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I. H¢ théng kién thirc lién quan.

1) Hinh phing giéi han boi mgt dwong cong va truc hoanh

Hinh phéng (H ) gidi han boi do thi ham sé y=f (x) lién tuc trén doan [a;b], truc hoanh va hai
duong thing x=a, x=b

¥
y=Ff(x)

\e o

Ia 0 7

b
Dién tich hinh phang dugc xac dinh theo cong thic: S = H f (x)| dx

Chi y

b
Néu f(x) khong d6i dau trén doan [a;b] thi |S = J.|f(x)| dx =

jf(x)dx

« Néu phuong trinh f (x) =0 c6 nghiém duy nhat x =c thudc khoang (a;b) thi

+

S=i|f(x)|dxzj!;|f(x)|dx+i|f(x)|dx =

j[f(x dx

j.f(x)dx

« Néu phuong trinh f (x) =0 co hai nghiém ¢, <c, thugc khoang (a;b) thi

q

_[f(x)dx

c

+ -

S :j:|f(x)|dx:

:ff(x)dx

jf(x)dx

Ddc biét:
b b
* Néu [(x)20,Vxe[a;b] thi S =[|f(x)dx=[f(x)dx

b b
« Néu f(x) <0, ‘v’xe[a;b] thi S=I|f(x)|dx=—jf(x)dx
2) Hinh phing gi6éi han béi hai dwong cong
Cho hinh phang (H) gidi han boi dd thi (C1)3 y=f(x) va (Cz): y= g(x) lién tuc trén doan

[a;b] va hai duong thing x=a, x=5
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Ya

o}

b
Di¢n tich hinh phang la: § = [| (x)— g (x)]dx

Chu y
Néu phwong trinh  f (x)zg(x) vo nghiém trén  khodng (a;b) thi

1/ (5)-g(x)]ae

Néu phuong trinh f (x)zg(x) c6 nghiém duy nhit x=c thudc (a;b) thi

I ()=o) e« T 41 (o)

« Néu phuong trinh f (x) = g(x) c6 hai nghiém ¢, <c¢, thudc khoang (a;b) thi

if[f(X)—g(x)]dx Zf[f(x)—g(x)]dx j[f(x)—g(x)}dx

S=j|f(x)—g(x)|dx=

J’_

S:j:|f(x)—g(x)|dx+j:|f(x)—g(x)|dx =

+ -

b
S =I|f(x)|dx=
Ddc biét:

°Néu f(x)>g(x), Vxe[a;b] thi Szi[f(x)—g(x)]dx

« Néu f(x)<g(x), Vxe [a;b]
3) Thé tich vt thé

Cit mot vat thé B boi hai mit phang (P) va (Q) vudng gbc véi truc Ox lan luot tai x=a va
x=b, voi a<b. Mot mit phang tiy ¥ vudng goc voi Ox tai diém co hoanh d6 x cit B theo thiét
dién co dién tich S (x) nhu hinh v& bén.

b
Khi 6 thé tich vat thé B 1a ¥ = S (x)dx.

4) Thé tich khdi tron xoay
Cho hinh phéng (H) gi6i han boi dd thi hamsé y = f (x) lién tyc trén doan [a;b], truc Ox va hai
duong thang x=a va x=b . Quay (H ) xung quanh truc Ox ta thu dugc mot khoi tron xoay nhu

hinh vé bén.
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b
Thé tich khdi tron xoay thu dugc 1a V = 7Z'I|: f (x)]2 dx

Néu doi vai tro cua x va y cho nhau, ta duoc hinh phing (/) gi¢i han boi d thi ham sb
x=g(y) lién tuc trén doan [c;d], truc Oy va hai duong thang y=c, y=d . Quay (H) xung
quanh truc Oy ta thu dugc mét khéi tron xoay nhu hinh v& bén.

Ya
e
L - SO
Rl
\
1
\ x=g)
1
1
g 221
- X
O

d
Thé tich khdi tron xoay thu dugc la 7, =7 j g (y)dy

Cho hinh phing (H) gi6i han b6i d6 thi hai ham s6 (C,): y = f(x), (C,): y=g(x) lién tyc trén
doan [a;b] va hai duong thang x=a, x=5b . Quay (H ) xung quanh truc Ox ta thu dugc mot khdi

tron xoay nhu hinh vé bén.

b
Khi 6, thé tich khéi tron xoay thu duge 1a ¥ =z [| £ (x) - g* (x)|dx

Chii y: Trong truong hop ndy, ta phai ¢ f(x).g(x)=0 véi Vxe[a;b] thi méi dp dung

dwoc cong thirc.
II. Cac dang bai/cau thuwdng giap
Dang 1: Tinh tich phan Kkhi cho trwéc dién tich ciia hinh phing.
Phwong phap giai

Ta bién doi tich phan theo mot s tich phan sao cho mdi tich phan xac dinh twong Gmg bang

dién tich cta cac hinh phang cho truéc. Ta thudng sir dung cong thirc d6i can tich phan va két hop
v6i phuong phap ddi bién sb.
Vidu1: Cho ham sé y = f(x) lién tuc trén R va c6 d6 thi nhu hinh v& bén. Biét rang dién tich

céc hinh (4),(B) lan lugt bang 3 va 7. Tich phan J? cosx.f (5sinx—1)dx bang
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A.I:—%. B./=2. C.I=

Chon A
\ 1 4
Theo dé L F(x)dx =3, jl F(x)dx=-7

jfcosx. F(5sinx—1)dx :% jO? F(5sinx—1)d(5sinx—1) :% j“l F(t)dt

_ %[ jll F(x)dx+ f f(x)dx} - —%

Vidu2: Cho ham s6 y=f (x)lién tuc trén doan [-5;6]co dd thi nhu hinh v&. Gia tri cua

_1o

3
[ f(3x+10)dx bing.
-5

A. E B D. E
6 6
Chon D
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Taco

1

Susc = BC.AB=-.63=9.

1

Spes = DF.EF =—.1.2

Il
—_

1
2
1
2

S0 :%(GO+EF)DO:
Khi d6
[r(x)dx=[f(x)dx- jf )dx = [ £ (x)dx

3 13

=S s~ Sper = Sppeo =9-1-5=—.

_10 10

Vay jf (3x+10)d :—jf 3x+10)d(3x+10):%If(t)dt:—

Vidu3: Cho f(x),g(x) lan luot 1a cac ham da thirc bic ba va bac nhét c6 d6 thi nhu hinh v&.

2
Biét dién tich hinh S bing %. Tinh [ £ (x)dx
0

B38

A. C—
15

C.

(SN
w | o0
I

Loi giai
Chon D

Taco g(x) la ham sé bac nhét di qua A(%;lj va B(3;2) nén g(x):§x+é.

Véi y=—1:%x+§:—l<:>x=—2:>C(—2;—1) la giao diém cta hai d6 thi ham s6

f(x) va g(x).
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Lai c6 S=ji[f(x)—g(x)]dx@%zi{a(x+2)(x—gj(x—3)}dx<:>a=210.

Suy ra

1)) =g+ 2) 3= Jix=3) @ £ ()= o4 2) 1= (r=3) 2 1.
Viy jf(x)dx:H%(x+z)(x—§j(x—3)+§x+ﬂdx:%

Cho ham s f(x) lién tuc trén R va y = g(x)= xf (x*) 6 dd thi trén [0;2] nhu hinh
VE.

Vi dy 4:

¥4

2

A 10, B.5. C.E.

w
Al

Chon B

3

Taco: S= j.|g(x)|dx=J?g(x)dx = j;xf(x2 )dx .

bit t=x" = df =2xdx = xde%dt

x |1 2
D01can %
t |1 4
—ljf dt:jf f)dt=28 = 2225,
21 2
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Hay jf(x)dx:S.

Dang 2: Tinh dién tich ciia hinh phang giéi han béi mgt s6 d thi ham s6 va duwong thiang théa
min diéu Kién cho truéec.
Phwong phap giai
Tur diéu kién cho trudc ta di xac dinh cong thirc ciia d6 thi ham s va phuong trinh cua
duong thang (néu can)
Xac dinh hoanh d6 giao diém cua cac do thi ham s6 va duong thiang (néu can)
Ap dung cong thirc tinh dién tich ctia hinh phing
+ Bai todn cho diéu ki¢n doi véi cdc do thi ham soé gidi han hinh phing

Vidu5: Cho hai ham s6 f(x)=ax’+bx* +cx—1 va g(x)=dx’ +ex+% (a,b,c,d,ecR). Biét
rdng d0 thi cia ham s6 y = f(x) va y=g(x) cdt nhau tai ba diém c6 hoanh d¢ lan luot

-3;-1;2 .
YA

> ‘ll\) \/ >

Hinh phang gidi han boi hai d6 thi da cho co dién tich bang

=Y

A 22 B. 12 c. 22 p. 12
12 12 — 48 48
Loi gidi:
Chgn C
Cach 1.
Theo gia thiét hai d6 thi ham s cit nhau tai cac diém —3;1;2 nén ta co:
—27a+9b—3c—1=9d—3e+% —27a+9(b—d)—3(c—e)—%:0 a:%

—a+b—c—1:d—e+% = —a+(b—d)—(c—e)—%=0 =3 b-d=

8a+4b+2c—1=4d+2e+% 8a+4(b—d)+2(c—e)—%=0 c—e=—

Vay dién tich can tinh 1a:

S:‘I:[axS +(b-d)x* +(c—e)x—ﬂdx

+j:{ax3+(b—d)x2+(c—e)x—%}dx
VR NI
4 2 3 4 2 4 4 2 42 2 3 16 48
Cach 2.

Ta co: f(x)—g(x)=O<:>a(x+3)(x—2)(x+1)=0
e (¥ +4x+3)(x-2) =0 2" +2x" —5x-6=0
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Vi du 6:

Vidu 7:

Pong nhit hé s6 voi phuwong trinh ax3+(b—d)x2+(c—e)x—%:0 ta co:

3
a_ 2 1 1
T—_—630—Z:f(x)_g(x)_Z(x3+2x2_5x_6)
Dods 5= [ [2(x+3)(r+1)(x-2) dx:%f‘.

Cho hai ham s6 f(x)=ax* +bx’ + cx’ +dx +5 va g(x)=ex+1 . Biét rang do thj cuia
hai ham s y = f(x) va y=g(x) tiép xtc nhau tai hai diém c6 hoanh d¢ lan lugt 1a
-1;2.

Hinh phang gidi han boi hai dd thi da cho co dién tich bang

A 8L B 3 c. 3 p. 3L
20 10 4 40
Loi giai
Chon B
Hinhphfmg (H): y=f(x),y=g(x).
x=-1x=2

2
Duya vao hinh v& trén dién tich hinh phing (H) la: §= I(f(x)—g(x))dx.
-1
Taco: f(x)-g(x)= ax* +bx’ +cx’ +(d—e)x+4
Do db thi cua hai ham s6 y = f(x) va y=g(x) tiép xtc nhau tai hai diém c6 hoanh d¢
lan lugt 14 —1;2 nén x=-1x=2 1a hai nghiém boi chin cia phwong trinh
f(x)—g(x) =0.
Suy ra f(x)—g(x) =ax' +bx’ +ox’ +(d—e)x+4=a(x+1)2(x—2)2.
Pong nhat hé s6 tu do ta dugc: 4=4a=>a=1.
2
Do d6 f(x)-g(x) :(x+1)2(x—2)2 hay § = J.(x+1)2 (x—2)" dx =%.
-1
Cho db thi ham s6 bac ba y = f(x)=ax’ +bx’ +%x+c va duong thang y = g(x) c6 do

thi nhu hinh v€ sau:
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Vidu 8:

N =™

(S T

Biét 4B =5, dién tich hinh phing gi¢i han béi d6 thi ham s6 y = f(x), truc hoanh va
hai duong thang x=1, x =2 bang

AT B 2. c.> D. L.
11 - 12 12 11
Loi giai

Chon B
Goi g(x)=mx (m>0).Taco A(-1;—m); B(2;2m).

m=2(1m)
Khido AB="9+9m* =5| 3

4
m=-3 (2)

Tac()f(x)zg(x)@a)f+bx2—x+c=0.

Mit khac ax3+bx2—x+c=a(x2—1)(x—2)

Sax’ +bx* —x+c=ax’ —2ax’ —ax+2a,

DPong nhat hé sb ta duwoc a=1, b=-2, c=2. Vay y=f(x)=x3—2x2+%x+2.

Dién tich hinh phang gi6i han béi d6 thi ham s6 y = f(x), truc hoanh va hai duong
o M ¢ 3 2 l 19
thang x=1, x=2 bang S=J. X =2x" +—x+2 |dx=—.
1 3 12
Cho ham sb y:f(x) =6x*+ax’ +bx* +cex+d (a,b,c,d ER). Biét d6 thi ham s
y= f(x) ¢6 ba diém cuyc tri 6 hoanh d6 lan luot 14 —2;1;2 va ham s6 y = g(x) la ham
bac hai c6 do thi di ba diém cuc tri d6. Dién tich hinh phing gidi han boi hai dudng
y=f(x) va y=g(x) thudc khoang nao sau day?

A. (71;72). B. (72;73).

C. (73;74). D. (74;75).
Loi giai

Chon D

Taco y':f'(x)=24x3 +3ax’ +2bx +c.

Do d6 thj ham s y=f (x) ¢4 ba diém cuc tri c6 hoanh d6 —2;1;2 nén phuong trinh
/"'(x)=0 co6 ba nghiém phén biét —2;1;2.

Suyra f'(x)=24(x+2)(x-1)(x-2) < f'(x)=24x"—24x* =96x+96

= f(x) =6x* —8x’ —48x* +96x+d .
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Ta co

f(x)z(%x—%}f‘(x)—Z&cz +64x+d+8:>g(x)=—26x2 +64x+d+8.

Vay dién tich hinh phang gi6i han béi hai duong y = f(x) va y=g(x) 1a
2

S =J:2|f(x)—g(x)| dx

48x> +96x +d ) - (-26x" + 64x +d +8)‘ dx ~74,63.

