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Abstract

In this note, for any given real numbers a, b, ¢, we determine all the
solutions f : R — R of the functional equation

fla—fW) = f@)+ [(f(y) —azf(y) —=bf(y) —¢,  (E(a,b,0))

for all z,y € R.
Key words and phrases: composite functional equations.

Resumen

En esta nota, para cualesquiera niimeros reales a, b, ¢ se determinan
todas las soluciones f : R — R de la ecuacién funcional

fla=fW) = f@)+ f(f(y) —azf(y) —=bf(y) —¢,  (E(a,b,0))

para todo z,y € R.
Palabras y frases clave: ecuacién funcional compuesta.
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1 Introduction

In this note, we are concerned by the following problem:

1.1 Problem: Let a,b,c be three real numbers. Determine all functions
f R — R such that

[l =) = fx)+ f(f(y)) —axf(y) —bf(y) — ¢, (E(a,b,c))
for all x and y in R.

We point out that the particular case F(—1,0,1) was one of the prob-
lems proposed at the 40th International Mathematical Olympiad, held in
Bucharest, Romania in 1999. The subject of this note is to propose a so-
lution to this problem when a # 0. Precisely we shall prove the following

1.2 Proposition: Suppose that a # 0. Then, the polynomial f(t) = c+ 5t +
242 is the unique nontrivial solution of Equation (E(a,b,c)).

Therefore, we can say that the functional equations (E(a,b,c)) character-
ize the polynomials of degree two. We point out that no regularity condition
is required for the functions f. It is an interesting problem to look for the
functional equations characterizing the polynomials of degree n > 3. As it
was noticed in the abstract, the problem studied here generalizes the problem
of solving the equation E(—1,0, 1) which was proposed in the fortieth interna-
tional mathematical olympiad that was held in Bucharest, Romania, from 10
to 22 July 1999. It is interesting to look at the case where a = 0. This case will
be discussed in Subsections three and four, but under continuity conditions
for the functions f.

2 Proof of 1.2

We can verify that the polynomial f(t) = c+ %t + %tz is a solution of equation
(E). Let us suppose that a # 0, and let f be a nontrivial solution of equation
(E). Let y € R and 2 = f(y). Then we have

_d+c
)

F(7) o i)+ S, (1)

where d = f(0). Since f is not identically zero on R, then we can find a real
w such that f(u) # 0. Letting y = u in the functional equation (E), we get

fle = fw) = flz) = f(f(w) =bf(u) —c—af(u)z, Ve eR.  (2).
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Since a # 0, then the function in the right hand side of (2) is a non-

constant linear function. Thus, given z € R, there exists a unique z € R with

= f(z— f(u)) — f(z) = f(w) — f(x), say. Hence for this z, according to (E)
and (1), we have

f(z) = f(f(w) = f(2))
= f(f(x)) —af(w)f(z) = bf(z) + f(f(w)) -

d+c b a
= T )+ 20 @)? — af ) 1) () -
P )+ 2 )
:d+gU@g F@)] + 5 [(F)? = 2f () f () + (())?]
=t D1fw) — F@)] + 2w~ F@P = dt et a2

Taking z = f(y) for any y and using (1), we obtain d = ¢ and thus

f&) = et gzt 222, 0

for all z € R. O

3 The case where a = 0.

We shall solve Equation (E(0,b, ¢)) under some supplementary conditions. To
this respect, we shall make use of the proposition 3.1 below which is a result
owed to Dhombres (see [1], [2] and [3]). To state this proposition we need the
following terminology: A function g : R — R is of type (A, a, 3), where A € R
and —oco < a < 0 < o0, if

Az + (1= Na ifr <«
g(z) =< = ifa < x <3,
A+ (1= N3 iff < .

We adopt natural conventions as, for example, when o = —o0o, then there
is no x < —oo case. A function g : R — R is of type (\,d) if it is given by
g(x) = Ax + 0, for every 2 € R. With these notations, we recall the following
proposition (see [1], p. 322).
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3.1 Proposition: Let A > 0 and consider the following functional equation:

FFW) =A+1)f(y) =y, vy €R. (F'(N)

Then a continuous function g : R — R satisfies (F'(X)), if and only if g is of
one of the following types:

A#L: type (A, a,B) or (A, 6),

A=1:  type (1,9)

Now, we are in position to solve Equation (E(0,b,c)). Let us suppose that
b<2 Weset A\ =1—2. Let f be a continuous function such that f(0) = ¢
and satisfying (E(0,b,c)). We set g(z) = = — f(z), for all z € R. Then an
easy computation will show that g is a solution of Equation (F'())), where
A=1-— %. We have A > 0 by assumption, therefore we can use proposition
3.1 to deduce that if b = 0, then any continuous function f such that f(0) = ¢
and satisfying (F(0,0,c)) must be a constant f = ¢ on R, and that if b # 0,
then any continuous function f such that f(0) = ¢ and satisfying (E(0, b, c))
must be either of type f(z) = %x + ¢, for all z € R or of type

(r—a) ifz<a,
ifa<z<g,

for some —oo < a < 8 < oo with the natural conventions quoted above. But
it is easy to see that this case occurs only when ¢ = 0 with —oco = a and
B = o0, so that in this case, we have f(z) = %:E for all x € R. One can see
that this conclusion is still true when b > 2. Indeed, by [1], the conclusions
of Proposition 3.1 remain valid even if A < 0. Thus we have proved the
following proposition: 3.2 Proposition: Fvery continuous function f such

that f(0) = ¢ and satisfying (E(0,b,c)) must be of the type f(x) = %x—i—c, for
all x € R.

O vl

fx) =

4 The case where a =b=c¢=0.

Here, we are concerned by the following functional equation:

fle=f) =f@)+ f(f(y), VYo,yeR. (£(0,0,0))
Let f: R — R be a continuous function verifying equation (£(0,0,0)), and
set d = f(0). Then we have f(f(y)) = 4 for all y € R, and we get

fle—d)=f(x)+ z = fz+d)+d, VreR. (2)

N QL
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Letting « = d in (2) we obtain that f(2d) = 0. Using the functional equation
(E(0,0,0)), we get 0 = f(2d—f(2d)) = f(2d)+f(f(2d)) = . Therefore d = 0.
Now, by setting g(z) = = — f(z), (Vz € R), we see that g is a continuous
solution of the functional equation (F'(1)). By Proposition 3.1, g must be of
type (1,6). Necessarily 6 = 0. Therefore f must be zero. So we have proved
the following proposition:

4.1 Proposition: FEvery continuous function [ satisfying (E(0,0,0)) must
be identically zero on R.
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