Céu 1: 2d)
Giai phwong trinh: (x+1)\}x —2x+3=x> 1.

Cau2: 2d)

Cho tam giac ABC c6 cac canh BC=a,CA=b, AB=c,B=2A,
C = 4A, bén kinh dudng tron ngoai tiép 1a R. Tinh

1 -1 1
T= Rz(-— =t )
al b2 ¢l
Ciu 3: (2d)

Cho tam giac ABC cén tai A. Ducmg tron ndi tiép tam gide ABC tiép
xuc canh AB tai T, duﬁmg thiang CT cﬁt dudng tron tai K khde T. Gia st K

13 trung diém CT va CT = 6v2. Hiy tinh dQ dai cic canh cia tam giac
ABC.
Ciu 4: 2d)

Ching minh véi moi glé tri nguycn cla m, tdn tai sb nguyen n dé

) n’ - 1in® - 8n +m
chia hét cho 191.

Céu 5: 24d)
Cho a, b, ¢ > 0. Chimg minh:
a-‘i e ) b4
+ : +
a® + Y@ +b9)@ + 3 bt £ Y8 +5)b? +a%)?

c4

+ .
ety {/(c"’ +a )(c3 + bz’)2

<l1.

Céu 1 (4 diém).
Giai h¢ phuong trinh:




Cau 2 (4 diém).
Cho céc s6 thuc a, b, x, y thoa min diéu kién ax — by = V3. Tim gid trt nho
nhit ciabiéuthic F=a" +b" + x> +y" +bx+ay.

Cau 3 (4 diém). ‘
Cho tam gidc ABC c6 cic goc A, B thoa di€u kién:
A-B

o B . o BB
sin— +sin— =2cos
2 2 i
Chung minh tam giac ABC la tam gidc déu.

Céu 4 (4 diém).

Cho tir gidc 161 ABCD. Xét M 1a diém thy ¥. Goi P, Q, R, S la céc diém sao
cho:

MB +MC +MD=4MP:; MC + MD + MA=4MQ
M—D+,M+ﬁ=4ﬁ; MA + MB + MC = 4MS .
Tim vi tri cia diém M sao cho PA = OB = RC = SD.

Cau 5 (4 diém).
Trong mit phang toa do cho mdt ngt gidc 161 ¢6 cic dinh la nhiing diém c6

toa do nguyeén. Chirng minh rang bén trong hodc trén canh ngt gidc ¢ it nhat mot
diém c6 toa dg nguyén.

Cau 1: (4 diém)
Giai hé phuong trinh:
x+y-z="17

M

x? +y? -z =37

x*+y’-2° =1
Cau 2: (4 diém) :

Cho tam gidc ABC ¢6 dién tich S. Trén cdc canh BC, CA va AB lan
lugt 18y cdc diém M, N va K sao cho o
30MB + MC =0, 4NA + NC=0 va 14KA + KB = 0.
Goi D 1a giao diém cia AM va CK, E 1a giao diém cia BN va AM,
-F 1a giao diém cua CK va BN.
- Hay tinh dién tich cda tam gidc DEF theo S.



Cau 8: (4 diém)
Ching minh ring véi moi s6 nguyén duong n va véi moi s& thuc

on V¥ 1
x € (0; 1) ta déu c6: xz-\“fl-xs[ ] : )
' _ 2n+1 Yo2n+1

Cau 4: (4 diém)
Tim t4t cd cdc sd nguyen duong m thoa mén diéu kién
Va € Z, Yb € Z, a’ = b? (modm) = a = +b (modm)

Cau 5: (4 diém)
Trén mit phing toa dd0 Oxy cho diém A(1; 0) va cdc dudng tron
(C: x2 +y% =2, (Cy): x*+y% =5.
Tim toa d6 cdc diém B va C lan lugt nAm trén cdc dudng tron (C,)
va (Cy) dé tam gidc ABC c6 dién tich 16n nhat (bi€t ring tam gidc
nhu vay la t6n tai).

Naza 2000

Ciul: (4 diém)
Gidi phuong trinh:  x® +3x? -333x+5=1-3x.

