BAI 2. CONG THUC LUONG GIAC

CHUONG 1. HAM SO LUONG GIAC VA PHUONG TRINH LUONG
GIAC

Dang 1. Cong thirc cfng ‘
Caul. (SGK-KNTT-11-Tap 1) Ching minh rang:

JI‘
xX= —
4.

x ;t£+k.!r,x ¢3TH+RJI,REZ]

sinx- cos x =+f2 sin

a)
tan

I+ tanx

T } |- tanx
—= x| =

b)
Loi giai

a)
VP =2sin

gJ -2

. T i
sinx C«DSI = CO5Xxs51N—

3 5
:stinx x#- Jz_msr Kg =sinx- cosx =FT

T
tan — - tan x
VT =tan| 7 - xJ = _Ltanx _pp .
l+tan” tany |+ta0X¥ tan — =1]
b) 4 do 4
Cau2. (SGK-KNTT-11-Tap 1) Sir dung 15" =45"- 30" hay tinh cac gia tri luong gidc clia goc 15"
Loi giai

cos15 =cos(45 - 30 )=cos45 cos30 +sin45 sin30

V2 B2 o

2 2 4

sinl5 =sin(45 - 30 ) =sin45 cos30 - cos45 sin30
VI O Y Y

272 272 4

tan45 - tan30

tan15 =tan(45 - 30) = . .
l+tand5 tan 30

13
=—— 3 2. f
l+£
3
. 1 1
cotld = — =
anls 2-.3
Cau3. (SGK-KNTT-11-Tép 1) Tinh:
T . T
cos|a+— osna=—=  _<g<g
a) , biét 3 va 2 -
t ] | T
an | d- — o cosa=-— T<a<—
b) 4 bidt 3 va 2
Loi giai
J
—<a<.T

a) Vi 2 suy rac0sa <0



Cau 5.

- : — I o
sin"ag+cos g =1= cosag =-+/1-s81n" g =- I—§:—T

Ta co:
[ | I . . 4] 3001 1 -43-342
cns‘ a +_‘ =({05acos —- sinasin — =- £>~<£ —_ X— :g
6 6 6 32 fi2 6
3T
T<a<— .
b) Vi 2 suyrasina<0
s 5 . S ’ 1 242 '
sin“a+cos a =1= sing =-+41- cos" a =- [l- — =- J_ :tallazs'“m :3«.5
Ta co: 9 3 cos a

T 2
tana- tan -

ﬁ 1
LT = 4 _ 3 Ve
l;an‘la 4.‘ _ Eﬁ' I?+I.,-JC

r'T
| + tanatan 1 +

3

(SGK-KNTT-11-Tap 1) Mot thiét bi tré ki thuat s6 lap lai tin hiéu dau vao bang cach lap lai
tin hi€u do6 trong mot khoang thoi gian cd dinh sau khi nhan dugc tin hi¢u. Néu mot thiét bi nhu

R n I x o f(t) =5si a1 £ P A = LA £
vay nhan dugc ndt thuan Ji(t) =3sint va phat lai dugc not thuan J,(#) =3cost thi am ket hop

1A Ft) =14t} + £,(¢)
f(t) =ksin(

, trong d6 ! 1a bién thoi gian. Ching t6 rang am két hop viét dugc dudi

t+q) , tire 1a am két hop 12 mdt song am hinh sin. Hay x4c dinh bién d§ am k
T =P =T)

dang -
cua song am.

Loi giai
f(e)y =/f1Uey+ £2(¢) =5sint +5cost =5(sin ¢t +cost)

va pha ban dau al

Ta co: -
Theo Vi du 2 trang 18 SGK Toan 16p 11 Tap 1, ta chirng minh dugc

. [ o
sint +cost =+f2 sin ‘ t+ I‘

f(t) ZSJﬁ_sin‘ E+%‘

Do do,
Vay am két hop viét duoc dudi dang SAt) =ksm¢ +-:r}’ trong do6 bién d¢ am k=52 va pha
T
3 @Y="
ban dau cta song am la 4
Tinh céc gia tri luong giac sau:
| T : T
tan‘rx+— SN =—, — <o <a
a) khi 5 2
i . 12 37
cos‘g-a] singy =- —, — << 27
b) ! khi 13 1
COS a _! cosh _!
C)cns(a +h)cos(a- b) Ihi 3 4
- s,ilm-—S I;an.":—5
¢S (a-b). cos(a+b), tan(a+5b) Khi 17’ 12 va &b 13 cac goc nhon,
Loi giai
J
—<a<.T
a) Vi 2 nén Cos <0

Ta co: Sin° @+cos” e =1

3 4 3
cosar == +fl- sin’ @ =- = tan o =- 7

Suy ra: 2



I'T
- tan — + tan ez 4
I;an[£+a‘ = 3 - :48 “5"5
3 1- tan —taner 11
Vay 3
3T
< <2T
b)vi 2 nén €0sa >0,

Ta co: SIN° @ +cos” a =1

ﬁ 5
coscr =+fl- smn” a0 =—
13

Suy ra:
[;T ' T . T . S—IE-.,-""JT
Ccos| —- ¢ ‘ =[085 — COS ¢ + SIn —51n ¢ =
Vé.y \ 3 . 3 ...ﬁ
c¢) Ta co:
I . ] =l 8
COSaq =—= sin"a =1- cos” g =—:
3 9
I ] ] ] 5
cosh=—=sin"h=l-cos h=—
4 16
Tu do:
cos(a+h)cos(a- b) =(cosacosh - sinasinbh)(cosacosh +sinasinb)
X . C e . 119
=COos gcos b-sIn” agsin” b =- —
144

Vi @ b I3 chc gbc nhon, ta 6. C0sa =0.cosh =0, smb}t}‘

Khi do:

1 12 . 3
cosh = | ——— =—= smbh =—
tan-A+1 13 13

cosa =+l - sin’a :E

Viy:
. . . 21
sin(a- b) =sinacosh- cosasinh :F

i

. . 140
cos(a+bh) =cosacosh- sinasind =557

tana +tanbh 171

|- tana.tanbh 140
Céau 6. Tinh gia tri cua biéu thirc luong giac, khi biét:

tan(a +b) =

3 3n
) CoSOL =- — M<a<—
a) C0s20L sin2a tan2d gpj

3

b) cos2a sin2o tan2a kpj tana =2

. 4 = n
) sm2o =-— —<a<—
c) SINC  cosa khj >, 2 2.
7
i tana =—
d) cos2a sin2o tan 2o kpi
Loi giai
5 3n
. COSCL =- — M<U<—
a) cos2a sin2a tan2a khi 13 2



12

sina =—
. 3 = I
5 144 . 12
. , =l-|-—=| =— [siha=-—
Ta c6 SIN° @ =1- cos o L 13) 169
3n . 12
<o < — sing =- —
Vi 2 nén ta chon 3
Khi d6
Y N I
cos2a =2cos @ - | 13 169
_,-12 -5 120
sin2a =2.sinc.cosa 13 13 169
sin 2a 120
tan 2 = = —
cos 2a 119
b) Tinh c0s2a sin2a tan2a ypj tana =2
pat [ =tana =2
. 2t 22 4
sinloa = _ = _ =
Ta co 1+t 1 +2 5
[-¢ 1-2° -3
cos 2o =———= =
l+¢# 1427 5 ,
2t 4
tan 2o = =
- =3
4 n 3n
. sin2a =- — —<a<—
c) SINC cosa khij 5,2 2
3
cos 2o =—
5
4 9
. o =l-|-—-| =— cos 2o =- =
Ta co €08 2a =1 - sin” 2 . 3] 25
2
COSCL =
—
3 5 3 s 4
cos2a=— = 2cos -1 =— Ccos” o =— cos =- ——
TH1: Véi 5 5 & 5
T 3n E\E - s 4 1 :
—<a<— cosq =- sin“o =1-cos" a0 =l- — =— < sina =+—
Vi 2 2 nén ta chon 5 3 3
J5
COSOL =——
5
—r J_
3 . 3 1 5
cos2d =-— & 2¢cos -1 =- — cos’a =— CcosoL == —
TH2: Véi 5 5 5 5.
i 3n 5 .., . 1 4 : 25
—<a<— coscl =- £ sin” o =1- cos” o =l- —=— <= sino Zii
Vi 2 2 nén ta chon 5 ; 5 3
7
X tano =—
d) cos2a sin2o tan2d kp; 8

7
I =tand ——
bat 8



¥ = 2
sin2a = = 8 _ :““
+t [?‘ 113
Ta co | 8)
-]
N -t |8 15
cos2a = = _ =
1+t [?‘ 113
| 8

— _sin2a 112

cos2a _F_
Cau 7. Tinh gia tri ctia biéu thirc
a. A =sin” 20" +sin” 100° +sin”140°
b B=cos 10" +cos” 110° +cos” 130°
. C=tan 20".tan 80" + tan80°. tan 140" + tan 140".tan 20"

g D=tan 10" tan 70" + tan 70".tan 130" + tan 130", tan 190"

oot 225" - cot 79".cot 71°
c. cot 259° +cot 151

£ F=cos” 75" - sin” 75"

_1- tan15°
Ty 2 tanl &l
g. 1 +tanl5

p H=tan 15" +cot 15"

Loi gii
aTinh 4 =sin” 20" +sin” 100 + sin” 140"

A=sin” 20" +sin” 100 + sin” 140"
=sin” 20" +sin” 80" +sin” 40°

1-cos40” 1-cosle0" 1-cos80°
= + +
2 2 2

3 cos40" +cos160" + cos 80"
T 2

Ma ta co:
cos 40° +cos160° +cos80° =(cos 40° +cos 80" )+ cos 160"

=2cos060" cos 20" - cos 20°
=c0s20" (2cos60" - 1)=0
4=
Vay 2
b.Tinh B=cos 10" +cos 110" +cos* 130°

B=cos” 10" +cos 110" +cos’ 130" =cos” 10” +cos” 70" +cos” 50"

_ 1+cos 20" N +cos 140" . | +cos 100
B 2 2 2




3 (cos20° +cos100°) +cos140°
2" 2
3 N 2cos40".cos60” - cos40’
) 5

i

3 cos40’ (2cos60° - 1) 3

» Y
. Tinh € =tan 20" tan 80" + tan 80".tan 140° + tan 140°.tan 20°

Ta chung minh cong thirc sau

2 2
I;an.r.tan[x+i +tan[.~;+i‘.tan .r+£ +l;a|1_r.tan[x+£ =-3
| 3] | 3 | 3 | 3
tana- tan b tanag- tan b
tan(a - &) :lﬂ—b:’ tan a.tan b :ﬁ— 1
Nhin Xét: +tan a. tan tan (a -
Do vay:
tan[ ;l— tan x !
tan v tan r+—‘ _[ - —T I;a|1[r+—‘ tan x| - 1
= tan} (*)
. _} tan| x+ ‘— tan r+“3|
tan .r+“_‘.tan x+ = | = — -1
L3 \ tan -
s 3
l [ 2:{‘ :{‘
=——|tan| x+— |- tan| x +— |
Bl 3 A N )

2n
- tan[_r+ ; ‘— tan x |
tan .w+%‘.tan(x): ' ' 1=

. _—
tan =T "'r

2m
tan[ r+—‘ =tanx| -1

_ | ; (+5%)
% sk *okok

Cong theo vé g (4 () () ta dugc:
il | m 2n 2

tan x. tan x+§ +tan .r+§ .tan .:r+T + tan x.tan _r+T =-3

Vay ¢ =tan 20°.tan 80" + tan 80".tan 140" + tan 140" tan 20" =-3
d.Tuong tu cau c

_cot225" - cot 79" cot 71°
c. cot259° +cot 251"

. cot225° =cot(180" +45°) =cot 45"

cot 79" =tan11°

ol

cot 71" =tan19°

ol

. cot259° =cot (180" +79°) =tan 79" =cot11°



. cot251° =cot(180° +71°) =cot (71°) =tan 19"

_cot225"- cot79".cot 71" _1- tanll”.tan19
cot 259" +cot 251" tan11’ +tan19’

F =cos” 75"-sin" 75" =cosl150" =- "E

£ 2

=tan(11° +19° ) =tan 30" =3

Vay

3

i i i
I-tanl5" _ tan45 -tanls :ta|1(45° _IS.J)ZMHBD.J :T

g “1+tanl5”  tan45’ +tanl5"

H —tan15® +cot15° = sin15"  cos15” _sin®15" +cos®15° 1 2
cosl5’  sinl5’ sinl15".cos15" L ipa s sin30°
h. 2
Cau 8. Chimg minh rang:
sinx +cosx =+f2sin| x +E|
a) 4
b) sin{a +b)sin{a- ) =sin" a- sin” b =cos’ h- cos” a_
4sin .r+;‘sin - %‘ =4sin” x- 3

o - ' ;
x- %‘ :ﬁcnsr

sin[.r +E‘ - 5in
d) | 4 |
Loi giai

N N /)

Zﬁ[ —S8INx+—Cosx
2 2

1 . 1
| 33.s.m x +Ems:.
=2 sin(x+= }

sinx +cosx =2
a)
-2

Il
Cos _sin x +51I1—EDS X
4 4

b) sin(a +b)sin(a- b) :(silm cosh +cosasin b](silm cosh - cosasind)
=sin’ acos’ b- cos” asin” b =sin” a(l - sin“h)- (1- sin” a)sin’ b

=sin’ g - sin’ asin” b- sin” b+sin® asin® b

=sin®a- sinb=I- cos’a- (1- cos’h)

=cos h- cos’a_

Cach 2
sin(a+d)sin(a- b) =- [EDS"G cns"b]
——é[("ms a- l) ("cr:rs h- I)I =cos” b- cos” a
=- é[(l 2sin’ a) (l- 2sin’ b)] =sin“ @ -sin" b
1 B
., s —=—
c)Apdungyb)strénva 3 2 | taduoc
. . T . 4 . 5T . s 3
4s1n x+—‘s1n x——‘ =4| sIn” x- sin —‘ =4|sm x- —‘
| il | 3 | 3 | 4




=4sin’x-3

. o I | . | . T . T . T
sin| x+— ‘ - sin| x- L| —sin xCOS —+ Cosxsin—- | sinxcos—- cosxsin—
vy n 4 4 | 3 3

d) \
. T 2

=2cosxsin— =2""cosx :\Ecns x
4 .

