAI. Gia st ton tai da thic hé s6 nguyen R(z) € Z[z]| thod man Q(z) = (R(x))?. Do
22462 +10 = (z +3)2+1> 0 va (R(x))?> > 0 nén P(x) # 0 véi moi x € R. C6 thé gia sit
P(x) > 0 v6i moi z € R va nhu thé bac ciia P 1a chin, dit deg(P) = 2n.

T gid thiét ta c6 (m? +1)(P(m — 3))? — 1 1a s6 chinh phuong véi moi gia tri m nguyén, nén
theo dinh 1y vé phuong trinh Pell suy ra ton tai f : N — N sao cho véi moi m € N thi:

P(m —3) = ((m +Vm2 + Dy — Vm? 1)2f<m>+1).

1
2vm? +1
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. . P
Goi a la hé so bac cao nhat ctia P(z), a # 0 va vi deg(P) = 2n nén lim (z)

00 x2n
suy ra ton tai 2n + 1 s6 nguyén duong phan biét 1, s, .., Tony1 sao cho 2f(x;) +1 =2n + 1
vl 1 <7 <2n+ 1. Xét da thiec:

—a#0. Titdo

A(z) = P(x — 3) (([L’ + Va2 4+ 1) — (r — Va2 + 1)2"+1).

1
EENZ2ES
Ta ¢6 deg(A) < 2n ma A(x;) =0 v6i moi i = 1,2n + 1 suy ra A(x) = 0 (mot da thic bac k
khong c¢6 qua k nghiém)

= Pz —3) = 2\/% (([L’ + Va2 4+ 1) — (z — Va2 + 1)2"+1).

D6i bién, ta thu dugc:

1
"~ 2Va2Z + 6z + 10

P(SL’) (([L’ + 34+ Va2 +6x+ 10)2n+1 _ ([L’ +3 Va2 +6z+ 10)2n+1) ‘

3.5 Dinh 1y phan du Trung Hoa

Bai toan Han Tin diém binh 1a mot bai toan ndi tiéng dén mic hau nhu hoc sinh tiéu hoc
nao ciing da timg nghe noéi dén. D6 ciing 1a xuat phat diém cho dinh 1y Trung Hoa vé phan
du ma ching toi sé phat biéu va ching minh ngay bay gio.

Bai toan 3.5.1. Xét hé phuong trinh dong du bac nhat mot an:

z=b; mod my

z =by mod mo

Chitng minh rang (H) cé nghiém néu va chi néu (my,m;) = di|b; — b; vdi 1 <i < j <n.
LOI GIAL Ta chiing minh hai chiéu ctia dinh 1y. Chiéu thuan lan hién nhien, vi ta cé:
T =t;m;+ b;
{x = t;m; + b;
= d;; = (m;, m;)|t;m; —t;m; = b; — b;.

Ngugc lai, ta xét truong hop {m;} doi mot nguyén t6 cting nhau (day chinh 1a dinh 1§ Trung
Hoa). Ta da biét véi s6 nguyen x dicu kién can di dé ton tai s6 nguyén y ma zy =1 mod n
1a (z,n) = 1. That vay, néu (z,n) = 1 thi theo dinh 1y Bezout ta c6 ton tai cdc s6 nguyen
w,v sao cho ux +vn = 1 suy ra ux = 1 mod n. Chiéu ngugc lai la diéu hién nhien.

n M . s
Bay gio dat M = [[m; va M; = —. Theo nhan xét thi v6i mdi ¢ = 1,2,..,n déu ton

i=1 m;
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tai ¢; sao cho M;c; =1 mod m;. Lay x = > M;b;c;, day ro rang 1a nghiém cta he (H).
i=1

k
Bay gio xét truong hop (m;, m;) = di;|b; — b; véi moi 1 <i < j < n. Dat m. = [] p/*.
i=1
Khi d6 he (H) c6 thé viét dudi dang;
=b., mod pfd
602

r=0b. mod
Véi moi 1< ¢ <n ¢ P2

z=b., mod pgc’“

Sap xép lai n hé k phuong trinh nay thanh & hé n phuong trinh nhu sau:

T =0b; mod piﬁ“

z =by mod piﬁ“

Véimoi 1 <i<k

ni

xr=b, mod p;

Cac phuong trinh trong cting mot hé trong k hé nay déu xét theo cac modun clia cting mot
s6 nguyén t6, hon nita néu B, > By xét heé:

{:B =b, mod p;“

r =bs; mod p-ﬁ‘“

i .

Hé nay tuong duong v6i mot phuong trinh duy nhat = b, mod p;* (suy ra tur diéu kién
dij|bi — bj). Nghia 1a ta da dua truong hop tong quat vé trudng hgp rieng ciia dinh 1§ Trung
Hoa vita dude giai quyét 6 trén. Dinh 1y duge chiing minh hoan toan.

Day la mot dinh 1§ thuc sy 1§ tha vd bo ich, dudi day la mot tng dung tuong déi don
gian nhung ciing rat y nghia:

Bai toan 3.5.2. Ching minh rdang vdi s6 tw nhién n bat ky déu ton tai hai so nguyén .,y
thod man n|x? — 34y* + 1.

LOI GIAL C6 thé dit n = 3%m véi (m,3) = 1 va a > 0.
Ta c6 52 —34.12 +32 =0 va ton tai j dé 3j =1 mod m = m|(55)? — 3452 + 1.

Ta lai ¢6 32 — 34.12 + 52 = 0, va theo dinh 1y Fuler thi 5% =1 mod 3*

2 2
(3 . 5@(3“)—1> —34 (5s0(3“)—1) +1.

Theo bai todn (3.5.1) ton tai x,y thod man hai he dong du:

{l’ =5 mod m {y =j mod m

— 3¢

x=3-5°6"1 moed 3* x = 5761 mod 3°.
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Khi d6 ro6 rang 1a n|z? — 34y + 1. Day la diéu phai chiing minh.

Cudi cting, mdi cac ban st dung dinh 1y phan du Trung Hoa dé giai mot s6 bai toan sau
day:

Bai toan 3.5.3. Tum tdt cd cac s6 tw nhién n cé tinh chat ton tai s6 nguyén m ma 2" —1 la
udc s6 clia m? + 9.

Bai toan 3.5.4. Cho da thiic hé s6 nguyén P(x) va tap hop hitu han cdc s6 nguyén p1, pa, .., by
khac O thod man vdi moi s6 nguyén n thy P(n) la boi clia s6 p; nao dé. Ching minh rang khi
dé ton tai chi s6 i ma p;|P(n) vdi moin € Z.

Bai toan 3.5.5. Gid st a1, as, .., a, la n s6 nguyén doi mot khdc nhau va by, by, .., b, la n 6
nguyén tugy 4. Chiing minh rdng vdi s6 tu nhién t cho trudc ton tai duy nhat mot da thic vdi
cdc hé so la +0,+1,,..,+(t — 1) sao cho f(a;) =b; mod t vdi moii=1,2,..,n.

Lo1 BiNH. Hay cht ¥ dén dang clia bai toan (3.5.5) trong truong s6 thuc, khi d6 ¢6 duy nhat
mot da thite he s6 thue P(z) thod man P(a;) = b; v6ii = 1,2,..,n. Chiing minh diéu nay cac
ban c6 thé sit dung cong thitc noi suy Lagrange quen thudc.

3.6 Biéu dién sb

Céc bai toan thuoc dang toan biéu dién sb rat da dang va phong phi. C6 nhiéu bai trong s6
chiing thudc loai kinh dién nhu bai toan biéu dién mot s6 thanh tong céc binh phuong, lap
phuong,.... . D6 déu 1a nhitng bai toan rat thu vi nhung trong bai viét nay ching t6i khong c¢6
¥ dinh tong két lai cac két qua kinh dién d6 ma xét dén céc bai toan vé biéu dién céc sb6 hitu ti.

Van dé thi nhat ching toi dit ra ¢ day la tim hiéu viec phan tich mot sé hitu ti duong
dusi dang tong céac lap phuong clia k s6 hitu ti duong. R6 rang dinh 1§ Fermat da néi len
rang k khong thé bing 2. Vay k nhoé nhat ¢ thé bang bao nhiéu. Cau tra 10i 1a 3, chinh xac
hon ta c6 bai toan sau day:

Bai toan 3.6.1. Moi so hitu ti duong déu cé thé biéu dién vo han cdch thanh tong cdc lap
phuong cia ba so hitu ti duong.

LOI GIAIL. Xét s6 hitu ti duong r. Luon ton tai s6 hitu ti v sao cho:

3
\3/§<v< /3.

3r — vl s

Chonu:m,s:v(l—l—u),z:suvat:m

.Vachonx=s—t,y=t— z.
N p: 1 2 N 2

Tt cach chon v ta c6 0 < u < 3 — 3(1 —v*) > 1, ma3u(l —v) <1 = z,y > 0.

Vay z,v, z déu 1a cac s6 hitu ti duong.

Lai co:

Py’ + 2 = (st (t—2)° + 20 =87 = 3(s? = 22t + 3(s — 2)t?
3(s? — 2t = 3s%(1 —u?)t = s3
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3, 3, .3 ,»  s(l—wu) s3 v (L+u)?  vP(14u)
=y = 3 = e e T i Wi ) 30— B —w)

Do d6 r 1a tdng cac lap phuong ctia 3 s6 hitu ti duong. Dé ching minh s6 céch biéu dién nay
12 v6 han ta c6 thé chon v di gan +/3r. Khi d6 z = su sé dii nhé. Do vay ta cé thé tao ra vo
han céch biéu dién theo clting cach nhu trén. Tit day ta cé cac hé qua sau:

Hé qua 3.6.1. Moi s6 hau ti déu la tong cdc lap phuong cia 3 s6 hiu ti.

Hé qua 3.6.2. Vdi so nguyén duong n bat ky, phuong trinh x> + v + 23 = nt3 ¢6 vo han
nghiem nguyén duong nguyén to cung nhau.

Hé qua 3.6.3. Vdi s6 nguyén duong k > 3, bat ky s6 hitu ti duong nao cing cé thé biéu dién
v0 han cich dudi dang tong cdc lap phuong cia k sé hiu ti duong.

Tu hé qua 3.6.3 van dé dat ra ¢ trén da dude giadi quyét tron ven. Ngoai ra 16i giai trén con
cho ta phuong phap phan tich mot sé hitu t¥ thanh tong cac lap phuong ctia 3 s6 hitu ti.
Chang han nhu véi r = 3/5 thi:

3 86\’ (7 ’ (B ’
—=r=-— — — .
5 105 735 49
Bay gi¢ ta cai tién cach ching minh dinh 1y trén bing cach chon v dit nhé va v > v/3r sao

cho u? < % Khi d6 khong kho khin dé chitng minh —1 < u < 0, 2 < 0, ¢t > 0, y > 0, va

x > 0. Két qua nay dan ta t6i véi dinh 1y sau:

Bai toan 3.6.2. Bdit ky s6 hitu ti duong nao cing cé thé biéu dién vo han cdch dudi dang
x® +y3 — 23 trong dé x,y, z la cdc $6 hiu ti duong.

Hé qua ciia bai toan 3.6.2 thu dude bang cach ap dung cho s6 r + t3 véi t 1a s6 thue duong:

Hé qua 3.6.4. Bat ky s6 hitu ti duong nao cing cé thé biéu dién dudi dang ©° +y° — 23 —
trong dé x,vy, z,t la cdac s6 hitu ti duong.

Chiing ta xét dén van dé thit hai, biéu dién mot s6 hitu ti » duong dudi dang:

T_a‘z)—l—...—l—afl
b+ ...+ b

VOi @y, ..., an VA by, ...., b, 12 cac s6 nguyén duong. Cau hoi dit ra 1a véi n bang bao nhiéu thi
c6 thé bieu dién duge nhu vay.

Truée hét hién nhien thay rang n > 1. Ta xét cac truong hop don gidn cta n.
Trudng hop n = 2. Xét a1, as, by, by 12 cac s6 nguyeén duong sao cho a; = b;. Khi dé:

ad+a3d (a1 +a) (a3 — ajas + a)

b3+ b3 (by +bo) (b2 — biby + b3)
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Ta chon cac s sao cho a? — ajas + a2 = b? — byby + b2, chang han chon a; = as + by
1 5 = 0 %

ai +a3  2az+ b
b?—l—b% ag—l—ng‘

Néu 1/2 < r < 2, viét r = a/b trong d6 a, b 1a cac s6 nguyén duong théa man b < 2a,a < 2b.

. . ai+ay o,

Ta chon as = 2a — b va by = 2b — a. Khi d6 r = 3 2 théa man.
by + by
Néu r khong thuoc khodng (1/2,2). Luon ton tai so hitu ti p/q véi p, ¢ nguyén duong sao cho
1 3 3o, ~
3 < rp—3 < 2. Theo truong hgp trén 7’p—3 bieu dién duge dudi dang:
q q
a4t +ad a1)® + (qag)®
7’p—3: ;, 32:>7’:(q 1)3 (g 2)3‘
q by + b3 (pb1)? + (pb2)

Do dé truong hgp n = 2, cac biéu dién trén qua thuc ton tai.

Trudng hgp n = 3. St dung truong hop n = 2 va bai toan 3.6.2 suy ra ton tai cac s
nguyén duong a, b, c,d, e, f, g, h sao cho:

_a 40P+ g’ (ag)+ (bg)® _ (be)® + (bf)* — (bg)®

R IR (cg)® + (dg)? (bh)3

Theo tinh chat ti 1& thiic:
_ (ag)’ + (be)® + (bf)°
(cg)® + (dg)® + (bh)®
Ta c6 v6i n = 3 biéu dién trén duge xac lap. Mat khac tit truong hop n = 2 va n = 3 stt dung
tinh chéat ti 1é thiic ta cé bai toan sau:

Bai toan 3.6.3. Cho s6 nguyén duong n > 1. Khi dé moi s6 hitu ti duong déu biéu dién dugc

duor dang:
ad+..+ad
b+ ...+
trong dé ax, ..., a, va by, ....,by la cdc s6 nguyén duong.

Nhu vay van dé tht hai cing da dugce giai quyét tron ven. Bay gio tuong tu héa dang biéu
dién trong van dé thi hai ta c6 bai toan sau:

Bai toan 3.6.4. Ching minh rdang vdi moi s6 hiu ty duong r déu ton tai cdc s6 nguyén
duong a, b, c,m,n,p théa man:
2 b3 5
A s (3.8)
m7 4+ nll 4 pl3

LOI GIAL Gid st p 1a mot s6 nguyen t6, véi s6 tu nhién n ky hiéu v,(n) 1a s6 mi ctia p trong
phan tich chinh tic ctia n. Ta ching minh mot nhan xét:

Nhan xét. V6i cac s6 tu nhién ¢, s, m,n trong d6 (m,n) = 1, khi d6 ton tai cdc s6 tu nhién
a,b thdéa man a™t = b"s.
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Chitng minh. Gia st p 1a s6 nguyen t6, si dung dinh 1§ Bezout ta c¢é thé tim céc sb
nguyén khong am «,, 3, théa man a,m — B,n = v,(s) = v,(t). Dé dang chiing minh rang;

(a b= Hpﬁp)

théa man dicu kién trén. Nhan xét duge chiing minh.
V6i s6 thie duong r chiing ta chon céc sé tu nhién a, b, ¢, m, n, p théa man a? = rm7, b3 = rn'!
va ¢ = rp'3. Khi d6 6 rang (3.8) duge thda man. Diéu phai ching minh.

Bai toan 3.6.4 1a mot bai toan d&, nhung néu cé mot chit thay ddi nhoé, chédng han thay
doi vai tro ctia dau cong va dau trit, ta sé c6 nhitng bai toan khé. Ma dudi day 1a mot vi du:

Bai toan 3.6.5. Cho s6 nguyén duong n > 1. Tim so6 nguyén duong nhé nhat khong cé dang
a b
n®—n

d vdi bat ky cac so nguyén duong a,b,c,d nao do.

nt —
Cac ban hay ty giai bai toan nay xem nhu mot bai tap.

3.7 Mot dang phuong trinh Diophante dac biét

Trong muc nay ching t6i muén ghi chép lai 18i gidi ctia ba phuong trinh Diophante nghiém
tu nhién sau day:

4oy —x — 1= 2* (3.9)
doy — o —y = 22 (3.10)
dayz — 1 —y =t (3.11)

Trong d6 (3.9) va (3.10) la nhitng phuong trinh ctua Euler, Golbach da cho (3.9) mot 15i giai
dep dé. Euler da mo phong cach chiing minh dé dé giai quyét (3.10). Cong viéc cudi ciing 1a
stt dung céc ky hiéu Jacobi (mé rong clia ky hieu Legendre) va luat thuan nghich bac hai dé
gidi quyét tron ven (3.11).

Bai toan 3.7.1. Chiing minh rang phuong trinh (3.9) khong cé nghiém ty nhién.
LOI GIAIL Gia st phan chitng, goi a 1a s6 nho nhat c6 tinh chat ton tai m, n ty nhién ma:
4mn —m — 1 = a’. (3.12)
Cong 4m? — 4ma vao ca hai vé clia (3.12) ta dugc:
dm(n —a+m)—m—1=(a—2m)> (3.13)

Dé dang chiing minh dugc:

a<m. (3.14)
That vay, khong thé c6 @ = m vi néu a = m thi vé phai ctia (3.12) chia hét cho m con vé trai
thi khong (m khong thé bing 1 vi khong c6 binh phuong nao chia 4 du 2). Con néu a > m thi
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n—a+m <n vado d6 vé trii clia (3.13) nho hon vé trai ctia (3.12), tiic 1a (a — 2m)? < a2,
diéu nay trai véi gid thiét xac dinh s6 a 1a gia tri tu nhién nho nhat ctia z thda man (3.9).

Ta chitng minh tiép ring:
dn — 1 > 2a. (3.15)

That vay, cong 4(n — 1) — 2a(4n — 1) vao hai vé ctia (3.13) ta duge:

(4n —1)(m —2a+4n —1) —1 = (a — (4n — 1))?
= dn(m—2a+4n—1)—(m—2a+4n— 1)+ 1= (a — (4n — 1))

Do d6 z = |a— (4n—1)| thda man (3.9), theo cich xac dinh clia s6 a ta dé dang suy ra (3.15).

Tu (3.12),(3.14),(3.15) ta suy ra a®* + 1 = (4n — 1)m > 2a.a = 2a*> = a® < 1. Diéu vo
Iy nay chiing minh két luan bai toan.

Bai toan 3.7.2. Ching minh rang phuong trinh (3.10) khong cé nghiém tu nhién.

LOT GIAIL Gia sit phan chiing, goi a la gia tri ti nhién nhé nhét ctia 2z théa méan (3.10), nghia
14 ton tai m, n ty nhién sao cho:

4mn —m —n = a’. (3.16)
Nhan hai vé ctia (3.16) véi 4 16i bién doi ta co:
(4m —1)(4n — 1) — 1 = 4a®. (3.17)
Cong 4(4n — 1)? — 8a(4n — 1) vao hai vé cta (3.17) dan téi:
(4n —1—8a+4(4n —1))(4n—1) — 1 =4(a — 4n + 1)% (3.18)

Hai dang thic (3.17), (3.18) c6 dang gidng nhau, cho thiy ring (3.10) c6 nghiem la z =
la — 4n + 1|, theo cach xac dinh a ta suy ra bat dang thiic:

a<la—4n+1] = a®> < (a —4n + 1)
Do dé6 tit hai ding thic (3.17), (3.18) ta co:
(A4n—1—-8a+4(4n—1))(4n —1) > (4n—1)(4m — 1) = 4n — 1 > 2a.
Vi (3.16) 1a déi xiing v6i m, n nén cling v6i 1y luan tuong ty nhu trén ta c6 4m — 1 > 1. Dat:

dm —1=2a+p
dn —1 =2a+q.

Trong d6 p, q 1a cac s6 tu nhien. Nhu vay (4n — 1)(4m — 1) = 4a® + 2a(p + q) + pq, do d6 tu
(3.17) suy ra 2a(p + q) + pqg = 1 v6i cic s6 ty nhién a, p, ¢. Diéu nay 1a vo 1y. Bai todn dugc
chiing minh xong.

Bai toan 3.7.3. Chiing minh rang (3.11) khong cé nghiém tu nhién.
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LOI GIAL Ta st dung ky hiéu Jacobi trong chitng minh, ban doc ndo chua 16 1y thuyét nay
c6 thé doc phan chu thich ngay sau day.

Gia stt phan ching rang (z,y, z,t) 1a nghiém ti nhién ctia (3.11). Thé thi:

42t* + 1
2+ 1 — dar — 1
dyz — 1
13 mot s6 nguyeén, tic la:
(2z2t)* = —2 mod (4yz — 1). (3.19)

Gia st ring z = 22’ v6i a 1a sd nguyén khong am, 2’ 14 s6 tir nhién 18. Khi d6 st dung cac
tinh chat ctia ky hiéu Jacobi ta co:

(4yz_z— 1) - (4yz_1— 1) (4yz2— 1) (4yzz— 1)'

z =1 2 =1
N 2 P % S N £ P S 4yz —1 —1
Thira so thi nhat bang —1, thira so6 thi ba bang (- 2 =(—)(-1) 2 =

z z
1. Néu a = 2k + 1 v6i s6 nguyén khong am k va z = 2z” thi thita s6 thd hai bang

2 2 ) . s
( ) = (7) = 1. Néu a = 2k v6i so nguyén khong am k thi né bang

dyz — 1 8yz" —1
2 -z X ) \
=1 = ° ) = —1. Didu ndy mau thuin véi dong du thie (3.19). Bai
dyz — 1 dyz — 1

toan dugc chiing minh xong.

Luat thuan nghich bac 2. (The law of reciprocity) Dbi véi s6 nguyén t6 p va sb
nguyén a nguyén to6 cting nhau véi p ta xét ky hiéu Legendre nhu sau:
(a)_ 1 néutontaiz € Zmaz’=a mod p
p) | -1 néukhong ton taiz € Z ma22=a mod p.

Chitng minh tiéu chuan Euler:

(2) =a 2 mod p.
p

Tiép theo chiing minh b6 dé Gauss: goi s 1a s6 phan tit ciia tap hop {z’a 1<

IN
i
I
—_
——
=
o

khi chia cho p s6 du nhan duge 16n hon p/2. Véi a > 1, (a,p) = 1, khi do:

(5)-er

Chitng minh tiép dang thic Cayley: véi hai sé nguyen t6 1é p, ¢ khac nhau ta co:
p—1 qg—1

> [

i=1

[\
[\

[L‘J} _p—1 g-1
= q 2 2
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Suy ra luat thuan nghich bac hai: v6i hai s6 nguyeén to 1é p, ¢ khi d6 ta co:
p—1qg—1

() ()"

Ky higu Jacobi duge dinh nghia nhu sau: véi s6 tu nhién 16 n = [ p¥ va s6 nguyén a nguyén

td cling nhau vé6i n, khi do:
(L)
n) pi)

Trong d6 & vé phai 1a cac ky hieu Legendre. Khi d6 ciing c6 luat thuan nghich bac hai cho
ky hiéu Jacobi: v6i hai sd tu nhién 16 nguyén t6 cting nhau m va n ta co:

(5) ()07

3.8 Sb6 nguyén phiic

Giéi thiéu. Cac sd6 nguyén phic Gauss lan dau tien dude st dung bdi Gauss trong bai
nghién citu ciia 6ng vé st tuong hd bac hai, ong dude coi 1a ngudi dau tién st dung sd phic
trong s6 hoc mot cach rat roé rang va mach lac. Lép cac s6 nay c6 tam quan trong nhat dinh
trong s6 hoc s cap. Trong muc nay chtng toi sé dé cap dén nhiing khai niém va tinh chat co
ban ctia s6 nguyén phiic Gauss (ma sau nay ta sé goi 1a sd nguyén phiic) dong thoi ciing dua
ra mot s6 vi du dé minh hoa cho céc tinh chat do6.

3.8.1 Cac khai niém mé dau
So nguyén phic 1a cac sd c¢6 dang a + bi trong do6 4 1a don vi 4o, a, b 1a cac s6 nguyén. Khi d6

hién nhién thay rang véi cac phép toan cong va nhan trong trudng sé phic giita cac s6 phic
Gauss ta cling thu duge mot s6 phitc Gauss.

V6i mot s6 phitc z = a + bi (a,b € R) thi s6 2/ = a — bi dugc goi 1a s6 phiic lien hgp
ctia z. Nhu vay mot s6 1a s6 nguyén phitc khi va chi khi s6 phitc lién hgp clia né ciing 1a s
nguyén phric.

Ta c6 thé dé& dang chiing minh cac tinh chat co ban sau ctlia s6 phiic lien hop:
() ==
Néu z=wu-+vthi 2/ =u +
Néuz=wu—ovthi 2 =u —
Néu z = uv thi 2/ = u'v'.
Ta néi rang mot sd6 nguyeén phiic z chia hét cho mot s6 nguyén phiic ¢ néu va chi néu ton tai
s6 nguyeén phiic u sao cho z = tu, khi d6 viét 1a t|z. R6 rang néu a + bi, ¢+ di 1a cac s6 nguyen
phiic trong do6 ¢ + di khac 0 thi ta c6 thuong sb:
a+bi  (a+bi)(c—di) ac+bd bec—ad .
ctdi 2+ &E C+dE P+
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Nhu vay ¢+ di|a + bi néu va chi néu ¢® + d?|ac + bd va ¢® + d?|bc — ad. Hon nita ta c6 céc tinh
chat co ban sau:

Néu u|t va t|z thi u|z
Néu t|z; véii =1,2,....,n thi t|z1u; + 20us + ... + 25Uy, VO MOL U1, Usg, ..., Uy,

Bay gio ta sé lam quen v6i khai niem chuan ctia mot s6 phiic. Chudn ciia mot so phic 1a tich
gitta n6 va s6 phiic lién hop ctia né. Néu ki hieu chuan ctia s6 phtic z 1a N(z) thi N(z) = 22’
Hon nita néu z = a + bi trong d6 a,b 1a cac s6 thuc thi N(z) = a® + b%. Céac ban doc c6 thé
dé dang chiing minh cac tinh chat sau:

Hai s6 nguyén phiic khac 0 théa man sd nay chia hét cho s6 kia duge goi 1a hai s6 nguyén
phiic lien két. Nhu vay z,t 1a hai s6 nguyén phic lién két néu va chi néu z|t va t|z. T day
N(2)|N(t) va N(t)|N(z) do d6 N(t) = N(z) suy ra hai s6 nguyén phric lién két v6i nhau thi
chuan ctia ching bang nhau. Ta con c6 thém mot s6 tinh chat co ban:

{Néu z lien két v6i t thi 2/ cling lien két véi ¢/

Néu z chia hét cho ¢ thi moi s6 lién két véi 2z déu chia hét cho moi s6 lien két véi t.

Bay gio ta sé tim cac sd nguyeén phitc u lién két v6i mot sé nguyén phic z cho trude. Theo dinh
nghia thi z = tu v& do d6 N(z) = N(t)N(u). Theo tinh chat & trén ta c6 N(z) = N(t) # 0
suy ra N(u) = 1.

Viét u = a + bi thi N(u) = a* + > = 1. Diéu nay chi xdy ra trong cac truong hop
(a,b) € {(0,1),(0,-1),(1,0),(—1,0)}. Kiém tra don gidn chiéu ngudc lai ta c6 4 sd phiic
lien két cia z 1a 2, —z,i2, —iz. Ta c6 dinh 1y sau:

Dinh ly 3.8.1. Bat ki so nguyén phic z khdc 0 nao cing cé ding 4 s6 nguyén phitc lien két
vdi no la z,—z,1z, —1z.

3.8.2 Thuat toan Fuclid va wéc chung 16n nhit ctia hai s nguyén
phic
Dinh ly 3.8.2. Néu z va t la cdc s6 nguyén phic khdc 0 thi ton tai so nguyén phic ¢ va r

sao cho z =ct+1r va N(r) < §N(t).

—_

CHUNG MINH. Ta c¢6 the viet 7= x + yi trong d6 z,y la cac so hitu ti. Goi a va (3 la céc

s6 nguyén gan x,y nhat. Dat 21 = 2 —a va y; = y — 3. Khi d6 21,y 1a cac s6 hitu ti va
1 2 2

|z, Jya] < 3" Ta chon ¢ = oo + Bi, r = z — ¢t = (z1 + y17). Khong khé khan de kiem tra cac

s6 nay théa man cac diéu kién ctia dinh 1y.



42 CHUONG 3. MOT SO CHU DE SO HOC CHON LOC

Tu dinh 1y nay ta c6 thuat toan Euclid tim duge day céc sd nguyén phic rg, 71, ... sao cho
céc sb t; 1 cac sO nguyén phiic théa man:

ro=10,r1=r
’f’i:ti’f’i+1—|—’f’i+2 v6i moiz':(),l,Q,..
N(Ti—l—l) < N(’T’Z)

Day nay con tiép tuc chitng ndo r; con khac 0.

Nhung chi y ring day chuan N(r;) la diy cic s6 tu nhién gidm dan nén day 7; khong
thé kéo dai vo han. Do dé bat budc phai ton tai s nguyén n sao cho rn,_o = t,_o7m_1 hay co
thé qui u6c rang r, = 0. D& dang nhan thay tit két qua nay r,_, sé 1a sb6 cling chia hét z va ¢
hon nita n6 chia hét cho moi udc s6 chung clia hai s6 nay. Nhu vay ta ¢6 hé qua (dinh nghia):

Heé qua 3.8.1. V4i hai s6 nguyén phiic khdac 0 cho trudc thi cé it nhat mot wdc so6 chung chia
hét cho moi wdc s6 chung khac ctia hai s6 day. Cdc wdc s6 chung nhu vay duge goi la cdc wdc
s6 chung lon nhat cia hai s6 nay.

Tu day ta ciing c6 khai niem udc chung ldn nhat cho nhiéu s6 va cdc so nguyén phic nguyén
to cung nhau . Cac sd nguyen phiic dude goi 1a nguyén t6 cling nhau néu ching khong c6 uée
chung nao khac £1, +1.

Mot dinh 1y rat quan trong khi nghién citu van dé vé uéc s6 chung 1én nhat, 1a md rong
ctia dinh 1y Bezout cho cac sd nguyén.

Dinh ly 3.8.3. Hai s6 nguyén phic nguyén to cung nhau néu va chi néu ton tai cdc so
nguyén phic x,y sao cho ax + by = 1.

CHUNG MINH. Chiéu ngugc lai 14 dé dang. Ta sé chiing minh chiéu thuan. Gia sit (a,b) = 1.
Ta goi S 1a tap hgp cac sé ¢6 dang az + bt trong d6 z,t ciing la cac s6 nguyén phiic khong
dong thai bang 0. N(S) duge ki hiéu la tap hop cac chuan ctia cac phan tit trong S. Ro rang
luon ton tai phan tit nhé nhat trong N(S). Gia sit phan tit nay bang n. Khi d6 ton tai a € S
sao cho N(a) =n.

Do a € S nén luon ton tai z;,t; la cac sé6 nguyén phitc khong dong thoi bang 0 sao cho
a = az + bt;. Ta chimg minh moi phan ti s € S déu chia hét cho «. That vay, véi
s=az+ bt € S ta viét s = ca + r trong d6 N(r) < N(a).

Mat khac r = a(z — cz1) + b(t — ct;) nén néu r # 0 thi r € S. Diéu ndy mau thuan véi
céch chon a vi N(r) < N(«).

Vay r = 0 hay ta ¢6 néu s € S thi s chia hét cho a.
Vi a,b € S do d6 a,b déu chia hét cho s. Vi (a,b) = 1 nén suy ra N(s) = 1. Khong
gidm tong quét ta c6 the gia st s = 1. Khi d6 sé ton tai = 21;y = 25 & céc s6 nguyeén phic

khong dong thoi bang 0 sao cho ax + by = 1. Dinh 1y dugc chitng minh.

Tit dinh 1y nay ta cé thé rit ra cac hé qua sau:



3.8. SO NGUYEN PHUC 43

Heé qua 3.8.2. Vi bat ky cdc s6 nguyén phiic a,b, c sao cho (a,b) =1 va blac thi blc.

Heé qua 3.8.3. Néu (a,b) =1 va (a,c) =1 thi (a,bc) = 1.

3.8.3 Sb phiic nguyén td va van dé phan tich cac s6 nguyén phiic

Chiing ta da biét rang bat ky sd nguyén phiic z ndo khong lién két véi 1 cling c6 it nhat 8 uée
solal, —1,i,—i, 2, —z, iz, —iz. Tt day ngudi ta dinh nghia mot s nguyén phiic 1a s6 nguyén
phiic nguyén té néu né c6 ding 8 ude sé6 phan biét.

Diéu nay tuong duong véi khang dinh mot sé6 nguyéen phiic 1a s6 nguyén phic nguyen to
néu noé c6 chuan 16n hon 1 v khong biéu dién duge thanh tich ctia hai s6 phiic ¢6 chuan lén
hon 1. Nhu vay cac so phic lién két va lien hop véi mot sd phitc nguyén t6 ciing 1a cac s6
phiic nguyén to.

Nhu vay s6 nguyén phitc nguyén t6 14 md rong ctia khai niem s6 nguyén t6 trong Z. Van dé
bay gio duge dat ra (tuong tu nhu trong Z) la phan tich mot s6 nguyen phiic thanh tich cac
s6 nguyén phitc nguyeén t6. Dé thay rang cac s6 nguyén phiic nguyén t6 chi c6 mot cach phan
tich duy nhat (14 chinh n6). Vay thi véi cac s6 nguyéen phiic trong trudng hgp tong quat thi
sao. Ta c6 dinh ly sau:

Dinh 1y 3.8.4. Bdit kj mot s6 nguyén phic nao ¢é chudan lon hon 1 cing la tich cia hiau han
cac s6 nguyén phic nguyén to.

CHUNG MINH. Ta dimng phan chiing dé chiing minh dinh 1y nay.

