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BO PE HOC SINH GIOI CAP TINH
MON TOAN LOP 9 TINH HAI DUONG

LOI NOI PAU

Nham ddp ing nhu ciu vé ctia gido vién todn THCS va hoc sinh luyén thi hoc sinh gidi
mon todn 16p 9, website tailicumontoan.com gidi thiéu dén thidy co va cdc em bg dé thi hoc sinh gidi
todn 16p 9 ciia cdc tinh Hdi Dwong c6 hwéng dan gidi cu thé. Dy la by dé thi mang tinh chit thuc
tién cao, gitip cdc thity cd va cdc em hoc sinh luyén thi hoc sinh gidi 16p 9 c6 mot tai liéu bam sat dé
thi dé’ dat dwoc thanh tich cao, mang lai vinh dw cho ban thin, gia dinh va nha triwong. B§ dé gom
nhiéu Cau todn hay dwoc cdc thiy co trén cd nwdc swu tdm va sang tic, on luyén qua sé gitip cic
em phat trién tir duy mon todn tir d6 thém yéu thich va hoc gidi moén hoc nay, tgo dwoc nén tang dé’
c6 nhirng kién thirc nén tot dap 1eng cho viéc tiép nhan kién thirc ¢ cdc I6p, cdp hoc trén dwgc nhe
nhang va hiéu qua hon.

Cdc vi phu huynh va cdc thiy c6 day todn cé thé dung co thé ding tuyén tdp dé todn nay dé
gitip con em minh hoc tdp. Hy vong Tuyén tdp dé thi hoc sinh giéi 16p 9 cdp tinh Hai Dwong nay sé
c6 thé' gitip ich nhiéu cho hoc sinh phdt huy ndi lyc gidi todn néi riéng va hoc todn ndi chung.

Bé dé nay dwoc viét theo hinh thic B dé on thi, gom: dé thi va hwéng dan gidi dé ngay
dwdi dé thi @6 dwa trén cdac dé thi chinh thite da tirng dwoc sir dung trong céc ki thi hoc sinh gigi
toan lop 9 o cac tinhr Hdi Duong.

Mdc dit dd c6 s dau tw Ion vé thoi gian, tri tué song khdng thé tranh khéi nhizng han ché,
sai sét. Mong duroC sur gop y cua cac thay, cd gido va cac em hoc!

Chuc cac thay, cd giéo va cac em hoc sinh thu dwoc két qua cao nhat tir bg d@é nay!
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MUC LUC
Phan 1. Dé thi
PE SO TINH THANH
1. Pé thi hoc sinh gioi toan 9 tinh Hai Dwong nam hoc 2018-2019
2. Pé thi hoc sinh gioi toan 9 tinh Hai Duwong nam hoc 2017-2018
3. Pé thi hoc sinh gioi toan 9 tinh Hai Duwong nam hoc 2016-2017
4. Dé thi hoc sinh gioi toan 9 tinh Hai Dwong nam hoc 2015-2016
5. Dé thi hoc sinh gioi toan 9 tinh Hai Dwong nam hoc 2014-2015
6. Dé thi hoc sinh gioi toan 9 tinh Hai Dwong nam hoc 2013-2014
7. Pé thi hoc sinh gioi toan 9 tinh Hai Duwong nam hoc 2012-2013
8. Pé thi hoc sinh gioi toan 9 tinh Hai Dwong nam hoc 2011-2012
9. D& thi hoc sinh gioi toan 9 tinh Hai Dwong ndam hoc 2010-2011
10. Dé thi hoc sinh gioi toan 9 tinh Hai Dwong nam hoc 2009-2010
11. P& thi hoc sinh gioi toan 9 tinh Hai Dwong nam hoc 2008-2009 (dé 3)
12. Pé thi hoc sinh gioi toan 9 tinh Hai Duwong nam hoc 2008-2009 (dé 2)
13. bé thi hoc sinh gioi toan 9 tinh Hai Duong nam hoc 2008-2009 (dé 1)
14. Dé thi hoc sinh gioi toan 9 tinh Hai Dwong nam hoc 2006-2007
15. Dé thi hoc sinh gioi toan 9 tinh Hai Dwong nam hoc 2005-2006
16. Dé thi hoc sinh gioi toan 9 tinh Hai Dwong nam hoc 2004-2005
17. Pé thi hoc sinh gioi toan 9 tinh Hai Dwong nam hoc 2003-2004

Phian 2. Dap 4n
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SO GIAO DUC VA PAO TAO Ki THI CHON HOC SINH GIOI TINH
TINH HAI DUONG LOP 9 THCS NAM HOC 2018 — 2019

PE THI CHINH THUC

MON THI: TOAN
Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé

Péso1

(Dé thi c6 mot trang)

Caul:

Cau 2:

Cau 3:

Cau 4:

Cau5:

(2,0 diém)
Vx + \/y + 3z
M+«/§+3 yz+\ﬁ+1 Jxz +3Jz+3

1) a)Cho P=

VJ10P-1.

b) Cho X,Y,z la cac s6 duong thoa man: x+y+z+./xyz =4.
Chting minh rang: \/X(4—y)(4—2)+\/y(4—2)(4—X)+\/Z(4—x)(4—y) =8+Xyz .
(2,0 diém)

va Xyz=9. Tinh

XZ

a) Giai phuong trinh: +3=3x* —6X.

(x+2)2

X2+ Y2+ xy+1=2x
2) b) Giai hé phuwong trinh: ) .
X(x+y) +x-2=2y’
(2,0 diém)
a) Tim t4t ca cdc nghiém nguyén cua phuong trinh X* + X+2y? +y = 2xy* + xy +3.
b) Chiing minh rang a’+a’+a+..+a’ chia hét cho 3, biét a,a,,a,,...,a, 1a cac
chit s& cua 20197,

(3,0 diém)

Cho tam giac MNP ¢6 3 goc M, N, P nhon, ndi tié€p duong tron tdam O, ban kinh
R. Goi Q la trung diém cua NP va cac duwong cao MD,NE,PF cua tam giac
MNP cit nhau tai H.

Chting minh rang:

a) MH =20Q.

b) Néu MN +MP =2NP thi sinN +sinP=2sinM .

¢) ME.FH +MF.HE =+/2R? biét NP =R+/2.

(1,0 diém)

N .7 . 2 A 2 - A? s ab2 bC2 Ca2 .- A \ 7 ~
Tim giad tri nhé nhat caa biéu thic: P= + + biét a,b,c 1a cac so
a+b b+c c+a

duwong thoa man b—1C+—+—=3.

Lién hé tai liéu word toan zalo: 039.373.2038 TAI LIEU TOAN HQC



Website:tailieumontoan.com

SO GIAO DUC VA PAO TAO Ki THI CHON HOC SINH GIOI TINH
TINH HAI DUONG LOP 9 THCS NAM HOC 2017 - 2018
— - - MON THI: TOAN
DE THI CHINH THUC o , o
Thoi gian lam bai 150 phiit, khong ké thoi gian giao dé
Pé s6 2

(Dé thi c6 mot trang)

Céu 1. (2,0 diém)

2_
a) Cho biéu thitc A= X \/_ K +x Rat gon B=1—2A—4x +1 (véi 0<x< )
x+J_+1 X— J_+1

1 11 .
b) Cho X,y,z #0 va d6i m¢t khac nhau thoa man —+—+— =0. Chttng minh rang
X y z

: 1 i 1 i 1 (X2016 Ty +22018): Xy+yz+2x  (*)
X“+2yz Yy 422X Z°+2Xxy
Cau 2. (2,0 diém)

a) Giai phuong trinh: (x/x+5—«/x—2)(1+\/x2 +3x—10)=7.

XC+y —xy=2

b) Giai hé phwong trinh: { ,
X*=X+Yy

Céu 3. (2,0 diém)
4 7 A \ ~ Ay
a) Tim cdc s6 thye x sao cho X ++/2018 va ——+/2018 déu la s6 nguyén.
X

b) Tim cac s0 tw nhién c6 dang ab. Biét ré“mg %2 — E\z 1a mot sO chia hét cho 3267.

Cau 4. (3,0 di€ém) Cho hinh binh hanh ABCD c6 BDC =90°, dwong phan giac cta goc
BAD cat canh BC va duong thing CD tai E va F. Goi O va O’ Ian luot la tim duong
tron ngoai tiép ABCD va ACEF.

1) Chting minh rang O’ thuc duong tron (O);

2) Khi DE vuoéng géc voi BC

a) Tiép tuyén cta (O) tai D cat BC tai G. Chiing minh rang BG.CE = BE.CG;

b) Duong tron (O) va (O’) cdtnhau tai H (H khéacC ). Ké tiép tuyén chung IK (I thude
duong tron (O), K thudc dwong tron (O’)va H, I, K nim ciung phia bd OO’. Dung
hinh binh hanh CIMK. Chttng minh rang OB+0O’C > HM.

Cau 5. (1,0 di€ém) Cho X,y,z>0 théa man X°+Yy®+2z° <3xyz. Tim gié tri 16n nhét cta
X2 y2 22
= +— +— .
X'+yz y'+zX 77 +Xy
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SO GIAO DUC VA PAO TAO Ki THI CHON HOC SINH GIOI TINH
TINH HAI DUONG LOP 9 THCS NAM HOC 2016 — 2017
= - 5 MON THI: TOAN
PE THI CHINH THUC o , o
Thoi gian lam bai 150 phiit, khong ké thoi gian giao dé
Peés63

(Dé thi c6 mot trang)

Bai 1. (2,0 diéin)

) Cho biéu thitc: P = /1= X+ (1= X)V1= X’ + /1= X—(1=x)y1-X* (véi 1< x <)
Tinh gid tri cta biéu thicc P khi X = 1

2019
2. Cho a,b,c 1a ba s6 thuc khong dm thoa man a+b+c = \/ng \/5+ \/F =2.
Ga, b Ve 2

l+a 1+b l+c [1+a)(l+b)(l+c)

Chttng minh rz‘“mg

Bai 2. (2,0 diém)
a) Giai phuong trinh: 2x* —2x+1= (2x +l)(\/ X2 —X+2 —1).

o . x2+(y+1)2:xy+x+1
b) Giai hé phuwong trinh : :
2x° =x+y+1
Bai 3. (2,0 diém)
a) Tim cac cap s6 nguyén (X; y) thoa man: 2x° +2y° +3x—6y =5xy —7.

b) Tim cac s8 tu nhién n sao cho N° +2n++/n° +2n+18 +9 1a s chinh phwong.
Bai 4. (3,0 diéin)
1) Cho tam gidc nhon ABC(AB< AC) néi tiép duodng tron (O;R). Cdc dudng cao
AD,BE,CF cit nhau tai H (D eBCE e ACF eAB).Tia EF cit tia CB tai P, AP cit
duong tron (O; R) tai M (M khac A).
a) Chiing minh PE.PF = PM.PA va AM vuong goc véi HM;
b) Cho canh BC ¢6 dinh, diém A di chuyén trén cung 16n BC. Xac dinh vi tri caia A d€
dién tich tam giac BHC dat gid tri 16n nhat.
2) Cho tam gidc ABC c6 goc A nhon, noi ti€p duong tron tam O. Mot diém | chuyén
dong trén cung BC khong chita diém A(l khong trung véi B,C). Puong thang vuong
gbéc v6i IB tai | cat duong thing AC tai E, duong thing vuong goc voi IC tai | cat
duong thang AB tai F. Chting minh rdng duong thang EF ludn di qua mot diém cd
dinh.
Bai 5. (1,0 diém) Cho a,b,c 1a ba s6 thuc dwong thoa man a’+b*+c?=3.

a’+3ab+b’ b? +3bc + ¢ ¢’ +3ca+a’

Chting minh rang + + <3.
J6a2+8ab+110% /6b%> +8bc+11c2  +/6c2 +8ca +11a’
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SO GIAO DUC VA PAO TAO Ki THI CHON HOC SINH GIOI TINH
TINH HAI DUONG LOP 9 THCS NAM HOC 2015 - 2016
= - - MON THI: TOAN
DE THI CHINH THUC o , o
Thoi gian lam bai 150 phiit, khong ké thoi gian giao dé
Peéso6 4

(Dé thi c6 mot trang)

Cau 1 (2,0 diém)
a) Cho x =3—+/5. Tinh gia tri ctia biéu thitc A=x° —8x* +17x% +6x* —116x+104 .
b) Cho x, y 1a hai s6 thuc duong. Chiing minh rang;

\/Z(sz +y° —x)(«/x2+y2 —y) =X+ y—/X°+Vy%.

Cau 2 (2,0 diém)
a) Giai phuwong trinh: x* —20x+24+8./3(x-1) =0.
b) Giai hé phuong trinh: {X: +4y"+3 =3 o , .
X*+12x+8y’ =6x"+9
Cau 3 (2,0 diém)
a) Tim cac s6 nguyén X, y thoa man: 5x* +5y’ +6xy —20x— 20y +24 =0.
b) Tim t4t ca cac s6 nguyén duong n sao cho n*+n°+1 1a s§ chinh phuong.
Cau 4 (3,0 diém)

1) Cho tam gidc ABC c6 AB=c, AC=b, BC =a. Chiing minh rang: sin2<_8

2 2¢be
2) Cho tam giac ABC ¢c6 AB=c, AC=b, BC=a (c<a, c<b). Goi M, N Ian lwot 1a cac tiép
diém ctia canh AC va canh BC véi duong tron tam O ndi tiép tam gidc ABC. Duong thing
MN cit tia AO tai P va cit tia BO tai Q. Goi E, F Ian luwot 1a trung diém ctia AB va AC.
MP NQ PQ
a b ¢
b) Trén doan thang NC 13y diém I sao cho MF = NI. Chting minh IQ di qua trung

diém ctia NF.

Cau 5 (1,0 di€m) Cho x, y, z 1a c4c s6 thuc dwong. Tim gid tri 16n nhat cta bi€u thic:

X y z
P= + + .
\/y+z+2x \/z+x+2y \/x+y+22

a) Chtrng minh rang:
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SO GIAO DUC VA PAO TAO Ki THI CHON HOC SINH GIOI TINH
TINH HAI DUONG LOP 9 THCS NAM HOC 2014 - 2015
— - - MON THI: TOAN
DE THI CHINH THUC o , o
Thoi gian lam bai 150 phiit, khong ké thoi gian giao dé
Pé s6 5

(Dé thi c6 mot trang)

Cau 1 (2,0 diém):
a) Tinh gi4 tri ctia biéu thite: A = 2X° +3X* —4X +2

voi X:\/2+4/5+2\/g +J2— 5+2\/§ —3-6-1

b) Cho x, y thoa man:
VX+2014 +42015— X — /2014 — X = [y + 2014 +/2015— y — /2014 — y
Chttng minh: X =Yy
Cau 2 (2,0 diém):

a) Giai phuong trinh x° +(X+1)»\/X+1+2\/§=(X+\/X+1+\/§)3

32+ Xy —4X+2y =2
b) Giai hé phuong trinh sau:
X(x+1)+y(y+1)=4
Céu 3 (2,0 diém):
a) Tim s8 nguyén t6 p sao cho cacs6 2p® —1; 2p° +3; 3p* +4 déu la s6 nguyeén t3.
b) Tim cac s6 nguyén dwong x, y, z thda man: 3x* —18y” +2z% +3y°z° —18x = 27.
Cau 4 (3,0 diém): Cho duong tron (O;R) dudng kinh BC. Goi A la di€m thoa man tam gidc
ABC nhon. AB, AC cat dwong tron trén tai diém thi hai twong tng 1a E va D. Trén cung
BC khong chita D 18y F(F # B, C). AF cat BC tai M, cat duong tron (O;R) tai N(N # F) va
cat duong tron ngoai tiép tam gidc ADE tai P(P # A).
a) Gia st BAC =60°, tinh DE theo R.
b) Chitng minh AN.AF = AP.AM
c) Goi I, H thit tw 1a hinh chiéu vudng géc ctia F trén cc duong thang BD, BC. Céac

duong thang IH va CD cat nhau ¢ K. Tim vi tri ctia F trén cung BC dé biéu thiic
BC BD CD

+ + dat gid tri nho nhat.
FH FI  FK
Cau 5 (1,0 di€ém): Cho cdc s6 duong x, y, z thay d6i thoa man: xy + yz+zx=xyz. Tim gid tri

1 1 1
+ + .
4x+3y+z x+4y+3z 3x+y+4z

16n nhét cia biéu thitc: ) =
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SO GIAO DUC VA PAO TAO Ki THI CHON HOC SINH GIOI TINH
TINH HAI DUONG LOP 9 THCS NAM HOC 2013 - 2014
= - - MON THI: TOAN
DE THI CHINH THUC o , o
Thoi gian lam bai 150 phiit, khong ké thoi gian giao dé
Peé s6 6

(Dé thi c6 mot trang)

Céau 1 (2 diém).

