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Chuong 1

1.1 Mot sé6 phuong phap sang tac va giai cac bai toan veé
phuong trinh, hé phuong trinh

Nhu chiing ta da biét phuong trinh, hé phuong trinh c6 rat nhiéu dang va phuong phap
gidi khac nhau. Ngudi gido vién ngoai nam dugc cac dang phuong trinh va cach giai
chiing dé huéng dan hoc sinh can phai biét xay dung lén céc dé toan dé lam tai lieu
cho viéc gidng day. Bai viét nay dua ra mot s6 phuong phap sang tac, quy trinh xay
dung nén cac phuong trinh, hé phuong trinh. Qua cac phuong phap sang tac nay ta
ciing rut ra duge cac phuong phap giai cho cac dang phuong trinh, hé phuong trinh
tuong tng. Cac quy trinh xay dung dé toan dugc trinh bay thong qua nhitng vi du,
cac bai toan duge dat ngay sau cac vi du d6. Da s6 cac bai toan duge xay duyng déu
c6 161 giai hosic huéng dan. Quan trong hon nita 1a mot s6 luu ¥ sau 161 giai sé gitp ta
giai thich duge "vi sao lai nghi ra 1oi giai nay".

1.1.1 Xay dung mét sé6 phuong trinh dudc giai bang cach dua vé hé phuong
trinh.

Vi du 1. Xét hé doi zing loai hai

_ _ 2

Ta c6 bai toan sau
Bai toan 1 (THTT, s6 250, thang 04/1998). Gidi phuong trinh
z+3(2-32%)" =2
Giai. Dat y = 2 — 322, Ta c6 he
{:E+3y2:2 {$:2—3y2 (1)
y =2 — 3a? y=2-—32% (2
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Lay (1) tru (2) ta duge

—y = 2 _ 2 r—y=0 y:I_
x—y=3x y)@{3($+y):1 @[y 1 31"

e V6i y = z, thay vao (1) ta dugc

2
3:B2+:B—2:0(:>:BE{—1,§}.

1-3
o VGiy = $, thay vao (2) ta duge
1-3 1+£+v21
L 23 e 0?3 —b=0o =
3 6
Phuong trinh da cho c¢6 bon nghiém
1—v21 142

T = ,1’—3,1’— 5 , T 5

Luu y. Tt 1oi gidi tren ta théy ring néu khai trién (2 — 322)° thi sé dua phuong trinh
da cho vé phuong trinh da thiic bac bén, sau dé bién déi thanh

(z +1)(3z — 2)(92® — 3z — 5) = 0.

Vay néu khi xay dung bai toan, ta c¢6 ¥ lam cho phuong trinh khong c6 nghiém hitu
ti thi phuong phéap khai trién dwa vé phuong trinh bac cao, sau dé phan tich dua vé
phuong trinh tich sé gip nhiéu kho khan.

Vi du 2. Xét mot phuong trinh bic hai ¢6 cd hai nghiém la so vo i
51 —2r —1=0& 22 =52 — 1.

2y =517 — 1 (52 -1\’

Do do ta zét

Ta cé bai toan sau
Bai toan 2. Gidi phuong trinh 8z — 5 (522 — 1)° = —8.
Giai. Dat 2y = 522 — 1. Khi d6

2y = bx® — 1 2y =5z —1 (1)
8x — 5.4y* = —8 2z =5y* — 1. (2)
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Lay (1) tru (2) theo vé ta dugc

2 2 y—r= -
— 7)) = — 2
20y —z) = 5(2* —y*) & Y= 5(rty) © __5:r;—
e V6i y = z, thay vao (1) ta dugc
1++/6
50" —2r—1=0&u2 = 5f.
) 2
o V6iy = —%, thay vao (1) ta duge
10 4 -5+ /50
T 5 1e sl - 1=0s 0= 2 Y0
) 25
. 1+£v6 —1+£+v2
Phuong trinh da cho c6 bon nghiém 5\/_, z \/_

Vi du 3. Xét mot phuong trinh bac ba

3
41’3—3ZE:—\/7_<:>8ZE3—6I:—\/§<:>6£B:81’3—\/§

Do do ta zét

3
6y = 823 — /3 B 8z3 — /3
{693:8313_\/5 :>6:B—8< - V3

= 1296 + 216V/3 = § <8:B3 - \/5)3
= 1622 + 27V/3 = <8:B3 . \/5)3.
Ta cé bai toan sau
Bai toan 3. Gidi phuong trinh 162z + 27v/3 = (823 — V/3)".
Giai. Dat 6y = 82° — /3. Ta ¢6 he

6y = 8% — /3 - 6y = 82° — /3 (1)
162z + 27V/3 = 216y° 6x = 8y> —v3 (2)

Lay (1) tr (2) theo vé ta dugc

6(y —z) =8(z —y°) & (z—y) [8 (2 +zy +y°) + 6] = 0. (3)
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Viz? + 2y + 3% > 0 nén 8(2? + a2y +y?) + 6 > 0. Do d6 tur (3) ta dugc x = y. Thay
vao (1) ta dugc

6:17:8:B3—\/§@4$3—3z:—?@4$3—3$:cos5§ (4)
Stt dung cong thiic cos o = 4 cos® % — 3cos %, ta co
cosg = 4cos® ?—g — 3 cos ?—g,
cos% = 4 cos® % — 3cos %,
COS%T =4c 3%—30%%
Vay x = cos 51)—7;, x = cos %, T = cos % la tat ca cdc nghiém ctia phuong trinh (4)

va cling 1& tat ci cic nghiém ctia phuong trinh da cho.
Luu y. Phép dat 6y = 82% — /3 duge tim ra nhu sau : Ta dit ay + b = 82° — /3 (véi
a, b sé tim sau). Khi dé6 tit PT da cho c6 hé

ay+b =28z —+3
1627 + 27v/3 = a®y® + 3a%by? + 3ab®y + b°.

Can chon a va b sao cho

a8  b+V3 b0
162 a3 273 — b3 ;x{ 6
3a%b = 3ab®> =0

Vay ta c6 phép dat 6y = 8z — /3.

Vi du 4. Ta sé zay dung mot phuong trinh vo ti cé it nhat mot nghiém theo | muon.
Xét x = 3. Khi do
do x=
2w—5=1= 20-5>=1"L"z 2.

Ta mong muon cé mot phuong trinh chita (ax + b)® va chia ~/cx + d, hon nita phuong
trinh nay dugc gidi bang cach dua vé hé "gan" doi xing logi hai (nghia la khi tri theo
vé hai phuong trinh cia hé ta cé thia s6 (v —y)). Vay ta xét hé

(2y —5) =2 —2
(2z —5)* = —x 42y — 2.

Néu c6 phép dat 2y — 5 = /x — 2, thi sau khi thay vao phuong trinh

(20 —5)* = —x +2y — 2
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ta duge
83 — 6022+ 150 — 125 = —x+z —2+5 — 2.

Ta co bai todan sau
Bai toan 4. Giai phuong trinh

Vr — 2 = 8x% — 60x% + 1512 — 128.

Giai.
Cach 1. Tap xac dinh R. Phuong trinh viét lai

Vr—2=2x—-5>%+x-3. (1)
Dat 2y — 5 = /o — 2. Két hgp vdi (1) ta c6 he

(2y =5)° =z -2 (2)

(22 -5 =—-x+2y—2 (3)

Lay (3) trut (2) theo vé ta dugc

2(z—y) [(22 —5)* + (2 — 5) (2y — 5) + 2y — 5)%] = 2(y — )
@{z—yzo (4)
(22 —5)°+ (2 —5) 2y —5)+ 2y —5)2+1=0. (5)
e Ta c6 (4) & y = x. Thay vao (2) ta dugc

(22 —5)* =2 —2 & 82° — 602% + 1492 — 123 = 0
& (r—3)(82* — 362 +41) =0 x = 3.
3B?

B\’ :
e Do A2 + AB+ B? = (A_I_E) +T > 0 nén (5) khong thé xdy ra.

Phuong trinh c6 nghiém duy nhat z = 3.

Do phuong trinh cé nghiém duy nhdat x = 3 nén ta nghi dén phuong phdp st dung tinh
don diéu cia ham so nhu sau

Cach 2. Tap xac dinh R. Dat y = /= — 2. Ta c6 hé

8x% — 6022 + 151z — 128 =y
x=1y34+2

Cong vé theo vé hai phuong trinh ctia hé ta duge

8% — 602% + 1520 — 128 =9 +y + 2
&82° — 6022 + 1501 — 125 + 20 —5=¢° +y
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(22 -5+ (2r —5) =y° + 4. (*)

Xét ham s6 f(t) =t3+t. Vi f'(t) =3t>+1 > 0,Vt € R nén ham f dong bién tren R.
Do d6 (x) viét lai
F(2r—5) = fly) & 20 5=,

Béi vay
(22 —-5)=vr -2 (2r—-5>=2-2
&8x% — 6027 + 1491 — 123 = 0
&z —3)(82° —36x +41) =0z = 3.

Phuong trinh c6 nghiém duy nhat = = 3.

Vi du 5. Xét mot phuong trinh bac ba nao do, chang han zét 4x3 4+ 3x = 2. Phuong
trinh nay tuong duong

82° 4+ 62 = 4 & 82° =4 — 6z & 2v = V/4 — 6u.
Ta "long ghép" phuong trinh cudi vao mot ham don diéu nhu sau
(223) + 22 = V4 — 6z +4 — 62 < 82° + 8z — 4 = /4 — 6z.

Ta duoge bai toan sau

Bai toan 5. Giadi phuong trinh
873 + 81 — 4 = /4 — 6.

Giai. Tap xac dinh cua phuong trinh 1a R.
Cach 1. Phuong trinh da cho tuong duong

(22) + 22 = /4 — 61 + 4 — 62. (1)

Xét ham s6 f(t) =t*+t,Vt € R. Vi f/(t) = 3t2 +1 > 0,Vt € R nén ham s6 f(¢) dong
bién tréen R. Ma PT (1) viét lai f (/4 — 62) = f(2z) nén né tuong duong

V4 — 6x =2z < 81° + 62 = 4 < 42° + 32 = 2. (2)

Vi ham 86 g(x) = 423 + 3z ¢6 ¢'(x) = 1222 + 3 > 0,Vx € R nén PT (2) ¢6 khong qua
mot nghiém. Xét

1 1
2:§(a3——3)@(a3)2—4a3—1(:>a3:2i—\/§.
(07
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) 1 1
Dodé,néudata:\3/2—|-\/5th12:§( 3——3).Tacé
!

O RHCRI I HCHIR

1 1 1 P
Vay x = 5 (a— —) =35 (\3/2+ V5 + V2 — \/5) 1& nghiém duy nhat ctia PT (2) va

a
ciing 1a nghiém duy nhat ctia phuong trinh da cho.
Cach 2. Phuong trinh viét lai

(27)* = V=62 +4 — 8z + 4.
bat 2y = /4 — 6x. Ta c6 he

8y® =4 — 6w - 8y? = —6x + 4 (a)
8x3 4+ 81 — 4 =2y 8z =2y +4—8x. (b)

Lay PT (b) trit PT (a) theo vé ta dugc
8(° —y*) =2y —z) & (r —yldE*+ry+y*)+ 1] =0y ==
Thay y = x vao (a) ta duge
82° = —62 + 4 & 42° + 32 = 2.
Dén day lam giéng céach 1.

Bai toan 6 (Chon doi tuyén tp Hd Chi Minh du thi qudc gia niam hoc
2002-2003). Gidi phuong trinh

V3x — 5 = 82® — 362” + 53z — 25.
Giai. Tap xac dinh R. Phuong trinh viét lai
V3xr —5=(22—3)° -z +2 (1)
Dt 2y — 3 = /3z — 5. Két hop vdi (1) ta c6 he

(2y —3) =3z -5 (2)
{ (22 -3 =x+2y—5 (3)

Lay (3) trut (2) theo vé ta dugc
2(z—y)[(2z —3)*+ (22— 3) (2y — 3) + 2y — 3)?] = 2(y — =)
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r—y=0 (4)

Tl e —32+(20-3)(2y—3)+ (2y—32+1=0. (5

e Ta c6 (4) & y = x. Thay vao (2) ta dugc
(20 —3)° =32 — 5 < 82° — 362> +54r — 27T =37x — 5

T =2
S (r—2)822 —20r +11) =0 & 53
T=—0
) ) B\? 3B? R o
e Do A+ AB+ B* = A—I—E +720nen(5)khongthexayra.
+3
Phuong trinh ¢6 ba nghiém x = 2, 517:5 4\/_.