Goi M la tap hop cac s6 ¢6 chuan 16n hon 1 nhung khong phan tich duge thanh tich ctia hitu
han cac sd nguyén phiic nguyén t6 va N 1a tap hgp cac chuan clia cac s6 phic trong M. Néu
M khac rdng, suy ra N khéc rong. Do N 1a tap cac sd nguyén duong nén luon ton tai phan
tt nhé nhat. Ta goi phan tit nay 1a m. Khi d6 ton tai sé phiic 2 € M sao cho N(z) = m.

Hién nhién z khong 1 s6 nguyén t6 va N(z) = m > 1. Do d6 theo dinh nghia vé s6 nguyén
t ta suy ra ton tai cac s6 nguyen phiic u,v sao cho u,v & {1, 1,4, —i,2,—2,iz, —iz} thoa
méan z = wv. Khi d6 N(u)N(v) = N(z) = m. Do u va v khac tdm gid tri néu trén nén
N(u),N(v) >1= 1< N(u),N(v) <m.

Theo cach chon m ta c6 u,v € M. Ma u,v c6 chuan 16n hon 1 nén ching phan tich dugc
thanh tich httu han cac sd nguyén phic nguyén t6. Tt d6 z cling phan tich duge thanh tich
hitu han cac s6 phitc nguyén t6. Mau thuin véi ciach chon z. Vay gia sit clia ta la sai hay M
phai 1a tap rong. Do vay ta c6 diéu phai chiing minh.

Céc ban c6 thé ching minh duge ring néu ta quy udc cac cach phan tich mot sé6 nguyen
phttc thanh cac nhan ti nguyeén t6 la gidng nhau néu tap cac chuan ctia né khong thay doéi
thi méi s6 nguyen phiic ¢6 chuan 16n hon 1 déu phan tich duge duy nhat thanh tich cac sd
nguyén phitc nguyén to.



44 CHUONG 3. MOT SO CHU DE SO HOC CHON LOC

Dinh 1y 3.8.4 v chi ¥ & trén 1a rat quan trong. N6 dem lai cho s nguyén phiic cac tinh
chat gan giii véi s6 nguyen trong dang phan tich thanh tich céc s6 phiic nguyen to. Cé theé
kham pha nhiéu tinh chat tuong tu véi nhing tinh chat quen thuoc trong Z. Chang han:

Dinh 1y 3.8.5. Cho cdc so nguyén phic z1, 2o, ..., zp, doi mot nguyén to cung nhau va cé tich
la liy thia cap n cia mot so nguyén phitc. Khi dé moi so z; cing la liy thia cia mot so
nguyén phic.

Ly thuyét vé cac sd nguyén phiic con rat nhiéu diéu thu vi, nhitng nghién cttu chi tiét va sau
sdc hon ching ta sé con quay trd lai trong mot bai viét khéac. Bay gio, véi nhitng hiéu biét
ban dau trén day, ching ta thi van dung dé giai mot sb6 bai toan tuong déi quen thudc.

3.8.4 St dung sbé nguyén phiic dé giai mot sé bai toan

Bai toan 3.8.1. Cho a,b,c la cic s6 nguyén duong sao cho (b,c) = 1. Biét rang ton tai n
nguyén duong lon hon 1 sao cho a™ = b* + 2.
i) Chitng minh rdng a la tong ciia hai s6 chinh phuong.

PN 1 ) )
i1) Biét rang n = Z% trong dé p la so nguyén to lé cé dang 4k + 3 (trong do k nguyén
duong). Chitng minh rdng tich be chia hét cho p.
LOI GIAL Ta c6 phéan tich a” = (b+ ¢i)(b — ci). Goi d = (b + ic,b— ic) suy ra:
d|(b+ic) — (b —ic) = 2ic = N(d)|N(2ic) = 4c%. (3.20)
Tuong tu  d|(b+ic) + (b —ic) = 2b = N(d)|4b>. (3.21)
Lai ¢c6 N(d)|N(b+ ic) = b* + ¢*. Chu ¥ rang b, c nguyén t6 cuing nhau do dé b* + ¢? 1& suy
ra N(d) 18. Vay N(d)|b* va N(d)|c*. Ciing do (b,c) = 1 va N(d) nguyén khong am nén ta c6
N(d) = 1. Vay b +ic,b — ic nguyén t6 cting nhau.
T tinh chat nay suy ra ton tai cdc s6 nguyéen z,y sao cho b+ ic = ty(z + 1y)" va b — ic =

to(x —iy)"™ trong d6 t1,ty € {1, —1,4,—i} va t1ts = 1. He qua clia cong thiic trén 1a a = 2%+ 3>
la tong hai s6 chinh phuong. Day 14 noi dung can chitng minh ctia ().

1 . .
Véi n = Z% trong dé p 1a s6 nguyén t6 dang 4k + 3 (k > 1). Khi d6 c¢6 hai truong

hop sau xay ra:

Truong hop 1: (b+ic)? = (z + iy)P™, (b —ic)? = (z —iy)PT.

Truong hop 2: (b +ic)? = —(z + iy)P*L, (b —ic)? = —(x — iy)PT.
Trong ca hai trusng hgp sau khi dem hai biéu thic trit cho nhau va déng nhat phan thuc
phan 4o ta déu c6 |2bc| = (p + 1)(zPy — yPx). Theo dinh 1y nhé Fermat ta c6 be chia hét cho

p. Day 1a yeéu cau cua (i7). Bai toan duge chiing minh hoan toan.

Bai toan 3.8.2. Tim tat cd cdc so nguyén duong n sao cho n® — 1 la s6 chinh phuong.
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LOT GIAL Gid st n® —1 = k2. Ly luan nhu bai toan 3.8.1, tit phan tich n® = (k—1)(k+1) ta c6
k —i va k +i nguyéen to cing nhau. Do d6 ton tai cic s6 nguyén a, b sao cho k —i = (a — bi)3
va k+i = (a+ bi)3. Dong nhat phan thyc va phan 4o ta suy ra 3a?b — b3 = —1. Dé dang thay
a=0,b=1. Do d6 gié tri duy nhat ctia n théa man la n = 1.

Mot tng dung dac sic nita ctia sé6 nguyén phic Gauss la ching minh dinh 1§ tong hai
binh phuong da dude gidi thieu ¢ phan trude clia tai lieu, cac ban hay tim lai chitng minh dé.
Bai toan 3.8.3. Ky hiéu di(n) va ds(n) lan lugt la s6 cdc thia so6 nguyén té dong du 1 mod
4 va dong du 3 mod 4 trong phan tich chinh tdc cia so tu nhién n, goi s6 cdch biéu dién n
dudi dang tong hai binh phuong, khi do:

{0 néu di(n) < ds(
4(dy(n) — dsz(n)) néu di(n) > ds(n).

=

f(n) =

Ngoai loai s6 nguyén phiic nay ra con c6 cac G— s6, 1a cac sd ¢6 dang xJ + yO trong d6 z,y
14+12v/3 1—1v3

+TZ\/_, I = T\/_ St dung loai
s6 nay ta co thé ching minh dinh 1y Fermat trong trusng hop n = 3, chinh xéc hon la chiing
minh dinh 1y d6 trén tap cdc G— s6. Chitng minh chi tiét va viéc khao sat cac tinh chat clia
cic G— s6 hen céc ban mot dip khac thich hop hon.

12 s6 nguyén va J, O 1a céc can bac 3 ciia don vi am J =

3.9 Phuong trinh Carmaichael
Phuong trinh C'armichael 1a phuong trinh nghiém Pguyén c6 dang z2 + 9% + 2? = t. Phuong
trinh nay c6 vo han nghiém nguyén xac dinh bdéi dang thiic:

d*(m* —n® — p* + ¢*)* + d*(2mn — 2pq)* + d*(2mn + 2pq)* = d*(m* +n® + p* + ¢*)*
Bai toan sau day cho ta hiéu biét vé cau tric nghiém ciia phuong trinh nay:

Bai toan 3.9.1 (Dinh 1y Carmichael). Bdi vi khong c6 s6 chinh phuong nao chia 4 du 3
nén trong 3 so x,vy, z phdi cé it nhat 2 so chia chét cho 2, gid st dé la y va z. Ching minh
rdng tat cd cdac nghiém ciua phuong trinh Carmichael cé dang:

y=2l,z=2m
124+ m?—n?
r=—"7""""
L 24 m 42
n

Trong dé n|l?> +m? va 0 <n < V12 + m2.

LOI GIAI. That vay, gia stt y = 21, 2 = 2m, c¢6 thé lay t > x, dit u =1t — 2 > 0 suy ra:
= 22 412 +4m® = (v +u)? = u® = 4 + 4m® — 2zu

>+ m?—n?

n

—u=2n)=n*=CF+m’—nz =1z =

P Am®+n?

n

=1 (Diéu phéi chiing minh.)
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Chiéu ngudc lai 1a dé dang kiém tra.

Van dé ctia dit ra 1a tinh hinh s& nhu thé ndo néu z,y, 2, t khong con qua thodi mai, chinh
xac hon, néu cho cac bién d6 them mot rang budc thi két qua sé thay ddi nhu thé nao, chéng
han bai toan sau:

Bai toan 3.9.2. Gidi phuong trinh nghiém nguyén duong x* — (a® + b?) - y* = 1.

Theo chiing toi dugce biét bai todn nay chua cé cau tra 16i tron ven, ching ta sé khao sat no
trong mot truong hop dic biet, khi @ = b = 2 bai toan da c6 15i gidi. Nhung truée hét ching
ta can diém lai mot sb6 hiéu biét vé cac phuong trinh dang Pythagore.

Bai toan 3.9.3 (Phuong trinh Pythagore). Tat cd cdc nghiém nguyén thiy clia phuong
trinh nghiém nguyén duong x® + y* = z? déu cho bdi cong thiic (x = m* —n? y = 2mn, 2z =
m? +n?) (khong tinh cac hodn vi), trong dé (m,n) =1 va m,n khdc tinh chan Ié, m > n.

Bai toan 3.9.4. Ching minh rdng trong tap cic sé6 nguyén khong am, néu cé dang thic
x4+ y* = 22 thi trong hai s6 x,y cé mot so bang 0.

Chting minh bai toan 3.9.3 da qua quen thudc vé6i cac ban, dya vao két qua ciia bai toan ay
va stt dung phuong phap xudéng thang c6 thé chiing minh bai toan 3.9.4 khong qué khé khan.
Mot dang tuong tur cua bai toan 3.9.4 la:

Bai toan 3.9.5. Ching minh rdng trong tap cic sé6 nguyén khong am, néu cé dang thic
a2t —yt =22 thiy = 0.

Loi giai bai toan nay khong cé lien hé cu thé véi bai toan trén, ma 1a hé qua truc tiép cta
mot dinh 1y dep dé sau ctia Fermat:
Bai toan 3.9.6. Ching minh rang y = 0 néu x,y, z,t la cdc so nguyén khong am théa man:

2?4yt = 22
2 —y? =t2

LOI GIAL Néuy > 0, gid st (z,7) = 1 v z 1a nhd nhat c6 thé duge. Ta c6 222 = 2% + t? suy

2 2
/ / ¢ toatt
raZ;— EZ:>:1:2=(Z;_ ) +(22 ).Ma (Z; Z; ):1.Ttxbaitoan3.9.3suy

ra ton tai cac sd tu nhién m, n nguyén t6 cling nhau sao cho:

-t t
23t hoac o

— 2% = 2% — ? = 2.4mn(m? — n?)
= 3% = 4(m?* — nHmn,y = 2k

— k? = (m? — n*)mn.

Ma (m,n) =1, (m? —n? mn) = 1 suy ra m?> —n? = ¢, m = a?, n = b* nhung nhu thé a®+ b?
déu 1a s6 chinh phuong. Do m 4+ n < 2%, diéu nay trai véi gia thiét vé tinh cuc tiéu cia z.
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Mau thuan ching t6 y = 0.

Cac bai toan vé phuong trinh dang Pythagore rat da dang va phong phi, trong truong
hop nay nhiing két qua nho nhé & trén lai rat c6 ich trong viéc gidi phuong trinh Carmichael
& truong hop rat dac biet sau day:

Bai toan 3.9.7. Ching minh rang phuong trinh ? —8y* = 1 chi c6 hai nghiém nguyén khong
amla (x=1,y=0) va (x =3,y = 1).

LOI GIAI. Viét phuong trinh dudi dang z? = (2y?)% + (2y%)? + 1. Néu r=1thiy =0, xét
x # 1. Theo dinh Iy Carmichael (bai toan 3.9.1) suy ra l = m = y* va 21> = n(n + 1) Ta
xét hai truong hop sau day.

Néeun =22t van+1=p"suyra 3*—2a" =1 = B+ (a®)* = (o’ + 1)%. Theo bai
toan 3.9.4 suy ra a = 0 suy ra n = 0. Loai.

Néeun =a*van+1 =28 suyraa?*—28" = -1 = () - a* = (8* — 1)% Theo
bai toan 3.9.5 suy ra a = =1 va nhuthé n = 1. Vay z = 3,y = 1.

3.10 Mot so bai toan khac

Bai toan 3.10.1. Gid st p la mot so nguyén to. Chitng minh rang trong 2p — 1 s6 nguyén
bat ki deu ton tai p s6 co tong la boi s6 cia p.

LOI GIAI. Ky higu S(X) = > z va |X| 1a s6 phan ti cta tap hop X bat ki. Gia st phan

zeX

chitng rang ton tai tap hop S gom 2p — 1 86 nguyén ay, as, ..., agy—1 nd0 d6 ¢o tinh chit tong
ctia p phan tit bat ki ctia S déu khong phai boi s6 ctia p. Nhu vay VA C S, |A| = p thi
S(A) # 0 mod p tir day ta suy ra (S(A4))P"1 =1 mod p:

-1 _ 2p -1
= S = (S(A))Pr— = #Z0 mod p.
o= (*,)

Dé chi ra mau thuén ta sé chiing minh ring S = 0 mod p. That vay, bién déi nhu sau:

- 1! a
(S(A)P = (ai, +ai, + ... +a, )P = Z M.aila?;...a-p.

aqlas!...a) p

p
Céc tong dugc lay tren tat ca cac bo a = (a1, a9, ..., ), ; > 0,> a; =p— 1
i=1

—1)!

a « o (p 1) [e 5PN D] o7

> 5= Z Z | e Z Z ol o %ir Gy ooy

(5 Oég a1-Q....0p.
(041170427 7041;, «a (a117a227 5@ )

Ta chitng minh véi mdi bo o = (ay, g, ..., ;) ¢6 dinh tdng sau 1a boi s6 ctia p:

T — Z alall Za;... Zav(l v(2 U(P)

(@ig5@ig e s0ip)
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Tong duge lay trén tit ca cac don dnh v : {1,2,...,p} — {1,2,....2p — 1}. Goi ajy, ajy, ..., aj,,
v6i m < p — 1 1a cdc phan tit ¢6 gia tri duong trong céc sé ai, ag, ..., a,. RS rang ta chi can
quan tam téi cac gia tri v(j1) = v1,v(J2) = V2, ..., V(Jm) = Vm. Vi c6 ding (zp;f;m) don anh
nhu thé nay nén ching ta co:

2p—1—m aj, a; o
T:( p—m )Zavflavgz...av;m.

v

Mat khéc ta co:

(2p—1—m> _ (2p—-1-m)

p—m (p—m).(p— 1V

Biéu thic nay trude hét 1a mot sé nguyen, hon nita vi 1 < m < p — 1 nén trén ti sb6 it nhét
mot nhan t1t 14 boi ctia p (chinh 1a p) con duéi mau thi khong do d6 bicu thitc nay 14 boi s6
clia p. Vay ta c6 T ciing 1a mot boi sd clia p. Day 1a diéu ta dang can ching minh.

Néu thay s6 nguyén t6 p béi mot sd tu nhién n bat ki thi két qua cia bai todn van ding, cac
ban c6 thé chiing minh diéu dé theo hai cach. Trong d6 mot cach stt dung két qua vita ching
minh & trén, con cach thit hai, cac ban hay thyc hién mot phép quy nap tric tiép theo wéc
s6 nguyén t6 16n nhat clia cac sd6 d6. Tuy nhién cich don gidn va dep dé nhat co 1é 1a cach
chitng minh duya trén b dé nho sau:

Bé& dé. Trong n s6 nguyen bat ky déu ton tai mot s s6 c6 téng chia hét cho n.

Chiing minh bo dé nay kha don gian, cic ban hay ty thuc hien (bing cach sit dung nguyen
Iy Dirichlet). Cong viéc ctia chiing ta la 4p dung bo dé vao bai toan sau:

Bai toan 3.10.2. Ching minh rdng trong 2n — 1 sé nguyén bat ki déu ton tai n s6 cé tong
chia hét cho n.

LOI GIAIL. Goi m 1a s6 16n nhat thod man tinh chat c6 m s6 dong du véi nhau theo modun n.
Néu m > n thi chi can chon n s6 dong du v6i nhau modun n, bo s6 nay cé tong chia hét cho
n. Néu m < 2 thi ton tai n s6 phan biét theo modun n. Véi n 1é ta chon n s6 phan biét theo
modun 7, véi n chan ta chon n — 1 s6 phan biét modun n va khong chia hét cho n.

Trong cac truong hgp con lai ta c6 thé gid st m sd nay déu chia hét cho n, néu khong
ta c6 thé dem tat ca 2n — 1 s6 trit di s6 du chung modun n ctia m s6 nay. Xét 2n — 1 —m sb
con lai, do 2n — 1 —m > n nén ton tai k s6 (k < n) c6 tong chia hét cho n (theo bo dé). Néu
k 4+ m > n thi hién nhién chi can chon k s6 nay va n — k s6 chia hét cho n. Néu k +m < n
thi 2n — 1 — k —m > n, ta tiép tuc lap luan nhu trén va qué trinh nay 16 rang phai két thic
khi ta da chon dugc n s6 c6 tong chia hét cho n.

Bai toan dugce chiing minh xong.

Bai toan 3.10.3. Chimg minh ring vdi moi so thuc § € [0,1] va vdi moi e > 0 ta cé bat
dang thic:
n
‘M — 5‘ <e
n

ding vdi s6 tu nhién n nao dé.
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LOT GIAI. Ky hiéu pj, 14 s6 nguyen t6 tht k. Dat ax = 1 — 1/pg. Do pp > k nén:

lim a; = 1.
k—+o0

Gia stt rang p1, pa, ..., P 12 tat ca cac s6 nguyéen té khong vigt qua n khi do:

k D k 1 1
Hpii1:H(1+—+—2+...)>ln(n)

i=1 i=1 pi i
— 0 < a1ag...a; <
In(n)
oo (3.22)
— Hak = 0.
k=1
. ) ) 1
Véi so thuc 6 € (0,1) bat ki lay ko > 13 thi ta co:
1 1
gy =1——>1—-—>1—-(1-46) =4 (3.23)
pk() kO

T (3.22), (3.23) suy ra ton tai s6 nguyén khong am n sao cho:

A= Ao Ako+1---Akgtn > o> Qoo Afy+-1- - ARy +n+1

—0<A-0< Ao Oko+1---Akgtn — Ak Akg+1---Akg+n+1

1
= Qo Qky+1---Qkg+n+1 (a —1
k()—l—’n—l—l

1
< 6( — 1) < e.
Aly+n+1

Bat ding thiic cudi ciing ding néu kg > 1+ d/e. Cudi ciing dé ¥ ring;

\ = P(Pro-Dho1-- Dhon)
Pko -Pko+1---Pko+n

Bai toan duge ching minh xong.

Bai toan nay la mot tinh chat rat ki la ctia phi ham Euler, vé ham sd nay, bai toan sau
cting dep dé khong kém:
Bai toan 3.10.4. Ky hiéu p(n) lan ligt la s6 cac s6 nguyén duong nhé hon n va nguyén to

s

cting nhav vdi n va w(n) la so cic s6 nguyén to khong vugt qud n. Ching minh rang vdi moi
s0 tu nhien n > 1 ta co:
m(n)

n

n) > ——=.
p(n) = —
Bai toan 3.10.5. Cho s6 nguyén N va tap hop A gom hitu han cdc s6 nguyén duong. Chitng
minh rang ton tai tap cic so nguyén duong B chita A sao cho:

H$—ZI2:N.

zeB reB
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LOI GIAIL Ta chitng minh két qua nay bang hai cach.
Cach 1. Dat M = [[,c z va P =Y _,x* Ta sé tim tap hop C cac sd nguyeén duong

phan biét sao cho:
MJ[z=N+P+> 2"

zeC zeC
Truée hét dé thit 1y luan chon C gom m s6 1 va k s6 2. Khi dé ta c6 M.2¥ = N + P + 4k.

Chu § ring klim (M.2F — 4k) = +oo nén ton tai ky sao cho M.2¥ — 4k > N + P v6i moi

k > ko. V6i mbi k > ko, ta chon s6 m = M.2¥ — 4k — N — P. Ta luén chon dugc nghiem
c6 dang (1,1,1,...,1,2,2,....2). Thyc hién quy téc sinh nghiém nhu sau, néu (z1, zs, .., z,,)
1a nghiém thi (z1, o, .., xi—1, Mx1Xo...Ti1Tit1, oooey Ty — Ty Tit1, ...y Tpy) SE 1 nghiém mdéi. Stk
dung quy tac sinh nghiém nay ta cé:

(1,1,1,.,1,2,2,..,2) — (1,1,1,...,1,2,2, ..., 2, M.2¥"1 — 9)

— (1,1,1,...,1,2,2,..,2, 2" 2(M.2F1 —2) — 2 M2t —2) — .
Tt d6 ta sé tao duge nghiém (x4, xo, .., x,) ma cac thanh phan cta né la déi mot phan biét.
Bay gio ta chon C' = (xy, x9, ..., ;) va B = AU C. Bai toan dugc chiing minh.

Cach 2. Véi tap S bat ki ta ky hieu d(S) = [[ z — > =2

zes zes
Chon Sy ={1,2,...,m} sao cho S C X. Ta chon m du l6n sao cho:
m—-1—-2—...—m>N+P.

Xét day So = m! — 1, 21 = mlzmxe..x, — 1 va Sp = {1,2,...,m, 21, Ta, ..., 7 }. D& thay
d(Syy1) = d(Sk) — 1 tur d6 ton tai k sao cho d(Si) = N + P. Bai toan lai dugc chiing minh.

Lo1 BinH. Loi giai 1 cta bai toan trén la minh hoa cho phuong phap gen trong phép giai
phuong trinh nghiém nguyén. Phuong phap gen la quy tic xay dung nghiém phat sinh ti
nghiém ban dau nhd mot phép gen héa nao dé. Tu viéc tao dude cac nghiem méi do ta co
thé nghién cttu duge tinh chat cac ho nghiem dua vio nghiem co s6. Hai ing dung khé co
ban ciia phuong phap gen 1a phuong trinh Pell va phuong trinh Markov (ma bai toan 3.10.5
da thé hien mot bién thé ctia phuong trinh dang Markov). Nhd bai toan nay ta co cach giai
bai toan sau von la dé chon doi tuyén Viet Nam du thi toan quéc té nam 2002, trong dé loi
gidi bai nay chi 1a hé qua bai trén hoac st dung phuong phap truc tiép nhu cach 1.

Bai toan 3.10.6. Ching minh rang ton tai so nguyén mqg sao cho vdi moi s6 nguyén m > my
luon ton tai m so6 nguyén duong phan biét aq,as, ..., @y sao cho N la s6 chinh phuong vdi:

N = ﬁai — 42@?.
i=1 i=1

Bai toan 3.10.7. Cho k s tu nhien 1 < a1 < az < ... < ap < n théa man [a;,a;] > n vdi
moi 1 <i < j < k. Chiing minh r&ng:

1
Z—

M|OJ
Mw
Q|p—t
U”<§
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LOI GIAL. R6 rang cau (i) la hé qué ctia cau (i), nén ta chi chiing minh cau (77), tuy nhién
néu ding doc lap thi cau (i) cling rat tha vi.

C6 thé gia st rang ar = n vi néu a; < n thikhi thay n cho a;, thi ta van c6 cac két qua sau day.

bat S, = {1,2,...n}. Véi i = 1,2,3 dat r; 1a cdc s6 thuoc vao tap Sp,s khong la boi
clia bat ky s6 a; ndo. Véi m = 2,3,..,n+ 1 ta xét cic tap hop sau:

Bm: {ai i

n
—<a; < .
m m— 1

Ky hiéu b,, 1a s6 cac phan tit clia tap B,,. V6i mdi sé thuoc (2, i 1] c6 ding m — 1 boi
m’' m —
s6 thuoc vao S, suy ra B, c¢6 ding (m — 1)b,, boi s6 thuoc vao S,
Tuong tu ta co cac dang thic
n
bg—l—b4—|—2l)5—|—2l)6—|—3b7—|—: |i§:| — Ta. (325)
n
by + bs + bg + 2b7 + 2bg + 2bg + .... = {g} —T3. (326)

Tit cac dang thite (3.24,3.25,3.26) ta suy ra

1 1 2(by—1)  3bs

S=) —<—+——7>+—+
a; —n n n

S_l_l_ng%—i%bg%—...
n n

_ l_|_2(n—7’1) bz + 2by + 3b5+, ,,

on n n

B WSO 7 B 0
non n

_g_ Ll mtrs—2n [n/2+ [n/3]
n n n
1 5 1/2+1/3 7 1 6

<2-— __+u:_+_§_‘
n 6 n 6 6n 5

Danh gia cubi cting ding v6i n > 5 va thé 1a di dé hoan thanh ching minh.

Thay cho 15i két. Nhu vay la cac ban da trai qua 9 bai viét nho nhdé va mot bai viét
sau ciing tong hop khoang 5 bai toan ciing véi 161 giai chi tiét ctia né. Cac bai toan nhd tren
dién dan con rat nhiéu va c6 rat nhiéu bai dang dé suy nghi, nghién ngam, cong viec do sé
danh cho cac ban ngay sau khi cdc ban c6 trong tay cudn tai lieu nay. Con bay gig, trong
phan cudi ciia tap S6 Hoc nay ching toi xin dan ra mot bai viét chuyén dé vé cac tinh chat
clia tong cac nghich dao tu nhien.
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Chuong 4

Tong nghich dao

Tran Manh Tuin & Tran Qudc Hoan

Giéi thiéu. Vgi moi s6 nguyén duong n ton tai cdc so tu nhién a, va b, nguyén to cing
nhaw thod man dang thic:
1 1
Sn)=14=—+..+-=-"
(n) 2 n by,

Van dé dat ra la khdo sdt tinh chat cia cdic s6 {a,} va {b,}. Mot cich cu thé hon méi quan
hé clia cdc s6 dé vdi s6 nguyén to p cho trude la nhu thé nao. Pay la mot cau héi hay va rat
kho! Mot truong hop riéng (quan trong), dé la vdi n nhu thé nao thi a, chia hét cho p. Theo
chiing toi dugc biét thi day la mot bai todn chua cé 101 gidi. Bai viét nhé nay cing chi thuc
hién mot vai khdo sdat trong mot so truong hop ddc biét.

Dé cho théng nhat, tit bay gio néu khong c6 gi dic biet ching ta quy udc p dung dé chi
mot 86 nguyén t6 va vdi hai phan s6 toi gian a/b,c¢/d néu c6 a = ¢ modp va b = d # 0

t 5 = 2 mod p. Néu a chia hét cho s6 nguyén z khac 0 thi ta ciing néi
a/b chia hét cho x. Céac ky hiéu dong du van duge st dung theo nghia méi nay.

mod p thi ta ciing vié

Ching ta bat dau véi mot vai két qua nhé va quen thuoc.

Ménh dé 1. Chiing minh ring ta cé hai tinh chat sau vdi s6 nguyén to p > 5:
(1) @,y chia hét cho p*.
(1) aye_, va aye_y chia hét cho p.

LOI GIAL Stt dung phép ghép cip dé chiing minh (i) va sit dung (i) dé ching minh (ii).

(i)
p—l p—l

Z( ) v i] 1)
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N ~ -1, .. . — )
Nhéan xét rang v6i mai j € {1, 2, ,pT} deu ton tai z; € {1,2, ,pT} sao cho (jz;)? =
1 modpvéil <y <p-—1, vakhidé ta co:
_ p—1
{1'1,1'2, ,l’p_ 1} = {1,2, ceey T}
2
St dung nhan xét ta dugc:
—1 p—1
pT 5 1—p p+1
1 T . T -p
— = (—:173) = =0 mod p. (4.2)
= =3 I 6

Dong du cudi cung dang véi p > 5. Két hop (4.1), (4.2) suy ra p*|a,_;. Diéu phai chting minh.

(i) )

1 1 1
— e —_ —.S(p—1).
p P) Z(kp+1 l{:]H—2+ +l<,‘p+p—1)+p (p )

k=0

Mot hé qua cta cau (7) 1a pla,—1 do d6 ta cé:

! + ! + ...+ ! 1+1—|— + ! 0 d
b ————— =4+ -4+ .. +——=0 mo
kp+1  kp+2 kp+p—1 1 2 p—1 b
P’lS(p—1) = ~--S(p—1)=0 mod p.
p
Vay S(p? — p) =0 mod p. Tiép tuc bién doi:
1 1 1
S —-1)—-Sp* —p) = + +ot
(p"—=1) = 50" —p) Z_pr1 2oy I —
Ll v 20 mod
=_ 4 —— =0 m
172 b1 oap

Meénh dé 2. Gid st k la so nguyén khong am. Ching minh rang a, khong chia hét cho so
nguyén to 1é p vdi moi so tu nhién n € [p*, 2p% — 1].

LOI GIAIL Trude hét ta phat biéu va chiing minh mdt nhan xét:

Nhan xét. Vdi p la s6 nguyén to lé va n la s6 nguyén duong, néu a, khong chia hét
cho p thi pp, Qnpi1s -y Anpsp—1 deu khong chia hét cho p.

Chitng minh. That vay, van bang cach ghép céap tuong ty nhu da st dung trong ménh
dé 1 ta c¢6 v6i moi m nguyén khong am va s6 nguyéen to 1é p thi:

1 1 1
+ T
mp+1 mp+2 mp+p—1
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chia hét cho p. Do dé véi moi k = 0,1,2,...,p — 1 ta c6 thé viét:

Anp+k o pa Gnp &

bnp—l—k b pbn d

trong d6 a/b va c/d 1a cac phan s6 tdi gidn va b, ¢ khong chia hét cho p. Tit dang thitc nay ta
dé dang suy ra néu a, khong chia hét cho p thi v6i moi k =0,1,2,....p — 1 ta ciing c6 anprk
khong chia hét cho p. Nhan xét dude ching minh.

Bay gio ta ching minh ménh dé 2. Do a; khong chia hét cho p, theo nhan xét suy ra
Apy Apiy -y G2p—1 déu khong chia hét cho p. Tuong tu ta ciing c6 aye, ..., az: 1 khong chia
hét cho p. Tiép tuc qué trinh nay bang cach sit dung nhan xét ta thu dudc ay, ..., agr_; déu
khong chia hét cho p. Day 1a diéu phai chitng minh.

St dung ménh dé 2 ciing véi bo dé Dirichlet ta co két qua tha vi sau:

Meénh dé 3. Cho trudc cic so nguyén duong N va T. Ching minh rdng ton tai m nguyén
duong sao cho véi k =m,m+1,...m+T ta déu cé a, va N nguyén to6 cung nhau.

Véi s6 nguyén t6 p tuy ¥, cac két qua méi thu duge 1a rat han ché. Viec xét mot sd trudng
hop riéng clia p c6 thé sé dé dang hon. That vay, v6i p = 2, p = 3 va p = 5 bai toan da dugc
gidi quyét tron ven trong dinh 1y dudi day.

Dinh ly. T s6 a, chia hét cho 3 néu va chi néu n = 2 hogc n = 7. Va b, khong chia
hét cho 5 khi va chi khi n nhan mot trong cdc gid tri:

1,2,3,4,20,21, 22,23, 24,100, 101, 102, 103, 104, 121, 122, 123, 124.
LOI GIAIL Ta chtng minh lan lugt 2 noi dung duge nhic dén trong dinh 1y.
(i) Ta can stt dung mot nhan xét sau day:
Nhan xét. Néu a, chia hét cho 3 thi ap,s cing chia hét cho 3.
Chitng minh. That vay, dit k = [n/3], ta ¢6 cc dang thiic:

agk_i Lo, +ii_&+i 6i + 3
b 3i+1 342 3i 3by (31 +1)(3i +2)

i=1 i=1 i=1

Lap céc dang thiic tuong tu cho cac chi s6 3k + 1, 3k + 2 suy ra nhan xét duge chitng minh.

Bay gio chi y réing hé qud clia nhan xét nay 14 néu ap, 3 khong chia hét cho 3 thi a,
ciing vay. Khao sat céc truong hop riéng ta c6 a; = 1,a2 = 3, a3 = 11 do d6 chi can quan tam
dén tiép theo 1a ag, a7, as. Nhung do ag, ag khong chia hét cho 3, chi c6 a7 = 363 chia hét cho
3 nén ta chi can quan tam dén céc s6 tiép theo 1a asr, ase, ass. Ta kiém tra céc s6 nay nhu
saul.
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Véin = 21 hodc n = 23 thi a, khong chia hét cho 3, béi vi ta co Z—: = ;—Z;—I—?)-g = m—l—i’)-g

trong do 2 12 phan s6 t6i gian c6 mau s6 d khong chia hét cho 3.
29 121

c
Véi = 22 i hu trén ta c6 — — 3 - .
in , cling n rén ta co Do 110 + p 29 1540 + d

ciing khong chia hét cho 3.
Vay a,, chia hét cho 3 néu va chi néu n = 2 hoac n = 7.

(i)

n

Sy =)

i=1 k=i

[n/5] 1

ot

e

Ta quy udc A la dang cac phan s6 t6i gidn c¢6 mau s6 khong chia hét cho 5. B 1a dang cac
phan s6 t6i gidn c6 mau so chia hét cho 5, C' 1a dang cac phan s6 t6i gidn c6 cd mau sb6 va
t1t s6 khong chia hét cho 5 va D 1a dang cac phan s t6i gian c6 tit s6 khong chia hét cho 5.
Céc dang thic mang tinh chat tuong trung nhu A + A = 254 ¢6 nghia la tong hai phan s6
dang A 1a 25 lan ctia mot phan s6 dang A nao do.