Cau9. Chung minh cac dang thirc sau
sin(x + y).sin(x- y) =sin” x- sin” y

a) ;
2sin(x+y
tan x +tan y = ‘1)
b) cos(x+ y)+cos(x- y)
T T 2] 27
tan x. tan _r+§‘+tan .r+§‘.tan .r+?‘+tan .r+?‘.tan.r:-3

©) ' ' ' ;
I =21 )

o (cos70" +cos50° Ncos230° +cos290°)- (cos 40° +cos 160° )(cos320° +cos 380° ):E}.

>

| T it
cos| x- —|.cos| x+—|+cos| x+—|.cos
| 3 | 4 | 4 |

tan’ 2x- tan” .
tan x. tan 3x = f . !
f) - tan” x.tan” 2x

Loi giai
a)

1T =sin(x + y).sin(x- y) =(sin x.cos y +sin y.cos x).(sin x.cos y - sin y.cosx)
=sin’ x.cos’ y- sin® y.cos’ x =sin® x.(1 - sin® y)- sin® y.(1- sin® x)

=sin” x- sin” y =P

Diéu phai chimg minh.
b)
V- 2sin(x +y) B 2 (sinx.cos y +sin y.cosx)

cos(x+ y)+cos(x- ») cosx.cosy- sinx.sin y+cosx.cos y+sinx.sin y

2 (sinx.cos y +sin y.cos x)
= —tan x.tan y =V'P
2cosx.cosy

Diéu phai chimg minh.

©)
tana - tanb tana- tank
tﬁll(ﬂ = b) :ﬁ = tana.tanh :ﬁ—
Xét dang thirc: ana.tan s =
Ap dung:
; tan x - lall[x+‘;‘ )
tan x.tan | x+—| = - l=- —|tanx-tan| x+—||- |
3] I;an[— ;T‘ NE 73
L 3
T 27 1 | 2
tan .r+l‘.tan[x+—T‘ =- — Lall[.‘f‘i‘l" tan .r+—T‘ -1
A T A S T Y ) B R 3
Y | Yo |
tan .r+“_J‘.I;anx =- I— tan r+i‘— tan x| - 1
3 NN

| | 20T | 2. |
tan .r.l‘,an[ x +_‘ +I‘,a|1[ x +_‘.tan[ o S ‘ +tan[ x +_‘.tanx =-3
Cépg theo vé ta duoc: \ 3) \ 3) \ 3 ) \ 3 )
bicu phai chiing minh.



d)

i 4 k4 T | 31|
VT =cos| x- —|.cos x+— +C0os .r+__ .COS| x+——
| 3 | | 4 |
| | . T
=cos| x- —|.cos +_ +sin sin| - —-x
| 3 . |
T 'T' . T
=cos| x- —|.cos r+_ +sin sin| x +—
| 3 3. | 4
| | o
=cos||x- —|-|x+—|| =cos| —+—
. 3] | 4 '3 4

T I . T . T -.E
=C05—.Cc08 —- sln—.sin— =——\1- +f3 ).
3 4 3 4 4 ( J-)

Diéu phai chimg minh.
Cach 2.

i | m| m| 3m |
VT =cos| x- —|.COS| x+— | +COS| x+— |[.CO5| x+—
. . \ 4 . o) . 4 ]

T . T | | S . T

=| CO5 x.COS — +SIN x50 — |.| COS x.COS—~- 51N x.51N—

3 3l 4 4

T . T im . . 3m)
+ cns.r.cosg— s.1|1.:r.51|1E . cr:rs.r.cr:rsj— smx.sm—

I 3. 2 2 3
—;cns.r+£smr {cnsr {smr imsr —sin x

>
+ [ —EDS x- TSlIlT

S
(cns T+ 351|1r) (cosx- sinx)- T(J?_nccrsr smr) (cosx +sinx)

&5

=
== (cr:rs x++/3sinx.cosx- SINx.COSx - J?Tsm '-r) f(ﬁms: X +J§sinx.cosr— sin” x - SN x.¢

4
¥ ¥
zg(sin: x+cos’ x- f3sin x- J3cos’ x) zg(l -\3).
Diéu phai chimg minh.
e)
Ta co

| cos 230" =cos (180" + 50°) =- cos 50"

, €0s290° =cos (360° - 70°) =cos 70"

N cos 160" =cos(90° +70" ) =- sin 70"

| cos 320" =cos(360° - 40°) =cos40° =sin 50"

4 c0s380" =cos20" =sin 70"

Khi 36

1T =(cos70° +c0s50").(cos 230° +cos 290" )- (cos40° +cos160° ).(cos 320" + cos 380°)
—(cos 70" +cos350°).(- cos50” +cos70°)- (sin50° - sin70° ).(sin 50° +5sin70")
=cos” 70 - cos® 50" - sin” 50" +sin” 70"

—- (cos® 50° +sin® 50" ) +(cos® 70° +sin* 70° ) =- 1 +1 =0. N

biéu
phai ching minh.



vp— tan® Ef - tanf x _ tan2r-tanx fan2x+tanx
f) l-tan” x.tan” 2x  I+tan2x.tanx 1- tan2x.tan x
Diéu phai chirng minh. .
Cau 10. Chung minh céac hé thuc sau voi di€u kién cho trude
2tana =tan (@ +b) ., . sinh =sina.cos(a +h)
a.) khi

=tan x.tan3x =T

b.)l tan @ =tan (a + ») Khi 3sink =sin(2a +5)

1
C)talm.tanb 3 Ihi cos(a+b) =2cosla- k)
1- k
d)l;an(a -I-rf:r:!.l;annfr—m . cos (a +25) =k cos a
Loi giai
a. Taco

2sina sinla+h)

2tana =tan(a+h) = =
cosa cosla+h)

2sing _sin(a+b)

cosa cos(a+h)

2sina cos(a + b)- cosa.sin(a +5) o

cos acosla+b)

sina cos(a + b)+sinacos(a +5)- cosa.sin(a+b) o
cosa cosla +b)

sina cos(a + b)+sinla- a- p) sinb - sink
= =) = =
cos acos(a+b) cos acosla +h)
Viy ta c6 diéu phai chimg minh
b. b. Ta cé:

Ysing Sin (ﬂ + b)

2tana- tan(a +b) = -
a “ cosa cos(a+h)

_2sina sinacosb+sinbcosa

cosa cosacosh- sinasinb
_2sinacosacosh- 2sin” asinb- sinacosa cosh- sinbcos” a

cosa.(cosacosh- sinasinh)

_sinacosacosh- sinb- sin” asinh

cos a.(cosacosh - sinasink)

_-sinh+sinacosacosh- sin” asin b
cosa.(cosacosh- sinasind)

_-2sinb+2sinacosacosh- 2sin” asinh
2cosa.(cosacosh- sinasinh)

_ -3sinb+2sinacosacos b+sinb- 2sin® gsinh - 3sinb +sinla cosh +sinb(1- 2sin*a)
2cosa.(cosacosh - sinasind) 2cosa.(cosacosh- sinasind)

_-3sinb+sin2acosh+sinbcos2a - 3sinb+sin(2a+b) 3
2cosa.(cosacosh- sinasinh)  2cosa.(cosacosh- sinasinh)

Vay dang thirc duoc chimg minh.
sinasinb _cos(a- b)- 2cos(a- b) -cos(a-b) |

tanatand = = = .
“ cosacosh cos(a- b)+2cos(a- b) 3cos(a- b) 3

c. Taco:



sinl(a+6)sin b
tan(a +h)tan b = (a+b)

d Ta cos(a +bh)cosh

co
_cosa- cos (a +2b) _cosa- kcosa _(I— k)cosa -k
" cosa+cosla+2b) cosa+kcosa (l+k)cosa 1+k

Dang 2. Cong thirc nhan déi

T
coS—
Cau 11. (SGK-KNTT-11-Tap 1) Khong dung may tinh, tinh 8.
Loi gidi
l+cos2a
i cosag =, | ———
Do d6:
in? 2 2 e
Cau12. (SGK-KNTT-11-Tép 1) Tinh S0 =@ €052, N 2a 44
. 1 JT
sina =— —<a<ma
a) 3 va 2 :
. 1 T T
SINa+C0sg =— —<a<
b) 2 vy 2 4
Loi gidi
s
—<a<.u
a) Vi 2 suy ra cosa <0
. s X — i 1 2442
Ta co: sin"a+cos a == cosa :—JI— s a =-,fl- a =- ':':_
sin
= fana = 4 :E\E
Cos a
. . 22| -4
sin2a =2smacosa :3><—><{— J_ = J_
3 3 9
. . s 8 1 7
coslg =cos g- s8I g =—- — =—
9 9 9
g o 2tana _ 2x242 _-42
=0 = — =
I- tan2a 1- (22 7
. 1 . .
sing +cosa =—= (sina +cosa) =—
b) 2 4
- . . . 1 -3
= 5N g+cos g+ 2sinacosag =—=snlg=—-1=—
4 4
L% f.-_:ﬂ --:3;T=v T<2a -:?LT: cos2a<0
2 4 2
— 9 7
cos Qg =- w.“- sin” 2ag =-,|1- — =- £
16 4
-3
sin 2 3
tan 2a = -4 _-°
cos2a - -..-"?—

5

Céu 13. Tinh gia tri biéu thic:



Cau 14.

. T T T
A =sIn —Ccos —Cos—
8 4 8

a.
. T
l- tan”
B= 8
tan
b. 8

. C =sinl10"sin 50" sin 70°
4. D =sin 6" sin42" sin 66" sin 78"
. E =16c0s20" cos40’ cos 60" cos 80"
Loi giai
Ap dung cong thirc; Sin2a =2sina.cosa ¢ ¢4:

- T T . T T T 1. = T 1. 7
A =S8In — 05— C05 — =S1N —C08 —C08 — =—51N —C0s — =—SIn— =
8 4 2 2

|-

2tana 1- tan’ a I
) tan 2o = = = =cot 2a
a.Ap dung cong thirc: 1- tan" a 2tana  tan2la
2 ."-I.r 2 ."-I.r
1- tan” 1- tan” - T
B= _ 8 =2, TS =2cot(2.2) =2cot = =2
tan - 2tan- 8
ta co: 8 8
N
sm[ - a|=cosa
c. Ap dung coéng thire: ' = va Sin2a =2sIna.cosa g ¢o:

. i i _ i _ N a1 a L] A0 i
C =sinl0"sin 50" sin 70" =sin10".cos40" cos 20" == sinl0” cos 107.cos 20" cos 40

2cos 10’
_ 8in20".cos20"cos40” sin40"cos40"  sin80"  cosl0" ]
- 2cos 10" " 4cosl0”  Scosl0” Scosld” 8
d. Tuong tu cau c ta co:
D =sin 6" sin42" sin 66" sin 78" =sin6’ cos48" cos 24° cos 12’
_ 2sin6" cos 6 cos12” cos 24" cos 48"
B 2cos 6"
_sin12”cos 12" cos 24" cos 48’
B 2cos 6’
_sin24" cos24” cos 48" sin48"cos48"  sin9¢’
B 4coso’ ~ 8cost’  16cos6”
sin96° =sin (90" - (- 6")) =cos (- 6°) =cos 6’ D=1
Do: nén 16
E =16cos20" cos40” cos60’ cos 80" = 8sin 20" cos EIDU EC_PS 40" cos 80°
sin 207
_4 sin 40° cos40” cos80" _2 sin80° cos 80° _ sin 160" -
e. Ta co: sin 20" sin 20’ sin 20’

Tinh gia tri cia céc biéu thic sau:

X 3sinx +4cosx
tan— =-2 = - -
. Cho 2 Tinh 4cot x + 3tan x
a
} 4 3T X .X
sinxy =- — —<x<2T CcOS — sin—
. Cho 5va 2 .Tinh 2 va

b



1 sin 2x
fanx =— -
. Cho 15 Tinh 1+ tan 2x
c
1 2s5in2xy- cos2:
taniz- — O = v v
d. Cho 2 2 Tinh tan2x +cos2x
Loi giai
' x
El;an: I-[tan,}
3 ‘ 3 +4 : - ::
I+[tanJr I+[ta|1x‘
| 2 | 2
I—[tan:‘ Y an X
4 ——+3— 2
: X Ve
4 - 3sinx +4cosx 2tan [- [tan: -24
a. 4cot x + 3tan x = ry 35
. 4 .
5Ny =- — = COS° x =——
5 2
b
< x<2T COSX =—
nén
Do
. .x  l-cosxy 1 x l+cosxy 4
51T —= =—, CO8" — = i
2 2 5 2 2 5
/ T . p 5 . 25
B_T-:_rr.:zﬂm E{i{;‘r smi:{,cnsi ==
Do
2tanx
_sin2x  p4tapiy 1080
1+ tan2x _I+ 2tanx 14351
) l- tan x
c
X x|
2 1- [lall ‘
. Hl;anJ} 4 5 3
51y = - = == —, COSx = ==
.'{'. 5 x| 5
1 +]| tan 1+ tan
| 2] 2
&

