Chuwong I. PHEP NHAN VA PHEP CHIA CAC PA THUC
Chuyén dé 4. HANG PANG THUC MO RONG
A. Kién thic can nhé

1. Binh phuwong ciia mgt da thirc

2 2 2 2
(a, +a,+..+a, ) =a’+a’ +..+a,” +2a,a, +2aa, +..+2aa

1

+Y2a,a, +2a,a, +...+2a,a, +...+...+2a,_a

n-1"n
Pac biét ta co :

(a+b+c) =a® +b* +¢* +2ab +2ac + 2be
(a+b-¢) =a> +b* +c* +2ab- 2ac - 2be
(a+b+c+d) =a> +b> +c” +d> +2ab +2ac +2ad + 2bc + 2bd + 2¢d

2. Bang khai trién hé s6:(a+b)’

Voin=0: 1

Véi n =1: 1 1

Véin=2: 1 2 1

Véin=3: 1 3 3 1

Voin=4: 1 4 6 4 1
Véin=5: 1 5 10 10 5 1

M&i dong déu bat dau bang 1 va két thuc bang 1

Moi s6 & mot dong ké tir dong thir hai déu bang s6 lién trén cdng vdi s6 bén trai cta so lién trén.

Bang trén day dugc goi 1a tam giac Pa-xcan, cho ta biét hé s khi khai trién (a +5)" . Ching han cho n cac

giatritr 0 dén 5 ta duoc:

(a +b)0 =1

(a +b)1 =a+b

(a +b)2 =a’ +2ab +b*

(a+b) =d* +3d°b +3ab® +b°

(a+b) =a® +4a°b + 64°b* +4ab® +b*

(a+b) =d’ +54°b +104°b> +10a°b° + 5ab* +b°

Chii y: Khi khai trién (a- 5)" ta vAn 1am nhu trén va cac s hang chira b véi liy thira 1¢ thi mang dau trir

dang trude

3. Khai trién nhi thirc a" - b" va a" - b" (n1¢)



a)a’ - b* =(a- b)(a+b)

@’ - b =(a- b)(d* +ab+b*)

an _ bn :(a_ b)(an—l +an—2b+an—3b2 +.“+abn—2 +bn—1)
b)a' +b° =(a+b)(a® - ab+b*)

@’ +b° =(a+b)a* - a’b+a’b* - ab’ +b°)

g2 4 p :(a+b)(a2k L Nk By R L B & +b2k)
4. Pang thirc bac ba
(a+b+c) =a* +b> + +3(a+b)B +c)c+a)
@ +0 +¢ - 3abe =(a =b +c )@ +b* +¢* - ab- be - ca)
Dic biét:

e Néua+b+c=0thi ¢’ +b’+c - 3abc =0

e Néu d’+b'+c* - 3abe =0 thi a+b+c =0 hoic a =b =c
B. Mt s6 vi du
Vidu 1: Cho a+b+c =0va a* +b* +¢* =1.Tinh gié trj biéu thic M =a* +b* +¢*

Gidi

Tim céach gidi. Dé tao ra két luan, ta can xuat phét tir > + 5> +¢* =1 va binh phuong hai vé. Tuy nhién khi
d6 lai xuat hién a’b* +bc* +c*a® va can tinh biéu thic ndy. Dé tinh biéu thirc d6 ta can tinh duoc
ab +bc +ca . Suy luan tu nhién ta can binh phuwong a +b+c =0 . Bang cach phan tich, 1ap luan nhu trén ta
da tim ra céch giai.
Trinh bay loi giai

Ta a+b+c=0= (a+b+c) =0 a’ +b>+c +2ab +2bc +2ca =0

1 1
Ma @’ +b° +¢* =1= ab+bc+ca =- 5: (ab+bc +ca) :Z
1
= a’b* +b°c? +c*a’ +2ab’c +2bcta + 2ca’h :Z
252 ) 7 92 1 2,2 7 2 27 92 1
= abh +bhc+ca +2abc(a+b+c) :Z:> ab"+bc +c'a’ :Z
T @’ +b° +¢° =1= (a2 +bh’ +cz)2 =1"= a* +b* +c* +2(azb2 + b’ +cza3):1
4 4 4 1 4 4 4 1
=>a +b" +c +2_Z:1=>a +b" +c¢ :5

Vi du 2: Rt gon biéu thic:

A=+ y+z+t) +Gay-z-1) +Grz-y-t) +(e+t- y- z)