Ciu2: (4 diém) :
T Timtht ca cac sb nguyéntd p sao cho tdn tai cic sé nguyén duong n,x, y théa man:

pl=x+)

Ciu3: (4 diém)
Cho doan thing AC c¢6 dinh véi K 1a trung diém. Hai diém B va D phén biét, di d¢ng va
luén d6i ximg nhau qua K va dudng thing BD khéng tring véi dudng thing AC. Puong
phén gidc cia BCD cit AD va AB 14n lugt tai [ v J. Pudng tron ngoai tiép tam giac ABD
va dudmg tron ngoai tiép tam gidc AlJ cit nhau tai diém M khac A. Goi H 1a hinh chiéu ctia
M trén trung trirc cia AC va N 14 giao diém cua CH va KM. Ching minh khi B di déng nhu
trén thi N di dong trén mot dudmg cb dinh,

Ciud; (4 diém)
Cho a, b, clacac 56 thre duong Chimg minh ring;

ﬂ.+b b*JrC c+a
CﬁuS: (4 mé‘ﬂ!)

Cho tam ugié.c ABC khéng cén c6 hai dinh B, C 06 dinh va dinh A di d6ng Qua B dung
dudng thang d vuong goc voi BC, d cit trung tuyen Al cta tam gidac ABC tai K. Goi H 1a
tryc tam cua tam giac ABC. Chu:ng minh ring néu IH song song véi KC thi diém A di dong

trén duong cb dinh.




New 2010

Cau 1. Giai hé phuong trinh sau:

: + 1 L+1 =18

1 1
_.+_
| 3,‘1: 3'}' ,.3/;{ 3 y‘

Cau 2. Tim sé nguyén duong " 16n nhat sao cho ton tai tap hop {a,,a,....a,} la cic hop

s6 sao cho:

i) Hai sb bat ky trong ching nguyén t6 cung nhau

i) l<a,<(2n+5),Vi=12,.,n
Cau 3. Cho AABC déu va mot diéem M thudc mién trong tam giac. Tir M ha
MA,, MB,. MC, vuéng géc xuong cac canh BC,CA, AB . Tim gia tri nhé nhat cia dai hiong
p MA + M+ MC?

(MA, +MB, + MC,)

Cau 4. Cho a,b,c>1, théa man a+b+c+2=abc. Chitng minh ring

bc\/a3 -1 +.t:af\/b2 —14abyc’-1< %abc

Cau 5. Trong mot mén thi dau thé thao c6 X tam huy chuong duge phét trong " ngay.

Ngay thit nhit, nguoi ta phat 1 tdm huy chuong va mot phan muoi sé huy chuong con lai.

Ngay thi nhat, ngudi ta phat 2 tam huy chuong va mot phan muoi sé6 huy chuong con
lai. Tuong tu, ngay thit k , nguoi ta phéat k tdm huy chuong (3<k <n). Vao ngay cudi

cung, con ding n tam huy chuong dé phat. Héi mén thé thao dé c¢6 bao nhiéu taim huy
chuong va duge phat trong bao nhiéu ngay 7
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Lo gidi pism 2006

Ciu 1: (2d)

Giai phuong trinh (x+1)y/x? -2x+3 =x* +1 (1).

Tap xac dinh R. ' 0,25d
Dit Jx2-2x+3 =t,vdit> V2. ' 0,254
Khi d6 phuong trinh (1) tré thanh (x + 1)t = x* +1 (2). :

Q) ©x*-2x+3-(x+Dt+2x-1) =0

& -(x+Dt+2x-1)=0 0 025d
@rz . | 0,254
t=x-1
Véit=2,taco Jx3-2x+3 =2 x-2x+3=4
oSxX-x-1=0 x:l_ﬁ. 0,5d
x=l+\[2_
Voit=x-1,tacd /x> -2x+3 =x-1
-1 =0 1
<= xz 2@»{"2 =xed. 0,5d
X5 =2x+3=(x-1) 3=]
Viy tap hop nghiém ctia phuong trinh 13 {1-2; 142} .
Céu 2: 24d)
a b C
Ta c6 =2 =" _-JR
ac sinA  sinB sinC
R__1 R_1 R_1
a 2sinA’b 2sinB’c¢  2sinC ,
==t I ! 0,54