B (@ + @)

voi —1<x<1.

a) Rut gon biéu thic A=

2—1-x?
b) Cho a va bla cic s6 théaman a>b>0va a’—a’b+ab’—6b*=0.
a*—4b*
Tinh gid tri cia biéu thitc B=——.
inh gi4 tri ctia biéu thiec Y

Cau 2 (2 di€m).
a) Giai phuong trinh X*(X* +2) =4 —X+/2X* +4.
e X =2X+y
b) Giai hé phuong trinh .
Y =2y+X
Céu 3 (2 diém).
a) Tim c4c s6 nguyén dwong x, y thda man phwong trinh Xy? +2Xxy +X =232y .
b) Cho hai s6 ti nhién a, b théa man 2a>+a=3b*+Db.
Chitng minh rang 2a+2b+1 1a s8 chinh phuwong.
Cau 4 (3 diém). Cho tam gidc déu ABC ndi ti€p duong tron (O, R). H 1a mot diém di dong
trén doan OA (H khéc A). Puong thang di qua H va vudng géc véi OA cat cung nho AB
tai M. Goi K 1a hinh chiéu cia M trén OB.
a) Chting minh HKM =2AMH.
b) Céc tiép tuyén cta (O, R) tai A va B cat tiép tuyén tai M caa (O, R) [an lwot tai D
va E. OD, OE cat AB Ian lugt tai F va G. Chitng minh OD.GF = OG.DE.

c) Tim gia tri 16n nhat ctia chu vi tam giac MAB theo R.

Cau 5 (1 di€ém). Cho 4, b, ¢ 1a cdc s8 thie dwong thoa man 2ab + 6bc + 2ac = 7abc . Tim
4ab 9ac  4bc
+ + .
a+2b a+4c b+c

gid tri nho nhét cua biéu thie C =
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SO GIAO DUC VA PAO TAO Ki THI CHON HOC SINH GIOI TINH
TINH HAI DUONG LOP 9 THCS NAM HOC 2012 - 2013
= - - MON THI: TOAN
DE THI CHINH THUC o , )
Thoi gian lam bai 150 phiit, khong ké thoi gian giao dé
Peé s6 6

(Dé thi c6 mot trang)

Cau 1 (2,0 diém):
a) Rut gon biéu thirc: A=(\/x—\/ﬁ—\/x+\/ﬁ)\/x+\/x2 ~50 véi x >+/50

b) Cho x + \/§ = 2. Tinh gia tri cua biéu thirc: B = x® — 3x* - 3x% + 6x> — 20x + 2018
Cau 2 (2,0 diém):

4x X
a) Giai phuong trinh + 3 =6

x> —5Xx+6 X —-7x+6

\/;+\/§+4 Xy =16

X+y=10

b) Giai hé phuong trinh sau:

Céu 3 (2,0 diém):
a) V6i a, b 1a cac s§ nguyén. Chitng minh rdng néu 4a” + 3ab —11b° chia hét cho 5 thi

a* —b* chia hét cho 5.
\ 2 L S N s o \/g_\/g
b) Cho phuwong trinh ax“+bx+1=0 véi a, b la cic sd hitu ti. Tim a, b biét X = ———

e

Cau 4 (3,0 diém): Cho 3 diém A, B, C ¢5 dinh nam trén mot duong thang d (B nam gifta A
va C). Vé duong tron tam O thay d6i nhung luon di qua B va C (O khong nam trén duong

la nghiém ctia phuong trinh.

thang d). Ké AM va AN la c4c tiép tuyén véi duong tron tim O tai M va N. Goi I 1a trung
diém ctia BC, AO cat MN tai H va cat duwong tron tai cic diém P va Q (P nam giita A va
O), BC cat MN tai K.

a) Chting minh 4 diém O, M, N, I cling nam trén mot duong tron.

b) Chitng minh diém K ¢d dinh khi duong tron tam O thay doi.

c) Goi D 1a trung diém HQ, tir H ké duong thang vudng goc véi MD cat duong thang
MP tai E. Chiing minh P 1a trung diém ME.
Cau 5 (1,0 diém):

1

Cho A, =
(2n+1)v2n-1

véine N™. Chtng minh r%mg: A+A+A +. . +A <1.
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SO GIAO DUC VA PAO TAO Ki THI CHON HOC SINH GIOI TINH
TINH HAI DUONG LOP 9 THCS NAM HOC 2011 - 2012
— - - MON THI: TOAN
DE THI CHINH THUC o , o
Thoi gian lam bai 150 phiit, khong ké thoi gian giao dé
Peé s6 7

(Dé thi c6 mot trang)

Cau1 (2,5 diém).

x> —5X+6+3yx* —6x+8

a) Rut gon biéu thie: A=
3x—12+ (x—3)Vx* —6x+8

b) Phan tich thanh nhan ti: a° +b*+c* —(a+b+c)’

3
Tim x biét: (x2 +x+2) —(x+1)3 =x°+1
Cau 2 (2,0 diém).
X +xy—2y*=0

a) Giai hé phuwong trinh: ,
Xy +3y“+x=3

3

b) Giai phuwong trinh: (%) - ( X — 3)3 =16
Cau 3 (2,0 diém).

a) Tim nghiém nguyén cua phwong trinh:

8x* +23y* +16x — 44y +16xy —1180=0.

b) Cho 1 1a s6 nguyén duong va m 1a wéc nguyén duong ctia 2n2. Chitng minh rang
n? + m khong la s6 chinh phuwong.
Céau 4 (3,0 diém). Cho duwong tron (O;R) va AB la duong kinh. Goi d la duong trung truc
cua OB. Goi M va N 1a hai diém phan biét thudc duong théng d. Trén cac tia OM, ON ldy
Tan lwot cac diém M’ va N’ sao cho OM’.OM = ON”.ON = R?.

a) Chtng minh rang bon diém M, N, M/, N’ thuéc mot duong tron.

b) Khi diém M chuyén dong trén d, chiing minh rang diém M’ thudc mot duong
tron co dinh.

c¢) Tim vi tri di€ém M trén d d€ tong MO + MA dat gia tri nho nhat.

Tim vi tri diém M trén d nhung M khong nam trong duong tron (O;R) d€ tong

MO +MA dat gia tri nho nhat.
Cau 5 (0,5 di€ém). Trong cic hinh binh hanh ngoai tiép duong tron (O; r), hdy tim hinh
binh hanh c6 dién tich nhé nhat.
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SO GIAO DUC VA PAO TAO Ki THI CHON HOC SINH GIOI TINH
TINH HAI DUONG LOP 9 THCS NAM HOC 2010~ 2011
— - - MON THI: TOAN
PE THI CHINH THUC o , o
Thoi gian lam bai 150 phiit, khong ké thoi gian giao dé
Peéso6 8
(Dé thi c6 mot trang)

Cau1 (15 diém). Phan tich da thic 4(1+ X)(1+ y)(1+ X+ y)—3x?y* thanh nhan te
Cau 2 (2,5 diém).
a) Giai phuwong trinh: \/ZX2 + 7x+10 + \/2X2 +X+4 = 3(X +l).
[ axt y
1+4x°
4

4y 2
1+4y

4x*
1+4z7°

b) Giai hé phwong trinh:

Cau 3 (2,0 diém).

X — Y2011 Iy

y —z42011

a) Tim cac s6 nguyén duong x, y, z théa man dong thoi hai diéu kién sau

s8 hitu ti va X° + y* + z°1a s6 nguyén t&
b) Tim nghiém nguyén ctia phuong trinh 20y* — 6xy =150 —15X.
Céu 4 (3,0 di€ém) Cho tam gidc nhon ABC c6 trung tuyén CM. C4c duong cao AH, BD, CF
cat nhau tai I. Goi E 1a trung diém ctia DH. Puong thang qua C va song song véi AH cat
BD tai P, duong thang qua C va song song véi BD cat AH tai Q.
a) Chtng minh PLAB = AC.CI
b) Goi (O) la duwong tron ngoai ti€p tam gidc CDH. Ching minh MD la ti€p tuyén cta
duwong tron (O).
c¢) CE cat duong tron ngoai tiép tam giac ABC tai R (R khac C); CM cat duong tron (O)
tai K (K khac C). Chitng minh AB la duong trung truc ctia doan KR.
Cau 5 (1,0 di€ém)
1 1

2
> ,
1+x 1+y 1+w/xy
1
b) Cho a, b, c 1a c4c s6 dwong thdéa man ESa,b,CSZ.ChL’mg minh
a b Cc
+ + > 22,
a+b b+c c+a 15

a) Chtng minh VX, Y thoaman Xy =1
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SO GIAO DUC VA PAO TAO KI THI CHON HOQC SINH GIOI TiNH
TINH HAI DUONG LOP 9 THCS NAM HQC 2009- 2010
MON THI: TOAN
Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé

PE THI CHINH THUC

bé s69
(Dé thi c6 mot trang)

Cau 1 (2 diém)

a) Cho x 12 s6 thuc thoa man X° —4x+1=0
e rm s, 1
Tinh gid tri biéu thtee: A=X"+ v

Xyz =2
b) Cho x; y; z 1a cac s6 thyc thoa man
2+X+xy=0

1 N 2 N 2
1+y+yz 2+42z+X2 2+ X+XYy

Tinh gia tri biéu thtec: B =

Cau 2 (2,5 diém)

(y* -4y)(2y-x) =2

Giai hé ph trinh:
a) Giai heé phuong trin {yZ—Zy—X:3

b) Gii phurong trinh X° —2X = 2/2x -1
Cau 3 (1,5 diém)

Tim t&t ca céc s8 nguyén duong n d6 A= 2° +2° +2" 13 s8 chinh phuong.
Cau 4 (3 di€ém) Cho duong tron tm O va day AB cd dinh (O khong thudc AB). P 1a diém
di dong trén doan AB (P khéc A, B). Qua A, P vé duong tron tam C tiép xtc voi (O) tai A.
Qua B, P vé duong tron tam D tiép xtic véi (O) tai B. Hai duong tron (C) va (D) cat nhau
tai N (khac P).

a) Chtig minh: ANP = BNP

b) Chtng minh: PNO =90’

¢) Chiing minh khi P di d6ng thi N ludn nam trén mot cung tron cd dinh.

Cau 5 (1 di€m) Tim gia tri nho nhat cta biu thiec sau:

(X+y+1)° Xy+y+x
= +

A XY+y+X  (X+y +1)2 (Véi x; y 1a cac s6 thye duong).
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SO GIAO DUC VA PAO TAO KI THI CHON HOQC SINH GIOI TiNH
TINH HAI DUONG LOP 9 THCS NAM HOQC 2008- 2009
MON THI: TOAN (D& 3)
Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé

PE THI CHINH THUC

bé s6 10
(Dé thi c6 mot trang)

Cau1l (2,0 diém)
1)Phan tich da thitc sau thanh nhan tiz:  (a+b+c¢)’-a®-b*-c?

2)Rut gon biéu thitc sau : A= \/4+«/10+ 245 + \/4—«/10+ 25 -6
Cau 2 (2,0 diém)
1)Chttng minh rang néu phuong trinh : x* +ax® +bx* +ax+1=0 c6 nghiém
thi: a®+(b-2)*-3>0

2)Tim gia tri cia m d€ hé phuong trinh :
mx® +|x| -y =1-m ) R .
Co6 nghiém duy nhat
2 2
X +y =1
Cau 3 (2,0 diém)
1)Tim cac s6 nguyén duong a,b,c thoa man dong thoi cac diéu kién :
Ja—brc=va-b+e va T4slog
a b c
2)Trén to gidy ké vd han cac 6 vudng va dugc to boi cdc mau do hodc xanh thoa man
bat ctt hinh chir nhat nao kich thwdce 2x3 thi c6 dting hai 6 mau d6.Hoi hinh chit nhat
c0 kich thuwde 2010x2011 ¢6 bao nhiéu 6 mau do .
Cau4 (3,0 diém)
1) Cho hinh thoi ABCD canh a, goi R va r Ian luot la cac ban kinh cac duong tron ngoai
ti€p cac tam giac ABD va ABC.

, . 1 1 4
a) Chtng minh : R + i
’ . 8R3r3 4 oA \ oA 4 7 . 7
b) Chitng minh: S5, = W ; (Kihiéu S,q; 1a dién tich t gidc ABCD )
+

2) Cho tam giadc ABC can tai A ¢c6 BAC =108°.Chtg minh : % la s6 vO ti.

Cau 5 (1,0 diém ) Cho f(x) =ax’+bx+c thoa man véi moi x sao cho —1<x<1 va

| f(x)| < p. Tim s8 q nho nhat sao cho |a|+|b|+|c| < p.g
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SO GIAO DUC VA PAO TAO KI THI CHON HOQC SINH GIOI TiNH
TINH HAI DUONG LOP 9 THCS NAM HOQC 2008- 2009
MON THI: TOAN (D& 2)
Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé

PE THI CHINH THUC

Dé s6 11
(Dé thi c6 mot trang)

voi X)0,x =1

Cau 1: (1,5 diém) Cho biéu thitc A = (

X+2 \& 1 ) \/;—1
+ + ;

XX=-1 X+ \/;+1 1—\/;

1) Rut gon biéu thirc A.

2) Chiing minhrang 0<A<2.

Cau 2: (2 diém)
1) Cho cac s6 duong a,b,c thoa man diéu kién abc = 1. Chting minh rﬁmg:
ab bc ca

+ + <1.
a5 +b5 +ab b5 +c5 +bc c5 +a5 +ca

2) Tim gia tri 16n nhat, gia tri nhé nhat cia ham s6 f(x) = x(2008 + \V2010— x2 )
Cau 3: (2 diém)

244 2o 73
V22l V2-2-x

X +2y*—4y+3=0 (1)

2

X 4+x*y'=2y=0 (2)

1) Giai phuong trinh:

2) Giai hé phuong trinh: {

Cau 4 (3 diém): Cho tam gidc ABC ndi ti€p duong tron (O;R ) . Di€ém M thudc cung nho
BC. goi LK,H theo thtt tw la hinh chiéu vuong goc ctia M trén AB; AC; BC. Goi P, Q Tan
lwot 1a trung diém ctia AB; HK.

