TUYEN CHON CAC BAI TOAN
PHUONG TRINH, HE PHUONG TRINH, BAT PHUONG TRINH
TRONG PE THI HQC SINH G101 CAC TiNH, THANH PHO
NAM HOQC 2010 - 2011
(L& Phuc L - tong hop va gidi thiéu)

Bai 1.

1/ Giai phuong trinh /X — 20X -1 +y/x+3-4/x—1 =1.

2/ Giai phuong trinh véi an sb thyc v1—x = /6 —x —+/-5—2x

(Dé thi HSG tinh Vinh Long)
Bai 2. Gidi phuong trinh x° —x* —x* —11x* +25x-14 =0

(Dé thi HSG tinh Pong Nai)

\/5+\/ﬂ=4

V2x+5+.2y+5=6

Bai 3. Giai h¢ phuong trinh {

(Pé HSG Ba Ria Viing Tau)

/x+£+ X+y-3=3
Bai 4. Giai hé phuong trinh sau y
1

2X+y+—=38
y

(Dé thi HSG Hai Phong, bang A)

A% +y* —4xy® =1

Bai 5. Giai h¢ phuong trinh
AX* +2y* —4xy =2
(Dé thi HSG tinh Lam Ddng)

x'+5y=6

Bai 6. Giai hé phuong trinh trén tap sb thuc
x’y? +5x =6

(Dé thi chon doi tuyén Bong Nai)
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Bai 7. Giai h¢ phuong trinh

Bai 8. Giai phuong trinh 3/x+6 +x*=7—-+/x-1

Jx - X—y-1=1

Bai 9. Giai h¢ phuong trinh
y2 + X+ 2yvX — y2x

Bai 10.
1/ Giai bat phuong trinh (x* —4x)v/2x2 —=3x—2 >

Xy+y +x=7y

2/ Giai h¢ phuong trinh sau < x2
—+x=12
y

Bai 11. Giai h¢ bat phuong trinh
X2007 + y2009 +7

Bai 12.
1/ Giai phuong trinh yx+1 =X 1
Vx+1-+3-x 2

x2+/x =2y
y2+4y = 2x

2/ Giai h¢ phuong trinh {

=0

0.

X +yt+7<1

2011 > 1

(D& thi HSG Ha Tinh)

(Dé thi chon doi tuyén Lam Dong)

(Dé thi HSG tinh Quang Binh)

(Dé thi HSG Dién Bién)

(Dé thi chon d6i tuyén Binh Dinh)

(D& thi HSG tinh Bén Tre)



Bai 13.
1/ Giai phwong trinh x* —4x+3=+/x+5.
2/ Giai phuong trinh x® +x* —3x—1=2+/x+2 trén [-2,2]

(Dé thi HSG tinh Long An)

ly2\/;

.. .. . —+t=—=—2
Bai 14. Giai hé phuong trinhsau { \/x X Y

y(VX*+1-1)=~/3x* +3
(D& chon doi tuyén trueong Chuyén Lé Quy DBon, Binh Binh).

2X°y +3xy =4x°+9
Bai 15. Giai hé phuong trinh sau yrey y
7y +6=2x>+9x

(Dé thi chon doi tuyén Nha Trang, Khanh Hoa)
Bai 16.
1/ Giai phwong trinh X +247 =X = 24X —1++/—-X* +8x—7 +1

2\/2X+y =3-2x-Yy
Ux+6+1-y =4

2/ Giai h¢ phuong trinh {

(D& thi HSG tinh Vinh Phuc)

2
Bai 17. Giai phuong trinh sau x* +2x° + 2x* —2x+1= (x> + X), /1 X
X

(Dé thi HSG tinh Ha Tinh)
Bai 18. Giai phuong trinh  2sin 2x —3v/2sinx+~/2 cosx—5=0.
(Dé thi chon d6i tuyén trudng THPT chuyén Lé Khiét, Quang Ngai)
Bai 19.

1/ Giai phuwong trinh X ++/4—x* =2+ xy/4—Xx* .



2y(x* —y*) =3x

2/ Giai h¢ phuong trinh
x(x* +y?) =10y

(Dé thi chon d6i tuyén THPT Chuyén Lam Son, Thanh Hoa)
Bai 20. Giai phuong trinh 3/x+6+x* =7—+/x-1.

(Dé thi HSG tinh Lam Ddng)

5(x+Y) N 6(x+2) _4
X+Yy+6Xy X+2z+5xz
6(z+Y) N 4(x+Y) _s
Z+y+4zy X+Yy+6xy
4(x+12) N 5(y+12)
X+Z+5XZ y+z+4yz

Bai 21. Giai hé phuong trinh

=6

(Dé chon doi tuyén truong PTNK, TPHCM)
Bai 22.
1/ Giai phuong trinh JX+2 y-1+3Jz-2= %(x+ y+z+11)

121 "
__ e vax=22t o7
2/ Giai hé phuong trinh 1 X 72X~ =g ~%7

X+ y>+xy-3x—4y+4=0
(Dé thi HSG tinh Quang Nam)

Bai 23.
x* —2ax+b

bx? —2ax+1 m cd hai nghi¢m phan biét véi
—2ax+

1/ Tim tat ca cac gia tri cua a,b dé phuong trinh

moi tham sé m.

y+xy? = —6x°

2/ Giai h¢ phuong trinh
1+ x%y® =19x°

(Dé thi HSG vong tinh Binh Phudéc)

Bai 24.



x* +y%+12°=2010°

1/ Giai h¢ phuong trinh
x> +y®+2° =2010°

2/ Giai phuong trinh 322 _3¥+% | x3 35120
(Dé thi chon d6i tuyén Ninh Binh)

Bai 25.

2X— y+~/X—12/2(x=1) +2(2x— y)?

1/ Giai bat phuong trinh sau
Y2 +4x/x-1-17=0

1 1 1
- +— +— + ot —
sin2x sin4dx sin8x sin2"x

2/ Véin la sb nguyén duong, giai phuong trinh

(D& thi HSG tinh Khanh Hoa)
Bai 26.

J3sin 2x—0032x—55inx+(2—\@)cosx+3+\/§ 1
2c0s X ++/3 '

1/ Giai phuong trinh sau

2/ Giai phuong trinh Iogszx—_l2 =3x*-8x+5
X

(x-1)

(Dé thi HSG tinh Thai Binh)

Bai 27.

X +l+yi+xy=y
1/ Giai h¢ phuong trinh y

X+y-2= 5

1+x
2/ Giai phuong trinh lugng giac 2 =2 +2sin2x
Jtan x + cot 2x
(D& thi HSG tinh Phi Tho)
Bai 28. Giai phurong trinh 24x* —60x +36 — 1 1 . 0
' VEx—7  Wx-1

(Dé thi HSG tinh Quang Ninh)
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Bai 29. Giai phuong trinh v3x% +2x2 + 2 +v=3x* + X? +2X —1 = 2x + 2X + 2
(Dé thi chon d6i tuyén truong THPT Chuyén DHSP Ha Noi)

(2x* —3x+4)(2y* -3y +4)=18

Bai 30. Giai hé phuong trinh
X+ Y2+ Xy—7Xx—6y+14=0
(Dé thi chon d6i tuyén truong THPT Chuyén DHSP Ha Noi)

202X +1)° +2x+1=(2y —3){/y -2
x/4x+2+\/2y+4:6

Bai 31. Giai hé phuong trinh {

(Dé thi chon d6i tuyén truong THPT chuyén Lwong Thé Vinh, Dong Nai)

X'+ X3y +9y = y3x+ x?y? +9x

Bai 32. Giai hé phuong trinh
x(y}-x%)=7

(Dé thi chon HSG tinh Hung Yén)

2y° +2x1-x =3J1-x -y

Bai 33. Giai hé phuong trinh
{y = 2x* =1+ 2xy~/1+ X
(Dé thi chon doi tuyén chuyén Nguyén Du, Dik Lik)

N L . |xX¥-y*=35
Bai 34. Giai h¢ phuong trinh
2x> +3y? =4x -9y
(D& thi HSG tinh Yén Béi)
Bai 35. Giai phuong trinh 23/2x -1 =27x>-27x* +13x -2

(Dé thi HSG Hai Phong, bang Al)

Bai 36. Giai hé phuong trinh

—- - _ Z_XZ
X 2y y

(Dé thi chon doi tuyén Quang Ninh)



x® =3x-12y +50
Bai 37. Giai hé phuong trinh {y® =12y +3z-2
2° =27x+2712

(Dé thi chon d6i tuyén trudng THPT Phan Chu Trinh, Pa Ning)

9 gy?
Bai 38. Giai phuong trinh ,s/# —2x+1

Bai 39.

(Dé thi chon doi tuyén Phi Yén)

1/ Giai phuong trinh sau X—1+~/X+1++2-x = x> +/2

+y=xX+3x" +4x+2

Vi-x -y =2y -1

2/ Giai h¢ phuong trinh sau {
(Dé thi HSG tinh Nghé An)
Bai 40.

x*+8y° —4xy’ =1
1/ Giai hé phuong trinh Yy
2x* +8y*—2x-y=0

2/ Chirng minh phuong trinh sau ¢ ding mot nghiém (v/x+1)%" —2(v/x+1)° = x> +3x* +3x + 2.
(Dé duy b thi HSG tinh Nghé An)

X+3y=x>-12
Bai 41. Giai hé phuong trinh sau <—y+4z =Yy’ -6
9z+2x=12"+32

(Dé thi chon doi tuyén KHTN, vong 1)
2.2 X2 +1

e =
Bai 42. Giai hé phuong trinh y>+1
3log,(x+2y+6)=2log,(x+y+2)+1




(Dé thi chon doi tuyén truong THPT Cao Lanh, Bdng Thap)

VX -x+2 X +X
I+vV-X+x+2 1+y-X*—x+4

Bai 43. Giai phuong trinh sau =x*-1

(D& thi HSG tinh Binh Phudc)
Bai 44.
1/ Giai phuong trinh ¥/3x+4 = x* +3x2 + X2
2/ Tim s6 nghiém ciia phuong trinh
(4022x°°™ +4018x° + 2x)* —2(4022x*™ +4018x** +2x)? +c0s* 2x =0
(Dé thi chon d6i tuyén Chuyén Nguyén Du)

Bai 45. Giai hé phuong trinh sau {(2 ~0)A-20(2+y)(1+2y) = 4102 +1
X4+ Y2+ 2% +2x2+2y2+ X*y* +1=0
(Dé thi chon d6i tuyén Ha Tinh)
Bai 46.
1/ Giai phuong trinh sau 2010* (v/x2 +1-x) =1.

o . y4_4x+2xy—2x+4=5
2/ Giai h¢ phuong trinh
2 +xP=y*+ 2’
(Dé thi chon doi tuyén truong THPT Sao Nam, tinh Quang Nam)

Xll + Xy10 — y22 + y12

7y +13x+8= 2y“€/x(3x2 +3y*-1)

Bai 47. Giai hé phuong trinh {

(Dé thi chon doi tuyén TP.HCM)

2009x + 2010y = (x— y)?
Bai 48. Giai hé phuong trinh {2010y + 2011z = (y —z)°
2011z +2009x = (z — x)°

(Dé thi chon d6i tuyén chuyén Quang Trung, Binh Phuc)
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x> +y?=

gl

Bai 49. Giai hé phuong trinh sau
4x* +3x—ﬂ =—y(3x+1)
25
(Dé thi chon doi tuyén Nghé An)

Bai 50. Cho céc tham s duong a,b,c. Tim nghiém dwong cia hé phwong trinh sau

X+y+z=a+b+c
4xyz —a’x—b*y—c’z =abc
(Dé kiém tra doi tuyén Ninh Binh)

3X—y _

X+——>=3
.- - R . . X +y
Bai 51. Giai hé phuong trinh sau trén tap hop so thuc <3
+
T2 yz =0
X“+y
(Dé thi chon doi tuyén Chuyén Vinh Phuc, tinh Vinh Phuc)
) . . X*—2x=y* -
Bai 52. Giai hé phuong trinh y -y
(¢ -y°) =3

(Dé kiém tra doi du tuyén truong THPT Chuyén DHSP Ha Noi)
Bai 53. Giai phuong trinh 2x2.sin X+ X.Cos X+ &/2X +1 = X3 = x° + X +1
(Dé thi chon doi tuyén Ha Noi)
(X+2)>+(y+3)° =—(y+3)(x+2-2)
Bai 54. Giai hé phuong trinh { x* +5x+9z -7y —15=-3yz
8x* +18y” +18xy +18yz = —84x - 72y — 247176
(Dé thi chon doi tuyén DPHSP Ha Noi, ngay 2)

Bai 55.
27(X+y)+1=x> —y?

Tim X,y,z thoa man hé {y* + 72> =1+ 2xy + 22x—2yz
y(3x* —1) = -2x(x* +1)

(Dé thi chon doi tuyén truong PH KHTN Ha Nai, vong 3)



LOI GIAI CHI TIET VA NHAN XET

Bai 1.

1/ Giai phuong trinh y/x— 2JX—1 +/x+3-4/x—1 =1.

2/ Giai phuong trinh véi an sb thuc v1—x = /6 —x —+/-5—2x
(Dé thi HSG tinh Vinh Long)
Loi giai.

1/Piédu kién x >1. Phuong trinh d4 cho tuong dwong Vai

JAX=1-1) +/(/x—1-2)? =1 [Vx=1-1+[Vx-1-2=1 ()

-Néu Vx—-1<1 thi (*) @ —(Vx-1-1)-(/x-1-2) =1 3-2/x-1=1</x-1=1, loai.
-Néu 1</x-1<2<2<x<5 thi () < (Vx-1-1)-(/x-1-2) =1<>1=1, ludn dung.
Néu Vx-1>2 thi (*) o (x-1-D)+{/x-1-2) =1 2Jx-1-3=1</x-1=2, loai.

Vay phuong trinh da cho c¢6 nghiém la moi x thudc [2;5].

2/ biéu kién x < _75 Phuong trinh d& cho tuong duong vi

V1-X +4/-5-2x =/6—x
& (- X)+(-5-2x) +2/1-x)(-5-2x) =6 X
& JAL-X)(-5-2%) = x+5 & (1 X)(-5-2x) = x* +10x+ 25

X2 -7x-30=0<= x=-3vx=10
Thur lai, ta thdy chi c6 x = —3 la théa man.

Vay phuong trinh d4 cho c6 nghiém duy nhit 1a x = -3.
Nhan xét. Cac dang toan phuong trinh v0 ti nay kha co ban va quen thudc, chiing hoan toan cé
thé giai bang cach binh phuong dé khir cin ma khong can lo ngai vé tinh giai duoc cua phuong

trinh hay khdng. Dé don gian trong viéc xét diéu kién, ta co thé giai xong rdi thir lai ciing dugc.
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Bai 2. Gidi phuong trinh x° —x* —x® —11x* +25x-14 =0

(Dé thi HSG tinh Pong Nai)
Loi giai.
Phuong trinh d& cho tuong duong vai

(X° =2x") + (x* = 2x3) + (X* = 2x?) + (-9%x* +18x) + (7x-14) =0
S X=X +x3+x*-9x+7)=0
X=2
g X'+ x3+xP-9x+7=0
Phuong trinh tht hai & trén c6 thé viét lai 1a
(X' + x4+ X =9 +6)+1=0 (X' = x> +2x> = 2x* +3x* —=3x—6X+6) +1=0
& (X=1)(X* +3x+6)+1=0

Do (x—1)°(x* +3x+6)+1> 0, VX nén phwong trinh nay vo nghiém.
Vay phuong trinh d& cho c¢6 nghiém duy nhat 1a x = 2.