Vidu 9: Cho ham s6 f(x)=x"+bx’+cx’ +dx+e (b,c,d,eeR) co cac gia tri cyc tri 1a 1,4 va

9. Dién tich hinh phang gi6i han béi d6 thi ham s6 g(x)= Jfﬂ va truc hoanh bang
fix

A. 4. B. 6. C. 2. D. 8.
Loi giai
Chon B
+) Goi x, <x, < x, la ba diém cuc tri ctia ham s6 f (x). Ta co bang bién thién:
T | —oco I T2 T3 +00
f'(z) - 0 + 0 — 0 +
R 7(z2) 2
f(z)
f(z1) f(z3)

+) Phuong trinh hoanh d¢ giao diém ciia d6 thi ham s g(x) va truc hoanh la:

YA PN f’(x)=0© x=x, (i=12,3)
- o) {f(x)>0 {f(xi)>0<TM)

+) Dién tich cﬁn tim 121

:4\/f (x,) —2\/f (x) —2\/f (x,)=6.
Vi dy 10: Cho ham s6 y = f(x) 1a ham da thtrc bac bon va ¢ do thi nhu hinh vé& bén. Hinh phéng
gi6i han boi do thi hai ham s6 y = f(x), y = f’(x) c6 dién tich bang

£ ()| =247 (x)
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1 x
A B Y7 c 3 p. 27,
40 5 40 10

Loi giai
Chon B
Ta thiy dd thi ham s y = f(x) tiép xtc véi tryc hoanh tai hai diém c6 hoanh do bang

—2 va 1 nén ham s6 c6 dang f(x):a(x+2)2 (x—l)z.
Ma d6 thi ham s6 y = f(x) di qua diém A(0;1)34a:1:>a=%
= f(x)= 4(x+2) (x-1)

:>f'(x):%(x+2)(x—l)(2x+1)
Xét phuong trinh hoanh d6 giao diém cta y = f (x) va y=f '(x):

x=-2
Lee2) (- - Hre ey
x=4

= Hinh phang gi6i han béi d6 thi hai ham sé y= f(x), y=/"(x) c6 dién tich la
g I 107

1
x+2) (x-1) (e 2)(x=1)(2x 1) =
+ Bai todan cho dleu kién doi voi ham sé c6 dé thi gi6i han hinh phing

Vidg11:Cho ham sb y=f(x) c6 dao ham tén R théa man diéu kién

f(x)+ x(f'(x)— 2sin x) =x"cosx,xeR va f(%j = % . Dién tich ctia hinh phang gi6i

han boi d6 thi ham sé y=f(x), truc Ox, x :%,x =z thudc thudc tap hop nao trong

cac tap hop dudi day?

A. (0;1). B. [1;3]. C. [3;4). D. [4;+0).
Loi giai

Chon B

T gia thiét f(x)+x(f'(x)—2sinx)=x" cosx
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Vi du 12

Vi dy 13:

& f(x)+xf (x)=x"cosx+2xsinx

=S (xf(x))’ = (x2 sin x),

<xf(x) =x’sinx+C
< 11 T\ & )
Mt khéc: f(zjzzz C=0= f(x)=xsinx.
Dién tich ciia hinh phang gi6i han boi cac duong y = f(x), truc Ox, x = %,x =7 bang

S = | |xsinx|dx =2,14

R[N —y

Cho ham s6 f(x) xdc dinh va lién tyc trén R\{0} théa man
X f2(x)+(2x-1) f(x)=xf (x)-1, véi moi xeR\{0}. Dién tich ciia hinh phang gi6i
han boi d6 thi ham s6 y = f(x), truc Ox va cac duong thiang x =1,x =2 béang

A. EH. B. 1n2+l.
2 2
C. 1n2+§. D. 1r1—2+i
2 2 2
Loi giai
Chon D

Taco x*f2 (x)+2xf (x)+1=xf (x)+ f(x) & (o (x)+1) = (xf (x)+1)

—x—1

2
X

Cho ham s6 f'(x) xéc dinh va lién tuc trén R\{0} nén c=0= f(x)=

Viy j.|f(x)|dx:j. (—é—ijdx =‘(—lnx+%) 2

Cho ham sb y=f(x) co dao ham lién tuc trén [2;4] va f'(x)>0, Vxe[2;4]. Biét

=1n2+l.

4’ f(x)=[ £/ ()] ¥, vxe[24], £(2)= %. Dién tich cta hinh phing gi6i han boi do

thi ham s6 y = /'(x), truc Ox va cac dudong thing x =2, x =4 bang

A. Lfo\/g. B. 2+545.

c.ﬂ. D. —2+1045.
Loi gidi

Chon D
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Vi dy 14:

Vidu 15:

Taco: f'(x)>0,Vxe[2;4] nénham s6 y = f(x) dong bién trén [2;4] = f(x)2 f(2)
ma f(2 ):— Do dé: f(x)>0,Vx e[2;4].
Tur gid thiét ta c6: 4x° f(x [f ] -x (:nc3[4f()c)+1]=[f’(x)]3

<:>x.,3/4f(x)+1=f'(x)<:>&=x.

34f(x)+1
Suy ra:
—f’(x) d[4f +1] 33 + 2—£+ ma
JW‘”I Im CoJ[4f()+1] =5+C

f(2):%<:>%—2+C<:>C—

B(x2 —1)}3 -1

4
Vay S =[|f'oldx = [ £'(x)dx= 1 (4)- £ (2)=-2+10J5

405 -1

Suyra f(x)= J

= f(4)=

Cho ham s6 f (x) c¢6 dao ham lién tuc trén [0;2] va thoa man

(f'(x))2 +4f(x) =8x” —32x+28 v&imoi x thudc [0;2] . Dién tich ctia hinh phang giéi
han boi d6 thi ham s6 y = f'(x), truc Ox va truc Oy bing

A.5. B. 4. C.2. D. 14.
Loi giai
Chon B
Taco
2 2
(/(x)) +4f (x)=8x* =32x+28 = [(/"(x) dx+2j2f dr = [(8x —32x+28)dx

1 1
2 2 2

<:>I(f’(x))zdx—2j(2x—4)f’(x)dx+!(2)6—4) dx

| i
=i(8x2—32x+28)dx+j(2x—4)2dx@j[f’(x)—(2x—4)]2dx=0 o f(x)=2x-4.
Xélt f’(x)=2x—4:0<::1>x=2 |
Dién tich ciia hinh phang gi6i han boi cac duong y = f'(x), truc Ox, truc Oy bang
S=i|f'(x)|dx=j|2x—4|dx=4.

0 0

Chohamsb f(x)=x’+bx"+cx+d véi b, ¢, d 1acécsd thy C. Biét ham  sé

g(x):f(x)+2f'(x)+3f”(x) c6 hai gia tri cyc tri 1a —6 va 42. Tinh dién tich hinh

f(x)+f'(x)+"(x)
g(x)+18

A. In5 B. In7 C. 2In6 D. 2In5
Loi giai

phang gidi han boi cac d6 thi ham sé y =

va y=1
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Chon A
Ham s6 f(x) 1a ham s6 bac 3 nén g(x) 1a ham sb béc 3 suy ra g’(x) 1a ham s6 bac
hai. Ta co 3% (x)=3.31=18;
g'(x)=f"(x)+2/"(x)+18 co hai nghiém x,, x, va g(x,)=42, g(x,)=—6.
Xét phuong trinh tim can cua tich phan dé tinh dién tich:
F(x)+f(x)+f"(x) e f(x)+21"(x)+18 _
g(x)+18 g(x)+18

Suy ra f’(x)+2f”(x)+18=0<::>g'(x)=0<:>[x:x1 .
X=X,
Dién tich hinh phéng
= f—g (x) dx|.
+18 +18 | g(x)+18

: = t = +18
Détt=g(x)+18:>dt=g'(x)dx.Déican{x =4 =g(x)+18
X=x2:>l2=g(x2)+l8

Dodo S =

ol=n12-1m60| =

lnz‘ =|—1n5| =1In5.

60 60

+ Bai todn cho hinh phang dang elip, parabol,..

Vidu 16: Trén bic tudng can trang tri mot h1nh phing dang paranol dinh S nhu hinh v&, biét
OS = AB=4m, O la trung diém ctua AB. Parabol trén dugc chia thanh ba phan dé son
ba mau khac nhau véi mirc chi phi: phan trén 1 phan ké soc 140000 dong/ m?, phan giita
1a hinh quat tim O, ban kinh 2 m dugc t6 ddm 150000 dong/m?, phan con lai 160000
ddng/m>. Tong chi phi dé son ca 3 phan gan nhat voi sé nao sau day?

S

A o B
A. 1.597.000 dong. B. 1.625.000 dong.
C. 1.575.000 dong. D. 1.600.000 dong.
Loi gidi

Chgn C
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(©) LU

M N
-2 f i\2
A —v3 o v3 B x

Dung h¢ truc Oxy nhu hinh vé.
Goi parabol (P) c6 phuong trinh: y =ax” +bx+c (a #0). Khi d6 (P) di qua cac diém
S(0,4), 4(-2;0) va B(2;0).
c=4 a=-1
Suyrataco {4a—2b+c=0<<b=0 . Vay parabol (P): y=—x"+4.
4a+2b+c=0 c=4
Pudng tron (C) c6 tim O(0;0) va ban kinh O4=2.
Khi d6 phuong trinh (C ) la: x>+’ =4. Suy ra phuong trinh nita duong tron la
4-x* .
Goi M, N la giao diém cta (C) va (P) .
Xét phuong trinh hoanh d6 giao diém cia (C ) va (P) ta co:

V4d—x" =—x"+4

-X*+42>0 —x24+4>0
—x*+420 s =42

= 2 & 4-x* =014 x*=4 <:>[ .
2 _ 42 =
o) [J4—1 2D Tl

Suy ra diém M(—\/g;l) va diém N(\/g;l).

Phuong trinh duong thang ON 1a: y = %x

NG
Chi phi son phan ké soc 1a: T, {2 [ (—x2+4—\/4—x2)dx:|.140000 .
0

Na
Chi phi son phin hinh quat 1a: 7, { j( 4-xP —— de}.lSOOOO.

0
Chi phi son phin con lai 1a: T, = { j\/_xdx+2j —x +4)dx}.160000 .
Vay tbng chi phi son la: T =T, +T, +T, ~1575349,5 .

Dang 4: Tim diéu kién ctia tham sé dé dién tich hinh phing théa mén diéu kién cho truéc.

Trang 15



Phwong phap giai
Tur diéu kién cho trude ta di xac dinh cong thirc dd thi ham sé va phuong trinh dudng
thang (néu can)
Xac dinh hoanh d6 giao diém cua cac do thi ham sb va duong thang (néu can)
Ap dung cong thirc tinh dién tich cta hinh phang theo tham so.
Tu diéu kién cho trude vé dién tich hinh phang tir 46 tim duoc diéu kién cua tham sb
Vi du 17: Goi m, 14 gia trj cia tham s6 m dé dién tich hinh phang gi6i han boi @6 thi ham s6

y =x* —2x+m va truc hoanh bang % Khang dinh ndo sau day 1a khang dinh dving ?

A. m, e(—S;—l). B. m, >1.

C. m, e[-1;1]. D. m, <-5.
Loi giai

Chon A

Xét phuong trinh x* —2x+m =0 (1)
Dé c6 hinh phang gidi han bdi dd thi ham sé y =x* —2x+m va truc hoanh thi co6 2
nghiém phén biét x,,x, ©A'=l-m>0m<l1
Khi d6, dién tich ctia hinh phang 1a

X 3 %2
Taco S= ”x2 —2x+m‘dx = [%—xz +mxj

X

X

Mat khac
x; 1 1
X =2x,+m =O:>?1—xl2 + mx, =§(xl3 -3x7 +3mx) =§(le2 —mx, —3x] +3mxl)

= %(—xf +2mxl)= %(—2x1 +m+2mx,)

3
Tuong tyu %—xzz +mx, =%(—2x2 +m+2myx,)

=S =%|(—2)c2 +m+2mx, ) —(-2x, +m+2mxl)| =%|(x2 —x)( 2+2m)| 32

& (x,-x) (-14m) =16 < (2 —4m)(m-1)" =16 < (1-m) =4’ < m=-3
Vay m =-3 thdéa man bai toan.

Vi dy 18: Cho hinh thang cong (H ) gi¢i han boi cac dudng y = Jx,y=0,x=0, x=4. Puong
thang x =k (0 <k <4) chia hinh (/) thanh hai phan c6 dién tich 1a S, va S, nhu hinh
v&. Dé S, =48, thi gid tri k thudc khoang nio sau day?

y
S S2
0 2 IR
A. (3.1;3,3)- B. (3,7:3,9).
C. (3.3:3.9): D. (3,5:3,7)-
Loi gidi
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2.2 12 2 2 2
Suyra S, =4S, <:>§k2 =4{§.42 —;kﬂ@k:3.447.

Vi dy 19: Cho ham s6 y = £ ()

—x* +ax c6 dd thi nhu hinh bén. Goi S,, S, lan luot 1a dién tich
ctia hai hinh phang duoc gach chéo trong hinh v& bén.

u

y=f(=)/

Khi i=l thi a thudc khoang nao dudi day?
S, 40
A._ 3,2 . l,l C. 0;l D. l,i .
—\4 4 32 3 2°4
Loi giai
Chon A
i y= f(m)/

|8y

! a<0 a> !
. -1)<0 TR Y
Dua vao do6 thi suy ra: {f( ) & 83 & i©a>—%
(>0 18 his0 las-2
3 3
Ta co:

0

1, 1 3 xtoax’
J.(—x +axjdx :—I(—x +axjdx=— —t—
3 3

Trang 17

1
3

0
S =]
-1

X+ ax‘dx =




21 2 2 1 x4 axZ 2 4
Szz_“—x3+axdx=J.(—x3+ax]dx =J‘(—x3+ax}h: —+— || =—+2a
ol3 0 o\ 3 12 2 )0 3

L, a
ST 12 2—l<:>a=1 V;ﬁyae(—;éj.
S, 40 +oq 40 4

Vi du 20: Cho ham s6 y = —%x3 +%x2 +3x ¢6 dd thi (C) va duong thang d di qua gdc toa do tao
thanh hai mién phang c6 dién tich S, va S, nhu hinh vé&

Y

S

S

Biét S, = %7 .Khidé S, =", gia tri cia 2m—n bing
n

A. 143. B. -50. C. 50. D. 142.

Loi giai
Chon D

¥

Si
b ______________
O
a X
S2

¢ Goi a >0 1a hoanh d¢ giao diém cua (C ) va d.

15 3,
i ) -——a +—a +3a 3
Khi do, dudng thing d c6 hé sb goc 1a: k =—2 2—5a2+za+3.
a
Puong thing d di qua gdc toa do nén cé phuong trinh 1a

d:yz(—la2+§a+3jx.
2 4

¢ Taco: S, =J‘K—lx3 NN +3xj—(—la2 +§a+3Jx}dx
72" 7y 247y
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2

1A | G T e NS D A
4 8 2 4 .
27 [l lp 3o Jlpi23e

4 8 4 4 2
2:lar“—lcz3<:>a=3

4 8

Do do, d:y:%x.

