1. MO PAU.

1.1 Ly do chon dé tai.

Trong cau tric dé thi dai hoc mon toan nhirg nim gan day cau hinh phang toa
dd Oxy da tré thanh mot cau khé véi da sb hoc sinh. Dé vuot qua dugc cau nay
hoc sinh khong chi nim viing cac kién thirc hinh hoc toa d6 & l6p 10, kién thuc
vé giai tich 16p 12 ma can phai nhd va van dung linh hoat cac dinh 1y, tinh chét
hinh hoc & cép THCS. Ttr nam hoc 2014 - 2015 B6 giao duc va Pao tao chi td
chue ky thi THPT Qudc gia dé xét tot nghiép va xét tuyén vao dai hoc thi diéu
do cang thé hién hién rd hon. Mic du 13 cAu & mtc d6 diém 8, diém 9 nhung
sach chuyén khao vé phan nay chua nhiéu. Qua qua trinh tim toi nghién ciru toi
nhan thay rang rat nhiéu bai toan hinh hoc trong mit phang toa d6 Oxy néu nhu
ta nhd va van dung mot cong thirc hay két qua ctia mot bai toan di giai quyét
duoc trude d6 thi viée giai bai toan hién tai s& tré nén dé dang hon rat nhiéu.
Pic biét qua theo ddi, nghién ciru cau hinh phang trong dé thi mau ctia Bo gido
duc nam 2015 va dé thi khao sat chat luong hoc sinh 16p 12 THPT trong 2 nam
lién tiép 2015; 2016 ctia S¢ Gido duc va Pao tao tinh Thanh Hoa t6i théy rang
ngoai cach giai trong dap an cua Bg va So giao duc con co thé str dung két qua
cua mot bai toan khac dé giai quyet céc cau hinh phang trén. Véi mong mudn
dua ra mot két qua téng quat dé tir d6 cac em hoc sinh c6 thé ap dung né vao
nhiéu bai toan khac nhau t6i xin trinh bay sang kién kinh nghiém “ Hudng dan
hoc sinh sir dung két qua hai bdi todn dé gidi mét sé bdi todn hinh hoc phang
trong toa dé Oxy”

1.2 Muc dich nghién ciru.

Muc dich nghién ciru ciia dé tai 13 hudng din hoc sinh cach chimg minh hai
cong thirc gan véi hai bai toan twong Gmg, dong thoi huéng dan hoc sinh cach
phan tich va van dung hai cong thirc d6 vao timg thi du cu thé.

1.3 Poi twong nghién ciru.

Trong dé tai nay chiing ta s& tap trung giai quyét cac bai toan hinh hoc phang
trong hé toa d6 Oxylién quan t6i tiép tuyén ké tir mot diém téi duong tron va
duong thang di qua mot diém dong thoi tao véi mot duong thang cho trude mot
goc ¢ cho trude.

1.4 Phwong phap nghién ciru.

Pé tai chu yéu sir dung phuong phap nghién ciru xay dung co so 1y thuyét, tir do
ap dung vao 1am bai tip, ngoai ra con st dung phuong phap thong ké; xt 1y sb
ligu.

2. NOI DUNG SANG KIEN KINH NGHIEM.

2.1. Co s6' 1y ludn ciia sang kién kinh nghiém.

Céc can ctr Iy thuyét dé dua ra dé tai 1a:

+ Phuong trinh tong quat va phuong trinh tham s6 ctia duong thang trang 76, 81
SGK Hinh hoc 10 chuong trinh nang cao ciia nha xut ban Giao Dyc Viét Nam
(Téc gia: Poan Quynh (Tong chu bién) - Van Nhu Cuong (Chu bién) - Pham Vi
Khé - Bui Van Nghi).



“ Trong mdt phang toa dé OXy phwong trinh dwong thang A di qua diém

M (x43,) va cé véc to phdp tuyén n(a;b) c¢é dang a(x - x,) +b(y - y,) =0".

+ Cong thire tinh goc tao boi hai duong thang trang 89 SGK Hinh hoc 10
chuong trinh nang cao cua nha xuat ban Giao Duc Viét Nam (Tac gia: Doan
Quynh (Tong chu bién) - Van Nhu Cuong (Chu bién) - Pham Vi Khé - Bui Van
Nghi).

“ Trong mdt phang toa d¢ OXy cho hai dwong thang A A, lan lwot ¢6 phwong
trinh ax + by +c, =0va a,x +b,y +c¢, =0. Khi d6 ta cé két qua sau:

|a a, +bb ‘

\/a + b* \/a +b°,

+ Phuong trinh dudng tron trang 91SGK Hinh hoc 10 chuong trinh nang cao cta
nha xuat ban Gido Duc Viét Nam (Tac gia: Poan Quynh (Tong chil bién) - Vin
Nhu Cuong (Chu bién) - Pham Vi Khé- Bui Van Nghi).

“ Trong mdt phang toa do Oxy cho diém 1(a;b), R >0, khi d6 dwong tron(C)
tam I ban kinh R co phuong trinh

(x- a)> +(y- b)> =R”.”

2.2. Thue trang van dé dang nghién ciru.
Puoc hoc tap tai cac trudong dai hoc uy tin hang dau trong nuoc la udc mo chay
bong cua hau hét cac hoc sinh 16p 12 bac THPT. Déi voi dé thi mén toan dé dat
dugc diém 9 trd 1én cac em bat budc phai 1am duge cau hinh phang trong mit
phang toa d6 Oxy , day 1a mot thach thirc khong dé vuot qua dbi véi cac em.
Hién nay dbi voi hoc sinh kha gidi, cac thdy co gido chii yéu day cac em 3 cau
cudi cua dé thi gom cau lién quan t61 phuong trinh, bat phuong trinh, hé
phuong trinh dai sd, cau tim gia tri 10n nhét ciia mot biéu thirc va cau lién quan
t61 hinh phang trong hé toa do Oxy .Thong qua viéc hoc tip v6i thiy cb gido
trong truong, hoc ban be, hoc trén mang, hoc truc tuyén cac em duoc tiép can
v6i nhiéu dang bai tap lién quan t6i hinh phang Oxy . Tuy nhién mdi bai toan 13
mot cach 1ap luan, 1y giai khac nhau. Mbi bai toan déu c6 mot “ndt that” ma
ngudi lam toan phai tim moi cach dé g& “ndt that” d6. Vi mong mudn tao cho
cac em mot phan xa mot cach lam khi gap bai toan lién quan to1 tiép tuyén va
goc toi dua ra dé tai nay vo1 hy vong cac em s€ dat két qua cao trong ky thi
THPT Québc gia sap to1l.

