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PHAN I: PAI SO

CHUONG 1: RUT GON BIEU THUC
Binh ludn: Bdy la dang todn co ban nhdt khi tham du dé thi tuyén sinh vao 1ép 10. Cac em can lam hét sic
can thgn
I.RUT GON BIEU THUC KHONG CHUA CHU"

Bai 1 (Hwng Yén — 2010 -2011): Rut gon biéu thic: ¥30 +@
Z
Huoéng dan:
Str dung: ﬁ = \/E
JB \B
Léi giai:

V50 \/@_ @+ 8 + =5+4=
erf‘\Fz \E_JE V16 =5+4=9

Bai 2 (Khanh Hoa - 2010 - 2011): Rt gon biéu thirc: A=+/5(~20 -3)++/45
Huéng dan:

Sir dung phép khai can: VA’B =|A| JB

Loi giai:
A=+5(215-3)+3J5=25-35+3/5 =10
Bai 3 (Quing Ninh — 2010 — 2011):
a) So sanh hai sé: 35 va /29
b) Rit gon bidu thirc: A= 3FY5 3735
3-45 3++5
Nhan xét:

V6i Y 1, viée so sanh cin bac hai cia mot sb. Tacin dé y: A >+B <> A>B
V6iy 2, ludn ludn phai dé y: A++/B va A—+/B 1a hai dai lugng lién hop véi nhau nén rat hay dung dé truc
cin thirc & mau
Lo gii:
a) So sanh hai s: 35 va +/29
45> 29 = 3.5 > /29
b) Rt gon biéu thuc:

A 3+5 3-45 (3+\/§)2+(3—J§)2 _9+6V5+5+9-6/5+5 14 _
3-v5 3+V5  (3-45)(3+5) 3 -5 2
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Bai 4: (Binh Dwong — 2014 — 2015): Rut gon biéu thic:

A:\/3+2\/§—‘/\/§_1
J2 +1

Nhan xét: Ngoai nhan ca tir vd mau véi dai luong lién hop nhu bai 3 thi bai toan nay con luu y téi dang

thuc:

2 2
A+BVC = (X +YJE)2 H{:‘;(X;CY

Lo gidi:
o [
Azm‘\/%zm_ (\/§+1)(\@—1)

= (V2 +1) —\/@ ~N2+1-|V2-1=V2+1-2+1=2

Bai 5 (Pa Ning — 2010):

a) Rut gon bicu thirc A= (~/20 — /45 +3V5 )/
b) Tinh B = /(V3-1) 3
Loi giai:
) Rt gon biéu thirc: A= (/20 —+/45 +35) /5 = (245 - 3v5 +35)5 =10

b) Tinh B=(V3-1) ~V3=v3-1-V3=-1

Bai 6 (TP Ho Chi Minh 2012 — 2013): Rt gon biéu thuc:
B =(2-+3)26+153 - (2+3)v26 153
Binh luan: Pay 1a ¥ b trong d¢ thi tuyén sinh vao 16p 10 TP H6 Chi Minh nam 2012. Day la mét trong
nhitng minh hoa cu thé v& cach dua vé ¥ tuong: \/m+n\/p =a+bvc
Loi giai:

B =(2-3)v26+15y3 - (2++/3)/26-15/3
1

3(2—\@)\/5%30\@—%(2+ﬁ)\/52_30x@
=%(2—J§) (3\/§+5)Z—i2(2+@) (3V3-5)
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:%(2—ﬁ)(3ﬁ+5)—%(2+¢§)(3@—5)=ﬁ

Nhan xét: Cung vai y tudng cua bai toan trén tuy nhién ta cdé nhan xét mét chat. Véi bai toén trén ta co
2
ngay: m+ n\/B = (a +be ) thi bai todn sau s€ hoi kh6 hon mét “chat xiu™
Bai 7 (P4 Ning - 2012 - 2013): Rt gon biéu thirc A=(~10 —v/2)3++5
Loi giai:
= (V10 ~v2)3++5 = (V5 -1)/6 + 245
2

(5 4[5 1) =5 1) +1) -

Bai 8 (TP Ho Chi Minh — 2010 — 2011): Thu gon céc biéu thuc sau:

A=+12-63 ++/21-1243
st(\/2+\/§+\/3—\/§—\EJ2 +(\/2—\/§+\/3+J§—\EJ2

Loi giai:

A=+12-63 +1/21-12/3
=\/(3—ﬁ)2 +\/3(2—ﬁ)2 =3-43+(2-43)\3=43

B=5(¢2+¢§+¢3—J€—@2 +£\/2—J§+\/3+J§—\EJ2

B=5(\a+ 28 + 6245 ~ VB +(\4-28 + 6+ 25 - 3|

2

-5\l B [ 61 )2—x/gj2+(\/(x/§—1)2+\/(x/§+1)2—x/§j

=5((1+3)+ (5 ~1) B +((VB-1)+ (V5 +1) 3]

V3 V3
2

1+ 1-—

2

_I_
1+ 1+\/2§ 1—,/1—\/2§

Nhan xét: Bai toan 1a su két hop cua hai I thuyét ma ta da gidi thiéu

Bai 9: Rutgon P =

Loi giai:
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\/1+£:\/4+2x/§: (3+1) 1.3

2 4 2 2

\/1_£:\/4—2\/§: (1—x@)z B

2 4 4 2
Do do, ta co:
P_2+\/§+2_\/§_(2+\/§).(3—\/§)+(2—\/§).(3+\/§)
T 3+43 3-43 (3++3)(3-+3)
P:3+\/§;3—\/§:2
Vay P=2

Bai 10: Thuc hién phép tinh

V5417 —5- V17 —410- 42 + 4

VA V3445 —y3-B5 +2-42
b) B = 2+«@ N 2—@
V2442443 J2-42-43

2008° N 2008
2009° 2009

c) Tinh giatri B = \/1+ 2008* +

Phan tich va hwéng dan giai

a) Tinh: [\/5+J1_7—Js—\/ﬁ—\/lo—4\/§}w5+\/ﬁ—¢5—\/ﬁ+\/10—4\/§}

:[\/5+\/E_J5—\/ET ~(10-4v2)=0

Mat khac ta ludn c6: \/5+\/ﬁ—\/5—\/ﬁ+\/10—4\/§ >0
Vay: /5417 —\5- V17 —\10-442 =0

Tuong tu chirng minh: \/3+«@—\/3—\@—ﬁ:0:> A=%:2

2+3 2-+/3

b) B = .
2243 V2-2-3

3 2

- Bién dbi 2+ /3 = 4+22J§ _ (*/_2”)

(¥3-1)

- Tuong tu 2—\/§=T
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226442 22-V6+v2 b
Vay B =42

(Bef (B i,

Vay B =

2008° N 2008
2009° 2009

¢) Tinh giatri B = \/1+ 2008° +

Ta co:

2008° 2008

N 2008° 2008
2009° 2009

+ —_—
2009° 2009

B= \/1+ 20087 + = \/(1+ 2008)2 —2.1.2008 +

2 2
_ \/(2009)2_ 5 20092008 , 2008° 2008 _ \/(2009 2008) 2008

+ = - +
2009 2009° 2009 2009 ) 2009
_|pog9 2008|2008 o 2008 2008 ., .
2009| 2009 2009 2009
Bai 11*: RUt gon biéu thuc:
p__ 1 1 1 1

= + + +..+
1+45 B+V/9 Jo+413 2001 + /2005

Nhan xét: Bai toan nay sir dung phép truc can thic bing cach nhéan dai luong lién hop véi né dé dua vé

cling mau sé va ridt gon tong

Loi giai:
P= L + L + L +..+ !
_\/§+1 \/§+\/§ \/ﬁ+\/§ \/ﬁ+\/m
I S e i L I
(ﬁ—l)(ﬁﬂ) (@—ﬁ)(\@+£) (Jﬁ—@)(@+@)
/2005 — /2001 _
(/2005 - /2001 ) (+/2005 ++/2001)
_V5-1 V9-5 V13-V9 /20052001 _+/2005-1
4 4 4 4 4
Viy P:_@—1

Bai 12*: Tinh gid tri cua tong:

Bz\/l+i2+i2+\/l+i2+i2+...+ 1+i2+ 12
1 2 2° 3 99° 100

Phan tich va hwéng din giai:
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Xét A= flet+—1 _ aso
a’  (a+1)
2 12 12 )
Ta co: A2:1+i2+ 1 : _a (a+1) +(a+2) +a
a” (a+1) a?(a+1)

_at+2a’ (a+1)+(a+1)2 (a2 +a+1)2

a’(a+1) a’(a+1)
2
Vias0A>0nen A=t e+l _, 1 1
a(a+1) a a+1

Ap dung ta co:

B:\/1+i2+i2+\/1+i2+i2+...+ 1+i2+i2
1 2 22 3 99° 100

= l+}—i + 1+1—1 +..+ l+i—i :100—i=99,99
99 100 100

Nhan xét: Ta cd thé sir dung Y tudong khai cin tir trong ra ngoai dé ché tao ra nhirng bai toan c6 vé phuc tap

nhung lai rat d& nhu sau:

Bai toan: Tinh A= \/4 = \/5\@ 45481017 + 443

Loi giai:
Taco A= \/4+\/5\/§+5\/48—10\/4+4\/§+3
=\/4+\/5\/§+5\/48—10(2+\/§) =\/4+\/5J§+5(5—\/§) ~J9-3

Vay A=3

Nhan xét: Thong thudng véi bai toan rat gon khéng chira bién nay khi xuét hién trong dé thi thi thuong nd
s& xuat hién thém mot y phu khac
Bai 13 (Quang Tri - 2010 — 2011): Rat gon biéu thirc (Khdng dung may tinh cam tay):

1) 8 ++/18-242

a+b—2Jab 1
(Va-vb) a+b

2) voi a>0,b>0,a=b

Léi giai:

1) Taco: V8++18-242 =42 +9.2-22 =22 +3J2-2/2 =32

2) V6i a>0;b>0;a=b taco:

Lién hé tai liéu word toan SPT va zalo: 039.373.2038



a+b-2Jab 1 (\/g_\/g) (\/gh/g):(\/g_\/g)(\/gh/g):a

(Va—vb) Va+vb  Va-+b

Bai 14 (Hoa Binh — 2010 — 2011):
X +y°

a) Rat gon biéu thue: A= ——>—
X°—Xy—-2y

b) Rut gon biéu thirc: B =~/20 —104/3 ++/35— 2043
Loi giai:
a. Didu kién: x = 2y;x # -y
_(x+y)(x2—xy+ y2) Xyt y?
(x+y)(x-2y) X—2y

b. Tacé: B =/20-1043 +\/35—2o\@=\£{\/<1_\@)2 +\/(2_\@)2}

Z\/g(\/§—1+2—\/§)=\/§
Bai 15 (Thai Binh - 2010 — 2011):
3 1

N jx—9
x—3Jx  x+3) Jx

1. Rat gon biéu thic: A = ( Vi x>0,x#9

s 1 1
2. Chirng minh rang: \/E[ + =10
VJ5-2 542

Loi giai:
1. Véi diéu kién x> 0;x = 9. Ta co:
A 3 1 X—9 A 3(\/;+3)+\/;(\/;—3) X—9
= + . = = .
x(Vx-3) Vx+3] Vx Jx(x-9) Jx
WX +9+ x—3Vx 9+ x
X X
9+ X

Két luan: Vay véi x> 0;x#9 thi A=—=
X

.. S S V5+2+5-2 | =25 _
> 1ace ﬁ'(ﬁ—z J§+2J_£' (G-2)Brg) | a
. 1 1)
Vay: \/g.(\/g_2+\/§+2J_10

Bai 16 (Khanh Hoa - 2014 — 2015):
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Website: tailieumontoan.com

-b



1) Khdng dung may tinh cam tay, tinh gia tri biéu thic:

Aol \B-VI0
V2+1  2-45
2 a a Ja+1 .
2) Rut gon biéu thac B:( + j: voi a>0,a=4
a-2v/a Ja-2) a-4Ja+4
Loi giai:

1. Taco:

1 Je-Jio J2-1 V2(2-V5) _
2+1 2.4 1 2-45 “V2-i2eo

2.V6i a>0,a#4 taco:

B:( a . _a j Ja+1
a-2Ja Ja-2) a-4Ja+4

( A a J.(ﬁ-Z)Zawa(ﬁ-Z)z

A=

Va—2 Va-2) vat1 Va2 Ja+l
Ja(1++a) (Va-2)
T Va-2  Ja+ =Va[Va-2)

Bai 17 (TP H6 Chi Minh — 2013 — 2014): Thu gon c4c biéu thic sau:

A—( Jx N 3 ]\/;+3
(Wx+3 x-3) x+9

B =21(\/2+\E+\/3—\@)2 —6(\/2—\/§ +\/3+\£)2 1515
Lo giai:

X—3VX +3Vx +9 \&+3: 1
(Vx+3).(Vx-3) | x+9  Jx-3

VoI X>0:x#9

Vaoi x>0va x=9tacd: A=

B =%(J4+2J§ +J6—2£)2 —3(J4—2ﬁ +\/6+2\E)2 1515
=%(ﬁ+1+£—1)2 ~3(V3-1++5+1) ~15V15
:%(\/&\/5)2 1515 = 60

Bai 18 (Hung Yén — 2012 — 2013):
a) Tim x biét: 3x++/2 = 2(x+\/§)

Lién hé tai liéu word toan SPT va zalo: 039.373.2038
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b) Rt gon biéu thuc: A:,/(l—\/é)2 -3

a) Tim x biét 3x+\/§:2(x+x/§)<:>3x+\/§:2x+2\/§<:>x:\/E.Véy Xx=+/2

b) Rut gon bidu thitc: A=,[(1-V3) ~VB=[1-V3|-V3=\3-1-V3=-1

Loi giai:

Vay A=-1
Bai 19 (Pong Nai — 2012 — 2013):
1/Tinh:P=[ t 1 ]*@_1

2-J3 2++3)3-43
2/ Chang minh: a°® +b° > a’b? + a’b®, biétrang a+b >0

Loi giai:

l/Tinh'P—( 11 j\/§—1_2+\/§—2+\/§ 3-1

2-\3 2+3)3-43 4-3 \/§(J§—1)
2/ Ta co:

a’ +b° >a’h’ +a’h’ < a° +b° -a’h’ —a’b® >0
e a’(a’-b’)-b’(a* -b*) 20 (a*-b*)(a* -b*) 20
< (a-b)’(a+b)(a’ +b*+ab)>0
Vi: (a—b)* >0 (véi moi a,beR)
a+b>0 (theo gia thiét)
a’ +b*+ab >0 (véi moi a,beR)
Nén bt dang thuc cudi ding. Vay a® +b® > a’h? +a?b® véi a+b >0 (dpem)
Nhan xét: V6i phan 2 nay, ching ta can tinh ¥ dé chuyén hét vé mot vé, sau d6 tim cach van dung céc hing
dang thire. Thuong thi véi nhitng bai toan chitng minh bat dang thic chiing ta can van dung nhuan nhuyén
céc hang dang thirc va cac bit ding thirc da hoc
Bai 20: (HSG Bic Giang 2013)

1) Tinh gié tri cua bidu thic A = §/26 +15v3 — /26 1543
2) Rat gon biéu thic

p_ va-2+2 a-2 +a+7 J 3va-2+41 1
3 13+va-2 1l-a)la-3/a-2-2 a-2
Loi giai:

1) Ta co:

Lién hé tai liéu word toan SPT va zalo: 039.373.2038



Website: tailieumontoan.com

A= 326+153 - 26 -15\3
—{lB+32 V3 +32.(Va) +(\B) -8-32°3+32(V3) -(V3)
S GRC I ]

Vay A=2J3
2) biéu kién: 2 <a =11

(2+\/§)—(2—\/§)=2\/§

bat x=va-2(0<x#3)=>a=x"+2

X+ 2 2
Tinh duoc: Pz( ) X +X +? :( ?;Hl —lj
3 3+Xx 9-x X°=3X X

3-x  2X+4 2 2

:<x+2),(3éx+3>}:( 2x+4 ]:<x+z> X(x-3)_ x_ a2

3 — X X(x—3)
Luwu y: Vi phan 2, vi biéu thire duéi mau c6 bién s nén nhit thiét phai dit diéu kién dé biéu thirc c6 nghia

Bai 21: Truc can thic & mau sé cua biéu thic: A= B S
1+332 -2¥4

Huéng din giai:
Ap dung hing ding thic:
a®+b® +¢® —3abc = (a+b+c)(a’ +b” +c* —ab—bc —ca)
Ta coi mau s cia A cddang a+b+c.

Khi @6 nhan tir s6 va mau sé cia A Véi (a2 +b%+c?—ab-bc— ca), ta co:

N % +(3€/§)2 +(—2%Z)2 -1.3%2 - 392(-2%/4) - (-23/4).1
) £ +(392) (294 ~3..3Y2,(-24)

_13+11%/4+532
59

I1. RUT GON BIEU THU'C CO CHUA CHU"

A. Dang tim diéu kién dé biéu thirc c6 nghia:

Nhan xét: Déi véi dang toan nay nguyén tic xac dinh diéu kién cua biéu thic 1a:

+ Néu c6 can bac hai (tong quat 1a cin bac chén) thi biéu thirc trong can thirc phai khong am

+ Néu c6 phan thirc thi mau sé phai khac 0

BAi 1 (Vinh Phiic — 2012 - 2013): Cho bidu thitc: p= %4 > %=4
x—1 x+1 x°-1
1. Tim diéu kién xé4c dinh cua biéu thic P

2. Rutgon P
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Lo giai:
X-=1%0
.2 . X=1
1. Biéu thirc P xac dinh < x+1#0 <:>{ 1
X # —
x2—1#0

2. V6i x #+1 ta co:

X 3 6x—4  X(x+1)+3(x-1)—(6x-4)

:x—1+x+1_(x+1)(x—1) (x+1)(x-1)

_ X +x+3x—3-6x+4 _ ¥ -2x+1 _ (x-1)’ _x-1
(x+1)(x-1) (x+1)(x-1) (x+1)(x-1) x+1’

(x = +1)

Bai 2 (Bic Ninh — 2012 — 2013):
4
2x-1

1) Tim gia trj ciia x dé cac biéu thirc co nghia: +/3x —2;

(2+\/§)m
2+ 5

2) Rat gon biéu thuc: A=

Léi giai:

1) V/3x—2 c6 nghia <:>3X—220<:>3x22c>x2§

c6 nghia <:>2X—1>0<:>2x>1<:>x>1

2 BB (BB (B

V2443 J(2-38)(2++3) 22 —\[3* 1
Bai 3 (Lao Cai — 2012 — 2013):
1. Thuc hién phép tinh:

a) Y2-10 - /36 + 64 b) \/(JE—B)Z +g/(J§ -5)

2a+4 1 1
1-2 1+va 1-+a
a) Tim diéu kién cua a dé P xac dinh

b) Rt gon biéu thuc P

2. Cho biéu thuc: P =

Lai giai:
1. Thuc hién phép tinh:
a) 2-10-/36+64 = Y-8 -100 =-2-10=-12
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) (V2-3) +3[(V2-5) =N2-3+12-5-3-12+Z-5=2

2. Taco:

a) P xac dinh khi a>0;a=1

b) RGt gon biéu thuc P :

o 244 1 1 _2a2+4—(1—«/§)(a2+a+1)—(1+\/5)(a2+a+1)
1-a° 1+Ja 1-+a (1-a)(a’ +a+1)

28’ +4-a’-a-1+a’Ja+ala+rJa-a-1-a*Ja-aJa-+a
(1—a)(a2 +a+l)

2-2a 2
(1—a)(a2 +a+1) a’+a+1

2
a’+a+1

Bai 4 (Ph( Yén — 2010 — 2011):

a) Khdng sir dung may tinh cam tay, hay rat gon biéu thic:

A=12 - 248 +3./75
Jx-2  Jx+2 J_x\/}—x—\/hl

Vay véi a>0;a=1thi P=

x-1 x-2/x+1 Jx

Véi nhitng gid tri ndo cua x thi biéu thirc trén xac dinh? Hay rut gon biéu thic B

b) Cho biéu thirc B :(

Léi giai:
a) A=+12 — 248 + 375 = 243 - 83 +15\3 =943

b) biéu kién xéac dinh: x>0 va x =1

B:(\/;—Z_ JX +2 Jx\/;—x—\/;+1
x—1 x-2Jx+1) Jx

_(P2)(e1)-(Vxera) (V) (V) (x-)

. =6
(Vx-1)(x-1) Jx
Bai 5 (Hai Dwong — 2010 — 2011): Rat gon biéu thic
N = 3+ﬂ . 3_a—\/§ voi a>0va a=l
Ja+1 Ja-1
Goi y giai:
a+\/5_«/5(\/5+1)_\/5 a—«/a_*/a(*/g_l)_\/g
Ja+1 Ja+1 Ja-1 Ja-1
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N :(3+J5).(3—J5) ~9-a
Bai 6 (TP Hd Chi Minh — 2012 — 2013): Thu gon biéu thtc sau:

1 20x 1

A= + — VoI x>0 x#1
x+x  Xx=1 x—x
Goi y giai:
1 2dx 1 x=x—x=Jx 2x
A= + - = +
x+X X=1 x—+/x X2 — X x—1

B x(x—-1) x—1 x-1

2Jx +2&_2&[_1+} 2vx(x-1)

1 :—:i Vol X>0;x#1
X

x(x-1)  x

Bai 7 Pik Lak — 2012 —2013): Rut gon biéu thuc: A:(l— ! j(xm); véi x>0

\/§+1

Goi y giai:

e e

Jx g
:(&il}/}(\/}+l):x,vm x>0

Bai 8 (Kién Giang — 2012 — 2013):
1/ Rat gon: A= (3+\/§+\/ﬁ)(3+\/§—\/ﬁ_)

ab++a-bJa-1 bva+1
a-1 1++/a

2/ Chang minh rang véi a khong am, a khac 1, b tiy y, ta c6:
Goi y giai:

1. A:(3+ﬁ+\/ﬁ)(3+\/§—\/ﬁ)=(3+\/§)2—\/EZ =9+6v2+2-11=6+2

2.V6i a>0;a=1vab tuyytacé:

ab_'_\/g_b\/a_l:b\/a(\/g—l)—i-(\/a—l)_(b\/a+l)(\/a—l)_b\/a+1

a-1 (1+\/5)(«/5—1) <l+\/a)(«/5—l) 1+4a
Bai 9 (H6 Chi Minh 2014 — 2015): Thu gon cac biéu thirc
_ 5++/5 J5 35

A

+ —_
J5+2 J5-1 3445

Léi giai:
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5+v5 . V5 35
J5+2 5-1 3+.6

:(5+£)(£—2)+ V5(v5+1) i 3V5(3-+5)
5 2)2) (& s

=3\5_5+5+4\/§_9\/54—15=3\@_5+5+J§—9\/§+15=\/g

4

Tacod: A=

Vai x>0 ta co:

:( Jx 1 J Jx-2 6

Jx+3 Jx+3) | Ix J_(\/—+3)
_Jxen (Vx-2)(Vxeg)+6 K
CVx+3T k(x4 _(&H)'H\/}_l

Bai 10: Cho a > 2 ching minh ding thuc

a’-3a-(a-1)va’-4+2 [a+2 1-a
a’+3a—(a+l)Va’—4+2 Va-2 l+a

Lo gii:
Bién ddi vé tréi ta co:
a’-3a-(a-1)va’-4+2 [a+2 a’-3a-(a-1)va’-4+2 [a+2
a’+3a-(a+1)Va’—4+2Va-2 @’ i3a-(a+1)Va’-4+2 Va-2
a’-3a+2)-(a-1)va’ -4 [342
a2+3a+2)—(a+1)\/a2—4' a-

a-1),/(a-2)(a+2) [a+2

(
~(a+1)\(a-2)(a+2) Va-2
(

\/aZ)a2x/a+2)\/aTla
)(\/a+2 Ja- 2)\/T l1+a

/\/\/—\/-\

Vay dang thtre di dwoc ching minh

Website: tailieumontoan.com

Bai 11: Cho ba sb duong a,b,c théa man: b;tc,\/5+\/5¢\/5,a+b:(\/5+\/5—\/5)2
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a+(x/5—\/5)2 ~ Ja-+c
+(VB-vT) e

D
(@]

Chimng minh dang thic:

ey
o

Loi giai:
2
a+b=(\/5+\/5+\/5 ) e a+b=a+b+c+2ab—2vac - 2Jbe
& ¢ =2ac +2bc —2+/ab

a+(\/a—\/5)2 _at+a-2Jac+c
2 ()
b+(\/5—ﬁ) b+b-2+bc+c

Thay ¢ = 2/ac + 2+/bc — 24/ab véi *)

Ta co:

2
a+(Va-ve) aia—aJac+c 2a+2b—2b+24ac +24/bc — 24ab - 24/ac
b+(\5_\£)2 b+b-2vbc+c  2a+2b-2a+2vac +2vbc —2v/ab - 2/bc

Ta co:

a+b)-b+ybc—Vab _(Va+ib- Je) —b(vb e ++a)
(a+b)-a+as—Jab (f+f Vo) —a(Ja—ve+b)
c) \a

(VA Vb -e)(Va-ve
~(Ya+vb—e)(vb—e) J’ f

Viy ding thire da duoc chitng minh

—_
N—"

O

B. Dang tinh gia tri ctia biéu thirc khi biét gia tri caa bién:
Bai 1 (Binh Duong — 2010 — 2011): Rt gon M =+/16x> +8x +1. Tinh gid tri cia M tai x = 2
Phan tich va hwéng din giai:

M = 16x% +8x+1=/(4x+1)" =|4x+1]

Thay x=2 vao M tacé: = M =[4.2+1| =9 =

Bai 2 (Khanh Hoa — 2013 — 2014):

1) Chitng minh: (22 -3v2 )10+ 3V11 = 2

a(\/a—l) Ja
a-1 a++a

R0t gon rdi tinh gia tri cua P tai a = 20142

2) Cho biéu thiac P = véia>0vaa=l

Phan tich va hwéng din giai

Lién hé tai liéu word toan SPT va zalo: 039.373.2038
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1) Ching minh: (\/_ 3\/—) 10+3V11 =2
Taco: (V22 -3v2)y10+ 311 =2 (V11-3)y10+ 3411

5,
=(Vi1-3)(ViL1+3)=11-9=2

a(«/g—l) Ja
a-1 _a+\/5

a(ﬁ—l)_@:a_l _Ja-1
a-1 a+vJa a+1 \/§+1 \/5+1

V6i a=2014% taco: P =+/2014% —1=2014—-1=2013
Bai 3 (Hai Dwong — 2012 — 2013) Cho biéu thuc:

A:[ Ja 2 ]( Ja + a JvdiavabIacécséduongkhécnhau

2) P= (PK: a>0vaa=#1l)

Taco: P=

Ja+vb b-a)(Ja+vb a+b+2Vab
a) Rat gon biéu thire A_a+t;)+—2\/%
-a

b) Tinhgiatricua A khi a=7-4/3 vab=7+43
Phan tich va hwéng din giai:

V6i diéu kién a,b 1a céc sé duong khac nhau ta co:

T | (R
(Va+vb b-a)(Ja+vb a+b+2vab
A Ja . a | VJa  a
Ja b (V5 +a)(\b—a) | | V@b (Jas<b]
~ Va(vb-va)+a a(va+vb)-a
(vb+Va)(vb-+a)  (Vavb)
N Jab («/5+«/5)2
(Vb +va)(\b—a) <ab
A_Yatib
b —a
a) Ta co:

Lién hé tai liéu word toan SPT va zalo: 039.373.2038
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_a+b+2\/£_\/a+\/6 (*/g+\/6)2_(\/5+\/6)2—(\/5+\/5)2

A = - = =0
b-a Jb-+a b-a b-a
Vay A_a+l;+2\/%:0
-a

b) Tacs: a=7-4/3=4-4\3+3=(2-V8) »>a=2-3
b:7+4\/§:4+4\/§+3:(2+\/§)2 —Jb=2+3

Thay +a = 2—+/3;+/b = 2 ++/3 vao biéu thic A:\/EJr b ta duoc:
Vb -+a

A_Z—«/§+2+«/§_ 4 _2\/5
2++3-2+43 243 3

243

Vay véi a=7-43;b =7 +4+/3 thi A:T

Bai 4 (Bac Ninh — 2013 — 2014):

X+2 IX+2 1 ] Ix+1
X

+ +
x\/§—1 x+\/§+1 1—\/§ +4X+1

(v3-1)310+643
\21+ 4\/5 +3

a) Rat gon biéu thac A= [ Vo x>0,x =1

b) Cho x =

)2013

, tinh gia trj cua biéu thuc P = (x* +4x -2

Phan tich va hwéng din giai
B X+ 2+ X+/X—2=x=/x -1 x+~/x+1
(Vx=1)(x+x+1) Ix+1

x+\/§+1_

=1

a. A

—_— X_

_(\/;—1)(x+«/§+1)' Ix+1
R N o I

(\/%+1)2+3 J20+4 _2(\/§+2)

=X +4x-1=0=P=-1
Bai 5 (Quéng Ngai — 2014 — 2015);

Cho biéu thirc A:(4x° +4x* ~5x +5x - 2)20“ +2015

1 J2-1

Tinh gia tri cua biéu thac A khi x ==

2\V2+1
Phan tich va hwéng din giai:
Lién hé tai liéu word toan SPT va zalo: 039.373.2038
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2
Taco: x =~ va-1_1 (ﬁ_l) _y2-1
2\V2+1 2 (ﬁ+1)(ﬁ—1) 2
:,»xz=3_2‘/§;x3=x.x2=5*/§‘7;x4=(x2)2=17‘12‘/§;x5=x.x4=29*/§‘41
4 8 16 32

Do d6: 4x° + 4x* —=5x> +5x—2

 29\/2 — 414342442 —25\2 +35+20J2 -20-16
8

-1

Vay A= (4 +4x —5x° +5x-2)  +2015

= (-1)™ +2015 =1+ 2015 = 2016

C. Dang tim gia tri cia bién khi biét gia tri caa biéu thirc:

Bai 1 (Ha Tinh — 2012 — 2013): Cho biéu thuc P = da _ Ja .\/52_1 véia>0vaa=l
Ja-1 a-+Ja) a
a) Rut gon biéu thic P
b) V&i nhirng gia tri nao cua a thi P =3
Loi giai:
a) Vi 0 < a #1 thitaco:
p_ 4a Ja x/5—1_4a—1 x/5—1_4a—1
Ja-1 a-+a) @ Ja-1 @ a’
fs N 4a-1 2 2
b)Véi 0<a=lthl P=3«< ——=3<3a" =4a-1<3a"-4a+1=0
a
N 1 . . 1
< a=1 (loai) hoac a =3 (thoa man dieu ki¢n). Vay a =3
Bai 2 (Binh Dwong — 2012 — 2013): Cho biéu thic: A= %x/SOX —%\/8_x
1/ Rt gon biéu thic A 2/ Tinh gia tri caa x khi A=1

Léi giai:

1/ Biéu kién xac dinh: x>0

Az%x/_SOx ~ 2B zgm.zX - A2 = 22X - SV2x =2

Vay véi x >0 thi A:%\/ﬂ

2/ Khi A=1@%@=1@ﬁ=2@2x=4@x=2 (thoa man diéu kién xac dinh)

Vay khi A=1gidtricaa x=2
Lién hé tai liéu word toan SPT va zalo: 039.373.2038
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Bai 3 (Cin Tho — 2012 — 2013): Cho biéu thirc: K = 2( t 1 j {*E”j (véi a>0,a%1)

Ja-1 Ja)la-a
1. RGt gon biéu thuc K 2. Tim a dé K =+/2012
Lo giai:

Vi a>0;a=1 taco:

K:Z[ 11 j_(@]zz Ja—+Ja+1 _(\/5+1j
Ja-1 a) Va(va-1) | la(a-1)

a’-a

=2 WA : R =2 AR (a(Va-1))=2Va

= /2012 < 2+/a = /2012 <> a =503 (thoa man didu ki¢n)

Vay a =503
Bai 4 (Tra Vinh — 2012 — 2013): Cho biéu thic A= —— —— =11
Ix-1 Jx+1
1) RGt gon biéu thuc A 2) Tim x & A=-3
Loi giai:
1) Bicu kién: x>0,x =1
X +1-(x -1)+x-1
Tacd: A= ( ) = x+1
x—1 x-1
, X+1 1 , ~ <A N
2) Taco: A=-3< 1 -3 X =5 (théa man dicu kign)
X_
Két luan: x=1
2
Bai 5: Cho bidu thic: P =| X Vx-1 2
3+\f 9-x x—3f Jx
a) Tim diéu kién cua x dé P c6 nghia va rit gon P
b) Tim gid tri x dé P =—%
Loi giai:

1) Biéu kién xac dinh: x > 0;x # 9; x = 25

Vx(3-+/x) + 2x : (Vx-1)-2(vx-3)
Ee i) |

P=

Lién hé tai liéu word toan SPT va zalo: 039.373.2038
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K(3vk)  W(Vx-3)

P= . =
(3+Vx)(3-vx) 5-vx  Vx-5

)Pt X TR 34X -20=0 3x-6YX +104X ~20=0
3 Jx-5 3

@(\/;—2)(3\/;+10):0<:> x=4
Bai 6: Cho biéu thuc:

H J 2 1 1}\/_+y\/§+x\/§+\/7
NERN I NP Dy +xy

a) Rat gon A b) Tim x;y biét xy:%;A=5

Loi giai:
a) Ta co:

N LY S TR
By By By (x+y)

(o) Pypeey) ey
Xy <\/§+\/§)(x+y) N

b) Az5®ﬁ+ﬁz5ﬂ@ﬁ+f:g. Mat khéc, theo gia thiét ta co: \/x_:%

N |-

Theo dinh 1i Viet dao ~/X; ﬁ la nghiém duong ctia phuong trinh bac hai:

-2t i 06 —5t41=0 A=1=t, =£;t2 1
6 6 2 3
11 11
V X; ;—
ay (xy) = (4 3] (3 4)
D. Mét sé dang toan hay giap khéc:
Bai 1 (L&o Cai — 2013 — 2014):
1. Thyc hién phép tinh: a) 3412 b) 320 ++/45 — 24/80
2. Cho biéu thuc: Pz( ! —LJ: \/5+1_\/5+2 véi a>0a=la=4
-1 Ja)\Ja-2 +Ja-1
a) Rat gon P b) So sanh gia tri cia P v&i sb %

Huwéng dan:

Lién hé tai liéu word toan SPT va zalo: 039.373.2038
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Viéc so sanh mot biéu thirc véi mot sb thi ban chat 1a rat gon biéu thac rdi so sanh. Néu nhin thay bat dang

thirc hién nhién thi khdng c6 van dé gi dé ndi. Néu nhu khong hién nhién thi viéc 1am sé& la xét hiéu cua biéu
thirc va s6 rdi bién doi

Loi giai:
1. Thuc hién phép tinh:

a) V312 =+/36 =6
b) 320 ++/45 — 24/80 = 6+/5 + 35 -85 =5

2. Cho biéu thuc: P:(L—LJ: \/§+1_\/§+2 vGi a>0a=la=4
Ja-1 Ja) Ja-2 Ja-1

a) Voi diéu kién a>0;a=1a+ 4 taco:

o _Ja-Va+1, (Va+1)(Va-1) (Va+2)(Va-2)
) (2 (E=l(
1 (Ya-2)(Ya-1) m-e
a(fasi) (a-D-(a-4)  3Va

b) So sanh gia tri caa P vai sb %

grianp 1 Ya-2 1 Ja-2-Va_ -2

Xethleu.P—g_ 3a 3= a _3\/5

Do a >0 nén 3va >0 suy ra hiéu nhé hon 0 tic 13 P<%

Bai 2 (Khanh Hoa — 2012 — 2013):

V2 +3+/6+/8+4
N2 +/3++/4

1) Pon gian biéu thirc: A=

2) Cho biéu thuc: P =a—

1 1 _
e
Rat gon P vachungto P >0
Loi gidi:
\/§+\/§+2+\/§+\/§+2_(\/E+*@+\/Z)(1+\/§)_l+\/§
V2 +3++/4 V2 +3+44

@m_@wﬁ]_m

a—-a+l

1) A=

2) Taco: P:a—[

—a-2/a-1=a-1-2Va-1+L(a>1)=P=(Ja-1-1) >20va>1

Lién hé tai liéu word toan SPT va zalo: 039.373.2038



Vay P>0
Binh luan: Bai toan tuong ty:
2
1++1-x . 1-v1-x x> -1 "
I-x+y1-x 1+x-1+x) | 2
a) Tim diéu kién cia x d& P c6 nghia va rat gon P

2

b) Tim x dé Ps7

Bai toan: Cho biéu thirc: P = (

Loi giai:

1-x>0 Xx<1
1+x>0 X> -1

1) P c6 nghia khi: S < -1<x<0;0<x<1
1-x++1-x=#0 X=0,x#1
1+ x—V1+x#0 (Xx#0x=-1

Ratgon P:

r 2
p_ 1+v1-x 1-v1-x

1—x(\/1——x+1)+\/1+—x( 1+X

1 1 Y [(1+x)(1-x)
— [ -2 }1
(Virx—i=x) 1-x)a+x)
(1—x)(1+x)' -2

5 I+ x+1-x-2,/(1+x)(1-x)
B i)

+1

+1

2
p_ 2—\/1—2X -2 -

Vay véi —1<x<0va 0<x<1thi P=+1-%°

V2
2)Pﬁﬁcmll—xzSﬁal—x2£1©x221©|x|2£© 2
2 2 2 2 2 2
x<-Y2
2
£3X<1 \/E
Két hop voi didu kien 1< x <0 va 0< x<1 ta cé:| 2 thi P <=
lex<-Y2
2

Bai 3 (Ha Ngi — 2010 — 2011): Cho biéu thuc:

Lién hé tai liéu word toan SPT va zalo: 039.373.2038
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A= Jx + 2x —3X+9,vé’ix20vax¢9
Jx+3 x-3 x-9
1) Rat gon biéu thuc A 2) Tim gia tri cia x dé A:%

3) Tim gié tri 16n nhat cua biéu thac A
Lo gii:

WX 20k 3x+9 x4 3x+9

PTG s x8 W3 Wk-3 (i 9)(dx3)
:\/;(ﬁ—?’)”ﬁ(\/;”) (3x+9)  x—3yx +2x+6vx ~3x -9
(Vx+3)(vx-3) (Vx+3)(vx-3)
_ 3x-9 3(Vx-3) _ 3
(&+3)(&—3) (&+3)(&—3) Jx +3
2.A:l@&3+3=%@&+3=9@f=6@x=36 (thoa man didu kién)
1 1 3 3
3.\/§+323©\/;+3£§<:>mg§:

Vay gia tri I6n nhit caa A bang 1, khi x = 0 (thoa man diéu kién)

Nhan xét: Tuong tu ta c6 bai toan sau:

B ton: Cho bidu thic p — — XL .1 —7x? +15 (Vi x> 0,x =1)
XX + X +X X —f
a) Rutgon P
b) V&i gié tri nao cua x thi Q —4P dat gi4 tri nho nhat
Loi giai:
p_ Jx+1 o1 _ Jx +1 ﬁ(ﬁ—l)

XX+ x+x X2 =+/x Ix(x+ x+1)'

= Vx+1 X (VX =1)(Xx ++/x +1) = x—
"= Ferargy Stz

Q—4P=X4—7X2+15—4(X—1)

= (x* —8x2 +16) + (x? —4x+4)~1=(x* —4) +(x-2)' -1
5 Q-4P>-1
Dau "=" xay ra khi: x = 2. V4y gia tri nho nhit Q — 4P 1a -1

Bai 4 (Ha Ngi — 2012 — 2013):
Lién hé tai liéu word toan SPT va zalo: 039.373.2038
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Jx+4
\/§+2

1) Cho biéu thiac A=

. Tinh gid tri cua A khi x =36

2) Rt gon biéu thic B = [ (v6i x> 0;x #=16)

+ .
x+4 x-4) Jx+2

3) Vi cac biéu thic A va B ndi trén, hdy tim c4c gid tri ciia X nguyén dé gia tri cia biéu thic B(A-1) 1a

Jx 4 ] X +16

s6 nguyén
Nhan xét: Bai toan nay co ba y. RS rang, trong y dau tién, do biéu thirc don gian nén viéc thay sé vao biéu
thire 1a cach suy nghi co ban nhat. Véi y tha hai, viéc rit gon s& bat dau tir nhitng biéu thic trong ngoic

trudc. Hai dai luong Ix+4 va fx-4 gitp ta lién tuong dén phép nhan lién hop
(\/; + 4)(«/; - 4) = Xx—16. Ddi véi y thi ba 1a ¥ hoi nang cao chit nhung khéng qua khoé vi ta chi can dua
vé dang: _a

f(x)

Trong d6 a 1a mot sb nguyén va f (x) la da thic v6i bién x khi do, f(x) chi can la woc cia a 12 giai

duoc
Loi giai:
1) Véi x =36, ta co: A=@=E:E
JB6+2 8 4

2) V6i x>0,x#16, ta co:
UX(Vx-4) a(Vx+4) ) xi2 (x+16)(Vx+2) g0
x_16  x-16 |x+16 (x-16)(x+16) x—16
Ix+2 (x+4 Ix+2 2 2
. ~1|= . =
X-16 (/x +2 x-16 Jx+2 x-16

bé B(A-1) nguyén, x nguyén thi x—16 1aU(2) =

B =

3) Taco: B(A-1)=

Ta c6 bang gia tri tuong (ng:

Xx—16 1 -1 2 -2

X 17 15 18 14

Két hop diéu kién: x> 0,x =16, dé B(A-1) nguyén thi x e {14;15;17;18}
Nhan xét: Tuong tu v&i bai toan 5 sau:

Bai 5 (Gia Lai — 2012 — 2013): Cho biéu thirc

Q:[ Vx+2 —\/;_ZJ(X+\/§),v6i x>0,x#1

x+24x+1  x-1

Lién hé tai liéu word toan SPT va zalo: 039.373.2038
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a. Rut gon biéu thuc Q

b. Tim céc gié tri nguyén ciia x dé Q nhan gia tri nguyén

Loi giai:

Jx+2 Jfx-2
& Q:[x+2\/§+1_ x-1 J(XJM/;)

| Wx+2 x-2 .
) (&+1)2 (Vx-1)(vx +1) Vx(¥x+1)

(Vx+2 x=2) £ (x+l+1 Jx-1-1
&+1_&—1J&_[ Ix+1 Jx-1 }/;

1+&1+1—1+&1_J&=(&1+1+&1_J&=&_)lf_f“ﬁ

2% 2x
=——AX=—
x—l\/_ Xx-1

vay Q= 2%
x—1
b. Q nhan gia tri nguyén

2X 2X—2+2 2
= =2+
x-1 x-1 Xx-1

2

X_

Q=

QeZ khi

1 Z hay la 2 chia hét cho x -1

X=1=+2 x=-1 X=3

Xx=3

x=-1=#1 X = . i \
= { = doi chieu diéu kién thi [

Binh luin: Ngoai hudng suy nghi trén ta c6 thé dung thém hudng suy nghi chin gié tri cua biéu thic roi tir
tinh nguyén thi biéu thirc chi nhan mot sb gia tri cu thé va tir d6 tinh ra gi tri cua bién
Bai 6 (Thai Binh — 2012 — 2013):

—V9+44/5

2(x+4) N Jx 8
x-3J/x-4 fx+1 Jx-4

1) Tinh: A=

1
J5+2

2) Cho biéu thic: B = V6i x> 0,x =16

a) Rutgon B
b) Tim x dé giatri cua B 1a mot s6 nguyén
Loi giai:

Lién hé tai liéu word toan SPT va zalo: 039.373.2038



1.A:\£—_42— (J§+2)2:J§—2—J§— =4

2. Taco:

a. Voi x>0,x =16, thi:

2(x+4) JxX 8 2x+8+\/§(\/§_4)_8(\/§+1)

R R ) R N i S W TN
_ 2x+8+x-4/x-8Jx -8 3x-12Vx
(Vx+1)(vx-4) (Vx+1)(vx-4)
(x4 e
EEEEE
a = 3Jx VoI X >0,X #
Viy B >0,x %16

b. D& thdy B >0 (vi v/x >0)

Laicd: B=3-

<3 (vi

>0Vx>0,x=16)

3 3
Ix+1 Ix +1
Suyra: 0<B<3=Be{0;1;2} (Vi BeZ)

-V6i B=0=x=0

-V6i B=1= 3Jx :1@3\/_:\/;4_1@)(:1
Ix+1 4

“\V6i B=2= 3Jx —2©3&=2(&+1)@x=4

\/§+1_

Viay dé B eZ thi x e{o;%m}

Bai 7 (Lang Son — 2010 — 2011):
1 1

x/;—l_x/;+1

Cho biéu thirc P = —1VvGi x>0,x=1

a) Rutgon P
b) Tim tat ca cac s6 nguyén x dé P 1a mot s6 nguyén
Loi giai:
1 1
Jx -1 B Jx+1

a) P= -1voi x>0,x=#1

Lién hé tai liéu word toan SPT va zalo: 039.373.2038
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1 1 \/;+1—(\/;—1)—(\/;—1)(\/;+1)

P: —_— —_— —
Jx -1 Jx+1 (Vx-1)(Vx+1)
_J§+1—J;+1—x+1_—x+3
x—-1 x—-1
b) Ta co: poX*f3_ 4, 2
x-1 x—-1

Pé P nguyén thi ﬁ nguyén, tac la x-1eU (2),U (2) ={-1-2;1,2}

x-1=-1 |x=0(TM)

x-1=-2 | x=-1(g DKXD)
Suy ra: =

x-1=1 x=2(TM)

Xx=1=2 " |x=3(T™)

Vay véi x € {0;2;3} thi P la mét s nguyén
Bai 8 (Nam Dinh — 2013 — 2014):

Jx+2 _&—ZJ_ Jx

: VoI x>0va x=1
Xx+2/x+1  x=1 ) x+1

Cho biéu thirc A = (

1) RGt gon biéu thuc A
2) Tim tat ca cac s6 nguyén x dé biéu thirc A c6 gia tri 12 s6 nguyén
Goi y giai:

1. RGt gon biéu thuc A= il
X_

2.V6i x>0va x=1taco A:Ll
X_

Chirakhi A c6 gié tri 1a s6 nguyén khi va chi khi x —1 1a wéc cua 2
Tir d6 tim dugc x = 2 va x = 3 thoa man diéu kién dé bai
Bai 9 (Ha Nam — 2013 — 2014): Rt gon biéu thuc sau:

_a-+va a-1.__ ) _4+2-3-6+8
A= 1 —\/5+1(a_0,a 1) B= P NE
Loi giai:
o a-—Va_Ja-1_ Va(a-l)  m1 Ja-JEe 1
a-1 Ja+1l (Va-1)(Va+1) Ja+l Ja+l  Ja+l
g_4tV2-V3-V6+8

2+42 -3

Lién hé tai liéu word toan SPT va zalo: 039.373.2038
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C2+V2-\B+2V2+2-6 (2+‘/§—\/§)+‘/§(2+\/§—\/§)
- 2+42 -3 - 242 -3

_<1+\/§)(2+\/§—\/§) ~
= NN, =1+2

Bai 10 (Quang Ninh - 2013 — 2014): Cho biéu thuc:

X+2 \/;+1 \/;+l

sz\/;—1+x+\/§+1_ 1 voi x>0va x=1
a. Rut gon biéu thuc P b. Tim x dé P dat gia tri nguyén
Loi giai:

a.

p_ X+ 2 N \/;+1 _\/;+1_ X+2 N \/;+1 B \/;+1
Cxx -1 x+x+1 x=1  xx-1 x+x+1 (&—1)(&+1)
. X+2 N \/;+1 1
CxX—1 x+/x+1 Afx-1
_ X+ 2 . (\/;_1)(\/;”) ~ X++/X+1

(\/;—1)(x+\/;+1) (J;—l)(x+ x+1) (ﬁ—l)(x+ x+1)
:x+2+x—1—x—«/§—1: X — /X
(\/;—1)(x+\/;+l) (ﬁ—l)(x+\/;+1)
G\ I
_(x/;—l)(x+x/§+l)_X+\/;+l
Vay voi x>0 va x =1, thi P:L
X+4X+1

b.Ditt=/x,dk t>0

Tacd P=

ot 1:Pt2+(P—1)t+P:0
+t+

Diéu kién cé nghiém A :(P—l)2 4P’ >0 -1<P g%

Do x>0;x#1 nén O£P£%:>P nguyén < P =0 tai x=0

Vay x =0 thi P nguyén
Bai 11 (Nam Pinh - 2013 - 2014):

Lién hé tai liéu word toan SPT va zalo: 039.373.2038
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Cho biéu thirc A:( VoI Xx>0va x=1

JX+2 B Jx -2 i Jx
x+24dx+1  x-1 ) x+1
1) RGt gon biéu thuc A
2) Tim tat ca cac s6 nguyén x dé biéu thirc A c6 gia tri 1a s6 nguyén
Goi y giai:
1. RGt gon biéu thuc A= 2
x-1
_2
x—-1

2.V6i x>0va x#1ltaco A=

Chirakhi A c6 gié tri 1a sé nguyén khi va chi khi x —1 1a wéc cua 2

Tlr d6 tim dugc X =2 va x =3 thoa min diéu kién dé bai

Nhan xét: Tiép theo ta s& dén voi mot sé bai toan "ban chat van 12 rat gon biéu thie" nhung trong cau hoi
khac

Bai 12: Cho biéu thic:

_8-x | e 2ix | x4 : :
A_m.LZ 2+\/_J £f+\/_ ZJ P (x#8x#-8x=0)
Chung minh A khéng phu thudc vao bién sb
Loi giai:
A:(z—%&)(4+2€/§+%/x—2) av 23 | (4 223k ) (Y-2)(3x+2)
2+ Yx 1 2+ Ix -2 - Wx(¥x+2)
A:(Z—%/Y)(4+2%/§+%/x—2) 24 3% +(g/x_2_23/;+23/;} (3 -2)(/x+2)
2+3¥x 4+ 23x+ 3% Ix-2 | 3/;(3/;+2)

A=2—€/§+€/7:2¢x

3
Bai 13: Cho biéu thic: P = Vx=Jy | xedy )Xy 2y
Xy YV Xy —yWx ) xry x—y

Chuang minh rang P ludn nhan gia tri nguyén voi moi x, y thoaman: x,y >0,x #y

Loi giai:

SRR S ANGRE
x\/—+y\/_ xJy —yIx ) x+y x-y

p_ Ix - \/_ «/§+\/§ lx\/x_y_ 2y
B (e y) (V- Xy ey

Lién hé tai liéu word toan SPT va zalo: 039.373.2038



(X—Z\/W+y x+2\/x—y+yJ x\/x—y 2y
P= + : -
Vo (x=y)  Py(x-y) Jxey s xey

P:Z(X+y), X 2y _ 9
X—y X+y X-Vy

Sau day 1a mét sé bai toan ap dung khac

Bai 1: Rt gon cac biéu thic:
2. /36 —25 - \[(L++5) =6-5-(1+5)=1-1-V5 =15
b. B0 /20 + (1-+5) =425 /225 +1- 25 +5

=4/5-25+6-2/5=6
2
c. (J§+ﬁ) 84 =3+ 221472221 =10+ 2421 - 24/21 =10

d. (2v8+3V5 - 742)(\/72 +5v20 ++/32)
=<4\/§+3«/§—7\/§)<6\/§+10«@+4\@) - (3@—3&)(10&%0\@)

=30(v5-2}(v2++/5) =90
e. \/4—2\/5 +\/4+2\@ :\/(\/g—l)2 +\/(\@+1)2
:(\/§—l)+(\/§+1):2\/§

Bai 2: R(t gon céc biéu thuc sau:

S S Sy A C R LA L
NTHVE NT-5 (VT +4B)(VT-4B) (V7 -+B)(NT++5)
AR
7-5

o V6+245 (\/§+1)2: S5+l 1
«/1_5+x/§ \/5(\/§+1) \/§(\/§+1) \/§

2+43 1+43 \/2+\/§ 1++/3 \/4+2\/§ 1++/3
C-,/ > + > =2. > + = +

2 2 2

(‘/§+1) +1+\/§=\/§+1+1+\/§=\/§+1

2 2 2 2

Lién hé tai liéu word toan SPT va zalo: 039.373.2038
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1 —_—_—

1 1 2 R
¢ \/7+4J§+ﬁ_3+\/§_ (2+@)2 V3 \@(«@ﬂ)
1 +i+ ) _«/5.(\/§+1)+<\/§+1)(2+«/§)—2.(2+\/§)
2443 43 Jé(ﬁu) (2+J§).J§.(J§+1)
_3+/3+3J3+5-4-23 _ 4423

(2+43)3(V3+1)  (2+v3)3(VB+1)

___ 2 o5 V3-1 _6-2J3_3-43
\/§.(\/§+1) . '3.(\/§+1)(\/§—1) 6 3

\E(J2+@+\/2—ﬁ)
NG

Jaafiial VY (1) (V3+1:V8-1) 5

e. V2443 +y2-+3 =

V2 J2 J2 2
Bai 3: RUt gon biéu thuc:
_x+2+\/x2—4+x+2—\/ 24
X+2-VX' =4 x+2+x -4
Vi diéu kién trén, ta co:
2 2
(x+2+\/x2—4) (x+2—\/x2—4)
+
(x+2—\/x2—4)(x+2+\/x2—4) (x+2—\/x2—4)(x+2+x/x2—4)

2(x+2)" +2(x* - 4)
(x+2)2 —(x2 —4)

VoI X>2:x< -2

a. A

A=

A=

A 2x* +8x+8+2x* -8
X2 +4x+4- x> +4

_4x% +8x
4% +8

A=X
Vay A=X

b. B :(l+ )\(/t\/ill— )\(/:\/i] VoI x>0;x #1
X + -
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Ix(Vx+1) ][ Vx(Vx-1)
B=|1+ 1-
Jx+1 NP
B = (1+x)(1-x]
B=1-x
Vay B=1-x
1 Jx+1

c.C=

VoI x>0 x=1

X2 =X XX+ x+x
Vi diédu kién trén, biéu thie xac dinh

1 o Ux+1
&((\/;)3_1).\/;<x+\/§+1)

1 &(x+\&+1)
ﬁ(&—l)(x+ x+1)' Ix +1
1
_\/;+1

1
\/§+1

. Ix=1-2Jx—-2
' Jx-2-1
Vi diéu kién trén, biéu thuc xéac dinh

D_\/x—2—2\/x—2+1
Jx=-2-1

( x—2—1)2

Jx-2-1

D=1néuVx-2-1>0<x>3

C=

C=

C

Vay C =

VoI X>2;x#3

D=

D=-1néuJx-2-1<0< x<3

D=1 neu x > 3

Vay
D=-1 neu2<x<3

Bai 4: RUt gon biéu thic: A= (2 +

yeoey ey
Ja+1 Ja-1

a. Rat gon biéu thuc A
b. Tim a ¢&¢ A>0

Lién hé tai liéu word toan SPT va zalo: 039.373.2038
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Loi giai:
a>0
. >0
2. Didu Kién xdc dinh 1va +1%0 < %
a=l
J5—1¢0
- Va(Va+1) | a(va-1)
Vi diéu kién trén, taco: A=| 2+ 2—
Ja+1 Ja-1

(20 ) E) - -
b.Taco A>0<=4-a>0<a<4

0<a<4

Két hop voi diéu kién xac dinh ta co {
azl

1,1 2
Ix =1 Jx+1 1-x

a. Tim diéu kién @& B c6 nghia va rat gon B

Bai 5: Cho biéu thirc: B =

b. Tim x dé B:—%

Loi giai:
x>0 >0
. X-1#0 _ x>0
a. Didu kién xac dinh: Vx PN &:&1@{ .
X #
J§+1¢0 W21
1-x#0

Vi diéu kién trén,
Jx+1 Jx -1 2x__2Vx  2x
(Vx )(J’+1) Jx - 1)(&+1) 1-x  x-1 1-x

Tacd B=

(
2k 2x _2X(-vX) o
X—

x-1 x-1 1 x4l
. 2dx 1 1 1 3 1
b. TacoB=-1< - =l o AX =X+ S ==
Ix+1 2 Vx 2\/_ 2 2\/— 2

x:£<:>x:£(th6amén)
3 9
A e W
Vay x =5 la gia tri can tim

(Va-1) ) 3-2(va-1)
3\/5+(\/5—1)2 aa-1  Ja-1

Lién hé tai liéu word toan SPT va zalo: 039.373.2038
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a. Rat gon biéu thuc b. Tim a dé P =2
Léi giai:
a>0
2
3J5+@@FQ £0 (a0
a. P xac dinh &
ava—-1#0 azxl
Ja-1#0

Vi diéu kién trén, ta co

() eley)
_3«/5+a—2\/5+1_(\/5—1)(a+ a+1)+«/5—1

P

(x/a—l)s (3—2(\/5—1)2) 2(a+ a+1)

P= -

(a+va+1)(Va-1) (Ja-1)(a+va+1) (Ja-1)(a+va+l)
«JE—QS—3+2a—4J§+2+2a+2J§+2)
(a+ a+1)(\/5—1)

_a/a-3a+3Ja-1+4a-2Ja+1

(a+ a +l)(\/5—1)

a a+a+\/5

(a+ a +1)(J5—1)

_ \/5<a+ a+1)
(a+ a+1)(\/§—1)

P=

P

P=

Ql

8 e Jacofa+2eda=2oJa=l
Ja-1 3

< a :% (théa mén)

4
Vay a :5 la gia tri can tim
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2x  Jx

3x-3

Bai 7: Cho biéu thirc: P :(

a. Tim diéu kién cua x dé P c6 nghia
b. Rut gon P

+ —
Jx+3 Jx-3 x-9

J.z&—z

'\/§+3

c. Tim cac gia trj nguyén caa x dé P mang gia tri nguyén

Loi giai:
x>0
o Jx+3%0 {xzo

a. P cénghia & =
Jx-320 [Xx#9
X—-9#0

b. Ta cé:

5 2&(&—3) &(&4—3) 3x—3 \/;4_3

2X — 63X + X+3VX =3x+3 | /x +3

i R Y R W
o —3Jx+3
(Vx-3)(2vx -2
3(vx-1]
P—_—
(Vx-3)(vx-1)
___ 3
A
o3
VP (Vx-3)
c. P nguyén < - 3 nguyén
Jx-3
Jx-3=1 Ix =4
ma X nguyén = \/;_3:_1@ Vx=2
Jx-3=3  |Jx=6
Yx-3=-3  [Jx=0

0

() (Dg)(es) > s

x=16

X

4
(thoéa mén)
36

0

Vay x =16;x =4 = x =36 = x = 0 1a c4c gia tri can tim
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Bai 8: Cho biduthic: p—| YX=1_ 1 8| [} 3Vx-2
3x—1 3dx+1 9x-1 3&+1
a. Tim diéu kién cua x dé P c6 nghia
b. Rut gon P
c. TimcécgiétricﬁaxdéP:g
Loi giai
x>0
o 3170 x=0
a. P conghia &
3f+1¢0 X% —
9x—10
g 1,
b. Véi xzo;x¢§,taco:
o_ (&—1)(3&“)_ 3Wx-1  8x _[3&+1_3&—2
(3\/?—1)(3\/}+1) (3\/}+1)(3&—1) IX—1||3J/x+1 3Jx+1
o _| 3x+Vx=3Vx ~1-3Vx +1+8Vx ( 3 j
(3&—1)(3&+1) 3Vx+1
o_ 3x+3x 3Wx +1
(3&—1)(3&+1) 3
P— X+\/;
3Wx -1

c.Pzg X+x 2 18X — 6 = 5X + 54X

3/x-1

& 5X-13/X +6=0<5x—-10/x =3/x +6=0

& 5Jx(Vx-2)-3(vVx -2) =0 & (5vx -3)(vx - 2) =0

5[30 NrEa v
\/720 Jx =2

Vay voi x:i;x:4 thi P:E
25 5

Bai 9: Cho biéu thuec:

9
Se 25 (thoa man)
=4

Lién hé tai liéu word toan SPT va zalo: 039.373.2038
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1 2Jx -2 1 2 .
P= - : - Vol x>0, x =1
[&H x&_&ﬂ_l} (&_1 X_J

a. Rutgon P

b. Tim céc gié tri nguyén cua x dé P c6 gié tri nguyén

c. Tim gia tri nho nhat caa P va gia tri caa x tuong tng
Loi giai:

a. Voi x>0;x=1, taco:

o_| L o2afx-2 || x+l 2
Jx+1 x(\/;+1)—\/;—1 ' (\&—1)(\/;+1) x-1

o_ x-1 ___ 2¥x-2 | Vx -1
(\/;+1)(x—l) (\/;+1)(x—1) (\/;—1)(\/;+1)

| ox=2Jx+1 =
" (Vx+1)(x-1) (V)

(V1)
P= (Vx+1
(&ﬂ)(&_l)(&ﬂ)( <+
P:\/;_l
Jx +1
o x-1
Ve P_\/;+1
, Jx -1 2
b. P= =
Taco: P \/;4-1 \/;+1+1
P nguyén < \/;;1 nguyén
& - 2 nguyén
\/§+1
Jx+1=1 Jx=0
- IXx+1=2 - Jx =1 @{X:O(TM)
x+1=-1  |J/x=-2(loai) (X =1(loai)
Ix+1=-2  |/x =-3(loai)

Vay x =0 lagia trji can tim
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c.Tacé:P:\&_lzl— 2
\/§+1 \/§+1
Taco: Vx>0 x+1>1=> 2 o1 2% 5 1ps
\/;+1 \/§+1

Diu "=" xayra < x=0

Vay gia tri nho nhit caa P 1a -1 khi x =0

BéilO:Chobiéuthl’rc:P:[\&_Z— x+2 j( 2 jvéixzo;x;ﬁl
x-1 x+2\/;+1 X2 —2x+1
a. Rutgon P
b. Tim céc giatricua x dé P>0
c. Tinh gid tri caa P khi X=7-4/3
d. Tim gia tri I6n nhat cua P va gia tri twong tng cua x
Loi gidi:
a. Voi x>0;x =1, taco:
o | -2 Ix+2 |(x-1°
(g 1) (o | 2
(i) (R ) e
(\&—1)(\/;+1)2 (\/;—1)(\/;+1)2 2
o _| X=2VX X2 x4 X = 2x 42 (x-1)’
(\/;—l)(«/;+1)2 2
ook (Vx-1) (V)
C(ry(vxer) 2
P=—x(vx-1)
Vay P =—Jx(Vx-1]
b.Tacé P>0
x=0 x=0 0
@—x/;(x&—l)>0<:>\&(ﬁ—l)<0<:>{\/;_1<0<:>{&<1<:>{§j1

Két hop voi diéu kién dé bai, ta dugc 0 < x <1

Vay voi 0<x<1thi P>0
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c. Voi x=7—4\/§=3—2.2.«/§+4=(\/§—2)2 thi

P32 u(ﬁ 2y _1j
P=-[Va-4(V3-2-1]
P=(V3-2)(1-+3)

P=y3-3-2+2\3
P=3/3-5

Vay véi x=7—-4/3 thi P=33-5

d. Tacé P:_&(&_l)zx/;—xz_(\/—_%szr%

Dau " =" xay ra khi va chi khi:

\&—%:Ocmfzéax:% (thoa méan)

Vay véi X =% thi P dat gid tri I6n nhat 12 %
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CHUONG Il

PO THI HAM SO
I. Pé thiham sé y=ax+b:
Luwu y: Dé khoi phai nham chan anh s& nhac lai kién thirc thdng qua cac bai toan cu thé.
Bai 1: Vi gi trj nao cua m thi ham s6: y =(m? —2m)x* +(2m* —m) x+m—2 la ham sé bac nhét.
Ly thuyét: Ham sé bac nhat 14 ham sé duoc cho bai cong thuc y =ax+b trong d6 a, b 1a cac sb thuc va
a=0.