11 25 <
Ta ¢6 S(1) = 1,5(2) = g S(3) = v S(4) = = Chi § ring
1 1 1 1 1 1
= (10k+5 = 25A.
Sl k2 5hT3 ohad +)((5k+1)(5k+4)+(5k+2)(5k+3))

Do d6 S’'(n) = 25A. V6i moi s6 tu nhién n chia hét cho 5 hofic chia 5 du 4. Ta xét cac trudng
hop sau day:

Véi n = 5,6,..,19 thi vi S([n/5]) € {S(1), S(2), S(3)} nen:

1 n 1

=9 = —|)=A+-C=B.

st =ty s([2]) =4+ o
. . , n 25
Vé6i n = 20, 21,22, 23,24 thi ta co S({g]) =5(4) = B
’ 1 ’ 5

:>S(n):S(n)+gS(4):S(n)+E:A.

Véi n = 25,26, .., 99 ta ¢6 S(ED —C

, 1 n 1 n 1 1
= T = = —| )| =A+-A+ —-C=05.
= S(n) S(n)—|—55 3 —|—25S 5% —|—5 —|-25
Véi n = 100, 101, 102, 103, 104 thi:

' 1, 1, B i_
S(n) = §'(n) + £5'(20) + 5z 5'(4) = A+ 54+ - = A
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Véi n = 105, 106, ..., 119 ta c6:

S(n) = S'(n) + és({g]) + %

Ma és( gD € [5(21), 5'(22), 5'(23)} va S'(21) = S'(20) + % — 954 + % — O, tuong
tu S'(22), 57(23) deu 1a dang C. Vay ta c6 S(n) = A+ éC - % = B.
Véi n = 120,121, 122,123, 124 ta c6 S(n) = S'(n) + éS’(24) + % -y
V6i n > 125. Goi k 1a s6 nguyén duong nhé nhat sao cho 58 > n. Khi dé:
Sy =Y % N % _ 5%_25@) + 5,}—_3/1.
5k—2|g 5k—2 khong chia hét a

Trong d6 25 < u < 124. Kiém tra véi u = 100,101,102, 103, 104, 120, 121,122,123, 124 ta
thay céc phan so:
1 1 1 1 1 1 1 1 1

Bkl 125kt 1 5t 125krl hki2 BEi3 12

déu c6 tit s6 khong chia hét cho 5. Vay véi cac gia tri d6 ctia u ta déu c¢6 S’(u) = 5A. Suy ra:

1 U 1 D A
!
Trong d6 phan s6 dang D nay c6 tit s6 khong chia hét cho 5.

Vay cac gia tri can tim ctia n 13 1,2, 3, 4, 20, 21, 22, 23, 24, 100, 101, 102, 103, 104, 121, 122, 123
va 124. Dinh 1§ duge ching minh hoan toan.

Chitng minh trén 14 mot ching minh tron ven, nhung cé 1& chua thé hien duge cai cot
16i clia van dé. Bang chiing 1a cac ban c6 thé cho ring chiing minh d6 sit dung qué nhiéu ki
thuat. Theo ching toi, dinh 1y sau day cé thé sé gitp ich cac ban doc gia nhin nhan két qua
trén mot cach sau sic hon.

Dinh 1y. Gia st p 1a mot s6 nguyeén t6 1é thod man hai diéu kién:
(i) p—11as6 nguyén duong nhé nhat trong cac s6 r thod man p|a,
1 . P
(4) —S(p—1)+S(r) co tit 56 khong chia hét cho p véi 1 <r <p— 1.
p
Khi d6 b,, khong chia hét cho p néu va chi néu:

ne [Lp—1U[p* —p,p* — 1] néu p =3
Lp—1up*—p,p*—1HUp*—p*p* —p*+p—1HU]p*—p,p* — 1] néup#3.
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RG rang 1a néu pla, thi b, khong chia hét cho p. Do d6 n phai 1a mot trong cac s6 néu
trén, hé qud 1a a, khong chia hét cho p néu n > p3. Nhan xét rang cac s6 nguyén to
3,5,7,13,17,19,23,29 déu c6 tinh chat trén, cau hoéi la véi truong hop p = 11 thi sao,
c6 dieu gi khac biet. Cau héi nay xin danh cho ban doc suy nghi thém.

Dé két thic chuyén dé nay moi cac ban thudng thic mot bai toan tuyet dep sau day, day 1a
mot bai todn hay va theo ching toi 1a rat kho. Tuy nhién bang cach st dung mot sé két qua
da dugc trinh bay & trén, moi chuyén sé vo cuing trong sang va vo cuing ro rang.

Bai toan. Chiing minh rang a,, khong phdi lugj thita cia mot s6 nguyén to vdi vo han gid tri
tu nhién cia n.

LOI GIAL. B& dé a, > n+1 vdi moin =4,5,6, ...
Chitng minh Goi £ 1a s6 ti nhién thod man 2¢ < n < 2¥*!. Bang phép quy dong
- . 1 1 P . .
mau so cua tong 1 + 5 + ...+ — suy ra 2¥|b, v a, 1a mot s 1é (diéu nay néi lén rang ménh
n

dé 2 ciing ding trong truong hop p = 2). Suy ra b, > 2% > g Ta c6 v6i moi n > 4 thi:

1

=1

n 4
1_ n+1 1 n+1
an = bn E '; > 5 E ->2 5 =n+ 1.
=1

Ta sé chiing minh réng véi s6 nguyéen t6 1é p tuy y trong day cac s6 n = p,p* —p,p* — 1,p% —
p,p> —1,...,pP — 1 c6 it nhat mot sd c6 tinh chat a, khong phai luy thita clia mot s6 nguyén
t6. Gia stt phan chiing. Theo ménh dé 1 ta c¢6 S(p — 1) chia hét cho p. Ta ding quy nap theo
n < p dé ching minh ring S(p" — p) va S(p™ — 1) chia hét cho p. That vay, theo bd dé thi
apn_1 > p" va apyn_y chia hét cho p (meénh dé 1), ma ayn_; 1a luy thita cia mot s6 nguyen t6

= a,2_; chia hét cho p°. (4.3)
Ta c6 cac dang thic sau:
1 1
S(prtt —1) =prtt. —— + -S(p" —1). 4.4
(p )=p > T o (4.4)

1<k<pn+l_1
p khong chia hét k

SG™ —p) = Y 5+ 56" = 1) (4.5

(k,p)=1
Két hop céc két qua (4.3), (4.4), (4.5) ta suy ra két luan quy nap. St dung vao bai toan ta co:
p*S(p" —1) véin=1,2,... va p"|apm_p, v6in = 2,3, ...
p—l 1 .
Sp*—1)=S@"—p) +Sp—1)=p" Y ———— chia hét cho p".
i=1 p(p" — 1)

. =]
T d6 suy ra S(p — 1) chia hét cho p™ véi moi n. Ma S(p—1) = > = <pvab,; < (p—1)!
i=1 1

suy ra a, 1 < p! < p? Mau thuan. Vay ta c6 diéu phéi chiing minh.



Phan II

Mot s6 cha dée To Hop
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Chuong 5

Bo dé Sperner

Nguyén Quéc Khanh

Gié6i thieu. Trong Todn Hoc rat thuong khi zudt hién nhimg két qud mdc du cé cdch phat
biéu it gidn di, nhung lai té ra rat quan trong trong nhiéu linh vuc sau sdc. Trong bai viét
nay, toi muén ghi chép lai mot sé hiéu biét ciia minh vé mot két qud nhu thé, trong to hop,
nguoi ta goi két qud nay la bo dé Sperner, va ung dung quan trong nhit cia nd la tham gia
vao ching minh té hop - gidi tich cia dinh ly diém bat dong Brower.

B6 dé Sperner. Cac dinh clia mot tam giac duge danh sb bdi céc chit s6 0,1,2. Tam
giac d6 dugc chia thanh mot s6 tam gidc sao cho khong c6 mot dinh ctia tam gidc ndo nam
trén canh clia tam gidc khac. Cac dinh ctia tam giac ban dau van giit nguyén céc s6 cii con
cac dinh mdi duge danh s6 bang 0,1,2 sao cho mdi dinh ndm trén canh ctia tam giac ban
dau dugc danh s6 bdi mot trong cac so6 dung dé danh s6 cac dinh ctia canh dé. Ching minh
rang ton tai mot tam gidc nhé duge danh s6 béi 0, 1, 2.

Chitng minh. Xét cac doan thang dugc phan ra tit canh 01, goi a 14 s6 doan thang dang 00,
b 13 s6 doan thang dang 01. Déi v6i mdi doan thing xét s6 cac s6 0 ding & cac dau ciia no,
va, cong tat ca cac sd do ta duge 2a + b. Mat khéc, tat cd cac s 0 nam trong déu duge tinh
hai lan, va thém mot s6 0 ding & dinh ctia tam giac ban dau. Do d6 s6 2a+b 18, suy ra b 1 s6 18.
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Bay gio ta xét dén phép chia tam gidc. Gia st a; 1a tong s6 cac tam gidc dang 001 va
011, con by 1a s6 cac tam giac dang 012. Déi véi mdi tam gidc xét sé cac canh clia né c6 dang
01 va cong tat ca cac s6 do lai. Tong cong ta dude 2a; + by. Mic khac tat ca cac canh nim
trong déu duge tinh hai lan trong téng dé, con tat cd cac canh bién déu ndm trén canh 01
clia tam giac ban dau va s6 d6 1a 1é theo lap luan & trén. Do d6 2a; + by 1 s6 18, suy ra b; 1a
s6 1& va do 1a diéu phai ching minh.

B6 dé Sperner ré rang la rat don gidn, vh ching minh ciing rat dé dang. Vay dau la ¥
nghia sau sic clia n6. Dé chuan bi cho viéc trinh bay ching minh t6 hop - giai tich ctia dinh
Iy diém bat dong Brower dua trén bo dé Sperner chiing ta ciing lam quen vo6i mot vai khai
niém ciia topo dai cuong. D6 1a cac khai niém vé dnh xa lién tuc va dnh xa dong phoi.

Hay tudng tuong rang ching ta c6 mot qua bong, bay gis hiy lam bep né di. Khi dé co
thé néi ching ta dang diing mot anh xa lién tuc tac dong vao qua béng. Hay chd ¥ ring qua
anh xa nay thi mot doan ndi hai diem M, N trén bé miit qua bong khong hé bi cit dit, né
van "lien tuc" nhu ldc dau tien. Nhung néu cac ban lai 14y mot cai kim dé choc thing qua
boéng thi sao, day van 1a mot anh xa, nhung liéu ¢6 lién tuc hay khong. Cau tra 1oi thyc su 1a
khong (nhung dé chiing minh dugc diéu nay thi khong hé don gian). Vay 1a c6 nhitng 4nh xa
khong lien tuc, ching ta c6 thé 1ay mot vi du khéc ré rang hon. Céac ban hiy xét mot sgi day,
néu cac ban that nit va cudn vong né mot cach tuy y thi ré rang day 1a mot dnh xa lién tuc,
tuy nhién néu ban lay kéo dé cat doi soi day ra thi ré rang day 1a mot anh xa khong lién tuc.

V6i hai vat thé A va B trong khong gian, néu c6 mot anh xa lien tuc f cé thé bién A
thanh B thi ta n6i A va B dong phoi véi nhau. Ching han mot cai banh qui hinh tron va
mot cai banh qui hinh vuong duong nhién la dong phoi v6i nhau. Tat nhién, c¢6 thé néi ngudce
lai riing hai vat A, B khong dong phoi v6i nhau néu va chi néu khong thé ding mot anh xa
lien tuc dé bién tit vat nay thanh vat kia. Nhitng vat thé nhu thé la rat nhiéu, chang han mot
hinh cau v& mot hinh cau khac sau khi da duc thing mot 16 14 khong dong phoi véi nhau:

Khai niem dong phoi 1a nén tang ctia topo hoc, ¢6 thé hiéu mot cach truc quan rang khong
gian topo 1a mot khong gian khong quan tam nhiéu dén khai niem khodng cach, trong khong
gian nay ta chi quan tam t6i dang clia vat thé chit khong quan tam xem né dai rong ra sao,
nang nhe thé nao. Trong khong gian nay thi anh xa lién tuc 1a "luat phap" tdi cao. Mot tinh
chat dac biet tha vi clia cac anh xa lien tuc duge phat biéu trong dinh 1y sau day.
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Dinh 1y diém Dbét dong Brower. Moi anh xa lién tuc tit mot hinh cau dac vao chinh
né luon co diém bat dong.

Chung ta sé tim cach ching minh dinh 1y nay dua trén bo dé Sperner, va luu ¥ réng da
c6 rat nhiéu cach chiing minh danh cho dinh 1y diém béat dong nay ciing nhu rat nhiéu dinh
Iy diém bat dong khéc.

5.1 Bao 16i

Ta néi mot hinh S trong khong gian 13 16i néu va chi néu véi moi A, B € S thi véi moi
C € [AB] tac6 C € S. Mot diém B ma moi hinh cau tam B ban kinh nhé tuy § déu chia
nhitng diém thuoc S va nhitng diém khong thuoc S goi 1a diém bien ctia S. S dude goi la tap
déng néu noé chita moi diém bién ctia chinh né.

Xét mot tap hgp diem U trong khong gian U = {ug,us,...,u,}. Néu S 1a hinh 16i nhé
nhat chita U thi S duge goi 1a bao 16i ctia U va viét S = co(u,, uy, ..., up,) ("co" viét tit cho
chit "convex" trong tiéng Anh c6 nghia la 16i).

Néu S la tit dien U,U,UsUs va Uy, Uy, Us, Us dude goi la cac dinh cia tit dién thi bao 10
cua k 4+ 1 dinh t dién goi la k£ dién cia ti dién do.

Phép phéan chia t@ dién S thanh cac ti dién con S; v6i i = 1,2, ...,n sao cho hgp ctia chiing
bang S va hai tit dién con néu giao nhau thi phan giao nhau phai 1a mot dién chung cia
chiing goi la mot phép tit dien phan. Dé cho don gian ta hiéu phép ti dien phan luon thuc
hién theo mot cach duy nhét 1a chia t@ dién thanh 8 t dién con c6 thé tich bing nhau:

Bay gio doi v6i mdi dinh V' clia mot t dién con goi co{ug, up, ..., } 14 dién nhé nhat chita V
thi v duge gan mot trong cic s6 a, b, ..., phép gan sé nay duge goi 1a phép gan sd Sperner (dé
thay cac dinh U; ctia tii dien duge gan dang chi s6 ¢). Ta goi mot t1 dién con 1a tot néu cac
dinh ctia n6 duge dién bing du cac s6 1a 0, 1,2, 3. St dung ding cach thic da duge ding dé
chiing minh bé dé Sperner & trén, ching ta dé& dang suy ra:



64 CHUONG 5. BO DE SPERNER
B6 dé Sperner trong khong gian. Ton tai ti dién tét trong moi phép ti dién phan.

5.2 B6 dé KKM

B6 dé KKM (Knaster - Kuratowski - Mazurkiewics - 1929). Cho trudc tit dien
S = U,U,UsUs va cac tap déng F,, Fy, Fy, Fy va S thod man diéu kien KK M: v6i moi tap
con I clia tap 4 s6 nguyén khong am dau tien {0, 1,2, 3} ta c6 co{U;|i € I} C NierF;, khi do:

M F # ¢

iel
Truée khi chitng minh b dé nay chiing ta ciing nhac lai vai kién thiic giai tich co ban. Trudce
tien, nho nguyén 1y Cantor cho cac doan long nhau ta ching minh duge rang tit mot day
s6 thuc bi chan ludn cé thé trich ra mot day con hoi tu va nho tinh chat dé ta ching minh
dugc rang trong mot ho diém vo han trong ti dién luon cé thé trich ra mot ho diém con hai tu.

Bay gio chiing ta ching minh b6 dé K K M. Thuc hién mot phép t dien phan S va thuc hién
phép gan s6 nhu sau: lay mot dinh V' bat ky clia t¢ dién con, goi dién con nhd nhat cia S
chita V' 1a co{U;|i € I}, khi d6 theo dieu kien KK M suy ra V € NicrF; va do d6 ton tai m
ma V € F,,, ta gan m cho V va viét V,,,. Vay sau khi gan xong thi U; ciing phai gan s6 i. Cach
gén nay thod man diéu kién Specner do d6 ton tai tit dien con tot AN (VY ..., Vi) va V! € F,
i =0,3. Coi A! déng vai tro nhu S lai tiép tuc qué trinh phan chia, qua trinh nay duge thyc
hién v6 han lan. Va ta nhan dugce vo han tit dién con t6t 1ong nhau A™ € F;, i =0, 1,2, 3.

Ta trich tit day diém (Vg") ra day con (Vj™) hoi tu dén Vi € Fp, sau d6 lai trich tit day
(Vy™) ra day con (V;"**) hoi tu dén Vi € Fy. Sau bon lan trich day ta nhan duge day con
(V") hai tu dén V; € F,. Va do d6 ta nhan duge day con don hinh tét (A™) clia day (A™)
ma mdi day dinh tuong ting ctia né déu hoi tu téi mot diém nao d6. Mt khéc, nhu da biét
thé tich cau day tt dien nay tién t6i 0 va do do6 tat ca 4 diém hoi tu dé déu trung nhau. Ttc
la giao ctia cac tap dong F; la khac rong. Bo dé duge ching minh.

5.3 Chitng minh dinh 1y diém bit dong Brower

Gia sit ¢ : T — T’ 1a mot anh xa dong phoi, hon nita anh xa lien tuc f : 7" — T’ c¢6 diém bat
dong thi ¢ ™' o foy : T — T ciing c6 diem bat dong. Do dé thay vi xét hinh cau ta cé theé
chiing minh dinh 1§ cho mot t dien diic. Khi d6 v6i moi diém X ndm trong tt dien S thi ton
tai bo s6 z; khong am ma téng ciia ching bing 1, hon nita OX = S, 2;0X;, khi d6 ta viét
X = (xg,x1, T2, x3). Bay git ta xét d&nh xa lién tuc f: S — 5, xét X € S, X = (x¢, x1, T2, T3)
va f(X) =Y = (yo,y1,v0,%3). Ky hicu F; 1a tap hop nhing diém X thuoc tit dien S ma
x; > y;. D& thay ho F; thod man diéu kien KK M do d6 ton tai X € NE;, tic 1la x; > y; v6i

moi ¢ = 0,1,2,3. Nhung
3 3

2%:1:2?/@-

=0 =0
nén tat ca cac déng thic déu phai xay ra, diéu dé ciing c¢é nghia la X =Y, va do dé f c6
diém bat dong. Dinh 1§ da duge ching minh.



Chuong 6

Cac dé toan to6 hop chon loc

Bai toan 6.1. C6 bao nhiéu cich di tu diém (0,0) dén diém (p,q) trén mdt phing toa do
nguyén, moi budc di la di tw diém (x,y) dén diém (x4 1,%y) hodc (z,y + 1) sao cho mdi con
duong déu khong cat duong thing x = v.

Bai toan 6.2. Cho n la so nguyén duong. Tinh so cach phan hoach tiap hop n s6 nguyén
duong dau tien S, = {1,2,...,n} thanh 3 tdp hop con A, B,C thod man tinh chdt |AN B| >
0,|BNC|>0,[CNA|>0wva|ANBNC|=0.

Bai toan 6.3. Cho so nguyén duong n > 1. Trong khong gian cho hé truc toa do Y Z.
Ky hieu T la tap hop gom tat cd cic diém P(z,y,z) ma x,y,z la cic s6 nguyén thod man
1 <z,y,2z<n. Ta to mau cic diem thuoc T sao cho néu Az, y0, 20 dugc to thy tat cd cdc
diem B(z1,y1,21) ma 1 < To, 91 < Yo, 21 < 20 (cdc ding thie khong dong thoi xdy ra) déu
khong duge to mau. Héi ta c6 thé to mau téi da bao nhieu diém.

Bai toan 6.4. Cho tap hop X c¢6 56 phan ti. Tim gid tri nhé nhat ciia n sao cho vdi moi
15 tdp con cia X, néu so phan tii cia hop cilia moi 7 tap trong ching la khong nhé hon n thi
ton tai 3 trong ching la cé giao khdc rong.

Bai toan 6.5. Cho bdng vuong n.n, cic 6 vuong trén bing dugc dién cdc so thuc duong sao
cho vdi moi hang va moi cot déu cé tong cua cac so nam trén né la 1. Chitng minh rang ton
tai n 6 duge dién s6 ma khong cung nam trén cung hang hay cot.

HE QUA. Cho bdng vuong 2006.2006, c6 mot so6 6 vuong trén bing dudc ding dau sao cho moi
hang va cot déu co ding 4 6 duge danh dau. Chiing minh ring ta cé thé to cic o6 duge ddanh
ddau bing 4 mau sao cho khong c¢é 2 6 nao cung mav nam trén cung mot hang hay cot.

Bai toan 6.6. Cho s6 nguyén duong n va X la tap hop c6 n? + 1 s6 nguyén duong sao cho
trong maoi tap con n + 1 phan ti cia X déu cé hai phan ti phan biét x,y thod man z|y.
Chiing minh rang cé ton tai mot tap con {1, xa, ..., Tni1} ctia X ¢6 tinh chat x;|x;1 vdi moi
1< <n.

Bai toan 6.7. Cho 4n diém trén duong dugc to mau zanh dé zen ké. Biét ring khong cé 3
doan thing nao noi cic diém trong 4n diém dong quy. Noi 2n diém xanh thanh n doan thing,
noéi 2n diém dé cing thanh n doan thdang. Ta ddnh déu cic diém la giao diém cia mot duong
thang co hai dau xanh va mot duong thang cé hai dau dé. Héi ta danh dau it nhat bao nhiéu
diém.

65
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Bai toan 6.8. C6 mot con éch tai moi dinh ciia 2n gidc déu (n > 1). Tai mot thoi diém tat
ci cdc con éch nhdy dén cac dinh ké cung mot lic (c6 thé c6 nhiéu hon mot con éch nhdy dén
cing mot dinh), ching ta goi dé la mot cach nhdy. Biét ring ton tai mot cach nhdy sao cho
duong thang chia moi cap 2 dinh phan biet cé éch trén né sau khi nhdy, khong di qua tam
ctia da gide déu. Tim tit cd cde gid tri cé thé cia n.

Bai toan 6.9. Cho tap hop S = {1,2,....n} va P = {P, Pa, ..., P,} la cdc tap hop cdc tap
con ¢6 2 phan ti cia S thod man diéu kién |P; N Pj| = 1 néu va chi néu (i,5) € P. Ching
minh rang moi phan ti cia S thuoc ding 2 phan tii cia P.

Bai toan 6.10. Cho n vién séi va 2 nguoi A, B choi mot tro choi nhu sau. Dau tién A lay
k vién séi vdi 1 <k <n—1 sau dé B lay t vién sao cho 1 <t < k. Ct nhu thé cho dén hét,
nguoi nao lay dugc vién séi cudi cung la nguoi chién thang. Héi A co chién luge luon thing
hay khong.

Bai toan 6.11. Mot tii gide déu canh 1 b phi kin bdi 6 duong tron ban kinh R. Ching minh
rang R > v/3/10.

Bai toan 6.12. Trong mot ldp hoc moi ban nam quen vdi it nhat mot ban ni. Ching minh
rang co thé chon mot nhém gom nhiéu hon mot nia s6 thanh vién cia I6p ma moi ban nam
quen vdi mot so6 1é ban na trong nhom.

Bai toan 6.13. Trong mot cau lac bo cé 42 thanh vién. Biét rang cit 31 thanh vién bat ky
thi c¢6 mot doi nam nit quen nhau. Chitng minh rang ti cdac thanh vién cia cau lac by cé thé
chon ra 12 doi nam ni quen nhau.

Bai toan 6.14. Cho S,, = {1,2,...,n}. gid st Ay, As, ..., A, la n tap con khdc rong cia S,.
Dat k = [n/2]+ 1. Ching minh rang ton tai k tap A;,, Aiy, ..., A;, trong cdc tap A; ma ton tai
hai tap hop con X cia S, dé |A;, N X| la so 1é voi moi 1 < j < k.

Bai toan 6.15. Cho bding 0 vuong n.n gom cdc s6 nguyén khong am a;;. Biét ring vdi moi
i,.j thi tong tat cd cdc s6 & hang i va cot j deu khong nhé hon n. Ching minh rdng:

Sz
ij Z 5 -
i7j 2

Bai toan 6.16. Cho do thi ludng phan vdi 2 tap dinh Ay, As, ..., A, va By, Bo, ..., B,. Biét
A; noi vdi B; véi moi 1 <i<n va A; noi vdi Bj néu va chi néu A; noi vdi B;. Ching minh
rdng ton tai tap cdc diém:

S = {Ai1> Ai2> ceey Azk}

sao cho vdi moi so6 B; s6 canh noi B; vdi mot dinh thuoc S la Ié.

Bai toan 6.17. C6 ton tai hay khong n > 2 diém trong mat phang sao cho khong cé ba diém
nao thang hang va cdc tam dudng tron ngoai tiép ciia moi tam gidc ¢é cdc dinh la cdc diém
dé cang la mot trong n diém dé.

Bai toan 6.18. Cho s6 nguyén n > 2. Tim s6 nguyén m ldn nhat sao cho néu vdi n tii, moi
tii chita mot vai qud cau, moi qud cav cé khoi ligng la mot lug thia nguyén cia 2 (trong moi
tiii khoi luong cdc qud cau khong nhat thiét phan biét) va tong khoi ligng ciia tat cd cdc qud
cau trong moi tii la bang nhau, thi ton tai it nhat m qud cau cé cung khoi hiong trong tat cd
cic qud cau da dugc chia vao n ti.
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Bai toan 6.19. Trén bdng ban dau cé n s6 1 (n > 2). Cit sau moi lan ta lay 2 so tuy 1 a,b

b . , p . , .
. Saun — 1 lan thi trén bang con lai mot so duy nhat. Tim gid try

L. o a+
va thay chiung boi so

l6n nhat, nho nhat ciua so do.

Bai toan 6.20. Cho trudc s6 nguyén duong N. Hai nguoi A, B choi mot tro choi nhu sau.
Bat dau ti nguoi A viét s6 N lén bang, sau dé moi nguoi viet s6 m thi nguoi sau viét s6 m— 1
hodc [m/2]. Ai viét dugc so 1 trudc thi thang cudc. Héi ai la nguoi thang cude, vi sao?

Bai toan 6.21. Trong mot cudc thi hoa hiu, moi giagm khdo duge dé nghi 10 thi sinh vao
vong chung khdo. Mot nhom thi sinh dugc goi la chap nhan duge véi gidm khdo A néu trong
nhém dé cé it nhat mot thi sinh do A dé nghi. Biét rang ci 6 giam khdo thi cé 2 thi sinh la
nhém chap nhan duge vdi cd 6. Ching minh rang cé thé chon duge 10 thi sinh la nhém chap
nhan dugc vdi tat cd cdac thanh vién trong ban gidm gido.

Bai toan 6.22. C6¢ 101 thanh pho. Biét gitta hai thanh phé bat ki thi c6 1 duong bay mot
chieu hodc khong cé duong bay nao cd.

i) Biét rang moi thanh pho cé 50 duong bay dén, 50 duong bay di. Ching minh rang vdi
2 thanh phé bat ki A va B ta c6 thé bay tit A dén B ma chi phdi diung tai nhiéu nhat 1 thanh
pho C.

ii) Biét rang moi thanh pho cé 40 duong bay dén, 40 duong bay di. Chiing minh rang vdi
thanh pho bat ki A va B ta ¢6 thé bay tu A dén B ma chi phdi ditng tai nhiéu nhat 2 thanh
ph5 01, 02.

Bai toan 6.23. Cho trudc s6 nguyén duong n > 12 va mot tap hop X cé n phan ti. F la
mot ho gom cdc tap con 4 phan ti clia X sao cho giao clia moi cap tap con phan biét trong
F ¢6 nhiéu nhat 2 phan ti. Chitng minh rang c6 mot tap con S cia X chia it nhat </6n — 6
phan ti sao cho khong cé tap con 4 phan ti nao cia S nam trong ho F.

Bai toan 6.24. Cho s6 nguyén duong chdan n va Ay, Ao, ..., A, la n tap con cia tip S =
{1,2,..,n} sao choi € ANi € S vai € Aj néu va chi néu j € A; vdi i # j. Chitng minh rang
ton tai i # j ma |A; N Al la so chan.

Bai toan 6.25. Trong mot cian phong cé 2005 cdi hop, moi hop chiia mot hodc vai loai trdi
cay la tdo chudi va nho. Di nhién sé trdi cay la nguyén. Ching minh rdang cé thé tim dugc
669 hop sao cho toan bo ching chita it nhat 1/3 ciia tat cd so tdo va it nhat 1/3 tat cd so
chuoi. Liéu c6 phdi luon luon tim dudc 669 hop sao cho toan bo ching chita it nhat 1/3 tat
cd s0 tdo, it nhat 1/3 tat cd so chuoi va it nhat 1/3 tat cd so nho.

Bai toan 6.26. Ta goi bp s6 x = (x1.7o, ..., 1,) la mot vecto trong khong gian n chiéu. Vi

hai vecto trong khong gian n chicu la v = (x1,%9,...,Tn) va y = (Y1,Y2, .., Yn) ta kj hicu

vy = > xy; la tich vo hudng cia 2 vecto x,y. Gid si rdng f(n) la so lon nhat ma ton tai
i=1

f(n) vecto khdc 0 ma tich vo hudng cia 2 vecto bat ki déu khong duwong. Ching minh rdng

f(n) <mn.
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Bai toan 6.27. Cho tap hop A cé n phan ti va n tap con nhiéu hon 1 phan ti cia né la
Ay, As, A, Gid st rdng vdi moi tap con 2p phan tit A’ € A ¢6 duy nhat mot tap con A;
ctia A’. Chitng minh rdang vdi 2 tap bat ki trong n tap ban dav cé chung duy nhat mot phan
tr.

Bai toan 6.28. Cho n la mot s6 nguyén duong va tap hop cdc b so sau:
Sn = {(a1, a2, ..., an)|a; € [0,1],Vi =1,n}.

V6i hai phan tia = (ay, as, ..., asn), b = (b1, b, ..., ban) € S,,. Dinh nghia khodng cach d(a,b) =
27’L
S~ lai — bi|. Chiing ta goi tap hop con A € S, la tot néu d(a,b) > 21 thod man vdi moi cap
i=1
phan ti phan biét a,b cia A. Héi mot tap con tot cia S, c6 thé cé nhiéu nhat bao nhiéu phan
tr.

Bai toan 6.29. Gid si tap hop A € {(a1,as,...,a,)|la; € R,Yi=1,n}. Dinh nghia ham
khoang cdach nhu sau: vdi moi a = (aq,ag, ..., a9n), b = (by, by, ..., bon) € A ddt:

7(a> b) = (|a1 - bl|> |a2 - b2|> ) |an - bn|)
Xét tap hop D(A) = {y(a,b)|a,b € A}. Chiing minh rang |D(A)| > |A|.

Bai toan 6.30. Cho mot tap hop gom k day nhi phan doi mot khdc nhau cé do dai lan higt
I na, N, ..., n. Gid st rdng khong ton tai day nhi phan 0,1 nao ma ta cé thé biéu dién bing
cdach dat liéen tiép cdc $6 ny,na, ...,ny (khong nhat thiét khac nhau) bang hai cich khdc nhau.
Chitng minh rang:

F

o Tgm Tt gy S L
Bai toan 6.31. Cho bing vuong n.n vdi n > 1. Hay tim tat cd cdc cich t6 mau bing hai
mau den trang sao cho khong cé hai 6 den nao ké nhau va bat ky 6 trang nao cing ké vdi it
nhat hai 6 den.

Bai toan 6.32. Ching minh rang khong thé cé nhiéu hon 4096 cay nhi phan do dai 24 sao
cho 2 cay bat ky trong ching cé it nhat 8 vi tri khdc nhau.

Bai toan 6.33. Trong mot budi da tiéc cé 2n nguoi gom nam va ni. Ho ngoi trén mot cdi

ban tron. Hay tim tat ca n sao cho vdi moi cach ngoi ta luon co thé chia ho thanh n cap nam

n@ ma hai nguoi cung cap khong ngoi canh nhau.

Bai toan 6.34. Cho tdp hop hitu han M gom it nhat hai so thuc duong khdc nhau. Biét rdang
Z N . Z £ . £ . b

vdi bat ky a € M ton tai cic so b,c € M (a,b, c khong nhat thiét phan biét) sao cho a = 1+ —.

c
Chaing minh rdng ton tai hai s6 x,y € M (x # y) sao cho v +y > 4.
Bai toan 6.35. Cho s6 nguyén duong n > 2. Héy tim so cdc s6 nguyén a thod man diéu kién

ton tai song dnh f:{1,2,..,n} — {1,2,..,n} ma |f(i) —i| = a Vi = 1.n.

Bai toan 6.36. Xét 2000 duong tron ban kinh 1 trén mat phang sao cho khong cé hai duong
tron nao tiép wmic nhau va moi duong tron cat it nhat 2 duong tron khdac. Hay tim gid tri nhd
nhat cia so giao diém cia cdc duong tron nay.
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Bai toan 6.37. Cho cdic so nguyén duong n,k thod man n = 2k — 1 va k > 6. Gid si
T = {x = (21,22, ..., z,)|7; € [0,1],Vi = 1,n}. Dinh nghia ham khodng cich d(z,y) la s6 cdc
chi s6 j sao cho x; # y;. Gid st ton tai cic tap con S cia T vdi 2% phan ti thod man vdi moi
phan ti x € T ton tai duy nhat phan tiy € S sao cho d(x,y) < 3. Ching minh rang n = 23.

Bai toan 6.38. Cho cic so nguyén duong n, k. Trong mat phang n duong tron dugc bo tri
sao cho hai duong tron tuy ¢ cdt nhau tai 2 diém phan biét va khong ¢é ba duong tron nao
cting di qua mot diem. Cdc giao diém duge to bdi 1 trong n mau, moi mau duge dung it nhat
mot lan, trén moi duong tron cé ding k mau. Tinh k,n dé viéc t6 mau cé thé thuc hién duge.