+ Phuong trinh hoanh d¢ giao diém ciia (C ) va d la:
g)c— —lxg’ Jrix2 +3x =0<:>lx3 —i)c2 —2x=0
4 2 4 2 4

+ Phuong trinh trén c6 3 nghiém: x, =3, x, =0 va x; = —%.

0
Szzj(lxs—zxz—ngdng.
27 47 Ty

2
Do d6: m=135, n=128. Vay: 2m—-n=142.
Vidu 21: Goi (H) 1a hinh phing gidi han béi do thi ham sé y=-x"+4x va truc hoanh. Hai
duong thang y=m va y=n chia (H) thanh 3 phan c6 dién tich bang nhau. Gia tri cua
biéu thirc T = (4—m)’ +(4—n)’ bang

/\
-

C. T =405. D.T=—.

.fu‘

Loi gii

Chon A

*) Ching minh cong thirc tinh nhanh dién tich S cia hinh phing gidi han boi db thi ham
s0 y =ax® +bx +c (a # 0)cat truc hoanh tai 2 diém x,,x, va truc hoanh (x, <x, )

Dién tich hinh phing gi6i han bai d6 thi ham sd y = ax” +bx+c¢ (a # 0)va tryc hoanh la
X3

S = ”ax2 +bx+c‘dx

Khéng mét tinh téng quat, str a<0. Vi dd thi ham sb da cat truc hoanh tai hai diém

phn biét x,,x, nén ax’ +bx+c >0, Vx €[x;x,]. Do do,

S= 'f(ax2+bx+c)dx :(%x3+§x2+cx) zg(xg—xf)+g(x22 —x1)+c(x, —x,)

x| X

Trang 19



Vi du 22

2
=cn—xo{§u§+xﬂfhﬁ)+§cm+xo+c}= JX{“@L—59+ c—o+c}
a
VA b’ +4ac| NA[bD —dac|_AJA . AVA , A
== =——.Vay |S=——hayS§" = 7
a 6a a 6a 6a 6a 36a

*) Van dung céng thirc tinh nhanh vao giai bai tap:
Goi S 1a dién tich hinh phang gidi han bai d6 thi ham sb y = —x? +4x va truc hoanh. Ta
AMA 16416 32
6a’ 6 3
+) Goi S, 14 dién tich hinh phang gi¢i han bai d6 thi ham s6 y=—x’ +4x (P) vd y=m

cod S=

Tinh tién xuéng dudi m don vi ta duge dd thi ham s y=—x"+4x-m
Khi d6 S, 14 dién tich hinh phang gi¢i han bai d6 thi ham s6 y = —x* +4x—m va truc Ox
A (16—4m)’ ; 36S ?
= < @-m 1
36a’ 36 (¢=m) ==~ )

+) Goi S, 1a dién tich hinh phang giéi han boi d6 thi ham s6 y=—x*+4x (P) va y=n

2=

Tinh tién xuong n don vi ta dugc dd thi ham sb y=—x"+4x-n
Khi d6 S, 1a dién tich hinh phang gii han boi d6 thi ham sb y = —x” + 4x —n va truc Ox
AS _ 3 2
: (16-4n)’ Gy = 36S 365, (o
364, 36

Theo bairatacod S, = S_ 32, Szgzﬁ
3 9 3.9
36(S°+S,°) 9 5120 320
£ 16 81 9
S thuc duong a thoa man dién tich hinh phing giéi han boi hai db thi ham

S,? =

T va tacd T =

2 2 2
+2ax+ - £ T STV I 2
=m 4o dat gia tri 16n nhat. Khi d6 ti s dién tich hinh phang duoc
1+a° R

gidi han boi mdi dd thi trén véi truc hoanh, x=0,x=1 1a

AL B2 c. 2. p. 2.
3 3 3 3
Loi giai
Chon B

+ Phuong trinh hoanh d6 giao diém cuta hai d6 thi ham s la:
x’+2ax+3a’  a’—ax

< x* +3ax+24’ =O©(x+a)(x+2a)=0<:>[x:_
x:

1+a° " 1+44° —2a
* Néu a=0 thi dién tich hinh phang S=0.
+Néu a>0 thi S:_f x> +3ax+2a’ _ J x* +3ax+2a? :l' a’
2. 1+a’ 5, 1+a’ 6 1+a°
+Néu a<0 thi S:Tl x2 +3ax+2a> _ j“x2+3ax+2a :_l. a’ ‘
l+a° 1+a° 6 1+a°

IMFJMLL
1-|—|a| '2|a|3 12°

Déu "=" xay ra khi va chi khi |a| =l a=+1.Via>0nén a=1.

¢ Do @6, voi a#0 thi S =
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1 2 1 _
Khi do Slzj‘wdxzﬁj Szzj'l—xdle
)2 6 2 4
s sora SL_26
uyra —=—_.
T

Dang 5: Tinh thé tich ciia khéi tron xoay sinh ra khi quay quanh Ox hinh phing giéi han béi
mot s6 dd thi ham s6 va dwong thiang théa min diéu kién cho trudérc.
Phwong phap giai
Tur diéu kién cho trude ta di xac dinh cong thirc dd thi ham sé va phuong trinh dudng
thang (néu can)
Xac dinh hoanh d6 giao diém cua cac dd thi ham sb va duong thang (néu can)
Ap dung cong thirc tinh thé tich ctia khdi tron xoay sinh ra khi quay quanh Ox hinh phang
da cho
+ Bai todn cho trwée hinh phing quay quanh truc Ox

Vi du 23: Cho hinh (H ) gi6i han boi ba duong (P):y = %xz, d :y=2x va d,:y=2.Khi xoay

hinh (H) quanh truc Ox tao thanh khdi tron xoay c6 thé tich 1a

Az . L.
6 6
Chgn C

Ta c6 giao diém cua d, va d, la A(1;2) va giao diém ciia d, va (P) 1a B(2;2).
Goi ¥ 1a khoi tron xoay tao thanh khi xoay hinh phang gi¢i han boi 4 duong
d,, (P), Oy va x=1.

' 7

1
1 4 1
Suyra ¥ =ﬂj.(4x2——x4de=7z(—x3——x5J =
0 4 3 20 60
Goi V, 1a khdi tron xoay tao thanh khi xoay hinh phang giéi han boi 4 duong
d,, (P), x=1va x=2.

0
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2_497:

S 20

2
Suyra V, =7 (4——x jdx=7z(4x——x j
Jl. 4 20

1
Suy ra V=V1+V2=516—5”.

Cach 2:
Goi V' 1a khdi tron xoay tao thanh khi xoay hinh phing giéi han boi 4 duong

d,, Ox, Oy va x=2.Suyra V'=ﬂj(22)dx=8ﬂ.
0

Goi V; 1a khdi tron xoay tao thanh khi xoay hinh phang gi6i han béi 4 duong d,, d,, Oy

1 1
4 &
va x=1.Suyra V; =7 |(2° —4x° dx=ﬁ(4x——x3j =—
y 3 '<|).( ) 3 3
Goi V, 1a khdi tron xoay tao thanh khi xoay hinh phing gi¢i han boi 4 dudng
1 1\ 8
T
Oa Pa éx:zs raV=7Z —.X4 dx:ﬂ' —xsj =—
x, (P), Oy v uyra V, !bj (20 =
Suy ra thé tich khéi tron xoay can im 1a ¥V =V'—V, -V, :8;;_8?”_8?”=516_5”_

Vi dy 24: Cho (/) 1a hinh phing gi6i han boi do thi hai ham sé y =x” +1;y =—x—1 va hai duong

thang x=-1;x=1.
LY
I\ ,”r y=x>+1
\
Y, /

SR
=

y=—x—1

Thé tich ctia khoi tron xoay dugc tao thanh khi quay (H ) quanh truc Ox bang

Az B. 147 c. 2z p. %,
15 3 - 5 15
Loi giai
Chgn C
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Yi

y=—-x—1

Goi (H,) 1a hinh phang gi6i han bdéi y=x"+1, y=0;x=-1Lx=0. Khi quay (H,)

quanh truc Ox thi khéi tron xoay duoc tao thanh co thé tich V= 7[]1 (x2 + 1)2 dx = 218—57[ .
Goi (Hz) 1a hinh phang dugc gi6i han béi y=-x—1,y=0;x= O,i)lc =1. Khi quay (Hz)
quanh truc Ox thi khéi tron xoay dugc tao thanh c6 thé tich v, = ﬂj.(—x - 1)2 dx = 77” .

0
Vay thé tich cla khdi tron xoay dugc tao thanh khi quay (H) quanh truc Ox la
V=V+V,= %

Vi du 25: Goi ¥ 1a thé tich khdi tron xoay tao thanh do quay xung quanh truc hoanh mét elip cé
2 2

. X ;e e A I ~
phuong trinh E+f_6 =1.Gid tricia V' co gia tri gan nhat véi gia tri nao sau day?

A. 550 B. 400 C. 670 D. 335
Loi giai

Chon D i

Quay elip da cho xung quanh truc hoanh chinh 1a quay hinh phang:

2
H={y=44/1—%,y20,x=—5,x=5}.

Vay thé tich khéi tron xoay sinh ra bdi H khi quay xung quanh truc hoanh la:

2 3 5
V:”J‘S 16_16x N 16x—16x :3207z
-5 25 75

=335
-5 3
+ Bai todn cho diéu kién doi véi dé thi ham sé gidi han hinh phdng sinh ra khéi tron xoay.
Vidy 26:Goi (D) la mién dugc gi6i han boi hai duong cong y=f(x)=ax’+br+c va
y=g(x)=-x"+mx+n. Biét Sipy =9 va dd thi ham s6 y=g(x) cé dinh 7(0;2). Khi

cho mién dugc giéi han boi hai duong cong trén va hai duong thang x=—1; x=2 quay
A A 2 L r LA 4z ar , .
quanh truc Ox, ta nhan duoc vat thé tron xoay c6 the tich V = > trong d6 a,b 1a cac

s6 nguyén dwong. Gia tri biéu thic P = a*> —b’ bang
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YA

XD\ /.

y=y(z)
A. P=2101. B. P=1342.
C. P=2021. D. P=63706.
Loi giai

Chgon D

Parabol y =g (x) codinh /(0;2) suyra m=0;n=2= y=g(x)=—x"+2

Phuong trinh hoanh d6 giao diém cua y = f(x) va y= g(x) :

ax’ +bx+c=-x"+2 (a+1)x’ +bx+c—-2=0.(1)

Dua vao hinh v&, ta ¢6 phuong trinh hoanh do giao diém cua y= f(x) va y=g(x)

ciing c6 dang la (ar+1)(x+1)(x—2)=0<:>(a+1)(x2 —x—2)=0 (2)

Taco S, :9@j_21‘(a+1)(x2—x—z)‘dx=9@%|a+1|:9@a+1=2@a=1

b=—2
c=-2
Vi hai dudng y = f(x)=x"-2x-2 va y=g(x)=-x"+2 nidm khic phia truc Ox nén

Véia=1,tr (1) va (2) tasuy ra: 2x2+bx+c—2=2x2—2x—4<:>{

ta lay d6i ximg do thi ham s6 y = f (x):x2 —2x-2 quatruc Ox ta duoc d6 thi ham s6
y=—(x2—2x—2):—x2+2x+2.

—xz+22—x2+2x+2>0,Vxe[—1;0]
O<—x2+2§—x2+2x+2,Vxe[O;2]

Suy ra thé tich khdi tron xoay can tim la:

Xét —x2+2—(—x2+2x+2)=—2x:>{
V= }(— *42) det j(— ) +2)2dx—@:> ~259:b=15
—ﬂ_l X 72'0 X X T a= b=

Vay P=259-15" =63706.
+ Bai todan cho diéu kié¢n doi voi ham so co do thi gioi han hinh phang sinh ra khoi tron xoay.

X —

Vidy 27: Cho ham s f(x) c6 f(1)=e va f'(x)= Ler, V0. Khi do thé tich khéi tron

2
x
xoay tao thanh khi quay hinh gi6i han béi do thi ham sé y = g(x)=x.f(x) va cdc duong
thang x=1, x=2 quanh tryc Ox béng

A l(e“—ez). B %(64—62)

. Z(e-e). D. (¢ ~)
Loi gidi

Chon B
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Vi du 28:

Vi dy 29:

-1 1 1
Ta co: f'(x)=x 5 .exzi—ex——zex)
X
: . 1.
co [f (x)dxzj(—e ——e jdx.
1 1 v, 1 1Y 1 1
Mitkhac |—e"dx=|—(e' ) dx=—e"—||— | e'dx=—¢" + | —=e"dx.
at khac Ixe Ix(e) xe I(x) e xe +Ixze
:f(x)zle“rc,véi f(1)=e =c=0nén f(x)zlex.
X X
Suy ra thé tich khdi tron xoay can tim la
2 1 2 2 1
V:ﬁj‘(x.—exJ dxzﬁj'ez"dx:ﬁ(—ezx)
1 X 1 2
Cho ham s6 y=f(x) ¢6 dao ham lién tyc trén R théa min

x.f(xX).f'(x)= f1(x)-x,VxeR vacd f(2)=1. Thé tich khdi tron xoay sinh ra khi quay
quanh Ox hinh phang gi6i han boi d6 thi ham sé y = f(x), truc Ox va cac duong thing

2

1

x=0,x=2 béng
A. 3—” B. 4—” C.2rx D. 4r
2 3 -
Loi giai
Chon C.
Tacod

X f(X).f'(X) = () -x S 2xf(x).f(x) =2/ (x)-2x
S 20 (X)L 1(x) + () =317 (x)-2x & j(x.fz(x))'dx = 3jf2(x)dx—j2xdx

2 2 [ 2 ‘ 2 i 2
& (xf (x))0=3jf (x4 26 [f(de=2=V =z[ £ (x)dx =27

Cho ham s6 f(x) lién tuc trén R va c6 dao ham f’(x):‘x2+4x+3‘ théa main

-2)+ f(0)= —z. Goi ¥ 1a thé tich khdi tron xoay sinh ra khi quay quanh Ox hinh
3

phang gi¢i han boi d6 thi ham s6 y = f(x), truc Ox va cac duong thing x=-2,x=2.
Ménh d nao sau day ding?