Loi giai:

Dé ham sé di cho 14 ham bac nhat ta phai c6:

{m2—2m=0 {m(m—2)=0 m=0hogcm =2
= 1 om=2

2m*-m =0 (2m—1)m¢0 m;«tOvdm;tE

Vay v6i m =2 thi ham s6 di cho thanh ham s6 bac nhat, khi d6 ta co: y =6x.
Luwu y: Di vai bai toan nay diém nhian manh ma anh muén nhic téi 1a:
f(x)=0< x=x, hoic x =x,...
f(x)#£0= x#x vax#ux,...
Chi thay dbi chit “hoac” bang chir “va” ciing c6 thé 1am sai két qua bai toan va y nghia toan hoc.
Bai 2: Tim k dé ham s y = (k* —3k —4).x +(2k —1) la ham s6 déng bién.
Ly thuyét: Ham s6 y = ax+b ddng bién khi @ >0 va nghich bién khi a<0.
Léi giai:
Ham sb da cho 1a ham sé bac nhit nén n6 dong bién khi va chi khi:

k<-1

a=k2—3k—4>0c>(k+1)(k—4)>0<:{
k>4

Vay tap gia tri cia k thoaman la: k < -1,k >4 .
Luwu y: Ham sb bac nhat ddng bién hay nghich bién thi chi phu thudc vao dau cua gia tri a con gié trj b thi

khong quan tam! Ap dung Ii thuyét hoc duoc 1am bai toan sau:

Bai toan: Cho ham sb y :f(x) :(a2 +(b—1)2)x2 +(2a+3b+c)x—2b :

a) Tim a, b, ¢ dé ham sb da cho 1a ham s bac nhit va ddng bién trén R.

b) Biét ham sé da cho la ham sb bac nhat va f(2)=11, hdi ham s6 d¢ 1a ham dong bién hay nghich bién.
c) Néu ham s6 da cho 1a ham bac nhét va thoa man f(1)=5. Hay tim x d& f(x*)=100.

Bai 3: Choham s y=2x+1.

a) V& db thi ham sb.
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b) Cho ba diém A, B, C thudc dd thj co hoanh d6 lan luot 12 0, 1, 2. Tim ba diém d6. Tinh khoang cach ba

diém A, B, C t6i goc toa do O.
Ly thuyét: D6 thi ham sé bac nhat 13 mot duong thang!
Loi giai:
a) Vi ham da cho 12 ham bac nhét nén d6 thi cua nod 1a mot duong thang. Do 13 dudng thang nén ta chi can
xéc dinh hai diém dé v&, tuy nhién ta cd thé Iy thém mot sé diém cho db thi c6 thém nhiéu thong tin hon.

Bang gia tri:

X ——= 0 -1

(S}
N N =

Y 0 1 -1

Do thi:

b) Vi x=0 thi y=2.0+1=1.Véi x=1thi y=2.1+1=3.Véi x=2 thi y=2.2+1=5. Khi do, ké vudng

goc tir cac diém A, B, C xudng truc OX tai cac diém M, N, P va &p dung dinh Ii Pytago ta co:

OA = MA=1:0B =yJON* + NP> =12 +3* =10

0C =NJOP* + PC* = 2> +5* =33,

Bai 4: Cho ham s y:(m+4)x—2m+3.

a) Tim c4c gia tri cia m dé ham sb nghich bién.

b) Tim cé4c gia tri cia m dé dd thi ham sé di qua diém A(1;5). V& dd thi ham sé khi do.

¢) Chuang minh riang khi m thay dbi thi do thi ham s6 ludn di qua mot diém cé dinh.
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Loi giai:
a) Ham s6 da cho 1a ham bac nhat nén d6 13 ham nghich bién khi va chi khi:
m+4<0=m<—4
b) D¢ d6 thi ham s6 di qua diém A(1;5) thi:
5=(m+4).1-2m+3om=2.
Khi d6, ham s6 d4 cho 1a: y=6x—1.

Bang gia tri:

X 0

o| N =

Y -1

c) Gia str (x,;,) 1a diém cé dinh ma duong thang di qua, diéu d6 twong duong:
Yo =(m+4)x0 -2m+3;VmeR
= m(x0 —2)+(4x0 - Y +3):O;VmeR
xX,—2=0 X, =2
©{4X0—y0+3=0<:>{y0 =11
Véy duong thang luén di qua diém cé dinh B(2;11)
I1. Po thi ham s6 bac hai y =ax?:
Bai 1 (Hung Yén — 2010): Cho ham s6 y = £ (x) = %xz Tinh céc gidtri f(0):£(-3):/(v3).
Loi giai:

Ta co: y=f(x)=%x2

f(0)=%.0=0;f(—3)=%(—3)2 =3;f(\@)=%(\/§)2 -1

Bai 2: Tim m dé ham s6 y = (m” —2m—3)x* déng bién trén tap s6 duong.

Lién hé tai liéu word toan SPT va zalo: 039.373.2038




Website: tailieumontoan.com
Ly thuyét:
Ham s6 y = ax? co:
+ Néu a >0 thi ham ddng bién khi x >0 va nghich bién khi x <0 .
+ Néu a <0 thi ham dong bién khi x >0 va nghich bién khi x <0 .
Loi giai:
Do ham sé 12 ham bac hai dang y = ax® nén ham dong bién trén tap sé duong khi va chi khi:

a=m2—2m—3>0<:>(m+1)(m—3)>O<:>{m>3
m<-1

Vay tap gia tri caam thoaman la: m>3; m<-1.

Bai 3: Cho hai ham sé: y=x>va y=x+2

1) V& db thi cua hai ham sb nay trén cling mét hé truc Oxy.

2) Tim toa do cac giao diém M, N cua hai do thi trén bang phép tinh.

Ly thuyét: Giao diém cua hai dd thi y=f(x);y=(x) thi chiing ta phai xét phuong trinh hoanh do giao

diém: f(x) = g(x)

Sau khi giai phuong trinh nay thi ta s& thu duoc cac diém can tim.

Lo gidi:

V& dd thi y = x? théng qua bang gié tri:
X -2 -1 0 1 2
Y 4 1 0 1 4

V& do thi y=x+2 quacicdiem A(0;2) va B(-2;0) .

2) Phuong trinh hoanh d¢ giao diém cia hai d6 thi: x> = x+2 hay x> —x-2=0

Phuong trinh nay c6 nghiém: x, =—-1=y =1lva x,=2=y,=4 .

Vy hai do thi cit nhau tai hai diem M (-1;1) va N(2;4)
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I11. M@t sé bai toan trong dé thi tuyén sinh vao lép 10:

Bai 1 (H6 Chi Minh — 2012 — 2013):
a) V& d6 thi (P) caa ham sb y :ix2 va duong thang (D):y = —%x+2 trén ciing mot hé truc toa do.

b) Tim toa do cac giao diém cua (P) va (D) ¢ cu trén bang phép tinh.
Loi giai:

a) Do thi:

Luu y: (P) di qua 0(0;0), (+2:1),(+4;4) (D) di qua (—4;4),(2:1) 1Y

b) Phuong trinh hoanh d6 giao diém cua (P) va (D) la

ixzz—%x+2<:>x2+2x—8=0 < x=—4 hay x=2

y(-4)=4y(2)=1

Vay toa d giao diém cua (P) va (D) 1a (—4;4),(2:1)

Bai 2 (Pa Ning — 2012 — 2013): Biét rang duong cong trong hinh v& bén 1a mot parabol y = ax? .

1) Tim hé s a biét n6 di qua diém A(2;2)

2) Goi M va N 1a cac giao diém cua duong thang y = x +4 vai parabol. Tim toa d6 cua cac diém M va N.
Loi giai:

1) Theo do thitacé y(2)=2=2=4a.2’ <:>a=% :

2) Phwong trinh hoanh d6 giao diém cua y=%x2 va duong thang y=x+4 &

x+4:%x2 &S x*-2x-8=0 x=-2 hay x=4.
Taco: y(—2)=2;y(4)=8. Vay toa d¢ cic diem M va N 1a (-2;2) va (48).
Bai 3 (Thanh Héa — 2012 — 2013): Trong mt phang toa d§ Oxy, cho Parabol (P):y=x" va duong thang
(d):y=2x+3.
1. Chting minh rang (d) va (P) ¢6 hai diém chung phan biét.
2. Goi A va B 1a cac diém chung cua (d) va (P). Tinh dién tich tam giac OAB (O la géc toa do).
Loi giai:
1. Chting minh rang (d) va (P) c6 hai diém chung phan biét
Hoanh d¢ giao diém dudng thang (d) va Parabol (P) 1a nghiém cia phuong trinh:

X =2x+43=>x*-2x-3=0¢c6 a—b+c=0
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Nén phuong trinh ¢6 hai nghi¢m phén biét: x, =—1 va x, = .
a

V6i x, =-1=y,=(-1) =1= A(-L1)
Véi x, =3=y, =3 =9= B(3;9)
Vay (d) va (P) c6 hai diém chung phan biét A va B.
2. Goi A va B 1a cac diém chung cua (d) va (P). Tinh dién tich tam giac OAB (O la géc toa do).
Ta biéu dién cac diém A va B trén mat phang toa do Oxy nhu hinh v&:
AD+ BC 1+9

S, = DC =2 4 =20
ABCD 2 2 I!,. [l.
BC.CO 9.3 i
Swe =5 =5 =1
AD.DO 1.1
S.op = =—=0,5 /
AOD 2 2 /i
Theo cbng thic cong dién tich ta co: e
S(ABC) = S(ABCD) - S(BCO) - S(ADO) =20-13,5-0,5=6

(Pon vi dién tich)
Bai 4 (Binh Dwong — 2010 — 2011):
1) V& db thi cua cac ham sb sau trén cling mot mit phang toa do: (P):y=x%*(d):y=2x+3.

2) Tim toa do giao diém (néu co) cua (d) va (P).

Lo giai:
1) V& db thi:
1 |.+ |
|I . I|
K1/, -l
Fo
Toa do diém cta do thi (P):y=x’
X -2 -1 0 1
y=x’ 4 1 0 1
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Toa do diém cta do thi (d):y=2x+3

X 0 =
2
y=2x+3 3 0
2) Phuong trinh hoanh dé giao diém cua (P) va (d):
x, =-1 3, =
x*=2x+3<x’-2x-3=0 codang a-b+c=1-(-2)+(-3)=0=> —_, tur (P) :{ !
x2:—: y2:
a

Vay toa d giao diém cua (P) va (d) 1a A(-1;1);B(L;9)
Bai 5 (Pa Ning — 2010 — 2011): Cho hai ham sé y =2x?c6 d thi (P) va y = x+3 c6 dd thi (d).
a) V& cac dd thi (P) va (d) trén cung mdt mat phing toa do Oxy.
b) Goi A 1a giao diém cua hai d6 thi (P) va (d) c6 hoanh d 4m. Viét phuong trinh ctia duong thang (A) di
qua A va c6 hé sé goc bang -1.
¢) Puong thang (A) cét truc tung tai C, cit truc hoanh tai D. Puong thang (d) cét truc hoanh tai B. Tinh ti s6
dién tich cua hai tam giac ABC va tam giac ABD.
Loi giai:
a) B4 thi: hoc sinh ty v&.
Luu y: (P) di qua 0(0;0), (£1;2). (d) di qua (0;3),(-1;2)
b) Phuong trinh hoanh d¢ giao diém caa (P) va (d) 1a:

2x* =x+32x* —x-3=0< x=-1 hay X=%

Vay toa do6 giao diém cua (P) va (d) la (—1;2),@;%) = A(-1;2) .

Phuong trinh duong thang (A) di qua A c6 hé s goc bang -1 la:
y—2:—1(x+1)<:> (A):y:—x+1

c) Puong thang (A) cat tryc tung tai C = C ¢ toa do (0;1)

Duong thang (A) cét truc hoanh tai D= D c¢ hoanh d (1;0)

Duong thang (A) cét truc hoanh tai B= B c6 hoanh do (-3;0)

Vi x, +x, =2x. vaA, C, D thang hang (vi cling thuoc duong thang (A))
Nén C a trung diém AD.

Hai tam giac BAC va BAD c¢6 chung duong cao ké tir dinh B va AC = %AD

Lién hé tai liéu word toan SPT va zalo: 039.373.2038



Website: tailieumontoan.com

Do do, ta co SAi:E:l
ABD A 2

Bai 6 (Ha Ngi — 2010 — 2011): Cho parabol (P): y =—x> va duong thang (d): y =mx—1.
1) Chting minh rang véi moi gié tri ciia m thi duong thang (d) ludn cat parabol (P) tai hai diém phan biét.
2) Goi x,,x, lan lugt 1a hoanh d¢ cic giao diém ciia duong thang (d) va parabol (P). Tim gia tri cia m dé:
XX+ X7 —xx, =3
Loi giai:
1. Xét phuong trinh: —x> =mx -1 x> +mx—1=0
A=m"+4>0 véi moi mnén (1) ludn cé 2 nghiém phan biét.
Suy ra moi gia tri cua m thi (d) ludn cat (P) tai hai diém phan biét.

a N . - A . A . , . , x] +x2 =—m
2. Vi x,,x, la hai nghiém cua (1) nén theo dinh li Viet ta co: .
XX, =—

XX, + 2,00 — XX, = x0x, (X +x, ) - xx, =m+]
XX+ x0x —xx, =3 m+l=3cm=2
Bai 7 (Hai Dwong — 2010 — 2011):
1. Cho ham s6 bac nhit y = ax +1. Xéac dinh hé s a, biét rang dd thi ciia ham sé cat tryc hoanh tai diém c6
hoanh do bang 1++/2 .

N LA n X A . x+y=3m . , s 2 A Lia
2. Tim cé4c so nguyén m dé hé phuong trinh { 5 ; c6 nghiém (x;y) thoa man dieu kién x* +xy =30.
x—2y=-—

1. Ra dugc phuong trinh 0:a(\/§+1)+1<:>a=

azl—\/E.Vg?ty a=1-2 1a gia tri thoa man.
2. TimdugC y=m+1,x=2m—1.
P ay=30e (2m—1) +(2m—1)(m+1)=30 = 2m* —m~10=0

< m=-2 hoic mz%

Do m nguyén nén m =-2 la gia tri thoa man.

Bai 8 (Hué - 2010 — 2011): Cho ham s6 y = ax?

a) X4c dinh h¢ s6 a biét rang do thi cua ham s6 da cho di qua diém M (-2;8) .

b) V& trén cling mot mit phang toa do dd thi (P) cia ham s da cho véi gia tri a vira tim duoc va duong

thang (d) di qua M (—2;8) c6 hé s6 goc bang -2. Tim toa d¢ giao diém khac M cua (P) va (d).
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Loi giai:

a) Do thi (P) ciaham s6 y =ax’ di qua diém M (-2;8) , nén:

8=a.(-2) @a=2

Vay: a =2 vaham s da cho la: y =2x>

b) Puong thang (d) c6 hé sé goc bang -2, nén c6 phuong trinh dang: y=-2x+5

+(d) di qua diém M (-2;8) ,nén 8=-2.(-2)+b<b=4 .

+ V¢ (P) (ban doc tu v¢)

+ V¢ (d) (ban doc tu v§)

+ Hoanh d¢ giao diém cua (P) va (d) 1a nghiém caa phuong trinh:

2%’ =2x+4 < +x-2=0.

+ Phuong trinh c¢6 hai nghiém: x, =1;x, =-2

Do d6 hoanh d6 giao diém thi hai viaa (P) va (d) 1a x=1= y=2.1=2 .

Vay giao diém khac M cua (P) va (d) c6 toa do: N(1;2).

Bai 9 (Khanh Hoa - 2010 — 2011): Cho ham s6: y =mx—m+2, ¢6 d6 thi 1a duong thang (d,, ) .

1. Khi m=1, v& duong thang (d, ).

2. Tim toa do diém cb dinh ma duong thang (d,, ) ludn di qua véi moi gid tri cuia m.

Tinh khoang cach l6n nhét tir diém M (6;1) dén duong thang thang (d,,) khi m thay doi.
Loi giai:

1) Ban doc tu giai:

2) Tacé: y :mx—m+2(dm)

<:>(x—1)m=y—2Vm<:>{x_1=O {le

-
y=2=0 y=2
Vay diém co dinh ma (d,,) di quala C(1;2) .

Ta dé dang chimg minh duoc khoang cach tir M(6;1) dén (d,, ) 16n nhét chinh 1a d¢ dai doan thang CM.

Taco: CM =(6-1)" +(1-2) =26

Bai 10 (Kién Giang — 2010 — 2011): Cho ham s6 y = (m—3)x+2+m. Xé4c dinh m dé:
a) Ham sé 1a ham sé bac nhat nghich bién.

b) D6 thi ham s6 di qua diém c6 toa do (1;1)

¢) Bd thi cit hai truc toa do tao thanh tam giac c6 dién tich bang 3.
Lo gii:
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Cho ham sb y = (m—=3)x+2+m. Xac dinh m deé:

a) Bé ham sb 12 ham sé bac nhét nghich bién thi: m—3<0 suyra m <3

b) Khi d6 thi ham s6 di qua diém c6 toa d6 (1;1) ta co:
(m=3).1+2+m=1=m=1

¢) D6 thi cat hai truc toa d6 tao thanh tam giac c6 dién tich bang 3.

Dé do thi cit 2 truc toa do: Cat Ox tai A(x,;0) vacit Oy tai B(0;y,) thi diéu kién

—(2+m)

Thay toa do diem Ataco: (m—3)x, +2+m=0= x, = 3
m_

Thay toa do diém B ta co: y, =2+m (c6 thé tinh OA, OB theo x, va y,)
Ta co tam giac OAB vuong tai O nén dién tich S :%OA.OB :%|xA|.|yB| =3
:>|xA|.|yB|:6

—(2+m)

m —

—(2+m)2

m-3

=N 2+m=6= M.(2+m) =6
3

m —

=6:>‘

2
Truong hop 1: M=6:>—(2+m)2 =6(m-3)=m’ +10m-14=0
A'=5—(~14)=39>0=>m,, =-5£+/39

2
Truong hop 2: M=—6:>—(2+m)2 =—(m-3)eom’ -2m+22=0

A=(-1)-22=-21<0=meQ
Vay giatri tim duoc: m,, = -5+ J39.
Bai 11 (Ph( Yén - 2010 - 2011): Trong mit phing toa do Oxy, cho parabol (P) ¢6 phwong trinh y =2x* va
duong thang (d) c6 phuong trinh y = 2(m — l)x —m+1, trong d6 m 13 tham sd.
a) V¢ parabol (P).
b) Xac dinh m dé duong thang (d) cat (P) tai hai diém phan biét.
¢) Ching minh rang khi m thay ddi, cac duong thang (d) luén di qua mot diém cd dinh. Tim diém cé dinh
do.
Loi giai:
a) Ban doc tu giai.
b) Phuong trinh hoanh dé giao tiép cua (P) va (d): 2x* —2(m—1)x+m-1=0
A=m’ —4m+3=(m+1)(m+3)
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A>0< m>—1 hoac m < -3 thi phuong trinh c6 hai nghi¢m phan biét.

c) Gia st (x,;,) la diém cé dinh cac duong thang (d) di qua, ta coL

Yo =2(m—1)x0—m+1@m(2x0—1)—(2x0+y0—1)=0

2x,—1=0 X, =
=
2x,+y,—1=0

Yo

Vi khéng phu thuoc vao m ta cé: {

Bai 12 (Quang Nam — 2010 — 2011): Cho ham s6 bac nhat y = ax+3 c6 db thi 1a duong thang (d).
a) Xac dinh hé sé a, biét duong thing (d) song song véi dudng thiang y =3x. V& (d) voi hé sb a vira tim
duoc.
b) Puong thang (d”) ¢6 dang y = x +1 cit duong thang (d) ¢ cAu a) tai diém M. Xéc dinh toa do diém M.
Loi giai:
a)
+ (d) song song voi duong thang y =3x nén a=3 .
+ V& (d)y=3x+3
- X4c dinh ding hai diém thudc (d): (0;3) va (-1;0)
- V& dang (d) trén mat phiang Oxy.

. =3x+3
b) — Toa dd (x;y) cua M la nghiém cua hé: {y o
y=x+1

- Giai hé duoc: x=-1;y=0
-Toadd M(-1;0).
Bai 13 (Quang Tri - 2010 — 2011): Trén mit phang toa do Oxy cho ham s6 y=—x+4 c6 d thi 1a duong
thang (d). Goi A, B lan luot 1a giao diém cua (d) véi truc tung va truc hoanh.
a) Tim toa do cac diém A va B.
b) Hai diém A, B va géc toa d6 O tao thanh tam giac vuéng AOB. Quay tam giac vudng AOB mét vong
quanh canh géc vudng OA c¢b dinh ta dugc mot hinh gi? Tinh dién tich xung quanh hinh d6.
Loi giai:
a) Giao diém db thi véi truc tung: x=0= y=4. Toa do diem A(0;4)
Giao diém do thi véi tryc hoanh: y=0= x=4.Toa do dicm B(4;0)
b) Quay tam giac vuéng AOB moét vong quanh canh OA ta dugc mét hinh nén.
Hinh nén c6 ban kinh day r=0OB =4, duong sinh AB=1= 42 (Do tam gidc AOB cén tai O co
OA=0B=4)
Di¢n tich xung quanh hinh non la: S = 7rl = 7442 =1627 (don vi dién tich)
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Bai 14 (Thai Binh — 2010 — 2011): Trong mat phang toa d6 Oxy cho duong thang (d):y=(k—1)x+n va
hai diém A(0;2),B(-10)
1. Tim céc gié tri cua k va n dé:
a) Buong thang (d) di qua hai diém A va B.
b) Budng thang (d) song song véi dudng thang (A): y=x+2-k .
2. Cho n=2. Tim k dé duong thang (d) cat truc Ox tai diém C sao cho dién tich tam giac OAC gép hai lan
dién tich tam giac OAB.

Loi giai:

1a) (d):y=(k—1)x+n diqua A(0;2),B(-1;0) nén tacé hé phuong trinh:

(k-1).0+n=2 {nzz {nzz
- <
(k=1).(-1)+n=0 1-k+2=0 k=3
Két luan: Vay k =3,n =2 thi (d) di qua hai diém A(0;2),B(-10)

k—1=1 {k:Z

b) (d)//(A)<:>{n;«r&2—k<:> n=0

k=2

Két luan: Vay (d)//(A
et luan: Vay (d)//( )@{nio

2.V6i n=2 ,taco (d):y=(k—1)x+2. Suy ra duong thang (d) cit truc Ox tai C <> k-1#0< k=1

Khi d6 tao do diém C la (ﬁ;oj
Ta co: OC:|xC|:ﬁ vado B(-10) nén OB=1.

Vi cac tam giac OAC va OAB vuong tai O va chung duong cao AO nén suy ra:

k=0
Sounc =2Sois c>0C:2OB<:>ﬁ:2<:>[k_2 (théa man dk k =#1)
Két luan: k=0 hoic k=2.
Bai 15 (H6 Chi Minh — 2010 — 2011):

2
A ol X : . 1 A
a) V& do thi (P) cia ham so y = —x? va duong thang (D):y= Ex_l trén cuing mot hé truc toa do.

b) Tim toa do cac giao diém cua (P) va (D) bang phép tinh.
Lo gii:

a) D6 thi: hoc sinh ty v&.
Luu y: (P) di qua 0(0;0),(11;-%),(12;—2). (D) di qua (1;-%},(—2;—2)
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Do d6 (P) va (D) c6 hai diém chung la: (1;—%),(—2;—2)
b) Phuong trinh hoanh d¢ giao diém cua (P) va (D) la:

2
al =%x—1<:>x2+x—2=0<:>x=1 hay x =2

Vay toa do giao diém cua (P) va (D) la (1;—%),(—2; -2)

Bai 16 (Ninh Thuan — 2012 -2013): Cho hai ham s6 y=x* va y=x+2

a) V& d6 thi hai ham s6 di cho trén cung mot hé truc toa d6 Oxy.

b) Bang phép tinh hiy xac dinh toa d6 cac giao diém A, B cua hai d6 thi trén (diém A c6 hoanh do am).
¢) Tinh dién tich cua tam giac OAB (O 1 géc toa dd)

Lai giai:
a) V& (d) va (P) trén cung mot hé truc toa do.
-2 -1 0 1 2
y=x (P) 4 1 0 1 4
X -2 0
y= x+2(d) 0 2

Ban doc tu Vé.

b) Toa d6 giao diém cua (P) va (d) 1a nghiém cia hé phuong trinh:

yzx2 X’ =x+2 xX=x=2=0 x,=—Lx,=2
& & &
y=x+2 y=x+2 y=x+2 y=Ly =4
Toa do céc giao diém cua (d) va (P) 1a: A(=1;1) va B(2;4)

, 1 1 1
c)Taco: S, =—.(1+4).3——.1.1--2.4=3
) ) (1+4) 2 2

Bai 17 (Hung Yén — 2012 — 2013): Cho duong thang (d): y=2x+m—1.
a) Khi m=3, tim a dé diém A(a;—4) thudc duong thang (d).
b) Tim m dé duong thang (d) cat cac truc toa do Ox, Oy lan luot tai M va N sao cho tam giac OMN c6 dién
tich bang 1.
Loi giai:
a) Thay m =3 vao phuong trinh duong thang ta cd: y=2x+2

Dé diém A(a;—4) thude duong thang (d) khi va chi khi: —4=2a+2 suyra a=-3.
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b) Cho x=0 suyra y=m—1 suyra: ON =|m—1|,cho y=0 suyra szm

suy ra OM = ‘I_Tm‘ hay OM = ‘mT_l‘

Dé dién tich tam gidc OMN =1 khi va chi khi: OM.ON =2 & |m_1|"m7_1 =2

Khi va chi khi (m—l)2 =4 khivachi khi: m—1=2 hoac m—1=-2 suyra m=3 hoac m=-1 .
Vay dé dién tich tam giac OMN =1 khi va chi khi m =3 hoic m=-1 .
Bai 18 (Pong Nai — 2012 — 2013): Trong mat phang vai hé truc toa ¢6 Oxy cho cac ham sé: y =3x? ¢6 dd
thi (P);y=2x-3 c6 dd thila(d); y=kx+n c6ddthila (d,) véikvan lanhing sé thuc.
1) V& db thi (P).
2) Tim k vanbiét (d,) di qua diém T(1;2) va (d,)//(d).
Loi giai
1) V& db thi (P).
2) (d,)//(d) nén k=2;n=-3 vadiquadiém T(1;2) nén x=1y=2 .
Ta c6 phuong trinh: 2=12+n=n=0.
Bai 19 (Pdng Nai — 2012 — 2013): Cho parabol y =x*(P) va duong thang y =mx(d), véi m la tham sé.
1) Tim céc gia tri cia m dé (P) va (d) cit nhau tai diém c6 tung d6 bang 9.

2) Tim cAc gia tri cia m dé (P) va (d) cit nhau tai 2 diém, ma khoang cach giita hai diém nay bang v/6 .

Loi giai
1) Phuong trinh hoanh d6 giao diém (P) va (d):
x, =0
X —mx=O<:>x(x—m):0<:> !
X, =m

Vi giao diém e(P):y=x=y=m>.V6i y=9=>m’ =9 m=3m=-3.

Vay v6i m =+3 thi (P) va (d) cat nhau tai diém c6 tung do bang 9.

2) Ty (1) suy ra: (P) va (d) ludn cit nhau tai hai diém phan biét khi m =0.

Khi d6 giao diém thir nhét 1a géc tao @0 O (x=0;y=0) , giao diém thir 2 la diém aco (x =m;y=m’).
Khooang cach giira hai giao diém: A0 =m* +m* =6 = m* +m* —6=0 (1)

bt 1 =m*;(120)

(1) +t-6=0<1 =3 (nhan); 7, =—2 (loai),

V6i 1, =3 < m? =3 < m=+/3 (nhan).
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Vay v6i m=++/3 thi (P) cit (d) tai hai diém c6 khoang cach bing V6 .
Bai 20 (Lao Cai — 2012 — 2013):
1. Cho hai ham sé bac nhét y=—x+2 hay y=(m+3)x+4. Tim c4c gia trj ciia m d¢ do thi cia ham s6 da
cho la:
a) Hai duong thing cit nhau.
b) Hai dudng thang song song.
2. Tim c4c gid tri cia a dé dd thi ham s6 y = ax’ (a#0) di qua diem M (-1;2).

Loi giai

l.a) Déham s y =(m+3)x+4 laham sé bac nhatthi m+3=0 suyra m=-3 .
Db thi caa hai ham s6 di cho 1a hai duong thang cit nhau < a = d’.
S-l#zm+3om=-4
VAay véi m #—3 va m = —4 thi db thi cua hai ham sé d3 cho 1a hai dudng thang cit nhau.

b) B thi ciia ham sb da cho 1a hai dwdng thing song song

a=d —1=m+3 L
Q{b¢b'®{2¢4 < m=—4 (théa man dicu kién m = -3)
Vay v6i m = —4 thi d thi ciia hai ham sé da cho 14 hai dudng thang song song.
2. Tim c4c gid tri cia a dé dd thi ham s6 y = ax’ (a#0) di qua diem M (-1;2).
Vi d6 thi ham s6 y=ax’(a=0) di qua diém M(-1;2) nén ta thay x=-1 va y=2 vao ham s ta c6
phuong trinh 2 = a.(—l)2 suy ra @ =2 (thoa mén diéu kién a =0)
Vay v6i a=2 thi do thi ham s6 y = ax’ (a #0) di qua diem M (-1;2).
Bai 21 (Gia Lai — 2012 — 2013): Cho ham s6 y=—x* c¢6 dd thi (P). Goi d la duong thang di qua diém
M (0;1) va c6 he s6 goc k.
a. Viét phuong trinh ciia dudng thang d.
b. Tim diéu kién cua k dé 6 thi d cit d thi (P) tai hai diém phan biét.
Lai giai
a. Viét phuong trinh cua duong thang d
Puong thang d vai hé sé goc k co dang y=kx+b
Duong thing d di qua diém M (0;1) nén: 1=k0+b < b=1
Vay d:y=hkx+1.
b. Phuong trinh hoanh d6 giao diém cua (P) va d:
X =kx+le X +hkx+1=0,00 A=k>-4
d cit (P) tai hai diém phan biét khi A>0
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k<=2
k>2

K -4>0k >4k >2° <:>|k|>2<:{
Bai 21 (Binh Pinh — 2012 — 2013): Cho parabol (P) va duong thang (d) c6 phuong trinh lan luot 14
y=mx’ va y=(m-2)x+m—1 (mlatham $6, m#0).
a) Voi m=—1, tim toa do giao diém cua (d) va (P).
b) Chuang minh rang véi moi m =0 duong thang (d) ludn cit parabol (P) tai hai diém phan biét.
Loi giai
a) Voi m=—1 (P) va (d) lan luot trg thanh y=—x*;y=x-2 .
Luc d6 phuong trinh hoanh d6 giao diém cua (P) va (d) 1a:
—x’=x-2ox*+x-2=0¢6 a+b+c=1+1-2=0 nén co hai nghiém la x, =L;x, =-2 .
Véi x, =1=y =-1
Véi x,=-2=y, =-4x
Vay toa d6 giao diém cua (P) va (d) la (1;—1) va (—2;—4) .
b) Phuong trinh hoanh d¢ giao diém caa (P) va (d) 1a:
mx® =(m—2)x+m—1<:> mx’ —(m—2)x—m+1 :0(*)
Vé&i m#0 thi (*) 1a phuong trinh bac hai an x co:
A=(m=2) —4m(-m+1)=m* —dm+4+4m*> —4m=>5m*>+4>0 v6i moi m. Suy ra (*) ludn c6 hai
nghiém phan biét voi moi m. Hay véi moi m =0 duong thang (d) ludn cat parabol (P) tai hai diém phan
biét.
Bai 22 (Quang Ngai — 2012 — 2013): Cho parabol (P):y=x* va duong thang (d):y=2x+m’+1(m I3
tham sb).
1. X4c dinh tat ca c4c gia tri cia m dé (d) song song véi duong thang (d'): y =2m’x+m’ +m .
2. Chitng minh rang véi moi m, (d) ludn cat (P) tai hai diém phan biét A va B.
3. Kihigu x, : x, 1a hoanh do cia diém A va diém B. Tim m sao cho x,> +x,” =14
Loi giai

1. Buong thang (d): y = 2x+m* +1 song song véi duong thang (d'): y =2m’x+m’ +m khi:

a2 ) m=1
2=2m m =1
Pt Siim=-1om=-1

m*+1=m’*+m m#1
m=1

2. Phuong trinh hoanh d¢ giao diém cua (d) va (P) 1a

x*=2x+m’ +1< x* —2x—m’ —1=0 la phuong trinh bac hai ¢ ac =—-m* —1<0 v&i moi m nén ludn co
hai nghiém phan biét v&i moi m. Do d6 (d) ludn cit (P) tai hai diém phan biét A va B véi moi m.
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3. Cach 1: Ki hi¢u x, :x, 1a hoanh do cua diém A va diém B thi x,:x, 1a nghiém cia phuong trinh:

X =2x-m*=1=0
Giai phuong trinh x* —2x-m’ —1=0
AN=l+m>+1=m*+2>0=>JA =m>+2

Phuong trinh c6 hai nghiém & x, =1+/m’* +2;x, =1—+m* +2
2 2
Do dé: xA2+x32:14<:>(1+\/m2+2) +(1— m2+2) =14

S1I+20m* +2+m* +2+1-2ym* +2 +m* +2 =14
S2mP+6=14d2m’=8cm’ =4 m=+2.
Cach 2: Ki hiéu x,:x, l1a hoanh d6 ciia diém A va diém B thi x,:x, la nghiém caa phuong trinh

5 5 . o ] | S=x,x,=2 ) )
x~—=2x—-m"—1=0. Ap dung hé thic Viet ta co: s do do, ta co:
P=x,x,=-m" -1

Atp =
x)+x) =14 (x,+x,) 25,0, =142 =2(-m’ - 1)=14 < 4+2m’ +2=14 > m=12.
Bai 23 (Ha Tinh — 2012 — 2013):
a) Trong mat phang toa do Oxy, duong thang y=ax+b di qua diem M(-1;2) va song song véi duong
thang y=2x+1. Timavab.
b) Goi x,x,1a hai nghiém cua phuong trinh x*+4x-m’-5m=0. Tim c4c gia tri cua m sao cho:
|x1 —x2| =4,

Loi giai
a) Puong thang y = ax +b song song véi duong thang y=2x+1nén: a=2,b=1 .
Vi duong thang y =2x+b di qua diém M (—1;2) nén ta c6 phuong trinh: 2(~1)+b=2< b=4 (théa min
b#1).Vay a=2,b=4 .

b) Taco: A'=4+m’+5m =(m+1)(m+4) . Dé phuong trinh c6 2 nghiém x,x, thitaco: A'>0< m<—4

hodc m >—1(*)
e , b . c )
Theo dinh Ii Viet, taco: x, +x, =——=-4 va x,,x, =—=-m —5m.
a a

Ta co: |x1 —x2|:4<:>(x1 —x2)2 =16 < (x, +x2)2 —4x,.x,=16
& 16—4(-m’ —5m) =16 < m’ +5m =0 <> m =0 hoic m =-5
Két hop voi diéu kién (*), ta cod m =0,m =—5 1a cac gia trj can tim.

Bai 24 (Binh Duong — 2012 — 2013):
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2
X

1. V& db thi (P) ham sb y =5

2. Xac dinh m dé duong thang (d ) :y=x-m cit (P) tai diém A c6 hoanh d¢ bang 1. Tim tung d¢ caa diém

A.
Loi giai
- Bang gia tri:
X -4 -2 0 2 4
y =X—2 8 2 0 2 8
2

- B4 thi (P) 1a duong parabol dinh O(0;0) ndm phia trén truc hoanh, nhan truc tung 1am truc ddi ximg va di

qua céac diém c6 toa do cho trong bang trén.

2/ Cach 1:
Vi (d) cit (P) tai diém A c6 hoanh d6 bang 1 nén x =1 thoa mén cong thirc ham sb (P) nén tung d6 caa diém
1
Ala: y, =—=—
AT TS
Do d6 Af 1:- e(d) nén L mem= Lt
2 2 2 2

Vay véi m =% thi (d):y=x—m cétP tai diém A c6 hoanh d6 bang 1. Khi d6 tung do y, =% .

Cach 2:

2
Ta c6 phuong trinh hoanh d6 giao diém cua (d) va (P) la: % =x—m<< x°=2x+2m=0(*)

Dé (d) cat (P) tai diém A c6 hoanh d6 bang 1 thi phuong trinh (P) c¢6 nghiém bang 1.

:]2—2.1+2m:0<::>m:l

Vay véi m =% thi (d):y=x—m catP tai diém A c6 hoanh d¢ bang 1. Khi d6 tung d6 y, =

N | —

12
2
Bai 25 (Thai Binh — 2012 - 2013): Trong mat phan toa d Oxy cho parabol (P):y=-x" va duong thing
(d):y=mx+2 (m latham s3).
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1. Tim m dé (d) cat (P) tai mot diém duy nhat.
2. Cho hai diém A(-2;m) va B(L;n). Tim m, n dé a thugc (P) va B thudc (d).
3. Goi H 1a chan duong vudng goc ké tir O dén (d). Tim m dé do dai doan OH 16n nhat.

Loi giai:
1. (d) cat (P) tai mot diém duy nhat < Phuong trinh hoanh d6 cua (d) va (P):
—x* =mx+2 < x> +mx+2 =0 c6 nghiém duy nhit.
@A:m2—8:0©m:i2x/§

Vay gia tri m can tim 13 m =422 .
Ae(P — (o) - _
5 E( )@ m= (2) @{m 4
Be(d) n=m+2 n=-2
Vay m=—-4,n=-2

3. Néu m =0 thi (d) thanh: y =2 = khoang cach tir O dén (d)=2= OH =2

(Hinh 1),

Hinh 1 Hinh 2

- Néu m 0 thi (d) cét truc tung tai diém A(0;2)va cét tryc hoanh tai diém B(—z;oj (Hinh 2).
m

= 0A=2;0B= —zzi .
m| |m]
1 1 1 m_z_m2+1
4 4

1
= + =
OH* O0A®> OB*> 4

AOAB vubng tai O c6 OH L AB suy ra:

— OH = M +1>1Vm20=>Vm* +1>1=>0H<?2.

m* +1

So sanh hai truong hop, tacd OH, =2 < m=0.
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CHUONG III:

PHUONG TRINH, BAT PHUONG TRINH
BAI 1: Phuong trinh bic nhat, bac hai, tam thic bac hai
A. Li thuyét can nhé-
I. Phwong trinh bac hai: ax® +bx+c=0 (1)
1. Céch giai va bi¢n luan trong truwong hep tong quat:
+ Néu a=0 ta dugc phuong trinh bac nhat: bx+c =0

Bién luan nhu sau:
a. Néu b0 thi phuong trinh c6 nghiém duy nhét: x = —%.

b. Néu b=0; ¢ =0 thi phuong trinh c6 nghiém dang véi moi x thudc R.
c. Néu b=0; ¢ 0 thi phuong trinh v6 nghiém.

+ Néu a=0. Tinh A (hoic A)
Véi A=b*—4ac; A'=b"*-ac; b’ :%
-Néu A <0 thi phuong trinh v6 nghiém.

- Néu A =0 phuong trinh c6 nghiém kép x, = —23.
a
-Néu A >0 thi phuong trinh c6 2 nghiém phan biét:
b-vA _ -b+/A
Xl = ’X2 =
2a 2a
2.Chuy:

+ Néu ac <0 thi phuong trinh bac hai luén cé hai nghiém phan biét.

+Néu x;X, la nghiém ciia phuong trinh thi: ax* +bx+c=a(x—x)(x—X,)
+Néu a+b+c=0 thi (1) c6 hai nghiém: x, =1 x, = .
a

+ Néu a—b+c =0 thi (1) cd hai nghiém: x, = -1, X, __L
a

3. Pinh li Viet
a. Phan thuan: Néu phuong trinh bac hai ¢ hai nghiém x,; x, thi:
b
S=Xx+X, = -3
P=x.X=

C
a
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X +X, =S

b. Phan dao: Néu hai s6 x; x, théa man: {
X;.X, =P

(32—4on)

Thi x;;x, langhiém ctia phuong trinh: x* —Sx+P =0
4. Dau cia nghiém:

Néu phuong trinh bac hai: ax®+bx+c=0 (a=0) c6 hai nghiém x,;Xx, thi:

X, <0<x, < P<0 X, <0<x, < P<0
A>0 A>0
X <X,<0sP>0 0<x <X, &1P>0
S<0 S>0

I1. Tam thirc bac hai: f (x)=ax’+bx+c (a=0)
1. D4u cia tam thic:

a<0
A<0

f (x) <0 va6i moi x thudc R <:>{

a>0
A<O0

f (x)>0 vai moi x thuoe R <:>{

Néu A =0 thi a.f (x)>0 véi moi x;«t—zi
a

Néu A >0 thi f(x)=0 c6 hai nghiem x;X,; X <X,

+Néu x, < x<x,thi af (x)<0

+Néu x < x hodc x> x, thi a.f (x)>0

2. Cong thirc so sanh cac sb a, B véi hai nghiém ciia phwong trinh bic hai (o < 3)

e X, <a<Xx,<af(a)<0

e Néu ton tai sb thuc o sao cho a.f (a)<0 thi phuong trinh bac hai: f (x)=ax*+bx+c=0 (a=0).Co

hai nghiém x;;x, thoaman x, <a <X,

A>0 A>0

e X <X,<a<qaf(a)>0 a<x<x <saf(a)>0
E—05<0 E—05>0
2 2

af(p)<0

a.f(a)>0

a.f(a)<0

a.f(p)>0

o a<x1<,8<x2<:>{ X1<a<x2<ﬁ’<:>{
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A>0
a.f(p8)>0 a.f(a)<0
o a<X <X <[ a,f(a)>0 NLa<f<X e a.f(ﬁ)<0
a<§<ﬂ
2

B. C4c van dé toin va phwong phap giai:

Vién dé 1: Gidgi va bién lugn phwong trinh bac nhit:

Buéc 1: Bién doi phuong trinh dé cho vé dang: ax+b=0 (1)

Budc 2: Xét cac truong hop sau:

Trudng hop 1: Néu a =0 thé vao (1) va kiém tra.
Truong hop 2: Néu a =0 thi (1) < x= b
a

Budc 3: Két luan.
Vi du: Giai va bién luan cac phuong trinh sau:
a) mx+(m°-m)=0 b) m?(x+1)+2=x+3m
Phan tich va hwéng dan giai:

a) R4 rang phuong trinh (a) ndy di ¢ dang chinh tic. Ta co:

mx =m(1—m)
+V6i m=0 thi phuong trinh tré thanh 0x =0 nén phwong trinh c6 vé s nghiém.
+V&i m=0 thi phuong trinh c6 nghiém duy nhat: x =1—m.

Két luan:

+m=0; xeR.
+m=0; x=1-m.
b) Phuong trinh (b) nay chwa dua vé dang chinh tac, ta can thém maot buéc bién doi:
M (x+1)+2=x+3m e (M* —1)x =-m*+3m-2
< (m-1)(m+1)x=—(m-1)(m-2)
+ Vi m=1 thi phuong trinh tré thanh 0x =0 nén phuong trinh c6 v6 s6 nghiém.
+ V6i m=-1 thi phuong trinh tr¢ thanh 0x = —6 nén phuong trinh v6 nghiém.

m-2 2-m
m+1 m+l1

+V6i m = +1 thi phuong trinh c6 nghiém duy nhat: x = —

Két luan:
+ m=1 xeR.

+ m = -1, phuong trinh vo6 nghiém.
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2—-m
+ m#+l, xX= .
m+1

Vin dé 2: Nghiém ciia phwong trinh bic nhat théa mén diéu kién cho truéc:

Budc 1: Dua phuong trinh d cho vé dang: ax+b=0 (1)

Budc 2: Tim diéu kién cua a dé (1) cd nghiém Xo. Cho nghiém X, théa man diéu kién.
Vi dy: Tim m d€ phuong trinh m?x+m®—3m?* = x—3m+1 c6 duy nhat mot nghiém xo thoa méan: || >1.
Phan tich va hwéng dan giai:

Bai toan c6 hai yéu cau:

- M6t 1a nghiém duy nhét.

- Hai 1a nghiém duy nhat 4y phai théa man : |x,| >1.

Dau tién ta c6 mot bude 1a dwa vé phuong trinh dang chinh tac:
m®x+m®-3m®=x-3m+1

& (m® -1)x=-m®+3m* —3m+1

< (m-1)(m +1)x= —(m—l)3

+Véi m=1, phuong trinh c6 v6 sé nghiém nén khong xét truong hop nay.

+ Vi m=-1, phuong trinh tr¢ thanh 0x =8 nén phuong trinh v6 nghiém.

g o . —(m-1)°
+ V6i m# +1 phuong trinh ¢6 nghiém duy nhat: XO:W
+
Y vi s —(m—l)2 2
Khi do dé ¢6 |x,|>1 ta phai co: — T >1< (m-1)" >|m+1]
+

=N (m—l)4 >(m +1)2
& ((m-1 ~(m+1)}.((m-1)" +(m+1))>0

=N (m2 —3m)(m2 —m+2)20

2
m>3
Dom? -m+2= m—1 +Z>0;Vm nén: m>-3m>0 <
2 4 m <

Két hop voi diéu kién m=+1 tacod: m=3; m<0 théa man.

Vin dé 3: Gidgi va bién lugn phwong trinh bac hai:

Budc 1: Xét a = 0 bién luan phuong trinh bac nhat.
Budc 2: Xét a =0 tinh A hoac A’

Néu A < 0 thi phuong trinh v6 nghiém

Néu A = 0 thi phuong trinh c6 nghiém kép x = —21
a
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Néu A > 0 thi phwong trinh c6 hai nghiém phan biét:

b-vJA . —b+A
“TTa T T

Budc 3: Két luan.

Vi du: Giai va bién luan cac phuong trinh sau:

a) X>-mx+m=0 b) x*—(m+2)x+m’=2m
Phan tich va hwéng din giai:

a) X’ —mx+(m+2)=0.

Day la phuong trinh bac hai dang chinh tic ¢6: A =m?—4m=m(m-4)

+V6i m<0 hoac m >4 thitaco: A>0. Phuong trinh ¢ hai nghiém phan biét:

_m+JA  m+ym?—4m

2 2 2

+V6i 0<m< 4 thitaco: A<O0nén phuong trinh vo nghiém.

+V6i m=0 thi A=0 phuong trinh c6 nghiém kép x=0.

+V6i m=4 thi A=0 phuong trinh c6 nghiém kép x = 2.
Két luan:

+ m=0; nghiém kép x=0.

+ m=4;nghiémkép x=2.

+ 0<m<4; vo6 nghiém.

+ m<0;m>4, hai nghiém phan biét:

 — m-++/m? —4m . m—+/m?—4m

1 2 12 2
b) Phuong trinh d3 cho chua & dang chinh téc, ta can thém mot budc:
x*—(M+2)x+m? =2m < m? —(m+2)x+(m2 —2m)=0
Dén day ban doc cd thé 1am twong tu cho cau (a).

Vin dé 4: Chirng minh mét phwong trinh bac hai cé nghiém:

Ban chat 1a ching minh A > 0.

Vin dé 5: Phwong trinh bac hai co hai nghiém théa man mét diéu kién cho trivéc:

1. Cac diéu kién cho truée thuong giap:
a. Hai nghiém x; x, théa man mot phuong trinh, mot bat phuong trinh.
b. Mot biéu thirc chira hai nghiém x;; x, dat gia tri 1on nhat, bé nhat.
c. Nghiém &m, nghiém duong.

d. Nghiém thudc (a; b) cho trudc.
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e. Nghiém nguyén.

f. Nghiém nay bang k 1an nghiém kia.
2. Phwong phap giai:
Bai toan 1: Hai nghiém x,; x, thoa man mot phuong trinh, mét bat phwong trinh:
Budc 1: Tim m dé phwong trinh ¢6 hai nghiém X X, .
Budc 2: Bién d6i phuong trinh, bat phuong trinh chtra (X, + X, ); %X, sau d6 ap dung dinh Ii Viet tim m.
Budc 3: Dung cac diéu kién rang budc caa m tim ra m. Két luan.
Bai toan 2: Biéu thuc chira hai nghiém x.; x, dat gia tri 16n nhat, nho nhat.
Budc 1: Tim m dé phwong trinh ¢6 hai nghiém X X, .
Budéc 2: Bién doi bieu thic chira (X, +X, ); ,.X, . Ding dinh li Viet dua vé ham f(m)
Budce 3: Dé tim min, max cuaa f(m) c6 thé dung mat trong céc céach sau:
Cach 1: Phan tich f(m)=+(am+f)" + A?
Céch 2: Dung diéu kién c6 nghiém cta phuong trinh bac hai.
Cach 3: Dung bat dang thirc C6 si, Bunhiacopxki.
Bai toan 3: Nghiém thudc (a; b) am duong.
Dung cong thac so sanh nghiém.
Bai toan 4: Nghiém nguyén.
Dung tinh chia hét s6 chinh phwong.
Bai toan 5: Nghiém nay bang k lan nghiém kia.
Budc 1: Gia su phuong trinh bac hai ¢ hai nghiém x;; X, .
Budéc 2: Nghiém nay bang k 1an nghiém kia nén ta c6 duge phuong trinh: (x, —kx, )(X, —kx, ) =0.
Budc 3: Bién ddi dang thic trén vé tong, tich rdi dung Viet.

Vin dé 6: Quan hé nghiém ciia hai phwong trinh bac hai:

Bai todn 1: Cho hai phuong trinh bac hai:
ax’+bx+c =0 (1)
a,x* +b,x+¢, =0 (2)
Tim cac gia tri caa tham sé m dé (1); (2) ¢ nghiém chung.
Phwong phap:
Budc 1: Goi X la nghiém chung cua hai phuong trinh thi:
ax. +bx,+c =0
{azxg +b,x, +¢, =0

Budac 2: Giai hé trén tim Xo. Suy ra m.
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Budc 3: Thé m vao (1); (2) dé kiém tra.

Bai toan 2: Tim gi4 trji ciia m dé (1); (2) c6 nghiém sao cho mot nghiém ciia phuong trinh (1) bang k 1an mot
nghiém cua phuong trinh (2)
Phwong phap:

Budc 1: Goi Xo la mot nghiém cua (2) thi kx, (k = O) Ia mot nghiém cuaa (1).

2 _
a,X; +b,x,+¢c, =0

Khi d6 x¢ la nghiém cua hé. )
ay (ke ) +b, (k) +¢, =0

Budac 2: Giai hé trén tim Xo. Suy ra m.

Budc 3: Lay gia tri cia m thé vao (1) va (2) dé kiém tra.
Bai todn 3: Tim céc gia trj cua tham sé m dé (1); (2) trong duong.
Phwong phap:

Str dung dinh nghia vi hai phuong trinh trong duong.

Hoac la ca hai phuong trinh vo nghiém hoac c6 cung hai nghiém.

Vin dé 7: Céc ing dung diéu kién c6 nghiém ciia phwong trinh bac hai:

Ching minh bt ding thuc:

Phuong phap: Tir mdt dang thuc T = f (x; y) ta bién d6i vé phuong trinh béc hai. Phuong trinh nay c6

nghiém < A >0 ta c6 diéu phai chang minh.

Tim max, min cta ham sd:

Phuong phép: Tirham s6 y = f (X) dua vé mt phuong trinh bac hai.
Dung diéu kién c6 nghiém cua phuong trinh bac hai dé tim max, min.
C. Mét sb bai tap ap dung:
1) Phwong trinh bac nhit, bac hai:
Bai 1 (Binh Dinh - 2010) Giai cac phuong trinh sau:
a) 3(x—-1)=2+x b) x> +5x—-6=0
Loi giai:
Giai cac phuong trinh sau:
a) 3(x—1)=2+x
3X-3=2+X
2X=5
. 5
Vay x= 2

b) x*+5x-6=0

Taco: a+b+c=1+5-6=0 Nén pt co hai nghi¢m la x, =1,x, =—6
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Nhan xét: Vi céc bai giai phuwong trinh, can chi y téi diém dic biét cua tham sé nhu voi diéu kién
a+b+c=0 hoic a—b+c =0 dé giai phuong trinh nhanh hon.
Bai 2 (Binh Duong - 2010): Giai phuong trinh x* +5x+6=0
Loi giai:
1) x> +5x+6=0 A=b’—-4ac=25-46=1
Vi A >0 nén phuong trinh c6 2 nghiém phan biét

—b+JA -5+1
X1: = =

-2
2a 2
bR 51
2a 2
Bai 3 (Hai Dwong - 2012) Giai cac phuong trinh sau:
a) (gx—Sj(ix+3j=0 b) [2x-3/=1.
3 5
Loi giai:
2 15
—Xx-5=0 X=—
2x =15
a) gx—5 ix+3 =0 3 & & 2
3 5 4 4x =-15 -15
—x+3=0 X=—o
S 4
Vay nghiém cua phuong trinh da cho 1a S = {%_715}
2x-3=1 2x=4 X=2
b) [2x-3|=1< = =
2x-3=-1 |2x=2 x=1

Vay nghiém cia phuong trinh da cho la S ={1;2}.
Bai 4 (Chuyén Lam Son - Thanh Hoéa - 2012): Cho phuong trinh:
X2 +2mx+m’ —2m+4=0
1. Giai phuong trinh khi m=4
2. Tim m dé phuong trinh c6 hai nghiém phan biét.
Loi giai:
1. Khi m = 4, ta c6 phuong trinh: X* +8x+12=0¢c0A'=16-12=4>0
Vay phuong trinh c6 hai nghiém phéan biét.
X\,=—4+2=-2va x,=—4-2=-6
2. Tim m dé phuong trinh c6 hai nghiém phan biét.
X2 +2mx+m’ —2m+4=0

Cé A':mz—(m2—2m+4):2m—4
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Dé phuong trinh ¢6 hai nghiém phan biét thi A’ >0
©2m-4>0<2(M-2)>0em-2>0m>2
Vay voi m > 2 thi phuong trinh c¢6 hai nghiém phan biét.
2) Pinh li Viet va itng dung:
Bai 1: Cho phuong trinh x* —(m+1)x+12=0
a. Giai phuong trinh khi m = 12
b. Tim m dé phwong trinh ¢6 2 nghiém ddi nhau
¢. Tim m dé phuong trinh c6 2 nghiém x;;x, thoa man:
(%, —2%,)(x,—2x)=10
Loi giai:
x*—(m+1)x+12=0 (1)
a. Khi m = 12, phuong trinh (1) tré thanh: x*-13x+12=0
Tacd A=13"-4.12=121
Phuong trinh ¢6 2 nghiém phan biét:

13-4JA ,  13+4/A
7 tRTT

Vay x=1;x =12 la nghiém cta phuong trinh.