_ 2sin2x- cos2x 4sin x.cosx - (2cos* x- 1) . 287

551

 tan2x+cos2x  28in x.cosx .
- +(2c05'x— I)
2cos x- 1

Céu 15. Tinh gia tri ctia biéu thirc sau:

it Rt et | R | BT
p) H =sin5".sin15".sin25"...6n 75 .sn85°
¢) | =00sl0 cos20’ cos30'...cos70" cosB0

. AL I JU ! T
K =96 3sin—.cos—.005— .COS—.COS—
d) 48 48 24 12 6




T 2n 3n an Sm b Vi
| =cos—.c05— .c0S— .COS— . C05— .COS— .CO6—

e) 15 15 15 15 15 15 15
M :Siﬂi.CO'Si.CDEE
f) 16 16 8
Loi giai
a) Taco

20 68T o8 o 167 o 320
317 31 31 31 31
21 21 2n dn an 16mn 321
= G.sin— =8Nn— 05— (05— £05— 05— 05—
31 31 31 31 31 31° 31
N S N bl 8t 16T 321
= G.sin—

=—9N—.005— 05— (05— 05—
31 2 31 31 31 31 31
21 1 . &n an l6m 321
= (G.sin— ==sin— 05— 05— .C05——
31 4 31 31 31 31
2t 1 . lém 16x 32n
= (G3.5in— ==sin Cos .cos
31 8 31 31 31
Gsmh = 15 32 5'0532:[
31 16031 %I

= (. siné :ismﬁ

31 32 31

= (3-‘.5iné :isin[ é+2x
31 32 |31

1

G=—

TP 3
b) Ta cod

H =sin5".sin15 .sin25 ...sin75 .sn85
=sn5.cos5 .9nl5 .cosl5 .8n25 .cos25 .sin35°.cos35 .sind5

:gdnlﬂ’.snwsnw.sin?ﬂ’
:L.msl{}“.gnlﬂ’.sinw.snw cos20’
32 .cosl0
2 1
_m.snm.cm.i.snw
:L.sindﬂ’.cosdﬂ’
256.cosl0
N2 e 2
“5Tcod0 ~"e0 513
c) Taco

| =cos10’ .cos20 .cos30 ...cos 707 . cos80°



=cosl0’.9nl0 . cos20 .5n20°.cos 30 .sin30° cos40 .sindl
:l—jé.sinm.sintlﬂ’.sinﬁﬂ’.sinaj’

:% sin20°.snd40 .sn80° _% sin20 .(cos40 - cos120')

:E.sinz:f.[ cos40 +}‘ :E.sinﬂf.[ 2.00s220 -
64 | 2] ®4 |

:E.sinzﬂ’.(3—4.5in220°):£.sin60’ -3
128 128 256

d) Taco

K = ES!f:'mEsmE t:u::o:-;E cn::usE CDSE c-::o&;E

I I IT

35”5 055413 %%

1 o 1' :[
=24J39n—.co5—.cos—
4—J_5|n12 CDSIZ cosﬁ

:12J§sin%.msi :eﬁsn% -9

21 3 dn 5m G Tn
L cos- C0S— .C05—.COS

15 15 15 15 15 15 15

€)
L COSEC 3n COEE 5m B In
15 15° 15 15 15' 15' 15
1| = 21 Anm ‘ ‘
=- —.| (05— .C05—.CO5—.C05— cos— —
21 15 15 15 15|
L™ cos|2.® cos[ 2 T .cos[ 2T ‘.[mﬁ.cm[ ZEH
21 15 | 15] . 15]]
sin[ p ol sin[ 2 31 ‘ sm[ 16 ‘ sin[ 121
1 | 15] 1 ,
-2 NEa 2 . [ 3m
Ilﬁ.sml 5 4.sin [ 15‘ 16.sin | 4.5n[ 15
- sin. u 5|n[ ‘
1 15| 15 1
2 16.si T 4s|n[ }[‘ 128
, 15
f) Ta co

M sn—cos—cns— l5:|n cos-—}sin——
16 16 8 2 B8 8 47 4

Cau 16. Chung minh céc hé thic sau:

x 2
8

a)sin® x +cos’ x :i+lcus4r b)sin® x +cos® x :E +§cns4r
4 4 . 8 8

: ; s 1 .
C)SINx.COS8 x- COSX.8IN° x :Esmﬂw



L e X R | . s T
d)sin® = - cos® = =—(4- sin® x) €)1 - sinx =2sin [—'
2 2 4 42
) I- sin’ x _cos x
T | T 2
Ecnt[ +x .CDS'[ - x| COseY
4 . 4
T
l+cns[ S+
T X 2
g}l;a|1[—+_‘. - - =1 .
4 27 . (x T I +sin2x
sin| —+x hytan| —+ x| =——— —
| 2 . 4 cos2x
cosx (a1 x tan® 2x - tan” x
———— =cot| —- ;‘ k)tan x.tan3x = - 5
l-sinx 2] l- tan” x.tan” 2x

I)sin’x.(1+cot x)+cos” x (1 +tan x) =sinx + cos x

-
m)cotx+tan x =——

sin 2x

)l [l l (L oosy —cos® T
PR PR PR A SR

,vOi
Loi giai

a)sin® x +cos” x =(sin® x +cos® x) - 2sin® x.cos’ x =1- —.sin? 2x

b | =

3

.sin” 2x =1 - :_+lc054.r
4 3

| | [ 1- cosdx
2 21 2

b)sin® x + cos® x =(sin’ x +cos” x )(sin® x - sin’ xcos® x +cos* x)

:(sm' x+C0s” r)' - 381n” x.cos” x =1- 1s.m' 2x

—1- 3(1- cosdx) =2+ cosdx
8 & B

' 3 ] ' 2 ] I. — ~ I. '
C)SINx.COS™ X - COSX.SIN” x =SIN xCOS .T.{CDS' x-8In° x) :;Sll‘l LXCO05 2Xx :151“4.‘(

3

2

D e X 8 X . . X Jx | .2 X 2 X L2 X X L X 2 X
d)sin® —- cos® —=|sin" —| - |cos"—| =|sin" —+cos” —|| sin” —+sin° —cos” —+Cos
2 2 2] 21 1 2 211 2 2 2
] ] .r ] .:- ] ] .r ] .:- ] ] .:- ] .:-
=1- 2s5In° —cos” —+sIln” —cos” — =1- sIn° —cos™ —
2 2 2 2 2 2
sinx | sin‘x 1
=|- [ : =|- : :—(4— s1n- x)
2 4
T
l- cos X
N ] -"_I.r .;- Vi -"_I.r N
e}Esm'[—— —|=2. =]- n:crs[—— x| =l-s1nx
4 2 2 | 2
f l- sin’ x B Ccos” x B
g 3| 4 T T T .
Ecnt[ 1 + 1 |.co8 = x cnt[ ) +x|.|1+cos 5 2x ED[[ 4 +x|(1+5sin2x)

cosx _ 1+4s8in2x cos’x  cos’x

g
=tan| —+x

l+sin2x cos2x l+sin2?x  cos2x



I+|:r:rsl. T4 | I x |
: X +tan -
T x | 2 _ 2| 1-sinx
g)tan —+? } : = = |, . . o
| 2 T X . - - sin°
4 sm[ . I- tan : COS X :I +s1n .r.l sinx :I sin” x -
2 \ < COSX  COSY cos” x
tan " + tan
i X
a 4 1+tan x
h)tan| —-+x| = T - cosv+siny  (cosx+sinx)  1+sin?
. - X X ; ; 2
4 l- tan " .tanx |- A0 = =
4 Ccosxy-sSlnx  Cos x-sIn” x cos2x
‘T x| | x x| | r .ox|
. . COs 4 = cos +5in S cos +5in 1
. T x 2 2 2] 1 2 2
I}CDI[I_; - ‘T x| 7 X x| - 1 X . a1 X |+ESiI].:CDS.: Cosx
' - sin[ - ‘ [cos' - 5in - ‘ cos” - sin” = = = = I
\ 4 2 \ 2 2) = = Cos x 1- sinx

tan®2x- tan®x  (tan2x- tan x)(tan 2x +tanx)

- tan® x.tan’ 2x  (1- tan xtan 2x)(1 + tan x tan 2x) —tan3x.tan x
)sin’x.(1+ cot x)+cos® x(1+tan x) =sin® x.(sin x +cos x) +cos” x.(sin x + cos x)
=(sin? x + cos? x)(sin x + cos x) =sin x + cos x.

cosx  sinx _ cos® x+sin‘x 2

m)cot x +tan x =

siny COSxy 5in ¥ COS ¥ sin 2y
T

1 11 1 1 1 1 11 1 2 X 1 11 1 x x|
Ny f—+—,—+—,|—+—cosxy =, |—+—,[—+—,fc08 — =, | —+—,|—+—CO8— Do—c|:
2 242 22 2 2 2\¥2 2 2 2 2V¥2 2 2 2 1 4

||Jﬁx\l||x x
=,|—+—,[cos" = = |—+—c0S— =cDs—.
2 2 4 22 4 8
Dang 3. Bién déi tich thanh tong
Cau 17. (SGK-KNTT-11-Tap 1) Khong dung may tinh, tinh gia tri cua cac bi€u thurc:

L] L] . 5! ?J
A=cosT75 cosl5: B :sm—Tcns—T.
12 12

Loi giai

A =cos75 cosl5 :i—[cns(ﬁ' -15 )+cos(75 +15 )l

1 . : 11 | 1
:—(cosm} +cos90 ]:— —+D| =_
2 212 I 4
STt T 1| . [St T ST T
B =s1mn —cos — =—|slI - — I +
12 12 2 L 12 12 12 )
1. { x| . 1 1 ' 1
=—|sin| - —|+8InT| =—| - —+0| = —
2 0 20 2 . 4

Cau 18. (SGK-KNTT-11-Tép 1) Tinh gié tri ctia céc biéu thirc sau:

. AT A . AT JT
&N cos + 51N cos

4=—_15 10 10 15
2r x 2 .«w
COS —COS— - 81N —— -SIN
a) 15 5 15 5.

i 4 T
CoS —
8

- 4 T

B =s1n —cos —cos
b) 32 32

Loi giai




. T T . T T
5iN - CO8 — +5in-—— Cos
a) A = 15 10 10 15
2T T 2T, 7
COS COS—= SIn ——sIn
15 ) 15

l[ . =T . T‘ l[ N T‘
sin +sin— | +—|sin-——+sin—
21 30 6l 21 30 t

1 - T ‘ ] -7 T ‘
COS—— +COS_ |- —|cos—— - cos
21 15 3] 21 15 3)
- sin 7~ +sin T +2sin T sin T
_ 30 30 6__ 6 _,
l'l_r I'Tr
2cos Cos
3 3
' -'Tl.r -"_I.r I'T -"_I.r
B =sin —C08 —C08 —C08 —
b) 32 32 (]
1 . & b g T
=—5iN—CO8 —COS—
2 16 16 3
| J . T 2
——sinZcos :ls.ml :£
48 8 8 4 8 7
Ciau19. (SGK-KNTT-11-Tap 1) Chimg minh déng
sin(a + b)sin{a- b) =sin” a- sin” b =cos” b - cos’ a.

