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Ti so kép cua hang diém va ap dung

1. Mot s6 khai niém vé ti sé kép ciia hang diém, hang duwong thing

binh nghia 1.1. )
Cho 4 diém A, B, C, D nim trén mot duong thang Khi dé ti s6 kép cua A, B, C, D (ta

chu y tdi tinh thtr ty) duoc dinh nghia la i : B=C va ta ki hiéu
- AD BD
(ABCD) = 2C . BC
AD BD o
L . AC BC .. < NP U
(Cht y: Trong trudong hop 5 :E =—1tandi A, B, C, D l1a hang diém diéu hoa va ki
hi¢u (ABCD)=-1)
Tur dinh nghia suy ra
i.(ABCD) = (CDAB) = (BADC) = (DCBA)
ii.(ABCD) = ! = !

(BACD) (ABDC)
iii.(ABCD) =1—(ACBD) =1-(DBCA)
iv.(ABCD)=(A'BCD) & A=A’

(ABCD) =(AB'CD) < B=B'
v.(ABCD) #1

Pinh nghia 1.2. Phép chiéu xuyén tam.

Cho (d). S & ngoai (d). Vi mdi diém M, SM cit (d) tai M°(M khong thudc duong théng
qua S song song (d)). Viy M—M’ la phép chiéu Xuyén tam voi tim chiéu S 1én (d)
Tiép theo ta s& phat biéu mot dinh 1i quan trong vé phép chiéu xuyén tim

Pinh Ii 1.3. Phép chiéu xuyén tdm bao toan ti s kép
Chirng minh.
Trudc hét ta can phat biéu mdt bod dé

Bé dé 1.3.1. q ,
Cho S. A, B, C, D thudc (d). Tu C ké duong thang song song SD cat SA, SB tai A’, B’.

Khi d6 (ABCD) = CA



That vay theo dinh Ii Talet ta cé:

(ABCD)_C_A DA _AC DB_CA' DS _CA

CB DB AD CB DS CB' CB'
Tro lai dinh 1i ta ¢6

CA' CA"
(ABCD) = =—— = =— = (AB,C;D) (d.p.c.m)

CB' CIB - 1P1~1H1 p
Nhan xét: A, B, C, D 1a hang diém diéu hoa < C 1a trung diém A’B’
Tu dinh Ii 1.3 ta c6 cdc hé qua:

Hé qua 1.3.2.
Cho 4 dudng thiang dong quy va duong thing A cit 4 dudng thang nay tai A, B, C, D. khi
dé (ABCD) khong phu thude vao A

H¢ qua 1.3.3.
Cho hai duong thang A;, A, cat nhau tai O. A,B,Ce A;, A',B',C'e A, . Khi dé:
(OABC)=(0OA'B'C") & AA',BB',CC'ddng quy hodc d6i mot song song
Ching minh.
THI1. AA’, BB’, CC’ song song
BO CO_ B'O C O
BA 'CA B'A CA
= (OABC)=(0OA'B'C")
TH2. AA’, BB’,CC’ khong d6i mot song dit AA'N"BB'=S,SCnA=C".
Ta co:
(OA'B'C")=(0OABC)=(0OA'B'C")
= (OA'B'C)=(0OA'B'C")
=C'=C" .
Vay AA’, BB’, CC’dong quy

Hé¢ qua 1.34.

Pinh nghia 1.4
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Cho bén duong thang a, b, ¢, d ddng quy tai S. Mot duong thang (1) cita, b, ¢, d tai A, B,
C, D. Khi d6 ti s6 kép ctia chim a, b, ¢, d bang ti sb kép ciia hang A, B, C, D.

Tu day ta suy ra:

sin(OA,OC) sin(OB,0C)

sin(OA,0D) ' sin(OB,OD)

Tinh chét trén 12 mot tinh chit quan trong, rt c¢6 loi trong viéc giai cdc bai todn

Chd y: Chiim a, b, ¢, d 1a chim diéu hdoa <A, B, C, D 1a hang diém diéu hoa

(abcd) = (ABCD) =

Tinh chat 1.5.

Cho chiim diéu hoa (abed)

Néu b_Ld < b, d 12 phén gidc cdc géc tao boia va ¢

Chiing minh.