" 4'sin’A  sin’B sin? C
= -}_.(3 +cotg?A +cot g?B+cotg2C).
Trong AABC : cotgA.cotgB +cot gBC.tgC +cot gC.cot. gA=1 0,54

cotg®o ~

vatacd cotglo = l,do do

2cotga
cot g"a =1+2cotga.cotgo

=S= %[3 +3+2(cotgA.cotg2A + cot gB.cot g2B + cot gC.cot g2C)] 0,5d

= %[6 +2(cotgA.cotgB +cotgB.cotgC +cotgC.cot gA) |

(6+2)=2. | | 0,54



Cau 3: (2d). |
K Ia trung diém cua CT va L 12 tiép diém ciia dudng tron véi canh
BC. Thé thi : CK = %CT (*). Suy ra L trung diém cia BC,

CL? = CK.CT = lZCTz, g 0,5
hay a?/4 =36, hay a =12 (1). |
Ap dung dinh li.cosin trong tam gidc BCT , ta cé:
CT? =BT? +BC?*- 2BT.BC.cosB - 0,5d
o 72=a%/4 +a 2 _ 144. cosB

& cosB= = (2) do (1).

Mt khéc, ap dung dinh li cosm trong tam giac ABC, ta cé:

b2 =c? +a% -2ca.cosB < cosB =a/2b (3). 0,54
Tir (1), (2) va (3), ta cb :
(a,b,¢)=(12, 8, 8). 0,5d
Céau 4: 2d)
Pit P(x) =X’ — 11x? —87x+m
Ta co P(x) =(x+ a) + b (mod 191)
o X +3ax’ +3a’x +a’+b = x° - 11x* - 87x + m (mod 191) 0,54
(3a=-11(mod191) (1) .
< {3a? =-87(mod191) (2) ©0,58
b=m-a’(mod191) (3)
He3a=1 80(m0d191) <>a=60(modl9}= 3a = —87(mod191)

Vay Vme Z, ton tai sb nguyen a, b dé P(x) = (x +a)’ + b (mod 191).
Nhén xét: 191 1asb nguyén t6 dang 191 =3k +2 '

_ P(i)=P(j)(mod 191)= (i+2)’ =(j+a)’ (mod 191) .
Pat u=i+a,v=j+a,thi

u? =v? (mod 191) = u¥* =v** (modm)
Tudky? = K2 o vm(modl‘)l)av(modl‘:?l)(dl,nh li Ferma ) (4) 0,54

= v2 =u*v? =u¥**? (mod 191)

oy 3Ky2 3k ko3 o g3k 3ke2

Eu!l<4-2 = uI‘)I

= u3kfl'.ul9l - u3"+1.u(mod 191)
=u(mod191).  (5)
Tir (4) va (5) suy 12 u=v(mod191) = i=j (mod 191). .

Vay néu Vi,je {1,2,..,191}: i= j(mod191) thi P(i)# P(j) (mod191)
Suy ra tdntaine {1,2,...,191} sao cho P(n)=191(mod191), hay P(n):191 0,54
Vay voi moi gia tri nguyén cia m, luén ton tai & nguyén n dé P(n) 1 191.



Ciu 5: 2d)

Ya® +00)@’ +7)2 =

=3(a® + byl +2a%¢? +¢%) = %f(aﬁ +b%)a® +2a%c* +¢%)

= (@' + 22’05 ) + (22°C? + b8c) +a%b5 +a%ct

2%6‘96 +3a°b*c? +3a%b%c* +a%® = {({azbz +a’c?)® =a’b? +a%c? 0,754

Suy ra: _
at .. at ~ a
at +{/(a6 +b%)(a® +¢*)? at+a’b? +a%? a’+blec?
Tuwong tu
SS LA
b* +3(b® +cO)(b} +a%)? @ +b%+c
4 2
c < c

o + Y@ + b0 + b3y Al bl

Cong céc bit ding thirc trén, ta co:
4 b
2 +
a® + Y@ + b5y P +c%)? bt Y%+ cO)( +a)?

c#

+ <l1.
et {/{cﬁ + a""){ca' + b3)2

Nam2007

0,254

0,5d

0,5¢

NOI DUNG

DPIEM

Céu 1: | Giai hé phuong trinh:

[ 5 »  8xy
D

=16 (D)
X+y

\q{x+y:x3—y (2)

*Piéukién: x +y >0

0,5

i B <=»(x2 +y2‘)(x +y)+8xy=16(x+y)
< [(x+ y)2—2xy](x +y)—16(x+y)+8xy=0
S(x + yf— 16(x +y)—2xy(x +y) + 8xy =0
SE+Y[E+y)>-16]-2xy(x+y-4)=0
SX+y-Dx+y)x+y+4)—2xy]=0

Xx+y—4=0 (3)
X +y>+4(x+y)=0 4)

0,5

Tr(3)=>x+y=4, thé vao (2) ta duoc:

7 7 :—3 =",
X +X-4=2x+x-6=0& 5 =Y

x=2=y=2

- = P ) 5
@) vonghiémvix +y 20vax+y>0.

