PHONG GD & BT QUAN PONG bA

TRUONG THCS NGUYEN TRUONG TOQ DE KHAO SAT HOC SINH G101

NAM HQC 2023-2024

DETE%,Ig H Mon: Toan 9
Thoi gian 1am bai: 120 phut
Bai I. (5.0 diém)

1. Giai phuong trinh X x+2 =24x+1

2. Cho cac sb thuc a, b, ¢ thoa man ? #eatb#c g a+b =(a+b- o). chpng

a +(a-¢c) a-c

(b-c) b-c

minh b *
Bai IL. (5,0 diém)
1. Chung minh v6i moi sb tu nhién 1é n, s6 4=7""- 7 luén chia hét cho 600

A . r x5 +Axy+ Ty =607 +3x
2. Tim céc sb nguyén x, y thoa man 2+ *40+7y =0y +3x +8.

3. Cho ba s nguyén dwong m, n, p thoa man; (" *7)01+m) =3" Chgng minh
rang mn 13 s6 chinh phuong

Bai II1. (3,0 diém)

Vi cac s6 thuc khong am a, b, ¢ théa man Va+1+4b+1+c+l =4, tim gia tri 16n

nhét va gi4 tri nho nhit coa biéu thae F =a +b" +c".
Bai IV. (6,0 diém)

Cho tam gidc ABC nhon, khong can (AB <AC), cac duong cao AD, BE, CF
cit nhau tai truc tam H. Goi M, I 1an luot 1a trung diém cua BC, AH. Duong théng
qua I vudng goc véi AM, cit EF tai S.

1. Chirng minh IE vudng goc vé1 ME.
2. Chirng minh SA song song véi1 BC
3. Goi P, Q lan luot 1a giao diém cua SI voi BE, CF. Chung inh I 13 trung diém
cua PQ.
Bai V. (1,0 diém)

Cho 2023 diém phan biét dugc phu 1én boi mot tam giac vudng can c6 canh
huyén bang 24. Ching minh ludn tén tai mét hinh tron c¢6 duong kinh bang 1, phu
1én it nhat 7 diém da cho.

Hovaténthisinh: ..., Sobaodanh: ........................



HUONG DAN

Bai L. (5.0 diém)
1. Giai phuong trinh X +x+2 =2yx+l

2. Cho cac sb thuc a, b, ¢ thoa mén

b#catbzc y a+b =(a+h- ¢). Chimg

a’ +(a-c) _a-c

minh B> +(b-c) Ch-c

Huéng dan:

1.

2.

PKXD:; ¥ =-1
tx+2 =2x+l =+ (Wfx+l-1)Y =0 = x =0 (théa mﬁn)
Vay x =0.
T a +b =(a+b-c). suy ra c* +2ab- 2bc- 2ca =0= 2(c- a)(c- b) =c.

a +(a-c) _a-c o 2ala-c)+c® _a-c
B> +(b-c)y b-c 2blb- c)+c& b-c

= 2ala- c)(b- c)+c’(b- c)=2b(b- c)a- c)+c’(a- c)

= ac’ +c’(b-c)=bc” +c’(a-c)e= c(a- b)+c(b- a) =0 luén déing nén ta c6

dpcm.

Bai II. (5,0 diém)

1.
2.
3.

Chimg minh v6i moi s6 ty nhién 1€ n, s6 4 =7"""- 7 luén chia hét cho 600

\ , A A , ~ M7 R Ay - -
Tim céc s6 nguyén x, y thoa man =¥ * 40 +7y =07 +3x+8.

Cho ba s6 nguyén duong m, n, p thoa man; (7 *7)+m)=5" " Ching minh

rang mn 13 s6 chinh phuong

Huéng din:

1.

2.

Co 000 =27 -3 .57,
Vinla sty nhién 1¢, ditn =2k + 1 (F€N'), khide 7' -7 =7""-7.

Tace 7= T=(-1)""-7=0(mod8) pa, 4:8.
Taco 7 - 7=(""-7=0(mod3) pay A:3.
Ta Cé -F_'.'.‘-I _ -;,! :?(4q3'. _ I]E?[E_ I}Z'. _ Il E[:Ifl‘ﬂl.'_'ld 25} nén 425,

Lai c6 8; 3; 25 d6i mot nguyén t6 cing nhau nén 4:600.
2x" +4xy+ Ty =01 +3x+8 = 2(x- y)(x+3y)- (3x- Ty)+8 =0.



Pitx—y=a, x + 3y =b (“2€Z) thi ta dugc:
dab- d4a+bh+8 =0 = (b- 2)(2a+1) =- 10.

Téi day ta dé dang tim dugc a, b va tir d6 timra x, y.
3. Khéng giam tinh tong quat, gia str m/geqn.

vi (m+nl)n+ml) =575 mn,pe N pan (30 tai cac s tw nhién x, y (¥ Zx) dé
m+n!=5"n+m!=5"
Néu m =4 | thir tryc tiép cc trudng hop m = 4; 3; 2; 1 thi chi ¢6 truong hop
m =4, n= 1 théa man. Khi 6 mn = 4 13 s6 chinh phuong.

Ta ¢6 5 =n+m!l=n(l+12---(n-1){n+1)---m).