- Néu b, d 12 phén gidc géc tao bai a, ¢ suy ra diéu phai chirmg minh

- Néu b_Ld. Tur C ké duong thing song song OD. Do (abcd)=-1 nén MC = MN suy ra b, d
l1a phan gidac goc COA

Tinh chit 1.6. q ‘ ‘

Cho O va O’ nam trén d. C4c duong thang a, b, ¢ d@ng quy tai O, 51’, b’, ¢’ dong quy tai
O’. a'ma=A,bnb'=B,cnc'=C. Ching minh rang A, B, C thang hang <

(abed) =(a’b’c’d)

Chung minh. Xét ACNnd=K

2. Mt so vi du

Chi ¥ : Trong mot s6 bai todn c¢6 nhimg truong hop don gian nhu cdc duong thing song
song v&i nhau, chtrng minh céc trudng hop nay twong doéi don gian, xin bd qua

2.1.
Cho tr gidc ABCD. E=ABNCD,F=ADNBC,G=ACnBD. EFNAD,AB=M,N.

Chting minh ring (EMGN) = —1.
Chirng minh.



B \N o i
Xét phép cic phép chiéu:
A:E—B,G - C,M —F,N— N= (EGMN) =(BCFN)
D: E—->CG—-B,M—FN— N= (EGMN) = (CBFN)
= (BCFN) = (CBEN)
< (BCEN) = ——
(BCFN)
< (BCEN) =—-1(do (BCFN) #1)
Vay (EGMN) =-1(d.p.c.m)
Nhan xét: Tu 2.1 ta suy ra bai toan: Cho tgm gidc ABC. D, E, F thudc cdc canh BC, CA,
AB. EFNBC=M. Tacé: AD, BE, CF dong quy < (ABDM) =-1

2.2.

Cho tir gidc ABCD. ACNBD =0. Mot dudong théng (d) di qua (O).
(d)nA,B,C,D=M,N,P,Q. Chimg minh ring: (MNOP)=(MOQP)
Chirng minh.

Xét cic phép chiéu:
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A:M—1J,0—-C,Q—D,P—P= (MOQP)=(JCDP)

B:M —J,N—C,0—-D,P—P= (MNOP)=(JCDP)

Vay (MNOP) =(MOQP)

Nhan xét : Tur 2.2 ta suy ra bai toan sau:

Cho tir gidc ABCD. ACNBD =0. Mot duong thang (d) di qua (O).
(d)nA,B,C,D=M,N,P,Q. Ching minh rang: O la trung diém QH khi va chi khi O la

trung diém MP.
Bai todn trén chinh la dinh Ii “con buém” trong tir gidc.

2.3.

Cho tl;l’ gidc ABCD ndi tiép duong tron (O). Se (O). Khi d6 S(ABCD) = const (S(ABCD)
l1a ti s6 kép cua chum SA, SB, SC, SD

Chirng minh.

Ta c6

S(ABCD)

_ sin(SA,SC) sin(SB,SC) _ sin(BA,BC) sin(AB, AC)
sin(SA,SD) sin(SB,SD) sin(BA,BD) sin(AB,AD)

= A=C : B=C = const (d.p.c.m)

AD BD

24.

Cho ttr gide ABCD ndi tiép dudng tron (0), ACBD =T Mot duong thang (d) quaJ ,
(d) " AB,CD,(0) =M, N, P,Q. Chirng minh rang: (QMJP) = (QINP)

Chirng minh.



Theo 2.3 ta co:
A(QBCP) =D(QBCP

< (QMIJP) = (QJNP)

Nhan xét. Tur 2.4 ta c6 bai toan sau:

Cho tir gidc ABCD ndi tiép dudng tron (0), ACNBD =1 .Mt duong thang (d) qua J
(d)mAB,CD,(0) =M, N,P,Q. Chitng minh rang: JM =JN < JP =JQ

Bai todn trén chinh Ia dinh Ii con buém trong dudng tron

2.5.

Cho tam gidc ABC. AD, BE, CF ddng quy, EFNAD =L. Tir L ké duong thing vudng
g6c BC tai H. Chiing minh rang

a. HL la phan gidc FEH

b. Pudng thiang qua L cit CA, CF tai X, Y. Chémg minh rang LD 1a phan gidc cia XDY
Chirng minh.