=12

b. Phuong trinh (1) 1a phuong trinh bac hai co:
A=(m+1)" -4.12=m?-2m-47
Nhan thdy x = 0 khong 1a nghiém cua phuong trinh.
Phuong trinh (1) c6 hai nghiém phan biét < A>0< m?-2m-47>0
V&i diéu kién trén, phuong trinh ¢6 hai nghiém phan biét x;x, :

X, +X,=m+1

Ap dung dinh li Viet, ta c6: {
XX, =12

, (V6 Ii)

1

. . X+ X, =
Phuong trinh ¢6 2 nghiém doi nhau =

Vay khong cé gié tri ndo caa m thoa mén

C. Taco: (% —2x%,)(X, —2% ) = XX, — 2%, — 2X; +4%,X,

=3x%, —2(X + X ) =Tx %, —2(% +%,) =7.12-2,(m+1)’

=82-2m-m*=82-2m-m’* =10 m*+2m-72=0
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m=-1-73 (thoa man)
=

m=-1+73 (loai)
Vay m=-1-+/73 1a gi tri can tim.
Bai 2: Cho phuong trinh: x* —2(m+1)x+4m =0

a. Giai phuong trinh khi m = 3.
b. Tim m dé phuong trinh c6 nghiém kép. Tim nghiém kép do.

c. Xac dinh m dé phwong trinh c6 mét nghiém bang 4. Tim nghiém con lai.

Loi giai:
x*=2(m+1)x+4m=0 (1)
a. Khi m = 3, phuong trinh (1) tré thanh: x* -8x+12=0
Phuong trinh c6 A =8°—-4.12=16

8+16 816

5 6; X, =

Phuong trinh c6 2 nghi¢m phan biét: x, =

Vay x=6;x=2 langhiém cua phuong trinh.

b. Phuong trinh (1) 1a phuong trinh bac hai co:

A':(m+1)2 —4m=m’-2m+1

Phuong trinh c6 nghi¢ém kép
SAN=0em-2m+1=0=(m-1)°'=0=m-1=0om=1
Vay voi m =1, Phuong trinh c6 nghiém kép.

c. Phuong trinh (1) c6 mot nghiém bang 4.

= 4 —2(m+1). 4+4m=0<16-8m-8+4m=0<4m=8<m=2
Vi m =2 ; phuong trinh (1) tré thanh:

X*—6x+8=0

Phuong trinh c6 A'=3°-8=1

3+4/1 . 3-1
:4’X2:—:
1 1

Vay khi m = 2; phuong trinh ¢6 2 nghiém phan biét x =4;x=2

Phuong trinh c6 2 nghiém phan biét: x, = 2

Bai 3: Cho phuong trinh: (m+1)x*-2(m+1)x+m-3=0
a. Giai phuong trinh khi m =3
b. Tim m dé phuong trinh c6 2 nghiém phan biét X;; X, théa mén

(4x +1)(4x,+1)=18
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Léi giai:
(m+1)x*-2(m+1)x+m-3=0 (1)
a. Khi m = 3; phuong trinh (1) tr¢ thanh:
) 4x=0 x=0
4x* -8x=0<4x(x-2)=0< =S
Xx—2=0 X=2

Vay khi m=3;x=0,x=2 la nghiém cua phuong trinh.
b. Phuong trinh (1) c6 hai nghiém phan biét:

- m+1¢0® m -1
A'>0 (m +1)2 —(m-3)(m+1)>0

m=-1 m=-1
= = sSm>-1
im+4>0 m>-1

Véi m > —1, phuong trinh ¢6 hai nghiém phan biét x; X,

X +X, =2
Ap dung dinh Ii Viet, ta c6: m—
XX, =
m+1

w

Taco: (4%, +1)(4x, +1)=16xX, +4(x, +X,)+1

M3 4041 20(M=3) 4 26(m-3)
m+1 m+1 m+1

=16 +9=18

<16(m-3)=9(m+1) < 16m—48=9m+9 < 7m =56
< m =38 (thoa man)

Vay m=8 lagia tri can tim.

Bai 4 : Cho phuong trinh: mx* —(m—4)x+2m=0

a. Giai phuong trinh khi m=-2

b. Tim m dé phuong trinh c6 2 nghiém phén biét x; x, théa man

2(X; +%3) =5x%,

Loi giai:
mx® —(m-4)x+2m=0 (1)
a. Khi m=-2, phuong trinh (1) tr¢ thanh:
—2X* +6x-4=0<2m*—6x+4=0
Phuong trinh ¢c6 A'=3"-4.2=1
Phuong trinh c6 2 nghiém phan biét: x, = =3 +2\/1 =Lx, = -3 _2\/1 =2
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Vay khi m=-2, phuong trinh c6 nghiém x=1;x=2

m=0 |[m=0
=N
A>0 (m—4)2—8m2>0

b. Phuong trinh c6 hai nghiém phén biét: < {
m =0 m =0

& <
m’-8m+16-8m°>0 |-7m’-8m+16>0

V6i diéu Kién trén, ta c6 phuong trinh ¢ hai nghiém phan biét x;; x,

; o X X, =——
Ap dung dinh li Viet, ta co: m

XX, =2

Taco 2(x12 +x22):5x1x2 = 2((x1+x2)2 —2x1x2):5x1x2

2
e 2(x+%, ) =9%x, < 2(%“) ~9.2

2(m-4)" =18m* < 2(m* —8m +16)=18m”
& 2m? ~16m +32 =18m? < 16m* +16m-32 =0

<:>m2+m—2:0<:{ 2(th()aman)

Vay m=1m=2 la c4c gia trj can tim.
Bai 5: Cho phuong trinh: mx* —6(m—-1)x+9(m-3)=0 (1)

a. Giai phuong trinh (1) véim =2

Website: tailieumontoan.com

b. Tim céc gia trj ciia m dé phuong trinh (1) c6 2 nghiém phan biét théa man x, +x, = 2xX,

Loi giai:
a. Vi m =3, phuong trinh (1) tro thanh:

x=0 {X:O

3x*-12x=0=3x(x-4)=0< =N
X—4=0 X

Vay x =0;x =4 la nghiém ctia phuong trinh

b. Phuong trinh (1) c6 2 nghiém phan biét:
m =0 m=0

& &
A'>0 " |9(m-1)"~9(m-3).m>0

m=0 m =0 m =0
o o o
9m?-18m+9-9m?+27m>0 ImM+9>0 m>-1

V6i didu kién trén, phuong trinh c6 2 nghiém phan biét x;; X,
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6(m-1
X, + X, = ( )

Ap dung dinh Ii Viet, ta co: m
9(m-3)

XX, = m

Taco x +X, =2x%X,

6(m-1) _ 18(m-3)

= < 6m-6=18m-54 < 48=12m

< m=4 (thoa mén)

Vay m=4 la gié tri can tim.

Bai 6: Cho phuong trinh: X* —2(m+1)x+m-4=0 (1)

a. Giai phuong trinh (1) véi m=-5

b. Chitng minh rang phuong trinh (1) ¢6 2 nghiém X;; X, phan bi¢t voi moi m

c¢.Tim m dé

X, — X,|dat gia tri nho nhat véi x;; X, 12 2 nghiém cta phuong trinh (1).
Lo gii:

a. Voi m=-5, phuong trinh (1) trg thanh: x> +8x—-9=0

Phuong trinh 14 phuong trinh bac hai c6: A’=4*+9=25>0

Phuong trinh c6 2 nghi¢m phan biét x;; X,

)(1:—4+1\/2_5:1 X2=—4—1x/2—5:

Vay x=1;x=-9 la nghiém cua phuong trinh .

-9

b. Phuong trinh (1) 1a phuong trinh bac hai c6

A':(m+1)2—(m—4):m2+2m+1—m+4:m2+m+5
1Y 19 .

={m+—=| +—>0 véi moi m
2 4

= phuong trinh (1) ¢6 2 nghiém phén biét véi moi m

X, +X, =2m+2

c. Ap dung dinh Ii Viet ta co: {
XX, =m—-4

Ta co: |X1_X2|:\/(X1_X2)2 :\/(X1+X2)2 —4XX,

= J(2m+2)° —4(m—4) = Jam® +8m+ 4—4m +16
=+/4m? +4m+20 =,/(2m +1)2 +19

Taco: (2m +1)2 >0 v&i moi m
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= (2m+1)° +19>19 véi moi m =[x, — x,|>+/19

Diu "=" xay ra < 2m+1=0<m :—%

Vay m:—% la gié trj can tim.

Bai 7: Cho phuong trinh: mx* —(2m+1)x+(m+1)=0 (1)

a. Giai phuong trinh (1) véi m = ‘%

b. Chitng minh rang phuong trinh (1) ludn cé nghiém véi moi gia tri caa m.

c. Tim cac gia tri cia m dé phuong trinh (1) c6 nghiém Ién hon 2.

Loi giai:
3 N \ /4
a. Thay m= 5 vao phuong trinh ta co:

_—3x2+1x+3:0c>—3x2+x+2:0
5 5 5

Phuong trinh 1a phuong trinh bac hai c6 A =1° +4.2.3=25
Phuong trinh ¢6 2 nghiém phéan biét

_1+4/25 4,

= _ﬂ_l

’ X2
-3.2 6 -2.3
A \ . n 2
Vay phuong trinh c6 2 nghiém X, = —E; X, =1

b. Phuong trinh (1) 1a phuong trinh bac hai c6

A=(2m +1)2 —4(m+1)m

=4m’ +4m+1-4m? —4m=1>0 véi moi m

= phuong trinh (1) luén c6 nghiém véi moi gié tri cua m.

c. Phuong trinh (1) lu6n c6 2 nghiém phan biét vai moi gia tri cia m

3 2m+1++/1 ~m+1
2m m

X, X, =1

Phuong trinh ¢6 nghiém I6n hon 2.

m+1>2©1+i>2<:>i>1<:>0<m<1
m m m

=

Vay 0<m<1 la c4c gia tri can tim.

Bai 8: Cho phuong trinh: x* —mx+m-1=0.

a. Chirng minh rang phuong trinh ludn ¢6 nghiém véi moi m.
b. Tim m dé phuong trinh c6 2 nghiém phan biét sao cho
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4%% +4x5 —3xX, = 4

¢. Goi x;; X, la hai nghiém ciia phuong trinh. Tim gia tri I6n nhat cua biéu thic:

B 2X, X, +3
X2+ X5 +2(%X, +1)

Loi giai:
x> —mx+m-1=0 (1)
a. Phuong trinh (1) 1a phuong trinh bac hai co:
A=m?-4(m-1)=m? —4m+4=(m—2)2 >0 v&i moi m
= phuong trinh luén c¢6 nghiém vai moi m.
b. Phuong trinh c6 2 nghiém phén biét < A >0 (M-2)° >0 m=2

X +X,=m

V6&i m =2, &p dung dinh li Viet, ta co: {
XX, =m-1

Taco: 4x7 +4x5 —3xX, = 4((x1 +%,) —2x1x2)—3x1x2

=4(x +%) —11xx, = 4m* ~11(m-1) = 4m? ~11m +11

m=1

=4m’ -1Im+11=4 < 4m* -1Im+7=0 < 7 (thoa man)
m=—
4

[ W
Vay m:1;m:Z la gia tri can tim

2X,X, +3
C.P=—e
X+ % +2(x%, +1)
Ta c6: P:—2X1X2J;3
(X +X,) +2

Theo dinh li Viet ta co:

o_ 2(m-1)+3 2m+1 m2+2_m2+2—(2m+1)

m2+2  m24+2 mi+2 m? +2
(m-1)°
=1
m*+2
- (m-1)° (m-1)°
Taco: m*+2>0=— 2 >0=1-~— 2 <1
m*+2 m°+2

Diu"="xayra ©m-1=0<m=1

Vay GTLN cuiaPlaltai m=1

Bai 9: Cho phuong trinh: x*+2(m-1)x—(2m-5)=0 (1)
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a. Giai phuong trinh khi m =2

b. Tim gi tri ciia m dé phuong trinh c6 2 nghiém phan biét x;x, va biéu thic A=12-10x,x, (X} +x; ) dat
gia tri 16n nhat.
Loi giai:

a. Khi m = 2, phuong trinh (1) tr¢ thanh:
X +2X+1=0 (x+1)* =0 x+1=0=>x=-1
Vay khi m=2; x =-1 la nghiém cua phuong trinh.
b. Phuong trinh (1) 1a phuong trinh bac hai c6
A'=(m-1)"~(2m-5)=m*-2m+1-2m+5

=m? —4m+6:(m—2)2 +2>0 véi moim
= Phuong trinh c6 2 nghi¢ém phan biét x;; x, véi moi m

. . L . X1+X2:_2(m_1)
Ap dung dinh li Viet, ta co:
XX, =—2m+5

Ta co:
A=12-10%%, (5 + ) =12-10x%, (% + %)’ ~2x%,
=12-10(-2m+5)(4(m-1)" ~2(-2m+5))
=12+20m —50~(4(m’ —2m+1) + 4m-10)
=20m 38— (4m’ —8m+4+4m-10)
=20m-38—(4m’ —4m—6) = —4m’ + 24m - 32
=—(4m? - 24m +36)+4=—(2m-6) +4

Taco —(2m—6)° <0=—(2m-6)" +4<4
Diu"=" xay ra < 2m-6=0<m=3
Vay gia tri nho nhit cia A 12 4 khim =3
Bai 10: Cho phuong trinh bac hai: 2x* +(2m-1)x+m-1=0
a. Chirng minh rang phuong trinh luén ludn ¢ nghiém vaéi moi m.
b. Xac dinh m dé phuong trinh ¢6 nghiém kép. Tim nghiém dé.
c. Xac dinh m dé phuong trinh c6 hai nghiém phan biét x; x, théa man 1< x, <X, <1
d. Trong truong hop phuong trinh ¢ hai nghiém phan biét x; x,, hdy lap mét h¢ thic gitra X, va x, khéng
com
Loi giai:
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2x* +(2m-1)x+m-1=0 (1)

a. Phuong trinh (1) 1a phuong trinh bac hai, ¢

A=b?—4ac=(2m-1)" —4(m-1). 2= 4m* - 4m+1-8m+8
= 4m? —12m+9=(2m-3)° >0 v6i moi m

= phuong trinh ¢4 nghiém vaéi moi m.

b. Phuong trinh (1) c¢6 nghiém kép

@A:O@(Zm—3)2:O<:>2m—3:0<:>m:g
A 3 s i A

Vay m =5 la gia tri can tim

c. Phuong trinh ¢6 hai nghiém phén biét x;;x, < m ;tg

—-(2m-1)+(2m-3)*

—(2m-1)-4/(2m-3)?
Taco: x, = X = (2m-1)-y(2m-3)
? 4 4

Nhan thiy x, > X, = -1< X <X, <1

(—2m+1-|2m-3))

4 >-1(2) -2m—-|2m-3/>-5 B
(—2m+1+|2m-3)) —2m+|2m-3/<3
<1 (3)
4
3

* 2m—320c>m2§

= -4dm>-8&m<?2

-3<3

—2m—(2m-3)>-5 —4m+3>-5
(1)<:> =
-2m+2m-3<3

Két hop voi diéu kién :g< m<2
3
2m-3<0em<—

-2m+2m-3>-5 -3>-5
*)e < -m>0

b=
-2m+3-2m<3 -4dm<0

Két hop voi diéu kién, tacd 0<m <g

Viay 0<m<2,m ¢% la cé4c gia tri can tim.
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X, + X, :ZT_
d. Ap dung dinh Ii Viet, ta co:

X_m—l
XX ==

2m-1 2(m-1) 2m-1-2m+2 1
2 2 2 2

= X+ X, —2XX, =

Vay h¢ thuac khdng phu thudc vao m la x, + x, —2x,X,
Bai 11: Cho phuong trinh: x* —(m-1)x—m’+m—2=0 (1) (m la tham s6)
a. Chirng minh phuong trinh (1) ludén c6 2 nghiém phan biét vai moi gia tri caa m.
b. Tim nhitng gia tri cia m dé (1) c6 2 nghiém phan biét trai dau.
c. Goi x;; X, 1a nghiém ctia phuong trinh (1). Tim m & x2 + x>0
Loi giai:
x> —(m-1)x-m*+m-2=0 (1)
a. Phuong trinh (1) 1a phuong trinh bac hai cé
A=b?-4ac=(m-1)" +4m’—4m+8
=5m? —6m+9:(m—3)2 +4m? >0 voi moi m
= phuong trinh c6 2 nghiém phan biét vai moi m.
b. Phuong trinh (1) c6 2 nghi¢m phan bi¢t x;; X, véi moi m
Ap dung dinh i Vi-ét, taco: xx, =c/a=-m>+m-2,

Phuong trinh c6 2 nghiém trai dau < xx, <0< -m’ +m-2<0
1Y 7 VT
& - m—E _Z<0 luén dang véi moi m.

Vay véi moi m, phuong trinh ludn ¢ 2 nghiém trai dau
c. Ap dung dinh Ii Viet, ta co:

— c
X +X, =—=m-1 XX, =—=-m’+m-2
a a

Taco: x> +x5 :(x1+x2)(x12 — XX, +x22)

:(x1+x2)((x1+x2)2 —3x1x2)= (M—-1)° —3(m -1)(-m* + m—2)
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=m’ —3m’ +3m—1-3(-m*+m’ —2m+m? —m+2)
=m®-3m*+3m-1+3m°-6m*+9m-6
=4m®-9m® +12m -7 = 4m® —4m* —-5m* + 5m+7m -7
=4m?(m-1)-5m(m-1)+7(m-1)

- (m—l)(4m2 —5m+7) = (m—l)((Zm_gjz +$—ZSJ

Tach: X +x >0 m-1>0<m>1

Vay m>1 la cac gia tri can tim.

Bai 12: Cho phuong trinh:

(M+2)%x* +(1-2m)x+m-3=0 (m la tham s6)

a. Giai phuong trinh khi m= —%

b. Chang minh rang phwong trinh d& cho ¢6 nghiém véi moi m.
c. Tim tt ca cac gia tri cia m sao cho phwong trinh c¢6 2 nghiém phan biét va nghiém nay gap 3 lan nghiém
Kia.
Loi giai:
(m+2)x*+(1-2m)x+m-3=0 (1)

a. Khi m= —% , phuong trinh (1) trd thanh: —gxz +1OX—% =0

Phuong trinh 1a phuong trinh bac hai co:
515 s 15_25

N=52-22

2'2 4 4

—5+\/E -5— 2

Phuong trinh c6 2 nghi¢m phan biét: x, = —54 cx, = — V4 |_3
2

Vay x=1; x=3 la nghiém cta phuong trinh.

b. Phuong trinh (1) la phuong trinh bac hai 0 :

A=(1-2m)"—4(m-3)(m+2)=4m’ —4m+1-4(m* -m—6)

=4m’ —4m+1-4m° +4m+24=25>0

= phuong trinh luén c6 nghiém véi moi m.

c. Goi x; X, la nghiém cua phuong trinh (1)

_2m-1+5 2m+4 « _2m-1-5 2m-6
~2(m+2) 2m+4 22(m+2) 2m+4
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THI: x1:3x2:>6m—18=2m+4<:>4m:22<:>m=l—2l

2m-—
2m+4

TH2: x, =3x, = :3:>2m—6=6m+12<:>4m:—18<:>m:—%

Vay m=1—21; mz—% la c4c gia tri can tim.

Bai 13: Cho phuong trinh: (m—4)x* -2(m-2)x+m-1=0 (1)
a. Giai phuong trinh khi m=4

b. Tim m dé phuong trinh c6 2 nghiém phan biét x;; x, théa mén
X <0<X, V& [x|>X,

Loi giai:
a. Khi m =4 phuong trinh (1) tr¢ thanh:

Ox2—4x+3:0<:>4x:3<:>x:%

Vay voi m =4, phuong trinh c6 nghiém x :%

b. Phuong trinh (1) ¢6 2 nghiém phan biét
m-4=0 |mMm=#4

o9 < )
A >0 (m-2)"—(m-1)(m-4)>0

m =4 m # 4
S , PN
m —4m+4—(m —5m+4)>0 m>0

Vi diédu kién trén, phuong trinh c6 hai nghiém phan biét x;; x,

2(m-2)
X, + X
Ap dung dinh Ii Viet ta co: m-4
m-1
X1X2_—4
<0<X <0< x <O<x X, <0
Ta co: % EPEN % ‘s % X%
|x1|>x2 —X, > X, X +X, <O X +X,<0
_m—1<0 m-1>0
m-4
= SMmM-4<0<s2<m<4
2(m—2)
— 2 <0 m-2>0
m-4

Két hop voi diéu kiéntacod 2<m< 4
Vay 2 <m<4 la cac gi tri can tim.
Bai 14: Cho phuong trinh: (3m—2)x* -2(5m—-2)x+3(2m+1)=0 (1)
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a. Bién luan theo m s nghiém cua phuong trinh .

b. X4c dinh gia trj cia m dé phuong trinh c6 2 nghiém phan biét théa man hé thic 2(x, +x,)—3xx, =1
Loi giai:
a.

+ 3m—2:0<:>m=§

Phuong trinh (1) tro thanh: —%x+ 7=0<x= %

+ 3m—2¢0©m¢§

Phuong trinh (1) 1a phuong trinh bac hai c6
A'=(5m-2)* -3(2m+1)(3m-2)

=25m’ - 20m+4-3(6m* —m-2)
=25m*—-20m+4-18m*+3 m+6
=7m?-17m+10 = (m—-1)(7m-10)

m=
TH1: A'=0<(m-1)(7Tm-10)=0 < 10
m:_
\ , i , 5m—
Phuong trinh c¢6 nghiém kép: x =
m=1=x=3 m:£:>x:g
7 4
[(m>1
m-1>0 10
7m-10<0 m<—
TH2: A'<0< (m-1)(7Tm-10)<0 < o
m-1<0 m<1
7m—10>0 10(vo ly)
m>—
L 7
Phuong trinh v6 nghiém.
TH3: A'>O<:>(m—1)(7m—10)>0
[(m>1
m-1>0 10
{7m—10>0 m>= |ms10
& Rt < 7
m-1<0 m<1 m<1
Tm-10<0 10
m<—
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Phuong trinh c6 2 nghi¢m phan biét x;; X,

Vay voi m= g, phuong trinh ¢6 nghiém duy nhat x = %

10
| M=—= . .
Vi 7 , phuong trinh c6 nghiém kép
m=1
l<m< 10
Vi . ! , phuong trinh v6 nghiém
m#—
2
m> 10
Vi 7 , phuong trinh c¢6 2 nghiém phén biét
m<1
m> 10
b. Véi 7 , phuong trinh c6 2 nghiém phan biét x;; X,
m<1
2(5m-2)
NN
Theo dinh li Viet, ta co:
3(2m+1)
L

20m-8 18m+9 2m-17

Taco: 2(x +X,)—3xXx, = =
(%) =3%x, 3m-2 3m-2 3m-2

m_

Vay m=-15 la gia trj can tim.
Bai 15: Gia sir x;X, la hai nghiém cua phuong trinh x*+ax+2=0; x;X, la nghiém cua phuong trinh
x* +bx+2=0. Tinh gia tri cua bieu thirc: A= (X, + %) (X, + %) (X =X, ) (X, = X, )

Loi giai:

X +X, =-a {x3+x4:—b

Ap dung dinh Ii Viet, ta co: {
XX, =2 X3X, =2

Taco A=(X+X) (X, + X% ) (X =X ) (X —X,)

Lién hé tai liéu word toan SPT va zalo: 039.373.2038



Website: tailieumontoan.com
= (X1X2 =X Xy + X X5 — X3X4)(X1X2 =X Xy + X X5 — X3X4)
= (2= XX, + X X3 = 2) (2= X, X, + X X, — 2)
= (X2X3 - X1X4)(X1X3 - X2X4) = X1X2X§ - X22X3X4 - X12X3X4 + X1X2Xf
(x3 +xj)—x3x4(xf+x§)
X, ((x3 +%,) - 2x3x4)— X, X, ((x1 +%,) —2x1x2)

=2(b*-4)-2(a’-4)=2b*-8-2a"+8=2b" - 2a°
Bai 16: (Thai Binh - 2010): Cho phuong trinh bac hai: X* —2mx+m—7=0 (1) (v6i m la tham sb).

1. Giai phuong trinh (1) véi m=-1.
2. Chang minh rang phuong trinh (1) ludn ¢ hai nghiém phan biét véi moi gia tri caa m.
3. Tim m dé phuong trinh (1) c6 hai nghiém X;; X, thoa mén h¢ thuc: i+i =16.
X%
Loi giai:
X +2x-8=0

1. V6i m = —1thi phuong trinh (1) tré thanh:
A'=1+8=9=+/A"=3

o173 _ 4
Suy ra phuong trinh c6 hai nghiém phan biét la: 1
-1+3
X= =2
1

Vay voi m = -1 phuong trinh (1) c6 hai nghiém phén biétla x=—4, x=2

2. Phuong trinh (1) ¢6 A'=m’—(m-7)= m?-m+7
1\ 27 .

=lm-—=| +—>0 vél moi m.
2) 4

Vay vai moi gid tri caa m thi (1) ludn c6 hai nghiém phan biét.

3. Theo céu 2, ta c6 (1) ludn co hai nghiém phan biét x;; x, voi moi gia tri caa m.

. . X +X,=2m
Theo dinh li Viet ta c6:
XX, =m—7

{xlx2 #0

Theo gia thiét ta co: 1.1 e
X, + X, =16X X,

X X%

m-7=0 m=7
= = <& m=8
2m=16(m-7) m=28

Vay m=8 la gia tri can tim.
Bai 17 (Kién Giang chuyén 2010): Cho phuong trinh
x*—(2m+1)x+m’+m-6=0 (1)
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a) Tim m dé phuong trinh (1) ¢6 hai nghiém am.

b) Tim m d phuong trinh (1) c6 hai nghiém x;x, thoa man hé thic: |x13 - x§| =50
Loi giai:

Cho phuong trinh x* —(2m+1)x+m?+m-6=0 (1)

a) Tim m dé phuong trinh (1) ¢6 hai nghiém am.

A=(2m+1)° —4(m* +m—6)=4m’ +4m+1-4m’ —4m+ 24 =25>0

Phuong trinh ¢6 2 nghiém phan biét:

2m+1+5 2m+1-5
=———=M+3;, X,=——7—=m-2
2 2
. T . |m+3<0 m< -3
beé hai nghiém déu am thi < & m<-3
m-2<0 m<?2

(Cothétinh S = x, +X,; P = X,..X,. Diéu kién dé pt c6 2 nghiém déu am thi

A>0
S <0 (Giai cAc bat phuong trinh tim m)
P>0

b) Tim m dé phwong trinh (1) c6 hai nghiém X;; X, théa man h¢ thac:

¢ =x[=50 & [(m+3) ~(m-2)’|=0

AN |m3 +9m? +27m+27 —m? +6m? —12m +8| =50
PN |15m2 +15m+35| -50 < |3m2 +3m+7| -10

3m? +3m+7=10 3m*+3m-3=0 (1)
=
3m?+3m+7=-10 3m?+3m+17=0 (2)

~1+
Giai timg budc 2 phuong trinh trén: (1) & m,, = 1_2\@ ; (2)eomed
~1+
Vay m,, = 1_\/5
2
(C6 thé tir [3m’ +3m+7|=10 <3 m2+m+% =10.

Nhan xét m* +m +§ >0,¥Yme R nén: 3m?+3m+7 =10 rdi giai phuong trinh nay).

Bai 18 (Can The - 2012): Cho phuong trinh (4n 56 X): X* —4x—m*+3=0 (*).
1. Chuing minh phuong trinh (*) luén c6 hai nghiém phan biét véi moi m.
2. Tim gia tri ciia m dé phuong trinh (*) c6 hai nghiém x;; x,théa x, = -5x,
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Loi giai:
1 x> —4x-m*+3=0 (*).
A=16+4m*>-12=4m*+4>4>0; Vm
Vay (*) ludn co6 hai nghiém phan biét véi moi m.
2. Tim gia tri ciia m dé phuong trinh (*) c6 hai nghiém x;; x,théa x, = -5x,
Theo hé thirc Viet cd: x.X, =-m*+3; X, +X, =4; ma X, =-5x, = % =-1 X, =5

Thay x, =—1; X, =5 Va0 X.X, =—m’+3=m=+2/2
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BAI 2: Phuong trinh bic ba, bac bon va da thic:

I- Nghiém ciia da thic:

1. S6 c la nghiém boi Ié cua mot da thic P, (x) néu P, (x)chia hét cho (x—c)k véi k 1é. Néu k = 1 thi ¢ goi
Ia nghiém don.

2. S6 ¢ la nghiém boi chén cua da thic P, (x)néu P, (x) chia hét cho (x—c)kva k 12 s6 chan. Néu k = 2 thi c
la nghiém kép.

3. M6t da thac bac n chi ¢6 thé c6 tdi da n nghiém.

4. Mot da thuc bac 1é ludn ¢ it nhat mot nghiém.

5. Mot da thirc bac n, ma c6 (n+1) nghiém thi da thire d6 ddng nhét khéng?

I1- Binh Ii Viet ap dung cho phwong trinh bac ba

Cho phuong trinh bac ba: ax’ +bx* +cx+d =0 (a=0). Gia st phwong trinh nay ¢6 3 nghiém X;; X,;X,. Khi
d6 ta co hé thuec:

X + X, + X, =—

c
XX+ X X+ XXy = —

XX X, = d
1N A3 T T T
a

I11- Cach nham nghiém nguyén hogc nghiém hitu ti cia phwong trinh bac ba

e Néu phuong trinh bac ba cd thé c6 nghiém hitu ti hoic nghiém nguyén, dé tim nghiém nay ta lam nhu
sau:

+ Tim tap hop cac wéc s6 cua a goi la p.

+ Tim tap hop cac uéc sé caa d goi 12 g.

+ Tim céc phan sb 9 13i thé ting phan sé vao phuong trinh, phan s6 nao thoa man thi d6 1a nghiém cua
p

phuong trinh.

Vin dé 1: Nham mét nghiém - dwa vé phwong trinh tich.

Vin dé 2: Nghiém ciia phwong trinh bic ba théa man mét didu kién cho truwoc:

Phwong phap giai:
Bude 1: Tim diéu kién cia tham s6 dé phuong trinh ¢6 3 nghiém phan biét
b
X+ X, + Xy =——

a

Budc 2: Dung dinh li Viet < XX, + X,.X; + X;.X, = ¢
a

xx——g
X1'2'3_ a
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Vin dé 3: Cac dang phwond trinh bac bén chudn:

Dang 1: Phwong trinh trung phwong:
- Cé dang: ax* +bx*+c=0 (a=0)
- Céch giai:
+Phiatt=x">>0
+ Pua vé phuong trinh bac hai.
Dang 2: Phuwong trinh bac bon c6 dang:
(ax+a)* +(ax+ b)4 =C
- Céch giai
+Diat t :ax+%(a+b)
+ Pua vé phuong trinh tring phuong.
-Chay:
+ Néu bai toan c6 tham sé m thi ta cd hai cach giai.

Cach 2: Bt an phu rdi ding cdng thirc so sénh nghiém.

L xs e s A , 2 1
+ Neéu bai toan khong c6 tham so thi ta dat t =ax+=(a+b)

+ Néu dat t = ax +%(a+ b) thi ta ding 2 cach dang thic

(a+b)" =a* +4a® +6ah? + 4ab°® +b*
(a-b)' =a*-4ah+6a’h? —4ab® + b’
Dang 3: Phwong trinh bac bén cé dang:
(x+a)(x+b)(x+c)(x+d)=k véi a+b=c+d
- Céch giai:
+Budc 1: Nhan timg cap (x+a)(x+b);(x+c)(x+d)
+Bué6ce 2: Dat an phu t=x"+(a+b)x+D
Pua vé phuong trinh bac 2
- Dang m& rong: (Alx2 + le+Cl)(A2x2 + Bzx+C2) =k
Céch giai: Tim cac nghiém caa Ax* +Bx+C,; A x>+ B,x+C,
Sau d6 dua vé tich
Dang 4: Phwong trinh bac bon c6 dang:
(x+a)(x+b)(x+c)(x+d)=kx* véi ab=cd
Céch giai:
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- Nhan timg cap (x+a)(x+b);(x+c)(x+d)

- Chia hai vé cho x? dit t = 20
X

- Pua vé phuong trinh bac hai
Chu y: Dang dat biét cua phuong trinh trén la:
a. (AX’+Bx+C,)(AX +Bx+C,)=k¢

Ax*+C . AX*+C,
" A +Bx+C  AX*+Bx+C,

Dang 5: Phwong trinh bac bén cé dang:
ax* +bx® +cx® + kbx +k’a=0
ax* £bx® +cx? Fkbx+k?a=0
Cach giai:
- Chia hai vé ciia phuong trinh cho Xx? (X # O)
-D@tt:xiK
X

Dang 6: Phwong trinh bac bon chira mdt biéu thic gidng nhau:
Céch giai:
- Bién d6i dé phuong trinh chira mot biéu thire giéng nhau.
- Pt t bang biéu thic do.
- Tim mién gia tri cua t.
- Pua vé phuong trinh bac hai theo t.
- Giai phuong trinh véi bién t rdi ddi chiéu tim ra x.

M@t sé bai toan ap dung:
Bai 1: Giai cac phuong trinh sau:
a) X’—x"+x-1=0 b) x®-x*+2x-8=0

Loi giai:

a) R6 rang, ta thdy a+b+c+d =1-1+1-1=0 nén phuong trinh c6 mot nghiém bang 1. Khi d6 ta c6 phan
tich:
X¥-x+x-1=0< (x3 —x2)+(x—1) =0 x%.(x-1)+(x-1)=0
& (x-1)(X’+1)=0<x=1 (do x*+1>0)
Viy phuong trinh c6 nghiém duy nhat 1a x =1.
b) Bang phuong phap nham nghiém ta thdy: x =2 1a mot nghiém cua phuong trinh nén ta c6 phan tich:

x® — x? —6x+8:0<:>(x3—2.x2)+(x2—2.x)—(4.x—8):0
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< X2 (x=2)+x(x-2)-4(x-2)=0

X=2
e (K +x-4)(x-2)=0< x=2 =S _1+17
X +x-4=0 |x=—=
2
Vay phuong trinh da cho c6 ba nghiém phan biét:
~1+£\17
X =2 Xz,szT

Bai 2 (Ho Chi Minh - 2012): Giai cac phwong trinh sau:

a) 2x2—x—-3=0 b) x*+x*-12=0 c) X2 —24/2x-7=0
Loi giai:

Giai cac phuong trinh va hé phuong trinh sau:

a) 2x*—x—-3=0 (a)
) . . A 3
Vi phuong trinh (a) c6 a—b+c =0 nén (a)<:>x=—1,x=§

b) x*+x*-12=0 (b)
Dit u = x* >0, phuong trinh thanh: u®>+u-12=0 (*)

147 ~1-7

(*)cé A=49 nén (*) = u =3 hay u :T=—4 (loai)

Do d6, (b) & x* =3 x=+/3
Céch khac: (b) < (X -3) (X’ +4)=0cx* =3 x=+3
Nhan xét: Néu c6 thé nham duoc mot b nghiém (a;—a) cua phuong trinh thi chiing ta nén dua phuong
trinh vé dang (x* —a*)(x* ~b) =0 dé giai mot cach nhanh gon.
) X2 —2/2x-7=0 (c)
AN'=2+7=9dod6 (c) = x=+2+3
Bai 3 (Pik lak - 2012): Giai cac phuong trinh:
a) 2x* —7x+3=0. b) 9x* +5x* -4 =0.
Loi giai:
a) 2x* —7x+3=0.
A=(~7)"~4.2.3=25>0 < /A =5. Phuong trinh c6 hai nghiém phan biét:

7+5 7-5 1
Xl :—:3 X2 = —
4 2
b) 9x* +5x*> —4=0. Pt x> =t, biéu kién: t>0.
Lién hé tai liéu word toan SPT va zalo: 039.373.2038



Website: tailieumontoan.com
Ta c¢6 phuong trinh: 9t* +5t—4 =0.

a-b+c=0<t =-1 (khong thoa man, loai)
t, :g (thoa méan)

Véi t2=g<:>x2:g<:>x= g:ié.

Vay phuong trinh da cho c6 hai nghiém: x,, = i%

Bai 4 (Pa Ning - 2010) Giai phuong trinh x* —13x*-30=0
Lai giai:

bat u=x*>0, pt (1) thanh: u?-13u—-30=0 (2)

(2) c6 A=169+120 = 289 =17

13-17 13+17

Do do6 (2) < u =—2 (loai) hay u= 15

Do d6 (1) & x=+15

Bai 5: Giai cac phuong trinh sau:

a) (x+1)4+(x+2)4:17 b) (x—1)4+(x+3)4:132
Loi giai:

a) RO rang ta thiy 1* +2* =1+16 =17 nén ta cd thé khéng lam theo chinh tic ma ta chi can khai trién nhu
binh thuong:

(x+1)' +(x+2)' =17 & (x2 + 2x+1) +(x* +4x+4) =17

XA +6X2 +AX+1+x* +8x° + 247 +32x+16 =17

& 2% +12x° +30x2 +36X =0 = x(x3 +6x2+15x +18) -0

o x(x+3)(x2 +3x+6)=0

X=0 2
o do x2+3x+6=(x+§j +@>0
X=-3 2 4

Vay phuong trinh c6 nghiém x=0; x =-3.
b) D& thay ngay viéc nham nghiém 14 khong dugc. Do do, ta phai giai theo phwong phéap lam:

-1+3
2

Khi d6, phuong trinh tré thanh:

a+b

X+ X+1

bat: t=x+

(t—2)4+(t+2)4 =132<:>(t2—4t+4)2+(t2 +4t+4)2 =132

Lién hé tai liéu word toan SPT va zalo: 039.373.2038
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St +48t° +32=132 = t* +48t2-100=0

<:>(t2—2)(t2+50):0<:>t=i\/§ (do t*+50>0)

Do @0, ta co: X —t-1=+2-1
Vay phuong trinh c6 nghiém x = ~1-~/2; x=-1++/2.
Bai 6: Giai cac phuong trinh sau:
a) (x*+3x+1)(x* +5x+1) =10x*
b) (x+1)(x+2)(x+3)(x+6)=100x*
Lai giai:

a) Voi x =0 khdng la nghiém cta phuong trinh. Do do, x # 0. Khi d6, phuong trinh twrong duong:

(x+3+lj(x+5+lj:10<:>(x+£+3j(x+l+5j:10
X X X X

bit x+£:t(|t|22) ta co:
X
(t+3)(t+5)=10 = t* +8t+5=0=t=—4+11
Do [t|> 2 nén ta loai nghiém t=—4++/11.Véi t=—4—-+/11 taco:

x+1:—4—\/171© x2+(4+Jﬁ)x+1:O
X

—(4+\/ﬁ)i‘\/23+8\/ﬁ

2

= X=

Vay phuong trinh c6 nghi¢m:

—(4+\/ﬁ)+\/23+8\/1_1 —(4+\/ﬁ)—\/23+8\/ﬁ
; X=
2 2
Nhan xét: Vi phan a, vi ta muén chia vé bén trai cho x* nén can xét dén nghiém x = 0. Sau d6 chia vé tréi

X =

cho %% 1a ta duoc dang phuong trinh bac bon d3 hoc.
Bai 7: Giai cac phuong trinh sau:
a) X' —2x*-3x* +4x+4=0
b) x*+3x* —x*+x*-3x-1=0
Loi giai:
a) Pay 1a phuong trinh ¢6 thé chia cho x* @ dat an phu quen thudc:
+ Ta cd x = 0 khong la nghiém cua phuong trinh.
+V&i x =0 ta chia ca hai vé cho x? dugc:

X2 —2x—3+£+i2:0c>(x2 +i2)—2(x—gj—3=0
X X X X
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2
@(x—gj —Z(X—EJH:O
X X

bat x—gzt ta co:
X

, B B 2 5 B Xx=-1
t"-2t+1=0cot=1lcox——=1lcx —-x-2=0
X X

Vay phuong trinh c6 nghiém x=-1,x=2.

b) D& dang nham duoc nghiém x = 1 nén ta chi can cha y:
X°+3x* —x*+x*-3x-1=0

(= x*)+(4x" —4x°)+(3x* = 3x” )+ (4x* = 4x) +(x 1) =0

(x—l).(x4 +4x3 —3x? +4x+l):0
x=1
< X' +4x3 =3x% +4x+1=0(*)

Phuong trinh (*) 15 rang 1a d6i xing véi bac bén (cd cach giai gidng cau (a)). D& thay x = 0 khdng 1a nghiém

cua (*) nén ta co:
2
(*) = x° +4x—3+£+i:0<:>(x+1j +4(x+£j—5:0

X X2 X X
<:>(x+£—l}.
X

& xX2P-5x+1=0< X

X+=

122j

X X

(x+£—5j:0<:> x+£:5 (do
X

54245
2

5+2J€,X_5—2J§

2 2

Nhan xét: Véi phuong trinh a, nhin vao kha d& @& nhan ra chia ca 2 vé phwong trinh cho x* dé dit an phu

Vay phuong trinh c6 diing ba nghiém: x=1; x =

dua vé phuong trinh bac hai quen thudc. Phuong trinh b, trude tién phai nham nghiém dé tach thanh tich cuaa

mét bac nhat va mot bac bon. Phan con lai cac em thay ring twong tu nhu véi phan a, roi.
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BAI 3: Phwong trinh ¢é chira diu gia tri tuyét doi,
phwong trinh dang phan thic, phwong trinh vo ti.
I. Kién thirc can nhé:
1. P6i véi phwong trinh vé ti ta can nhé:
A;neu A>0
A=

A=B
“A neu A<O [A=[B| = A=-B

2. Béi véi phuong trinh phan thirc ta can nho:
f(x f(x)=0
09y [109

g(x) g(x)=0
Luu y: Diéu kién dé ton tai phan thic 1a mau sé phai khac 0.

. 3 f(x)=g(x)’
3. Poi voi phuong trinh can thic ta can nha: ([ f (x) =g(x) < (¥)=9(x)

g(x)=0
Luu y: Diéu kién ton tai can bac hai caa mot s6 12 s6 d6 phai khong am (I6n hon hozc bang 0).
I1. Mt s6 phwong trinh cin ban:
Bai 1: Giai cac phuong trinh
a) [x+2|=3; b) [2x—3|=3-Xx;
¢) |x+[2x+1] =5; d) X +[x+2/=3;
e) 2|X|+|x+1+|x+2/=3
Loi giai:

a) D& dang nhan thiy day 1a mot phuong trinh co ban nhét trong phuong trinh chtra dau gié tri tuyét doi.

X+2=3 {x:l
o

Ta co: |x+2|:3<:{
X=-5

X+2=-3
Vay phuong trinh da cho c6 ding hai nghiém x=1;, x=-5.

b) Phuong trinh nay ciing 1a mot phuong trinh co ban va ¢é hai hudng tiép can nhu sau:

+ Cach 1:

3—-x=0 X<3
|2x—3|:3—xc>{ {

(2x-3)" =(3-x)’ Taxe —12x49=x —6x+9

XSS X=0
= =
3x2-6x=0 X=2

Vay phuong trinh da cho c6 hai nghiém x=0;x=2.

+ Céch 2: [2x—3=3-x.
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Néu 2x—-3>0 < ng phuong trinh tro thanh:
2X—3=3-x<3x=6 <> x=2 (thoa man diéu kién ng)
Néu 2x-3<0 < x<g phuong trinh tré thanh:

3—-2x=3—x < x=0 (théa mén diéu kién x<§)

Vay phuong trinh da cho c¢6 hai nghiém x=0;x = 2.
Nhan xét: Ta hoan toan c6 thé tong quét hoa bai toan! Hay téng quat hoa bai toan va giai phuong trinh sau:
‘xz —2x—3‘ =X? —4x+5
Va ta nhan thay céch giai 1 c6 phan lam gon bai toan:
\f(x)\g(x)a{g(x)fo 2
F(x) =9(x)
¢) Giai theo cach don thuan ta co:
X+[2x+1=5 PZXHJ:S—X

2 =5
jx+fex+y C{x+|2x+]4=—5 [2x+1=-5-x

{5—X20 [ (x<5 4
(2x+1)° =(5-x)° {(3x—4)(x+6) o [|*73

-5-x=>0 {xg—S X=-6
{(2x+1)2:(—5—x)2 I (x-4)(3x+6)=0 |X€O

Vay phuong trinh da cho c6 hai nghiém x=%;x=—6

d)

+ Céch 1: Ta co:

|x|+|x+2|:3<:>(|x|+|x+2|)2:9<:>2‘x(x + 2)‘:9—x2—(x+2)2
-2x* —4x+5>0

@z\xwzxw—zxz4**5©{<zxz+4x>z_<-zx2—4x+5>2

X2+2X—gSO X2+2XS

N | o1

& , &

(x2+2x)2=(x2+2x—3 5.(x2+2x 25

4

S~
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5 9 X+1=E X=E
<:>x2+2x=z<:>(x+1)2=Z<:>|x+]4:—<:> o c
X+1:—E X:—E

Phuong trinh da cho c6 hai nghiém x = %; X=—

+ Cach 2: Ta xét cac truong hop sau:

Néu x <—2 thi phuong trinh tro thanh:
—x—(x+2)=3<:>x=—g (théa mén x <-2)

Néu —2 < x < 0thi phuong trinh tré thanh:
—X+(x+2)=3<2=3 (vd i)
Néu x>0 thi phwong trinh tr thanh:

x+(x+2):3<:>x:% (théamén x>0)

Vay phuong trinh da cho ¢é hai nghiém x :%; X= _75
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e) Phuong trinh 2|x|+|x+1|+|x+2|=3 c6 thé c6 mét cach giai 1a xét trén tirng khoang g tri dé pha dau gia

tri tuyét d6i, tuy nhién ta co thé giai bang phuong phap danh gia.
X +1+[x+2| > (x+1)+(x+2)=3+2x

< 2|X|+|x+1+[x+ 2|2 3+ 2x+ 2|x| =3+ 2(x+|X]) 2 3

DAu bang xay ra khi x = 0.

Vay phuong trinh da cho c¢6 nghiém duy nhét x = 0.

Nhan xét: Qua bai toan nay ta can luu ¥ t6i hai bat dang thic hién nhién: x| > x; x| = —x

Bai 2: Giai va bién luan cac phuong trinh sau theo tham s m:
a) [x+m|=m’-x;
b) x*+2x+m|x+1=4;
c) X+ [x+1+|x+2|+|x+3 =4-m?
Loi giai:
a) Phuong trinh da cho twong duong véi: [x+m|=m?—x;

m? —x>0
=

(x+m)’ :(mz—x)2 <:>{(m2+m).(2x+m—m2)0

+ V6i m=0 thi phuong trinh c6 nghiém x <0.

Lién hé tai liéu word toan SPT va zalo: 039.373.2038



Website: tailieumontoan.com
+ Vo1 m=-1 thi phuong trinh c6 nghiém x <1.
+ Va1 m=0;m=—1 thi phuong trinh c6 nghiém X khi:

2

m—m m=>0

m<-1

X, = £m2<:>m2+m20<:{

Do diéu kién dang xét thi ta thiy: m>0 hoic m<—1 thi phwong trinh c6 nghiém duy nhét x = m -

Két luan:

+ —1<m <0, phuong trinh vd nghiém.

} . . m- —
+ m>0; m< -1, phuong trinh c6 nghi¢m duy nhat x =

+ m =0, phuong trinh c6 nghiém x <0.

+ m=-1, phuong trinh ¢6 nghi¢m x <1.

b) Phuong trinh nay c6 thé giai bang céch so sanh x véi —1 dé pha dau gia tri tuyét ddi roi giai. Tuy nhién, ta
c6 thé giai bing cach dat t =|x+1 boi vi khi d6 x* +2x =|x+1" ~1=t* -1,

Tadat: t= |X+1| =t >0. Khi d6, phuong trinh da cho tr¢ thanh:

t’—l+mt=4<t>+mt—-5=0

D& thiy ddy 1a phuong trinh bac hai ddi véi bién t c6 tich P=-5<0 nén phuong trinh ¢ hai nghiém tréi
dau: t, >0>t,

Do d6, véi moi m thi phuong trinh da cho c6 ding hai nghiém,

_—m+4m?+20-2

—m+«/m2+20© X= 2
2 X_m—x/m2+20—2
2

x+1 =

Phuong trinh da cho c6 hai nghiém véi moi m do la:

X_—m+\/m2+20—2_ ‘= m—'m?+20 —2
2 e 2

c) Ap dung bat dang thic |A|> A; |Al = —A ta co:

X[+ X+ +|x+ 2| +[x+3 = =X — (X +1) + (X +2) +(x+3) =4 > 4—m’
+ V&1 m = 0thi phuong trinh da cho c6 nghiém x [—2; —1]

+V6i m=0 thi phuong trinh da cho v nghiém.
Bai 3: Giai cac phuong trinh sau:

x>+1 X 5 b NG x> 2X

a) + =—=

X X241 2 x—1 x+1 x2-1
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x> 9 11(x 3) 2X 13x
=0 2 o2 =
3X°=5x+2 3Xx +x+2

1 1 1 1 1 1 1 1
-+ +

f) = + = + + +
X X+2 X+5 x+7 X+1 Xx+3 X+4 X+6
3 2
) X +—2 3+3X -2=0
(x-1)° x-1
h) L +i3+ 1 __ L

(x-1)° X (x+1)° - 3x(x2 +2)
Loi giai:
a) Ta c6 hai hudng tiép can: Mot 1a ding bién d6i twong duong hai 1a doi bién sé.

+ Céch 1: Bién d6i tuong duong: Diéu kién xac dinh: x =0

x2+1+ X 5 2(x2+1)2+2x2_ 5x(x2+1)

x X+l 2= 2x(x2+1) __2x(x2+1)

=2(x +1)2 +2x2 = 5x (X +1) = 2x* +4x2 +2+ 22 +5x° +5x =0

& 2% (X2 +2X+1) + X(X* +2x+1) +2(X* +2x+1) =0
& (X +2X+D(2x* +x+2) =0

X2 +2x+1=0 x=-1
I =N
%2 +x+2=0 Xed (dO A=l—16=—15<0)

Vay phuong trinh da cho c6 mét nghiém x=-1.
+ Cach 2: Déi bién:
biéu kién xac dinh; x =0

2

bat X+l y thi 2X =£, phuong trinh da cho tr¢ thanh:
X X“+1 'y
1
y+£:—§<:>2y2+5y+220<:> =73

+Voi y :—%ta c6: 2x* +x+2 =0, phuong trinh vd nghiém.

+V6i y=-2taco: x> +2x+1=0<x=-1.
Vay phuong trinh da cho c6 mgt nghiém x =-1.
X X2 2x
x—1 x+1 x*-1
Lién hé tai liéu word toan SPT va zalo: 039.373.2038
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biéu kién xac dinh; x = +1.

Khi do, phuong trinh tr thanh: x* (x+1)—x*(x—1) =2x
x =0 (thoa man dieukien)

S22 =2x e
x =1 (khong thoa man dieu kien)

Vay phuong trinh da cho ¢6 mot nghiém x=0
¢) O déy ta ciing c6 hai huéng tiép can, phép bién ddi twong duong dé& nghi ban doc tu giai duéi day ta s&

trinh bay bang phuong phap ddi bién.

2
X—+%—1—1.£§—§j:0. biéu kién: x =0.
25 x° 55 X
2
pat X -3 =y thi y?+2 =X+ % phyong trinh da cho tro thanh:
5 X 5 25 x
y2+§—1—1.y:0©5y2—11y+6:0
5 5
__X_5+«/EE
1 X 3_1 2
y= 5 x x?-5x-15=0 5-/85
& 6 < = S| X=
y=g |X_ 3.6 [x*-6x-15=0 |l 2
5 x 5 x=3+26
| x=3-2J6

Tat ca cac nghiém déu thoa mén diéu kién.

Viy phuong trinh dd cho ¢6 bon nghiém

X=5+;/£; x=5_;/€%? x =3+ 2/6; x=3-26.
2X 13X
+ =
32 -5x+2 3x*+x+2

L , 3x?=5x+2=#0 x=1
biéu kién xac dinh: &
X#2/3

3 +x+2%0
Véi x=0 khong la nghiém cia phuong trinh. Do d6, ta c6 thé chia cho x ca tir va mau caa mdi phan sé.
Phuong trinh trg thanh:
2 13
+ -6=0

3x+g—5 3x+g+1
X X

bat t=3x+ 2 phuong trinh da cho tr¢ thanh:
X

2 13
§+m—6—0:>2(t+1)+13(t—5)—6(t—5)(t+1)—O
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& 6t2—-30t+33=0 <= _Be X

=— 2 33
X+—=—
6 6
[xed
3x* —x+2=0 x=2 (thoa man dieu kien)
< 3
18x* —33x+12=0 1
x=2 (khong thoa man dieu kien)
. NN p 1a 4
Vay phuong trinh da cho c6 hai nghiém x = g; X = 7
e) biéu kién: x = 3.
D& dang nhan thiy = _2 _a X+§ —b khi d6 phuong trinh di cho tré thanh:
X+ X —

x—2) x’—4 x+2Y 5 )
Z | -4 +3. =0«<a’—4ab+3b*=0<(a-b)(a-3b)=0

X+3 x*-9 X—3
X—=2 X+2
{a:b x+3 X—3 X* —5X+6=x*+5x+6
= =3
a=3b |x-2_3(x+2) |x*-5x+6=3x"+15x+18

X+3 X—3

10x=0 x=0
= ) <, = x=—5+\/1_9
2X°+20x+12=0 X +10x+6=0
x=—5—«/1_9

D& thay ca ba nghiém déu thoa mén diéu kién.
Vay phuong trinh da cho c6 ba nghiém x=0; X = —5-4/19; x =—-5+4/19.

1 1 1 1 1 1 1 1
f) —+ + + = + + +
X X+2 X+5 x+7 x+1 x+3 x+4 X+6

biéu kién x4c dinh: x & {0;—1;,—2;-3,—4;-5,—6;—7}

Phuong trinh twong duong:

1 1 1 1 1 1 1 1
—+ + + - + — + =0
(x x+7j (x+2 x+5j (x+1 x+6] (x+3 x+4}

1 1 1 1
< (2x+7).| = +— - - =0
X°+7X X +7X+10 X +7X+6 X +7x+12

Dit x* +7x =Y. Khi d6 phuong trinh tré thanh:
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2x+7=0

<:>(2x+7).[1+ t t 1 ]=0<:> 1 1 1 1
y y+10 y+b y+l2 y y+6 y+12 y+10

X = —% (thoa man dieu kien)

<l 6 2

*

y(y+6) (y+12)(y+10)

Phuong trinh (*) suy ra:3(y+12)(y+10)+y(y+6)=0

< 4y? +72y+360=0
(phuong trinh vo nghiém do A’ =36°—-4.360=-144<0)

Vay phuong trinh dd cho c¢6 duy nhat mot nghiém x = _?7

X3 +3x2
(x—l)3 x-1

g) X*+ -2=0

biéu kién: x =1.
Phuong trinh da cho twong duong:

x Y X X 3x°
(x+—) —3x.—.(x+—j+ -2=0
x-1

2 \3 2 \? 2
= X -3. X +3X -2=0
x-1 x-1 x-1

2
X 1 =t phuong trinh da cho tr¢ thanh:

Dit

32 +3t-2=0< (t-1°-1=0

2

oSt=2< =2 X -2x+2=0

x-1
(phuong trinh vo nghiém vi A'=1"-2=-1<0)
Vay phuong trinh da cho v6 nghiém.
1 1 1 1
(x-1)° +F+(x+1)3 B 3x(x* +2)

h)

Diéu kién: x #0; x = £1.
Pt (x-1)° =a;x’ =b; (x+1)°=c thi a+b+c=3x"+6x=3x(x"+2)
Do d6, phuong trinh tr¢ thanh:

111 1

a+B+E_m:>(a+b+c)(ab+bc+ca):abc
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< (a+b)(ab+bc+ca)+c.(ab+bc+ca)—abc=0

& (a+b)(ab+bc+ca+c?)=0<>(a+b)(b+c)(c+a)=0

+Néu a+b=0 thi: (x-1)°+x° :0<:>2x—l:0:>x:% (thoa mén diéu kién).

+Néu b+c=0thi:: X’ +(x+1) =0 2x+1=0= x:—% (théa man diéu kién).
+Néu c+a=0 thi:: (x+1)’+(x-1)’ =0 x=0 (khong thoa man diéu kién).

A . ~ 1 TR 1 1
Vay phuong trinh da cho c6 hai nghiém la: x = —E; X= >

Nhan xét: Khi hoc vé cac phuong trinh chira an & mau, diéu kién kién quyét dau tién phai c6 1a mau sb phai
khac 0. Sau do, ta c6 cac phuong phap bién d6i sau:

- Bién d6i twong duong, dua vé dang don gian qua nhitng phép bién doi tach va ghép.

