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Cac ky thi Olympic Toan hoc sinh vién gitta cac trusng dai hoc va cao dang
trong cd nuéc da trd thanh sinh hoat truyén théng trong sinh vién. Dén nay
da qua mudi tam ky thi Olympic duge t6 chiic hing ndm vao cudi thang 4 dau
thang 5 nham ky niém chién thang 30 thang 4 va Sinh nhat Bac Ho 19 thang 5.

Ky thi Olympic Toan sinh vién lan thit nhat duge t6 chic vao nam 1993 tai
Truong Dai hoc Tong hop Ha Noi (nay la Truong Dai hoc khoa hoc tuw nhién,
Dai hoc Qubc Gia Ha Noi), véi sy tham gia clia ba truong dai hoc: Dai hoc Bach
Khoa Ha Noi, Dai hoc Su pham Ha Noi va Dai hoc Téng Hop Ha Noi. Tiép theo,
cac ky thi Olympic lan lugt duge to chiic tai Dai hoc Bach Khoa Ha Noi (1994),
Dai hoc Su pham Ha Noi (1995), Dai hoc Xay Dung Ha Noi (1996), Hoc Vién
Ky Thuat Quan Sy (1997), Dai hoc M6 Dia Chat (1998), Dai hoc Giao thong
Ha Noi (1999), Dai hoc Thuy Lgi (2000), Dai hoc Ngoai Thuong Ha Nai (2001),
Dai hoc Kinh Té Qudc Dan Ha Noi (2002), Dai hoc Bach Khoa TpHCM (2003),
Dai hoc Quy Nhon (2004), Dai hoc Su pham Hué (2005), Dai hoc Su Pham Da
Néang (2006), Dai hoc Vinh (2007), Hoc vién Hai Quan Nha trang (2008), Dai
hoc Quang Binh (2009) va Dai hoc Khoa Hoc (Dai Hoc Hué) (2010).

Cac ky thi Olympic Toan hoc sinh vién gitta cac trusng dai hoc va cao dang
trong ca nuéc duge sy bao trg ciia Hoi Toan hoc Viét nam (vé chuyén mon) két
hop v6i Bo Giao Duc va Dao Tao, Hoi Sinh vién Viét nam, Lién hiép cac hoi
khoa hoc ky thuat Viet Nam va Truong (co s6) dang cai.

Viéc to chite cac ky thi Olympic Toan hoc sinh vién giita cac Trudng dai hoc
va cao dang trong cd nudc la rat can thiét vi c6 ¥ nghia to 16n nham khuyén
khich, dong vién sy hang say hoc tap va tng dung toan hoc cua sinh vién cac
Truong dai hoc va cao dang, nhim phat trién nhiing ning khiéu toan hoc tré,
g6p phan dao tao doi ngit ké can nghién cttu va gidng day toan hoc. Thong qua
cac ky thi Olympic Toan hoc sinh vién, cac trudng dai hoc va cao ding trong
cd nude da xem xét lai chuong trinh dao tao, t6 chitc cac hoi thao khoa hoc veé
giang day toan hoc va ting dung toan hoc.

Nam 2004 gan v6i mot su kien cyc ky quan trong ctia Olympic Toan hoc sinh
vién giita cac truong dai hoc va cao dang trong ca nuée. Lan dau tien, thi sinh
clia cd nuée tap trung ve Dai hoc Quy Nhon tham duy ky thi. Day 1a mot co
hoi 16n dé cac can bo giang day, cac sinh vién trong cd nuéc gap g8, trao doi va
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giao luru. Nam 2005, Olympic Toan hoc sinh vién gitta cac Truong dai hoc va cao
déng dugc to chiic & Dai hoc Su pham Hué. Va nam nay, nam 2006, Olympic
Toan hoc sinh vién gitta cac truong dai hoc va cao déng sé dién ra & Dai hoc Da
nang.

Nham dap ting sy kién trén, ching t6i bién soan cudén sach nhd nay (Iuu hanh
noi bo) nham cung cap céc tu ligu cia 2 ky thi Olympic Toan hoc sinh vién gitia
cac Truong dai hoc va cao dang trong ca nuéc hai nam gan day. Ngoai ra ching
toi ciing dua vao maot s6 dé thi Olympic khac do cac truong dé xuat lien quan
dén céc kién thiic co ban nhat clia gido trinh toan cao cap cho cic truong khoi
ki thuat va kinh té.

Day 1a nhitng phan quan trong nhat ctia dai s6 va giai tich toan hoc. Cac
sinh vién thuong phai déi mit véi nhieu dang toan loai khé lién quan dén céc
noi dung nay.

Cudn sach duge bién soan trong thoi gian rat gap gap nén chic chin sé con
nhitng sai s6t va khiém khuyét. Nhieu tu lieu ctia cac truong gii vé Ban ra dé
chua kip st I va chuyen doi thanh file LATEX, ching t6i sé hoan thién vao thoi
gian sau ky Olympic lan nay.

Mong cac dong nghiép khi st dung néu thiy c6 nhitng sai sét gi thi chi dan
va gop ¥ ngay dé lan sau xuat hien duge hoan chinh hon.