2.3. Cac giai phap da ap dung.

Pau tién ching ta hiy cting nghién ctru cach ching minh Bai todn 1 va ap dung
két qua clia nd trong cac bai toan khac.
Bai toan 1.

Cho duong tron(C) ¢é phuwong trinh (x - a)* +(y - b)’ =R’ va diem M (x,;¥,)
nam ngoai dwong tron. Tir diém M ké cdc tiép tuyén MA ; MB t6i (C) (4,B [a
cdc tiép diém). Khi d6 dwong thang AB ¢6 pt:

cos(A;A,) =

»




(Xo- A)(x- @) +(y,- a)(y- b)- R* =0

Chiurng minh.
DPuong tron (C) co tim 1(a;b), ban kinh R. Goi A(x;;y,);B(x,;y,). Do 4,B
thuoc duong tron (C) nén (x, - a)* +(y, - b)* =R*; (x,- a)’ +(y, - b)’ =R’.
Tiép tuyén tai diém A di qua A4 va vudng goc v6i I4 nén nhan véc to
IA(x, - a;y, - b)1am véc to phap tuyén, do d6 c6 phuong trinh
(X1_ a)(x' x1) +(Y1_ a)(y_ y1) =0
= (X-a)x-a+a-x)+y-b+b-y)y-y)=0
= (x,- a)(x- @)+ (3 - )y~ b) =(x, - a)° +(y,- bY’
= (xm a)x- a)+ (¥ - b)(y- b) =(x, - a)° +(y,- b)’
 (x,- a)(x- @)+ (v - By - b) =R".
Tuong tu phuong trinh ti€p tuyén tai diém B 1a B
(x,- A)(x - @)+ (y, - b)(y- b) =R’
D¢ hai ti€p tuyen tro thanh hai tiép tuyen keé tur
M thi 2 ti€p tuyén phai di qua M .
Suy ra (Xl- a)(xo -a)+ (y1 - b)(yo - D) =R’
(x,- a)(x, - @)+ (7, - ), - b) =R M
Suy ra phuong trinh duong thang AB la:
(x,- a)(x- @) +(y,- a)(y- b)- R* =0.
Chung ta hdy xem xet viéc ap dung phuong trinh (*) qua cac thi du sau:
Thidu 1.( Cau 7 trong dé thi KSCL lop 12 THPT cua So GD&PT tinh Thanh
Hod nam hoc 2014 - 2015).
Trong mdt phang toa dé Oxy cho dwong tron(C) ¢6 phwong trinh
x4y +4x- 2y - 4 =0 va duong thang (d):x+y-1=0 giem E(3;4). Goi
M la dzem thuéc d nam ngoai (C). Tir M ké cdc tiép tuyen MA; MB toi (C) (4,

B la cdc tiép dlem) Goi (E) la tam dwong tron tam E tiép xiic véi duwong thiang
AB. Tim toa dé diém M sao cho dwong tron (E) ¢é chu vi I6n nhat ?

Phén tich:

Chu vi 16n nhit khi ban kinh duong tron 16n nhat, twong duong véi khoang cach
tir diém £ t6i dudng thang AB 16n nhat. Do d6 ta can thuc hién cac budc sau:
Viét phuong trinh dudng thang A dudi dang tham s (tham sb ) va goi toa do
diém M €A theo ¢.

Viét phuong trinh dudng thang AB theo phuong trinh (*).

Tinh khoang cach tir diém E dén duong thang AB theo ?.

Tim ¢ dé khoang cach d6 16n nhat tir d6 suy ra toa do diém M va két luan.

Loi gidi:



Puong tron (C) c6 tam 1(- 2;1) | ban kinh R =3. Goi M (t;1- t) thudc (d) ap
dung cong thirc (*) suy ra phuong trinh duong thang AB 14
t+2)x-ty+3t-5=0.

Khoang cach tir diém E dén duong thang AB

2t +1] 46 + 4t +1
d(E;AB) = | = d*(E;AB) =————————
( ) 22+ 4f + 4 ( ) 217 +4t + 4 B
. . . 47 + 4t +1 M
Bai toan quy vé tim fdé f(t) =——,t€R
auy , /® 2t + 4t + 4

dat gia tri 1on nhat. B

. 81> +32¢+12 '
Pao ha 1) =
20 ham f () (21° + 4t +4)>°

, 1
f({t)=0=¢t=-3 hoaflct:-g

. 5
Lap bang bién thién suy ra Maxf (¢) :E khi t =-3. Suy ra M (- 3;4)

Ds: M(-34),
Lo1i binh: Sau khi lap duoc ptdt 4B ta co thé tim diém M bang cach:
Tim di€m c6 dinh ma duong thang 4B luon di qua.

511, . ..
—;—) ¢0 dinh.

14 14 ? 2 2 B
Goi H 1a hinh chiu cua E xuong duong thang 4B suy ra

J10

d(E,AB) =EH <EK == Dau bang xay ra khi H =K .
Khi d6 AB | EK < u.s.AB =0. Lai o

0o 13 13

EK =(- 5;5);u(r;r +2)= - 5! +5(r +2) =0t =-3= M(-3;4).

Dé thay duong thang AB ludn di qua diém K(

A

Thi du 2. Trong mdt phang toa dé Oxy cho dwong tron (C) c6 phwong trinh

x* 4y’ - 6x+2y-15=0, duong thang (d) 3x- 22y - 6 =0, diem E(0;1). Tim
toa do diém M trén (d) sao cho tir M ké cdc tiép tuyén MA; MB t6i (C) (4, B la
cac tiép diém) ma dwong thang AB di qua E.