Loi giai
sin(a + b)sin{a - b) =(sin acosb +cosasin b)(sinacosh- cosasina)

=(sina cosh)’ - (cosasinb)’ =sin’ a(l- sin’ &)- (1- sin’ a)sin’ b

=sin” a- sin” b =cos” b(l - cos’ a)— Cos” a (l - cos” b) =cos h- cos a

Ciu 20. Bién ddi thanh tong
2) 2sin(a + b)cos(a- b) b) 2cos(a+ b)cos(a- b)

. 13x x
48N ——C0os xCos —
) %

sin 2 sin 27
¢) sin(x +30")cos(x - 30") ) 5 5

¢) 4sin3xsin 2xcosx g)

¥ g n 2 1 n 2 1
g) 2sinxsin2xsin3xp) Scosxsin 2xsinix

: T
sin| x+ —

p Lol

Bai giai:

2) 2sin(a + b)cos(a - b) =sin 2a +sin 2h

: |
sin| x- —|cos 2x

0 | K) 4cos(a- b)ycos(b- c)cos(c- a)

b) 2cos(a+b)cos(a- b) =cos 2a +cos2h
C)4si|1 3xsin 2xcosx =2sin3x(sin 3x +sinx) =2sin’ 3x + 2sin 3xsinx

=2sin’ 3x- cosdx +Cos x

. x X . 13x ix x . 13x 3x . 13x x
4sin——cosxcos— =25in —(c0s —+ c0s —) =25in —Cc0s — + 250 ——C0s —
3 7 3 2 7 7 3 7

d) 2 2 2 2 2 2
=sin8x +sinSx +sin7x +sin6x

sin(x +30")cos(x - 30") :l{sin 2x+sin60’) _! sin 2x + V3
o 2 2 4

N S 1 3T T
sin —sin— =- —(cos —- cos—)
5 2 5

f) 5 2

thic

i

Ssau:



2sinxsin 2xsin 3x =sin3x(cos x- cos3x) =—(2sin3x cosx - sinbx)

bt | =

g)

1. . . .
:;{sm 4x +5in 2x - sin 6x)
h)
Scosxsin 2xsin3x =4sin3x(sin 3x +sinx) =4sin” 3x +sin 3xsinx =4sin” 3x +2co0s2x - 2cosdx

sin

B &
¥+ |sin
| 0

x- T ‘ cos2y =cos2x cnsi— cos 2y :I;EDSE.T- cos’ 2x
1) A ) A 3 ) i
k)
=2cos(a- b)cos(b- a)+2cos(a- b)cos(b- 2c+a)
=l+cos(2a- 2b)+cos{2a- 2c)+cos(2c- 2h)
Dang 4. Bién d6i tong thanh tich i
Cau 21. (SGK-KNTT-11-Tap 1) Khong dung may tinh, tinh gia tri cua biéu thuc

B3

4cos(a- b)cos(b- c)cos(c- a) =2cos(a - b)(cos(h- a)+cos(h- 2c+a)

T S
B :cnsa+ cns?+ Cos

Loi giai
T ST 1 LT
B =cos—+c0s—+cCos
9 9
T 571 T 5T
9 *+ 9 g ) 9 1 LT
=2cos Cos +Cos
2 2
T 27 1Ly
=2C0S—C08| - — | +C05 ——
3 | 9
1 27 1 LT
=2 _Ccos| - — | +Cc05—
2 9 9
20 1l
=cos| - | +¢
9 |
. ‘...:'T I I-'T . . = ...-"-I.r I I-'-I.r .
+ -
=2Cos 9 9 COs 9 9
2 2
J iT
=2Cos__cos| - —
2 18
137 ]
:Exi}xms| TS =0

Cau22. (SGK-KNTT-11-Tap 1) Khi nhan mot phim trén dién thoai cam tng, ban phim s& tao ra hai
am thuan, két hop voi nhau dé tao ra am thanh nhan dang duy nhat phim. Hinh cho thay tan so
thap 7 va tan s6 cao g lién quan dén mdi phim. Nhan mot phim s& tao ra song 4m

v=sin(27 in(27f . .
y =sinQ2r /1) +sin (27 f*), & d6 ! 13 bién thi gian (tinh bing gidy).



Cau 23.

Cau 24.

Tan sb cao
1209 1336 1477 Hz

i & 4

697Hz-—>
Tén'sé 770 Hz_> @
thap gs52 Hz—— @
941 Hz—’[j @ @

a) Tim ham s6 mo hinh hoa 4m thanh dugc tao ra khi nhan phim 4.
b) Bién doi cong thuce vira tim dugce ¢ cau a vé dang tich cia mot ham s6 sin va mdt ham so
cosin.
Loi giai

a) ¥ =sin(27770¢ ) +sin(271209¢ ) =sin(1540.7¢ ) +sin(241 811)
b)

: : . 15407 + 2418, 15407t - 2418,
sin(1540.7¢ ) +s1n{ 24187t ) =2 s1n n T cos T T

7 7

=2sin(19797¢)cos(- 878.7¢)
(SGK-KNTT-11-Tép 1) Trong Vit li, phuong trinh tong quat ctia mot vat dao dong diéu hoa
cho bai cong thie 1) TACOSIH +G) o0 d6 1 1a thoi diém (tinh bing gidy), *@) 1a 1i do

cta vat tai thoi diém .4 13 bien d6 dao dong (A4>0) oy wEl-m7] |y pha ban dau cua dao
dong. i
Xét hai dao dong diéu hoa c6 phuong trinh:

B
x, (1) =2 n:l:rs| “?r +“E

(cm),

T \

| T
X, (t :EEDS‘ —t-—|l(cm).
,(2) 3 3.( )

Tim dao dong tong hop x(t) =x,() + x,(¢) va st dung cong thie bién doi tong thanh tich dé

tim bién do va pha ban dau ctia dao dong tong hop nay.
Loi giai
(T T E
x(t) =x(t)+ x,(t) =2 cnss‘ —t +_| +2cns‘ —t- —‘
R (3 6] 33

T T
EEDE‘ —t- —
'3 12

=2

T
cos —
4

| T T
:Eﬁcns| Es— I

JT

[

Biendola 4=2V2 phabandiula = 12
Bién doi thanh tich

a, 4 =2sin 4_1-+J2_

b, B =3- dcos’x

¢, D =sin 2x +sin4x +sinOx

d, E =3+4cosdx +cos8x

e, F =sinSx+sin0x +sin 7x +sin8x

f, G =l+sin2x- cos2x- tan 2x

g H =sin"(x+90 )- 3cos™(x-90 )

h, L =1+sinx+cosx

Loi giai



Cau 25.

. Jf . . I . gy na
A=2|sindx+2"| =2 s1|14.r+s1|1L‘ —4sin 3_r+L‘EDS 2x- L‘
2 | 4 | | 8 ) |
a,
| ' Bl ' . ml . |
B=l-2cos2x =2 5 cos2xy| =2 EDSE- cos2xy | =4sin| x+— [sin| x- —
|2 | \ J | 0| | 0|

b,
D =sin 2x +sin6x +sindx =2sin4xcos 2x +sindx =sin4x(2cos2x+1)

b

=2sin4x

il : ) T
cr:rslw+|:r:+s§ =4sin4xcos| x+—|cos| x- —|.
) o) | o)

g E =3+4cosdx+ 2cos 4x- 1 =2(cos4x +1)° =8cos’ 2x.

. . . . . 13x
F =sinSx+sin8r+sinbxr+sin7x =2 s.mT

x x| . 13x x
cos— +cos— | =4sin ——COSxCOs—.

3 3 3 3
e, 2 2

. s | '
G =l-cos2x+sin2x- tan2x =(1- cos 2x)(1- tan 2x) =2sin’ .r[ I;anz- tan 2x
f, \

2sin” xsin

ndl L. ndl
—1r+‘4‘ 3»}’551I1'x51l‘1[—3x+‘4‘

T -
cos;.cns 2x COS-x

H =cos” x- 3sin’ x :(cnsr— J3sin .r)(ms_r+ 3 sin.r)

g,
N i

1 . 1 o
—C0sSx=- —S8lnx —CDosx+ —_5SINx
> 2 > 2

—4

T | T |
—4cos .r+L‘EDS x- L‘.
| 3 3

h,

. . X X . o2 X & X . X
I =sinx+(cosx+1)=2sin _cos —+2sin° = =2sin_| cos — +sin—
. 7 7 e o .

i s s Fon | i F

2

Tinh gia tri cac biéu thic sau:

130 . 197 . 257
51N s5in

S U o
A =sin —sin —sin
2) 300 30
b) B =10.5in10" sin 30" .8in 50".sin 70°.sin 90°

c) € =c0s 24" +cos48" - cos84” - cos12’

2T 47 o
D =cos—+cos + COS
d) 7
v Y 5 r
E :l:r:rsi- cnsi+ u:r:rs—T
e) 7
T ST 1T
F =C0S —+C0s—+C0s
f) 9 9
2 47 o 8T
G =c05—+C05s —+ 05—+ C05—
g) 5 5 5 5
T iT ST ks O
H =C0s—+ C08 — + C0S— + COS +Cos —
h) 11 11 11 11 11
Loi giai
.o . dx 137 . 197, 257 . =« 8T 2T 41 . 57
A =sin—sin—sin sin sin =811 —C0S —C0S —C0S —SIn—
a) Ta co: 30 30 30 30 30 30 30 30 30 1]

. b 4 . T . 8r 2r 4w . 5w
= 10.cos—.4 =10c0s —sIn —C0S —C0S—C05 —5In —
30 30 30 30 30 30 ]

| .ox L [xom]
:3-.;"2 51|1_s1n[_+_ )
2 | 4|



. T . 2T 2T 47 | AT 4 ar 1
= |dcos—.4 =8.8In—C0S—C08s —C0s—.— =4s8In —Co0s—Co0sS—. —
30 30 30 30 30 2 30 30 30 2
= lﬂ.cnsi.fl :Esinsicnssi.l :sinm—'T.l :sin[lj_ﬂ+i l :lcnsi=& A :L
30 30 2 i 2 30 302 2 30 32

b) Ta c6: B =10.5in10".sin30".sin 50°.5in 70°.sin 90" =16.5in10".sin30".cos 40" .cos 20°

= B.cosll) :lt'r.sinl[}°.cr:rsl£}°.é.cnsiu}“".cnsl(}:'.l

= B.cosl0’ =4sin20" .cos20" .cos40°.

= B.cosl0’ =2sin40" .cos40” =cos80° =sinl0° — B =1

0 C =(cos24” +cos48°)- (cos84” +cos12°) =2cos36”.cos12” - 2cos48” . cos36°
=2c0s36° (cos12” - cos48” ) =4cos36°.5in30° .sinl§°

=2(1- 2sin"18").5in1§" =-4sin" 18" + 2sin18§"

Ta co:
cos36” =sin54" = 1- 2sin”18° =3sinl8 - 4sin"18° < 4sin’ 18" - 2sin” 18" - 3sinl8" +1 =0
_ . t =1
. 47- 2 -3t+1=0=| | 5
Pit t =sinl8&,0<r<]. Ta dugc phuong trinh: 47+ 2t-1=0
t =1(L)
o =L ‘E{LJ
4
- 1+4f5 R I
t = J_ sinls = J_
4 . Suy ra 4
C=-4sin" 18" +2sinl&’ :L
Vay: 2
2T d4ir 0T
D =cos— +Cc0s—+ 005 —
d) 7 7 7
.2 . 27 27 .27 47 .27 0.7
= 251|1—T..D :251|1—TEDS—T+351|1—T|:05—T+251|1—TCDE—T
7 7 7 7 7 7
. 2T AT, om0 27, Bm ., 4x
= 2sin—.0 =sin— +SiN— - Sl — 4580 —- SIN—
7 7 7 7
. 2T b, 2m o b, 2 . o7 . 2T
= 2sin—. =sin— - sin— +sin| 27- — | =sln—- sin— - sln— =- s5ln—
7 7 7 | 7 7 7 7
-1
D=—
Vay 2,
T 2T T
F =C0s—- cOS—+ 05—
e) 7 7 7

T . T T . T 2T T T
= 2sin—.F =28In—cos—- 28In—Cos—+ 2sin —oos—
7 7 7 7 7 7 7

. T 27 37 .1 L 4x 2 o7
= 2sin —.F =sin——- 8in — +58in —+ 50 —- sin— =sin—
7 7 7 7 7

1

E =

Vay 2,

T ST 1T T 4 (s T T T
F =C0s—+C0S— + 05— =C0S—+ 2 C0S—C08 — =C05— - cos— =0
f) 9 9 9 9 9 9 9

2T AT 0T 8T
7 =CO0S— + C05 — + CO0S — + C05 —
5 5 3 5

g)



Cau 26.

. T . T 2T 4T T 8. |
= 251N —.G =2sIn—.| COS—— + COS—— + COS +COs —
5 5 5 5 5

17

. T S ¥ S . 3T . 7w . 57 . Y9wm
= 251N —.F =SIN—- SIN— + 5810 —- SN — +51N1—- SIn—+8lN—- 51N
5 5 5 5 5 5

oy i T N S o N yein T
= 2sin—.(F =- sln— + 51N — =- sln — +5sIn =- 2sln—
3 3 ) ) 3

vay 6 =1

T iT s 7T 9T
H =cos—+cos—+ cos + COs +C0s

h) 11 11 11 11 11

1T 91|
+Cos
1]

. T . T T iT ST
= 2an—. A+ =2sin—.| cOS— + CO0S_— + C0S—+ COS
11 11 11 11 11

8T
11

. T 2 47 . 27 61 . 47 . B1 ., 61 . l0xm .
= 2sin—.H =sin— +8In— - SiIN— + 81N — = 5l — + 51— = 51— + 8lN——~ 5in

e 2sin L .H :s.inm—'T —sinL — H :L H :l
11 11 T 2 vay 2.

Tinh cac tong sau
o S =cosa +cos3a +cosSa+-+cosQn- Da (@ #kr)

q ."_I.r q 3."_I.r . ?'.'TI.r q (n - I-)l"_Lr
5: =51 —+S8In —+581N—+---+5101 ——
b. b i n n
St (2n- Da

T T
S, =c0s —+C0S—+COS—+ - +CO08
C. n n n n

P N 1 s 1 T

T ol
d cosag.cosla  coslacosia cos4a.cosSa _vai 5
. , .
1 | |
| + 1+ —
Cosx cos2x cosdx cos2" ' x

S, =1+ L+

Loi gii
o S =cosa+cos3a +cosSa +-+cos(2n- Dala #kr)

Nhan ca hai vé véi 281N ta ¢6:
2sine.S, =2sine.cos ¢z + 2 s5in er.cos 3z + 2s5in er.cos Sar +--- +2siner.cos (2n - De
1
= 2sine.S, =sin2er +(sin 4er- sin 2er) +(sin 6z - sin4a)+---+[sin 2ner- sin(2n - 2)0:]
= 2sina.S, =sin 2na
_sin2na
1 — T
2sine
sin 2ner
SI =
Vay 2sinar

R f e a8, =sinx+sin2x +sin3x+---+sin (n - 1
b. Xét bai toan tong quat. Tinh tong 5, =Siix + i 2x +sin3x sin (n l)t.