A. V €[0;200]. B. V7 €(200;500).
C. V €[500;10° |. D. 7 €(10%+w).
Loi gidi

X +4x+3;x €(—o0;—3) U (—1;+0)

—x*—4x-3;x€ [—3;—1]

Ta co: f'(x) ={
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3
x?+2x2 +3x+ Cl;xe(—oo;—?))
3
Suyra f(x)= —%—sz —-3x+Cy;xe[-3;-1]

3
x?+2x2+3x+C3;xe(—l;+oo)

Vi lim f(x)= lim f(x)=/(-3) =G =C,.

x—>-1"

Vi lim £ (x)= 1i1_111+f(x)=f(—1)<:>§+cz =—§+c3.

Ma f(—2)+f(0)=—§:>§+CZ+C3=—%:C1=C2=—2:>C3=

-1

3 2 2/ .3 2
Vay V=r| [|-Z-2x*=3x-2 | dv+| X o +3x+ 2| dx |~ 4572
3 3 3

2
1

Vidy30: Cho ham s6 f(x) lién tuc trén doan [0;1] thoa man diéu kién J f(x)dx=2va
0

1

I xf (x)dx =%. Goi ¥ 1a thé tich khdi tron xoay sinh ra khi quay quanh Ox hinh phang
0
giéi han béi d6 thi ham s6 y = f(x), truc Ox va cac duong thang x=0,x=1. Gia tri
nho nhét ciia V' bang

A 2" B. 4% C. 7r. D. 87.
4 5
Loi giai
Chgn C

2

1
Tatim ham ax+5 thdéa man J.[f(x)—(ax+b)] dx=0= f(x)=ax+b
0

1

1
.[f(x)dx=2 (%x2+bx] =2 Yip=2
° &

0

[ywa=s|(Leele]
0 3 2

0
2

+J1.[f(x)—(6x—l)] dx>0
& Jl.f2 (x)dx > Zj f(x)(6x—1)dx— j(6x —1)’dx
N j F2(x)dx > 12[ xf(x)dx -2 j F(x)dx —j (6x—1)’dx=17

Vay V=rx I dx >Tr
+ Bai todn cho truéc hmh dang ciia khéi tron xoay

Vi du 31: C6 mét vt thé 1a hinh tron xoay c6 dang glong mot cai ly nhu hinh v& dudi day. Nguoi ta
do dugc duong kinh miéng ly 1a 4 cem va chidu cao 13 6cm . Biét rang thiét dién cua chiée
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ly cat boi mat phang d6i xtng 1a mot parabol. Tinh thé tich ¥ (cms) ctia vat thé da cho.

6
]
- 4
A. 127 B. 12 C 72—7[ D 72
5 5
Loi giai
Chon A
Xét hé truc Oxy nhu hinh vé.
A
y
: 1V SN A

X

»
>
4

1
I
I
I
I
1
I
I
I
I
I
I
I
I
2

-4

|
]

0

Goi (P):y=ax’+bx+c di qua cic diem 0(0;0), 4(2;6), B(-2;6), khi d6 ta c6 hé
_3
0a+0b+c=0 a—2
phuong trinh sau <4a+2b+c=6<3b=0 .

4a-2b+c=6 c=0
2

Vay (P):y:%x2:>x2:§y.

6
. . : 2
Khi d6 khoi tron xoay tao thanh co thé tich V =7« I 3 ydy=12rx.
0
Dang 6: Tim diéu kién ciia tham s6 dé thé tich khoi tron xoay théa mén diéu kién cho truérc.
Phwong phap giai

Tur diéu kién cho trude ta di xac dinh cong thirc dd thi ham sé va phuong trinh dudng
thang (néu can)
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Vi du 32:

Vi du 33:

Xac dinh hoanh d6 giao diém cua cac dd thi ham sb va duong thang (néu can)

Ap dung cong thirc tinh thé tich ciia khéi tron xoay sinh ra khi quay quanh Ox hinh phéng
da cho

Tir diéu kién cho trudc vé thé tich cua khdi tron xoay di cho suy ra tim dugc diéu kién
ctia tham s

Cho hinh phang (H) dugc giéi han boi dudng cong y =+m* —x* (m 1a tham sé khac
0) va truc hoanh. Khi (H) quay xung quanh truc hoanh dugc khi tron xoay c6 thé tich
¥ . C6 bao nhiéu gia tri nguyén caa m dé ¥ <1000 .
A. 18. B. 20. C. 19. D. 21.
Loi giai
Chon A
Phuong trinh hoanh d6 giao diém cta dudng cong va truc hoanh la:
m —x" =0 x=4m
Thé tich vat thé tron xoay can tinh la:
I . 2
V=nrx j (m* —x*)dx = ﬂ(mzx—lx3) ‘|‘ :4ﬂm—|m|
3 3

|

2
|

4
Ta co: ¥ <10007 < ﬂmT< 10007 < |m’ <750 < —3/750 < m <3/750.

Taco /750 =9,08 va m =0 . Vay co 18 gia tri nguyén cua m.
Goi V 1a thé tich cta khdi tron xoay gii han bi dd thi ham sé y = x+/a va
y= ./a(2— a)x, 0 < a <2, khi quay quanh truc Ox . Gié tri ciia a dé V dat gia trj 1on

nhit 1a

A.a=1. B. azl. C. azé. D. azé.
2 2 4
Loi giai
Chon B
R x=0
Hoanh d6 giao diém la nghié Ga ph trinh : Ja(2- =
oanh d¢ giao diém la nghi€ém cta phuong trin a( a)x xﬁ@{xzz_a
2-a 2-a
Vzﬁj ‘axz—a(Z—a)x‘dx=—7zI(axz—a(Z—a)x)dx.
0 0

2-a

. =%a(2—a)3,0<a<2.

2
V= —7[[%)5 —a(Z—a)x?]

Xéthamsé f(a)=a(2-a) ,0<a<2.

a=2(l)
fl@)=(2-a) (2-4a)=0|
a=L
2

Bang bién thién
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[

X 0
fia +

f@ / \

\ A , - A - 1 N1 A . ’ .y <1 A 5 \
Ham s0 ¢6 1 cuc tri duy nhat tai a = 5 va la di€m cuc dai. Do d6 gia tri 16n nhat cia ham

o | b2 | =

X . 1
so dat duoc tai a = 3

Vay khi a = % thi ¥/ dat gia tri 16n nhat.

Dang 7: Tinh thé tich ciia vit thé.

Phwong phap giai
Cit mot vat thé B boi hai mit phang (P) va (Q) vudng goc véi truc Ox lan luot tai
x=a va x=b, voi a <b. Mot mit phing tuy ¥ vudéng goc voi Ox tai diém cé hoanh do
x cit B theo thiét dién c6 dién tich S(x) nhu hinh v& bén.

Yi

9|

b
Khi d6 thé tich vt thé B 1a ¥ = [ S (x)dx.

Vi du 34: M6t chi tiét may duogc thiét ké nhu hinh v& bén.

Céc tr giac ABCD,CDPQ la cac hinh vuong canh 2,5cm . Tt gidc ABEF 1a hinh chit
nhat c6 BE =3,5c¢m . Mat bén POEF dugc mai nhdn theo dudng parabol (P) c6 dinh
parabol nam trén canh EF . Thé tich cua chi tiét may bang

A. ﬁcm3. B. ﬂ cem’.
24
C. gc ’ D. %c }

Loi giai
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Goi hinh chiéu cua P,Q trén AF va BE la R vaS. Vit thé dugc chia thanh hinh lap
phuong ABCD.PORS c6 canh 2,5cm , thé tich V,= %cm3 va phan con lai co thé tich

V,.Khi d6 thé tich vat thé ¥ =V, +V, :%5“/2.

bat hé truc Oxyz sao cho O trung v6i F', Ox trung véi FA, Oy trung voitia Fy song
song v6i AD . Khi d6 Parabol (P)cé phuong trinh dang y = ax’, di qua diém P(l;%) do

do azézyzéxz.
2 2

Cit vat thé boi mit phang vudng goe véi Ox va di qua diém M (x;0;0),0<x <1 ta dugc

thiét dién 1a hinh chir nhat MNHK c6 canh 1a MN = gxz va MK = %do do dién tich

25
S(x)=="=x
(1)=2
1
Ap dung cong thirc thé tich vat thé ta co V,= I ?xzdx:f—;
0
Tu do V=12—5+2—5=ﬁcm3
8 12 24

Dang 8: Ung dung tich phén trong bai toan chuyén ddng ciia chat diém.
Phwong phap giai
Mot vat chuyén dong co phuong trinh van toc v(t) trong khoang thoi gian tir 1 =a dén

t =b(a<b) s&di chuyén duge quang duong 1a: |S = Iv(t)dt

Vi du 35: Mot vat chuyén dong trong 4 gio v6i van téc v (km/ h) phu thude thoi gian ¢ (h) c6 do
thi 1a mot phan ciia dudng parabol c6 dinh 7(1;1) va tryc dbi ximg song song véi truc
tung nhu hinh bén. Tinh quing duong s ma vat di chuyén dugc trong 4 gio ké tir lic
xuat phat.
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A. s =6 (km).
C. s=?(km).

Loi giai

Ham biéu dién van tdc c¢6 dang v(t)=at’ +bt+c. Dya vao dd thi ta co

622 a=1

;—:1 Sib="2cv(t)=t-2t+2.
a

a+b+c=1 c=2

V6i t =4 = v(4)=10 (théa man).

2 (km).

Tir d6 s=I(t2—2t+2)dt= 3

II1. H¢ thong cAu héi on tap: 7 ,
Céu héi on tap dang 1: Tinh tich phdn nho dién tich dién tich cua hinh phang gici han boi mot so
do thi ham so va duong thang cho truoc.

Cho ham s6 y = f(x) lién tuc trén R va c6 do thi ham s6 y = f'(x) nhu hinh v&. Biét

Caul:
ring dién tich cdc hinh phang (4) va (B) lan luot bang 15 va 3. Tich phan

1
Ilf'(3lnx+2)dx bang

1 X
e
|
y |
|
|
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A. 4. B. —4. C.6. D. 6.
Loi gidi
Chon A
Hinh phing (4) gi6i han boi cac duong y = f'(x), y =0, x=—1, x=1 va c6 phan do

1
thi nam phia trén truc hoanh nén ta c6 J. f’(x) dx=15.
-1

Hinh phing (B) gi6i han béi céc duong y = f'(x), y =0, x=1, x=2 va c6 phan o

2
thi ndm phia dudi truc hoanh nén ta co I f(x)dx=-3.

1

1
Xét tich phan 1 = —f’(3lnx+2)dx
X

[ S———

Détt=3lnx+2:>dt=§dx:>g=%.
) X 3 x
Poi can
V('rile:lz—l.

e
Voi x=1=t=2.

) ©ooadt 17, 1t 2 1

Do do I:J.lf(t)?ZEJ.lf(t)dt:EUIf(t)dt+!f(t)dtj =5(15-3)=4.

Cho ham s6 y = f(x) c6 d thi nhu hinh v&.

”~

Y

LA 4

S5

Biét dién tich hai phin gach chéo lan Iuwgt la S =5,5,=12. Tinh

1 0
I= jo f(2x—1)dx+j73f(x+4)dx
A -2 B 2. C. 17. D. -7.
2 2
Loi giai
Chon A
1 4
Tacs [ f(x)dx=S$,=5, [ f(x)dx==S,=-12

19

Vay =] fQx-Ddx+ ] f(x+4)dr =%jll f@dx+ [ f (x)dx =%.5—12 —
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Cau3: Chohamsd f(x) codd thi trén doan [—3;3] 1 duong gdp khitc ABCD nhu hinh v&.

yl\
]
4 2
3
Tinh jf(x)dx
-3
A3 B2 c. > p. =33,
6 2 6
Loi giai
Chon B
yA
B
:A
4

Puong thang CD di qua C(l;l) vanhan CD = (2;—3) lam VTCP nén nhan n = (3;2)
lam VTPT.

Khi d6 PTTQ cita (CD):3x+2y-5=0.
Goi E=(CD)r\Ox. Ta duoc E(%;OJ .

Do d6
3

[£(x)de =S, +8 50, +S

ABA, ABCA,
-3

—S 0+ 2a)-5(42)

2\3

4,CE SEDA3
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Cau 4: Cho ham sb £ lién tuc trén doan [—6; 5] , c6 d6 thi gém 2 doan théng va nua duong tron

Cau 5:

5
nhu hinh v&. Tinh gié tri 7= [[ £ (x)+2]dx.
-6

!
y

H i
—6 /4 o 2 5 i
A. I=27+35. B. I=27+32 C. [=27n+34 D. I =27+33.
Loi gidi
Chon B
5| G
C/ K\F
3
B 41
y . : ) ; . E : g =
5 I ; I ) 0 ' 2 ; ; 5 i

I=[[f(x)+2]dr=[g(x)dx véi g(x)=/(x)+2 co db thi nhu hinh vé.

Co1=S+85,+8,+S, trong do:

o . (AB+CD).AD (1+3).4
S, 1a dién tich hinh thang vuong ABCD = §, = 2 = 5 =8,
S, la dién tich hinh chit nhat CDEF = §, =3.4=12,

2
S, 1a dién tich hinh tron tam 7, bankinh R=2 = S, = ”‘22 =2,

A g s . (EF+GH).EH (5+3).3
S, 1a dién tich hinh thang vuong EFGH = §, = 5 = - 12.

Suyra [ =8+12+27+12=27+32.