Bai toan 7 (Dé nghi OLYMPIC 30/04/2006). Gidi phuong trinh
V6r +1=8z" — 4z — 1.
Giai. Tap xac dinh ctia phuong trinh 1a R. Dat v/6z + 1 = 2y. Ta c¢6 he

813 —4r —1=2y 813 =4dr+2y+1 (1)
6z +1=8y* 8y? = 6x + 1. (2)

Lay (1) tr (2) theo vé ta dugc
8(a —y’) =20y —z) & (2 —y U@ +ay+y) + =0y =2
Thay y = x vao (2) ta dugc

8:53—65521(:)4553—3:5:008%. (3)
?. ~ -, 3 a a -
St dung cong thitc cosa = 4 cos® — — 3cos —, ta ¢o

™ ™ T
cos — = 4cos® — — 3cos —,
3 9

9
7 7
cosg = 4 cos® g — 3cos g,
5 5 5
cosg = 4 cos® g — 3cos g
. m 5T NP o, . .
Vay x = cos 9 T = cos 9 T = cos 9 la tat cd cdc nghiém ctia phuong trinh (3) va

ciing 1a tat ca cac nghiém ctia phuong trinh da cho.
Luu ¥. Ta con c6 thé giadi cach khac nhu sau : Phuong trinh viét lai

62 + 1+ v/6r+ 1 = (22)% + 2. (3)
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Xét ham s6 f(t) =t*+t,Vt € R. Vi f/(t) = 3t2 +1 > 0,Vt € R nén ham s6 f(¢) dong
bién tréen R. Ma PT (2) viét lai f (¥/6x + 1) = f(2z) nén né tuong duong

1
\3/6x+1=2x<:>8x3—6x=1<:>4x3—3x=§.
1.1.2 Sit dung cong thiic luong giac dé sang tac cac phuong trinh da thic
bac cao.
Vi du 6. Tu cong thic
cos6a = 32cos® o — 48 cos® o + 18 cos® a — 1,

lay cosa = x ta dudc
cos 6 = 322° — 48z + 1822 — 1.

Chon o = g ta duogce
322°% — 482" + 182 — 1 = %

Ta co bai toan sau

Bai toan 8 (Dé nghi OLYMPIC 30/04/2009). Gidi phuong trinh
642° — 962 + 362> — 3 = 0.

Giai. Ta co

cosba =2cos?3a—1=2 (4cos3a —3cosa)2 —1
= 32cos’ a — 48 cos* v + 18 cos? v — 1. (1)

Phuong trinh da cho tuong duong
1
320 —48¢" +180% — 1 = 0 & 322° — 482" + 18 — 1 = cos g (2)
T cong thiic (1) suy ra (2) c6 6 nghiem la

2
T = cos i+k—7r , k=0,1,2,3,4,5.
3.6 6

Vidu 7. Tu cong thic

cos b = 16 cos® a — 20 cos® o + 5 cos o,
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T
Dat cosa = —— ta duoc

2v/3

162° 2023 N Sv xd 53 N 5x
288v/3  24v/3 23 18/3 6V3 23
B x5 — 1523 4 45x

183

cosba =

Chon ba = % ta duge

3 20— 152° + 45
V3 _ @ 21520 1450 s os o usn o7
2 18/3

Ta c6 bai toan sau
Bai toan 9. Gidi phuong trinh x® — 1523 + 452 — 27 = 0.
Giai. Tap x4c dinh R. Dat = = 2v/3t, thay vio phuong trinh da cho ta dugc
288V/3t° — 360v/3t> + 90V/3t — 27 =0
& 2 (166> — 2063 + 5t) = v/3 & 16> — 204> 4 5t = cos % (1)
Mat khac ta co

cos o + cos . = 2 cos 3o cos 2«
& cosha =2 (4cos3a —3cosa) (2C082a — 1) — cosa
& cosha =2 (8cos5a — 10C0830£—|—3COSO£) — cos

& cosba = 16cos” a — 20 cos® a + 5 cos a. (2)

T cong thiic (2) suy ra (1) c6 5 nghiem la

T k2w
t= —+ — k=0,1,23.4.
COS (6.5 _l_ 5 )7 ) ) ) )

Phuong trinh da cho ¢6 5 nghiém la

T k2w
=2v3 — 4+ — k=20,123.4.
a’: \/_COS (30 _l_ 5 )7 ) ) ) )

Luu . Trong 13i giai trén, phép dat = 2v/3t duge tim ra nhu sau : Do cong thiic

cos bav = 16 cos® a — 20 cos® o + 5 cos a,
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nén ta dat x = at, v6i a sé tim sau. Thay x = at vao phuong trinh da cho ta dugc
a’t® — 154t + 45at — 27 = 0.

Ta tim a thod man diéu kién

a® —15a®> 45a a* 3d?
6= T3 -5 T -1 -0Tesi2v3
Vay ta c6 phép dat = = 2v/3t.

Vi du 8. Tu cong thic

sin 5o = 16sin® o« — 20sin® o + 5sin o,
lay sina = 2z ta dugc
sin o = 5122° — 1602° + 10z.

Chon ba = —, ta co

w3

= 5122° — 1602° + 102 < 10242° — 3202° + 202 — V3 = 0.

| S

Ta duoge bai toan sau
Bai toan 10. Giai phuong trinh
10242° — 3202° 4 20z — /3 = 0.

t
Giai. Dat x = 3 thay vao phuong trinh da cho ta dugc
3265 — 40t + 10 = /3 < 16t° — 20¢° + 5t = sin % (1)

Ta c6
sin b 4 sin v = 2sin 3 cos 2av
&sinda = 2 (3sina — 4sin® a) (1 — 2sin? a) —sin«
&sinda = 2 (8sin5a —10sin® o + 3sina) —sin«
& sinba = 16sin® a — 20sin® a + 5sin a. (2)
T cong thiic (2) suy ra (1) c6 5 nghiem la

2
posin (= + MY k01234
35 5

Phuong trinh da cho c¢6 5 nghiém la
1 ( T k27

T = —sin E—l— 5

k=0,1,2,34.
9 )7 ) Ty S
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1.1.3 St dung cac dong nhét thiic dai s6 c6 xuat sit tir caic ham lugng giac
hypebolic dé sang tac cac phuong trinh da thic bac cao.

St dung cac dong nhat thic dai s6 c¢6 xuat sit tit cdc ham lugng gidc hypebolic ta c6
thé sang tac duge mot sé6 phuong trinh da thitc bac cao c6 cach giai dic thit.

Vi du 9. Xét dong nhat thic

! (a5 - i) =2 (4m® + 3m) (14 2m?) — m = 16m® + 20m® + 5m,

2 ab
1 1
trong do m = — (a——). Datm = i, khi do
2 a 2v2
1/, 1 162° 2023 5x xd 1023 20z
sla ——= = — + — + = + + .
2 a 128v/2  16vV2  2v2  &/2 8V2 8/2
1 1 9
Lay = [ a® — = | = ——=, ta duoc bai todn sau
2 a’ 44/2

Bai toan 11. Gidi phuong trinh
2° 4+ 102 + 202 — 18 = 0.

Giai. Ta thay rang

1 +Vz2+8
zzﬂ(a——)ﬁ\/ﬁaz—za—\/ﬁ:O(:)a:&.
a 22

N 1
Do d6 ta c6 quyen dit z = /2 (a — —). Khi do
a

10 5 1
2 =4v2(ad® =5 +10a — — 4+ = — =
a a3 ad
- 3 1
10x3:20\/2(a3—3a+——_3)
a a
1
20x=20\/§(a__),
a

Thay vao phuong trinh da cho ta dugc

1
) (a5 — —) —18 =0 < 4V2(a®)* —18a°> —4v2 =0

ad
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5 94113
o 42
s VI3 42
44/2 9++113

Phuong trinh da cho c¢6 nghiém duy nhat

5/ 9 113 5/ 4v2
=3 (/+v s A2

422 9++/113

1
Luu y. Trong 15i gidi trén, phép dit z = 2 (a — —) duge tim ra nhu sau : Do cong
a

thtc
1 1

3 (a5 — 5) =2 (4m® + 3m) (14 2m*) — m = 16m° + 20m> + 5m,

1
trong d6 m = 3 (a — —). nén ta dat x = pm, véi p sé tim sau. Thay = = pm vao
a
phuong trinh da cho ta dugce

p°m® + 10p>m? + 20pm — 18 = 0.

Ta tim p thod man diéu kién

10 20
5(2) 156 =P =8=p=2V2
P16

Vay ta c6 phép dat = = /2

/N

1)
a—~—).
a
Vi du 10. Tw dong nhat thic

1
- (as 4 _) = —m +2(4m® — 3m)(2m* — 1) = 16m° — 20m* + 5m,

1 1 .
trong démzi(a—l——). Lay m = x ta duoc
a

1 1
—|a®+ =) =162° — 202> + 5z.
2 a’®

1 1
Lay 5 (a5 + —5) = —7 ta dugc phuong trinh
a

162° — 202® + 52 + 7 = 0.
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Tw phuong trinh nay ta dugc phuong trinh
(z — 1)(162° — 202° + 52 + 7) = 0.
Vay ta co bai toan sau

Bai toan 12 (Dé nghi OLYMPIC 30/04/2008). Gidi phuong trinh

162% — 162° — 202" + 202° + 52% 4+ 22 — 7 = 0. (1)
Giai. Ta co
(1) & o :51 3 s |7 :51 3
162” — 202° + 5z + 7 =0 162° — 202° + 5x = =7 (2)

Tiép theo ta gidi phuong trinh (2).
e Néu |z| < 1 thi dat z = cost, v6i ¢ € [0;71]. Thay vao (2) ta duge
6cos’t —20cos®t + 5cost = —T & cos 5t = —7 (v nghiém).
e Néu |z| > 1 thi xét phuong trinh
1

= +1 Sa’—2ra+1=0 (3)
l’—§ a a a ra = U.

Vi|z| > 1nén A’ = 2% — 1 > 0, suy ra (3) luon c6 hai nghiém phan biét a; va as (gia
st ay < ap). Dat f(a) = a®> — 2za + 1.

Néuz >1thi f(1)=2—-22=2(1-2)<0va f(0) =1>0. Ma ajas = 1 nén suy ra
0<a <1<as.

Néuz < —1thi f(-1)=2+2r=2(1+x) <0va f(0) =1 > 0. Ma ajaz = 1 nén suy
raa; < —1<ay <0.

Vay (3) c¢6 nghiém a duy nhat thod |a| > 1. Tém lai khi |z| > 1 thi c6 duy nhat s6

1 1
thuc a thod man |a|>1v§mz:§(a—l——).Tacé
a

162° —16{ ( )} 1(a5+5a3+10a+%+%+%) (3)
202 _20{ ( )} §(a3+3a+g+%) (4)
5;,;:;( _). (5)

Suy ra

\)

\)

1 1
162° — 202° + 5z = 3 (a5 + 5) . (6)
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T (6) va (2) ta ¢
1
(a5+—) =-—T7%& (a5)2+14a5+1 =0
a
a

b= 748 o= V —7 — /48
= =V -7+ V48.

) 1/; 5
Vay (2) ¢6 nghiém duy nhat = = 3 ({/—7 — VA48 + {/—7 + \/@) . Do d6 phuong trinh

da cho c6 hai nghiém

zzl,zz%(i/—?—\/él_éﬂ—i/—?%—\/@).

1.1.4 Sang tac mot sd phuong trinh ding cap dbi véi hai biéu thiic

Ta biét ring néu mot phuong trinh dang cap bac k dbi véi hai bicu thiic P(z) va Q(x)

N p P
thi duge gidi bing cach chia ca hai vé cho [P(x)]* (hodc [Q(x)]¥), sau d6 dat ¢t = Qg;
(hosic t = %), dua vé phuong trinh da thiic bac k theo t. Van dung diéu nay ta co

mot phuong phép don gian dé tao ra nhiéu phuong trinh tha vi.
Vi du 11. Xét mot phuong trinh bac hai

7t + 13t — 2 = 0.
x—1

Liyt= ——
R4 24+ z+1

ta duogce

7 (L)z T it S ')
?+x+1 ?>4+r+1
Quy dong bé mau ta dugc bai toan sau
Bai toan 13 (Dé nghi OLYMPIC 30/04/2009). Gidi phuong trinh
2 + 2+ 1) = T(x —1)* = 13(2® — 1).