Giai
Khai trién ta cé:
(c+y+z+t) =x>+17 +2° +£2 +2xy +2xz +2xt + 2z + 2t + 2zt
(x4 y-z-1) =x> 4> +22 +7* +2xp- 2xz- 2xt- 2yz- 2yt + 2zt
(x+z- y- ) =x*+2° +37 +1° - 2xy+2xz- 2xt- 2yz + 2yt - 2zt
(x+1-y- z) =x +y 427+ - 2xy- 2xz+2xt +2yz- 2yt - 2zt
Cong timg vé lai ta duoc:
rty+z+tY +Gery-z- Y +(c+z- p- 1Y +Gerr- y- 2 =42 + 12 + 22 +42)

A - ‘- LA A 2 , 2 2 2 2 R g A oA
Nhan xét. Ngoai ra, ta cd theé van dung dang thirc (a+b) +(a- b)Y =2(a* +b*) dé giai. That vay:
(x+y+z+t)2 +(x+y-z- t) :2{(x+y)2 +(Z+Z)2}

(x- y+z- t) +(x- y-z- ty :2[(x- y)2 +(z- 1)2]
Suyra A=(x+y+z+t) +(c+y-z- 1Y +(x+z- y- 1) +(x+1- p- 2)
:2[(x+y)2 + (- ) +G+1) +(z- 1)2}
22[2(x2 +17)+2(2% +7 )] =4(* + y+ 22 +1)
Vi du 3: Cho a, b, ¢ thoa mén diéu kién a +b +c =0 . Chtng minh ring:

2(a° +5° +¢°) =5abc(a® +b* +¢*)

Gidi

Tim cach gidi. Nhin thly ¢° =a’.a®, nén dé xuét hién vé phai chung ta can thay thé 3abc =a* +b° +¢°
vao vé phai, sau d6 khai trién. Khi khai trién xong, ching ta can bién d6i phan con lai khong phai la
a® +b° +¢° tré thanh mot phan cia két ludn 1a xong.
Trinh bay loi giai
Via+b+c=0= a’ +b’ +¢’ =3abc
Xét - 3abc(a2 +b’ +cz) =(a3 +b +c° )(a2 +b* +cz)
=a’ +b +c +ad’ (b2 +cz)+b3 (02 +¢512)+c3 (a2 +b2)(l)
Xéth+c=-a= b*+c* +2bc =a’* & b* +c* =a’ - 2bc
Tuong ty ¢* +a’ =b" - 2ac;a’ +b*> =c* - 2ab
Thay vao (1) suy ra :
."aabc(a2 +5h° +cz)=aS +b 4+ +ar3(a2 - 2.'5::)+b3 (b2 - 2(,Ic)+c3 (c2 - Zab)

:2(a5 +b +cs)- 2abc(a2 + b’ +c2)



Hay 2(a5 +b° +cS) =5abc(a2 +b° +cz)
Nhin xét. Néu dat @ =x- y,b =y - z,c =z - X thi ta c6 bai toan sau. Chirng minh rang:

G- Y +G-2Y +G-x) G- 3) +G-2Y +G-x) - ) +G-2) +(z- x)
2 ' 3 ' 5

Vi du 4: Xét cac sb thuce x, v, z thoa min 23 +yz+22)+3x* =36
Tim gia tri 16n nhit va nho nhét cua biéu thirc: 4 =x+y +z
(Thi tuyén sinh 16p 10, trieong THPT chuyén Nam Dinh , ndm hoc 2014-2015)
Gidi
Tim cach giii. Gia thiét cho vé trai la da thirc bac hai, ma két luén 1a tim cuc tri da thirc bac nhét. Do vay dé
van dung duogc gia thiét ta can xét 42 ,sau do khéo 1éo tach da thirc d6 dé van dung triét dé gia thiét.
Trinh bay loi giai
Taco:
A =G+ y+z) =x>+17 + 22 +2xp + 2z +22x
A =2(y2 +z70 + yz)+3x2 - (x2 - 2xy+y2)- (x2 - 2xz +22)
A =36- (x- y) - (x- z) <36
Suy ra max 4 =6 tai x =y =z =2
min4d =-6 tai x =y =z =-2
Vidu5: Véia, b, clacac s6 thuc thoa man:

(3ar+3b+3c)3 =24+QBa+b- c)3+(3b+c- a)3+(3c+a- b)3

Ching minh ring: (a +2b)(b +2c)(c +2a) =1
(Tuyén sinh I6p 10, truong THPT chuyén PHKHTN, PHOG Ha Néi, nam hoc 2015-2016)
Gidi
Tim cach gidi. Quan sat ki dé bai, ta nhan thay khai trién hai vé roi phan tich thanh nhan tir 13 qua dai, phirc
tap va co thé dan dén sai 1am. Do vai trd nhu nhau cua gia thiét, két luan va giam bot sy khai trién ta co thé
doi bién:
x=3a+b-c,y=3b+c-a,z=3c+a-b
Khi do gia thiét c6 dang: (x + y+2) =24+ x> +3° +2°
Vi vé trai ctia két luan c6 dang 12 nhan tir nén ta ding dang thic
(x+y+ z) =x'+ v+ 430G+ )y +2)(z + x). Tir d6 ta c6 10i giai sau :
Trinh bay loi giai
bit x =3a+b-c,y =3b+c- a,z =3c+a- b

= x+y+z=3a+3b+3c



Tir gia thiét, tasuyra: (x+y+z) =24 +x° +3° + 23
Theo hing ding thirc, tacod : (x+ y+z) =x* +y° +2° +3(x + )y +2)(z +x).
Suy ra 3Cx + y)(y + 2)(z +x) =24
= (2a +4b)(2b +4c)(2c + 4a) =8
= (a+20)(b +2¢)(c +2a) =1
Diéu phai ching minh
C. Bai tap van dung
4.1.Ratgon (a+b+cY (a-b+c) +(a+b- ) +(b+c-a)
Hudéng din gidi — dap s6
Khai trién ta c6 :
(a+b+c) =a* +b* +c* +2ab +2bc +2ca
(a- b+c) =a* +b* +c* - 2ab- 2bc +2ca
(a+b- c) =a*>+b* +c* +2ab- 2bc- 2ac
(h+c- a) =a* +b* +c* - 2ab +2bc- 2ca.
Cong timg vé ta duoc :
(a+b+c) +(a- b+c) +(a+b-c) +(b+c- a) =4(a® +b* +¢2)
Nhan xét : Ta co6 thé van dung ding thirc (x+ y)2 +(x- y)2 =2(x2 + yz) dé giai, that vay:
(a+c+b) +(a+c- b)Y :2[(01+c)2 +b2} ;
(b+a- ) +(b- a+c) =2[b*+(a- oF|.
Suyra: (a+b +c) +(a-b+c) +(a+b- ) +(b+c- a)
=2((a+c) +(a- ¢) +2b2} :2[2(612 +c3)+2b2} =4(a® +b* +¢*)
4.2. Tim hé s6 x° cua da thtc sau khi khai trién :
a)A=(x+3) +(x+4) +(x+5)
p)B =(x-2) +(x+3)" +(x- 4)
Hwéng din giai — dap s6

Ta co:

a)A =x" +9x7 +27x+27 +x* +16x° +96x" +256x+256 + x° +25x" +250x" +1250x +3125x +3125

=x" +26x" +267x° +1355x” +3408x +3408



Vay hé s6 ctia x* 14267

b)B =x* - 6x* +12x- 8+x* +12x° +54x* +108x

=81+x - 20x* +160x" - 640x” +1280x - 1024

=x"- 19x* +173x" - 592x” +1400x - 951

Vay hé s6 ctua x* 14173

4.3. Mot tam gidc co6 ba canh 1a a, b, ¢ thoa man diéu kién:
(a+b+c) =3(ab+bc+ca). Hoi tam giac d6 la tam giac gi ?

Huéng din giai — dap sb

Taco:

(a+b+c) =3(ab+bc+ca)e a* +b*+c* +2ab +2bc +2ca =3(ab +bc +ca)
e a’+b’+c’ - ab- bc- ca =0< 2a’ +2b° +2¢° - 2ab - 2bc- 2ca =0
o (a-b)Y +(b-c) +(c-a) =0

Dau bang chi xay ra khi @ =b =c, tirc 1a tam giac d6 1a tam giac déu.
4.4.Cho a+b+c =0 va ¢* +b* +¢* =2. Tinh ¢* +b* +¢*

Huéng dén giai — dap sb

Tux a+b+c=0

= (a+b+c) =0 a’ +b> +c* +2ab +2bc +2ca =0

Ma @’ +b*+c> =2= ab+bc+ca =-1= (ab+bc+ca) =1

= a’b>+b’c’ +c’a’ +2ab’c +2bc’a+2ca’h =1

= a’b* +b° +*a’ +2abc(a+b+c) =1= a’b* +b°c* +ca’ =1
TU a* +b° +c* =2

=S (@b ) =22 = ot +b* vt +2(a?p? + 57 +Pa) =4
=>a'+b'+c'+2.1=4= a* +b" +c* =2
4.5.Cho x+y+z =0 va xy+yz+zx =0 Tinh gia trj ctia biéu thic :