Cho ham sé y=f (x) ¢6 d6 thi nhu hinh vé va goi A, B 1a hai hinh phang duoc gach
trong hinh bén dudi lan lugt ¢6 dién tich bang 20 va 4.
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Yy
y = f(x)
A
=3 @) B 1 .;
0 N
Giatricoa [ = If(3x+1)dx bang
-1
A.E. B.E. C. 24. D. 16.
3 2
Loi giai
Chon A
Détt=3x+1:x=ﬂ:>dx=ldt.
3 3
Pdicin x=—-1=r=-2x=0=17=1
0 dr 1 1 1 1 16
Taco [ = —=— dt =— dx=—(A-B)=—(20-4)=—.
e 1= [ 10 =3[ F(a=5 [ 7()ax=(4-B)=(20-4)=

: Chohamsb y= f(x) c6 dd thi trén [-2;6] nhu hinh v& bén. Biét cic mién 4, B, x =2

2
¢6 dién tich Ian luot 1a 32; 2; 3. Tich phan j [ £(2x+2)+1]dx bing
-2

A —. B.41. C.37. D. —.
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Cau 7:

Chon D

Ta co j[f(2x+2)+1]dx= jf(2x+2)dx+4

5
2

Xét I, = Jf(2x+2)dx.
)

bat t=2x+2:dt=2dx:>dx:%

Poicin: x=-2=1=-2; x=2=1=6.
1 6
Suyra [, :E__[f(t)dt'
Goi x,; x, 1a cac hoanh d9 giao diém ciia d6 thi ham s6 y = f (x) véi tryc hoanh

(-2<x, <x,<6) .Taco

1 X X, 6 1
11=5 £f(t)df+£f(t)df+£f(t)df}:E(SA—SB+SC)
1 33
25(32—24‘3):?

° 33 41
Va 2x+2)+1|dx=1 +4="—"—+4=—
ayjz[f(x+ )+]x L+ 2+ ;

Cho ham sb y = f(x) lién tyc trén R ¢6 do thi nhu hinh vé.
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fx)

-3 T

Gia sir dién tich phan ké doc trén hinh v& c6 dién tich bang «. Tinh theo a gia tri cua tich

phan [ = i(2x+1)f'(x)dx?

A. 1 =50-2a. B. /=50-a.

C.1=-30-2a. D. [ =-30+2a.
Loi giai

Chon A

Tir do thj suy ra S = if(x)dx=a va f(-3)=8;/(2)=2.

Taco I = j(2x+1)f'(x)dx = j(2x+1)d(f(x)) :(2x+1)f(x)|:—2if(x)dx
5 7(2)+5/(<3)-25 =52+58-2a =50-2a. )
Vay 1=50-2a.

Cau8: Cho ham s6bacbon y = f(x) c6 do thi (C) nhu hinh v&.

Y
C

QS
— -
o
8

Puong thang d : y = kx +i c6 dung ba diém chung véi (C) la 4,B,C va

BC - 4B :%.Biét dién tich hinh phang S 1a %. Gia tri cia jlz f(x)dx bang
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31 c. _lot b, 19

= 160" 80 T 160
Loi gii
Chgn C

Phuong trinh giao diém ciia (C ) va d la:
f(x)—g(x) za(x+2)(x—l)2 (x—5)
Theo gia thiét, ta c6: S :%o —aJ.ls()hLZ)(x—l)2 (x—S)dx =—Sag=—

= ()= g (x) + 5 (x+2)(x=1) (x=5) =k oo (x+2)(x-1) (x-5)

*Goi Al —2:2—2k | B[ 124k |.cf 5545k
4 4 4

BC—AB%@\M (4k) =3 +(3k) =%@

=2

4
k=2
4

Puong thang nam & goc phan tu thir nhat va thir ba nén hé sb goc 1a duong nén ta chon
3

k==
4

Viy f(x):%x+i+i(x+2)(x—l)2(x—5)
321

. 1
Va I_zf(x)dx =160
Cho ham s6 f(x) lién tuc trén R va duong thang (d): g(x)=ax+b c6 dd thi nhu hinh
ve.

9(z)

1 0
Biét dién tich mién t6 dam bing ’:’—; va [ f(x)dx= % Tich phan | x.f'(2x)dx bing
0

-1
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_ 607 20 5 5
TR S 3 . .
Loi giai
Chgn C

o [A(13)eg(x)=ax+b {a+b:3 {a:Z
Ta co: = & = g(x)=2x+1.
B(-2-3)eg(x)=ax+b |2a+b=-3 |b

Ma S=f—;<:>i[f(x)—(2x+1)]dx+i[(2x+1)—f(x)]dx:—

0 | 1 ; 37 ¢ >
@if(x)dx—!f(x)dx+£(2x+l)dx—I(2x+1)dx:E:> [ £ (x)ar=2-

-2 -2

Khi do

| ! t=2x—>dt= 1 | ! u=t—>du=dt 1 h
J’“f (2x)dx—){x2:—lit:2—ix th-f (t)dt dv:f'mdf»vif(z) \Z{Z'f(t)r)z_.[f(t)dt}
1 -2

x=0—t=0 2

:ﬂzf(—z)—if(x)dx} :ﬂz.(s)-ﬂ =—§.

Cau 10: Cho f(x)=ax’+bx’+cx+d (a#0)laham s6 nhan gia tri khéng am trén doan [2:3]
c6 dd thi f’(x) nhu hinh v&. Biét dién tich hinh phing gi6i han béi cac dd thi cua cac
ham sé g(x)=x/7(x); h(x)=-x"f(x) f'(x) va cac duong thang x =2;x =3 bang
72. Tinh £(1).

12
i3 B __:
A. f(1)=2. B. f(1)=-1
c. f(1)=1. D f(1)=‘762.
Léi giai

Chon A
Tur hinh v& ta ¢6 duge f'(x)=3x(x-2)=3x"-6x= f(x)=x"-3x"+C.

Dién tich hinh phang la:
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3

S:I|g(x)—h(x)|dx=i‘xf2 (x)+x2f(x)f'(x)‘dx

Do xf?(x)+xf(x) f'(x) >0, Vx €[2;3] nén S:E[xfz (x)+x2f(x)f'(x)]dx

! 3

3
Ta cé: s:j[lfﬁ(x)} =L () =22 (3)-272(2) =2 —2(C—4)
12 2 , 2 2
. C=4
Ma S=72©5C2—2(C—4)2=72<:> o5
5

Do f(x)ZO,Vxe[2;3]:>f(x)=x3—3x2+4:>f(1)=2.

Cau héi 6n tap dang 2: Tinh dién tich ciia hinh phang gidi han boi mét sé dé thi ham sé va dwong
thang thoa man diéu kién cho trudc.

+ Bai todn cho diéu kién doi véi do thi ham sé gici han hinh phang
Caull: Chohamsd y=ax*+bx’+c (a#0) vahamsd y=mx* +nx+p (m=0) c6 do thi la
cac duong cong nhu hinh v€ bén.

Goi S 1a dién tich ciia hinh phang dugc to ddm. Khang dinh nio sau day diing?

Se Q,ﬁ B. Se 2,2
1515 - 5°3
C. SE(4;£]. D. Se(g;g].
5 315
Loi giai
Chon B

Tir d0 thi ta thdy d6 thi ham ham s y = f(x)=ax*+bx’ +¢ di qua cdc diém A(1;3),
B (0 ; 2) va dat cuc tri tai
f(1)=3 a+b+c=3 a=-1
x=1= f(0)=2<:> c=2 &b=2 :>f(x)=—x4+2x2+2.
f’(l):() 4a+2b=0 c=2
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Cau 12:

Tir d6 thi ta lai thdy d6 thi ham s6 y =g (x)=mx’+nx+ p di qua cac diém C(0;-1),

f(0)=-1" (p=-1 p=-1
A(1;3) va D(-1;3) =< f(1)=3 < im+n+p=3im=4 = g(x)=4x"-1.
f(_l)zg, m—n+p=3 n=0

Dién tich hinh phfmg duogc to dam 1a
S= j[(—x4 +2x7 +2) = (4x =1) Jdr = [((=x* =20 +3)dx
-1

({4 _~o2 (X2,
° 5 3

Cho ham s6 f(x)=ax" —x* +2x+2 va ham sd g(x)=bx’ —ex® +2, ¢6 d6 thi nhu hinh

vé bén. Goi S,;, 1a dién tich cac hinh phang gach chéo trong hinh v&, biét S, = 2421(1)
Khi d6 S, bang:
x
1361 27 c. 2 p. L.
640 320 640 640
Loi giai
Chon D

Tir d6 thi ta thay hoanh d6 giao diém cta d6 thi ham sd g(x) véi truc hoanh chinh Ia
diém cyc tri ciia ham sé f(x). Do d6: f'(x) = k.g(x) . Hay:
dax® -3x* +2 = k(bx3 —ox’ + 2)

k=1
b=3a.Hay: g(x)=4ax’ -3x" +2, suy ra:
c=3

Suy ra:

f(x)-g(x)=ax*—x’ +2x+2—4ax’ +?>ch—2=ax4—(1+4a)x3+3x2 +2x

1 1
Khi d6: S, = j (f(x)-g(x))d j.(ax —(1+4a)x’ +3x" +2x) dx 2,1
o £ J 640 4
(1 791
Viay S, :j(—x4—x3+2x+2jdx=—.
!\ 4 640
2
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Cau 13: Cho hai ham sd f(x)=ax’ +bx’ +cx—2 va g(x)=dx’ +ex+2 véi a,b,c,d,e € R . Biét
ring d6 thi cia ham s6 y = f(x) va y =g(x) cét nhau tai ba diém c6 hoanh do lan luot

1a —2;—1;1 . Hinh phang gii han bdi hai do thi c6 dién tich bang?
YA

AL B2 c.2. L

-6 2 2 12
Loi giai:

Chon A

Xét phuong trinh f(x)-g(x)=0< ax’ +(b—d)x’ +(c—e)x—4=0 ¢6 3 nghiém
X5 X,5X, lan luot 1a —2;—1:1.
Ap dung dinh 1y Vi—et cho phuong trinh béac 3 ta dugc:
b-d _
a a=2
XX, + XX + XX “ 1l e le—e=-2. Suy ra f(x)—g(x)sz3 +4x* -2x—4
b-d=4

X X, X =—

XXX, =—=2
a

37

Dién tich hinh phang: [ :;(2x3+4x2—2x—4)dx—j (24" +4x° ~2x—4) dx = —

1
-1

Céu 14: Hinh phing (H) duoc gi¢i han béi dd thi (C) ctia ham da thirc béc ba va parabol (P)
c6 truc d6i xtmg vudng goc voi truc hoanh. Phan té dam cua hinh v& c6 dién tich bang

VA
2
(C)
1 X
i -
1
1
3—7 B.l. C.E. D.i.
12 12 12 12
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Cau 15:

Loi gidai
Chon A

Vi d6 thi ham bac ba va dd thi ham bac hai cét truc tung tai cac diém c6 tung do lan luot
la y=2 va y=0 néntaxéthai ham s6 13 y=ax’ +bx’ +cx+2, y=mx* +nx

Suyra (C): y=f(x)=ax’ +b +cx+2 va (P): y=g(x)=mx’ +nx.
Phuong trinh hoanh d¢ giao diém cua (C) va (P) la:

ax’ +bx* +cx+2=mx’ +nx & (ax3 +bx? +cx+2)—(mx2 +nx) =0.

Dit P(x)= (ax3 + by +cx+2)—(mx2 +nx).

Theo gid thiét, (C) va (P) cét nhau tai cdc diém c6 hoanh do lan luot1a x=-1, x =1,
x=2nén P(x)=a(x+1)(x-1)(x-2).

Taco P(0)=2a.

Mit khéc, ta c6 P(0)=f(0)-g(0)=2=a=1.

2
Vay di¢n tich phan t6 dam 1a § = [|(x+1)(x—1)(x—2)|dx = ':’—Z

-1
Cho hai ham da thirc f(x)=ax’+bx’ +cx+d va g(x)=mx’+nx+ p. Biét ring do thi
hai ham sé y = f(x) va y= g(x) cit nhau tai ba diém c6 hoanh d¢ lan lugt 1a —1;2;4
déng thoi cét truc tung lan luot tai M, N sao cho MN =6.

_\O 4 =

Hinh phing gidi han boi d6 thi hai ham s da cho c6 dién tich bang

A2 B 22 c. 2 p. 22
8 24 - 16 12
Loi giai
Chgn C

Phuong trinh hoanh d6 giao diém cta do thi y = f(x) vay=g (x) la:
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Cau 16:

Cau 17:

ax3+bx2+cx+d=mx2+nx+p<:>ax3+(b—m)x2+(c—n)x+d—p:O
Do d6 thj hai ham s6 y = f(x) va y=g(x) cit nhau tai ba diém c6 hoanh d¢ lan lugt 1a

—1;2;4 nén ta dugc a(x+1)(x-2)(x—4)=ax’ +(b—m)x*+(c—n)x+d-p.

: 3
Ma | £ (0)-g(0)|=|y, —¥,|]=MN =6.Suyra a=7

Do d: f(x)—g(x):%(x+l)(x—2)(x—4).

Khi do: S = ji|f(x)—g(x)|dx :i‘%(x+l)(x—2)(x—4) dx :%_

Cho ham s6 f'(x) =3x" +ax’ +bx* +cx+d(a,b,c,d € R) c6 ba diém cyc tri la -2, —1 va
1. Goi g(x)=mx’ +nx’ + px+q(m,n, p,q € R) 1a ham sb dat cuc tri tai diém —2 va co
6 thi di qua ba diém cyec tri cia d6 thi ham s y = f(x) . Dién tich hinh phing gidi han
boi hai duong y = f(x) va y=g(x) bang

A B. 5L c. . p. 8.

-5 5 5 5
Loi giai

Chon A

Vi g(x) 1a ham s6 dat cuc tri tai diém —2 va c6 do thi di qua ba diém cuec tri cta do thi
ham sb y = f(x) nén phuong trinh f(x)—g(x) =0 c6 nghiém -2 ; —1;1.

Suyra f(x)-g(x)= 3(x+2)2 (x2 —1)

= [lr-sofae= [fer2y (0 -tfar=T

Cho ham s6 f'(x)=x’+ax* +bx’ +cx” +dx+36. Biét d6 thi ham sb
y=f(x),y=f"(x) va Ox giao nhau tai hai diém phan biét c6 hoanh do lan luot la 2, 3.
Dién tich hinh phang gi¢i han bdi d6 thi ham sé y = f(x) va Ox bang % 12 mot phan
sO toi gian voi m,n e N'. Tong m+n bang
A. 846. B. 845. C. 848. D. 847.

Loi giai
Chon D
Do 2,3 1a nghiém cta phuong trinh f(x)=0, f'(x)=0 nén
f(x)=(x=2)"(x=3)"(x=m).

Tacd f(0)=36=>m=—1.

Vay f(x)z(x—2)2(x—3)2(x+1).
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Dién tich hinh phang gi6i han boi d6 thi ham sé y = f(x) va Ox 1a

3

-

-1

(x—2)2(x—3)2(x+1)‘:%:>m+n:847.