1) Chttng minh MQ L PQ.
2) Chiing minh : E+£=£
MI MK MH

3) Cho tam giac ABC déu. Xac dinh vi tri ctia diém M trén cung BC d€ MA + MB + MC
dat gia tri 16n nhat
Cau 5: Trén mot duong tron ta 1dy 1000 di€ém roi danh sd theo thi twe cing chiéu tir 1 dén
1000. Bat dau tr s8 1 ct 15 s6 ta gach dI mot s, tiic 1a xoa cac s8 1,16, 31..... Tiép tuc qua
trinh nay qua mot s6 vong cho dén khi sd 1 bi x6a Ian th 2. Hoi trudce lac d6 con lai bao

nhiéu sd khong bi xoa ?
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SO GIAO DUC VA PAO TAO KI THI CHON HOC SINH GIOI TiNH
TINH HAI DUONG LOP 9 THCS NAM HOQC 2008- 2009
MON THI: TOAN (P& 1)
Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé

PE THI CHINH THUC

bé s6 12
(Dé thi c6 mot trang)

x\/;—4x—\/;+4

Cau 1: (2,0 diém) Cho biéu thirc: A=
( ) 2x/x —14x +28x -16

1) Tim x dé€ A co6 nghia, tir d6 rat gon biéu thiec A.
2) Tim cac gia tri nguyén cua x débiéu thitc A nhan gia tri nguyén.

Cau 2: (1,0 diém) Choa>0;b>0va 1+% =1. Chitng minh rang: Ja+b =+a-1++b-1
a

Céu 3:(2,0 diém)
1) Giai phuwong trinh: «Jx+1—, ’x_—l -1=0
X

x+y+xy=3+2\/§

2) Gidi hé phrong trinh : 4 4
x +y =18

Cau 4: (1,0 diém) Cho ham s0 f(x) = ax2 + bx + ¢ thoa man diéu kién

FDI<L, [fO)<1 va |f(D]<1. Ching minh ring: | f(x)|£% khi |x|<1

Céu 5 :(3,0 di€ém) Cho tam gidc nhon ABC, cdc duong cao AD,BE,CF. Lay diém M bat ki
thudc DF, ké MN song song v6i BC (N thudc DE). Ly diém I trén dwong thang DE sao
cho MAI = BAC . Chting minh rang

a)AAMN la tam gidc can
b) AMNI la t& gidc noi ti€p

c¢) MA la phan gidc cia FMI

Cau 6:(1,0 di€ém) Trong mot ki thi cé ba moén: Van, Toan, St va di€ém cho thang diém 10
bac bang cac s8 nguyén. Diém Van nhan véi 3, diém Toan nhan véi 2, diém st nhan véi 1.
Ba giam khaoVin, Toan, St cung chép diém ctia mot thi sinh r6i cong lai. Nhung do vo y,
ong nao ciing chép diém ctia hai 6ng kia va cung 1an 16n diém ctia ngudi nay ra ngudi
khac. Vi thé khi cdng xong giam khao van bao thi sinh vira da diém dau( tic 6x5=30diém).
Hai giam khao kia thi bao hong va ddi chiéu s§ diém thdy bang nhau. Hoi that s thi sinh
dy dau hay hong thi?
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SO GIAO DUC VA PAO TAO KI THI CHON HOQC SINH GIOI TiNH
TINH HAI DUONG LOP 9 THCS NAM HOQC 2006 2007
MON THI: TOAN
Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé

PE THI CHINH THUC

bé s6 13
(Dé thi c6 mot trang)

Cau 1 (2,0 diém)
Cho hé phuong trinh:
(a—1Dzx—by=2a—b—2
(c+4)x+cy=12b—4a + 44
Tim cac s6 a, b, ¢ d€ hé phwong trinh c6 v s6 nghiém, trong d6 c6 nghiém z = 1va
y=3.

Cau 2 (2,0 diém)

Tim céc s8 thwe x dé biéu thire 33 +T + 33 — T 1as6 nguyén.
Cau 3 (3,0 diem)
1) Chttng minh rang véi moi s8 tu nhién n (n € N*®) phuong trinh:
2° +2(n—1)(n+1z+1—6n" —13n> —6n =0
khong cé nghiém hiru ti.
2) Tim cac s6 hitu ti a va b thoa man dang thic:

a7 — o7 = 117 — 28

Cau 4 (3,0 diém)

Cho tam giac ABC khong can, ndi tiép duong tron tam (O). Goi CD la dwong kinh cua
duong tron, qua D ké tiép tuyén véi duong tron cat duwong thang AB tai E, néi E véi O cat
canh BC, canh CA tai M va N.

1) Goilla trung diém ctia AB. Chting minh bon diém O, D, E, I nam trén mot duong
tron;
2) Chtng minh O la trung diém cua MN.
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SO GIAO DUC VA PAO TAO KI THI CHON HOQC SINH GIOI TiNH
TINH HAI DUONG LOP 9 THCS NAM HOQC 2005- 2006
MON THI: TOAN
Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé

PE THI CHINH THUC

Dé s6 14
(Dé thi c6 mot trang)

Bai 1 (2,0 diém)

a®-5a+(a’-1va’-9+a’+3
a®-5a+(a*-1)va*-9-a*-3

J5-1
4

Rat gon biéu thic: A=

Bai 2 (1,5 diém) Chitng minh rang sin18° =
Bai 3 (3,5 diém)
1) Cho phuong trinh 3x* —(2p—1)x+ p?> —6p+11=0 ( pla tham sd)

Tim cac s6 htru ti p d€ phuong trinh c6 it nhat mot nghiém nguyén.

2) Giai hé phuong trinh:
Wx-2y)-—>)=3
2y/x
(x+4y?)(1+——)=25
4xy

Bai 4 (3,0 diém) Cho hai duong tron (O1), (O2) cit nhau tai A, B.

1) Mot diém M trén (O1), qua M ké tiép tuyén MD véi duong tron (Oz)

2

(D 1a tiép diém). Chiing minh rang biéu thiic MI\iD khong phu thude vao vi tri cia M
trén (On).

2) Kéo dai AB vé phia B 1dy diém C, tir C ké hai ti€p tuyén CE va CF véi duong tron (O1)
(E, F 1a cac tiép diém va F cling phia véi (O2) bd AB) duong thang BE va BF cat duong tron
(O2) tai P va Q, goi I la trung diém cua PQ.

Chting minh ba diém E, F, I thang hang.
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SO GIAO DUC VA PAO TAO KI THI CHON HOQC SINH GIOI TiNH
TINH HAI DUONG LOP 9 THCS NAM HOQC 2004- 2005
MON THI: TOAN
Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé

PE THI CHINH THUC

bé s6 15
(Dé thi c6 mot trang)

Bai 1( 3, 5 diém)
1) Goi x1, x2 la nghiém ctia phuwong trinh x? +2004x + 1 =0 va x3, x4 la nghiém cta

phuong trinh x2+2005x + 1 = 0. Tinh gi4 tri ctia biéu thac:
(x1 + x3)(x2 + X3)(X1 - X4)(X2 - X4)

2) Cho a, b, ¢, d 1a cac s6 thuc va a? + b? < 1. Chitng minh phuong trinh (a? + b1)x? -

2(ac+bd -1)x + c¢*+ d? 1 =0 ludn c6 nghiém.

Bai 2 (1,5 diém)

R A \ .~ om+l n+loo A
Cho hai s0 ti nhién m va n thoa man ——+—— la s0 nguyeén.
n m

Chiing minh wéc chung 16n nhat ciia m va n khong 16n hon vm+n

Bai 3 (3, 0 diém)

Cho hai duong tron (O1)va (O2) cat nhau tai A va B, tiép tuyén chung véi hai duwong
tron gan B c6 tiép diém la C va D, C €(O1) va D €(02). Qua A ké duong thang song song
véi CD cat duong tron (On) tai M, va cat duwong tron (O2) tai N. Puong thang BC, BD cat
duong thang MN tai P va Q, dwong thang CM va DN cat nhau tai E. Chitng minh:

1) Duong thang AE vudng goc véi duong thang CD;
2) Tam giac EPQ la tam gidc can.

((On) la ki hiéu duong tron tam Ox)
X+y=1

Bai 4 (2, 0 diém) Giai hé phuong trinh: {XF’ N y5 11
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SO GIAO DUC VA PAO TAO KI THI CHON HOQC SINH GIOI TiNH
TINH HAI DUONG LOP 9 THCS NAM HOQC 2003- 2004
MON THI: TOAN
Thoi gian lam bai 150 phiit, khong ké'thoi gian giao dé

PE THI CHINH THUC

bé s6 15
(Dé thi c6 mot trang)
Bai1: (2,5 diém)
Giai phuong trinh :

Ixy -x-y+al + Ix?y2+x%y + xy? + xy - 4bl =0

a=(\/5_7+3\/§+\/@+6)(\/5_7—3\/€—\/@+6)
b=+17-1242 +/3- 242 + 3+ 22

Bai 2: (2,5 diém)

Hai phuong trinh : x>+ (a- 1)x +1=0; x> + (b + 1)x + ¢ = 0 ¢6 nghiém chung, dong thoi hai
phuong trinh : X2+ x+a-1=0vax?+cx+b+1=0 cing c6 nghiém chung.

2004a
b+c

Tinh gia tri cua biéu thirc

Bai 3 : (3,0 diéin)
Cho hai duong tron tm Os va tam Oz cit nhau tai A, B. Puong thang O1A cit duwong tron
tam Oz tai D, dwong thang O2A cit dreong tron tam O: tai C.

Qua A ké duong thang song song véi CD cat dreong tron tm Os tai M va cat duong tron
tam O: tai N.

Chting minh rang :
1) Nam diém B; C; D; O1; O2 nam trén mot dwong tron.
2) BC + BD = MN.

Bai 4 : (2,0 diéin) Tim céc sd thye x va y thoa man x2 + y2 =3 va x + y la mot s6 nguyén.
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HUONG DAN GIAI

Peéso1
Caul: (2,0 diém)

, ” [y Jxyzz
T =9=P= Jzx+4f J
a) Taco xyz=9= Dy + x+a/xyz+«/yz +~fy+lJr 2X +[xyzz + \[xyz

1 0y vz o
=1 10P-1=3.
\j§+1+\/y_zJr yz+\,/y+1+1+ yz+\fy =0 >

b) Ta co x+y+z+a/xy =4=4x+4y+4z+4\/xyz =16.
Do dé

\/x(4—y)(4—z)=\/x(16—4y—4z+yz):\/x(4x+4\/ﬁ+y2)=\/x(2\&+ yz)2
=\/;(2\/§+ yz).

Tuong tw ta c6 \|X(4-y)(4-2) +/y(4-2)(4-x) +/z(4-x)(4-Y)
=\/§(2\/§+ yz)+\/y(2 y+\/5)+ﬁ(2ﬁ+ﬂ)=2(x+y+z)+3 Xyz
=2(4-Jxyz)+3yz =8+xyz (dpem).

Cau2: (2,0diém)
a) bKXD: x#-2.
Phuong trinh da cho twong duwong X +3(x2 +4X+ 4) = (3x2 —6x)(x2 +4X+ 4)

<3 +6x°-16%° —36x-12=0
<:>(x2 —6)(3x2 +6x+2) =0
Xét phuong trinh X2 —6=0<> x=%+/6 .

_3+.3

Xét phuong trinh 3x* +6x+2=0<> X = .

—3+.3
0

Vay phuong trinh c6 tap nghiém S = {i\/g ;

b) Tt phwong trinh X* + y? + Xy +1=2X <> 2X* + 2y* + 2%y + 2 = 4X.
Khi d6 ta co 2x2+x(x+y)2+x—2+2xy+2=4x<:>x[(x+y)2+2(x+y)—3}:0
< X(x+y-1)(x+y+3)=0.
Xét x =0 thé vao phuong trinh x* +y® + Xy +1=2x ta duoc y*+1=0. Phuong trinh vd
nghiém.
Xét Xx+y—1=0<> y=1-X thé vao phuong trinh x*+y?+ Xy +1=2X ta duoc
x* —3x+2=0
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= Xx=1 hoac x=2.
e V6i x=1=y=0.
o Viéi x=2=y=-1
Xét X+y+3=0<> y=—x—3 thé vao phwong trinh X*+y* +xy+1=2x ta duoc
X’ +x+10=0. Phuong trinh vd nghiém.
Vay hé phuong trinh c6 tap nghiém S ={(1,0);(2-1)}.
Cau3: (2,0 diém)
a) Tacd X+ X+2y° +y=2xy° +Xy+3 < x> =X+ 2X—2+2y* - 2xy° +y—xy =1
<:>(1—x)(2y2+y—x—2)=1.

Ta xét cac treong hop sau:

1-x=-1 X=2 X=2 x=2
THI1: ) - & ) B <1{" " hoic 3. Chon nghiém
2y +y—-x-2=-1 2y°+y-3=0 y=1 y:E
X=2
y=1
1-x=1 x=0 x=0_ _ x=0 .
TH2: ) = S = hoac 3 (loai).
2y"+y—-x-2=1 2y°+y-3=0 y=1 y:E

Vay phuong trinh ¢6 nghiém nguyén duong (X;y)=(21).
b) Vi 20193 nén (& +a, +...+4,):3. Xét hiéu:

(a¥+a+..+a})—(a,+a, +...+a,)=(a —1)a (a +1)+(a, -1)a, (a, +1)+...+(a,~1)a, (a, +1)
chia hét cho 3. Do d¢ &’ +a5 +a; +...+a’ chia hét cho 3 (dpcm).

Cau4: (3,0 diem)
a) Ké duong kinh MK .
Ta c6 MPK = MNK =90° hay KP L MP va KN L MN. Suy ra KP//NH va KN //
PH nén t gidc KPHN 1a hinh binh hanh. Suy ra H,Q,K thang hang,.
Xét AKMH ¢6 OM =0OK , OH =QK nén OQ la duong trung binh cia AKMH .
Suy ra MH =20Q (dpcm).
MP MP MP

b) Ta c6 SINMNP =SinMKP =——=—— = 2R = .
MK 2R sin MNP

va 2R = NP .

sin MPN sin NMP
MN  MP _ NP MN+MP

sinMPN  sinMNP  sinNMP  sin MPN +sin MNP

~ 2NP

~ sinMPN +sin MNP

Tuwong tu ta cling c6 2R =

Do dé6
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= sin MPN +sin MNP = 2sin NMP (dpcm).

f

¢)Tacd NP=RJ2=NQ="—"%

2
Ap dung dinh li Pitago ta c6 OQ = JNO? —=NQ? =, |R? —R? = RT\/E =NQ.

Khi d6 ANOQ vudng can tai Q = NOQ =45° = NOP =90° = NMP =45°
= NHF = PHE =45°. Do d6 cac tam giac NHF va PHE vuong can. Suy ra
NH =+2FH va PH =+2HE.

Theo cau a) MH =20Q = Rxﬁ.

ND NH +2FH FH
ME MH RJy2 R
Twong t@ APDH >’AMFH = MF.HE =R.PD.

Suy ra ME.FH + MF.HE =R.(ND+PD)=R.NP = J2R? (dpem).

Mit khac ANDH <> AMEH = = ME.FH =R.ND.