. X
) 2sin—
Nhan ca hai vé véi 2 ta co:

. X . X . . X . . X . . X .
251“;.5: :Esm?.sm x+2 Sin—.sin 2x+2 51n;.s1|13r+-~-+251n;.s1n(n - 1x

2n-3

2n-1

EDS[ X- CO0s

aoi X X 3x | 3y Sx | Sx 7x |
= 2sin—.5, =| c05—- cO5— |+ | COS—- COS— | +| CcOS—-COS— | +---+
27 2 21 2 201 2 2




2n-1
= Esm;.j': =C0s_—- COS x
x (n-Dx nx
= 2sin—.5, =2=1n —
2 - 2 2
(J"f‘l X . Hx
5in .8ln
= §. = = =
- . X
sin
2
. - . 0T Cn-Dr
51N .51n 5N
S = 2n 2 _ 2n
T : . T . T
) X =— sin sin
Ap dung voi n ta dugc: <h ~h
sin (2n7)
x S
) a== 2sin”
c. Ap dung cau a voi n ta duoc: h .
| | sin(2a-a) sin(3a- 2a) sin(5a- 4a)
85 =— + T
, slnga | cos 2@.c08a  COS3a.cos2a Cos5ag.cos da
d. Tacod:

1 (sin2a.cosa- sing.cos2a +si|13a.c052a - sin 2a.cos 3a . +sinSa.ch4a - sinda.cos5a |

sina | Ccos2a.Ccosa cos3g.cos2a cosSa.cosda

|
= (tan2a- tana +tan3az- tan2a +---+tan5a- tan4a)

sina
1
=—(tan5a- tana)
sin a
1 | |
S=————|tana- tan—‘ =-
T T 5 T
a=— sin / Ccos
Vi 5 ta dugc
| 1 1
5. = I+ I+ 3 1+ |+T
e. Ta co: | cosx )l cos2x )l cosdx] | cos2" x|
_[ | +cosx |[ 1+cos2x|[ l+cos4x| [l+cos2"'x |
COS x cos 2x cosdx cos2"'x
3 2 X . R ] In ) 2 An-2
2c0s® .2c0s” x.2¢08" 2x---2c08" 2" x

cos x.cos 2x.cosdx--cos2" ' x

X X o
cos 2cos 5 2eosx.2cos2x2cosdx---2c0s2" x

cos2" ' x

X
) sin — .y .
Nhéan hai vé véi 2 va ap dung cong thirc nhan doi 251N @.COS & =SIN2E 3 dyoc

X . R
cos _-.sin 2 x

X . X X -
8In—.8, =—————— = sin—.S, =cos —.tan2"'x
2 cosl x 2 2

, X
= §, =tan2" '.r.cnt?

S, =tan2"'x.cot =
Vay 2,



l-|-l+l+l:?

=2 r 2 2 « 2 2
CAu 27. Tinh SIN°2X piét: tan”x cot” x sin” x cos” x
Loi gidi

(sin x #0
cosx =0  [sinx =0

= < sin2x #0
tanx #0  [cosx #0

A 1A ooty =0
biéu kién !
Ta co:
| 1 | | cos’ x sin’ x 1 |
— et —+——— =T ————+————+———+——— =7
tan” x cot" x SINTx  COS X SN x  COS x SInTx  COS X

cos’ x +sin” x +cos” x +sin’ x . - . ,
= =7 = cos" x+sin" x+] =TsIn" xcost x

sin® x.cos” x
= cos’ x+sin’ x+2sin” x.cos’ x+1 =9sin” x.cos" x

] ' ] = g ' ) g ' .
= (cos” x+sin” x)" +1 =—(2sinx.cosx)” < |+ =—sin" 2x
4 4
. s 8
= sIn-2x =—

Gia trj tinh dwoc thoa min didu kién sin 2x #0

sin® 2x =§
Viy

Cau 28. Rut gon céac biéu thirc sau:
cos7x- cosBx- cosY9xy+cos |0y

A=
SN 7x-sin8x-sm9y +sm0x
a/
. sin2x +2sin3x +sindx
h!B =— : :
sin3x+2sindr+sin5x
. l+cosxy+cos2y+cosix
clC= -
cosxy+2cos x-1
. sindx+sin5x +sinox
d/D= _
cosdx +cosSy+cosbx
Loi giai
17x 3x 17x x
2cos cos—- 2¢os Cos
_ 2 2 2 2
_(coslOx+cosTx)- (cos9x+cos8x) = _ | 17x  3x T 17r x
= ; ; ; 2sin cos— - 2sIn Cos
a/ (sin10x +sin 7x) - (sin9x +sin8x) 3 2 2 2
17x 3x X
2cos (cos ™ - cos
_ 2 2 2
T 17x

. 17x 3x .
2sin 5 (cos - cos ) =cot

s i

_(sin4x+sin2x)+2sin3x  2sin3x.cosx + 2sin 3x
(sinSx +sin3x)+2sin4x = 2gin 4x.cosr + 2sin 4x

(]

b/ B

_ 2sin3x(cosx+1) sin3x

~ 2sin 4x(cosx+1) sindx



Cau 29.

- (cos3x+cosx)+l+2cos’x-1 2cos2x.cosx+2cos x
ci = > = >
cosx+(2cos” x- 1) cosx+(2cos” x-1)

2cosx(cos2x+cosx) _,
= =2cosx

cosx+coslx

/D= (sin 6x +sindx) +sin5x _ 2sinSxcosx+sinSx _ sin5x(2cosx +1)
(cos Ox+cosdx)+cos5xy  2cosSv.cosy+cos Sy CcosSx(2cosx+1)

Chtrng minh cac dang thirc luong giac:

_tan9° - tan27° - tan 63" +tan81° =4

=tan5x

a
b, tan20° - tan40° + tan 80 =33

tan10° - tan 50° +tan 60" +tan 70" =23

8\3

tan 30° +tan 40° + tan 50° + tan 60° :T.ms 20°

C

d.
tan” 20°- 33tan* 20" +27tan” 20° - 3 =0
Loi giai
sin9”  sin81° (sin27° sin63” |
= + = +

cos9”° cos81° |cos27 cos63

€

¥T
a.
_sin9 cos81° +cos9"sin81°  sin27 cos63” +cos27 sin63°

., cos9cos8L° cos27 cos63’
_sin(9°+81°) sin(27°+63°) 2 2 2(sin54°-sin18") 2.2c0s36°sinl8° _
© cos9°sin9®  cos27°sin27°  sinl8 sinS4°  sinl§sinS4° sinl8°sin54°
VT =tan 20° - tan (60" - 20° )+ tan (60” +20%)
tan 60° - tan 20° N tan 60° + tan 20°
l+tan60’ tan 20° _1- tan 60" tan 20°
3-tan20° J3 +tan 20°

I++3tan20° 1- «f3tan20°

(ﬁ+tanlﬂ°)(l+ﬁtanlt}°)— (J?T— tanlﬂ“")(l— J’_’_ntanlt}“")

b

=tan20° -

=tan20° -

=tan20" +

1- 3tan” 20°
. 8tan20°  9tan20°- 3tan®20° 3tan20°(3- tan®20°)
=tan20 + —— = S = —
1- 3tan” 20 l- 3tan” 20 l- 3tan™ 20

=3tan60° =3v3 (¢ong thitc nhan ba) 7

* Tur cau nay ta chiing minh dugc cong thirc tong quat:
tana - tan (60° - )+ tan(60° + a) =3tan3a

c. Chung minh tuong tu cau b ta c6

tan10° - tan50° + tan70° =tan 10" - tan(60°- 10°)+tan (60" +10°) =3tan30° :3.% =3
= tan10” - tan 50° +tan60° +tan70° =43 +f3 =23
sin30°  sin40”  sin30°  sino0®
[,T = L] + L] + L] + - L]
d. cos30  cos40” cos30°  cosol
_ 5in 30" cos 60" +cos30° sin60° N sin40° cos 50° +cos 40°sin50°

. cos3 "'n:r:rst'r?"' L cos40” coss50°
_sin(30° +00 ,sin 40°+50°) 2 L2 _ 2(sin80° +5in060°)
 c0s30°sin30°  cos40°sin40°  sing0° sin80°  sin 60°sin 80°

22s5in70°cos10° 83 . .. 83 .
= . = sin 70" =——cos 20

V3, cos 10 3

/2



e tan® 20° - 33tan” 20° + 27tan’ 20° - 3 =0

< tan®20° - 33tan® 20" +27 tan” 20° =3
< tan® 20" - 6tan* 20° +9tan” 20° =27tan” 20" - 18tan" 20" +3
tan’ 20° - 3tan20° |

= (tan®20° - 3tan20°Y =3(1- 3tan?20°) = =3
( J =3 ) | 1-3tan”20° |

o (tan(20°.3)) =3 = (tan60°Y =3 < (-ﬁ) =3

Cau 30. Chimg minh céc dang thirc sau:

(luon dang)

[- 2sin”2x _ 1+tan2x

. - Ytan T — - < . 2
2) cotx- tanx- 2 tan 2x _4cnt4x.b) l-smmdx | tan_.r.

2 1 sin2x- cos2x
- tan® x _3tan” x | tandx- = =

6 . 2

¢) COS x Cos” x d) cosdx Sin 2x +cos2x

o) tanOx- tandx- tan 2x =tan 2x. tan 4x.tan6x

sin7x .
=|l+2cos2y+2cosdxr+2cos0x

f) 5in x
o) c05 5x.co8 3x +5In Tx.sinx =cos2x.cosdx

Loi giai
a) cotx- tanx- 2 tan 2x =4 cotdx

cosx sinx 2sin2x cos x-sin’x  2sinlx

VT =cotx- tan x- 2tan 2x =— ,
SNy COSy Ccosly SN x.COS X cos2x

_ 2cos2x  2sin2x _4('305' 2x- sin’2x) _4cosdx

=4dcotdx =FP

sin2x  cos2x sindx sindx
Suy ra diéu phai chirng minh.
[- 2sin°2x l+tan2x

l-sindx  1- tan2x

b)
- 2sin®2x cos’2x-sin®2x  cos2x+sin2x  l+tan2x
T = : = — = : = =FF =
I-sindx  (cos2?x-sin2?x) c0os2x-sin2x I-tan2x
dpcm.
3tan’ x
- tan’ x =———+1
c) COS x COS™ x
o 6 1 . & _( 2 ) A
VT = - tan" x = - - tan" x =\l+tan" x) - tan" x
COS X | COS™ x|
=1+ 3tan’ x+3tan® x+tan® x- tan® x =1+3tan® x(I + tan® x)
3tan’ x
=1+ . =P
cos” x
Suy ra di€u phai ching minh.
| sin2x- cos2x
tan 4x - =

d) cosdx  sin2x+coslx



Cau 31.

1 sindx 1 sindx-1 -(cos2x-sin2x)  sin2x- cos2x
FT =tan 4x - = =

cosdx cosdx cosdx  cosdx (cos 22x- sin®2x) sin2x+cos2x

=P
Suy ra diéu phai chirng minh.
o) tan Ox - tan4x - tan 2x =tan 2x. tan 4x.tan 0x

. tan 4x + tan 2 .
tan 6x = ! ' o tan 6x(1- tan 2x.tan 4x) =tan 4x + tan 2x

= %
Ta c6 1- tan 2x.tandx

= tanOx- tanbxr.tan 2rxtandx =tandx +tan2x
= fan6x- tandx- tan2x =tan2x.fan 4x.tanox

Suy ra diéu phai chirng minh.

sin7x .
=l+2cos2x+2cosdr+2cos0x

f) sin x

= sin7x =sinx+2cos 2x.sinx + 2cosdx.sinx + 2 cosbx.sin x
= sin Tx =sin x +sin3x - sinx +sin5x - sin 3x +sin 7x - sin5x
= sin 7x =sin7x (Jyon dang).