0,5

Vay hé c6 hai nghiém la (-3;7); (2; 2)

0,5




NOI DUNG

DIEM

Céau 2:

Cho céc s6 thuc a. b, x. y thoa min diéu kién ax—-by =+/3.
Tim gid tri nho nhat cua biéu thicc F=a’ +b> +x” + y” +bx+ay.

\3
s A . 3 3 )
Viét lai F=(x+;—j| +()‘+E +2(a*+8%).
. 2 " 2 4

0,5

3
biat M =(x; y), A (— 4 ;—% |, (A):ax—by=+3.Tacé
L 2}

. [ BY a) . i . > 3
MA =‘ x+;J % )-+—J .Ma Me(A) nén MA® 2[d(A; A)) =
X

Dang thirc xay ra khi a 12 hinh chiéu cua A trén (A).

al+h?’

1.5

3 e 3 3
Suyra F=— 1-1——(:7‘-!—!)‘)22\/— 2(a> +b%)=3.
a +b- 4 a +b- 4

Vay min F =3 dat duoc chang han khi

)
:

(a,' b:x; )') =
A

NOI DUNG

PIEM

Cho tam gidc ABC c6 cdc gée A, B thoa diéu kién :
(3B) (A-
J = 2c0s|

2 . 2

Chirng minh tam gidc ABC la tam giac déu.

Ta cé: sin(34 ) + sin(38) = 2 sin(3A+8) ) cog(3A-8)) |
2 2 1 1

12> sin(34+8) ) > 0; cos(A=B) >0
4 2

0 </A-8 <34-8 < 7
2 4

= cos(l4-8)>cos(31-4)
2 4

:>COS(-4—3)2005(3|’A—B,;)
4

Tu *r.m(3 A ) + sin( ‘B) 2cos(A-8) va cos(4= B)>0

Suyra: 2%111(3“& BJ)cog(Bm BJ)>()
4 4

Hay cos(¥4-581)>0.
4

Két hop véi sin(3a+8)<1, ta cé sin(34-5 )cos(34-5 )<cos(34-8))
4 4 4 4

Do dé: 2 sin(3(4+8) )cos(3A-B) ) < 2¢os(3(4=-8)) < 2c05(-4-3)
4 4 4

Vi véy néu -%111(3‘ ) + %111(33) = 2cos(A=2) thi phai c6:

J|A— B 3|A—B|

2 1 @A=B=§.
i (3(4 B _| 2

Vay tam gidc ABC 1 tam gidc déu.




NOI DUNG DIEM

Ciu 4: | Cho tir gide 161 ABCD. Xét M la diém tuy ¥. Goi P, O, R, S 1a céc

diém sao cho

MB+MC +MD = 4MP: MC +MD + MA = 4MQ
MD + MA+MB =4MR ; MA + MB + MC = 4MS
Tim vitri cua diém M sao cho PA = QB = RC = SD.
Gia su co diém M thoa bai todn. Goi G la diém sao cho 0.5
5MG = MA + MB+MC + MD .

Tit MB+MC +MD =4MP , ta c6 4PA=5GA. I

Tuong tw 40B =5GB, 4RC =5GC, 4SD =5GD .

Dod6 PA= QB =RC =5D GA =GB =GC=GD. |

Néu ABCD la tir gidc ndi tiép duogc trong dudng tron tim O thi G| 1

ruing O va M la diém duy nhat xdc dinh boi

OM = —(_(')—A+(')—B+FC+(')—D). Kiém tra lai thay thoa PA = OB = RC =

SD.

Néu ABCD khong phai la tir gidc noi tiép dugc trong dudng tron thi | 0,5

khdng ton tai diém M.