Giai. Tap xac dinh R. Do 2?2 + 2 +1 > 0 nén chia cd hai vé phuong trinh cho
(z?2 + x + 1) > 0 ta duge

r—1 ? r—1
2-T7 |\ ————) =18 —4/———.
(552+:E+1) 224+ x+1
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—1
Dat t = ——— . Khi do
z?+zx+1
t=—2
2-TE =18t & T+ 13 -2=0% | 1
=
e Khit = —2 ta ducc
z—1 r=-1
- = 22+ +1=0s 1
?+r+1 r=—=.
2
. 1
oKhlt:?tadu’QC
r—1 1 9 T =2
o -6r+8=0%
»?2+x+1 7 v Tt {5524.

. 1
Phuong trinh da cho c6 bon nghiém x = —1, x = 5= 2, v =4.

Luu y. Phuong trinh nay c6 nhiéu hon mot nghiém, va cidc nghiém clia phuong trinh
nay déu la s6 nguyen va s6 hitu ti, do do ta c6 thé giai nhanh chéng bang cach khai
trien dua veé phuong trinh bac bon, sau d6 nham nghiém, dua vé phuong trinh tich.

Vi du 12. Xét mot phuong trinh bac hai cé nghiém

2
. / 1
r—1
2 1 2 1
pr-txtl jEmAtrtl o
r—1 r—1

Quy dong bé mau ta duogc

2% — Tt +3=0.

22 +x+ 1) +3(x—1) =7/ (z — 1)(a2 + z + 1).
Ta co bai todn sau

Bai toan 14 (Dé nghi OLYPIC 30/04/2007). Gidi phuong trinh

202 + 52 — 1 =7Va3 — 1. (1)
Dap s6. z = 4 + /6.
Giai. Dieu kién =z > 1.
(D e3@—-1)+2a*+2+1)=7(z - 1)(@2+2+1). (2)
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Vi z = 1 khong phai 1a nghiém nén chia ca hai vé ctia (2) cho z — 1 > 0 ta dugc

2 1 2 1
34_2%:71/%‘ (3)
z—1 rz—1
2
1 R
Datt:\/%zﬂvz%—(l—ﬁ)z%—l%—ﬁzo. Diéu kién cta t 1a
l’_
t>0
{A;:t4_6t2_3>0 &t>1/3+2V3.

1 . N
Phuong trinh (3) trd thanh 2t> -7t +3=0&1t € {3, 5} Keét hop véi dieu kién cia

t ta duge t = 3. Vay

2 1
\/E:?’@%—g:a:z%—aﬂ—l@zz—&v%—lo:0<:>:B:4i\/6-
T —

Két hop véi diéu kien ta duge = 4 & /6 1 tat ca cac nghiém ciia phuong trinh (1).
Luu y. Goi Q(z) = 2 — 1, P(x) = 2% + 2 + 1. Mau chét ctia 16i gidi 1a phan tich vé trai
cia PT (1) thanh
VT =2P(z) + 3Q(x).
Tinh ¥ ta sé thay 2 14 hé s6 clia 22 trong vé trai ctia (1). Cling tir d6 suy ra 3. Tuy
nhién dé dang tim dudc cac s6 2 va 3 bang phuong phap hé s6 bat dinh
202 + 5z —1=px®*+z+1)+q(z—1)
S22 +5r—1=p*+(p+q)r+p—q.
Dong nhat hé s6 ta dugc
p=2
—2
ptg=5 <& { Z _3
p—g=-1 '
Vi du 13. Xét z = 2. Khi do
(22 +22+2) =10, 2+ 1 =3,
3(x* + 21+ 2) — 8(x + 1) = 6,
(z +1)(2® 422 + 2) = 30,
(x4 1)(2* + 22 +2) = 2% + 302 + 4o + 2.
Vay voi x = 2 thi

6 6
322420 +2) —8(z+1) = V30— = —

Va3 + 322 + 4 + 2
V30 /30

Ta co bai todan sau
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Bai toan 15. Giai phuong trinh

6
302 — 20 — 2= —— a3 + 322 + 4z + 2

v 30
Giai. Dieu kien
P43+ 4r4+2>0e 2+ D)2+ 20 +2) &> 1.

Phuong trinh da cho viét lai

32 +224+2) —8(x + 1) = V(e + 1) (22 + 22+ 2). (1)

6
v 30
Dé thay x = —1 khong 1a nghiém cta (1).

Tiép theo xét x # —1. Chia c4 hai vé ctia (1) cho x + 1 > 0 ta dugc

242 2 242 2
g T F2e+2 o 6 JE tert 2 (2)
r+1 /30 r+1

224+ 2x+2

Datt =4/ =—"" "= > 0. Khi d6
r+1
6 6
32 —8=—t=3t2— —t—8=0< 3v30t2 — 6t — 830 = 0. 3
V30 V30 (3)

N 10
Nhan xét rang ¢ la nghiéem duong clia phuong trinh (3), hay 4/ 3 Vay

2492 2 =2
Y e ,/ U 302 60 6= 100+ 10 & 2
r+1 rT=—z.

3
Két hop véi dieu kién ta thay x = 2 1a nghiém duy nhat ctia phuong trinh da cho.
Bai toan 16. Giai phuong trinh
3
£62—3£E—|—1:—\/?_ xt + x4 1. (1)
Giai. Tap xac dinh R. Vi

2 l= 1) =P+ D@ -+ 1)

(1)<:>2(I2—1’+1)—(ZE2—|—ZE—|—1):—g\/(l’z—l—l’—l—l)(l’z—l’—l—l)
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> —x+1 B V3 22—z +1
24+ x+1 3 V2441

2
]
Dat t = /5= 270 < 0. Khi do
24+ x+1
1

t=—
3
2t2—1+£t:0<:>2\/§t2+t—\/§:0<:> \/33
3 t = ——— (loai)

2V3

P r+1 1
JrEmrrl ol o g io—0er—1.
24+r+1 3

Phuong trinh da cho c6 nghiém duy nhat z = 1.
Bai toan 17. Gidi phuong trinh 2(x* — 3z +2) = 3V a3 + 8.

Vay

Giai. Diéu kién : > —3. Phuong trinh tuong duong

2(2? — 2 +4) — 2(x +2) =3/ (x + 2)(22 — 2z + 4)

T+ 2 T+ 2
S2—-2—— =34 ——.
2 —2x +4 V 22 — 22+ 4

T+ 2
Dat ¢t = > 0. Khi d
& 2 — 20+ 4 tao
t—l
22 =3t=2°+3t—-2=0% 2
= —2(loai)

\/7#%:%(:):52—6:5—4:()@ {iig;g
Phuong trinh da cho c¢6 hai nghiém z = 3 — V13 vax = 3+ 1/13.
Bai toan 18 (Dé nghi OLYMPIC 30/04/2009). Gidi phuong trinh
Va2 + o —6+3vVe —1— V322 — 6z + 19 =0.

22+r—-6>0
Giai. Dicukien { z—-1>0 & x> 2. Phuong trinh tuong duong
322 —6x+19>0

Vaz+x—6+3vVe—1=+322— 6z + 19
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el 42 —-6+6(22+x—6)(x—1)+ 92 —9 =327 — 62 + 19
&3/ (x—2)(x+3)(z — 1) =22 — 8z 4 17

&3/(22 + 22 — 3)(x — 2) = (2% + 22 — 3) — 10(z — 2) (1)
2 Qv — 2 Q0 —
@3:17%—:5 3::B+:B 3_10‘ (@)
r—2 r—2
2422 -3
(Do x = 2 khong 1a nghiém ctia (2)). Dat t = %ZO. Thay vao (2) ta duge
l’_
3t = 10<:>t2—3t—10—0<:>“:5 (loai)
Vay
2492 -3 23 + /341
T e Bt dT=0er= 2V
r—2 2
23 + /341

Két hop véi diéu kién ta thay phuong trinh da cho cé hai nghiem = = 5

Bai toan 19. Giai phuong trinh

4 3 2 3 1 —2?
x* + 22° + 2x —2:B+1:(:B +a:)

(1)

T

Gidi. Do z* +22% + 222 — 224+ 1 = 2*(z + 1)* + (1 — 2)® > 0,Vz € R nén néu z la

nghiém cta (1) thi
x>0
1 — 22 sS0<z <l
>0

T

V6i dieu kién dé thi

(1) & 2* (@ + 1) + (1 - 2)* = (2* + 1)/ (1 — 2)[e(1 + 2)]. (2)

Diat u =x(1+ ), v =1—z (dieu kien v > 0, v > 0). Khi d6 u + v = 2* + 1. Vay (2)

tré thanh ,
u? + 0% = (u+v) uv@(%) +1:(Z§ g) (3)

bat t = , thay vao (3) ta dugc

S5

trl=t+tet-DE-1)=0t=1
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CHUONG 1.
Vayﬂzl(:)u:v.Dodé
Vu
=—-1+2
1+2)=1- 2427 —1= .
z(1+2) T e+ 22 0e v = —1— /3 (loai)
Phuong trinh da cho ¢6 nghiem duy nhat = —1 4 /2.
Bai toan 20. Giai phuong trinh
V5x2 + 14z +9— Va2 —2 —20 =5vVz + L. (1)
Giai. Dieu kiéen
522 +14x +9 >0 (x+1)bx+9) >0
?—r-20>0 &< (z+4)(zx—5)>0 s z>5
r+1>0 r+1>0
Ta c6
(1) & Va2 + 14z +9=Va2 —2—-20+5Vz + 1
2% —b5r+2=5(x+4)(z —5)(z +1)
& 2x? —4x —5) + 3(x +4) =5/ (22 — 4z — 5)(x + 4). (2)
V6i diéu kien z > 5, chia c4 hai vé ctia (2) cho x + 4 > 0 ta dugc
x> —4x -5 x2—4x -5
2. ————— 4 3=5{/ —m—— 3
x+4 + x+4 (3)
2 _4xr -5
bat t = uzo, thay vao (3) ta duge
x+4
t=1
27 -5t +3=0 |, _3
=5
Khit=1, taco
2—4x -5 5++/6
Ik NI S W S IR =2 L1}
x+4

3 2 _4x—-5 3
Khltzg,ta co %25, nghia la

r =38
4(2* =52 —5) =92 + 36 & 42° — 352 — 56 =0 <
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Két hop véi dieu kién ta dude cac nghiém ctia phuong trinh da cho 1a

_ 54+4/61

=38
x , T 5

1.1.5 Xay dung phuong trinh tit cac dang thic.

Xuét phéat tit mot ding thitc nao dé, ching ta cé thé xay dung lén cac phuong trinh
vo ti. Chang han tit hing ding thic

(a+b4+c)=a®+b+E+3(a+b)(b+c)(c+a)

ta co
(a+b+e) =+ +E e (a+b)(b+c)(c+a)=0.

Bing cach chon a,b,c sao cho (a+b+¢)® = a® + b® + ¢ ta xé tao ra duge phuong
trinh vo ti chtta can béac ba.

Vi du 14. Cho
a=VTr+1,b=—Va2—z—8,c=Va2—8x—1
thi a® + b3 + 3 = 8. Ta duoe bai todn sau

Bai toan 21 (Dé nghi OLYMPIC 30/04/1999). Gidi phuong trinh

Viz+1—vVa2—2 -8+ Va2 -8 —1=2.
Giai. Tap xac dinh R. Dat
a=VTr+1,b=—vVa2—2—8 c=va2—8x—1.
Khi do
A+ +c3=8 (1)
a+b+c=2 (2)
Mat khéc ta c6 hing déng thic
(a+b+¢)’=a®+0°+E+3a+b)(b+c)(c+a). (3)
Thay (1), (2) vao (3) ta dugc
—b
—c
—a.