Suy ra diéu phai chirng minh.
o) cos Sx.cos3x +sin Tx.siny =cos2x.cosdx

| 1 i 1 i
= ;(:crsS.rﬂr:rs 2.r)+;(cr:rsﬁx— cos8x) =;(cr:rsb.r+cr:rslr)

1 : 1 :
e —(cos2x +cos6x) =—(cos6x + cos 2x) ‘
2 2 (luoén dang). Suy ra di€u phai ching minh.
Chung minh cac dang thic sau:
I- 2sin® 2x  l+tan2x

a) Cotx - tanx - 2tan2x =4cotdx p) 1- sindx 1- tan2x
ot x :3ta|f X1 tandx- 1 :slin 2x - cos 2x

c) cos’ x Cos™ x .d) cosdx  sin2x+coslx
¢) fanOx- tan4x- tan 2x =tan 2x.tan4x.tan Ox

S“,ﬁr =1+ 2cos2x+ 2cos4x+2cosOx
f) sinx )
g) €0s5x.c0s 3x +sin Tox.sin x =cos 2x.cosdx

2tan (a + b) s

h) Cho sin(2a +b) =5sinb. Chimg minh: T @na
) Cho tan (@ +bh) =3tana . Chimg minh: sin(2a + 25 ) +sin 2a =2sin 2b

Loi giai
a) COlx - tanx - 21an 2x =4cot 4x

_cosx_sinx _sin2x _2cos’ x- 2sin” x _ 2sin2x

Taco: Cotx-tanx- 2tan2x  sinx CoOSx cos2x sin 2x cos2x

sin2x  cos2x sindx sin4x =4cotdx

. 2 eind D
_ 2cos2x 2sin2x _4('305 £x - sin ~-")_4cos4x

l- 2sin® 2x _ l+tan2x

b) - sindx " 1- tan2x



[- 2sin* 2x cosdx _cos’® 2x- sin® 2x

_cos2x+sin2x _1+tan2x

l- sindx  (cos2x-sin2x) (cos2x-sin2x) = — - =
. (cos2x-sin2x)  (cos2x-sin2x) = 57c- sindy T~ tan 2x (do

Ta co:
cos2x #0).
3tan’ x
— - tan" x =———+1
c) cos” x Cos” x
! tan’ x = tan® x s
- A= 3 - A 2 - é
Ta c6: cos” ¥ | cos? x | _(I +tan .r) tan” x
: o ) )_3tanjx+1
=1+3tan® x +3tan® x +tan® x - tan® x =1 ¥ 3tan" xll+tan"x) =" on "0
1 sin2x- cos 2x
tan 4x - =—
d) cosd4x  sin2x+cos2x
tan A I sindx I _sind4x-1_- (cos2x - sin2x) _sin2x- cos2x
Ta cé: © cosd4x cosdx cosdxr  cosdx cos” 2x - sin” 2x  sin2x+coslx

e) tanOx- tan4x- tan 2x =tan 2x.tan4x. tan Ox
tan 2x + tan 4
tan (2x + 4x) = * "r
Ta co: |- tan2xtan4x
Suy ra: tan 0x- tan 2Zxtan4xtanOx =tan 2x +tandx
Do do: tan6x- tandx- tan 2x =tan 2x.tan4.x. tan 6x

sin7x .
: =1+ 2cos2x+ 2cos4x+2cosOx
f) sinx
o sinx(1+2cos2x +2cosdx +2cosbx)
Ta co:

. l,. . .. . 1, . .
=sinx +3.;(51I13x— sln .r)+3.;(51|15.r— s1|13.r)+3.;(51n?r - sin5x)

=sinxy +sin3y-siny +sin 5y -sin3x+sin7x- sinsx
=sin7x

sin7x .
=1+ 2cos2x+ 2cosdx+2cosOx

Suy ra: Sill X
g) cos Sx.c083x +5in Tx.sin x =cos 2x.cosdy

. . 1 1 .
cos 5x.cos 3x +sin 7x.sin v =—(cos8x +cos2x )+ —(costx- cos8x)
Ta co: 2 2

1 .
=_(cos2x +cosbx) =

=3 2eosdrcosly

ba | —

p) =cos 2xcosdx
2tan (a +b) 3

. - _ . _—_ =

h) Cho sin(2a +5) _551|1b. Chung minh: lana .
2tan (a + b) s sin(a +b).|:r:+sa :lsin (2a +b)+sinb __ 6sinb
Tace  lana cos(a +5) sina sinQa+b)- sinb ~2 7 =3
_ (g 42 g —7cin 2
1) Cho tan(a +5) =3tana . Chung minh: sin(2a + 2b)+sin 2a =2sin “b-
, tan(a +h) =3tana

Ta co:

sin (@ +5) _ 5N a

cos(a+b) “cosa

= sin(a+h)cosa =3sinacos(a +h)



Cau 32.

Cau 33.

= l[s,in (Ea+b)+sinb] :E[sin(ﬂa +h)- sinb]
2 2
< sin(2a +b)+sinbh =3sin(2a +b)- 3sinh = sin(2a +b) =2sinb

Khi do: S (2@ +2b) +sin2a =2sin(2a +b)cosb =3 3 sinp.cosb =2sin2b.
Dang S. Bai toan tam giac

Qui wéc: Cho tam giac 4BC goi ¢ :0.€ 13 ba canh déi dién ciia ba goc 4:8.C hasliy B 13 ba

dudng cao; R R duong trung tuyén; Lty le la ba dudng phan giac; 7 1a ban kinh
a+b+c
. . p=—F—
duong trong ndi tiep ; R 1a ban kinh dudng trong ngoai ticp va 2 la nira chu vi.
'A4,B,C
Piéu kién 4.8.C 13 pa gbc cia mot tam giac la ' A+BHC =T oy suy ra
A+B _1 C
A+B=x-C 2 ~2 2
Dinh 1y ham sé cosin @ =b +c - 2bccosd b* =a’ +¢” - 2accos B
¢ =a +b - 2abcosC
2 4ol - g2 2 bl - Bl 2 4 b2 - o2
cosd="1" "% cogp=2tC 0 o2t -c
Suy ra 2be , 2ac , 2ab
a _ b ¢ g
. T o T~ —2Rsi —7Rsi —IRsi
Blnh 1}'] ham sé sin: sin A sn B gInd suy ra a =2RsIn :‘ib =2RsIn E._If' =2RsnC
I I . b
S =—ah, =—absinC _ane =pr :Jp(p— a)(p- ) p-c)
Cong thuc tinh dién tich 2 2 4R )
A
2becos
j =2
Cong thirc phan gidc b+c
., b+’ a
o om. = - —
Cong thirc trung tuyén 2 4
(SGK-KNTT-11-Tép 1) Cho tam giac 4BC ¢o B =73 :C =45 (3 a =BC =12cm
1 .
§ =—absinC
a) Su dung cong thirc 2 va dinh 1i sin, hdy chirng minh dién tich cua tam giac
s _a’sinBsinC
ABC ¢ho béi cong thirc 2sin 4

b) Str dung két qua & cau a va cong thirc bién ddi tich thanh tdng, hay tinh dién tich S cua tam
giac ABC

Loi giai
. . snd sinB sinC . asin B
sin :sin = = sind =
a) Dinh 1i a b € suyra
a’sin BsinC  a sinBsinC | a'bsin BsinC | .
, = : =— : =—ahsinC =8
2sin A L asing 2  asinB 2
b

.1 . :
- , - - .l
g 4 sin BsinC _I“ %5 (EDS?’D cos 120 )

2sin A 25in(180 - 75 - 45)

=30 +|E\-E(E‘}H:)

b)
Cho tam giac 48 C, Chimg minh rang:
2)SINC =sin A.cosB +sin B.cosA



SNC _tanA+tanB( 4,8 290
b) COsA cosB

tan 4 +tan B + tan C =tan A4.tan B.tan C(A,B,C =90 )
c .

d)cot A.cot B +cot B.cot C +cot C.cot 4 =1

A B B C C A
tan —. tan — + tan —.tan — + tan —.tan — =1
% 2 ¥ 2 2 %

e) < = - = = <
A B c A B '
cot —+ cot — +cot — =cot —.cot —.cot —
f) 2 2 2 2 2 2
cosC cos B .
cot B+ —— :thC+.—(A =90 )
g) g B.cosA sinC.cosA

B ( . 4 . B ( oA A . C 4 . B . C
COS —.cOo5 —.co5 — =51 —.51N —.cos — + 5101 —.cos —. 511 — + 005 —. 51N —.51In —
7 7 i’ 7 ¥ i’ 7 ¥ i’ 7 ¥ i’

h) = < = £ = = = = = < = = .
,C _ o . Ad. B, C
— =1-2sin—sIn—sin—

3 % % ¥

. el A 1 2 B 1
sin” —+sin” —+sin”
i) 2 2 .
Loi gidi
j)sinC =sin 4.cosB+sin B.cosA |
Taco A+B+C=n< A+B=n-C

< sin(4+ B) =sin(n- C)_ © sin 4 cosB+sin B.cosA =sinC (dpem).
sinC

— = =—tanA+tanB(4,B #90)
k) cosA.cosB

sind sinB sinAcosB+cosAsinB  sin(4+B) sinC
tanA+tanB = + = — —
Ta c6 cos 4 cosRB cos 4.cos B cos AcosB  cos AcosB

tan 4 +tan 8 +tan C =tan A.tanB.tanC(A,B,C =90 )

1)
tan A +tan B
tanC =tan(4+B)=—— "~ —
Ta cé - - tan A.tan B
. -tanC(1- tan 4.tan B) =tan 4 +tan B
Nén .
Do d6 tan 4 +tan B +tan C =tan 4.tan B.tanC _
m)cot A.cot B +cot B.cot C +cot C.cot 4 =1

cot A.cot B +cot B.cotC +cot C.cot 4 :cr:rtB(th A +thC)+cr:rt C.cot 4

sin(4+C)
sin 4.sinC

Cos B
= +cot C.ecot 4

sin B

|
cosB__ cosC.cos 4 _cnsB+3(cns(A +0)+cos(4- ©))

" sinA.sinC  sin.AsinC sin 4.sinC
|
E (cos(4- ©)- cos(4+C)) sin AsinC .
sin 4.sinC sin 4.sinC

A B B C C A
tan —. tan — + tan —. tan — + tan —.tan — =1
n) 2 2 2 2 2 2

C A
+tan —.tan —
2 2

A B B C C A B A C
tan —.tan — +tan —. tan — +tan—.tan — = '33'17[ tﬂ"l?"‘ tﬂ“7
22 22 22 2 2]



. [ A C
sin| — +
12 2

C A
+tan—.tan —
2 2

COs —CO0s

ut"jt

Y

. B : :
sin - sin —.sIn

g (b | Y
b | Yk

c
cos EDS-_} COs —CO05

]

2

A B
cot —+ cot — +cot E =cot i.EDt—.EDt —
) ) ) ) ) )

) 2 2 2 20 2 2

A B A
cot —+cot —+cot — =cot —.cot—.cot —
) ) ) ) ) )

A B A B c
< oot —+coft — =cot —.cot —.cot —- cot—
2 2 2 2 2 2

A B A B C
= cot—+cot— =| cot —.cot —.- | |cot —
2 2 2 2 _ 2
A B C
COS —.COS Cos
ﬁcr:rtAﬂnt = 2 3—l 2
2 2 . A . B . C
5l — .51n 5in
| 2 2 . 2
A B
Cos + cnsc
; A . tB |2 2 9
= Cot—+cot— = =
2 2 .4 . B| . C
51— .51n 5ln
2 2 2
cnsc
& cot L4cot B = -
4 » . A . B
= < 5In—.5In
2 2
A B C 4. B B, A C
Cos COS Cos COS 81N — +C0S —sin Cos
3 3 2 3 2 2 2 3
i = <4 = = = i = = = = = =
oA . B .4 . B . A . B . A . B
sin sln SIn—.s1n sin —sin 5in—.sln
2 2 2 2 2 2 2 2



.| A B O
+
sin 7 > Ccos 5
— - L= =
. A . B . A . B
S1m—5In S1n—.8In
22 2

i

2 A ,
< . Ludn ding

c A B C
cof —+ cot —+cot — =cot —.cot —.cot —
2 2 2 2 2

vay 2 2
cosC cos B
cotB+—————  —cotC+——2 (4290)
P) SN B.cosA sInC.cosA
cot B+— ¢  _cotc+— B8 o cotB-cotc= BB . ©05C
51N B.cosA s C.cosA

sin C.cosA  sin B.cosA

l,. .
. , TR 2
cosBsinC-cosCsIin B | a3 (sin25- sin2C)
- _

sin BsinC COSA 5in BsinC

l .. .
sin(C- B) 1 |5 (sin 25 - sin2C) sin(C- B) 1 cos(B+C)sin(B- )

sin BsinC cosA sin BsinC

= =

sin BsinC cosA sin AsinC

- sin(C-B) 1 -cosAsin(B- C)ﬁ sin(C- B) _sin(C- B)
sin BsinC  cosA sin Bsin C

sinBsinC  sin BsinC

cosC cos B
cotB+—— :cr:rt-:‘:+,—(.4 =90 )
Vay sin B.cosA sinC.cosA

: : : B . C 4 . B ., C
C0O8 —.COS —.C08 — =SIN —.51N —.CO8 — + 58I —.COS8 —. 81N — + CO8 —. 51N —. 581N —
Q 2 2 2 27272 T2 T2 2 2727 2

: . : . C 4 . B . C
81N —.581N —.COS — + 81N —.COS —.81N — +C0s —.sIn—.8In — =T
Pit 2 2 2 2 2 2 2 2 2

a

.
T :sm—.sm[
1 1,

4 . 8B ., C
+ C0O8—. 81N —. 51N —
| 7 2 2

A . A4 . B C"
T =cos—.| sIn — +s1n—.sln —
2172 T2 2

i i

A B+C . B . C ‘
T =cos —.| cos + 51N —. 851N —
2 2 2" 2

A
T =cos—.
2

: : : . C A B C
COS —COS — - SIN—.51N — +SIN —. 51N — | =C0S —C08 — COS—
2 2 2 2 2 2 2 2 2

- P N & A4 . B ., C
sIn” —+sIn” —+sin” — =1- 2sin—sin —sin—
2 2 2 2 2 2
r) = = = < - =
- .. B . ,C l-cos4d l-cosB . ,C
SIN° —+sIn° —+sin” —=————+ +sin” —
Ta co = = = = = =
| . C _ A+E A- B . 2
=1- —(cos A +cos B)+ sin’ = =1- | 2cos——cos +sin” —
2 i i

2
. C A- B . . C
=l- | sin —cos S
| 2 2



. O A+ B A- B
:I+51|1? Cos 5 - COS

[

Wi A . B . C
=1- 2s5In —sin —sin —
2 2 ¥

Céu 34. Cho tam giac 4B c chirng minh:

. . . A B C
sinA+sinB+sinC =4 cos —.cos—.cos—
a) 2 2 2

.. A . B . C
cos A+cosB+cosC =l +4s1n —.s1in—.s1n —
b) 2 2 2

0 sin2A+sin2B+sin2C =4sin A .sinB.sinC

0 sin “A+sin” B+sin” C =2(1 +CDSA.CDSB.CDSC).
o) cos2A+cos2B+cos2C =-1- 4;‘05_&.:053.:05[‘.
f) tan A+tan B+tanC =tan A.tanB.tanE"

Loi giai
a) Ta co:

. . . . A+H A- B . O C
sinA+sinB+sinC =2sin 5 COS 1 +Es1nT|:r:rs?