Bai toan 6.39. Vdi méi cip s6 khdc nhav (x,y) cia tap hop hitu han phan ti X ta gan cho
né mot so la f(x,y) bang 0 hodc 1 sao cho f(x,y) # f(y,x) Yo # y. Chiing minh rang cé
diing mot trong cdc tinh chat sau la dat dugc:

i) X la hop cia 2 tap roi nhau khdac rong U,V sao cho f(u,v) =1Vu e U,v € V.

ii) Cdc phan ti ciia X c6 thé gin cho xy, T, ..., T, thod man f(x1,22) = f(x0,23) = ... =

f($n> zl)'

Bai toan 6.40. Gid si rang trén duong tron da cé n 6 (n > 3). Méi 0 da dugc viét mot trong
hai ky hiéu 0,1. Mot phép todn thuc hién theo luat sau. Chon mot 6 C' nao dé co ky hiéu 1,
bién doi né thyanh 0 va bién doi cic ky hiéu x,y trong hai 6 ké vdi 6 C thanh 1 — x,1 —y.
Trang thdi ban dau cé mot 6 mang ky hiéu 1 con cdc 6 khdc mang ky hiéu 0. tim cdc gid tri
n msao cho sau mot so6 hitu han budc thuc hién phép todn trén ta cé thé dua cdc ky hiéu trén
cac 0 veé toan la 0.

Bai toan 6.41. Tw dugc dinh nghia la mot s6 c6 10 chit so chi gom cdc s6 0,1. Mot phép
bién doi mot tw la chon mot s6 cdc chit s6 lien tiép trong ti sao cho tong clia ching la mot so
chan roi ddao nguoc cic so dé. Hai tu dude goi la dong nghia néu sau mot so lan dung phép
bién doi tu nay cd thé bién thanh tit kia. Tim s6 lon nhdt cdc tw doi mot khong dong nghia.

Bai toan 6.42. Cho bdng buong n.n. Trén moi 6 vuong con cia bang cé ghi duy nhat mot so
nguyén duong sao cho hiéu cia hai s6 ghi ¢ hai 6 ké nhau la 1 hodc —1. Chiing minh rang ta
cé thé tim dugc mot sb nguyén duong k ma tat cd cac cot chia k hodc tat cd cic hang chita

k.

Bai toan 6.43. Cho bding vuong 2n.2n vdi n la mot s6 nguyén, n > 2. Ta dién 2n® s6 tu
nhién ti 1 tdi 2n% vao bdang, moi so lap lai 2 lan. Chiing minh rang ton tai mot cach chon 2n?
sO tw nhien tu 1 tdi 2n%, moi so mot lan sao cho trén moi hang va moi cot luon cé it nhat
mot so duoc chon.

Bai toan 6.44. Viét n so6 tu nhién trén mot duong tron. Tim n sao cho vdi moi day gom n
50 tu nhién ta luon tim dudc hai s6 canh nhau sao cho sau khi zod ching di cic so6 con lai c6
thé chia thanh hai tap hop cé tong cic phan ti bing nhau.

Bai toan 6.45. Gid st n la mot s6 nguyén duong, n > 1. Gid st rang cho 2n diém trong
mat phdang, khong cé ba diém nao thang hang, n diém trong ching duge té mau zanh, n diém
con lai duoc to mau dé. Mot duong thang trong mat phang duge goi la tot néu né di qua mot
diém xanh va mot diém dé cia moi nmita mat phing ¢ bo la duong thang nay sé diém zanh
trén dé bang s6 diém dé. Ching minh rdng ton tai it nhat hai duong thdng tot.
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Bai toan 6.46. Cho bang vuong 1983.1984 t6 mau nhu ban cd vua. Trén moi 0 trang ta ghi
s6 1 hodc —1. Ten moi 6 den ta ghi tich cia cdc 0 trang ké vdi no. Biét tat cd cac cic 6 den
déu ghi s6 1. Chitng minh rdng tat cd cic so cta bang déu la s6 1.

Bai toan 6.47. Nguoi ta dién s6 vao 441 6 vuong ctia bang vuong 21.21 sao cho tai moi hang
va moi cot cé khong quad 6 gid tri khdc nhau dudgc dien vao. Chitng minh rdng cé mot so zudt
hién & it nhat 3 hang va it nhat 3 cot clia bdng vuong nay.

Bai toan 6.48. Cho ho cdc dudng tron trong mdt phdang cé phan trong roi nhau ting cap.
Moi duong tron tiép zic vdi it nhat 6 duong tron khdc cia ho. Chiing minh rdng ho nay coé
v0 han phan ti.

Bai toan 6.49. Gid st N la mot so nguyén duong, hai nguoi choi A, B lan lugt viét cdc so
1,2,..,N léen bang. A viét s6 1 ¢ lugt dau tién. Tw lugt thit 2 néu mot nguoi viét s6 n thi
nguoi tiép theo viét sé6 n+ 1 hodc $6 2n. Ai viét s6 N la ngudi thing. Ta néi N la kieu A hay
kieu B tuy theo A hay B ¢6 chién thudt thing. Xdc dinh kiéu cia 2004 va tim N nhd nhat
l6n hon 2004 khdc kiéu vdi 2004.

Bai toan 6.50. Cho tap hop n phan ti phan biét A. Gid si rang cdce tap hop con Uy, Us, ..., U,
clia A thod man ton tai s6 nguyén k sao cho vdi moi cip (i,7) ta cé |U; N U;| = k. Ching
minh rang m < n.




Chuong 7

Mot s6 chti dé to hdp chon loc

7.1 Bai toan Rubik luc lang

Gidi thiéu. Toan hoc ciing gidng nhut mot "tro choi", béi vi né truyen cho nhitng ngusi lam
toan mot khat vong chinh phuc va chién thing. Ngugc lai dé c6 thé chai gidi mot tro choi nao
do6, can phai c6 nhitng suy luan toan hoc logic va hop 1y dan duong. Rubik 1a mot tro chai
"tri tue". Han cac ban déu da ting mot lan tran tré béi cac khdi mau ciia mot chiée rubik
luc lang (6 mat), va hin ban da timg tram trd khi dugc mot ai d6 "biéu dién" véi mon do
choi nho nhé nay. Lam sao ho c¢é thé xoay, xoay va xoay ..... dé 16i cudi ciing tat ca cac khoi
mau hén don tré vé ding vi trf ctia né. Thuc ra dé c6 thé thuc hien duge dieu dé ban chi can
nam dugc khoang 7 k¥ thuat co ban.

Nhiéu ngudi lai cho ring bdi vi viéc quay rubik cé thé quy vé 7 thi thuat don gidn do, nén
né da khong con gi thi vi. Sy thie 1a nhitng ngusi dé chua hiéu nhidu 1dm veé rubik. Van dé
vé cac rubik 1a rat phong phi. Ching han do6 la lam thé nao dé c6 thé tim ra dugc cac thi
thuat c6 ich, va tai sao lai ton tai nhitng thi thuat nhu vay. Day la mot cau héi kho, vi rang
moi lien hé giita cAc mat clia rubik 1a rat "vudng viu" va khong dé dé c6 thé tim dudge mo
hinh toan hoc t6t cho bai toan nay. Tuy nhién, van dé khé va tha vi d6 khong phai muc dich
cua chiing toi.

Trong bai viét nhé nay ching t6i mudn dé cap dén mot két qua tudng chimg hién nhien,
nhung da 1a trén trd ctia rat nhiéu rubiker sanh s6i. Van dé clia ching ta 1a néu c6 mot ai
d6 tinh co 14p ngudce ding mot khdi ctia rubik thi liéu c6 thé xoay vé trang thai ban dau hay
khong. Ching ta can phan biét hai truong hop tuong tng véi hai loai vi tri clia mot khdi, &
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canh va & dinh. Do d6 can phai gidi quyét hai bai toan tuong ddi khac nhau.

Bai toan 7.1.1. Ching minh rang khong thé lat nguoc mot khoi ¢ canh cia rubik ma cdc
khoi khac van & ding vi tri ban dau cia né (vi tri tuong doi so vdi cac khoi khdc).

LOI GIAL Dé giai quyét bai toan nay ta can tim dugc mot bat bién déi véi phép quay hap lé.
Ching ta tién hanh danh dau cac mit ciia cac khoéi trén canh bang cac mii tén nhu sau:

&

Nghia 1 ¢ thoi diém dau tién ching ta vé cac mii tén theo ba vong "béen" xung quanh
rubik. Khi dé trén méi khéi ¢ canh thi hai mii tén trén hai mit cia khéi do sé tao thanh
mot trong hai huéng. Sau khi xoay, néu huéng ctia mot khéi ¢ vi trf nao d6 gidng véi huéng
ctia khoi 6 & vi tri d6 lac dau tién thi ta néi dé 1a mot khdi dang, va goi 1a khoi sai trong
truong hop ngudge lai.

R6 rang la sau mdi lan xoay thi hiéu gitta s6 6 ding va sd 6 sai giit nguyén tinh chin 18,
diéu nay suy ra tu su kién 1a mot khoi sai sau khi xoay di sé thanh khéi ding. R6 rang néu
tai mot thoi diém nao d6 chi c6 mot khéi sai thi hieu sé dé 1a mot s6 1é, trong khi dé lac
dau tién (chua xoay) hiéu nay 1a chan. Vay khong thé xoay lai dugc cho tat ca 6 mat déu ding.

Mot két qua tuong tu ma ching ta quan tam do6 1a néu thay khoi 6 canh béi khéi ¢ dinh thi
moi chuyén sé thé ndo. Mot két qua c6 thé dat duge ngay dé 1a khoi ¢ dinh néu c6 "xoay" di
duogc thi ciing khong thé qué thoai mai, hinh vé minh hoa duéi day noi len dieu do:

s |2 %? 3

i

<

Tuy nhién bai toan sau day mdi thuc sy 1a kho va ¢6 1é van chua c6 161 giai (17).

Bai toan 7.1.2 (Open Question). Ching minh ring khong thé zoay mot khéi & dinh ciia
rubik ma cdc khoi khdc van ding nhu ban dau (vi tri tuong doi so vdi cdc khoi khdc).
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7.2 Nguyén ly bat bién va nita bat bién

Giéi thiéu. Bat bién va nita bat bién 14 mot cong cu quan trong va c6 hieéu qua cao trong
rat nhiéu cac bai toan t6 hop. Xét 16p bai toan sau: cho A, B 1a hai tap hop va f 1a cac phép
toan. Bat dau tit A bang cac tac dong f lén cac phan tit clia A ta thu duge f(f(A)) = f2(A).
Tiép tuc ta thu duge f3(A), f1(A),.... Vay bai toan dat ra ¢ day 1a gi? D6 1a c6 ton tai hay
khong mot s6 nguyén duong k ma fi(A) = B va néu ton tai thi lieu c¢6 chi ra duge né hay
khong? Ro rang day 1a mot cau héi hay va khé. C6 rat nhiéu bai toan mic dit cach phat biéu
khéac xa nhu trén nhung né lai thudc 16p bai toan trén.

7.2.1 Béat bién

Trong muc nay chiing ta sé xét dén 16p bai toan khong ton tai & tiic 1a khong bao gio ta nhan
dugce tap B tu tap A thong qua f va mot trong nhitng phuong phap do la xay dung mot dac
trung (X ) ma no khong thay ddi trong qua trinh thic hién phép toan f va co ¥(A) # ¢ (B).
Dic trung 1 (X) goi 1a mot bat bién. Ching ta hay cuing xét may vi du sau day:

Vi du 7.2.1. Trén bing s6 cho 10 s6 1 va 11 s6 —1, moi lan cho phép lay ra 2 s6 va thay
vao dé la s6 1 néu 2 so lay ra bing nhau va —1 néu khac nhau. Héi sau 20 lan thi so con lai
la s6 1 hay khong?

LOI GIAIL Trong bai todn nay dé thay tap A la tap gom 10 s6 1 va 11 s6 —1, B la tap gom

1 s6 1 va phép toan la cho phép lay ra 2 phan ti va thay bang tich ctia ching. Do f thay

2 phan t béi tich clia ching nén ta dé dang thay mot bat bién la ¢(X) = [ x. Ma ta c6
zeX

P(A) = —1#1 =1(B) do d6 dan t6i két luan ctia bai toan.

Vi du 7.2.2. Cho day s6 20 = 1,21 = 0,29 = 1,23 = 0,24 = 1,25 = 0. Vdin > 0 thi x,.¢
la chit so tan cung clia $O Tp + Tyl + Tnio + Tnas + Tnga + Tngs. HO 6 ton tai k hay khong
maxy=0,2k11 =1, Tp10 =0,2513 =1, Tp14 = 0, 2515 = 1.

LOT GIAT. Dé thay 1a A 1a bo s6 (zo, 21, To,...,25); B=1(0,1,0,1,0,1) va:
fk(A) = (ZEk,Ik+1,£l?k+2,£lfk+3,Ik+4,£l?k+5)-
Véi phép toan f xéac dinh:
Thie = Tp + Tpy1 + Thao + Tpys + Thoa + Trys  (mod 10).

Bay gio ta tim dic trung . V6i X = (¢, ca,...,c6) ta xét tit dang don gidn nhat 1a ham
tuyén tinh:

(X)) = ticr + taco + tges + tacs + tses +tecs  (mod 10).

Ta co:
w(fk—l-l (A)) = tll’k+1 + tgl’k+2 + tgl’k+3 + t4l’k+4 + t5l’k+5 + tﬁl’k+6 (mod 10)

= texr + (L6 + 1) Trg1 + (t6 + o) Trgo + (t6 +13)Thps + (te + ta)Tpga + (te +t5)Tpes  (mod 10).
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Nhu vay 1a ta can c6 tg = t; (mod 10),t +t; = to (mod 10),...,ts+t5 =t (mod 10). Nen
c6 thé dé dang nhan ra t; = 2,ty = 4,...,ts = 12 thoa man. Hay:

(X)) = 2¢1 4+ 4cp + 6¢3 + 8¢4 + 10¢5 + 12¢6  (mod 10).

Vay luon c6 ¥(fx(A)) = ¥(A) = 8. Nhung ¢)(B) = 2 # ¢(A) do d6 ta khong thé c6 B nghia
13 khong ton tai k. Bai toan dugce chiing minh.

Qua vi du trén ta cé thé thay doéi véi cac phan ti 1a cac s6 thi ta thudng tim nhing ham
tuyén tinh, da thiec, ...

Vi du 7.2.3. Trén bang 6 vuong vo han, tai 6 (1,1) c¢é mot vién bi. Cho phép b bi theo quy
tac sau: Moi lan lay chon 6 (i,7) ma cdc 6 (i +1,75) va (3,5 + 1) déu khong cé bi va lay bi &
0 (1,7) ra khoi bang va dat vao cic 6 (i +1,7) va (1,7 +1) méi 6 mot vien. Hoi bang cach dé
ta co thé lam cho cic o (1,1),(1,2),(2,1),(1,3),(2,2),(3,1) déu khong cé bi hay khong?

LOI GIAL D6i v6i bai toan nay ta quan tam téi cdc 6 chita bi. Ta ¢6 méi trang thai k clia cac
0 chita bi trén bang cho ta mot tap hop X = {(7,7)] 6 (¢,4) 6 bi} v6i Xy = {(1,1)}. Ta xét
ham ¢(X) = 3 s(i,).
(i,)eX

Ta tim s sao cho 1 1a bat bién hay ta can ¥ (Xpy1) = ¥(Xg) véi mdi k. Ro rang 1a ta co
trang thai k£ + 1 nhan dugce tit trang thai k& qua viéc b6 di bi 6 6 (4, 7) va thay vao do6 1a hai 6
(i+1,7) va (i,7+ 1) nén ta c6 (Xpy1) — 0(Xg) = s(i +1,7) + s(i, 7+ 1) — s(i, 7). Do quan
hé binh dang giita s(i 4+ 1,5) v& s(i,j + 1) nén ta chon s sao cho s(i + 1,5) = s(i,j + 1) va
dong thoi s(i, j) = 2s(i + 1, j) do d6 ta nghi ngay dén s(i, j) = 5

Nhu vay ta luon ¢6 ¢(X) = > 5 va véi moi k thi ¢(X) = ¢(Xo) = 1.

(i,)eX

Bay gio gia st ta da lam cho cac o (1,1),(1,2),(2,1),(1,3),(2,2),(3,1) déu khong c6 bi
va ta thu dugc tap B gom cac 6 khong c6 bi. Mat khac vé6i cach bo bi nhu trén thi dé thay
tai méi thoi diém thi trén hang {(1,4),(1,5),...} c6 ding mot 6 c¢6 bi. Tuong tu cho cot
{(4,1),(5,1),...} ciing ¢c6 mot 6 c6 bi. Do d6 ta c6 tai thoi diém d6 chi c6 hitu han 6 c6 bi

nen:

1 1 1 1
VB < gt amt DL g =3 =YX

i,5>2i+5>5

Nén ta khong thé lam dugce. Bai toan duge chiing minh.

Nhitng dai lugng bat bién nay da cung cap cho ching ta mot phuong huéng quan trong
dé ching minh khong thé bién ddi tit déi tugng nay thanh mot doéi tugng khac. Viec phat
hién nhitng dai luong bat bién nay dudng nhu khong c6 mot quy tac nao cd do dé tét hon
hét ta nén quan sat hét gia thiét, phan tich n6, dya trén nhitng ddi tuong ma né huéng dén
va hiy cb gang tit nhitng biéu thic don gidn nhat roi dén phic tap dan.

Bing cach st dung dai luong bat bién cic ban hdy hoan thanh céac bai tap sau:

Bai toan 7.2.1. Trén bang c6 ghi mot so s6 0, mot s6 s6 1, mot s6 s6 2. Cho phép thuc hién
quy tdc sau: moi lan lay ra hai s6 khac nhav va thay vao dé la s6 con lai. Chitng minh rdng
néu sau mot sé lan thuc hién quy tdc trén ma trén bang con lai mot sé6 duy nhat thi s6 do
khong phu thudc vao qud trinh xéa so.
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Bai toan 7.2.2. Cho ay,as, ..., a, la mot hoan vi cia (1,2,...,n). Cho phép thuc hién quy
tdc: moi lan ldy hai s6 hang ndm lién tiép nhau va doi cho cia ching cho nhau. Hoi sau mot
s6 1é lan doi ché nhu trén thi ta c6 thu duge hodn vi ban dau hay khong?

Bai toan 7.2.3. Cho bing 11 x 12. T6 mau cdc 6 cua bing theo quy tdic sau: moi lan to 6
hodc 7 6 chua c6 mau nam lién tiép nhau trén cung mot hang hodc mot cot. Héi bang cdach
dé 6 thé to mau hét tit cd cdc 0 vuong sau 19 lan to hay khong ? Cau trd 10i la thé nao vdi
20 lan to.

Bai toan 7.2.4. Cho luc gidc déu. Chia moi canh cia luc gidc déu thanh 1000 phan bang
nhau. Noi cdc diém chia vdi nhau bdi cic doan thing song song vdi canh cia luc gide. Moi
giao diém cia cic doan ndi trén goi la nat. To mau cdc nit theo quy tdc sau: Moi lan to 3
nait chua c6 mau va la 3 dinh cia mot tam gide déu. Hoi sau mot so lan to ta ma con lai mot
nit khong ¢é mau thi nit dé cé thé la dinh cia luc gidc hay khong?

Mot s6 bai toan 1at phi sau day ciing thuoc dang nay:

Bai toan 7.2.5. Mot nén nha hinh chit nhat duge lat bdi cac hinh 2 x 2 va 1 x 4. Nhung khi
ldt lai nén nha thi vé mat mot vien 2 x 2, nguoi ta thay bing mot vien 1 x 4, Héi ho ¢d thé
lat duge nén nha lai hay khong?

Bai toan 7.2.6. Cho m,n > 3 la cdc so nguyén duong. Cho bang kich thudc m x n. Méi hinh
nhan duge tu hinh vuong 2 x 2 bi mat di mot goc goi la mot thude thg. Ta b6 bi nhu sau: moi
lan ta b6 bi vao 3 6 ma 3 6 do tao thanh hinh thudc tho moi 6 mot vién bi. Héi vdi cach do
ta ¢6 thé bé bi sao cho sau mot s6 hitu han lan thi mdi 0 déu cé sé bi bang nhau hay khong?

7.2.2 Nita bat bién

Trong muc nay chiing ta sé xét vé 16p bai toan ton tai k hay ta c6 thé nhan duge B tit A
thong qua f. Mot trong nhitng huéng dé giai quyét cac bai toan thudc dang nay la xay dung
ham v ¢6 dic diém : v thay doi don dieu qua mdi lan thire hien phép toan f, 1) chi nhan mot
s6 hitu han gia tri khac nhau. Dé thiy r6 hon ching ta hay xét mot vai vi du:

Vi du 7.2.4. Trén mot n > 4 gidc deéu, tai moi dinh duge dién mot so thuc. Cho phép thue
hién thuc hién phép todan sau: moi lan lay ra 4 s6 a, b, c,d theo thit tw nam lién tiép nhau ma
(a—d)(b—c) <0 va doi ché b va ¢ cho nhau. Chiing minh ring sau mot s6 lan thi phép todn
sé phai dung lai.

LOI GIAL Gid st ai,as,...,a, 1a n s6 duge viét trén cac dinh lic ban dau. D& dang nhan
thay 14 mdi lan sé 1lay ra mot s6 ¢ ma (a; — as43)(@ip1 — airo) < 0 v ddi chd a;41 VA a2 cho
nhau. Cha }/f la: (ai — ai+3)(ai+1 — ai+2) = A;A541 + Aj42Q543 — AiQi42 — Aj41A543. Do d6 ta co
thé thay ngay ham 1 c¢6 the lay nhu sau:

U(ay, ag, ..., a,) = ajaz + agaz + ... + apa;.

R6 rang tap cac so trén cac dinh ctia n-giac 1a khong thay doi sau cac phép toan nén ¢ chi
nhan hitu han gia tri. Mt khéc ¢ sau mdi lan thye hién phép toan thi ta co:

Y(ar, @, ..., Qi, Qi1 Qiva, Qigs - -5 Q) — (A1, a2, - - Qg Qig2, Qi1 Aigs - - -5 An)
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= (a; — ai13)(aiy1 — aig2) < 0.

Nghia & sau mdi lan thiic hién phép toan thi gia tri clia ¢ tang lén. Ma s gia tri ma ¢ nhan
1& hitu han nén chi thuc hién duge hitu han 1an ma thoi.

Vi du 7.2.5. Tai moi dinh cia mot ngi gidc deu, ta dat tuong wng mot so nguyén sao cho
tong ctia c¢d b $6 la mot s6 duong. Néu ¢6 3 dinh lien tiép nhau duge dat tuong ing 3 s6 x, vy, =
va y < 0 thi ta thuc hién phép todn nhu sau: thay cdc s6 x,y,z dé tuong wng thanh cdc so
x+y,—y, z+y. Phép toan trén trén duoc thuc hién lap lai néu trong 5 s6 ¢ cdc dinh van con
c6 so am. Hay xdc dinh zem viéc thuc hién cdc phép todn dé cé ding sau mot s6 hiu han
budc khong?

LOI GIAL. Goi 21,9, ..., 25 1a 5 s6 tuong ting dude dat trén 5 dinh clia ngii gidc déu sao cho:
S=x1+zy+x3+ 24+ 25 > 0. Dat x = (21, T2, 3, 24, x5) V& f(x) = f(x1, T2, T3, T4, T5) =
(21— 3)* + (w2 — 24)* + (23 — 25)% + (x4 — 21)* + (5 — 22)>. RG rAng la ta c6 f(x) > 0 va
f(x) khong thay doi khi cac x; thay doi vi tri.

Khi 23 < 0 thi toan ti xac dinh nhu da noéi khi tac dong lén y sé bién y thanh:
Y = (x1, 20 — T3, —x3, T4 — T3, T5).
Tu d6 bang céac tinh toan don gidn ta thu dugc:
fY) = f(x) =2x3(z1 + 20 + 23 + 24 + 25) = 2235 < —2.

N6i cach khéac cit mdi lan thyc hién phép toan thi ham f(x) sé gidm di 2 don vi. Vi vay, qua
trinh d6 sé dimg lai sau mot s6 hitu han bude.

Vi du 7.2.6. C6 n tap truyen tranh dugc zép theo mot thit tu bat ki thanh mot hang ngang
trén gid sach. Moi lan ban lay tap k (1 < k < n) nhd nhat (khong nam & vi tri thi k) va zép
né vao chd thit k tu trdi qua phdi. Héi sau mot sé6 hitu han lan lam nhu vay thi ban cd thé
xép duge lien tiép n tap truyén theo ding thi tu cia né khong?

LOI GIAIL Véi méi 0 < i < n, ta dinh nghia d; = 0 néu tap truyén ¢ nam & vi tri thit ¢ va bang
d; = 1 néu nguoc lai. Dat ¢ = dy +de.2 4+ ...+ d,.2" L.

Lic d6 ta co v < 1+2+...+2"1 = 2" — 1 va ¢ = 0 khi v chi khi tap truyén i
nim & vi trf thi 4. Mat khac moi 1an thuc hien phép thay doéi vi trf cac tap truyeén thi c6 mot
d, ma dj, chuyén tit 1 thanh 0 trong khi dj11, dpss, . . ., d, khong thay déi. Do d6 du truong
hop xau nhat 1a di, do, ..., di_1 déu chuyeén tit 0 thanh 1 di nita thi ta vAn c6 ¢ giam di it
nhat 14 mot don vi. Do d6 sau khong qua 2" — 1 lan thi phép toan phai dung lai. Hay ban
luon cé thé sip xép duge. Chi ¥ 1a & bai toan nay 2" — 1 lan la s6 1an chuyén sach t6i thiéu.

Vi du 7.2.7. Gid st G la mot do thi cé bac moi dinh khong lon hon 11. Chitng minh rang
¢6 thé téo mau cdc dinh cia G bdi 4 mau sao cho ¢é khong qud n canh ¢é hai dinh cung mau.

LOI GIAL Trude hét 1 ta t6 mau mot cach bat ki. Bay gio ta chiing minh bang maot sd6 phép
ddi mau cac dinh ta sé lam cho do thi c¢6 tinh chat: méi dinh ké véi khong qua véi hai dinh
cling mau véi né. RS rang 13 khi d6 s6 canh ¢6 hai canh cting mau sé khong vuot qua: 2n/2 = n.
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V6i mdi do thi nhu trén ta goi ¢ la sd canh c6 hai dinh cting mau. Ct méi lan ma c6
dinh A (gid sit A ¢6 mau xanh) chang han nao d6 ké véi it nhat 1a 3 dinh ciing mau véi né 1a
B,C, D thi do s6 dinh ké v6i A 1a 11 ma 11 dinh nay dude t6 bang 4 mau nén c6 mot mau
dugce t6 mau cho khong qué hai dinh, goi 13 mau dé chang han. Thi ta d6éi mau cac dinh A
tit xanh sang dé. Ro rang 1a khi d6 ta c6 s6 canh c6 hai dinh cliing mau sé gidam di mot hay
¢ giam di mot. Nhung ro rang la ta c¢6 ¢ ludon nhan gia tri nguyén khong am. Do dé ta c6
phép d6i mau trén sé chi thuce hien duge hitu han lan hay tit Iic nao dé thi méi dinh chi ké
v6i khong qua hai dinh cuing mau v6i né hay ta ¢6 bai toan duge ching minh.

Chi y 1a v6i n = 12k thi n 6 day 1a s6 tot nhat, bdi lay do thi gom hop ctia k do thi
K5 thi dé& dang kiém tra ring moi cach t6 mau bang 4 mau déu c6 sb6 canh c6 hai dinh cling
khong nho hon n.

Bai toan nay thudc bai toidn trang thai dac biet va dudi day ciing 1a mot sd bai toan thudc
dang nay, céc ban hay giai dé hiéu r6 hon phuong phap.

Bai toan 7.2.7. Trong mot do thi ¢é n dinh, ching minh rang ta c¢é thé to mau cdc dinh bdi
hai mav sao cho véi moi dinh bat ki thi trong cdc dinh ké vdi né, sé dinh cung mau vdi no
khong hon so dinh khdc mau vdi né.

Bai toan 7.2.8. Trong mot cin nha cé mot so chan bong den dugc lap dat trong cdc can
phong sao cho moi phong déu cé it nhat 3 bong. Moi bong dén déu cé cong tdic chung vdi ding
mot bong den khdac (khong nhat thiét la phdi khdc phong). Moi lan bat tat cong tdc thi lam
thay doi trang thdi cia hai béng ma né tic dong. Ching minh vdi mdi trang thdi ban dau bat
ki ciia cdac bong, c6 mot day hiu han cdc thao tdc tat bat cong tic ma ta cé thé lam cho moi
can phong déu cé it nhat mot béng sang va mot bong tat.

Cubi cting, mdi cac ban gidi quyét ba bai toan sau day, xem nhu céc bai tap:

Bai toan 7.2.9. C6 mot bo bai 52 quan, lan lugt mit cdac quan bai. Trudc khi rit cho phép
dodn chat cia quan bai. Néu dodn ding la thdng. Ching minh rdng cé thudt todn dé cé thé
thdng it nhat 13 lan.

Bai toan 7.2.10. Gia s hai nguoi cung choi mot van co caro nhu sau: trén bing vo han
cac 0 vuong, lan lugt moéi nguoi choi khi dén lugt minh thi dién cdc ky hiéu X va O vao cdc
6 vuong (moi nguoi chi dién mot logi déu). Ai dien duge mot hang ngang, cot doc hodc mot
duong chéo do dai 11 gom toan déu cia minh thi chién thing. Hdi cé chién thuat nao dé
khong nguot chot bao gio thua hay khong.

Cau hot tuong tu khi thay 11 boi 9.

Bai toan 7.2.11. Cho ham s6 f : N x Z — N thod man dong thoi cic dieu kién sau:

i) £(0,0) = 52903 £(0,n) = 0 vdi moi s6 nguyén n # 0.

ii) F(m,n) = f(m —1,n) —2.[f(m—1,n)/2] + [f(m —1,n—1)/2] + [f(m — 1,n +1)/2]
vdi moi so6 tu nhién m > 0 va vdi Mmoi $6 nguyén n.
Chitng minh rang ton tai so tu nhién M sao cho:

1 néu |n| < (52993 - 1)/2
F(M.n) = g In| < ( o )/
0 mnéu |n| > (5 —1)/2.
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7.3 Phuong phap phan nhém

Giéi thiéu. C6 1é muc nay la muc c6 it tinh chat t6 hgp nhéat trong toan bo tai lieu. Tuy
nhién, c6 thé né cé ich cho ban doc nao muén nhin thay mot chut lien hé gitta to hop va cac
phan mon khac. That vay, cac ban c6 thé theo déi dé thiy rang 1oi gidi clia mot s6 bai toan
dai s6 dudi day mang mau sic t6 hgp rat ré nét.

Vi du 7.3.1. Cho cdc so thuc x1, 2, ..., T, théa man: > |x;| =1, . x; = 0. Chitng minh
i=1 i=1

ring:
n

.
> %<

i=1

1 1

2 2n

LOI GIAL. Dat A = {i|x; > 0}, B = {i| z; < 0}. Khi d6 diéu kién bai toan tré thanh:

€A ieB
o= > x=1.
i€A i€B

Do dé in: L va in: —%. Bay gio ta co:

i€A i€EB
T; T; T; 1
ORI SRR T ok O DR P pE P
i€A i€A i€EB v i€EB v i€EB 2n 2n
nox; 1
Suy ra | Y — Z - — Z — § — — —. Day la diéu phéai chting minh.
i=1 1 i€A i ieB i 2 2n
Vi du 7.3.2. Gid st vy, 79, ...,7, lan s6 thuc sao cho > |x;| = 1. Ching minh rang ton tai
i=1

S c{l,2,...,s} théa man:

1<|Sﬂ{z’z'+1,z'+2}|§2‘v’i:1,2,...,n—2

|2 @il >

€S

LOI GIAL. Vé6i moi i = 0,1, 2, dat:

S; = Z X, ti = Z Zj.

z;>0,7=i (mod 3 z;<0,j=i (mod 3
J J

Khi d6 ta c6 s1+ 82+ 83— 51 —So— 83 = 1. Suy ra (s1+82) + (s2+53) + (83 — $1) — (t1 +t2) —
(ty+t3) — (t3+1t1) = 2. Khong mat tinh tong quat gid st 1 + so > 1/3 va |51+ so| > [t +ta].
Suy ra s1 + o+t +t3 > 0. Do d6 ta cd (s1+ s2 + 1) + (1 + s2 + t2) > 51+ s2 > 1/3. Suy
ra s + so + t; hodc sy + sp + t2 khong nhé hon 1/6. R6 rang trong 3 s6 nguyen lién tiép c6 1
s6 chia hét cho 3. Nén ta c6 diéu can chiing minh.
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Vi du 7.3.3. Vdi méi s6 nguyén duong n ki hiéu d(n) la sé cdc chit s6 0 trong cach viét cia
n trong hé co s6 3. Chitng minh rang:

I 1pdm)
n=1 n

10d(n)

LOI GIAL V6i mdi s6 nguyén duong k ki hieu s, = > 4 day tong lay theo tat ca céc sb

n c6 k chit s6 trong co s6 3. Ta co:

wzwz%

d(n)=t

Mat khac ta c6 c6 ding 2 s6 c¢6 k chit s6 trong co s6 3 ma chita ding t s6 0 nén:

k-1 k 1\ ok—t k—1
E 2 E 1 t k—1 k—t 2 k—1 12 k—1
t=0

+o00 10d(n) +o00 192
Do d6 ta c6 Z = Z Sp < Z 2. (27)k ! < 400. Diéu can chitng minh.
=1 k=1
Vidu 7.3.4. Gid st 21,0, ..., %n, ... la ddy tang gom cdc so nguyén duong khong cé chit so

9 nao trong biéu dién thap phan. Ching minh rdng:
fi
im1 Z; 80

. 1, ST £ < . o A s 1A . _
LOI GIAL Dit s = > — ¢ day tong lay trén tat cd n ma cé n co k chit s6 va khong chita chit
n

s6 9 trong biéu dién thap phan. Ta c6 ding 8.9 s6 c6 k chit s6 ma khong chita chit 9 nao
trong biéu dién thap phan. Do d6 s, < 8.9%71 /10!, Nen:

= 8.9+ 1
Z Zsk<210k1: .179:80.
10

Cha y: bai toan tuong tu sau day ciing dung va no c6 cach chiitng minh hoan toan tuong tu
nhu vi du 7.3.4.