A

B H D c J
a. EFNBC=1J. Do AD, BE, CF d6ng quy nén (BCDJ)=—1.
Suy ra H(BCDJ)=-1 ma HL L HJ nén HL la phan gidc FEH
b. XY "BC =K. Xét phép chiéu:
C:J5KF5X,EoY,IoI

= (YXIK) = (EFIJ) = -1
— H(YXIK) = -1
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Ma HI L HK nén HI 14 phan gidc XHY (d.p.c.m)

2.6. (Dinh 1i decas)

Cho hai duong théng AA".A,B,Ce AJA'B',C'e A'. BCNnB'C'=X,ACNnA'C'=Y,
ABNA'B'=Z. Chimg minh ring X, Y, Z thing hang

Chirng minh.

Goi AACNAB'=M,C'BNB'C=N,ABNA'B'=L. Xét cdc phép chiéu:
A"B'-LM-—>C,Z—B,A—>A=(B'MZA)=(LCBA)
C:B'»LC—->CX—>B,N—>A=(B'CXN)=(LCBA)

= (B'MZA) =(B'CXN)

= MC, AN, XZ dong quy

=X, Y, Z thang hang i i i
Nhan xét: bai toan trén cho ta mot phuong phap manh dé chirng minh céc diém thang
hang

2.7.
Cho hai tam gidc ABCva A’'B’'C’. R=BCnB'C,Q=CANC'A,P=ABNnA'B".

Chtng minh rang P,Q,R < AA',BB',CC' ddng quy hodc d6i mot song song
Chirng minh.



pit S =BB'mCC',6= ACAA'C,P=ABNA'B,M,N=PQNBB'CC'. Ta cé:
AA',BB',CC' ddng quy hoic d6i mot song song

< S, AAY

< P(A'NAS)=Q(A'MAS)

< P(B'MBS) =Q(C'NCS)

< BC,B'C',MN dbdng quy

< P,Q,R

2.8. Trén truc sb Ch‘O bdn diém A, B, C, D; Ila trung diém cua AB, K 1a trung diém cua
CD. Chtrng minh rang cac diéu kién sau twong duong:
CA DA
__2a (D

d=—==—==
CB DB

¢IA” =ICID

d.AC.AD = AB.AK

Chirng minh.

Chon mét diém O bat ki trén truc 1am gbe. Pat OA =1,0B =b,0C =¢,0D =d . Khi d6:

CA__DA _azc_azd s (abrcd)=(a+b)(c+d) 2)

CB DB b-c b-d
2 1 1
+

- Chon O=A(a=0), tacé (2)(:)20d=bc+bd<:)%:l+

le 2L, 1
c d AB AC AD
vay a. & b.

-Chon O=1I,tacé a=-bvadodoé



_2 —_—
)= a’=cd = IA” =ICID
Vaya. & c.
., 2 1 1 —_—— —
-Laicd =—===—=+=—=< ACAD=AB.—
AB AC AD
Vay b. & d.

2.9.
Cho tir gidc ABCD ni tiép (0). ABNCD=S,ADNBC =F, ACNBD =E. Tiép tuyén

SM, SN véi dudng tron. Chirng minh rang E,F,M,N
Chirng minh.

SENAD,BC=Y, TMNNAB,CD=X,Z. Tacé:

(SXAB) = -1=(SZCD)= AD, BC, XZ déng quy = F,X,Z= F,M,N
(SXAB)=-1=(SEYT) = AT, BY, EX ddong quy= F,X,E

(SZCD) =—-1=(SEYT) = DT, ZE, CY déng quy= F,Z,E

Tu trén suy ra m

2.10.
Cho luc gidc ABCDEF noi tiép (0). X=ACnBD,Y =BENCF,Z=AE NnDF. Chung

minh rﬁng X,Y,Z
Chirng minh.
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- o

Do A,B,C,D,E,Fe (O)nén:

B(ACDE) = F(ACDE)

= (ACXM) = (ANZE)

= EM, CN, XZ dong quy

= X,Y,Z(d.p.c.m)

Chd y. Dinh 1i trén mang tén Pascal, n6 cé hon 200 hé qua

2.11.
Cho tam gidc ABC ngoai tiép (I). D, E, F 1 tiép diém cta (I) voi BC, CA, AB.
ADN () =X,BXN(I)=Y,CXN(I)=Z. Chung minh rang BZ, CY, AX dong quy

Chirng minh.