Néu m =10 thi 1.2...(n-1).(n+1)...m chia hét cho 5nén 1 + 1.2...(n-1).(n+1)
...m khong chia hét cho 5, mau thuin vi n(1 + 1.2...(n-1).(n+1)...m) = 5".
V§i 5=m =9 thi m!5 khidé 7 =<9vadéyrangn+m=5" nén 75 nénn
chi c6 thé bang 5.
Laico "+ m:5 ngnm=>5.
Khi ¢6 m.n = 25 1a s6 chinh phuong.
Viy ta c6 diéu phai chimg minh.

Bai III. (3,0 diém)

Véi cac sb thue khong 4m a, b, ¢ thoa man Va+l+yb+l+c+l =4 iy gia tri 16n

nhét va gia tri nho nhit cua biéu thae F =a’ +b" +c”.
Huéng din:
1. Tim gia tri nho nht:
Tur didu kién, st dung BPT Cauchy — Schwarz ta c6:
Ja+l b+l +fc+l =4= 4 <(1+1+1)a+1+b+1+c+])

-

a+h+c>—
Suy ra 3
: @ +b 4 parbre) B p=¥
Ta lai co: 3 27 nén 27
7 7
L. ca=b=c=— A i L
Dau bang xay ra khi 9 Vay GTNN cuaPla 9.

2. Tim gia tri 16n nhét:
Vi a,b,c 205 Ja+l+Jb+1+Jc+1 =4 nén © <a,b.c =3

Vi 0 <a <3ta ¢6 bat ding thirc sau: @ =9va+1-9.



That Véy, a’ =9Ja+l-9= g’ +9=9Ja+l = g +18a" +81 =81(a +1)

= ala-3)(a" +3a+27)=0 , . ., . .z \ ~
(a-3)(a +3a+27) ludn ding véi moi s6 thyc a thoa man 0 <a <3

Tuong tu thi ta co b* =INE+1-9,¢" <9Je+1-9

Cong theo vé ta duge £ =9.4-9.3=9

Dau bang xay ra chang han khia=3,b=c=0.

Vay gia tri 16n nhéat cia P13 9.

Bai IV. (6,0 diém)

Cho tam giac ABC nhon, khong can (AB < AC), cac duong cao AD, BE, CF
cit nhau tai truc tam H. Goi M, I 1an luot 1a trung diém cua BC, AH. bPuong théng
qua I vudng goc véi AM, cit EF tai S.

1. Ching minh IE vudng goc voi1 ME.
2. Chung minh SA song song v&i BC
3. GoiP,Q lan luot 1a giao diém cua SI véi BE, CF, Chung inh I 13 trung diém
cua PQ.
Huéng din:

1. Vil M lan luot 1a trung diém cua AH,BCnéntacoIE=IA=IHvaEM=
MC = MB.
D& dang suy ra Ped =f4E =WipE =RiEs  my Bea+Men =90° pap
WiEs + e =90° hay [E vusng goc véi ME.

2. Goi G, J 1an luot 1a giao diém cua IS v6i AM va IM véi EF.
Dé dang chi ra IM 1a trung truc ciia EF nén IM L EF, lai ¢6 IG L AM nén
AIGM ddng dang v6i AUS = IG.IM =11LIM =IE” =I4" 4y day suy ra tam giac
IAS vudng tai A v6i AG 1a duong cao, suy ra AS song song voi BC.



3. Ta s chiing minh APHQ Ia hinh binh hanh.
Pé ¥ tir giac AGEP 6 9GP =9EP =90° nan 43 dang suy ra duge P4E =PaE
P& ¥ tir gidc IGEM c6 Fim =Benr =90° nep BoE =BiE my

e =By =Ocr Bor <0

2 , tir day suy ra FGE =ACF

Lai co ACF +8AF =90° nap PAE +EAF =90° gy ra PA L BA = PA// HQ.

Tuong tu ta chirng minh dugc QA // HP suy ra APHQ 1a hinh binh hanh, suy

ra I 13 trung diém PQ.
Bai V. (1,0 diém)

Cho 2023 diém phan biét duoc pht 1én boi mot tam gidc vudng can cd canh
huyén biang 24. Chimg minh ludn tén tai mot hinh tron c6 dudng kinh bang 1, phu
1én it nhat 7 diém da cho.

Huéng dan:
Ta xét hinh vudng c6 canh bang 12v2 thi hinh vudng ndy c6 duong chéo bang 24.
1

Chia hinh vuong d6 thanh 576 6 vuong c6 canh V2 (duong chéo bang 1). Ta ké
dudng chéo ctia hinh vudng 16n nhu hinh vé& (di qua 24 hinh vuéng nho) thé thi nira

27024 4 54 =300 ~
duéi cta hinh vudng 16n dugce bao phu bsi 2 hinh vuéng nho. Moi
hinh vuéng nho nay lai dugc bao phi boi hinh tron ¢6 duong kinh bang 1.

Lai c6 2023 =300.6 +223 ngn theo nguyén 1y Dirichlet ton tai mot hinh tron co
duong kinh bang 1, pha 1én it nhat 7 diém trong s6 2023 diém da cho.