A- B A+ B C
+2cos EDST

c A- B A+B |
+C0s

b) Ta co:

A+ A A- B . s
cos A+cos B+cosC =2cos 5 cos > +1- 2s1n”

b |

., O
=2sIn —cos
2

. C A- B A+E|
=2sIn—| cos - CO8 +1
2 7 2 |

N
+1- 280" —
5

- Y N
=l+4smn—.51n—.s51n —
2 2 2

c) Ta co:

sin2 A+sin2 B+sin2C =2sin (4 + B)cos(4- B)+2sinCcosC
=2sinCcos(4- B)- 2sin Ccos(4 +B)
:ESinC[EDS(A - B)- cos( 4 +E)]
=4sin A sinB.sinC

d) Ta co:

l-cos24 +I— cos2h

-

sin “A+sin” B+sin® C =

+3in° C



| ,
=1- ;(ms 2A+cos2B)+1-cos’ C

2- cos(A4+B)cos(4- B)- cos’C

2+cosCcos(A4- B)- cos” C

3+cnsC[cns(A - B)+cos(4 +B)]
2+ 2cosA cosB.cosC

2(1 +cosA.cosB.cosC)

o) cos2A+cos?2B+cos2C =

=2cos(A4+B)cos(4- B)+2cos" C- 1
=-2cosCcos(4- B)+2cos’C- |
=- EEDSE‘[EDS(A - B)- EDSC] -1
=-2cosC[cos(4- B)+cos(4+B)| -1

=-1-4cosA.cosB.cosC

f) Cach 1:

sin( 4+ B)
tan A+tanB+tanC =———  +tanC
cosdcos B

sinC
=  4tanC

cosAcos B

cosC
:tan[‘[—
| cosAcos B

- cos( 4+ B)+cosAcos B ‘

+l‘

=tanC

cos Acos B

sinAsinB
=tanC. ———

cos Acos B
=tan A.tanB.tanC

Cach 2:

tan A+tan B
tan(4+B)=

l-tan Atan B
tan 4 +tan B

l-tan Atan B
= -tanC +tanCtan Atan B =tan A +tan B

= tanCtan Atan B =tan 4 +tan 8+tanC

= -tanC =

Cau 35. Tim céc goc cia tam giac 4BC | biét:

B-C :ET sin B.sin C =—.

2T | +\-"§

B+C =", sinB.cosC =————.
3 4

[

a)

b)
Loi gidi

0<A,B.C<m _,| — —
a) Ta ¢6 3y va A+B+C=n= B+C =x A.

sin B.sinC =l—¢r l—[ms[ﬂ— C)- cos(B +Cj] L = cos- cos(T- A) =1
2 2 2 3



Cau 36.

JT

2T

1 1 T
¢5+cusfi =] = EDSA_EﬂA_E (Viﬂ“"fieﬁe‘:{ﬂ')ﬁBH:_‘T_E_?
B-c=1 B—g
el
B+C ==L C:i
Khi d6 ta ¢6 3 6
4T p=T o =T
Vay z 0,
0<A,B.C=<rm = — -
b) Ta cb va A+B+C=nm= B+C =nx A.
. [ +4f3 Ir . . [ +4/3 . .21 1+43
sin B.cosC = ;r:r—[sm[ﬂ—t"]+sm[ﬂ+f]]= :r_ﬁ sm[E—C‘,l+smT= :III-
. 3 + 3 . ]
c::-SI[]I:E-I‘__",I+£=l J'-cr sm[E—C‘;:l:a B-c ==L
2 2 2 ] (vi
<A B C<1=> D{B—C{,T)
B-c=" :5":
S - 12
B+C ==L c="
Khi dé ta co 3 4

I'T
= A:,T-B-CZE

5;‘(1": _T
Viy 12 4

Chung minh trong moi tam giac 458 C ta déu co

T
A=—,B =
3

: : : A B C
sin d+smnB+sncC :4CDSTCDS?CDS?

a) S
b) sin” A+sin” B +sin’ € =2(1 +cos Acos BcosC)
Loi giai
5in 4 +5in A +sinC =2sin A+ cos 5 +Esin£ms£
a) Taco 2 2 2 2
o ArB T
Mit khéc trong tam giac 48 C taco A+B+C =1 2 2
. . C A+ B
sin =C0s— Sin— =Cos
Suy ra 2 2 , 2 2

: : . . A+B - B . C C
sin 4 +sin B +s1nC =2s1n S—Cos— +251"TCDST

Vay
_ c_,. Cf - B A+B
=2 C0S—CO0s +2cos cos— —<C0S—| COs +Cos
2 2 21 2 2
b) Tacod
- - - l-cos24 1-cos2B .
SIN- A+s8In” B+sin” C = A + +1-cos C
cos?2 A+cos 2B )
=2- - cos O

5 =2- cos(4+B)cos(4- B)- cos” C

B C
=4 Cos—Cos—Cos —
) 2 2 2



Cau 37.

Cau 38.

— +5)=- 7. + . B 2
Vi A+B+C=1 gy cos(4+B)=-cosC . cos(4+8)cos(4- B)- cos’ C

=2+ cosCcos(A4- B)+cosCcos(A4 +B):2+cnsf[cns(,4 - B)+cos(4 +B)]
=2+cosC.2cosAcos B =2(1+cos 4cos BcosC)

Ching minh trong moi tam gidc 4BC khéng vudng ta déu c6
a) land+tan B+tanC =tan Atan Btanc’,
b) cot Acot B+cot Beot C+cotCeot 4 =1
Loi giai
a) Déng thirc tuong duong véi tan 4 +tan 8 =tan Atan BtanC - tanC =tanC(tan A tan 5 - I).

*)

A+B =T
Do tam giac ABC khong vudng nén 2 suy ra
an Atan B- 1 = sin 4sin B _ | :sinAsinB— cosdcosB _- cos(4+B) 20
cos Acos B cos Acos B cos Acos B
., fanAd+tanB —tnC o tanA+tanB __ tan C
Vay (*) tanAtanB- | |- tan Atan B = tan(4+5) = 1C  Bing
thirc cudi dang vi A+B+C =1
b) Vi A+B+C =71 suy ra CDI(A“‘B):' CD[C.
- 1
I —_ cotdcotB
cot(4+8)=—— _ _1-tandtanB I . I
5 fe co 5 an(4+B) “an detanB  cotd  cotB
Theo cong thitc cong ta co n an
_cot AcotB- 1
cot A+coth
_cotdcotB-1 (C
=" COlC o cotAcot B- 1 =- cotC (cot 4 +cot B)

Suy ra " cot A +cot B
cot Acot B+ cot Bcot C+cotCcot 4 =1
Hay

Ching minh trong moi tam giagc 4BC ta déu c6

A B B _C__C. A
tan —tan —+ tan —tan — + tan —tan — =1
g 2 2 2 2 2 2

A B C A B C
cot —+cot —+cot — =cot —col —cot —
3 3 3 2 % i

by 2 2 2 2 2 2,
Loi giai
A B T C| C | |
I;an[—+—‘:tan[——— =cot| — | =———
2 2 2 2 2 C
' ' ' ' L tan[_}
a) Taco ‘= . Suyra
A B
tan — + tan
2 2 !
A B (C| A, C B, C B, A
l- tan - tan — tan[ | < tan —tan— + tan —tan — =1 - tan —tan —
22 2 2 2 2 2 2 2

A A A C C A
tan —tan — + tan —tan — + tan — tan — =|
Tc 1a 2 2 2 2 2 2

b) Tir két qua cau a) ta c6

1 1 1
+ + =]

A ' C A A B c A B (&
cof —cot cot —cot cof —cot = cof —+cot — +cot — =cot —cot —cot —
3 7 ) 3 3 7 2 2 2 2 7 3




Céu 39. Chung minh trong moi tam giac 45 C ta déuco

. . [
sin A +sin B =2cos —

a) 2;
. C
cos A+cos B =2s1n—
b) 2
Loi giai
. . . A+ R A- B . A+ B (
sin.Ad+s1n B =2s1n cos =2s1n =2cos—
a) Taco 2 2 2 2
A+ B A- 8 + B . C
cos A +cos B =2cos Cos =2¢cos =2s1n—
b) Tacod 2 2 2 2

Céu 40. Ching minh trong moi tam giac 458 C nhon ta déu co

(

cot A+cot B =2tan—

a) 2;

b)sin 4sin B =cosC
Loi giai
( ) 2 sin © cnsc
sinfl4+ 5 sinC = ’

cot A+cot B =— . =— , = 2 . 2
a) Ta cO sin4.sin B sin 4.8in B sin A.sin B

Do 4,B 1a cac goc trong tam giac nén sin4 >0 sin B >0 Theo bat dang thire C6Si, ta co

2cos

. . ‘sin A+sing |’
sin A.sin B E[ . | <

s

3
§

. C
25N —Ccos c
cotA+cotf=2—=— = :3tanT

Suy ra .
b) Do tam gidc 4BC nhon nén c0s 4 >0 cosB >0 pegn ta ch
sin Asin B =sin Asin B - cos Acos B

= sinAsinB =- cos(4+B) &, o 4sinB >cosC

Cau 41. Chimng minh trong moi tam giac 458 C ta déuco
a) tan Atan BtanC ::Bﬁ vé6i4BC 13 tam giac nhon;

3
cosA+cosB+cosC =—

b) 2.

Loi giai
a) Vi tam gidgc 4BC nhonnén tan4>0 tanB>0 tanC >0 Ap dung bét ding thirc Cauchy,
ta cod

tan A+tan B +tanC 23{)"[3“ AtanBtanC )
Theo bai 2, ta c6 tan 4 +tan B +tan C =tan Atan BtanC pgp

tanA+tan B +tanC ::B-than AtanBtanC <= tan dtanftan C ::3-'".-"tan Atan BtanC

= {‘,-’tan Atan B tan C({/(tan A tanBtanC): = 3)::& — Qj(tan Atan B tan (_—)3 =3

= tan Atan Btan C ::Bﬁ

A+ B A- B
cos A+cos B+ cos =2cos Cos +cos
b) Ta cod 2 2



T C A+ B C
2 2

COS =sin —
nén 2 2

. . C . O -
cos =]- 2sin- — cos 4 +cos B+ cosC =2 s1n—cos +[- 2s1n°
Mit khac 2 Dodd 2 2
A-B 1]

2

. ,C .. C1 A-B | _ ,A-B) 1 ,A-B
2l sin” —- 2sin—._cos + —_CO0s + 1+ _cos
| ¥ . | 4 o

i O i a . i

A- B c
2

. . C .
-2 s1n” —- sln —cos
2 2

[
1
)

A—B‘: | ,A-B

. O]
- 2| sln—+—cos +1+—cos”
| 2 2 2

cos

5 . I
=l cos” | cos A +cos B +cosC <l +-=
suy ra < nén <

b | s

Vi
Cau 42. Tam giac 4B C 1a tam giac gi néu

. S5iN B +s5inC
smd =——
a) cosB+cosC

b) 3cos B +sin A)+4(sin B+cos A) =10

Loi gidi
. B+C B .
2s1in Cos 51N

. o) ol oA |

sin 4 = = = = = — = 25— =———
B o) )
2cos Cos Cos = sIn
y %

a) Ta co: -

A_£ A_.}T

sin— = =—
Suyra 2 2 nén 2,

e

< sin’

o

)

=

+ |t +

) ™
b |

|
bod | —

Vay tam giac ’AB7C 1a tam gidc vudng tai 4.
b) Ap dung bat dang thuc bunhiacopxki, ta c6

3cos B +sin A)+4(sin B+cos 4) =43 +4° J(EDSB +sin A) +(cos A+sinBY

= 10 £5J3+35in(fi +B) =2 EJE-’-ESiI](fi +B) = sin (4+B)=1 = sin(4+8) =1

A+B =1
Suy ra 2,
Viy tam giac 48 C 1a tam giac vuong tai €.
Cau 43. Tam giac 48 C 1a tam giac gi néu

2 asin(B- ¢)+bsin(C- 4) =0, tan 4+ cot A =(sin B+cos B)

b)
Loi giai

a) Theo dinh 1y ham sb sin, ta co: ¢ =2Rsin 4 b =2RsinB Do do

asin(B- c)+bsin(C- 4)=0 < sin Asin(B- C)- sin Bsin(4- C)=0

= sin(B+)sin(B- C)-sin(4+c)sin(4- ) =0
|

< ;[(EDSEC- cos28)- (cos2C- cos 24 )] =)

= cos24 =cos2B < A =B

Vay tam giac 48 C 1a cantai C.

g
A#=
b) Bé biéu thirc c6 nghia khi va chi khi 2

Do tanA+cot 4 =(sin B+cosBY =0
cot4 =0

. Hon nita tan 4 y3 cot A cung d4u nén suy ra tan 4 =0



Ap dung bit ddng thirc Cauchy, ta co fan 4 +cot 4 =24tan Acot 4 =2 (l).