Phén tich:

Goi diémM (x,;y,) ta thiét 1ap hé gdm hai phuong trinh v6i 2 4n 1a X, va Y.
Phuong trinh thir nhat 14 phuong trinh bqiéu d~ién dﬁiém M thudce du’(‘)’ngqthéng d.
Phuong trinh thir hai 1a phuong trinh bi€u dién diém E thudc duong thang 4B .
Giai hé suy ra X,, J, tur do suy ra toa do diém M.

Loi gidi.



Puong tron (C) duoc viét lai 1a: (x - 3)* + (v +1)° =25. Goi M (x,:¥,), do
M ed nén 3x,- 22y,- 6 =0 .

Phuong trinh dudng thang 4B 1a: (x, - 3)(x- 3) +(y, +D(y+1)- 25 =0,
Do duong thang 4B di qua E nén ta cé:

(x,=-3)0-3)+(y, +D(1+1)- 25=0<= -3x, +2y, - 14 =0

Toa d6 diém M 1a nghiém cua hé phuong trinh

16
3x,- 22y, - 6 =0 -
0T o T VIC )
-3x, +2y, - 14=0 o 3
, =
16
V@YM('?;'I)

Thi du 3.

Trong mdt phdng toa dé Oxy cho dwong tron (C) ¢é phirong trinh

(x- 17 +(y+2) =9,dwong thcfng d:x+y+m=0. Tim tham s6 m dé trén d
c6 duy nhat mét diém M ma tir d6 ké dwoc 2 tiép tuyén MA; MB t6i (C) (A, B la
cdc tiép diém) sao cho tam gidc MAB vudng.

Phén tich:

Goi toa do diém M theo tham sé ¢ cua dudng thang (d). Do tam gidc MAB
vuong nén tir gidc MAIB 1a hinh vudng, goi K =4BNMI suy ra

IK :glA = d(I;A4B) :g.R . Ttr dang thirc nay cho ta mot phuong trinh bac hai
v6i an ¢ tham s6 1a 7. Bai toan quy vé tim tham s6 7 dé phuong trinh bac hai
an ¢ c6 mot nghiém.

Loi giai.

DPuong tron (C) c6 tim { =(1;-2), ban kinh R =3.

Goi diém M =(t;- m - t) thudc d. Ap dung cong thirc (*) suy ra phuong trinh
duong thang AB la

(f-Dx-D+(Cm-1+2)(y+2)-9=0= (- Dx+(2-m-1)y-2m-3t- 4 =0

Do tam gidc MAB vuong nén tu gidc MAIB 1a hinh vudng, goi K =AB N MI

V2 V2

suyra K ==~I4 < d(I;4B) === R R =/2.d(I; AB). MaR =3.

-4t - 4m- 1
d(I; AB) = | m- | . A
\/2tz+(2m-6)t+m2-4m+5
Ta c6 phuong trinh M
-4t - 4m- 1
3=2. | m- 1|
28 +(2m- )t +m - dm +5 B

o 2 +2(m-3)t+m’ - 4m- 13 =0
Pé trén d c6 dang 1 diém M thi phuong trinh trén



c6 dung mdt nghiém, twong duong véi
A =0 -m’+2m+35=0= m=-5m=7.
Pap s6: m =-5,m =7
Thidu 4.
Trong mdt phdang toa dé Oxy cho dwong tron (C) ¢é phirong trinh
X +y° - 2x+2y- 2=0, va duong thang A:2x + y +10 =0 Ty m¢t diem M
bdt ky trén A ké cdc tiép tuyén MA;MB t6i dwong tron (C) ( 4;B la cdc tiép
diém). Xdc dinh toa do diém M sao cho khoang cach tu géc toa do O dén
duwong thang AB dat gid tri 16m nhdt ?
Phan tich:
Goi toa do diém M theo tham s6 ¢ cua duong théng A.
Viét phuong trinh dudng thang AB.
Tinh khoang cach tir gbc toa d6 O t6i dudng thang 4B theo ¢.
Tim ¢ dé ham s theo bién ¢ dat gia tri lon nhét. T d6 suy ra toa do diém M .
Loi giai:

2 A 5 \ N \ x =t
Phuong trinh tham s6 cua duong thing A 1a {y —2-10° —— 0
Piém M €A= M(t;- 2t- 10) .
Phuong trinh duong tron (€) dugc
viétlaila (x- 1)* +(y +1)* =4,
Suy ra phuong trinh duong thang M
AB: (t- Dx- 2t+9)y- 3t-12=0.
Khoang céach tir gbc toa do O t6i
duong thang AB

-3t-12 , 2
d(O;AB) = | . d*(0;AB) =9, *8+10 .
J(t- 1) + (2 +9)° 5t° + 341 + 82
2
Xét ham s6 £(1) =——SL* 10 e py.

5t + 341 +82

14

. -6t7 +4t+112 : ==
Pao ha 1) = =/ O)=0= 3
a0 ham f (1) (5¢* + 34t + 82)° 1o t =-4

, , , 14
Lap bang bién thién suy ra gia tri Ién nhat ciia ham s6 f(#) dat duoc tai ¢ =3

, 14 58
Khi do toa do diém M(?;- ?) .

Thidu 5. 7
Trong mat phang toa do Oxy cho dwong tron (C) co phuwong trinh



(x-3)’ +y’ =4. Tim diém M € Oy sao cho tir M ké duogc hai tiép tuyén

MA; MB t6i duong tron (C) (4; B la cdc tiép diém) ma goc tao béi hai tiép tuyén
bang 60°.

Phan tich:

Goi H =MI N AB = P4H =4 =30° = JH =IA4.sin30" %R = d(I;4B) =1

Goi toa d6 diém M (0;¢) thudce truc tung Oy .
Viét phwong trinh duong thang AB.
Tinh khoang cach tir diém tam / cua dudng tron(C) theo tham sb ¢ va cho
khoang cach nay bang 1.Tir d6 ta tim dugc ¢ suy ra toa d6 diém M .
Loi giai:
DPuong tron (C) c6 tim /(3;0), ban kinh R =2.
Goi M (0;¢)thudc tryc tung Oy . Khi d6 phwong
trinh dudng thang

AB:(0-3)(x-3)+ty- 4=0= 3x- ty- 5=0,
_[3.-20-35 4

V32 +£ \/9+t2'

Ta c6 MI 1a phan giac ctuia goc UmB = g =30°.
Goi H =MI N AB = B4H =4 =30° = 1H =I4.sin30° :;R = d(I;4B) =1

d(I; AB) =

4 > ,
Suyraﬁzlc 9+ =4 e ¢ :7@t:i\/7.
Vay M(O;N7);M(0;- N7).