- Quy dong mau sb thong thuong dua vé phuong trinh dai s6 co ban.

- Pit an phu dé don gian phuong trinh.

Ngoai ra ta con c6 thé sir dung cac danh gia bat dang thic véi mot s bai toan kho.

Bai 4: Giai phuong trinh:

X +E:3lx+4+ % +1ix+28+ % +171x+70 B 4x3—2(1)

Loi giai:
biéu kién: x ¢ {—10; —7,-4; —1;%} (*)

1 N 1 N 1 _ 3
(x+1)(x+4) (x+4)(x+7) (x+7)(x+10) 4x-2

1/ 1 1 1/ 1 1 1/ 1 1 3
P - +Z — += — =
3\x+1 x+4) 3\ x+4 x+7) 3\ x+7 x+10) 4x-2

DI I S X +Tx+12=0=x=-3;x=—4
3\x+1 x+10) 4x-2

1)<

So sanh véi diéu kién (*) thi phuong trinh ¢ nghiém duy nhat x = -3.
Nhan xét: Bai toan nay c6 diém dic biét 1a khi bién ddi ta thiy ngay mau sé cac biéu thuc c6 dang:
1

——M=X+LX+4x+7
m(m+3)

Vi thé ma ta s& nghi ngay t&i phép bién doi:

11 ((m+3)—m)_1.(1 1 j

m(m+3)_§' m(m+3) 3m m+3
Hoan toan ciing véi ¥ tudng nay, ta co thé xay dyng céc bai toan dwa theo nhitng dang thic kiéu trén:
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2m+3a 1 2m+3a 1 (m+a)(m+2a)-m(m+a)
m(m+a)(m+2a) a m(m+a)(m+2a) a  m(m+a)(m+2a)

Y SN WA N Y W S
Ta m(m+a) (m+a)(m+2a) “a’lm m+a m+2a
Khi do6 ta sé co:
2X+3 2X+5 N 2X+8 N 2x+11
X(x+ )(x+2) (x+1)(x+2)(x+3) (x+2)(x+3)(x+4) (x+3)(x+4)(x+5)

1 1 2 1
+ - +
X x+1 X+2 X+1 Xx+2 XxX+3

1 2 1 1 2 1
— + + — +
X+2 X+3 x+4 X+3 X+4 Xx+5

1 1 1 1
+

+

X x+1 X+4 Xx+5

Nhu vay ta s€ thu dugc bai toan sau :
Bai toan: Giai phuong trinh:
2X+3 2X+5 2X+8 2x+11

D) (x12) T D) (x22)(x+3)  (x+ D) (x+3)(x<4)  (x+3)(x+4)(x+5)

Ngoai ra ban doc c6 thé thi strc véi bai toan sau:
1 1 1 1 1 1

x(x+1)(x+2)(x+3) " (x+1)(x+2)(x+3)(x+4) " (x+2)(x+3)(x+4)(x+5) 24 120 360

Bai 5: Giai phuong trinh :
SN SRR SN S
2008x+1 2009x+2 2010x+4 2011x+5
Phin tich y twéng: Ta thay ngay y tuong cia bai toan nhd vao sy dac biét cia dang thuc:
2008x +1+2011x+5=2009x+ 2+ 2010x +4 = 4019x + 6

Loi giai:
biéu kién: x g4 — L ;— 2 - 4 ;- > (*) 1
2008 2009 2010 2011
Khi d6 ta co:
1 1 1 1
(1)< + = +
2008x+1 2011x+5 2009x+2 2010x+4

4019x+6 4019x + 6
Lannd =
(2008x +l)(2011x+5) (2009x+2)(2010x+4)

1 1
4019x + 6 - -
< (4019 + )((2008x+1)(2011x+5) (2009x + 2)(2010x+4)]
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[4019x+6=0
=
| (2008x +1)(2011x+5)—(2009x +2)(2010x +4) =0
i 6
4019x = —6 TTY
= =
2x?+5x+3=0 _ 3
L X=-1 X=——
2
So sénh véi diéu kién (*) thi phuong trinh c6 nghiém 1a
8 o223
4019’ ’

1 1
_ — 1
x—1 x+1 2Jx ()

Phan tich: R rang, bai toan nay khong co gi dac biét, vi thé ta cir ding quy tic bién doi twong duong va

Bai 6: Giai phuong trinh:

dua vé phuong trinh dai s6 quen thudc va giai.
Loi giai:
2 1

X -1 2Jx

+) Néu 0 < x <1 thi vé trai &m con vé phai luon duong nén phuong trinh vo nghiém.

Dicu kién: x>0; x =1 (*). Khi dé ta c6: (1) <

+) Néu x>1 thi hai vé khong 4m nén binh phuong hai vé ta dugc phuong trinh:

x* —2x* —16x+1=0< (x*+3)* -8(x+1)* =0

<:>(x2—2\/§x+3—2\/§)(x2+2\/§x+3+2\/§)=0
e x=2+242-1 (x>1)

Vay phuong trinh da cho c6 nghiém la x = J2+y242-1.

b0y
32 —4x+1 3x*+2x+1 X

Bai 7: Giai phuong trinh:
Y twéng: Nhin vao mau sé ta thdy co cling mot diém chung: 3x? +1; diéu d6 goi y cho viéc dit an phu.
Loi giai:
s 1
Diéu kién: x ¢ {O;l; 5}(*)

(1)< 2 T+ 13 7=6
X—4+— 3IX+2+—
X X

bat 3x+1—4 =t ta dugc phuong trinh:
X

2 13

—+—=6©2t2+7t—4:0©t=1; t=—4
t t+6 2
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w| b

1
X==
2

+) t=-4<3C —x+2=0< X

So sanh véi diéu kién (*) thi phuwong trinh c6 nghiém I x :%; X= %

Bai 8: Giai phuong trinh: %+%:15(1)
XT(x+1)
Loi giai:
Diéu kign: x = —1x = 0(*)
x+1)° +x2 2
()Q%Z 7 - 7+ 22X +2X2—15=0
X“(x+1) X“(x+1)° x°(x+1)

Q[x<x1+1>)2+x<x2+l>‘l5=°

Dit

=t ta duoc phuong trinh t* +2t -15=0<t=3;t=-5
X(x+1)

+) fe3e— Tt 2303 13x—1=0 x=
X(x+1)

3+./21
6

5+
= 55X +5Xx+1=0< x= 545

t=-5
*) < X(x+1) 10

So sénh voi diéu kién (*) thi phuong trinh ¢6 bén nghiém

X_—Si\/z_x_—Si\/g

6 10
2 2
Bai 9: Giai phuong trinh: (X—”j gt =12(X;2J (1)
X—2 X—3 X—3
Loi giai:

Diéu kign: x = 2;x # 3(*)
bit u =X—+l;v_ X=2 45 duoc

X—2 X—

u?+uv=12v’ < (u-3v)(u+4v)=0<u=3v;u=—4v

Dusdve XL 3XT2 e axi 3230 —12x+12

X—2 X—3
8+ »\/46
2

< 2x2-16X+9=0< x=
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+) U=—4v < =—4X_2<:>x2+4x+3=—4x2+16x—16
X—2 X—3

<> 5x2 12X +19=0 <> 3

8+

B

Vay phuong trinh da cho c6 hai nghiém la x =

2

Bai 10: Giai cac phuong trinh sau:

a)m:x—z b)x:m;

c) Vx+1+3x+1=8, d) Vx+/x=3=+2x+1;
e) V3x+7 —/x+1=2.

Léi giai:

a) Véi phuong trinh dang co ban nay ta c6 loi giai sau:

Xx—2>0
3 -9x+1l=x-2 <

32 —9x+1=(x-2)’

X
X>2 X2 Xx=3

= ) ) = ) = = X=3
33X —-9x+1=x"—-4x+4 2X°—-5x-3>20 1
2

Vay phuong trinh c6 nghiém duy nhat la x =3

Nhan xét: Mot lan nita ta nhac lai cach giai phuong trinh:
g(x)=0
f(x)=g(x) <:>{

f(x)=0(x)
b) x=+/2x+3

Hoan toan tuong tu y (a) ta co:

x>0
x>0 x>0
X=+2X+3 < = =4 x=3 < x=3
{x2=2x+3 {x2—2x—3:0 L‘“l

Vay phuong trinh c6 nghiém duy nhat x =3
) Vx+1++3x+1=8. Diéukién: x> —%

Phuong trinh da cho tuong duong:

(«/x +1++/3x +1)2 — 64 < Ax+2+2x+13x+1 =64

31-2x>0

- <x+1>(3x+1>=31‘2X(*)‘D{(X+1><3x+1)=<31—2x>2
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XS3—1 XSE-

= 2 = 2
3x? +4x+1=4x*-124x+961 x?—128x+960=0

©ry_g © x=8 (thoaman diéu kién)
{x =120

Vay phuong trinh da cho c¢6 nghiém duy nhit x =8.

Nhan xét: Tai sao phuong trinh (*) chi 1a phuong trinh suy ra? Béi vi ta da st dung

IX+13x+1= \j(x+l)(3x +1) nén c6 kha nang sinh ra nghiém ngoai lai. Do do ta can phai c¢6 diéu kién
va viéc thu lai.

) R+ X BT

biéu kién: x>3.

Khi do6 phuong trinh tuong duong:

(\/;+ x—3)2 =2X+1< x+2\/;.\/E+x—3: 2x+1

= X(x-3) =2 x(x-3)=4

x =—1(khong thoa man dieu kien)

S X -3x-4=0 o
x = 4(thoa man dieu kien)

Vay phuong trinh da cho c¢6 nghiém duy nhat x = 4.

e) biéu kién: x>-1.
J3IXT 7 X1 =2 < Bxt7 =2+«/x+1<:>(2+\/x+1)2 —3x+7

X+1>0

S A+ AX+1+X+1=3x+7 < 2Jx+1=x+1 »
4(x+1)=(x+1)

x>-1 x =—1(thoa man dieukien)
= <
(x+1)(x=3)=0 | x=3(thoa man dieu kien)
Vay phuong trinh da cho c6 hai nghiém x=-1x=3.
Nhan xét: Qua bai toan nay sé& dé cho ta mot luu ¥ cuc Ki quan trong:
V() =8(x) = Jh(x) (@) & f (x) =g (x) + /(%) (2)

Ta chi dugc phép ding diu twong duong khi binh phuong & phwong trinh (2), néu binh phwong ¢ phuong

trinh (1) ta chi thu dugc mot phuong trinh hé qua ( tic 13 déu suy ra) va do d6 c6 kha ning c6 chtra nghiém
ngoai lai.

I11. Mt s6 phwong phap giai phwong trinh v ti:
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A. Phwong phap dit an phu:
x 35

m_ﬁ(l)

Bai 1: Giai phuong trinh: X+
Loi giai:
biéu kién: x>1

Binh phuong hai vé cua (1), ta co:

, X 2x* 1225 x* 2x* 1225
X+ ——+ = o = (2)
-1 21 144 x-1 JSe_1 144

2
Pt t=—, v6i t>0, taco: (2) 2 +2t- 220 (3)
-1 144
Phuong trinh (3) ¢6 hai nghiém trai dau: 29
t,=—— (loai
=3 (04)

Vi t, = % taco: 12(x% —1)— 25X’ —1+12=0  (4)

4
y:_
Pat y =v/x* 1,y >0, tacé: (4) < 12y* —25y+12=0 < 2
YZZ
5
X =—
Suy ra phuong trinh da cho c6 hai nghiém: g
X =—
3

Vay nghi¢m cua phuong trinh 1a S = {%,g}

Bai 2: Gidi phuong trinh: \/X—X —1 +y/x+x¢ —1 =2

Luu y: «/X—«/XZ —1.\/X+»\ix2 —1 =1 nén phép doi bién da rat rd.

Loi giai:

biéu kién: x>1

Nhan xét: \fx—\/xz—l.\/x+ x*-1=1
Pit t =y x—+/x? =1 thi phwong trinh c6 dang: t+%=2<:>t=1

Thay vao tim dugc x =1.

Bai 3: Giai phuong trinh: 2x* —6x—1=+/4x—-5
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Loi giai:
biéu kién: >4
5
O
bat t=4x-5(t>0) thi: x= Z
Thay vao ta co:
o U100 +25 +25—§(t ~5)-1=t<t'—22t" —8t+27=0
16 4

o (P +2t-7)(t-2t-11)=0
Ta tim dugc bon nghigm la: t,, = -1+ Z\E;t&4 —1+2\3
Do t >0 nén chi nhan cac giatri t, =—1+ 2\/§;t3 =1+23
Tur d6 tim dugc c&c nghiém ctia phuong trinh [a: X =1— J2; x=2+3
Céch khéac: Ta cd thé binh phuwong hai vé cia phuong trinh véi diéu kién: 2x*> —6x—1>0
Ta duoc: x*(x—3)° —(x-1)*=0
Tur do ta tim dugc nghiém twong Gng.
Don gian nhét 1a ta dit: 2y —3=+/4x+5 va dua vé hé déi xang.
Bai 4: Giai phuong trinh: X++/5++Xx—1=6
Léi giai:
Diéu kign: 1<x<6
bit y=+x-1 (y=0) thi phuong trinh tr& thanh: y*+,/y+5=5
<y -10y* -y +20=0 (voi ys\ﬁ)

1+\/_ 1+\/1_7

(loai), y 5

o (v +y-4)(y'-y-5)=

1-17
2

Tur d6 tasuy ra: X=

2
Bai 5: Giai phuong trinh sau: X =(2004+&)(1— 1-x )
Loi giai:
biéu kién: 0<x<1
it y =+ —Jx thi phuong trinh tré thanh:

(1-y?)" =(2004+(1-y?)).(1- y)
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< 2(1-y) (v +y-1002) =0 y =1 x=0

Bai 6: Giai phuong trinh: X? +2x,/x—l =3x+1
X

Léi giai:

biéu kién: —1<x<0

Chia ca hai vé cho x ta dugc: X +2 x—1:3+1
VX X

batt= /x—lzo, ta suy ra:
X

t?-2t-3=0<(t+1)(t-3)=0<t=3 (do t > 0)

+
C>X—1:9:>X2—9X—1=0<:>X=9_;/8_5
X

9-./85
2

Do —1<x<0 nén: x=

Bai 6: Giai phuong trinh: x* +3/x* —x* =2x+1
Loi giai:

x =0 khoéng phai la nghiém. Chia ca hai vé cho x ta duoc:

[X—lj-i- ?:/x—l =2
X X

{ 1, . +
bat t=3/x——, taco: t3+t—2:o®t:1®x:¥
X

Bai 7: Giai phuong trinh: 4629—x +{77+x =8

Loi giai:
u=4629—x
bit Su+v=8, ut+v' =706
v=477+x
- N s 2 t:15
bat t=uv thitaco: t°-128t+1695=0<«>
t=113
Véit=15=x=4 Véi t=113= x=548

Thr lai ta dugc tap nghiém ctia phuong trinh 1a S = {4;548}
Bai 8: Giai phuong trinh:
NN .(\/(1+ x)’ —y/(1-x)° ) =2+ 1-%?

Léi giai:
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biéu kién: —1<x<1
Pit u=+1+x, v=+1—X, V&i u,v>0
Suv=+1-x2,u”+v?* =2, u®> —v? =2x

u? +v2

Phuwong trinh da cho tré thanh: ( + u.v](u3 ~v*)=2+uv

Giai phuong trinh trén ta dugc: X = g (thtr lai théa man).

Bai 9: (Duyén hai Bic B§ 2013 - 2014) Giai phuong trinh sau trén tap sé thyc:

(6x—3)»\/7 —3x +(l5—6X)\/3X— 2 = 2J-9x% +27x—14 +11.
Loi giai:
;

Diéu kién: 2ox<!
3 3

Dit a=+/7-3x, b=+/3x-2 (a,b>0). Suy ra
a’+b*=5
(20° +1).a+(2a* +1)b=2ab+11

s?-2p=5 2p=5s°-5 2p=s°-5
= A 2 2 = 3 2
2sp+s=2p+11  |s(s°—5)+s=5"-5+11  |s§*~s*~4s-6=0

(s=a+b, p=ab)

a=2
{2p52—5 {p:Z b=1 {x:l

= (s—3)(sz+23+2):0<:> s:3C> {61:1C> X=2
b=2

Thr lai thoa mén. Vay nghiém phuong trinh 1a x =1hoac x=2.
Bai 10: Giai phuong trinh: 2x* +5x—1=7+/x> -1
Loi giai:

biéu kién: x>1

Nhan xét: Taviét ar(x—1)+ B(X* +x+1) = 7\/(x—1)(x2 +X+1)

Dédng nhat thirc ta duoc: 3(x—1)+2(x2 + x+1) = 7\/(x—1)(x2 + x+1)

Pit u=x-1>0, v=x*+Xx+1>0, ta dugc:
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3u+2v="74u < 1

Nghiém x =4+ /6.
Bai 11: Giai phuong trinh: /X +2X ++/2x—1=/3x* +4x+1
Loi giai:
A a 1
biéu kién: sz

Binh phwong hai vé ta duoc:

\/(xz +2x)(2x—1) =X+l \/(xz +2x)(2x-1) = (x2 + 2x)—(2x—1)

u=——-
o U=x2+2x ..
Ta c6 thé dat: * , khidotaco: uv=u’-v’ < 2
v=2x-1 1++/5
= v
2

Do u,v>0 nén: u= Ve X2 +2X =

1+\/§ 1+\/§
2 2

(2x-1)

Cong viéc con lai ban doc ty giai quyét.

Bai 12: Giai phuong trinh: V5% —14x+9 —x? —x—20 =5x+1
Loi giai:

biéu kién: x>5

Chuyén vé binh phuong ta dugc: 2x2 —5x+2 = 5\/(x2 —Xx—20)(x+1)
Nhan xét: Khong ton tai s6 o, p nao dé:
2x* —5x+2=a(x* = x—20)+ B(x+1)

u:(xz—x—ZO)

nén ta khong thé dit
v=Xx+1

Nhung may man ta co:
(X* =x=20)(x+1) = (x+4)(x=5)(x+1) =(x+4)(x* ~4x-5)

Ta viét lai phuong trinh:

2(x2 —4x—5)+3(x+4):5\j(x+4)(x2—4x—5)

Dén day bai toan duoc giai quyét.

B. Phuwong phap nhan lién hep:

Bai 1: Giai phuong trinh sau: VX +1++X+4 +x+9 ++/X+16 =/x+100
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Lo giai:
biéu kién: x>-1

Tathiy x=0 12 mot nghiém cua phuong trinh nén c6 thé tién hanh bién d6i nhu sau:
(\/x 1—1)+(\/x+4—2)+(\/x+9—3)+(\/x+16—4):\/x+100—10

(x+1)-17 +(x+4)—22 +(x+9)—32 +(x+16)—42 _ (x+100)-107
UX+1+1 Sx+4+2  x+9+3 Jx+16+4  Jx+100+10

X X X X X
IS + + + =

IX+1+1 x+4+2 Ix+9+3 x+16+4 x+100+10

x=0
< 1 N 1 N 1 N 1 B 1

IX+1+1 Ix+4+2 x+9+3 x+16+4 x+100+10
Xét phuong trinh:

S SR S SR 1 o
IX+141 Ix+4+2 Ix+9+3 x+16+4 x+100+10
Taco: Vx+100+10>x+1+1>0< ! > !

Jx+1+1  x+100+10

Suy ra:

1 1 1 1 1

+ + + > ,VXZ—l
X+1+1 Ix+4+2 x+9+3 x+16+4 x+100+10
Do d6 phuong trinh (1) v6 nghiém.
Vay phuong trinh da cho c6 nghiém duy nhat x =0.
Bai 2: Giai phuong trinh: X? +9x+ 20 = 24/3x+10
Loi giai:
Diéu kién: x>0
3
Phuong trinh da cho tr¢ thanh:
2(V3x+10-1)(V3x+10 +1)
(x+3)(x+6)=
(»\/3x+10+1)
e (x+3)(x+6)=—F8) s (x13) (x46)-—2 |0
( 3x+10+1) (\/3x+10 +l)

(14 6) - = =0 (¥)
o (Vax+10+1)

X=-3

Lién hé tai liéu word toan SPT va zalo: 039.373.2038



Mat khac, x>-3 va —% < X <=3 nén phuong trinh vé nghiém.

1-x 2x—x2
(*)

Bai 3: Giai phuong trinh: >
X 1+X

Loi giai:
biéu kién: 0< x <1,
(%) (Lo W= (2x0) Vx
=G («/ﬁ—\/;)Jr(\/l—_X—ZX\/;):

X(1-2x)  1-x—4X

Y T R e i

ot e )

x* . 2X% +x+1 0 (*¥)
- JI=x+Ux  I—x+2xx
x==
2
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Nhan thdy (**) v nghiém vai 0< x <1. Vay x :% la nghiém duy nhat cta phuong trinh.

Bai 4: Tim tat ca cac nghiém thyc cia phuong trinh sau:
I +15 =33 +x2 +8 -
Lai giai:
Phuong trinh da cho twong dwong voi:
(m—4) =3(3 X _1)+(m_3)
-1 3(X2—1) x? -1

=N = +
X2 +15 + 4 3/x_4+3/x_2+1 VX +8+3

Nhu vy ta cd x* =1 hoic

1 3 1
= +
X +15+4 §/X_4+Q/X_2+1 x> +8+3

Tuy nhién, do Vx?+8+3<+x*+15+4 nén ta co:

khong thé xay ra.
Tur day ta thu duoc x* =1 hay x ==+1.

Tom lai, phuong trinh da cho c6 hai nghiém la x =1, x =-1.

Bai 5: Giai phuong trinh: (X+3)v/2x* +1=x*+X+3

Lién hé tai liéu word toan SPT va zalo: 039.373.2038
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Léi giai:
D& thay x =—3 khdng la nghiém ciia phuong trinh nén ta chi can xét x = —3 1a du. Khi do, phuong trinh da
cho ¢ thé viét lai dudi dang:

2
a1 = X8 L o i1o1= X
X+3 X+3

x=0
2 2
2X X - 5 1

= = = 3 3
x/2x +141 X+ h2x2+1+1 13

2

Tir day ta suy ra x=0 la mot nghiém cua phuong trinh dd cho. Xét phuong trinh con lai, ta thiy phuong

trinh nay teong duong véi:
N2X2 +1+1=2X+6 < 2X* +1=2X+5

xz-E X>—=
= 2 = 2

2% +1=4x* + 25+ 20x x?+10x+12=0

x>-2

= 2 @X:—Si\/1_3.

x:—5+ﬁux:—5—ﬁ

Vay phuong trinh di cho ¢6 nghiém x =0 va x =-5++/13.

C. Phuong phap dung tinh don di¢u:
Bai 1: Giai phuong trinh: 9x* —28x+21=+/x-1 (*)

Lai giai:
biéu kién xac dinh: x>1

Néu x2§:>3x—52—l
2 2

Taco (*) < (3x—5)° +3x—5=x-1+x-1
© F(3x=5)=f(Vx=1) véi f t =t*+t

< 3x—5=1/x—1(do f(t) déng bién trén (—% ; +ooj )

3x-520 X L
< X =2 (théa man dieu kign)

= ) = 13
Bx-5)°=x-1 " |, _ 2’5}

2
3

Néu 1< x<§:>4—3x>—£(*)
2 2

Lién hé tai liéu word toan SPT va zalo: 039.373.2038
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(4.1) & (4-3x)° +4-3x=x—-1++/x-1

& F(4-3x)=f (Vx=1) voi f(t)=t"+t

e 4-3x=Jx=1 (dof(t) ddng bién trén [—% : +ooj va (%)

4-3x>0 XS% J

—oX2 25—+/13

= o S X=——"—

{(4_3x)2:x_1 ‘e 25+13 18
18

Vay phuong trinh ¢6 tap nghiém S = {2;%}

Nhan xét: Bang viéc xét sy ddng bién nghich bién caa ham sé bac hai y=x?+x ta dd dua ra mét loi giai
khé 1a th vi. Tuy nhién bai toan nay hoan toan cd thé giai bang phuong phap bién ddi twong duwong hoic
nhan lién hop. Bé nghi ban doc tu suy nghi thém!
Bai 2: Giai phuong trinh 8x° —36x? +53x —25=3/3x 5 (*)
Loi giai:
(*) < 8x* —36X® +54x— 27 +2x—3=3x—-5+3/3x—5
o (2x=3)° +2x—3=3x-5+33x-5
& f(2x-3)=f(Y3x=5) (**) véi f(t)=t"+t
Ta co f(t) ddng bién trén R do do:

(**)sz—3:\3/3x—5 <::>(2x—3)3 =3Xx-5

5+\E
4

< 8x*—36x*+51x—-22=0< XE{Z;

Vay phuong trinh c6 nghiém: S = {2;

5+J§}

4
D. Mét s6 bai toan kho:

Bai 1: (Tinh Vinh Long)
1) Giai phuong trinh: /X —2vX—1 +\x+3—4/x—1 =1

2) Giai phuong trinh v6i 4n s6 thuc: V1—x =/6—x —/5—2x

Loi giai:

1. biéu kién: x >1. Phuong trinh da cho twong duong Véi:

Lién hé tai liéu word toan SPT va zalo: 039.373.2038
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R e e R
-Néu x=1<1thi (*) & —(Vx-1-1)—(Vx-1-2)=1
& 3-2x-1=1<Jx-1=1 (loai)
-Néu 1<x-1<2 < 2<x<5 thi (*) < (VX—1-1)-(Vx-1-2)=1<1=1 luon ding
-Néu Vx=1>2 thi (*) & (Vx-1-1)+(Vx-1-2)=1
& 20x-1-3=1JIx—1=2 (loai)

Vay phuong trinh da cho c6 nghiém la moi x e[2;5]

2. Piéu kign: x < —g. Phuong trinh da cho tuwong duong voi:

V1= X ++-5-2x =/6—X
o (l—x)+(—5—2x)+2\/(1—x)(—5—2x) =6—X

& J(1=x)(-5-2x) = x+5 < (1-X)(-5-2x) = X" +10x+ 25
S X -7x-30=0<= x=-3;x=10
Thur lai ta thiy chi c6 x =—3 thoa man.
Vay phuong trinh da cho c6 nghiém duy nhat 1a x =3
Bai 2: (HSG Pong Nai) Giai phuong trinh:
x° —x* —x® —11x* + 25x 14 =0
Léi giai:
Phuong trinh da cho tuong duong véi:
(3° =2x*)+ (X* =26 ) +(x° = 2x° )+ (-9x* +18x) +(7x—14) =0

X=2

S (x=2)(x'+xX°+x*-9x+7)=0<
( )( ) X'+ +x2-9x+7=0

Phuong trinh thtr hai & trén c6 thé viét lai 1a:

(x*+x°+x* —9x+6)+1=0 < (x* = x*+2x° - 2x* ~3x—6x+6) +1=0

<:>(x—l)2 (X* +3X+6)+1=0

Do (X—l)2 (X* +3x+6)+1>0 Vx nén phuong trinh nay v nghiém.

Vay phuong trinh da cho ¢6 nghiém duy nhét 1a x = 2.
Bai 3: (Ha Tinh) Giai phuong trinh sau:

2
X423+ 2x2 = 2x+1=(x° er)‘,1 X
X
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Loi gii:
biéu kién x e (—o0;-1]U(0;1]
Néu x <—1 thi x*+2x°+2x% —2x+1=(x* +X)? +(x—1)> > 0; x>+ x = x(x* +1) <0 nén phuong trinh khdng
c6 nghiém thoa man x < -1
Dong thoi x =1 khdng la nghiém ciia phuong trinh ta chi xét x € (0;1)
Phuong trinh da cho:
=S (x2 +1)—2x(1— xz) = (x2 +1) x(l— x2)
il 2x(1-x%)

= - > =1
x(1-x%) x“+1

1 R X
bat t = X—+2 >0 phuong trinh trén tr¢ thanh:

t—%:1<:>t2—t—2:0®t:2 do t>0

Khi do: i=2@(x2 +1) =4x(1-x?)

Afx(l—xz)
o X+ 2 +1-4x+4x¢ =0 o (x +2x-1) =0
o X2 +2x-1=0x=-1+2
So sanh véi diéu kién ta c6 phuong trinh c6 nghiém x =—1++/2
Bai 4: (PHSP Ha Ngi) Giai phuong trinh

V3 + 2% +2 4+4-3C + X2 +2X—1 = 2X2 + 2X + 2
Loi giai:
3 +2x2+2>0

biéu kién
3 +x2+2x-1>0

Theo bét ding thirc AM-GM thi:

1+(3x°+2x° +2) 33 4 2x2 43
- 2

V3G +2x2+2 =133 +2x2 +2 <

bang thic xay ra khi va chi khi 3x* +2x* +2 =1< x=-1

1+(-3x° +X* +2x-1) -3 4 x? + 2%

V=3 + X2 +2x-1 =143 + X2+ 2x—1< > - :

Péng thic xay ra khi va chi khi v—3x* +x° +2x-1=1<x=-1
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— 3+ 2X% +2 403 + X% +2x—1
- 3x3+2x2+3+—3x3+x2+2x _3x%+2x+3
- 2 2 B 2

3y +2x+3 _ (3x2+2x+3)+(x+1)2

< =2X° +2X+2
2 2

Ding thic xay ra khi va chi khi (x+1)?=0< x=-1

Do d6 ta ludn co: 33X +2X% +2 +v-3x% + X2+ 2X—1 < 2x2 + 2X 4 2

Ping thire xay ra tac 14 x =—1 thir lai thoa man.

Viy phuong trinh ¢6 nghiém duy nhat 1a x =—1

Bai 5: (Chuyén Nguyén Du) Giai phuong trinh: 3/3x+4 = x° +3x? + x—2
Loi giai:

Phuong trinh da cho < ¥/3x+4 +2x+3=(x+1)’

(x+1)3 =2X+Yy+4
(y+1) =3x+4

Piat y+1=3/3x+4 taco hé: {

Trir hai phuong trinh ctia hé, vé theo vé ta dugc:
(x— y)[(x—l)2 +(x—1)(y—1)+(y—1)2} =y—X
x—y=0
<:>|:(x—1)2 F(x-1)(y-1)+(y-1f =" "7
Suyra x+1=33x+4 < (x+1)° =3x+4 <= X +3x% =4
<:>(x—1)(x+2)2 =0 X=4x=-2
Vay phuong trinh d cho c6 nghiém phan biét x =1 x = —2
Bai 6: Giai phuong trinh:

_oy2 211 +56x* -11
9-2x + ( i ):9x(6+x) (xeR)

X VX +4x% -1

Loi giai:
biéu kién: x> +4x*>—-1>0
bit t = (X T A¢ 150 ta 6 {11x3 +56x2 —11=11t> +12x>
9x® +56X° —9 = 9t* + 20x°
Khi d6 phuong trinh da cho twong duong voi:
2(11t2 +12X2) ot 4+ 20x2

t X

< 22t%x + 24x3 = 9t% + 20x*%t
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<:>(t—2x)(9t2 —4tx+12x2):0<:>t = 2x <> X3 +4x* —1=2x

x>0
9 ) , & x=1

X" +4x° -1=4x
Thir lai thidy x =1 thoa man diéu kién bai toan. Vay phwong trinh di cho ¢6 nghiém duy nhat 1a x =1
Bai 7: Giai phuong trinh:
3x° +4x° —6=2(x2 +2x—gj\/x3+x2 -2 (xeR)

X
Lai giai:

biéu kién: X*+x*-2>0<x>1

A +4x2P—6=3t"+x°
Pit t =vx3+x>—2>0 ta co: {

X3+2x2—2=t>+x°

2t(t2+x2)

Khi @6 phuong trinh di cho tré thanh: 3t* + x* =
X

< X3 —2x% +3t2x —2t° =0<:>(x—t)(x2—xt+2t2):0

3

x>1
ot=xeo+xX¥*-2=x< , 2<:>x:35
X+ X —2=X

Vay phuong trinh da cho c¢6 nghiém duy nhét 1a x = 2.

Lién hé tai liéu word toan SPT va zalo: 039.373.2038



Website: tailieumontoan.com
CHUONG IV

BAI HE PHUONG TRINH
I.Hé hai phwong trinh bac nhit hai 4n sé:
Khi giai hé hai phuong trinh bac nhat hai an sé ta ghi nhé hai quy tic sau dé bién ddi hé phuong trinh dé cho
vé hé phuong trinh tuong duong:
e Quy tic thé:
Budc 1: Tir mot phuong trinh cua hé, ta biéu didn mot an theo an kia roi thé vao phwong trinh con lai cia hé
dé duoc mot phuong trinh méi chi 6 mot an.
Budc 2: Thiét 1ap hé méi gdm phuong trinh mét an thu dwoc ¢ budc 1 va mot trong hai phuwong trinh ban
dau (nén chon phuong trinh don gian hon).
Giai hé va két luan nghiém cua hé.
e Quytic cong dai sb:
Budc 1: Cong hoic trir tirng vé hai phuong trinh cua hé di cho dé dwoc phuong trinh méi chi 6 mot an (néu
nhu hé s6 cua hai phuong trinh chua thé kha khi cong hay trir truc tiép thi ta can nhan thém hé sé thich hop
vao mot trong hai phuong trinh cia hé).
Budéc 2: Thiét 1ap hé méi gdm phuong trinh mét an thu dugc & budc 1 va mot trong hai phuong trinh ban
dau. Giai hé va két luan nghiém cua hé.
Vi du 1.1: Giai hé phuong trinh: {2X+ y=1
3X-2y=7
Phan tich: Ta thiy rang ddy ding 1a phuong trinh bac nhat hai an ma ta dang xét, va ta nghi ngay dén hai
quy tic da néi bén trén.
Véi quy tic thé, ta co thé chon mot trong hai an dé biéu dién theo an con lai. Tuy nhién khi 4p dung vao bai
toan, ta nén chon an nao c6 biéu dién “dep” hon. Vé4i hé & trén, néu ta biéu dién x theo y thi ta duoc

y trong khong duoc “dep”, nén ta s& chon viéc biéu dién an y theo x rdi thé vao phuong trinh thi

7 —
X =
2

hai. Vi ta da bién d6i duoc y=7-2x tir phuong trinh thir nhit nén ta s& giir nd trong hé phwong trinh moi
tuong duong la:
y=7-2X
{3x—2(7—2x) =7

Phuong trinh thir hai da 12 phuong trinh bac nhat mot an nén ta c6 thé dé dang giai hé phuong trinh nay.

Véi quy tic cong dai sd, ta dé y rang khi cong hoic trir tirng vé cua hai phwong trinh tryuc tiép tir hé ban dau,
ta khdng thé khtr duoc an nao di, do d6 ta can nhan thém hé s vao mét trong hai phuong trinh ciia hé dé c6
thé khtr an khi cong dai s6. Ciing nhu khi ta tim an dé thé nhu trong quy tic trén, ¢ day ta ciing nén chon an
dé khtr va phuong trinh dé nhan hé sé sao cho moi thir duoc “dep” va dé dang nhat. Ta c6 thé nhin ra duoc
rang an y ¢ phuong trinh thir nhat ¢6 hé sé 1a 1 nén ta s& nhan thém 2 vao phuong trinh thir nhét réi cong
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tirng vé véi phuong trinh thir 2 dé ¢ thé khir duoc an y. Khi d6 ta s& duoc hé phuong trinh twong dwong méi

la:

2X+y=7

(4x+2y)+(3x—2y)=14+7
Phuong trinh thir hai 14 phuong trinh bac nhit mot an x nén ta c6 thé d& dang giai ra nghiém.
Sau day 1a 10i giai chi tiét cho ca hai cach

Loi giai:
Cach 1:
2x+y="7 =7-2X =7-2X

Ta co: y S Y o Y
3x—2y=7 |3x-2(7-2x)=7 = |3x-14+4x=7

y=7-2X y=7-2X y=1
& & &
x=21 X=3 X=3

Vay tap nghiém cuia hé phuong trinh 1a S = {(3;1)}
Cach2:

. |2x+y=T7 4x+2y =14 2X+y=7
Ta co: = =
3x-2y=7 |3x-2y=7 (4x+2y)+(3x—2y)=14+7

2X+y=7 2X+y=7 y=7-23=1
= =
7x=21 X=3 Xx=3

Vay hé phuong trinh c6 nghiém la: (x;y)=(3;1)

Nhan xét :

Ca hai cach déu c6 thé dé& dang thuc hién, nhung quy tic thé s& gitp chdng ta nhiéu hon déi véi cac bai toan
hé phuong trinh kh, vi tinh don gian cia n6 dé dwa vé phuong trinh mot an.

Mot diéu chi y khac khi két luan nghiém cua hé phuong trinh thi ta phai két luan theo tap nghiém chi khong
dugc két luan theo tirng nghiém riéng lé. Va ta c6 mot sé cach két luan nhu da duoc trinh bay bén trén.
(x-2)(y+1)=xy

(x+8)(y—2)=xy

Phan tich: Nhin qua ta c6 thé thay hé nay khdng thudc dang hé phuong trinh bac nhat, tuy nhién khi ta tach

Vi du 1.2: Giai hé phuong trinh: {

vé trai cua ca hai phuong trinh, ta thay rang hang tir bac hai xy & ca hai vé cd thé triét tiéu cho nhau, tir d6 ta
dugc mot hé phuong trinh bac nhat hai 4n ma ta da biét cach giai.
Loi giai:
X=2)(y+1)=x Xy —2y+X—2=X X-2y-2=0
Tacs: XA =xy _ [xy-2y y o [x-2y
Xy +8y—2x-16 = xy —-2x+8y-16=0
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X=2y+2 X=2y+2 x=25+2=12
o o o
—(2y+2)+4y-8=0 2y-10=0 y=>5

Vay hé phuong trinh c6 nghiém: (x;y)=(12;5)
Nhan xét:
Nhiéu khi ta khong thé nhan ra bai toan rat dé dang khi ta méi nhin vao né, nhung sau mot vai budc bién doi
nho nho thi né hoan toan 1a mot dang ma ta da biét cach lam tir trudc.
Mot s6 bai toan twong tur
Bai tap: Giai cac hé phuong trinh sau:
(2x-3)(2y+4)=4x(y-3)+54
{(x+1)(3y—3) =3y(x+1)-12
2y—5x+5: y+27
2) 3 4

X+1 6y —5X
+y=
3 7

2X

%(x+2)(y+3)—%=50
3)
xy 1 B

7—E(x—2)(y—2)_32

. s LA b . mx—y=2m

Vi du 1.3: Giai va bién luan h¢ phuong trinh:
4X—my=m+6
Phan tich: Ciing trong tu nhu dbi vai giai va bién luan phuong trinh bac nhit mot an, ta s& diing cac quy tic
cong dai s6 hodc dat an phu dé tao ra mot phuong trinh bac nhat mot an vai tham sé rdi bién luan sé nghiém
cua hé theo s6 nghiém caa phuong trinh nay.
Ta 6 thé xem xét trudc 10 giai caa vi du nay
Loi giai:
. [mx—y=2m y=mx—2m
Ta co: =
4x—m(mx—2m)=m+6
y=mx-2m y =mx—2m
=
(4-m*)x=-2m’+m+6 ~ |(4-m*)x=(2-m)(2m+3) (1)

+) Néu m*—4 =0 < m=+2 thi tir (1) ta duoc:

(2-m)(2m+3) (2-m)(2m+3) 2m+3

(4—m2) (2-m)(2+m)  m4+2
:y:mx—Zm:m.2m+3—2m: il
m+2 m+2
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Khi d6 hé ¢6 nghiém duy nhit : (x; y):(2m+3, “m j

m+2 ' m+2

+) Néu m =2 thi ta thay (1) thoa man véi moi x , khi d6 y =mx—2m=2x-4

H¢ c6 v s6 nghiem (x;y)=(k;2k —4) véi moi k e R

+) Néu m =-2, phuong trinh (1) tré thanh: 0x =4 vd nghiém. Suy ra hé vd nghiém

Vay:

_ Néu m#£2 thi hé c6 nghiém duy nhat (x;y) :(Zr;n::; m_TZJ
_Néu m=2 thi hé c6 vo s6 nghiem (x;y) = (k;2k —4) véi moi k e R
_ Néu m=-2 thi hé vé nghiém.
Nhan xét:
T 10i giai trén, ta c6 thé rat ra duogc phuwong phap giai va bién luan tong quéat cua hé phuong trinh bac nhat
chira tham s6 nhu sau:
e T mot phuong trinh cua hé, tim y theo x (hoic x theo y) rdi thé vao phuong trinh con lai dé dugc
mot phuong trinh bac nhit chira tham sé ddi véi an x (hoic y)
e Gia sir phuong trinh bac nhat d6 c6 dang: ax=b (1)
e Bién luan hé phuong trinh dya trén viéc bién luan phuong trinh ax =b
_Néu a=0,b=0 thi hé c6 v sé nghiém.

_Néu a=0,b =0 thi hé vo nghiém.
_ Néu a =0 thi hé c6 nghiém duy nhat véi x = b va y tinh dugc tir phwong trinh con lai.
a

M@t 56 bai toan twong tw dé ban doc tw tim 19i giai:

Bai toan: Giai va bién luan cac hé phuong trinh sau:

mx+y=3m-1 (m-1)x-my =3m-1
1) 2)
X+my=m+1 2X—y=m+5
3 X+my=3m A 2X—-y=3+2m
mx—y=m’-2 mx+y:(m+1)2

X+2y=5
Vi du 1.4: Cho h¢ phuong trinh: { y
mx+y=4

a) Tim m dé hé phuong trinh c6 nghiém duy nhat ma x va y trai dau
b) Tim m dé hé phuong trinh c6 nghiém duy nhat ma x = |y|
Phan tich: Day la dang toan giai hé phuong trinh bac nhat hai an ¢ chia tham sb. Di véi dang toan nay, ta

van ding c&c quy tic di dugc néu ra bén trén dé tao ra mot phuong trinh bac nhit mot 4n méi ¢ chira tham
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s6. Tir d6 ta xem xét tham sb sao cho thoa man diéu kién dé bai. Chl y rang ¢ ca hai phan, ta déu can tim

diéu kién dé hé phuong trinh c6 nghiém duy nhit nén ta c6 thé gop ching lai dé tim diéu kién nay ngay dau
bai gitp rut gon bai lam.

O day ta s& &p dung quy tic thé dé giai bai toan nay

Loi giai:
Ta co: x+2y 5<:> y S X=5-2y
mx+y=4 m(5-2y)+y=4 Sm-2my+y =4

Xx=5-2y
2=
(-2m+1)y=4-5m
Dé hé phuong trinh c6 nghiém duy nhat thi phuong trinh:
(—2m+1)y =4-5m phai c6 nghiém duy nhat < -2m+1#0< m= 1

Khi d6, h¢ phuong trinh sé twong duong vai:

X=5-2y x:5—2.j_25m x=> 3 :
_ < =

:;‘ gm ,_4=5m ,_4=5m
—em 1-2m 1-2m

3 4-5m 0 3(5m-4)

a) Taco:xvaytrii ddu < x.y<0< . <020 (1
) y Y 2m-11-2m (2m—1)2 @)

Véi m= thi (2m-1° >0. Do ds (1) & 3(5m—4) <0 5m-4 <0 s m<
S VR W 4 1
Vay diéu kién cantim la m <§ vam=#-—

3 |4-5m| 2)
2m-1 |1-2m|

b) Tacé: x=|y|<

Do vé phai cta (2) khong 4m nén ta duoc >0 2m-1>0em> =

2m-1
3  4-5m o7
1 1— 3=5m-4 T
Vc’yim>£tac(): (5) < 2m-1 1 ch) o 5
2 3 5m-4 |3=4-5m 1
2m-1 1-2m 5

Do m >% nén chi c6 m :% thoa man diéu kién
A e Ay 7
Vaygiatricantimla m= c
Nhan xét: Phuong phép thé thuong s& dugc ap dung dé dang hon.
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Mot didu can chd y nita ¢ bai toan nay d6 la viéc bién ddi twong dwong phuong trinh sau:
x>0
x=ly|e{[x=y
X=-y
R4t nhiéu ban quén mat diéu kién x >0 khi gap phuong trinh nay, tir d6 ra sai két qua bai toan.
Mot sb bai toan tuong ty cho cac ban tu tim 16i giai:
" . . mx+y =2m
Bai 1: Cho hé phuong trinh:
Xx—y=1
Tim s6 nguyén m sao cho hé phuong trinh c6 nghiém duy nhit ma x va y déu 1a s6 nguyén.
X—2y=3-m

Bai 2: Cho hé phuong trinh:
7P gt {2x+y:3(m+2)

Tim nghiém (x;y) cua hé phuong trinh. Tir d6 tim gia tri cua tham sé m dé biéu thic S = x* + y? dat gia tri
nho nhat.
Vi du 1.5: Tim k dé ba duong thang: 3x+2y =4;2x—y =k va x+2y =3 dong quy.
Phan tich: Ta thiy ba duong thang dong quy khi chiing cing di qua mot diém duy nhat. O day ta da biét rd
duoc phuong trinh dudng thang cua hai duong do d6 ta c6 thé tim duoc giao diém cua chung. Dé ba duong
thang dong quy thi chac chin duong thang con lai cling phai di qua diém nay. Véi y tudong ndy, ta hoan toan
c6 thé tim ra gia tri cua k thoa man.

Loi giai:

Goi M (m;n) la giao diém cua hai dudng thang 3x+2y =4 va x+2y =3

3m+2n=4 3m+2n—(m+2n)=4-3 2m=1
Ta duoc: & &
m+2n=3 m+2n=3 m+2n=3
1 1
m== m==—
S TS I
2n+—=3 n=—
2 4

15
Suyra M| =:—
Y (2 4)

Pé 3 duong thang dong quy thi duong thang 2x—y=k phai di qua diém M (%%] hay ta co:

1 5 -1
2———=mMem=—
2 4 4

A e TP P
Vay m= " thoa man diéu kién deé bai.
Nhan xét: Ta c6 mot sd bai toan twong tu nhu sau:
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Bai toan: Tim m dé ba dudng thang sau déng quy:

a) 2x—y=m;x—y=2m; mx—(m-1)y=2m-1
b) mx+y=m’+1; (m+2)x—(3m+5)y=m-5;
(2-m)x—2y=-m*+2m-2
Goi y: V6i cac bai toan ndy, ta s& chon ra trudc hai phuong trinh don gian hon dé tim giao diém cuaa ching.
C6 thé giao diém nay s& chira tham s6 m, tuy nhién sau khi tim duoc giao diém roi thi ta hoan toan c6 thé
thay vao dudng thang con lai dé giai phuong trinh chi chira m.

mx+4y=10-m .
y (m 1a tham s0)

Vi du 1.6: Cho h¢ phuong trinh: {
X+my=4

a) Giai hé phuong trinh khi m=+/2

b) Giai va bién luan hé phuong trinh theo m.

¢) Xéac dinh céc gia tri nguyén caa m dé hé cé nghiém duy nhat (x;y) sao cho x>0;y >0

d) Vi gi4 tri nguy@n nao cua m thi hé c6 nghiém (x;y) véi x,y 1a cac s6 nguyén duong.
Phan tich: Pay la mot bai toan tong hop céc kién thirc da dugc néu bén trén. Ta s& van dung nhitng kién
thire da biét vao tirng phan dé giai bai toan nay

Loi giai:
a) V&I m= V2 ta duoc hé :

{x/ix+4y:10—x/§<:>{\/§x+4y=10—\/§c>{4y—2y=10—x/§—4\/§

x+\/§y:4 \/§x+2y:4\/§ x+\/§y:4
10-5v2
{2y=10—5ﬁ Y=/ y=M
= 7 = 7 = 2
X+v2y=4 x+w=4 x=9-52

Vay h¢ phuong trinh c6 nghiém: (X; y) — (9_5\/5;@J

b) Taco:
{mx+4y:10—m m(4-my)+4y=10-m _|(4-m’)y=10-5m (1)
= =
X+my=4 X=4-my X=4—-my
+) Néu 4—m? =0 < m = £2 thi ta duoc:
10-5m 5(2—m 5
Wey="0 =(2—fn)(2+)m)=m+2
= x=4-my=4- Sm _8-m
m+2 m+2
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Khi d6 hé c6 nghiém duy nhét 1 (x; y):(s_”;; > 2)
m+ m -+

+) Néu m =2, thay vao (1) ta dugc: 0.y =0 cd vd s nghiém thuc y thoa man
=>X=4-my=4-2y

Khi d6 hé ¢6 vo s6 nghiém (x;y)=(4-2k;k) véi moi k e R

+) Néu m=-2, thay vao (1) ta dugc: 0.y = 20, phwong trinh v nghiém

= H¢ phuong trinh v6 nghiém

Vay:

_ Néu m#£2 thi hé c6 nghiém duy nhat Ia (x; y)=(8_n;; > 2)
m+2' m+

_Néu m=2 thi hé c6 vd sé nghiém (x;y)=(4-2k;k) véi moi k e R
_ Néu m=-2 thi hé vo nghiém

¢) Do hé c6 nghiém duy nhat nén m = +2

Khi d6 hé c6 nghiém duy nhit 1a (x; y) =(8_”;; > 2)
m+ m+

Theo dé bai ta co:

8—-m

>0
x>0 8-m>0 m<8
= m+2 = = & -2<m<8
y>0 5 m+2>0 m> -2
—>0
m+2

Ma m 12 s6 nguyén khac +2 nén ta duoc cac gia tri thoa man caa m Ia:
-1;0; 1; 3;4,5;6; 7
Vay me{-1,0;1;3;4;5;6;7}
d) Néu m=-2 thi hé vd sé nghiém, khdng thoa man dé bai
Néu m=2 thi hé c6 vo sé nghiem (x;y)=(4-2k;k) véi moi k eR, nén ton tai nghiém khong

nguyén, do d6 khong thoa man dé bai.

Vay m = +2, khi d6 hé c6 nghiém duy nhat 1a (x; y)=[8_r2; > Zj
m+2"m+

Ta cd: y nguyén duong <> m+2 la udc nguyén duong cua 5
o m+2e{l;5} ome{-13}

V6i m=-1= x=9 thoa mén

V6i m=3= x=1 thoa mén

Vay tap cac gia tri nguyén ciia m thoa mén la: {-1,3}

Nhan xét: Ta c6 mot sé bai toan tong hop tuong tu khéc:
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m-1)x—-my=3m-1
Bai 1: Cho hé phuong trinh: ( ) y
2X—y=m+5

a) Giai va bién luan hé phuong trinh theo m
b) Véi gia tri nguyén ndo cua m thi hai duong thang cua hé cit nhau tai mot diém nam trong goc
phan tu thir 1V caa hé toa do Oxy.

¢) Xac dinh m dé hé c6 nghiém duy nhat (x;y) sao cho P = x? + y*> —5 dat gia tri nho nhét.
Bai 2: Cho hé phuong trinh: {r);—;r_n;/y::gﬂr
a) Giai hé phuong trinh khi m=3
b) Véi gia tri nao ciia m dé hé c6 nghiém (-1;3)
¢) Ching to rang hé phuong trinh ludn ludn c6 nghiém duy nhét véi moi m
d) Vi gi tri nao ciia m dé hé c6 nghiém (x;y) thoa man hé thuc:

28

X—=3y = m2+3_3

I1. Giai mt s6 h¢ phwong trinh quy vé h¢ bac nhat:

1. Phuong trinh dit 4n phu

Mot s6 hé phuong trinh thoat nhin thi ta c6 vé thiy nd phuc tap, nhung khi ta da nhin thay diém gidéng nhau
giita cac phuong trinh trong hé thi ta c6 thé dit an phu dé c6 thé dua hé phuong trinh vé dang d& dang hon.
Ta c6 mot sb vi du sau:

Vidu 2.1.1: Giai cac hé phuong trinh sau:

E_Z—g i+i—8
2) Xy b) X+y y-—-X

£+2_35 ! +i——1

Xy X+y X-Vy

Phan tich: Déi véi phan a, ta nhan thiy rang cac an sb di bj dua xudng dudi mau va khdng con 1a hé bac

nhét don thuan nira. Tuy nhién ca hai phwong trinh thi ta déu nhan thiy ring céac an sé déu & chung mot dang

il 1, do d6 ta co thé dwa hé vé dang bac hai 4n bang cach dit an phy: u = 1;v _L Knids hé tuong
X y X y
. |15u—-7v=9
duong voi:
4u+9v =35

Tir ddy ta c6 thé dé dang giai hé bang cac quy tic da biét.
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Doi véi phan b, ta ciing nhan thay c6 su twong dong vai phan a, nhung lai ¢é sy khac nhau gitra —— va
y—X
1 .

—~ nén cd thé khién ta hoi béi rbi ban dau. That ra hai phan thire nay 1a déi cia nhau nén ta hoan toan co
X—y

thé dat an phy tuong ty nhu phan a voi u = L V= L duoc hé tuong duong:
X+y  y—x

3u+2v=_8

u-3v=-1
Sau day 1a 10i giai chi tiét cua hai phan

Loi giai:
a) Diéu kién xac dinh: x=0;y =0
. 1 1 .
bat u=—;v==—, ta co hé tuong duong:

X y

15u-7v=9 - 60u —28v =36 - 135v +28v =525-36

4u+9v =35 60u +135v =525 4u+9v =35

163v = 489 v=3 v=3
= = =
4u+9v=35 4u+27=35 u=2

1
Tra lai bién x, y ta duoc : I
X

Vay hé phuong trinh c6 nghiém: (x;y) = (%%)
b) Diéu kién xac dinh: x = y;x#—y

Pat u= ! V= ! = 3
X+y y—X X—Yy

=-3v, khi d6 ta c6 hé tuong duong:

3u+2v=8 [3(3v-1)+2v=8 (llv=11 v=1
= =3 =3
u-3v=-1 |u=3v-1 u=3v-1 |u=31-1=2

Tra lai bién x, y ta duogc:

1
EZl y—x=1 y=x+1 y=x+1
1< 1< -1
1 X+y== X+X+1=— 2X=—
=2 2 2 2
X+Yy
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-1 3
y=—+1=—
& 41 4 (thoa mén)
X=—
4

Vay hé c6 nghiém la: (x; y) = (_Tl%j

Nhan xét:

Phuong phap nay thuong s& dé dang nhin ra va dat an phu. Tuy nhién diéu dau tién ta can lam d6i véi
giai hé phuong trinh ludn luén 1a tim diéu kién xac dinh cua céac bién. Pay 1a diéu ma rat nhiéu ban
quén, lam cho minh mat diém mot cach dang tiéc.

Khi dit an phu, cac ban ciing nén cht y dén cac diéu kién cia an phy nay.

Ta c6 thé thiy rd hon qua vi du sau:

2(x2 —2x)+ y+1=0

Vi du 2.1.2: Giai hé phuong trinh:
3(x*—2x)-2\/y+1+7=0

Phan tich: Ta c6 thé dé dang nhan ra phuong phap dat an phu ddi vai bai toan nay. Tuy nhién khi
dat 4n phuy, ta c6 mot chd y 1a v=/y+1 thi ta dugc v>0. Pay chinh la diéu kién cia 4n phu ma ta
nén thém vao khi giai dé c6 mot loi giai hoan chinh.

Loi giai:
Piéu kién xac dinh: y>-1
Dt u=x2-2x;v=,/y+1=v>0
Khi @6 hé phuong trinh trg thanh:

2u+v=0 v=-2U v=-2u v=2 . .
= o & (théa mén)

3u-2v+7=0  |3u—-2(-2u)+7=0 u=-7 u=-1
Tra lai bién ta duoc:

x> —2x=-1 2_9x+1=0 _1)? = Xx=1

& X X & (X l) 0 S (théa mén)
y+1=2 y+1l=4 y=3 y=3

Vay hé phuong trinh ¢6 nghiém: (x;y)=(1;3)
Nhan xét:
Phuong phap dit an phu nay con &p dung cho cac phuong trinh bac cao hon, chung ta chi can dé y
dén nhitng biéu thirc gidng nhau ¢ ca hai phuong trinh roi tir 46 dit ra an phu dé dua hé vé dang don

gian hon.
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X
Vi du 2.1.3: Giai hé phuong trinh: J
1 3 1 1
S| X+— |=Xy+—
4 2 y Xy

Phan tich: Nhin vao hé trén, ta thay rang phuong trinh thtr 2 ¢4 (X +—] tu do ta ghép phuong trinh

dau thanh (x+£j+(y+1j:%, tir d6 , ta thiy rang (x+—j(y+ j xy+—+2 nén ta co thé
y X

biéu dién vé phai caa phuong trinh thtr hai theo (x+lj va (y+1j. Tir d6 ta nghi dén cach dat
y X

1, 1
a=x+—vab=y+-—
X

Ta duoc loi giai nhu sau:
Loi giai:
bit a:x+l va b= y+1
y X
:>ab:[x+1j(y+lj:xy+i+2:> xy+i:ab—2
y X Xy Xy
Khi do6 thay vao hé phuong trinh ta dugc:

a b—9

LY 2a+2b=9 2b=9-2a

N N

1 3 —4ab+6a+9=0 —2a(9-2a)+6a+9=0
—+—a=ab-2

4 2

{2b=9—2a {2b=9—2a .

3
{2 N L
4a°-12a+9=0 (2a—3) =0 3

b=
Tra vé bién x, y ta duoc:

1 3
X+—==

3 3
_2y41= Xy——y+1|—(xy—-3x+1)=0
y2©xy 2y+ O@(y2y+j(y +1)
y+1:3 Xy —3x+1=0 Xy —3x+1=0
X

_—3y+3x:0 y = 2X y =2x
&2 = ) = )
2X°=3x+1=0 2X°—=2X—Xx+1=0

Xy —3x+1=0
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b-
y = 2X y=

1

{ 2
N e 1
(x-1)(2x-1)=0 X:E

1

;1] thoa man hé phuong trinh

Vay hé phuong trinh co tp nghiém la (x;y) e {(1; 2);(%;1}

Nhan xét: Nhiéu khi ta khdng thé thdy ngay dugc an phu can dat tir bai toan, ma ta can phai tinh y

bién d6i n6 di. Qua bai toan nay, ta ciing can cha y dén cac dang thic:

el
X+— || y+— |=Xy+—+2
y X Xy

dé c6 thé &p dung vao cac bai toan sau nay.

Ta c6 mot s6 bai toan ciing str dung phuwong phap dat an phu:

VXx-1+,y+1=4

Bai 1: Giai hé phuong trinh:
X+y=8

1 X
X +—=+==3

Bai 2: Giai hé phuong trinh: vy

x+—+i=3
y 'y

2. Phuwong phap thé

Y twong khi dp dung phuong phap nay ddi véi cac hé phuong trinh tong quat ciing van gidng nhu ddi véi hé
phuong trinh bac nhét hai an:

_ LAy phuong trinh nay rat y theo x (hodc rdt x theo y) rdi thé vao phuong trinh kia.