T
= 4 ==
AN —n PR 2 . —
Dau =" xay ra khi va chi khitan .4 =cot 4 4

(sinB +cosB) :[Jl_sin‘ B +% H :Esilf| B +£‘ =2 ©)
Mit khac, ta ¢6 | - L4 .
sin‘ B+£‘ =le p="
Dau " =" xay ra khi va chi khi 4 4
- 2 A=B="—
= —7
Tir (l)vé (2)’ suy ra tan A +cot 4 =(sin B +cos B) =2 Khi va chi khi 4
Vay tam giac 4B C1a vuong cantai €.
Céiu 44. Tam giac 48 C 1a tam giac gi néu

1
a =2bcos (1) cos BecosC :1 (1)
b +c-a _ g () a-b-c _ 7 ()
a) . btc-a by L a-b-c )

Loi giai
'} i = 1 . . .
a) Ta c6: (1) = 2Rsin 4 =4RsinBcosC  sin 4 =2sinBsinC_

= sin(B+C)=2sinBeosC = sin(B-C)=0 _ g o = 1)

3 2!}3'{13

Thay 2 =¢ vao ) tadugc ~ 2b-a ‘i’ﬂz:bl'l’a:b.(z).
Tu (l)va‘l (2) suy ra @ =b =c
Vay tam giac ABC gy,

- 3-_ 3_ 2 _."-_ ."-_ 3 3 r _ 2
b) Ta 6 (NDea-ab-ac=a-b-c b +c =a (b+c)

= ('ﬁ+f)(h: ) bc+f:)zﬂ:(h+f)ﬁ B -bctc =a = b +c - a° =bc = 2becos A =he
1 T
= cos A —E = A _E 1)

De l[cns(ﬂ— C)+cos(B +C)] :dl—rﬁ cos(B- C)-cos 4 =

b | =

Hon nira, 2
cos A -l
Do 2 nén EDE(E_C):I.SuyraB:C.(Z).
T

’ , A=B=C =—
Tu { )Vé Q@ , suy ra 3.
Vay tam giac ABC gdu.

Céiu 45. Tam giac 48 C 1a tam giac gi néu
b sin 4 +cos B
4 =9 . —tan 4
a) cosB cosC  sinBsinC p) sin5+cos A
Loi giai

a) Ap dung dinh 1y ham s sin, ta c¢6



b P a 2RsinB  2RsinC 2Rsin A
= =1 + =

Cos B * cosC  sinBsinC Cos B cosC  sinBsinC
- sin Bcos C +sin Ccos B _ sin A
cos BecosC sin BsinC
sinC sin A4

cos BcosC  sin BsinC
< cos BcosC =sin BsinC < cos(B+C) =0.

I'T l'l-r

B+C=—= 4=
Suy ra 2 2
Vay tam giac 48 C vuong tai 4-
b) Ta co
sin 4 +cos B sin A4 . .
T —tanAd = = cosAcosB- sindsinB =0« cos(4+B)=0
sin B +cos 4 cos A4

A+B=" c =L
Suy ra 2 2,
Vay tam gidc 4BC vuong tai C.

Cau 46. Chung minh v6i moi tam giac 48 C taco

r
2) I+E:m5‘4 tcos B +':DSC_b) acot A+bcot B+ccotC =2(R +r)

Loi giai.
. A . B . C
cos d+cos B+ cosC =4sin—sin—sin —+1

a) Ta c 2 2 2 peudébai tuong duong voi gia thiét

r . A . B . C . 4. B . C
|+ —=1+4smn—smn —sin— r =4Rsin —sin —sin —
R 2 2 2 hay 2 2 2

1 .
besin A

vr=S -2 _ 4R’sin AsinBsinC
1 T 2RGInA+sinBsi
Y P 2R(sin A +sin B+sin C)
’ .
Ta co <
. A A . B s . C
8sin _-cos sin _-cos _sin_-cos
=2p— 2 2 2 2 2 2._yp
A A C
4cos —Ccos —cos
3 2 7

b) Ap dung két qua cau a) ta c6

cosd  cosB  cosC a
VT =a——— +b_——_ +¢c-——— =2R(cos A+cosB+cosC)=2R 1+ | =vp
sin A4 sinB  sinC | R
Cau 47. Chung minh véi moi tam gidc 4BC | ta co
A B C
cos COS cos
2 7 2 1 1 1
il =+ l =+ il == —+—
a) t, t, t, a b c.
- A . B - C
hecos” —+cacos” —+ahcos™ — =p
b) 2 2 2
Loi giai.
2h A COS -
f = C':DSE 2 :b+f :I_ I_+l
e 4 o) )
a) Tur cong thirc phan giac b+c  suyra £y 2be b e



EDSB CDEE
11 1] 5 1]

1 I‘
2 : 2
2le al 44 1 2la b

Tuong tu, ta co L

Cong vé theo vé cua cac dang thirc thi duoc diéu can chimg minh.
b) Tacod

VT :-:T'E'C(I +CO08 A)+I;m(l +C0S B)+%ab(l +c0sC)

] ] b+’ -a |1 cra-b 1 a +b -’
=—(ab+ bc+ca)+—bc. +—ca. +—agh——mM8M—
2 2 2bc 2 2ca 2 2ab

I 2 3
:Z(a +h+c) =p  =VP.

Dang 6. Bai toan min-max ) )
- St dung phuong phép chiing minh dai s6 quen biét.

- Str dung céc tinh chét vé diu cua gia tri lugng giac mot goc.

sin 2] <1, [cos ez <I

- Str dung két qua voi moi s thue @
Jr
. O<a<—
Cau 48. Chung minh rang voi 2 thi
7 2 2 3
a) 2cot” @ =1 +cos2a p) coter =1 +cot2ar
Loi giai
a) Bat dang thirc tuong duong voi
|1 ' . .
2l ——-1|=z2co5°re ——-1=l-s1n" &
| sin” o sin”
< +sin" @ =2« sin“@- 2sin" @ +1=0

-

sin” ¢

in® - 1) =0
= (sin® a-1) (ding) DPCM.

b) Bét ddng thire twong duong véi

cos¢r  sin 2 +cos2ea cosar  sin2er +cos 2er
= = =

siner sin 2¢r sin ey 2sin 7 COS ¥ (*)

T  [sina=0
Demwes—=

. 2 coscr =0
Vi \

nén
(*) = 2cos” @ =sin2a +cos” @ - sin” a

= | =sin 2ar (dting) DPCM.

- AT [
0{a<£ 51”‘?"'.}—”':'3555"‘,}.— =2
Cau 49. Cho 2 . Chting minh rang ' ~cos o /i ~sina,
Loi giai
- R R |
SN+ —— || COS + ——— =sin@@cosct+———+1
Ta c6 2coser || 2sinex | 4s1n e cos o
T
O<a<— .
Vi 2 pén Sinacosa >0

Ap dung bt dang thuc cosi ta co



: I . I
sincx coscf +—— =2 Isina cos of, —— =1

4siner cosex 4sin crcos ot
[sina+ Hl:crsa+ : ‘::2
Suyra | 2coseax || 2sina | PPCM
Cau 50. Ching minh ring voi 0<a=<x thi
(2cos 2~ 1) - 4sin” [ = I‘ ::(«,‘Esma - 2)(3- 2cos 2ar)

Loi giai

Bét ding thirc trong duong voi
| bl
1- cns[ i - —‘
2

= (2cos2a-1)Y -2

+2(3- Ecnsla)hﬂsina[} 2(1- 25sin’ af)]

= 4cos’ 2er - Scos 2+ 5 +2sina > 4f2sin af(ilsin:a-l-l)
= 4(1- cos2a) +1+2sina :-JEsina(Jrsin: a+|)
e 16sin” o+ 2siner +1 ::-q.ﬂsina(ilsin:a+l)

pat V2sina =t 0= =7 = 0=t =2

B 3 4 B 5 3
., t +r+|>;(£ +I]cr;'-;' +t =t+]l =0
Bat dang thuc tr¢ thanh (*)

, e+ (1- 7 )+1-¢=0 . - 43 2
+Néu05f<1:|{]I (-7) dﬁngvil £20.1- >0, 20 o5 ° 20

Ny 1<t 5\5: (*) = FE - D+t(e- D410 ding vi F(7-1)=20, ¢ - I)::Cr'

Vay bét dang thie (*) dung suy ra DPCM.

Cau 51. Tim gié tri nho nhat, 16n nhat cta biéu thuc sau:
a) 4 =sinx+cosxy) B =sin” ¥ +cos x
Loi giai
, A =(sin x+cosx) =sin’ x +cos’ x +2sinxcosx =1+sin2x
a) Taco

v qi A o in? =7 -
Vi sin2x <1 pgp A7 =l4sin2x <l+1=2 go -2 4 =2

_ 3z

J
X =— X =
Khi 4 thi 4=V2, 4 h 4=-2

Do do max A :xﬁ v4 min 4 :--.E.

-

P [ 1-cos2x| +[ | +cos2x|” 1-2cos2x+cos’ 2x +I+2|:052r+|:|:rs: 2x
, - 2 - -
b) Ta co \ = - 4 4
2+2c08°2x 2+4+1+4cosdx 3 1
= = =—+—.cos4x
4 4 4 4
I 3 1 )
— =—+—.cos4x =1 —<B<l
vi-l=cosd4x=l pgn 2 4 4 suy ra 2



Cau 52.

Cau 53.

Cau 54.

min B =

1
vay max B =1 ypj cos4x =1 3 2 khi cosdx =-1

N cro , J4 . O - R , -7 - Yqn v - Ty
Tim gia tri nho nhat, 16n nhét cua biéu thire 4 =2 - 280X - COS Zx
Loi giai

A=2-2sinx- (1- 2sin® x)=2sin’ x- 2sinx +I
Ta co

t =sinx, |t| <1

Pit khi d6 biéu thirc tré thanh 4 =2¢7 = 2t +1

1 L =27 M+ .t =1
Xét ham sb # ! ! IV01|| )

Bang bién thién:

t 1
121
y 51
\1 /'
2

T bang bién thién suy ra Max 4 =5 kpj == 1 pay sinx =1,

. 1 1 . 1
min 4 =— t =— SiInx =—
2 khi 2 hay
0<x<Z™ .
Cho 2 Chung minh rang fanx+cotx =2

Loi gii
7 [(tanx>0

l<x<—=
2 |cotx=>0

Theo bat ding thirc Cosi ta co @ x +cotx =21ytan x.cotx =2

\ cr o ) £, 1« A, o 1.:R , - ¥y ..,‘ Tein” v
Tim gié tri nho nhét, 16n nhat ctia biéu thie B =€08 2x +#41+2s1n”
Loi giai

Tacoé B :c052.1-+~J'I +1- cos 2y =cos 2.~r+~JE - cos2x
o — ¥ 4 o T o 2

Pit ! =+2-cos2x = cos2x =2-¢ ,vi ~l=coslx=l= 1=t =NE)
R ’ 5 \ —

Biéu thuc tré thanh B =2- 17 +1

[ o1y —a 2 2 .
Xéthamsé ¥ =17+ +2 g 1<t <3

Bang bién thién
! 13
y 2

\/51\‘

T bang bién thién suy ra Max B =2 kpj 1 =1 pay cos2x =1

min 4 =3 - | khi ¢ =3 hay €0s2x =-1,



Cau 55.

Cau 56.

Chimg minh ring ©°8 x(sinx +ysin’ x+2) =3

Loi giai

J3P =3sinx.cosx++3 cosxafsin® x+2 <
Ta co: 2
Vé.y P ﬁ\/g
N ONEY X 5 < R , —a I
Tim gié tri 16n nhat cta biéu thirc £ =281nx +5In 2x
Loi giai
, P =2sinx+2sinxcosx =2sinx (1 +cosx)
Ta c6
P? =4sin’ x(1 +cosx ) =sin® .'r(l +2cosx+cos” .‘r)
Suy ra

« 7

3sin® x +cos” x +3|:Dsf x+sin’x+2

=3

-

1 . |
‘ Cosx- 5 =0 = Ccos" x+—=C05x
Taco * < suy ra
.| s 1 . B .
FP=sn x I+2|:05'.r+;+c|:rs- x| =sIn” x ;+3|:05' X
r .T+ I-Z
xy E‘ _}‘1 ‘ . Vx,yER
Mat khéc theo bat dang thirc vos ta co
3sin’ +.3+3cns: [l
. . . X X
.. |5 s 1 ... |3 . 1 | 2 | 27
SIn x| —+ 3008 x| =—.38In" x| —+ 3008 x| =—. =
| 4 |3 | 2 I3 2 16
34/3
Pgi
Suy ra 4
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