Bai toan 7.3.1. Cho trude sé nguyén duong n. Ching minh rang néu s la tong nghich ddo
ctia cdc s6 khong chia chit s6 n— 1 trong biéu dién co s6 n thi s < +oo.
V6i bai toan nay ta co thé gidi quyét bai toan sau:

Bai toan 7.3.2. Gid st {a,} la diy tang gom cdc s6 nguyén duong théa man {a,/n} la day
bi chin. Chitng minh rang cé vo s6 s6 hang thuoc day {a,} cé chita 2005 chit s6 9 lien tiép
trong biéu dién thap phan.
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LOT GIAIL Xét trong co s6 m = 10?°% bay gio ta ¢6 day {a,/n} bi chin nén ta sé chiing minh
rang ton tai vo so6 n sao cho a,, chita chit s6 m—1. That vay ta c6 néu day a, khong chita s6 nao

. g .
6 chit s6 m — 1. Khi d6 theo bai toan 7.3.1 ta c6 ) — < +o0. Nhung ta lai ¢6 day so {a,/n}

i=1 Qs
. N ) . ) s e O |
bi chdn nén ta c6 ton tai C' sao cho a, < nC véimoin . Suyra , — > > — = +oo (mau
=ta;  =inC
thuan). Vay ton tai ny ma a,, coé chita cht s6 m — 1. Bay git xét day ang+1, ngt2 - - -, Ay - - -

Diy nay van c6 tinh chat dé bai nén ton tai vo s6 n ma a, chia chit s6 m — 1 trong co
s6 m. Hay c6 vo s6 n ma a,, chita 2005 chit s6 9 trong biéu dién thap phan.

Nhu vay qua bai toan trén ta c6 nhan xét la: néu day sé6 nguyén duong a; < as < ...

thoa man khong c6 n nao ma a,, chita k chit s6 9 lien tiép thi > — < +o0o. Bay gio ki hi¢u
n>1 g

S; 1a tong cac nghich ddo clia cdc 6 m ma n c6 j chit s6 va n khong chita chit s6 k chit s6 9

lien tiép trong biéu dién thap phan.

Gid st M 1a mot to hop gom k chit s6 bat ki trong hé thap phan (vé6i chit s6 dau tién
khéc 0). Khi d6 s6 cac chit s6 n ma n c6 j chit s6 va khong chiia s6 M biang s6 cac s n ma
n ¢6 j chit s6 va khong chita k chit s6 9 lien tiép. Do d6 néu dat ¢; 1a tdng cac cac s6 n ma n
¢6 j chit s6 trong he thap phan va n khong chita M. Khi d6 ¢; < 10s;. Nhu vay véi ¢ 1a tong
nghich dao ctia cac so6 nguyén duong ma khong chia M trong biéu dién thap phan thi ta c6
t=t +ta+...<10(s; + 82+ ...) < +o0. Vay ta da gidi quyét duge bai todn.
Bai toan 7.3.3. Gid st M la mot to hgp cdc cdc chit s6 (vdi chit s6 dau khdc 0) . Khi do
néu t tong nghich ddo cia cdc cdc s6 khong chia M trong biéu dién thap phan thi t < +oo.
V6i bai toan 7.3.3 thi ta thu dugc hé qua la bai toan 7.3.4 sau day (la bai toan tong quat
ctia dé thi VN TST 2005 & trén).
Bai toan 7.3.4. Gid sit M la mot to hop cdc chit s6 (vdi chit s6 dau tién khac 0). Gid st déy
s6 {an} la diy s6 nguyén duong tang va day {a,/n} la day bi chan khi dé cé vo s6 s6 hang
ctia day cd chia M trong biéu dién thap phan.
V6i ciing phuong phap ta cé thé dé dang giai quyét duge mot s6 bai toan sau:
Bai toan 7.3.5. Ching minh rang vdi moi day {x1, 2o, ... 1.} ¢ tinh chat khong cé so6 nao
bat dav bdi so khdc trong n s6 do thi:

i S IR

R

Bai toan 7.3.6. Vdin la s6 nguyeén duong. ki hiéu f(n) la s6 cic chit s6 0 trong biéu dién
thap phan ciua n. Ching minh rang:

R )
Y~ <+ooe=a<IL
n

n=1

Bai toan 7.3.7. Gid st m la s6 duong sao cho vdi moi bd gom cdc vecto ¢é tong modun
bang 1 thi ¢é mot so vecto ¢é modun cia vecto tong khong nhé hon m. Ching minh ring:
1/4<m<1/2.
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7.4 Vai tro cua cac bo so dac biét

Gié6i thiéu. Mot tinh chat dac trung ciia cac bai toan t6 hop mang tinh chat t6i wu do la
tinh hai chiéu ctia chitng minh. Ching han mudén ching minh dap s6 ctia bai toadn 1a k =
vay thi nhiém vy cia ta la phai chitng minh duge k£ > o va £ < «, hon nita con phai chi ra
duge mot cach bd tri sao cho trong cach bd tri d6 thi qua thuc & = . Bude thit nhat trong
nhiéu truong hop 1a khong qua khé khan, kho khan thiyc sy lai ndm & buée thit hai. Trong
muc nay ching toi xin dan ra mot s6 vi du nhu vay.

Bai toan 7.4.1. Tai mot cia hang an thuc don cé 20 mon. C6 10 khdach hang cung vao an,
moi nguoi goi ding 3 mon. Hai nguoi bat ky goi giong nhau it nhat mot mon va gid st a la
mon duge nhieu nguoi goi nhat. Goi k la s6 ngudi goi mén a. Hay tim gid tri nhé nhdt cla

k.

LOI GIAL. Goi cac mén an la {1,2,...,n} khi d6 danh sach cac moén &n do moéi ngusi chon
sé 13 mot tap con ba phan tit clia tap hop nay. Ta ching minh cau tra 18i ctia bai toan 1a
5. Dé chiing minh k& > 5 ta xét 10 tap hop 3 phan tit v A 1a mot trong s6 10 phan ti do.
Do tap A c6 chung it nhat mot phan t véi bat ky tap hgp ano trong 9 tap con lai nén
theo nguyén 1y Dirichlet suy ra c6 mot phan tit clia A xuat hién khong dudi ba lan trong
9 tap d6. Vay k > 4. Néu k = 4 titc 1a mdi phan tit ciia A déu xuat hién dang ba lan
trong cac tap con lai. Diéu nay thyc hién v6i moi phan tit thudc vio nhitng moén an da goi
nhung téng s6 moén an (tinh ca lap) 1 10.3 = 30 khong chia hét cho 4. Vay k # 4 suy ra k > 5.

Bay gio ta sé chi ra mot cach goi mén ma k = 5. That vay, xét 10 tap con 3 phan tit sau
day {1,2,3},{1,4,5},{1,6,7},{2,4,6},{2,5,7},{3,4,7},{3,5,6},{2,4,6},{3,5,7},{3,5, 7}
Trong céc tap nay thi 1 xuat hién 3 lan, cac s6 2,4, 6 xuat hién 4 lan con 3,5, 7 xuat hién
ding 5 lan. Vay k£ = 5. Do d6 k nhé nhat 1a 5.

Bai toan 7.4.2. Tim s6 tu nhién k nhé nhat sao cho trong k phan i tuy 4 cia tap {1,2, ...,50}
luon chon ra dugc ba s6 la do dai cdc canh ciia mot tam gidc vuong.

LOI GIAI. Trude hét ta liet ké toan bo cac tap con ba phan ti clia tap {1,2,...,50} ma ba
phan tit d6 1a do dai ba canh clia mot tam gidc vuong. Cé ding 20 tap con nhu vay:

{5,4,3}  {10.8,6}  {15,12,0} {20,16,12} {252 JI")}
{30,24,18} {35,28 21} {40,32,24} {45,36,27} {17,15,8}
{37,35,12} {13,12,5} {20,21,20} {25,24,7} {4l, m 9}
{50,48,14} {34.30,16)} {26,24,10} {39,36,15} {50.40,30}

Ta dat K = S\ {5,8,9, 16,20, 24,35,36,50}. R0 rang K c¢6 41 phan t1t va tat ca cac tap hop
duge liet ké & trén déu khong phai tap con ctia K. Cudi cling ta xét 9 tap hop roi nhau:

{5,4,3}  {45,36,27} {50,48,14}
{10,8,6)  {41,40,9} {34,30,16}
{37,35,12}  {29,21,20} {25,24,7}
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Mot tap hop c6 khong it hon 42 phan tit chia it nhat mot trong 9 tap hop trén. Vay gia tri
nhé nhat ctia k 13 42. Bai toan duge giai xong.
Bai toan 7.4.3 (IMO 1991). Xét tap hop S = {1,2,...,280}. Tim so6 nguyén duong n nhé
nhat thod man n s6 bat ky ldy ra tit S ¢6 5 $6 nguyén to cing nhau doi mot.
LOI GIAIL Trudc hét ta chi ra 216 phan tit ctia S ma trong 5 phan tit bat ky luon c6 2 phan
tlt ¢c6 uéc chung 16n hon 1. That vay, tap hop sau day c6 tinh chat d6 (ching minh déu nay
khong qua kho):

A={k e S|k chia hét cho 2,3,5,7 hoac 11}.

Xét mot tap hop T € S gom 217 phan tit. Ta sé chiing minh ring 7' chiia 5 phan ti doi mot
nguyén to ciing nhau. Dat:

Bl :A\{2737577}
B, = {112,11.13,11.17, 11.19, 11.23, 13%, 13.17,13.19}
P =S\ (BiUB,).

RG rang |P| = |S| — |Bi| — |Bz| = 60 va P 1a hop ctia 1 va tat ca cac s6 nguyén t6 trong S.
Néu |T' N P| > 5 thi ta c6 diéu phai chiing minh.
Néu |[TNP| <4. Taco |TN(S\P)| >217—4 = 213. Suy ra tap hop cac sd khong nguyen
td trong S c¢6 nhiéu nhat 280 — 213 — 60 = 7 s6 khong thuoc 1. Xét cac tap hop :

M, = {2.23,3.19,5.17,7.13,11.17}
M, = {2.29,3.23,5.19,7.17,11.13}
Ms = {2.31,3.29,5.23,7.19,11.17}
M, = {2.37,3.31,5.29,7.23,11.19}
My = {2.41,3.37,5.31,7.29,11.23}
Mg = {2.43,3.41,5.37,7.31,13.17}
My = {2.47,3.43,5.41,7.37,13.19}
Mg = {2%.3% 5%, 7%,13%}.

R6 rang khi d6 ton tai ig dé T € M,,, suy ra diéu phai chitng minh.

Thuyc ra thi chua ¢6 mot phuong an cu thé nao dé gidi quyét chidu nguge lai clia loai toan
nay. Tuy nhién chting t6i muén sit dung mot vi du nhé coi nhut buée dau cong pha van deé do.

Bai toan 7.4.4. Tim s6 tu nhién k nhé nhdt sao cho trong k phan ti tuy 4 cia tap {1,2,...,50}
luon chon ra dugc hai so la do dai hai canh géc vuong cia mot tam gidc vuong.

LOT GIAI. Trude hét ta liet ke tat ca cac cap (a,b) € (S,5) la do dai hai canh goc vuong clia
mot tam gidc vuong, bang cach liet ké cac cap s6 Pythagore nguyén thuy trude, sau dé lap
cac cap Pythagore dong dang (sai khadc mot hiang s6 nhan) ta c6 26 cap (a,b) 1a (3,4), (6,8),
(9,120), (12,16), (15,20), (18,24), (21,28), (24,32), (27,36), (30,40), (33,44), (36,48), (8,15),
(16,30), (24,45), (12,35), (5,12), (10,24), (15,36), (20,48), (20,21), (40,42), (28,45), (7,24),
(14,48), (9,40).
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Xét B = {3,33,12,24,8,36,40, 48, 16, 20,28}. Ta thdy mdi cdp Pythagore déu c6 it nhat
mot phan tit thuoe B. Do d6 C = S\ B 1a tap hop khong chita bat cit cip s6 Pythagore nao.
Suy ra k > |C| = 39.

Xét 11 cap s6 Pythagore roi nhau (3,4), (33,44), (5,12), (7,24), (6,8), (27,36), (40,42), (48,14),
(16,30), (45,28), (21,20). Vi bat ctt tap con gom 40 phan tit nao ctia S ciing phai chiia it nhat
mot cap Pythagore 6 trén , cho nén k < 40.

Két hop hai danh gia trén suy ra k = 40.

Véan dé ctia ching ta la lam thé nao dé tim duge tap hop B va 11 cip Pythagore rdi nhau.
Suy nghi mot chit, c6 1& cac ban sé nhan thay rang do thi 1a mot sy trg giap tuyét voi.

Biéu dién cac phan tii clia tap S nhu cac diém ctia mot do thi va ndi tat ca cac cip Pythagore
(a,b). Ta xay dyng tap B gom it phan tit nhat sao cho trong tap C' = S\ B khong c6 bo
Pythagore nao. Mudn vay, trén do thi, B phai 1a cac dinh sao cho khi ta xoa cac dinh nay
va tat cd cac canh c6 ndi véi né di thi do thi khong con canh nao ca.

Tit ¥ d6 do, ta tién hanh chon cac diém ctia B nhu sau. Vi (3,4), (33,44) 1a hai doan riéng
1¢ cho nén ta chon {3,33} € B (hodc {3,44}, {4,33}, {4,44} déu dugc). Xoa cac doan d6
di. Cac doan thing c6 mot dau la dinh don thi dinh kia (khong don) phéi thuoc B. Vay
{12,24, 8,36, 40,48} € B. Xoa ching va cic canh ndi véi ching.

Cap (16,30) rieng 1¢ nén ta chon 16 (hodc 30). Cubi cung {20,28} € B. Lic nay, do thi
da bi xoa hét canh. Vay B = {3, 33,12, 24, 8, 36,40, 48, 16, 20, 28}.

Tiép theo, ta phai chi ra 11 cap Pythagore rdi nhau. Trong do thi trén, cac cap nay sé
14 céc dinh clia cac canh roi nhau. Mudn chon du 11 ciip, ta ¢d gang chon sao cho duge nhiéu
doan roi nhau cang tot. Trude hét ta chon 2 canh rai (3,4) va (33,44). Tiép dén, ta chon cac
cap c¢6 mot dau la dinh don (5,12), (7,24), (6,8), (27,36), (40,42), (48,14).



84 CHUONG 7. MOT SO CHU PE TO HOP CHON LOC

Xo4 tat ca cac canh c6 mot dau nam trong sé cac diém & trén (con lai nhu trén hinh). Dé
dang chon tiép (16,30). Va chon hai trong bén cap (45,28), (28,21), (21,20) va (20,15).Chang
han ta chon (45,28), (21,20). Ding 11 cap Pitago roi nhau da duge xac dinh. Bai toan dugc
gidi quyét xong hoan toan.

=

Cudi cling moi cdc ban giai hai bai toan sau xem nhu nhiing bai tap nho:

Bai toan 7.4.5. C6 10 em bé dimg gan nhau, moi em bé cam mot qud bong. Khi c¢é hiéu
lénh thi cdc em bé sé dong thoi chuyén bong cho ban dimg gan minh nhat. Héi cudi cung co
it nhat bao em bé cé bong (gid thiét rang khodng cdch gitia cdc cip em bé déu khdc nhau,).

Bai toan 7.4.6 (VMO 2005). Trong mdt phang cho bdt gidc 107 Ay AyAsAyAsAgArAg ma
khong cé ba duong chéo nao cia né cat nhau tai mot diéem. Ta goi moi giao diém cia hai
duong chéo ciia bat gidc la mot nit. Xét cdc ti gide 10i ma moi tie gide déu cé cd bon dinh la
dinh ciia bdt gidc da cho. Ta goi moi tie gide nhu vay la mot tic gide con. Hay tim so nguyén
duong n nhé nhat cé tinh chat cé thé to mau n niit sao cho vdi moii, k € {1,2,3,4,5,6,7,8}
va i # k, néu ky hieu s(i, k) la s6 ti gigc con nhan Ay, Ay lam dinh va dong thoi cé giao diém
hai duong chéo la mot nit da duoc to mau thi tat cd cdc gid tri s(i, k) déu bing nhau.

7.5 Hai bai toan vé phu cic hinh vuéng

Gié6i thiéu. Dung cac hinh dong dang dé pht hinh ban dau la mot van dé rat tha vi ciia
hinh hoc t6 hgp. Trong bai viét nay ching toi xin dan ra hai két qua tuong déi quen thuoc
vé viéc diing céc hinh vuong bé dé phii mot hinh vuong lén ban dau, va sé chi trinh bay 15i
giai cho mot bai toan. Ti 16 giai d6 cac ban c6 thé thiy ngay 16i gidi ciia bai toan con lai.

Bai toan 7.5.1. Ching minh ring khong thé ding hai hinh vuong cé canh nhé hon 1 dé phii
mot hinh vuong canh 1.

Bai toan 7.5.2. Ching minh ring khong thé ding nam hinh vuong cé canh 1/2 dé phi mot
hinh vuong canh 1.

LOI GIAI. Xét hinh vuong ABCD tam O canh 1, v goi canh ctia 5 hinh vuong dung dé pht
la a < 1/2. Gia st rang c6 thé ding 5 hinh vuéng nhu vay dé phii. Ta chia ABC'D lam 4
hinh vuong canh 1/2 bing hai dudng théng qua O va vudng géc véi canh. Do duong kinh
hinh vuong canh 1/2 16n hon dudng kinh ctia mdi hinh dimg dé phti nén hinh chita mot trong
) dlém A, B, C, D, O ma ta k}/f hiéu la VA, VB, Vc, VD, Vo.
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Xét hinh vuong Vy, 16 rang 1a tong do dai hai doan ma né pht 6 hai canh AB, AD phai nho
hon 1, vi 2 +y < 1/2(22 + 42) < v/2.4/2.a < 1. Do dé téng céc doan ma Vy, Vi, Ve, Vp phit
trén cac canh nho hon 4, cho nén Vp phai cé giao véi mot canh nao do. Gia sit do la canh
BC.

Xét hinh vuong canh @ phii 1én mot doan ctia hai dudng thing song song cach nhau 1 /2
nhu hinh vé 6 trén. Goi [ 1a do dai ma hinh vuong pht lén hai duong dé6. Ta co:

hi+hy V2cos (p —45%) — 1/2
sinp.cosp sin ¢. cos

[ = (hy + hg)(tan ¢ 4 cot ) =

_ V2cos(p—45°) —a  alcosp+sing) —a " a(sing — 1)(cosp — 1) <
sin . cos ¢ sin ¢. cos ¢ COS ¢ + sin ¢

-/ a.

Vay tong do dai hai doan dude phti sé < a.

Bay gid xét [y, [y, [3 1 ba dudng théng cach nhau 1/2 nhu hinh vé dudi day:

Trong hai cap (Va, Vg) va (Vo, Vp) thi méi cap phéi ¢6 it nhat mot hinh pht cd hai doan
cach nhau 1/2, con hinh kia phii 1én mot doan < v/2a. Vay tdng do dai ma 5 hinh vuong phit
len 3 doan thang Iy, 1y, I3 sé lad < a+a+a+v2a+vV2a = (3+2v2)a < 6a < 3.
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7.6 Cau hoéi mé vé mot tinh chat ctia chum cac dudng
tron

Gié6i thiéu. Viec khao sat méi quan hé ctia nhiéu déi tuong 1a mot dic trung cia t6 hop.
Trong muc nay chiing t6i sé khao sat mot s6 tinh chat ctia chiim cac duong tron. Tat nhién sb
lugng cac tinh chat kiéu nhu thé nay rat da dang, khong thé liet ké trong mot bai viét nho.
Vi vay chiing t6i sé chi tap trung vao céc ddi tuong dic biet, do 1a cac duong tron don vi.

Han ché hon nita ching ta chi quan tam téi cic dudng tron don vi va gia thiét them moi cip
dudng tron trong sé ching déu cit nhau tai hai diem phan biét. Déi véi 3 duong tron c6 hai

cach bd tri nhu sau:

(o)

(©s)

Cach bd tri ¢ bén phai cho ta mot tinh chat rat dep, dé 1a tam giac ABC c¢6 ban kinh duong
tron ngoai tiép bé hon don vi, con 6 bén trai, diéu nay khong phai lic nao ciing ding. Céc
ban ¢6 thé tu ching minh hoic tham khao them phan hinh hoc ctia tai lieu nay.

Cau hoéi 1a cai gi da tao nén sy khac biet? Thue ra c6 tinh chat nhu vay vi sy c6 mat
clia tam gidc cong "hong" ma ta goi 1a "18" trong cach bd tri giita cdc duong tron. Mot
cau hoi rat tu nhien duge dat ra la phai chang néu n hinh tron sip xép tuy ¥ thi lieu co thé
tao ra dugc t gidc cong, ngii giac cong ... hay khong. Cau tra 1oi la c6, va chinh xac hon ta co:

Dinh 1y. L3 cong do n dudng tron tao ra cé nhiéu nhat n canh.
Chiing minh.

R6 rang mot duong tron cung cap cho 16 nhiéu nhat 14 mot canh cong, do dé s6 canh cong
ctia 16 bat ky khong vuct qua sd dudng tron, tic 1a n. Ta goi s6 canh clia da gidc cong co
nhiéu canh nhat c6 thé tao ra do n duong tron la C,. Vay C,, < n, ngoai ra ta da c6 Cy = 3.



7.6. CAU HOI MO VE MOT TINH CHAT CUA CHUM CAC DUONG TRON 87

Bit dau tit (O1), (0s), (0O3) va ba dinh ctia 16 1a Ay, Ay, Ay, Quy uée d6i véi hai diem A, B
thi (AB) la dudng tron ban kinh 1 c¢6 tam khong thudc nita mat phing bd AB hia Q (la
giao diém thi hai ctia (O1), (02)). Lay As, A} nhu sau, diém Az thuoc cung Ay A, va diém A
thuoc cung A3A; ma Az du gan A,, A} di gan A} sao cho (O4) = (A34)) cdt (Oq). Diéu nay
thyc hién duge do d6 Cy = 4, t gidc cong trong trusng hgp nay la A; A, A3 A).

Bay gio khi da ¢6 C,, =n v6i n > 4 theo ding cach da xay dung ¢ trén, 1ay A/, thudc cung
Al Ay di gan A’ va diém A, thuoc cung A, A’ di gan A, ; sao cho (O,41) = (A AL )
cat (O,), dieu nay thyc hien duge va ta c6 Chy1 = n+ 1, n + 1 - giac cong lic nay la
A Ay AnA; . Dinh ly duge ching minh hoan toan.

Chiing ta hay khai thac theo mot cdch khac. Ching ta biét ring theo dinh 1y Helly cho
ho hinh 15i thi néu véi n hinh tron ma bo ba nao ciing c6 giao diém chung thi diéu d6 ciing
ding v6i hé n hinh tron, tic la khong thé ton tai 16 nhu trén duge. Vay, néu dude sip xép
tuy ¥ thi tit » hinh tron c6 thé tao ra dudc nhiéu nhat bao nhieu 16. Day la mot bai toan
thue st kho va két qua ching t6i dat dude méi chi 14 mot syt khao sat nhé. Goi L, 1a s6 16
nhiéu nhét c6 thé tao ra. Thé thi ta cé:

Dinh ly. S6 16 nhiéu nhat c6 thé tao ra khong nhé hon n — 2 hay 1a L, > n — 2.

Chimng minh. R6 rang L3 > 1, xét n > 4. Cong viéc cia ching ta la chi ra mot cach
b6 tri ma trong cach bo tri d6 c6 diung n — 2 16 duge tao ra. Quy uée khi viét (O) tiic 1a
duong tron tam O béan kinh 1. Xét mot diém Oy, vé duong tron (Oy,2). Lay O,, O, trén dudng
tron nay sao cho 02010 < 60°. Trén cung nhé 0,0, 14y céc diém Os, ... On 1 sao cho khi
1=3,...,n—1thi gia tri ciia cac goéc 02010 cing tang nhung luon bé hon 02010 Véi cach
Xac dmh nay thi (Oy) tiép xtc vé6i (O;) v6i moi i = 2,3,..,n, hon nita véi moi 2 < j < k <n
thi (O;) va (Oy) cat nhau. Luc nay ta c6 ding n — 2 16 duge tao thanh.

Xét mot tia Oz cdt cung nhd 020, véi moi 2 < j < k < n thi ton tai s6 €, ma vii
mol phép tlnh tién (01) thanh (Ol,j,k) thod méan Ol,j,k c Oll’ va O < OlOl,j,k < €j k- Khi do
16 do ba dusng tron (O1), (O;), (O) duge bao toan tinh ton tai. Va nhu vay khi déi tam O,
bdi O v6i O € Oz va 0 < 010 <min{e;; | 2 <j <k <n}. Dinh Iy dugc chiing minh.

Mot cach rat ty nhién ching ta sé dit cau héi, vay n — 2 c6 phai cau tra 1oi t6t nhat
cho bai toan nay hay khong. Day la mot cau héi ma.

Bai toan 7.6.1 (Open Question). Ching minh ring so 16 dugc tao ra tin duong tron don
vi nhiéu nhat la n — 2.

THAY CuHo LOI KET. Van dé vé chiim céc dudng tron con nhiéu, ching han mot van dé
dugc dit ra la khéo sat s6 luong cac giao diém duge tao thanh. C6 mot bai toan tuong tu cho
cac duong thang, can cht ¥ ring néu bé qua diéu kien ban kinh céc dudng tron bing nhau
thi moi chuyén c6 1é sé don gian hon. Gia thiét hoi "gid tao" d6 c6 thé sé khién cho bai toan
trd nén rat kho. Cac ban hay tiép tuc cong viec khdo sat nay, c6 18 sé con nhiéu diéu thu vi
dang doi cac ban.
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7.7 Dinh li Konig-Hall

Truée hét ta can nhéc lai mot vai hiéu biét vé khai niem cdp ghép trong 1y thuyét do thi.
Cho do thi luéng phan G = (X,Y,U), tap canh E (E C U) dugc goi 1a cdp ghép clia do thi
G hay la tap canh doc lap trong do thi G néu hai canh bat ki thuoc E déu khong c6 dinh
chung. Néu ciip ghép lap quan hé tuong tng mot - mot gitta tap A C X va tap B C Y thi ta
no6i rang ghép cap tap A trén tap B hay da ghép cap A vao Y.

Dinh ly Hall-Konig. Trong dd thi hai mang vo huéng G = (X,Y, U) ta c6 thé ghép cap X
vao Y khi va chi khi déi v6i moi tap A C X déu c6 |D(A)| > |A| (V6i D(A) 1a tap hop cac
dinh trong Y ké véi it nhat mot dinh trong A).

Chiing ta ciing c6 thé phat biéu dinh li d6 theo cach khac nhu sau: Cho tap A = {1,2,...,m}
va gid st Ay, Ao, ..., A, 13 cac tap con ciia A. Goi mot day xq, 2o, . . ., o, 12 t6t néu nhu z; € A;
véi moi i = 1,2,...,n, va dong thoi x; # x; v6i moi i # j € {1,2,...,,n}. Khi d6 diéu kién
can va du dé ton tai day tot 1a véi moi I C {1,2,...,n} thi | A > |I].
i€l

Chitng minh. Ta chiing minh béng phuong phap quy nap theo k = | X|+|Y|. Véi k = 2,3 thi
hién nhién ta c¢6 | X|=1dodé khéng dinh ding. Gia st bai toan da ding véi moi 1 < k < n.
Ta sé chitng minh khing dinh trén ciing ding cho k = n+ 1 > 4. That vay xét 2 trudng hop:

Néu v6i moi A C X ta déu c6 |D(A)| > |A] + 1. Khi d6 ta lay mot dinh zp € X va lay
dinh yo € Y ké vdi x¢. Xét do thi G’ nhan duge tit G khi bé di 2 dinh zg,y0 va canh zgyo thi
dé thay trong G’ v6i moi A C X \ {zo} ta déu c6 |Dg/(A)| > |A|. Khi d6 theo gia thiét quy
nap ta c6 thé ghép cap tit X \ {zo} viio Y \ {yo}. Két hop thém canh zgyo ta c6 thé ghép cip
duge tt X vao Y.

Néu ton tai A C X ma |D(A)| = |A|. Khi d6 dat X' C X\ A va x6a hét cac canh xuat phat
tlt cac dinh trong A dong thoi x6a cac dinh thuoc D(A). Ta thu duge do thi G’ = (X', Y, U").
Ta sé chiing minh v6i moi B C X’ thi |Dg/(B)| > B. That vay néu xay ra |De (B)| < |B] thi
bang cach xét tap AU B trong G ta sé co:

|Da(AU B)| = |Da(A)| + |Der (B)] < |A] +|B| = [AU BJ.

Vo6 li. Do d6 theo gia thiét quy nap ta c6 thé ghép cap tit X’ vao Y, tit A vao D(A) suy ra
c6 thé ghép cip tit X vao Y. Nhu vay theo nguyén li quy nap bai toan ding véi moi k. Dinh
1i duge ching minh.

Dinh 1f nay 1a mot két qua hay trong li thuyét do thi va c6 kha nhiéu bai toan khac co
thé duge giai quyét gon gang nhs 4p dung mot cach khéo 1éo bai toan nay. Ching ta hay
cting nhau xem xét mot s6 vai bai toan nhu vay.

Bai toan 7.7.1. C6 1000 hop bi, moi hop chita ding 10 vién bi. Biét rang khong cé 11 vién
bi nao cung mav. Ching minh rdng cé thé lay tw méi hop mot hon bi sao cho tat cd 1000 vién
duge lay ra déu cé6 mau khdc nhau.

LOI GIAIL Trude hét ta c6 nhan xét 1a v6i moi 1 < k& < 1000 hop bi trong s6 1000 hop d6 thi
céc vien bi trong k£ hop do6 c6 it nhat 14 & mau. That vay gid st ton tai k& hop bi ma cac hon
bi trong k hop do6 chi c6 k — 1 mau khac nhau. Theo gid thiét méi hop c6 10 vién bi. Do d6
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trong k hop c6 tat cad 10 x k vien bi. Mat khac lai c6 khong c¢6 11 vién bi ndo cting mau cho
nén ta c6 trong k hop bi dé c¢6 khong qua (k — 1) x 10 vien bi. Day 1a diéu vo 1i. Nhan xét
duge chiing minh.

Vay ta da dua bai toan vé cac diéu kién théa man dinh I néu trén. Theo dinh 1i d6 ta c6
thé chon dugc duge tit 1000 hop bi da cho 1000 vien bi ¢6 mau khéc nhau, mdi hop 1 vien.

Bai toan 7.7.2. Cho bing 6 vuong n x n. Trong moi 6 vuong con cia bing cé dien mot so
thue khong am sao cho tong cdc s6 ndm trén moi hang, moi cot bat ki trén bing la 1. Ching
minh rdng ta ¢é thé chon ra n 6 vuong con khong c¢é hai 6 nao cing hang hay cot ma trong
moi 0 dé da dugc dien mot so thuc duong.

LOI GIAIL D6i véi bai todn nay ta can chi ¥ t6i quan hé gitta cac hang va cot, mdi 6 vuong
14 giao ctia mot hang va mot cot nén ta xét quan hé ké nhau nhu sau. Hang i va cot j 1a ké
nhau néu 6 giao gitta hang ¢ va cot j dude dien mot s6 thue duong. Cha ¥ t6i dicu kién ton
tai n 0 ma khong c6 hai 6 nao khong nim trén cting mot hang hay mot cot va trong mdi 6
déu duge dién 1 s6 thue duong. Ta c6 thé thay ngay dieu do tuong duong véi 1a cé thé tim
duge n canh ma doi mot khong c6 dinh chung. Hay la ghép cap duge tit tap cac hang vao tap
cac cot (theo quan hé trén). St dung dinh 1f ta chi can k hang bat ki ké v6i it nhat 1a k cot.

That vay ta gid st c6 k& hang ma né chi ké véi m < k — 1 cot khi d6 ta xét bang chit nhat
k x m tao béi k hang va m cot trén. Khi dé ta cé tong cac s6 nam trén méi hang 1a bing 1.
Do dé tong céac s6 viét tren bang nay la k. Tuy nhién tong cac sé6 ndm trén mdi cot < 1 do
d6 tong cac s6 viét trén bang khong vugt qua m < k — 1 (Vo 1i).

Vay k hang bat ki déu ké v6i it nhat k& cot nén theo dinh 1i suy ra diéu can chitng minh.

Bai toan 7.7.3. Cho 2n dai biéu dén tu n quéc gia, moi quoc gia cé ding 2 dai biéu. Biét
rdng ho ngoi trén mot bai tron. Ching minh rdng ta ¢é thé chia ho thanh 2 nhém, mdi nhém
gom n dai biéu dén tw n nudc ma khong cé 3 ngudi nao ngoi cung nhau lién tiép.

LOI GIAIL. Ta danh s6 2n ngudi d6 theo thit tu theo chiéu quay ciia kim dong ho. Va chia ho
thanh n c@p (1,2),...,(2n — 1,2n). Bay gio ta chiing minh c6 thé lay tit méi cip mot ngusi
sao cho n nguoi duge 1ay ra dén tit n nuéc khac nhau. That vay ta c6 moi cip gom 2 ngudi
va mdi nude c6 2 dai biéu cho nén theo bai toan 7.7.1 ta c6 thé chon ra tit mdi cip mot ngudi
sao cho n ngudi d6 dén tit n nude khac nhau. R6 rang 1a khi d6 n ngudi con lai cling dén tit
n nudc khiac nhau va dé thay khong c6 ba ngudi nao thuoc ciing mot nhém ngdi canh nhau
lien tiép. Day 1a diéu phai ching minh.