Nhan xét. Pay 1a mot phuong trinh da thirc thdng thuong, c6 nghiém Ia x = 2 nén viéc phan tich
thanh nhan tir kha don gian; cai khd 1a biét danh gia phuong trinh con lai va c6 nén tiép tuc tim
céch giai n6 hay khong hay tim cach chirng minh né vé nghiém. Truong hop dé bai cho phan
tich thanh cac da thirc khéng c6 nghiém don gian, bai toan tré nén kho khin hon rat nhiéu; tham
chi la ngay ca véi nhitng da thirc bac bon. Chang han nhu khi giai phuong trinh

2x* —3x* —10x* +16x—3=0, néu tinh toan trén gidy thi khdng phai dé dang ma c6 dugc phan
tich (2x* —5x+1)(x* + x—3) = 0 dé giai timg phuong trinh tich.

\/5+\/ﬂ=4

V2x+5+.2y+5=6

Bai 3. Giai h¢ phuong trinh {

(Pé HSG Ba Ria Viing Tau)

Loi giai.
Diéu kién: x,y>0. Cong tirng vé hai phuong trinh cua hé, ta co:

(V2x+5+4/2x)+ (JJ2y +5 +/2y) =10

Trir phwong trinh thir hai cho phwong trinh thir nhat, vé theo Vé, ta dugc:
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(\/2x+5—\/ﬂ)+(‘/2y+5—\/ﬁ)—2c>m+\/ﬂ+m+\/2_y_2

bit a=+/2x+5++/2x >0,b=./2y+5+./2y >0. Ta cé hé sau:

= = =
5.5 5,73, 2 ) 50=20a-2a° |b=5
a b a 10-a
Xét phuong trinh

V2X+5+/2x =5=> 2x+5=(5-/2x)? < 2x+5=25+2x-10/2x < V/2x =2 = x=2.
Tuong ty, tacling co y=2.
Vay hé phuong trinh d& cho c6 nghiém la (x,y) =(2,2).

Nhan xét. Ngoai cach giai tan dung tinh chét cua cac can thuc, ta ciing co thé dat an phu roi bién
d6i; trong phuong trinh thi hai, cac s6 hang ty do cd thé khac nhau ma 1oi giai van duoc tién
hanh twong tu. Chang han, giai hé phuong trinh sau

{Jﬂ+ﬂ—6

V2x+5+.2y+9=8

Bai 4. Giai h¢ phuong trinh sau

/x+£+ X+y-3=3
y
1

2X+y+—=38
y

(Dé thi HSG Hai Phong, bang A)
Lai giai.

Diéu kién y¢0,x+120,x+y23.
y

1 ™ e . a+b=3 a=2,b=l
bit a= |[x+=,b=x+y-3,a,b>0.Hédachovictlaila . <<
y a’+b’=5 |a=Lb=2

-Véi a=2,b=1,taco
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1 1 X+ =4
X+—=2,{X+y-3=lx+—=4x+y=4< 4-x
y y=4-X
1 2
X+——=14 X" —8x+15=0,x =4 x=3y=1
= 4-X = = 5 yo_1
y=4-X y=4-x X=92y=

-Véi a=1b=2,taco

1 1 X+L:1
X+— =1L X+y-3=2X+—=Lx+y=7< 7-X
y y =7-X

c{xz—8x+6=0,x¢7© x=4-+/10,y =3++/10
y=7-X x=4++10,y=3-10

Thur lai, ta thiy tat ca déu thoa.
Vay h¢é phuong trinh d& cho c6 4 nghiém la
(x,y) =(3,2), (5,-1), (4—+10,3++/10), (4 +~/10,3-+/10) .

Nhan xét. Dang hé phuong trinh giai bang cach dat an phu nay thudng gap o nhiéu ki thi, tir
DPH-CP dén thi HSG cip tinh va khu vic. Ching ta s& con thiy nd xuat hién nhiéu & cac dé thi
cua céc tinh dugc néu dudi day.

e APyt -axyt =1
Bai 5. Giai h¢ phuong trinh
AX* +2y° —4xy =2
(Dé thi HSG tinh Lam Ddng)
Lai giai.
L4y phuong trinh thir nhét trir phuwong trinh thi hai, vé theo vé, ta duoc:

vy —2y* —Axy* +4xy +1=0 < (Y 1) —4xy(y* 1) =0 < (y* =1)(y* —1-4xy) =0
Sy=1lvy=-1vy’ -1+4xy=0

-Néu y =1, thay vao phuong trinh dau tién, ta duoc:

A% +1-4x =1 X(x-1) =0 x=0v x=1.

Thur lai, ta thdy ca hai nghiém déu thoa man.
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-Néu y = —1, thay vao phuong trinh dau tién, ta dugc:
A +1+4x =1 X(x+1) =0 x=0v x=—1.
Thur lai, ta thdy ca hai nghiém déu thoa man.

2

-y

-Néu y> —-1+4xy =0 x = ! (d& thay trong trudng hop nay y = 0), thay vao phuong trinh

dau tién, ta duoc:

2
1-y? 4 1-y° 3 _ 22 4 a2y 2 2 _
4 Zy +y' -4 Iy y' =1l Q-y ) +4y" -4(1-y)=4 <= (Y -D(By"+7)=0.

Suyra y =+1,x=0 va hai nghi¢m nay da néu ¢ trén.

Vay hé phuong trinh d& cho cé 4 nghiém phan biét la (x,y) =(L,1),(0,1),(-1,-12),(0,-1).

Nhan xét. Day la mot dang hé phwong trinh da thic kha kh, ré rang néu & phuong trinh thi hai,
ngudi ta chia hai vé cho 2 thi khé c6 thé ty nhan biét gia tri ndy ma nhan vao rdi trir tirng vé nhu

trén. Viéc phat hién ra gia tri 2 dé nhan vao c6 thé dung cach dat tham s phu rdi lra chon.

x*+5y=6

Bai 6. Giai hé phwong trinh trén tap sb thuc
x’y? +5x =6

(Dé thi chon d6i tuyén Bong Nai)
Loi giai.

Trir tirng vé hai phuong trinh cua hé, ta dugc
X' —x’y* +5(y-x)=0 < (x—y)[xz(x+ y)—S}:0c> X=yvx’(x+y)=5

-Néu x =y, tir phwong trinh thir nhét ta c6

X' 4+5Xx—6=0 (X* = Xx+3)(Xx+2)(x-1) =0 x=-2vXx=1, tuong tNg V6i y=-2v y=1.

Thir lai thay thoa, ta c6 hai nghiém (x, y) = (-2,-2), (1,1).

-Néu x*(x+y)=5=y= %— X, thay vao phuong trinh thir nhat cua hé, ta dugc
X
x4+5[%—xj=6c> X° —5x° —6x* +25=0
X
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Pong thoi, tir hé d4 cho ta ciing ¢6 5x = 6—x*y* <6 = xgg.

3 2
Do d6 5x3+4x2£5.(§j +4.(§j :216+96:312<25:> x®—5x®—6x%+25>0.
5 5 25 25

Suy ra trong treong hop nay, hé v nghiém.

Vay hé da cho c6 hai nghiém la (x,y) =(-2,-2),(L1).

Bai 7. Giai h¢ phuong trinh
2 ,  2X
X“+y ——=4

(Dé thi HSG Ha Tinh)

Léi gidi.

Diédu kién: xy =0,x*+y*#1. Dit a= x>+ y? “1b=2,ab=0.

A ax r ers §+3=1 3 +2=1 b*-2b-3=0 b=-1a=1
Hé dachotroéthanh <a b <12b+3 b & &

-Véi a=1b=-1,tacd x*+y>=2x=-y, tatim duoc hai nghiém Ia (x,y) =(1,-1),(-11).
-Vé6i a=9,b=3,tacd x*+y* =10, x =3y, tatim dugc hai nghiém la (x,y) = (3,1),(-3,-1).
Thir lai, ta déu thdy thoa man.
Vay hé da cho c6 4 nghiém phan biét la (x,y) =(1,-1),(-11),(3,1),(-3,-1).
Bai 8. Giai phuong trinh 3x+6 + x> =7—+/x—1

(Dé thi chon doi tuyén Lam Dong)
Loi giai.
biéu kién x >1.
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Taco

@/x+6-2)+(x2=4)+(Vx-1-1) =0

= X=2 +(x—2)(x+2)+X;2—0
J(x+6)2 +23x+6+4 vx-1+1
< (X-2) ! +x+2+; =0
3(x+6)2 +23x+6+4 Vx-=1+1
X=2
= 1

+X+2+

1
T 0
J(x+6)* +2¥x+6+4 Jx-1+1

D& thay phuong trinh thir hai vo nghiém vi vé trai luén duong nén phuong trinh da cho c6
nghiém duy nhat 1a x = 2.

Nhan xét. Cach don gian hon danh cho bai nay 1a chirg minh ham dong bién, tuy nhién, can
chi y xét x #1 trude khi dao ham.

Bai 9. Giai hé phuong trinh {*&_ x-y-1=1
y2+X+2y3/x —y?x =0
(Dé thi HSG tinh Quang Binh)
Loi gidi.
Diéu kién x,x—y-1>0.

Phuong trinh thir nhit cua hé twong duong véi
\/§=,/x—y—1+1c> X=X-y-1+2\x-y-1+le y=2/x-y-1

oy =4x-y-1) < (y+2)  =4x o y+2=2x
Phuong trinh thir hai caa hé tuwong duong voi
Y24 x+2y3x - y2x =0 (y+/x)? = xy? & y+/x = yJ/x

+2=2X = 2=2 X=
Tacéhémc’yila{y Vx @{“2 2x yr2=2yx

y+/x = yv/x 2y+(y+2)=y(y+2)©{y2—y—2=o {
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So sanh véi diéu kién ban dau, ta thiy ca hai nghiém trén déu thoa man.
Vay hé phuong trinh d& cho cé hai nghiém la (x,y) = (%, -1),(2,4).
Bai 10.

1/ Giai bat phuong trinh (x2 —4x)3/2x2 —3x—2 >0.

Xy+y +x=7y

2/ Giai h¢ phuong trinh sau < 2
—+x=12
y

Loi giai.
1/ Biéu kién 2x2—3x—220©x§_71vx22. Taco

X>4vx<0

x*—4x>0
(x> —4x)V2x* -3x-2>0 < -1

, =
2X°-3x-2=0 X=7VX=2
Két hop cac diéu kién trén, ta co x=2vx§_7lvx24.

Viy bt phuong trinh trén c6 nghiém 1a x (—oo,_?l] {2} U4, +00)

X
X+y+—=7
2/ Pidu kien y # 0. Hé d cho tuong duong véi y
X
(x+y)—=12
y

X , . lu+v=7 u=3,v=4
bat u=x+y,v=—,tacé hé
y

=
uv=12 u=4,v=3

V6 U=3V=4,taco x+y=4"=3c x=3,y=1, théa didu kien.
y

(Dé thi HSG Dién Bién)
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-V6iu=4,v=3,tachd x+y:3,1=4c>x=%,y=g,théadiéu kién.
y

Vay hé da cho c6 hai nghiém la (x,y) =(3,1), (%,g) :

X +y+2<1

X2007 + y2009 + Z2011 > 1

Bai 11. Giai h¢ bat phuong trinh {
(Dé thi chon d6i tuyén Binh Binh)

Lo gii.

Tir bat phwong trinh thir nhat cua hé, tacod —1< x,y,z <1.

Tir hai bat phuong trinh cua hg, ta co
X2007 + y2009 + Z2011 > XG + y8 + Z10 o X6 (1_ X2001) + y8 (1_ y2001) + ZlO (1_ Z2001) < 0

Tur didu kién —1< x,y,z <1, ta d& dang thay rang x®(1—x®™), y* (1 - y*™), z2°°(1-z*) > 0.

Do d6, phai co dang thiic xay ra, tuc a
XL = y?(L-y*) =2"1-2"") =0 x,y,2=1vX,y,2=0.

Két hop vai diéu kién x® +y® +7*° <1, ta thdy hé bat phuong trinh d cho c6 céc nghiém la

(x,y,2)=(10,0),(0,1,0),(0,0,1) .

Bai 12.
1/ Giai phuong trinh yx+1 =X 1
Vx+1-+3-x 2

X% ++/x =2y
y2+4y = 2x

2/ Giai h¢ phuong trinh {

(D& thi HSG tinh Bén Tre)
Lo giai.

1/ bidu kien x+1,3—x>0,x+1#3—-x < -1<x<3,x #1.
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Phuong trinh d& cho tuong duong vai

21“”; 1=(x+)-B-x = V““V
VX+1-+/3-x VX+1-+/3-
- VX+1++4/3-x=0

(1Y =1

D& thay phuong trinh thir nhat vo nghiém nén ta chi xét
(Wx+1-v3-x)" =1 (Xx+D)+(B-x) - 2(x+1D)(B—x) =1 3=2/(x+1(3—-X)
_2+47

2

= (VX +1+/3-X)W/x+1-+/3-x)

< 9=4(x+1)(3-X) = 4x*-8x-3=0=

2+.7
o

Vay phuong trinh da cho c6 hai nghiém la x =

2/ Piéu kién x,y>0. D&thiy néu x=0thi y =0 va nguoc lai nén hé cé nghiém (x,y) = (0,0).

2
t ;\/E,t>0,tathéy f'(t)=t+i>o,w>o nén day la

4t

Taxét x,y>0.Xéthamsd f(t)=

ham ddng bién.

, x=f
Hé da cho dugc viét lai la { () .Suyra x =y, thay vao hé da cho, ta co

y=1(x)

x=1
X2 +X =2x & XX +1=2Vx & (WX -D(x+Vx -1) =0 < 3_.5

X=—

2

Il
w
|
(6]

Twong tng véi hai gié tri ndy, ta cling co

<
I

Vay hé d4 cho c6 ba nghieém 1a (x, y) = (0,0), (1,2), (i i)

Nhan xét. Bai phuong trinh thir nhat néu khong c6 bién d6i phii hop ma dat an phu thi 1oi giai s&
khé dai dong va ric réi, chiing ta can chd y tan dung nhitng tinh chat cua can thic, lwong lién

hop dé khai thic dic diém riéng cua bai toan.
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Bai 13.
1/ Giai phuong trinh x? —4x+3=/X+5.
2/ Giai phuong trinh x° + x2 —3x—1=2/x+2 trén [-2,2]
(Dé thi HSG tinh Long An)
Loi giai.
1/ Biéu kién x>-5.

Phuong trinh d& cho tuong duong vai
Xx=4

X2 —4x+3)  =x+5< (x—-4) (X} -4x*+6x-1) =0 <=
( ) ( X ) X} —4x*+6x-1=0

Ta xét phuong trinh x* —4x* +6x-1=0 (*)

Hamsé f(x)=x®—-4x*+6x—-1 cd f'(x)=3x*>—-8x+6>0 nén la ddng bién; hon nira,
f(0).f (1) =(-1).2 <0 nén phuong trinh f(x)=0 c6 dung mot nghiém thudc (0,1) .

