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Cho a la mot so thyc khong doi thoéa man 1 < a < 9.Goi x,y, z lan lugt la

cac s6 thuc khong am c6 tong bang 1 va M, m lan lugt 1a gia tri 16n nhat va
gia tri nhé nhat ctia biéu thiic:

Ty +yz + zxr —axryz
Chitng minh rang M + m c6 gia tri khong phu thuoc vao a.

Loi giai:

Gia tri nhé nhat:
P=axy+yz+ze—aryz = (x+y+z)(zy+yz+zz)—azryz > (9—a)ryz > 0
Mat khac v6i x =y =0,z =1 thi P =0 nén m = 0.

Gia tri 16n nhat:
Dat g =2y +yz + 22
Theo bat dang thite Schur ta c6 (z+y+2)*+92yz > 4(z+y+2)(zy+yz+22)
Azy +yz + zx) — 1}
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Neu (zy + yz + zx) > 2
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9 —4a

1
Ta ching minh VP < 15 q(9 —4a) <

N 1
Cht y 9 — 4a < 0 nén diéu nay tuong duong véi g > Z(dfmg).
1 1 1
Matkhétcvéiat::O,y:z:5thiP:Zdodé]\/[:L—L

1
Vay ta c6 M +m = 1 khong phu thuoc a.
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Ham s6 f(z) x4c dinh va c6 dao ham trén R. Biét rang véi moi z thuoc R
ta deu co:

1) |f(z)] <2
2) f(z).f'(z) > sinz Chiing minh rang khong ton tai giéi han ciia f(z) khi
x dan dén +oo

Loi gii:

2
bat g(x) = @ +cosz.Tacog(x) <14+2=3VreR

g (x) = f(z).f'(z) —sinx > 0 Vo € R. Do d6 g(z) la ham tang va bi chan
trén suy ra ton tai giéi han :

lim g(x)

T—+00
Gia sit ton tai gidi han

lim f(x)

T—r+00
i o) = )

xr — 00.RO rang day la dicu vo Iy vi ham y = cosx la ham tuan hoan
chu ky 27.
Vay khong ton tai gi6i han ctia f(x) khi 2 dan dén +oo

+ cosx = ton tai gi6i han ham I(z) = cosx khi
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Cho tam giac ABC noi tiép duong tron (O). Goi H la tryc tam, D 1a chan
dudng cao xuét phat tit dinh B clia tam giac ABC;P la mot diém tuy ¥ trén

2



(0) va Q, R, S tuong ting la cac diém déi xing v6i P qua trung diém ctia cac
canh AB, AC, BC. Hai duong thing AQ vi HR cit nhau tai giao diém F.
Chtng minh riang cac duong thing DF va HS vuong géc v6i nhau.

Goi X,Y, Z lan lugt 1a trung diém BC,CA, AB.Goi L la diém doi xiing
cia H qua X theo két qua quen thuoc ta c6 L € (O) va A, O, L.
TA ¢6 HSLP la hinh binh hanh, do d6 PL || HS, mat khac do A, O, L nén
PA1PL — HS1PA.
Mot cach tuong tu ta ¢c6 HR1.BP, HQ1LPC.
Ta c6 AQBP la hinh binh hanh nén AQ || BP = HRLAQ
Suy ra ti gidc AFHD noi tiép = LADF = LAHF
Ta c6 YZ || QR = QRLAH nén R la tryc tam tam giac AQH do d6
LADF = {AHF = £AQR = {PBC = {PAC = PA | DF
Ma PALHS nén DF1LHS (dpem).
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Cho a,b 1a cac s6 thyc thod man diéu kien a™ + b" 1a s6 nguyén véi moi
n = 1,2,3,4. Chitng minh ring a™ + b" 1a s6 nguyén véi moi n thuoc N.
Meénh dé c6 ding khong néu chi c6 a™ + b™ nguyén véin = 1,2,3 ?.

Loi gii:

B6 dé: Néu x thda man 2z € Z va 222 € Zthiz € Z
That vay,gia sit x khong nguyén,tit 2z € Z ta suy ra z =
m? +2m + 1

2
Quay lai bai toan, ttt a +b € Z = (a + b)> € Z = 2ab € Z(1).
(a®> +0*)? € Z = 2a%V* € Z(2)
Tt (1) va (2) két hgp bo dé ta c6 ab € Z.Mit khac ta c6 dang thic sau :

1
m+ véim € Z

= 212 = ¢ Zvoly, vay x € Z.

a"tt 5" = (a" + b (a + b) — ab(a™ Tt 4+ 0"

Maa+b;ab;a®>+0? ;a3 4+ € Z=a"+b" € ZVYnec N*.
Néu chi c6 a™ + b" nguyén v6i n = 1,2,3 thi ménh dé khong con ding nita,
6—Vv2 6+12
2 72

vi duy lay (a;b) = )thia+b;a2+62;a3+b3€Znhufng

at+ bt ¢ Z.
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Cho 1000 s6 nguyén duong ai,as, ..., a0 sao cho 1 < a; < k véi moi
kE=1,2,...,1000 va tong S = a1 + as + ... + @100 12 mot sé6 chin. Ching
minh ring c6 thé chia 1000 s6 nay thanh 2 nhom c6 tong bing nhau.

Loi giai:

Ta sé chitng minh ménh dé: “Cho S = {ay, ag, ..., a,} 1& n s6 nguyén duong
sao cho 1 < ap < kvéimoi k=1,2,...n. bat S,, = a; +as + ... + a, khi do
v6i moi [ nuyen duong < S, luon ton tai tap X C S sao cho S(X) = [ vdi
S(A) 1a tdng cic phan tit clia A.



That vay, v6i n = 2 ta dé& dang kiém tra ménh dé ding.
Gia st ménh dé dung véi n nguyén duong.
Xét menh de véi n+ 1, dat S,y = Sy + ng1. X6t s6 Lty ¥ 1 < S + gy <
Sp+n+1

Néu [ < S,, thi theo gid thiét quy nap ta c6 dpcm.
Néu S, +1<I1<S,+n+1thil—ap <S,val—a, >8S,—n
Ta c6 S, > n xét 2 truong hop:

1) S, —n >1khi d6 [ — a,;; 1a mot s6 nguyen duong nhé hon S, va nhu
vay theo gia thiét quy nap ta c6 ton tai tap A chita mot hodc mot s6 phan
tita; voii < ndé S(A) =l—an 1 lay B = AU{a, 1} taco S(B) =1 (dpcm).

2) S, =nkhidoa, =1Vi=12.nvimoin+1<1[0<n+a, ta
chi can 1ay tap C' gom a1 val —any1 > 086 112 ¢6 S(C) = 1.
Theo nguyén 1y quy nap ta c6 ménh dé ding v6i moi n nguyén duong.

Quay lai bai toan,dat S = a; + as + ... + aigo0 = 2k ap dung meénh dé
tren ta c6 ton tai tap £ véi E gom mot s6 cac phan tit a; ma S(F) = k, suy
ra tap F gom tat ca cac s6 con lai sau khi b6 di F ciing ¢6 S(F) = k. Vay
E v& F 13 2 nhém c6 téong bang nhau.