Bai toan 7.7.4. Trong mot hoi nghi ¢6 100 dai biéu dén tu 25 qudc gia khdc nhau, moi quoc
gia ¢ ding 4 dai biéu. Biét rang ho ngoi trén mot ban tron. Ching minh rdng cé thé chia ho
thanh 4 nhom phan biét, moi nhom gom 25 dai biéu cia 25 nude ma khong co hai dai biéu
nao cung mot nhém ngoi canh nhau.

LOI GIAIL. Theo bai toan 7.7.3 ta c6 thé chia 100 ngudi dé thanh 2 nhém sao cho méi nhém
gom 50 ngudi dén tir 25 nude, mdi nude gom 2 ngudi. Sao cho khong c¢6 3 ngudi nao cling mot
nhom ngodi canh nhau lién tiép. Bay gio ta xét 50 nguoi trong nhém 16n thit nhat, do khong
c6 3 ngudi nao ngdi canh nhau lién tiép nén ta c6 thé chia 50 ngudi doé thanh 25 cip ma hai
ngudi thuoe 2 cap khac nhau thi khong ngdi canh nhau. Theo bai toan 7.7.3 ta c6 thé chia 50
nguoi nay thanh 2 nhém ma mdi nhém c6 ding 25 nguoi dén tit 25 nude khac nhau va khong
c6 hai ngudi ndo ciing mot cap & trong cing nhém. Dé thay khong c6 hai ngudi ndo trong
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ctiing mot nhém ngdi canh nhau. Tuong ty cho nhém 16n con lai. Ta c6 100 ngusi da duge
chia thanh 4 nhém sao cho mdéi nhém cé 25 dai biéu dén tit 25 nude khac nhau va khong c6
hai ngudi nao cling nhom ngdi canh nhau. Diéu phai chiing minh.

Cudi cting cac ban hay st dung dinh 1f Hall — Konig dé giai mot sd cac bai toan sau day:

Bai toan 7.7.5. Trong mot cuoc khiéu vii ¢c6 n 6ng va n ba. Biét rang moi ong quen ding k
ba va moi ba quen ding k ong (k la s6 nguyén duong cho trudc). Ching minh ring ta cé thé
chia ho thanh n cdp nhdy sao cho mdi nguoi déu nhdy vdi nguoi ma minh quen.

Bai toan 7.7.6. Cho bang 6 vuong n x n. Gid si cic 6 vuong don vi cua mot bang con
nxk(k <n) cia bang da duge to bdi < n mau (moi mau si duge to cho khong quan o) théa
mdan khong cé hai 6 nao cung mau cung nam trén mot hang hay mot cot. Chiing minh rang
ta c6 thé to mau tiép cdc 0 con lai ctia bing bdi n mau dé sao cho mdi mau duge to cho ding
n 0 va khong cé hai 6 nao cing mau nam trén cing mot hang hay mot cot.

Bai toan 7.7.7. Cho bdang n x n biét moi 6 vuong con cua bang dude dién mot so tu nhién
sao cho hai hang bat ki déu khdc nhau. Ching minh ring ta cé thé zéa di mot cot ma bing
n x (n —1) thu dugc vin cé tinh chat tren.

7.8 Dinh 1y Erdos - Skerezes

Dinh 1y Erdos - Skerezes. S6 Ramsey R(m,n) v6i m,n € N 1a s6 nguyén duong nhd nhat
thod man tinh chat trong R(m, n) nguoi bat ky déu ton tai it nhat m nguoi doi mot quen nhau
hoiic ton tai it nhat n nguoi doi mot khong quen nhau. Khi d6 v6i moi m,n € Z,m,n > 2 ta
c6 bat dang thiic sau R(m,n) < R(m — 1,n) + R(m,n — 1).

HE QUA. Véi m,n 1a cac s6 nguyén 16n hon 2 ta co:

m+n—2
m—1 ’

R(m,n) < (

Chitng minh. Dit a = R(m — 1,n) + R(m,n — 1). Xét a nguoi bat ky, ky hieu moi nguoi
tuong tng véi mot diem trén mat phang, hai ngudi quen nhau dude néi véi nhau bing mau
xanh, ngudc lai néu khong quen nhau thi hai diém tuong tng véi hai ngudi duge ndi bang mau
do. Xét mot nguoi A bat ky trong a ngudi nay. Gia sit s6 canh mau xanh (tuong ting dé) xuat
phét tit dinh nay la u (tuong ing v). Nhu vay tacé u+v =a—1= R(m—1,n)+R(m,n—1)—1

= [v—R(m,n—1)]+[u— R(m,n—1)] = —1.

Do hai s6 hang trong ngodc vuong § trén déu la nhitng s6 nguyén suy ra ton tai it nhat mot
trong hai s6 d6 khong am. Xét hai truong hop:

Truong hop 1: néu v — R(m,n — 1) > 0 suy ra v > R(m,n — 1). Do d6 trong v ngudi
tuong tng v6i v dinh nay c¢6 m ngusi quen nhau hoac n — 1 ngusi khong quen nhau. Ma A
khong quen véi bat ky ngudi ndo trong sé6 v ngudi ndy nén trong a ngudi c6 m ngudi quen
nhau hoéc n ngusi khong quen nhau.
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Truong hop 2: néu u — R(m — 1,n) > 0 suy ra u > R(m — 1,n). Do d6 trong tap u ngudi
nay c6 m — 1 ngudi quen nhau hodc n ngudi khong quen nhau. Ma A quen véi tat ca v ngudi
nay suy ra trong a ngudi cé thé chi ra m ngudi quen nhau hodc n ngudi khong quen nhau.

Két hop hai truong hop trén ta suy ra R(m,n) < R(m — 1,n) + R(m,n — 1).

Tt cac khdng dinh trén ta dé& dang suy ra ring trong (2:) luon c6 n ngusi doi mot quen
nhau hodc déi mot khong quen nhau. Bén canh d6 c6 thé thay ngay ring viec danh gia cac
s6 R(m,n) nhu trén la khé l1éng, tat nhién trong timg truong hgp rieng c6 thé chi ra nhing
st danh gia chit ché hon nhung khi d6 can phai ¢6 nhitng k§ thuat tinh té hon, duéi day la
mot vi du nhu thé ciing vé6i 2 cach chitng minh ctia no.

Bai toan. Chitng minh riang trong 18 ngudi tuy ¥ luon ton tai 4 ngudi doi mot quen nhau
hoac doi mot khong quen nhau.

R6 rang day 1a danh gid chit ché hon cho s6 R(4,4), béi vi (41’%;2) = (g) =20 > 18.

LOI GIAI 1. Ky hiéu mdi ngudi la mot diém trén mat phang va t6 mau cac doan thang
noi hai diém trong s6 cac diem dé béi mot trong hai mau xanh, dé. Xét mot diém A; ndi véi
17 diém con lai bang hai mau, suy ra ton tai chin diém dugc néi véi A; béi cling mot mau,
gid st A1 As, ..., A1 A dude t6 béi cliing mot mau xanh. Néu ton tai mot tam giac 6 ba canh
cung mau xanh la A;A4;A, v6i 2 <i < j < k <10 thi 4 diém A, A, Aj Ay cting ndi bang
mau xanh. Nguge lai néu moi bo bén diem A, A;, A;, Ay déu ton tai mot canh dé ndi chiing
thi ta sé ching minh ring ton tai bén diém dude néi véi nhau bing cling mot mau do. Xét 9
diém Ao, As, ..., Ajg, Ay duge noi véi 8 diém con lai béi hai mau. Xét hai truong hop.

Truong hop 1: ton tai khong it hon 4 diém ndi v6i Ay bing mau xanh, gid si d6 1a
As, Ay, As, Ag thi cac tam giac dang AsA,, A, v6i 3 < m < n <6 c¢6 cac canh AsA,,, AsA,
xanh suy ra A,,4, do, vay bén diem As, A4, As, Ag dudc noéi béi toan canh do.

Truong hop 2: tai moi dinh A; vé6i ¢ = 2,10 déu c6 khong it hon 5 canh do6, nhung do tong
s6 canh d6 ndi 9 diém nay 1a mot s6 chin (tinh ci lap nén mdi canh d6 dugc tinh 2 lan),
nhung 9.5 = 45 lai 1a s6 18 suy ra ton tai mot diém ndéi véi it nhat 6 canh dé. Gia st dé 1a
A2A3, ceeny A2A8. Xét dlém Ag n61 véi A4, A5, A6> A7, Ag co it Hhét 3 dlém nél véi Ag béi Ctlng
mot mau, chang han AsAyg, AsAs, As, Ag ciing mau. Néu ton tai A4, A4Ag hosic AsAg cling
mau véi AzA, thi ton tai tam giac cting mau, nguge lai thi tam gidc A,A5A4g cing mau. Nhu
vay tit 6 diem As, Ay, As, Ag, A7, Ag luon c6 it nhat mot tam gidc ciing mau, theo tinh chat
ton tai it nhat mot canh doé xac dinh & trén thi tam gidc cing mau nay phai 1a mau do, gia
su do 1a AA3A4A5 Khi dé6 bén dlém Ag, Ag, A4, A5 doi m@t n61 vGi nhau b%ﬂlg mau doé.

Bai toan dugc chiing minh xong.

Loi giai trén day la nhitng suy luan thong thuong dya trén nguyén ly Dirichlet. Chung
toi mudn gidi thieu véi cdc ban mot 10i gidi nita, 16i gidi dudi day co6 st dung mot két qua
sé dugde chitng minh trong bai viét vé md rong bai toan 6 ngudi sé dude trinh bay & cudi tai licu.

LOI GIAI 2. St dung cach t6 mau nhu & cach 1, 4p dung dinh 1y vé s6 tam giac cling
mau (duge chiing minh ¢ phan cudi tai lieu) ta suy ra c6 it nhat 18.(18 — 2)(18 — 4)/2 = 168
tam gidc cling mau tit 18 diém nay. Tit d6 suy ra c6 it nhat 168.3/18 = 28 dinh ctia 168 tam
gidc cling mau trimg nhau, nghia la c6 it nhat mot diém 1a dinh chung ciia it nhat 28 tam
gidc cing mau. Tiép tuc suy ra c6 it nhat 28.2/17 > 3 canh clia 28 tam giac cing mau trung
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nhau hay 1a ton tai mot doan AB la canh chung ctia it nhéat 4 tam gidc cing mau. Goi 4 dinh
con lai ctia bén tam gidc cting mau dé6 1a Cy, Co, C3, C.

Oy o,

Néu ton tai C;, Cj cing mau véi AB thi A, B, C;, C; duge ndi bdi cing mot mau.
Néu moi doan C;C; déu khac mau véi AB thi C4, Cy, C3, Cy dugde t6 bdi cing mot mau.

Vay trong ca hai truong hop thi ta déu cé thé chi ra bén ngudi doi mot quen nhau hoiic
doi mot khong quen nhau, va nhu vay bai toan da duge chiing minh hoan toan.

7.9 Mot s6 bai toan khac

Bai toan 7.9.1 (Bai toan cai dong hd). Ddi vdi chiéc dong ho treo tudng, ching ta quan
sat hai kim gio va phat. Tat cd cdc vi tri ma cdp hai kim nay tao thanh trong mot nika ngay
dugc goi la hop ly. Dém s6 vi tri hop Iy ma néu doi ché vi tri hai kim ta van duge gio hop ly.

LOI GIAI. Chung ta sit dung mot truc toa do dé biéu thi vi trf ctia hai kim:

D12345678591011 12

Gia stt kim gio chi x gio, kim phit chi y phat. Vi kim phtt chay nhanh gap 12 lan kim gio
nén didu kien dé vi trf (z,y) hop 1y la y = 12{x}. Va do d6 dé git van ding khi thay déi vi tri
hai kim thi phai c6 x = 12{y}. Giai hé hai phuong trinh nay nhu sau: (cha y (0,0) = (12,12))
L U N R (1] [y]

= W e Y 1) - 12]y] = 12[y] = 143{z}.
Vay {2} = k/143 véi k = 0,1, ..., 142 = y = 12k/143. Gia sit 12k = 143p+q v6i 0 < ¢ < 142
= {y} = ¢/143 = x = 12¢/143. Ta phéi chiing minh rang {12¢/143} = k/143, diéu nay
tuong duong véi 143|12¢ — k <= 143[12(12k — 143p) — k <= 143|143k — 12.143p (luon diing).

Vay c6 tat ca 143 thoi diém "hgp 13" trong nita ngay.
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Lo1 Bing. Chi dé vé chiée dong ho con kha nhiéu, ching han mot cau héi 1a trong ngay c6
thoi diém nao ma néu doi chd 3 kim (gis, phiit, gidy) cho nhau ta lai duge mot gid hop 1y hay
khong. Ngoai ra lieu 3 kim dé cé thé tao vdi nhau cac goc 120° hay khong. Day déu la cac
cau héi khong qua kho nhung tuong ddi thia vi, viéc gidi quyét ching xin danh cho ban doc.

Bai toan 7.9.2. Trong mdt phing cho 2001 diém, khong ¢ 3 diém nao thing hang. Mot so
cap diém duoc néi véi nhau bdi cic doan thang sao cho moi diém duoc noi vdi it nhat 1601
diém khdc. Chimg minh ring trong nhiing diém néi trén sé c¢6 6 diem doi mot duge noi vdi
nhau, hon nda néu sé 1601 doi thanh 1600 thi két qud khong con ding nia.

LOI GIAL. Goi n 1a gia tri 16n nhat ctia tap hop cac s6 chi s6 lugng ctia nhitng tap diém doi
mot duge ndi véi nhau. Xét n < 2001. Khi dé vi véi mbi diém trong tap con n diém nay thi c6
khong nhiéu hon 2001 — 1 — 1601 = 399 diém khong duge ndi véi diém ay. Do d6 tap nhitng
diém ma khong dugc ndi véi it nhat mot trong n diém néi trén thi c6 s6 phan tit < 399.n.

Néu 399n < 2001 — n thi chdc chidn con mot diém nita duge ndi véi tat cd n diém nay,
trai v6i gia thiét ve tinh cie dai ctia n. Vay ta phai c6 399n > 2001 —n = n > 2001/400 > 5
do d6 n > 6. Diéu phai chiing minh.

Bay gio ta chiing minh rang khi thay 1601 bdi 1600 thi c6 cach ndéi ma trong céch ndi
d6 trong moi bo 6 diém déu ton tai mot cip diém duge ndi v6i nhau. Goi cac diém do 1a
{A;li = 1,2,..,2001}. Ta ndi A;A; khi va chi khi ¢ # j mod 5. R6 rang véi cach ndi nay thi
mdi diem duge ndi ding véi 1600 diem khac, ma trong 6 s6 tuy ¥ luon c6 hai so6 dong du véi
nhau modulo 5, nén hai diém c6 chi s6 tuong ting sé khong ndi véi nhau.

LO1 BINH. Ky thuat st dung trong bai toan nay goi la nguyén ly cuc dai, hay la khdéi
dau cyce tri. Noi dung ctia nguyén 1y nay la trong mot tap hitu han sé luon c6 sd6 nhé nhat va
s6 16n nhat. Ngoai ra bai toan nay c6 thé tong quat mot cach dé dang nhu sau.

Bai toan 7.9.3 (Toéng quat). Cho tap hop S diém (S > 1) trén mdt phdng, trong dé khong
¢6 3 diém nao thing hang va moi diém duoc noi vdi it nhat M diém khdc (S < M). Ching

minh rang ton tai {57]\/[] + 1 diém doi mot dugc néi vdi nhau.

St dung bai toan nay ching ta c6 thé gidi quyét bai toan sau khong may khé khan:

Bai toan 7.9.4 (TST VMO 2004). Xét tip hop S = {a1 < as < ... < asoa}, vdi moi phan
ti a; € S ta goi f(a;) la so ligng cdc phan ti cia S ma nguyén to ciung nhau vdi a;. Gid
thiét rang f(a;) < 2003 va f(a;) = f(a;) vdi moi 1 < i,j < 2004. Tim so6 nguyén duong k
nhé nhat cé tinh chat la véi moi tap con k phan té cia S déu chita hai phan ti ma wdc chung
lén nhat cia ching lon hon 1.

Bai toan 7.9.5. Gid st A la mot tap hop cé6 n phan té va Ay, As, ..., A, la cdc tap con cé
khong it hon 2 phan ti cia A. Gid s vdi moi phan ti x,y € A déu ton tai duy nhat i thod
man z,y € A;. Ching minh rang |A; N A;] =1 vdi moi 1 <i < j <n.

LOI GIAL Dat [A;] = a; v6ii=1,2,..,n. Gid st A = {1,2,..,n}, d; 1a s6 tap hop A; chia i.

Ta co: . .
Sa=Sd (71)
i=1 i=1
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dolAnA =) (Z) (7.2)

Mic khac do véi moi phan ti z,y € A déu ton tai duy nhat ¢ thod man z,y € A; nén ta xét

s6 cap (z,vy, Z;) v6i z,y € A; suy ra:
- a; n
;(2) = (2) (7.3)

Céc cong thic (7.1),(7.2), (7.3) dugc goi 1a cac noi cong thitc. Bay gio ta can phai thiét lap
duge cac hé thiic rieng khac. Gia st rang A,, = {s1, s2,...,5,}, v6i b € A, suy ra c6 p tap
khac chia {b,s;} = d, > p. Do d6 d; > a; v6i moi i ¢ A

S0 NP IPIFE D DD IFE ) o

=1 jigA; J=1 ii¢gA;
N—— ————
con —d; gia tri j con —cj gid tri ¢

Dé c6 déng thic ta phéi c6 d; = a; v6i moi i ¢ A;. Tu do dé co Z(di) = (") suy ra
S AN A = (), ma |A; N Aj| =1 v6i moi ¢, 5.

Lo1 Bing. Phuong phap duge st dung trong bai toan nay co thé tam goi tén la phuong
phap doc lap chuyén dong, ¥ tudng ctia né la khi phai khao sat qua nhiéu déi tugng ching
ta c6 thé tam cd dinh mot s6 bién lai v tan dung tinh doc lap (binh dang) ctia cac bién dé
roi khéo sat mot s6 it bién hon. Viéc tong hop cac "chuyén dong" vita khao sat dugc sé cho
ching ta mot danh gia day du vé tat ca cac bién ban dau. Duéi day 1a hai bai toin minh hoa:

Bai toan 7.9.6. Xét cic s nguyén duong n,k,m thod man n > 2k. S la tap gom cdc tap
con k phan ti cia {1,2,...,n} ma vdi moi tdp con k + 1 phan ti khac rong cia {1,2,...,n}
chita ding m phan ti cia S.

Bai toan 7.9.7. Tai mot cudc hop c¢é 12k nguoi, moi ngudi trao doi loi chao vdi ding 3k + 6
nguoi khdc, vdi hai nguoi bat ki nao dé, s6 nguoi trao doi l0i chao vdi cd hai ngudi nay la
nhy nhau. Xdac dinh k.




Chuong 8
Go6c cung mau

Nguyén Qubc Khanh & Lé Hong Quy

Giéi thiéu. Trong Toan Hoc viéc tim ra mot khai niém méi cé thé sé gitp chiing ta nhin
nhan nhing két qua cii mot cach ré rang va sau sac hon. Hon nita rat c6 thé nho dé ching ta
sé tao ra duge nhiing két qua mdéi mé, ¥ nghia. Trong bai viét nay, ching to6i mudn gidi thieu
v6i cac ban mot khai niém c6 nhiéu tng dung trong 6 hop, do6 1a khai niém vé goc cling mau.

8.1 Khai niém gbéc cung mau
Ching ta ciing bat dau véi mot sé vi du.

Bai toan 8.1.1. Mot da dién 10i trong khong gian c6 tat cd cdic mat déeu la hinh tam gidc.
Déi vdi canh AB bat ki cia da dién, ching ta dinh dau mii tén theo chiéu ti A dén B hodc
tw B dén A sao cho tai mot dinh bat ki déu cé it nhat mot mai tén di vao va mot mii tén
di ra. Chitng minh ring ton tai it nhat mot mat ABC cia da dién ma cdc mii tén trén cdc
canh clia mat dé di theo cung mot chiéu.

LOI GIAL. Goi D, M,C lan lugt la s6 dinh, s6 mit va s6 canh cia da dién 16i trong gia
thiét. Bay gio ching ta sé dua ra khai niem: géc ABC dude goi 1a géc ciing mau néu va
chi néu hai canh AB, BC dugc danh dau miii tén theo cach c6 mot miii tén di vao B va
mot di ra tit B. Gia st phan chiing rang c6 mot cadch vé miii tén ma khong c6 mat nao clia
da dién c6 cac miii tén di cing mot chiéu. Dém s6 géc cling mau trong céch t6 dé theo hai cach.

95
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Chiing ta biét ring mdi mat clia da dién déu la hinh tam giac, ma theo gia stt phan ching
thi cdc miii tén trén cac canh clia tam giac dé khong di cting chiéu. Do d6 trén moi mét chi
c6 ding 1 géc ciing mau. Va nhu thé cé tong cong M géc cling mau.

Mit khac xét mot dinh bat ki cia da dién, gid st tai dinh d6 c6 x mii tén di ra va y
mili tén di vao véi x > y. Theo gid thiét thi z,y > 1. S6 goc ciing mau tai dinh nay sé 1a xy.
Cht y them rang xy — (z +1)(y — 1) =2 —y + 1 > 0. Do d6 tai mot dinh bac n (ttc 1a c6
ding n canh c6 mot dau mut 1a dinh nay) thi ¢6 it nhat n — 1 goéc cing mau. Do d6 s6 goc
cung mau sé khong bé hon 2C' — D.

Vay ta c6 bat déng thic M > 2C — D. Ngoai ra ching ta déu da biét he thic Euler déi
v6i cac da dien 101 D+ M = C 4 2. Két hgp hai sy kién nay = D+ M > 2C = 2 > C. Bat
dang thitc nay 16 rang sai nén gia st phan chiing ciing sai. Nhu vay diéu phai chiing minh 1a
ding. Bai toan da duge chitng minh xong hoan toan.

L1 BiNH. Bai toan nay la mot két qua dang ngac nhien mic du cach phat biéu ciia né
rat gidn di. Cach giai sit dung khai niém géc cting mau trén day ciing vay. Ching toi thuc sy
khong biét ngoai cach gidi vita trinh bay & trén licu c6 con mot 16i gidi so cap dep dé khéc
hay khong. Theo mot cach nao dé, cé thé néi rang day 1a mot vi du dep nhat dé thé hien cho
khai niém mdéi mé nay. Tuy nhién mot vi du dep khong phai lac nao cling lam tron nhiém vu
ctia n6. Chinh vi vay chiing t6i mudn cliing céc ban quay lai v6i hai bai toan khé co dién sau
day. Mot bai 1a dé thi IMO nam 1998, con bai kia ciing da xuat hién trong mot ki thi IMO
tit cach day hon 20 nam. Chung ta cting di vao chi tiét 2 bai toan.

Bai toan 8.1.2. Trong mot cudc thi cé a thi sinh va b gidm khdo, vdi b la s6 nguyén duong
6, b > 3. Moi giam khdo sé danh gid moi thi sinh theo hai mic rét hodc dau. Goi k la so
nguyén duong cé tinh chat néu lay 2 gidm khdo tuy § thi dinh gid cia 2 vi giam khdo nay co
két qud trung nhau nhiéu nhat la cho k thi sinh. Chiing minh ring:

kbt
a—  2b

LOI GIAIL Trudc hét ta dich bai toan ra ngon ngit do thi, 14 ngon ngit thich hgp hon véi khai
niém goéc cling mau ciia ching ta. Mdi giam khao va mdi thi sinh duge coi nhu mot diém.
Khi d6 véi giam khao A va thi sinh B, to dé doan thing AB néu giam khéo A cho thi sinh
B dau, va t6 mau xanh trong truong hgp ngudc lai. Lai dém s6 goc cting mau S theo hai cach.

Ching ta biét rang modi cip giam khdo c¢6 chung danh gia ddi v6i nhiéu nhat k thi sinh,
vi thé c6 khong qué k géc cing mau c6 hai dau mit hai canh goc 1a hai giam khao nay. C6
tat cad CF cap giam khao, do d6 ta co:

)

- 2
Bay gio xét mot thi sinh bat ki. Gia stt ¢6 = giam khao cho thi sinh d6 dau va con lai b — x
giam khao cho rét. Nhu vay s6 goc cting mau nhan thi sinh nay lam dinh goc sé 1a:
r(z—1) (b—2)b—2—-1) 22> —2bx+b>—1b
SR 2 - 2

(8.1)
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Chu ¥ 1a b 14 s6 nguyeén 1é do d6 (b — 1)?/4 14 s6 nguyen, vay s6 géc ciing mau nhan thi sinh
nay lam dinh géc sé khong bé hon (b — 1)?/4. Va do do:

b—1)

g A= (8.2)
4

Két hop hai két qua vita thu duge (8.1) va (8.2) ta suy ra rang:

ab—12 k. b—1

k:b(b—l)> kg
2 - 4 a 2b

Bai toan 8.1.3. Gid st k,n la hai s6 nguyén duong va S la tap hop n diém trén mat phdng
thod man tinh chat moi b6 ba diém trong sé dé déu khong thdng hang, va vdi moi diém P co
it nhat k diém phan biét cia S cich déu P. Ching minh ring:

1
k‘<§+\/2n.

LOI GIAIL Ching ta quy uéc mot géc dude goi 1a cliing mau néu goc cé hai canh bang nhau.
Ta sé wéc lugng tong s6 goc ciing mau T tao béi tap hop S theo hai cach.

Mot mat véi mdi diém ctia S c6 it nhat k diém phan biét ctia S cach déu né, vi thé tai
dinh d6 c6 khong it hon C? goc cing mau. Vi thé ta c6 danh gia:

T > nC}. (8.3)
Mat khac doi véi cap hai diem A, B € S ¢6 khong qua 3 _gbc cung mau nhan hai diém d6 lam
dau mut hai canh. That vay, gid st phan ching rang AXB, AY B, AZB 1a 3 goc ciing mau
phan biet. Khi dé ré rang ca 3 diém X, Y, Z déu ndm trén duong trung truc cia AB, va vi
thé ching thang hang. Diéu nay trai véi gia thiét clia bai toan riang trong tap S khong cé bo

3 diém ndo thing hang. Vay doi véi mot cip diém A, B trong S ¢6 nhiéu nhat 2 géc cling
mau AX B, AY B nhan A, B lam dau mit hai canh goc. Tu day ta co:

T <2C2 (8.4)

E)

Két hop hai danh gia (8.3), (8.4) vita thu duge ta c6 202 > nC? va suy ra:

nk(k —1)

1
nin—1) > :>k:2—k:—1<2n—2<2n

1 1
:>(k:—§)2<2n:>k:<§—l—\/2n.
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R6 rang ¥ tudng dé giai hai bai toan trén thuc ra khong qua méi. Tuy nhién nhd st dung
khai niém goéc cling mau ma 18i gidi tré nén vo cling sang sta. Diéu d6 cho thay rang khai
niém goc cling mau thuc ra da tiém an trong suy nghi ctia chiing ta tit rat lau, hai bai toan
trén c6 vai tro cu thé hoa ¥ tudng nay. Va két qua clia su cu thé hoa dé that 1a tha vi, nho
c6 khai niem méi goc cting mau ma hai bai toan ¢d dién c¢6 thé nhin nhan theo mot cach méi
nhe nhang va dep dé hon.

Vé mit toan hoc thi géc ciing mau c¢é thé hiéu don gian 1a mot bo ba cac déi tuong co
kem theo mot s6 tinh chat ndo d6. Va nhu vay toan bo cong viéc clia ching ta 1a ghép mot
s6 dbi tugng thanh mot bo va khdo sat cac tinh chét ctia bo d6 theo nhiéu cach khéac nhau.
Céc ban hay st dung khai niem nay dé giai quyét mot s6 bai toan sau day:

Bai toan 8.1.4 (IMO Shortlist 1986). Cho 5 so c6 100 chit s6 dugc tao thanh bdi 1 va 2.
Ta 2ép cdc s6 do thang nhau theo cdc hang don vi, hang chuc, hang tram, ... . Biét ring hai
56 bat ky trong 5 s6 dé déu cé chung it nhat r hang va moi hang sau khi xép déu chia di hai
chit s6 1 va 2. Chiing minh rang 40 < r < 60.

Bai toan 8.1.5. Cho bing vuong T kich thudc (n* +n + 1).(n®> +n + 1) vdi n la mot so
nguyén duong. Hay tim so tu nhién k 10n nhat sao cho c6 thé to mau k 6 vuong don vi cia
T ma trong so cic 6 dugc to khong cé6 4 6 nao cé tam tao thanh bon dinh cia mot hinh chi
nhat.

Bai toan 8.1.6 (IMO Shortlist 2004). Trong mot truong dai hoc c¢é n sinh vién vdi n la
mot so tu nhién 1é. Cdc sinh vién tham gia cdc cau lac b (mot sinh viéen cé thé tham gia
nhiéu cau lac bp). Cdc cau lac b co thé két hop vdi nhau tao thanh cdc hoi dong (mdi cau
lac bo c6 thé thuoc vé nhiéu hoi dong khdc nhav). C6 ding k hoi dong va gid si them rang:
(1) Moi cap sinh vién cing thudc ve ding mot cau lac bo.

(11) Vi moi sinh vién va mot hoi dong thi sinh vién dé thuoc vé ding mot cau lac bo trong
hoi dong.

(111) Moi cau lac bo c6 1é sinh vien. Va néu cau lac bo dé 2m + 1 sinh vién thi né thudc vé
ding m hoi dong.

Hay tim tat cd cdc gid tri ¢d thé cia k.

Bai toan 8.1.7 (IMO 2005). Trong mot kyj thi cé n thi sinh va c¢é 6 bai toan. Biét rang
khong c6 thi sinh nao gidi hét 6 bai va vdi hai bai todn bat ky thi cé nhiéu hon 2n/5 thi sinh
gidi dugc cd hai bai todn do. Chitng minh rdng cé ti nhat hai thi sinh gidi duge 5 bai todn.
THAY CHO LOI KET. Mot khai niém méi c6 thé gitp ching ta soi sang cac két qua cii. Tuy
nhién dé khong phai tat ca, viéc tao ra mot khai niem méi c6 thé dem so sanh véi vai tro ciia
mot cong cu méi. Cong cu nay rat cé thé sé gitp ta cong phé cac van dé khé da timg duge
dat ra tu truée khi khai niem do ra doi. Trong bai viét tiép theo chiing toi sé st dung mot
két qua kinh dién khac dé thé hien diéu nay mot cach cu thé hon, két qua ma ching toi sé
stt dung thudng duge biét dudi cai tén bai toan 6 nguoi. Dusi day la cach phat bieu ctia bai
toan do:

Bai toan 8.1.8 (Bai toan 6 ngudi). Trong mot nhom 6 hoc sinh cing truong luon cé thé
chon ra mot nhom 3 hoc sinh ma 3 hoc sinh nay hodc hoc cung mot ldp hodc hoc ¢ 3 16p khdc
nhau.

Bai toan nay nhu da biét c6 rat nhiéu huéng phét trién. Trong bai viét sau ching toi sé
gidi quyét van dé dém sd bo ba c6 tinh chat dac biét néu trén khi thay 6 bsi n bat ky.
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8.2 MG rong bai toan 6 ngusi

Trong bai viét nay toi sé st dung khai niem géc ciing mau da dudge dé cap tdi trong ky trude
dé giai quyét mot bai toan md rong ciia bai toan 6 ngusi co dién. Day ciing 1a mot phan nho
trong 16p rat rong cac bai toan dang Turan.

Bai toan 8.2.1 (Bai toan 6 ngudi). Trong mot nhom 6 hoc sinh cung truong luon cé thé
chon ra mot nhom 3 hoc sinh ma 3 hoc sinh nay hodc hoc cung maot lop hodc hoc ¢ 3 ldp khdc
nhau.

LOI GIAIL Ta dich bai toan vé ngon ngit do thi, 6 thi sinh tuong tng véi 6 diém phan biét
trong khong gian véi diéu kien khong c6 bo 3 diém nao trong chiing dong phéng. Khi dé véi 2
diém bat ki A, B ta t6 dé doan thing AB néu A, B hoc ciing 16p va t6 mau xanh trong trusng
hop ngudc lai. Can chiing minh véi moi cach to ton tai tam giac c6 ba canh dudc t6 cting 1 mau.

Gia st phan chitng rang c6 mot cach t6 ma trong cach to d6 khong ton tai tam gidc ctiing mau
nao ca. Goi 6 diem dé 1a A, B, C, D, E, F, 5 canh xuat phat tit dinh Ala AB, AC, AD, AE, AF
dugde t6 bang 2 mau dé va xanh. Theo nguyén 1y Dirichlet thi sé ton tai it nhat 3 canh duge
t6 ciing mot mau. Gid st AB, AC, AD cung 1a mau dé, do 3 tam giac ABC, ACD, ADB déu
khong phai tam gidc cting mau suy ra BC,C'D, DB déu phai t6 mau xanh, nhung nhu vay
tam giac BC'D lai la mot tam gidc ciing mau. Mau thuan ching t6 gia sit phan chiing 1a sai.
Nghia 13 v6i moi cach to déu ton tai it nhat mot tam gidc cling mau.

C6 mot két qua manh hon kha nhiéu, dé 1a v6i moi cidch to nhu trén sé ton tai it nhat
hai tam gidc ciing mau. Véi cling cach thitc nhu trén cé thé ching minh két qua nay mac di
kh4 phtic tap vi phéi xét xét qua nhiéu cac truong hop. Can chii y theém ring doéi véi bai toan
sau day ching ta hoan toan c6 thé st dung nhitng suy luan kiéu nhu vay dé giai quyét.

Bai toan 8.2.2. Trong khong gian cho 7 diém vdi gid thiét trong ching khong cé 3 diém nao
dong phing. To mau tat cd cdc doan noi 2 diém bat ki trong so cdc diém dé bdi mot trong hai
mau zanh hodc dé. Ching minh rang vdi moi cdch to nhu vay ta déu cé thé tim duoc it nhat
4 tam gidc co ba canh dugc to bdi cung mot mau.