Ké tiép tuyén tai X cua (I) ca“'}t BC tai K. .

Trong tr gidc XEDF ta c6 ti€p tuyén tai F, E va XD dong quy tai A nén tuo gidc XEDF la
tu gidc di€u hoa

Ma KX, KD Ia tiép tuyén cta (I) tai X, D nén K,E,F

Mit khic AD, BE, CF dong quy nén (KCBC) =-1

Suy ra:
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X(KDBC)=-1
N sin(iﬁ,iﬁ) ) sin(iﬁ, iﬁ) B
sin(XK, XC) sin(XD, XC)

sin()ﬁ)\Y) sin(—Y/)a)) ~

sin (DXZ) -

=1

in(XDZ)
sm(XDY) sm(YXD)
in(XDZ) sin(DXZ)

XY YD XY DZ
5> ——=l2— —-=
X7 DZ XZ DY
Theo dinh 1i Céva thi
BZ, CY, AX dong quy

YB ZX DC

— = ==

YX ZC DB

(:)ﬁ 2.8 D—C—l(do DeBC,Ye BX,Ze XC)

YX ZC DB

o))

YB ZX DC

YX 7C DB
YB DC 7X

BD ZC XY
YD XD ZX
XD DZ XY
YD 7ZX

& ——.—— =1(1ubn dang theo (1
D7 XY ( g (1)

Vay BZ, CY, AX dong quy (d.p.c.m)

2.12.

Cho tir gidc ABCD ndi tiép (O). Tiép tuyén tai B va C cia (O) cit nhau tai P. M 1a trung
diém BC. Chimg minh rang BAM =PAC

Chirng minh.

bat PMN(O)=E,D.

Do P 1a giao diém hai tiép tuyén tai B, C ctia (O), PM N (0),BC=E,D,M nén
(PMED)=-1= A(PMED) =-1. (1)
Mait khac DE la duong kinh cua (O) nén AD L AE 2)
Tir (1) va (2) suy ra AE la phan gidc cia MEP

Ma AE la phan giic cua BAC suy ra BAM =PAC (d.p.c.m)
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2.13.
Cho cic duong théng a,b,c,dvaa’,b’,c’,d déng quy thoa man
ala'blb',clc',dlLd'. Ching minhrang (abcd)=(a'b'c'd")
Chirng minh.
DoalabLlb'clc',dLd nén (a,c)=(a’,c),(a,d)=(a'd),
(b,c)=(b',c"),(b,d)=(b",d"). Taco
(abed) = 29 . (B.d _ @) (b.d)
(a,d) (b,d) (a',d) (b',d")

=(a'b'c'd") (d.p.c.m)

2.14.
Cho tir gidc ABCD ngoai tiép (0). M, N, P, Q la tiép diém ctia (O) v6i AB, BC, CA, AD.
Chtrng minh rang AC, BD, MN, PQ dong quy
Chirng minh.
A

T~

Goi ADNBC=]J

Tacé NP L OC,NM L OB,NN L ON,NJ L OJ nén theo 2.13 ta c6

(JCNB) =0O(JCNB) = N(QPNM)

Tuong ty ta c6:

(JAQD) =0(JAQD) = Q(QPNM)

Mat khic M,N,Q,Pe (O) nén Q(QPNM) = N(QPNM) = (JCNB) = (JAQD)
= AC, BD, NQ ddong quy ‘

Chung minh tuong ty ta ¢c6 AC, BD, NQ. MP dong quy.
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Chu y: Bai todn trén c6 thé duoc giai quyét don gian nhd dinh 1i Pascal

Xét luc gidc MQQPPN. Ta cé:

X=NPNMQ,Y=MPNNQ,D=QQNnPP=X,Y,D (D)
Xét luc giac MMNNPQ. Ta c6
B=MMNNN,Y=MPNNQ,X=MQNNP=B,X,Y 2)

Tu (1) va (2) suy ra B,D,Y . Chirng minh tuong tu tacé A,C,Y . Vay AC, BD, MN, PQ
ddng quy

2.15. ) i

Cho tir gidc ABCD ndi tiép (O). M, N la trung diém AB, CD.