Ta sé& giai phuong trinh (*) bang phuong phap Cardano.

bat x=y+f,tacé (*)c>y3+3y+g=0.£)ét y=u+v,taco
3 3 27
61 2
W+vi+—=)+@uv+=)u+Vv)=0.
( 27) ( 3)( )

u®+v° =07

Chon u va v sao cho ) ! .
uv =—
9

Giai hé phuong trinh nay, ta chon nghiém u = §/5—14 (-61+3v417),v = 93
u

Tur d0, ta tim dugc nghiém cua phuong trinh (*) la

X=X, =§/5i4(—61+3\/417) - 2 +£z0.189464

9i/514 (—61+3/417)
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Vay phuong trinh d& cho cd hai nghiém la x=4,x=x,.
2/ Diéu kign x> -2.
Phuong trinh d& cho tuong duong vai

(X} +x*=3x-1)° =4(x+2) & (X+D(X° +x* =6x* —=2x* +9x-7) =0

x=-1
o
x>+ X —6x2—2x2+9x-7=0

Phuong trinh x° + x* —6x> —2x* +9x—7 =0 c6 dung mdt nghiém thudc [-2,2] va nd co gia tri
gan diing 1a x = x, ~1.916086228 .

Vay phuong trinh @ cho cd hai nghiém phén biét la x =-1,x = X,.

Nhan xét. R6 rang phuong trinh bac ba & trén phai giai truc tiép bang cong thirc tong quat, diéu
nay it khi xuat hién & cac ki thi HSG. Déi v6i phuong trinh thir hai, viéc xét x e[-2,2] néu trong
dé bai c6 thé goi y dung hrong giac; tuy nhién, cach dat x = 2cosa chua co két qua, mong cac
ban tim hiéu thém. Mot bai tuong ty xuat hién trong ki thi HSG PBSCL nhu sau

Giai phuong trinh 32x° +32x* —16x°> —16X* + 2x+1=0.
Phuong trinh ndy duoc giai bang cach dit an phu y = 2x rdi binh phuong 1én, nhan vao hai vé
cho y—2 dé dua vé phuong trinh quen thudc y* -3y =,/y+2.

Bai toan nhu thé nay kha danh d6 va phuc tap!

1 y—&+2

Bai 14. Giai hé phuong trinhsau { \/x X Y
YK +1-1) =35 +3
(Dé chon doi tuyén trueong Chuyén Lé Quy Bon, Binh Binh).
L oi gii.
Piéu kién xac dinh: x>0,y #0.

Phuong trinh thir nhit cua hé twong duong véi

y2\/;

% ;:—+2c>y\/;+y —2x«/§+2xy<:>y +y(x/_ 2X) — 2X\/_ 0
X
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Xem day 1a phuong trinh bac hai theo bién y, ta c6

A, = (VX = 2%)% +8x3/x = X+ 4xa/x + 4x% = (/X + 2x)2 > 0.

Do d6, phuong trinh nay c6 hai nghiém la

y =(2X‘&);(&+2x)=—&,yz :(2x—&);(&+2x) _

2X, .

1
Xét hai truong hop

-Néu y = —\/; , thay vao phuong trinh thir hai ctia hé¢, ta duoc:

XWX +1-1)=3x2 + 3.

D3 thiy: —/x(v/x2 +1-1)<0<~/3x* +3 nén phuong trinh nay vo nghiém.

-Néu y = 2x, thay vao phuong trinh thi hai ciia hg, ta dugc:

2X(VX2+1-1) = J3x2 43 o x +1.(2x—3)=2x &> VX2 +1=

2X -
2x—\/§ )

3

(dé thdy x = khéng thoa méan dang thic nén chi xét x = @ va phép bién dbi trén Ia phu

hop). Xét hai ham sb: f(x)=vx*+1,x>0 va g(x) =

—2\3

\/Z(_ >0 nén 1a ham ddng bién, g'(x) =%< 0 nén la ham nghich bién.
X“+1 (2x—+/3)

Suy ra phuong trinh (*) c6 khédng qua mot nghiém.

Taco: f'(x)=

Nhim thiy x =+/3 thoa mdn (*) nén day ciing chinh 1a nghiém duy nhat cia (*).

Vay hé da cho c6 nghiém duy nhit 1a (x,y) = (\/5,2\/5) .

Nhan xét. Quan h¢ cta x va y duoc che gidu ngay trong phuong trinh dau tién, néu nhan thiy
diéu do thi cac budc tiép theo s& rat d& nhan biét. Bai nay tinh toan tuy ruom ra nhung huéng
giai rat rd rang nén khong qua kho.
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. o . 2X°y +3xy = 4x* + 9y
Bai 15. Giai h¢ phuong trinh sau
7y +6=2x>+9x

(Dé thi chon doi tuyén Nha Trang, Khéanh Hoa)

Loi giai.
. 4x? : 2x* +9x -6
Tur phuong trinh thir nhat, tac6 y = —————, tur phuong trinh thir hai, taco y=————.
prene e Y = o Tax g T POnE d 7
Suyra
2 2 .
A _2XTH9XO L pgye - (26 + 9%~ 6)(2x% +3x—9)
2Xx°+3x-9 7
9+
C>(X+2)(2X—1)(2X2+9X—27)=0<:,>X=—2VX=%VX=%\/§
2 . 2x°+9x-6 -16 1 ; 2x°+9x-6 -1
-Néu x=-2,tacod y= = 'néu x==,tacl y=———=—,
7 7 2 7 7
. -9+ 2 —
‘Néu x=%\/ﬁ VoI 2x% +9x = 27 thi y=2x+—79X6=3.

‘ — -1 ,-9+
Vay hé phuong trinh d& cho c6 bon nghiém la (x,y) = (—2,%), (%,71), (%\/ﬁ,:%) :

Nhan xét. Bai ndy c6 thé con nhiéu bién d6i don gian hon nhung rd rang cach rat y ra rdi thay
vao mot phuong trinh nhu trén 1a ty nhién hon ca.

Bai 16.
1/ Giai phuong trinh X+ 27— X = 2/X=1+~+/-X* +8x -7 +1

2./2X+y =3-2x-Yy
Ux+6+1-y =4

2/ Giai h¢ phuong trinh {

(D& thi HSG tinh Vinh Phuc)

Léi gidi.

1/ Pidu kien 1< x<7.DPit a=J7-x,b=+/x+1,a,b>0=ab=~/-x>+8x-7.
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Phuong trinh da cho tré thanh b® +2a=2b+ab < (a-b)(b-2)=0<=a=bvb=2.
-Néu a=b thi v7—x =vXx+1< 7—x=x+1< x =3, thoa diéu kién dé bai.

-Néu b=2 thi Vx+1=2«< x=3.

Vay phuong trinh d4 cho c6 nghiém duy nhat 1a x = 3.
2/ Biéu kién 2x+y >0,y <1. Phuong trinh thir nhat ciia hé tuong duong véi

(2x+y)+22x+y-3=0< J2x+y =1v2Xx+y=-3 < 2x+y=1< y=1-2x.

Thay vao phuong trinh thir hai cta hé, ta dugc Jx+6 ++/2x =4.

D& thay vé trai tang theo bién x nén phwong trinh trén c6 khdng qua mot nghiém. Ta thiy x = 2
théa mén, suyra x=2,y =-3.

Vay hé d4 cho c6 nghiém duy nhat 1a (x,y) =(2,-3).

L .. N 1-x?
Bai 17. Giai phuong trinh sau x* +2x° + 2x* —2x+1= (x> + x),/ X
X

(Dé thi HSG tinh Ha Tinh)
Lai giai.
Diéu kién x e (—o0,-1]U(0,1] .

Néu x < -1 thi x*+2x3+2x* —=2x+1=(x* +X)* +(x-1? > 0,x* + x = X(x* +1) < 0 nén phuong
trinh trén khéng c6 nghiém thoa x <-1.

Poéng thoi x =1 khdng 1a nghiém cua phuong trinh nén ta chi xét x  (0,1).

Phuong trinh d& cho tuong duong vai

X+l 2yx@2-x%) 1
[x(1-x?) X>+1

(X2 +1) - 2x(1-x?) = (X* +1){/x(1-x*) &

2
bat t=X—+1>0,phu0rng trinh trén tro thanh t—g:lc)tz—t—Z:O@t =2 (dot>0).
JX@-x?) t
Khi do6
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x> +1

JX(@=x%)

o (K +2x-1) =0 X2 +2x-1=0 x=-1+2

=2 (X +1D)? =4x(1-X*) & x* +2x* +1-4x+4x* =0

So sanh voi didu kién da néu, ta thiy phuong trinh trén ¢ nghiém duy nhat 1a x =—1++/2.

Bai 18. Giai phuong trinh 2sin 2x—3V2sinx++/2 cosx-5=0.
(Dé thi chon d6i tuyén trudng THPT chuyén Lé Khiét, Quang Ngéi)
Loi giai.
bat a=sinx,b=cosx = -1<a,b<1. Tt phwong trinh d& cho, ta c6 hé sau:
4ab-3v2a++2b-5=0
a’+b’ =1
Ta co:
4ab—3v2a++/2b-5=0 < —4ab+32a-/2b+5=0

& (—4ab+23/2a-242b +3)+ (v2a +/2b+2) =0
<:>[2(a—b)2 —2x/§(a—b)+1J+\/§(a+b+\/§)=0

& (V2a-v2b-1)° +y/2(a-b++2) =0
Mat khéc: a’+b” =1 nén |a+b|<+2(a® +b?) -2 =a+rbrv2>0.
s

Ping thuc xay ra khi va chi khi a=b= —

(v2a-+/2b-1) =0_ V2a-V2b-1=0
\/E(a+b+\/§):0 a:b:#

Do do, tur (*), suy ra: {

D& thay hé nay vo nghiém.

Vay phuong trinh da cho v6 nghiém.
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Nhan xét. Day la dang phuong trinh lwong giéc giai bing cach danh gia quen thugc. Ngoai cach
dat an phu dua vé dai s6 hoan toan nhu trén, ta c6 thé bién ddi truc tiép trén phuong trinh ban
dau, tuy nhién diéu d6 d& lam ching ta lac sang cac huéng thuan tay lugng giac hon va viéc giai
bai toan nay gap nhiéu khé khin hon.

Bai nay chinh 1a d& thi Olympic 30-4 nim 2000, 16p 10 do trudong L& Hong Phong TP.HCM dé
nghi. Loi giai chinh thic ciing giéng nhu & trén nhung dé nguyén a =sinx,b =cosx.

Bai 19.
1/ Giai phwong trinh X ++/4—x* =2+ xy4—Xx* .

N | 2y(x® —y?) =3x
2/ Giai h¢ phuong trinh
x(x* +y?) =10y
(Dé thi chon d6i tuyén THPT Chuyén Lam Son, Thanh Hoa)
Loi giai.

1/ Biéu kién —2 < x < 2. Phuong trinh d4 cho tuong duong véi

(x=2) = (X=DV4-x* = (x=2)* = (x=D*(4-X") & X(x=2)(x* ~2) =0
c>X=0vX:2vX:J_r\/§

Thur lai ta thay thoa.

Vay phuong trinh d4 cho ¢6 4 nghiém 13 x =0,x =2, x = ++/2..

2/ Tathdy néu x =0 thi y =0 va nguoc lai nén hé phuong trinh d4 cho ¢6 nghiém (x, y) =(0,0).
Xét truong hop xy #0.

Chia ting vé phuong trinh thir nhat cho phuong trinh thr hai, ta dugc

2y(x*—y?)  3x
x(x*+y?) 10y

& 20y3 (X2 —y?) =3x*(X* + y°) & 3x* —17x°y* +20y* =0

2

< (X2 —4y?)(Bx* =5y?) =0 < x> =4y? % :gy

. 2y.3y? =3x 2y = 2y =x X =42
-Néu x* =4y?, hé da cho tro thanh y-2y o y X<:> y @{ .
x.5y° =10y Xy =2
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-Néu x* = g y?, hé da cho tro thanh

2, 15
Zye = X=t———
2y-3Y 3X©{4y3—9x©{4y3—9x - 24135

_ 4 _ )
x.% y? =10y 4xy =15 16y* =135 y=+ Y135

2

15 \4/135) a 15 _\4/135)
4135’ 2 Ut 2835 2 7

Vay hé da cho ¢6 5 nghiem 2 (x,) = (0,0), (2.0).(-2.-0). 5

Bai 20. Giai phuong trinh: ¥/x+6+x? =7—/x—1.

(Dé thi HSG tinh Lam Ddng)
Loi giai.
biéu kién x >1.

D& thdy x =1 khdng la nghiém cua phuong trinh nén ta chi xét x >1.

Taco Yx+6+x° =T-VX-1IX+6+X>+/x=1=7 (¥)

Xéthamsd f(t)=It+6+t>+Vt—-1,t>1= f'(t) = ! +2t+ ! >0,Vt>1. Do do

3%(t +6)? 2vt-1
ham nay dong bién. Tir d6 suy ra phuong trinh (*) & trén c6 khdng qua mot nghiém; mat khac
f(2) =7 nén phuong trinh da cho ¢ nghiém duy nhat la x=2.

5(x+Y) N 6(x+2)
X+Yy+6Xy X+2z+5xz
6(z+Y) N 4(x+y) _s
Z+y+4zy X+Yy+6xy

4(x+12) N 5(y+12)
X+Z+5XZ y+z+4yz

=4

Bai 21. Giai hé phuong trinh

=6

(Dé chon doi tuyén truong PTNK, TPHCM)
Léi giai.

X4y o y+z o Z+X

bat a= b= ,C=
X+ Y+ 6xy y+z+4yz Z+X+52x

. Hé da cho tro thanh
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N
[
a1
s}
s}
1

Sa+6c=4 6
6b+4a=5<-<4a+6b=5 =

4c+5b=6 _
et 5b+4(4 65""):6

O
I

o
Il

c';|© Nlw o~

xty _1 1. 1.6 (1 -3 -14
X+y+6xy 8 7(x+Yy) = 6xy Xy 7 X 14 33
, y+2 3 11 1 45 14
Dodo{—————=— <1y+2=12y7 S —+—=12 &< —=— SSy=—
y+z+4yz 4 y z y 14 45
7(z+x) =45zx

Z+X 9 1 1 45 1 123 _ 14
Z+X+5zx 16 z x 7 z 14 124

. -14 14 14

Vay hé da cho c6 nghiém la (x,y,2) =(—,—,—).

ay he ghiém la (x,y,2) (33 25 123)

Nhan xét. Bai nay c6 hinh thirc khé phuc tap va cac hé sb xem ra rat khac nhau; tuy nhién, néu
quan sét ki, chung ta s& d& dang tim ra cac an phy can thiét dé lam don gian hda bai toan.