Tat nhién ching ta sé khong di vao chi tiét, béi vi sau khi giai quyét bai toan 7 diém, biét
dau lai chéng xuat hién bai toan 8,9 hay nhiéu diém hon nita. Mot ngusi lam toan thong
minh chic chin khong giai ting bai toan rieng 1é kiéu nhu vay nita ma ho sé dit ra bai toan
tong quat va di tim nhiing cach giai tong quat hon. Hay dit ra mot bai toan tong quéat hon
dé tan cong no, va nhé ring giai mot bai todn tong quéat doi khi dé& dang hon viéc ¢d tim mot
1oi giai trong mot truong hop riéng 1é. V6i truong hop cia ching ta day la mot 1oi khuyén
tot.

Bai toan 8.2.3. Trong khong gian cho n diém ma trong ching khong cé 4 diém nao dong
phdng. To tit cd cic doan thing néi 2 diém bat ki trong so cdc diém dé bdi mot trong hai mau
zanh hodc dé. Tim s6 lon nhat f(n) sao cho vdi moi cach to nhu thé déu cé thé tim duogc it
nhat f(n) tam gidc ciing mau.

LOI GIAL Goi n diém da cho 1la A;, A, ..., A,.
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Dé giai bai toan toan nay ré rang nhitng phép suy luan "ngay tho" sé khong dem lai hiéu
qua. Ching ta sé su dung khai niém géc cing mau dé dua ra mot 101 giai sang stia. Can phai
nhic lai rang goc ABC duge goi 1a cing mau néu nhu 2 canh AB, BC dudc t6 béi cling 1
mau. Goi tong s6 géc ciing mau trong mot cach to ndo do 1a T, ta sé wée luong T theo hai
cach sau day.

Gia st trong cach to d6 c6 x tam gidc ciing mau, mdi tam gidc nhu thé cho 3 gbc cing
mau, nhiing tam giac khac chi cho ding 1 géc ciing mau. Do dé ta co:

T=3x+(C?—x)=C>+2z. (8.5)

Bay gio ta u6c lugng s6 géc cling mau theo mot cach khac. Gia st tai 1 dinh ndo dé co a
canh t6 mau dé va b canh t6 mau xanh. S6 goc cung mau tai dinh d6 sé 1a C? + C7. Néu
la — b > 1, c6 thé gia stt @ > b+ 1, khi do:

(Cf + Cz?) - (03—1 + Ol?+1) = (Cf - 03—1) - (Cl?—l—l - Cz?)
= C;—l - Cb1
=a—b—1>0.
T bat dédng thic nay suy ra sd goc ciing mau tai mot dinh sé nhd nhat khi va chi khi s6

luong cac canh dé va s6 luong cic canh xanh xuat phét tir dinh dé chénh nhau khong qua 1.
Do vay ta xét hai truong hop n chin va n 18.

1. Néu n chan
Dit n = 2k khi d6 s6 goc ciing mau tai moéi dinh nhé nhat 1a:

Ci4Cl =k—-12=T>n(k—1)>~ (8.6)
Két hgp hai bat ding thiic (8.5), (8.6) dan tdi:

n(n—1)(n —2)
1.2.3

+ 22 > n(k —1)%

Ta bién ddi nhu sau

1 , 2k(2k — 1)(2k — 2)
1725(21{:(1{:—1) — G )

k(k—1

— %(G(k —1) — 2(2k — 1))
k(k—1)(k—2) n(n—2)(n—4)

3 B 24 ‘
Biéu thtc cudi ciing bén phai 1a mot s6 nguyen khi n chin. Dang thic xay ra chang han khi
ta t6 mau cac canh theo cach sau: to dé canh A,A, néu |a — b| 1a s6 chin va to xanh néu
la — b 1a 56 16. Khi d6 16 rang tai mdi dinh c6 ding k — 1 canh dé va k canh xanh. Cac udc
lugng ta da ding & trén déu tré thanh dang thitc ding.
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N~
5Ch
<7&x “7

n=

2. Néun lé

Dat n = 2k + 1 khi d6 tai méi dinh c6 it nhat 2C7 = k(k — 1) goc cing mau va do dé:
T > nk(k—1). (8.7)
Két hgp hai bat ding thiic (8.5), (8.7), bién ddi tuong ty nhu trén ta thu duge:

(2k + 1).2k(2k — 1)
S )

x> %((2“ Dk(k —1) —

_ %(%4—1)1{:((1{:— 1y 2k 1)

3
(2% + 1).k(k — 2)
. .

2.1. Néu k chin

Néu k chén thi biéu thic cudi ciing 1a mot sé nguyen, ta chi ra mot trudng hop dang thiec:
dat k = 2t + 1 thi n = 4t + 1. Khi d6 to A, A, mau d6 néu s6 du trong phép chia |a — b| cho n
khong 16n hon t hodc 16n hon 3t va to xanh trong trudng hop nguge lai. Néu xép n diem dé
trén dinh ctia mot n giac déu thi 16 rang ta da to dé 2¢ doan néi mot dinh A véi ¢ dinh bén
trai va t dinh bén phai ctia no, ngoai ra 2t canh con lai duge t6 mau xanh. Cac ude lugng lai
tré thanh déng thic ding.

2.2. Néu k 1é&

Dat k = 2t +1 thi ¢t = 4k + 3, lGc nay biéu thiic cudi ciing khong con la s6 nguyén nita, chinh
xac hon né c6 dang y% Bay gio ta sé chitng minh gia tri nhé nhat ciia x 1a y+ 1 bang cach chi
ra mot cach to thich hgp. Dé lam diéu d6 ching ta sé c¢6 ging tan dung cach to clia truong
hop trén va chd ¥ dén tinh doi xing ctia cac phép to. Cu thé, ta co thé tién hanh mot cach
to nhu sau, cach t6 nay c6 dya mot chat vao truong hop trude.

Dau tien ta lay ra 4¢ + 1 dinh va to dé tit mdi dinh c6 ding 2t canh xanh va 2t canh
dé. Chon 1 diém X trong 4t 4+ 1 diém d6 va chia 4¢ diém con lai thanh 2 tap Si, S. Lay 2
diém A, B, ta tién hanh to6 theo nguyéen tic sau:

As; db, Bs; xanh véi moi diém s; € S,

Bsy do, Asy xanh véi moi diém s, € S,

AX, BX cung do, AB xanh.
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Khi d6 4t + 3 diém nay (trit diém X) déu c6 tinh chat Ia tit diem d6 c6 ding 2t + 1 canh xanh
va 2t + 1 canh do. Riéng dinh X ¢6 2t + 2 canh xanh va 2t canh do va do do6 tai dinh X doi
ra 1 goc cung mau so véi cac dinh khac. Thém goc doi ra nay vao cac ude lugng 6 trén thi
vé phéi ctia cudi ciing sé ¢6 them 1/2 don vi. Lic d6 16 rang 1a z = y+1. Diéu phéi chiing minh.

Cudi ciing ta tong két lai cac két qua vita thu dugc:

nin=2)(n=4) néu n chin

24
1 _ )
n{n )(n = 5) néu n chia 4 du 1

n) =
o) I
n(n —1)(n —5) N 1
24 2
Vay bai toan 8.2.3 da dudc gidi quyét hoan toan.

néu n chia 4 du 3.

Lo1 BiNg. Bai toan 8.2.1 khong phai qua kho dé ching minh, nhung né thuc su ¢6 ¥ nghia
va md ra nhi¢u van dé tha vi hon. Chang han ddi véi n diém da cho, hay tim s6 t(n) nhé
nhét dé v6i moi céch chon ra t(n) canh dé t6 bdi mot mau dé ludn tim duge tam gidc ciing
mau. Day chinh 1a noi dung ctia bai toan Twuran c6 dién, cac ban ¢ thé ching minh ring
t(n) = [n?/4] khong qua kho6 khan. Mot cau héi khac, tim s6 k(n) nhé nhéat sao cho véi moi
cach chon ra k(n) canh dé v6i moi céach to cac canh d6 béi 2 mau xanh dé déu tim duge tam
giac cting mau. Day thuyc sy 1a mot bai toan rat hay va kho. Trong phan cudi clia bai viét
ching toi sé gi6i thieu mot cach chitng minh véi cac ban rang néun =5p +q v6i 0 < ¢ < 5

thi:
f(n) = n(n2 1) 529(292 1) gt

THAY CHO LOI KET. Viéc dém sb luong céc goc cing mau thite chét chi 1a dém s6 bo ba thoa
man mot tinh chat ndo do, va nhu vay lieu c¢6 thuc sy can tdéi khai niem goéc ciing mau hay
khong. Cau tra loi 1a dé dién dat mot 1oi giai hoan chinh thi khong thuc su can thiét. Tuy
nhién viéc st dung khai niém géc cing mau nhuw mot cach ctia tu duy gitip cho moi chuyén
sé ro rang va hop 1y hon. Va nhu cdc ban da thay, mic dit ¢6 vé khé nhung bai toan 8.2.3 sé
trd nén dé chiu hon rat nhiéu khi stt dung khai niém géc ciing mau. Diéu quan trong 1a trude
khi bat tay vao tinh toan, ta can phai c6 niém tin rang két qua chic chin sé dat dugc.

Trong muc tiép theo, ching toi sé gidi thieu vé phuong phap ham dém, day c6 thé coi la
mot sut hinh thic ctia khéi niem goc cting mau. Sau do6, véi cac hiéu biét vé goc cling mau va
ham dém chiing t6i sé thiyc hién chitng minh cho bai toan md rong néu trén..
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8.3 Phuong phap ham dém va vai tng dung

Trong bai viét thit nhat ching toi da néi rang goc cing mau thye ra chi 1a mot céi tén duge
dat cho viéc nhém mot s6 cac doi tuong lai véi nhau va viec khao sat tinh chat ctia bo d6
theo nhiéu céch chinh 1a tu tuéng chinh ctia phuong phap goéc ciing mau. Trong bai viét nay
chiing to6i tiép tuc gidi thieu mot sy hinh thitc hoa clia tat cd nhiing diéu d6. Trong mot sd
bai toan t6 hop, lap luan thong thudng chua dem lai hieu qua, ching ta c6 thé them vao dé
mot ham dém dé c6 thé tiép xic véi ban chét clia van dé mot cach tuong minh hon.

Bai toan 8.3.1 (TST VMO 2000). Trong mdt phang cho 2000 dudng tron ban kinh don
vi sao cho khong cé hai duong trom nao tiép wic nhau va moi duong tron cdt it nhat la hai
duong tron khdc. Tim gid tri nhé nhét cia s6 cic giao diém tao bdi cdc truong tron nay.

LOI GIAIL Ki hieu y la tap hop céc duong tron, S 1a tap hop cac giao diém ctia cac dudng
tron da cho. V6i méi cap X € S va (C) € x ta xét ham dém:

0 néu X ¢ (O)
X = 1
f(X,C) - néu c¢6 dung k duong tron di qua X va X € (C).

Véi cach dit d6 ta nhan thay véi moi X € S thi ham f c6 tinh chat:

Y fX.C)=1. (8.8)

Cex

Mit khac v6i méi duong tron (C') thuoc y. Do s6 dudng tron va s giao diém 1a hitu han, suy
ra ton tai gia tri nhé nhat cia cac s6 f(X,C). Gia st gia tri nho nhat do dat tai X, va:

1
f(X0,C) = o (ko€ ")
0
C6 ko — 1 duong tron (C;) (v6ii =1,2,...,ky — 1)) khac (C') di qua Xy. Mt khac cédc dudng
tron khong tiép xtc nhau va c¢6 ban kinh bang nhau nén ko — 1 dudng tron nay cat (C) tai
ko — 1 diém phan biet va khac X,. Suy ra theo céch chon X ta co:

Z f(Xo,C) > —+ (ko — 1)]{:i v6i moi (C) € . (8.9)

Xes 0

Két hop (8.8) va (8.9) suy ra:

1SI=Y" ) fX.0)= > D FX,C) = |x] = 2000.

XeS (C)ex (C)ex XeS

Mat khac xét 500 nhém, moéi nhom gom 4 dudng tron ban kinh 1 ma hai dudng tron thuoc
hai nhém khéc nhau thi khong cat nhau. Khong cé hai dudng tron nao tiép xic nhau va trong
moi nhom c6 3 dudng tron c6 tam tai 3 dinh clia tam gidc déu canh V3 va duong tron thit
tu c6 tam tai tam ciia tam gidc déu noéi trén. D& thay véi 2000 duong tron dé thi ching thoa
man cac gia thiét va c6 dang 2000 giao diém.

Vay s6 giao diém nhé nhét 1a 2000.
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k
Bai toan 8.3.2. Xét tap P, = {(a1,az2,...,a;) | 1 <a1<ay <...<ar & > a;,=n,k <n}
i=1

trong dé n la s6 nguyén duong. Vdi méi phan ti ™ = (ay,as, . ..,ar) € Pn, goi F(7) la s6 s6
1 trong ™ va G(7) la so cdc s6 phan biét trong w. Chitng minh rang:

Y F(r)= ) G(n).

TEPy TEPy

LOI GIAL Dat p, = |P,| v pg = 1. Ta sé ching minh > G(7) =po+...+pu—1 = >, F(m).
TE€Pn TEPn

Dé ching minh vé tréi clia déng thitc kép ta xét ham dém:

0 ntumé¢m
1 néum €.

x(m,m) = {

n

V6i m € P, ¢6 dinh éx(ﬂ,m) =G(r) = > G(r)= > Zn: x(m,m)= > > x(w,m).

I TEPn TEP, m=1 m=1nweP,

Matalaico > x(m,m)=pp-m = >, G(7)= > pp-m =Po+D1+ ...+ Pn-1.
TEPn TEPn m=1
Bay gio ta ching minh vé phai clia ddng thic kép trén nhd quy nap theo n. V6i n = 1
thi né hién nhién ding. Gia st khang dinh da diang t6i n — 1 > 1. Ta sé chitng minh né ciing
dang véi n. That vay, tacoé > F(m)= >, F(m).
7T€’Pn 1€7T€,Pn

Xét anh xa: f: 7= (a1,a2,...,a;) — ¥ = (az,as,...,ar). Suy ra ) € P,_1. Dé c6 f 1a song
anh, tir do6 suy ra:

Y oF(m= Y F(Ly)= > (1+F@)=[Pual+ > F)=po+pi+.- +pat.

TEPn PYEPp -1 PYEPp -1 PYEPn

(6 buée cudi cung ta da st dung gid thiét quy nap). Nhu vay theo nguyén li quy nap ta c6
dang thic ding véi moi n. Bai toan duge chitng minh xong.

V6i ciing phuong phap nay ta c6 thé giai dude cac bai toan kha thi vi sau day:

Bai toan 8.3.3 (IMO 2001). Trong mot ki thi Todn cé 21 nam va 21 ni tham gia. Biét
rdng moi thi sinh gidi khong qud 6 bai todn va vdi moi cdp nam-ni, cé it nhat mot bai todn
duge gidi bdi ca hai thi sinh nay. Chitng minh rdng cé mot bai todn ma dudc gidi bdi it nhat
3 nam va 3 ni.

Bai toan 8.3.4 (IMO 2005). Trong mot ki thi Todn cé n thi sinh tham gia gidi 6 bai todn.
Biét rang khong c6 ai gidi hét ca 6 bai todn va vdi hai bai todn bat ki thi c6 > 2n/5 so thi sinh
gidi dugc cd hai bai todn do. Chitng minh rdng cé it nhat hai thi sinh gidi duge 5 bai todn.

Nhu vay, cac ban c6 thé nhan thiy r6 ring géc cting mau thuc ra 1a mot ham dém, va ham
dém 1a mot cong cu dé ching ta khao sat cac tinh chat ciia mot hé cac déi tugng cé lien he
v6i nhau. Cac lap luan logic thuong mang tinh tritu tugng, néu st dung cac ham sé tuong
minh nhu ham dém thi moi viéc tré nén sang stia hon rat nhiéu. D6 ciing & ¥ nghia quan
trong nhat ctia phuong phap ham dém ciing nhu khai niém géc cting mau.
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8.4 MGd rong mét dé thi IMO 1992

Tiép theo tinh than ctia 3 bai viét trude, véi cac hiéu biét vé goc ciing mau va ham dém,
trong bai viét nay ching toi gidi thieu véi cac ban 18i gidi cho mot két qua da dude dé cap t6i
trong bai md rong bai toan 6 ngudi. Day ciing 1a mot st mé rong clia bai toan t6 hop xuét
hién trong ky thi IMO nam 1992.

Bai toan. Cho do thi day dt n dinh. Chon ra & = f(n) canh tuy ¥ va to ching bdi mot
trong hai mau xanh dé. Héi k£ nhé nhéat bing bao nhiéu dé moi phuong an to déu tao ra tam
giac ¢6 ba canh duge to bdi cing mot mau.

LOI GIAI. Ching ta luu ¥ dén két qua clia bai todn 6 ngudi: trong 6 ngudsi luon chi ra
ducc 3 ngudi doi mot quen nhau hosic doi mot khong quen nhau. Véi luu ¥ dé ta cé thé phat
biéu bai toan nay dudi mot dang khéc: tim s6 R, dé ton tai cach t6 mau R, canh ctia do
thi day di n dinh ma khong c6 bo 6 diém nao roi nhau, hon nita moi cach t6 R, — 1 canh
thi bo 6 diém rdi nhau luon ton tai. Va khi d6 ching ta c6 hé thiic lien he f(n) = (g) — R, +1.
Su tuong duong gitta hai cach phat biéu ciing véi hé thic lien he trén duge suy truc tiép
tir thuat toan (T') sau day: d6i véi do thiAy, As, ..., A, c6 canh duge to bdi mot trong hai
mau, hodc khong t6 gi ca, ta them diém A, va ky hiéu phép them diém dya vao A; 1a T'(A;)
(1 <i < n) nhu sau:

Déi v6i f(n) thi doan A;A, 1 khong duge to, con v6i moi j #i va 1 < j < n thi 4;4; va
An11A; duge t6 bdi cuing mot mau.
Déi v6i R,, thi A; A, dudc ndi va ndi A, v6i tat ca nhitng diém da duge ndi véi A;.

Xuat phat tit do thi day di nhu hinh bén, dé dat duge f(n) ta thuc hien lan lugt cac
phép todn T(A,), T(As), T(As), T(As), T(As) dé ¢6 dude db thi 6,7,8,9,10 dinh véi f(n) toi
thi¢u. Tiép tuc thuc hien T'(A;) cho do thi 10 dinh, ta duge do thi 11 dinh ciing c6 f(11) toi
thiéu.

D5 thi cho R,, dugc xem nhu 14 bit mau ctia f(n): dau tién ta c¢6 5 diém 18i nhau, qua 5 budc
dau ta c6 5 cip diem doi mot duge ndi véi nhau, chon 5 diém ctia ting cip va thuec hién (77)
cho chiing ta nhan dugc 5 gia tri nita ctia R,, va sau 5 buéc nhan duge 5 bo 3 diem doi mot
duge ndi v6i nhau. Lai chon ra 5 diém nita ctia 5 bo 3 va thuce hién (T) cho chiing, sau 5 budc
nhan dude 5 gid tri va cudi ciing 1a 5 bo 4 doi mot noéi véi nhau. Qua trinh nay tiép tuc mai.

Cubi cuing ching ta thu duge cong thitc sau véi n = 5p + ¢, 0 < ¢ < bt

anerqp:W(n):

n(n—1) 5pp-1)
2 2

—qp+ 1.
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Thige hién phép todan (T7)

Bay gio ta chi can chiing minh ring néu chi t6 R, — 1 canh cho do thi n dinh thi bo 6
diém roi nhau luon ton tai, gia sit phan chiing.

Truong hgp 1: s6 canh to R, — 1, s6 dinh thuoc cac canh da to 1a R, — 1 véi a > 1, ky
hiéu do la tap cac dinh D. Ngoai D con ¢c6 n — R, + a dinh khac.

Néu trong D ¢6 6+ R, —a—n dinh roi nhau thitacé (n— R, +a)+ (6+R,—a—n) =6
dinh rdi nhau, mau thuan.
Néu trong D khong c¢6 6 + R, — a — n dinh roi nhau, tic 1a ¢t 6 + R, — a — n dinh cia
D thi ¢6 it nhat mot canh, va do vay sO canh it nhat phai la:
Ol
g(a) - (Rn—a) _2
N ) N 03 z 2
Can kiem tra rang g(R, +3—n) > R, — 1 < "_35 > R, — 1. Thay n = 5p + ¢ ta bién doi
n p—
(Bp+q—3)(p+q—4) _5p(p—1)

tuong duong 5 > 5 +qp

<~ Bp+q—3)bp+q—4) > 15p(p — 1) + 6gp
< 10p(p —2) + (¢* +12) + q(4p — 7) > 0.

Bat déng thic cudi ciing ding, vay s6 canh trong D lai 1én hon R, — 1, mau thuén. Suy ra
truong hgp nay khong hop 15.

Truong hop 2: |D| > R,, — 1, hay ky hiéu tap cac canh dugc t6 la (C'), ta c¢6 |D| > |(C)]
(xét n > 11 thi ta c6 [(C)] > 6). D6i véi d € D va ¢ € (C) ta dinh nghia

0 néudé (C
P it

néu d € (C) va s6 lugng cac canh thuoc (C') va chita d 1a k

— > > flde)=>_ > flde)=I|D]

ce(C) deD deD ce(C)
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Theo nguyen ly Dirichlet thi ton tai ¢; ma >, f(d,¢) > |D|/|(C)] > 1 va do d6 ¢; chita
mot dinh treo A;. Do 2.1 < |(C)] nén trong D con mot dinh néi véi Ay, do vay |D| > |(C)]+1
(néu ngugc lai thi véi viec hon A; va diém roi n6 trong D cong véi nhitng diem khong thuoc
vao D sé cho ta it nhat 6 diém roi nhau, mau thuin). Ky hiéu D, va (Cy) 1a tap nhan dugc
tit D va (C) sau khi bd tat ca cic thong tin vé A;. Suy ra:

S Y i) > (Gl

CG(CQ) de Do

T d6 ta lai lay duge dinh treo Ay roi Ay, lai lap luan nhu trén do 2.2 < |(Cs)| nén lai c6:

DD fde)>(Cy)l.

66(03) de D3

Qua4 trinh nay tiép tuc cho dén khi lay duge A va lic doé 2.5 < |(Cs)|, dang thiic xdy ra khi
va chi khi cach bd trf 4p dung cho n = 11, nhung khi d6 dé dang nhan ra mau thuan. Vay ta
xét 2.5 < |(C5)] va nhu thé ta tiép tuc chon duge Ag. Va ta c6 6 diém Aj, As, ..., Ag rdi nhau
doi mot, mau thuan. Bai todn duge ching minh hoan toan.

" Paul Erdds
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Phan III

Mot s6 bai toan khac
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Chuong 9
Hinh Hoc

Bai toan 9.1. Cho AABC, biét ring ton tai ba diem X,Y,Z tuong ting thudc cic canh
BC,CA,AB sao cho AX = BY = CZ va (BAX = (CBY = [ACZ. Chiing minh rang
AABC déu.

Bai toan 9.2. Cho O la mot diém nam trong tam gidc nhon ABC. Cdc duong tron cé tam
la trung diém cdc canh clia tam gide di qua O cdt nhau tai cic diém thi hai la M, K, L khdc
diem O. Chiing minh ring O la tam duong tron noi tiép cia AMKL néu va chi néu O la
tam duong tron ngoai tiep AABC.

Bai toan 9.3. Cho ba duong tron ban kinh 1 doi mot cat nhau tao thanh 6 giao diém, nhung
cd ba duong thi khong cé diém chung nao cd, tic la ching tao thanh mot 16 ¢é dang tam gidc
cong ¢6 ba dinh la ba trong so sdu giao diem dé. Chimg minh ring duong tron thit tu di qua
ba giao diém con lai sé c¢6 ban kinh bé hon 1.

Bai toan 9.4. Cho AABC vdi M la trung diém canh BC. Diém P € AM thod man PM =
BM = CM. Ho PH 1 BC. Ké PQ L BA (QQ € BA). Ké PR 1 AC (R € AC). Ching
minh rang duong tron ngoai ticp AQRH tiép mic vdi BC tai H.

Bai toan 9.5. Diém M nam trong tam giic ABC. Cdc duong thang AM, BM,CM cdt duong
tron ngoai tiep AABC tai A', B”,C'. Goir,r'" lan lugt la ban kinh duong tron noi tiép cla
cac tam gigc ABC va A'B'C'. Ching minh rang:

drr’ < R2 — OM?.

Bai toan 9.6. Gid si 4 duong tron (Oy), (0s), (03), (O4) c6 tinh chat (O1) tiép zic ngodi vdi
(02), (0y) tiép ziic ngoai vdi (O3), (O3) tiép xic ngoai vdi (O4) va (O4) tiép mic ngodai vdi
(O1). Chitng minh ring cic tiép diém ciing thuoc mot duong tron.

Bai toan 9.7. Cho hinh chit nhat ABCD. Vé phia ngoai ciia hinh chit nhat trén cdic canh
AB,CD dung cic tam giac AMB,CND thod man diéu kién /AMB = /CND. Duing thang
MN cit cic AB,CD tai P va Q, DP cit BM tai E , BQ cit DN tai F. Héi 3 duong thang
EF,AC,MN c6 dong quy khong.

Bai toan 9.8. Gid si duong tron noi tiép (I) cia AABC tiép xic vdi cic canh BC,CA, AB
tai D, E,F tuong 1ing. Cho K la mot diém bat ki, DK, EK, FK cit cic canh doi dién cia

111
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ADEF tai M,N, P ca cdt (I) tai X,Y,Z. Chiing minh cic khing dinh sau day:

(i) AM,BN,CPdong quy tai J.
(1) AX,BY,CZdong quy tai L.
(iii) K, .J, Lthang hang.

Bai toan 9.9. Cho AAAAs. Gid sit P, la diém trén canh Ai1Ai s sao cho cdc doan thang
AP, dong quy. (I) la duong tron noi tiep AALAsAz va t; la tiép tuyén qua P; dén (I) khdc
v0i Aij1Aire. Goi Q; la giao diém cia t; va Piy1Piys. Ching minh rdng 3 diém Q1, Qa, Qs
thang hang (cdc chi s6 & day duoc tinh theo mod 3).

Bai toan 9.10. T giGgc ABCD ngi tiép duong trong (O). Gid si E va I lan lugt la giao
diém cia cic cdp duong thaing AB,CD va AC, BD. Ching minh ring:

i) EA.EB=1I1A.IC + IE?
ii) O la truc tam AEIF .

Bai toan 9.11. Gid st nia duong tron tam O duong kinh BC cat hai canh AB, AC ciia
AABC tai E va D. ED cit BC tai F. H la truc tam AABC. Chiing minh rang FH 1 AO.

Bai toan 9.12. Cho ti gidc noi tiép ABCD va mot diém M ndm trén canh CD sao cho
AADM wva tii gide ABCM c6 cung dién tich va cung chu vi. Chiing minh rang hai canh nao
do cua ti giac ABC'D co cung do dax.

Bai toan 9.13. Cho tam gidac nhon ABC' c6 cic duong cao AD, BE va cdc phan gidc trong
AP, BQ. Ky hiéu I,0 lan lugt la tam duong tron noi tiép va ngoai tiép cia AABC. Ching
minh ring D, E, F thang hang néu va chi néu P,Q, O thang hang.

Bai toan 9.14. Su dung AB, AC lam duong kinh vé ra phia ngoai tam gidc hai nia duong
tron. AH la duong cao clia AABC va D la diém bat ki trén canh BC (D # B,C). Qua D vé
DE | AC,DF || AB (E, F ndam trén 2 nia duong tron da vé). Ching minh rang D, E, F, H
cung nam trén mot duong tron.

Bai toan 9.15. Chitng minh rang Ay, As, ..., A, la n dinh cia mot n gide déu néu mot trong
hai tinh chat sau duge thod man:

i) Cdc diém do cing thuoc mot duong tron ban kinh 1 va vdi moi diém M nam trong hinh
tron do ta co bat dang thite MA; MA,.. M A, < 2.

ii) Da gidc 10i AyAs... A, c6 cac géc bang nhau va A1 Ay < AgAs < ... < A, A,

Bai toan 9.16. Gid st X,Y la hai diém nam trong duong tron (O). H la mot diém bat ki
nam trén duong thang XY . Mot duong thang | bat ky di qua H cdt (O) tei M,N. MX,NY
cat (O) tai P,Q tuong ing. Chiing minh rang PQ di qua diém co dinh khi l thay doi.

Bai toan 9.17. Cho trudc duong tron tam O va duong thang d bat ky. H la hinh chiéu cia O
tren d. M la mot diém co dinh trén (O). A, B thay doi trén d sao cho H luon la trung diém
clia AB. MA, MB cit (O) tai P,Q. Chitng minh ring PQ luon di qua mot diém co dinh khi
AB thay doi.
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Bai toan 9.18. Gid st M, N, P la cic diém trén cic canh BC,CA, AB cia tam gidc ABC
sao cho ban kinh cac duong tron noi tiép cac tam gidc NAP, PBM, MCN bing nhau va bang
nita ban kinh duong tron noi tiep AABC. Ching minh rdng M, N, P la trung diém cia cdc
canh BC,C'A, AB.

Bai toan 9.19. Cho hai duong tron (Oy), (O2) cat nhau ¢ A, B. Tiép tuyén chuyén chung
EF v6i E € (O1), F € (O). Mot cit tuyén MN | EF vdi M € (O1), N € (O3). ME cit NF
¢ S. Chiing minh rang L.SBM = LSBN.

Bai toan 9.20. Cho AABC vdi trung tuyén AM. Ve hai phia cia A trén duong phan gidc
trong lay hai diém E, F thod man AE = /bc. Ching minh rang LFMC = (EMC.

Bai toan 9.21. Gid st E la mot diém nam trén trung tuyén ké tu C cia AABC. Duong
tron qua E va tiép xic véi AB tai A cat AC tai M, duong tron qua E va tiép zic AB tai B
cat BC tai N. Chitng minh rang duong tron ngoai tiép tam gide CMN tiép ziic vdi hai duong
tron nouv tren.

Bai toan 9.22. Gid st A,B,C,D,E, F la 6 diém ndm trén mot duong tron sao cho AE ||
BD,BC' || DF. Diém X déi xing véi D qua CE. Chimg minh ring d(X, EF) = d(B, AC),
vdi d(M, NP) li khodng cdch tic diém M téi duong thing NP.

Bai toan 9.23. Xét 4 duong thang dong phang, khong cé 2 duong thing nao trong ching
song song hay dong quy, ciing khong cé 3 duong thang nao trong ching tao thanh mot tam
gidc deu. Chiing minh rang néu cé mot duong thang nao dé trong ching song song vdi duong
thang Euler cia tam gidc tao bdi 3 duong thang con lai thi mot duong thang bat ki trong s6 4
duong thang da cho déu song song vdi duong thang Euler cia tam gidc tao bdi 3 duong thang
con lau.

Bai toan 9.24. Luc gidc A1As...Ag ¢6 6 canh bang nhau va gid st ta cé dang thic LA, +
L[As+ LAs = LAy + LA+ L Ag. Chitng minh rang luc gide nay cé cdc goc doi dién bang nhau,
nghia la ZAl = ZA4, ZAQ = ZA5, ZAg = ZAG

Bai toan 9.25. Hai duong tron duong kinh bang nhau (Oy), (O2) cat nhau tai P,Q va hai
tam khong ndm trong phan chung cia hai duong tron dé. O la trung diém PQ. Hai dudng
thang AB,CD vé qua P (£ PQ) sao cho A,C € (Oy) va B,D € (Oy). M,N la trung diém
ctia AD, BC' tuong ting. Chiing minh rang M, N, O thang hang.

Bai toan 9.26. Cho trudc AABC noi tiép duong tron (O) va duong thang A bat k.
Na, Ay, A, la dnh cia A qua phép doi xing truc qua BC,CA, AB. Dat A" = Ay N A, wdc
dinh B',C" mot cdch tuong tu. Ching minh rang AA, BB',CC" dong quy va diém dong quy
dé trung vdi tam noi tiép hay tam bang tiép bang tiép géc A’ cia ANA'B'C’ tuy theo AABC
nhon hay tu ¢ A.

Bai toan 9.27. Gid si (I,7) la duong tron noi tiep AABC va (O;,1),i = 1,2,3 la cic duong
tron tiép zic ngoai vdi (I) va tiép xic vdi 2 trong 3 canh cia AABC. Ching minh rang:

7= /T1Ts + \/T2T5 + \/T371.
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Bai toan 9.28. Gid st a,b,c la ba duong thaing song song va di qua 3 dinh A, B,C cia
AABC. Goid' b, c la3 duong thang doi zing vdi a,b, c qua BC,CA, AB tuong ing. Ching
minh ring a/,b',¢ dong quy néu va chi néu a,b,c song song vdi duong thang Euler cia
AABC.

Bai toan 9.29. Ngi gidc ABCDE noi tiép duong tron tam O va thod man CB = DE.
Chaing minh rang p(ABCDE) < BE + AD + AC trong dé p(ABCDE) la chu vi ciia ngi
giac ABCDE.

Bai toan 9.30. Lay 2 diém P, Q tuy i trén canh BC' ciia AABC'. Chaing minh ring r(ABP) =
r(AQC) néu va chi néu r(ABQ) = r(APC). Trong dé r(XY Z) chi ban kinh duong tron ngi
tiép AXY Z.

Bai toan 9.31. Cho AABC va mot diém P € BC. Tiép tuyén ciia duong tron noi tiép AABP
ma song song vdi BC' cat AP ¢ Q, AC ¢ R. Chiing minh rang r(AQR)+r(ABP) = r(ABC).
Bai toan 9.32. Tim so thuc k lén nhat sao cho néu P nam trong tam gidc nhon ABC' thod
man /PAB = /PBC = (PCA va AP,BP,CP la cdc tia cat (PBC),(PCA),(PAB) tai
Bai toan 9.33. Cho tit giac ABCD c6 hai duong chéo AC 1. BD. Trung truc AB cdt trung
truec CD tai O nam trong ti gide dé. Chiing minh rang hai tam giac ABO,CDO c6é dién tich
bang nhau néu va chi néu tit giac ABCD noi tiép.