_Sau khi thé ta s& duoc mot phuong trinh mot an s6. Ap dung cac phuong phap da biét dé giai phuong trinh
nay, tir d6 két luan nghiém cua hé.

X+2y>=5

Vi du 2.2.1: Giai hé¢ phuong trinh:
3x* —5y® +2x =28

Phan tich: Ta c6 thé thiy bién y ¢ ca hai phwong trinh déu chi & dang binh phuong, do d6 ta co thé tinh y?

5-X

theo X & phuong trinh dau: y? = réi sau d6 thay vao phuong trinh sau dé giai phuong trinh bac hai tim

ra nghiém x, va tr¢ lai tim nghiém y.
Chayrang y?> =5—x>0 dé co thé loai nghiém cua phuong trinh an x thu dugc.
Loi giai:
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Ta co:
, 9—=X 5_x
X+2y? =5 y == 2=~ (1
y - 2 e @
3x* —5y* +2x =28 5—X

3x? -5 —+2x=28 6x*+9x-81=0 (2)

Ta co:

(2) < 2x* +3x—27 =0 < (2x° —6x)+(9x—27) =0

X=3
< (x-3)(2x+9)=0< -9
X=—
2
. — =1
Néu x:3:>y2:5—3:1<:> y
2 y=-1
9 19
Neu X=—=Yy = =—
2 2 4 _J19
y=——

2
Vay hé phuong trinh c6 tap nghiém la:

Nhan xét: Néu nhu ta chi nhin thiy phuong trinh dau 1a phwong trinh bac nhat ddi véi an x, va tir d6 rat x ra
theo y dé thay vao phuong trinh sau, thi ta van c6 thé giai dwoc phwong trinh méi thu duge, nhung d6 13 mot
phuong trinh tring phuong bac bbn dai dong, khdng thé ngan gon nhu cach trén.
That vay, phuong phap nay 1a phuong phap dé nhat dé dwa mot hé phuong trinh hai an vé viéc giai mot
phuong trinh mot an, va c6 thé néi rang phuong phap nay ap dung dugc cho rat nhiéu bai toan. Co6 wu diém
nhu vy, nhung nhugc diém cua né 12 giai phuong trinh mot 4n méi thu dwoc ciing khong hé dé dang.
Vi du 2.2.2: Giai h¢ phuong trinh : {XZ =3x-y

y? =3y —X
Phan tich: Ta thdy rang tir phuong trinh thtr nhat, ta hoan toan cé thé tinh duoc y theo X, tir d6 thay vao
phuong trinh thir hai dé dugc phuong trinh bac 4 mét an x. Viéc con lai cua ta chi 1a giai phwong trinh nay,
khi biét mot nghiém d& nhinra 1a (x;y)=(0;0)

Léi giai:

. [ x2=3x-y y=3x-x" (1)
Ta co: = )
y =3y-x |(3x=x*) -3(3x—x*)+x=0 (2)

Tur (2) taduoc : 9x* —6X> +x* —9x+3x* +x =0 x* —6x> +12x* —8x =0
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Xx=0

o x(x3—6x2 +12x—8):0<:> x(x—2)3 @[
X=2

+Vé6i x=0 taduoc: y=3.0-0°=0
+V6i x=2 tadugc: y=3.2-2°=2
Vay h¢ phuong trinh c6 tap nghiém la: S ={(0;0);(2;2)}
Nhan xét: Nhu ta thay, huéng di va hudng suy nghi ctiia phuong phap nay rat don gian. Phan khé nhat chi
nam & viéc giai phuong trinh bac nhit thu dwgc. Hé phuong trinh trén con thudc loai hé phuwong trinh d6i
xung loai 1l ma ta s& biét cach giai tong quat hon & phan sau.
3. Hé phwong trinh déi xing loai |
Hé phuong trinh d6i xtung loai mot 1a hé phuong trinh gdm hai phwong trinh 2 4n X, y ma vai trd cua X, y
trong mdi phwong trinh 13 nhu nhau, hay néi cach khac, khi hoan ddi vi tri X, y cho nhau thi ca hai phuong
trinh déu van dugc chinh no.
Vi du {a(x+ y)+bxy=c

x> +y?=d

Céch giai:

+Pat {2 z ’)‘( ;r y
+ Bién d6i hé da cho vé hé theo S va P bang céac phép bién dbi phuong trinh d6i xing.
+ Giai hé vatim S, P.
+ Ap dung dinh li Viet d4o ta duoc X, y 1a hai nghiém cia phuong trinh:
X?—SX +P =0 véi diéu kien A=S°-4P>0
MGt sé phép bién doi phirong trinh doi xing Vé phwong trinh ciia S va P:

o X +X :(x1+x2)2—2x1x2

hd (Xi_xz)z :(X1+X2)2_4X1X2

o X +X =(x1+x2)3—3x1x2(x1+x2)

4

2 2
o X x5 =(X+x) —2xfx22=[(x1+x2)2—2x1x2] ~2(%%,)"

1 1 +X
o — oz _XtX
Xl XZ X1X2

X (%) —2xx,

X2
XXX XX,

o (x-a)(x,—a)=xx—a(x+Xx,)+a’

o Ny
X2
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1 1 X, + X, —2a X, + X, —2a
o + = =
x—a X-a (x-a)(x-a) xx-a(x+Xx)+a’

. 24 y242x+2y =
Vi du 2.3.1: Giai h¢ phuong trinh: {X +Y +2x+2y=6
X+Yy+Xxy=3

Phan tich: Hai phuong trinh trong hé déu bao gom céc biéu thirc dbi xang, nén ta c6 thé dé& dang dua vé hé
phuong trinh véi bién méi 13 S=x+y va P=xy tir d6 tim nghiém S, P va &p dung dinh 1i Viet dé tim
nghiém x, y ban dau.
Loi giai:
Tac6: {xz +y° +2x+2y=6©{(x+ y)2 —-2xy+2(x+y)=6
X+Y+Xy=3 (x+y)+xy=3

bat S=x+y,P=xy , ta thu dugc h¢ phuong trinh trong duong:

{82—2P+28=6©{Sz—2(3—8)+28:6

S+P=3 P=3-S
{8:2
$?+45-12=0 _[(S-2)(S+6)=0 P=1
= =
P=3-S P=3-S S=-6
P=9
Néu S =2 va P =1 thi x,y la nghiém ciia phuong trinh:
x=1
t2—2t+1=0<:>(t+1)2=0<:>t=—1:>{ .
y:
Néu S =-6 va P =9 thi x,y la nghiém cua phuong trinh:

X=-3

t2+6t+9=0<:>(t+3)2=0<:>t=—3<:>{y_ 5

Vay hé phuong trinh c6 hai nghiém I3 (x;y) € {($;1),(-3;-3)}

x2+i2+y2+i2=9
X
Vi du 2.3.2: Giai hé phuong trinh: L1 Y
X+y+—+—=5
Xy

Phan tich: Ta van cd thé dé dang nhin ra duoc hé phuong trinh nay 1 hé phuong trinh dbi xing loai I, do d6
van voi 16i suy nghi thong thuong, ta s& dua hé vé hé cua S va P.

2 2 2
Chi § bién ddi; 4L XY _S —2P

X y X2 y2 PZ

Tuy nhién, néu ta ctr &p dung ludn, ta s& dan dén mot hé phuong trinh:
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2
(x+yf—2xy+£ii¥;%fgxz9
y
x+y+§i¥:5
Xy

Ké ca khi chuyén qua S va P thi n6 van kha khé khan dé 1am tiép. Do d6 ta cin xem xét bai toan sau hon.

SN A = A N - A = A =R I 1 1 N 7 A , i R e \
beé y rang véi rat nhiéu bai, khi xuat hi¢n biéu thicc x+—+ y+— thi ta c6 mdt cach dat an phu giup lam don

X y
e e g1 1 1 s, . R s
gian bai toan la: a=x+—;b=y+—. Khi d6, ta hoan toan c¢ thé tinh duoc:
X y
x2+J§=a2—Zy2+j§:b2—2
X y

Hé ciia ta dd hoan toan tro thanh hé cua a va b. Bai toan tro nén don gian hon rat nhiéu.
Loi giai:
x#0

D@uk@nm&dmh:{
y=0

1 1
a=x+= |a’-2=x’+=

Hé da cho tro thanh:

{a2—2+b2—2:9©{a2+b2 =13©{(a+b)2—2ab:13©{52—2ab=13

a+b=5 a+b=5 a+b=5 a+b=5
a+b=5

= 2 _
ab=5213=6

Ap dung dinh li Viet dao ta duoc a, b 1a hai nghiém cta phuong trinh:

X=2

x2—5x+6:0¢3{
Xx=3

a=2b=3

Suy ra:
Y {a:&b:Z

+V6i a=2:b=3, tra lai bién ta dugc:

1

2 _1
X+2=2 (e _oxi1-0 |¥

=2 =N 3
y°-3y+1=0 y=

y+1:3
y
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1
_ X+;_3 x* —3x+1=0 )(:31“/g
+Vo6i a=3;b=2, ta duogc: &

2 < 2
y°-2y+1=0

y

Vay nghiém cua hé phuong trinh da cho Ia:

confpr e )

Nhén xét: Doi véi cach dat nay, ta co mot chii y 1a |a| > 2 va |b|> 2. That vay:

x+l >2

2 2
(x+£j :x2+i2+2:(x—£J +4>4=a|=
X

X X X

Diéu nay c6 thé ap dung vao viéc giam bat cac truong hop nghiém can xét khi 1am bai.
Vi du 2.3.3: Giai hé phuong trinh: {(Xl)z " 6(X_1) 4yt =20 (1)

X2+ (2y+1)" =2 (2)
Phan tich: Thoat nhin qua, ta thay day 1a mot hé phuong trinh khong c6 gi dic biét ca. Tuy nhién néu ta dé
y dén viéc 2y +1 duoc dit trong ngoic ¢ phuong trinh (2), ta s& thir dit t = 2y +1 dé dwa phuong trinh (2)
vé dang dbi xting. Thay vao phuong trinh (1) ta dugc:

(x=1) +6(x—1)(%}+(t—1)2 = 20 & (X=1) +3(x=1)(t—1)+(t=1) =20

va may man 1a ta lai dugc phuong trinh ddi xung tiép. Va tir dy ta da c6 thé ap dung phuong phap tong quat
dé giai hé phwong trinh dbi xéng loai 1 nay.

Léi giai:

batt=2y+1l=y= % ta dugc hé phuong trinh ban dau twong duong véi:

x> +t?=2

{(x—1)2 +3(x—-1)(t=1)+(t-1)* = 20

{xz —2x+1+3xt—3(x+t)+3+t2 —2t+1=20
=N

X2+t =2

X2 +12+3xt—5(x+1)-15=0 [2+3xt-5(x+1)-15=0
= =
X*+t2 =2

(x+t)2 —2xt=2

3xt-5(x+1)-13=0
(x+t)2 —2xt=2

bat S=x+t va P = xt ta duoc:

Lién hé tai liéu word toan SPT va zalo: 039.373.2038



Website: tailieumontoan.com

5S +13
{3P—58—13:0 P=— P:SS;B
2 _
$°-2P=2 52—2.58;13=2 352105 -32=0
Taco:
S—-2
357 105 —32 =0 <> (357 + 65 ) —(168 +32) = 0 < (S +2) (35 ~16) =0 S _16
3
. 5.(-2)+13
HNeu S=2=P=22" )

Ap dung dinh li Viet, ta dugc X, t 1a nghiém cia phuong trinh:

x=-1
2 2 X:—l
X?+2X+1=0(X+1) =0 X =-1= = ~1-1
t=-1  |y=—"-=_1
2
16
5=—+13
£ 16 119
HNéu S=—=pP=—3_ _
3 3 9

Tuy nhién ta c6: S*—4P :(x+t)2 —4xt :(x—t)2 >0

2
Ma (%) —4.%: _2920 <0 nén truong hop nay vo nghiém.

Vay hé phuong trinh c6 nghiém la (x;y)=(-1-1)

Nhan xét: Ddi voi phuong phéap nay, sau khi dat an phu S, P, ta can nhé dén bat ding thuc S2—4P >0, nho
d6 ta c6 thé loai b6t trudng hop sau khi da tim ra duoc cac nghiém S, P cta hé phuong trinh.

Ta c6 mot sb bai toan tuong ty:

x+y+\/W:19

Bai 1: Giai h¢ phuong trinh:
X* +y?+xy=133

1 1

S —
Bai 2: Giai h¢ phuong trinh: { X+1 y+2

X+ X+ XY+ Y2 +2y+1=0

2

i . X+Xy+y=m+1
Vi du 2.3.4: Gidi h¢ phuong trinh: § | )
Xy+yx=m
a) Giai hé khi m=2
b) Tim m dé hé cd it nhat mot nghiém (x;y) duong.
Phan tich: Ta c6 thé nhin ngay ra day 1a mot hé phuong trinh d6i xéing loai I. Do d6 ta van nghi dén viéc dat

an phu nhu truong hop tong quat. Va ta sé dé dang lam duoc phan a.
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Dbi vai phan b, ta thiy rang hé c6 nghiém (x;y) duong va ta dang ¢ cip sé S, P nén nghi dén viéc sir dung

S?-4P>0
hé qua cua dinh 1i Viet dé 1am phan nay. That vay diéu kién dé hé c6 nghiém (x;y) duong 1a {S >0
P>0
Sau khi giai hé diéu kién kia theo tham sé m thi ta s& dwoc cac gia tri cia m thoa man dé bai.
Loi giai:
L[ X+xy+y=m+1 X+y+Xy=m+1
Taco: § , , &
X2y +y*x=m xy(x+y)=m
L S=x+y L )
bat , dieu kién: S*°-4P >0
P=xy
S+P=m+1
Hé da cho trd thanh: (*)
SP=m
) S+P=3 s A, .
a) Khi m=2 taduogc: Sp .Suy ra S, P la hai nghiém cta phuong trinh:
) X =1 S=1P=2
X°=-3X+2=0< =
X=2 S=2;P=1
+Néu S=1P =2, tathdy S* —4P =—7 <0 khong thoa min = Loai.
. [(S=2 S X+y=2 L .
+ Néu . Tra lai bien ta duoc: L suy ra X, y la hai nghiém cta phuong trinh:

X -2Xx+1=0x=1ox=y=1
Vay hé c6 nghiém (x;y)=(11)
b) Tu (*) ta duogc S, P la hai nghiém cua phuong trinh:

x=1 {Szl;P:m

xz—(m+1)x+m:0<:>{
S=m;P=1

X=m

. 1S=1 . 1
+ VoI ,tach: S —4P=1-4dm>0<< m<=

X+y=1 L A, . 2
= = X,y la hai nghiém cua phuong trinh: x°—x+m=0

Xy=m
A=1-4m>0 1
Phuong trinh trén c6 nghiém duong <>{S=1>0 &0<ms 2 (1)
P=m>0

. [S=m X+y=m . A, . 2
+ Vi b & 1 = X, y la nghiém cua phuong trinh: x*—mx+1=0.
Xy =

Lién hé tai liéu word toan SPT va zalo: 039.373.2038



Website: tailieumontoan.com
A=m?-4>0
Phuong trinh trén ¢6 nghiém duong <{S=m>0 < m>2 (2)
P=1>0

Két hop (1) va (2) ta dwoc tap gia tri cia m thoaman 1a: me (O;ﬂu[2;+oo)

Nhan xét: Bai toan trén khong kho. N6 chi 1a sy két hop giita hai bai toan khac nhau, gitra dinh Ii
Viet v6i hé phuong trinh d6i xung. Néu da nam rd ca hai thi bai toan trén khdng hé 12 trg ngai véi ta.

Mot sé bai toan dang tuong tu:

Sy -a

Bai 1: Tim a dé hé sau c6 nghiém:
X+y—yXxy =a

. X+y+x°+y*=8
Bai 2: Cho h¢ phuong trinh:
xy(x+1)(y+1)=m
a) Giai hé¢ khi m=12
b) Tim m dé hé cd nghiém
X+y=2a+1

xX*+y*=a*+2a-3

Bai 3: Cho hé phuong trinh: {
Tim a dé hé c6 nghiém (x:y) théa man x.y nho nhat.
4. H¢ phwong trinh d6i xtng loai 11
Hé phuong trinh dbi ximg loai hai 1a hé phuong trinh 2 an x, y ma trong d6 hé c¢6 hai phuong trinh ddi xang
nhau, tic 12 néu ddi chd x cho y thi hai phuong trinh trong hé ddi chd cho nhau.
Vi du: {ax2 +by? +cx+dy=m
ay’ +bx’ +cy+dx=m
Dé y rang néu ta cho x=y thi hai phuong trinh cia h¢ tré thanh nhu nhau, hay hé phuong trinh d6i ximng
loai hai ludn c6 mot nghiém x =y . Pay chinh 1a dac diém mau chét ciia phuong phap giai hé nay.
Céch giai:
+ Trir tirng vé ctia 2 phuong trinh cho nhau. (C6 thé chon lay phuong trinh dau trir phwong trinh sau, hoic
nguoc lai, nén chon sao cho ding thicc méi thu dugc dep hon)
+ Phan tich phuong trinh thu duoc thanh nhén tir, chd y rang nd ludn c6 nhan tir (x - y)
+ Giai phuong trinh vira duoc phan tich, roi két hop véi mot trong hai phuong trinh ban dau cua hé dé tim ra
nghiém cudi cung.
X +2y =4x+3

Vi du 2.4.1: Giai phuong trinh:
Yy +2x=4y+3
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Phan tich: Ta thay hé phuong trinh trén hoan toan 1a hé d6i xang loai 11, nén ta s& ap dung phuong phép

téng quat dé giai.

Loi giai:
Trir tirng vé cua hai phuong trinh cho nhau ta duoc:
X =y*+2(y-x)=4(x=y) = (x=y)(x+y)-6(x-y)=0

X=y

< (x—y)(x+ y—6):0<:{x+y:6

+) Néu x =y, thay vao phuong trinh dau ta duoc:

X2 +2Xx=4x+3 < x2—2x—3:0<:>(x2+x)—(3x+3):0

x=-1
1)(x-3)=0

< (x+1)(x-3) c{ng
Suyra{xzyz_1
X=y=3

+) Néu x+y =6 < y=6-x, thay vio phuong trinh dau ta duoc:

X’ +2(6-x)=4x+3< x2—6x+9:0<:>(x—3)2:0<:>x:3

Suy ra
y {y:6—3=3

Thur lai ta thiy cac nghiém trén thoa méan.

Vay hé phuong trinh c6 tap nghiém la {(—l; -1),(3; 3)}

Nhan xét: Ta c6 thé viét lai loi giai trén bang cach bién doi twong duong dung cac ki hiéu cia hé phuong

trinh nhu sau:

X =
Taco [X ;/ 6 . Do d6 h¢ phuong trinh da cho twong duong vi:
+ =
(x=y
[x=y X=Yy x=-1
X +2x=4x+3 (x+1)(x-3)=0 [x:y:—l
S S| || Xx=3e
y=6-X y=6-x x=y=3
x*+2(6-x)=4x+3 | |(x-3)" =0 x=3
Lly=3

Tir d6 ta ciing c6 duoc két luan nhu d6i véi 10i giai trén.

Loi giai nay it dung tir ngit hon, va 1a phép bién d6i twong duong nén ta khong can phai kiém tra lai nghiém

cudi cuing. Tuy nhién nd chi co thé &p dung cho c4c hé phuong trinh don gian nhu vi du trén.

Ta c6 mot s6 bai toan co ban twong tu:
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Bai toan: Giai cac hé phuong trinh:

, x-3y =22 2y=Y 1
X°=3x-y X X
a){z b) ) -
y*=3y-x y-3x=2% 2x =X

y

V2x+3+\4-y =4
J2y+3+y4-x=4

Vi du 2.4.2: Giai hé phuong trinh: {

Phan tich: Ta dé dang nhan ra dugc hé phuong trinh nay 1a hé phuong trinh d6i xang loai 11, tuy nhién khi
ta trir ting vé ciia hai phuong trinh thi ta vin chua thé thdy ngay dwoc nhan tir (x— y) Xut hién ¢ dau. That
vay, ta can nhg dén cach truc cin thie ddi véi phan thic chira can & mau. O ddy ta s& sir dung viéc nhan voi
lién hop dé tao ra nhan tir (x—y).
Ta c6 10i giai chi tiét nhu sau.
Loi giai:

:ESXS4
biéu kién xac dinh:

> <y<4
L4y tirng vé phuong trinh thir nhét trir phwong trinh thir hai ta dwoc:
(\/2x+3—\/2y+3)+(\/4— y +\/4—X)=0

(\/2x+3—\/2y+3)(\/2x+3+\/2y+3) (\/4—y—\/4—x)(\/4— y +\/4—x)

& + =0

V2x+3+2y+3 JA—y +4/4—x

(2x+3)—(2y+3)+(4—y)—(4—x) 0
V2x+3+42y+3  JA-y+4-x

- 2X—2y N X—Yy B
V2x+3+2y+3  JA4-y+4—x

(09 s L)oo

V2x+3+2y+3 +\/4—y+\/4—x

2 1

Ma ta co +
V2x+3+42y+3  JA4-y+4—x

>0 v&i moi X, y théa man diéu kién xac dinh suy ra:

(e x-y=0ox=y

Thay x =y vao phuong trinh dau ta dugc:

2
J2x+3+-/4—x =4<:>(\/2x+3+\/4—x) —16
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<:>2x+3+4—x+2\/(2x+3)(4—x) =16 < X+ 7+24-2x* +5x+12 =16
& 24-2x% +5x+12 :9—x<:>{

9-x2>0
4(-2x* +5x+12) =(9-x)’

X<9 x=3 (the in)
o = 6a man
9x? -38x+33=0 x:%

Vay hé phuong trinh c6 tap nghiém la: S = {(3; 3),(%,%)}

Website: tailieumontoan.com

Nhan xét: Déi véi nhiéu bai toan, viéc phan tich ra nhan tir (x—y) dau tién rat dé dang, nhung viéc giai

phan nhan tu thira ra con lai méi kho khan. Tuy nhién moi viéc déu c6 huéng giai quyét caa né. Tat ca déu

s& tro nén dé dang khi cac ban thuan phuc cac phuong phap lam bai.
Sau day 1a mét sé bai toan ap dung:
Bai 1: Giai cac hé phuong trinh sau:
4x-y=3(1)
. {x—3y =-2(2)
Tur phuong trinh (1) ta cé: y =4x-3
Thay y =4x-3 vao phuong trinh (2) ta co:
x—3.(4x-3)=5x-12x+9="2c -1llx=-1lle x=1=y=1
Vay (1;1) 1a nghiém ctia hé phuong trinh
. {x —2y=4(1)
" |4x+3y=5(2)
Tu phuong trinh (1) tacé: x=4+2y
Thay x=4+2y vao phuong trinh (2) ta c6:
4.(4+2y)+3y=5<16+8y+3y=5<1ly=11< y=1=x=6

Vay (1;6) la nghiém cua hé phuong trinh.

X_5+5y
2x—-5y =5 -
“ {3 2y— 21 545,
Xtey==c 1324 oy
2
x=2+5Y D) A IV ) A SV
& 2 = 2 & 2 & y=-1

15+15y+4y=—4 19y =-19 y=-1

Vay (0;-1) la nghiém cua hé phuong trinh.
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1

=— y =3X y =3X y =3X X=2
3 & & & &

X+y=8 4x =8 X=2 y=6

Vay (2;6) la nghiém cua hé phuong trinh.

d <y
X+y—-8=0

1 1 2 1 21 4-2y
ZX+Zy=— —X===Zy X=—2
2" 37 3 2" 3 3 3
R P
2,2y |2, 1, 19 24y 1, D
3" 4 12 (37 47 12 303 47 12
_A-2y _A-2y 4-2y
3 3 X =
“le—ay 1 19 )32-16y 9y 19 3
imied B SV Y _2Y_2°  |32-25y=57
9 4’7 12 36 36 12
VOt N IV S A V)
= 3 = 3 = _
25y=-25 |y=-1 y=-

Vay (2;-1) la nghiém caa hé phuong trinh.
Bai 2: Giai cac hé phuong trinh sau:

Xx—2y=3 X—2y+3x+2y=8 4x =8
a. = =
3X+2y=5 X—2y=3 X—2y=3

X=2
X=2
= = 1
{2—2y=3 y=—E

Vay (2; —%) la nghiém cua hé phuong trinh.

o {5x—2y:6©{5x+ y—(5x—2y)=-3

5x+y=3 SX+y=3

3y=-3 y=-1 y=-1
= = = 4

SX+y=3 5X+-1=3 ng

Vay (g —1j la nghiém cua hé phuong trinh.

C.

3x-2y=4 3x-2y=4 (7x=7 x=1 x=1
& = & = 1
4x+2y=3 4x+2y=3 41+2y=3 y:E

2x+y:§

Vay [1; %) Ia nghiém cua hé phuong trinh.
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0,1x+0,2y=0,3 X+2y=3
d. <
3X+2y=5 3X+2y=5
3x+2y—(x+2y)=2 2x=2 x=1
= = =
X+2y=3 X+2y=3 y=1
Vay (1;1) 1a nghiém ctia hé phuong trinh
1 3 7
—X+—y=— 2X+3y =7 2X+3y—(2x-5y)=7-(-9
X+Y 4<:>{ y @{ y—( y) (-9)

€.42
2X—-5y=-9 2x-5y =-9 2x+3y =1

8y =16 y=2 y=
& < =
2x+3y=7 2x+3.2=7 X =

Vay (% 2) la nghiém cua hé phuong trinh.

N, N

Bai 3: Giai cac hé phuong trinh sau:

{(3X+ 2)(2y-2)=6xy {6xy—6x+4y—4 = 6xy {6x—4y =4
. =N =

(4x+5)(y-1)=4xy 4xy —4x+5y —5=4xy 4x -5y =-5
. . . x=0
Giai phuong trinh bang phuong phap the, ta duoc: { 1
y =

Vay (0;1) la nghiém cua hé phuong trinh.

2(x+y)+(x-y)=3 {2x+2y+x—y=3 {3x+y=3
b. = =
X+y+4(x-y)=5 X+y+4x—4y=5  |5x-3y=5

Giai phuong trinh bang phuong phap thé, ta duoc: {

y=0
Vay (1;0) l1a nghiém ctia hé phuong trinh.
x=1 x=1
) x=3
X —4x+3=0 3x-2y=1 y=1
C. o x=1 & &
3x-2y=1 X=3 X=3
3x-2y=1
3x-2y=1 y=4

Vay (1;1),(3;4) l1a nghiém cua hé phuong trinh
; x> +4x-5=0(1)
' X +xy+y° =3(2)

x=1

Giai phuong trinh (1) ta dugc: { .
X=-

+) x=1
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y=1

Thay vao phuong trinh (2) tacéd: y* +y—-2=0= L/ _

+) x=-5
Thay vao phuong trinh (2) ta ¢6: y* —5y + 22 = 0 (phuong trinh v6 nghiém)

Vay (1;1),(1,-2) 1a nghiém cua hé phuong trinh

. (x+20)(y—2)=Xy<:> xy—2x+20y—40:xyc> —2x+20y =40
' (x-10)(y-1)=xy Xy —x—10y+10 = xy -x—-10y =-10

Giai phuong trinh bang phuong phap cong dai $6, ta dugc:

Vay (—5; gj la nghiém cua hé phuong trinh.

Bai 4: Giai cac hé¢ phuong trinh sau:

1 1 5
_+_:E
(1) Diéu kién x4c dinh: x = 0;y =0

=2

Xy
3 2
__l__
Xy

5

1:a;izb,hé:phu:orngtr‘lnh(I)trc”ythémh: a+b_6 (1)
o 3a+2b=2

Pit
Giai h¢ phuong trinh (II) bang phwong phép thé, ta dugc:

X=2
= { _3 (théa man)
Vay (2;3) l1a nghiém cua hé phuong trinh (I)

2 1

=+ =

X+3y y+3X

4 3 1
X+3y y+3X

b. (1) Diéu kién xac dinh: x #3y;y = 3x

1 1
a

X+ 3y y +3Xx

bat:

2a+b=3

Hé phuong trinh da cho trd thanh: (1)
4a-3b=1

Giai hé phuong trinh (II) bang phwong phép thé, ta duoc:
Lién hé tai liéu word toan SPT va zalo: 039.373.2038
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—JL——l
a=1 X+ 3y x+3y=1
= & (nr)
b=1 1 1 y+3x=1
y +3X

Giai hé phuong trinh (III) bang phuong phép thé, ta duoc:

1
X=—
4 0.
1 (théa mén)
YZZ
(1.1, A .
Vay (Z,Zj la nghiém cua hé phuong trinh (1)
Sx 2
X+1 y+3 N
c y (1) Diéu kién xac dinh: x#-1;y # -3
2x 3 _g
X+1 y+3
Dat Lza;i:b
X+1 y+3

3a-2b=4

Hé phuong trinh da cho tré thanh: (11 ){Za b6

Giai h¢ phuong trinh (II) bang phwong phép thé, ta dugc:

X

—=0 x=0
a=0 X+1 N
= & 7 (thoa mén)
b=-2 1 -2 y=-7
y+3 2

Véy[b;—gjIéngh@nwcﬁahéphuongtﬁnh(n.
X +y>=20

dmi* ") (1
3x°—4y* =32

bat x> =a;y’ =b

a+b=20

Khi d6 hé ph trinh (I) da cho tr¢ thanh: 1
6 hé phuong trinh (I) di cho trg {3&—4b=32( )

Giai hé phuong trinh (II) bang phwong phép thé, ta duoc:

Xx=4

a=16 [x*=16 x=—4
= &

bh=4 y2:4 y:2

y=-2
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Vay (4,2),(4,-2),(-4;2),(—4,-2) langhiém cua hé phuong trinh (I)
. 3x+2,[y=5
| 7dx-Jy =6
Diéu kién xac dinh: x>0;y>0

Pt Vx =a;\[y =b

(h

3a+2b=5

Hé phuong trinh (1) da cho tré thanh: I
¢ phuong trinh (1) {7a_b:6( )

Giai h¢ phuong trinh (II) bang phwong phép thé, ta dugc:

a=1 |[Jx=1 (x=1_ .
= & (thoéa mén)

Vay (1;1) 1a nghiém cua hé phuong trinh (I)

. {|x|+5|y| =7

1) Pit
aix-2ly =6

x|=a;|y|=b(a=0;b>0)

a+5bh=7

Hé ph trinh (I) tré thanh: 1
& phuong trinh (I) tr& {4&—2b=6( )

Giai h¢ phuong trinh (II) bang phwong phép thé, ta dugc:

a=2
(théamén) =
b=1

X=2

x| =2 {x=—2
o

yl=1 " |[y=1

y=-1

Vay (2;1),(2;-1),(-2;1),(-2;-1) la nghiém cua hé phuong trinh (I)

. {B(XZ—ZX)+W—2

(1) Diéu kién x4c dinh: y>-2
2(x* -2x)-3y+2=-5
bat x* —2x=a;,/y+2=b(b>0)

3a+b=-2

H¢ ph trinh (I) tro thanh: I
é phuong trinh (I) tré {2a—3b=—5( )

Giai hé phuong trinh (II) bang phwong phép thé, ta duoc:

a=-1 X2 —2x=-1 ¥2—2x+1=0 x=1
= = =
b =1(thoaman) y+2=1 y+2=1 y=-1

Vay (1;-1) la nghiém cua hé phuong trinh (I)
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(1

5|x—1]-3|y-2|=12
h.
2\/4x2—8x+4+5\/y2—4y+4 =11

5|x—1|-3[y-2[=12 5|x—1|-3|y-2|=8
()<= ; S
2/4(x-1) +5{(y-2)’ =11 |4|x-1+5]y-2=11

bit [x-1=a;|y-2|=b (PK >—b>0)

Hé phuong trinh (I) tré thanh sa-3 =8 (1)

¢ phuong trin 6 ;

P s 4a+5b=11

Giai hé phuong trinh (II) bang phwong phép thé, ta duoc:
Xx—1=3 X=4

a=3 [x-1]=3 x—1=-3 X=-2

(thoa man) = =N =N

b=1 ly-2|=1 y-2=1 y=3
y-2=-1 y=1

Vay (4;3),(4,1),(-2;3),(-2;1) la nghiém cia hé phuong trinh.

Bai 5: Giai cac h¢ phuong trinh sau:

X+Yy+xy=5 X+Yy+Xy=>5
a. )< bat x+y=S;xy=P

X +yrxy=7 (x+y)2—xy:7

_ . S+P=5 P=5-S
Khi @6 hé (1) tro thanh:

=
S°-P=7 |S*-(5-9)=7
S=3 X+y=3
P=5-S
P=5-S P=2 Xy=2
) S=3 <
S°+S-12=0 4 S=-4 X+y=-4
P=9 Xy=9
x=1
X=3-Y
X+y=3 X=3-Yy y=2
* = sSqy=1l <
Xy=2 y?-3y+2=0 X=2
y=2
y=1

*{x+y:—4 {x:—4—y
=
Xy=9 (-4-y).y=9

X=—4-
=" y . :
y* +4y+9 = 0(phuong trinh vo nghiem)

Vay (1;2),(2;1) l1a nghiém cua hé phuong trinh.
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Xy =Xx+Yy+17 Xy =X+Yy+17
by, (e 2
X° +y° =65 (x+y) —2xy =65

bat S=x+y;P=xy
Khi d6, hé phuong trinh trg thanh (1) tré thanh:

s=11
P=5+17

P=S+17 P=S+17 P=28
& &41S=11 <
S?-2P =65 $?-25-99=0 S__g S=-9
P=8
L | Xty=11
X.y =28

Suy ra x, y la nghiém caa phuong trinh t> —11t +28 ¢c6 A =11*-4.28=9

Do d6 phuong trinh ¢6 hai nghiém t, =7;t, =4

Xx=7
y=4
=
x=4
b
L | XTy=-9
Xy=8

Suy ra x, y la nghiém cua phuong trinh t* +9t+8=0c6 A=9°-3.8=4

x=-1
y=-8

Do d6 phuong trinh ¢6 hai nghiém t, =-1;t, =-8= g
X=-
{y=—1

6

>
—~
>
+
N
~—
+
<
—~
<
+
N
~
I

ab=9

Khi @6, hé phuong trinh tr¢ thanh:
a+b=6

Suy ra a, b 14 nghiém cua phuong trinh:

=3 X(X+2)=
¢ _6t49-0 (1-3f 0o t-30] 2735 XY
b=3 y(y+2)=
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x=1
x?+2x-3=0 Xx=-3

o o
y>+2y-3=0 y=1
y=-3

Vay (1;1),(3-3),(-3;1),(-3;-3) la nghiém cua hé phwong trinh.

=52
5 Diéu kién xac dinh: x,y =0
12

X* +y?
d i1 1
_+_—
Xy
(x+y)2—2xy:52
“Ix+y 5

xy 12

biat x+y=S;xy="P

2-2P=52 S?-2P =52

Hé phuong trinh tré thanh: § g = 5 125
F__ 5
{S 10
P=24
SZ—E—SZ 0
1255 < <lls=-2
P - ;
5 P=—312
25

S=10
*

P =24
Do d6 x; y 1a nghiém cua phuong trinh t* —10t +24 =0
Taco A=10°-4.24=4

X=6
N - y=4
Phuong trinh ¢6 hai nghiém phan biét t, =6;t, =4= A (théa man)
X =
s
s=-2
* 5
p_ 312
25
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o -13+/481
5
y= -13-+/481
Tuong tu truong hop trén, ta dugc: (théa mén)
o -13-4/481
5
-13++/481
y -
L 5
Viy (6:4),(4:6), —13—\/481;—13+\/481 | —13+\/481;
5 5 5
X+ 1 3
X+ N
Y pidu Kién xac dinh : x # -y
X
= -2
X+Y
. . X+a=3
bat =a. Khi do, hé phuong trinh tr¢ thanh: {
X+Yy xa=2

X, a la nghiém cua phuong trinh t* —3t+2 =0 1a phuong trinh bac hai co:

A=3"-42=1

Do d6 phuong trinh c6 hai nghiém phan biét t, =1;t, =2

x=1
L
1+y
X=2

1 =1
2+Yy

=

X=2
y=-1

Vay (1; ——] ,(2;-1) la nghiém cua h¢ phuong trinh.
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PHAN II. HINH HQC

BAI 1: TOAN TINH TOAN

A. KIEN THUC CAN NHO
— Néu mét hinh H di cho duoc chia thanh nhiéu hinh H,; H,;...; H, khéng c6 diém trong chung thi:

Sy, =Su, + 54, t Sy -

o2 7R’n IR

— S(O;R) = ﬂ,'R y Squat 360 ?
RN

- Com=27R=7nd, 1, =—F.
(O;R) 4 4 cung 180

— Ti sb lugng giac cua goc nhon.
— Hé thire luong trong tam giac vudng.
B. PHUONG PHAP GIAI
- Tir thue té bai toan cho ta van dung hop |i céc kién thirc da hoc dé tinh toan. Thong thuong I3:

1. Cac trweong hep bing nhau cia tam giac:

TAM GIAC TAM GIAC VUONG
B ,
A A 2
B c B c ,
A o A C
AABC va AA'B'C' AABC va AA'B'C' vudng tai A va A'.
—A'B' BC=B'C'
AB=A'B = AABC =AA'B'C'
BC =B'C'= AABC =AA'B'C'(ccc) CA=C'A
CA=C'A (canh huyén — canh géc vuéng).
AB=A'B'
N AB = A'B'
B=B' = AABC=AA'B'C'(cgc) = AABC = AA'B'C'
CA=C'A'
CA=C'A'
B=B" AB=A'B' BC=B'C'
BC =B'C'= AABC = AA'B'C'(g.c.9) c=C_ B=B"
c=C' — AABC =AA'B'C' | = AABC =AA'B'C'

2. M@t sb tinh chit trong tam giéc:
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A A+B+C=180" ABx=A+C

MN la duong trung binh.

N y — MN //BC, MN :%BC

u . AB-AC <BC < AB+ AC
6<§<:>AB<AC

3. Tinh chat cac dwdng trong tam giac:

A

B M B - B ‘D C

Ba dudng trung tuyén AM,BN,CP | Ba dudng cao AD,BE,CF cia
cua AABC dong quy tai diém G . AABC ddng quy tai diém H .

biém G goi la trong tdm cua | Piém H goi Ia truc tm cia AABC.

AABC, AG zéAM ,GM :%AM .

: = c B Y el

Ba duong phan giac cia AABC ddng | Ba duong trung truc cia AABC ddng
quy tai diém | . quy tai diém O.

Diém | 1a tam dudng tron ndi tiép | Piém O goi 1a tim duong tron ngoai

AABC . tiép AABC.

4. Pinh li Ta - Iét trong tam gi4c:
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c! B
A
A
B C
B C!
B i+
o AABC;B'C'//BC©£=£.
AB AC
e H¢qua: AABC;B'C'//BC(:)AB =BC :AC .
BC AC

5. Tinh chat dwong phan gic cia tam giac:

A AABC véi AD la phan giac goc trong tai dinh A, AE
la phén giac goc ngoai tai dinh A.
Ta co:
o Lt 2 DB AB EB AB DB EB AB

= ; = = = = .
DC AC EC AC DC EC AC

6. Cac treong hop dong dang cia tam giac:

TAM GIAC

TAM GIAC VUONG

A
B X -

B A C A ci

B B’

L I

AABC va AA'B'C'co

AABC va AA'B'C' vuong tai Ava A co

A'B' B'C' C'A’

A'B'_B'C =C::AABCwAA'B'C'

a = AABC - AA'B'C" .
) a8 " BC ~CA ABBC
A'B' AC' PRI
A'B' B'C’ B - ac — MMBC-AA'B'C
b) { AB  BC = AABC-AA'B'C' A'B'_B'C' = _g
B-B AB  BC '

= AABC - AA'B'C'

B=B"
c) 4. _ = AABC-AA'B
C=C'

/B'\I
__=AABC -AA'B'C'
CI

O o

N |
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h;h' 1a cac duong cao tuong ung.
m; m' 14 c4c trung tuyén twong ung.
I;1' 1a cac phan giac twong trng, P,P" la cac chu vi.
S,S' la cac dién tich.
k 1ati s6 dong dang cua hai tam giéc.
h I’ m P S

Tach: —=—=—=—=Kk;
h

= —k?
Il m P 'S '

7. Heé thwre lwong trong tam giac vuong:

a) Cac hé thire lwgng trong tam giac vuéng:

AABC vudng tai A, AH 1 BC . Ta co:
e b’=ab’c’=ac'.
e h’=b'c'.
e ah=bc.
ddd
e a’=b’+c’.

b) Ti s6 lwong giac caa goc nhon:

C
AABC vuong tai A, B=a.Taco:
. AC AB AC AB
SN =——:,Cc0sax=—tana=——: cota =——.
_ BC BC AB AC
A B

¢) Céc hé thirc vé canh va goc trong tam giac vudng:

C
AABC vudng tai A. Ta co:
a
b b=asinB=acosC =ctan B =ccotC;
c=asinC=acosB=btanC =bcotB.
A e B

d) Céc tinh chit caa ti s6 lweng giac cia goc nhon:
e Néu a+B=90°thi sina =cos f; cosa =sin B; tana = cot ; cota = tan 3.
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) sina cos
e O<sina<lO<cosa<ltana=——:;cota =— :
cosa sina

sin® @ +cos’a =1 tan .cot a =1.

8. Cong thirc tinh dién tich ciia tam giac va mét sé tir gidc dic biét:

e Dién tich tam giac S :%a.h (a la canh day, h 1a chiéu cao twong ung).

Dién tich hinh binh hanh: S =ah (a la canh day, h 1a chiéu cao twong tng).

Dién tich hinh chit nhat: S =ab (a;b 1a chiéu dai, chiéu rong).

e Dién tich hinh vuéng: S =a® (a lacanh).

e Dién tich hinh thoi, dién tich ti giac c6 hai duong chéo vudng goc: S :%d.d' (trong do
d;d"' la cac duong chéo).

e Dién tich hinh thang: S =%(a+b).h (a;b 1a hai day, h la chiéu cao).

Cha y: Bé tinh dién tich da giac néi chung ta tim cach chia da giac thanh cac thanh phan 1a céc tam
giac hoac cac da giac dac biét nhu trén.
9. Pwong tron, cac modi quan hé, cac kién thire lién quan dén dwong tron.

a) Pwong tron:

e (O;R) la tp hop cac diém cach O méot

khoang R. O la tam ddi xung, duong kinh

o AA' 14 truc dbi xung.
e AA'>AB (day), AA'<CD < AB=CD
OH >0l
X o
e AA'ICD< ID=IC<CA'=DA".
o AOB=sdAmB =x’.
i o Co)zﬂd:27rR;S(o):7zR2.

(

B " 180

zRn® Ir RN
S(qOAB) ~T2an o'l T :
360 2

b) Pwong tron va dwong thang: d 1a khoang cach tir O dén a;R 1a ban kinh duong tron.
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AP ek AL

Puong tron va duong | Duong tron va duong thing | Puong tron va duong thang ticp

thing khong cit nhau: | cit nhau tai hai diém: d <R. | XUc nhau: d =Ria la ticp tuyen

d>R. <OH La,He(0).
ﬂi‘ AB, AC la hai tiép tuyén cit nhau cua (O).
i~ A = AB = AC

c) Duwdng tron va dwong tron: (O;R) va (O R’).

buong tron (O) va (O') khéng giao
buong tron (O) chira duong tron (O'):
nhau: OO'>R+R".

O0'<R-R".
/ 0"\
| o DH__‘
—— J
O
B buong tron (O) va (O') tiép xic trong:
Hai duong tron dong tam: O=0". O0'=R-R".
!III. ..'- 'r. ..l'.l
\ © t o . 0

Budng tron (O) va (O7) tiep xiic Duong tron (O) va (0') cat nhau tai hai diém A va
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ngoai: O0O'=R+R". B: 00" la trung truc cua AB:

R-R'<OO0'<R+R".

d) Pwong tron va goc:

C £ A
& n o g
Q, 8 .\C
m
¥ A -
1 — 1 B Y — —
BAC = sdBC, KRB =5 ImB AFC = E(sarAmm sdBnD)
A= A" BCD =90°;
BAC = BOC.
2
J-i-. s 0

-

1 —  — q
AED:E(sd‘AmD—Sd‘BnC) Vi doan thing AB va géc o cho trude (0<a <180°) thi

quy tich cac diém thoa man AMB =¢ 13 hai cung chua goc

a dung trén doan AB.

e) Pwong tron va tam giac:
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ngoai tiép AABC la giao | iép AABC la giao diém ba tam giac trong goc A 1a giao diém

diém ba duong trung truc. duong phan gidc trong cua | Cia duong phan giac goc A voi
AABC . hai phan giac goc ngoai tai B va
C.

f) T giac ndi tiép:

T

ot
BAD + BCD =180° = ABCD latt DAC = DBC .
gi4c ndi tiép. — ABCD Ia tu gic noi tip.

C.BAI TAP

Bai 1: Cho tam giac ABC, #B =60°, ZC =30°. Goi S,,S,,S, lan luot 12 dién tich cac hinh tron duong kinh

BC,CA AB.

a)
b)
c)

Chimng minhrang S, =S, +S,.

Chting minh rang S, =3S,.

Cho AB =4cm. Tinh dién tich hinh gigi han béi hinh tron duong kinh AB va hinh tron duong Kinh
AC.

Loi giai:

2 2 2 2
SlZH(BCj =7ZBC ,82:7[(%) ZECAzisszﬂ(ﬁj _ 7 A2
2 2 4 2 4

—S,+S, :%(CAZ + AB?)
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Ap dung dinh Ii Pitago, ta c6: CA* + AB* =BC* =S, +S,=S,.

b) CA= ABtan ABC = ABtan60° = AB+/3

s, :%CAZ :%(ABJ@)Z =3T”AB2 ~5, =35,

c) Keéduongcao AH ,tacd H thudc duong tron duong kinh AB va i
duong tron dudng kinh AC . Goi M, N lan luot 13 trung diém cua I.'\ 3 /
AB va AC;S,,S, lan Iuot 14 dién tich hinh vién phan MAH cua \\‘“‘“—w—*"j

duong tron duong kinh AB va dién tich hinh vién phdn NAH ctia duong tron duong kinh AC; S la
dién tich hinh bi gi¢i han béi hinh tron duong kinh AB va hinh trong duong kinh AC .

Taco: S=S,-S,un +S5— S -

AMH =2ABH (lién hé giira goc noi tiép va goc & tam).

ABH =60° = AMH =120°.

ANH = 2ACH (lién h¢ giita goc noi tiép va goc & tam).

ABH =60° = ACH =90° — 60° =30° = ACH =30°.

Ta co:

AB = 4cm = MA = MB = 2cm, AC = 4+/3cm = NA = NC = 2+/3cm

S :M:A'_ﬂ s 7[(2\/§)Z.GO

4 y Y5 =—=27Z-
360 3 360
BH = ABcos ABH = 4c0s60° = 2, AH = ABsin ABH = 4sin60° = 2/3

= S0 =%BH.AH =%.2.2J§ =23(cm*) = S, =%sABH =/3(cm?)

CH = ACcos ACH = 4+/3¢c0s30° = 6

= S en =%BH AH = %.6.2\@ =6v/3(cm?) = S, = %SACH =3y3(cm’)

=S =5,— S, +Ss = S =10T”—4\@(cm2)
Bai 2: Cho duong tron (O;R), cac tiép tuyén AB va AC ke tir diém A téi dudng tron vudng véi nhau tai
A.
a) Goi M la diém bt ki thuoc cung nhé BC. Qua M V& tiép tuyén vai duong tron, nd cit 2 tiép tuyén
AB va AC lanlugté D va E. Tinh chu vi AADE.
b) Tinh DOE.
¢) Tinh dién tich hinh gigi han bai cac doan thing AB, AC va cung nho BC.

Loi giai:
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a) Taco AB L AC tai A (giathiét) ma AB L OB tai

b)

B, AC L OC tai C (AB,AC latiép tuyén (O)) nén

OBA = BAC = OCA=90°. /
= ABOC la hinh chir nhat (t&r giac cd ba goc vubng) ’f
Ma OB=0C =R.

Nén tir giac ABOC la hinh vuéng (hinh chir nhat cé hai

canh ké bang nhau).

Taco: DB =DM; EM = EC (tinh chat hai tiép tuyén cat

nhau).

Do d6: DE =DM + ME =DB + EC..

Ta co:

P.oe = DE + AD + AE = DB + EC + AD + AE .

P.oc = AB+ AC = 2AB =20B = 2R (ABOC la hinh vuéng).

Taco: OD 1a phan giac BOM (D la giao diém cua 2 tiép tuyén DB va DM), OE 14 phan giac MOC
(E 1a giao diém 2 tiép tuyén EM va EC)

Do d6: DOE = [TOW+|\TO\E_B(;M+MSC B20_450.

S B 7R%n B 7R?90 B 7R?
waBoc 360 360 4
SOABC =0B* =R’

1
X

. _ D2
Scin tim= SOABC - SquatBOC =R"- 2
X

Bai 3: Cho 2 dudng tron (O;3cm) va (O%2cm) tiép xtc ngoai tai A, V& tiép tuyén chung ngoai BC,B

thude duong tron (O;3cm), C thude duong tron (O*;2cm).

a) Tinh lg;l,..

b) Tinh dién tich hinh gigi han boi BC va céc cung nho AB, AC cua 2 duong tron (lay 7 =~ 3,14).

Léi giai:

a) V& O'H LOB tai H.
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Taco: cosﬁzo—H:E:O,2:6z780
0O0' 5
7Rn 7.3.78
=—= ~ 4,082 (cm
180 180 (om)
7Rn  7.2.102
| = = ~ 3,559 (cm
A% 180 180 (cm)

b) Goi S la dién tich hinh giéi han boi BC va cac cung nho AB,AC cua 2 duong tron, ta co:
S = Sogco ~( Sauosno * Samorcaor) -
Bai 4: Cho t& giac ABCD ni tiép (O;R). AB=AD, BD = 2R, ABC =75°. Tinh dién tich cia tr giac
ABCD va d6 dai cung CD khéng chira A,B.
Loi giai:
Taco: BAD =90° (g6c ngi tiép chan nira duong tron), AB = AD (gia thiét)
= AABD vudng can tai A.

— ABD =45°, AB = AD = BDsin 45° =2R%=R\/§.

ABLAD =S, :%AB.AD :%R\/E.R\/E = R?

Mit khac ABC = 75° (gia thiét).
— DBC = ABC — ABD = 75° — 45° = 30°
— BC = BD cos DBC = 2R cos30° = R+/3

1 3

BC L CD = Syep = BC.CD :%R\@.R =7R2

A

SABCD:SABD+SBCD:R + 2 R2:¥R2

Taco: DOC = 2DBC (lién hé giita goc nai tiép va goc ¢ tam).

DBC =30° = DOC = 60°.

27R.60 7R
360 3

Bai 5: Cho tam giac nhon ABC, ké duong cao AH va duong tron tdm O duong kinh AH . Tinh dién tich

Do dai cung CD khong chia A/B la |l =

hinh gi6i han bai tam giac ABC va hinh tron duong kinh AH biét ring AH = 4cm, ABC = 75°, ACB = 60°.

Léi giai:

Lién hé tai liéu word toan SPT va zalo: 039.373.2038



Website: tailieumontoan.com
Goi M,N lan lugt la giao diém cta (O) véi AB va AC (M, N khac a

A).
Ta co: BAC + ABC + ACB =180° (tong ba goc trong mot tam giac).
— BAC =180° — ABC — ACB =180° — 75° — 60° = 45°.

MON = 2BAC (gdc néi tiép va goc & tam).

— MON =90°.
Goi S, la dién tich hinh vién phan OMN cua hinh tron tdm O, S, la o H
dién tich hinh gigi han boi tam giac ABC va hinh tron duong kinh AH: S, =S, +S,, +S0n -

2
AH = 4cm = OM =ON :0A:2cm:>slzﬂ=7z(cm2).
360

Xét cac tam giac vubng ABH va ACH , ta cé:

BAH =90° — ABH =90° — 75° =15° = MAH =15°

CAH =90° — ACH =90° —60° =30° = NAH = 30°

Goi |, K lan luot 12 hinh chiéu vuéng géc caa M, N 1én AH .

MI = OM sin MOI = 2sin30° =1(cm) = S,,q,, :%MI .OA:%.l.Z =1(cm?)

NK = ON sin NOK = 2sin60° = +/3(cm) = S o, =%NI.OA:\@(cm2)

S, =S, +Suom +Saoy =7 +1+/3(cm?)
Bai 6: Cho hinh chit nhat ABCD noi tiép (O;R). Biétrang AB=a.
a) Tinh dién tich hinh phang nim trong hinh tron (O;R) va ndm ngoai hinh chit nhat ABCD.
b) Gia st a=R. Tinh dién tich hinh phang ndm trong hinh tron (O;R) va thudc nira mat phang c6 be
1a duong thang AB, khong chira diém C .
Loi giai:
a) Xéttam gidc ABC: AB*+ AD? =BD’ = AD* = BD? — AB®.
Vi BD=2R, AB=a nén AD?=4R’—a’ = AD =+/4R?-a? =S, = AB.AD = a4R? —a? .
Dién tich hinh phang trong hinh tron (O;R) va thugc nira mat phang c6 by 1a duong thang AB,
khéong chira diém C: S = zR? —ay/4R? —a? .

b) Taco: AB=0A=0B =R = AAOB déu = OAB =60°.

R?60 3 7R?

Dién tich hinh vién phan OAB la S, =
360 6
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Ta tinh dién tich hinh tam giac déu OAB:

Goi H la trung diém cua AB . Vitam giac ABO déunén OH L AB.
Xét tam giac vudng OAH : OA? =OH? + HA®.

2 2
— OH? = OAZ — HA? = Rz_RT=3R oy R

2
1 RV3 R%/3

S ABOH——R—:
OAB 2 2

4
Hinh phang ndm trong hinh tron (O;R) va thugc nira mt phang c6 b 1a duong thang AB, khong
fR? RNB(22-33)R’
6 4 12 '
Bai 7: Cho bbn diém A,B,C,D phan biét trén mdt duong tron sao cho hai doan AB,CD cit nhau tai E.

chira diém C codigntichla S=S,-S,,; =

Trén doan BE ldy diém M khéc B va E. Tiép tuyén tai E cua duong tron ngoai tiép tam giac DEM cit

BC va AC tai F,G. Tinhtisd EG theo t=—— AM
EF AB
Loi giai:
Taco: ECF = EAD, CEF =GED = EMD
— AECF - AMAD = - = ¢E ()
MA

— e~ e~

Lai c6: GCE = MBD, CEF = EMD => CEG = BMD
EG CE
PRI
EG MA  MA t

EF BM AB-AM 1-t
Bai 8 (Lép 10 chuyén Pai hge Sw pham TP.HCM 2012 - 2013): Cho tam gid&c ABC vudng tai

ABMD - ACEG (g.g) =

Tr () va(? =

A(AB < AC), c6 duong cao AH va O la trung diém cia BC. Puong tron tim | dwong kinh AH cét
AB,AC lan lugttai M va N .
1. Chtng minh rang:
a) AM.AB=AN.AC.
b) Tu giac BMNC nai tiép.
2. Goi D la giao diém cua OA va MN . Ching minh rang:
a) T giac ODIH noi tiép.
1 1 1

b) = + :
AD HB HC

3. Goi P la giao diém cua duong thaing MN va duong thang BC . Puong thing AP cét duong tron
duong kinh AH tai diém K (khac A). Tinh BKC.
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4. Cho AB=6; AC =8. Hay tinh ban kinh cua duong tron ngoai tiép tam giac BMN .
Loi giai:
1) a) Taco: AMH = ANH =90° (goc néi tiép chin nira dudng tron).
AHAB vubng tai H, HM 1a duong cao = AH® = AM.AB.

Tuong tu: AH? = AN.AC.
Do d6: AM.AB = AN.AC.
b) Xét AANM va AABC:

AM AN

MAN chung, Sl
AC AB

(vi

AM.AB = AN.AC).
Do do: AANM ~ AABC.

— ANM = ABC = Tt giac BMNC ndi tiép.
2) a) MAN =90° = MN la duong kinh duong tron ngoai tiép tam giac ABC .
— 1 —( 1 —
— ACB==AOB|==s4AB |.
2 2
Ma AMN = ACB (t& gisc BMNC noi tiép ).
Do d6 AIN = AOB = T gi4c ODIH ndi tiép.
b) Xét AAID va AAOH c6 IAD chung, AID = AOH

= AAID ~ AAOH (g.g):%:A—g: AD.AO = Al.AH .

Ma Al ZEAH, AOleC.
2 2

AABC vubng tai A, AH 1a duong cao = AH? = HB.HC .

1 BC 1 HC+HB 1 1 1

Do d6 HB.HC = AD.BC = = = = = = + :
AD HBHC AD HBHC AD HB HC

3) Taco: PKM = ANM (t&r giac ANMK néi tiép), ANM = MBC (ti gisc MNCB néi tiép).
— PKB = PMB . Ma PMB = BCN nén PKB = BCN = Tir gidc BKAC noi tiép.

Do d6 BKC = BAC =90°.

4) AABC vuong tai A, AH la duong cao = = 12 + 1 >
AH® AB° AC
. 2 2 2 1 l 1 2 2 2
Va BC°=AB*+AC" = ~=—+—;BC"=6"+8".
AH® 6° 8

Nén AH =4,8 va BC =10.
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Goi J l1a tam duong tron (BMN )= J 1a tim duong tron (BMNC).

= JI L MN,JO LBC.Dod6 Al//JO,JI//OA.
= T giac 1AOJ Ia hinh binh hanh.

= 0J = Al :ﬁ=2,4-
2
AOBJ vuéng tai O = JB? =0B? +0J? =5 + 2,47 :%: JB:—“7569 :

A 769

Vay ban kinh cia duong tron (BMN) l1a e

Bai 9 (Lép 10 Truwong phd thong Ning khiéu Pai hoc Quéc gia TP.HCM 2012 — 2013). Cho hinh thang
ABCD (AB//CD) ngi tiép duong tron (C) tim O, ban kinh R va cé DAB =105°, ACD =30°.
a) Tinh bB vatinh AB theo R.
DC

b) Tiép tuyén cua (C) tai B cit cac dudng thing DO, DA Iin luot tai M, N . Tinh %.