Bai 22.
1/ Giai phuong trinh JX+2 y-1+3vz- :%(x+y+z+11)

121 >
. R 24 2x="=-272
2/ Giai h¢ phuong trinh xorex 9

X+ y?+xy-3x—4y+4=0
(Dé thi HSG tinh Quang Nam)
Loi giai.
1/ Biéu kién x>0,y >1,z> 2. Phuong trinh d4 cho tuong duong véi

20X +4Jy-1+6z7-2 =x+y+z+11
o Wx-D+(Jy-1-2"+(\z-2-3)*=0
oJx-1=.Jy-1-2=7-2-3=0< x=1,y=5z=11

Vay phuong trinh d8 cho ¢ nghiém la (x,y,z) =(1,5,11).
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2/ Phuong trinh thir hai ciia hé twong duong voi y> +(x—4)y+x* —3x+4=0.

Day la phuong trinh bac hai theo bién y nén can c6 diéu kién

A=(X—4)"-4(x*-3x+4) =-3x*+4x>0=0< xs%.

x 2
Do do x2+2x+272 < (32 1 2.3 4975 216,24 g 121
3 3 9 9 9

r 2 N r /\ 2 A 4
Tu bat dang thae trén va phuong trinh thir nhat cua h¢, tasuy ra x = 3

4 4 4 8 16 4 4
Do do y?+(=—-4)y+ (=)’ -3.(2)+4=0 Yy ——y+—=0(y-=) =0 y=—
odoy (3 )y (3) (3) Y -39+ (y 3) y=3
N . s 4
Vay h¢ d& cho co nghiémla x=y =§.
Bai 23.
N Ae ke iz s . X?=2ax+b e e
1/ Tim tat ca cac gia tri cua a,b dé phuong trinh ————=m ¢ hai nghi¢m phan bi¢t véi
bx —2ax+1

moi tham sé m.

o . y+xy® = —6x°

2/ Giai h¢ phuong trinh
1+ x%y® =19x°
(Dé thi HSG vong tinh Binh Phudc)

Loi giai.
1/Truéc hét, ta s& tim nghiém chung, néu 6, cia hai phuong trinh bac hai sau:
x* —2ax+b=0 va bx* —2ax+1=0. Gia st X, la nghiém chung do, ta co:
X2 —2ax, +b =0 va bx? —2ax, +1=0. Trir tng vé hai phuong trinh nay, ta dugc:
L-b)(x}-1)=0<b=1vx,==+1.

X* —2ax+1
X* —2ax+1
néu m =1 thi phuwong trinh nay vo nghiém, néu m =1 thi phuong trinh nay ¢6 v sé nghiém,
khong thoa man dé bai.

-Néu b =1 thi phuong trinh d4 cho tré thanh =m<1=m,x*—2ax+1=0. D&thiy
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-Néu b #1 thi x, = +1, twong tng v6i 1—2a+b =0hodc 1+2a+b=0.

Do d6, khi 1-2a+b =0 hoac 1+2a+b =0 thi tuong ing hai phuong trinh d& cho c6 nghi¢m
chung la x, =1 va x, =-1.

x* —2ax+b Cme x* —2ax+b—m(bx* —2ax+1)

AT E 0
bx? —2ax +1 bx? —2ax +1

Phuong trinh ban dau tuong duong voi

hay (1—bm)x*—2(a—am)x+b-m=0 (*) va bx* —2ax+1=0.

Ta thy rang phuong trinh (*) c6 khéng qué hai nghiém nén mudn phuong trinh d4 cho c6 hai
nghiém phan biét v&i moi m thi hai phuong trinh x> —2ax+b =0 va bx* —2ax+1=0 khong c6
nghiém chung, ddng thoi phuong trinh (*) phai c6 dung hai nghiém phan biét, tuc Ia

1-2a+b#0,1+2a+b=0
1-bm=0,¥Vm
(a—am)® —(1—bm)(b—m) >0,vm

Tur diéu kién thir hai, ta thdy b =0, khi d6, hé diéu kién trén tro thanh

1-2a#0,1+2a#0 a;»&J_ri a;tJ_ri
) 0.y = 2 = 2
(a—am)”+m>0,vm a’m*—(2a’ -Dm+a*>0,vm  [(2a®*-1)*-4a‘<0,a=0
1
azt+t—,a=0 1 1
= 2 <:>a>—va<—5
—4a*+1<0

Vay cac gia tri a,b théa man dé bai la a>%va<—% vab=0.

2

y+Xy? = —6X

2/ Giai h¢ phuong trinh
{1+ x°y® =19x°

Tathiy y =0 khdng la nghiém cua hé phuong trinh nén ta chi xét y = 0, ta c6 bién ddi sau

Lix=sye | Rax=—6y
y y y y
e

Loty oty - e =19y
y y Yoy oy Ty
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Thay 1 +X= —6(5)2 vao phuong trinh thi hai, ta dugc
y

22163y +18C%y =19Y < 216Xy = Xy = X ov X =L
y y y y oy Ty Ty 8
‘Néu X =0 x=0, thay vao hé da cho, ta thiy khong thoa mén.
y

-Néu y = —6x, thay vao phuong trinh thir nhat cua hé, ta dwoc
1

—6x+36Xx° = —6x° ©6X3+X2—X=0©X(3X—1)(2X+1)=0<:>levX:——.
3 2

Vi x=%,tacé y=—6x=-2; Voi x=—%,tacé y=-6x=3.
Thur lai déu thay thoa.

N s = A Liap 1 1 -1
Vay hé da cho cé hai nghiém phan biét 1a (x,y) = (5,—2), (?,3) .

Nhan xét. O bai 1, budc tim nghiém chung cta hai phuong trinh dé lam don gian hoa viéc xét
diéu kién cua nghiém xem c6 théa man phuong trinh hay khong, vi rd rang

) _ o ) -mg(x) :Oa{f(x)—mg(XhO

g(x) g(x) g(x)=0

cho ma lai khdng thoa man diéu kién xac dinh ciia mau thi né 1a nghiém chung cua f (x), g(x) (¢
day 1a xét voi moi m nén c6 ca nhitng gia tri m khac 0). Bai 2 xuét hién kha nhiéu trong cac tai
liéu luyén thi DH va viéc tim ra cach chia nhu thé ciing kha 1a md man, chling ta cd thé rit y tir
phuong trinh & dudi dé thay 1én rdi danh gia phuwong trinh mot an x thu duoc.

nén néu x la nghiém cua phwong trinh da

Bai 24.

x* +y%+12°=2010°

1/ Giai h¢ phuong trinh:
{xs +y*+2° =2010°

2/ Giai phuong trinh; 3272 _3X2 £ 43 _3x 42 =0

(Dé thi chon d6i tuyén Ninh Binh)
Loi giai.
1/ Tr phuong trinh thir nhét cua hé, ta c6 |x|,]y|.|z| < 2010.
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Suyra X’ +y*+2°< ‘x3‘+‘y3‘+‘23‘ < 2010(x* +y? +1z%) = 2010°.
Tt phuong trinh thi hai suy ra dang thiee phai xay ra, tic 1a

x?(2010-x)=0  (x=0v x=2010
y*(2010-y)=0<={y=0v y=2010
2°(2010-2)=0 z=0vz=2010
Két hop v&i phuong trinh thir nhat, ta thiy hé da cho c6 ba nghiém phan biét 1a

(x,y,2) = (2010,0,0), (0,2010,0), (0,0,2010) .

2/ Phuong trinh d& cho tuong duong vai

32x3—x+2 3x3+2x

+2X° —Xx+2= +X° 42X
Xéthamsd f(t)=3'+t,teR, tacd f'(t)=3"In3+1>0,Vt nén day la ham dong bién.

f2xX°—x+2)=f(xX*+2x) & 2x° —x+2= x>+ 2x

Phuong trinh trén chinh la
SX-3x+2=0 (x+2)(x-1)°*=0=x=-2vx=1

Vay phuong trinh da cho ¢d hai nghiém la x=-2,x=1.

Bai 25.

2x— y+~/X—12/2(x=1) +2(2x— y)?

1/ Giai bat phuong trinh sau
Y +4x/x-1-17=0

2/ Véin la sb nguyén duong, giai phuong trinh _l + _1 + _1 ot — 1 =0
sin2x sin4x  sin8x sin2"x

(D& thi HSG tinh Khanh Hoa)
Loi gidi.
1/ Biéu kién x >1. Binh phuong hai vé ciia bat phwong trinh thi nhét cua hé, ta ¢
(2x—y)? + X =14+ 2(2x— Y)VXx—=1>2(x-1) + 2(2x - y)?
S (2x=Y) +x-1-2(2x - y)VXx-1<0 = (2x-y-+/x-1)*<0
S 2X-y—-JX-1=0 y=2x—-+/x-1
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Thay vao phuong trinh thir hai ctia hé, ta dugc

(2X =X =1)? +4xX/X-1-17 =0 < 4X* + (X—1) —4X/X =1 +4X+/Xx-1-17 =0
<:>4x2+x—18=0c>x:2vx:_79
Tathdy chic6 x =2 la thoa man, khi d6, twong ing ta cd y =3.

Vay hé bat phuwong trinh d cho c6 nghiém duy nhat 1a (x,y) = (2,3).
2/ bidu kién 2'x = k27, i :1,2,3,...,n;keZ®x¢k%,i =0,1,2,..,n-1,

Trudc tién, ta s& rit gon vé trai cia phuong trinh d4 cho.

cosa cos2a 2cos’a—cos2a 1
sina  sin2a sin2a sin2a’

Ta co bién ddi sau cota—cot2a =

Do do

1 1 1 1
. +— + — + ot —
sin2x sin4dx sin8x sin2"x

&Y ———=0c ) (cot2'x—cot2'x) =0 <> cot 2" x = cot X
iT sin2'x =

&S 2"X=X+kr o x= -

—— keZ
1
D& thay nghiém nay thoa man diéu kién ban dau.

Vay phuong trinh da cho c¢6 nghiém la x = % keZ.

Bai 26.

J3sin 2x—0032x—55inx+(2—\@)cosx+3+\/§ 1
2c0s X ++/3 '

1/ Giai phuong trinh sau

2x-1

2/ Giai phuong trinh log, ("7 —3x? —8x+5
X

(Dé thi HSG tinh Thai Binh)
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Lovi giai.
1/ Diéu kién cos x ¢_—\2/§© X # J_r%[Jr k27 .

Phuong trinh d& cho tuong duong vai

@sian—cost—Ssinx+(2—\/§)cosx+3+\@=2003x+\@
& +/35in2x—c0s 2X —5sin x—/3c0s X +3=0

< 24/3sin x.cos x—1+ 2sin? x —5sin X —+/3c0s x+3=0

&> 25in? X +5in X(2+/3 cos X —5) —~+/3cos X+ 2 =0

Pt t=sinx,[t|<1. Tacd < 2t* +t(2v/3cosx—5)—+/3cos x+2=0 (*)

Day la phuong trinh bac hai bién t ¢6
A = (23 c0s x —5)? —8(—~/3¢0s X+ 2) =12¢0s? X —12+/3cos X + 9 = (2+/3 cos X — 3)?

Do d6, phuong trinh (*) c6 hai nghi¢ém la

_ —(Zﬁcosx—5)+(2\@cosx—3) =£\/t: —(2\/§cosx—5)—(2\/§cosx—3) _
4 2 4

t —\/§COSX+2

-Néu tz—l{:)SinX=—£©X=—£+k27rvX=7—ﬂ+k27r,keZ (théa man).
2 2 6 6
-Néu t = —/3cos x+ 2 < sin x+\/§cosx=2©sin(x+%)=1<:>x=%+k2n,keZ (théa mén).

Vay phuong trinh da cho ¢6 ba ho nghiém I3 x = —%+ k27, x =%”+ k27, x =%+ k2z,keZ.

2/ Piéu kién 2x-1> 0,x—1¢0©x>%,x¢1.

Phuong trinh d& cho tuong duong vai
2x-1
3(x —1)*
& log, (2x—1) + (2x—1) = log, 3(x—1)* +3(x —1)?

log, =3x* —8x+4 < log,(2x-1) —log, 3(x—1)* = 3(x-1)* = (2x 1)
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Xéthamsé f (t) =log,t+t,t >0, ta co f’(t)=ﬁ+l>0,Vt>0 nén day 1a ham ddng bién.
n

Phuong trinh trén chinh la

f(2x-1) = f(3(x-1)°%) & 2x-1=3(x-1)* c>3x2—8x+4:0<:>x:§vx:2.

Ta thiy hai nghiém nay déu théa mén nén phuong trinh da cho cd hai nghiém la x = % x=2.

Nhan xét. O bai phuong trinh hrong giac, dén luc rdt gon dwoc thanh mét phwong trinh chi chira
sin X, cos x ; ta thudong dung cach dat an phy nhu trén dé dai s6 hoa viéc giai bai toan, khéng phai
dé dang dé cd thé tim ra cach phan tich nhan tir nhu trén, nhat 1a nhitng bai toan dai dong hon.
Néu dit t =sin x khong thanh cong, ta hoan toan c6 thé chuyén sang t = cos x dé thir vi chiang
han, nhu bai toan & trén, néu dit t = cos x thi 1oi giai s& khdng con dé dang nita.

Trong dé thi PH khéi B nim 2010 ciing c6 mot bai tuong ty, giai phwong trinh sau

sin2x —cos2x +3sin x—cos x+1=0. Bing viéc &p dung cdng thirc nhan d6i dé dua phuong
trinh vé dang f (sin x,cosx) =0, ta tién hanh dit an phu t =sin x dé phan tich thanh nhan tu, 1o
giai kha ro rang va tu nhién.

Céc ban thur giai thém bai toan sau

4sin® x + sin x.cos X(7sin X +3¢os X) + (sin 2x + €os 2x) —5(sin X +cos X) + 2¢cos* x = 0.

Bai 27.
X +l+yi+xy=y
1/ Giai h¢ phuong trinh y
X+y-2= 5
1+x
2++/2

=\/§+23in 2X

2/ Giai phuong trinh lugng giac
\Jtan x + cot 2x

(D& thi HSG tinh Phi Tho)
Lo giai.

1/ Ta thay hé phuong trinh nay khdng ¢ nghiém théa y =0 nén ta chi xét y = 0, khi do,

2

R . . 1
phuong trinh thir nhat cia hé tuong duong voi +Xx+y=1.
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x*+1
batu=

,V=X+Yy.Tacdhé

a+b=4 b=4_a b=4_a b=4_a b=3
1< 1< = =
b—2=g 2—a=g 2a-a’=1 |[(a-1)*=0 |a=1

X2 +1
S {x2+1:3—x {x2+x—2=0 {y=2
o o

Ta dugc y 3 3 & )
X+y=3 y=omx y=o-x {X__

Vay hé phuong trinh d& cho cé hai nghiém la (x,y) =(,2),(-2,5) .

2/ biéu kién
. ) sinXx Cos2x
cosx=0,sin2x #0,tan X+ cot2X >0 < SIin X.CoS X # 0, —— + — >0
COSX SIn2X
) 2sin? x+1—2sin® x )
< sinX.cos X # 0, >0<sinxcosx >0

sin 2x

o xe (k27r,%+ k27) U (~7 + k27r,—%+ k2r),k e Z
Ta bién d6i phwong trinh da cho tuong duong véi

‘5;1 =1+~/25in2x < (V2 +1)/sin2x =1++/2sin 2x
\'sin 2x

bat t =+/sin2x,0 <t <1. Phuong trinh trén chinh la

1

(VZ+3t =142 & t-D(V2t-D =0t =1vt=—

(thoa diéu kién).
Néut=1<sin2x=1< x=%+kn,k eZ.