2015

B=(x-1) + 2010 +(z+1)""
Huéng dén giai — dap sb
Tr x+y+z=0= (x+y+z)2 =0

= x>+’ +22 +2(xy + yz+2x) =0

Ma xXy+yz+zx =0 nén x2 +y2+Z2 =0 do d6 x =y =z =0

2015

vay B =(0-1)

2017
=1

+12° +(0+1)



4.6. Cho (a® +b> +¢*)(x* + y? +22) =(ax +by +¢z) véi abe #0 .Chting minh rang : = Z% ==
a c

Huéng dén giai — dap sb
Tir gia thiét ta c6 :
a2X2 +a2y2 +a222 +b2x2 +b2y2 +b222 +CZZZ +C2y2 +C2Z2
=a’x* +b*y* +c’z% +2abxy + 2acxz + 2bcyz
o a’y’ - 2abxy+b’x’ +a’z’ - 2acxz +c’x* +b’z7 - 2bcyz +¢7y’ =0
= (ay- bxY +(az- cx) +(bz- cy)2 =0

Ding thirc chi xay ra khi va chi khi

*_r

ay - bx =0 ay =bx a b
az- cx =0 az:cx@<f:£@f:%:£
a c a c

bz-cy =0 bz =cy :_y

c b
4.7.Cho a+b+c :2;02 +b2+c? =4 va X :Z =z
a b ¢

Chimg minh rang: xy + yz +zx =0

Huéng din giai — dap sb
Tra+b+c=2= (a+b+c) =4= a* +b* +c* +2(ab +bc +ca) =4
Ma a* +b* +¢* =4 nén ab +bc +ca =0

bat r=ry_¢ =k = x =ak;y =bk;z =ck
a b =z

Xét Xy + yz + zx =abk’ + bck® + cak® =(ab + bc + ca)k® =0

Diéu phai ching minh

4.8. Tim gia tri nho nhit cua biéu thic : F(x)=x"-2x"+3x7 - 2x +2
Hwéng din giai — dap so

Taco: F(x)=x*-2x" +3x" - 2x+2

12
xX- —

9 25
+ ]| =

2 2
=(x*- x+1) +1= =
(x*- x+1) + =T

25 . 25 .
Suyra F(x) === vay minF (x) == tai x =0,5
16 16
4.9. Cho a, b, ¢ thoa man diéu kién a+b+c=1 va &’ +b’+c’ =1. Tinh gia trj cua biéu thuc
A=a"+b" +c" v6inla sd ty nhién 1é

Huéng dén giai — dap sb



Ap dung hing ding thic : (a +b+c) =’ +b° + +3(a+b)B+c)c+a)
e 1=1+3@+b)b+c)c+a)= (a+b)b+c)c+a)=0

Vay, c6 mot s0 bang s6 do1 cia mot s6 khac
Giasta+b=0ec=lo 4 =1

Tuong tu, néu b+c¢ =0 hodc c+a =0, ta cling dugc 4 =1
4.10. Chimg minh héng déng thie sau : x* +y* +(x + y)4 =2(x2 +xy+)° )2
Huwéng din giai — dap sb
Bién déi vé tri:
Xyt aGery) =xt 4t +xt +A0y + 677 +4xt 4
=2(x" + '+ 20y +3x7)7 #2070 ) =20 + )yt #7720y +207)
=2(x* +,? +xy)2
Vé trai bang vé phai, diéu phai ching minh
4.11. Cho a, b, ¢ théa man a +b +c =0 . Ching minh rang :
a)a* +b* +¢* =2(azb2 +a’c? +b2c2)
b)a* +b* +c* =2(ab+bc +ca)
Hwéng din giai — dap s6
a)Tir gia thiét a+b+c =0= a” +b” +* +2(ab +ac +bc) =0
= a* +b* +¢* =-2(ab + ac +bc)
= a* +b* +c* +2(a’h + a2 +b°¢? ) =4(a®h? + aPc? +b*c* )+ 8abc(a +b +¢)
= a* +b* +c* =2(a?p* +a’c* +°c?) (vi a+b+c =0) (1)
b) Mt khac 2(ab +ac +beY =2(a’b? +d*c* +b*c* )+ dabca +b +c).
= 2(ab+ac +bc) =2(ab* + > +b°C)(vi a+b+c =0) (2)
T (1) va (2) = a* +b* +¢* =2(ab +ac +bc) .
4.12. Cho X, y, z thoa man x +y +z =0 Chimg minh rang :
2)5(* +y" +2° ) + 37 +27) =6(x" +)° +2°)
hx"+y" +z’ =7)cyz()c2y2 +y°z20 + 22)(?2)
c)lO(x7 +y’ +z7) =7()c2 +y° +zz)(x5 +y° +25)
Huéng dén giai — dap sb

a) Ta c6 xét vé trai: 5(363 +y +2° )(x2 +y° +Zz)