Bai toan 9.34. Cho trudc duong tron duong kinh AB, trén nia duong tron nay ta chon n
diém P, P, ...,P, sao cho P, nam gitta A va Py, Py nam gita P, va Ps,...., B, nam gita
P,y va B. Tim diém C trén nia duong tron con lai sao cho tong dién tich cic tam gidc
CP1P2, CPQPg, ceey CPn_lpn la lon ’flhét

Bai toan 9.35. Gid sit diem E ndam trong AABC' thod man (EBA = /ECA. Goi M,N la
hinh chiéu cia E trén phan gidc trong va ngoai tai dinh A. Ching minh rang MN di qua
trung diém cia BC.

Bai toan 9.36. Cho trudc AABC va goi M la tiép diém cia duong tron noi tiép (I) tam
gidc trén canh BC. diém N € BC. Ching minh ring ton tai duong tron tiép zic vdi cd 3
duong tron noi tiép cac tam giagc BMN, MNA,CAN.

Bai toan 9.37. Ti gidc ABCD c6 tinh chat AB.CD = AD.BC. Goi H, K la trung diém cia
AC,BD. Chiing minh rang néu BD la phan gigc LAKC thy suy ra AK + KC = BH + HD.

Bai toan 9.38. Gid st tit giac ABC D ngoai tiép duong tron tam I va thod man (IA+1B)*+
(IC+ID)* = (AB + CD)?* thi ABCD la hinh thang can.
Bai toan 9.39. Cho truéc AABC ngi tiép duong tron (S) va (O) nam trong géc /BAC va
tiép mic vdi AB tai P, AC tai Q, dong thoi tiep zic trong vdi (S). Chitng minh rang trung
diém cia PQ la tam dudng tron noi tiép AABC.
Bai toan 9.40. Trén cdic canh BC,CA, AB cia AABC ta ldy lan luot cic diem XY, Z.
Chiing minh bat dang thac:
1 1 1 3
+ + > :
S(AYZ) " S(BZX) " S(CXY) = S(XYZ)

Tu dé suy ra rang S(XY Z) > min(S(AY Z),S(BZX),S(CXY)).
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Bai toan 9.41. Gid si (1), (O) la duong tron noi tiép va duong tron ngoai tiép cia AABC.
Cdc tiép diém cia (I) tai BC,CA, AB lan gt la D, E,F. Vé 3 duong tron wa,wy, w. tiép
zic vdi (I),(0) tai D, K doi v6i w,, E, M doi vdi wy va F, N doi vdi w,.

i)  Chitng minh rang DK, EM, FN dong quy tai P.
i1)  Chiing minh rang truc tam ADEF nam trén OP.

Bai toan 9.42. Trén mdt phding cho hai duong tron (O1), (O2) cit nhau tai hai diém A, B.
Tiép tuyén cia (O1) tai A va B cit nhau tai K. Cho mot diem M tug j (# A, B) trén (Oy).
Duong thang MA cat (O5) lan nita tai P. Duong thaing MK cdt (Oy) lan nia tai C. Dudng
thang CA cit (Oy) lan nia tei Q. Chitng minh ring trung diém cia PQ ndam trén duong
thang MC' va duong thing PQ di qua mot diém c6 dinh khi M di chuyén tréen (O1).

Bai toan 9.43. Cho trudc luc gidc loi ABCDEF. Lay sdu trung diém Ay, By, Cy, Dy, Ey, Fy
cia cic canh AB,BC,CD, DE,EF,FA. Ky hiéu p va p1 lan lugt la chu vi ctia hai luc gidc
10 noi trén. Gid st tat cd cac goc cia luc giae AyB1C1 Dy EVF, déu bing nhau. Ching minh

ring:
2V/3

3
PET'PL

Bai toan 9.44. Tam gidc ABC noi tiép trong duong tron tam O cé ba duong cao la
AH,BK,CL. Liy Ay, By, Cy lan lugt la trung diém cia cdc duong cao dé. Duong tron noi
tiep voi tam I cia AABC tiép xic vdi cic canh BC,CA, AB lan ligt tai D, E, F. Ching
minh rang bon duong thang AgD, BoE, CoF, OI dong quy. Khi O = I ta coi nhu I0 la duong
thang tuy ¥ quay quanh O.

Bai toan 9.45. Trén cic canh cia AABC lay cic diém My, Ny, Py sao cho cic duong thing
MM,, NN,, PP, déu chia chu vi cia AABC thanh 2 phan bang nhau, trong dé M, N, P la
trung diém cia cic canh BC,CA, AB. Chimg minh ring cic duong thang MM,, NNy, PP,
dong quy tai K va ching minh:

KA KB KC\| _ 1
M \BCCATAB [T B

Bai toan 9.46. Gia st AABC la tam gidc c¢6 goc C nhon, lay H la chan duong cao ha ti
A, M la trung diém cia BC, x,y la cic duong chia 3 géc A (khi LBAx = (xAy = LyAC),
va N, P lan lugt la gico diém cia trung truc canh BC va cdc tia z,y. Tim tat cd cdc NABC
c6 tinh chat AB = NP =2HM.

Bai toan 9.47. Hai duong tron cat nhau tai A, B. Goil la tiép tuyén cia 2 duong tron, vdi
cdc tiép diém la P,T. Tiép tuyén cia duong trong ngoai tiép AAPT tai P va T cdt nhau tai
S. Lay H la diém déi zing cia diém B qua duong thing |. Ching minh rdng A, S, H thing
hang.

Bai toan 9.48. Hai duong tron (Cy),(Cs) cat nhau tai P,Q. Tiép tuyén chung clia ching
(gan P hon Q) tiép zic (Cy) tai A va (Cy) tai B. Tiép tuyén cia (C1) va (Cy) tai P cat
duong tron kia lan gt tai E,F # P. Lay H, K la cdc diém trén cdc tia AF, BE thod man
AH = AP va BK = BP. Ching minh rang A, H,Q, K, B la cic diém dong vien.
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Bai toan 9.49. Cho trudc mot duong trong A ban kinh va duong tron B di qua tam cia A
va tiép zic trong véi A. Ky hieu H la ho cdc duong tron C tiép mic ngodi véi B va tiép xic
trong vdi A. Gid s C,C" la hai duong tron trong H vdi ban kinh twong 1ing la p,p' Véi s6
nguyén n > 1 thi ton tai day n duong tron C = Cy, Oy, ...,C, = C' thod man C; tiép wic vdi
Cip1 v0i 1 <i<n—1 néu va chi néu:

p—p)=m—-1>22p+20 —(n—1)>-38).

Bai toan 9.50. Cho AABC. Mot duong tron tiép zic vdi (O) va tiép mic vdi AB, AC tai
My, Ni. Céc diém M, Na, Ms, Ny duge dinh nghia tuong tu. Chiing minh rdng cdc doan thdng
M N1, MyNy, M3sNy dong quy tai trung diém maoi doan.




Chuong 10
Giai Tich

Bai toan 10.1. Xét day s6 thuc {a,} thod man amin < an + am v moi chi s6 m. Héi co

ton tai lim ° hay khong?
n—+oo M

Bai toan 10.2. Xét hai day s6 {u,} va {v,} thod man:

ug > 0

12
Upp1 = Uy — e Hn

B ud et/

Un
n

Tim gidi han cia day {v,}.
Bai toan 10.3. Cho s6 tu nhién m. Vdi so tu nhién n, ky hiéu a, la s6 cic so 0 trong cdch
viét ciia n trong hé co s6 m. Dat:

n

S(m) :Z(m—l)(ml—m—l)%’.

]3

=1
Chaing minh rang S(m) — 0 khi m — 0.
Bai toan 10.4. Gid s P la mot da thitc hé sb thuc ¢é it nhat mot hé s6 a ma g ¢ Q. Ching
minh rang tap {sin(f(n))|n € N} tru mat trong [—1,1]. "

Bai toan 10.5. Ddy cdc so ai, as, ..., a, thod man vdi moi s6 thue § > 1:

lim agsn = 0.

n—oQ

Chitng minh rang:
lim a, = 0.

n—oo

Bai toan 10.6. Xét hai day s6 {a,}, {bn} zdc dinh bdi:

ag=by =1
Ups1 = Qp + by VT Mot 50 tw nhién n.
bpt1 = an, + 3by,
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Tinh:

Bai toan 10.7. Gid st rdng ta cé dang thic sau vdi n tu nhién tuy §:
(14+V2+V3)" = pp 4+ V2 + 5,V3 + 1,V6.
Trong dé pn,Tn, Sn,tn € Z. Tim cdc gidi han sau khi n tién dén vo cung:
im 2 lim 2% lim t—n
Pn Pn Pn

Bai toan 10.8. Gid st P la mot da thiic hé so nguyén bat khd quy vdi hé so bac cao nhat
la 1. P(0) khong cé wdc so chinh phuong. Véi moi nghiém phic cia P cé modun Ién hon 1.
Chiing minh ring da thic h(z) = f(2®) cing bat khd quy.

Bai toan 10.9. Cho ham tuan hoan f : R — R khdc hing so va lién tuc tai mot diém nao
dé. Chitng minh rang f tuan hoan cé chu ki co sd.

Bai toan 10.10. Tinh gidi han cia day s6 {u,} sau day:

- 1
n=§ —1).
u £ (COS\/m )

2
P N -1
Bai toan 10.11. Cho day so {x,} vdi dieu kién x,+1 = In

Vn > 0. Tim gid tri cua xg
n
sao cho |z,| <1 Vn.

o
10%

Bai toan 10.13. Tum diéu kién can va di dé tap hop cic diem A = {({na},{nB})|n € N}
tra mat trong hinh vuong don vi [0, 1] x [0, 1].

Bai toan 10.12. Ching minh ring {—|n,k € N} tru mat trong (0, +00).

Bai toan 10.14. Cho s6 thuc x > 1 thod man lim x*{z}" =0 thix € Z.

£ . n Tn . p . S
Bai toan 10.15. Cho day so {x,} vdix1 =1, xpy1 = — + — vdi n > 1. Chitng minh rang
T, N
ton tai N sao cho vdi moin > N ta con <x, <n+1.
Bai toan 10.16. Cho 0 < ¢, < 1 Vn. Chitng minh rang néu dat:

Tn=1=c1)(1 —c9)...(1—cp)
Yn = (1 + Cl)(l + Cg)(l + Cn)

thy cdc khang dinh sau la tuong duong vdi nhau:

(1) ) en=o0 (2) x,—0 (3) Y — o0
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Bai toan 10.17. Tinh giov han sau day:

1 2 2 3 3r\"
nETm (5 + sin® % sin!/™ % + sin? 77T sin!/™ 77T + sin® 77T sin!/™ 77T) .

Bai toan 10.18. Cdc so duong ci,co, ..., goi la thong wdc vdi nhau néu:
Ci .- Y
— €@ vdi moi chi s01,].
CGj
i) Cho day tang cdc so6 thuc duong {a,}. Véi cic s6 thuc A; # 0 vdii = 1,2,..,n zét ham s6
sau day:

f(z) = Z A;cosa;x.

i=1

Gid s f(x) la ham sé tuan hoan, chiing minh rang cdc s6 {a,} thong udc.

i) Vdi n,m € N va cdc s6 thuc A; va Bj khic 0 vdii = 1,n va j = 1,m. Cdc so duong
{ay, az,...,a — n} doi mot khdc nhau, cic so duong {b1,bs,...,by} ciing doi mot khdc nhau.
Xét ham s6 g(x) sau day:

g(x) = Z A;cosa;x + Z B; cosb;x.
i=1 j=1

Chaing minh rang néu ham so g(x) tuan hoan thi {ay, as, ..., an, b1, ba, .., by} la cdc so thong
wdc vdi nhau.

Bai toan 10.19. Vdi s6 nguyén duong n goi f(n) la so cdc chit s6 0 trong cach viét cia n
dudi dang thap phan. Cho a > 0. Chitng minh rang:

. qfm
Z 5 < 00 <= a <9l
n

n=1

az+y

2

Bai toan 10.20. Cho day {a,} vdi a1 = = va apy = vdi moi n. Tivm tat cd cdc cip
s6 (x,y) dé day s6 {a,} hoi tu.
Bai toan 10.21. Gida st 0 =2p < 21 < ... < Tp < Tpy1 = 1 va:

n+1 1
Z =0 wdimoil<i<n.
=i

Chitng minh rang x; + Tnp1— = 1 vdi moi 0 <i < n+ 1.

Bai toan 10.22. Xét day cdc so thuc duong a, > 0 vdin = 1,2,3,.... Dat S, = a1 + as +
oo + ayn. Chiing minh rang néu vdi moin > 2 ta co:

! ((sn ~ 1)ay + an_l)

An+1 S
n+1

thi suy ra:
lim a, = 0.

n—oo
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2
Bai toan 10.23. Cho 0 < 2y <1 vd xpy1 = xp+ (x_n) (n > 1). Chitng minh rang day nay
n
c6 gidi han la a va khi dé chiing minh rang:

limn(a — z,) = a*.

Bai toan 10.24. Ching minh ring khong ton tai gidi han lim (sinn)™.

n—oQ

Bai toan 10.25. Cho 0 < r < 1 va ham so:

: 1 n—1
F(T):JE}O§Z(i1iT“‘iT )

Chaing minh ring ta cé cac dang thic:

(52w ()

Bai toan 10.26. Cho ham s6 f : R — R lién tuc, ton tai M > 0 sao cho:

|f(x+y) — flz) = fly)| <M wvdi moix,y€R.
i) Chitng minh rdng véi moi s6 thuc x déu ton tai gidi han hiu han:

g(x) = lim M

neN,n—oo n
ii) Chiing minh ring ham so6 g(x) lién tuc tai diém x = 0.

iii) Chitng minh rdang ton tai gidi han hiu han:

lim @
z—0 X

Bai toan 10.27. Ching minh rdang ton tai ham s6 lién tuc trén toan bo tdp cdc s6 thuc R
nhung khong khd vi tai bat ki diém nao trén do.

Bai toan 10.28. Gia sube Z, b> 1. Tap hop S € Z thoa man :

0es
rZy modb Vr#yzx,yes
;X kg ) s N
Cho k, € S Vn thod man Zb—n:(). Ching minh rang k, = 0 vdi moin > 1.
n=1

Bai toan 10.29. Cho ham s6 f : R — R. Chiing minh ménh dé sau:
f(3z) — f(z) f(z)

lim flz) = lim =————= =0 = lim == =0.
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Bai toan 10.30. Cho da thic P(z) = 2™ + a12™ ' + ... + a, > 0 Va. Gid thiét 1 > ay >
as... > a, > 0. Goi X la nghiém phiic cia P ma |\ > 1. Chitng minh rang ton tai so tu nhién
m ma A" = 1.

Bai toan 10.31. Cho ddy so thuc {a,}. Ching minh meénh de:
lim an(Zai) =1= lim3n-a = 1.
=1

Bai toan 10.32. Cho ham so f : R — R khd vi lien tuc cap 3 Ching minh rang ton tai
a € R thod man:

fla)f'(a)f"(a) f"(a) = 0.

Bai toan 10.33. Chiing minh cac cong thic gidi han sau day va tim § nghia hinh hoc cia

ching:
T 2
lim n?(1—cos— | = —
n—oo n 2

. ™ e
lim (—2 — 2(1 —cos—)) =0.
n—oo n n

Bai toan 10.34. Cho day s6 {a,} thod man ag = 0,a; = 1 va:

Qn +Sina,_1 nNeu a, > an,_1
Apy1 = 2
Ay +COSAp_1 MNEU Ay, < Ap_1.

Tim gioi han lim a,,.

n—oQ

Bai toan 10.35. Vdi méi song dnh p : Z+ — ZT zday dung mot ham so f : (0,1) — R nhu
sau:

f(O, a1az, ag....) = 0, Ap(1)Ap(2)Ap(3)----
Héi vdi song dnh p nao thi f khd vi tai mot diém nao do.
Bai toan 10.36. Cho s6 thiuc o > 0 va n so6 thuc duong by, by, ..., b,. Chitng minh rdang vdi
cdc so6 thuc bat ky x1, xa, ..., ) ta co:

3 i 20

=1 j5=1

1
Bai toan 10.37. Tum gid tri lon nhdt cia [ 2*g(x)dx biét ham g thod man:
1

f (9(x)da = 1
J

g(z)dx :_fllxg(x)da? = [ 2?g(x)dz =0
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Bai toan 10.38. Cho ham s6 f lién tuc trén R tuan hoan chu ky 1. Chitng minh rdang vdi
moi so vo ty « ta co:

N 1
. 1
lim 3" flna) = [ fityt.
n=1 0
Bai toan 10.39. Cho day cdc so thuc duong a, > 0. Chitng minh rang:
[e%S) 1 N P [e%S)
> (v Xe) < () L
N=1 n=1 n=1

Bai toan 10.40. Xay dung ham so lién tuc f, : [0,1] — R thod man:

1
[ fu(t)dt =1 vdi 50 tu nhién n bat ky
0

lim f,(x) =0 wvdi moi s6 thuc x € [0,1].

n—oo

Bai toan 10.41. Cho m s6 v6 t a1, as, ..., am 6 tinh chat la khong ton tai m s6 nguyén
t1,ta, ..., tm khong dong thoi bang 0 ma tiay +toas + ... + tyma, = 0. Chiing minh rdang vdéi moi
0<s<t<1 ton tai sé tu nhién n thod man {na;} € (s,t) vdi moi 1 < i < n.

Bai toan 10.42. Chiing minh rang ton tai hang so thuc duong k sao cho vdi moin € N:

" sini
E —| < k.
-1
Xét cac tong riéng sau:
sin ¢ . _ sin ¢
St = E —)| wa S, = —'
1
sini>0 sin <0
Chitng minh rang:
g+
lim =* = —1
n—oo S_

Bai toan 10.43. Cho ham s6 f : R — R lién tuc trén toan R va thod man:

o f ) = =)
h—0+ 2h

> 0.

Chitng minh rang f la ham so ting.

Bai toan 10.44. Chiing minh rang khong ton tai gidi han lim sin4™.

n—oo

Bai toan 10.45. Ham so Dirichlet xdc dinh nhu sau:

R

Chaing minh rang khong ton tai day ham lién tuc {f,} sao cho
lim f,(z) = D(x).
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Bai toan 10.46. Vdi mdi s6 thuc x kij hiéu E(x) la phan nguyén cia x. Cho so6 hiu ty a.
Ham s6 f: Z — [0,1] dugc dinh nghia nhu sau:

f(m) =am — E(am) vdi moi s6 nguyén m € Z.

Chiing minh rang vdi moi € > 0 doan [0, €] chia vo s6 phan ti cia f(Z) (tap hop toan bo cdc

gid tri cia f). T dé suy ra cé vo so6 s6 hitu ty] P thoé man:
q

Bai toan 10.47. Cho cdc s6 thuc ay,as, ..., ap. Vi s6 tu nhién n tuy 4 dat:
k
b, = H sin(na;).
i—1

. £ > . P . > 2 . o £ . N
Biét rang lim b, = 0. Ching minh rang ton tai chi s6 i ma — € Z.
n— oo m

Bai toan 10.48. Gid st rang {a,} la mot day so thuc bi chan thod man:

Zai—>b

1
ni=1
1 n
doa; — e
i=1

In(n)

Chaing minh rang b = c.
Bai toan 10.49 (B6 dé Dirichlet - 1842). Cho s6 thuc o va n € N. Ching minh ring ton
tai 6 nguyén p € Z va so6 tu nhién ¢ € N thod man:

1
i) a— Ll
q qan
. p 1
i) |a—=| < ——.
q‘ q(n+1)

T dé suy ra rang vdi moi s6 v0 ty o déu ton tai v so6 phan s6 = thod man:
q

a——| < —.

p‘l
q] ¢

Véi dieu kién la ¢ — +oo.

Lo1 BiNa. Cé thé mé rong bo dé Dirichlet cho nhiéu sé. Hay ching minh trong truong hop
hai s6 sau day Ching minh rang vdi hai so thiuc o, 3 va s6 tu nhién n ton tai hai s6 nguyén
p, 7 € Z va 86 tu nhién ¢ € N, ¢ < n? thod man:

1

< —.
an

r
o — —

oa—=—| < — wva
q

p‘l
q| qn
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Bai toan 10.50. i) Xét day so {x,} zdc dinh bdi:

xr1 = t 7é 0
Tpi1(Tn +1) =t +1  vdi moi so tu nhién n.

Tinh gioi han:

lim z,,.
n—oo
i) Xét day so {y,} wdc dinh bdi:
n=a# -1
3\/2y2 +2—2 . o .
Ynil = Yn vdi moi sO tu nhién n.

2yn +1/2y% + 2

Tinh gioi han:

lim y,.
n—oo




Chuong 11

Pai S6

Bai toan 11.1. Ky hieu N, la tap hop tat cd cic s6 nguyén khong bé hon s6 nguyén m cho
trude. Tim tat cd cic ham f : Ny, — Ny, thod man:

f@®+ fy) =y+ (f(x)* Va,y € N

Bai toan 11.2. 56 thuc ¢ dugc goi la gid tri boi cia diy so (x,) néu ton tai hai chi s6 k,l
thod man xy = x; = c¢. Vi moi cip so thuc (a,b) ta lgp day so:

Ula,b): ug=a,u; =b—Upy1 = Uy + Up_1 vFi Moi 86 L nhién n
Chaing minh ton tai a,b nguyén sao cho day U(a,b) cé hon 2006 gid tri boi.

Bai toan 11.3. Xét day so {a,} thod man ay,as,as la cdc s6 nguyén va ani3 = Apy1 + an
vdi moi s6 tu nhién n. Chiing minh rang vdi moi s6 nguyén to p ta c¢é p la wdc ciia so:

An43p+1 — Angptl — Anil-

Bai toan 11.4. Vi moi so tu nhién n lon hon 1, zét da thic:

[252]
Py(x) =Y CH¥2ak,
k=0
{n -1
Tim tat ca cic s6 nguyén a thod man 3 2 |P.(a®) vdi moin > 2.

Bai toan 11.5. Xét day so (a,) zdc dinh nhu sau:

a1:a2:a3:a4:1
Ap-Qpes = Qpy_1Qp_3 + afl_z vdi moi n > 4.

Chitng minh rang a, € Z vdi moin € N.

Bai toan 11.6. Vi dieu kién x; > 0 vdi moi i = 1,n. Tinh gid tri sau:
1 1

1
¢ = minmax {x;, — + T2, ..., ,
T Tp—-1 Tp

Gid s c6 thém dieu kién x1 + x2 + ... + x, = 1. Tinh:
X1 i) Tn
IT+a) 14+x+a’ "1+z+22+ ...+,

125

}.

¢ = minmax {
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Bai toan 11.7. Cho ddy tdng cdc s6 tu nhién {a;} thod man tinh chat vdi hai tap con
I,Je{1,2,....,n} va I # J thi ta co:

S0t Yo
il ied
Tinh gid tri lon nhat cia:

a.
i=1 "

Bai toan 11.8. Tim tat cd cdc ham so f : (1,+00) — R thod man:
f(x) = fy) = (y — 2)f(xy) wvdi moix,y > 1.

Bai toan 11.9. Ton tai hay khong so thuc u cé tinh chat [u™] —n la s6 chinh phuong véi moi
so tu nhién n.

Bai toan 11.10. Cho day so duong {a,} thod man:

ap = A2005
a; = 2. v Ai—1Q541 V1 S 7 S 2005.

Chitng minh mang a, = ao5—n v moi 0 < n < 2005.
Bai toan 11.11. Cho diy so {a,} thod mdn a; = aseo va vdi moin € N:

TpTpy1 + DTt
Tpgp = ———— "1
Tp — Tpt1

Chatng minh rang xo # T1999.

Bai toan 11.12. Xét ham so f(x) = 3(|lz + |z — 1] — |z + 1]) va dat zn41 = f(x,) vdi moi
n > 0. Héi ¢6 bao nhiéu s6 thic x¢ thod man xo = Tagor V& cdc SO Tg, X1, ..., Taoos 10 doi mot
phan biét,

Bai toan 11.13. Hdi c¢6 ton tai hay khong da thic P(z) bac n ma da thiic hop m lan cia P
la P(...(P(x))...) nhan diu cdic nghiém la 1,2, ..,mn.
—_— —

m lan P

Bai toan 11.14. Cho s6 nguyén n > 1 va n so thuc a1, as, .., a,. Dat:

n

S =73 a?
=1

P = min (a; - a;)*
1<)

Chaing minh rdng ta co bat dang th

uc:
S N n(n—1)(n+1)
P~ 12



127

Bai toan 11.15. Cho s6 tu nhién n > 1 va n so thuc a1, as, .., a,. Chitng minh rang ton tai
n so6 thuc by, bs, ..., b, thod man tinh chat:

a;—b; €7 wiimoil<i<n
n®>—1

> (hi—bj)? < 3

1<i<j<n

Bai toan 11.16. Choa, b, ¢, x,y, z la sdu s6 thuc duong thod man dang thic ax+by+cz = zyz.
Chiing minh bat dang thaic:

r+y+z> \/4(a+b+c)+\/8(ab+bc+ca).

Bai toan 11.17. Trén mdat phang cho n vecto sau day v3,vs, ..., U3 ¢O:

n

> ol =h.

i=1

Chaing minh rdang cé k vecto vi,, vy, , ..., v;, trong so cac vecto {v;, } sao cho:

: h
DA
j=1

Bai toan 11.18. Gid su s6 tu nhién n cé it nhat 2 wdc s6 nguyén to khdac nhav. Ching minh
rang ton tai mot hodn vi (a1, as, .., a,) cia (1,2,..,n) ma:

n

2
E k cos T _ 0
n
k=1

Bai toan 11.19. Cho cdc so nguyén duong p, thod man p = 2n + 1 la s6 nguyén to va a
khong chia hét cho p. Chiing minh ménh dé sau:

= (. 2may - n
Z sin P chan <= pla" —

k=1

Bai toan 11.20. Tim diéu kién can va di cia cdc s6 tw nhién by, bo, ..., b, sao cho ta cé dang
thic sav voi 1 < k <n —1:

Zcos(%” ) Zsm (m )

Bai toan 11.21. Cho da thic f(z) = 2" + a;z" ' + ... + ap_17 + a, € R[z]. Cho n s6 thuc

phan biét by, b, ..., b, thod man > = —ay. Ching minh rang:
i=1

an_b = 0.

JF#i
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Bai toan 11.22. Ching minh bat dang thic:

Bai toan 11.23. Cho so tu nhién n va u; = cos

21 —1 N
2:1 1 - oudi 1 <1 <n. Ching minh rang:

Z\/W H [ui = by|

Jj#4,1<j<n+1
Tu dé suy ra dinh lj Markov: gid st da thiic hé so thuc f(x) = 2"+ a1z + ... + ap_17 + a,

thoda man:
V1—2%-|f(zx)] <1 Vzel-11].

Chitng minh rang:
|a0| S 2",

Bai toan 11.24. Ky hiéu phép todn * nhu sau. Vi hai s6 thuc duong x,y:

T4y
1+ay

THY =

Tinh gid tri biéu thic 1 %2 % 3 % ...« 2006 vdi thi tu cdc phép todn tuy 4.
Bai toan 11.25. Chiing minh rang ton tai phan hoach:

N ={[na]ln € N} U{[nf]|n € N}.

. 1 1 . .
Vi hai so vo ty duong o, 3 thod man — + B = 1. Tuy nhién khong ton tai ba so vo ty duong
a
a, 3, X sao cho ta c6 phan hoach:
N ={[na]ln € N} U{[ng]In € N} U{[n\||n € N}.

Bai toan 11.26. Trong bing s6 m.n c¢é tinh chit tong moi hang hay cot déu la s6 nguyen.
Chiing minh rang cé thé thay moi so trong bang bdi mot trong hai s6 nguyén gan né nhat sao
cho tong cdc hang va cot déu khong dos.

Bai toan 11.27. Cho tdp n s6 thuc tuy § {a,}. Ching minh rang ton tai tip con T € A sao

cho tong cdc s6 trong T la mot s6 thuc sai khdc vdi sé nguyén gan né nhat khong qud T
n

Bai toan 11.28. Cho n s6 thuc bat ky {a,}. Chitng minh ring cé thé tim cic s6 {b;} ma b;
la mot trong hai s6 nguyén gan a; nhat va vdéi k bat ky:

k k
E Qj; — E bij
j=1 j=1

Sn—l—l‘
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Bai toan 11.29. Cho cdc so thuc duong a,b, c,d thod man a >b>c>d > e (vdie la co so
ctia logarith ty nhién). Chiing minh rdang:

a® 0 + ¢ +d < b+ +de +

Bai toan 11.30. Vdi moi s6 nguyén duong n tim so thuc duong ¢ = q(n) tot nhat sao cho
vdi moi diy n so thuc x1, xa, ..., T, ta c¢d bat dang thic:

(1) Z(Zx)zqzx

Bai toan 11.31. Xét day so {a,} zdc dinh nhu sau:
ap = 2
3an 4 - . £ N
i1 = | =5~ |  vdi moi 50 tu nhién n.
Chitng minh rang
(1) Trong day so nay cé vé han s$6 chdn va vo han s lé.

(2)  Ton tai s6 thiuc o sao cho a,q = {a(g) "] + 1.
(3) 86 0,a1as, ... la s6 vo ty hay hiu ty).

Ngoai ra c6 ton tai hay khong s6 thuc o sao cho any1 = Ea"} +17?

Bai toan 11.32. Chiing minh rang khong ton tai ham so f : R — R ma:

f(f(z)) =2* =32 —2 wvdi moi s6 thuc x.

Bai toan 11.33. Ching minh dang thic sau doi vdi n tu nhién tuy y:

o2l

2 * 3 1
Bai toan 11.34. Ching minh dang thic sau day vdi moi so tu nhién n:

" & 14+ +/8¢+ (2p —1)2 n(n+ 1)(n+2
Z {_ V8¢ + (2p )]:_( )( )

2 3

p=1 q=1
Bai toan 11.35. Gid st P va Q la cdc da thic thod man P # Q2. Chiing minh ring:
3
deg(P* — Q) > deg(P) + 3.
Néu dat F = P? — Q* thi ta co:

deg(F') > g ~deg(Q) + 1.
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Bai toan 11.36. Tum tat cd cic ham s6 f : R — R thod man:
flx = fy)) =4f(x) — f(y) — 3z vdi moiz,y € R.

Bai toan 11.37. Cho cdc s thic a,b, c thod man (b — 1)* — dac = 9. Xét day cdc da thic:

f(l,z) = az® + bz + ¢
fn+1,2) = f(1, f(n,z)) vdi moi so tu nhién n.

Tim s6 nghiém thuc v € R cia phuong trinh f(n,z) = 1.
Bai toan 11.38. Tim tdt cd cdc bp so thuc (11, 2o, .., x,) thod man:
(x1+ a2+ o+ xp)(xp+ ...+ x,) =1 wdil <k<n.
Bai toan 11.39. Cho a,b la 2 so tu nhién khdc 1. Chiing minh ménh dé:
b* —1la" =1 VYne N=3ke N a=10"

Bai toan 11.40. Gid st f : R — R la mot ham so thod man vdi moi s6 thuc duong x ton
tai da thiic P.(x) c6 tinh chat:

|f(z) — P.(x)| < cx®™® VzeR.
Chitng minh rang f la mot da thiie.
Bai toan 11.41. Tim tat cd cic da thic P hé s6 nguyén sao cho da thic:
Q(x) = (2* + 62 + 10)(P(x))* — 1 = (R(x))
la binh phuong ciia mot da thiic hé s6 nguyén.

Bai toan 11.42. Cho so tu nhién m > 3 va cdc $6 p1, D2, .., pn la tat cd cdc so nguyén to
khong vuot qud m. Chiing minh rang:

i (i + iz) > In(In(n)).

1 \Pr P

Bai toan 11.43. Tim tat cd cdc so thuc a,b sao cho vdi moi n va x, la nghiém cia phuong
COS T

trinh =n ta luon co cosax, + cosbr, > 2 — {Ei

Bai toan 11.44. Tim tat cd cac so thuc k sao cho ton tai ham sé f khd vi trén toan R thod
man vdi moi so thuc x thi:
{f(x) <1

(f(2))* + (f'(2))* = k.
Bai toan 11.45. Tim tat cd cdac ham so f :[0,1] — [0, 1] thod man:

flzy) = xf(z) +yfly) vdi moiz,ye R
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Bai toan 11.46. Tim tat cd cdc toan dnh f : R — R thod man:

f(f(x —y)) = f(z) = fly) vdimoiz,yeR.

Bai toan 11.47. Cho x la mot so thuc thod man [nz? = [x[xn]] + 1 vdi s6 tu nhién n bat

1++5

ky. Chitng minh rang x = 5

Chitng minh rang néu x> = 2> +1 va x > 0 thi ton tai cdc s6 {C,} nhan gid tri 0,1,2 ma:
[nz] + [na?] + [na®] = [z[n]] + C,.

Bai toan 11.48. Mot hoc sinh choi vdi cdc hé s6 ciia phuong trinh bac hai nhu sau. Lay hai
0 p,q bat ky, wét phuong trinh x® + px + q = 0. Néu phuong trinh c¢é hai nghiém py, q1 thi lai
zét phuong trinh x* 4 p1x + q1. Hoi hoc sinh dé c6 thé choi qud 5 ligt hay khong (khong tinh
phuong trinh dau tién).

Bai toan 11.49. Cho tap hop hitu han A cé khong it hon 6 phan tii sao cho néu a,b,c,d, e, f
la 6 phan ti phan biét cia A thi ab+ cd + ef ciing thuoc vao A. Tim gid tri lon nhat cia s6
cac phan ti cia A.

Bai toan 11.50. Trén mat phang toa do cho 101 duong thang va ddnh ddu tat cd cic giao
diém ctia ching. Héi cé thé zdy ra hay khong tinh hudng trén moéi duong thing cé ding 50
diém danh déu cé hoanh do duong va 50 diém duoc danh déu khdc c¢é hoanh dé am.