Caub5: (1,0 diém)
1 1 1
Tw gia thiét —+—+—=3=a+b+c=3abc.
bc ca ab
Ap dung BDT Cauchy ta c6
ab? bc® ca’ \/ ab’® bc? ca’ 3abc
P= + + >3
a+b b+c c+a a+b b+c c+a \/a+b (b+c)(c+a)
2 b
Lai c6 3/(a+b)(b+c)(c+a)sa+b+bgc+c+a= (3+5+0) _ b
3
S P>—.
uy ra 5
Vay GTNN cta P la g, dat duwockhi a=b=c=1.
Pé s6 2
DAP AN VA BIEU PIEM
CAU | Y Noi dung Diém
2 2 0,5
Tacs A= X oYX XX = X (VX =1) +4/x (VX +1) = 2x
a X+/Xx+1 x—x/;+1
Do d6 B=1—\/2A—4\/§+1=1—‘2\/;—1‘=1—(1—2\/;)=2\/;. 0.5
1
, ,25
fogiéthiét1+1+1=0:>xy+yz+zx=0 0
b X y 2
=X +2yz=X"+yz—xy—zx=(X—-y)(x-2)
0,25
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Tuong tw: y* +2zx=(y—-x)(y—2);2° +2xy =(z—x)(z-y)
(S S SR S 1
x2+2yz  yP+2x +2xy  (x=y)(x-2) (y-x)(y-z) (z-x)(z-y)

0,5

_ Yox+x—z4z-y o
(x=y)(x=2)(y-2)

Suy ra dpcm
(Vx+5- —2)(1+«/x2+3x—10)=7

0,25
bKXD: x>2
bit Vx+5=a>0;Vx-2=b>0=a’-b?=7. 0,25
Ta c6 phuong trinh (a—b)(1+ab)=a’—b* < (a—-b)(a-1)(b-1)=0
Do a#b nén 0,25
+) a=1=>X+5=1= x=—4(ktm)

0,25

+) b=1= Ix-2=1= X =3(tm)
Vay phuong trinh c6 nghiém duy nhat x=3

To X =x+y =2 =2(x+y)= 2 =(x*+y* = xy)(x+Yy)

2’ =x’+y’=>x’ =y’ =>x=y
Thé vao phuong trinh x? +y? —xy=2= x> =2=>x=+J2 => y=+2
Vay hé phuong trinh da cho c6 nghiém (x,y)= {(\ﬁ, ﬁ);(—ﬁ;—ﬁ)}

4 7 A \ n A
Tim cac s6 thye x sao cho X ++/2018 va ——+/2018 déu la s6 nguyén.
X

DKXD: x#0
Dit a=x++/2018; b= Z—\/2018(a,b eZ)
X
—b= ﬁ /2018 < ab—2025 = (b—a)+/2018
a_

Néu a#b thi v&€ phaila sd vo ti con v€ trai la s6 nguyén, vo li.
Néu a=zb=ab-2025=0=a=b=145

7
V6i a=45= x=——+—=45-+/2018
45++/2018
7
Véi a=-45=x=———=-45-./2018
—45++/2018

Tacs ab —ba =(10a+b) —(10b+a)’ =99(a?~b?)

Vi 3267 =99.33

Nén ab —ba 3267 = a’ —b?i33 hay (a—b)(a-+b) chia hét cho 3 va 11.
Néu a=b théa man yéu cau bai toan

Néu a=b vi 1<a;b <9 nén ta dwoc hai s 47 va 74.

Vay cdc s6 can tim la 11; 22; 33; 44; 47, 55; 66; 74; 77, 88; 99.
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A D

Ta c6 BAE = DAE (gt); BAE = EFC; DAE = FEC = EFC = FEC = AEFC cén tai C
— CE =CF.

Lai c6 BEA= FEC = BEA= BAE = AABE cén tai BA=CD = BE =CD

ma B=BA=BE

Do d6 BC = DF (1)

Mit khéc, AO'CF can O'CF =O'FC vi CE =CF

nén O'CE =O'CF =0'CE =0'FC(2)

Va 0'C=0'F(3)

4 Tir (1) (2) (3) suy ra ABO'C =ADO'F
Do d6 O'BC=0'CF suy ra ttr giac BDCO’ ndi tiép duong tron hay O’ €(O).
Ap dung hé thikc luong trong tam gidc vudng BCD va phuwong tich ctia duong
tron ta co:
DG’ =CG.BG ) ) )
= DG*-DE°=CG.BG-CG.BG = GE* =CG.BG-CG.BG
b DE’=BE.CE
= (CE +CG)2 =CG.BG-CG.BG < CE* +2CE.CG +CG?* = CG.BG - CG.BG
— CE? +CE.CG + BE.CE =CG.BG-CG*-CE.CG
< CE(CE+CG+BE)=CG.(BG-CG-CG) <« CE.BG =CG.BE
Tia CH cat IK tai N. Ap dung phuong tich ctia dudng tron ta c6
NK? =NH.NC =NI* = NK = NI
Ma CIMK 1a hinh binh hanh, do 6 M,N,H,C thing hang.
Goi J 1a trung diém cua OO’ thi NJ la duong trung binh cta hinh thang
0 vuong OIKO’.
Suy ra OB+0O’C =01 +O’K =2NJ.
Goi T la diém d6i xtiing cia H qua N, P la giao diém cua CH va OO’. Ta c6
PH =PC, OO’ LCH
Suy ra NJ > NP =2NJ >2NP=NH+PH+NP=NT +PC+NP=TC =HM
Vay OB+0O’C > HM.
2 2 2
5 Tt gia thiét x* +y* + 2% < 3xyz XY F2 3

Xyz
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. . X2 1
Apd bat dang thizc Cauchay ta co: x* + yz > 2x%yz = <
p dung bat dang thwe Cauchay ta co y y vz 2dye

1

1 1
NN r]
Mat khac

ab+bc+ca<a’+b?+c?

2 2 2
:>P<1 1 i 1 l.xy+yz+zxsl'x +y +2 SE
2\x y z) 2 Xyz 2 Xyz 2

Tuong tetacd P< 1(

Vay GTLN cua P:g<:>x:y:z:1.

Peé so 3

Cau

Noi dung

Diém

(2,0)

p:m(J1+J1_7+J1_J1_7j
= P? = (1-x)(2+2,1-(1-5¢) | = 2(L-x) L+ )
Ma P = 1= X+ (1= X)V1— X +41-x—(1=X)V1—x* 20=> P =2 (1-X)

j—
2019 2018

1,0

Dat x=+a;y=+b;z=c = Xy +yz+zx=1=a+1=(x+y)(x+2).
Tuong tu: b+1=(y+Xx)(y+2);c+1=(z+x)(z+Y)
Khi do ta co:

J_ J_ Je 2(xy+yz+2x) 2 |
l+a 1+b Itc (x+y)(y+z)(z+x) \/(1+a)(1+b)(1+c)

1,0

(2,0)

2x? —2x+1:(2x+l)(x/x2 —X+2 —1)
<:>(x2 —x+2)+(x2 —x—1)=(2x+1)(o\/x2 —X+2 —1) (1)

Dit t=Vx*—x+2-1= X2—X+2:(t+1)2thay vao phuwong trinh (1) ta

t=X
d t—x)(t—-x+1)=0 :
woc(t—x)(t—x+1) :{t:x+1

1,0

Lién hé tai liéu word toan zalo: 039.373.2038

TAI LIEU TOAN HOC




Website:tailieumontoan.com

Xx>-1 1
Voit=X=1 , ) & X=—.
X —x—2=(x+1) 3
Xx>-1
Voit=x-1= , = X=2.
X" —X—-2=X

Vay phuong trinh da cho c6 nghiém Véi X=—;x=2.

1
3

{x2+(y+1)2 =Xy +X+1 (I)Q{x2+(y+1)2—x(y+1)=1 ()

2x° =x+y+1 2x°=x+y+1

batt=y+1 tacohé

1,0
X2 +t* —xt =1 X +t2—xt=1 [x=t=1
(e, . =S <:>{ :
2X =(x+t)(x +t —x) x=t X=t=-1
Vay nghiém cua hé phuong trinh 1a (x;y) =(10);(-1-2).
Tacé 2x* +2y? +3x -6y =5xy -7 < (x—2y)(2x—y+3)=—7
1,0
Xét cac truong hop ta 6 (X;y) =(3;2);(-5;,-6);(-7;,—4);(L;4).
Do N +2n++n’ +2n+18 +91a s8 chinh phuong nén \n? +2n+18 1a s8 tu
nhién.
3 bat Vn*+2n+18 =k (ke N)
20) o n?+21+18 =k & (k+n+1)(k—n—1)=17
1,0

Do k,n déulaso tenhiénnén kK+n+1>k-n-1

K+n+1=17 k=9
Xét{ <:>{ 7:>n2+2n+\/n2+2n+18+9=81=92(tm)

k—-n-1=1 n=

Vay N =7thdéa man yéu cau bai toan

TAI LIEU TOAN HOC
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ZSAN
N7

a) Do BE,CF la cac duong cao ctia tam giac ABC

nén BFC = BEC =90° = BFEC ndi tiép duong tron= PBF = PEC.

Tt d6 suy ra APBF #APEC(g g) PB _PF = PE.PF =PB.PC (1)
PE PC
4 Tt giac AMBC noi tiép dwong tron = PBM = PAC.
GO 1| Ty d6 suy ra APBM #APAC(g—g) = EE F;'\C" PBPC=PMPA (2)

Tt (1) va (2) suy ra PE.PF = PM.PA

PE_PA
PF

Te PE.PF =PM.PA=

suy ra APMF #APEA(C -g —C) = PMF = PEA= AMFE noi tiép (3)

Do AEH = AFH =90° = AEHF noi tiép (4)

Tt (3) va (4) suy ra 5 diéem A M, F,H,E cung thudéc mét duwong tron duong
kinh AH = AMH =90° = AM | HM.

b) Ké duong kinh AK cua dudng tron (O).
Goi N 1a trung diém ctia canh BC.

Chting minh dugc tit gidc BHCK 1a hinh binh hanh, ¢6 N 1a trung diém cta
BC nén N 1a trung diém cta HK.

Suy ra ON la duong trung binh cua tam gidc AHK = AH =20N.

Ta c6 tam giac OBC can tai O suy ra ON 1a duong trung tuyén, cling dong
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thoi la duong cao, duong phan giac.

Khi d6 NOC = % BOC = o khong d6i (viba diem O, B,C ¢6 dinh)

Do d6 Sy :%BC.HD:%BC(AD—AH)S%BC(AN ~20N)

SBHCS%BC(AO+ON—20N)=%BC(AO—ON)

Ma ON =cosa = Sy, < % BC(R—Rcosa) = % BC.R(1—cosa) khong d6i.

D4u “=" xay ra <> D=N vaba diém A,O,N thang hang

Khi d6 A la diém chinh gitta ctia cung 16n BC.

Vay khi A 1a diém chinh gitra cia cung 1én BC thi dién tich tam giac BHC
dat gia tri 16n nhat 1a MaxS;, . = % BC.R(1-cosa)

VA
2 s

Goi K 1a diém d6i xting ctia | qua EF.
Xét treong hop K trung véi diém A

Khi d6 Kl 1a day cung caa (O). Ma EF 1a duong trung truc ctia Kl suy ra
EF diqua O.

Xét treong hop diém K khong trung voi diém A
Ta c6 CIF +BIE =180° = EIF + BIC =180° (1)
Lai c6 ti gidc ABIC ni tiép dwong tron (O) nén BAC +BIC =180° (2)

Tir (1) va (2) suy ra BAC = EIF = EAF =EIF
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Lai c6 EIF = EKF = EAF = EKF = A E,F,K cung thu¢c mot duong tron.
Gia st tt gidc AEFK noi tiép (h.vé)= KAF = KEF = KAB =KEF (3)
Ma IEF =KEF (4)

Mit khac IEF = BIK (cung phu véi KIE). (5)

T (3) ; (4) ; (5) suy ra KAB = BIK = AKBI ni tiép duong tron = K €(0)

Khi d6 Kl la day cung caa (O). Ma EF la duong trung tryc ctia Kl suy ra
EF diqua O.
Vay EF luén di qua diém O ¢6 dinh.

(1,0)

a’ +3ab+b? . b? +3bc +¢? N c?+3ca+a’
J6a?+8ab+11b% /6b%+8bc+11c2  /6c2 +8ca +11a2

bat M =

Nhan thdy 6a? +8ab+11b* =(2a+3b)’ +2(a—b)" > (2a+3b)’

. a’+3ab+b’ <a2+3ab+b2
J6a’+8ab+11b®>  2a+3b

o a*+3ab+b®> 3a+2b
a < &

VT (a—b)ZZOluéndﬁng

2 2
N a“+3ab+b S3a+2b (1)
J6a% +8ab +11b° 5

Chtrng minh tuong tur:

b? + 3bc +¢? _3b+2 ~ c*+3ca+a’ _3c+2a (3)
J6b® +8oc+11¢c> 5 "J6c? +8ca+11a® 5
Cong theo vé ctia ba bat dang thirc (1);(2);(3) ta duwgc

M 33a+2b+3b+2C+30+2a:a+b+c

5 5 5

Mit khéc (a+b+c)’ <3(a’+b’+¢’)=9=a+b+c<3
Suyra M =a+b+c<3.
Dédu “="xayra a=b=c=1.

Vay MaxM =3<a=b=c=1.

1,0
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Dé s6 4
Noi dung Diém
Cho x=3-+/5. Tinh gié tri ctia biéu thtic
1 a 1,00
A= x> —8x" +17x° +6X* —116x+104 .
Tacd: x=3-56<3-x=5=3-X)?=5=x>—6x+4=0 0,25
A=x"-8x* +17x* +6x* —116x+104
0,25
= (X° —6x" +4x>) = 2(x* —=6X> +4x%) + (x> —6X* +4X) + 20(x*> —6x +4) + 24
A= x3(X* —6X+4) — 2x*(X* —6X +4) + X(X* —6X+4) + 20(x* —6X +4) + 24 0,25
A=24 0,25
Cho x, y 1a hai s8 thieec dwong. Chitng minh rang:
1 b 1,00
\/Z(sz +y° — x)(,/x2 +y° - y) =X+Yy—X°+VY°
Ta cé: 2(\/x2 +y? —x)(sz +y°— y) = Z[X2 Y (XYY xy] 0,25
= (X% + Y2 +2x7) = 2(x+ Y P + Y2 + X2+ y?
, 0,25
= (X+Y)2 =2(x+ Y)W+ Y2 +x* +y*= (x+ y— X+ yz) *)
Dox>0,y>0nén (x +y)?=x2+y?+2xy > x2+ 12
0,25
Suy ra: X+y > x> +Yy?
Khai can hai vé& dang thirc (*) ta duoc diéu phai chiing minh. 0,25
5 | 4 | Giai phuong trinh: x* —20x+24+8./3(x—1) =0 (1) 1,00
Diéu kién: x>1
Ta c6: (1) < (X2 —8x+16)— (12x—12—8/3x—3+4) =0 025
o (x—4)? =(23x—-3-2)°
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{x 4=23x—3-2 {2«/3x—3:x—2 )

Xx—4=2-23x=3 | 23x-3=6-x (3 0,25
Gidi (2 (|~ K22 5143
lal Rt <O X=0+
4(3x—3) =x* —4X+4 X2 —16x+16=0 0,25
Gidi B @) 1248
iai = S Xx=12-
X2 —24x+48=0
0,25

KL: Phuong trinh (1) c6 nghiém: x=8+ 43 va x=12-4/6

X? +4y® +3=4x (1)

Giai hé phuong trinh: .
2 |b P & {x3 +12x+8y° =6x°+9 (2) 1,00

Ta c6: (1) < 9=12x—-3x"-12y?, thé vao phuong trinh (2) va thu gon ta
duoc:

X2 +8y° =3(x* —4y?) & (x+2y)(X* —2xy + 4y’ —3x+6y) =0 0,25

X+2y=0
<>
X? —2xy +4y* —3x+6y =0

) TH1: x+2y=0<y= _— thé vao phuong trinh (1) ta dugc
0,25

2x° +3=4x < 2x* —4x+3=0, phuong trinh vd nghiém.