-Néu t=ic>sin2x=£c>X=l+kﬂvi—z+kﬂ,keZ.

V2 2 12

So sanh véi diéu Kién ban dau, ta thdy phuong trinh d cho c6 ba ho nghiém la



x:£+k27r,x:1+k2n,x:i—72[+k27r,keZ.

4
Bai 28. Giai phuong trinh: 24x* —60x + 36 — ! + ! =0
-2 PRORE HE J5x—-7  x-1
(Dé thi HSG tinh Quang Ninh)
Loi giai.
Pidu kien: x>~ . Xét hamsé f(t)=t?——=— t>1. Ta co:
n: x> ot :
f'(t) = ot4— T 50,vt>1 nénham nay dong bién
2t-1Vt-1 '
7 . 7 . N .
Do x>—=>1va 5X—6>5.§—6=1 nén phuong trinh d& cho tuong duong voi
(5x—6)* — ! —xz—ic f (5x—6) = f(x)©5x—6—x<:>x—§
5x—7 Jx-1 2

Thir lai ta thay thoa diéu kién dé bai.

Vay phuong trinh d& cho ¢ nghiém duy nhét 1a x = g .

Bai 29. Giai phuong trinh v3x% +2x2 + 2 +v—3x* + X? +2X—1 = 2x + 2X + 2
(Dé thi chon d6i tuyén truong THPT Chuyén DHSP Ha Noi)
Loi gii.

X +2x2+2>0

Diéu kién x4c dinh
3+ x2+2x-1>0

Theo bat ding thirc AM — GM thi

3 2 3 2
Jad s 2x 12 =143 + 2x + 2 < T +22X *2) _ 3 +§X 3

Ding thuc xay ra khi va chi khi v3x® +2x*+2 =1< x=-1.
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1+(-3C+x2+2x-1)  -3x*+x*+2x

V=35 + X2 42X -1 =1-3 + X2+ 2x—1< 5 5

Ping thuc xay ra khi va chi khi V-3 X +2x-1=1e x=-1.

3x3+2x2+3+—3x3+x2+2x 32 +2x+3

3+ 22X 42 443 + X2+ 2X -1 < 5 .

3x* +2x+3 - (BX* +2x +3) + (x +1)?
2 a 2

=2X% +2X+2

Ping thuc xay ra khi va chi khi (x+1)? =0 < x=-1.

Do do, ta luon ¢ V3x% +2X% + 2 +8-3xC + X2 + 2X -1 < 2X% + 2X+ 2.
Ping thuc phai xay ra, tac 13 x = —1. Thir lai thiy thoa.

Vay phuong trinh d& cho c¢6 nghiém duy nhat 1a x = —1.

Nhan xét. Bai nay khéng qué kho va chi ap dung cac danh gia rat quen thuc cia BDT. Tuy
nhién, dé xac dinh dwoc hudng di nay ciing khong phai don gian; thong thudng sau khi nham ra
duoc nghiém 1a x = —1 va dung trude mot phuong trinh vo ti co chira can thé nay, ta hay ding
cach nhan luong lién hop; thé nhung, cach dé rdi ciing s& di vao bé tic cuing nhirng tinh toan
phuc tap.

(2x* —3x+4)(2y* -3y +4)=18

Bai 30. Giai hé phuong trinh
X+ Y2+ Xy—-7Xx—6y+14=0

(Dé thi chon d6i tuyén truong THPT Chuyén DHSP Ha Noi)
Lo giai.

Xét ding thuc x*+y2+ Xy —7x—-6y+14=0 (¥)

Ta xem (*) 1a phwong trinh bac hai theo bién x, viét lai 13 x> +x(y —7)+y* -6y +14=0.
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Phuong trinh nay c¢6 nghiém khi

A, =(y=T7)"-4(y* -6y +14)>0 = -3y* +10y-7>0 1< ys%.

Hoan toan tuong ty, xem (*) 1a phuong trinh bac hai theo bién y, viét lai la
y>—y(x—6)+(x* -7x+14)=0.

Phuong trinh nay c¢6 nghiém khi

A, =(x—6)2—4(x2—7x+14)20c>—3x2+16x—2020<:>2£x£%.

Taxéthamsd f(t)=2t>-3t+4tcR= f’(t)=4t—3:0c>t:§<1.

Suy ra, trén [1,+w), ham sb nay dong bién. Ta dugc
F(X)> f(2)=6, f(y)> f(1)=3= f(x).f(y)>3.6=18.
Tir phuong trinh thir nhat caa hé thi ta thiy dang thac phai xay ra, tac 1a x=2,y =1.
Thay hai gia tri nay vao (*), ta thay khdng thoa.
Vay hé phuong trinh d& cho vd nghiém.

Nhan xét. Y tudng giai cia bai nay khdng kho va ciing kha quen thudc khi chi can tim mién xac
dinh cua bién thdng qua viéc tinh Delta cia mot phuong trinh bac hai; tuy trong 1oi giai trén c6
khao sat ham s nhung thuc ra céc két qua do c6 thé chirng minh biang bat dang thire dai sé thuan
tdy nén cdng cuy giai chinh cua bai nay 1a dai s6. Va do d6 viéc hai biéu thirc cia x va y & phuong
trinh dau cua hé giéng nhau cé thé dan dén danh gia sai huéng ma dung giai tich, xét ham sb dé
khai thac phurong trinh dau tién trong khi didu d6 khong dem lai két qua gi. Cac hé s dugc chon
ra sb rat dep chinh 13 wu diém ndi bat cua bai toan nay.

202X +1)° +2x+1=(2y —3){/y -2
x/4x+2+\/2y+4:6

Bai 31. Giai hé phuong trinh {

(Dé thi chon d6i tuyén truong THPT chuyén Lwong Thé Vinh, Dong Nai)

Léi gidi.
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Diéu kién xac dinh: x> _71 y>2.

Xét ham sb: f (t) = 2t° +t,t € (0;+) .

Suyra: f'(t)=6t?+1>0nén day 1a ham dong bién.

Tir phuong trinh thir nhét cia he, taco: f(2x+1)=f(y—2) < 2x+1=1/y-2.

Thay vao phuong trinh thi hai, ta dugc:

Yay—8+\2y+4=6 (*)

Tathdy ham sé: g(y) =44y —8++/2y+4—6,y € (2,+) c6 dao ham I:

, 1 1

g'(y)= + >0,Vy € (2,+x) nén ddng bién.
Jay-8 J2y+4

Hon nita; g(6) =4/4.6-8++/2.6+4 —6=0 nén (*) co diing mot nghiem 12 y =6.

Véi y=6,tacd x=%.

Vay hé da cho c6 nghiém duy nhit 1a (x,y) = (%,6) .

Nhan xét. Dang toan ng dung truc tiép tinh don diéu vao bai toan dé don gian hoa biéu thic rat
thudng gap. Huéng giai nay co thé dé dang phét hién ra tir phwong trinh thir nhit cua hé, x vay
nam vé mdi vé cua phuong trinh va quan séat ki hon s& thay su twong ung ciia cac biéu thirc va
dan dén xét mot ham sé nhu d4 néu ¢ trén. Y tudng bai nay hoan toan gidng voi bai 5 dé thi PH
mon toan khdi A nam 2010.

(4x* +1)x+(y—3)/5-2y =0

4X* +y* +24/3-4x =7

Giai hé phuong trinh {

X'+ X3y +9y = y3x+ x?y? +9x

Bai 32. Giai hé phuong trinh
Xy’ —x) =7
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(Dé thi chon HSG tinh Hung Yén)
Loi gidi.
Taco
X+ x°y+9y = Yix+ xX°y? +9x < (X* —xy®) + (X°y - x*y?) - 9(x - y) =0
& (x— y)[x(x2 XY+ Y+ xzy—9] =0 (X— y)[x(x+ y)? —9] =0

Tur phuong trinh thr hai cua hé, ta thiy x = y nén tir bién doi trén, suy ra:

X(X+ Y)Y -9=0< x(x+y)* =9 (¥

Taco: x(y’-xH)=7T< yS—X3=Z®y=13/X3+Z.
X X

Thay vao (*), ta duoc: X(x+ 3(x° +Z)2 =9.
X

Ta s& chang minh rang vé trai 1a mot ham dong bién theo bién x. That vay:

2
x(x+‘3fx3+1)2 =X x2+2x‘3/x3+z+3/(x3+zj
X X X
2
2
:x3+2x2.,3/x3+z+x3(x3+zJ =x3+2x\3/x6+7x2+\3/X(X4+7)
X \I X

Tir (*) suy ra x > 0va trong biéu thirc ¢ trén, cac sb mii ciia bién x déu duong nén ddy 1a ham
ddng bién; suy ra n6 cé khdng qua mot nghigm.

Thay truc tiép x =1 vao biéu thirc, ta thay thoa.
Vay hé da cho c6 dang mot nghiém 1a: (x,y)=(12).

Nhan xét. Biém dic biét cua bai nay la xtr 1i dwoc hé phuong trinh méi sau khi bién doi, néu nhu
ta dung cach dai sb truc tiép, phan tich ra dugc mot nghiém x = 1 thi phuong trinh bac cao con
lai kho ma giai dwoc. Cach 1ap luan theo tinh don diéu cua ham sb thé nay vira tranh duogc diéu
do vua 1am cho 1oi giai nhe nhang hon.

2y° +2xy1-x =3J1-x -y

Bai 33. Giai hé phuong trinh
{y = 2x* =1+ 2xy~/1+ X

41



(Dé thi chon doi tuyén chuyén Nguyén Du, Dik Lik)
Loi giai.
Piéu kien —1<x<1.Pjt a=1-x>0=>x=1-a’.
Phuong trinh thir nhit cua hé twong duong véi
2y’ +2(1-a*)a=3a-y<2y’+y=2a’+a

D& thdy hamsé f(t) =2t +t,teR co f'(t)=6t>+1>0,Vte R nén dang thirc trén duoc viét lai
A f(y)=f(a)eoy=ac y=+1-X.

Thay vao phuong trinh thir hai ctia hé, ta dugc

V1I-X =2x% =1+ 2x4/1- X?

bat x =cost,t [0, 7], phuong trinh trén trg thanh

J1-cost =2cos’t —1+ 2costy1—cos?t

2sin? L = cos 2t +sin 2t©\/§sin%=x/§sin(2t+%)
. o+t ivon t= T A7
osint=sin2t+5) | 4 ,keZ@ 6 3 kez
2 V4 t _ 3
A+—=nm——+k.2x k—
4 2 10 5

Do t [0, 7] nén tr hai ho phuong trinh trén, ta chi nhan gia tri t = i—g
37
Khido x= cosE y=,[1- cos— \/—SI

Vay hé da cho c6 nghiém duy nhit 1a (x,y) = (cosi—g, J25sin 2—78)

x*—y*=35

Bai 34. Giai h¢ phuong trinh:
2x> +3y? =4x -9y

(D& thi HSG tinh Yén Béi)

42



Loi giai.
Phuong trinh thtr hai cia hé twong duong voi (6x* —12x+8) + (9y* +12y +27) =35

Thay vao phuong trinh thir nhat cua hé, ta dugc:

X2 —y? = (6x* —12x+8) + (9y* +12y + 27) & (x=2)° =(y+3)’ © x=y+5

Lai thay vao phuong trinh thir hai cia hé¢, ta dugc:

2(y+5)° +3y* =4(y+5) -9y & 5y* +25y+30=0 < (y+2)(y+3) =0 y=-2v y=-3.
Voi y=-2,tac6 x=3,voi y=-3,taco x=2.

Thur lai ta thay thoa.

Vay h¢ phuong trinh d& cho co hai nghiém 1a (x,y) =(-2,3),(-3,2) .

Nhan xét. Dang toan dya trén hang dang thic ndy xuat hién kha nhiéu, ching han trong dé thi
VMO 2010 vira qua; néu ching ta thiy céc biéu thirc ciia x va y trong hé phuong trinh chira day
du céc bac thi kha nang giai theo cach dung hing dang thirc 1 rat cao.

N . . X +y*=9
Mot bai toan tuong tu, giai hé phuong trinh sau .
X242y’ =x+4y

Bai 35. Giai phuong trinh  23/2x—1 = 27x% —27x% +13x -2

(Dé thi HSG Hai Phong, bang Al)
Loi giai.
Phuong trinh dé cho tuong duong véi (3x—1)° +2(3x—1) = (2x—1) + 23/2x—1.
Xéthamsd f(t) =t*+2t,teR. Tathdy f'(t) =6t*+1>0,Vte R nén day la ham dong bién.
Phuong trinh trén chinh la

f(Bx-1)=f(#2x-1) = 3x-1=32x-1<= (3x-1)° =2x-1
S 27X} 27X +7x =0 x(27x* =27x+7) =0 <= x =0

Vay phuong trinh d cho c¢6 nghiém duy nhat 1a x=0.
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Bai 36. Giai hé phuong trinh

—- - _ Z_XZ
X 2y y

(Dé thi chon doi tuyén Quang Ninh)
Loi giai.
Diéu kién x,y = 0. Cong ting vé cua hai phuong trinh, ta co 2oy 3y? < 2= X3 +3xy?
X

L4y phuong trinh thir nhét trir phwong trinh thir hai, vé theo vé, ta dwoc

1=3x2+y2 &S1=3xy+y°
y

Do do
X_€/§+1
2=x3+3xy?  [3=X+3xy’+y’ +3%y  [3=(x+y)’ [x+y=33 T
< = < =
1=y*+3x%y  [1=x+3xy’-y*-3x’y  |[1=(x-Y)° x—y=1 y_§/§_1
2

Thir lai, ta thiy nghiém nay thoa.

P+1 o B

Vay hé phuong trinh d& cho cd nghiém la x = 5 Y 5

Nhan xét. Dang toan nay ciing xuét phat tir viéc khai trién cac hang dang thirc, nhung ¢ day 1a

dwa trén tinh d6i xing dé tim ra sy bat dbi xirng nham sang tao dé toan thi vi. Cach giai bai nay

theo hudng trén 1a quen thudc va tét hon ca, mot bai twong tu trong dé thi HSG cua TPHCM la

TR

Giai hé phuong trinh
—+i = (3% + y?)(x* +3y?)
X 2y

Bai nay tao ra tir khai trién nhi thire Newton bac nam, néu ta xét khai trién bac bay thi bai toan
thu dwoc s& rat 4n tuong.

Bai 37. Giai hé phuong trinh
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x* =3x—-12y +50
y' =12y +3z-2
2° =27x+2712

(Dé thi chon d6i tuyén trudng THPT Phan Chu Trinh, Da Ning)
Loi giai.
Taco
x> =3x-12y+50 < 48-12y =X’ -3x -2 = 12(4—-y) = (x-2)(x+1)* (1)
Yy =12y+37-2=32-18=y’ 12y +16 ©3(z-6) = (y-4)(y+2)* (2)
2°=27x+271 = 271x-54=7°-2771-54 = 27(x-2)=(z-6)(z+3)> (3)

-Néu x=-1 thi (x—2)(x+1)?=0, tir (1) suyra y=4 hay (y—4)(y+2)*=0, tir(2) suyra
z=6 hay (z—-6)(z+3)* =0, tir (3) suy ra x =2, mau thuan.