(a+b)(b+c)c+a)=0& | b
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Vay
[ Te+1= 22—z —38 Te+1=a>—2z—8
Vil—z—-8=v2—-8r—-1 & | 2?2 -2 —-8=22—-8r—1
| Va2 —8r—1=—yTzx+1 ??—8r—1=-Tr—1
22— 8r—9=0 v=-l
r=9
S Te=7 =

2 l’zl

¢ —x =0
L x = 0.

Thay cac gia tri —1,0, 1,9 vao phuong trinh da cho thiay thod mén. Vay phuong trinh
c6 4 nghiem —1, 0, 1, 9.

Vi du 15. Cho

a= /322 — 1 +2001, b= —+v/322 — Tz + 2002, ¢ = —v/6x — 2003
thi a3 + 0% + & = 2002. Ta duge bai todn sau

Bai toan 22. Gidi phuong trinh

V322 — x + 2001 — v/322 — Tz + 2002 — /62 — 2003 = v/2002.

Huéng dan. Dat

a = V3x2 —x+2001, b= —v/322 — Tz + 2002, ¢ = —v/6x — 2003.

Khi do
(a+b+c) =+ + < (a+b)(b+c)(c+a) =0.

Viéc gidi phuong trinh da cho duge quy vé giai

V322 — x4+ 2001 = /322 — Tx + 2002

V322 — Tx + 2002 = — /62 — 2003
V6x — 2003 = /322 — x + 2001.

Vi du 16. Cho
a = v/1945x + 1975, b = v/60x + 15, c = V15 — x
thi a3 + b + & = 2004z + 2005. Ta duoc bai todan sau
Bai toan 23 (HSG Tinh Gia Lai nam hoc 2004-2005). Gidi phuong trinh

V19452 + 1975 + v/60z + 15 + /15 — 2 — +v/2004x + 2005 = 0.
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Giai. Tap xac dinh R. Dat
a = /19452 + 1975, b = v/60x + 15, ¢ = V/15 — .
Khi dé6 a® + b® + ¢ = 20042 + 2005. Thay vao PT da cho ta dugc
at+bte— VTP +E=0satbtc=Vat+0+3

Slat+bt+e))=a+b"+ (1)
Mat khéc ta c6 hing déng thic
(a+b+¢)’ =+ + S +3a+b)(b+c)(c+a) (2)
Tu (1) va (2) suy ra
a=—b
(a+b)(b+c)(c+a)=0& | b=—c
c=—a.
Vay
1990
r=——
1945z + 1975 = —60x — 15 %805
60x +15 =2 —15 &S| r=——
15 — z = —(1945z + 1975) 1990
STV
1990 30 1990
Vay PT c6 ba nghiém =z = 5005 = "59' ¥ = TToma

Vidul7. Choa= 32 +1,b=5—z,c=~20 -9 thia®>+ b+ =42 — 3. Ta

duoge bai todn sau
Bai toan 24. Giai phuong trinh
V3 +14Vb—ax+ V2 —9— Viz —3=0.
Vi du 18. T hang dang thic
a® +b* — ab(a+b) = (a +b)(a — b)?,

liya= /r+1,b=—x +2. Khi do

a®+b* —ab(a +b)

:a:+1—at—2+\:’7552+3:v+2<{°7:c+1—\37554—2)

:—1+{°7x2+3:c+2<{°7:c+1—€7x+2).
Bang cich cho a® + b* — ab(a +b) = 0 ta duge bai todn sau
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Bai toan 25. Giai phuong trinh

\37932+3a:+2(€7a;+1—{°7a;+2) _ 1.

Giai. Tap xac dinh R. Phuong trinh viét lai

(4D +(@—2)+ Ve + 3012 (Var1- Vo T2) =0, *)

Dat a = Vo + 1, b= —vy/x + 2. Thay vao (*) ta duge

P ala ) =08 @ pa-0?—0e [ 120

Vay
Vr+1l=—-z+2 - r+1=—-2-2 <:>l’_—§
Jr+1=r+2 0z =1 (v) -

3 . 3 .
Thay z = —5 vao PT da cho thay thoa man. Vay z = —5 la nghiém duy nhat cta
PT.

1.1.6 Xay dung phuong trinh tit cAc hé déi xing loai II.

Xét hé phuong trinh
(az+B)* =ay+b (1)
(ay+0)° =az+b (2)

T (2) suy ra

ay+B—vazih |V -
ay+ [ =—var+b y var+b
—

Thay vao (1) ta duge

o avar+b aﬁ_l_
Q o
2 —avar+b aﬁ_l_
o

«

(ax + )
(ox + )

Dén day bang cach chon o, 3, a, b ta sé xay dung dudc cac phuong trinh vo ti. Cach
gidi cac phuong trinh dang nay la dat ay + 3 = Vaz + b (hodc —vaz +b) dé dua ve
hé déi xting loai IT § trén da biét cach gidi. Bay gio ta sé di xay dung mot s6 phuong
trinh dang nay
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Vidu 19. Cho o =3, =2, a =3, b=8 thay vio (%) ta dugc
(32 +2)* = 3z + 8 + 6.

Ta c6 bai toan sau

Bai toan 26 (HSG tp Ho Chi Minh nim hoc 2004-2005). Gidi phuong trinh
92° + 122 — 2 = 3z + 8.

Giai. Dieu kién = > —2. Phuong trinh viét lai
(32 +2)2 -6 =3z + 8. (1)

Diat 3y + 2 = /32 + 8, suy ra (3y + 2)? = 3z + 8. Két hop vdi (1) ta c6 he

{(3at+2)2:3y+8 (2)
By +2)2 =3z +8. (3)

) 8 8 .
Dé z,y thod méan (1) va (2) thi z > —3 vay > -3 Lay (2) tru (3) ta duge

3x—y)Br+3y+4)=3y—2)< (r—y)Bx+3y+5) =0

r—y=~0 Yy==x
3x+3y+5=0 3y =—(3z+5).

e V6i y = z, thay vao (2) ta dugc

1
x == (nhan)
(Br+2?=32+89°+9r-4=0 3,
x=—= (loai).
3
e V6iy = —(3x 4+ 5), thay vao (2) ta duge
—5+V21 .
?=-3r+3 9% +15x+1=0 A foa)
= (nhan).
6
—5—+/21

Cac nghiém cta phuong trinh da cho la x = 3 va r = 5

Luu y. C6 mot phuong phap dé tim ra cach dat 3y + 2 = /32 + 8 nhu sau : Ta sé
dit my +n = /32 + 8, v6i m, n sé chon sau sao cho hé hai an z,y thu dugc 1a he doéi
xing loai hai. Tt my + n = v/3z 4+ 8 va tit phuong trinh da cho ta c6 hé

(my +n)? =3z + 8 N m2y? + 2mny +n? = 3z + 8

922 + 122 — 2= /32 +8 922 + 122 — 2 = my + n.
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Dé 1a he d6i xiing loai hai thi

9 12 m n

m?> 2mn 3 8—n? {ng
_ _ # .

3
Vidu20. Choa=1,0=1,a= ,bzithayvdo(*) ta dugc

1
2

1) =
(x+1) 55

Ta co bai todan sau

3
Bai toan 27. Gidi phuong trinh 2x* + 4x = ZE; .

Vidu 21. Choa=2, f=—1, a=28000, b =1 thay vio (%) ta dugc

(22 — 1)* = 4000v/8000x + 1 + 4001
Ta co bai toan sau
Bai toan 28. Gidai phuong trinh
z? — 2 — 10004/8000x + 1 = 1000
Néu xét he

{ (az 4 08)> =ay +b
(ay + B)° = az +b.

T phuong trinh duéi ta duge

3/
ay+ 0= 3a:v+b(:>y:%b—§.

Thay vao phuong trinh trén ctia hé :
3
V b
(az + gy = Var b _ab
o !

Vidu 22. Chona=1,=1,a=3,b=25, ta dugc
(x+1)=3V3z +5+2.

Ta co bai todan sau
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Bai toan 29 (Dé nghi OLYMPIC 30/04/2009). Gidi phuong trinh
2% 4 32% — 3v/3r +5=1— 3z.
Giai. Tap xac dinh R. Phuong trinh da cho tuong duong
(z+1)* =3V3z+5+2. (1)
Dat y + 1 = /3z + 5. Ta c6 he

{ (x+1)3=3y+5 (1)
(y+12=3z+5 (2)

Lay (1) tr (2) theo vé ta dugc
(z+1)° = (y+1)° = =3(x —y)
sa-—E+1*+(@+D)y+1)+ (y+1)>° +3] 0
sr=y (do(@+1)°+(@+1)y+1)+y+1)>>0).

Thay vao (1) ta duge

r=1
r = —2.

(r+1)P=3z+52°+322-4=0¢<
Phuong trinh da cho c6 hai nghiém la z =1 va z = —2.
Vidu 23. Cho a =2, =0, a=4004, b =—-2001 ta dugc
(22)® = 2002v/4004x — 2001 — 2001.

Ta co bai todan sau

823 42001\ °

Bai toan 30. Gidi phuong trinh ( 5002 ) = 4004z — 2001.

1.1.7 Xay dung phuong trinh v6 ti dua vao tinh don diéu ctia ham sé.

Dua vao két qua "Néu ham s6 y = f(z) don diéu thi f(z) = f(y) & = = y" ta c6 thé
xay dyng dugc nhiéu phuong trinh, hé phuong trinh.

Vidu 24. Xét ham s6 f(t) = t3+t dong bién tren R. Cho f(z+1) = f(v/72% + 92 — 4)
ta duge
20+ 1P +(x+1)2+1=2Br—1)V3r —1+3z -1+ 1.

Ta duoge bai toan sau
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Bai toan 31 (HSG tp Ho Chi Minh nim hoc 2004-2005). Gidi phuong trinh
22 —42® — bx +6 = /722 + 9 — 4.
Giai. Tap xac dinh R. Dat y = v/722 + 92 — 4. Ta c6 he

3 —42? —br+6=y (1)
T2+ 9z — 4=y (2)

Cong (1) va (2) theo vé ta dugc
P43t tdr 2=y +ye e+ 1)+ (2 +1) =y +y. (3)

Xét ham s6 f(t) =3 +¢t. Vi f/(t) =3t +1 > 0,Vt € R nén ham s6 f dong bién trén
R. Do d6 (3) viét lai
fe+ ) =fly)y z+1=y.
Béi vay
Vi + 92 —d=0+1< 7202 +92 —4= (v +1)3

xr =
St -4 —6r+5=0& (z —5) (2 +2—1) & 1445
r=—"".
2

Vi du 25. Xét ham so f(t) = t* + 2t dong bién trén R. Cho

0
f (\3/—:E3+9at2—19:£+11) = f(z —1).

ta duge

—23 4+ 927 — 192 + 11 + 2V —23 4+ 922 — 192 + 11 = (z — 1) 4+ 2(x — 1).
Khai trién va rit gon ta duogc bai todn sau

Bai toan 32 (D& nghi OLYMPIC 30/04/2009). Gidi phuong trink

22— 622+ 120 — 7= vV—23+ 922 — 192 + 11.

Giai. Dat y = v/—a3 + 922 — 192 + 11. Ta c6 he

y? = —a® +92% — 192 + 11 - y? = —a3 4+ 922 — 192 + 11
y=a%—6x2+ 122 — 7 2y = 2x% — 1222 + 242 — 14

Cong hai phuong trinh véi nhau ta duge

VP+2y=2"-32"+52 -39y +2y=(z - 1) +2(x —1). (*)
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Xét ham s6 f(t) = t* + 2t. V6i moi ¢ # to, ta co

f(t1) — f(ta2)
t1 — 1o

2 2
t 3t
=t ftity +13+2= (t1+§2) +5 +2>0.

Vay ham s6 f(t) dong bién tréen R. Do d6
e fly)y=Ffz-1ey=r-1
SV +0922 - 19 +11=2—1
o 2P+ 922 — 192+ 11 =23 — 322+ 32— 1
sS2*—622+1lz —6=0< 2 € {1,2,3}.

Phuong trinh da cho c¢6 ba nghiém z =1,z = 2,2 = 3.
Vi du 26. Xét ham so f(t) = 23+ t> + 1 don diéu trén [0; +00). Cho
fla+1)=f(V3z—1)

ta dugce
20+ 1P+ (x+1)2+1=232 —1)v3zx — 143z — 1 + 1.