(ANB)NCD =Q,(DMC)NAB =P . Ching minh ring AC, BD,PQ ddng quy

Chtrng minh.

Ta cé:
PJ/(ABCD) = JCJD = JAJB

Py con, = JCID = JPJM

= JPJM =JAJB

Ma M 1a trung diém AB nén theo hé thirc Maclawrin thi (JPBA) =-1
Tuong ty ta ¢6 (JQDC)=-1

Suy ra (JQDC) =(JPBA)=-1

Vay PQ, AC, BD dong quy(d.p.c.m)
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2.16.
Cho tam gidc ABC tryc tim H. Mot duong thang bat ki qua H cit AB, AC tai P,Q.

Puong thang qua H vudng géc PQcit BC tai M. Ching minh rang:
P _ VB

HQ MC

Chirng minh.

Ké AD song song PQ, HE song song BC.

Tacé:

HP

—— = A(PQHD) ey
HQ

MB

—— = H(BCEM) 2)
MC

AQ L HB,AP L HC,AH 1L HE,AD 1 HM = A(QPHD) =H(BCEM) 3)

Tu (1), (2) va (3) taco E:(I; = % (d.p.c.m)

E
B M >

2.17.
Cho tam gidc ABC, truc tam H. Hai duong théng (d;) L(dy)diquaH.
(dl)ﬁBC,CA,AB = AI,BI,CIVI\:l (dz)ﬁBC,CA, AB = Az,Bz,Cz .
a. Chtrng minh rang ﬁ = g

BC, CB,
b. A3,Bs,C3lan luot 1a trung diém B,C,,CyA,,A,B,. Chitng minh rang A3, B3,Cs
Chirng minh.
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K¢ HJ song song AB, HI song song AC.

Ta c6:

BC,

——=H(C,C,BJ 1
BC, (CiC,BJ) (1)
& =H(B{B,CH) 2)

2
HJ L HC,HC; L HB,,HB 1 HI,HC, 1 HB,

= H(JC;BC,) = H(CB,IB,) (3)
b. Trudc hét ta chimg minh mot bd dé

B6 dé 2.17.1.

Cho 3 duong thang Aj,A,, A},By,Ci€ A|,Ay,By,Cre Ay, A € AjA,,

B, € B;|B,,C, € C,C, thoa man:
AB; _ AyBy
AIC A
A.A| _ BB _ C,C
AOA2 B0B2 C0C2

Chung minh rﬁng Ay, Bg,Cy
Chirng minh.
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A

nen

0 AoAl _ BoBl
AOA2 B0B2
ApA —— ApA
_Aofy xp, A
AOAl + A()A2 AOAl + A0A2
Tuong ty ta c6:

AOBO =

= —A0A2 ‘AICI + —AOAl
AOAl + A()A2 AOAl + A0A2

_AIG [ ApAy ApA;

A,C,

= . AB; +
AB, 191

- LAy
AiBy

Vﬁy AO’BO’CO
Tré lai péi‘ toan
Theo bo d€ 2.17.1 ta co:
A3,B3,C3

A
o AB_ABy

AC, A,C,

HC
= (B1C1A1H)=1 = (B2C2A2H)=2
HB, 2
= A(BlclAlH)H=C1 =A (B2C2A2H)=2
HB, 2

& A(CBAIG)H=CI = A(CBAzG)H=C2
HB, HB,

AOAI + A()A2 ' A()Al + A()A2

.A2B2

.A2B2

|
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o (CBAG) 225 - (CBALG)2LE (theo 2.16)

A,B AB
o (CBAG) MB _ (cBa,G) A28
AC A,C

S 2 = 2 (lu6n dung)
BG BG

Vﬁy A3,B3,C3

Nhan xét: Tt bo dé 2.17.1 ta c6 thé m& rong bai todn

Cho tam gidc ABC, tryc tam H. Hai duong thang (d;) L (d,) di qua H.
(dl)ﬁBC,CA,AB = AI’BI’CIVé (dz)ﬁBC,CA, AB = Az,Bz,Cz . A3,B3,C315n llIOt
AzA; _ B3B; GG
A3A; B3B, G530,

. Chung

thudc cdc duong thang B,C,,CrA,,A,B, thoa min

minh ring Az, Bs,Cs

3. Bai tap

3.1.