Ciu 18: Cho do thi ham s6 y = f(x) va y = g(x) nhu hinh v& bén dudi

y=glx)

Biét do thi ctia ham s6 y = f'(x) 1a mot Parabol dinh 7 c6 tung d¢ bing —% va

y=g (x) 12 mot ham sb bac ba. Hoanh do giao diém cua hai do thi 1a X,,X,,X; thoa man
X,.X,.x, = —6. Dién tich hinh phing gi6i han bi 2 d6 thi ham s6 y = f(x) va y =g (x)
gan nhat voi gia tri nao dudi day?
A. 6. B. 8. C.5. D. 7.

Loi giai
Chon A

Goi phuong trinh ctia Parabol 13 y = ax® + bx + ¢, tir dit kién d& bai ta c6 hé phuong trinh

1
a=—

c=0 2 .
4a+2b+c=0 b:—1:>f(x)=§x2—x.
4ac-b> 1 c=0

4a 2

. A g . 1 .
Gia st g(x) =ax’ +bx* +cx+d thi dd thi cia nd di qua 1(1;_5j va ¢6 2 cuc tri ¢

hoanh d¢ bang 0 va 2, tirc 1a phuong trinh g'(x) =3ax’ +2bx+c=0 c6 2 nghiém 1 0
va 2.

Két hop voi gia thiét ta co hé phuong trinh
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I _ 1
a+b+c+d:—§ 477
3
c=0 b=— ; 3, 3
8 :>g(x)=——x +—x"—=
12a+4b+c=0 8 8 4
4 c=0
XX, X, =——=—6 d:—é
a4 4

I

2 8 8 4
X, =—1-/7

<l x, =1

Vay dién tich hinh phing gi6i han bgi 2 d6 thi ham sé y = f(x) va y=g(x) bing

1 ~1+7
S= jf[f(x)—g(x)]dﬁ | Te(x)-r(x)]ds

1 3 5 ~1447 3 2
= J' [x_+x——x+i}dx+ I [—X——X—er—g}dx
Ry 8 8 4 1 8 8 4
~6,22.

Céu 19: Cho ham sé bac ba y = f(x) =ax’ +bx* +cx+d 6 d6 thi (C) va ham s6 bac hai
y=g(x)=mx’+nx+p c6dd thi (P). Biétring (C) va (P) cung di qua cac diém
(1;2), (3;1), (5;3) , dong thoi phan hinh phang gi¢i han béi (C) va (P) c6 dién tich

bang 1. Goi ¥ 14 thé tich cua khéi tron xoay tao thanh khi quay phan hinh phing d6
quanh truc hoanh. Héi V' gan gid tri nao nhat trong céc gia tri sau?

Y
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Loi giai

Do (P):y=g(x)=mx’+nx+ p di qua cac diém (1;2), (3;1), (5;3) nén ta c6 hé:

3
m+n+p=2 ng
Im+3n+p=1 = n=-2
25m+5n+p=3 29

Pzg

Vay (P):y=g(x) =§x2 —2x+%=%(3x2 —16x+29)

Vi (C) va (P) cétnhau tai ba diém (1;2), (3;1), (5;3) nén

() =g(x)=a(x-1)(x=3)(x=5) = a(x’ - 9x” +23x-15)

Ma [| ()= g(o)]dx+[] £ (x) = g ()| dx = [ (£ (x) = g(e)ex [ ( (x) — g (x))elx

3
= [a(x’ =95 +23x~15)dx - [a(x’ =9x* +23x~15)dx =8a =1
1

3
A 1 1 3 2 1 2 1 3 2
Nén a=§:>f(x)=§(x —9x +23x—15)+§(3x —l6x+29)=§(x —6x"+7x+14)
Vay thé tich khéi tron xoay 1a

V=r j (F2(x)— g*(x))dx +;zj(g2(x) — £ (x))dx =37 29,424 .

Cau20: Cho haihamsd y = f(x)va y=g(x), biét ring ham s& f'(x) =ax’ +bx* +cx+d va
g'(x)=gx* +nx+ p voi a, ¢ #0 c6 @6 thi nhu hinh v& va dién tich hinh phang gidi han boi
hai d6 thi ham s6 f'(x) va g'(x) bang 10 va f(2) = g(2). Dién tich hinh phang gi¢i han

béi hai db thi ham sé y = f(x) va y = g(x) bing %. Tinh P=a+b.

v =7tz

y=glx
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A. P=11. B. P=19. C. P=24. D. P=21.
Loi giai
Chon B
Ta co:
f'x)-g'(x)=ax’ +(b—q)x* +(c—n)x+d - p=ax(x—1)(x-2)
Dién tich hinh phang gi¢i han boi hai do thi ham so f'(x) va g'(x) bang 10nén:

5= (1700 (o) ]+ i (o) (s -0
S = ':[[ax(x—1)(x—2)]dx—j[ax(x—1)(x—2)]dx =10

1 f a a
S = a'([[x(x—l)(x—Z)]dx—a![x(x—l)(x—Z)]dx=10©Z—(—Zj=10:>a =20.
Khi do: f'(x)—g'(x)=20x(x—1)(x-2)
= f(x)-g(x)= I[f’(x) —g'(x)]dx = J‘[ZOx(x—l)(x—Z)}dx =5x* —20x +20x* + C.Ma
f(2)-g(2)=0nén:
524-202°+202°+C=0=>C=0=> f(x)—g(x) =5x" —20x" +20x>
Suyra S =ﬂ5x4 ~20x° +20x2\dx=? Do d6 P=19.
0
Céau 21: Cho hai ham s y= f(x) va y= g(x) lién tyc trén R . Biét ham s
f’(x) =ax’ +bx* +cx+d, g'(x) = px> +qx+r véi a, p #0 c¢6 do thi nhu hinh v&. Pong
thoi dién tich giéi han béi hai d6 thi ham s6 y = f’(x) va y=g’(x) bang 2 va
f(-1)=g(-1)+1. Biét rang dién tich hinh phang gi¢i han béi hai d6 thi ham sb

y=f(x) va y=g(x) bang ™ Giatri m+n bing:
n

y=g'z)

y = flz)

A. 28. B. 29.

w
e
=}

D. 31.

Loi giai

Chon D

Dua vao db thi :f’(x)—g'(x)=a(x+2)(x+l)x vaa>0.
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Theo dé S = '(f|a(x+2)(x+l)x|dxzajl|(x+2)(x+1)x|dx
5 o)

or-aleand
Taco: [ f'(x)—g'(x)]dx =[4(x+2)(x+1)xdx

= f(x)-g(x)=x" +4x' +4x" +C.

Theo dé: f(-1)=g(-1)+1< f(-1)-g(-1)=1
=1=1-4+4+C = C=0

= f(x)-g(x)=x' +42 +4x> = (2 +dx +4) =27 (x +2)]

Dién tich hinh phang gi6i han béi hai d6 thi ham s6 y = f(x) va y=g(x)

-]

-2

xz(x+2)2‘dxzﬁzﬂ.
15 n

Vay gia tri m+n=31.

CAu 22: Cho hai hamsd f(x)=ax’ +2x* +bx+1 va g(x)=cx’ +4x+d c6 bang bién thién nhu

sau

T —00 0 I ] +00

T |
| l |
Irllr{ i J ,/,/{Llr/’ N“\\
o : : o

T +

f(a) \:/\x

Biét ré“lng dd thi cua hai ham sb da cho cit nhau tai 3 diém phan bi¢t c6 hoanh 46 X, x,,

X, thoa man X, +X, +x, =9. Khi d6 dién tich hinh phing gi6i han béi cac duong
y=f(x); y=g(x); x=1; x=2 bang

A. B. C.

N |~

N | W
&

Alw

Loi gidi
Chon A
Tai céc diém cuc tri o, B cua f(x) thi g(a)=g(B)=0,dodo

g(x)=c(x—a)(x—p) va f'(x)=3ax’ +4x+b=3a(x—a)(x—B).
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¢ =3ka k=1
Do d6 g(x)zkf’(x)@cxz+4x+d=k(3ax2+4x+b)<:> 4=4k < {c=3a.
d=kb d=>b

Suyra f(x)=ax’+2x> +bx+1 va g(x)=3ax’ +4x+b.
Phuong trinh hoanh d6 giao diém
ax’ +2x* +bx+1=3ax’ +4x+b < ax’ +(2-3a)x’ +(b—4)x+1-b=0.

3a-2 _g 1

Theo Vi-et x, +x, +x;, =
a 3

= g(x)=—x"+4x+b dat gié tri 16n nhat tai x, = 3 =2 va gia tri 16n nhét bang

g(2)=lebt+d=lob=-3=c=-1=d=-3.

ol 1 3
=||-=x"+3x" = Tx+4|dx==.
3 4

+ Bai todn cho diéu kién doi véi ham sé cé dé thi giéi han hinh phang

Cau23: Chosd y=f(x) codaohamla f'(x)=12x"+4,VxeR va F(x) la mdt nguyén ham
ciia f(x), £(0)=F(1)=0.Goi S la dién tich hinh phang gi¢i han bi d thi ham s6
y=F(x) vatruc Ox . Ménh dé nao sau day ding?

A s g s_ M6
15 15
c. =% D. 5=2
5 15
Loi gidi
Chon A
+) Ta co
jf j (1207 +4)dx = 4x° +4x + C,.

Do f(0)=0nén C, =0,suyra f(x)=4x"+4x.
:jf(x)dxzj(4x3+4x)dx=x4+2x2+C2.
Do F(1)=0 nén C,=-3,suyra F(x)=x"+2x"-3.

x=-1

+) Xét phuong trinh x* +2x* -3=0 < {

1
Dién tich hinh phang can tim la S = ”x4 +2x° —3}dx _o
-1
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Cau 24:

Cau 25:

1
Cho hamsd y = f(x)=x"+ j (x+u) f(u)du c6dd thi (C). Khi dé dién tich hinh phang
0

gidi han boi (C ) , truc tung, tiép tuyén cua (C ) tai diém c6 hoanh @6 x=1 1a

A.S:l B. S:l. C. S:g. D. S:l.
4 3 3 6
Loi giai
Chon B

1 1
Hamsd f(x) c6 dang f(x)=x"+ax+b,véi a =Jf(u)du va szuf(u)du.
0 0

a:l+%+b a=-5
= ~17.
1 a b b:ﬂ
b=—+—+— 6
4 3 2

Suyra f(x)=x’ —5x—%7;f'(x):2x—5.

M(l;—%j e(C); f'()=-3.

Phuong trinh tiép tuyén cua (C) taid : y= —3(x—1)—% = —3x—%.

Dién tich hinh phang can tim la:

1
S=J. x’ —5x—£—(—3x—2J
0 6 6

Cho ham sé y = f (x) lién tuc va nhan gia tri khong am trén [1; 2]ve‘1 thoa man

dx zzi).(x2 —2x+1)dx 2%.

2
f(x)=f(1-x),vxe[-1;2]. Dat S, = Ixf(x)dx, S, 1a dién tich hinh phang dugc giGi
|

han boi d6 thi ham s6 y = f(x), truc Ox va hai duong thdng x =—1,x =2. Khang dinh

nao dudi day la dung?

A. §,=28,. B. S, =35,.

C. 25, =5,. D. 35, =8,.
Loi giai

Chon C

2
Taco S, = [ xf (x)dx.
-1

batt=1-x=dt=—-dx.

Poicin x=—-1=¢=2x=2=1t=-1.
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Suyra S, zf(l—t)f(l—t)(—dt) :j(l—t)f(t)dt

2 2

= [ 1 (e)de—[1f (t)dr =fff(x)dx—in(X)CbC =5,-5,.

-1 -1
Vay 2§, =S5,.

Ciu26: Hamsd y=f (x) c6 dao ham lién tyuc trén R va thoa man
f(x)+x.f"(x)+ f'(x)=4x—6x* —2x+4,Vx € R. Tinh dién tich S hinh phing gi¢i han
boi dd thi cac ham s y = f(x), y=f"(x)?

A. S=8. B. S=4. C. S=8r. D. S=4r.
Loi giai

Taco f(x)+xf (x)+ £ (x)=f(x)+(x+1) £/ (x) =[(x+1) £ (x)]

Nén

F(x)+x.f(x)+f"(x)=4x" —6x" —2x+4 ©4x3—6x2—2x+4=[(x+1)f(x)]l

:>(x+l)f(x)=x4—2x3 —-x’ +4x+C(1)

Do ham s6 y = f(x) c6 dao ham lién tyc trén R nén nghiém ding véi x=-1
Thay x=-1 vao (1) ta  dugc C-2=0<C=2. Suy ra
(x+1) f(x)=x"—2x"—x" +4x+2
3f(x)=x3—3x2+2x+2
Khido f'(x)=3x"—6x+2.
x=0
Xét phuong trinh x° —3x” +2x+2=3x" —6x+2 < x’ —6x" +8x=0 < | x=2
x=4

:S:ﬂx3—6x2+8xdx=8
0

+ Bai todn cho hinh phang dang elip, parabol, ...

Cau 27: Ong An c6 mot manh vuon hinh Elip c6 d¢ dai truc 16n bﬁng 16m va do dai truc bé
béng 10m . Ong mudn trc“mg hoa trén mot dai dat rong 8m va nhén truc bé cua elip lam
truc ddi ximg . Biét kinh phi dé trong hoa 1a 100.000 d6ng/1m*. Hoi ong An can bao
nhiéu tién dé trong hoa trén dai dat do?

—
8m
\/
A. 7.862.000 dong. B. 7.653.000 dong.
C. 7.128.000 dong. D. 7.826.000 dong
Loi gidi:
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Chon B

Chon hé truc toa d6 nhu hinh vé

By

2 2

Gia st elip c¢6 phuong trinh X—Z+Z—2 =1.
a

Tir gid thiét tacod 2a=16=a=8 va 2b=10=b =5
5 ——
2 2 yzg 64— x° (El)

Vay phuong trinh cua elip la % + 21>

25 y :—3\/64—)8 (E,)

Khi do dién tich dai vuon dugc gidi han boi cac duong (E,);(E, );x =—4;x =4 va dién

tich cita dai vuon la 5 =2[" 2\ea—xdv =2 [ Vo4 —xdx
-4 8 240
’ P A \ M , s 1 s & . 407
Tinh tich phan nay bang phép doi bién x =8sinz, ta dugec S = =5 +2043

Khi d6 sé tien1a T = (407”+ 20\/5}100000 =7652891,82 =7.653.000.

Cau 28: Mot cai céng hinh Parabol nhu hinh v& sau. Chiéu cao GH = 4m, chiéu rong AB=4m,
AC = BD =0,9m . Chu nha lam hai canh cong khi dong lai 1a hinh chit nhat CDEF 6
dam c6 gia 1a 1200000 ddng /m?*, con cac phan dé trang lam xién hoa c6 gia 1a 900000
dong /m* . Hoi tong s tién dé 1am hai phan no6i trén gan nhat véi sb tién nao dudi day?
G
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A. 11445000 dong. B. 4077000 dong.