F) TH2: x* —2xy +4y*> —3x+6Yy =0, trit v& theo vé& cia phuong nay véi
phuong trinh (1) ta duoc:

X= 0,25

—2Xy —3X+6y-3=-4x <= 2xy—-x-6y+3=0< (x-3)(2y-1)=0<

N W

+ Néu x =3 thay vao phuwong trinh (1) ta dwoc: 4y>=0 < y =0, cap
(xy) = (3;,0) thoa man phuong trinh (2).

+Néu y= % , thay vao phuong trinh (1) ta dwoc: (x -2)?=0 < x =2, 095
cap (x;y) = (2; %) thoa man phwong trinh (2).

Vay nghiém ctia h¢ da cho la (x; y) = (3;0) va (x;y) = (2; 1).
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Tim cdc s6 nguyén x, y thoa man: 5x° +5y? +6xy —20x—20y +24 =0 (*)

1,00
Ta cé: (*) < 5(x+y)” —4xy —20(x+y)+24=0.
Dat x + y =a, xy =b thu duoc: 0.25

2 —
5a’ —4b—20a+24=0:>b:w (1)
2

Mét khdc: (X—y)?>0=> (X+Yy)’—4xy>0=a’>4b hay b< a? () 0,25
Tk (1) va (2) dwoc:

2 2 0,25
wg%@az—5a+6§0<:>(a—2)(a—3)SOQZSas3
Vianguyénnéna=2hoaca=3.

. . [ x+y=2 x=1
+)Véia=2 =b=1taco: = .
xy=1 y=1
0,25
+)Voéia=3 = b= % (loai)
Vay x =1, y =1 thoa man yéu cau.
Tim tat ca cdc s8 nguyén duong n sao cho n‘+n’+1 1a s§ chinh
1,00
phuong.
PbitA=n*+n’+1
+) Néu n =1 thi A = 3, khong 1a sd chinh phuong. 0,25
+) Néu n = 2 thi A =25, 1a s0 chinh phuong.
+) Néun>2tacod: 4A=4n" +4n° +4=(2n° +n)* +4—n” <(2n° +n)? 0,25
AA=4n" +4n° +4>4n* +4n° +44+n* —8n° —4n=(2n° +n—-2)°
0,25
= (2n° +n—2)* <4A < (2n* +n)?
Vi A 1a s8 chinh phuong nén 4A ciing la s6 chinh phuwong. Do d6 ta duoq
0,25

4A = (2n° +n-1)°’ <4n* +4n* +4=(2n* +n-1)° < 3n°*+2n+3=0,
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vO nghiém. Vay n = 2 la s can tim duy nhat.

Cho tam gidc ABC c6: AB=c, AC=b, BC=a.

4y A a 1,00
Chttng minh rang: sin 3 < 2dbe
Ké Ax 1a tia phan giac caa goc BAC )
ké BM L Ax taiM, CN L Ax tai N.
Tt hai tam gidc vuong AMB va ANC N 0,25

coO:

sin MAB :siné=ﬁ: BM :c.siné
2 AB 2

A NC

va sin NAC =sin—=—= NC =b.sin é, do d6: BM +NC = (b+c).siné 0.25
2 AC 2 2 ’

Ta luon c6: BM +NC$BC=a:>(b+c).sin§s::1<:>sin§si

b+c 0,25
Do b+c> 2«/_0 nén i <———, do d¢: sin é <—— (Dau dang thirc
b+c ZF 2 2Jb_
0,25
xay ra khib = c).
4 | 2 | @ Chtng minh rang: MP _ NbQ = PCQ . 1,00
Hinh vé:
A
M

Ta c6 (O) noi ti€p tam gidc ABC nén AO va BO la phan giac

TAI LIEU TOAN HOC
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- BOP:%(BAC+ABC); CM =CN = ACMN can tai C.

180° — ACB BAC + ABC

= BNP =180° — MNC =180° — =180° —

= BOP + BNP =180° = ti gidc BOPN noi tiép.

0,25
= OBN =OPM (cung bu véi OPN ) hay OBC =OPM (1)
M3t khac: OMC = ONC = 90° = ti¢ gidc OMCN noi tiép
= OMN =OCN hay OMP =0CB (2). 0.25
Tt (1) va (2) ta dwoc hai tam gidc OBC va OPM dong dang.
PM OP OM
=>—=—=—
BC OB OC
Chtrng minh tuwong ty ta duoc:
+) Hai tam gidc OQN va OAC dong dang
:>QN=ON:QN=OM (do OM = ON) 0,25
AC AC AC OC
. e 3 " PQ OP
+) Hai t or OBA dong d >—=—
) Hai tam giac OPQ va ong dang BA - OB
Vay ta duoc: PM = QN _PQ e MP = NQ = PQ (dpem) 0,25

BC AC AB a b ¢

b) Trén doan thang NC 13y diém I sao cho MF = NI. Chting minh IQ di

4 12 e 1,00
qua trung diém cta NF.

Ta c6 t&x giac AOQM noi tiép = AMO = AQO = AQO = 90° = AAQB

vuong tai Q = QE=BE = % AB = ABEQ can tai E 0,25

— EQB = EBQ = EQB = QBC (do QBC = EBQ) = EQ//BC

Mit khéc: E, F lan luot la trung diém cua AB va AC = EF //BC

0,25
= E,Q,F thiang hang = QF //NI (1)
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Lai c6: CM =CN, MF = NI (gt) :gﬂ—h';zc':\'—lilj FI//MN = FI1//NQ (2) 0.25

Tt (1) va (2) ta duogc ti gidc FINQ la hinh binh hanh, do d6 IQ di qua

i~ 0,25
trung diém ctia NF.
Cho x, y, z 1a cac s6 thue duwong. Tim gid tri I6n nhat caa bi€u thic:
5 1,00
P= X 4 y : )
y+2+2X Z+X+2y X+Yy+22
. . s 1 11 1
Chttng minh: V6i hai s thiec duong a, b ta co: ——<=| =+—| (¥),
a+b 4\a b 0,25

d&u bang xay ra khia=b.

Ap dung bat dang thikc Cosi ta co:

X 1.1 X 1 X X 1 0,25
— =< —+= | < +=
y+z+2x 4 2\y+z+2x 4 Yy+Z+2X y+z+2x 4

Apdung(*): ! = 1 gl 1 4 1
Y+Z+2Xx (X+Yy)+(x+2z) 4{xX+y X+z

X 1( x X X 1 x X
= <- + = <— + +1
y+z+2x 4\ X+y X+1Z y+z+2X 4\ X+y X+2Z
Tuong tw ta dugc: y sl y + y +1
Z+X+2y 4\ly+z Yy+X
;Sl i+i+1
X+y+2z 4\z+X z+Yy

:>P£1 x+x+y+y+z+z+3:§
4\ X+YyY X+Z Y+X Y+Z Z+X Z+Yy 2

0,25

0,25

Vay gia tri 16n nhat caa P la % khix=y=z
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Pé s6 5
CAU | PHAN NOI DUNG PIEM
Dat a:\/2+ 5+\/§ +\/2- 5+\j§ ,a>0
\} 2 \/ 2 0,25
2 5+5 2
a =4+2,/4- > =4+ 6—2\/§=4+ (\/5—1) =3+\/§:>a=x/3+\/§
a)
_ _ 0,25
1,0diém | = x=+3+5 - —J§—1:\/6+Ng —\/6 26, b1 b li-yza
2 2 2 2
X=2-1=x>+2x-1=0 0,25
B=2x3+3x2— 4x +2 0,25
B=2x(x*+2x-1)- (x*+2x-1)+1 =1
Caul VX +2014 ++/2015— X —+/2014 — X =]y + 2014 + /2015~ y — /2014 - y (1)
20 PKXD: —2014 < X;y < 2014 0,25
diém (1) & \X+2014 — [y + 2014 ++/2015— X —[2015- y +,[2014 — y —\/2014 ~ x =0
Néu x khécy va —2014 < x;y <2014 thi /X + 2014 + ]y + 2014 >0;
2015 — X + /2015 — y >0;+/2014 — X + /2014 — y >0, do d6 (1)
b)
1 1 1
1,0diém | ©(x-Y) - + =0(2)
JX+2014 4y +2014  2015-x+,2015-y  2014-X +/2014~y 0.5
Khi d6 dé chiing to
1 ~ 1 -0
J2014—x +J2014—y /2015 x +/2015—y 02
Ma X—Yy #0 nén (2) vo ly vi VT(2) luén khac 0 0,25
Néu x =y dé thdy (1) dung. Vay x=y.
3 8 0,25
Ciu 2 N X +(x+1)\/x+1+2\/§=(x+ x+1+\/§) (1)
2,0 1,0 DKXD: x > -1
diém diém

Dit: y=+/X+1;z :\/E Khi d6 (1) c6 dang : x3+ 13+ 2%= (x + y +2)° (2)
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Chtng minh duoc (2) < (x+y)(x+2z)(z+x) =0

Xét p>2=2p° -1 2p*+3& 3p° +4>7

1-+/5 0,25
Vi x+y=0 & X+VX+1=0=JYX+1l=—X=>Xx= 2\/_(Thc’)a
man)
Voi:x+z=0 <:>X+\/§=0<:>X=—\/§(khéngthéamén). 0,25
Véiry+z=0 <:>\/X+l+\/§=0-vc3nghiém 0,25
Vay phuong trinh c6 nghiém: y — 1-5
2
X2+ Xy —4X+2y =2 0.25
X(x+1)+y(y+1)=4
3+ xy—4x+2y-2=0 [2X*+xy—y*-5x+y+2=0
& S
X*+y* +x+y—-4=0 X*+y? +x+y—-4=0
Ta cd: 2x* +xy —y* —=5x+y+2=0<(y+x-2)(y—2x+1)=0 0.25
< y=2-X hoac y=2x-1
b)
. | V6i y=2-x thay vao (2) ta duoc: x2-2x+1 =0suy rax =1 0.25
1,0 diém
Ta dwoc nghiém (1;1)
. - 0.25
y =2x-1 thay vao (2) ta dugc: 5>~ x-4=0, suy rax=1;x:?
Ta dugc nghiém (1;1) va (_?4;_?13)
Vay hé c6 nghiém (1;1) va (%4;‘?13)
Tim s6 nguyén t& p sao cho cac s§ 2p° —1 2p°+3; 3p°+4 déu la ss| 025
Cau 3 a) nguyeén to.
2,0 dlAO +) Néu p=7k+; k,i nguyén, i thudc tap {il; +2; i3}. Khi d6 p2 chia cho 7 ¢6
iém
didm thé dw: 1;4;2
0.25
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Néu p®chiacho?7 du1thi 3p®+4chia hét cho 7 nén trai GT
Néu p’chiacho7 duw4 thi 2p?—1 chia hét cho 7 nén trai GT

Néu p’chiacho?7 dw2thi 2p”+3 chia hét cho 7 nén trai GT

+) Xét p=2 thi 3p® +4=16 (loai)

0.25

+) Xét p=7k, vi p nguyén td nén p=7 la nguyén to, co:
2p? —1=97; 2p*+3=101L 3p®+4=151déu la cic s§ nguyén t&

Vay p=7

0.25

b)

1,0 diém

Gia thiét < 3(x—3)° —18y? +22% +3y?z> =54(1)

+) Lap luan d& z*:3=2:3=7°19= 7" >9(¥)

0,25

(1) = 3(x—3)* +22° +3y*(z° —6) =54(2)
(2)=54 =3(x—3)* +2z° +3y*(z° —6) > 3(x—3)* +2.9+3y*.3
(x—3)*+3y* <12

= y? <4=y’ =1y’ =4 viy nguyén duong

0,25

Néu y* =1<> y =1 thi (1) ¢6 dang:

3(x—3)2 +52°=72=52°<72=>17° 37—52:> 72 =9= 7 =3(vi c4(*))

Khi dé 3(X—3)2 =271= (X—3)2 =9, x nguyén duong nén tim duoc x =6

0,25

Néu y? =4 <> y = 2(viy nguyén duong) thi (1) c6 dang:

3(x-3)" +142% =126 = 147* <126 = 2° <9 = 7° =9 = 7 =3(vi z nguyén duong)

Suy ra (x—3)° =0=> X = 3(vi x nguyén duong)

0,25

Cau4
3,0

diém

a)

1,0 diém

Vé hinh (1 truong hop)
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Tt (1) va (2) suy ra: AN.AF = AP.AM

0,25
0

sapac =180 ~S9DE . (ipE —60°

0,25
Suy ra EOD = 60° nén tam giac OED déu 0,25
suy ra ED =R. 0,25
APE = ADE (2 géc noi tiép chan cung AE) 0,25

ABM = ADE (Cung bu véi géc EDC)
Suy ra: ABM = APE nén tam giac APE dong dang véi tam gidc ABM
Nén AE_AM = AE.AB = AM.AP (1) 025
b) AP AB
1,0 diém | Twong tw chting minh tam gidc ANE dong dang vdi tam gidc ABF

AE _AF = AE.AB = AN.AF (2) 0,25
AN AB

0,25
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Ap dung(*) ta co: 1—+—> ("="ey:z=]
y

z y+z  y+z

22 2 (2+2) a4
=>—+ ("="eo2y=y+1Yy=12)
2y y+z 3y+z 3y+z

Xét I nam gitra B, D( Néu I nam ngoai B,D thi vai tro K v6i DC s& nhu I 0,25
voi BD)
Tt giac BIHF, BDCF noi tiép nén FHK = FCK ( ciing bang FBD), suy ra
t gidc CKFH ndi tiép nén FKC =90°.
Ly ludn tam giac DFK dong dang tam giac BFH nén: DK = BH 0,25
FK FH
CK BI
Tuwong tw tam giac CFK dong dang tam giac BFI nén: — = —
Q) FK  FI
1,0 diém | guy ro: D¢ _BH Bl
FK  FH FI
DC BD BH BD Bl ﬁ+9 0,25
FK FI FH Fl FI FH FI
. ID HC DC BD BH HC BC
a— =—— suy ra:
FI. FH FK FI FH FH ~ FH
ay BC BD CD _28BC nén BC + BD CD nho nhat khi FH 16n nhat 0,25
FH Fl ' FK  FH FH  Fl ' FK
khi F 1a trung diém cung BC
1 11
Co x=xyz <= —+—+—=1(1
WHYE R X=X S S E T 1)
Ta chttng minh véi x, y duong: a— + — > (a+b)° &)
X Yy X+Yy
0,25
2 L2
A a~ b 2 y
Cau5 (*)c{—+—j(x+y)>(a+b) sa’l+b’ = >2ab
1,0 2
y X A 4 £“_rs y X X
< slafE=-b|—| >0 luon ding; “=" < a, |+ —b [—=0<a=b—
i || o[ sfonf] o enin ; b=
@+n* 2° 0,25
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2 2 2
:>4—+ 4 > (4+4) = o4 ("="<=4x=3y+12)
4x 3y+z A4Xx+3y+z A4X+3y+z
4 £ 2 114 1 0,25
= 6—£—+—+—+—:—+§+—(":“<:>4x:3y+z&y:z & X=y=z)
AX+3y+z 4x 2y 'y 7 X Yy 1
X+4y+3z X Yy z
LSE-FE-FE(":"@X:y:Z)
3X+y+4z x y z
R S SN SRPE-- [N I YRR
4x+3y+z x+4y+3z 3x+y+4z 88X Yy z 8
VédeatGTLNlé%khix=y=z=3(theo 1))
Dé s6 7
Cau Noi dung biém
N 1+x+x/1—x)(2—«/1—x2) .
A= .
2-\1-%
Cau 1a: :,/1_«/1—x2.( 1+ X+ 1—x) 0.25
(1,0 @) -
- \/(l—\/l—xz)(\/1+x+\/1—x) - \/(1—\/1—x2)(2+2 1—x2) 0.25
=y2x* = |x\2 0.25
a’—a’b+ab*—6b°’=0< (a—2b)(@*+ab+3b?)=0 (*) 0.25
Caulb: | Via>b>0 =a’+ab+30°>0 néntir(*)tacé a = 2b 0.25
00 *—4b*  16b* —4b*
A e ’ a — -
Vay biéu thttc B:b4—4a4: b’ —64b’ 0.25