=5x" +5y° +52° +5x° (y2 +22)+5y3 (2 +22)+52° (x2 +y2) (1)
Tu x+y+z=0= x+y=-z= x> +)> +2xy =2

= x*+y’ =z"- 2xy

Tuong tw: y* +z° =x* - 2yz;2° +x* =y - 2zx

Thay vao (1) ta co:

5(x3+y3+z3)(x2+y2+22)

=5x" +5)° +52° +5x° (x* - 2)2)+51° (37 - 2zx) +52° (2% - 20)
=10x’ +10y5 +10z° - IOxyz(x2 +y2 +zz) (2)

3 3 3
+9 +
Mit khac: x° +3° +z° =3xyz nén xyz S thay vao (2) ta co :

IO(XJ +}"} +ZJ )(xz +y2 +Z:)

5()(3 +yj + 7 )(x2 +y2 +22) :10(_vcS +yS +25)- 3

s 15+ 17 +2) P+ 02 +22) =30 + 1  +2°)- 100 + v +27) (3 + 7 +22)
o 25( +y +2) P+ 92 +27)=30(x" +1° +2°)

& 50+ +27)( +)% +22) =6(x* +»° +2°)(didu phai chimg minh).

b)Taco: x* +y* +2° =2(%)* +1722 +2°%*) va x* +)° +2° =3xyz

. 7(x3+ 3+Z3) (x4+ 4+z4)
Neén 7xyz (xzy2 +y'z +22x2) = ;j . y2 (3)

xet (2 + 37+ 20 )6t + % +2*)
=x7+y7+z7+x3(y4+Z4)+y3(x4+z4)+23(x4+y4) @)
Trx+y+z=0=> x+y=-z= x +y +2xp =z = x" +y =z - 2xy
= x"+y" +2x7y’ =z +4x7y” - 42’
Suyra x* +y* =z +2)°2% - 4x’yz
Tuong tutacod: y* +z* =x* +2)°27 - 4x?yz; 2" +x* =" +22°%7 - 4o’z
Thay vao (4) ta c6:
(3 3 3)(4 4 4)_7 7 7 3(4 2.2 2)
XAy +z )y 4z )=x" 4y +z X +2y7 27 - 4xTyz
3 4 2.2 2 3 4 2.2 2
+y (y +2z°x" - 4xy 2)+2(z +2x7y" - 4xyz )
=27+  +27)+ 280 2 (x+ y+2)- dxpz (5t + 9%+ 2Y)

4(x3+y3 +z3)(x4 +y4 +Z4)
3

:2(x7 +y7 +z7)-



o3+ + 7))t 4yt 2 ) =6(x" +y7 +27)- 4l + 7 +20)(F #yt #2Y)
e 7(x° +y° +22)(x* +y* +2) =6(x7 +y’ +z7)

Thay vao (3) ta co : Txvz(x*y* + 222 + 2% ) =x” + )7 + 2’

Diéu phai chirng minh

o) Xet (¥ + 2 +22)(x* + )7 +2°)

=" +y +27+x° (P +2)+ (2 +37)+ 2 (P 7)) (5)

T x+y+z=0=> x+y=-z= x" +2xy+)° =2’

Suyra x> +y° =z" - 2xy;

Tuong ty y° +z° =x" - 2yz; x> +z° =y° - 2zx

Thay vao (5) ta co :

P+ +2)EF " +28)=x"+y 427+ (P - 20)+ 0 (37 - 2x2)+ 2 (22 - 20)
=2(x +y’ +27)- 2xyz(x4 +y° +z%)

2(3+3+3 4t
=2(x7+y7+z7)— X Ty Zz(x y Z) (6)

6(x7 +y7 +Z7)

Theo cau b, taco: (x* +1° +2°)(x* + y* +2*) =
7

Thay vao (6) ta co:
4():7 +y + 27)
7

P+ +2)F+ 7 +2) =27+ +27)-

=3 77(x2 +y2 +Zz)(x5 +yS +25)=10(x7 +y7 +Z7)

Diéu phai chimg minh.