Ta duoge bai toan sau

Bai toan 33. Giai phuong trinh

227 + T2* 4+ 5 + 4 = 2(3x — 1)/3x — 1.
Giai. Dicu kien x > =. Dat y = 3z — 1, y > 0. Ta c6 hé

223 + Ta® + br + 4 = 23
v — 1=y

W

Cong theo vé hai phuong trinh trén ta dugc
20 + T + 82 +3 =20 +y* & 2+ 1)° + (z + 1)* = 2¢° + 4°. (*)

Xét ham s6 f(t) = 23 + 2. Vi f/(t) = 6t> + 2t > 0,Vt > 0 nén ham s6 f dong bién
trén [0; +00). Do do

e frl)=fyer+tl=yesr+l=v3r-1

r > -1

o erlz0 2N r=0 o | %=V
Jrx+1=a>+2r+1 {:Eil x=1.

Két hop véi dieu kién ta dude = 1 1a nghiém duy nhat ctia PT da cho.
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Vi du 27. Xét ham so f(t) = t3 +t don diéu trén R. Néu cho f(2z) = f(¥/6x + 1)
tht dugc

82° +2r =62+ 1+ vV6r+ 1< Vér + 1 =8z — 4z — 1.
Ta duogce bai toan sau
Bai toan 34. Gidi phuong trinh /6x + 1 = 82° — 4o — 1.
Vi du 28. Xét ham s6 f(t) =t (1+ V12 +2). Ta cd

t2
fle)y=1+Vt2+2+ > 0,Vt € R.
Vit 42

Vay ham s6 f(t) =t (1 + V12 +2) dong bién trén R. Cho f(2x +3) = f(—3z) ta dudc

(22 +3) (1 + Va2 + 122 + 11) — 3 (1 + V022 + 2) .

Ta co bai toan

Bai toan 35. Giai phuong trinh

(22 + 3)v/4z2 + 122 + 11 + 3z (1 V02t 2) — 5z —3.
Vi du 29. Xét ham so dong bién trén khodng (0;+00) la

f(t) =logyt — 2t + 2Vt > 0.

Cho f (\/:B + 2) =f (2 + i) ta duoc

1 1 1\?
logo Vo +2 —=2vVx 4+ 2+ 2+ 2 = log, (2+—) —2(2+—) +(2+—)
x x x

1 2z + 1 1\?
(:>§log2($+2)+:c+3:log2 +|11+-) +2ve+2
xr xr

Ta co bai toan sau
Bai toan 36 (HSG Dai hoc Vinh nam hoc 2009-2010). Gidi phuong trinh
2z +1

1
ilogg(x+2) + 2 + 3 = log,

1\2
—I—(l—l—;) +2Vx + 2.

Giai. Dieu kien
x € (—2;400) 1
1 _9.__ .
v (—oo; _5) U (0 ++00) S e ( 2; 2) U (0; +00) .
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Khi d6 phuong trinh viét lai

1 1 1\’
logz\/:v+2—2\/:c+2+:v+2:log2(2%—;)—2(2%—;)%—(2%——) (1)
Xét ham s6 f(t) = logyt — 2t + t2,Vt > 0. Ta c6

1 /1 /2
2 —2>2 2 —2=2%/——=2>0
t.ln2+ - t.In2 In2

Vay ham s6 f(t) dong bién trén khoang (0; +o0), do d6

(1)<:>f<\/a:—2):f(2+%)<:> x+2:2+§ 2)

f1(t) =

N 1 )
V6i dieu kién x € (—2; —5) U (0; +00), binh phuong hai vé phuong trinh (2) ta duge

=1
4 1 t
r+2=4+-+5 e’ -2"-dr-1=0& 34+ /13
r _ 2=V
v 2
. . 34+ 13
Két hgp véi dk, ta thay PT da cho c¢6 hai nghiém x = —1 vax:%.

Vi du 30. Xét ham so dong bién trén khoding R la f(t) =t°> +t. Cho f (g) = f(y)
ta duge
A
(—) + - =9y tye 2 +ay' =90+
Y Yy
Mt khdc do f(t) dong bién trén R nén

f(g) =f(y)<:>§=y<:>:v=y2-

Liy x = 1, khi do

Vir +5+Vz +8=6.
Vay ta co bai toan sau

Bai toan 37 (HSG Binh Dinh nam hoc 2009-2010). Gidi hé phuong trinh

{ 2’ oyt =yl +y° (1)

VAT +5+/y> +8=6. (2)
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. 5
Giai. Dieukien 4z +5>0< z > I

e Xét y =0. Tu (1) suy ra z = 0 va phuong trinh (2) khong duge thod man.
e Xét y # 0. Chia ca hai vé ctia (1) cho y° ta dugc

(0) i

Xét ham s6 f(t) =t° +t,Vt € R. Ta c6
fl(t)=5t"+1>0,Vt € R,

Vay ham f(t) dong bién tréen R. Do d6

(3)<:>f(§) =f(y)<:>§=y<:>:v=y2-

Thay vao (2) ta duge

Viz +5+Vx +8=6. (4)

. )
Xét ham s6 g(x) = V4zx +5 +z + 8,V > - Vi

(@)= 2 — 2 S0
I Jizt5 ov/zis T ETg

. N . )
nén ham so6 g(z) dong bién trén {_Z; —l—oo). Hon ntta g(1) = 6. Vay « = 1 1a nghiém
duy nhat ciia (4). Suy ra y?> = 1 & y = 1. Vay hé c6 hai nghiem 1a

(z;9) = (1;1), (z;9) = (1; -1).

1.1.8 Xay dung phuong trinh v6 ti dua vao cac phuong trinh lugng giac.
Tt mot phuong trinh luong gidc don gian nao dé, két hop véi cac phép bién ddi lugng
giac thi sé tim ra cac phuong trinh vo ti hay.

Vi du 31. Tw phuong trinh cos3t = sint, vdi t € [0;7], ta thay phuong trinh nay
tuong duong vdi

4cos®t —3cost = V1 — cos? t.

Dat x = cost ta duge bai todn sau
Bai toan 38 (Dé nghi Olympic 30/04/2003-toan 10). Gidi phuong trinh
422 — 3z = V1 — 22
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Néu thay x bdi  — 1 ta dudce bai toan khé hon.
Bai toan 39. Gidi phuong trinh 4% — 122% + 92 — 1 = /22 — 22

t p
Vi du 32. T phuong trinh cos 3t = cos 2’ vdi t € [0;7], ta thay phuong trinh nay

tuong duong vdi
8cos®t — 6cost = \/2(1 + cost).

Dat x = 2cost ta duge bai toan sau
Bai toan 40 (Dé nghi OLYMPIC 30/04/2006). Gidi phuong trinh
3 =3z =Vr+2. (1)

Giai. Dieu kien x > —2. Néu « > 2 thi

P —3r=r+z@®—4) >r>V2r=Vr+z>Vr+2

Vay o > 2 khong thoa man (1), do d6 dé giai PT (1), chi can xét —2 < z < 2. Khi d6
dat x = 2cost, diéu kién ¢ € [0; 7]. Thay vao (1) ta dugc

t
8cos®t —6cost = /2 (1 +cost) < 4cos’t — 3cost = cos 5

t k4
; 3t = - + k2 t=—"
&cos3t =cos - & 2 & /{5277' (keZ).
2 3t = —= + k27 p="0
2 7
~ ? 14 ~ PN 47T 47T ~ ~ Pl
Do t € [0; 7] nén chi lay cac nghiem ¢t =0, t = = t= - Phuong trinh da cho ¢6 ba

nghiém
4
T =2, IZQCOS%, zchos%.

Vi du 33. Tw phuong trinh sin 3t = cost,vdit € [0; 7|, ta thay phuong trinh nay tuong
duong voi

3sint — 4sin®t = cosx < sint (3—4sin2t) = cost
& v/ 1 — cos?t (4coszt— 1) = cost
cost

S V1 —cos?t = —-——.
4cos?t —1
Lay x = cost ta dugc bai todn sau

Bai toan 41. Gidi phuong trinh /1 — 2% = 1 ;E T
l’ —
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R 1 1
Giai. Tu dieu kién |z]| < 1, z # 5 VA T # —3 ta dat

2
x = cost, tE[O;W],z%g,z%g.

Thay vao phuong trinh da cho ta dugc

t
V1 —cos?t= __ st @\/1—cos2t(4coszt—1) = cost

 deos?t—1
& sint (4—4sin2t— 1) =cost < sint (3 —4sin2t) = cost

T
&3sint — 4sin®t = cosz < sin 3t = cost < sin 3t = sin <§ —t)

8t == —t 4 k2r p Tk
& p & 8§ 2 (ke
3t:7r—<——t)—|—k‘27r t=—+knr
2 4
~ ~ , = T 5 ™ = )
Trén doan [0; 7], ta nhan duge cac nghiém t; = R ty = 3 t3 = T Nghiém clia
phuong trinh da cho la
5 ™
COS —, COS —, COS —.
8’ 8’ 4

Vi du 34. Ta c¢6 cong thic
sin 5a = 16sin® o — 20sin® o + 5sin a.
Tu phuong trinh sin 5t = cost,vdi t € [0; 7], ta thay phuong trinh nay tuong duong vdi
16sin® t — 20sin®t + 5sint = cost
&sint (16 sin®t — 20sin® ¢ + 5) = cost
&sint [16 (1 — sin? t)2 — 12 (1 — sin? t) + 1} = cost
&sint (16 cos’t — 12cos*t + 1) = cost

cost
&1 —cos?t =

16cos*t — 12cos2t +1°

Liay x = cost ta dugc bai todn sau

x
Bai toan 42. Gidi phuong trinh 1 — 2?2 =

164 — 1222 + 1

Hudng dan. Tu diéu kien |z| > 1 va 162* — 1222 + 1 # 0, ta dat

x = cost, t € [0;n], didu kién 16cos*t — 12cos®t + 1 # 0.
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Thay vao phuong trinh da cho ta dugc

cost
V1 —cos?t=

16costt — 12cos?2t + 1
@sint(chos t — 12 cos® t—l—l) = cost

&sint [16 (1 — sinzt)2 —12 (1 — sinzt) + 1} = cost

& sint (16 sin*t — 20sin?t + 5) = cost
<16sin’°t — 20sin®t + Hsint = cost < sin bt = cost

T km
m b=
& sin bt = sin (E_t) & 71r2 1{57? (ke Z).
=3ty

Vi du 35. Tu phuong trinh sinbt = cos3t,vdi t € [0;7], ta thay phuong trinh nay
tuong duong vdi

16sin® t — 20sin®t + 5sint = cos 3t
&sint (16sin4t — 20sin?t + 5) = 4cos’t — 3cost
&sint [16 (1 — sin® t)2 — 12 (1 — sin® t) + 1} = 4cos®t — 3cost
&sint (160084t —12cos?t + 1) —=4cos®t —3cost
1 —cos?t = (160084t —12cos?t + 1) = 4cos®t — 3cost.
Lay x = cost ta dugc bai todn sau
Bai toan 43. Gidi phuong trinh /1 — 22 (162* — 1222 + 1) = 42° — 3u.

Hudng dan. Tu diéu kién |z| > 1, ta dit x = cost, t € [0;7]. Thay vao phuong trinh
da cho ta ducce

m(16cos4t—12coszt—l—l) —=4cos®t —3cost
@sint(16cos4t—12coszt—l—1) = 4cos®t — 3cost
sint [16 (1 - sin)* — 12 (1 = sin’t) + 1| = cos 3¢
&sint (16 sin®t — 20sin® ¢ + 5) = cos 3t
&16sin®t — 20sin® ¢ + 5sint = cos 3t < sin 5t = cos 3t

;o s k:7r
& sin 5t = sin (E —3t> = 61 e
2 t=+kn
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Vi du 36. Tw phuong trinh sin <3t — %) = sin (t + %), vdi t € [0; 7], ta thay phuong

trinh nay tuong duong vdi
sin 3t — cos 3t = sint + cost
&3sint —4sin®t — 4cos®t + 3cost = sint + cost
&2cost + 3sint —4sin®t = 4 cos® t + sint
&2cost +sint (3 - 4sin2t) = 4cos®t 4 sint
&2cost +sint (4cos2t - 1) = 4cos®t +sint

&2cost + V1 —cos?t (4cos2t — 1) = 4cos®t + V1 — cos?t.
Liay x = cost ta dugc bai todn sau
Bai toan 44. Gidai phuong trinh
21 + (42° — 1)V1 — 22 = 42® + V1 — 22,

Hudng dan. Tu diéu kién |z| > 1, ta ddt x = cost, t € [0;7]. Thay vao phuong trinh
da cho ta ducce

2cost+(4cos2t—1)mzélcosgt—l—m
&2cost + (4coszt—1) sint = 4cos®t +sint
@sint(4cos2t—2) = 4cos®t — 2cost
&sint (2C082t— 1) =cost (2C082t— 1)

), _— B cos2t =0
& (2cos’t — 1) (sint — cost) =0 < sint = cost
2 Vs k‘ t_z_l_k‘_ﬂ' k‘
- t—§+7r(:) 4 2 @tzz+—ﬂ.
tant = 1 tzz‘ka o2
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1.1.9 St dung can bac n ctia sb phiic dé sang tao va giai hé phuong trinh.