TAI LIEU TOAN HOC
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_ 12t 4
2 0.25
Dit t = xy2x% +4 = t2 :2(x4+2x2) = xz(x2 +2)=%
..t ) t=—4
ta duoc phuong trinh E=4—t<:>t +2t-8=0< B 0.25
x<0 Xx<0
Véit=-4tacd x«/2x2+4=—4c>{ P <:>{ .
Caiu 2a: 2(x + 2X )=16 X" +2x°-8=0
0.25
(1,0 x<0
@{ PR
X°=2
x>0 x>0
Véit=2 tacd xy2x* +4 =2
oi aco + Q{Z(X“+2X2)=4<:>{x4+2x2—2:0
0.25
x>0 ,
= & x=+y/3-1.Két luan nghiém cta phuong trinh.
x> =+3-1
Ttrhé ta c6 x}(2y+x) = y*(2x+ y)<:>(x2—y2)(2xy+x2+y2)=0 0.25
X= 2
<:>(x+y)3(x—y):0<:{ y 025
X=-y
Cau 2b:
*Voix =y ta tim duoc (x;y)=(0; 0); (\/§;\/§);(—\/§;—\/§) 0.25
(1,04
* Véix =-y ta tim duoc (x; y) =(0; 0); (L -1);(-1,1)
Vay hé phuong trinh c6 nghiém 0.25
(x;y) = (0; 0); V3;43)i(—3; 3 ):(~L1)(L 1)
Xy® +2xy + X =32y < x(y+1)* =32y
32y 0.25
Do y nguyén duong = y+1#0=x= 1 1)
Cau 3a: y
woa | Vi (ny+D=1=(y+1)*eU(32) 0.25
ma 32=2"=(y+1)* =2° va (y+1)* =2*(Do (y+1)*>1) 0.25
*Néu (Yy+1)° =2 =>y=1x=8 0.25

TAI LIEU TOAN HOC
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*Néu (y+1)*=2"=y=3x=6

Vay nghiém nguyén duong cua phuong trinh la:

X=28 . |x=6
va
y=1 y=3

2a’°+a=3b"+b < (a—b)(2a+2b+1)=b’ (*) 0.25
Goi d 12 w6c chung ctia (a-b, 2a+2b+1) (d e N"). Thi
-b):d
(a-byd = (a-b)(2a+2b+1)id? 0.25
(2a+2b+1):d
Cau 3b: | = b*id* =bid
(1,0d) |Ma (a—-b):d =aid =(2a+2b):d ma (2a+2b+1):d =1lid=d =1 0.25
Do d6 (a-b,2a+2b+1)=1. Tk (*) ta dwoc a—b va 2a+2b+1 1a s6 chinh 0.25
phuwong => 2a+2b+1 la s6 chinh phwong. '
X A Qua A ké tia tiép tuyén Ax cta (O). Ta ¢
1 1
A, =—0,=—sdAM (1)
H 2 2
M
o 0.25
Cau 4a: B\—/C
(1,0 d)
C6 Ax // MH (cung vudng goc voi OA) = A, =M, 2) 0.25
T gidc MHOK noi tiép = O, =K, (cung chan MH )  (3) 0.25
1
T (1), 2), B)tacd M, = EKI hay HKM =2AMH. 0.25
Cé ti giac AOMD noi ti€p (4)
Cau 4b:
0.25

(1,0 d)

TAI LIEU TOAN HOC
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1 1
A, =—sdBM;0, =0, =—sd BM
2 2 0.25
= A, =0, = t& giac AMGO noi tiép (5)
Tt (4), (5) tacod 5 diem A, D, M, G, O cung nam trén mot duong tron
0.25
=G, =D, =D,
= AOGF va AODE déng dang
OG GF 0.25
—> —— =—— hay OD.GF = OG.DE.
OD DE
A Trén doan MC 1ay diém A’ sao cho
/ N MA’ = MA = AAMA' déu
y l = A, =A, (=60’ ~BAA) 0.25
‘
, — AMAB=AA'AC=MB=A'C
B C
Cau 4c:
=>MA+MB=MC
(1,0 d) 0.25
Chu vi tam gidc MAB la MA+MB+ AB=MC+ AB<2R + AB
Déng thtic xay ra khi MC la dwong kinh cta (O) => M 1a diém chinh gifta
cung AM => H la trung diém doan AO 0.25
Vay gia tri I6n nhat ctia chu vi tam giac MAB la 2R + AB
3 ABV3
Goi I la giao diém caa AO va BC = Al =—R =—\/_:>AB=R\/§
2 2 0.25
Gia tri 16n nhat cua chu vi tam giac MAB 1la2R+ AB= (2 + \/g )R
Twe gt : 2ab+6bc +2ac =7abc vaab,c>0
A e 2 6 2
Cau5: | Chia cd hai v€choabc>0 = =+—+-=7
c ab 0.25
(1,0 d)
‘ 1 1 1 X,¥,2>0
dat x=—y=—,z2=—=
a b c {22+6x+2y=7

TAI LIEU TOAN HOC
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Khi dé C =

4ab ~ 9ac = 4bc 4 9 4
+ + = + +
a+2b a+4c b+c 2x+y 4x+z y+z

+4x+z+i+ Y+Z2—(2X+Yy+4X+2+Yy+2)

=C= +2X+y+ 0.25
2X+Y 4X+12 y+12
2 2 3 (2 i
= ——,fx+2 ] —=— —JAx+z | + ——,/ +z | +17>17 | 0.25
[1/x+2y y] (x/4x+z ) [«/y+z Y J
o1 \
Khi x=—,y=z=1thiC=17
2 0.25
Vay GTNN cua Cla 17 khi a=2;b=1;c=1
Dé s6 6
CAU | PHAN NOI DUNG PIEM
Ta cod:
2
Az:(\/X-\/_O-\/Xh/S_O) (x+xfx2-50) 0,25
A? = (x-+fB0 +x + /B0 - 23 -50 (X+\/X2-5O)
1&% AZ:(ZX-Z x2-50)(x+\/x2-50) 0,25
diém | A? =2(x*-x* +50)
Cau1 A? =100 0,25
d?;f’ Nhung do theo gia thiét ta thady A= (\/x -/50 -\/x + JS_O)\/X +4/x?-50 <0
iém
= A=-10 0,254
X+3=2=>x-2=—+/3=(x-2)?=3
b) = x> —4x+1=0 0,25
10 B =x%-3x*-3x3+ 6x?-20x + 2018
I B=(C—Axt )+ (X4 X2 )+ 5(x2— 4x + 1) + 2013 0,25
diem | B o y3(x2 - dx + 1) +x3( X2 — 4x + 1) +5(x2 — 4x + 1) + 2013 0,25
B =2013 0,25
Nhéan xét x = 0 khong la nghiém ctia phwong trinh
Véi X # 0, phuwong trinh da cho twong duong véi:
Cau 2 a) 4 5 + 3 5 =06
2,0 1.0 X=-5+—- x-7+-=
diém diém X 6 X
bat t = X —7 + — phuong trinh tré thanh
X
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4 3 0,25
—+—-=6 (1)(t=0;t=-2 ’
t+2 t (8 )

(1) = 4t+3t+6=6t"+12t < 6t +5t—6=0
— 2
Giai phuong trinh ta dwoc t, = o L= 3 (thoa man) 0,25
-3 —
Véi t, =—taco x—7+§:—3<:>2x2 —-11x+12=0
2 X 2
3
Giai phrong trinh ta dugc X; = 5 X, =4 (thoéaman) 0,25
2
Véi t,=—tacod x—7+§:z<:>3x2 —-23x+18=0
3 X 3
23+4/313 23-4/313
Giai phrong trinh ta dugc X; = 5 Xy = 5 (thoa man)
3
Vay phuong trinh da cho c6 bén nghiém la : X; = 5 X, =4;
0,25
23++/313 23-4/313
X=X, =
6 6
Ix +\Jy +4xy =16
I (X;y=0
x+y =10 I (Xyz0)
D3t S= VX +4Jy ;P=/xy (S>0;P>0) hé (I) c6 dang
S+4P =16 - 0.25
S*-2P =10
b
1,0 d) 5=4
A AIEM 1 Giai hé (I1) va d6i chiéu diéu kién ta duoc P=3 0,25
Khi dé \/; ; \/§ la 2 nghiém ctia phuong trinh t2 — 4t + 3 =0
Gidi phuong trinh ta dugc ti=3; t2=1 0,25
{x =9 {x =1
Ttr d6 suy ra hé phuong trinh da cho c6 hai nghiém 4 _
YIANE PIEOnS ST ly=1"]y=9 0,25
4a’ +3ab—11b*i5=>(5a” +5ab—10b” ) - (4a’ +3ab —11b*)i5 0.25
2 2
Cau 3 2) =a " +2ab+b":5
20 | 10 =(a+b)’i5 0,25
dié dié .
em em =a+b:5 (Vi5lasdnguyén to) 0,25
4 14 _ (.2 2 RN
=a'—b*=(a’+b’)(a+b)(a—b):5 025
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AAHK dong dang v6i AAIO (vi AHK=AIO=90" va OAl chung)

2
X_J§—J§= (\/5_\/5) _4-15
J5+43 («/§+\/§)(\/§—xf§) 0,25
X= @ la nghiém ctia phwong trinh nén ta cé
J5+3
2
a(4-+15) +b(4-+15)+1=0
b)
10 diom | @(31-8V15)+b(4-/15)+1=0
< —/15(8a+b)+31la+4b+1=0
Vi a,beQ nén (8a+b), (3la+4b+1)eQ 0,25
Lo N 3la+4b+1 A
Do dénéu 8a+b=0 thi \/1_ :WGQ (Vo 1i) 0,25&
+
{Sa +b=0 {a =1
Suy ra =
3la+4b+1=0 b=-8 0,25
Cau 4 \ o R R . 0
3.0 I'la trung diém ctia BC ( day BC khong di qua O ) = Ol L BC = OIA=90 )
didm f)o Ta c6 AMO=90° (do AM 14 hai tiép tuyén (O) ) 8'22
i (’5m ANO =90° ( do AN Ia hai tiép tuyén (O) ) o, ’s
Suy ra 4 diém O, M, N, I cung thudc duong tron duong kinh OA 0’ 75
AM, AN la hai tiép tuyén (O) cat nhau tai A nén OA 1a tia phan giac
MON ma AOMN can tai O nén OA L MN
1
AABN dong dang v6i AANC (vi ANB=ACN= 5 sd NB va CAN chung
b)
AB _AN
1,0 diém | ) suy ra — =—— => AB.AC=AN? 0,25
AN AC
AANO vuong tai N duong cao NH nén ta c6 AH.AO = AN?
Suyra AB.AC=AH.AO 025
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AH _AK
—=——= ALLAK=AH.AO
AI AO
= ALAK=AB.AC
AB.AC
= AK= 0,25
Al ’
Ta c6 A,B,C ¢ dinh nén I ¢6 dinh suy ra AK ¢ dinh ma A ¢6 dinh, K 1a
giao diém cua day BC va day MN nén K thu¢c tia AB suy ra K cd dinh 095
Ta c6 PMQ=90° ( géc ndi ti€p chan ntra duong tron ).
Xét AMHE va AQDM c6 MEH=DMQ ( ciing phu véi DMP),
ME _ MH
EMH=MQD ( ciing phu véi MPO ) = 0,25
MQ DQ
APMH doéng dang véi AMQH
C) MP ~_MH MH
1,0 diém MQ HQ ZDQ
0,25
MP _1ME
MQ 2 MQ
= ME =2 MP = P la trung diém ME. 0,25
0,25
A = 1 B 2n-1
N @2n+yJ2n-1 (2n+1)(2n-1) 0,25
A _\/2n—1[ 11 j_»\/Zn—l( 11 j( 11 j 025
n 2 (2n-1 2n+1 2 \V2n-1 2n+1)\J2n-1 2n+1 '
A 1 1 1 1 2
Cau5 Vi - >0 va + < nén A <
1.0 n-1 J2n+1 J2n-1 2n+1 2n-1 n
diém L 1 (vnewy 0,25
Jan-1 J2n+1
1 1
Do do: A+A +A+...+A <1- -
ATATA A J' J’ J’ Jzn—l J2n+1
A+A+A+..+A <1- 1 4 0,25
2n+1
Dés67
Cau | Y Noi dung Diém
a 2_ ./ 2_
1 Rat gon biéu thic: A= X ZSX+6+3Vx —bx+8 1,5
3x—12+ (X —3)VX* —6X+8
DKXD: x <2 hoacx>4 0,25
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_(x=2)(x=3)+3{(x-2)(x—4)