Do d6, x =—1 khong thoa man hg, ta chi xét x = -1=> (x+1)* > 0.

Chirng minh hoan toan tuong tu, ta ciing ¢d: (y+2)> >0,(z+3)*>0.

Tu (2) suyra y—4, z—6 cung dau.

Tur (3) suy ra x—2, z—6 cung dau.

Tur d6, ta dugc: x—2,y—4 cung dau.

Hon nira, tir (1), ta thdy x—2,—(y —4) cung dau, tic 1a: 0<(x—2)(y—4)<0.

Do d6: x=2 hoac y=4.

Tir cac phuong trinh (1), (2), (3), dé thiy ca hai truong hop trén déu cho ta két qua la:
X=2,y=4,2=06.

Vay hé da cho c6 nghiém duy nhit 1a (x,y,z) =(2,4,6).

Nhan xét. Mau chét caa bai toan 1a phai co duoc cac phan tich (1), (2), (3) ¢ trén. Didu nay chi
c6 thé thuc hién duoc khi dd doan dwoc nghiém cua bai todn [a x=2,y =4,z =6 va cd thé tac
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gia bai toan ciing da xuat phat tir cac dang thirc ¢ dé bién ddi duoc dé nhu trén. Dang nay ciing
d4 tirng xuét hién trong dé thi HSG ciia TPHCM nam 2006 — 2007 véi cach giai tuong tu.

X} +y=3x+4
Giai hé phuong trinh {2y* +7 =6y +6
32°+x=9z+8

9 gy?
Bai 38. Giai phuong trinh ,s/# —2x+1

Léi gidi.

(Dé thi chon doi tuyén Phi Yén)

Phuong trinh d& cho tuong duong vai
x? +9x* —1=3(2x+1)° < x* +9x* —1=24x% +36x* +18x +3

S X3 = (273 +27x* +9x+1) + 9x+ 3= x° +3x° = (3x+1)° + 3(3x +1)
Xéthamsd f(t) =t+3t,teR,tacd f'(t)=3t>+3>0,Vt nén day la ham ddng bién.
Phuong trinh trén duoc viét lai 1a f (x%) = f (3x+1) < x* =3x+1. (*)

Trudc hét, ta xét cac nghiém thoa man —2 < x <2 caa (*). Pt x =2cose, ¢ [0, 7], khi d6

(*) < 8c0s’ @ =6C0sp+1<> 2c0s3p =1 < cos3¢=cos%©x=i%+k2§.
X o , o, A1 T o n , .
Ma ¢ €[0, 7] nén ta chi chon 3 nghiém cua ho trén la q):g,q) =?,¢>=?, tuong ung, ta co

cac nghiém cua (*) Ia x = 2005%, X = 2005%[, X = Zcos%[. RO rang ba nghiém nay la phan

biét va (*) 1a phuong trinh bac ba, c6 khdng qué ba nghiém nén day ciing chinh 1a tit ca cac
nghiém cua no.

Vay phuong trinh d& cho ¢é cac nghiém la x = 2005%, X = 2005%[, X = Zcos%[.

Bai 39.
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1/ Giai phuong trinh sau X—1+~/X+1++2-x = x> ++/2

Y 4y =x +3x*+4x+2

2/ Giai h¢ phuong trinh sau {

(Dé thi HSG tinh Nghé An)

Loi giai.
1/ Piéu kién —1<x<2.Pit t=/x+1++/2-x >0, tacod

2_
t? =3+2x/—x2+x+2c>(t 5 3)2 = X"+ X+2.

Phuong trinh d& cho tuong duong vai

(\/m+\/ﬂ)+(—x2+x+2):3+\/§<:>t+(t22_3)2 =3+42

ot —6t2 +4t—(3+442) =0
St =1 +V2) + 1+V2) - (3+2V2)t + (242 -3t - (1—V2)t + (5-/2)t—(3+4+/2) =0
o (=2 D[t + @Q+V2)t?* + (242 -3t + (5-+/2)]=0
t=~/2+1
= 2+ 1+2)t2 + (242 -3)t+ (5-+/2) =0

D2 thiy phuong trinh thir hai khdng c6 nghiém dwong nén ta chi xét t =+/2 +1. Khi do

Ix+14V2-x=V2+1=3+20-x2+x+2=3+2V2 = x* - x=0< x=0v x =1, théa.

Vay phuong trinh da cho cé hai nghiém la x=0,x=1.

2/ Piéu kién -1<x<1,0<y<2.
Phuong trinh thir nhat cia hé twong dwong véi v +y = (x+1)° + (x+1)..
Xéthamsd f(t) =t>+t,teR, tacd f'(t)=3t>+1>0,Vt nén day la ham ddng bién.

Phuong trinh trén duoc viét lai 13 f(y) = f (x+1) < y = x+1. Thay vao phuong trinh thir hai

cua hé, ta duoC V1— x> —Vx+1=v1-x -1 V1-x* =x+1+/1-x -1 (*)
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2_
Pt t = VX141 x >0 2 =24 2VI- X > 1 x2 = 5 2

2

Do d6 (*)<:>t 2_2=t—1<:>t2—2t=0c>t=2.

Khido VXx+1+/1-x =2 2+2V1-x* =2 & x* =1& x = £1, thoa diéu kién. Tuong ng voi
moi gia trix,tacd y=0,y=2.

Vay hé phuong trinh d& cho c6 hai nghiém la (x,y) =(-1,0),(L2).

Nhan xét. O bai 1, cach dat 4n phu va phén tich nhu thé chi mang tinh chét tham khao vi né kha
thiéu tw nhién. Ta hoan toan c6 thé khao sat ham s§ f (x) =X -1+ /X +1++/2—x —x? —+/2 trén
[-1,2], tinh dao ham cip 2 dé chimng minh phuong trinh f (x) =0 ¢6 khong qué hai nghiém
phan biét rdi nham nghiém hoic ta ciing c6 thé dung phuong phap nhan lwong lién hop dé giai
quyet cling kha thuan tign.

Bai 40.
x*+8y° —4xy* =1

1/ Giai h¢ phuong trinh
2x* +8y*—2x-y=0

2/ Chirng minh phuong trinh sau ¢ ding mot nghiém (v/x+1)*" —2(v/x+1)° = x> +3x* +3x + 2.
(Dé duy bi thi HSG tinh Nghé An)
Loi giai.

3

X3 +t3

§ . ex s —xt? =1 t*—1=x(t* - x?)
1/ bat 2y =t , hé da cho tro thanh &

A"+t —4x-t=0 |[4x(xX*-D+t({t*-1D =0
Thay t® —1=x(t* — x?) tir phuwong trinh thi nhét vao phuong trinh thir hai cua hé, ta dwoc

3 2 2 x=0
AX(x* =) +xt(t"—x)=0<= . s
4(x° =) +t°-tx" =0
D& thdy x =0 khong la nghiém cua hé nén ta chi xét 4(x* -1) +1* —tx> =0 < 4x° +t° —tx?* = 4.

Phuong trinh thir nhit cua hé duoc viét lai 1a 4x° +4t° —4xt> = 4. Do d6
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4 + 4187 —4xt? =43+ —tl ot =tx* ©t=0vt = +X.

D& thdy t =0 khdng thoa man hé d cho nén chi xét t =+x .

< x=1.

5x*—5x=0

. [ —xx® =1 x*=1
-Néu t =x, taco hé . 4 &
A"+ X" —4x—x=0

Khido t=x=1= yzé, hé da cho c6 nghiém (x,y) =(1,%).
. X=X —x(=x)* =1 xX*=-1 o
-Néu t =—x, taco hé & , hé nay vb nghiém.
4 +(=x)* —4x—(-x)=0  |5x*-3x=0

Vay hé phuong trinh d4 cho ¢6 nghiém duy nhat 1a (x,y) = (1, %) :

2/ Chirng minh phuong trinh sau ¢ ding mot nghiém (v/x+1)*" —2(v/x+1)° = x> +3x* +3x + 2.
Diéu kién x > —1. Phuong trinh d4 cho tuong duong v6i (vVx+1)%" —2(x+1)° = (x +1)° +1.

Pit t =+/x+1>0. Ta can chimg minh phuong trinh t** —2t* =t° +1 ¢6 dung mot nghiém
duong.

Xéthamsd f(t) =t** —t°—2t*-1,t>0. Taco f(0)=-1 lim f(t) =+ va f(t) lién tuc trén
(0,+0) nén phuong trinh f(t) =0 cd it nhat mot nghiém duong.

Taco t -2t =t +1 ot ™ = (t*+1)*>0=t>0, mavsi t >0, tacod

M =t +1)° 21>t >1.
Khido f'(t)=2011t"" —6t° —6t* =1999t**"° +6(t**° —t°) + 6(t*° —t*) >0 nén day 1a ham

ddng bién, tirc 1a nd cd khong qua mot nghiém.

Két hop cac diéu nay lai, ta thiy rang phwong trinh t**' —2t* =t® +1 c¢6 dung mot nghiém duong,
tuc la phuong trinh da cho cé ding mot nghiém. Ta c6 dpem.

Nhan xét. Bai 2 tuy hinh thirc kha phtic tap nhung qua phép dit 4n phu da dwa vé mot phuong
trinh da thirc thong thuong. Y tuong giai nhu trén d4 ting xuat hién trong Bo dé tuyén sinh cua
Bo GD - BT, d6 la bai toan sau

Chirng minh phuong trinh x° = X* +2x +1 c6 diing mdt nghiém.
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X+3y=x>-12
Bai 41. Giai hé phuong trinh sau <—y+4z =Yy’ -6

9z+2x=12"+32
(Dé thi chon doi tuyén PH KHTN Ha Nbi, vong 1)
Loi giai.
3y+6=x>-x-6 3(y+2) =(x—=2)(x* +2x+3)

Hé da cho twong duong voi 14z+16 =y +y+10 = < 4(z+4) = (y+ 2)(y* -2y +5)
2x—-4=17"-9z+28 2(x—2)=(z+4)(z2*-4z2+7)

Nhan ting vé cac phuong trinh caa hé, ta cd

24(x=2)(y+2)(z+4) = (x=2)(y+2)(z +4)[(x2 +2x+3)(y* -2y +5)(z° -4z +7)}
(x=2)(y+2)(z+4)=0
e (X2 +2x+3)(y* =2y +5)(z° —4z2+7) =24

-Néu (x-2)(y+2)(z+4) =0 x=2vy=—2vz=—4.

Tathdy rang néu x =2 thi theo phuong trinh thir nhat, y =—2; theo phwong trinh thi hai,
z =-4 va hé da cho cé nghiém (x,y,2) =(2,-2,-4).

Tuong ty néu y=-2 hoic z=-4.

-Néu (x*+2x+3)(y* —2y+5)(2" —4z+7) =24 = [ (x+1)* +2][ (y-1)° +4][ (z-2)* +3|=24
Ta thiy rang [(x +1)% + 2}[(y ~1)° +4}[(z -2)° +3] > 2.3.4 =24 nén dang thuc phai xay ra, tac
la x=-1Ly=1z=2.

Thir lai, ta thiy b nay khdng thoéa man hé da cho.

Vay hé phuong trinh d4 cho ¢6 nghiém duy nhat 1a (x,y,z) = (2,-2,-4) .

Nhan xét. Bai nay ciing c6 dang tuong tu nhu mot bai da dé cap & trén va ndi chung thi dang nay
khé quen thudc; tuy nhién, diém mdi cua bai nay 1a khdng phai nhan dwoc nghiém

(x,y,2) =(2,-2,—4) thdng qua cac bat dang thirc so sanh voi nghiém nira ma 1a qua viéc ching
minh bo nghiém d6 qua viéc chirng minh né 1a duy nhat véi viéc dung cac tam thic bac hai.
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eyz,xz X +1

Bai 42. Giai hé phuong trinh T
3log,(x+2y+6)=2log,(x+y+2)+1

(Dé thi chon d6i tuyén trudng THPT Cao L&nh, Bong Thap)
Loi giai.

Didu kién xdc dinh | X T2Y+6>0
X+y+2>0

Xét ham sb: f(t)=e'(t+1),t €[0,40). Tacod f'(t)=e'(t+1)+e' =e'(t+2)>0nén day 1a ham
ddng bién. Do d6
2.2 x?+1

yo-x
e 2

LS Y= (Y +) e T = F(y) = X =y e x =1y,
Yy +

Phuong trinh thir hai cia hé tuwong duong voi
3log,(x+2y+6)=2log,(x+y+2)+1

& Iogz[(x+2y+6)‘"°} =log, [2(x+ y+2)2} S (X+2y+6)° =2(x+y+2)° (¥
Xét hai truong hop

-Néu x =y thi thay vao (*), ta duoc (3x+6)° = 2(2x + 2)?.

Theo diéu ki¢n ban dau thi 2x+2>0=> 2x+4>2x+2>0.

Hon nita: (3x+6)> —2(2x+4)* = (X +2)*(27x+46) > 0 = (3x +6)° > 2(2x + 4)°.
Do d6: (3x+6)° > 2(2x+4)* > 2(2x+2)* nén phuong trinh nay vd nghiém.
-Néu x =—y, thay vao (¥), ta dugc (-x+6)° =2(2)* = (6—-x)’=8<=6-x=2< x=4.
Suy ra: y=-x=—4. Tht lai thiy thoa.

Vay hé da cho c6 nghiém duy nhit 1a (x, y) = (4,—4).

Nhan xét. Hé dang nay rat quen thudc véi y tuong chinh 13 dung tinh chét cia ham don diéu:
f(a)= f(b) < a="h. O bai trén ciing cha y cac danh gia trong truong hop x =y, bai vi khi do
phuong trinh bac ba thu dugc phai giai theo cong thirc tong quat, didu thuong bi tranh & cac ki
51



thi HSG; do d6, viéc tim mot danh gid thich hop dé chizng minh nghiém caia né khéng thoa dé
bai 1a mot diéu kha tu nhién.

VXE—x+2 VX +X )

=X

- =x?-1
T4=x24+x+2 1+vJ-x—x+4

Bai 43. Giai phwong trinh sau:

(D& thi HSG tinh Binh Phudc)
Lo giai.

~1+17

Diéu kién x4c dinh 0< x> —x+2<4,0< x> +x< 4 -1<x< >

Phuong trinh d& cho tuong duong vai

VX2 —=x+2 ~ X% + X _y
1+4/4—(X*=x+2) 1+J4—(X*+X)

ot
1++/4—t

f,(t):(l+\/4—t+ Vit L
2t 2J4-tT (1+Ja-t)?

2-1

Xéthamsé f (1) = ,te[0,4], taco

>0,Vt [0,4] nén dy la ham ddng bién.

Phuong trinh trén chinh [a f (x* —x+2)— f (x> +X)—(x*=1) =0 (*).
Ta xét hai truong hop

1+\/17
2

-Néu 1< x<— =X x+2<x’+x< f(X*—x+2) < f(x* +X), dong thoi x*—1>0,
khido f(x*—x+2)—f(x*+x)-(x*-1)<0.