Cho s6 phiic z = r (cos p +isinp), r > 0. Khi d6 cac can bac n cla z 1a

2= Ur (cos

w+2kr . o+2km
—— +isln———

),k:QLGwn—L
n

e Cac can bac hai ctia s6 phiic 2 = 7 (cosp + isinp), r > 0 1a

20:\/F<cosg—l—z'sing), zlz—JF(cosg—l—z'sing).

e Cac can bac ba ciia s6 phiic z = 7 (cos +ising), r > 0 13

20 = {”/F(cosg—l—z'sing),

2 2
zlze/F(cosgpg 7T—I—z’sinsp_; 7T),

4 4
ZQ:\B/F(COS(p_; 7T—I—z’sinsp_g 7T).

Mot phuong trinh nghieém phiic f(z) = 0, véi z = x + iy, ta bién doi thanh

h(z,y) =0

h@yymﬂaw=ﬂ¢>{ﬂLw:0

Nghia 14 mot phuong trinh nghiém phiic, bang cach tach phan thyc va phan do luon
c6 thé dua vé hé phuong trinh.

1. Sang tac cac hé phuong trinh bing cach luy thita ba mo6t sd phiic cho
trudc.

Dé tim can bac ba ctia s6 phiic 1 4 4, ta tim s6 phtic 2 = z + iy, € R, y € R sao cho

(x+iy)®? =1+i < 23 +32%yi + 3wy?i® + %% =1+
2} —3ry? =1

3 o2 2, o3\ _ ,
Sz —3xy” + (3x°y — y°)i 1+Z®{3$2y—y3:1.

Giai hé nay ta tim dude  va y, tit d6 c6 z. Tuy nhién, c6 thé tim z bing cach khai
can bac ba cia 1 + ¢ nhu sau : Ta ¢6

1+i:\/§<cos%—l—z’sin%).

Vay cac can bac ba cia 1+ la

Z0 = \3/\/§<cosl7r—2+z'sin1ﬂ—2) = %(cos%%—z’sin%),
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3 % + 27 o % + 27 6 3T .3
Z1 = V2 ( cos + 28In = /2 cos — + isin — ,
3 3 4 4
T+ 47 2 +4m 17 17
22:\3/\/§(COS4 3 +isin4 3 )zf/ﬁ(cosl—;—l—z’sinl—;).
o . N . =3t =1
T day, nguge lai ta da tim duge nghiém cua hé { 302y — yf = 1 1a
3 17
$:\6/§C081 zz%coszﬂ :E:\fyicos—ﬂ
: ? 3r 1
?/:\G/ESIHE y:%sinzﬂ y:%sinl—;.

. 1 3 .
Vi du 37. Xét séphﬁcz:5<cosg+z'sing) =5 <§—|—§z> Gia stz + yi la so

phiic thod man dieu kién

1 V3 5 53
(z+yi)* =5 <§ + §z> & 2’4 32y + eyt + %0 = S+ —\2/_2
223 — 6zy? =5

3 o2 2 o3\ _ :
& 2x° — 6xy” + (6x°y — 2y°)i 5+5\/§Z®{6:ﬂ2y—2y3:5\/§.

Ta duoge bai toan sau

ce . X 2% — 6zy* =5 (1)
Bai toan 45. Gidai hé phuong trinh { 622y — 2% = 5v3 (2).

Giai.
Nhan hai vé ctia (2) vé6i 7 16i cong véi (1) ta duge

223 — 621y + (62%y — 2y%)i = 5+ 5V/3i

5 5

5. 5V3,

2 2
5V/3.

5
2 + 302yi + 3zy*it + i = B + Tz

e(r+yi) =5 <l + £z> .

1 — 3zy® + 3y — )i =

2 2

Vay z + yi 1a mot cén bac ba ctia sd phic

1 3
z=25 <——|—£z’> :5<cosg—|—z’sinz).

2 2 3
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Ma z ¢6 cac can bac ba la

2o = %(Cosg—l—z’sing),

T+ 2 T 427 7 7
21:\3/5 cos 2 +isin 3 = /5 cos—ﬂ%—z'sin—ﬂ ,
3 3 9 9
2 +4nm T +4n 13 13
22:\3/5(0083 5 + isin 2 5 )z%(cos%%—z’sin%).

Vay cac nghiém ciia hé phuong trinh 1a

13

‘r:{’/gcosz x—\/_cos— x—\/_cosf
5= . , ; 1

y={’/§sm§ y—\/_sm— y—\/_s1n—7T

2. Sang tac cac hé phuong trinh tir hai s6 phiic cho truéec.
Vi du 38. Xét hai so phiic 2, va zy nhu sau

21:7—\/§’i — Zl—l-Zz:?
2 = /i 2129 = TV5i+5

Vay z1 va zo la nghiém cia phuong trinh

5+ T+/51
z2—7z—|—5+7\/§i:0(:>z—7—|—+7\/_z:0
7 52 7
<:>z+— \/_Z 7<:>z+—i fzz =7
2z 27z

Gid st z = x + yi vdi x,y € R. Khi dé phuong trinh trén viét lai
5(x —yi)  TV5(xi+y)

) _
T+ Yy + PN 2P
. b+ TVh 7vV/bx — 5
Sr +yt+ 3 \/;y+ \/2_ y
e+ x? 4 y?
+5x—|—7\/§y_7+ 7\/_:B—5y _0
l.2_|_y2 y l.2_|_y2
5z—|—7\/§y -0
x 22 + y2 0=
P Yy
+7\/§x—5y 0
Y $2+y2

Ta c6 bai todn sau
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52 + 7v/by
T+ 95 .2
Bai toan 46. Gidi hé phuong trinh : f’};_y "Bz by
v+ Cag?

Huéng dan. Ti cach xay dung hé phuong trinh ta thiay ngay hé c6 hai nghiem 1a
r="7 wilr= 0
y=—5 y =5
3T —
L 2
Bai toan 47. Giai hé phuong trinh r +fy
2242

=3

Giai. Diéu kien 22 + 3% # 0. Xét s6 phiic z = x + iy. Khi do6

iz=ix—y, 2+ =z =232

Hé phuong trinh da cho viét lai

3 —
=3 (1)
| §y
=0. (2
yi — $2+y (2)
Lay (1) tr (2) theo vé ta dugc
 3r—y  x+3y. (x+yi) y—xi
— 1=3& T — - = 3.
v yz+z2+y2 r2 + 2 Tyt r24+y? 2?4 y?
Hay
1
z+3—+—__3<:>z+3 +——3<:>() —-3zZ+3+4+i=0.

2Z  2Z
Ta c6 A =9 —4(3+14) = —3 — 44. Xét s6 phitc a + bi thod man diéu kien

2 2
. . 0 — b = -3 @b =3
—3—4z=(a+62)2<:>{ 2ab = —4 (:’{ po 2
a

Khi do

4
a ——2:—3®a4+3a2—4:0(:>a2:1(:>a:j:1.
a

Vay (a;0) = (1;,-2); (a;b) = (=1;2). Do d6 A = —3 — 4i ¢6 hai cidn bac hai la
+ (1 — 2¢). Suy ra

3 1—2
E:¥:2_i
_ 3—(1-29) )
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Nghia la
royi=2—1i | (zy)=(21)
r—yi=1+1 (x;y) = (1;—1).

Vay hé PT da cho c¢6 hai nghiém la{ zf2 Va{ ;: 1

Vi du 39. Xét hai s6 phic

21 =v2—1 21+ 20 =3V2+1i
. =
20 = 20/2 + 2i 21292 = 6.

Khi do z, va zs la hai nghiém ciua phuong trinh
6 6z
2= (3V24i) 246 =002+ =3V2+ic+ = =3V2+i
z 2.Z
Gid s z = u + vi, khi dé phuong trinh viét lai

6(u — vi
u+m’+7(g Us):3\/§+z'
us+ v

6u 6v .

6
u+267“:3\/§ u(1+ﬁ = 3v2
N u&—}vz N Ugjv
A | __5 -
v PER v(l NER 1.

Liyu = \/z,v=/y, ta dugc

NG 6
Yo =2
3 +a:+y V2
6
1-— =1.
ﬁ( T4y
Ta co bai todan sau
NG 6
Vo114 —)=V2
3 +:E+y V2

Bai toan 48. Gidi hé phuong trinh

\/g(l_xiy) o

Bai toan 49 (HSG qubc gia-1996). Gidi hé phuong trinh

1
V3r |1+ =2
r+vy
1
Tyl 1l— = 4+/2.
V1Y P V2
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Giai. Dieu kien z > 0 vay > 0. Dat u = /7, v = v/¥- He phuong trinh tré thanh

1+ L 2
u _ =
u? + v?

S A
! uz+v2) 7

Vi u? 4 v? 1 binh phuong ctia moédun ctia sé phiic 2 = w+4v nén ta bién ddi hé phuong
trinh thanh

<3l

u 2 u 2

- = — - = — 1
u+u2+v2 V3 N u+u2+v2 V3 (1)
v ) B 42 v — o 4v/2i ()

w02 T w402 7

Cong (1) va (2) theo vé ta dugc

— 2 4/ 21
wrior AT 2 v2i (3)

P03 VT
L U—1w z z 1

—_— = = = = nén (3) viét lai
u? + v? |z|2 2.Z  z (3) i

1 W2 o, 1 2v/2
z—l——=—+ &z +1=0. (4)
2 V3T <\f f)
Ta co
Ao (L 2\/_2 1_1_§+4\/§¢_ 38 42
f V7 3.7 V21 21 V21
Xét s6 phiic a + bi thod man dieu kien
38
2 _g2_ _ 2%
__+4\/_z (a+bi)? < T 21
21 V21 2ab=—4\/§
V21
Khi dé6
- —1 2 4
N R NS PP IR: - E B G DN S e
21a? 21 21 21
2 2
Vay (a;b) = | —;VvV2); (a;b) = | ————; —v2 |. Do do
w (ait) = (ziv2)s (i) = (~— i -v2)
1 2v/2
z=u+w=| —F4==+x —— + /2
(\/§ \/_) <\f )
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1 2
U =
Viu>0vav>0nén 2\/_ \/_ Do do6
=22
i
( 2 )2—11+ 4
V21 21 3V7

) 37
2V/2 2 8
y:<7+\/§> :74'7?-

Heé phuong trinh da cho c¢6 nghiém duy nhat 1a

1, 4
22 Lo \/_
y - 7 \/?'
Bai toan 50 (HSG Quéc gia nam hoc 2006-2007). Gidi hé phuong trinh
12
_ —9
y+ 3z Ve

12
1 = 6.
+y—l—3x vy

Giai. Dieu kien z > 0, y > 0, y + 3z # 0. Dt u = 3z > 0, v = \/y > 0. Thay vao
hé ta ducc

12 U 12u
) =9 e
u?+0v%) /3 - Y uzlj 02 2v3 (1)
12 v
= — —— =0. 2
1+u2+v2 v=~0 U+u2+v2 (2)

Nhan PT (2) véi ¢, sau d6 cong v6i PT (1) ta dugc

12(u
PRI Chll BN ) (3)
us+v

Xét s6 phtic z = u + vi, v6i u > 0, v > 0. Khi d6 (3) viét lai
12z 12
P 0B 6ie s — 2 =2(V3 4+ 30)
Z.Z z
& 22— 2(V343i)z —12=0. (4)

Ta co

= (V3+3i)2+12=—646v3i+ 12 = 6 + 63/3i
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1 3
=12 <§—|—\/7_z> =12 (cosg—l—z’sing).