= 2
3(x—4)+(x=3)/(x—2)(x-4) 025
* Treong hop 1: x <2, ta cé:
2
(2-%)(3=x)+3J2-x(4-x%) __(VZ—X) (3= %) +3v2-xy4~-x 025
3(4-%)+B=0J@2-0G-20  3(Ja—x) +@-xv2-xVA—x ’
V2=x[(3-x)V2—x+3Ja-x] 5=
= =— vix <2nén3V4—x+(3-x)\2-x>0 0,25
x/4—x[3\/4—x+(3—x)\/2—x] \/4—x( (3-%) )
* Truong hop 2: x >4, ta ¢d: 3Yx—4 +(X—3)vx—2 >0 nén:
0 (Vx 2)2(x—3)+3\/x—2«/x—4 Jx—2[(x—3)¢x—2+3¢x—4} — (1)0,25
- (,/ — )+(X )X —2x— X— |:3\/ —4+(x=3)x— 2] Nx—4 0,25
b | Phan tich da théc thanh nhan ti: a® +b® +¢° —(a+b+c)3 0,5
Taco a®+b°+c* —(a+b+c)’ =(a+b) +c*—3ab(a+b)—(a+b+c)
=(a+b+c)’~3c(a+b)(a+b+c)-3ab(a+b)—(a+b+c)’ 0,25
=-3(a+b)[c(a+b+c)+ab]=-3(a+b)[a(b+c)+c(b+c)|=-3(a+h)(b+c)(a+c)(*) 0,25
Tim x biét: (x2+x+2)3—(x+1)3:x6+1 0,5
Ta co: (x2)3+(x+1)3+13—(x2+x+2)3 =0
& =3(x* +x+1)(x* +1)(x+2) =0 (Theo (*)). 0,25
Vi X* +X+1=0; X +1=0 v0 nghiém . KL: x = -2 0,25
a +xy-2y?*=0 (1
Giai hé phuong trinh: {X +Xy2 Y @ 1,0
Xy+3y +x=3 2
1) (X =y*)+y(x-y) =0 < (x—y)(x+2y) =0, ta dugc x =y hodc x =-2y 0,25
*Véix =y, tr (2) ta c6: 4x* +x—3=0, ta dwgc X, =-1,%, =% 0,25
* Vi x =-2y, tir (2) tacd y*-2y-3=0, tadwoc y, =-1 Y, = 0.5
Néu y=-1=>x=2.Néu y=3=x=-6 ’
Vay hé phueong trinh c6 nghiém (x; y) la: (-1; -1); (3 3) (2; -1); (-6; 3). 0,25
b 3 3
Giai phuong trinh: X—2 —(x-3)" =16 1,0
Q(X_—?'_Xﬁ) +3(X 3)(x—3)(x—3—x+3j 16, (DKXD:x #2) 0,25
X—2 2 X—2
(x=3) ] (=9 | (x-3)
@—{—} —3{—} =16.Pat t=—L ta duoc t* +3t* +16=0(*) 0,25
X—2 X—2 X—2
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e (P +4t7)—(t°-16) =0 < t* (t+4)—(t+4) (t-4) =0 = (t+4)(t* —t+4)=0
() (£ +46)~(t* -10) (t+4)=(t+4)(t=4) =0 = (t+4)(t* ~t+4) 0,25
Lyluandécot=-4
Véit=-4, thi M——4 hay x> —6Xx+9=-4x+8 x—1)°=0 x=1TM).Vayx=1
Git=-4, thi "7 =-4 hay = = (x-1) =0 x=1(TM). Vay =1/ , »5
3 a | Tim nghiém nguyén duong ctia phuong trinh: 8x° +23y” +16x—44y +16xy-1180=0 1,0
Bién d6i phuong trinh da cho ta duoc 8(x+y+1)° +15(y—2)* =1248 0,25
=(y-2)'< 1248 = (y—-2)° <83. Do 8(x+y+1)°,1248 déu chia hét cho 8; (15;8)=1 nén
0,25
(y ) la s6 chmh phuongé&chia hét cho 8 = (y - 2) €{0;16;64}. Ta c6 cac TH sau:
y=2
f = ) Do 156 khong c.phwong nén TH nay vo nghiém
8(x+ y+1 ) =1248 |(x+3) =156
) 0,25
i - © -2 _2 Do 126 khong c.phuong nén TH nay vo nghiém
X+y+1 +15 16=1248  |(x+y+1) =126
y=10
2) =64
e . o
8(x+y+1) +15.64 =1248 (x+y+1)2:36
= =— 0,25
y=10 y=10 y=—6 y=-6
Ta duoc 117 36<:> X =-5 hoac £ 36<:> Xx=-1
(x+11)" = X =—17 (x=5)"= x=11
Vay (x; y) la (-5; 10); (-17; 10); (-1; -6); (11, -6)

b | Cho n 1a s6 nguyén duong va m la wéc nguyén duong cua 2n?. CMR: n? + m khong 1.0
14 s6 chinh phuong. ’
Gia str n? + m 1a s6 chinh phuong. Batn?+m=k (1) (vdik nguyén duvong)

Sl A 2 . , 0,25
Theo bai ta c6 2n?=mp (p nguyén duong)=- m=2n":p, thay vao (1) ta co:

2
n2+21:k2:>n2p2+2pn2:p2k2:>n2(p2+2p)=(pk)2 0,25

P
Do 2, (pk)’ chinh phuong, nén p?+2p phai chinh phuong, 0,25
Mit khac p® < p?+2p<(p +1)2 , tee p®+2p khong chinh phwong. Nén gia st sai. 0.5
Vay n? + m khong chinh phuong '
4 a | Chitng minh rang bon diém M, N, M/, N’ thudc mot duong tron.
1,0
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M OM' ON' | , , .
ON _OM (vi OM’.OM = ON’".ON); 0,25
MON chung nén AOM'N d. dang véi 025
M AON'M '
A B =ONM'=OMN'; =OM'N =0ON'M
@ nénM 'MN'+M 'NN'=180° ( hodc M/, N’
ciing nhin M N duéi ciing mot goc, khi M” | 0,25
N va N’ ké nhau - M, N cung nam trong hodc

cung nam ngoai(O) )= M, M, N’, N thudc
mot duong tron. 0,25
( Thi sinh chi cin lam ding 1 trwong hgp ciing
cho 0,5 d)

b | Khi diém M chuyén dong trén d, chitng minh rang diém M’ thuéc mot duong tron
cd dinh. 1,0

M Goi giao cuad v6i OB 1a C

= 0C.O0C'=0OM'OM = E=%; MOC
oM OcC' 0,25

chung = AOCM dong dang véi AOM 'C’

Lay diém C’ ddi xiing v6i O qua B = diém | 0,25
" C’ 0 dinh trén tia OC
Ta c6:0C.OC'= % BO.2BO =R? 0,25
A c
\XU

= OM'C=0CM =90°.Vay M’ thudc duong

. . ” o 0,25
tron duong kinh OC’ ¢6 dinh.

¢ | Tim vi tri diéfm M trén d d€ tong MO + MA dat gid tri nho nhat theo hai treong hop 1,0

Goi giao cua d vdi (O;R) Ia D, E (hinh vé€)

*TH2: Trén nita mit phang bo AB chtra

diém D.

Goi K 1a giao ctia tia BD voi AM.

Ta co MB + MK>KB =KD + DB 0,25
KD+ AK > AD

=MA + MO = MA + MB > DA + DB, ddu

“=" ¢4 khi M trung v6i D

M
K *TH1: Do d la trung tric caia OB = MO =| 0,25
MB.
D Ta c6: MA + MO = MA + MB > AB, dau
“="xay ra khi M trung C 0,25
= MA + MO nho nhét khi M trung C Med
A )
E

Tuong ty khi M thudc nita mit phang bo
AB chtta E: MA + MO =MA + MB > EA +| 0,25
EB, dau “=" xay ra khi M trung v6i E
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Vay MA + MO nho nhéat khi M trung D
hodc M trung E (M e d, M khong 6 trong
(O:R)).
Trong cac hinh binh hanh ngoai ti€p duong tron (O; r), hay tim hinh binh hanh c6 05
dién tich nho nhat. !
B, Theo bai ta suy ra cac canh ctia hinh hanh la tiép
tuyén cta duong tron (O; r). Goi M, N, P, Q lan
y luot la ti€p di€ém cua duong tron véi cac canh
" nhw hinh vé. 0,25
C —=CM =CN; AP = AQ, BM = BQ; PD = DN
= CM+BM+AP+PD=CN+DN+AQ +BQ
0 56— — 2BC =2AB= BC= AB
r Ké AH1 BC.Tacé AB> AH, dau “=" c6 khi
P ABC =90°.
Ta c6:OM L BC,0OP L AD,AD//BC =P, O, M
5 thang hang, do &6 AH =PM = 2r.
Spscp =AH.BC =2r. AB>2r. AH=2r.2r 0,25
= Sppcp 2417, dau “=” xay ra khi ABC =9(°
Vay trong cac hinh binh hanh ngoai tiép duong
tron (O; r) thi hinh vudng c6 dién tich nho nhat
va bang 412
Dé s6 8
Cau | Y Noi dung Piém
Phan tich da thie 4(1+ X)(L+ Y)(A+ X + y) —3x*y? thanh nhan tir 1,50
A = 4L+ X+ Y+ xy)(L+ X+ y) = 3x%y? 0,25
=41+ X+ Y)* + 41+ X+ y)xy —3x%y? 0,25
1
=[2@+x+y)+xy)]" = (2xy)? 05
=(2+2x+2y—xy)(2+2x+2y+3xy) 0,5
a |  Giai phuong trinh V2X2 + 7X+10 +4/2X° + X+ 4 =3(x+1) (1) 1,50
2 2
2% +7x+10= 2(x+zj +3—1>0, 2X% +X+4= 2(x+1j +£>O,VX€ R
2 4 8 4 8
A 0,5
Vay TXD: R
-Néu x+1<0< x<-1 thi VP(1) <0, VT(1) >0 (khong thoa man)
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-Néu x+1>0< x>-1 thi (1)
:6x+6:3(x+1)\/2x2 X410 —/2X2 + x+ 4

0,5
S22 +7x+10—V2X2 +x+4 =2 (2)
Tw (1) va (2) suy ra 242x% +x+4 =3x+1
3x+1>0 xz-1 xz-1
425 D=9 16 1<:> 3 & 3 &S x=3 0,25
(D +x+4)=90C+bx+1 1o oy 1520 |x=3 x=-5
Tht lai. Vi x = 3 thi VT(1) = VP(1) = 12
0,25
Vay phuong trinh c6 nghiém duy nhat x =3
b Giai hé phwong trinh 1,00
- Néu x =0 thi hé ¢ nghiém (x;y;z)1a(0;0;0) 0,25
1 1+4x° 4 1
— = 2 —:—2+4
y 4x y X
2
_Néu x#0= y=0;z#0.Taco: | 2= 41 0,25
z 4y zZ Yy
2
1_1+4z 4.1,
X 47° X z

Cong theo v€ cac phuong trinh ctia hé ta duoc
(iz—£+4j+ iz—i+4 +(i2—£+4j=0
X° X yo oy A 0,25
2 2 2
@(1—2j +[1—2j +(1—2j =0
X y z

= x:y:z:%.Thfrlaitathé'y x=y=z=% thoa man hé pt da cho.

0,25
Vay hé c¢6 2 nghiém (x;y;z)1a(0;0;0), (%,%,%j
a Tim céac s6 nguyén duong x, y, z thoa man dong thoi hai diéu kién 1,00
X—Vy2011 m
3 Tacé 2—Y =— (1), trong d6 m, n 1a cc s8 nguyén théa man

a _— —
y—242011 n 0,25

n>0, (m,n)=1.
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(1) & nx—my =+/2011(ny —mz) (2).

Vi V2011 la sd vo ti vam, n, X, y, z la cdc s6 nguyén nén ta c6

nxX =my 5 0,25
Q<=nx-my=ny-mz=0 = =>XZ=Y".

ny =mz

Talaico: X* +y° +2° =(X+ 2)2—2xz+y2

=(x+2) —y?=(x+y+2z)(x-y+2)
0,25

Vi X* + y? + 2% 1a s8 nguyén t8 va x +y +z 1a s8 nguyén 1én hon 1 nén x

—y+z=1.Dodd X’ + Y +2° =x+Yy+2 (3)

Nhung X, y, z 1a cac s6 nguyén duong nén X* =X y2 =Y, 7°>7

Suyrax?=x,y*=y,z’=z => x=y=z=1.

X —y~/2011 0,25

mzl va X2 + y2 +22 :3 (thc’)a mén)

Vay (x;y;2z)=(1;1;1)thoa man yéu cau bai toan.

Khi dé

b Tim nghiém nguyén ctia phuong trinh 20y* —6xy =150 —15X . 1,00

Ta c6 : 150 — 15x = 20y? — 6xy <=> 6xy — 15x = 20y? - 150
<=>3x(2y - 5) = 5(dy? - 25) - 25

0,25
<=>(2y - 5)(10y +25-3x) =25
Xét 6 truong hop sau
2y-5=1 x=10
b N (thoa mén)
10y+25-3x=25 y=3
0,25
2y—-5=25 x =58
+) y = (thoa man)
10y +25-3x=1 y =15
70
+) y = 3  (loai)
10y +25-3x=-25
y=2
0,25
2y—5=-25 x=-10 ,
+) = —74 (loai)
10y +25-3x=-1 sz
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2y-5=5 X= n .
+) = 3 (loai)
10y+25-3x=5
y=5
2y-5=-5 x=10 L 0,25
+) = (thoa man)
10y+25-3x=-5 =
Vay phuong trinh c6 3 nghiém (x; y) 1a (10 ; 3), (58 ; 15), (10 ; 0).
a Chiing minh PLLAB = AC.CI 1,00
Chirng minh PCB =90°
= ACB+C, =90° 0.25
Taco:
P+C, =90
= ACB=P (0
Chting minh t& giac ADIF noi ti€p = CAB=PIC (2) 0,25
Tw (1) va (2) = APIC ~ ACAB (9.9) 0,25
4
Pl IC
——=—=PILLAB=AC.IC(d
AC 7B (dpcm) 0,25
b Ching minh MD la tiép tuyén ctia duong tron (O) 1,00
Chting minh t& giac CDIH noi tiép duong tron (O)
0,25
= DCI 1a gdc noi tiép chan cung DI (3)
AADB c6 DM la duong trung tuyén
0,25
— AMDB can taiM = MBD =MDB  (4)
Talai c6 = MBD =DCI (cung phu véi CAB) (5) 0,25
Tw (4) va (5) = MDB =DCI (6)
0,25
Tt (3) va (6) suy ra MD la ti€p tuyén ctia duong tron (O)
C Chttng minh AB la duong trung triec ciia doan KR 1,00
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MD la tiép tuyén cua (O)

— MD? = MK.MC 0,25

— MB? = MK.MC (MD = MB)
MB MK

> —=—
MC MB

= AMBC ~ AMKB (c.g.c)

— MBK =MCB (7) R

Chting minh t& giac ADHB noi ti€p
CDh _DH
CB AB 0,25

— ACDE ~ ACBM (g.g) = MCB = ACR (8)

= CDH = ABC = ACDH ~ ACBA(g.g) =

CD_CB_CD_CB
> —=—=—
DH AB DE

Talai cd: ACR=ABR (9)
0,25
T (7), (8), (9) = MBK = ABR = BA la phan gidc cia KBR

Chttng minh tuwong tw ta dugc AB la phan gidc cia KAR
0,25
Tt d6 suy ra AB la dwong trung truc cua KR.