Thi du 6.

Trong mdt phdng toa dé Oxy cho dwong tron (C) cé phirong trinh

x4y’ - 2x- 4y +4 =0, duong thang d:x - y - 1 =0_ Tor diém M thuéc d ké 2
tiép tuyén t6i (C) (4, B la cdc tiép diém). Chitng minh rang dwong thing AB
luén di qua 1 diém cé dinh.

Phan tich:

Goi toa d6 diém M theo tham sd t coa duong thang d. Lap phuong trinh duong
thang 4B c6 chira tham sé ¢. Bai toan quy vé tim diém cb dinh ma dudng thing
d ludén di qua véi moi £.

Loi giai.

Phuong trinh dudng tron (C) ¢6 dang (x - 1)* +(y - 2)* =1. Goi M (t;¢- 1)
phuong trinh dudng thing 4B 1a (t- D(x- 1) + (t- 3)(y- 2)- 1=0

(t- Dx+(t- 3)y- 3t +6 =0,

Goi N(x,;¥,) 1a diém cb dinh ma dudng thang AB ludn di qua suy ra

(t- Dx,+(t- 3)y,- 3t+6 =0Vt (x,+y,- 3)t+6- x,- 3y, =0 V¢



_15

Xy + ¥, - 3=0 xo—?

= 6 3 0@ 3
-y - —

0~ 2o yoz_z

U , . 15 3
Viay diém co dinh ma duong thang AB luon di qua la M (Z; - Z).

Thidu 7.
Trong mdt phang toa dé Oxy cho 2 dwong tron (C)): x* +y* =4 ;

(Cy): X* +y* =16, Tirdiem M €(C,)ké 2 tiép tuyén t6i (C) (4, B la cdc tiép
diém). Chirng minh dwong thang AB ludn tiép xiic véi mét dwong tron cé dinh.
Phan tich: 7 , , ‘
bé chirng minh duong thang 4B ludn tiep xuc véi mot dudng tron c6 dinh ta can
ching minh duong thang 4B ludn cach mot diem O ¢ dinh mot khoang khong
doi R.

Loi giai:

Goi diém M (x,;,) thudc duong tron (Cy).
Suyra x,° +y,” =16.

Phuong trinh dudng thang AB: X,x + ¥,y - 4 =0.
Xét duong tron(C) tam 1a gbe toa do O(0;0)
ban kinh R =1.

‘x0.0+y0.0- 4| _4 -1

NESE DA

Vay duong tron duong thang AB ludn
tiép xuc véi duong tron (C) tam O(0;0)
ban kinh R =1¢6 dinh.

Ta c6 4(0;AB) =

Bai toan 2.
Trong mdat phang toa do Oxy cho 2 duong thang d,; d, khéng vuong goc voi
nhau c6 phwong trinh lan luot la: (d,):a,x +by +c, =0;(d,):a,x +b,y +c, =0,

Q1o o6 - N < ) gy , ab, - a,b,
Goi? la goc tao boi 2 duong thang d, va d,. Khi dé ta ¢6 tan @ =|————
a,a, +bb,
< gn L . 2 , £, __ 49 .94 .
Pic biét khi b.b, #0 tire la 2 dwong thang c6 hé sé géc ki == b—;k2 = thi
1 2
tangp = M )
1+ kK,
Chtrng minh:



5 co e re COSQ = ‘alaz +b]b2| o — =1 + tan’
Ta da c6 cong thuc \/a2+b2\/a2+b2 .Laico an” @, suy
1 1 2 2

cos’y
ra
tan® g =1- } —1- (a +b7)(a,’ +7b22) :(a1a2 +bb,)" - (a,’ +b1i)(a22 +b,")
co"s@ (aa, +bb,)" (a,a, +bb,) p
1
2
- an? p ={(@b)’ - 2aibiah, +(ab) _(ab, - a,h) gp
(a]az +b1b2)2 (alaZ +blb2)2
2
:(a1b2 - a,b,) = tang = a,b, - a,b, , d,
(aya, +bb,)’ aa, +bb,
: 1 \ 2 C A A s __ 4., __ %Y .
Khi b,.b, #0ttc 12 2 duong thang co hé so goc & =- b_vkz = thi tir
1 2
ab, - a,b
tan ¢ =|——=——="1| ta chia ca tir va mau cho |b.b
@ aa, +bb, a chia ca tir va mau cho ‘ 1 2| suy ra
4%
tang = b b, — k, - k .
@4 1+ kK,
ble

suy ra diéu phai chtirng minh.

Thi du 1.( Céu 8 trong dé thi KSCL I6p 12 THPT ciia S6 GD&PT tinh Thanh
Hoa nam hoc 2015 - 2016).

Trong mdt phdang toa dé Oxy cho hinh binh hanh ABCD c6 tam

1(2\/5 - 2;5);BC :2AB;§AD =60°. Diém doi xirng véi A qua B la diém
E(-2;9) . Tim toa dé cdc dinh ciia hinh binh hanh biét A c6 hoanh d6 am.
Phén tich:

Chtrmg minh duoc AE 1 BD . Lap phuong trinh dudng thang EI .

Lap ptdt BD di qua / va tao voi dudng thang E mot goc cho trude. Lap duoc
ptdt EB tir d6 suy ra toa d6 diém B, suy ra toa do diém D.

Do B 1a trung diém cua AE tir do suy ra toa do diém A4, suy ra toa do diém C.
Loi giai:

Ta s€ chimg minh 4B | BD. That vay:

Goi M 1a trung diém cua AD suy ra tam gidc ABM déu (tam giac can c6 mot goc
bang 60°) suy ra BM =AM =MD

suy ra tam gidc ABD vuong tai B tacla AB L BD.

