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A-1 Considetthe planecontainingboththe axisof thecone

and two oppositeverticesof the cubes bottom face.
The crosssectionof the coneandthe cubein this plane
consistof arectangleof sidess and $v/2 inscribedin
anisosceledriangleof base2 andheight3, wheres is
the side-lengthof the cube. (The s/2 sideof therect-
anglelies onthe baseof thetriangle.) Similar triangles

yields/3 = (1 — sv/2/2)/1,0rs = (9v/2 — 6)/7.

A-2 First solution: to fix notation,let A be the areaof re-

A-3

gion DEFG, and B betheareaof DEIH; furtherlet
C denotethe areaof sectorO D E, which only depends
onthearclengthof s. If [ XY Z] denotesheareaof tri-
angle[XY Z], thenwehave A = C +[OEG] — [ODF]
andB = C + [ODH] — [OEI]. Butclearly[OEG] =
[OEIland[ODF] = [ODH],andsoA + B = 2C.

Secondsolution: We may parametrizea pointin s by
ary of z, y, or @ = tan~—!(y/x). ThenA and B are
justtheintegralsof y dz andz dy over the appropriate
intenvals;thus A + B is theintegral of z dy — y dx (mi-
nusbecausehe limits of integrationarereversed).But
df = zdy — ydx, andso A + B = Af is preciselythe
radianmeasuref s. (Of coursepnecanperfectlywell
do this problemby computingthe two integrals sepa-
rately Butwhat'sthefun in that?)

If atleastoneof f(a), f'(a), f"(a), or f"(a) van-
ishesat somepoint a, thenwe are done. Hencewe
may assumeeachof f(z), f'(x), f"(z), and "' (z)
is either strictly positive or strictly negative on the
real line. By replacing f(z) by —f(z) if necessary
we may assumef”(z) > 0; by replacing f(z) by
f(—x) if necessarywe mayassumef”’(xz) > 0. (No-
tice that thesesubstitutionsdo not changethe sign of
f@) f'(x)f"(x)f"(x).) Now f"(x) > 0 impliesthat
f'(z) isincreasingand f""'(xz) > 0 impliesthat f'(x)
is corvex, sothat f'(z + a) > f'(z) + af"(x) for all

z anda. By letting a increasen the latter inequality
we seethat f'(z + a) mustbe positive for sufficiently
large a; it follows that f'(x) > 0 for all z. Similarly,
f'(z) > 0andf”(z) > 0 imply that f(x) > 0 for all
z. Thereforef (x) f'(z) f" (x) f""' (z) > 0 for all z, and
we aredone.

A-4 The numberof digits in the decimalexpansionof A4,,

is the FibonaccinumberF,,, whereF; = 1, F5, = 1,
andF,, = F,_1 + F,_» forn > 2. It follows that
the sequencd A, }, modulo11, satisfieshe recursion
A, = (-1)f=-24, _; + A,_». (Noticethattherecur
sionfor A,, depend®nly onthevalueof F;,_» modulo
2.) Usingtheserecursionswe find that A; = 0 and
Ag = 1 moduloll,andthatF; = 1 andFzy = 1 mod-
ulo 2. It followsthat A,, = A,4¢ (mod 11) for all
n > 1. We find thatamongA;, Az, Az, A4, A5, and
Ag, only A; vanishesmodulo11. Thus11 dividesA,,
if andonlyif n = 6k + 1 for somenonngative integer
k.

A-5 Definethe sequencd); by the following greedyalgo-

rithm: let D; bethediscof largestradius(breakingties
arbitrarily),let D, bethediscof largestradiusnotmeet-
ing Dy, let D3 bethediscof largestradiusnot meeting
D, or Dy, andsoon, upto somefinal disc D,,. To see
thatE C Uj_;3Dy, considera pointin E; if it liesin

oneof the D;, we aredone. Otherwisejt liesin adisc
D of radiusr, which meetsoneof the D; having radius
s > r (this is the only reasona disc can be skipped
in our algorithm). Thusthe centerslie at a distance
t < s + r, andso every point at distancelessthanr

from the centerof D lies atdistanceatmostr + ¢ < 3s

from the centerof thecorrespondind);.

A-6 Recalltheinequalities|AB|* + |BC|* > 2|AB||BC]|

(AM-GM) and|AB||BC| > 2[ABC] (Law of Sines).
Also recall that the area of a triangle with integer
coordinatesis half an integer (if its verticeslie at
(0,0),(p,q), (r,s), the areais |ps — gr|/2), and that
if A andB have integercoordinatesthen|AB|? is an
integer (Pythagoras)Now obsene that

8[ABC] < |AB|* + |BC|? + 4[ABC]
< |ABJ* + |BC|? + 2|AB||BC|
< 8[ABC] +1,

andthatthe first andsecondexpressionsare both inte-
gers. We concludethat8[ABC] = |AB|? + |BC|? +



4[ABC], andso |AB|? + |BC|* = 2|AB||BC| =
4[ABC]T; thatis, B is aright angleand AB = BC,
asdesired.

B—1 Noticethat

(z+1/z)8 — (25 +1/a%) -2
(x+1/z)3 + (23 +1/23)
(x+1/2)% — (2® +1/2%) = 3(z + 1/2)
(differenceof squares).The latteris easilyseen(e.g.,

by AM-GM) to have minimum value 6 (achieved at
z=1).

B—2 Considera triangle as describedby the problem; la-

bel its verticesA, B,C sothat A = (a,b), B lieson
the z-axis, and C lies on the line y = z. Further
let D = (a,—b) bethereflectionof A in the z-axis,
andlet E = (b,a) be thereflectionof A in theline
y = . ThenAB = DB and AC = CE, andso
the perimeterof ABC'is DB + BC + CE > DE =

V(a—b)2 + (a+b)2 = /2a% + 2b2. It is clearthat
this lower boundcanbe achieved;just set B (resp.C')

to betheintersectiorbetweerthe sggmentD E andthe
z-axis(resp.line z = y); thusthe minimum perimeter

isin factv/2a2 + 2b2.