¢) Goi E latrung diém cua AB, tia DE cit MN tai F . Tinh %.

Loi giai:

a) Hinh thang ABCD (AB//CD) ngi tiép dudng tron (C) nén la

hinh thang can. Do do A e
AD = BC, AC = BD, ABC = BAD =105°, ADC = BCD = 75°.

Ma ACD =30° nén ACB = 75° —30° = 45°,

AACD c6 DAC + ADC + ACD =180°.

Nén DAC =75°. Do d6 ACAD can tai C = AC =DC. Nén
DB =DC (= AC).

vay 28 1.
DC

@:%,@ nén AOB =90°.

AOAB vudng tai O = AB® = OA” + OB?.
AB? =R?+R? =2R’,

Vay AB=+2R.

b) Taco: @:%@:@:2@:2.30‘3:600
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AOAD cén tai O (OA=0D =R) c6
AOD = 60° = AOAD déu = AD =OD =R, ADO = AOD = 60°.
Taco: AO L OB, MN L OB = AO//MN = DMN = AOD =60°.
ADMN c6 ADO = 60° DMN = 60°.
Do ¢6 ADMN déu = MN =MD =DN..

Vay — MN =1.
MD
¢) AOAB vudng tai O, OE la duong trung tuyén = OE = AE = BE..

Xét AADE va AODE c6 AD =0D (=R), AE =OE, DE (canh chung).

Do d6 AADE = AODE (c.c.c)= ADE = ODE .

ADMN déu c6 DE la duong phan giac nén ciing 1a dudng cao.

Taco: EBF = ACB = 45°. Nén BF:cosE/B\F_IRcos450_@.g:§.
R
Mi BD=AD=R.Dodo o =2 -1 yay BF _1
BC R 2 BC 2

Bai 10 (Lép 10 Chuyén Mén Chung Tinh Pong Nai 2012 — 2013): Cho tam gidc ABC vudng ¢ A,
duong cao AH . V& duong tron tdm O, duong kinh AH , dudng tron ndy cét cac canh AB, AC theo thir tu
tai D va E.
1) Chiing minh ti giac BDEC 14 ni tiép dwoc duong tron.
2) Chung minh 3 diém D,0, E thang hang.
3) Cho biét AB =3cm, BC =5cm. Tinh dién tich tu gidc BDEC .
Loi giai:
1) Taco: AHE = ACH (cung phu (j-I\E).
Va AHE = ADE (2 g6c noi tiép ciing chin cung AE).
Do d6 ADE = ACH .
Vay tir gidc BDEC ndi tiép.

2) Tacé: DAE =90° (gt).

= DE 1a duong kinh cua duong tron (O).
Viy 3 diém D,0, E thang hang.
AABC vudng tai A= AB?+ AC® =BC? (dinh Ii Pitago).
Do d6: 3° + AC* =5" = AC* =16 = AC =4.
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AABC vuong tai A, AH la duong cao:
12 12

= AH.BC = AB.AC < AH.5=3.4= AH :€:> DE = AH :€.

Xét AAED va AABC c6: DAE (chung), ADE = ACB (cm trén).

Do do: AAED ~ AABC (g.g) = Saep =(

SABC

DE jz 144
BC) 625

1 1
Sppe =—AB.AC=-34=6.
ABC 2 2

R 144 144 864
NN Sieo =525 2 =250 625

864
S =S,5c —Supe =6—-——=14,6176(cm?).
BDEC ABC ~ 2 ADE 625 ( )
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Bai 11 (Lop 10 THPT Tinh Khanh Hoa 2011 — 2012): Cho tam gidc ABC c6 ba goc nhon va H la truc
tam. V& hinh binh hanh BHCD . Buong thang di qua D va song song BC cét duong thang AH tai E.

1)

2)

Chung minh A,B,C, D, E cung thugc mot duong tron.

Chtng minh BAE = DAC .

3) Goi O la tim dudng tron ngoai tiép tam giac ABC va M 1a trung diém BC, duong thang AM cit

4)

1)

OH tai G . Chang minh G latrong tdm cua tam giac ABC.

Gia str OD =a. Hay tinh do dai duong tron ngoai tiép tam giac BHC theo a.

Loi giai:
Tae  giac BHCD la  hinh  binh  hanh  (gt)
= BH//DC,DB//CH .
Tacé BH L AC (H latruc tim AABC).
BH //DC

= DC L AC = ACD =90°. |

Mat khac c6 CH LAB (H la trec tam cia g%

AABC), CH //BD.

— AB 1 BD, ABD =90°.

Taco: ACD+ ABD =90° +90° =180°.

Do d6 tir gidc ABCD noi tiép.

= A B,C,D cung thuoc mot duwong tron. (1)

Tt giac AEDC c6: AED + ACD = 90° +90° =180°.
— T gidc AEDC noi tiép.

= A E,D,C cung thuoc mot duong tron.  (2).
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Tu (1) va (2) = A,B,C, D, E cung thugc mot duong tron.

Xét duong tron (O) c6 DE//BC (gt)= BE = DC.

Vay BAE = DAC.

2) Tu giac BHCD la hinh binh hanh ¢6 M 14 trung diém cua BC (gt).
= M Ila trung diém caa HD .
AAHD c¢6 AM, HO 1a hai duong trung tuyén cat nhau tai G .

— G latrong tim AAHD = G thudc doan thaing AM va AG :§AM .

Xét AABC ¢6 AM 1a duong trung tuyén, G thudc doan thing AM, AG :%AM .

Do d6 G latrong tam AABC.
3) Goi K la diém ddi xang cua O qua M . Tacé M 1a trung diém ctua OK .
Ma M 1a trung diém caa BC (gt).
Do @6 BOCK la hinh binh hanh = KB =0C, KC =0B.
Ta co: OM :%OK (M 12 trung diém OK )

Mat khdc OM 1a duong trung binh cia AAHD = OM :%AH .

Nén OK =AH.Ma AH 1 BC,OK L BC = AH//OK.
Tu gidc HAOK c¢6 AH //OK, AH =OK = Tu gidc HAOK la hinh binh hanh.
= KH =0A.Ma OA=0B=0C=0A=0D=a.
Taco KB=KH =KC =a.
Do d6 dudng trong ngoai tiép ABHC c6tdm la K, ban kinh 12 a.
Vay d6 dai duong tron ngoai tiép ABHC 1a 2za (dvdd).
Bai 12 (Lép 10 THPT Tinh Pdng Thap 2012 — 2013):

1. Cho tam gidc MNP can tai M , duong cao MH (H e NP). Tir H ké HE L NM (EeNM).
a) Biét MN =25cm, HN =15cm. Tinh MH, ME .
b) Puong thing di qua E va song song véi NP cit canh MP tai F. Tt giac NPFE Ia hinh gi? Vi

sao?

2. Cho tam giac ABC (AB < AC) ndi tiép duong tron tdm O duong kinh BC, v& AH vudng goc voi
BC (H € BC). Trén cung nhd AC lay diém D batki (D khac A va C), ddy BD cit AH tai E.
a) Chang minh tir giac DEHC la t& giac noi tiép.

b) Chtrng minh AB® = BE.BD.
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2)

Loi giai:
a) AHMN vuong tai H = MH? + HN? = MN? (Pitago)
= MH? +15% = 25°
= MH? =25*-15° =400 = MH = 20(cm)

AHMN vuong tai H, HE 1a duong cao = MH? = ME.MN .

MH® _20°
MN 25

Do d6: ME = 16 (cm).

b) Tw gilc NPFE c6 EF //NP (gt)= NPFE la hinh thang.

Ma ENP = FPN (AMNP can tai M ).

Vay ti giac NPFE Ia hinh thang cén.

a) Ta co: EDC =90° (g6c noi tiép chin nira duong tron).
Tt giac DEHC c6: EDC + EHC =90° +90° =180°.

Do d6 t gidc DEHC nai tiép.

b) Xét AHBE va ADBC co:

HBE (chung); BHE = BDC(=90").

= AHBE - ADBC (g.9)

:E:ﬂ: BE.BD =BH.BC
BC BD

Mt khac BAC =90° (g6c ndi tiép chin nira duong tron).

AABC vubng tai A, AH 1a duong cao = AB® = BH.BC.

Viy AB?=BE.BD (= BH.BC).
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Bai 13 (Lép 10 THPT Tinh Hai Phong 2012 — 2013): Cho AABC c6 ba goc nhon va AB = AC . Buong

tron tim O dwong kinh AB = 2R cét cac canh BC,AC lan luot tai I,K . Tiép tuyén cua duong tron (O)

tai B cit Al tai D,H 1a giao diém cua Al va BK .

a)
b)

Chuang minh tir giac IHKC noi tiép.

Chang minh BC la tia phén giac cua DBH vat giac BDCH la hinh thoi.
Tinh dién tich hinh thoi BDCH theo R trong truong hop AABC déu.

Loi giai:
Taco: AIB =90° (goc néi tiép chan nira dudng tron).
— Al 1 BC = HIC =90°.

Va AKB =90° (goc noi tiép chin nira duong tron).
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— BK L AC = HKC =90°.

T gidc IHKC c6 HIC + HKC =180°. A
Do d6 tir giac IHKC noi tiép. ‘\

b) Taco AABC cantai A (gt), Al la duong cao. '
= Al latia phén giac cua BAC = BAI = IAC.. k

Ma BAI = DBI (hé qua goc tao bi tia tiép tuyén va day cung). G

IAC = KBI (2 gdc néi tiép cing chin cung KI ). 4

Do d6 DBI = KBI . Vay BC latia phan giac cua HBD. D
ABHD c6 Bl 1a dudng phan giac va 1a duong cao nén ABHD can tai B = Bl 1a duong trung tuyén
=IH =ID.
Tu giac BDCH ¢6 | 1a trung diém cua BC, HD nén ti giac BDCH 1 hinh binh hanh.
Ma HD L BC. Vay ti giac BHCD Ia hinh thoi.

) AABC déu = AC = BC = AB =2R, ABI =60°.

AIAB vuodng tai | = Al = ABsin ABI = 2Rsin60° = v/3R .
H latruc tdm cua AABC (Al L BC, BK L AC) ma AABC déu.
Do do H latrong tdm AABC.

1 J3R 2J3R
T

= IH=-A =2 HD=2|H =228
3 3

2
L Lk Z*ER - Z*ER (dvdt).

Dién tich hinh thoi BDCH la: EBC'HD:E'
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BAI 2: HAl GOC BANG NHAU

I. KIEN THUC:

- Tia phan giac cua goc

- Hai gbc ddi dinh

- Céc gc tao boi mot duong thing cit hai duong thang song song

- Cac truong hop bang nhau cua hai tam giac

- Tam giac can

- Tinh chit tia phan gi4c cia mot goc

- Hinh thang cén

- Hinh binh hanh

- Hinh chir nhat

- Hinh thoi

- Hinh vuéng

- Pa giac déu

- Tam giac dong dang

- Tinh chat hai tiép tuyén cat nhau

- Géc vaéi duong tron

II. PHUONG PHAP:

Chang minh hai géc nay:

- Cung bang mot goc tha ba

- La hai goc di dinh

- L4 hai géc twong (g cua hai tam giac bang nhau

- La hai géc caa mot tam giac can

- La hai géc ¢ cung mét day cua hinh thang can

- La hai géc cuaa hinh binh hanh, hinh chir nhat, hinh thoi

- L4 hai g6c ciia mot da giac déu

- L& hai g6c (goc nai tiép, goc tao bai tia tiép tuyén va day cung cling chan mét cung trong mot duong tron)
Ngoai ra con c6 thé sir dung tia phan giac caa mot goc, cac goc tao bai mot duong thang cit hai duong thang
song song, dung dinh Ii vé géc cuing bu hoidc cuing phu véi mét géc thir 3, dung dinh 1i vé géc cd canh tuong
ung song song hoac vuéng goc.

3. BAI TAP:

Bai 1: Cho tam giac nhon ABC ngi tiép (O;R)(AB < AC) . Trén céc canh AB va AC ldy céc diém E, F sao

cho BE = CF . Goi K 1a diém chinh giita ciia cung Ién BC. Chting minh EKF = BKC
Loi giai:

Xét AEBK va AFCK co:
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EBK = FCK (cung chin cung AK )

BE =CF (gt)

BK = CK ( Vi K la diém chinh giita cung BC )
Do d6 AEBK = AFCK (c-g-c)

. ERB = FE = BB + BRE = FIKG + BIE

— EKF=BKC
Bai 2: Trén dudng tron (O;R), vé ba dy cung lién tiép bang e
nhau AB, BC, CD médi day c6 d6 dai nho hon R. Cac dudng thang AB, CD cit nhau tai I, cac tiép tuyén cua
duong tron tai B , D cat nhau tai K. Chitng minh rang:
a. BIC=BKD
b. KBC = DBC

Loi gidi:

a. Taco AB=BC=CD= AB=BC=CD(1)

Mt Khac BIC = sdAsz—sdBC (2)

(goc co dinh ¢ bén ngoai duong tron)

BKD - sdBAD —sdBCD

:sd(§A+m))2—sd(éE+éf)) -

(goc co dinh & bén ngoai duong tron) Kl L oL e

Tir (1) va (3) = BKD = SdAmDZ‘ SABC 4

Tir (2) va (4) = BIC = BKD

b. Taco: KBC = 9BC (g6c tao bai tia tiép tuyén va day cung) (5)
8D =90 (46c noi tiép) (6)

Tir (1), (5) va (6) = KBC = CBD
Bai 3: Cho tam gi4c ABC, AD la phan giac trong cua géc A. Trén AD lay M, N sao cho MBA = NBD.
Chéng minh ring: MCA = NCD.

Loi giai:
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Ap dung bai 4 cho tam giac ABD ta co:

AM.AN _(AB)Z B
DM.DN (DB

Goi N'1a diém trén AD sao cho ACM = N'CD
Ap dung bai 4 cho tam giac ACD ta co:

DM.DN'

AM.AN' _[32]2(2)

B
Mt khéc theo tinh chit duong phan giéc ta co: AB = AC

DB DC
NEn tir (1) v (2) ta co: % _ AN’/ DN’

Do Mva N’ cung thuoc doan AD nén N trung N’. Vay ACM =NCD.
Bai 4: Cho tam giac nhon ABC ndi tiép duong tron. Ké duong cao AH cua tam giac va duong kinh AD cua
dudng tron, Chitng minh ring BAH = DAC.

Loi giai:

Tac6 ACD =90° (gdc néi tiép chan nira duong tron)

e

— DAC =90°— ADC
Lai c6 AH L BC
— BAH =90°— ABH = 90°— ABC .

Mit khac ADC = ABC

(hai gdc ndi tiép cung chin cung AC)

— BAH = DAC e
Bai 5: Cho tam giac ABC nhon c¢6 H Ia tryc tdm. Dung hinh binh hanh ABCD. Ching minh ring
ABH = ADH

Binh luan: St dung tinh chét ta giac noi tiép va duong tron A D

dé chirng minh ding thirc vé géc.
Loi giai:

Tacé CD//AB=CD 1 CH,

mat khac AD L AH H

— T giac ADCH nai tiép B

— ADH = ACH

Ta lai c6 ABH = ACH =90°— A = ABH = ADH

Lién hé tai liéu word toan SPT va zalo: 039.373.2038



Website: tailieumontoan.com
Bai 6: Cho hai duong tron (O) va (1) cét nhau tai A, B. Qua A ké hai duong thang phan biét, duong thing

thir nhat 1an luot cat (O) va (1) tai C va (D), duong thang thir hai lan luot cit (O) va (1) tai E va F.
Chéng minh ring CBD = EBF

Loi giai:
Cach 1:
Theo tinh chét goc ndi tiép ta co:
DBF = DAF (hai g6c ngi tiép cung chin cung DF trong
duong tron (1))
CBE =CAE (hai g6c noi tiép cing chin cung CE trong
duong tron (O))

DAF = CAE (hai goc dbi dinh)
DAF =CBE .

Tir day, ta c6 CBD = EBF
Cach 2:

Xét hai tam giac CBD va EBF c6:

_ACB = AEB (hai g6c néi tiép ciing chén cung AB trong dudng tron (0))
AKB = CKD (hai goc néi tiép cing chén cung AB trong duong tron (1)

= ACBD ~ AEBF = ADE = ABC(g.g) = CBD = EBF
Bai 7: Cho tam gi4c nhon ABC. Ba duong cao AD, BE, CF cit nhau tai H. Chang minh rang H 1a tam
duong tron noi tiép tam giac DEF.
Loi giai:
Ta ching minh HDE = HDF 4
T giac BDHF nai tiép dudng tron vi cd
BFH = BDH = 90° = HDF = HBF
T giac CDHE noi tiép duong tron vi c6
CDH = CEH =90°
— HDE = HCE
Tu giac BCEF noi tiép duong tron vi co

BEC = BFC = 90° = BEC = BFC = 90° B

Tir cac dang thac trén ta c6 HDE = HDF
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Chirng minh tuong tu ta ¢ HED = HEF
Vay H 12 tam dudng tron ndi tiép tam gidc DEF.
Bai 8: Cho hai dudng tron (O) va (O') tiép xtic ngoai véi nhau tai T. Gia sir MN 12 tiép tuyén chung ngoai
cua hai duong tron (M thude (O), N thude (O')). Tiép tuyen chung trong tai T cat MN tai I. Ching minh
010’ = MTN =90°

Loi giai:
Taco IM va IT 1a hai tiép tuyén cua (O),
suy ra 1O la phan giac caa goc TIM va IM = IT.
IN va IT Ia hai tiép tuyén cua (O'), suy ra 10’ Ia phan
giaccuagoc TINva IN=1T.
Vi 10 va 10’ 1 hai tia phan giac cua hai goc ké bl
TIMva TIN nén
10 110" = 010’ = 90°
Tacod IM=IN=IT. Tam gidc MIN c6 trung tuyén TI

bang mét nira canh MN nén tam giac vudng tai T.
Vay MTN =90°.

Bai 9: Cho hai dudng tron (O) va (O') tiép xtic ngoai véi nhau tai A. Qua A, ké hai duong thang , duong
thang thir nhat cit (O) va (O’) lan luot tai B va B', duong thang thi hai cat (O) va (O') lan luot tai C va
C'(cac diém B, C, B', C' khac A). Chiing minh ring ABC = AB'C’,BC//B'C’

Loi giai:

Trén ntra mat phang cé bd 1a duong thang AC khong chua
diém B, ké tia Ax tiép x(c véi hai duong tron tai A. Voi

duong tron (O), ta co:

ABC = % sd AC (tinh chét goc noi tiép)

CAX :%sdﬂa(tinh chat g6c tao boi tia tiép tuyén va mot

day cung)
— ABC = CAX

Véi duong tron (O'), ta c6: ZAB'C’ =%sd,§5’ (Tinh chat
g6c noi tiép)
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C'AX = %dec\:' (tinh chat gdc tao bai tia tiép tuyén va mot day cung)

— CAX = C'Ax
Taco CAx=CAX . Tur (1) va (2) suy ra ABC = AB'C’ , Vi hai goc nay ¢ vi tri ddng vi nén BC//B'C’
Bai 10: Cho dudng tron tim O dudng kinh AB va C 1a mét diém nim trén duong tron (C khac A va B). Goi
H 1a hinh chiéu vuéng g6c caa C 1én AB. Trén nira mit phang chira diém A c6 bo 1a duong thiang BC ké tia
Cx tiép xUc véi dudng tron tai C. Chirng minh rang :
a) ACH =BCO b) CA Ia tia phan giac goc HCx
Loi giai:
a) Ta cO ZACB=90° (goc ndi tiép chin nira dudng tron)
CAH+CBO =90°
AHC =90° (gia thiét) = CAH + ACH =90°

— ACH =CBO (hai géc ciing phu véi goc CAH thi bing

nhau) C
Mt khéc, CO la trung tuyén ang vai canh huyén AB \
:>CO=OB=%AB:>AOBC can tai O. B

— BCO =CBO => ACH = BCO (tinh chét bic ciu).
b) Ta cd ACx :%sdAAc (tinh chat goc tao bai tia tiép tuyén
va mét day cung)

CBO= %sdﬂ/@ (tinh chat goc nai tiép)

— ACx =BCO, ma ACH = BCO = ACx = ACH
Vay CA la tia phan giac géc HCx.
Bai 11: Cho tam giac nhon ABC ndi tiép duong tron tdm O. Ké cac duong cao BD va CE. Chuang minh
rang:
a) ADE = ABC,AED = ACB b) DE 1L OA
Loi giai:
a) Ta co6 BDC = BEC =90° (gia thiét)
= Tir giac BEDC noi tiép duong tron

ADE = EBC (tinh chat goc ngoai caa t giac noi tiép) = ADE = ABC
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AED = DCB (tinh chét goc ngoai ciia tir giac néi tiép)
— AED = ACB

b) Trén nira mit phang chira diém B ¢6 bo 1a duong
thang AC, ké tia Ax tiép xtc voi dudng tron ngoai tiép

giadc ABC tai A.

Ta ¢c6 BAX =%sd,&§ (tinh chat goc tao boi tia tiép
tuyén va 1 day cung)

— MBI = MEC (tinh chit géc noi tiép)

MBI = MEC, mat khac AED = ACB (chtng minh trén)

— AED - BAx = DE / /AX
Vi Ax L OA (tinh chat tiép tuyén) nén DE L OA
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b) Taco ACx = %sd AC (tinh chat géc tao bai tia tiép tuyén va mot day cung)

CBO = %sd AC (tinh chét géc noi tiép)

— ACx=BCO, ma ACH =BCO = ACx = ACH.

Vay CA la tia phan giac géc HCx.

Bai 11: Cho tam giac nhon ABC ni tiép duong tron tam O. Ké cac dudng cao BD va CE. Ching minh rang:

a) ADE = ABC, AED = ACB b) DE L OA
Loi giai:

a) Taco BDC = BEC =90° (gia thiét)

= T giac BEDC noi tiép duong tron

ADE = EBC (tinh chit g6c ngoai cia t& giac noi tiép)

= ADE = ABC

ADE =DCB (tinh chit géc ngoai cua ta giac noi tiép)

— AED = ACB
b) Trén nira mat phang chta diém B c6 bo 1a dudng thang AC, ké tia Ax tiép x(c véi duong tron ngoai tiép
tam giac ABC tai A.

Taco BAX = %sd AB (tinh chét goc tao béi tia tiép tuyén va 1 day cung)

— MBI = MEC (tinh cht géc noi tiép)
MBI = MEC, mat khac AED = ACB (chirng minh trén)

— AED - BAX = DE // Ax
Vi Ax L OA (tinh chét tiép tuyén) nén DE L OA
BAI 3: HAI PUONG THANG SONG SONG
I. KIEN THUC:
- Hai duong thang song song
- Tién dé o clit vé& dudng thang song song
- Ttr vudng goc dén song song
- Hinh thang, hinh thang can
- buong trung binh cua tam giac, duong trung binh cua hinh thang
- Hinh binh hanh
- Hinh chir nhat
- Hinh thoi

- Hinh vuéng
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- Pinh 1i dao cua dinh Ii Talet

Il. PHUONG PHAP:

Chting minh hai duong thang:

- Cling song song véi duong thiang thi ba

- Cuing vubng goc voi duong thing thir ba

- Hai canh day cua hinh thang

- Hai canh d4i cua hinh binh hanh, hinh chit nhat, hinh thoi, hinh vuéng

Ngoai ra con c6 thé s dung dau hiéu nhan biét hai duong thang song song, tién dé o clit, dudng trung binh
clia tam giac, dudng trung binh cua hinh thang, dinh li dao cua dinh I Talet, chizng minh bang phan chung...

I11. BAl TAP:

Bai 1: Cho AABC can tai A, v& duong tron (1) tiép xdc véi AB tai B va tiép xtc véi AC tai C. Goi D la trung
diém AB. Tia CD cit (1) ¢ E va cit duong tron (O) ngoai tiép tam giac ABE & K. Chitng minh rang BK // AC.

Loi giai: —
C, =B, (hai goc ngi tiép ciing chdn BE ) (1) ’
B, = K, (hai goc ngi tiép ciing chdn AE) (2)
Tur (1) va (2)

~

= K, =C, ma K, va C, so le trong

— AK //BC = DAK = DBC
ADAK = ADBC (g —c—g)=> DK = DC
Do @6 tir gidc BACK la hinh binh hanh = AC//BK
Bai 2: Cho hai dudng tron tam O va tdm O’ cit nhau tai A va B. Buong thing qua A cét duong tron (O) tai C
va duong tron (O’) tai D. Puong thang qua B cat duong tron (O) tai E va duong tron (O”) tai F. Chang minh
CE // DF.

Loi giai:
Taco: ACE + ABE =180°
(ABEC la tir gi4c noi tiép) (1)
ADF + ABF =180°
(ABFD la tir giac noi tiép) (2)

Mit khac : ABE + ABF =180° (2 goc k& bu) (3)
T (1), (2), (3) = ACE + ADF =180° Hay ECD +CDF =180° = CE / /DF
Bai 3: Cho duong tron (O) duong kinh AB, tia tiép tuyén Ax. Trén tia Ax lay diém M vé tiép tuyén MC (C Ia
tiép diém ). Puong thang vudng goc voi AB tai O cit BC tai D. Ching minh DM // AB.
Loi giai:
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Ta c6 MA, MC la hai tiép tuyén caa (O) . .

nén AOM =COM =%A/OT: 1) _, N

Mit khac: B =%A/o\c (hé qua géc noi tiép) (2)

Tir (1) va (2) = AOM =B \ /
ma AOM va B ddng vinén: OM //BD (3)
Mit khic AAOM = AOBD(g —c—g) = OM = BD (4) e
Tir (3) va (4) = OBDM I hinh binh hanh = DM // AB.
Bai 4: Tam giac ABC c6 truc tdm H, duong cao BE. Diém P trén duong tron ngoai tiép tam giac ABC. V&
cac hinh binh hanh PAQB va PARC. Giao diém AQ va HR la X. Chting minh riang EX song song véi AP.

Loi gidi:
Taco: ARC = APC = ABC =180° — AHC
Tt giac AHCR noi tiép = AHX = ACR =CAP (1)
Tuong ty ta c6: tir giac AHBQ noi tiép

= XAH =QBH =QBA+ ABH =CAB + ABH =90°

— AXH =90° = AEH hay t& giac AXEH noi tiép.
— XEA= AHX =CAP (theo (1)) = EX //AP
Bai 5: Cho (0) va K nam ngoai (O) V& cac tiép tuyén KA, KT véi (O). Mot duong thang qua A cét (O) tai B,
cit KT tai C sao cho B 1a trung diém cia AC, KB giao véi (O) tai L. Chang minh LT song song véi BC.
Loi gidi
AL KL

Taco AKAL» AAKB = —=—
AB KA

AKLT C/JAKTB:>E:£ va KA=KT
B KT

A LT AL At -TRC
AB TB TB BC

— AALT © ACBT = LAT =BCT = KTL=TCB = LT //BC

Bai 6: (Lép 10 THPT Tinh Pak Lik 2012 - 2013) : Cho tam giac ABC ¢6 ba géc nhon ndi tiép dudong tron
O (AB < AC). Hai tiép tuyén tai B va C cat nhau tai M, AM cit duong tron (O) tai diém th hai D, E 14 trung
diém doan AD, EC cit duong tron (O) tai diém tht hai F. Chirg minh rang :

1. T giac OEBM nai tiép.

2. MB? = MAMD

3. BFC =MOC
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4. BF /| AM

Lo giai:
1. E la trung diém day cung AD va AD = 2R
= O0OE L AD
Ta co MB la tiép tuyén cia (O) = MB L OB

Vi OBM =OEM (=90°)
= T giac OEBM nai tiép
2. Xét AMBD va AMAB co:

BMD (chung); MBD = MAB (hé qua géc tao bei tia tiép tuyén va
day cung)

— AMBD = AMAB(g.g) = 15 _ MD
MA  MB
Viy MB? = MAMD

3. MB, MC la céc tiép tuyén cua duong tron (O) (gt)

OM la tia phan gidc BOC = MOC :%B/O\C
Mit khac BFC = % BOC (hé qua goc noi tiép ) Vay BFC = MOC

4. Tacé MEO+MOC =180°
— Tt giac MEOC néi tiép = MEC = MOC Ma BFC = MOC (c4u 3 ). Do &6 MEC = BFC
Tacod MEC va BFC 1a hai goc ddng vi
Vay BF //AM .
Bai 7: (Lép 10 Chuyén THPT TP.HCM 2011 - 2012) : Cho tam giac ABC can tai A noi tiép duong tron
(O). Tir diém D trén cung nho AB cia duong tron (O), ta ké duong thang vudng goc véi AD, duong thang
nay cit canh BC tai M. Puong trung truc cia DM cit cac canh AB, AC lan luot tai E va F. Chiing minh
AEMF la hinh binh hanh.

Loi giai:
Cach1:
Goi N 1a giao diém caa DM va duong tron (O)
ADN =90° = AN la duong kinh caa (O)
Do d6 N 1a diém chinh giita cung BC.

Qua M v& dudng thiang song song véi AC cat AB & S

V& duong thang song song véi AB cit AC tai K.
Ta c0 tir giac ASMK la hinh binh hanh
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C6 SM //AC = BSM = BAC, SMB = ACB

Nén SIA\st/BM(:A/c\B):ASBM can tai S = SB = SM

Mat khédc BDM = BAN =%EW:=%B/SM

S 1a giao diém caa duong trung truc doan thing BM va cung chira goc ¢ sé do bing 2BDM nén S 1a tam
duong tron ngoai tiép ADBM.

=SD=SM.

Chirng minh tuong tu ciing c6 KD = KM.

Do d6 SK 1a dudng trung truc cua doan thing DM

Nén E =S, F =K

Tu giac ASMK Ia hinh binh hanh

Do d6 tr giac AEMF la hinh binh hanh.

Cach 2:

Goi N, I, K lan lugt 1a giao diém cua EF véi BD, AM, DM.

Tacoé AD L DM,NF L DM => AD//NF = ADN + DNF =180°
Ma ADN + ACB =180° (ADBC ndi tiép)

— DNF = ACB = Tu gi4c BNFC ni tiép

AMAD c6 NF //AD,KD =KM = IA=IM

Tac6 ANM = END ( déi xang truc)

DNE = ACB, ACB = ABC (4ABC cén tai A)

— ENM =EBM = Tt giac BNEM ngi tiép = DNE = EMB
Nén = EMB = ACB = ME //AC

Xét AIEM va AIFA ¢6 EIM = FIA (dbi dinh), IM = IA

IME = IAF (ME //AC)

Do d6 AIEM = AIFA(g.c.g) = ME = AF

T giac AEMF c6 ME // AF va ME = AF

Vay tir gidc AEMF la hinh binh hanh.

Bai 8: (Lop 10 Chuyén THPT TP.HCM 2011 - 2012) : Cho tam giac ABC c6 hai duong phan giac trong
BD va CE. M la mot diém bat ki trén doan DE. Goi H, K, L lan Iugt Ia hinh chiéu ciia M trén cac canh BC,
CA, AB. Chtng minh MH = MK + ML.

Loi giai:

Lién hé tai liéu word toan SPT va zalo: 039.373.2038



Website: tailieumontoan.com
Vé ES 1 BC tai S.

Goi J 1a giao diém cua DS va MH

VEEN L AC. taiN, DT L AB tai T, DI 1L BC tai l
Taco ML//DT,MK//EN,ES//MH //DlI

Ma BD, CE la cac duong phéan giac cia 4ABC. Nén
= DI, EN = ES.

DT

MK DM
EN DE

ADES ¢6 MJ //ES — W _ DM
ES DE

ADEN c6 MK //EN =

Do vay MK _MJ/_DM EN =ES = MK = MJ
EN Es| DE
ADET ¢6 ML//DT = ML _EM
DT _ED
ADES ¢6 MJ //ES = EM _ 59
ED SD
ASDI ¢6 JH //DI = >3 - 31
D DI
Nenco eI b1 - b ML= 0H
DT DI

Do vay MH =MJ +JH = MK + KL
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CHUONG 5:

HAI PUONG THANG VUONG GOC
1. Kién thirc:
- Hai duong thang vudng goc
- Tinh chét cua tam giac can
- binh |i Pitago
- Puong trung truc cua doan thang
- Puong cao cua tam giac
- Béi xung truc
- Hinh thoi
- Hinh vuéng
- Buong kinh va day cuaa hinh tron
- Tiép tuyén cua hinh tron
- Hai duong tron cit nhau
- Goc ndi tiép chan nia dudng tron
- Tt gi4c noi tiép
2. Phwong phap:
Chumng minh hai dwong thang nay :
- Cat nhau va tao thanh mot goc 90°
- LA hai tia phan gi4c cua hai goc ké bl
- La hai duwong chéo cua mét hinh thoi, hinh vudng
Ngoai ra con c6 thé st dung : tinh chat caa tam giac can, dinh i Pitago, dudng trung truc cua doan thang,
duong cao cua tam giac, ddi xing truc, duong kinh va day cua dudng tron, diy cung chung va doan ndi tam
ctia hai dudng tron cat nhau, tiép tuyén caa dudng tron, goc noi tiép, tir giac noi tiép, duong thang vudng goc
v6i mot tron hai duong thang song song...
3. Bai tap:
Bai 1: Cho AABC can tai A ndi tiép duong tron (O) dudng cao AH. Biém D thudc tia ddi cua tia AB, CD cit
duong tron (O) tai E. Chang minh : AH L FD

Loi giai:

T giac ABCE noi tiép nén :
AED = ABC (hai goc noi tiép cung chan cung AB caa dudng tron
©) (1)
AABC cén tai A = ABC = ACB (2)

Talai c6: ABF = ACB (3)
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Tir (1), (2) va (3) = DEA = ABF
— Tu giac DEBF noi tiép.
— FDB = AEB
Ma AEB = ACB = ABC
— FDB = ABC & vi tri so le trong
= FD//BC,,vi AH 1. BC nén FD L AH.
Bai 2: Cho A, B, C 1a ba diém thudc dudng tron (O), sao cho tiép tuyén tai A cit tia BC tai D, tia phan giac
BAC cit duong tron (O) & M, tia phan giéc cua goc ADB cit AM ¢ I. Chieng minh DI L AM .

Loi giai
Goi giao diém cua AM vaBC IaN, taco :
AND = SdAC ;Sd BM (goc co dinh ¢ bén trong duong

tron)
Ma BM =CM (vi AM I tia phan giac BAC ) nén

AND - sd AC +sdCM =sd,2AM

1)

Mit khac NAD = S9AM

(2)
( goc tao bai tia tiép tuyén va day cung)

Tu (1), (2) suy ra AND = NAD => AAND can tai D,

Lai c6 DI 1a phan gi4c nén DI ddng thoi 1a dudng cao.

Dodoé DI L AM .
Bai 3: Cho tam giac ABC c6 ba g6c nhon. Pudng tron duong kinh AB ct ¢ CA,
CB lan lugt 6 E vd F. Goi | 1a giao diém cua AF va BE. Chung ‘
minhCIl L AB.
Loi giai: J o N
" E s
4. AER _ ACR _ ONC . PR 4 , \ \ Vise SN (W
Ta co: AEB = AFB =90° (gbc noi tiep chan nira duong tron) . \\

AABC ¢4 | 1a giao diém hai duong cao AF va BE nén | 1a truc tam cua AABC, do d6 CI L AB
Bai 4: Cho tu gidc ABCD noi tiép 1 dudng tron. Goi O1, O,; O3; O, lan luot 13 tim dudng tron ndi tiép tam
giac ABC, BCD, CDA, DAB. Chitng minh O;0,0304 la hinh chir nhat.
Loi giai:
Ta co:
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AO,B =90° %Kﬁa:%ﬁawd’ = AO,B
= ABO;0, la tir gic noi tiép.
Twong tw 0;0,CB; 0,0sDC; 0304AD ni tiép. Do do:
0,0,0, =360°~0,0,8-0,0,B
= BAO, +BCO,

=%(A+6):90°

Tuong t 0,0,0, =0,0,0, =0,0,0, =90°
Vay 010,030 la hinh chir nhat.
Bai 5: Cho tt gidc ABCD c6 2 duong chéo cit nhau tai O. Goi M, N lan luot 1a trung diém caa AB, CD. Cac
tam giac OAD, OBC ¢ truc tdm lan luot 1 H, K. Chitng minh HK vuéng géc véi MN

Loi giai: .
Goi P, Q lan luot Ia tAm dudng tron ngoai tiép cac tam giac
OBD.

Goi | 1a trung diém AC. Ta co:

APD = 2A0D = 2BOC = BQC = AAPD c ABQC

Véi E, F lan luot 1 trung diém cua AD, BC.
Mit khac HO = 2PE; KO = 2QF

OH AD IN
f— = =

OK BC IM
AIMN va A0KH co

MI L OK, NI J_OH,ﬁ:ﬂ
OK IM

Dé dang chimg minh dugc: OHK = MIN nén cap canh tha ba cing vuong goc vai nhau.

Do d6 MN vuéng goc véi HK.

Bai 6: Cho tir gidc ABCD noi tiép (O) va hai duong chéo cét nhau tai l. Ha

IP vudng géc véi AD, 1Q vudng goéc véi BC. Goi M, N lan luot la

trung diém caa AB, CD. Chitng minh rang PQ vudng goc véi MN.
Loi giai:

Goi J la trung diém cua AC. Ta co:

P _AD_IN

IQ BC JM

AIAD <> AIBC (g.g) =
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Xét hai tam giac IPQ va JNM co:

Ezﬂ;JN LIP;IM L1Q

IQ  IM
Do d6 ta c6: MN vubng goc vai PQ.
Bai 7: Cho tam gi4c ABC véi trung tuyén CM. Biém D thudc doan
BM sao cho BD = 2MD. Biét ring MCD = BCD . Chang minh
ring ACD = 90°

Loi giai

Tam giac BCM co: MCD = BCD

BC DB
>—=—=2
CM MD

hay BC =2CM

Goi P 1a diém ddi xang cua C qua M.
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A

Khi d6 ta co: PC =2CM =BC = ABCP cén tai C c6 CD la phan giac nén CD vudng gadc véi BP.

Vi M 1a trung diém AB va M 1a trung diém CP do d6: BP//AC;

CD vubng goc BP.

Vay AC vudng goc CD hay géc ACD = 90°

Bai 8: Cho tu giac ABCD, AB va DC cit nhau tai M, AD va CB

cit nhau tai N. Chang minh tir giac ABCD nai tiép khi va chi khi

cac phan giac cua cac géc AMD va DNC vudng géc vai nhau.
Loi giai

Goi | 1a giao diém cua phan giac goc AMD va BNC. Ta c6:

INM + IMN

:%m+m+%m+m

——(ANC + AMD ) + 180" - B

=%(180° —D-C+180° - A— 6)+180° _B
=360°—(§+6)—%(A+6)=A+6—%(A+6)=%(2\+6)
— ABCD noi tiép < A+C =180° @%(Mé) ~90°

& INM + IMN =90° < NIM = 90°

Vay ABCD noi tiép khi va chi khi phan giac goc AMD va CND vuéng géc véi nhau.
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Bai 9: buong phan giac
hanh ABCD cét canh BC
luot tai M, N. Chuang
1. Tam duong tron

thuoc duong tron ngoai \

2. Néu K 1 giao cua % y

tam giac CMN, BCD (K

Léi giai

1. Goi O 1a tam duong tron ngoai tiép tam giac CMN.

Taco: A =A =M, = BA=BM = CD =BM

—~

Ma A =MNC;A, =M, = M, = MNC hay MN =NC

L — = = — A A

Lai co: OCD =BCD +0CM =0CM +E+E
:@+@+%§@:90°+%§@(doOCLMN);

BMO =180° —OMC =180° —OCM = 90° +%B/ATD
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géc BAD cuaa hinh binh
va duong thang CD lan
minh rang:

ngoai tiép tam giac CMN
tiép tam giac BCD

duong tron ngoai tiép

khac C) thi AKC = 90°

— OCD = BMO = AOMB = AOCD(g.c.g) = OBM =ODC = 0,C, D, B thudc cing 1 dudng tron.

2. Goi K 1a giao cua duong tron di qua 3 diém C, M, N va duong tron di qua 3 diém B, C, D, theo cau 1 ta

c6: OD=0B,0C =0K = CK//BD
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= Puong ndi O véi tam duong tron ngoai tiép tam gidc BCD di qua trung diém cta BD hay trung diém cua

AC.
Ta cd Ol // AK va Ol vudng goc vai KC nén AK vudng goc vai KC.
Vay AKC =90°
Bai 10: Cho tam gi4c ABC duong cao AD. Goi E, F 1a 2 diém nim trén duong thing qua D sao cho
AEB = AFC =90°. Goi M, N In luot la c4c trung diém caa BC va EF. Ching minh ANM =90° .

Loi giai:
Dung hinh chir nhat APBD va QADC. Goi | la trung
diém cua PQ. Ta c6 AEBD nai tiép
PEA = PBA = BAD = BED
hay PED = AEB = 90°

Tuong ty QFE =90° = PE//QF hay EPQF Ia hinh

thang.
Ma N va | 14 trung diém cua EF va PQ = NI //FQ;IM //QC

— NIM = FQC = CDF => NDIM ngi tiép duoc.

Suy ra ANM = MIQ =90° = ANM = 90°
Bai 11: Cho tam gi4ac nhon ABC c6 cac dudng cao BB;; CCy. Puong thing B;C; cit BC tai M. Goi O I
trung diém cua BC. Gia str cac dudng tron ngoai tiép cac tam giac OBC;; OCB; cit nhau tai diém tht hai P.
Chutng minh rang géc OPM bang 90°.
Loi giai:

Ta c6 t gidc OPB;C ndi tiép duoc nén:
OPC = OBC = OCB, = AC;B,

= APB,;POC =180° — PB,C

—

= PB,A
— PCO = PAB, = PCB, = PCMC, ndi tiép

—— -

Bai 12: Cho tam giac ABC noi tiép dudng tron tam O. Mot dudng tron (O) qua B va C cit canh AB, AC lan
luot tai D va E. Budng tron (O,) qua ba diém A, D; E cit (O) tai K

(K A). Chitng minh ring AKO, = 90°. !
Loi giai: %

c’ A
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Taco: KQC = KAC = EPQ = EP//CQ , ma N 14 trung diém cia EC nén N 1a trung diém cta PQ.

Ta thay

2SA.SM = SA.SD + SASB;
2SK.SN = SK.SP + SK.SQ

Ma SA.SD = SK.SP (AKPD noi tiép);

SASB = SK.SQ (AKQB ni tiép)

< SASM =SK.SN = AKNM noi tiép hay K thudc
tron ngoai tiép tam giac AMN.

Mt khac AMO;N néi tiép vi: AMO, = ANO, = 90°

Hay ciing c6 O; thudc duong tron ngoai tiép tam giac
suy ra AKNO; nai tiép

— AKO, = ANO, =90°

Bai 13: (L6p 10 THPT chuyén Tp.HCM 2012-2013):
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Goi M, N lan luot 14 trung diém BD, CE. KN cit AB, (O5); (O) lan luot tai S, P, Q.

/

{\ ‘M
\
\

duong

AMN,

Cho tr

giac noi tiép ABCD c6 AC vudng gdc boi BD tai H. Goi M 1a diém trén canh AB sao cho AM :%AB va N

1a trung diém caa HC. Chting minh rang duong thang DN vuéng goc véi duong thang MH.

Loi giai:
Trén tia HD l4y diém E sao cho HE = HB.
Goi K la trung diém cua doan thang HE.

Goi F la giao diém cua CE va AD.

ACBE ¢6 CH vira la duong cao, vira 1a duong trung tuyén

(CH L BE,HE =HB)

= ACBE can tai C.

= CH la tia phan giac cua BCE

— ACB = FCH

Ma ACB = FDH (2 g6c noi tiép ciing chin cung AB)
Tacé FCH = FDH = Tu gidc DFHC noi tiép

— DFC = DHC =90°

AHEC c6 HN =HC,KH =KE

= KN la duong trung binh cua tam giac HEC = KN // CE

Ma CEJ_AD(D/FT::QOC’)nén KN L AD
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AAND c6 DH, KN 1a hai dudng cao cit nhau tai K

= K la tryc tam cua AAND = AK L DN

8BK c6 AM _HKE 1) AK //MH (dinh 1y Ta lét dao)
AB BK| 3

Taco AK//MHva AK L DN.Vay DN L MH .
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CHUONG 6

BA PUONG THANG PONG QUY
1. Kién thic :
- Dung tinh chat dong quy cua ba duong trung tuyén, ba duong trung truc, ba dudng phan giac, ba dudng
cao trong mot tam giéc.
- Loi dung tinh chat hai duong chéo caa hinh binh hanh, hinh chix nhat, hinh thoi, hinh vuéng.
2. Phwong phap:
- Giao diém cua hai duong thang nam trén duong thang con lai.
- Chi ra mot diém thudc ca ba dudng thang.
- Van dung tinh chat déng quy cua ba duong cung tén trong mot tam giéc.
- Van dung tinh chét vé duong chéo cua hinh binh hanh.
3. Bai tap:
Bai 1: Cho tam giac nhon ABC, dudng cao AH. Goi M 1a diém d6i xing véi H qua AB, N 1a diém ddi xung
v6i H qua AC. Goi F, E theo thir ty 1a giao diém cia MN véi AB, AC. Chang minh ring AH, BE, CF ddng
quy.

Loi giai:

M

B - "

Vi N déi xang véi H qua AC nén AHC = ANC = 90°

= T giac AHCN noi tiép ~ (*)

Vi M déi xtng véi H qua AB nén AHF = AMN (1)

Vi N d6i xtiing véi H qua AC, M déi xtng véi H qua AB

Nén AM = AN = ANM = AMN  (2)

Tir (1) va (2) = ANF = AHF = AFHN ngi tiép (**)

Tu (*) va (**) = A, F, H, N, C cung thuoc mot duong tron duong kinh AC = CF L AB
Tuong tu tacO BE 1. AC

Do d6 AH, BE, CF 14 3 dudng cao cia AABC = AH, BE, CF ddng quy.
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Bai 2: Cho AABC noi tiép trong duong tron (O). Goi M, N, P lan luot 1a trung diém cua BC, AC, AB. V& cac
duong thaing MM' // OA, NN' // OB, PP' // OC véi M', N', P' thudc (O). Chang minh ring cac duong thang
MM, NN', PP dong quy tai mot diém.

Loi giai :
Goi H la truc tdm cua 4ABC, ké duong kinh AOD
Ta c6 tr gidc HCDB la hinh binh hanh (t& giac c6 cac cap
canh dbi song song) vi M 1a trung diém caua BC nén M
ciing 1a trung diém cua HD, suy ra OM la dudng trung binh
cia AADH do d6 AH = 20M (1)
Goi J 1a giao diém cia AH va MM Y
Ta c6 tir gidc AOMJ 12 hinh binh hanh (ti gidc 6 caccap /|~ o N
canh d6i song song ), suy ra AJ = OM (2) i i . i
Tir (1) va (2) = 2AJ = AH (3) e
Tir (3) va (1) = AJ = OM.
= JOMH Ia hinh binh hanh = MM' di qua trung diém ctua OH.
Chtng minh tuong tu ta ciing c6 NN', PP’ di qua trung diém cua OH, hay néi cach khac MM', NN', PP' d6ng
quy tai mot diém.
Bai 3: Cho AABC can tai A noi tiép duong tron (O), vé hinh binh hanh ABCD. Tiép tuyén tai C cit duong
thang AD tai M. Chiing minh ring 3 dudng thiang AC, BD, OM ddng quy.

Loi giai:
Goi H 1a giao diém hai duong chéo AC, BD cua hinh
binh hanh ABCD (*) /’|\ . M o 9
Ta co: AB = AC (AABC can tai A) (1) - J_//){Jf%_\j’ \\ e
OB = OC (ban kinh cua (0)) (2) B 41/ I / f;(/
Tur (1) va (2) = OA la duong trung truc ciia doan BC T et

— OA L BC ma AD // BC nén OA L AD = AD la tiép

tuyén caa (O)

Mt khac MC 1a tiép tuyén cuaa (O).

Do d6 MA = MC

Vi OA = OC ( ban kinh ctaa (O) ) nén OM la duong trung truc cia doan AC = OM di qua H (**)

Tir (*) va (**) = OM, AC, BD dong quy tai H.

Bai 4: Cho luc giac ABCDEF c6 c4c cap canh ddi song song. Goi M, N, P, Q; R, S theo thi tu 1a trung diém
cua cac canh AB, DE, BC, EF, CD, FA. Chirng minh cac duong MN, PQ, SR dong quy.

Léi giai:
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Truwong hop 1: Néu AD, BE, CF ddng quy tai 1 diém O, ta A M B
T‘

co

OB BA 2BM _BM

OE DE 2EQ EQ

Mit khac BM //EQ va B, O, E thang hang.

Suy ra M, O, Q thing hang.

Vay MQ di qua O.

Tuong ty suy ra MQ, NR, SP cung di qua O. Do d6 MN,
PQ, SR déng quy.

Truong hop 2: Néu AD, BE, CF khong dong quy, khi d6 ching cat nhau tao thanh 1 tam giac XYZ.

Bai mot 1ap luan tuong tu nhu truong hop 1, ta c6 MQ, NR, PS lan luot di qua X, Y, Z.
Goi O la giao cua MQ va NR (O nam trong tam giac XYZ).
TacoSyop = Spge s Sxop = Sxoe = Soxe = Soxp
Tuong tu: Soyxs = Soxe = Sonp = Soee
Sose = Sock = Sonp = Socr
Tir d6 ta c6 O thude duong thang SZP. That vay, néu trai lai O khong thudc dudng thiang néi trén, coi A, O,
C nam vé cung phia di véi PS.
Khi d6: Sous; > Sorsz Ma Syus = Sysr = Sonz > Sorz (1)
Tuong tw: Spp, = Sopc; MA Sopp = Socp = Sop > Sz (2)
Tir (1) Va (2) Syup > Soee MAU thuan. Vay SP ciing di qua O. Do d¢6 MQ, NR, SP ddng quy tai O.
Bai 5: Cho tam gi4c ABC va diém M nam trong tam giac sao cho:

AMB-C = AMC - B
Chutng minh AM va cac dudng phan giac cua cac goc ABM; goc ACM dong quy.

Loi giai:

Vé phia ngoai tam giac ABC dyung tam giac APB dong dang véi tam giac AMC.
Khi d6 AAPM <> AABC

— APB = AMC va

— e~~~ -

APM = ABC < BPM = APB - APM = AMC — ABC()

Ta cling co:

— -

AMP = ACB = PMB = AMB — AMP = AMB — ACB (2)

Tir (1) va (2) ciing véi gia thiét ta c6: BPM = PMB = BP = BM
Do AAPB «© AAMC nén:
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:ﬁ: AC hay AB =AC
BP CM BM CM
Goi D la chan duong phan giac goc B cua tam giac ABM. Ta cé:
AB _AC AB _AC
BP CM BM CM
Goi D la chan duong phan giac goc B cua tam giac ABM. Ta cé:
AB _ DA N AC _ DA
BM DM CM DM

= CD la phan gi4c goc C caa tam gidc ACM. Ta c6 diéu phai chirng minh.

Bai 6: Buong tron noi tiép tam giac ABC tiép xlc véi BC, AC lan luot tai A', B'. Goi M, N lan luot 12 trung

diém caa AB, AC. Chiing minh ring A'B', MN va phan giac goc ABC ddng quy.

Loi giai:
Ky hiéu a, b, ¢, ha, hy, he 1an luot 1 cac canh d6i dién
véi goc A, B, C cac duong cao tir A, B, C cua tam giac
ABC, coi a > c. Goi | la giao cia MN va A'B'. Ha duong
IE, IF, ND lan luot vudng goc véi BC, AB, AB
Ta can chiing minh BI 1a phan gi4c géc ABC. Nghia

la:

IE=IF < IF =%ha *)

Taco: NI = NB':CB'_CN:%

a a—c¢
IF Ml _MN-NI 5 5 ¢

ND MN  MN a a
2
IF ¢
ND a
Maitkhé\cta(:(’):E:E:E:L:HF:C'm:lha
h 2 h 2a 28 2

Nhu vay (*) dugc chirng minh. Ta suy ra két luan caa bai toén.

Bai 7: Cho hai duong tron (O) va (O") cit nhau tai A va B. Gia sir CD, EF la 2 tiép tuyén chung ngoai cua
hai duong tron nay (E, C thugc (O)); D, F thudc (O'); A gan CD hon B. Goi d; 1a duong thang qua A tiép xdc
v6i duong tron ngoai tiép tam giac AEF va ds 1a duong thang qua B tiép xdc voi dudng tron ngoai tiép tam
giac BCD. Chimg minh cac duong thing ds, d,, CD, EF dong quy.

Loi giai
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Goi M la diém di xtng cua B qua EF. Ta cé EMF = EBF
Ma EBF + EAF =EBF + A + A, = EBF +E, + F, =180°

— EMF + EAF =180°
= MEAF ndi tiép mot duong tron (S)
Goi N la giao cua céc tiép tuyén tai A, M cua (S) ta ching minh N, E, F thing hang. That vay goi F' 1a giao
cua NE vai (S)
. AE NA

Taco: ANAE o ANF'A(gQ) = —=—— 1

(g g) AF' NF' @)
Tuong tu: = ME = NM = NA (2)

MF' NF' NF'
AE ME AE AF'

Tu () va(2) > = = = *
1) ) AF' MF' ME MF' ®)

| lagiao AB VaEF. Taco: IE*=IAIB=IF’= IE=IF

Ma AIEB > AIAE = EB _IF :E

AE 1A IA

BF IF EB BF
Tuong tu ta cling c6: —=—= =

AF 1A AE AF

ME MF AE
hay
AE AF ME MF

To (%) va (**) ta co:

(**)
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AF" AF
S ——
MF' MF
Vay N, E, F thang hang. Ta c6 N thugc dudng tron ngoai tiép tam giac ABF. Do vy N thudc trung truc AB
= N thudc O0". Tuong tu d, cat CD tai N' thuoc OO'.

Do tinh chit d6i xtiing , CD va EF cit nhau tai 1 diém thuoc OO' do d6 N trung N'.
Viy CD, EF, d;, d, d6ng quy tai N.

F=F'

Bai 8: ( Lép 10 THPT TP. Pa Ning 2011 - 2012): Cho tam giac
déu ABC noi tiép duong tron duong kinh AD. Goi M la mot
diém di dong trén cung nho AB ( M khdng tring vai cac diém A
va B).
a) Chung minh ring MD 1a dudng phan gi4c cua goc BMC
b) Cho AD = 2R. Tinh dién tich t& giac ABDC theo R.
¢) Goi K 1a giao diém cia AB va MD, H 1a giao diém cua AD va
MC. Chiing minh rang ba duong thing AM, BD, HK ddng quy.

Loi giai:
a) Ta co AB = AC (AB = AC), AD la duong kinh cua duong

tron (O) (ot)

— BD =CD = BMD =CMD

Vay MD la duong phén giac cua goc BMC

b) Taco ABD = ACD =90° (goc noi tiép chin nira dudng tron)
ADB = ACB (2 goc noi tiép cung chan cung AB )

Ma ACB =60° (AABC déu)

Nén ADB = 60°

AABD vubng tai B

= AB = ADsin ADB, BD = ADcosADB

AB = 2Rsin60° =+/3R, BD = 2Rc0s60° = R

2
DO VAY S0 ~Lpeep-1y3RR- V3R
2 2 2
2
Tuong tu €O S, =\/§TR

VAY S,0e0 = Spap + Sacp = V3R? (dvdt)

¢) Vi BD =CD = KAH = KMH

= T gidc KMAH ni tiép = KHD = KMA
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Ma KMA =90° (g6c ni tiép chin nira dusng tron (O))

Do d6 KHD = 90°
Xét AKAD c6 AM, BD, HK 1a 3 duong cao (vi

AM 1L DK(ngo")),

BDLAK(KB\D=90°),KH LAD(@:%")

Viy ba dudng thang AM, BD, HK ddng quy.
Bai 9: (Lép 10 Chuyén Trwong Pai hoc Sw pham
TP.HCM 2011 - 2012): Cho duong tron tdm O, ban kinh

mot diém S nam ngoai duong tron. Qua S keé hai tiép tuyén SP,

SQ véi duong tron (P va Q 14 hai tiép diém) va duong thang cét duong tron tai M, N (theo thi tu S, M, N)
a) Chitng minh rang : SP? = SQ? =SM SN .
b) Goi K 1a trung diém ctia MN. Chtrng minh 5 diém S, O, P, Q, K ciing thuéc mét dudng tron. Xac dinh tam
cua duong tron do.
¢) buong thang QK cit dudng tron tm O, ban kinh R tai L. Chirng minh PL song song véi MN.
d) Qua M va N ké hai tiép tuyén véi duong tron tdm O, ban kinh R, ching cét nhau tai I. Ching minh cac
duong thang PQ, OK cung di qua I.
Loi giai:
a) Ta co SP, SQ 1a cac tiép tuyén caa duong tron (O)
= SP = SQ, OS la tia phan giac cua P/OTQ
Xeét ASPM va ASNP c0 :
PSM (chung), SPM = SNP (hé qua cua goc tao bai tia tiép tuyén va day cung)
Do dé: ASPM <> ASNP(g.9)
_,SP_SM
SN SP
Vay SP? =SQ? =SM.SN

= SP? = SM.SN

b) K 14 trung diém MN (gt) = OK L MN.
SP L OP,SQ L OQ (SP, SQ la c4c tiép tuyén cua (O))

Tacd SPO = SQO = SKO = 90°

=S, P, O, K, Q ciing thuoc mot dudng tron, tdm cia dudng tron 1a trung diém cua duong thing SO.
c) Taco S/KTQ:SO/\Q:%P/OTQ va Q/L\P:%P/Ob nén SK/sz/L\P

Suyra PL//MN
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d) A0PQ can tai O (vi OP = OQ) c6 OS 1a dudng phan giac nén dong thoi 1a duong cao.

