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Ban quyén chuyén dé thugc vé Batigoal. Chuyén dé viét ra nham phuc vu
cong ddng cac mn yéu toan. Nu ban nao mun sir dung cho muc dich
thwong mai hay dung cho cac céc thi viét chuyén dé phai c6 ar dong y caa

tac gia.

1.CO SO PHUONG PHAP GIAI SUDUNG TAM TICU
Xuét phét fr viéc khai thac bai toan sau:
Cho I¢ ndiém A ,A,,...,A van$ k,k,,...k mak +k,+..+k =kz0
a,Chrng minh &ng c6 duy nht mot diém G sao cho:
GA+ Kk GA+...+ k GA=0
Piém G nhr thé goi 1a tam 1 cu cua ke diém A, gan voi cac 1§ sO k.
Trong truong hep cac I 6 k bang nhau (va dado cé thé xem cack déu bing
1), thi G @i la treng tam aia hé diém A .
b, Chtng minh &ng réu G 1a tAmitcy n6i ¢ cau a, thi mi diém O kit ki ta co:

O—G:%(kl@+ k OA+..+ k OA
Chirng minh
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a,Tactk GA+ k,GA+...+ k GA=0
= kGA+k(GA+ A +..+ k(G AA=0

o (k+k+.+k)GA= k AA+ kK AA .+ KAY

GE=KAATKAAT + KAA _
= GA= kot k vi k +k,+..+k =k#0

Vay diém G xacdinh va duy nht.

b, Vi diém O kit ki, ta cOk GA + k, GA+...+ k GA=0
= k(OA-0G+ k(OA- OG+..+ K Op- OB=0
o (k*k+..+k)OG= k OA+ k Op+..+ k Of

—— _kOA+k OA+..+ Km_l . .
= OGS rak K (KOA* K Oh+.+ (O (dfom)

vi k +k,+...+ k = k# 0.
Vay tir bai toan nay ta c6 haékqua quan tong sau:
1. Cho I§ ndiém A, A,,...,.A van$ k.,k,,...k mak +k,+.+k =kz0
Khi d¢6 c6 duy nit mt diém G sao cho:

lGA+k GA+...+ k GA=0
biém G nhr thé goi la tam t cy cua ke diém A, gin véi cac 1€ 5 k..
2. Néu G 1a tAmitcy thi moi diém O Hit ki ta co:

cTé:%(kﬁZlu k OA+...+ k Op

Bay giv ta € sir dung hai Kt qua naydé giai cac bai toan gjutich va ac tri hinh

hoc.
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lIl. UNG DUNG TAM T 1 CU PE GIAl BAI TOAN C U'C TRI HINH H QC

1. DANG | Cuyc tri d§ dai véc v

Nhan xét: Ap dung tam i cy:

Cho ndiém A, A,,....A véi n & k,k,,...k mak +k,+..+k = k# 0va duong
thang d ( hac mat phang(P)) .Timdiém M trénduong thing d ( hac mp(P)) sao
cho‘klﬁp"ﬁ k, MA +...+ Igm‘ nho nht.

Cach gai

Budc 1: Ap dung tam t oy . Goi | 1a diém thoa mank 1A +k, 1A +...+ k 1A =0
Budc2: Ap dung quy fic 3diém bién doi:

MA +  MA+...+ k MA =|(k+ k+..+ ) Mi=| K M)

Buéc 3: Tim d6 dai nk nhat caa véc & da cho xy ra khi Mé vi tri nao?

Vi du 1.1 Cho tam giac ABC véuong thing d . Timdiém M trénduong thing d
sao cho

m+m+2m nho nhat

Giai

Chon diém | thba maniA+IB+2IC =0 , khi d6 diém | latam t cy cia A, B, C
gan voi bo 6 (1, 1, 2) nérdiém | xacdinh duy niat.