C. 7368000 dong. D. 11370000 dong.
Loi giai

Chon A

Gén hé truc toa do Oxy sao cho AB trung Ox, A trung O khi d6 parabol c6 dinh
G(2;4) vadiqua gbc toa do.

fx)=-x2+ 4x

F i E

Gia st phuong trinh cta parabol c6 dang y = ax” +bx +c (a # 0) .

Vi parabol ¢6 dinh 1a G(2;4) va di qua diém O(0;0) nén ta c6

c=0 a=—1
2a 0
CcC=
a2’ +b2+c=4

Suy ra phuong trinh parabol 13 y = f(x) = —x" +4x.

4

:%(mZ)_

Mit khéc chiéu cao CF =DE = £(0,9)=2,79(m); CD=4-2.0,9=2,2 (m).

4 3
Dién tich cua ca cong 1a S = j (=" +4x)dx :(—%+ 2x2]

0

0

Dién tich hai canh céng 14 S, = CD.CF =6,138 (m’).
Dién tich phan xiénhoala S, =S-S5, . =—-6,14=——(m
C p <h CDEF 3 1500

Viy tong s6 tién dé lam cong 1a 6,138.1200000 +%.900000 =11441400 dong.

32 6793
(m)-

Cau 29: Chuan bi cho dém hoi dién vian nghé chao dén nam mai, ban An da lam mat chiéc mii
“céch diéu” cho ong gia Noel c6 dang mot khdi tron xoay. Mt cat qua truc cua chiée mil
nhu hinh v& bén duéi. Biét ring 00" =5 cm, 04 =10 cm, OB =20 cm, dudng cong
AB 13 mot phan ciia parabol ¢ dinh 1 diém 4 . Thé tich ciia chiéc mii bang
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Al 2750 (cm3) B. 2500z (cm3)
C. 20507 (cm3) D. 22507 (cm3)
Loi giai
Chon B
Y
B(0;20)
y= (@10
0 A(10;0) ¢
5
o

Ta goi thé tich ctia chiéc mii 1a ¥ .
Thé tich ctia khdi tru c6 ban kinh day bang 04 =10 cm va duong cao OO’ =5 cm1a V.

Thé tich cuia vat thé tron xoay khi quay hinh phang gidi han bdi duong cong AB va hai
tryc toa do quanh truc Oyla V.

Taco V=V, +V,
V,=5.10°7=5007 (cm’).
Chon hé truc toa do nhu hinh vé.

Do parabol c6 dinh 4 nén né c6 phuong trinh dang (P): y = a(x —10)*.

Vi (P) qua diém B(0;20) nén a =%.

Do dé, (P):yz%(x—lO)z. Tirdé suyra x=10—/5y (do x<10).
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Suy ra V, :ﬂT(IO—@)z dy:ﬂ(3000—803£j:$7z (cm3).
0

Dom5V=m+n=1%En+ﬁMn:3%ﬁn(afy

Céu héi 6n tap dang 4: Tim diéu kién cia tham sé dé dién tich hinh phang théa mén diéu kién cho

truoec.

Ciau 30: Goi S la dién tich hinh phang gidi han béi parabol y = x? +2x—1 va cac duong thang

Cau 31:

y=m; x=0; x=1.Cd bao nhiéu gia tri nguyén cta tham s6 me [—4040; —3] dé
S§<2021.

A. 2019. B. 2020. C. 2021. D. 2018.
Loi giai
Chon D
S 1a dién tich hinh phang gi6i han bdi parabol y = x> +2x—1 va cac duong thiang y =m;
x=0; x=1;

1

Vay S=j”x2+2x—1—m‘dx= I(xz +2x—1—m)dx
0 0

m €[—-4040;-3] 1
fo A X ——2021<m<-3
Thoa man yéu cau = {meZ =13 .

meZ
<2021

1
——m
:

Vay c6 2018 giatri m .

Cho hinh phing (H ) gi6i han béi cdc dudng y = ‘xz —1‘ va y=k,véi 0<k<I1.Tim k
dé dién tich hinh phang (H ) gap hai 1an dién tich hinh phang dugc ké soc & hinh v& bén.
V4 N,
IIr (¥ ||.. £
A k=34-1. B.k:%.
C. k=4 D. k=32-1.
Loi giai
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Chon A

\ 4

Goi S 1a dién tich hinh phang (H ). Luc dé S =25, +25,, trong d6 S, 1a dién tich phan

gach soc ¢ bén phai Oy va S, 1a di¢n tich phan gach ca ro trong hinh v& bén.

Goi 4, B 1a cac giao diém c6 hoanh do duong ciia duong thang y =k va dd thi ham

, trong do A(ﬂ;k) va B(m;k).

Theo yéu cau bai toan § =2-2S, < S, =S, .

séyz‘xz—l

@T(l—xz—k)dx= j (k=1-x")dx+ 1j+k(/c—)c2+1)dx.

1-k 1

& (1-k)VI=E -5 (1= R)WI=k =3~ (1-k) =5 (1-k)VT=k
+(1—k)ﬂ+(1+k)ﬂ—%(l+k)ﬂ—(1+k)+%.
& %(Hk)ﬂz%@(ﬂf =2 k=34-1.

Cau 32: D6 thi ham s6 y = x* — 4x” cat duong thing d : y = m tai 4 diém phan biét va tao ra cac
hinh phing c6 dién tich S,, S,, S, théa man S, +S, =S, . Gia tri m 14 sb hitu ty t6i gian

¢6 dang m:—% véia,be N . Giatriclia T =a—b bing

A.29. B. 3. C.11. D. 25.
Loi giai

Chon C
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Cau 33:

Cau 34:

Xét phuong trinh hoanh d6 giao diém x*—4x*—m=0 c6 biét thic A=16+4m >0

X' =2+/4+m

< m>—4. Phuong trinh c6 hai nghiém ,do 2—-+4+m>0 << m<0.

X' =2—4+m

Viy -4<m<0.

. oz e | X=EN2+N4+m =11
Khi d6 ta ¢6 bon nghiém

17

xX=%\2-~4+m =i,
Theo tinh d6i xtmg ciia @6 thi ham tring phuong, nén dé théa yéu cau bai toan ta can c6

12}

I(x“ —4x2—m)dx=—jf(x4 —4x2—m)dx @](x“ —4x2—m)dx:0
0 ty 0

t
& >—(3x* = 202" ~15m)| } =0 & 3¢/ =207 ~15m =0.
15 0

2
Mit khéc taco ¢ — 4] —m=0. Suy ra 2¢) =-3m < 24+m =—4—3m<:>m=—?0.

Viy T=a—b=11.

Goi S 1a dién tich hinh phang gidi han boi cac dudng my = x>, mx = y* . Tim gia tri cia
mde §=3.

A.m=1. B.m=2. C.m=3. D. m=4.

Loi gidi
Chon C

2

. o x
Vim>0nénte my=x"tasuy y=—=2>0;

m

Tu mx =y’ nén x>0 va y=+/mx.
2
. X x=0
Xét phuong trinh = = v/mx < x* =m3x<:>{
m xX=m

Khi d6 dién tich hinh phing can tim la:

S=IM—X—2 T(\/m_—x—z]dx

m 0 m

3 m
2m X L
3 3m )|,

3

dx =

—m
3

_‘1 z

) ) 1
Yéu cau bai toan S=3<:>§m2=3<:>m2=9<:>m=3 .

Cho dudng thing y = %x va parbol y = %xz +a (a 1a tham sb thyc dwong). Goi S, S,

1an luot 1a dién tich cia hai hinh phing duoc gach chéo trong hinh v& bén.
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Y

Sy 3

S1

i 5, =5, thi . i davT
4 32 6 32

( 1J
4

N|\‘

Loi gidi:

Chon B
Phuong trinh hoanh d¢ giao diém: %x = %xz +a < 2x*-3x+4a=0 (*)

Tu hinh vé, ta théy dd thi hai ham s6 trén cit nhau tai hai diém duong phéan biét. Do do
phuong trinh (*) c6 hai nghiém duong phén biét.

A=9-32a>0

(*) c6 hai nghiém duong phan biét < S:%>O <:>0<a<i.

P=2a>0
Khi d6 c6 hai nghi¢m duong phan biét x, = # , Xy = w , (x1 <x).

$ =5, j: (%xz +a—%x)dx: rz [%x—%xz —a]dx

2 3 2 3 2 3
X 3x 3x X 3x X 3x X
<:>?1+axl——1=—2—i—ax2—( 1 ——l—axljaTz—L—axzzo

< —4x,7+9x, - 24a=0

2
@—4(3+ ”9_32“] L93* “94_32“ —24a=0 < 3v9—32a = 64a—9

4
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Cau 35:

Cau 36:

9
0>
64a—9>0 0> o 27
o , & 64 4| @=0 <a=—0.
9(9-32a)=(64a-9) 4096a” —864a =0 27 128
a=——-
128

Cho ham s6 y = x* - mx?> ©6 d0 thi (C,) véi m>0. Gia sir (C,) cét truc Ok tai ba diém
phén biét nhu hinh v&. Goi §, va s, la dién tich cac mién t6 ddm dugc cho trén hinh va.
. 16+2
Tim m dé S, +S, =—\/_.
15
A. m=1. B. m=2. C. m=+2. D. m=4.
Loi giai

Chon B

- m -
NG 5 /0 \qy/

x=0

Tacod: x* —mx* =0 <:>x2(x2—m)=0<:> xX=+m vi m>0_
xX=—m

Do ham s6 y = x* — mx? 1a ham chdn nén d thi ham s di ximg qua truc Oy
= §,=5,=8+5,=28,.

Jm
_2m2\/g
15

Ma §, = Jf‘x4 —mxz‘dx =\/f(mx2 —x4)dx=[me3—x?5j

0

2
1612 :16\5/5@4’”%:161\5/5@1%2\/%:4\/5 oSm=2.

Vi S1+S2:?<:>2S2 1 15

Vay m=2.

Cho ham s y =mx—x* (0<m<4) c6 dd thi (C). Goi S, + S, 1a dién tich ciia hinh
phéng gidi han béi (C ) , truc hoanh, truc tung va duong théng x=4.Giatri m dé

S =5, 1a
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A - m=— D.m=2
3
Loi giai
Chon B
Phuong trinh hoanh d6 giao diém cta (C ) va truc Ox la:
) x=0
mx—-x =0&
x=m (0<m<4)
K "t m 2\ w
Ta co: S1:J.|mx—x2|dx=j(mx—x2)dx: _A 2R
0 0 2 3 6
0
’ ’ X mx’ ) m’ 64
Lai co: S2=I|mx—x2|dx=j(x2—mx)dx= —- =—-8m+—
m m 3 2 m 6 3
o m m 64 8
Theo gia thiét ta co: S, =5, <:>?=?—8m+?<:>m=§.

Cau 37: Cho parabol (P) cy=x>—kx+k—35, voi kla tham s6. Goi S dién tich hinh phang gidi
han béi parabol (P) va truc hoanh, gia tri nho nhét cua S = %, voi a,be N* va 2 t6i
gian. Hoi a+b bang?

A. 5. B. 3. C. 4. D. 2.
Loi giai
Chon A

+ Phuong trinh hoanh d¢ giao diém ciia parabol va truc hoanh 1a: x* —kx+k-5=0.
(P) cit truc hoanh tai hai diém phén biét khi va chi khi

(~k)’ —4(k—5)>0< k*—4k+20>0 ding véimoi keR.

Vay (P) ludn cét truc hoanh tai hai diém phan biét

Gid sir x,,x, (x, < x,)1a cac hoanh do giao diém. Ta cé: x, +x, =k,xx, =k—-5,

x, —x, =vk>—4k+20.

+ Dién tich hinh phang gi6i han béi parabol (P) va truc hoanh la:
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Cau 38:

3 2 2
x——ﬁ+kx—5x
3 2

X

S:T‘xz—kx+k—5‘dx:

X

3 2 3 2
= ﬁ—ﬁ+kxz—5x2 - x—l—ﬁ+kxl—5xl
2 32

3

, -
= (Xz —)Cl){(x2 +XI?), —oh —k(x22+x1)+k—5

Do dé: minSzg. Vay a+b=5

Dién tich hinh phang gidi han boi parabol y = x* +2x +1 va dudng thing y = (m+1)x+5
c6 gia tri nho nhat bang

AL B. 28 c. & . 2.
3 3 3 - 3
Loi giai
Chon D

Phuong trinh hoanh d6 giao diém la:
¥+ 2x+l=(m+Dx+5< x> +(1-m)x—4=0.

Goi hai nghiém cua phuong trinh nay 1a @ va b (a <b). Theo Vi-et, co
a+b=m-1,ab=-4.

Khi d6, dién tich hinh phang can tim la:

[%3 + —(1 _Zm) Xt - 4x}

b

S:ﬁx2+(1—m)x—4\dx=

a

%(b2+ba+a2)+l_m(a+b)—4‘

=J(a+b)’ —4ab.

Jlarny —ab]+ =" (a+b)-4
3 2

1
- ~1)’ +16.
(m=1) +16.[2
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3

e [
=4(m-1) +16.{T+—}

:>S24.§:>S22.
3 3

Dang thirc xay ra khi va chi khi m =1.
Vay min S = 32 .
3
Cau hoi on tip dang S: Tinh théitl'ch cua kho”’i‘tro‘n xoay sinh ra khi quay quanh Ox hinh phdng
gidi han boi mét so6 do thi ham so thoa man diéu kién cho trudc.
+ Bai todn cho truéc hinh phang quay quanh truc Ox
Cau 39: Cho hinh (H) gi6i han boi cdc dudng cong (C):y =e", tiép tuyén cua (C) tai diém
M (l;e) va truc Oy. Thé tich cua khéi tron xoay khi quay (H ) quanh tryc Ox bang:

/

Loi giai

Chon D
Taco y' =e"
Phuong trinh tiép tuyén cta (C) tai M (Le) 1a y=e(x—1)+e< y=ex.