Goi H 1a giao diém cua OS va PQ, tacd PQ L OS tai H

ASPO vubng tai P, PH 1a duong cao = SP? = SH.SO

Do d6 SH.SO = SM.SN (= sz):ﬂ:ﬂ
SN SO
Xét ASHM va ASNO c6: HSM (chung), ~- = SM.
SN SO

Do d6 ASHM 2 ASNO (c.g.c)= SHM = SNO = Tit gidc MHON ndi tiép

Ma tt giac OMIN noi tiép (viOMI = ONI =90°)

Taco H, M, |, O cung thugc mot duong tron

— OHI =OMI =90° = IH L OS tai H

Do vay IH, PQ trung nhau = PQ di qua |

OM =ON (=R),MK = NK, IM = IN (IM, IN Ia hai tiép tuyén ctia duong tron (O))
= 0, K, I cung thudc duong trung truc cua MN

Vay OK di qua I.
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CHUONG 7

BA PIEM THANG HANG

1. Kién thic :
- Ba diém thing hang
- Néu AM + MB = AB thi M nam giita A va B
- Hai géc ké bu
- Tién dé Oclit
- Dung tinh chét caa tam gi4c can va tinh chat cua cac dwong thiang ddng quy trong tam giéc.
2. Phwong phap :
Chung minh ba diém cliing nam trén mot dudng thang cé thé van dung AM + MB = AB, hai géc ké bu, tién
dé Oclit, tinh chat vé tam giac can va cac duong déng quy trong tam giac, hinh duy nhat, thém diém.
3. Bai tap:
Bai 1: Cho AABC ndi tiép duong tron (O). Trén duong tron ldy mot diém M bat ki. Goi D, E, F lan luot 1a
hinh chiéu cia M trén cac duong thang BC, CA, AB. Chang minh ring ba diém D, E, F ciing nam trén mot
duong thang (dwong thiang Sim-son).

Loi giai:
+ Trudng hop diém M tring véi mot dinh caa tam giac, bai toan A
hién nhién dung.
+ Trudng hop diém M khéng triing véi dinh tam giac, gia st M
thuoc cung BC khong chaa A ( néu M thudc cung BC chira A,

/ |
cling ching minh tuong tu ) (hinh vé). B." /L/

Tir giac MDBF ngi tiép = D, = M, el

Tir gidc MDEC néi tiép = D, = M,

T giac AFME va ABMC noi tiép = FME = BMC ( Ciing bl véi FAC)
— M, =M, dodé D, =D,
— EDF =D, + BDE = D, + BDE =180°
= D, E, F thing hang
Bai 2: Cho duong tron (O) duong kinh AC, (O') tiép xdc trong vai (O) tai C. AC cét (O') tai B, ké day DE
cta (O) sao cho DE L AB tai trung diém | cua AB. Goi K 1 giao diém caa DC véi (O").
a) Ching minh E, B, K ndm trén mot dudng thang.
b) BD cit dudng tron (O') tai M. Chirng minh C, E, M thang hang.
Loi giai:

a) Tacé CDI = DAI (cang phu véi ADI ) (1)
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Tu giac ADBE la hinh thoi.

— IBE = DAB ) / B

Tu (1) va (2) =CDI =IBE (3) / §\
-/ -, X - ~ Aé’, 1 SR /\':C

Tu giac DKBI noi tiep (K +1 =180°) R B 4

— KBI + KDI =180° (4) X // M

Tir (3) va (4) = KBI + IBE =180° Y

= K, B, E thang hang.
b) ACDE c6 B 1a giao diém hai dudng cao EK va Cl nén CE L DB (5)
Mt khac : CE L BM (. géc noi tiép chan ntra duong tron )
Tir (5), (6) = CMB = BME =90° = C, M, E thing hang.
Bai 3: Cho tir gidc ABCD ngoai tiép (1). Goi M, N 1a trung diém duong chéo AC, BC. Ching minh M, N, |
thang hang.
Loi giai:
Truéc hét dé dang ching minh dwoc rang tap nhing diém K sao

cho:
Sias + Skep =%SABCD thuoc mot dudng thang (1)

, 1 1
Ta co: SNAB =§SABD;SNCD =ESBCD

1

= SNAB + SNCD = ESABCD (2)
1 1
SMAB = ESABC;SMCD = ESACD
1
= SMAB + SMCD = ESABCD (3)
Do tir gidc ABCD ngoai tiép (1) nén AB+CD = AD + BC
1
= SIAB = SICD = S|AD = SABC = SIAB + SICD :ESABCD

T (2), (3), (4) = N, M, I thugc cuing quy tich ndi ¢ (1) = thang hang
Bai 4: Cho t&r giac ABCD noi tiép (0). V& tia Ax vudng goc véi AD cat
BC tai E. V& tia Ay vudng gdc vai AB cat CD tai F. Chang minh E, O,
F thang hang.

Loi giai:

Néu BAD =90° thi EF 1a duong kinh ciia (O) nén E, O, F thing hang

Néu BAD > 90° goi A' 1a diém déi xang véi A qua EF. Ta co:
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=180° — BAD = EDF =EA'F
= tir gidc EA'CF nai tiép.
— A'EF+A'CF =180° = AEF + A'CF =180°
Ma AEF = A'AD (hai gdc cung nhon ¢6 canh twong (tng vudng goc) nén: A"AD + A'CF =180°
— ADCA' noi tiép nén A' thudc (O)
Vay E, O, F cuing thudc trung truc ciia doan AA' nén chiing thang hang.
Néu BAD < 90° chirng minh twong tu.
Bai 5: Cho (O) néi tiép tam giac ABC, tiép x(c véi canh BC tai D. Goi M, E lan luot 13 trung diém cua BC,
AD. Chang minh E, O, M thang hang.

Loi giai:
Gia stir duong tron bang tiép goc A cua tam giac ABC tiép xdc véi
BC tai I.
Goi B' thuoc AB, C' thuoc AC sao cho B'C'// BC va B'C' tiép x(c
véi (O) tai I'. Suy ra DI' 1a duong kinh caa (O).
Taco: AA'B'C'e> AABC

tai 1, I' 1an luot 1a tiép diém cua cac duong tron bang tiép cua goc A

véi cac canh B'C', BC. ' /

B'l' AB' \ /
Do d6: ——=——

Bl AB
Ma B'I//Bl vaA, B', B thang hang nén A, I', | thang hang.
Ta co: BD = AB+BZC_AC ~Cl

Vay M 1a trung diém caa DI. Khi d6 M, O, E lan luot 13 trung diém cua DI, DI', DA nén chiing thang hang.
Bai 6: Cho tor gidc ABCD c6 hai duong chéo cit nhau tai M,
AMD =120°; AM = MD . Trén BC, AB, CD lin luot lay E, K, P sao B
cho KE song song voi AC, PE song song voi BD. Chiing minh tam
dudng tron ngoai tiép tam giac KPE nam trén AD.

Loi giai:
Puong thang qua P song song vai AC cat AD tai F

.. AF CP CE AK
Tach —=——=——=—
AD CD CB AB

— EK //BD = KEPF la hinh binh hanh cé cac canh song song vai
AC, BD.
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Do d6 KFP =120°
Puong tron ngoai tiép tam giac KFP cat AD tai diém thar 2 12 O.

Khi do
OKP = PFD = CAD =30°: OPK = OFK = ADB = 30° = AOKP ca "
n tai O. <

Tir KOP =120°;0K = OP; KEP =120° N

= O la tam dudng tron ngoai tiép tam giac KEP. /|| _
Bai 7: Cho tam gi4c nhon ABC ¢4 truc tdm H. Goi M, N lan luot 12 // | \
trung diém cua doan AH, BC. Cac phan gi4c trong cua cac goc v N TR
ABH, ACH cit nhau tai P. Chirng minh ba diém M, N, P thing hang.

Loi giai:
Goi BB'; CC' lan luot 1a duong cao ké tir B, C cua tam giac ABC. Ta co:
PCB=PCC'+C'CB =%(90° ~A)+(o0° —§)=135°—%A—§

Tuong tu: PBC =135° —%A—é

— PCB+ PBC :270°—(A+§+6)=90°
— CPB =90".

Vay P thudc duong tron duong kinh BC. Mat khac CP la phéan giac goc
ACC' nén P la diém chinh giita cung nhé B'C' cua dudng tron noi trén.
Do duong tron duong kinh BC va duong tron duong kinh AH cit nhau
tai B', C' nén duong ndi tam MN di qua diém chinh gitra P cung B'C'.
Bai 8: Cho tam giac ABC ¢4 tryc tam H. Biém M nam trong tam giac do.
Puong thang qua H vudng goc véi AM cit BC tai A;. Puong thang
qua H vuéng goc véi BM cat CA tai B;. Puong thing qua H vubng
g6c v6i CM cit AB tai Cy. Chitng minh ba diém Aq; B, C; thang hang.

Loi giai: W ¢
Goi N la giao cua A;H va AM.
Taco: HAHA'=HB.HB'= HC.HC'=k
Ha AA, L HN tai A
A1ANM noi tiép = HA.HM = HN.HA,

= HA,.HM = HAHA'=k = HA, :—H'TVI
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Tuong tu ta cling co:
HB __k HC __k = A =B,=C

"HM' T HM S
= Ay, By, C; cling thudce dudng thang vudng goc véi HM
Bai 9: Cho (O) va (O') tiép xtc trong tai M ((O'") chwra trong
(0)). Gia sir P va N 1a 2 diém bat ki thuoc (O'). Qua P va N ké
cac tiép tuyén véi (O') cat (O) tai A, C va B, D. Chtiing minh tam

duong tron noi tiép cac tam giac ACD, BCD nam trén NP.
Loi gidi
Qua M ké tiép tuyén chung caa (O') va (O)

~

Ta co: l<l\1=l\ﬁ/|\X;BA1:M1
— NMD = NMB => MN 14 phan gi4c goc DMB

Goi Q 1a giao diém tha 2 cia MN va (O).

Ta c6 Q 1a diém chinh giira cung DB do CQ I phan giac goc DCB. Goi | 1a giao CQ va NP. Ta c6:

— —

ICM =%(sd5ﬁ+sd5@)=%(sdm+sd@)= N, = IPM

= IPCM ni tiép

= QMB = NPA = IMC = AQIM © AQNI = QI? = QN.QM

Ma QMD = QDN = ADQN ¢ AMQD = QD? = QN.QM =QD.QI

= | 1a tam duong tron noi tiép tam giac BCD.

Tuong ty duong tron noi tiép tam giac ACD trén NP.

Bai 10: Buong tron (O; R); (O"; R") ¢t nhau & A va B. Tur C trén tia doi
ctia AB ke tiép tuyén CD va CE vdi (O) (E nam trong duong tron (O)).
Cac duong thang AE, AD cit (O') tai N, M. Chung minh DE di qua trung diém MN.

Loi giai:
Goi | 1a giao diém ciia DE va MN ta co:
DEB = DAB = BNM = BEIN noi tiép suy ra ﬁll\3=l\TE\B;I\WW3=ATE\B
Mt khac tir giac ABNM nai tiép

IMB = EAB = ABIN o AAEB = I _ AE
B EB

— —

Taco: BIN = BDA; BNI = BAD

= AIBN CDADBA:ﬂ:&
IB IB

= | 14 trung diém ciia MN
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Bai 11: Cho hai duong tron (O4); (O,) cit nhau tai A, B. Biém Q nam trén (O,). Cac duong thiang AQ, BQ

cét lai (O4) lan luot tai C, D. Céc tiép tuyén tai A va B caa (O,) cit nhau tai P. Ching minh QP di qua trung
diém caa CD.
Loi giai:
Goi M 1a giao diém cua AB va 0,0, ta c6 M la trung diém cua AB.
Dé chung minh PQ di qua trung diém CD thi ta can chiing minh:
MQB=PQC (*)
That vay néu c6 (*) ta goi K 1a giao diém PQ va DC.
Do tir gidc ADBC noi tiép suy ra Q/Bﬁ = K/C\Q két hop (*) ta c6:

AB QB
AMQB @ AKQC =
Q AL=>p AC()
ADBC ndi tiép nén AQCD > AQBA= AB_QB (2)
cD QcC
Tr@)va @) tace MB_BA ame=las
KC CD 2

= KC = % DC hay K 1a trung diém cua DC. Suy ra diéu phai chang minh.

Bay gio ta chitng minh (*) that vay N 1a giao diém PQ va (O,)
PA_ AN PN

Do PA la tiép tuyén cua (O,) nén APAN <> APQA = = = 3
p tuy (o)) Q PO AQ_ PA (3)
Tuong ty PB la tiép tuyén cua (0,) = PB_BN _PN (4)
PQ QB PB

Mit khac PA=PB (5)

NB AN
Tir (3), (4), (5) taco: RN BN.QA= AN.QB (6)

Theo dinh I Pto-le-me ta c6: NAQB +NB.QA= AB.QN (7)

1 BQ _QN
Tir (6); (7) = BN.QA= AN.QB=— ABQB=BM QN = -=—"

QBM =QNA = AQBM = AQAN => BQM = NQA
Vay (*) dugc ching minh.
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CHUONG 8

PIEM CO PINH, PUONG CO PINH
1. KIEN THUC:
- Piém c¢b dinh 1 diém nam trén duong ¢ dinh va cach diém cé dinh khac mot khoang khong doi.
- Puong thang ¢b dinh 1a duong thang di qua hai diém cb dinh hay di qua mét diém cb dinh va song song
(hoac vubng gbc) véi mot duong c6 dinh khac.
2. PHUONG PHAP:
- Piém c¢b dinh 1a giao diém cua hai dudng ¢ dinh.
- Puong thang ¢b dinh 1 duong thang di qua hai diém cb dinh hay di qua mét diém cb dinh va song song
(hodc vudng goc) véi mot duong cd dinh khéc.
3. BAI TAP:
Bai 1: Cho hai duong tron (O; a) va (O"; b) a > b > 0 tiép xUc ngoai tai A. Trén mot nira mit phang cé bo
0O' v& cac ban kinh OM, O'N di dong nhung song song v&i nhau. Chirng minh rang dudng thang MN ludn
di qua mot diém cb dinh.
Loi giai:

Goi P 1a giao diém cua OO' va MN Ta c6 3 diém O, A, O' thang hang
Va 00'=a+b
Vi OM //O'N nén Mo

PO' O'N b <N N

PO OM a \ N
= PO_POI:a_b e i

PO a O
_,00'_a-b
PO a
_00'a_(a+h)a
a—b a—

= PO

khong dbi.

—
QD

+b)a

a_

Piém P nam trén tia OO' va cach O 1a nén P 1a mot diém cé dinh.

Vay MN di qua diém P ¢ dinh.
Bai 2: Cho BC la day cung ciaa mot duong tron (O; R), A la diém chuyén dong trén cung Ién BC, cac duong
cao BB', CC' cit nhau tai H. Buong tron tim H béan kinh HA cit AB, AC lan luot tai K, L. Ching minh rang
duong thang ké tir H vudng goc voi KL di qua mét diém cd dinh.

Loi giai:
Goi O' ddi xiring véi O qua BC, suy ra O' ¢6 dinh, vi trong mot tam
giac khoang cach tir dinh dén truc tdm bang hai lan khoang céch tir

tam duong tron ngoai tiép tam giac dén canh déi dién cua dinh do.

Lién hé tai liéu word toan SPT va zalo: 039.373.2038




Website: tailieumontoan.com
Nén AH =00' (¥)
Vi AH 1 BC,00' L BC nén AH//OQ" (**)
Tir (%), (**) = ti giac AHO'O 12 hinh binh hanh.
Puong thang ké tir H vudng goc voi KL di qua diém cb dinh 13 O".
Bai 3: Cho tam giac ABC nai tiép duong tron (O) voi AB < AC. Trén canh AB, AC lay lan lugt cac diém
D,E. V& DH 1 BC,EK L BC , hiét 2HK = BC. Chang minh rang dudng tron ngoai tiép tam giac ADE ludn
di qua mot diém cb dinh khac A.

Loi giai:

Goi M, N lan luot 1a trung diém cua AB, AC.
Qua O ké mot duong thang song song véi BC cat DH va EK tai P va Q.

Tacé MA=MB = OM L AB = DMO = 90° (1)
PQ//BC ma DH 1 BC nén
DH LPQ  DPO=90° )

Tu (1), (2) = t giac ODMP noi tiép
— MPO = ADO (*)

Tuong tu, ta ¢d tr gidc ONEQ noi tiép
=NQP=AEQ (%

Ta c6 MNQP la hinh binh hanh

vicd MN //PQ, MN =PQ(: KH =%BC)

— MPQ + NQP =180° (*x)

Tir (%), (**), (***) = ADO + AEO =180°
= ADOE noi tiép
Vay (ADE) ludn di qua mét diém cé dinh 1a O.
Bai 4: Cho (O) va hai diém M, N ¢ dinh (M nam ngoai (O); N nim trong (O)). Mét day cung AB thay doi
cua (O) va di qua N. Hai cét tuyén MA, MB cit (O) tai diém thi hai lan luot 12 C, D. (C #A; D #B). Chiing
minh:
1. Pudng tron ngoai tiép tam gidc MAB di qua hai diém c6 dinh.
2. Puong thang CD di qua mét diém c¢b dinh.
Loi giai:
Goi P la giao cua duong tron ngoai tiép tam giac MAB véi MN (P khac M).
Ta chitng minh P ¢ dinh. That vay ta c: NP.NM = NANB
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_ NANB _ R?—ON?
NM MN

(R la ban kinh cua (O))

Ma P thudc dudng thing MN cb dinh (thudc tia dbi caa MN) =
P ¢6 dinh.

Viy dudng tron ngoai tiép tam giac MAB ludn di qua hai diém M

= NP khong doi

va P cb dinh.

2. Taco:

C, =B, (ABCD noi tiép); B, = P (MAPB ngi tiép) = C, =P,

Goi Q 1a giao diém CD va MN.

Ta c6 tir giac CAPQ ndi tiép = MQ.MP = MC.MA

MC.MA _ MO’ -R’
MP MP

Ma Q thudc doan MN. Do vay Q cé dinh, tic 14 CD luén

di qua diém Q cb dinh.

Bai 5: Cho hai duong tron (O;); (O2) c6 ban kinh khac

nhau tiép x(c ngoai vai nhau tai A. Mot dudng tron thay

= MQ-= khong doi.

déi tiép xic voi 010, tai A va cit (01); (Os) lan luot tai 5, e L - e

B, C. Chitng minh BC luon di qua mot diém cb dinh. ’
Loi giai:

Gia str ry > ry (ry, rp thir tu 1a ban kinh cuaa (04); (0,))

Goi M la giao cua BC va 0;0..

Ta chitng minh M ¢4 dinh.

That vay goi D va E la giao cua 010, vai (O2); (Oy) (D khéng trung A, E khéng trung A)

Taco: D, = A +90° = EBC = BCDE noi tiép nén MD.ME = MC.MB

2r,.1,
r1_r2

Hay MA? =(MA+2r,)(MA-2r,) = MA= khong doi.

Ma M thudc 010, ¢b dinh. Do vay M cé dinh.

Bai 6: Cho hai duong tron (O) va (O') cit nhau tai 2 diém A va B sao cho O, O' nam vé hai phia cua duong
thing AB. Hai diém M, N Ian luot thay ddi trén (O), (O') sao cho MBN = & khong ddi va M, N nim vé hai
phia cua AB. Gia st tia OM; O'N cit nhau tai P. Chirng minh dudng tron ngoai tiép tam giac PMN di qua
diém cé dinh.

Loi giai:

Lién hé tai liéu word toan SPT va zalo: 039.373.2038



Website: tailieumontoan.com
Chiing minh géc P khong déi <> OMN +O'NM khong déi
< OMB +0O'NB + BMN + BNM khong dbi
Hay OBM +O 'BN +180° — & <> OBO'+180° — 2« khong dbi.
Vay duong tron ngoai tiép tam giac POO' ¢6 dinh.
Goi Q 1a giao dudng tron ngoai tiép tam giac PMN va tam giac POO".
Ta co:
MOQ = NO'Q (PQOO'gi tiép):
M, =N, (PQNM néi tiép)
— QMO =QNO' = AMOQ < ANO'Q
_, Q0 _MO
Q0' NO'
Tur (1) va (2) ta cd Q cb dinh.

khong d6i (2)

Bai 7: Cho A 1a diém thay dbi trén nira duong tron dudng kinh CB.
Ha AH vuéng géc véi CB. Goi (0); (O') lan luot I cac duong
tron noi tiép tam giac CAH; ABH. Chiing minh ring duong
thang qua A vudng goc véi 00" ludn di qua diém cb dinh.
Loi giai: j
Goi | la giao cia BO' va CO, ta cd I 1a tam duong tron noi % / tiép tam
iy S “
giac ABC. R

Ta sé chung minh Al vudng goc véi OO'. Ta co:

IBA+ BAO = HBA+ BAH + FAO
1— — 1—
=~ HBA+BAH +=HAC
2 2
— 1 —— 1 — o
= BAH +E HAC +§HAC =90
= 10'L AO
Tuong tytacod 10 L AO'
Vay trong tam gidc AOQO' ¢ | Ia truc tdm suy ra Al vubng goc véi OO",
Vi Al la phan gidc g6c A nén Al di qua diém chinh gitra
cung BC cé dinh.
Viy duong thang qua A vudng gdc véi OO’ 1udn di qua mot
diém cb dinh.
Bai 8: Cho bdn diém A, B, C, D thang hang theo thir tw, AB

#CD. Piém M thay déi sao cho AMB=CMD ; M khong '
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thuoc AB. Chirng minh rang M thugc mét duong tron cb dinh.

Lo gii:
Goi (0) 1a dudng tron ngoai tiép tam gidc MBC va E 1a diém chinh giita cua cung BC. Goi P, Q lan luot 1a
giao diém thi hai cua (O) véi MA, MD. Tir gia thiét suy ra E ciing 1a diém chinh gitra caa cung PQ.

Do d6 PQ//BC.

AP AM
->—=—

QD DM
Vay

ABAC AP.AM (AM Y
DB.DC DM.DQ DM

AM  [AB.AC
= = #1
DM DB.DC

= M thudc mét dudng tron ¢ dinh
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CHUONG 9

TIEP TUYEN CUA PUONG TRON
I. KIEN THUC:
1. Dau hiéu nhan biét tiép tuyén:
- Néu mot duong thang di qua mot diém cia dudng tron va vudng goc véi ban kinh di qua diém do thi
duong thang ay 1a mot tiép tuyén caa duong tron.
- Néu khoang céch tir tim cua duong tron dén dudng thang bang ban kinh cua dudng tron thi duong thing
d6 1a tiép tuyén cua duong tron.
- Néu mét goc co dinh nam trén dudng tron c6 mot mot canh chia day cung cd sé do bang nira sé do cua
cung cang day d6 va cung nay nam bén trong gdc thi canh kia 1a mot tiép tuyén.
2. TINH CHAT TIEP TUYEN:
Néu mot duong thing 14 tiép tuyén cua duong tron thi né vubng goc véi ban kinh di qua tiép diém.
Néu hai tiép tuyén cua dudng tron cit nhau tai mot diém thi:
- Diém d6 cach déu hai tiép diém.
- Tia ké tir diém d6 di qua tam 1a tia phan gidc goc tao boi hai tiép tuyén
- Tia ké tir tAm di qua diém d6 1a tia phan giac ctia goc tao boi hai ban kinh di qua cac tiép diém.
Néu IM, IN 12 hai tiép tuyén tai M va N cua (O, R) thi:
IM L OM;IN LON;OIM =OIN;IOM = ION
3. PHUONG PHAP:
- Chimg minh duong thang va duong tron chi ¢ mét diém chung.
- Chitng minh khoang cach tir tim dudng tron dén duong thang bang ban kinh caa dudng tron.
- Chtmng minh duong thang di qua mot diém cia duong tron va vudng goc véi ban kinh di qua diém do.
- Hinh duy nhét.
4. BAI TAP:
Bai 1: Cho tam giac ABC can tai A, cac duong cao AD va BE cit nhau tai H. V& dudng tron tam O c6 duong
Kinh AH.
Chuang minh riang DE 13 tiép tuyén cua duong tron tam O.
Loi giai:
Xét ABEC vudng tai E c6 duong trung tuyén ED
— ED = BD = DEB = DBE (1)
AAEH vudng tai E c6 duong trung tuyén

= EO = HO = OEH = OHE (2)

Ma OHE = DHB (dd) va DHB+DBE =90°  (3)
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Tir (1), (2), (3) = OEH + DEB = OED = 90°
= DE L OE
Ma E thudc duong tron (O). Do d6 DE Ia tiép tuyén cua (O).
Bai 2: Cho duong tron (O) duong kinh AB. Liy mét diém M sao cho A niam giita B va M. Ké duong thang
MC tiép xtc véi (O) tai C. Tir O v& dudng thang vudng goc voi CB, s N
duong thang nay cat tia MC tai N. Chang minh rang NB 12 tiép tuyén cua -
duong tron (O).

Loi giai:

Taco NCO =90° . Goi | 1a giao diém cia CB va ON.

Tam gidc BOC la tam giac cén, c6 Ol la duong cao nén Ol la phan giac

caa BOC .

Hai tam giac OCN va OBN bang nhau theo trudng hop canh - gdc - canh,

suy ra:
NCO = NBO ma NCO =90°
Nén NBO =90° = OB L BN
= BN la tiép tuyén cuaa (O).
Bai 3: Cho tam gi4c ABC ndi tiép trong dudng tron tam O. V& tia i A
Bx sao cho tia BC ndm giita hai tia Bx va BA, biét CBx = BAC .
Chung minh rang Bx 12 tiép tuyén caa duong (O).

Loi giai:
Cach 1:

Goi D 1a diém chinh giira cia cung BC

Khi d6 BOD = A , theo gia thiét ta c6 A=CBx = BOD = CBx
Mat khac : BOD +CBO = 90°

Nén CBx+CBO =90° = Bx L BO

Va B thudc (O). Do d6 Bx Ia tiép tuyén cua (O).

Cach 2:

V& tia Bx' 14 tia tiép tuyén caa duong tron (O).

Tia Bx' nam trén nira mat phang b BC ¢d chia tia Bx.
Taco CBx'=BAC (hé qua goc tao béi tia tiép tuyén va day cung )
Ma CBx = BAC (gt)

Do d6 CBx'=CBx = 2 tia Bx va Bx' trung nhau
Vay Bx la tiép tuyén cua duong tron (O).
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Bai 4: Cho nira duong tron (O, R) dudng kinh AB va hai tia Ax, By tiép xic véi nira duong tron nay lan luot

tai A va B. T 1a diém thay d6i trén nira duong tron (T khac A va B). Tiép tuyén tai T cat céc tia Ax, By lan
lwot tai M, N.
a) Chung minh ring MN = AM +BN va OM L ON

b) Chirng minh rang $+ﬁ va AM.BN 1a cac dai luong khong doi.

¢) Gia str cac doan AN va BM cit nhau tai C, tia TC cat AB tai H. Chiang minh ring TH L AB va C la trung
diém cua TH.

Loi giai: :
a) Ta c6 MA va MT la hai tiép tuyén cia duong tron, suy ra OM
Ia tia phan giac goc AOI va AM = MT.
NB va NT 14 hai tiép tuyén cua duong tron, suy ra ON 1a tia phan
giac BOT vaBN=TN.
Tacd AM +BN =MT +TN = MN
Vi OM va ON Ia hai tia phan giac hai goc ké bu AOT va BOT
nénOM 1 ON.
b) Tacoé OT L MN (tinh chét tiép tuyén)
Tam giac MON vubng tai O

1 1 1 )
= + = hé thire luong trong tam giac vudn
omZ T oNE = ot (hé ong trong tam g 9)
OT=R> 1 ! = !

OM? ON? RE
Talai c6 MT.TN =OM? (hé thirc lwong trong tam giac vuong)
Vi MT = AM, TN =BN,OM =R nén AM.BN = MT.TN = OT?2 = R*khéng d6i
c) Str dung dinh i Ta-lét, ta co:

AM //BN = '\éIg:AM :TI\I\/: —=TC//BN=TC L AB hay TH L AB

TC CM CA CH
BN CB CN BN
Vi du 22: (Pé thi tuyén sinh THPT Ha Ngi - Amsterdam, 2000-2001)

Cho doan AB = 2a va trung diém O. Trén clng mot nira mit phang bo AB ké tia Ax, By vudng goc véi AB.

=TC=CH

Mot duong thang d thay doi cit Ax tai M, By tai N sao cho luon c6 AM.BN =a’(a>0).

a) Chiing minh ring hai tam giac OAM, BNO ddng dang va MON = 90°
b) Goi H 1a hinh chiéu cua O trén MN. Chirng minh rang d ludn tiép xuc véi nira dudng tron ¢ dinh tai diém
H.
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Loi giai:
a) AM.BN =a” =0AON (gia thiét) _, AM _OA
OB BN

Ma MOA = BON =90°

— AAOM = ABNO(c.g.c)= AOM = BNO

— AOM + BON = BNO + BON =90° = MON = 90°

b) Xét cac tam giac vudng OAM va OBN

OM?2 =0A? + AM? ON? =0B? +BN? (dinh Ii Pytago)

Ma OA=0B=a=0OM?’=a’+AM? ON? =a’+BN?

Ap dung hé thirc luong trong tam giac vudng OMN, ta ¢ :
S S S SR

OH? OM? ON? a*+AM? a*+BN?

Theo gia thiét AM.BN = a?

1 1 1 1
=3 >t 2 2 = >t 2
a-+ AM a-+ BN AM .BN + AM AM .BN + AM

1 1 1 1 1 1
+ = =_2:>—2=_2:>OH =a
AM (AM +BN) BN(AM+BN) AMBN a’ OH’ a

Vay d ludn tiép xdc véi nira duong tron tm O ban kinh a.

Bai 5: Cho diém | nam trén tia phan giac goc xOy. Ké duong
tron tam | tiép xdc véi Ox, Oy lan luot tai D VA E. Gia st T Ia
diém bat ki trén cung nho DE cta duong tron. Tiép tuyén tai T
ctia dudng tron cit cac tia Ox va Oy lan luot tai M va N. Ching
minh rang khi T thay dbi trén cung nhé DE thi chu vi tam giac
OMN khéng doi va sé do goc MIN khong doi.

Loi giai:

+) Theo tinh chat hai tiép tuyén cit nhau tai mot diém ta c6 :
MT =MD, NT = NE

= MT +TN =MD + NE = MN = MD + ME

OM +ON +MN =OM + MD +0ON + NE =0D +OE

Vi 0O, D, E ¢ dinh nén chu vi tam giac OMN bing OD + OE khong doi.
+) Lai st dung tinh chat hai tiép tuyén cét nhau tai mot diém ta c6 IM va IN lan luot 12 tia phan giac cac goc
TID va TIE.
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=TIM +TIN = (TID +TIE ) =~ DIE
2 2

—

— MIN :%6@ khéng di

Bai 6: Cho tam giac déu ABC c6 O l1a trung diém cua BC. Dyng
xOy = 60° , Ox cit canh AB tai M; Oy cét canh AC tai N.

a) Chiing minh ring BOM +CON =120° va BOM =CNO

b) Chirng minh rang tam giac MBO dong dang vai tam giac OCN
BC? = 4MB.NC

Website: tailieumontoan.com

goc

va

¢) Chitng minh ring tam giac MBO ddng dang véi tam giac MON va MO Ia phan giac goc BMN

d) Gia st goc xOy quay quanh O nhung Ox va Oy van lan luot cit canh AB va AC tai M va N. Chtng minh

rang MN ludn ludn tiép xuc véi mot duong tron ¢b dinh.
Loi giai:

a) Tac6 BOM +MOC =180° (hai géc ké bu)

BOM + MON + NOC =180°

Ma MON = 60°

— BOM +60° + NOC =180°

— BOM + NOC =120° (1)

Xét ACON ta c6: CNO +OCN +CON =180°

(tong ba gdc trong 1 tam gi4c)

— CNO =180° —~OCN — NOC =180° —60° - NOC =120° — NOC

— CNO+NOC =120° (2)

Tir (1) va (2) tacé BOM =CNO

b) Xét hai tam giac MBO va OCN, ta c6

BOM =CNO (ching minh trén), MBO = OCN = 60°

= AMBO > AOCN (g.9) = Ic\)AcB Eﬁ MB.CN = BO.OC

Mt khac BO =0OC :%BC (gia thiét) = BO.OC :%BC%BC :%BCZ

= BC? =4MB.NC

c)TacoﬂszB oC > MB MO
OC ON OB ON
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M

Két hop vi MBO = MON =60° = AMBO = AMON (c.g.c) ¥ & "

— BMO = OMN . Vay OM la phan giac cua géc BMN.
d Goi OH la khoang cach tr O dn MB thi

OH =035in60°=¥ —— \

] [

Khi d6 khoang céch tir O dén MN ciing bing a%é
A POy , , . \ R A 4 A p . N a\@
Vay MN ludn tiep xuc vai duong tron ¢o dinh tdm O ban kinh e

Bai 7: Cho hinh vuéng ABCD canh a. Lay diém M thudc canh AB va diém N thuoc tia dbi cua tia DA sao
cho DN = BM. Gia sir tia phan giac ciia géc MCN cit canh AD tai P. Chirng minh rang :
a) CM =CN va CM L CN
b) MP = PN
c) MP 14 tiép tuyén duong tron tdm ¢ béan kinh a.
Loi giai:
a) Xét hai tam gidc BMC va DNC:
BC =CD
MBC = NDC =90°
BM = DN (gia thiét)
= ABMC =ANDC

— CM =CN va BCM = DCN

— e

Tac6: MCN =MCD + DCN = MCD +BCM

= MCN =BCD =90° = CM LCN

b) Xét hai tam gidc MCP va NCP

Canh CP chung, PCM =PCN (gia thiét), CM =CN (chiing minh trén)

— ACPM = ACPN (c.g.c)= MP = PN

¢) Goi H 1a hinh chiéu vudng géc caa C lén MP.

Hai tam giac vuéng CPD va CPH cé canh huyén CP chung va CPH =CPD (vi ACPM = ACPN)

= ACPH =ACPD=CH =CD=CH =a

Vay MP 1a tiép tuyén caa duong tron tm C ban kinh a.

Bai 8: Cho hai duong tron (O; R) va (1; r) tiép xdc trong véi nhau tai T (r < R). Ké ba tia bat ki chung géc T,
tia Tx cit duong tron (1, r) tai A va cit duong tron (O, R) tai diém tha hai M. Tia Ty cit duong tron (1, r) tai B
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va cit duong tron (O, R) tai diém thir hai N, tia Tz cat duong tron (1, r) tai C va cit duong tron (O, R) tai

diém thw hai P.
Chung minh rang:
a) AB//MN,BC//NP,CA//PM
b) Hai tam giac ABC va MNP dong dang.
Lo gii:
™ T r

a) Tachang minh —=—=
TA TO R

Céc tam giac ITM va ITA can nén IMT = ﬁM,CTA\T - OTA

ma ITM = OTA
:mz(jA\T:HM//OA:M:lZI_:L
TA TO OA R
Chung minh tuong tu:
INT _rTP_ T _1©
TB TO R'TC TO R
Taco: M _™N _ ynsagMN_TN _ 1
TA TB AB TB R
Chung minh tuong tu
np/pc, NP TN oyjea PM_TP T
BC TB R CA TC R

b) Theo két qua cau trén ta co MN_NP_PMf_Tr
AB BC CA R

Suy ra hai tam gi4dc MNP va ABC d6ng dang theo ti s6 %

Bai 9: Cho hai duong tron (O, R) va (1, r) tiép xtc ngoai nhau tai T (r < R). Hai tiép tuyén chung ngoai cua

hai duong tron cat nhau tai K, tiép tuyén thir nhit tiép xtc vai (O, R) va (1, r) lan luot tai A va M, tiép tuyén

thir hai tiép xdc véi (O, R) va (1, r) lan luot tai B va N. Chang

minh rang:
a) Bén diém O, T, I, K thang hang.

b) ATM = BTN =90°

¢) KT Ia tiép tuyén chung cua dudng tron duong kinh AM va

duong tron duong kinh BN.
d) AM =BN :%(AB+MN)

e) KA va KD la tiép tuyén cua duong tron duong kinh Ol
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Loi giai:
a) Vi T la tiép tuyén cua hai duong tron nén T, O, | thang hang. Vi KO va KI déu la tia phan giac goc AKB
nén K, O, | thang hang. Vay 4 diém O, I, T, K thang hang
b) Ké tiép tuyén chung trong cta hai dudng tron tai T.
Gia str tiép tuyén nay lan luot cit KA va KB lan luot & P, Q. Theo tinh chét hai tiép tuyén cit nhau tai mot
diém taco: PA=Pl =PM,
QB =QI =QN . Suy ra cac tam giac ATM va BTN cung vuéng tai T.
c) Ta c0 OALKAIM LKA=OA//IM = OAMI la hinh
thang vudng. Goi J 1a trung diém cuaa Ol, theo chiing minh ey \ “‘“’”\\_ trén
P I trung diém ctia AM. )
= JP la duong trung binh caa hinh thang vuéng OAMI
— JP LAM,JP=2(0A+IM)=2(R+r)=20l \
2 2 2

, y E
Vi JP = %OI ,AM L JP nén AM tiép xuc véi duong tron tam J N H 7

duong kinh Ol tai diém P. Ching minh twong tu, BN tiép xic B C Véi

duong tron tam J duong kinh Ol tai diém Q.

d) Theo tinh chat hai tiép tuyén cit nhau tai mot diém ta co
KA=KB,KM =KN

= KA-—KM =KB-KN = AM =BN

Lai c6 PQ = IP+IQ,IP=%AM,IQ:%BN — AM =BN = PQ

Vi cac tam giac KAB va KMN can dinh K. KO la tia phan giac : _
géc AKB nén AK L KO,MN LKO= AB//MN = ABNM la e B
hinh thang. Ta c6 PQ la duong trung binh hinh thang.

= PQ:%(AB+CD):> AB = MN :PQ:%(AB+CD)

Bai 10: Cho tam gi4c ABC can dinh A. Ké hai duong cao AD va BE cit nhau tai H. Chiing minh rang ED Ia
tiép tuyén dudng tron ngoai tiép tam gidc AEH.
Loi giai:
Goi | 1a tam duong tron ngoai tiép tam giac AHE, vi tam giac vudng tai E nén | 1a trung diém caa AH.
Ta chitng minh ED L EI : Theo tinh chat duong trung tuyén caa tam giac vudng ta co

IA= IE(:%AH),BD: DE(z%BCj

= Cac tam giac IAE va BDE cén
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e~ —_— —

= |[EA=IAE, DEB = DBE

Mit knéc 1EA= DBE (90" ¢ = IEA~ DEB

— DEB+ IEH = IEA+ IEH =90°

— DE L El = ED latiép tuyén duong tron ngoai tiép tam gidc AEH

Bai 11: Cho tam gi4c ABC c6 A>C. LAy diém D thuoc canh BC sao cho BAD = C . Chiing minh ring AB
|4 tiép tuyén duong tron ngoai tiép tam giac ACD.

Lo gii:
Céch 1.

Goi O 1a tam dudng tron ngoai tiép tam giac ACD.

Tacé ACD :%A/O\D (lién hé giita g6c NG tiép va goc & tam) va ACD = BAD
I
(gia thiét) = BAD -~ AOD ()

Xét AAOD, OAD + DAO +ODA =180°
Mat khac, tam gidc AOD can tai O
— OAD = ODA = 20AD + AOD =180°
= OAD +% AOD=90°  (2)
Tir (1) va (2) tac6 ZOAD + /BAD = 90°

— OAB =90° = AB L OA = Tia AB Ia tiép tuyén duong tron ngoai tiép tam giac ACD.
Céch 2: Trén nira mat phang chira diém B ¢6 bo 1a duong thang AC, ké tia Ax tiép xUc véi duong tron ngoai
tiép tam giac ACD tai A.

Theo tinh chét goc noi tiép, ta cé C = %sd AD
Mit khac DAB =C (gia thiét) = DAB :%sdﬂ)
Theo tinh chat goc tao bai tia tiép tuyén va mot day cung ta yd ' S co:

@:%sdﬁ:[ﬁ:@

Vi hai tia AB va Ax clng thuéc mot nira mat phang bo AC nén hai
tia nay trung nhau

= Tia AB la tiép tuyén duong tron ngoai tiép tam giac ACD

Bai 11: Cho nira duong tron tam O, duong kinh BC va mot diém A

Lién hé tai liéu word toan SPT va zalo: 039.373.2038



Website: tailieumontoan.com
trén nira duong tron (A khac B,C). Ha AH vudng goc véi BC (H thudc BC). Trén nira mit phiang bo BC chira

A dyng hai nira dudng tron dudng kinh HB va HC, ching lan luot cit AB va AC tai E va F.
a) Chung minh ring AB.AE = AC.AF
b) Chitng minh rang EF I tiép tuyén chung cuaa hai ntra dudng tron duong kinh HB va HC.
¢) Goi | va K lan luot 12 hai diém ddi xtng véi H qua AB va AC. Chang minh rang ba diém |, A, K thing
hang.
d) Buong thang IK cit tiép tuyén ké tir B cua nira dudng tron (O) tai M. Chang minh rang MC, AH, EF ddng
quy
Loi giai:
a) Xét tam giac vuong ABH c¢6 HE L AB = AB.AE = AH’®
Xét tam giac vudng ACH c6 HF L AC = AC.AF = AH?
T cac dang thic trén suy ra AB.AE = AC.AF
b) Goi P, Q lan luot 13 trung diém cua HB va HC.
Ta c6 tam giac PEH cén tai P, suy ra HEP = PHE
HCF = PHE (hai goc ddng vi), suy ra HEP = HCF
Mt khac AEHF Ia hinh chix nhat nén ta c6 HEF = HAF
Tir céc déng thuc trén, suy ra HEP + HEF = HCF + HAF =90°
Suy raEF L PE, do d6 EF la tiép tuyén cua dudng tron dudng kinh BH.
Chumg minh tuong ty, EF 1a tiép tuyén duong tron duong kinh CH.
¢) Theo tinh chat dbi xung, ta co
IAH = 2BAH; KAH = 2CAH
= IAH + KAH =2(BAH +CAH | =180°

Suyra |, A, K thang hang.
d) Goi N 1a giao diém cua BM véi CA.

s . 3 N ., SR { .
Theo tinh chat tiep tuyén ta c6 MB = MA, vi tam giac BAN . Vi ;
. \ TN Vi
vuong tai A nén M 1a trung diém BN. Mat khac AH // BN, suy ra \ L //»f'
CM di qua trung diém cia AH. Mat khac AEHF Ia hinh chit nhat N

nén EF di qua trung diém AH.
Suy ra CM, AH, EF ddng quy.
Bai 12: Cho (O) duong kinh AB = 2R. Biém C thudc duong tron (C khéng tring véi A va B). Trén nira mat
phing bo AB c6 chira diém C ké tia tiép tuyén Ax véi (O). Goi M 1a diém chinh giita cung nho AC. Tia BC
cat Ax tai Q, AM cat BC tai N, AC cat BM tai P.

1. Churng minh tam giac ABN cén
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2. Goi K 1a diém chinh gitra cua cung AB (cung khdng chira C). Hoi cd thé xay ra trudong hop 3 diém Q, M,

K thang hang khong?

3. X4c dinh vi tri cia C trén nira duong tron tam O dé duong tron ngoai tiép tam giac MNQ tiép xuc véi (O)
Loi giai:

1. M 1a diém chinh giita cung AC nén MA = MC . Vi vay trong tam giéac

vudng CAN c6 CM 1a duong trung tuyén. Do d6 MN = MA.

Tam giac BAN c6 BM 1a duong cao vira I trung tuyén nén tam giac

BAN can tai B.

2. Ba diém M, Q, K khdng thé thang hang vi néu trai lai thi QM Ia phan

giac goc AQB va BM la phan giac géc AQB.

Trong khi d6 BM la phéan giac goc ABQ.

Vay M la tm duong tron noi tiép tam giac ABQ = M 1a diém chinh
gitra cung AB

= C tring B. MAu thuan

3. Puong tron (O) va dudng tron ngoai tiép tam gidc MNQ tiép xtc

nhau tai M khi va chi khi chiing ¢ tiép tuyén chung tai M.

Diéu d6 twong duong voi: I\TQ\N - MBC

< AMQB cantai M < QN = BC (AMCN cin tai M) (*)

Mat khac BA = BN nén theo hé thirc luong trong tam giadc vudng ABC

ta co: :
AB? = BC.BQ =BC (BN + NQ) =BC(AB+NQ) ,
s
. 2 K
Do d6 (*) < AB* =BC(AB+BC)
< BC?+AB.BC-AB?’=0< BC =#AB
1-5

Vay (0) va dudng tron ngoai tiép tam giac MNQ tiép xic véi nhau khi va chi khi BC = — AB

Bai 13: Cho tam giac ABC noi tiép (O). Cac diém Ao; Bo lan luot 1a diém chinh giita cung CB (khong chua
A), cung CA (khéng chaa B). Puong tron (Ao) tiép xUc véi canh BC, duong tron (Bo) tiép xtc véi canh AC.
Chang minh ring tam dudng tron noi tiép tam giac ABC thudc mét tiép tuyén chung cua (Ao); (Bo).

Loi giai:
Goi | 1a tam duong tron noi tiép tam gidc ABC. Ké tiép tuyén CM; CN lan luot t6i cac duong tron (Ao); (Bo)

c6 tiép tuyén khong tring véi canh cua tam giac

Khi d6: ACM —2BCA, = A;
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ACN =2ACB, =B = MCN = A+B+C =180°
= M, C, N thang hang = C nam trén tiép tuyén chung cua (Ao); (Bo)
Mt khac | va C dbi xiing qua AoBo nén | ciing nam trén tiép tuyén chung cua (Ao); (Bo)
Bai 14: (Lép 10 THPT Tinh Pong Nai 2012 - 2013) : Cho hinh vuéng ABCD. L4y diém E thudc canh BC,
véi E khéng tring B va E khdng tring C. V& EF vudng goc vai AE, véi F thuoc CD. Puong thing AF cat
duong thing BC tai G. V& duong thing a di qua diém A va vudng goc véi AE, duong thing a cit dudng
thang DE tai diém H.

1. Ching minh E:C—D.
AF CE

2. Chitng minh rang tir giac AEGH Ia tir giac noi tiép duoc duong tron.
3. Goi b 14 tiép tuyén cua duong tron ngoai tiép tam giac AHE tai E, biét b cit duong trung truc caa doan
thang EG tai diém K. Chitng minh rang KG 1a tiép tuyén cua duong tron ngoai tiép tam giac AHE.
Lo gii:
1. Tt giac AEFD c6 : AEF + ADF =90° +90° =180°
— Tt giac AEFD noi tiép. = EAF = EDF
Xét AEAF va ACDE c¢6 :
AEF = DCE(=90")

EAF =CDE (cmtrén)

Do d6 AEAF mACDE(g.g):E=9.
AF DE

2. Taco EAF + HAG = 90°;

CDE + HEG =90° (ACDE vudng tai C),

EAF = CDE (cm trén)

Suy ra HAG = HEG . Vay t&r giac AEGH noi tiép. e e i

3. Goi O la trung diém HE. ; N\

Ta c6 O 1a tim dudng tron ngoai tiép tu giac AEGH ciing "';_/ D \"E la duong
tron ngoai tiép tam giac AHE. 0

Xét AOEK va 40GK c6 : OE=0G(=R),0K (canh \ . chung)
KG = KE (K thudc duong trung truc cua EG ) \

B E~e | C— G

Do d6 AOEK = AOGK (c.c.c) = OEK = OGK

Ma OEK =90°,KG L OG, G thudc duong tron (O)
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Do d6 KG 14 tiép tuyén cua duong tron (O). Tac 1a KG 13 tiép tuyén cua duong tron ngoai tiép tam giac

AHE.

Bai 15: (Lép 10 Chuyén Mén chuyén Tinh Pong Nai 2012 - 2013) : Cho tam gidc ABC khéng la tam giac
can, biét tam gidc ABC ngoai tiép duong tron (1). Goi D, E, F lan luot 14 cac tiép diém cua BC, CA, AB VGi
duong tron (1). Goi M 1a giao diém cua duong thang EF va duong thang BC, biét AD cat duong tron (1) tai N
(khong truing véi D), goi K 1a giao diém cua Al va EF.

1. Chirng minh rang cac diém I, D, N, K ciing thuéc mot duong tron.

2. Chizng minh MN 14 tiép tuyén caa duong tron (1).

Léi giai:

1. AE, AF la céc tiép tuyén cua duong tron

() = AE = AF

Al la tia phén giéc cia EAF,AAEF can

tai A
Do do Al la duong cao cua AAEF.
AEAI vubng tai E, EK 1la duong cao

= AE? = AK.Al
Xét AAEN va AADE c6 : EAN (chung)

va AEN = ADE (h¢ qua goc tao bai tia tiép tuyén va day cung)

Do d6 AAEN o AADE(g.g):E:ﬂ: AE? = AD.AN
AD AE

Tacod AK.Al = AN.AD(: AEZ)

Xét AANK va AAID ¢6 : NAK (chung), %:% (vi AK.Al = AN.AD)

Do d6 AANK > AAID(c.g.c)

— AKN = ADI

Vay tir giac DKNI noi tiép.

Do d6 cac diém 1, D, N, K ciing thugc mét duong tron.
Lién hé tai liéu word toan SPT va zalo: 039.373.2038



2. MD la tiép tuyén cia (1) = MD L ID

Tt giac MKID ¢6 MKI + MID =90° +90° =180°

Do d6 MKID noéi tiép = M, K, 1, D ciing thugc 1 duong tron.

— MNI = MK] =90°
Tacé MN LIN,N e(1)

Vay MN Ia tiép tuyén caa duong tron (1).
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CHUONG 10

TU GIAC NOQI TIEP - NHIEU PIEM
CUNG THUQC MOQT PUONG TRON
1. KIEN THUC :
- Pinh nghia duong tron.
- Vj tri twong d6i cia mot diém vai duong tron.
- Tt giac noi tiép.
- Phuong phép chirng minh ti giac noi tiép
Pé ching minh tir gidc ABCD noi tiép duong tron, 1a chitng minh tr gidc thoa man mat trong cac didu kién
sau:
4 dinh A, B, C, D cung thugc mét dwong tron.
Tong hai géc doi bang 180°.
G6c ngoai tai mor dinh bang géc trong tai dinh doi dién.
Hai dinh ké nhau cting nhin mét canh dwéi mét géc chung anpha
Dic biét, ta ¢ thé sir dung tinh chit cua tam gidc vudng: "Tam cua dudng tron ngoai tiép tam giac vudng la
trung diém canh huyén". Nhu vay néu tt gidc ABCD thoa man hai dinh B, D ctng nhin AC dudi mot goc
vuong thi tir giéc noi tiép dudng tron duong kinh AC, néu tir giac ABCD thoa man hai dinh B, C cling nhin
AD du6i mot goc vudng thi tir giac noi tiép duong tron duong kinh AD.
Tinh chét t& giac noi tiép
Gia sir ABCD nai tiép duong tron. Ta co:
Téng hai goc ddi bang 180°:
BAD + BCD = ABC + ADC =180°
G6c ngoai tai mot dinh bang géc trong cua dinh dbi dién:
A'AB =BCD, B'BC =CDA,
C'CD=DAB, D'DA=ABC

Hai dinh k& nhau nhin mét canh theo hai géc c6 s6 do bang nhau

— e~ - — —

ACB = ADB,BAC = BDC,CAD =CBD, DBA= DCA.

2. PHUONG PHAP:

- Chirng minh ton tai mot diém cach déu bén dinh cua tir gidc (dinh nghia duong tron )

- Chting minh t& giac d6 c6 hai dinh ké nhau ciing nhin canh chtta hai dinh con lai dudi hai goc bang nhau
(quy tich cung chara géc )

- Dya vao dinh nghia cua ti gidc noi tiép
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- Néu mot ttr giac c6 hai goc di bu nhau thi tir gidc d6 noi tiép dwoc mot duong tron( dinh 1i dao cua tir giée
ndi tiép). Do d6 néu mét tir gidc c6 mot goc bang goc ngoai tai dinh ddi dién thi tir gidc d6 noi tiép duoc mot
duong tron (hé qua)
- Thém diém
3. BAI TAP:
Bai 1: Cho tam giac ABC nai tiép (O; R), H la truc tam, | va O 1a tam dudng tron noi tiép va ngoai tiép tam
giac ABC, dong thoi AH bang ban kinh duong tron ngoai tiép tam
giac ABC. Chtrng minh rang B, C, O, I, H nam trén mot duong tron.

Loi giai:

Goi D 1a trung diém BC = OD L BC trong moi tam giac ta co:
AH =2.0D (ty ching minh)
Theo gia thiét AH =R=R=0B=2.0D
AOBD la tam giac vudng c6 OB =2.0D

— OBD =30° = BOC =120° = BAC = 60°
H la truc tdm cua tam giac ABC
— CH 1 AB:BH 1 AC

— BHC =120°: BIC = 90° +%/&:120°

Ta thiy BOC = BHC = BIC =120°. Vy nam diém B, C, O, I, H ndm trén ciing mot duong tron.

Bai 2: Goi O, | va H lan luot 1 tAm dudng tron ngoai tiép, noi tiép va truc tam cua tam giac ABC. Khi do

néu duodng tron ngoai tiép tam giac OIH di qua 1 trong cac dinh

cua tam giac ABC thi phai di qua 1 dinh khac cta tam giac ABC.
Loi giai:

Str dung b dé sau: /

Cho tam gi4c ABC nhon, O 1a tdm dudng tron ngoai tiép, H 1a |

truc tam.

Khi d6 néu AO = AH thi BAC = 60°

Tro lai bai toan: Gia sir 4 diém O, I, H, C cung thudc duong
tron.

Vi CI 1a phén gidc cua goc HCO nén IH =10 =t

Ta chitng minh néu géc BAC khac 60° thi O, I, H, A cing thudc 1 dudng tron.

M, N 1 hinh chiéu cua I trén OA va AH. L4y O;; O, trén tia AO sao cho 10, = 10, =t (Oy nam giita A va M,
M nam gitra Oy, O,.

LAy Hy va Ha nam trén AH sao cho IH, = IH, =t (Hy nam giira A va N, N nam gitra H; va Hy)
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1.Néu O=0,;H = H, hoicO =0,;H = H, . Khi d6 AAIO © AAIH = AO = AH
Ap dung bé d& ta c6 BAC =60°, trai véi déu gia su.
2.Néu O=0;H =H, hoic 0=0,;H =H -1 tacé AIO,0, > AlH H,
— 10,0, = IH,H,; 10,0, = IH,H, = AOIH néi tiép
Bay gid gia sir A va B khong nam trén duong tron ngoai tiép tam giac OIH.
Khi d6 BAC = ABC =60° = AABC déu = O, H, | tring nhau, v .
Ta c6 diéu phai chirng minh.
Bai 3: Chang minh rang : "Néu hai dudng thang AB, CD Y cit nhau tai
M va MAMB = MC.MD thi bén diém A, B, C, D cing

duong tron™.

thuoc mot

Loi giai:
Truong hop 1:
M & ngoai duong tron (O)

Ta co: MA.MB:MC.MD:m:M—C
MD MB B
Xét AMAD va AMCB cbé:
M (chung), MA _ Me
MD MB

Do d6 AMAD > AMCB(c.g.c)

< ADC = ABC = Tir giac ABCD noi tiép.
Truong hop 2:

M ¢ trong duong tron (O)

Ta ciing c6 AMDA ©> AMBC (c.g.C)

& ADC = ABC = Tir giac ABCD néi tiép. i
= A, B, C, D cung thuoc mot duong tron.
Bai 4: Cho tam giac nhon ABC, goi H la truc tam cua tam giac, H' la ¢
diém ddi xtng cua H qua BC. Chtng minh ti giac ABH'C noi tiép. H

Loi giai: ; g
Goi E, F 1a chan dwong cao ké tir B, C ciia tam gidc ABC \/
Ta c6 tir giac AEHF noi tiép H'

(vi AEH + AFH =90° +90° =180°)
Nén EAF + EHF =180° (1)

Ma EHF =BHC (dd) (2)
Lién hé tai liéu word toan SPT va zalo: 039.373.2038



Website: tailieumontoan.com
BHC = BH 'C ( do tinh chét déi xang ) (3)
Tir (1), (2), (3) = BAC + BH 'C =180° = ABH 'C néi tiép.
Bai 5: Tir mot diém M ¢ ngoai (O) vé hai tiép tuyén MA, MB va
MCD véi (O). Goi E 1a trung diém CD. Chimg minh 5 diém M,

cung thudéc mot duong tron.

cat tuyén
A E O B

Loi giai:
Taco ED=EC=O0OE LDC
— OEM =90° = E thugc dwong tron dwong kinh OM (1)
Mit khac : OAM = OBM =90°
(tinh chat cua tiép tuyén)
= A, B thudc duong tron duong kinh OM  (2)
Tu (1), (2) = M, A, E, O, B cung thuéc mot duong tron.
Bai 6: Cho tam giac ABC noéi tiép (O), truc tm H, duong cao AK (K thudc

BC). Gia sir mot duong thiang qua K vudng géc OK cit AB, AC lan luot tai
M, N. Céc tia MH, NH cit AC, AB thu tu tai P va Q. Chitng minh rang
APHQ noi tiép dugc.

Loi giai:

Goi E 1a giao diém AH va (0). Giao diém cia MN va EC Ia F.
T giac ABEC noi tiép (O), OK vudng goc véi MK nén theo dinh 1i con budém ta c6: MK = KF (1)

Mat khac MAK = BAE = HCB ; HE vubng géc vai BK nén AHCE cén tai C suy ra HK = KE (2)
Tu (1) va (2) ta c6 MHFE la hinh binh hanh do d6 MH //EF

= MHK = KEF = ABC
Chirng minh hoan toan tuong tu ta co: NHK = ACB
Ta c6: QHP = MHN = ABC + ACB =180° — BAC = AQPH nai tiép.

Bai 7: Cho duodng tron tdm O va diém | nam ngoai duong tron. Tur | ké hai tiép tuyén IM va IN, ké cét tuyén
IAB dén duong tron (A, B thuoe duong tron, AB khong 1a duong kinh cia duong tron, hay diém A va M cing
phia v6i nhau ddi voi duong thing 10). Goi K 1a trung diém AB. Chirng minh rang:
a) Nam diém I, M, N, O, K cling thudc mot duong tron.
b) Kl la tia phan giac géc MKN.
¢) Khi cat tuyén IAB xoay quanh diém | thi cac goc IKM, IKN khong doi.

Léi giai:
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Theo tinh chit tiép tuyén ta co: IMO = INO =90°
Suy ra 4 diém I, M, N, O cuing thudc dudng tron duong kinh 10 (1)
Ta lai c6 K 1a trung diém day AB
— OK L AB = OKI =90°
= K thugc duong tron duong kinh 10 (2)
Tir (1) va (2) suy ra 5 diém I, M, N, O, K cling thudc dudng tron dudng kinh 10.
Tacd IM = IN (tinh chat tiép diém), xét duong tron dudng kinh 10 ta co:

IM = IN = sdIM =sdIN
Ma KM =%sd M, IKN :%sdm (tinh chét géc noi tiép)
— IKM = IKN = KI la tia phan gi4c géc MKN.