Ta co:

MA+MB+2MC= (Mi + IA)+ (Ml + IB)+ 2(MI +1C)= 4MI +IA+IB + AC = M| Vi
IA+IB+2IC=0

Vay . [MA+MB+2MC| = 4 Mi| Do d6 [MA+MB+2M nho nhét khi va ch khi M

la hinh chéu vudng géc @a | Iénduong thing d.
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Vi du sau minh pa cho cach ding tamitce gidi bai toan arc trong mit phing
toa do Oxy.

Vidul.2

TRong nit phing ta d6 Oxy cho tam giac ABC cé A(-1;0), B(2:3), C(3;-6d v
duong thing A:x-2y-3=0. Tim diém M trén A sao cho‘m+ﬁé+m nho

nhat.

Giai
Goi G la tiong tdm tam giac ABC ta cGA+ GB+ GC=0. Va trong tdm G coda
-1+2+3

0+3-6_, 4
do G= ; =(—=-1
9 6=( : g (D

Ta c6 MA+MB+ MC=3MG+ GA+ GB+ GG=3 M(nén mm&m@ :B‘T/@
Vay nho nhit - ‘M—G‘ nho nhat = M 1a hinh chéu vuéng goc ga G lénduong
thang A.

Goi d laduong thing quaG(g;—l) va vudng goc & duong thing A:x-2y-3=0
nénduong thing d c6 vecd phap tugn n, (2;1).

Phrong trinh 6ng quéatduong thing d :2(x—g)+ (y+1)=0

= 2X+ y—gz 0.

Toad6d diém M can tim la nghém ocaa ke pheong trinh:

x-2y-3=0 o le—g
15
5 -13
2x+y-2=0 ==
y 3 y 15
Vay M(Q;_—l?’) ladiém cin timdé W+W3+W nho nhit
15 15
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MO RONG : Vi viéc nim tot cach gii trén, sau nay Iérsp 12 ke sinh ding c6

thé 1am ©t cac bai toanwe tri twong tr trong khéng gian Oxyz. mhsau:

Vi du 1.3 Trong khdng gian Oxyz chod@ém A(3;1;1) va B(7; 3; 9) va at phang

(a): x+y+z+3=0

Tim diém M trén mpg ) dé

W+Ws{ dat gia tii nho nhat.
Giai
Chon I(x; y; z) ladiém thoa manlA+1B =0, suy ra | & trungtiém AB nén | cé
toado 1(5; 2; 5)
Ta cOMA+ MB=2MI + (IA+ IB) = 2MI
Vay \m+m{=z\m. Do d6 \Wuﬁé{ nhd nhit - \W\nh@ nhit < M 1a hinh
chiéu vuéng géc a | 1én mpg ).
Puong thing MI ¢6 phrong trinh tham &
X=5+t
y=2+t
Z=5+t
Nén M(5+t;2+t;5+t). Toado M thoa mén plrong trinh mp@ ) x+ y+ z+3=0
TacO5+t+2+t+5+t+3= 0= 3=-15-t=- 1
Vay M(0; -3 ; 0) th\l‘W&M—B‘ dat gia ti nho nhit
Vi du 1.4 Trong khéng gian Oxyz cho hintr tién ABCD c6 caaiinh A(3;4;-1),
B(-5; 3;-2), C(3:;-1,2), D(1;1,4)
Timdiém M trong khéng gian sao clﬁﬁwﬁﬁwf/ﬁnm nh nhit.

Giai
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Goi G(x; y; z) ladiém thai man GA+ GB+ GC+ GD=0, khidé G 14 tong tam ¢a
ter dién ABCD nén G c6 todo

3-5+3+1 44+ 3FH1-% & 2 4 17 ¢

4 4 PR )

G=(

Ap dung quy fic 3diém , ta c6:
= 4MG + GA+ GB+ GG+ GL = 4MG

R T — e . _ 1.7
Vay [MA+MB+ MC+ Mq nhé nhit - ‘4MG‘ nho nhit = M =G hay M(E;Z;—Z’)
2. DANG 2: Cuyc tri d§ dai binh phwong v6 hweéng aia véc v
BAI TOAN :Choda giacAA,...A van $ thuc k,k,,...k mak +k,+..+k = k>0
Tim diém M thwc mat phang (thwe duong thing) sao chodng

S=kMA+ k MA+..+ k MA dat gi& ti nho nhat.