Puong thang EI di qua 2 diém E, I nén c6 phuong trinh

x+2 y-9
= o 2x+3y- 93 +4=0.
23-2+2 5-9 Y




Puong thang EI ¢ véc to phap tuyén
n(2;7/3) . Puong thiang BD tao v6i dudng
BE _AB _24AB 24B _ 2

U t = = = = - .
thang EI mot goc =BIE thoa man M= 1oy BD 348 3.Goi
2
n,(a;b) (a’+b” #0) 1a véc to phap tuyén cia duong thang BD suy ra
ang =il 2 |00
2a+3b| 3 |a=-43b

THI1: V6i a =0 chon b =1 suy ra phuong trinh duong thang BD la
y-3=0ey=5,
Lap phuong trinh dudng thang BE.
buong thang BE di qua diém E va vudng géc voi BD c6 phuong trinh: x+2 =0
- Vi B=BD N BE nén toa d§ di€ém B la nghiém cua hé pt:

x+2=0 x=-2
{ < { = B(-2;5)

y=-5=0 y =5
Do I 1a trung diém cta BD nén toa do diém D 1a

=2x, - - - E

{XD 2 e T2 bl s

Yo =2y, - ¥p y =5

Do B la trung diém cua AE nén toa do diém A 1a

{x’“ =20 1XA =2, A-2;1) % C
Vi :2)/3 - Ve Yy =1
Do I 1a trung diém cua AC nén toa d6 diém C 1a
{xc =2 {"c =32 C(43- 2;9) A |
) |

Ye :2)/1 - Vi Ye =9
TH2: V6i a =-43b chon b =-1;4 =43 suy ra phuong trinh dudng thang BD
12 4/3(x- 243 +2)- (y- 5) =0 © 443x- y- 19+83 =0
Puong thing BE di qua diém E va vudng goc vdi BD ¢ phuong trinh:
1(x+2) +443(y- 9) =0 = x+4/3y+2- 3643 =0.Vi B =BD N BE nén toa do diém B

_1643- 14
13 nohiem cia he ot 43x- y+83-19=0 N A B(16J§- 14 59)
a nghiém cua hé pt: —
Hs ¥ P x+4J3y+2- 3643 =0 yzg 7 7
7
- Do B 1a trung diém cta AE nén toa do diém A 1a
_32J3-14
Xy :2x3' Xg Y4 = 7 N ) - A Cn
B = ( khong thoa man diéu kién x, <0),
V4 =2ys- Vg 55
=7

Ds: A(- 2:1); B(- 2;5);C(44/3 - 2:9); D(4/3 - 2:5)
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Loi binh: Day la cach giai hoan toan khac so v61 dap an cua S0, qua cach giai

nay ta thdy rang. Khi gia thiét ciia bai toan cho sb do mot goc nao do, dé giai

quyét bai toan do co thé sir dung téi cong thirc

albz a,b, - k
+bb, l kk,

Thidu 2.( Cau 7 trong a”e thl mau ciia B6 GD&PT nam2015).

Trongmdt phang véi hé truc toa dé Oxy cho tam gidc OAB c6 cdc dinh A, B

thudc dwong thang A:4x+3y-12=0 vq diém K(6;6) la tam dwong tron bang tiép

g6c O. Goi C la diém trén A sao cho AC= AO va cdc diém C, B nam khdc phia

tangp = hoaC tangp =

r . A A A ’ \ A N 24 N A , ”
nhau so voi diéem A, biét diem C co hoanh do bang 5 Tim toa do cac dinh A,

B.

Phén tich:

Tt gia thiét ta biét duoc toa do diém C.

Do OA = OC nén tam giac AOC cén tai A, ma K 13 tim dudng tron bang tiép

goc O nén KA 1a phan giac ngoai goc B40 suy ra né 1a phan gidc trong goc

B4C

Suy ra K4 1a dudng cao cta tam gidc OAC dan t6i K4 LOC , tir d6 1ap duogc

phuong trinh dudng thing KA.

Do 4 =KAN Anén tim duoc toa do diém A.

Lap phuong trinh dudng thang OB di qua diém O va tao voi dudng thang OK

mot goc ¢ ma ¢ =(0 4,0K)

Do B =BONA nén tir d6 suy ra toa do diém B.

Loi giai:

Vi diém C thudc duong thang A va c6 hoanh do bang 25—4 nén tung d6 bang
12

5 -
Vi K 1a tim dudng tron bang tiép goc B cua tam giac AOB nén K 1a giao diém
cua dudng phan gidc trong goc Yop va duong phan gidc ngoai goc B4o, suy
KA
1a phan giac trong goc B4C . Ma tam gidc OAC can tai 4 nén K4 vudng goc véi
oC.
oo 24 12

Suy ra duong thang K4 nhén véc to OC (—' - —) lam véc to phap tuyén suy ra
ptdt K4 la: 2x- y- 6=0 - Vi 4 =K4ANA nén toa d(_) diém 4
l1a nghiém cua hé¢ phuong trinh

2x-y-6=0 x =3 _ . 5 ) . _
{4x+3y_ 12=0"" 1)} P A(3;0). Duong thing OK c6 phuong trinh x- » =0,
duong thang 04 ¢6 phuong trinh
y=0.
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Suy ra tan(OK, 04) :‘ LI+0.1 |:1,

1.0+ (-1).1

dan dén goc tao boi 04 va OK bang 45°.
Suy ra goc tao bdi OB va OK bang 45°.
Vay phuong trinh duong thang OB 1a x =0.
Vi B=0BNA nén toa do diém B

l1a nghiém cua hé phuong trinh

x =0 x =0 0)
< = B(0;4).
4x+3y-12=0 y =4

Thi du 3.( Cau IV.1 dé thi tuyén sinh dai hoc khoi B nam 2002 ).
Trong mdt phang voi hé truc toa do Oxy cho hinh chit nhat ABCD co tam