Néu 1< x<1=xX2—x+2> X2 +x < f(xX*—x+2)> f (x*+X), ddng thoi x*—1<0, khi d6
f(x*—x+2)—f(xX*+Xx)—(x*-1)>0.

Thir tryc tiép thdy x =1 thoa méan (*)

Vay phuong trinh d cho ¢6 nghiém duy nhat 1a x =1.
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, N -

Nhan xét. Viéc phat hiénrahamso f(t)=————,t €|0,4| nhu trén khong kho, cé thé thay
1+V4-t [ ]

ngay tir viéc quan sat biéu thirc va dat diéu kién xac dinh; tuy nhién, viéc nay ciing d& khién ta

lam tuong dén viéc xét ham s nao ¢ ma khong nghi ra cach dénh gia kiéu nhu trén.

Mat bai toan co cung cach danh gid nhu trénla e+ (X* — x) In(x* +1) = e¥.

VXi-x+2 X +x
I+vV—X+X+2 1++-X*—x+4

Céc ban thur giai thém bai toan sau =x-1.

Bai 44.
1/ Giai phuong trinh ¥/3x+4 = x* +3x2 + X2
2/ Tim s6 nghiém ciia phuong trinh
(4022x°°™ +4018x° + 2x)* —2(4022x*™ +4018x°*® +2x)? +cos* 2x =0
(Dé thi chon d6i tuyén Chuyén Nguyén Du)
Loi giai.
1/ Phuong trinh dd cho tuong dwong véi 33X +4 +2x+3 = (x +1)°

(x+1)°=2x+y+4

bat y+1=13/3x+4. Tacé hé phuong trinh
(y+1)°=3x+4

Tru hai phuong trinh cua hé, vé theo Vé, ta duoc

(x=y)|[ (x=1*+(x-D(y-D+(y-1* |=y-x
Xx-y=0

S X=Yy
(x=1)° +(x-D(y-D+(y-1)°* =-1

Suyra x+1=33x+4 & (x+1)°’ =3x+4 o x*+3x* =4 & (X-D(x+2)’ =0 x=1v x=-2.

Thir lai ta thay thoa.

Vay phuong trinh da cho cd hai nghiém phan biét la x=1,x=-2.

2/ Pat t = 4022x*" + 4018x** + 2x. Tac
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t? —1=sin2x t? = (sin X + cos x)?
t4—2t2+00322x=0c>(t2—1)2:sin22x<:{ c{ ( )

t?~1=-sin2x | t* =(sin X —cos x)

Ta duoc bon phuong trinh sau
t =sin X+ cos X,t = —(sin X+ oS X),t =sin X—CO0S X,t =—Sin X +COS X .

Ta thiy ham s6 t(x) = 4022x*™™ +4018x™* + 2x 4 Ié nén chi cin xét cac phuong trinh
t(x) =sin x+cos X,t(x) =cosx—sin x.
Taco

t(X) = sin X +c0s X <> 4022x*°" +4018x° + 2x =sin X +COS X .

Xét ham s g(x) = 4022x*™ +4018x* +2x — (sin x+c0s X) €O
g9'(x) = 4022.2011x** + 4018.2009.x** + 2 — (cos x —sin x) >0 nén 1a ham ddng bién.

Hon nita g(0) =-1,g(1) > 0= g(0).g(1) <0, dong thai g(x) lién tuc trén (0,1) nén phuong
trinh g(x) =0 c6 dang mot nghiém thuoc (0,1), tic la phuong trinh t(x) =sin x+cos X c6 dang
mot nghiém thuec.

Tuong tu, phuong trinh t(X) = cos x —sin x cling ¢c6 ding mdt nghiém thyc thude (0,1) .
Do d6, mdi phuong trinh t(X) = cos X +sin x va t(x) = —cos x+sin x ciing c6 mdt nghiém thuc.

Vay phuong trinh da cho cd ding 4 nghiém thyc.

2-x)1-2x)(2+y)(1+2y) =410z +1

Bai 45. Giai hé phuong trinh sau {
X4+ Y2+ 2% +2x2+2y2+ X*y* +1=0
(Dé thi chon doi tuyén Ha Tinh)
Loi giai.
Taco x>+ y? +2° +2x2+2yz+X°y* +1=0< (X+ Y+ 2)* + (xy—1)? =0 hay

X+y+z=0,xy=1= y=i
X

,Z=—(X+ y):—(x+£).
X

Thay vao phuong trinh thir nhat cua h¢, ta dugc
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(2—x)(1—2x)(2+£)(1+g) =4, /1—10(x+%)

& (2= X)(1-2x )(1+2X)(ﬂ) a1 10(x+—)

= (4_X2)(}_4X2) 4. [1-10(x+ 2) o 4 + 1) 17 =4, [1-10(x+ 3)
X X X X

1 . 1 N s o
Dit t=x+==t|>2. Taco t*—2=x’+—, thay vao phuong trinh trén, ta duoc
X X

A(t2 —2) —17 = 4110t <> 4t% — 25 = 41-10t = (4t> — 25)° ~16(1—10t) =0

< (47 - 20t +29)(2t +3)(2t+7)=0=>t = —%

7+
\V/&i gid tri t ndy, ta co x+£=—%c>2x2+7x+2:0c>x:7_T\/ﬁ.
X
-Voi X=ﬂ,tatinhduqc y=_7+—\/@,z=1.
4 4 2
-Véi x=_7%/@,tatinhduqc y=_7+/@,z=%.

Thur lai ta thay thoa.

Vay hé da cho c6 hai nghiém phéan biét la

(Xy)(7+f 74f1)(7f 7+4f7

Nhan xét. Viéc phat hién ra hang dang thic ¢ trén 1a khong kho nhung viéc thay cc gia tri vao
va tim ra céch dit an phu thich hop qua 1a khong don gian, can cd cach bién ddi chinh xac. Bai
toan c6 hinh thirc va y tuong ciling kha tha vi.

Bai 46.
1/ Giai phwong trinh sau 2010*(v/x* +1—x) =1.

y4 —4X + 2xy—2x+4 — 5

2/ Giai h¢ phuong trinh
{2X+x3 =y +2Y
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(Dé thi chon d6i tuyén truong THPT Sao Nam, tinh Quang Nam)
Loi giai.
1/ Phuong trinh d& cho tuong duong véi 2010% = /x> +1+X.

Ta s& chirng minh phuong trinh ndy ¢6 nghiém duy nhét la x = 0. That vay

Xét ham s f(x) =2010* — (vx*> +1+x), tacd f’'(x) =2010*1n2010—( +1)

x* +1

-Néu x>0 thi f'(x)>In2010—( +1) >0 nén day 1a ham ddng bién, ma f (0) =0 nén

1+
XZ

phuong trinh nay c6 dung mot nghiém x=0 vai x>0.

-Néu x<-1,tacod

1 3 1
£7(x) = 2010*.(In 2010)2 ———=—— { "(x) = 2010*(In 2010)° +>.—=__ >0.
(x* +1)° 2 J(x*+1)°
(IN2010)2 1

<0 nén f'(x) laham

Suyra f"(x) 1a ham ddng bién nén f"(x) < f"(-1) = -

y (x) 1a ham dong bie (x)< f(-1) 2010 242
nghich bién, suy ra f(x) < lim f(x)= Iirp[2010x—(\/x2+1+x)]=0 nén phuong trinh f(0)=0
khdng cé nghiém voi x <-1.

-Néu 1<x<— thi vx? +1+x>‘/( ) 1 \f 1 2010° < ! <\/72_1 nén trong

~ 2010

trueong hop nay phuong trinh vo nghlcm.

-Néu _71 <x<0 thi f'(x)=2010*1n2010—( +1) > 0 nén day 1a ham ddng bién, suy ra

x? +1
f(x) < £(0)=0.

T6m lai, phwong trinh d4 cho c6 nghiém duy nhat 13 x=0.
—4x 4292 =5
2/ Giai hé phuong trinh |7
2 +xP=y*+ 2’

Tir phuong trinh th hai caa hé va tinh dong bién cia hamsé f(t) =2' +t3,tacé x=y.
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Thay vao phuong trinh thir nhat cua h¢, ta dugc
X4 AX 4252 _ 5 5 x* 1 Ax =200 > 8 e x4 _4x4+3<0

& (X-D) (x> +2x+3) <0< x =1
Thir lai, ta thiy thoa; twong tng vai gia tri x nay, taco y=1.

Vay hé phuong trinh d4 cho ¢6 nghiém duy nhat 1a (x,y) = (1,1).

Xll + Xy10 — y22 + y12

7y +13x+8= 2y“€/x(3x2 +3y*-1)

Bai 47. Giai hé phuong trinh {

(Dé thi chon doi tuyén TP.HCM)
Lai giai.
Ta thiy hé nay khdng c6 nghiém thoa y =0 nén ta chi xét y = 0, khi d6 ta co

x11+xy1°=y22+y12c>(1 11+§=y11+y.
y y
Xéthamsd f(t) =t"+t,te R= f'(t) =11t*° +1>0,Vt € R nén day la ham dong bién.
2 o 2 pwA . \ X X 2
bang thiac 6 trénchinhla f(=)=f(y)=>—=y < x=Yy".
y y

Thay vao phuong trinh thir hai ctia hé, ta dugc

7X2 +13x+8 = 2x* Y x(3x* +3x 1) c>z+2+%=23 3+§—i2 :
x x° X

X X

Détt=£>0.Tacé
X

7t+13t% +8t° = 233+ 3t —t? < (2t +1)° + 2(2x +1) = (3+3t —t?) + 23/3+ 3t —t2

Xéthamsb f(a)=a’+2a,a>0= f'(a) =3a’+2>0 nén ham nay dong bién. Phuong trinh
trén chinh la

f(2t+1) = f(¥3+3t—t?) = 2t +1=33+3t—t* = (2t +1)° =3+ 3t —t? < (t+1)(8t* +5t+2) =0

Do t >0 nén khdng c6 gia tri nao thoa mén.
Vay hé phuong trinh d& cho vd nghiém.
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Nhan xét. Do phuong trinh thu dugc sau khi tim ra quan hé gitta x va y khéng c6 nghiém duong
nén ta co thé ding bét dang thirc dé danh gia thay vi ding ham sb nhu trén.

2009x + 2010y = (x— y)?
Bai 48. Giai hé phuong trinh: 2010y + 2011z = (y —2)?
2011z +2009x = (z — x)°
(Dé thi chon doi tuyén chuyén Quang Trung, Binh Phuéc)
Loi gidi.
D3t 2009 =a > 0, ta xét hé tong quat hon 14
ax+(@+1)y=(x-y)

(a+)y+(@+2)z=(y-2)* (*)
(a+2)z+ax=(z—x)*

oy + @ =D

Ta tinh duoc ax = >

Tuong tw (@+1)y=(y-2z)(y-2),(@a+2)z=(z-x)(z2—Y)

Tur ddy suy ra ax.(a+1)y.(a+2)z=—[(x—y)(y—2z)(z- x)]2 <0

Mt khéc, tir (*) ta thdy ring téng cua ting cip trong ba gid tri ax, (a+1)y,(a+2)z déu khong
am, ta s& chirng minh rang ca ba gia tri nay déu khdng am.

That vay, gia st ax < 0 <> x <0, tir phwong trinh thir nhat va phuong trinh thi ba cua (*), suy ra
(a+1)y>0,(a+2)z>0<y,z>0 hay x—y,x—z<0= ax =(x—Yy)(x—2z) >0, mau thuan.

Do d6 ax>0. Tuong ty, ta ciing c6 (a+1)y,(a+2)z>0.

Nhung tich cia ba sb nay lai khdng am nén ta phai cé ax=(a+1)y=(a+2)z <= x=y=2=0.

Thir lai thay thoa. Vay hé d4 cho c6 diing mot nghiém 1a x=y=2z=0.

Nhan xét. R rang cac hé sé ban dau 1a chon dua theo théi quen “chon hé sé triing voi nim cho
d&” nén ta hoan toan co thé xét bai toan tong quat dé viéc bién ddi thuan tién hon. Bai toan thuc
su th vi sau khi co ax = (x—y)(x—2),(@a+1)y=(y-2z)(y-2),(@a+2)z=(z—x)(z—-Y). Néu
khéng dung bét ding thirc ¢é danh gia ma ¢ ging dung cac phép thé thi khé cé thé thanh cong.
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X +y =

Bai 49. Giai hé phuong trinh sau

o gl

4x* +3x—2—; =—y(3x+1)

(Dé thi chon doi tuyén Nghé An)

Léi gidi.

5(x* +y*) =1 2(x2+y2):%
H¢ da cho tuong duong voi 57 &

2 e
4x +3x+3xy+y—25 2x2—2y2+3x+3xy+y=£21—;

Tathiy 2x¢ -2y 43K+ By 4y =L (2= )+ 29) + 2x-Y)+ (x+2) =5

bat 2x—y=a,2x+y=b, ta dugc

a’+b* =1 (a+b)*>—2ab=1 2ab=(a+b)*-1 ab=—

= = =
ab+a+b=2""12ab+2a+b) =27 |(a+b+1 =23 17
25 25 25 a+h=—

Ta thiy hé phuong trinh thir hai vo nghiém, hé thir nhat ¢6 hai nghiém 1
21, 11 2

34 4 3 , . B
(aab) :(g,g),(a,b) :(g,g) 5 tlIO'l’lg ung la (X, y) = (5,5)1(2—5,2—5)

Vay hé phuong trinh d& cho cé hai nghiém phén biét 1a (x,y) = (%,%), (;—;,235) :

Nhan xét. Cach phan tich & phuong trinh thir hai qua that rat kho thy. Bai toan nay thuc chét
Xuat phat tir mot hé d6i xing thong thudng, nhung qua cac phép thé va tach biéu thirc, nd tré nén
phtc tap va viéc bién ddi nguoc lai thuong phai mo man. Ta ciing cO thé nhan phuong trinh thi
nhat v&i 25 va phuong trinh thir hai véi 200 rdi cong lai, ta cd 25(3x + y +1)? =144, céc gia tri
25 va 50 nay chon bang phuong phap hé sé bt dinh véi mong mudn tim ra mot quan hé dep giira
X va y, nhu binh phuong & trén chang han.

59



Bai 50. Cho céc tham s duong a,b,c. Tim nghiém dwong cua hé phwong trinh sau :

X+y+z=a+b+c
4xyz —a’x—b*y—c*z =abc

(Dé kiém tra doi tuyén Ninh Binh)

Lot gidi.
2 2 2
Phuong trinh thir hai cia hé tuwong duong voi —+b—+c—+a—bC =4,
yz X Xy Xyz
. a b c 2 2 2
bat x, = Y, = 2 = ,suyra x;+ Yy, +z7 +xY,2, =4 (%)
yz Vo' xy

Dé thdy 0< X, ¥,,Z, <2 nén ton tai cac gia trj u, v thoa 0 < u,v<% VA X, =2sinu,y, = 2sinv.

Thay vao (*), taco z7 +4z,.sinu.sinv+4sin®u+4sin*v-4=0.

Pay la phurong trinh bac hai theo bién z,, ta c6

A" = (2sinu.sinv)® —(4sin*u+4sin*v—4) = 4(1—sin® u)(1—sin®v) = 4cos’ u.cos’v>0.