B-3 We usethe well-known resultthat the surfaceareaof

the“spherecap” {(z,y, 2) |22 +y? + 22 =1, 2 > 2}

is simply 27 (1—2p). (Thisresultis easilyverifiedusing
calculuswe omit thederivationhere.)Now thedesired
surfaceareais just 2 minusthe surfaceareasof five
identicalhalvesof spherecapsithesecapsuptoisome-
try, correspondo z, beingthe distancerom the center
of the pentagonto ary of its sides,i.e., zp = cos %.

Thus the desiredareais 2r — 2 (2r(1 —cos Z)) =

5mcos § — 3m (i.e.,B =m/2).

B—4 For corveniencedefinef,, (i) = || + [ ], sothat

the given sumis S(m,n) = S~ (—1)Fmn(d), if
m andn areboth odd, then S(m,n) is the sumof an
odd numberof £1's, and thus cannotbe zero. Now
considerthe casewherem andn have oppositepar
ity. Notethat|X] + |k — &L] = k — 1 for all
integersi, k,m. Thus || 4+ |mo=i=l| = p — ]
and [ 1] 4+ [mr=i=l| = — 1; this implies that
Sfn(8) + frn(mn—i—1) = m+n—2isodd,andso
(=1)Fmn() = —(=1)Fmn(mn=i=1) for all 4. It follows
thatS(m,n) = 0 if m andn have oppositeparity.
Now supposehatm = 2k andn = 2/ arebotheven.
Then|ZL | = [2£EL] for all 5, so S canbe computed
astwice thesumoveronly evenindices:
2kl—1
S@2k,20) =2 Y (=1)f1® = S(k,1)(1 + (—=1)*).
=0
ThusS(2k, 21) vanishesf andonly if S(k,!) vanishes

(if 1+ (=1)¥* = 0, thenk andl have oppositeparity
andsoS(k, 1) alsovanishes).

Piecingour various casestogethey we easily deduce
thatS(m,n) = 0 if andonly if thehhighestpowersof 2
dividing m andn aredifferent.

B-5 Write N = (1019 — 1)/9. Then

10999
VN = g~ V/1-10 1998

1 999 1
= 03 (1= 5107 + 1),

wherer < 1072000, Now the digits after the deci-
mal point of 10%9° /3 aregivenby .3333 ..., while the
digits after the decimalpoint of $10~%9° aregivenby
.00000...1666666 . ... It follows that the first 2000
digits of v/N aregivenby .33333...3331; in particu-
lar, thethousandthdigit is 1.

B—6 Firstsolution: Write p(n) = n® + an? + bn + c. Note

thatp(n) andp(n + 2) have the sameparity, andrecall
thatarny perfectsquares congruento O or 1 (mod4).

Thusif p(n) andp(n + 2) areperfectsquaresthey are
congruentnod4. Butp(n+2)—p(n) = 2n2+2b (mod
4), whichis not divisible by 4 if n andb have opposite
parity.

Secondsolution: We prove moregenerallythatfor ary

polynomial P(z) with integercoeficientswhichis not
a perfectsquare thereexists a positive integer n such
that P(n) is not a perfectsquare.Of courseit suffices
to assumeP(z) hasnorepeatedactorswhichis to say
P(z) andits derivative P'(z) arerelatively prime.

In particular if we carry out the Euclideanalgorithm
on P(z) and P’'(z) without dividing, we get an in-
teger D (the discriminantof P) suchthat the great-
est commondivisor of P(n) and P'(n) divides D
for ary n. Now thereexist infinitely mary primesp
suchthat p divides P(n) for somen: if therewere
only finitely mary, say p1,- - ., px, thenfor ary n di-
visible by m = P(0)p1ps---pr, we have P(n) =
P(0) (mod m), thatis, P(n)/P(0) is not divisible
by p1,...,pr, SOmMustbe +1, but then P takessome
valueinfinitely mary times, contradiction. In particu-
lar, we can choosesomesuchp not dividing D, and
choosen suchthatp dividesP(n). ThenP(n + kp) =
P(n) + kpP'(n)(mod p) (write out the Taylor series
of the left side); in particular sincep doesnot divide
P'(n), we canfind somek suchthat P(n + kp) is di-
visible by p but notby p?, andsois notaperfectsquare.

Third solution: (from David Rusin, David Savitt, and
RichardStanlg independentlyAssumethatn®+an?+
bn + c is asquarefor all n > 0. For suficiently large
n!

1 . .
(n3/2+§an1/2—1)2 <n®*+an®+bn+c

1 .
< (n*? + icml/2 +1)%;



thusif n is a large even perfectsquarewe have n3 +
an?+bn+c = (n®/2+Lan'/?)2. Weconcludethisis an
equalityof polynomials put theright-handsideis nota

perfectsquardor n anevennon-squarecontradiction.

(Thereademight try generalizinghis approacho ar
bitrary polynomials. A relatedargument,dueto Greg
Kuperbeg: write v/n3 + an? + bn + c asn®/? timesa
power seriesin 1/n andtake two finite differencesto

getanexpressionwhichtendsto 0 asn — oo, contra-
diction.)

Note: in casen® 4+ an® + bn + ¢ hasno repeatedac-
tors, it isasquardor only finitely mary n, by atheorem
of Siegel; work of Baker givesan explicit (but large)
boundon suchn. (I don't know whetherthe graders
will accepthisasasolution,though.)