1 ,
I(E;O)' Phuwong trinh dwong thang AB: x- 2y +2=0;4B =2A4D | Tim tog dé dinh

A Biét A c6 hoanh do am.
Phén tich:
oA BC _1 . . .. . \
Theo gia thiet 4B =24D = tan Bac ~1F 2’ tor 6 1ap dugc phuong trinh duong
8 : 2 1 . e 4 2 A s .~
thang 4C di qua diém 1(5;0) va tao voi duong thang 4B mot goc ¢ thoa man

tan —l
@ 5

Vi A=ABN AC nénvsuy ra toa do diém 4. A
Loi giai: Duong thang 4B c6 véc to phap @
tuyén n(l;-2).
Vi ABCD 1a hinh chir nhat va 4B =24D nén I
_BC 4D 1 . ‘ SO

tan BAC === === =>. Gol n(@b) (¢’ +b* #0)
1a véc to phap tuyén cta dudng thang AC ta co
1b+2.a :l R Sa =0

a-2b 3a =-4b

tan @AC =
2

. Véi a =0 chon b =1suy ra phuong trinh dudng thang AC :y =0,
Vi 4=4BN AC nén toa do diém 4 la nghi¢m ctia hé¢ phuong trinh

y =0 x=-2

@ = A(-2;0)

x-2y+2=0 y =0
Vi 3a =-4b chon b =-3;a =4 Suy ra phuong trinh dudng thang AC :
4x-3y-2=0
Vi 4 =4BN AC nén toa do diém 4 1a nghiém cua hé phuong trinh

4x-3y-2=0

=

x-2y+2=0

Ds: A(-2;0)

x =2 )
{y = A(2;2) (Khong thoa man vi diém 4 c¢6 hoanh d6 4m)
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Thi du 4( Dé thi Dai hoc khoi A nam 2012)
Trong mat phang voi hé truc toa do Oxy cho hinh vuong ABCD. Goi M la trung
11 1

diém canh BC |, N la diém trén canh CD sao cho CN =2ND . Gid sir M (— —) va
duong thang AN c¢é phirong trinh 2x- y-3=0_ Tim toa d¢ dinh A..

Phan tich:

Tinh tan AN q

Lap phuong trinh duong thang AM di qua M va tao véi AN mot goc ¢ thoa
man tang =tan MAN .

Tir d6 tim toa d6 diém 4 1a nghiém cta hé pt tao bdi pt AM va AN .

Huwéng dan:

Goi do dai canh cua hinh vuong la @. Khi do

1 1

tan BAN +tan BAM 3 * 2

tan(BAN + Baym) = =1= PAN +Bam =45 = Bran =45"

1- tanEr!Vtan Bamr - ;;
A B
Tir d6 1ap duoc phuong trinh dudng thang
AM 1a 3x+y-17=0 hodc x-3y-4=0,
Tir d6 ta tim duoc 2 diém 4. M
A(4;5) hoac A(;-1),

Thi du 5 ( Dé thi Dai hoc khoi A nam 2014)

Trong mdt phang toa dé Oxy cho hinh vuéng ABCD ¢6 diém M la trung diém ciia
doan AB . N la diém thudc canh AC sao cho AN =3NC . Viét phwong trinh dwong
thang CD biét M(1;2); N(2;- 1)

Phan tich:

Lap phuong trinh dudng thang MN .

Goi I 1a giao diém caa MN va DC, tim dugc toa do diém 1.

No6i M véi thm O cua hinh vuong va kéo dai cat DC tai E. Tinh duoc

tan WIE = —ME
EI -
Lap phuong trinh duong thang DC di qua di€ém/ va tao voi duong thang MN
Ot g0c ¥ ma tan _ME M
mot goc ¥ ma Y= I Al B
Hudéng dan:
Goi 7 la giao dieém cua duong thang
MN _ AN (oo 00
MN DC —— =3= MN =3NI
va suy ra o =0
. gr A 302 7
tir d6 suy ra toa d6 diém 7 (5;- 2). @
E I C

Goi @ 1a canh cua hinh vuong
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E

ME =a:1C =2 Er =% = tan WiEr =22 =
3 El

2; =3.= tangp =3
suy ra 6

4

a

3
NPT \ . 2 . 7 . L. .

Tu d6 l1ap dugc phuong trinh duong thang DC di qua / (E;' 2) va tao véi duong

thang MN mot goc @ thoa man tang =3

Ds: ¥ =-2 hoac 3x-4y-15=0.

Thi du 6 ( Dé thi Dai hoc khoi D nam 2012) ?
Trong mat phang tog do Oxy cho hinh chit nhdt ABCD cdc dwong thang AC va
AD lan luot c6 phuong trinhx+3y =0; x- y+4 =0_ Pyong thang BD di qua diem

-1 . A . o
M (?;1). Tim toa do cac dinh cua hinh chir nhat.

A B
Phan tich: Tt pt duong thang AB va AD ta suy ra toa @
do diém 4 va tinh dugc tang =tan(AC; AD)
Do 4BCD 1a hinh chir nhat nén (4D:;BD) =¢ I
Lap pt duong thang BDdi qua diém M va tao v&i 4D
mot goc ¢. D C

Tim toa d6 diém /13 giao diém cuia ACva BD,

Lap phuong trinh dudng thing BCdi qua diém C va tao v6i duong thang AC
mot goc 7.

Loi giai:

Toa d6 diém 4 1a nghiém cua hé phuong trinh 7). [57 «m.

Goi n, va n, 1an lugt 1a véc to phap tuyén cta cac dudng thang AC va 4D
Tur gia thiét ta co 7, (1:3); 7, (- 1)

. i1 s 4 2 \ \ . s _|1.D-1.3] _
Goi gbc tao boi hai duong thang 4D va AC 1a ¢ khi d6 tang —’1_1 T3 1)’ =
Vi 4BCD 13 hinh chit nhat nén (4D;BD) =@ Goi n (a;b) (a® +b> #0) 13 véc to

7 A 5 \ M) . , b + a :3b
phap tuyén ctuia duong thang BD khi d6 tan(A4D;BD) =tang :’a - Z = b 34

. Véi a=3b, chon » =1;a =3 khi d6 phuong trinh dudng thang BD 1a
3(x+%)+1.(y- )=0=3x+y =0

. V61 b =3a, chon @ =16 =3 khi d6 phuong trinh duong thang BD la
L(x +§) +3.(y- 1) =0 & 3x+9y- 8 =0 (trudng hop nay loai vi BD// AC). Vay

3x+y =0 la phuong trinh duong thang BD).
Khi do6 toa do giao di€ém [ la nghiém cua h¢ phuong trinh

3x+y =0
<
x+3y =0

{: ZZ: 1(0:0)

Do I 1a trung diém cta 4C nén toa do diém C3:- 1),

DPuong thang BC di qua diém C va song song v&i4D ¢6 phuong trinh x- y- 4 =0
. Vi B=BD N BC nén toa d§ di€ém B la nghiém cua h¢ phuong trinh

{\'- y-4=0

x =1
- 17 = B(:-3)
3x+y =0 y=-3 .
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Vi I 1a trung diém cta BD nén toa d6 diém D(- 1;3)
Ds: A(-3:1D) : C3;- D B(1;-3);D(- 1;3)

Thi du8 (DH khoi D nam 2014)
T rong mat phang tog do Oxy cho tam giac ABC c6 chan dwong phdn gidc trong
géc A la diém D(1; -1). Duong thang AB c6 pt: 3x + 2y - 9 = 0, tiép tuyén tai A
cua dwong tron ngoai tlep tam gidc ABC c¢6 phwong trinh x + 2y - 7 = 0. Viét
phuong trinh dwong thang BC.