. o o z, =-2sinusinv—2cosucosv >0
Suy ra phuong trinh nay co6 hai nghiém la < .
z, =—-2sinusinv+2cosucosv <0

Do d6 a=2,/yz.sinu,b= 2Jzx.sinv,c = 2,/xy(cosucosv—sinusinv).
Thay vao phuong trinh thir nhat cua h¢, ta c6

X+y+z=2 yz.sinu+2\/§.sinv+ZM(cosucosv—sinusinv)
& (Vxcosv—.Jy cosu)? + (\/xsinv +,/ysinu—+/z)2 =0
& xcosv—.fycosu=+/xsinv+.fysinu—+z =0

bvx afy a+b a+b

+ = =7=
2Jzx  2fyz 2Vz 2

. , c+a b+c
Tuong ty, tacling co y = > X = >

Ta tinh duoc \/sz/;sinv+\/§sinu =
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b+c c+a a+b)

Vay hé phuong trinh da cho ¢6 nghiém duy nhat 1a (x,y, z) = ( BT

Nhan xét. Pay 1a bai toan trong IMO Shortlist, dé bai va 10 giai thuc su rat hay, 1a mot két hop
dep giita dai sb va lugng giac. Ta ciing c6 thé giai bang bién ddi dai sb nhd cach dit an phu
_b+c _c+a a+b .

X=—=-Uy=——-viz=——-ww danh gia biang bat dang thrc.
X+ 32x — yz =3
. X"+
Bai 51. Giai hé phuong trinh sau trén tap hop so thuc N 3y
+
2 yz =0
X“+y

(Dé thi chon doi tuyén Chuyén Vinh Phuc, tinh Vinh Phuc)
Lo gii.
Ta s& giai hé phuong trinh nay biang sé phuec.

Nhan phuong trinh thir hai ciia hé véi i (don vi 40 i? = —1) rdi cong véi phuong trinh thir nhit,
3Xx—y—xi—3yi 3(x—yi)_i(x—yi)_0

taco x+yi+ =3 (X+yi)+
y X2+y2 ( y) X2+y2 X2+y2
- . 1 x-yi 2 A S s
bat z =X+ yl= —=——— . Dang thuc ¢ trén duoc vict lai la
Z X +y
_1i + i
Z+Q=0C>22—3Z+3—i=0<:>Z=M©Z=2+ivzz:|.—i.

z
-Néu z=2+i,suyra x+yi=2+i<=x=2y=1.
-Néu z=1-i,suyra x+yi=1l-i<x=1y=-1.
Thir lai ta thay thoa.

Vay hé da cho c6 hai nghiém la (x,y) =(2,1),(1,-1).

Nhan xét. Dang toan nay ciing kha phd bién va déu chung y tuéng la giai quyét bang sb phic.

X_3x2+102y 1 xs x2+ 2y2 5
X©+ X©+ 5 .
Céc bai toan trong tu oo Y (D& chon doi tuyén Ha Noi 2007)
10x -3y 2X—-Yy
yt———> =2 +t———>5=0
X“+y X“+y
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Trén thuc té, ta ciing c6 thé giai bang cach dung bién d6i dai s6, nhan x va y thich hop vao ting
vé ciia cac phuong trinh ri trir lai dé thu dwoc quan hé don gian hon giira cac bién nay.

Bai 52. Giai hé phuong trinh:

x*—2x=y'-y
(x*—-y*)’ =3

(Dé kiém tra doi du tuyén truong THPT Chuyén DHSP Ha Noi)

Lo giai.

Pit x+y=a,x—y=hb,3=c’.
Tir phuong trinh thir hai cua hé, ta c6 (ab)3 =c*<ab=c.

a+b a-b
Tacd x= Y = . Suy ra
> y > y

2 2
X' =yt = (x=y)(X+ V)X +y?) = abKa—ij +[a7_bj } = a?b(a2 +b?), hon nira:
(a-b) a+3p a+c’h
2 2 2
Do d6, phuong trinh thir nhat cua hé da cho tuong duong voi

2x—y=(a+b)-

a—b(a2+b2)= a+c’h
2

Ta co hé mai la

<c@ +b)=a+ch

4

2 2 3 2
c(@+b“)=a+chb c c
{ ( ) =c@’+5)=a+—<ca'+c’=a’+ac’ < (ca-1)(@°-c’)=0
a a

ab=c

1
&~ a=—va=cC.
c

Suy ra hé nay c6 hai nghiém la (a,b) = (c,1); (%,cz).
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Xét hai truong hop

c+1_3B+1 31
> Y= .

-Néu a=c,b=1thi x= y
2 2

3 A3 _
- Néu a=l,b:c2 thi x:i 1+c2 _1re :i,yzi l_cz e -1
c 2\c 2c @377 2(c

3 3
Vay hé da cho c6 hai nghiém la: (x,y) = (\@;1, \/52 1]

2 —_1j
IRERE
Binh luan. Pay la mot hé phuong trinh rat dep, hinh thirc caa né dé lam ching ta bi réi khi
khéng thé nhim dugc nghiém nao ciing nhu tim dugc mot ham sé nao d6 dé khao sat nhu y

tuong thong thudng. Loi giai thuan tiy dai s va cach dat an phu nhu dé bai can phai cha y, no
ting xuét hién trong dé VMO 2005

X +3xy? =49
X* —8xy+ Yy’ =6y—17x

4 s_ 3 1

o i XY=
Mot bai toan tuong tu nhu trén cling c6 101 gial rat thd vi 4y 2x
(x*-y*)°+5=0

Bai 53. Giai phuong trinh 2x2.sin X+ X.Cos X+ &/2X +1 = X3 = x° + X +1

(Dé thi chon d6i tuyén Ha Noi)
Loi giai.
Ta thiy phuong trinh khdng c6 nghiém x = —% nén ta chi xét x = —%.

Xét ham s (x) = 2x%.5in X+ X.CoS X+ Y2X+1+X* = x* —x -1, X # —%.

Taco f'(x)=3x.sinx+(2x* +1) cosx+#+ 5x* —3x* -1

33/(2x+1)?

Ta s& chang minh danh gid manh hon 13 3x.sin X+ (2x* +1)cos X +5x* —3x* —1>0,Vx e R (*)
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Ta thiy biéu thirc nay khong thay d6i khi thay x boi —x nén ta chi can xét x > 0.

3 2
N i (e . X X
Ta can ching minh bat dang thac sau sin x > x——6 ,COS X 21——2 , VX >0.

s 2 X .
Xeét ham so g(x)=cosx—1+?, x>0,taco

g'(x)==sinx+x,g"(x)=—cosx+1>0=g'(x) =—sinx+x>g'(0)=0. Do d6, g(x) la ham
2 2
ddng bién trén [0,+), suy ra g(x) > g(0) =0:>cosx—1+x?20:>cosx21—x?.

3
Tuong ty, ta cling co sin X > X s

Tur hai danh gia nay, ta co
X X2
3x.sin X+ (2x* +1) cos X+ 5x* —3x* —1> 3X(X_E) +(2x° +1)(1—?) +5x* —3x* 1.

Hon nita, ta cling co6

3 2 4 4 2
3x(x—%)+(2x2 +1)(1—X?) 15X —3x2 —1=3%2 —X?%xz X +145xt —3x% —1= @z 0

nén 3x.sin X+ (2x* +1)cosx +5x* —3x* -1>0,vxeR..

Do d6 (*) dung hay f'(x)>0,vxeR. Suyra f(x) 1a ham déng bién nén phuong trinh d4 cho
c6 khoéng qua mot nghiém. Mat khac f (0) =0 nén 0 la nghiém cta phuong trinh da cho.

Vay phuong trinh d cho c¢6 nghiém duy nhat 1a x=0.

Nhan xét. Biém quan trong nhit caa bai toan la chimg minh f'(x) >0 , nhung d6 1a mot biéu
thirc vira ¢6 chtra ca sin x,cos X va cin thirc, ddng thoi sb hang tu do cua ham sb lai &m nén that
su rat kho du doan duoc phai 1am gi trong truong hop ndy. Viéc bo di biéu thirc chira can & trén
rat quan trong vi né giGp ta cd duoc mot ham sé chin va chi can xét biéu thuc trén mién [0, +o0) ;
. x* x? ;

trén mién do, ta con c6 thém hai danh gia sin x > x _E’COS X > 1—? nén bai toan dua vé chirng
minh bat dang thic thong thudng. Néu khong dua cac yéu td lwong gidc vé da thuc thi phai tiép
tuc dao ham va chua chic diéu nay da kha thi. Bt dang thic (*) ¢6 thé lam manh thém nira la

3x.sin X+ (2x° +1)cosx+gx4—%x2—1> 0,vxeR.
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(X+2)2+(y+3)° =—(y+3)(x+2-2)
Bai 54. Giai hé phuong trinh { x* +5x+9z -7y —15=-3yz

8x* +18y” +18xy +18yz = —84x - 72y —247-176

(Dé thi chon doi tuyén DPHSP Ha Noi, ngay 2)

Loi giai.
bat a=x+2,b=y+3.
Thay vao tung phuong trinh cia hé dé cho, ta duoc
(X+2)>+(y+3)° =—(y+3)(x+z-2) = a’+b’=-b(a+z-4) < a*+ab+b’>+bz-4b=0,

X +5x+92-7y-15=-3yz = a’+a-7b+3bz=0

8x° +18y* +18xy +18yz = -84x - 72y - 247176
< 8a”—2a+18b* —72b+18ab +18bz—30z+94 =0
<> 8a’—2a+18(b* +ab+bz—4b)-30z+94=0

a’+ab+b*+bz—-4b=0
Suyra {a®+a-7b+3bz=0 *)
8a” —2a+18(b° +ab+bz—4b)-30z+94=0

Tir phuong trinh thir nhat va phuong trinh thir ba, ta c6
5a*+a—47
5

8a’-2a-18a°-30z+94=0<10a’+2a+302-94=0< z=—

Thay vao phuong trinh thir hai, ta c6

Nhan phuong trinh thir nhat caa hé (*) vai 3 rdi trir cho phuong trinh thir hai, ta duoc
2a*—a+3ab+3b°-5b=0

5a° +a—47 Vb e 5(a’ +a)

Thay z=- —_\& T4
Y 15 5a’+a-12

vao phuong trinh nay, ta cd
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28’ —a+=— - g
5a°+a-12 ha®+a-12 ha®+a-12

& (2a* —a)(5a° +a—-12)* +[ 15a(a’ +a) - 25(a’ +a) |(5a° +a—12) +75(a’ +a)’ =0
<> 50a® +70a° —208a* —94a° + 482a” +156a =0
< a(a+2)(5a° —14a+13)(5a° +11a+3) =0

_—11++/61
10

15a(a2+a)+3{ 5(a’ +a) T_ 25(a” +a) _

<a=0va=-2v

Twong (g Vi Cac gia tri ndy, ta tim dugc bdn nghiém cua hé ¢4 cho 1a

47 4 29, 31++/61 2\/ - 28 13 J61
(x,¥,2)=(-2,-3,—), (-4,—,—). (-
15 3'15 10 15 15
(\/61—31 _2\/61+28 39+4/61 )
10 ' 15 ' 15

Nhan xét. Viéc dit an phu a=x+2,b =y +3d4 lam cho hé da cho don gian di kha nhiéu nhung
céc lién hé phirc tap giita cac bién thi van con. Bai todn ¢ day co thé duoc giai theo mot cach
nhin cac phuong trinh cho mot dai lwgng thich hop rdi cong lai nhung rd rang diéu nay khdng
phai d& dang thuc hién dugc. Viéc ding phép thé tuy phuc tap nhung lai rat ty nhién va ciing
may min la phuong trinh cudi khong c6 chira cin gi nita. O day tinh toan khd niang va ciing
khong dé& dang ma tu tin bién dbi biéu thirc nhan dugc sau phép thé khi chua chic gi né da cé
nghiém dep ma danh gia.

Bai 55.
22(X+y)+1=x> —y?

Tim X,y,z thoa man hé {y* + 72> =1+ 2xy + 22x—2yz
y(3x* —1) = -2x(x* +1)

(Dé thi chon doi tuyén truong PH KHTN Ha Noi, vong 3)

Loi giai.
Tur phuong trinh thir ba cta hé, ta co
—2X(x* +1) (3% = X) — 2x(x* +1) x® —3x
=X+ Y= > SX+Yy="F—o.
(3x°-1) (3x*-1) 3x° -1

tan® p —3tang

S y=tan3p-taneg.
3tan’ ¢ -1 y 4 4

bat X=tango,goe(—%,%):>COSgo¢0. Tacd tanp+y=
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Tir phuong trinh thir nhat cua hé, ta c6

x*—y?-1 (2tangp—tan3p).tan3p—-1 2tang.tan3p—tan’3p-1
2(x+y) 2tan 3p - 2tan 3p

tan 3p +cot 3p 1 sin3p N cos3p,

=tangp —— =lane -
2 4 2 cos3p sin3p 4 sin 6¢

=tangp -

Tur phuong trinh thir hai caa hé, ta co
X2+ y2 422 —2xy—22x+2yz =1+ x> = (Y+2—-X)? =1+ x>

= (tan3go—tango+tango—%—tango)2 =1+tan’ ¢
si

noe
- 2 _
sin3p 1 _tang)’ = 12 - 2_5|n 3p -1 tano) = 2
cos3p 2sin3pcos3p Cos” @ 2sin 3¢ cos 3¢ cos” ¢
1 i in 1
@(C086(0+tan o) = 2 @(cos6g00f35go+sm6go3| (0)2: 2
sin6¢ CoS” @ sin6¢pcos ¢ CoS” @
_COSS(p 2= 5 @COSS(DCOS(oziSiI’IG(oCOS(D®0085¢=i003(£—6(0)
sin6gcos @ CoS” @ 2
k2
C035¢=COS(£—6§0) 5(0=i(£—6(0)+k27r (0=£+—7[,(0=£—k27r
2 2 22 11 2
= = = e - keZ
T T T
COS5¢ = Ccos(—+6 5¢ = +(—+6¢) +k2 =——+——,p=——-k2
P (2 ?) P (2 p)+k2r | ot 0Tk

Do ¢ e (—%,%) nén hai ho nghiém ¢ = i%— k27,k € Z khong thoa man.

Vi hai ho nghiém ¢ = +%+% ta tim dwoc tat ca 10 gid tri ¢ thoa man la
n 3T 57r 97r

p=ft—,t—, %
227227 22" 22 22

Vay h¢ phuong trinh da cho c6 cac nghi¢ém la

)(0 —|—£ —|—3_7Z- +5_7[ +7_7[ +9_7[

sin 6 2272222 22" 227

(X,y,z) =(tan g, tan3p —tan ¢, tan o —

Nhan xét. Cach dung luong giac & day co 18 1a con dudng duy nhat dé giai bai nay bai vi voi cac
nghiém nhu trén thi khéng thé co cach dai s6 ndo ma tim ra dwgc. Y tuéng quan trong nhat nay
Xuat phat tir biéu thie cia x + y hoan toan gidng hé sé caa khai trién tan 3¢ . Do do, bai nay tuy
bién d6i phirc tap nhung y tuéng ciing kha ty nhién!
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