Xét duong tron dudng kinh 10 ta c6: KM = IOM (tinh chat géc noi tiép)

IKN = IKM = IOM Vi cac diém I, O, M ¢cé dinh nén IOM khéng déi.

Vay khi cat tuyén IAB xoay quanh diém | thi cac goc IKM va IKN khéng
dbi. "
Bai 8: Cho tam giac ABC can dinh A. Piém M nam trong tam giac  sao
cho:

BMC =90° % A .
Qua M ké duong thang song song véi BC cit AB, AC tai X, Y. Ve Mz
MT lan luot song song véi AB, AC. Goi N la giao cua XZ va YT. Chung

minh ABNC nai tiép.

Loi giai:

Tacé: BMC =90° +%Z\=180° -B

ZMY =180° — B (MZCY noi tiép)

— BMZ =YMC nén XBM =YNC

— ABXM © AMYC do d6 AKXB < ALY

— BXK = LYM =YTC = BTN = BXTN n¢i tiép
Mat khac BXN = BTX = BMX

— YNC =YZT =YMC; XNY =B

Tac6: BNC = BMX +YMC + B

=m+@+§=2§=§+6
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— BNC + BAC = A+ B+C =180° = ABNC noi tiép
Bai 9: Cho doan thang AB va diém C nam giita 2 diém A va B. Trén mot nira mit phang c6 bo chia duong
thang AB, ké cac tam giac déu ACD va BCE. Goi | va giao diém cua AE va BD. Chiing minh rang :
Céc tir gidc ACID va BCIE noi tiép duong tron.
IA, 1B, IC lan luot 14 tia phan gi4c cac goc CID, CIE, AlB.
Khi C chuyén dong trén doan thang AB thi diém | ludn chuyén dong trén mét cung tron cé dinh.
Khi C chuyén dong trén doan thiang AB thi duong thing IC luon di qua mét diém ¢ dinh.

Loi gidi:

Xét hai tam giac ACE va BDC, ta c6:
AC = DC (hai canh caa tam giac déu thi bang nhau)
CE = CB (hai canh cta tam giac déu thi bang nhau)
ACE = DCB|= 60° + DCE
= AACE =ADBC(c—-g—c)

—_—

= EAC =BDC, AEC =DBC

Vi EAC =BDC nén IAC = IDC = T gi4c ACID noi tiép duong tron

Vi AEC = BDC nén IEC = IBC = Tu gi4c BCIE noi tiép duong tron.

Xét tir gi4c noi tiép ACID ¢6 :

AIC = ADC, AID = ACD (tinh chét t& gi4c noi tiép).

Vi tam giac ADC déu nén ADC = ACD =60° = AIC = AID = 60°

Xét tir giac ngi tiép BCIE, BIC = BEC, BIE = BCE (tinh cht tir gic noi tiép)

Vi tam gi4c BCE déu nén BEC = BCE =60° = BIC = BIE = 60°

Taco AID = AIC =60° = IA latia phan giac cac goéc CID

BIC = BIE = 60° = IB Ia tia phan gi4c goc CIE

AIC = BIC = 60° = IC Ia tia phan giac goc AIB

Taco AIB = AIC +BIC = 60° + 60° =120°

= Khi C chuyén dong trén doan thang AB thi diém | ludn chuyén dong trén dudng tron AB chtra goc 120°
V& dudng tron (O) ngoai tiép tam giac IAB, hai diém A, B cé dinh va AIB =120° khong ddi trén dudng tron
(O) 1a duong tron cb dinh

Goi F 1a giao diém thir hai cua tia Cl véi dudng tron (F khéc C). Vi IC I tia phan gidc goc ACB nén F la
diém chinh gitra cung Ion AB. Suy ra F 1a diém cé dinh. Vay tia IC ludn di qua diém F c6 dinh.

Bai 10: Cho tam gi4c nhon ABC. Vé phia ngoai tam giac, dung cac tam giac déu ABC', AB'C. Goi D 14 giao
diém cua BB' va CC".
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Chang minh ring céc ta giac ADBC', ADCB' noi tiép duong tron.
Chéng minh ring BDC =120°. . A B'
V& phia ngoai tam giac ABC, dung tam giac déu BCA'. Chirng minh
rang, ti giac BDCA' noi tiép duong tron.

Chutng minh riang ba dudng AA', BB', CC' dong quy. B c
Loi giai:

Dé ching minh cac tir giac ADBC', va ADCB' néi tiép duong tron

ta chitng minh AC'B = ABD va AB'D=ACD A
Xét hai tam giac ABB' va ACC’, taco :

AB=AC' AB=AC (giathiét),

BAB'=C'AC =(60° + BAC|

= AABB'=AAC'C(c—g—c)

— AC'C = ABB'va AB'B=ACC'

— AC'D=ABD va AB'D = ACD

= Céc tir giac ADBC’ va ADCB' ndi tiép duong tron

Xét tir giac ngi tiép ADBC':

BDC'=BAC" (tinh chét t& gi4c noi tiép).

Vi tam giac ABC' déu nén BAC'=60°

— BDC'=60°. Tac6: BDC +BDC ' =180° (hai géc ké b

= BDC +60° =180° = BDC =120°

Tac6 BDC =120° (chitng minh trén), BA'C = 60° (vi ABA’C déu)

— BDC + BA'C =120° + 60° =180° = Tir gidc BDCA' ngi tiép duong tron.
Nhan xét: Hai duong thiang BB’ va CC’ cit nhau tai D, ta chitng minh D thudc dudng thang AA'.
Xét tir giac ngi tiép BDCA”: BDA'=BCA' (tinh cht tt giac noi tiép).

Vi ABA'C déu nén BCA'=60° = BDA'=60°

— BDA+BDA'=120° +60° =180° = 3 diém A, D, A' thing hang.

= Ba duodng thang AA', BB', CC' déng quy tai D.

Bai 11: Cho ttr giac ABCD nai tiép duong tron tim O. Goi Hi, Hy, Ha, Hy lan luot 12 tryc tm cua tam giac
BCD, CDA, DAB, ABC. Chiing minh rang Hi, Hp, Hs, Hs cling ndm trén mot dudng tron.

Loi giai:
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M, N, P, Q lan luot 13 trung diém cua AB, BC, CD, DA. G la giao cia MP, NQ thi G 1a diém chung giita 2

doan d6 H dbi xtng O qua G. H, déi xtng A qua H. Ta ching minh H, = HA1

That vay ta c6: MH //BH, (MH la dudng trung binh cua tam giac ABH,)

MH //OP (MOPH la hinh binh hanh)

OP vudng goc véi CD (duong kinh di qua trung diém day cung) = BH, vuéng goc véi CD.
Tuong tw DH, vuéng géc véi BC = H, la tryc tdm tam gidc BCD do d6 H, =H,

L4y O' ddi xung véi O qua H thi AOH;0" Ia hinh binh hanh. Suy
ra O'H, =OA=R (ban kinh cua (O))

Tuwongty O'H,=0'H,=0'H, =R

Vay ta c6 diéu phai chang minh.

Bai 12: Cho tam giac nhon ABC, vé phia ngoai tam giac, dung

cac tam giac vuong can dinh A la AVC'. AB'C; dung tam giac
BCA' vudng can tai A". Goi D 1a giao diém cua BB' va CC'. Ching
minh rang:

a) Céc ttr giac ADBC', ADCB' nai tiép duong tron.

b) Tt gidc BA'CD noi tiép.

¢) Ba duong thang AA', BB', CC' ddng quy tai diém D.

Loi giai:
a) Dé chimg minh céc t&r giac ADBC' va ADCB' noi tiép dwong tron ta chiang minh AC'D = ABD va
AB'D = ACD
Xét hai tam giac ABB' va ACC' cé:
AB=AC', AB'= AC (gia thiét)
BAB'=C'AC(=90° + BAC)
= AABB'=AACC'(c.g.C)
— AC'C = ABB',AB'B=ACC'
— AC'D=ABD,AB'D=ACD
= Céc ttr giac ADBC' va ADCB' ndi tiép duong tron.
b) Vi ta giac AC'BD noi tiép nén BDC'=BAC" (hai gdc nhin canh
BCY)

Ma BAC'=90° (gia thiét) = BDC'=90°
M3t khac BA'C =90° (gia thiét) BDC' = BA'C (=90°) = T gi4c BA'CD ni tiép
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¢) Xét tir giac noi tiép BA'CD: BDA'= BCA' (hai gbéc cung nhin canh
BA") |

Vi tam giac BCA' vudng cén tai A'nén BCA'=45° = BDA'= 45°

Xét tr giac noi tiép BACD: A @':@'(Hai goc cung nhin canh

BA).

Vi tam giac BCA' vudng can tai A' nén BCA'=45° = BDA = 45°

Xét tir giac ngi tiép ADBC': ADB + AC'B =180°

Vi tam giac vubng can ABC' vudng cén tai C' nén:

AC'B =45° = ADB +45° =180° = ADB =135

— ADB + BDA'=135° +35° =180° = Ba diém A, D, A’ thing hang

= Ba duong thang AA', BB', CC' ddng quy tai D.

Bai 13: Cho hinh binh hanh ABCD, hai dudng chéo cit nhau tai I. Tir A ké cac duong vudng goc véi BC,
CD, DB thir t tai H, E, K. Ching minh H, E, 1, K ndm trén cing mot duong tron.

Loi giai:

Tacé: AH L BC,AE L CD = A H,C,E nam trén dudng tron duong kinh AC, | 14 trung diém AC
= | 1a tAm duong tron duong kinh AC = HIE = 2HAE = 2(1800 - B/CB)

AH 1 BC; AK 1 BD; AE L CD = mJi tir gidc AKED, AKHB déu c6 4 dinh cing thudc 1 duong tron.
— EKD = EAD; BKH = BAH

:»ITK\E=180°—|§<\D—E¥<ﬁ=180°—E/AB—B/Aﬁ=2(180°—ETC\D)

= K: | ciing nhin doan HE duéi 1 goc 2(1800 - B/éb): H, K, E, | ndm trén 1 duong tron,
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Bai 14: Cho ba diém A, C, B theo thir ty d6 thing hang, AC < CB. Trén cling mot nira mat phing bd AB

dung cac tam giac vudng can dinh C 13 ACD va BCE. Gia st tia BD cét doan thiang AE tai F. Chting minh
rang:

a) Céc tir giac BCFE va ACDF nai tiép duong tron.

b) D la tryc tm cua tam giac ABE. B

Loi giai:
a) Xét hai tam gidc ACE vaBCD ¢0 : 0
AC =CD,CE =BD (gia thiét) | '
ACE = BCD (= 90°) P
= AACE = ABCD(c.g.c)

— AEC=DBC hay FEC=FBC = Tu giac BCFE noi tiép D ¥ C
duong tron

— BFE = BCE (hai goc cung nhin canh BE)

Ma BCE =90° = BFE =90°

Ta co BCE = BFE =90° = DCA = DFA = 90° = Tt giac ACDF néi tiép dudng tron.

b) Ta co BFE =90° = BF L AE ,ma EC L AB(gia thiét) = D Ia tryc tam tam giac ABE.

Bai 15: Cho hinh vudng ABCD. Cac diém M, N Ian lugt thugc cac canh BC, CD sao cho MAN = 45°. Goi P,
Q lan luot 1a giao diém cua BD véi AN va AM. Chitng minh rang :

a) Céc tr giac ABMP, ADNQ, MNPQ néi tiép duong tron.

b) T giac MNPQ noi tiép dudng tron.

¢) Nam diém C, M, N, P, Q cuing thuéc mét dudng tron. ) .
d) PA=PM,QA=0ON.
N Léi gi,ﬁi: yr
a) Ta c6 CBD =45" (tinh chat duong chéo hinh vudng)
= MBP = 45°
Ma MAP = MAN =45° = MAP = MBP = Tt gisc ABMP A * p B

noi tiép duong tron.

Taco BDC = 45° (tinh chat duong chéo hinh vudng) = Ci)\N =45°

Ma QAN = MAN = 45° = QAN = QDN = Tir gidc ADNQ ni tiép duong tron.
b) Vi t& gidc ABMP ndi tiép duong tron nén: MPN = MBA = 90°

Vi ti giac ADNQ noi tiép duong tron nén: MQN = NDA = 90°
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Ta ¢ MPN = I\WQ\N =90° = T gidc MNPQ noi tiép | duong tron.
¢) MQPN = MQN = MCN = 90°
=Nam diém C, M, N, P, Q cung thudc duong tron duong kinh MN.

d) Tt giac ABMP noi tiép = AMP = ABP
Vi ABCD la hinh vubng nén

ABD = 45° = ABP =45° = AMP = 45°
Theo gia thiét MAN = 45° = MAP = 45° = AMP = MAP = 45°
Ta c6 tam giac AMP cén tai P = PA=PM
Ching minh tuong tu ta c6 QA=QN.
Bai 16: Cho tam giac ABC c¢6 | 1a giao diém cua ba duong phan giac trong. Cac dudng phan giac ngoai tai B
va C cit nhau tai J. Goi D 1a trung diém cua 1J. Ching minh rang :
a) Tw giac BICJ ndi tiép
b) Tt gidc ABDC noi tiép
C) ABI = AJC
Loi giai:
a) Vi Bl va BK 14 hai tia phan giac cua hai goc ké bu nén Bl L BJ = IBJ =90°
Vi Cl va CJ 14 hai tia phan giac caa hai goc ké btinén Cl L CJ = ICJ =90°
= T giac IBJC ndi tiép duong tron tim D ban kinh 1J

b) Theo tinh chit géc noi tiép va goc & tam duong tron ta co: BCI = % BDI
v Ty 1 —— ., e
Ma BCI ZEBDI (gia thiét)

— BDI = BCAhay BDA=BCA
= T gidc ABDC ni tiép
¢) Tt giac BICJ ngi tiép = 1JC = IBC = AJC = IBC.
Ma ABI = IBC (gia thiét) = ABI = AJC
Bai 17: Cho tam gi4c ABC nhon, AB < BC. Hai dudng cao AD va BE cét nhau tai H. Goi M va N lan luot &
trung diém cia AC va HC. Chtng minh rang :
a) Céc ta giac ABDE, CDHE noi tiép.
b) Tt gidc MNDE noi tiép
Loi giai:

a) Vi tir giac ABDE c6 ADB = AEB =90° nén néi tiép dudng tron
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Vi ti giac CDHE c6 CDH = CEH =90°nén ngi tiép dudng tron. D
b) Tt giac CDHE noi tiép CED = CHD g l
—MED=NHD (1)
Tam giac CDH vudng tai D ¢6 DN Ia trung tuyén uang véi canh
huyén

= ND=NH :%HC

— ANDH cantai N= NHD=NDH (2)

Tir (1) va (2) ta c6 MED = NDH
Tam giac AHC c6 MN la duong trung binh

— MN //AD = NDH + MND =180°

— MED + MND =180° = Tt gidc MNDE néi tiép.

Bai 18: Cho tam giac ABC c6 3 goc nhon, hai duong cao BE va
CF cét nhau tai H. V& hinh binh hanh BHCD. Goi | 1a giao diém
cua AD va EF. E
Chung minh rang:

a) Tu giac ABDC noi tiép H
b) Céc tir giac BDIF, CDIE noi tiép duong tron.

¢) AD L EF B 4 C

Loi giai:
a) Ta c6 BHCD la hinh binh hanh
= CD//BH,BD//CH

Mt khac BH L AC,CH L AB (gia thiét)

— CD L AC,BD L AB = ABD = ACD =90°

= T giac ABDC ndi tiép.

b) Vi BEC = BFC =90°nén t& giac BCEF noi tiép dudng tron = AFE = ACB (tinh chat goc ngoai cia ti
giac noi tiép)

Vi tir gidc ABDC noi tiép nén ACB = ADB (hai gdc cung nhin canh AB)

— AFE = ADB hay AFI = IDB = t&t giac BDIF noi tiép.
Chumg minh twong ty, tir gidc CDIE noi tiép.

¢) Xét tir giac noi tiép BDIF: AIF = FBD, FBD =90° (BD L AB)
— AIF =90° = AD L EF

Lién hé tai liéu word toan SPT va zalo: 039.373.2038



Website: tailieumontoan.com
Bai 19: Cho tam giac ABC nhon, ké dudng cao AH. D 1a mot diém nam giira A va H, dudng tron duong kinh

AD lan luot cit AB va AC tai E va F.

Chutng minh rang :

a) Ta giac BHDE noi tiép duong tron.

b) T giac BEFC noi tiép duong tron.
Loi giai:

a) Vi tir giac AEDF noi tiép dudng tron duong kinh AD nén: AED = 90°

Tacé AH L BC = BHD =90°

— AED = BHD

= T gidc BHDE noi tiép

b) Vi tir giac BHDE néi tiép duong tron nén ADE = B ( tinh chit géc ngoai tir giac noi tiép)

Vi ti gidc AEDF noi tiép nén ADE = AFE

— AFE = B = T giac BEFC noi tiép duong tron.

Bai 20: Goi | 1a tam duong tron noi tiép tam giac ABC, D va E 14 hinh chiéu cua | trén AB va AC, giao diém

ctia DE voi Bl va Cl thi tu 12 M va N. Chiang minh bén diém B, C, M, N nam trén ciing mot dudng tron.
Bai lam:

Goi giao diém cua AB va CM la P, giao diém cua BN va AC 13 Q

| 1a tAm dudng tron noi tiép = BN; CM la phan giac géc B va goc C

ID L AB;IE L AC= AD = AE i: A -

@m\s:;ﬁ:goo_gz\;

MIB =%(§+6):%(1800 —A)=90° —%A

= MDB = MIB

= B, M, |, D nam trén cling mét cung tron, ID vudng goc véi BD B

= M, N, C nam trén mét dudng tron.
Bai 21: Cho tam giac ABC. Goi H I hinh chiéu vuéng géc cua A Ién BC, D va E lan luot 1 hinh chiéu
vudng goc cua H 1én AB va AC. Biét rang H thudc canh BC. Chang minh rang tr gac BDEC nai tiép.

Lo giai:
Cach 1:
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Xét tir giac ADHE c6:

ADH + AEH =90° +90° =180°

Suy ra tir giic ADEH noi tiép,

suy ra AED = AHD

Talaico: AH L BH,HD L AB

— AHD = DBH

Tir céc déng thuc trén ta c6 AED = DBH
Suy ra t&r giac BDEC nai tiép duong tron.

Cach 2:
Xét tam giac vuong AHB, HD L AB = AB.AD = AH?
Xét tam giac vudng AHC,

HE L AC = AC.AE = AH?

= AB.AD = AE.AC = E:A—C Xeét hai tam giac
AE AD

ADE ta co:

AB _AC BAC - DAE = AABC = AAED (c.g.c)
AE  AD

— ABC = AED = DBC = AED = T gi4c BDEC

duong tron.

ilieumontoan.com

ABC va

noi tiép

Bai 22: Cho tam gi4c ABC. Lay D 1a mot diém nam giira B va C, | 1a mot diém niam gitra A va D. Pudng

tron ngoai tiép tam gi4c 1DB cit canh AB tai diém tha hai F khac B, dudng tron ngoai tiép tam giac IDC cét

canh AC tai diém thir hai E khéc C.
Chung minh rang:

a) Tu giac AEIF nai tiép

b) Tt gidc BCEF noi tiép

Loi giai:

a) Vi tir giac CDIE noi tiép nén CEl = BDI
Vi tir giac BDIF noi tiép nén:

BDI = AFI

— CEI = AFI = tir giac AEIF noi tiép

b) Vi tt giac AEIF noi tiép nén AEF = AIF
Vi ti giac BDIF noi tiép nén AIF = DBF
— AEF = DBF hay ta giac BCEF noi tiép.
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CHUONG 11

PANG THUC HINH HQC

I. Kién thire thwong van dung
1. Pinh li Ta-Lét tam giac
a. binh li thuan
Néu mét duong thang song song véi mot canh caa tam gidc va cit hai canh con lai thi n6 dinh ra trén hai
canh d6 nhimg doan thing tuong tng ti 16 .
b. Pinh Ii dio
Néu mot duong thang cit hai canh ciia mot tam giac va dinh ra trén hai canh nay nhimng doan thang twong
g ti 18 thi duong thang d6 song song véi canh con lai caa tam giac .
c. Hé qua
Néu mot duong thang cat hai canh ciia mot tam giac va song song véi canh con lai thi nd tao thanh mot tam
gi&c c0 ba canh twong ng ti 1€ v4i ba canh ciia tam giac da cho .
Cha y: Dinh i Ta-Iét va hé qua van dung trong truong hop duong thang cat phan kéo dai cua hai canh cua
tam giac
2. Hai tam giac dong dang
a. Dau hi¢u nhan biét hai tam giac dong dang

Néu ba canh cua tam giac nay ti 1& vai ba canh cua tam giac kia thi hai tam giac d6 déng dang voi
nhau.

Néu hai canh cua tam giac nay ti 1& vai hai canh cua tam giac kia va hai goc tao béi hai cap canh dé
bang nhau thi hai tam gidc d6 déng dang véi nhau.

Néu hai gdc cua tam giac nay lan luot bang hai g6c cua tam giac kia thi hai tam gidc d6 dong dang voi
nhau .

Néu mot duong thiang cat hai canh cia mot tam giac va song song véi canh con lai thi n6 tao thanh mot
tam giac mai dong dang véi tam giac da cho.
Cho hai tam gidc ABC va MNP . Khi d6 :

Néu 2B _BC_ CA i aABC = AMNP (c. c. ¢)
MN NP PM

Néu ﬁ=£;§ =N thi AABC = AMNP (c.g.c)
MN NP

Néu A=N,B=M thi AABC =AMNP (g.g)
b. Tinh chat hai tam giac dong dang
Néu hai tam giac ddng dang thi ba canh cia tam giac d6 twong ¢ng ti 1¢ vai ba canh caa tam giac kia

va ba g6c cua tam giac ndy twong (ng bang véi ba goc cua tam giac kia .
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AB _ BC _ CA ;A:I\W,é:ﬁ,é:ﬁ
MN NP PM

3. Tinh chit dwong phan gi4c trong cia tam giac

AABC = AMNP =

Trong tam giac , duong phan giac cia mot goc chia canh ddi dién thanh hai doan thang ti 1& voi hai
canh ké bén doan diy .

Ta c6 thé dung dinh i Ta-1ét, tam giac dong dang, tinh chat dudng phan giac trong tam giac dé chung
minh dang thic hinh hoc, chitng minh quan hé song song, tinh d6 dai
doan thang .

4. Hé thiwre lwong trong tam giac vudng

H &

Cho tam giac ABC vudng tai A, ké duong cao AH . Taco cac B dang  thac

Sau .

AB?=HB.BC,AC?=HC.BC
AH.BC = AB.AC, AH? = HB.HC,
1 1 1

= +
AH? AB? AC?

Dinh Ii Pitago: AB*+ AC® = BC?
Il. Céc bai tap
Bai 1: Cho tam giac ABC noi tiép trong dudng tron tdm O. Tia phan giac cua goc BAC cat BC tai I. cat
duong tron (O) tai M. Chitng minh rang: MC? = MI.MA
Loi giai:
Ta cé: R = Kz (vi AM la tia phén giac BAC )
— BM =MC
Xét AIMC va ACMA c6 IMC (chung), ICM = MAC (2 géc néi tiép chin 2 cung bing nhau )
Do d6 AIMC > ACMA(g.9)

:>I\'\:—§=%:> MC? = MI.MA
Bai 2: Cho duong tron (O) duong kinh AB. Qua A, B vé 2 tia tiép tuyén Ax, By ( Ax, By ciing thudc mot nia
mat phang c6 bd 1a duong thing chira doan AB ). Lay diém D trén Ax vé tiép tuyén DM cit tia By tai C.
Chang minh ring OM 2 = MD.MC
Loi giai:
Ta c6 DA, DM la céc tiép tuyén cua (O)
= OD la tia phén giéc cua AOM
Tuong tu OC la tia phén giac cua MOB
2 g6c AOM va MOB ké b
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Do d¢6 COD =90°

Bai 3: Cho tam giac ABC. Trén canh BC liy 2 diém M va N sao cho MAB = NAC .

2
Chutng minh rang: MB.NB _( AB
MC.NC AC

Loi giai:
V& cac dudng tron ngoai tiép tam giac AMN.
Goi E, F lan luot 1a cac giao diém tha hai cua AB, AC véi
duong tron nay.
Do d6 MAB = NAC nén ME = NF
Vay MNFE la mot hinh thang cén, hay EF //BC

Ta co: BM.BN = BE.BA;CM.CN =CF.CA

N BM.BN  BE.BA
CMCN CF.CA

Mat khac do EF //BC

_BE_BA
CF CA

Tu (1) va (2):

MC.NC | AC
Bai 4: Cho hinh thang ABCD, AB//CD, AB < CD. Hai tia DA va CB cit nhau tai I, hai dudng chéo AC va BD

MB.NB ( AB jz

cit nhau tai K. Goi M, N lan luot 1a giao diém cua duong thang 1K véi AB va CD. Chiing minh rang:

AM BM AM BM
a)—=— by — =——
DN CN CN DN
c)AM =BM d)IM.KN = IN.KM
Loi giai:
a) Xét tam giac IDN: AM //DN (gia thiét)
— AM M e qua dinh 1 Ta-lét)
DN IN
Xét tam giac ICN : BM //CN (gia thiét)
:ﬂzm (hé qua dinh Ii Ta-lét)
CN IN
— AM _BM (tinh chit bic cau)
DN CN

b) Xét hai tam giac KAM va KCN: AM //CN (gia thiét)
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_ AM _KM
——=——(hé qua dinh ly Ta-1ét
N - KN (héq y )

Xét hai tam giac KBM va KDN: BM //DN (gia thiét)
= BM KM 6 qua dinh 17 Talet) =AM _ BM inh chit béc cau)
DN KN CN DN

c) Taco AM = BM AM = BM (chirng minh trén)

DN CN'CN DN

:AM AM BM BM
DN CN CN DN

= AM?=BM? = AM =BM = CN =DN

d) Tacd —AM :—KM ,CN=DN = AM KM

CN KN DN KN
e) Ma AM _ M (chung minh trén)

DN IN
:m:M: IM.KN = IN.KM
KN IN C'
Nhan xet: Trong mét hinh thang, hai canh bén khéng song song:
giao diém hai dudng chéo, giao diém cua hai dudng thang chua
hai canh bén ciing véi trung diém hai day 1a bén didm thing B A’ hang.
Bai 5 : Cho tam gi4c ABC nhon, ba duong cao AA', BB', CC' cit nhau tai H. Chitng minh rang:
a)AB.AC'=AB'.AC=AA"AH b)HAHA'=HB.HB'=HC.HC'
Loi giai :

a) Hai tam giac vudng ABB' va ACC' ¢6 BAB'=CAC'
AB AB

AC AC'
= AB.AC'=AC.AB' ( )

= ABAB' > ACAC'=

Hai tam gi4c vuong AA'B va AC'H c¢6 BAA'= HAC'
AB _ AA’
" AC’

— ABAA'® AH AC' =

= AB.AC'=AA".AH (2)

Tir (1) va (2) tacé AB.AC' = AB'.AC = AA".AH

b) Hai tam giac vudng HA'B va HAB' c6 AHB = AHB' (hai goc déi dinh)

= AA'HB» AB'HA= HA'_HB = HAHA'=HB.HB'
HB' HA

Hai tam gi4c vudng HA'C va HAC' ¢c6 A"HC = AHC ' (hai géc déi dinh)

= AA'HC » AC'HA=> HA'_ _HC = HAHA'=HC.HC
HC' HA
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Cha y: 6 thé 1ap duogc cac dang thirc twong tu cAu a va chang minh

AA'.AH+BB'.BH+CC'.CH =%(AB2 +BC? +CA2)

Bai 6: Cho tam giac ABC vudng dinh A. Goi H Ia hinh chiéu vudng goc 4
cia A Ién canh BC, D I hinh chiéu vuéng goc cua H 1én AB, E 1 hinh

chiéu vuéng gdc caa H 18n canh AC. Chang minh rang :

a) AB.AD = AE.AC = AH? va EH.AB = DH.AC D
b) 12+ 12: 12+ 12 E
HB? HF? HC? HD -
c H
Loi giai:

a) Xét tam giac vuéng ABH cd HD 1a dudng cao, suy ra AD.AB = AH?
Xét tam giac vudng ACH c6 HE 1a duong cao, suy ra AC.AE = AH?
Tir hai ddng thuc trén ta co:
AD.AB = AC.AE = AH?
Mat khéc, tir giac ADHE c6 ba goc vubng nén Ia hinh chit nhat = AD = EH, AE = DH
= EH.AB =DH.AC. Vay AB.AD = AE.AC va EH.AB=DH.AC
b) Xét tam giac vudng AHC c6 HE 1a duong cao, suy ra:
12: 12+ 12: 12+ 12: 12+ 12+ 12 1)
HE® HA® HC?> ~HB* HE®> HB®> HA®> HC
Xét tam giac vuéng AHB c6 HD la duong cao, suy ra

1 1 1 1 1 1 1 1 1
2 a2 T oz — AT
HD® HA® HB HC® HD

“he e e e @)

s .1 1 1 1
Tur (1) va (2) taco + = +
(L)va () HB*> HE® HC? HD?
Bai 7: Cho tam giac ABC nhon, ké dudng cao AD, BE, CF. Chting minh rang:

a) cotA+cotB:E,cotc+cotA:£,cotA+cotB:ﬁ
AD BE CF

BC? + CA? + AB?
4SABC

b) cot A+cotB+cotC =

Loi giai:
a) Xét cac tam giac vuéng ADB va ADC, ta c6:

cotB:E,cotC =2:cotB+cotC: BD +CD = EC
AD AD AD AD AD

Chung minh tuong tu ta cd: cotC +cot A= % ,COtA+ cotB = é—E

b) Ap dung két qua ciu a) ta c6
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BD CD BC BC? BC?

cotB+cotC = + = = =
AD AD AD BC.AD 2S5,;. D
2 2
cotC+cotA=AC= AC = AC
BE AC.BE 2S5,
2 2
cot A+cotB = AB AB” _ AB

CF ABCF 25,

Cong cac vé tuong g cua 3 dang thuc, ta co:

C-.
2 2 )
2(cotA+cotB+cotc):BC +CA’>+ AB 2
2SABC
2 2 2
Vay CotA+cotB+cotC=AB +BC" +CA
4SABC

Bai 8: Cho tam giac nhon ACB ndi tiép (O, R). Chttng minh rang: BC = 2Rsin A
Lai giai:

Cach 1:

Goi M 1a trung diém BC. Tam giac OBC can tai O.

— OM 1 BC,BOM =COM :%B/O\C,BM :%BC

Mit khac A= % BOC (lién hé gita gc ni tiép va goc & tam)

— A=BOM
Tam gidc BOM vudng tai M

— BM = BOsin BOM :%BC —Rsin A= BC = 2Rsin A

Cach 2:
— ) ) A
K¢ duong kinh BD, ta c6 BCD =90° (gbc noi tiép chan nua
duong tron
g tron) E
= ABCD vubng tai C :>sinD:£=£ F
BD 2R
Mat khac D = A (hai goc néi tiép ciing chén cung BC)
b
B D C

& sin A:%: BC =2Rsin A

Bai 9: Cho ttr giac ABCD c6 hai duong chéo vudng goc véi nhau tai 1. gia sir hai tia BA va CD cét nhau tai
O va I0A = 10D. Chiting minh ring :
a) AB?+CD? = AD? + BC?

L, Lt 1. 1
IA? 1B IC? ' ID?
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Loi giai:
a) Vi AC va BD vudng goc vai nhau tai | nén cac tam giac IAB, IBC, ICD, IDA la c&c tam giac vuéng tai I.
Ap dung dinh li Pitago vao bdn tam giac nay ta co:
AB® = IA> +IB*,CD?* = IC” + ID?
= AB? +CD? = IA’ + IB* + IC* + ID®
AD? = IA* + ID?,BC? = IB* + IC?
= AD?+BC? = IA’ + IB* +IC* + ID?
— AB?+CD? = AD? + BC?
b) Goi H va K lan luot 13 hinh chiéu cua | 1én AB va CD.

Ap dung hé thirc luong trong tam giac vudng IAB va ICD ta co:
1 1 1 1 1 1

- = : = -
IA> IB* IH*'IC* ID* IK?

Mit khac 10A = IOD (gia thiét)
= IH = IK (tinh chét ciia diém nam trén tia phan giac cia mot goc)
1 1 1 1 1 1

= = = +
IH? IK? " 1A* IB* IC® ID?
Bai 10: Cho diém M nam ngoai duong tron tam O. K¢ tiép tuyén MT (T 12 tiép diém). Mot duong thang di

qua M cit duong tron tai A va B (A nam giita M va B). Ching minh MT? = MAMB
Lo gii:

Taco B= %sd AT (tinh chét goc noi tiép)

I\mzésdﬁ (tinh chat goc tao boi tia tiép tuyén va day

cung) B
— MTA=B c
Xét hai tam giac MAT va MTB, ta c6 MTA = B,TMA =TMB A
= AMAT » AMTB = MA _MT = MT? = MB.MA D
MT  MB

Bai 11: Cho tam giac ABC, tiép tuyén tai A caa duong tron e

ngoai tiép tam giéc cit tia CB tai D. Goi AE la tia phan gi4c goc A. Ching minh rang :
a) ﬁz% ,DA? = DB.DC
DA’

2
5 A8°_DB
AC DC

¢) DB.EC? = DC.EB?

Loi giai:
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a) Taco C :%sd AB (tinh chét goc noi tiép)
DAB =%sd AB (tinh chit gdc tao béi tia tiép tuyén va mot day cung)

— DAB=C

Vi hai tam giac DAB va DCA ¢6 = DAB =C va chung goc dinh D

AB DB DA DB
AC DA'DC DA
AB_BD:ABZ _DB* DB° DB
AC DA ~AC? DA’ DB.DC DC

ADAB > ADCA = = DA’ = DB.DC

b)

¢) Vi AE la tia phéan giac trong goc A nén % = % (tinh chat duong phan giac).
AB*> DB EB* DB
= s =
AC* DC EC* DC
Bai 12: Cho tam giac ABC. Trung tuyén AD, dudng cao BH, phan giac CE ddng quy.

= EC®.BD = EB*.DC

Theo két qua cau b,

Chitng minh: (BA+CA)(BC? + CA’ - AB”) = 2BC.CA”

Léi giai:

Tam giac vuéng BHC co:
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CH?=BC?-BH?= BCZ—(ABZ—AHZ)
=BC? - AB?+ AH? =BC? -~ AB? +(CA-CH )’

BC? +CA? — AB?
2CA

— BC?+CA’ - AB*=2CA.CH = CH =

CA’ + AB* - BC?

Tuong tu: AH =
2CA

CH BC?+CA*-AB?
= PV 2 2 ( )
AH CA"+AB°-BC
Trong tam gidc ADC, CO la phan giac nén:
OD_CD_BC (2)
OA CA 2CA
Tu D ké DK vubng goc véi CA, ta co:

BH //DK va HK:H—ZC :

OD HK CH
~OA HA 2HA (3)

Tu (1); (2); (3): B

A' H K £
BC?+CA*~AB?> BC BC?+CA?-AB’ BC
— A2 2 2= = 2 =
CA°+ AB°-BC° CA 2CA BC +CA
Ta c6 diéu phai chitng minh.
Bai 13: Cho dudng tron (O, R) va A, B 14 hai diém thudc duong tron.

Goi C 1a diém nam chinh giira cung nhoé AB, E 1a mot diém thudc cung 16n AB, hai doan thang AB va CE cit
nhau tai D.
a) Chung minh ring CA? =CE.CD
b) Gia sit AOB <120°. Chting minh ring AB? < 4CE.CD < 4R’
Loi giai:
a) Xet hai tam giac CAD va CEA co¢:
ACD = ECA
CAD = CEA (hai g6c noi tiép chin hai cung bing nhau AC va CB)

= ACAD »» ACEA= ((::_2 = C—i = CA*=CE.CD
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b) Ta co ,@:%Aﬁ, AOB <120° = AOC < 60°

Tam giac OAC can tai O, AOC <60° = AOC la g6c nho nhét trong tam giac
= CA<OA=CA<R

Lai c6 AB < CA+CB (Bit dang thurc giita cac canh trong tam gi4c)

CA=CB (gia thiét) = AB < 2CA

. | CE.CD =CA?
Ta co{ = AB? < 4CE.CD < 4R?

AB <2CA< 2R
Bai 14: Cho tam gidc ABC can tai A, ndi tiép duong tron (0). D 1a diém thudc cung BC khéng chia A (D
khéc B va C). AD cit BC tai E. Ching minh ring AD.AE = AB?

Loi giai:

Ta co: @:%sd@,ﬁﬁ :%sd@
(tinh chat goc nai tiép)
AB = AC (gi4 thiét) = sd AB = sd AC
— ADB = ABE
Hai tam giac ADB va ABE c6 chung goc dinh A va :

ADB = ABE = AADB  AABE (g.9)
AD AB

= -——="——= AB’=AD.AE

AB AE
Bai 15: Cho tam giac ABC néi tiép duong tron (O). Tia phén giac
trong ciia géc A cit canh BC tai D va cat duong tron tai diém tha

hai E. Chitng minh rang AD.AE = AB.AC

Loi giai:
Xét hai tam giac ABD va AEC :
BAD = EAC (gi4 thiét), ABD = AEC (hai g6c noi tiép ciing chan cung AC)

= AABD < AAEC(g.9)

= AB_AD = AD.AE = AB.AC

AE AC

Bai 16 (Lép 10 THPT Tp.HCM 2011 - 2012): Cho duong tron (O) c6
tam O, duong kinh BC. Lay mot diém A trén duong tron (O) sao cho AB >
AC. Tt A, vé AH vudng gbc vai BC (H thuoe BC). Tur H, vé HE vubng goc

Lién hé tai liéu word toan SPT va zalo: 039.373.2038



Website: tailieumontoan.com
véi AB va HF vubng goc véi AC (E thudc AB, F thuoc AC).

a) Chizng minh rang AEHF 12 hinh chit nhat va OA vuéng géc vai EF.
b) Buong thang EF cét duong tron (O) tai P va Q (E nam giira P va F)
Chitng minh AP* = AE.AB. Suy ra APH la tam giac can.
¢) Goi D 1a giao diém cua PQ va BC; K 1a giao diém cua AD va dudng tron (O) (K khac A). Chang minh
raing AEFK 1a mét tir giac noi tiép.
d) Goi I 1a giao diém caa KF va BC. Chirng miuh IH?> = IC.ID.
Loi giai:
a) BAC =90° (goc néi tiép chin nira duong tron),
HEA =90° (HE L AB),HFA=90°(HF L AC).
= T gidc AEHF la hinh chir nhat.
Goi J 1a giao diém cua AH va EF ta c6: JA=JF
= AJAF can tai J = JFA=JAF
Ma OA=0C(=R)

— AOAC cén tai O = OAC = OCA

Nén OAC + JFA = OCA+ JAF =90° /;"‘
Do vay OA L EF ™ S
S, =

T

b) OA L EF = PA=QA=> ABP = APE

Xét AABP va AAPE c6 BAP (chung), ABP = APE

AP _AB
AP

Do d6 AABP «» AAPE(g.g) = = AP? = AE.AB

AHAB vuong tai H, HE 1a duong cao = AH? = AE.AB

AP? = AH? (= AE.AB) = AP = AH = AAPH can tai A.

c) Tacé CFD = JFA (déi dinh), ABC = JAF (cang phu ACB)
JFA=JAF (cmt). Do do CFD = ABC

Ma ABC = CKD (AKCB nai tiép). Nén CFD = CKD

= Tt giac CFKD ndi tiép = KFD = KCD

Mit khac KCD = EAK ( t& gidc AKCB ni tiép )

Tacé KFD = EAK (= KC\D) — T giac AEFK ngi tip.

d) Xét AIFC va AIDK ¢6 FIC (chung), IFC = IDK (t& gidc CFKD noi tiép)
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= AIFC @AIDK(g.g):%:$:> IF.IK =IC.ID

Ta giac AEHK noi tiép ( AEHK 14 hinh chit nhat), tt giac AEFK noi tiép = A, E, H, F, K cuing thuoc mét
duong tron
— HKF = HAF, HAF = IHF (clng phu véi HCF ) = HKF = IHF

— S IH IK
AIHK > AIFH (HIF chung, HKI = IHF (8.g) = ST T IH* = IF.IK

VayIH? = IC.ID(= IF.IK)
Bai 17: Cho tam giac nhon ABC, duong cao CK, H Ia tryc tdm tam giac. M 1a diém trén CK sao cho
AMB =90°. S, S1, S lan luot 12 dién tich tam gidc AMB, ABC, ABH. Chung minh: S = /S.S,
Loi giai:
Tam giac AMB vuong tai M, c6 MK vudng goc véi AB nén MK? = AK.BK (1)
AAHK @ ACBK Vi ¢0:
AKH = CKB =90°: KAH = KCB (cung phu véi ,@E)

:&:ﬂ:AK.KB=CK.HK (2)
CK BK

Tur (1) va (2) taco: MK? =CK.HK nén MK =+/CK.HK;

S aue :%AB.MK :%AB.\/CK.HK =\/% AB.CK%AB.HK =/S,.S,
Vay S =./S,.S, A
K
n
M
[ B

Bai 18: Cho tir gidc ABCD ni tiép duong tron. Hai duong chéo cat nhau tai |, hai 4
tia AD va BC cit nhau tai K. Ching minh rang: 1
a) IAIC =IB.ID

b) KAKD = KB.KC

Léi giai:
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a) Xét hai tam giac IAB va ICD: IAB = IDC (hai g6c noi tiép cuing chan cung BC)
AIB = DIC (hai goc dbi dinh)
= AAIB @ ADIC (g.9)

:EZE: IAIC = IB.ID
ID IC

b) Xét hai tam giac KAB va KCD, ta co: AKB = CKD
KCD = KAB (tinh chat goc ngoai cua tir giac ni tiép)

= AKAB @ AKCD(g.g):E:QD KA.KD = KB.KC
KC KD

Bai 19: Cho nira dudng tron dudng kinh AB va hai diém C, D thudc nira duong tron (D thudc cung AC). Hai
doan thang AC va BD cit nhau tai I. Ching minh rang Al.AC+ Bl.BD = AB?
Loi giai:

Tac6 ACB = ADB =90° (g6c ndi tiép chan nira duong tron).

Goi H 1a hinh chiéu vuéng géc cua | 1én canh AB, Hai tam giac AHI
va ACB cé:

HAI = CAB = AHAI o ACAB
AH Al \ A
S0 AL S ALAC=ABAH (1 N ..
AC AB ) S

Hai tam giac vuéng BHI va BDA cé

—

HBI = DBA = AHBI @ ADBA
_ BH _Bl B BD-AB.BH (2)
BD AB

Tu (1) va (2) taco Al.AC +BI.BD = AB.BH + AB.AH = AB(BH + AH ) = AB?

Bai 20: Cho hinh binh hanh ABCD ¢6 g6c A nhon. Puodng tron dudng kinh AC cét cac tia AB va AD tai E va
F. Puong tron dudng kinh BC cat AC tai diém thir hai H. Chang minh rang

a) AB.AE = AH.AC

b) BC.AF =HC.AC

¢) AB.AE + AD.AF = AC?

Loi giai:

a) Ta c6 BEC = BHC =90° (tinh chit g6c noi tiép chin nira duong

tron), vi vay cac tam giac AEC va AHB la tam giac vuoéng.

Xét hai tam giac vuéng AEC va AHB c6
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EAC = HAB = AAEC © AAHB
AE AC

=>— = AB.AE = AH.AC
AH AB

b) Tacod AFC =90° (tinh chit géc noi tiép chin nira duong tron), vi vy tam giac AFC Ia tam giac vudng.
Xét hai tam gidc vuéng BHC va ACF c6 BCH =CAF (hai gdc so le trong tao bai AC va hai dudng thing
song song BC va AF)

= ABCH » ACAF = HC _BC = BC.AF =HC.AC
AF AC

¢) Tacd AD =BC (hai canh ddi hinh binh hanh) = AD.AF = BC.AF

Ma BC.AF = HC.AC (chiing minh trén) = AD.AF = HC.AC

Talai cO AB.AE = AH.AC (chung minh trén)

= AD.AF + AB.AE = HC.AC + AH.AC = (CH + AH ).AC = AC.AC = AC?

Bai 21: Cho tam giac ABC (AB < AC), ké phan giac trong AD va trung tuyén AM. Pudng tron ngoai tiép tam
giac ADM cit céc canh AB va AC tai E va F. Chirng minh rang:

a) BE.BA=BD.BM

2
b) BE.BD +CF.CA= BC

Loi giai:
a) Ta c6 AMDE la tt gi4c noi tiép duong tron
— BDE = BAM (tinh chét goc ngoai caa té giac néi tiép).
Vi hai tam giac BDE va BAM cé chung goc dinh B va
BDE = BAM nén

BD BE

ABDE < ABAM (g.9)=— = -

= BE.BA=BD.BM
b) Chirng minh tuong tu céu a, ta c6 CF.CA=CD.CM

BE.BA+CF.CA=BD.BM +CD.CM = BD.i BC +CD.L
2 2BC
= BE.BA+CF.CA=(BD +CD)%BC :%BCZ
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CHUONG 12
CUC TRIHINH HOQC
A. PHUONG PHAP GlAl
« Dang 1 : Bét dang thirc dwdng xién, duong vudng goc:
Taco MALd,Aed,Mgd thi:
a) MA< MB
DAu " =" chi xay rakhi A=B
b) AB < AC < MB < MC
« Dang 2 : Bat dang thirc tam giac va n diém:
- Véi ba diém A, B, C c6: AB+AC > BC
DAu " =" xay ra < A nam giira B va C.
- Véin diém Ag; Ag; Ag...; A, €O
AA+ AR+ +ALA 2 AA
DAu " =" xay ra < Aq; Az; As...;A, thing hang theo thi tu do.
« Dang 3 : Bat ding thirc trong dwong tron:

- Puong kinh 1a day cung 16n nhét caa dudng tron.
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- Trong duong tron (O), AB va CD la hai day cung. OH, OK lan luot 12 khoang cach tir O d¢én AB, CD

Tacéd: OH > 0K < AB<CD < AB <CD < AOB <COD
« Dang 4 : Bit dang thirc dai s6:

Mot bai toan cuc tri hinh hoc ¢6 khi phai dung dén cong cu dai s6 ( diéu kién xay ra dang thtc cua bat dang

thic).

1. Kién thikc cAn nhé

*x?>0 .Dau" =" chi xay rakhi x=0
* _x?<0.DA4u" =" chi xay rakhi x=0

Bét dang thirc C si (Cauchy):
Cho a, b khong am ta ¢ aT+b >Jab (%)

Diu" ="chixayrakhia=b
Tong quét :

Cho n sb khong am as; ay;...;an

. +a,+...+a
Taco: 2% " >1/a.a,..a,
n

Dau " =" chixay rakhi a, =a, =...=a

n

Bat diang thirc Bunhiacopxki:
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Chobénséa, b, c, dtaluén cé: (ab+cd)” < (a2 +cz)(b2 +d2)

Dau " =" xay ra < ad =bc

Tong quét: Cho 2n sé a; ,ay,...,an; b1 ,by,...,bnta ludn co :
(ab +ab,+.ab,) <(af +a+..+a’)(b’ +b +..+Db7)

A _ugyn a a
Dau" = xayra<:>i: =.=—"

_2 '
b b b

Véi qui uéc néu mau bang 0 thi tir bang 0

Cac bai toan quen thugc: Choa, b,c >0

1. 2(a2 +b2)2(a+b)2 > 4ab

2. S(a2 +b? +c2)2(a+b+c)2 >3(ab+bc+ca)

3. (a+b)(i+%j24

a

4. (a+b+c)(§+%+929

Ddu"="xayra < a=b=c
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Cha y: Chi ¢6 (*) dugc thira nhan, cac bat dang thac khac khi dung phai chitng minh.

B. BAI TAP

Bai 1: Cho tam giac ABC can tai A. Hai diém K, L thugc canh day BC sao cho KAL g%% . Chirng minh

rang: KL < % BC

Loi giai:
Goi H 1a trung diém cua BC. Khéng mat tinh tong quat gia sir K
nam giira B va L. Néu ca K va L cing ndm trong doan BH hozic CH
thi suy ra diéu phai chitng minh. Néu khéng gia sir K thudc doan
HC.

Trén tia KL 14y M sao cho KAM = #
, A . — _BAC
Do d6 M thugc doan BC va L nam gitta K va M (do KAL < )

= KL< KM
Tagia st AM > AK (néu AK > AM ) chitng minh tuong tr

Ha MP vudng géc vai AC ta co:
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AKAH > AMAP = KH _ AK = KH <MP
MP AM
Dé& dang ching minh dugc: MP < MC = KH < MC < KM < HC
BC

= KL<HC = KL< HC=T

= Ta c6 diéu phai chitng minh

Bai 2: Cho tam giac ABC c6 trong tdam G. Mot dudng thang qua G
cit canh AB, AC lan luot tai M, N. Chiing minh ring:

££M<£

9 S 2

Loi giai
Qua C, B ké cac duong song song véi MN cit AG lan luot tai
Ta co:
AB AF AC AE
AM AG AN AG
- AB AC _ AE+AF
AM AN AG

(do G'E =G'F véi G' 1a trung diém ciia BC)

=3

.. Swc _ ABAC _1(AB ACY) _9
Taco: = + -2
S, AM.AN “2\am AN T3

SABC 9

DAu bang xay ra khi va chi khi ﬁ=A—C khi va chi khi MN //BC
AM AN

Do M, N lan luot nam trong doan AB, AC va MN di qua trong tdm G nén

AB AC

1< —<
AM ' AN

Dtﬂ_xﬂ_y ta co 1<y x<1
AB AC 2

Theo chuing minh trén 1+£= 3hay x+y=23xy
Xy

Tu (1) tacé: (1-x)(1-y)>O0hay 1-(x+y)+xy >0
AM.AN 1

Do do 1-2xy>0= xy<1:>
2 AB.AC 2
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Vay z’*ﬂ < 1

ABC
Bai 3: Vé phia ngoai tam giac ABC dung c4c tam giac BCA;
CAB;, ABC; sao cho téng dién tich caa 3 tam giac nay nhé hon
dién tich tam giac ABC. Qua A;; By; C; V& cac duong thang
tuong (g song song véi BC, CA, AB. Ching cit nhau tao thanh

tam giac MNP. Churng minh:

Swwe < ZSAICBIAClB

Loi giai:

fpa e A N A
Theo dé bai ta can ching minh S, < 2S 46 cac, ’

Taco: BA//MN,AC//MP,BC//NP diéu nay ching té MA, NB, PC ddng quy tai mot diém va ta goi do 1a
diém D.

Datg—g:k do AC//MP.BC//NP

_BD_DA _CD_
DN DM DP
Vi AC//MP=S,5c =S,

= SABlc + SADc = SAPC + SADC
= SABl(:D =S pop

S S AD
— AB,CD ADP

= = = k
SMDF’ SMDF’ MD

S S S
Tuong ty ching minh trén: —222 = —2PAC _ “A8ED _

MDN SDNP SDMP

=k= =
SMND + SDNP + SDMP SMNP

SAclBD + SDBA1C + SABICD SA81CAlB(21 (l)

s
Ciing vi AC/IMP =8, =8 0 = —22¢ = Swe _ PC
SADC SADC DC

Tuong ty suy ra:

Sis  AM _ NB _Sgic  PC Suac
S e AD ND S;,. DC S,

SAclB + SBAic + SAalc _ SAcla + SBA1C + SABlc <1

SABD + SBDC + SADC SABC

M<2:}%<2:k:£>i (2)

Tu do ta co: ﬂ<1:
AD DM 2

Két hop (1) va (2) cho diéu phai chirng minh.
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Bai 4: Cho tam giac ABC ndi tiép dudng tron (O). Hai diém M, N thuac canh BC sao cho MAC = NAC.
Goi P, Q 1a giao diém thtr hai khac A cia AM va AN véi (O). Ching minh rang:

1. AM.AN = —/BM.BN.CM.CN + AB.AC
2. AP+ AQ > AB+ AC > AM + AN
Lo giai:
1. Goi P, Q 1a giao diém thtr 2 cia AM, AN véi (O) ta c6 BCQP I hinh thang can
Lai c6: AABM > AAQC = AM.AQ = AB.AC
Ma MN //PQ =M _NQ _,
MP  NA
2 2
__AM?  NQ* _
BM.CN BN.CN
— AM.NQ =+/BM .CN.BN.CM

= AM.AN = AM.AQ - AM.NQ = AB.AC —+/BM.CN.BN.CM

2. Goi E 1a diém chinh gitra cung BC cua (O)

AE.BC S AE.PQ
EB EP

Hay chting minh tiép:

Tacd: AB+AC = =AQ

(AM +AN)(AP + AQ) <(AB+AC)’

Dé suy ra diéu phai chitng minh

Bai 5: Cho tam giac nhon ABC ndi tiép trong dudng tron

(O; R). Puong thang AO cét dudng tron ngoai tiép tam
giac OBC tai D, BO kéo dai cit duong tron ngoai tiép tam gidc OCA tai E, CO kéo dai cit duong tron ngoai
tiép tam giac OAB tai F. Chirng minh rang: OD.OE.OF >8R?®
Loi giai:
Taco: DBC = DOC = OAC + OCA=180° - 2B
Tuong tu: DCB =180° - 2C
= ADBC ¢6 goc DBC va DCB c6 s6 d6 1a: 180° —2B;180° — 2C
Tuong tu cho cac tam gidc AEC, ABE

Ta cd: ABDC > ABAF > AEAC
bat BC =x;DC =y;BD =z. Khi d6:
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BF AF BA
oy W
y z

EC AC EA
Yy . W
y z

Ap dung dinh Ii Pto-le-me cho tir gidc OBDC ta c6:

OD.BC = 0B.DC +0C.BD = 0D =R.ZY (3)
X

Ap dung dinh Ii Pto-le-me cho tir gidc OAEC ta co:
OE.AC = R(AE +CE)

Két hop (2) ta c6: OF = Riyx (4); tuong tw OF =R. Xiy( )

Tt (3); (4); (5)

3
:>OD.OE.OF:R(y+Z)(X);Z+Z X+Y) Rzﬁzfzf g’

Ta c6 diéu phai chitng minh
Bai 6: Cho duong tron (O; R) duong kinh BC. A 1a diém chuyén dong trén dudng tron. Xac dinh vj tri cua A
dé:
a) Dién tich tam giac ABC Ién nhat.
b) Chu vi tam giac ABC 16n nhat.
Loi giai:
a) Cach 1:
Vé AH L BC taiH

Taco: AH < AO Do d6 S, :%AH.BC S%AO.BC =R’

S,sc <R?, R*khong doi

Diu" =" xay ra < H =0 < Ala giao diém dudng trung tryc doan BC va dudng tron (O)

Vay khi A 1a giao diém duong trung truc doan BC va duong tron (O) thi dién tich tam giac ABC 16n nhat.
Céch 2:

Taco BAC = 90° (g6c noi tiép chin nira dwong tron )

AABC vuong tai A= AB? + AC* = BC?( dinh Ii Pitago)

Nén AB?+ AC? =4R?

S ec :%AB.AC :%(ABZ + ACZ)—%(ABZ +AC’ —2AB.AC)

~lpcr-L(aB-Acy =r*-1(AB-AC) <R’
4 4 4
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S,sc <R?, R? khong doi
Diu" =" xay ra < AB = AC < Ala giao diém duong trung truc doan BC va duong tron (O)

Vay khi A 1a giao diém duong trung truc doan BC va dudng tron (O) thi dién tich tam giac ABC 16n nhat.

b) Tacd: AB+AC =/(AB+AC)’ =+/AB? + AC? + 2AB.AC

= J4R? +4S,5. <V4R? +4R? = 2\/2R
Do d6 chu vi AABC = AB+ AC +BC < 24/2R+2R = 2(\/§+1)R
D4u "=" xay ra < A 1a giao diém duong trung truc doan BC va dudng tron (O)
Vay khi A 1a giao diém duong trung truc doan BC va duong tron (O) thi chu vi AABC 16n nhét.
Bai 7:
a) Tim maot hinh chit nhat noi tiép trong dudng tron (O; R) cho truéc cd dién tich Ion nhét.
b) Tim mét tir gidc noi tiép trong dudng tron (O; R) cho trudc o dién tich 16n nhat.

Loi giai:

a) ABCD la hinh chit nhat = DAB =90° V& S, = 2S 0
DAB = 90° = DB la duong kinh cita (0) < DB = 2R
Vé AH 1 BD(H e DB)

AH <OA=R

D0 d6 S,aep =2 e = 2%AH.BD = AH.BD <R.2R = 2R?

VAy S,ecp < 2R?, 2R? khong doi

Dau "=" xay ra < H =0 < ABCD la hinh vuéng.

b) V& AH L BD(H eDB),CK L BD(K €BD)

Goi | 1a giao diém cua AC va BD

Taco H,l,K eBD,AH L BD va CK L BD= AH < Al va CK <IC

Do d6: AH+CK <Al +IC= AH +CK <AC

Saaco = Sep + Saco :%AH.BD +%CK.BD :%BD(AH +CK)

AC < 2R;BD < 2R (duodng kinh 1a day cung 16n nhat ctia duong tron)
Do d6 Suep :%BD(AH +CK) S%BD.AC < 2R’

Diu "="xay raH = | = K, AC va BD 14 hai duong kinh cua (O)
< ABCD la hinh vuéng.
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Bai 8: Chung minh ring trong tat ca cac ti giac 16i ndi tiép cung mot dudng tron, hinh vudng c6 chu vi 16n

nhat.
Loi giai:
Xét tur giac 16i bat ki ABCD va hinh vuéng MNPQ cuing néi tiép duong tron (O) sao cho MP L AC,MP 1a
duong kinh caa duong tron (O). Suy ra M, P 1a trung diém cia cung AC, cung 16n AC.
MP L QN, MP va QN la duong kinh.

—— e —

— MN = NP =PQ =QM
Goi E' 1a giao diém cua AD véi dudng tron tam A béan kinh

r= AB.AC — E'cb dinh.

Xét 3 diém O, A, E taco OE > AE — AO > AH — AO = AE'- AO = OE '= OE > OE',OE ' khong ddi.
Taco S,q. I6n nhat

<> BC 16n nhit <> OE nho nhit < OE=0E'< E=E"'
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