Phén tich:

- T phuong trinh dudng thang 4B va phuong trinh tiép tuyén tai 4

Ta tim duoc toa do diém 4 va tang véi ¢ 13 gbc tao boi hai dudng thang 4B va
tiép tuyén tai 4.

Lap phuong trinh dudng thang 4D di qua 2 diém 4 2 da biét dugc toa do tir d6
tinh dugc tan(A4B; AD)

Lap phuong trinh duong thang AC di qua diém 4 va tao v6i dudng thang 4D
mot goc bang goc tao bsi 2 duong thang A4B; AD

Lap phuong trinh duong thang BC di qua diém D va tao voi dudng thang AC
mot goc bang goc tao boi hai dudng thang 4B va tiép tuyén tai 4

Loi giai:

Toa dd diém 4 1a nghiém ctia hé phuong trinh
X

{z +2y-9 =0

x =1
P = A(1:3)
+2y-7=0 »y =3

Goi ¢ 1a goc tao boi duong thang 4B va tiép tuyén
tai A

ctia dudng tron ngoai tiép tam gidc 4BC khi d6 tang =

32-1.2

31+22| 7°

Phuong trinh dudng thang 4D: x =1. Suy ra 7, (3;2); 7.,,(1;0) . Viy
tan(AB; AD) :’3‘0'2‘1’ 2
3.1+2.0] 3

Do 4D la phan giac trong cua goc 4 cua tam giac 4BC nén goc tao boi duong
thang 4C va 4D bang goc tao boi hai duong thang 4B va 4D.

Theo tinh chat goc ndi ti€ép duong tron, goc tao bai tia tiép tuyen va day cung thi
Y =M4B =¢ suy ra goc tao boi hai dudng thang AC; BC bing ¥.

Goi n(a;b)(a® +b* #0) la véc to phap tuyén cua duc‘mg thang AC ta co

tan(AC; AD) =|%0= b1
a.l- b.0

‘ =tan(A4B; AD) = ‘ ’ Z < 24 =3b hodc 24 =-3p.

V61 2a =3b chon @ =3;6 =2 khi do Véc to phap tuyén cta dudng thang 4C 1a
n(3;2) truong hop nay bi loai vi khi d6 duong thang 4C song song vdi duong
thang AB. Vi 2a =-3bchon a =3;b =-2 khi d6 véc to phap tuyén ctia duong
thang 4C 1a 5 (3;-2) va phuong trinh AC 1a 3(x- 1)- 2(y- 3) =0 & 3x- 2y +3 =0
Goi mi(a;h)(a’ +b* #0) 1a véc to phap tuyén cua duong thang BC ta co
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tan(AC; BC) =

2a,-34]_4 (7T
3a, - 2b,

Vi b =-2a, chon @ =1;5 =-2 khi d6 phuong trinh duong thang BC 1a
I(x-1)-2(y+]) =0 x-2y-3=0

Véi & == 21b chon b =-2ia =29 khi 46 phuong trinh dutng thing 5C 13
29(x-1)-2(y+1) =0« 29x- 2y-31=0,
Thir lai: Khi dudng thang DISDC co phuo*rﬂlﬂ% trinh 29x - 2yDDD31 _OD étﬂoa d6 diém
5 21 17 45 1 29 4 58 13

(— —) (B B) Khi d6 DB (— —) _(E E) DB _EDC suy ra diém D
nam ngoai doan BC day 1a diéu vo ly vi D la chan duong phan giac trong goc %
cua tam giac 4BC.
Khi duong thang BC ¢6 phuong trinh x- 2y - 3 =0 toa d¢ cac diém B.C 1a
B(3;0);C(-3;- 3).Khi d6 DB =(2;1); DC =(-4;- 2) > DC =-2DB ( thoa man)
Ds: Phuong trinh dudng thing BC: x- 2y- 3 =0,
Nhan xét. Qua céc thi du trén ta nhan thay rang hai cong thure (*) va (**) ma ta
da xay dung va chirmg minh dé gitp ich rat nhiéu trong cac bai toan hinh toa do
phang lién quan tdi goc va tiép tuyén. Ap dung hai cong thirc trén ta c6 thé giai
cac bai toan sau.
Bai tap luyén thém.
Bai 1. Trong mit phang véi hé toa d6 Oxy cho duong tron
(C)(x-2)" +(y- 2)* =5 va duong thang A:x+y+1=0_ Tirdiém 4 thudc A ké
hai duong thang 1an luot tiép xtc véi (O) tai B va C. Tim toa do diém 4 biét
rang dién tich tam gidc 4BC bang 8.
Bai 2. Trong mit phang véi hé toa d6 Oxy cho duong tron
(C)(x- 1) +(y+2)’ =9 va dudng thang d :3x- 4y +m =0
Tim ™ @& trén d c6 duy nhat mot diém M ma tir d6 ké duogc 2 tiép tuyén M4; MB
t6i (O)( 4.B 1a cac tiép diém) sao cho tam giac MAB déu.
Bai 3. Trong mit phing véi hé toa 46 Oxy cho duong tron (C) x* +y* - 8x +12 =0
va diém E(41) . Tim diém M €0y sao cho tir M ké duoc hai tiép tuyén M4; MB
t6i (C)( 4,B 1a cac tiép diém) sao cho E thudc dudng thing 4B.
Bai 4. Trong mit phang véi hé toa d6 Oxy cho duong tron
(C)(x-3)" +(y- 1)’ =4 va dudng thang d:x+y+5=0_ Tim diém M €d sao cho
tir M ké dugc 2 tiép tuyén M4A; MB t6i (C)( 4,8 1a céc tiép diém) va doan 4B c6
do dai 16n nhat.
Bai 5. Trong mit phang véi hé toa 46 Oxy cho duong tron (C) x” +(y +1)* =2 va
duong thang @ :x- 2y- 4 =0 Tim diém M thudc d sao cho tir M ké hai tiép
tuyén MA4; MBtéi duong tron (C)ma dién tich tam gidc MAB bang 1.
Bai 6. Tam gidc ABC can tai A c6 diy BC nim trén duong thang c6 phuong
trinh 2x- 5y +1 =0 canh bén 4B nim trén duong thang 12x- y- 23 =0 Viét
phuong trinh dudng thang AC biét rang n6 di qua diém MG3;1) .
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Bai 7. Trong mit phang véi hé toa dd Oxy cho hinh chit nhat ABCD, biét
phuong trinh chira hai duong chéo 1a ¢, :7x+y- 4 =0 va d, :x- y+2=0_Viet
phuong trinh dudng thang chira cac canh cua hinh chir nhat, biét mét duong
thang chira mét canh cua hinh chir nhét di qua diém M(-3;5). ‘
Bai 8. Trong mat phang toa d§ Oxy cho hinh chit nhat ABCD c¢6 dién tich bang
15. Puong thang AB c6 phuong trinh x - 2y = 0. Trong tam tam giac BCD la