NOI DUNG DIEM

Cau 5: | Trong mat phang toa dd cho mdt ngil gidc 16i ¢6 cdc dinh 1a nhiing

diém c6 toa d6 nguyén.

Chirng minh ring bén trong hoic trén canh ngii gidc ¢ it nhat mot

diém c6 toa dd nguyén.

CmdmhA(x,,y)l—l 2,3,4,5. 1S

(X;; ;) ¢6 thé roi vao nhimg trudng hop sau:

(2k; 2K, 2k; 2k’+1), (2k+1; 2k* + 1), (2k +1; 2K) vaik, kK’ € Z

Do da gidc ¢6 5 dinh nén theo nguyén li Dirich 1€, cé it nhat2 dinh | 1.5

c6 toa d6 thudc mdt trong bon kiéu trén.

Khi d6 trung diém cua doan n6i 2 dinh ay s& ¢6 toa do nguyén. |

Do ngil gidc 12 16i nén diém nay & mién trong hodc trén canh cua

ngli gidc do.

Nam 2008

Céaul

Dat

U=x+y
vV = XYy.




u-z=17 1)

‘Hé tré thanh {u® -2v -z* = 37 (2) 0,5d
u-8uv-z* =1 3)
Tit (1) suy ra z = u- 7. Thay vao (2) ta duge v = Tu —43 1d
Thay z va v vao (3) ta duge 18u = 342 = u = 19.
Dodéov=90z=12 1d
Véi 4 tim dugce { * hay * 1d
v =90 i} \y =10 y= 9

Thit lai, ta thdy hé c6 2 nghiém 1a (9; 10; 12) hay (10; 9; 12). 0,5d
Bai 2
Theo dé& bai ta c6: M 1a diém n¥m gita B va C, N 1a diém nim
gitta C va A, K 1a diém ni3m giita B va A va MC = 30MB, NC = 4NA
va KB = 14KA. .
Sgec Spew  BF CN

(1) - 0,5d

Ta c6: . = )
Secn Saze BN CA
CN 4
NC =4NA =» — == )
CA b5 )

Ap dung Menelauft vao AABN véi cdt tuyén KFC ta c6:
FBCNKA_,_FB_CAKB_5 35

FNCAKB  —FN CNKA 2173
— ..]ili - ﬁ 3) '
" BN 37 . 0.5d
Tir (1), (2) va (3) = Sere _ Seec Spey _ BF CN 35 4 28
T Susc  Spey Suc BN CA 375 37
Tuong tu ta cé:
30 1
S = —— = :
ACD = S (B) va Same 35 S (6) 1d
86528
Dodé S =S5-(S +8 + = )
DEF ADC + Sasg + Spcr) 584045 1d

Bai 3



-

B4t ding thic da cho tuong duong véi

| 2n ™ 1
2n 1 _ <
x ( x) (2n+1j x2r1,+1, . Id
_ Ap dung bat ddng thic Cési cho 2n + 1 s8 duong
X X X
TN ) o peesy '"""_51_' . .
T B o x ta dugc 1,5d
X
2n —x2n+1-x
2n+d[_¥__] (1 x) < 2 : 1
2n 211 +1 2n +1
- % 2n 1 ’
Suy ra [—] l-x)g ——M——— 1d
2!1 ( . ) (21’1 + 1)2n+1 .
- (2n)* [ 2n T“ 1
o 2n 1_ < - .
x*(1-x) 2n+1)*' (2n+1 X 2n+1 - 0.5d
Bai 4
Trugc hét nhin xét néu m = 1 ho3c m la s§ nguyén t& thi vVa e Z,
vb € Z, a* =b® (modm) = a = + b (modm) (1) 1d

Ching minh nhén xét trén:

* Néu m = 1 thi hién nhién cé6 (1)

* Xét m nguyén t6. Cho a, b € Z théa a® = b? (modm)

Khi d6 (a—b)(a+b)-a b’ m=>a-b:mhaya+b: m(vim

nguyén t6) '
" = a=b (modm) hodc a = -b (modm) (dpcm) 1d

* Xét m # 1 v& m khong nguyén to.
Ta s& chitng minh ring diéu kién cén
vididéco(Dlam=2pvéiplal 55

nguyén td 1é.
Diéu kién can: Gid si (1) ding. Vi m
la hgp s6 nén m = xy v6i x,

ye N\l Ldya=x+y,b =x -y
(a,beZ),tacoa’-b*=4xy=4m :m=>
a’ = b? (modm) = a = 1b (modm) (do (1))