Cach Gai
Budc 1: Goi | 1a diém thoa mank 1A +k, 1A, +...+ k 1A = 0, khi d6 diém | 1a tam t
cucia A, A,....A gin voi bo n D k, k,,....k mak +k,+..+ k = k>0, Villatam
ti co néndiém | xacdinh duy nft.
Budéc 2: Ap dung quy fic 3diém bién ddi dan toi
S=kMA+ k MA+..+ k MA

= (K + K+t KM+ (IR + G I+ 4 KA )+ 2MI(K TA+ K, A+ .+ k1A

= kMI2 + (K IA? + K, IAZ + ...+ k 1A2) Vi K IA + K, IA +...+ k 1A =0
Buéc 3 :Do k> 0y dé S=k MA+ k MA+...+ k MA dat gia ti nho nhit thi ta
xacdinh vi tri M can tim.
Cht y : Bai toan choda giac AA..A va n $ thuc k,k,..k ma
k +k,+..+k = k< 0. Timdiém M thuwc mat phang ( thpc duong thing) sao cho
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tong S=k MA + k MA+...+ k MAdat gia ti |6n nkit co6 cach gii tuong tr nhur

trén.

Vi du 2.1: Timdiém M nam trén nit phing chra tam giac tam gidc ABC sao
cho Hng MA? + 2MB? + 3MC? nhj nhit.
Bai giai
Goi | la diém thoa maniA+2iB+3IC =0, khi d6 diém | latdm t cy cia A, B, C
néndiém | xacdinh duy nt.
Véi moi diém M ,Ta co
MAZ? + 2MB2 + 3MC? = (Ml + 1A)2+ 2(MI + IB)?+ 3(MI +IC )?
BMI%+ (1A +2B?+3C %)+ MI (A+ 2B + 3C )
6MI2+ (IA%2+2B2+3C2)vi IA+2IB+3C =0
Do d6 MA? + 2MB? + 3MC? dat gia tfi nho nhat = M =1 .

Vi du 2.2: Timdiém M nam trén nit phang chra tam giac tam gidc ABC sao cho
tbng MA? + 2MB? - 6MC? dat gia tii |6n nhit.
Bai giai
Goi | 1a diém thoa maniA+2IB-6IC = 0, khid6 diém | latdm i cr coa A, B, C
néndiém | xacdinh duy nt.
Vi moi diém M ,Ta c6
MA? + 2MB? = 6MC? = (M + IA)?+ 2(Mi + IB)?= 6(MI +IC )
=3MI 2+ (IA2+2B%- 6C 2)+ MI (A + 2B - 6C )
=3MI 2+ (1A% + 2B2-6C ?) vi IA+2IB-6IC = 0
Do d6 MA? + 2MB? - 6MC? dat gid thi [on nhit = M =1 .
Vi du 2.3 : Trong mit phing xoy chodudng thing A: x+y+2=0 va caaliém
A(2:1), B(-1:-3),C(1;3). Tindliém M thuoc dudng thing A sao cho:
MAZ + MB? = MC? nho nhat.
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Giai
Céch 1:Giai theo phwong phap dai sb
Goi M(x;y) thuoc dudng thing A x+y+2 = 0 |adiém cin tim, taco: x =-y - 2
MA? = (x—2)* + (y-1)?
MB? = (x+1)* + (y+3)’
MC? = (x—1)?+ (y- 3)?
Vay MA? + MB? - MC?= X+ y+10 w5
Ey-2)*+y>+10y+ 5= 2y’ + 14y+ ¢