Vay A’ ¢6 hai can bac hai la
3 1
+v/12 (cos% —I—z’sin%) = +V12 <\/7_ + 52) =+ (3—|— \/gz) .
Tu (4) ta c6

{z:\/§+3z’+3+\/§z’:\/§+3+(3+\/§)z’
2=vV3+3i—-3-V3i=v3-3+(3-V3)i.

Dou>0vav>0nén

{u=ﬁ+3 N x:M (:){:17:4%—2\/5

3
v=1+3+3 =3(4+2V3).
v y=(v3+3)° y=3(1+2v3)
He da cho c6 nghiem duy nhat { ;:;‘:ai\/f V3).

1.1.10 S dung bat ding thic lugng giac trong tam gidc dé sing tao ra
cac phuong trinh luong gidc hai an va xay dung thuat giai.

Trong dé thi vaio Dai hoc Nong nghiép 1, nam 1995 c6 bai toan sau
Bai toan 51. Gidai phuong trinh
9
sin? x + sin® y + sin®(z + y) = 1 (1)

Phuong trinh nay khién ta lien tuéng dén mot bat dang thic co ban trong tam giac :
Vé6i moi tam giac ABC' ta ¢6

sin? A + sin® B +sin’ C' < =, (2)

] ©

déu bing xay ra khi va chikhi A= B = (' = g

Trong vé trai clia bat dang thic (2), lay A =2, B=y, C =7 — (z + y), ta thu dugc

vé trai ctia phuong trinh (1). Loi gidi ctia phuong trinh (1) cling thu duge dya trén co

s phép chiing minh bat ding thic lugng giac (2).

Giai. Ta co

cos 2x + cos 2y
2

9
+sin*(z +y) ==

(1)< 1- 1
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& 1—cos(z+y)cos(z —y) + 1 —cos*(z+y) ==

9
4

1
& cos?(x 4+ y) + cos(x — y) cos(z +y) + ~ = 0.

4

Phuong trinh (3) 14 phuong trinh bac hai déi véi cos(z + y), ta c6

A = cos*(x —y) —1>0.

Vi cos?(x — y) < 1 nén dé phuong trinh c6 nghiém thi cos?(z — y) = 1. Do dé

cos(x —y) =1 [ ((z—y=Fk2r
_ 2 4
COS(ZE—I-?J):_COS(ZBQ y):_% Ty=% +12n @
cos(x —y) = —1 r—y=—=+k2r
cos(x —y) 1 7 (5)
cos(x +y) = — = — T+y=+—+10127
2 2 L 3
Ta co
T
[ ((x—y=kK2n r=-+kr+lir
2
a:+y=—7r+l27r y=—-+Ilr—knm
(4)<:> _/5’2 37T
{a:—y— ;T rT=——+kr+lir
L at—l—y:—?—l—l%r y=—§+l7r—k:7r.
- T - __1
I_y:—E—l—k:QW T = 12—|—k‘7r—|—l7r
us om
r+y=-+02r y=-—+Inr—knr
r—y=—5+kor e TR
I :v+y=—§+l27r y:%—l—l?‘(—k‘?‘(.
Céach khac (tiép ndi tir (3)). Ta c6
1 S
(3)(:){cos(:v+y)+§cos(at—y) +Zsin2(:v—y):
1
- cos(:v+y)+§cos(:v—y):
sin(z —y) =0
1
- cos(:v+y)+§cos(a:—y):0
cos(x —y) = +1
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Theo trén ta suy ra mot hudng dé sing tic mot loat cdc phuong trinh ligng gidc hai
an khd thi vi la - T mot bat ding thic co bin trong tam gidc, trong bat ding thic do
chita cic goc A, B, C ciia mot tam gidc, ta lan higt lay

A= f(x,y),B=g(x,y),C=r—[f(x,y) +g(x,y)],

va thay dau bat dang thite bdi dau dang thic, ta sé duge mot phuong trinh luong gidc
hai an = va y tuong wng. Con viéc gidi phuong trinh thi thuong duoc tién hanh tuong
tuw nhu hai cach gidi da trinh bay & trén. Chi 4 rang cdch lam nhw trén khong phdi lic
nao cing thanh cong, ¢ thé ta zay dung duge nhitng phuong trinh liong gidc hai an
nhung ta lai khong giai duge nhiing phuong trinh ma ta via xdy dung nén. Tuy nhién
day la mot phuong phdp sdang tdac bai todn rat dang quan tam, né cho ta nhiéu phuong
trinh thii vi cd deé bai lan loi gids.

Vi du 40. Xét bat dang thic
3
cos A+ cos B+ cosC < E,VAABC,

déu b[ing:z:dymkhz’vdchz’khz’A:B:O:g.LéyA:a:,B:y,C:W—(aH—y),

ta duoc bai todn sau

Bai toan 52. Giai phuong trinh

cosx + cosy — cos(z + y) = 3

Huéng dan. Phuong trinh da cho tuong duong

— 3
2COSZE+yCOSZB y_ (QCOSQI;—y—l) 25

2 2
@200s2$+y—2 0 ZE;ycosIgy—l—%—O
@cosz$;y—cos$;yco Igy+i=0
@(cos$;—y—%coszvgy)z%—isinzivgyzo
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r+y 1 r—y r+y 1 r—y
coS = —CoS coS = —CoS
o Ig 2 2 o gy 2 2
sin = cos =41
cos$_y:1
2
z+y 1
coS ==
o 2 2
cos =—-1
2
T +y 1
coS = ——.
L 2 2

Vi du 41. Cung zét bat dang thic

cos A+ cos B+ cosC < g,‘v’AABC,

ddu bang zay ra khi va chi khi A= B =C = g Lay

. Y g o IARE) B
A=z 2,3—2,0—7T {(a: )—l— } T —(z+y),

ta duoc bai toan sau

Bai toan 53. Gidai phuong trinh

3
cos (a:— %) +cos?y —cos(z+y) = 3

Huéng dan. Phuong trinh da cho tuong duong

-2 3
200s$+ycos$ y—(Qcosz%—l):—

2 2 2
-2 1
<:>2C082$+y—2COS$+y os:E y—l——:()
2 2 2
+y T4y r—2y 1
2
& - —=0
Ccos Ccos 5 cos 5 —|-4
1 -2 1 -2
@(cosIgy—gcosI 5 y) +Zsin2$27y:0
r+y 1 T —2y r+y 1 T — 2y
Cos = —Cos = —co
2 2 2 2 2 2
= . T —2y = T — 2y
sin 5 =0 Cos 5 =41
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-2 -2
cos$2y:1 . cos$2y:—1
= r+y 1 hoac x4y 1
coS = - coS = ——.
2 2 2 2
Vi du 42. Xét bat dang thic
C 3
sin 3 + sin 5 + sin 5 3 VAABC,
dau bang xdy ra khi va chi khi A= B = C = g LiyA=2x, B=2y, C —(2z+2y),
ta duoc bai toan sau
Bai toan 54. Giai phuong trinh
sinx +siny + cos(x +y) = 3
Huéng dan. Phuong trinh da cho tuong duong
.ty r—y . oT+y 3
2 1—2 =
sin 5 COoS 5 + sin 5 2
— 1
(:>2sin2$ —2sin$+ycos$2y+§:0
or+y xty w—y 1
& sin 5 sin 5 cos 5 + 1= 0
1 —y\° 1 -
& sinI+y——cos$ Y + —sin? y—O
2 2 2 4 2
. rx+y 1 r—y . re+y 1 r—y
sin = —cos sin = —cos
PN . 2 2 2 o . 2 2 2
sin = cos ==+1
T — T —
cos =1 cos = —
& 2 hoac 2
. rt+y 1 ? . Tty 1
sin = — sin = ——.
2 2 2
Vi du 43. Xét bat dang thic
A B cC 9
cos? 0l + cos? > + cos? 5 < Z,‘V’AABC’,
dau bang zdy ra khi va chi khi A= B = C = g Liy A =2x, B =2y, C = m—(22+2y),

ta duoc bai todn sau
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Bai toan 55. Gidi phuong trinh

cos® x + cos’ y + sin®(z + y)

Huéng dan. Phuong trinh da cho tuong duong
2 2 9
14 COS 2T + coS 2y +sin2(:v+y) _ 9
2 4
9
&1+ cos(x + y) cos(x — y) + 1 — cos®(x +y) = 1
1
& cos?(x + y) — cos(x — y) cos(z +y) + 1= 0
1 S|
o {cos(:v +y) — 5 cos(r — y)} + 1 sin®(z —y) =0
1
- cos(z +y) — 3 cos(zx —y)=0
sin(zx —y) =0
cos(r —y) =1
1 B 1
cos(z +y) = = cos(x —y) = cos(v +y) = 2
<= 2 = )= 1
cos(z — y) = +1 cos(z —y) = L
cos(x +y) = —3

Vi du 44. Quan sdt cdc bién doi trén ta thay co thé zay dung nén mot sé6 phuong trinh
6 10i gidi twong tu. Chdng han bai todn sau

Bai toan 56. Gidai phuong trinh

3
cos” z + cos® y + cos*(x — y) = 1
Huéng dan. Phuong trinh da cho tuong duong
2 2 3
14 COS 2T + cos 2y eos(z —y) = °
2 4
3
&1+ cos(x + y) cos(z — ) + cos?(x — y) = 1
1
& cos?(x +5) + cos(x —y)cos(z +y) + — =0

4

2

1 1
& [cos(z +y) + 3 cos(r —y)| + 1 sin?(z —y) =
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(:){ cos(z +y) + L cos(z —y) =

2
sin(fzx —y) =0

Vi du 45. Xét bat dang thic

. A . B C 1
sin = sin - sin 5 3 ,VAABC,
dau bang zdy ra khi va chi khi A= B = C = g Liy A = 2x, B =2y, C = m—(22+2y),

ta duoc bai todn sau

Bai toan 57. Giai phuong trinh
sinz.siny. cos(x +y) = =

Huéng dan. Phuong trinh da cho tuong duong

4cos(x + y) [cos(z —y) — cos(x +y)] =1
&dcos’(z +y) —4cos(z +y)cos(xr —y) +1=0
& [2cos(x +y) — cos(z — y)]? +sin®(z —y) = 0
{ 2cos(x +y) = cos(x — y) o { 2cos(z +y) = cos(z —y)

sin(fx —y) =0 cos(x —y) = +1
cos(x —y) =1 cos(x —y) = —1
& 1 hoac 1
cos(z+y) = = cos(z+y) =——.
2 2
Vi du 46. Cung zét bat dang thic
A B C 1
sin 0} sin E) sin 5 3’ VAABC,

ddau bing zay ra khi va chi khi A = B = C—g Lay
A=2x—y, B=3y,C=71—[2x—y)+3y]| =7 —2(z +y),

ta duoc bai todn sau
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Bai toan 58.
y—2x . 3y (z + 1) 1
sin — cos(x = ——.
2 2 Y=y

sin
Giai. Phuong trinh tuong duong

4]cos(z + y) — cos(2y — z)] cos(z +y) = —1
&dcos(z +y) — 4deos(z +y)cos(2y —x) +1=0
& [2cos(z + y) — cos(2y — z)]” + sin?(2y —z) = 0
2cos(x +y) = cos(2y — x) o 2cos(x +y) = cos(2y — x)
sin(2y —x) =0 cos(2y —x) = +1
cos(2y —x) =1 cos(2y —x) = —1
oac

1

1
cos(x +y) = 3 cos(z +y) =——.