[Zy =(a-b)im =xy R [25)( - [x =2
=(a+b)im=xy 2'y y =2. _ .
Vaym =2n véin e N*\ {1}. : 0,5d
Néunlalhgps§thin=apvéia peN\I{l} :>m=(2a).[3v6i

2a # 2 = B = 2 (theo chitng minh trén) > m = 4a
Lic nay chon a = 2a, b = 0. D& thdy a® = b? (modm) nhtmga+b 0

(modm) (vd ly). Vay n = p 1a 1 s8 nguyén t5.

Hon nita néu p = 2 thi m = 4, theo ching minh trén (v6i a = 1,

m = 4a), ta thay (1) khong théa = p 1&. 0,5d
DPiéu klén dd: Cho m = 2p véi p 1a mdt s6 nguyén t3 1é va cho a,

b € Z ma a® = b? (mod m)
=> a v& b ¢6 cung tinh chin 16 =>(a-b):2va (a+b):2 0,5d
Mit khéc, (a~b)a+b)=a’-b?> :m:p
=(a-b):phosic(a+b):p _'
Vay theo (3), tac6 (a—b) : 2p = m ho#ic (a +b) : 2p =m = (1).
Viym=1, hoac m nguyén tg, hoac m = 2p v6i p 1a mdt sd nguyén

tf) 1é. i 0,5d

Bai 5

Gia st AABC c6 dién tich 16n nhat. Ta ¢6 CO L AB va BO L AC, vi
néu khéng, chdng han CO khong vudng géc véi AB thi ton tai diém
C’ thudc dudng tron (C,) sao cho C’'O 1 AB va d(C’, AB) > d(C, AB)

= SC’AB> SCAB (vd 1)?).

Do d6 néu AABC c¢6 dién tich 16n nhat thi ABC phai 1a tam gidc
nhin O lam truc tam: BC 1 OA. _ 1,5d

Goi B(xB, yg) va C(xc; yc). Vi BC L OA nén xp = xc.

= (xg — 1; yp)OC = (xg; ¥c)OB = (xp; y) AC = (xg — 1; yc)

AB.OC = x4(x; -1+ y55. =0 (1)

Ta ¢6 {x2 +y5 =2 (2) (*) 0,5d
Xiyh=5 ®

T (2)va @) = yi =2-x; va yz=5-x} (4)

Tt (1) = yBYc = Xp —Xp=> YaVe = Xp - 2Xp +X3  (B)

Tir (4) va (5) = (2-x3)(5-x3) =x} - 2x} +x;



< 2x3 —8xg+10~'—-‘0
& (xg +1)(2x} - 10x, +10) =0

<> xp =-1(6) hay x; = 5 +2‘[5_ (7) hay x; = 5_2‘/5 (8) 1d
Thé (7) vao (2) khong thoa. Suy ra (7) loai
Ta ¢6 (dung (4) va (5)):
1 1 )
S=-§|xA ~ xg||[yc — ¥a| = S* = Z(1—;‘;3)2(7 - 2x;)
Véixnz—ltac6$=3Vc’!ixB=5“2\/5t‘ac():S-:3 0,5d

Vay S 16n nhit < xg = x¢c = - 1.

= —2 = 1 = -——1
Khi 86 ta c6 y:yc . {yg hay ][yg _
ys=1 va y;=4 VYo =2 Yo =2
Vay véi By(-1; 1) va Ci(-1; —2) hodc Ba(-1; -1) va Cy(-1; 2) thi
dién tich tam gidc ABC dat gi4 tri 16n nhat vad max S = 3. 0,5d
Nam 2009
Bai 1
Phuong trinh da cho tuong duong (x+1)' =3Y3x+5+2 (). (0,5)

Dat Y3x+5=y+1.suyra 3x+5=(y+1)’ va(l) ro thanh (x+1)’ =3p+5. (0,5)

. 1A \ (x+1)'=3y+5
Viy ta c6 hé phuong trinh . (1,0)
(y+1)y =3x+5
Trir vé theo vé hai phuong trinh cta hé trén, ta duoc