) ' 1 1 2 L
a Chtrng minh + > , VX, ¥ >0 théaman xy >1 0.50
1+x 1+y 1+xy ’

T S S S
L+x 1+xy 1+y 1exy

@<

; @(1+x)(1+\/_) (1+y)(1+\/_)_0 0,25
R R P A
(1+x)(1+J_) (1+y)(1+\j_) 1+xy J\1+x 1+y
[f fj[ﬂfy Jy- xq_o (Vy =) (S - )>0
1+xy (1+x)(1+y) 1+ )@+ x)(1+y) 0,25

BDT cudi ciing dting do \/xy >1.
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Déng thikc xay ra <> X =Yy hodc xy =1
a b c _22
b Chitng minh + + >— 0,50
a+b b+c c+a 15
(AR=" 1b+ 1C+ 1a22'
142 148 142 B
a b C
Détx=9,y:E,z=§th‘11£x,y,zs4 va xyz=1
a b C 4
BDT trd thanh —— 4+~ 4 L+ > 22 0,25
1+x 1+y 1+z 15
Khong giam tong quat, gia stt z nho nhat suy ra xy >1. Theo cau a
1,1 1 2 1 2 +1:2t+21,t:\ﬁ
Lex 1+y 14z 1+xy 14z 4, 1 14z t+1 tP41
Jz
Ta sé CM A+ 21 Zg,VEStSZ.Béngbiéhc’[é’ituong duong
t+1 t°+1 15 2
BDT < 8t°—22t* +23t—7>0< (2t —1)(4t* -9t +7) >0. 0,25
BDTcué'icﬁngdﬁngdotZ%vé 42 -9t +7>0, Vt.
Dé s69
Cau Noi dung Diém
a) Phuong trinh x* —4x+1=0 c6 A =4-1=3>0
suy ra ton tai x thoa man x* —4x+1=0
x2—4x+1:0<:>x2+1:4x<:>x+£:4(do x#0) 0,25
X
Co X2+t = (x+ 1y —2-16-2-14 0,25
X X
Caul
1 1 1 1 0.25
X+ = (X+2)(X* —x.=+—=) =4(14-1) =52 ’
2 d 7 = 2 L) =44-D)
:>A=x5+i5=(x2+i2)(x3+i3)—(x+3)=14.52—4=724 0,25
X X X X
b)xyz=2 =Xx;y;z#0
~e s ,25
Tt gia thi€t co B = X + Al + 2 0
X+XY+XYZ XyZ+2Z+XZ 2+X+Xy
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__x Xy L 2 0,5
2+X+XYy XY+2+X 24+ X+Xy
_Xtxy+2 0,25
2+ X+ Xy
(Y -49)Q2y-x)=2 _ [(y’'-4y)(2y-x)=2
a) 9,0, 0,25
y?—2y—-x=3 (y"-4y)+(@2y-x) =3 '
2_4y= uv=2 v(3-v)=2
bit y -dy=u suy ra c6 hé = (3-v) 0,25
2y —X=V u+v=3 u=3-v
2_ _ u=1 [u=2
<:>{v 3v+2 0@{ ;{ 0.5
u=3-v v=2 |v=1 ’
u=1 z_ = 2 _ -1= = 0,25
. Y ay=1_ [yi-ay-1=0  [y=2+45
v=2 2y—X=2 X=2y-2 X=2y-2
_ 2 _ 2_gy_D=— _
LJu=2_ fyi-ay=2_ [y -4y-2=0 y=2+./6 0,25
v=1 2y—x=1 x=2y-1 Xx=2y-1
Vay nghiém cua hé phuong trinh da cho la:
Ciu 2 {x:2+24§_{x=2—2J§{x=3+24€_{x=3—2J€ 0,25
@5d) | ly=2+5 |y=2-6 [y=2+\6 [y=2-16
b)DK:XZE
2
Phuong trinh da cho twong duwong vdi:
X2 —(2x—-1) —2J2x—1-1=0 < X’ — (\2x—1+1)2 =0
& (X—2x-1-1)(x+/2x-1+1) =0 0,25
& X—~2x-1-1=0(vi xz%nén X+42x-1+1>0)
x-1>0 x>1 0,25
S x-l=Jy2x-1< =
{(x—1)2=2x—1 {x2—4x+2=0
0,25
x>1 1
=N < Xx=2++/2 (théaman DK x>2)
X, =2%2 2
Nghiém cua phuong trinh la x=2+ V2
0,25
Xétn>9 = A=22 1213 2N =914 2% 2N9)
Thay 1+ 2% +2"9 13 s 1é nén A chia hét cho 2° nhung khong chia hét | 55
cho 2'°nén A khong la sd chinh phuong. '
((ia5u;) Xétn=9 = A=294213129 — 291124 11) = 9.210 _ 962 13 58 chinh

phuong. 0.25
Xétn<9 = A=2%4+213 12N _oN9N 513N g

Do 29742131 11 13 5516 va A 1a 56 chinh phuong nén 2" 1a 58
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7 A \ ~ T * AR 0,25
chinh phuong nén nla s6 chan, neN  suy ra ne{2;4;6;8}

Khi d6 A chinh phwong, 2" chinh phurong suy ra 0,25
B=29",213-N 11 13 56 chinh phuong.

Nhan xét s8 chinh phwong 1é chi ¢6 thé tan cung 1a 1; 5; 9.

Véin=2 =B=2" +2111-2177 (loai)

Véin=4 = B=22+2 +1=545, thdy B chia hét cho 5 nhung khong
chia hét cho 25 nén B khong la s6 chinh phuong.

Véin=6 =B=23+27 +1=137 (loai)

Véin=8=B=2+2°+1=35 (loai). Vay n=9. 0,25
a) C6 (O) va (C) tiép xuc trong tai A
nén = A, C, O thang hang.

Cé (O) va (D) tiép xuc trong tai B
nén =B, D, O thang hang.

Xét (C) c6 ANP = % ACP

0,25

0,25
Co6 tam gidc ACP can tai C; tam giac
AOB can tai O
— APC = ABO(= CAP) = CP// OB
1
= ACP = AOB = ANP = > AOB (1) 0,25
Chiting minh twong tu ta co:
DP//OA= BDP = AOB = BNP = % AOB (2) 0,25
Caud | Ty (1) va (2) suy ra ANP=BNP (d.p.c.m) 0,25
(3 ) b) Goi H 1a giao cua NP va CD; I 1a giao cua OP va CD.
Theo chitng minh & trén ta c6 CP // OB; DP // CO suy ra tit giac CPDO
la hinh binh hanh 0,25
suy ra IO =1P
C6 (C) va (D) cat nhau tai P va N suy ra CD L NP (3) 0,25
va HN = HP do d6 HI la duong trung binh ctia tam gidc PNO nén HI
//NO hay CD // NO(4) 0,25
Tir (3) va (4) suy ra NO L NP hay PNO =90° (d.p.c.m) 0,25
¢) Theo chiing minh phan a) c6
ANB = ANP + PNB = AOB = ANB = AOB (5) 0,25
Lap luan dé€ c6 N, O thudc mot nira mat phéng bo AB (6) 0,25
Tt (5), (6) suy ra diém N thudc cung tron AOB cua duong tron ngoai
tiép tam gidc AOB 0,25
0,25

Do A, B, O ¢ dinh nén N thuc cung tron ¢6 dinh (d.p.c.m)

2
bat Mza;a>0:> A:a+i
Xy+Yy+X a 0,25

Ta chitng minh bat dang thiec (x+y+1)* >3(xy + Yy +X)

Cau 5
14
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Co:
(X+y+1)°>3(xy+y+X) = 2(x+ y+1)> —6(xy+y+x)>0
S (X=y)P+(x=D)*+(y-1)?=0
Dung vdi moi x; y. Déng thitc xay ra khi x =y =1
2
=YY g as 3 (vixy > 0) 0,25
Xy+y+X
Co A:a+£=8—a+(g+£)2§.3+2. E.1=§+E=E:>A2E
a 9 9 a 9 \/9a333 3 0,25
a=3
Déng thtic xay ra < a_ leoa=3ex=y=1
9 a
10 0,25
Vay GTNN cua A la 3 dat duwoc < x=y=1
Pé s6 10
Cau | Phan Noi dung Diém
Caul| 1) |Tacod: (a+b+c)-a’—b’-c? 0,25
2diem | 1diem | _ (a4 p+c)*~[(a+b)' ~3ab(a+b)+c* |=
(a+b+c)3—[(a+b+c)3—3(a+b)c(a+b+c)—3ab(a+b)} 0,25
=3(a+b)[c(a+b+c)+ab] 0,25
=3(a+b)(a+c)(b+c) 0,25
1;27 DétB=\/4+«f10+2\/§+ 4-10+24/5 ,B>0 0.25
em
Tac682=4+x/10+2\/§+4—x/10+2\/§+2\/(4+»\/1O+2\/§)(4—»\/10+2\/§)
B® =8+ 2/16— (10+24/5)
B2 =842, /(\/5—1)2 _6+245 0.25
B=[(V5+1) =\5+1,ViB>0 0,25
Vay A=\6+1-5=1 0,25
Cau2 | 1) |Gidstt X=X, La mot nghiém ctia PT x*+ax’ +bx* +ax+1=0;(1)Ta thay 0,25
2diém | 1di€m | x »0.Vinéu x, =0 din dén 1=0vo li
:>x§+ax§+bx§+axo+1=0:>x§+axo+b+i+i2=0
X %
:(x0+ij2+a[xo+iJ+b—2—0' (2)
X, X, ’
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DAt y= X, +— ta c6 PT(2) tré thanh y? +ay+b—2=0 va PT nay luén c6
X,

nghiém y thoa man DK |y|= >2 hay y* >4, (3)

X+:L
,+—
X

0,25

Ta chitng minh bat dang thitc sau :  (ax+by)® < (@° +0b*)(x* +y?) ,(*)
That vay : That vay (*) <> 2abxy<a’y? +b’x* < (ay—bx)* >0 ( dung)
Déng thikc xay ra khi ay = bx

4p dung B4t dang thikc (*) ta co
=-y'=ay+b-2=y'=(ay+b-2)°< [az +(b—2)2][y2 +1]

= y4—1<[a2+(b—2)2][y2+1]
=yi-1<a’+(b-2)"=3<y’-1<a’+(-2)° theo®) =a’+(bh-2)*>3

0,25

0,25

2)
1diém

Gia st (xo;yo0) la nghiém duy nhéat cia hé phwong trinh
mx® +|x| -y =1-m (1)
{xz +y?=1,(2)
suy ra (-xo;yo) cling la nghiém ctua hé. Tt d6 ta co —X, =X, < X, =0

0,25

Véi x0=0 thay vao (2) suy ra y, =+1
- Voixe=0 vayo=-1thay vao (1) suy ram=0
Véim=0

—y+l

X-y=1 _ [X=y+1 _ [IX=y+1 Moy 7
— = = Snd <11Y=

x“+y?=1 [X*+y'=1  [((y+D*+y*=1 [2y°+2y=0 L,__

Hé PT khong c6 nghiém duy nhat .Nén m = 0 loai

0,25

-Véi x0=0 va yo=1 thay vao (1) suy ram =2
2% +|x|-y=-1 {ZXZ +[x[+1=y;(3)
X +y*=1 = X +y>=1;(4)
T (3)= y=1va Tk (4) = y <1 Vay hé PT c6 nghiém duy nhat (x;y) =(0;1)

Véim=2 :{

0,25

Vay m = 2 thi hé PT ¢6 nghiém duy nhat

0,25

Cau3
2diém

1)
1diém

CoJa—b+c=a—-b+c
<AJa-b+c +\E=\E+\E<:> a—b+c+2«/b(a—b+c)+b=a+c+2ﬁ
=b

<:>b(a—b+c)=ac<:>(a—b)(b—c)=0<:{z

0,25

Néua=b vaa,cduong.Taco

111 2 1
—+-+-=leo—+-=1l2c+a=ac=(a-2)(c-1)=2
a b c a c

Vi a,b,c nguyén duong nén ta co cac trueong hop sau :

a-2=2 a=4=>pb a-2=1
1 = 2) =a=Cc=3=b
c-1=1 c=2 c-1=2

0,25

Néu b = ¢ va b,c dwong .Ta c6

0,25
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1l et 2 e 2asboabe (b-2)a-1)=2
a b c a b

Vi a,b,c nguyén duwong nén ta cé cac treong hop sau :

h-2=2 b-2=2 [b=4=c
1) =a=b=3=c 2 =

Vay cac cdp sd nguyén duong (a;b;c) thoa man la (3;3;3) va(2;4,4)va (4,4,2) 0,25

2) Ta chitng minh hinh chit nhat kich thudc1x3 chita dang mot 6 mau dé (1) | 0,25
1diém | That vay , néu diéu nay khong dung ttc la ton tai mot hinh cht nhat k
nao dé c6 sd 6 mau dé khéac 1.hay s6 6 mau do cua k la 0 hodc 2.

gia stt sO 0 mau do caa kla 2 0,25

Xét hinh cht nhat ~ ABCD theo gia thiét ABCD chita duing hai 6 mau 0,25
do nén 1;2;3;4 mau xanh.lai suy ra cac 6 5;6 do ( xét hinh chit nhat AHPQ)
nén hinh chit nhat EHGF ¢6 it nhat 3 6 mau d6.Mau thuan.

Néu s6 6 mau do cua k la o thi trai véi gia thiét

A E B H
1 2 5
4 3 6
P Q
D F c

Vay (1) duoc chitng minh

Do do ta chia hinh chit nhat kich thwdc 2010x2011 béng 670x2011 hinh 0,25
chit nhat 1x3va do (1) ta c6 s6 6 mau d6 can tim la 2011.670 =1347370

Cau4 Tt giac ABCD 1a hinh thoi nén AC la duong 0,25
3diém trung triee cia doan thang BD,BD la duong
trung truc caa AC.Do vay néu goi M, LK 1a
giao diém cua duong trung tryc cua doan
c | thang AB véi AB,AC,BD thi ta c6 LK la tim
duong tron ngoai ti€p cac tam gidc
ADB,ABC
Tt d6 ta c6 KB =r va IB = R.Ldy mot diém E

d6i xting v6i diém I qua M, Ta ¢6 BEAI la
hinh thoi ( vi c6 hai duong chéo EI va AB
vudng gdc véi nhau va cat nhau tai trung
diém moi duong )

1) | Tacé BAI = EBA ma BAI + ABO =90° = EBA+ ABO = 90° 0,25
1diém | yat AEBK c6 EBK =90° ,duwong cao BM.Theo hé thtic trong tam giac 0,25
. . 1 1
t + =
vuong ta co B2 TBKZ - BM?
MaBK=r, BE=BI=R;BM=% Nén :%Jrriz:% (Ppem) 0,25
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Xét AAOB va AAMI c6 AOB=AMI =90° va A chung AAOB ~ AAMI 0,25

1diém A0 AM AM AR AR
= a = A0 = —
AB Al Al 2R
2
Chiing minh turong ty ta duge BO = Do = 25 0,25
BK 2r )
AE 0,25

Tacd S =2.A0.0B=2.
ABCD 4RI’

Ma theo dinh li Pi ta go trong tam gidc vudng AOB ta c6
2.2
B2 = OA” + OB :%AB4(%+ij = AB?= 2R T

r2 R +r? 0,25
e 8R’r*
Tt dO taco: SABCD Zm
3) . 0,25
1diém
A
c X

D

Ké tia Cx sao cho CA la tia phan giac ctia BCx, tia Cx cit dwong thing AB
tai D.Khi d6 Ta c6 DCA= ACB =36°=> ADCA can tai C, ABCD can tai B

= AB = AC = DC .Theo tinh chat duong phan giac trong tam giac BCD ta
4, CB_AB_BC__CA 0,25

;BC =BD
CD AD CA BD-CA’
BC CA < BC(BC-CA)=CA* < BC*-BC.CA-CA*=0
CA BC-CA
BC) BC (BC 1)2 5
o| = “l=0e| -2 =2 0,25
CA CA CA 2 4
0,25
BC _1+5 ., BC > 0).Vay 2€ 1asg vt
CA 2 CA AC
p
Cau 5 Vi f(x)=ax’+bx+c thoa man véi moi x sao cho —1<x<1va |f(x)|<p 0,25
1diém .Nén:

- Véix=1=|a+b+c[<p ()
- Véix=-1=la—b+c/<p (2
- Véix=0=|c[<p 3

Tt (1) va (2) =|a+b+c|+|a—b+c|<2p ma [a+b+c|+|a—b+c|>2]b| 0,25

Nén suy ra: [b|< p

Lién hé tai liéu word toan zalo: 039.373.2038 TAI LIEU TOAN HQC



Website:tailieumontoan.com

Ta c6 |-b—c|=|b+c|<[c[+|b|< p+p=2p 0,25
Két hop véi (1): [a|<|a+b+c|+|-b—c|<3p=]a|<3p

= |a|+|b| +|c| <5p .Vay s6 q nho nhat 1a 5 0,25
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