Xét ham 6 f(y)=2y?+14y+9c6 d6 thi 1a Parabol, & 1dBm quay 1&én trén nén
f(y)=2y?>+14y+ 9dat gid ti nho nhit khi =_—27. Vay x=—y—2=g nén

M (%:77)
Két luan: MA? + MB? - MC? nho nhit khi M (g;_—;)
Cach 2: Giai theo phwong phap tam i cy
Goi I(x; y) la diém thaa manIA+IB-1C =0
Khi d6 1A=(2-x;1-vY)
1B =(-1-x,-3-y)

IC=(1-x;3-Y)

Vay IA+IB-1C=0 - -x=0 < 1(0;-5)
-5-y=0
Ta c6: MA2 + MB? — MC? = (Mi + 1A) 2+ (MI + IB) 2= (MI +IC) 2

MH2+IAZ+IB2~IC 2+ 2MI (A +IB -IC)

Mi2+IA2+IB2-I1C2 (Vi IA+IB-IC =0)
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Do cacdiém I, A, B, C xacdinh néndé MA? + MB?- MC? nho nhat — MI nho
nht = MI OA hay M la hinh cléu vudng goc ga | [énduong thing A.
Puong thing A nhan na(L;1)lam vec & phap tugn nénduong thing MI ¢ vec &
phép tugn n(L;-1). Phrong trinh 6ng quatduong thing M1 quadiém | (0; - 5) va
c6 véc b phap tugn n@;-1)la : 1(x - 0) — 1(y +5) = 0
- X-y-5=0
Toado diém M can tim la nghém caa ke pheong trinh
{ X+y+220 - M)
X-y—-5=0

So sanh 2 céach aitrén rd rang cach gji tha 2 1a cach dii hinh hpc thién tuy |
d6i v6i cach gii thir nhat thi hoc sinh @n phai nam viing a kién thirc dai s6 vé
ham lic 2 c6do thi 1a parabol.
Vi du sauday ch ra rang phwong phap tam & cw khong chi 1a phwong phép
hi#u hiéu dé gidgi bai toan arc tri trong mit phang Oxyda noi ¢ trén ma @ gidi
bai toan arc tri trong khdong gian Oxyz .
Vi du 2.4:Trong khéng gian Oxyz choanphing (P): x — y + 2z = 0 va cétiém
A (1;2;-1), B(3:1:2), C(1:2;1). Timdiém M thuwc mit phang (P) sao cho:
MAZ — MB? - MC? 16n nht.
Giai
Goi I(x;y;z) la diém thaa man1A-1B-IC =0
Taco IA=(1-x;2-y;-1- Z)

1B =(3-x;1- y;—-2- 2)

IC=Q1-x;-2-y;1- 2)
Vay IA-IB-IC=0 = [ -3+x=0

3+y¥= - 1(3;-3;0)
z=0
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Ta cé: MA? = MB? = MC? = (Mi + 1A) 2= (Mi + IB) 2= (MI +IC) 2
=MI2+IA2-IB2-IC2+2MI (A -IB -IC)
=MI2+1A2-1B2-1C2 (Vi IA-1B-IC =0)

Do céacdiém I, A, B, C xacdinh nén MA? - MB? - MC? 16n nHit = MI nhé nht

hay M la hinh ciiu vudng goc ¢a | [én nit phing (P).

Tatim ta do M.

Dudng thing M di quadieém 1(3;-3;0) va c6 vecd chi phuong lan (L-1;2).

Phrong trinhduong thing Ml ((x = 3 +

y=-3-t
z=12

Vay M cé ta do M( 3 +t; -3-t;2t). Vi M thuoc mp(P) nén ta co:

3+t—(3-1)+2.2=0 = 6t+6=0 = t=-1.\ay M(2; -2; -2) ladiém can tim.
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