(x+1)’ =(y+1)" =-3(x-y)

o @E-)[E+D +E+D+D+(+1)7+3]=0 (0,5)
Sx=y. (0,25)
(Vi (x+1)*+(x+ I py+D+(y+1)*+3>0,Vx.ye R). (0,5)

Viy ta ¢0 phuong trinh;  (x+1)* =3x+5
S X435 -4=0
< x=1 hodc x=-2. (0,5)

Vay phuong trinh da cho ¢6 2 nghiém: x=1 va x=-2. (0,25)

Bai 2



» Voip=2taco2'=1"+17
» Véip=3taco3’=1"+2°

» Ta ching minh khi p >3 thi khéng ton tai cac s6 n,x, y thoa dé bai.
That vay, gia sir nguoc lai, chon a1, x, y thoa (*) sao cho 7 bé nhit.
Do p #2 nén (x,y)#(L1); khi do:
xF—xy+y? =(x—y)2+xy>] vax+y>1.
Do d6 x* —xy+ y* va x+y déulabdicia p.
:>(x+_y)2 f(xz fxy+y2)=3xy5p.
Do p >3 nén x:p hodc yip.
Ma x+yip néntacod x va y déu chia hét cho p.

_Diéu nay cho ta:

(0,5)

(0,5)

(0,5)
(0,5)
(0,5)

(0,5)

3 3
™ p° =[£J +[lJ & pt=x 4y v (n',x',y'):[n—.’:,i,l}
p p P b

ma n'<n (trai gia thiét).
Vay chi co p=2 va p=3 thoa dé bai.

Bai 3
Goi P, Q 1a tAm dudng tron (AIJ) va (ADB) = PQ vudng géc AM

Tacdé Al =BCI= DCI = AII
— 0 —
STA - 180 APJ —90°
—  180° — API —
PAD =¢ =90° - All
Tir 2), (3) va (4) suy ra PJA = PAI
Ma PA=PJ
Vi BJC =DCI = BCJ nén ABCJ cén tai B = AD = BC = BJ ™)
Tir (5), (6) va (7) suy ra APAD = APJB = PB = PD ma QB = QD
= PQ la trung truc cua BD = PQ vudng goc BD (8)
Tir (1) va (8) suy ra AM // BD )

(9) = AMDB Ia hinh thang cidn (do AMDB ndi tlep)

— MDB= ABD BIJC va DBC BDA DBM
Do d6 ADBM = ADBC = BD vudng goéc MC (10)

r—

(1)
(2)

(3)

4

(5)
(6)

(0,5)
(0,5)

(9) va (10) = AMC =90" = M thudc duong tron (K) dudng kinh AC ¢6 dinh. (0,5)

# (Xem hinlh 2) Dung NE L AC va MF L AC.

CE_NE NE KN

KC HK MF KM

ma KC=KM = NK =EC

= NK =d(N: (A)) vo1 A la duong thang vuéng goc AC tai C.
= N thudc parabol (P) ¢6 tiéu diém K va duong chuan (A).

Ta cé:

(0,5)

(0,5)
(0,5)
(0,5)

(0,5
0,5)

0,5)



Bai 4

b : : . .
bat x=1l—, },:\/E: z=‘/g,taco X,y,z>0 va xyz=1.
a h c

Bat dang thirc di cho tré thanh

2 2 2
‘j ~+ 1+\/ ~<3
1+x” I+y” 1+z°

Giasr xy<l = z21.

1 2
+ <

1+x% 1+y° l+xy
That viy, (1) < Q+x"+y)(I+xy) <21 +x)1+y7)

> Ta chimg minh bat dang thic sau:

< (1-xy)x-y)> 20 (ding)
» Ta co:

(.

(1,0)

(0,5)



2 2 ’ 2 2
‘/ T+ 7| <2 T+ 3
[ 1+x° I+y~ 1+x~ 1+y°

S SN N P N 05)
1+x° 1+y ;) l+xy 1+z
2 2 2z
Suyra ~+ - <2 . (0,5)
1+x° 1+y- I+z
. . 2 2
Mait khac, ta lai co - <—,
t+z° 1+z
2 2 2 2z 2
Suyra + -~ + - <2 + :
1+x° 1+y~ 1+2° l+z 1+z
. 2z 2
Do viy, ta s& chhimg minh 2,/ — + <3. (0,5)
I+z 1+z

Thét viy, ta co:

o} 2
2\!1-,3 +—=—<3 o 222z+ 1) +253(1+2) ©
+Z

1+z
e 22=-22z(z+ D +(z+ D=0
= (Vaz—vz+1) 0. (0,5)

Viy bat dang thie di duoc chimg minh.