Cho tam gidc ABC ndi tiép (O). E 1a mot diém trén du’orng tron. FA cit céc tiép tuyen tai
B va C ctia (O) tai M, N,CM N BN = F. Chtrng minh rang EF luén di qua mot diém cb
dinh

3.2.
Cho lyc gidc ABCDEFF ndi tiép. M = BFNCA,N =CA NBD,P=BDNCE,
Q=CENDF,R =DFNEA,S = EA N BF. Chttng minh ring MQ, NR, PS ddng quy

3.3.
Cho tam gidac ABC. Mot duong tron (O) cat BC,CA, ABtaiM, N, P, Q, R, S.
X=MQNRN,Y =RNNSP,Z=SPNMQ. Chting minh rang AX, BY, CZ dong quy

34.

Cho tam giac ABC. D, E, Fla tiép diém cta dudng tron ndi tlep voi cdc canh BC, CA va
AB. X nam trong tam gidc ABC thoa man du’orng tron ndi tlep tam gidc XBC tlep xuc
XB, XC, BC tai Z, Y, D thtt ty. Chitng minh rang ttr gidc EFZY 1a tt gidc noi tiép

3.5. (China TST 2002).
Cho tr gidc 161 ABCD. Cho E=ABNCD,F=ADNBC,P=ACNBD. O la chan duong

vudng géc ha tir P xuéng EF. Chimg minh rang: BOC = AOD

3.6.(Romani Junior Balkan MO 2007)
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Cho tam gidc ABC vudng tai A. D 1a mot diém trén canh AC. E d6i xing A qua BD va F
1a giao diém cua CE véi duong vudng goc voi BC tai D. Ching minh rang AF, DE, BC
ddng quy

3.7.(Romani TST 2007)
Cho tam gidc ABC. E. F la ti€p diém cua duong tron ndi tiép I'(I) véi cac canh AC, AB.

M la trung diém BC. N = AMNEF va y(M)la dudng tron dudng kinh BC. BI va CI cit
Y(M) tai X va Y khéc B, C. Chimg minh rang:

NX AC

NY AB

3.8. (Mathlinks Forum)

Cho tam gidc ABC ngoai tiép p(I). D, E, F la tiép diém cua p(I) véi BC, CA, AB. Xc
dinh M=p(I)nAD, N Ia giao diém cua (CDM)véi DF va G =CN N AB . Chitng minh
rang CD =3FG

3.9. q q ‘

Cho tam gidc ABC can tai A. M la trung diém BC. Tim quy tich cic diém P nam trong
tam gidc théa man BPM + CPA =180

3.10.(Senior BMO 2007)

Cho dudng tron p(O)va mot diém A ndm ngoai dudng tron. Tur A ké hai tiép tuyén AB,
AC vé6i p(0). D thuoc p(O)thoa man Oe AD. H hinh chiéu cta B trén CD. Y la trung
diém ctia BX. Z la giao diém cia DY véi p(O). Chimg minh rang ZA 1 ZC .

3.11. (Virgil Nicula) »
Cho duong thang (d) va bon diém A, B, C, D nam trén (d) sao cho (ABCD)=-1.M la

trung diém CD. Cho (®) 1a dudng tron di qua A va M.
NP la duong kinh ctia(®) vudng géc AM. Céc duong thang NC,ND, PC,PD cit () tai
S1,T},S,, T, theo thtr tw. Chimg minh rang S=S;T; NS, T,

3.12.
Cho tir giac ABCD‘, O=ACNnBC.M, N, P, Qlahinh chiéu cua O trén AB, BC, CD,
DA. Chtrng minh rang:

OM =0P
< ABCD la hinh binh hanh
ON=0Q
3.13.

Cho tam gidc ABC ngoai tiép (I). (I) tiép xtic BC tai D. AD(I)=X va BXC=90".
Chimg minh rang AX + AE = XD
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