2
Vi du 47. Xét bat dang thic
1
cos Acos BeosC < 3 VAABC,

ddau bing zay ra khi va chi khi A= B =C = —. Lay

w3

A:$>B:y>czﬂ_($+y)>
ta duoc bai toan sau
Bai toan 59. Giai phuong trinh
cos x.cosy.cos(x +y) = -3
Huéng dan. Phuong trinh da cho tuong duong
4cos(x +y) [cos(x +y) + cos(x —y)] = —1
&dcos’(x +y) + 4dcos(x +y)cos(x —y) +1 =0
& [2cos(z + y) + cos(z — y))* +sin*(z —y) =0

2cos(xz +y) = —cos(z —y) 2cos(xz +y) = —cos(xz —y)
(:){sin(at—y)zo (:){cos(:v—y):i—l

cos(x —y) = —1 cos(x —y) =1
& hodc 1

cos(z +y) = cos(z +y) = —3

N — |
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Vi du 48. Xét bat dang thic
3
cos A+ cos B+ cosC < E,VAABC,

dau bing zay ra khi va chi khi A= B =C = —. Lay

w3

A=z, B=y, C=7— (v +y),

ta dugc phuong trinh

3
cos T + cosy — cos(x +y) = 7 (1)
Lay
A=2z—y, B=2y—z,C=n1—[20—y)+ 2y—2a)=7— (z+v)

ta dugc phuong trinh

cos(2x — y) + cos(2y — x) — cos(x + y) = g (2)

Cong (1) va (2) ta dugc bai toan sau
Bai toan 60. Giai phuong trinh

cos T + cosy + cos(2x — y) + cos(2y — x) = 3+ 2cos(x + y).
Huéng dan. Phuong trinh da cho tuong duong

[cos & + cos(2y — z)] + [cosy + cos(2z — y)] = 3 + 2cos(x + y)
&2cosycos(r —y) + 2coszcos(x —y) =3+ 2cos(x + y)
2cos(x —y) (cosz + cosy) = 3+ 2cos(z + y)

@4cos(z—y)cosaj;—ycoszgy:3+4cosz$+y—2
@4cos2$+y—4cos(z—y)cos$;ycoszgy—|—1:O
T+ z—y]? T —
& |2cos y—cos(:v—y)cos Y + 1 — cos?(x — y) cos? 2y:0. (1)
Vil—cosz(at—y)coszz_yZOnén
QCosaj_l_y—cos(:E—y)cosaj_y:O

(1)« ey

=0
2

1 — cos?(z — y) cos
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2cos 21 Y —cos(a:—y)cosip_ =0
A 1+ cos(z —y)

1 —cos?(z — ) =0

2

T+y rT—Y

o ) 2008 5 — cos(z — y) cos 5 =0
cos?(x — y) + cos®(z — y) = 2

cos(x —y) =1
N r+y r—y (2)
2 cos = COS 5

Vi cos(z — y) = 1 & 2cos? Ty

cos(z —y)=1 cos(z—y)=1 cos(z —y)=1
1 1
@) 2es T sy T cos Y _x L © ety 1

1=1eocos?2—Y —1nen

2
{ cos(x —y) =1 { cos(x —y) =1
=

1
14 cos(x+y) ==

(rty) =
5 cos(z +y) = — 2.

1.1.11 S dung ham ngugc dé sang tiac mot s phuong trinh, hé phuong
trinh.

Gia st ham s6 y = f(z) ¢6 ham s6 nguge 1a y = g(x). Néu vé do thi ctia hai ham s6
trén cting mot hé truc toa do Dé-cac vuong goc thi hai do thi ay déi xing nhau qua
duong phan giac thit nhat. Do d6 néu ham s6 y = f(z) ¢6 ham s6 nguge 1la y = g(x) thi
viéc gidi phuong trinh f(z) = g(x) quy vé gidi phuong trinh f(z) = x (hodc g(z) = ).
Tém lai, trong mot s6 trusng hop ta st dung ménh dé sau

Meénh dé. Cho y = f(z) 14 ham dong bién (hodc nghich bién), c6 ham nguge y =
f~'(x). Ta c6 phép bién doi sau

fo = {105 0
hoac »
to=we{ TGS )

Nhu vay viéc gidi PT f(z) = f~'(x) ta thay thé dugc bdi cac hé phuong trinh tuong
duong (1) hoac (2).
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Vi du 49. Xét ham s6 y = f(x) = 22® + 42 — 1 trén (—1;400). Ham s6 ngugc cia

3
f(x) ldy:\/%—lxdc dinh trén (—3;400). Khi do
3 3
207 +4r — 1 = I;_ —1e22° + 42 = I;_

Ta co bai todan sau

Bai toan 61 (Dé nghi OLYMPIC 30/04/2007). Gidi phuong trinh

3
2:172%—4:5:\/%, véi x> —1.

Giai. Diéu kien z > —1 (gia thiét).

Cach 1. Xét ham sb
3
Yy = \/I;— —1,Vx € [-1;+00).

Khi do
T+ 3 y=-1 y>—1
s 3 -
y+l 2 ﬁ{y2—|—2y—|—1:$;— <~ =2y +4y—1
N Z 2 IR TR Z 5 N Z r+3 ~
Suy ra ham so y = 22° 4+ 42 — 1 la ham s0 nguge ciia ham so y = 5 1 trén
[—1; 400). Mat khac ham s6 y = 2z* + 4x — 1 dong bién trén [—1; +00) nén
-3+ V17
20 +4xr — 1 = le2r+dr— 1= & _—3—\/ﬁ
B 4
. . -3+ V17 .
Két hgp véi dieu kién suy ra x = % la nghiém duy nhat ctia PT da cho.

/ 3 ..
Cach 2. bat y +1 = %, dieu kién y > 1. Ta c¢6 hé

y+12=$+3 2 +dy =z +1 (1)
<~

2 2 _

Lay (1) tru (2) theo vé ta dugc
2 —2*) +4y—2)=z—y2y—x)(y+z)+3y—2z)=0
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y—x=0 y=2
3.9
e Khi y = z, thay vao (2) ta dugc
-3+ V17
r=———
202 + 4z =z + 1 & 227 —1= 4
v +4r=rv+1& 22"+ 32 0 3T '
x = (loai).
4
342
e Khiy=— il :E,thay vao (2) ta duge
-5 —v21 i
Wi leslm0e | T a _low)
>+ 10z +1=0< 5401
=
4
-5+ V21
Véiz:%tacé
342 14+ +v21
y=— ZI:— +4 < —1 (khong thod man y > —1)
. N -3+ V17 .
Két hop véi dieu kién suy ra x = Vi la nghiém duy nhat ctia PT da cho.

4

/ 3 / 3
Luu y. Cach dat y +1 = %duoctimnhuwu:Tadzitay%—bz I;_ (V6i a

va b sé tim sau). Khi dé6 c¢6 hé

ay2+2aby+bzzz2ﬁ {2ayz+4abyzz+3—2b2
202 +4r =ay + b 20% + 4w = ay +b

Ta can chon a va b sao cho hé trén 14 hé déi xiing loai hai, mudn vay thi
2a_4ab_1_3—262 {azl

2 4 a b b=1.

3
Do d6 ta dat y + 1 = :”;r .

) 3 )
Vi du 50. Xét ham so y = f(z) = 2° — 3x trén {5, +oo). Ham so ngugce cia f(x) la
3+v9+4 9
Yy = ¥ xdc dinh trén {_Z; —I—oo). Khi do
3+vV9+4
¥ = 2% — 3z & V9 + 4o = 22* — 62 — 3.
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Ta co bai todan sau

Bai toan 62. Gidi phuong trinh /9 + 4z = 222 — 62 — 3.
N 9 . 3
Giai. Dieu kién = > T bat 2y — 3 = /9 + 4z, dieu kién y > 3 Ta thu duge hé

(2y —3)2 =9 + 4z - 4y? — 12y = 4x - 2y% — 6y =2z (1)
2y — 3 =222 — 62 — 3 222 — 62 = 2y 212 — 62 =2y (2)

Lay (1) trt (2) theo vé ta dugc

20 — 2 — 6y +62 =21 -2y & 2(  —2*) + 4z —y) =0

y=x

Sy—z)(y+r—2) & {yzQ—:p.

e Khi y = z, thay vao (1) ta dugc

r=20

2:52—617:255(:):52—45520(:){
r =4.

Khi z = 0 thi y = 0 (loai). Khi z = 4 thi y = 4.
e Khi y =2 — z, thay vao (2) ta dugc

$:1—\/§

2 2
—3r=2— — %y —92 =
" — 3z TET x 0@{ 143,

Khi z = 1+ /3 thi y = 1 — /3, khong thoad man diéu kien.

Khi = 1 — v/3 thi thé vho phuong trinh thiy khong thoad man.

Phuong trinh da cho c¢6 nghiém duy nhat z = 4.

Luu y. Theo cach xay dyng bai toan trén thi phuong trinh da cho tuong duong véi

»?—3rx ==
3 S r=4

va tuong duong véi

>3 S =4,

)

3tv9+de V29+493:g; {\/9 iz =2z — 3 {4:172—16:17:0
= =

3
> 2
T=5

Vidu 51. Ham so6 y = /x + 3 la ham so nguoc cia ham so y = x® — 3 trén R. Do dé
ta co bai toan sau
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CHUONG 1.

Bai toan 63. Gidi phuong trinh /z + 3 = 23 — 3

Giai.

Tap xac dinh R. Dat y = v/ + 3. Khi d6 ta c6 he
v=x+3 (1)
wP=y+3 (2)

Lay (2) tru (1) theo vé ta dugc

at?’—y?’:y—a:(:):cg+:v:y3+y.

Xét ham s6 f(t) =t*+t. Vi f/(t) =3t2+1 > 0,Vt € R nén

B) & flx)=fly) & z=y.

Do do6

P=r+3e1®-2=3

Gia sit x = pt, thay vao (4) ta duge

1 3
P —pt=3et -t ==
p p
Ta can chon p sao cho
L3, 42
I I V)
Khi d6 (5) viét lai
3 3.3v/3 9v3
B3, 333 ey 03
4 2
93

Dé cho gon, ki hieu m = — > 1. Dat

1 1
m:§(a3+—3) hay o> =m+vm?2—1& o= /m + vVm? — 1.
!

Chi can chon

3/ - s[9vV3 /239 5[9v/3+ /239
a=\m-+vm-— :\/74— T:\/#'

.o 1 4]9v3-1239 |
beé y rang — = #Va
o
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Vay

2

to= =
«

1 1 1 [ 3/9v3++v239 3/9v/3—+/239
o) (P

1a mot nghiem ctia PT (6). Ta sé chiing minh ¢, 1a nghiém duy nhat ctia PT. Ta c6
|t0| >1va
417 — 3t = 4ty — 3tg < (t — to)(4t + 4ot + 4t5 — 3) = 0.

S

Dé ¥ riing phuong trinh 4¢% + 4tgx + 4t2 — 3 = 0 vo nghiéem do
AN =42 — 44t - 3) =12 — 1262 = 12(1 —t3) < 0 (Vi t5 > 1).

1
Vay t = 3 (\/ m+vm2 =14+ vm ) 12 nghiém duy nhét ctia phuong trinh

(6). Vay phuong trinh da cho c¢6 nghiéem duy nhat 1a

1 \3/9\/§+\/ﬁ+§/9f—\/%
2

rT=—

V3

Bai toan 64. Cho trudc so thuc a. Gidi phuong trinh (an la )

2011 + = 2011/a _ 1,2011‘

a

Giai. Tap xac dinh R. Ta xem @ nhu an s6. Khi d6 ta xét ham s6 y = f(a) = a*' + 2.
Ta c6

y:a2011+55(:>a2011:y—:£(:>a= ZOW‘

Vay ham s6 y = *Va — z 13 ham ngude clia ham y = a?°'! + 2, Va € R. Mat khac vi
(a*M 4+ 2)" = 2011a*"° > 0,Va € R

nén y = a?*'! + z 1a ham dong bién trén R, do d6
2011
2011 a +x=a
a4 = a—:zzon(:){aE]R < x=a—a"

Vay phuong trinh da cho c¢6 nghiém duy nhat = a — a?°%.

. . . 1\"
Vi du 52. Ham soy = log% x la ham so ngugc cia ham so y = (Z) tren (0; +00).

Do do ta co bai toan sau
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Bai toan 65. Gidi hé phuong trinh

Giai. Ta co z e
(1) < FG) | @{y( gz) | (3)

. 1\* N
Ham s0 g(x) = log% x la ham ngugce ctia ham f(z) = (Z) , do d6 do thi ctia hai ham

nay doéi xting nhau qua dudng phan gidc ctia goc phan tu thi nhat y = x. Bdi vay
(z,y) 1a nghiém ctia (3) khi va chi khi = = y, nghia la

(i)
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