Bai 5
Chon hé truc toa d6 Oxy vdi O tring I va truc Ox 13 dudng thing BC.
Chuin hoa BC = 2. Khi do, tea do B(-1; 0) va C(1; 0).
Gia su toa dd diém A(xq; yo) voi y, #0 va x, %0, (0,5)
Khi do, truc tdim H(x, v) la nghiém cta hé phuong trinh:

A_H.E:O P (0,5)
BH.AC=0 (X =Dx+1D)+y,y=0
]_ 2
o H| xg—2 | (0,5)
Yo
Goi K 1a giao diém cta d va Al, khi d6 toa d6 K [a nghiém cua hé phuong trinh
Xx=—1
Yo (xo £ 0) (0,5)
y==%x
xU
Yo
= K(—l,—x—). (0,5)

o]

Theo gia thiét ta cé;



e Yo l-—xé
IH// KC = IH; KC cung phuong <> ~—=.x -2 =0
xf] yO
= X +XQ =1. (1,0)
1 2
Vay A di dong trén duong (E): XT +yT =1 c¢b dinh. (0,5)

A

Nam 2010
Bai 1

Y Yy
tac(a +b+1)° =a® +° + 1+ 3(a+ 1)(b+1)(a + b) = 64
=> a+b=3 =>ab=2 .....

nghiém (x,y)=(1,1/8),(1/8,1)

Bai 3
Céach1
i n i L 1 L s g S 3
e - e fromene, o
dat i h f:.J -2
- - 4 )
N Z ab\/(3¢ — 3)(c + 1) < —abe.(¥)
can cm: ' 2



dpcm
Giai cach 2 Chia hai vé cua gia thiét cho abe, ta dugc:
1 1 1 2
e e e e e ] e
be  eca  ab he.
1 1 2., 1 2
_ — = cos°A; — = cos’B; — = cos*C . N
bat: be e ab . Ta chuyén BDT ban dau lai nhu sau:
\/1 B cos® Beos? < /3(3 H;:::?{i;@x?{? < 3\/@
cos? A \ easc A _
cos*® Bfif?ﬁ;z(? . cos?Ceos® A > 2eos?C
Binh phuong ha1 vé, r01 ap dung:  cos?A cos? I3 :
2 Beos*C
Suy ra: Z {H > cos® A+ cos® B + ﬁ'fmgifl
oL sin? A + sin’B + sin*C <
Cuodi cung ta duogc: é(dung) Suy ra dpcm.
Céch 3

dat 1/a=x, tuwong ung cho y,z: khi do
xy+yztze+2ryz=1
bdt tuong duong:

3
NP L
Cauchy Schwarz:

VI < \/3(3—a22—y?—22) < /3(3 — 2y — yz — 21)
Glasu: ay +yz+ zx < 3f"43uyra ry +yz + zr+ 2ryz < 1,
Vay:z;w%wguwif»?r>3 /4
T cai nay suy ra
V3B —zy—yz—zr)< VP
Co6 dpem.

Mot vai dé thi bdt wa cac nam !!
be 1(200?) ’
CM rang voi cac so thuc a,b,ce[L;2] ta c6 bdt sau

(a+b+c)(£+£+1jﬁlo

a b c

D& 2 (200?)

CM rang voi moi 0 < x <1 ta cé bdt

x(9\/1+ X2 +131— X ) <16

Dé 3 (2003) ,
Cho a,b>0 ,x,y,z la 3 s6 duong tuy y.Tim min
2 2
_ X N y N z
(ay+bz)(az +by) (az+bx)(ax+bz) (ax+by)(ay+bx)
Dé 4 (2004)
Cho a,b>0,x,y,z>0 va x+y+z=1 .CMR

2




4 4 4
P=(a+9j +[a+£j +(a+9j >3(a+3b)*
X y z

Tai liéu dugc suu tam boi Lé Thién Cuong



