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A-1 FindtheleastnumberA suchthatfor any two squaresf
combinedareal, arectangleof areaA existssuchthat
thetwo squaresanbe pacledin therectanglgwithout
interior overlap). You mayassumehatthe sidesof the
squaresreparallelto the sidesof therectangle.

A-2 Let C; and Cy be circleswhosecentersare 10 units
apart,andwhoseradii arel and3. Find, with proof,the
locusof all pointsA/ for whichthereexistspoints X on
C; andY onC, suchthat M is themidpointof theline
sgmentXY.

A-3 Supposdhateachof 20 studentdhasmadea choiceof
anywherefrom 0 to 6 coursedrom atotal of 6 courses
offered. Prove or disprove: thereare5 studentsand2
coursesuchthatall 5 have choserbothcourseor all 5
have chosemeithercourse.

A—4 Let S bethe setof orderedtriples (a, b, ¢) of distinct
elementof afinite setA. Supposehat

1. (a,b,c) € Sif andonlyif (b,¢,a) € S;
2. (a,b,c) € S if andonlyif (¢,b,a) ¢ S;

3. (a,b,c) and(c,d, a) arebothin S if andonly if
(b, ¢, d) and(d, a, b) arebothin S.

Provethatthereexistsaone-to-ondunctiong from A4 to
R suchthatg(a) < g(b) < g(c) implies(a,b,c) € S.
Note: R is thesetof realnumbers.

A-5 If p is aprimenumbergreatethan3 andk = |2p/3],
provethatthesum

(§)+(g)+...+(§;)

of binomialcoeficientsis divisible by p?.

A-6 Let ¢ > 0 be a constant. Give a completedescrip-
tion, with proof, of the setof all continuousfunctions
f: R — Rsuchthatf(z) = f(z? + ¢) forall z € R.
Notethat R denoteghesetof realnumbers.

B-1 Definea selfishsetto be a setwhich hasits own cardi-
nality (humberof elementsiasan element.Find, with
proof,thenumberof subset®f {1,2,... ,n} whichare

minimal selfishsets,thatis, selfishsetsnoneof whose
propersubsetss selfish.

B-2 Show thatfor every positive integern,
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B-3 Given that {z1,22,... ,2,} = {1,2,...,n}, find,
with proof,thelargestpossiblevalue,asafunctionof n
(with n > 2), of

X1T2 + 223 + -+ Tp_1Tp + TpT1.

B-4 For ary squarematrix A, we candefinesin A by the
usualpower series:
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Prove or disprove: thereexistsa 2 x 2 matrix A with
realentriessuchthat
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B-5 Givenafinite string S of symbolsX andO, we write
A(S) for the numberof X’s in S minusthe number
of O’s. For example, A(XO0OX00X) = —1. We
call astring S balancedif every substring?’ of (con-
secutve symbolsof) S has—2 < A(T) < 2. Thus,
X0O0X0O0X isnotbalancedsinceit containghesub-
string OO X OO0. Find, with proof, the numberof bal-
ancedstringsof lengthn.

B-6 Let (a1, b1), (az,b2),. .., (an,b,) bethe verticesof a
convex polygonwhich containsthe origin in its inte-
rior. Prove thatthereexist positive realnumberse and
y suchthat

(a1,b1)z" y" + (a2, bo)z?y" + -
+(an, bn)z*"y" = (0,0).