1_62—3
6

1 2
Dién tich cua (H) bang: V = 7Z'J.(€2X —e’x? )dx = (%e“ —%)ﬁj
0

Cau 40: Quay hinh phéqg nhu hinh dugc t6 dam trong hinh v€ bén quanh truc Ox ta duoc khéi
tron xoay co6 the tich la:

YA
ex..
y=1'
1
N w0
o %
AV =437, B.V=637.
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C.V=5/3r. D. V=237
Loi giai
Chon A

YA

2
+
Xét h¢ phuong trinh: {x
y
Do d6i xtng nhau qua Oy nén:

N V3 3
V:27r_[[(4—x2)—12de=27zI(3—x2)dx=2iz(3x—x?]
0 0

\/524\5%
0

Céu 41: Cho hai dudng tron (0,;10) va (0,;6) cét nhau tai hai diém 4, B sao cho AB la mét
dudng kinh cta duong tron (O,;6). Goi (D) 1a hinh phang duoc gi6i han boi hai duong
tron. Quay (D) quanh truc 0,0, ta duge mdt khdi tron xoay. Tinh thé tich 7 cua khéi
tron xoay dugc tao thanh.

A.V =36rx

Loi giai

Chon D
Chon hé toa do Oxy véi O0,=0, 0,C=0x, O,A=0y.

Canh 0,0, =[O, 4 —0, 4 =\10> -6’ =8 = (0,):(x+8)" +3* =100.
Phuong trinh duong tron (0,): x* + y* =36.
Ki hiéu (Hl) la hinh phéng gidi han bdi cac duong y = 100—(x+8)2 ,truc Ox, x=0,
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x=2.

Ki hiéu (H,) 1a hinh phang gi6i han béi cac duong y =+/36—x" , truc Ox, x=0,
x=6.

Khi d6 thé tich ¥ can tinh chinh bang thé tich V, cua khéi tron xoay thu dwogc khi quay
hinh (H,) xung quanh truc Ox trir di thé tich ¥, ctia khéi tron xoay thu duge khi quay
hinh (H,) xung quanh tryc Ox.

Taco V, :l.iﬂﬁ :gﬂ.63 =144r .
23 3
2 2
. _ 2 _ 2 _1127[
Laico V, —7Z"([y dx —ﬂvg[lOO—(x+8) }dx—T.

Dodé V =V,-V, :144;;—% :%.

+ Bai todn cho trude diéu kién déi véi do thi ham sé giGi han hinh phang sinh ra khéi tron xoay

Ciu42: Chohamsd y=f (x) xé4c dinh trén R va c6 do thi nhu hinh bén dudi

1
1
1
1
]
1 2 4 x

Thé tich khéi tron xoay tao thanh khi quay hinh () gi¢i han boi d6 thi ham s6 va cac
duong thang Ox,Oy va x=2 quay truc Ox la

A BT B. 2. c. 2 . 3%
3 3 3 3
Loi giai
Chon D

Ta c6 phan d6 thi cia ham s trén [1;2] 1a 1 phan cta Parabol y =ax’ +bx+c di qua 3
diém 0(0;0), A(l;3) va B(2;1) nén ta c6 h¢ phuong trinh

5
a=——
c=0 2
11
a+b+c=3 < bz; .
da+2b+c=1 o=

Suy ra thé tich khdi tron xoay can tim 1a
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Cau 43:

Cau 44:

2 2 2
V:ﬂj.(—éx ! j I[zs 55, 121x2jdx
0 2 0 4

2
20 8 12

327

3

0
Cho ham s6 y = f (x) lién tuc, khong am trén [0; +oo) thoa man

f(x).f"(x)=2x1+ £2(x) va £(0)=0. Thé tich khi tron xoay tao thanh khi quay hinh
gidi han boi d6 thi ham sd y =f(x) va x=1, x=3 quanh truc Ox 1la

986 3337z 9867 333

220 B. 227 c. 2T D. 222
15 5 15 5
Loi giai
Chgn C
Taco £(x).f"(x) =207 (x) £ 1 @%C((x)):zx
+ X

J{/T = J 2t %Iﬁd(l‘*fz(x)):_hxdx
o l+ 17 (x)=x"+C.
Ma f(0)=0=C=1,dod6 \/1+ [ (x) =x*+1 = f*(x) =x" + 27
& f ()= 120" & f(x) =’ 12

Vay thé tich khoi tron xoay can tim 1a

3J2—2 S, 15 2, 986x

V=7TI()C X +2) dX=7Z'J.x (x +2)dx=ﬂ X +=x | =——.

1 1 5 3 ), 15

Cho ham sb yzf()c):ax3 +bx2+cx+d,(a,b,c,d E]R) ¢ d6 thi (C) Biét rﬁng dd thi

(C ) tiép xtic voi duong thing y =4 tai diém c6 hoanh d6 am va do thi ham sb

y = f"(x) cho béi hinh v& dudi dy. Tinh thé tich vét thé tron xoay duoc tao thanh khi
quay hinh phang H gi6i han boi d6 thi (C ) va truc hoanh khi quay xung quanh truc Ox .
! S

A. Eﬂ'. B. Eﬂ'. C. 6r. D. Lﬂ'

Loi giai

Chon B
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T hinh v& ta ¢6 duge f'(x)=3x>-3= f(x)=x"-3x+d

Tacd y=4 la dudong thang co hé s6 goc bang 0 nén y =4 14 tiép tuyén tai diém cuc tri
X, 6 hoanh do 4m ctia ham s6 f(x) = f(x,)=4.

Tir hinh V& ta thdy duoc f(x) c6 mot diém cyc tri 4m la x =—1

= f(-1)=4=>d=2= f(x)=x"-3x+2.

X =

Xét phuong trinh f(x)=0< { {
X =

Khi d6 thé tich vat thé duoc tao ra khi xoay hinh phang A quanh tryc Ox la:

V:ni(;ﬁ —3x+2)2dx:%ﬂ

+ Bai todn cho trudce diéu kién doi véi ham sé c6 do thi giéi han hinh phang sinh ra khoi tron xoay
Céu 45: Chohamsé y = f(x)cé dao ham khéc 0 va lién tuc dén cép hai trén doan [1;3]; dong
! x _ " x
thoi £ (1)=0, f'(1)=1va [/ ()] L)) )f &)

- , Vx €[1;3]. Tinh thé tich cta vat
e
thé tron xoay sinh ra khi quay hinh phang gidi han béi cac dudong

x(f(x)+ln 2) .
=—————, ¥y=0, x=1,x=3 quay xung quanh tryc hoanh.
ln(x +1)
A%—” B. 26x. C. 3—7[ D. 3r.
3 26
Loi giai
Chon A

Ta co: [f'(x)]3 = %

e - ;[m}d . g

Do f(1)=0, /' ()=1=C=0

2

= e/ = f’)(cx) Df'(x).ef(x) =x3‘|.f'(x)-€f(x)dx='|‘xdx — ' Z%-‘r G .
2 2
Do f(1)=0 nén clzé - ef<">=x2+1 :>f(x):lnx2+1

Thé tich ctia vat thé tron xoay can tinh 1a

Trang 67



Cau 46:

3

V:ﬂj _X(f(x)—+ln2) zdx:ﬂszdx =7[—x3 =
In(x”+1) ! 3

267

3

1
Cho ham s6 y = f(x) théa mén | f‘(x)]2 + f(x).f (x)=x-2x,VxeR va
7(0)= £'(0)=2. Goi V la thé tich khdi tron xoay sinh ra khi quay quanh Ox hinh phing
giéi han boi d6 thi ham s6 y = f(x), truc Ox va cac duong thang x =0, x = 2. Ménh dé
nao sau day dang?

A. V €[0;200]. B. ¥ €(200;500).

C. V [500;10° ] D. 7 €(10%+w).
Loi giai

Chgn C

Taco: [ £ (0] +/@).f (1) =x ~2xVxeR
& (f(@)f(x) =x* ~2x,VxeR

Lay nguyén ham hai vé ta c6:
j (/' @).f(x)) dx= j (x* —2x)ax
4

& f1(0).f(x) =%—x2 +C
Theo dérata co: f'(0).f(0)=C=4

Suy ra: J.f'(x).f(x).dx = I(%—xz + 4} dx

2
X X ,
:sz——x—+4x+p ma f(0)=f'(0)=2 nén D=2
2 20 3
2 ¥ ox
= xX)| =2| =——+4x+2|.
[0 =2 - are2]
Vay thé tich khéi tron xoay sinh ra khi quay quanh Ox hinh phing giGi han boi cac
duong y= f(x), truc Ox, x=0,x =2 bang

5 3

V= ﬂ'([[f(X)]zdx = 77‘([(2[%—%+4x+2]j dx ~883,6

+ Bai todn cho trude hinh dang cia khoi tron xoay

Cau 47:

Cho hai mit cau (S,), (S,) c6 cing bankinh R théa mén tinh chét: thm cta (S,) thude
(Sz) va nguoc lai. Tinh thé tich phan chung ¥ cua hai khdi cau tao boi (Spva (S,).

3
AV =71R. B. v ="K

2
3 3
c.v="R p. v =%

12 5

Loi gidi
Chon C
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Gén hé truc Oxy nhu hinh vé
Khoi cau S(O,R) chira mot duong tronlénla  (C):x*+y° =R’
Dua vao hinh v&, thé tich can tinh 1a

T 2 2 2 x’ !
szﬂ){(R -X )dszz(R x—?JR =
B 2

2

57R°
12

Cau 48: Mot thung dung rugu lam béng 0 13 mot khéi tron xoay . Ban kinh cta day bang 50cm.
Khoang cach giita hai day 1a 1m. Biét ring mit phing qua truc d6i xtimg cat mit xung quanh cua
thung 14 duong parabol. Thiét dién cia mat phang Vuong gdc voi truc va cach déu hai day c6 dién
tich bang 36007[(cm )The tich ciia thing gan nhat voi sb nao sau day:

A. 449 B.322. C. 178. D. 1012.
Loi giai

Chon D
Tacéd

50cm = 5dm,1m = 10dm,36007r(cm2) - 367r(dm2) = 7= 6dm
Chon hé truc toa d0 Oxy nhu hinh vé.

Mit phang qua truc ddi ximg cit mit xung quanh cia thung 1a duong parabol nhur hinh vé

y
6
rf:__- Fﬂ
l L
= 0 5
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Phuong trinh parabol 1a y = —2L5x2 +6

5 2
Thé tich cua thung 13 p = nf[—ixz —|—6] dx ~1012.
J 25
Céu héi 6n tap dang 6: Tim diéu kién ciia tham s6 dé thé tich khéi tron xoay théa man diéu kién
cho trudc.
Cau 49: Goi V/ 1a thé tich khéi tron xoay tao thanh khi quay hinh phang gidi han boi cac dudng
y=+x, y=0va x=4 quanh truc Ox. Dudng thing x=a (0<a<4) cit dd thi ham

y=\/; tai M .
y)\
M
a H
[9) K 4 x

Goi V] 1a thé tich khdi tron xoay tao thanh khi quay tam giac OMH quanh truc Ox . Biét
rang ¥ = 2V;. Khi d6

A a=2. B. a=22. C.a=>. D. a=3.

[\

Loi giai
Chon D

4
Taco x/;:0<:>x=0.Khid(') V=7zjxdx=87z
0

Taco M (a; Ja )

Khi quay tam giac OMH quanh truc Ox tao thanh hai hinh nén c6 chung day:

+ Hinh nén (Nl) ¢6 dinh 12 O, chiéu cao h, = OK = a,ban kinh day R = MK = \/Z;
+ Hinh non (&,) thir 2 ¢6 dinh 1a A, chiéu cao 4, = HK = 4—a, ban kinh day

R=MK =+Ja

Khi d6 V, = %ﬂR2h1+§ﬂR2h2= gﬂa

Theo dé bai V =2V, <:>87r=2.%7m:>a=3.

Céu héi 6n tap dang 7: Tinh thé tich cia vit thé.
Ciu 50: Ban A c6 mot cdc thuy tinh hinh try, dwdng kinh trong long day cdc 1a 6cm, chiéu cao
trong 1ong cbc 1a 10¢m dang dung mot lwong nude. Ban A nghiéng coc nude, vira lic

khi nuéc cham miéng coc thi & ddy muc nude tring voi dudng kinh day. Tinh thé tich
lugng nudc trong coc
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+ Cach 1. Chimg minh cong thirc bang PP tich phan:

Thé tich cai ném biét goc giita mat cit va mat day bang o 1a

14 :ngh :ER3.tana véi tan _h
3 3 R

Xét thiét dién cat cdc thuy tinh tai vi tri x (=R <x<R) bat ky; ta c6 dién tich thiét dién
la S(x) =%.\/R2 —xz.(\/R2 —xz.tana) =%(R2 —x*)tana ;

R R
thé tich V = J. S(x)dxz%tanaj‘ (R —xz)dx=§R3 tanc .
"R R

ta duogc V =2R3.£ :3.32.10 =60(cm?)
3 R 3

+ Cach 2. Goi S la dién tich thiét dién do mat phéng c6 phuong vuong goc vai truc Ox
voi khoi nude, mat phang nay cat truc Ox tai diém c6 hoanh @6 2>x>0. Ta co:
r h—x (h—x)R
—= o=
R h h
, n(h—x)’R’
2h°

Thé tich luong nudc chira trong binh 1a

, vi thiét dién nay la ntta hinh tron ban kinh

r = S(x) zéﬂ'r

h 10 h
V= ! S(x)dx = 29—62(')! (10— x)2dx = 607 (cm®). V = ! S(x)dx

Céu héi 6n tap dang 8: Ung dung tich phdn trong bai todn chuyén dong cia chat diém.
Cau 51: Mot vat chuyén dong trong 4 gio véi van tdc v (km/h) phu thugc thoi gian ¢ (h) co dd thi
cta van toc nhu hinh bén. Trong khoang thoi gian 3 gio ké tir khi bat dau chuyén dong,
d6 thi d6 1a mot phan cta dudng parabol ¢ dinh 7 (2; 9) véi truc d6i xtmg song song vai

truc tung, khoang thoi gian con lai dd thi 1a mot doan thfmg song song v&i truc hoanh.
Tinh quang duong s ma vat di chuyén dugc trong 4 gio do.
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O 92341

A. s =24 (km) B. 5 =28,5 (km)
C. s=27 (km) D. s=26,5 (km)
Loi giai

Chon B

Goi (P):y=ax’+bx+c.

Vi (P) qua O(0;0) va co dinh 7(2;9) nén dé tim dugc phuong trinh 1a y = _79x2 +9x.

Ngoairatai x=3 tacod y:%T7

3 4
Vay quing dudng can tim 1a: § = j (79);2 + 9x)dx + 2747dx =27 (km).
0

3
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