16 13
diém G(— —) Tim toa d6 4 dinh cta hinh chit nhat biét diém B c6 tung do 16n
hon 3.

) .2 11

Bai 9.Trong mat phang toa do Oxy cho hinh vuéng ABCD. biém F(7;3) la

trung diém cua canh AD, diém E 1a trung diém cua canh AB va diém K thudc
canh DC sao cho KD = 3KC. Budng thang EK c6 phuong trinh 19x - 8y - 18 =
0. Tim toa d dinh C cta hinh vudng biét rang diém E c6 hoanh do nhoé hon 3.
Bai 10. ( Bé thi PH khoi B nam 2013)

Trong mat phéng vo1 hé truc toa do Oxy cho hinh thang can ABCD c6 hai
dudng chéo vudng goc véi nhau va 4D =3BC , dudng thang BD ¢ phuong trinh
x+2y-6=0 va tam gidc ABD c0 truc tam #(-3;2). Tim toa d6 cac dinhBva C.
2.4. Hiéu qua ciia sang kién kinh nghiém d6i véi hoat dong gido duc, voi
ban than, dong nghiép va nha truong.

Co thé noi dé tai da hinh thanh cho cac em hoc sinh 2 diéu:

Mot 1a: Néu gia thiét ciia bai toan c6 lién quan t6i 2 tiép tuyén ké tir mot diém
to1 mot dudng tron thi ta nghi té1 viée sir dung cong thic (*).

Hai 1a: Néu gia thiét ctia bai toan c6 lién quan t&i goc thi ta nghi t6i viée st dung
cong thirc (¥*). Goc ¢ day c6 thé cho truc tiép sé do hodc cho gian tiép thong
qua cosin hodc tang cua goc do.

Sau khi 4p dung sang kién & 16p 12A6 truong THPT Lé Loi nam hoc 2015 -
2016 (45 hoc sinh). Két qua thu dugc c6 sy kha quan. Cu thé: Téi ra dé kiém tra
90 phtit gdm 4 ciu trong muc 2.3. Két qua nhu sau:

Thang 4 nam 2016 (Chua 4p dung sang kién).

S6 hs | Piém gioi | Piémkha | Diém trung | Piém yéu | Diém kém
binh
45 SL |Tylé |SL |Tyl¢ |[SL |Tylé¢ |SL |[Tyl¢ |SL |[Tylé
2 144% |6 13,3% |25 [55,7% |10 |22,2% |2 4,4%
Thang 5 nim 2016 (Sau khi ap dung sang kién).

S6 hs | Piém gioi | Piémkhd | Piém trung | Piémyéu | Piém kém
binh
45 SL |Tyl¢ |[SL |Tylé |SL |Tylé¢ |SL |Tyl¢ |SL |Tyl¢
5 11,1% [ 10 [22,2% |20 |44,5% | 8 17,8% | 2 4,4%
3. KET LUAN.

Trong dé thi tot nghiép THPT Quoc gia hién nay, theo cau trac cua Bo GD&DT,
cac bai toan vé toa do trong mit phang thudng xuyén xuat hién, né duoc xép vao
cau phan loai hoc sinh & mirc d0 van dung, van dung cao. Co 3 hudng chinh dé
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giai quyét bai toan nay. Mot 1a: sir dung cac tinh chat hinh hoc phang da biét &
cap THCS sau d6 ap dung cac cong thirc, phuong trinh toa do o cap THPT vao
tinh toan. Hai la: Tu cac dir kién vé toa do ta bién dbi, tinh toan dé phat hién
thém céc gia thiét thuan hinh hoc an chtra trong bai toan ma de bai d4 gidu kin.
Tir d6 két hop gia thiét hinh hoc va giai thiét tao do giai quyét bai toan. Ba 1a:
ching minh mot két qua hay mot cong thire ¢ tinh tong quat sau do ap dung no
trong nhiéu bai toan khac cé ¥ tudng lién quan. Dé tai nay da trién khai theo
huéng thtr ba. Hy vong rang day s& 1a mot tai liéu tham khao gitp ich cho cac
d6ng nghiép va cac em hoc sinh trong qua trinh 6n thi tot nghiép THPT Quéc
gia nam nay va nhiing nam sap toi. Trong qua trinh viét khong tranh khoi nhiing
thiéu sot, kinh mong dong nghiép phé binh gép y. Xin chan thanh cam on.

XAC NHAN CUA THU TRUONG PON | 741k Hod ngay 25 thang 5 nam 2016

VI T6i xin cam doan day 1 sang kién kinh
nghiém cta minh viét, khong sao chép

ndi dung ctia nguoi khac.
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