Xin chan thanh cam on

Hué, 09 thang 04 nam 2010

Nguyén Van Mau



Chuong 1

Tong hop dé du tuyén nam 2009

1.1 Tong hop dé du tuyén mon Giai tich 2009

Cau 1. (Dai hoc Dong Thap ) Gia stt {u,} 1a day s6 bi chan trén va théa

fman 1 2008
> s —1.2....
Unt2 Z 9a0gUntl F gapgtn: =4S

Chitng minh rang {u,} 1a day s6 hoi tu.
DPap an. bat v, = min{u,, uy41}, khi d6 {v,} 1a day bi chan trén.
Mat khac

1 2008 }

Up = min{uy, Up41} = min{unu Unt1s 5500 Un + 2009 Yt

. 1 2008 .
< mln{UnJrla 2009un + 2009Un+1}< mm{unﬂ, Un+2} = Un+1-

Suy ra {v,} la day tang.
Vay ton tai lim v, =[. Ta sé ching minh lim wu, =[.

n—-4o00 n—-400

That vay, do lirf vy, = [ nén véi moi € > 0 ton tai ng > 0 sao cho
n—-1+0oo

> =] € < <l+ €
n=n —— < —
0 2017 " 2017

€ €
Y . 1 - _ . _ .
Vay v6i moi n > ng+ 1 ta co up—1 > 1 017 va up, > 1 T

2 €
- Ne — thi
euun<l+2017t1

€ €
L= 017 < U <1 o7 (1)

Z € € €
_ NA 2 h\ N z . T\ z z
eu uy, l~|——2017t1tuvn<l+—2017tacoum+1<l~|——2017 u do ta co

6 6
< - - 2017) Coo17)T T
t < 20091 — 200811 < 20091+ 5 17) 20081 2017) [+e



Vay
l—e<up,<l+e (2)

Tu (1) va (2) ta c6 diéu phai chiing minh.

Cau 2. (Dai hoc Dong thap ) Gia st f 1a ham s6 lién tuc va bi chan trong
(0, +00). Chitng minh rang v6i moi T € R, ton tai day {z,} sao cho

lim x, =00 va lim [f(x,+T)— f(zyn)] =0.

n—-—+00 n—-+o00o

Dap an. (a) Truong hop T > 0, dat g(z) = f(z +T) — f(z).
- Néu ton tai a > 0 sao cho g(x) khong doi dau trén (a, +o00). Gid st rang g(x) >
0, khi d6 f(x) tang trén [a,+00). V1 f la tang va bi chan trén nén lim f(z+nT) =

n—-+
. Khidé lim [f(z+ (n+1)T) - f(z+nT)] =1—1=0. Dat 2, =z +nT ta c6
n—-+0o

x, — +oo théa méan yéu cau.

- Néu v6i moi a > 0 ton tai b > a sao cho f(b+T) — f(b) = 0 thi ton tai day
{x,} sao cho x, — +oco0 va thoa man yeéu cau.

(b) Truong hop T < 0, dit t = 2+ T ta c6 z =t + (—T). Theo (a) ton tai day
{tn} sao cho t, — 400 va f(tn + (—T)) — f(tp) — 0. Vay x, = t,, — T thoa man
yéu cau.

Cau 3. (Dai hoc Dong thap ) Gia sit f 1a ham kha vi trén (0, +00). Chiing
minh rang néu

lim [f(z)+3Vz2f(z)] =0

T—+00
Dap an. Ap dung dinh 1i Cauchy cho hai ham eVTf(z) va eV® ta co

Vp(@) = V5 @) _ ez

), v6i( € (a,x),a > 0.

eVr _ eVa
Do dé

(@) — eV Vo (a)] < [£(Q) +3Y/Cf (Il — e Vo V7
hay

()] < |V YV f(a)| + | £(C) + 3Y/Cf Q|1 — eV Vo).

Cho ¢ — 400 ta c6 diéu phai ching minh.

Cau 4. (Dai hoc Dong thap )Gia sit f 1a ham lién tuc trén [0,2] va kha vi
trén (0,2). Chiing minh rang ton tai z1, z9, 23 € (0,2) sao cho

[l(@e) 4 [ (w3)

T _3 x%

f(x1) =




Dap an. Ap dung dinh 1i Cauchy ta c6 ton tai x1,z2, 23 € (0,2) sao cho

f(2) - f(0) — Fa): f(2) = f(0) _ flx2) f(2) = f(0) _ f'(3)
20 V200 T gy T3 —03 3.2

T d6 ta suy ra diéu phai chiing minh.
Cau 5. (Dai hoc Dong thap ) Tim tat ci cdc ham f(z) théa man

flx+y) = f(x)ef(y)_mog, Vr,y € R.

Dap an. Cho y =0 ta c6 f(z) = f(z)e/©~1. Suy ra f(z) =0 hoac f(0) =
Truong hop f(z) = 0: thit lai thay thda man.
Trudng hop f(0) = 1: thay x =0 ta co

Fly) = S®1 (*)

Khéo sat ham s6 g(t) = e/~! —t ta c6 g(t) = 0 va g(1) = 0.
Vay tit (*) ta ¢6 f(y) = 1 v6i moi y, thit lai thay théa man.
Két luan: f(z) =0 hodc f(z) =1 v6i moi .

Cau 6. (Dai hoc Dong thap ) Tinh gi6i han

2009 z 2 1 2009
AT ()

Dap an. Xét f(z) = 22°% 14 ham lién tuc trén [0,1], do d6 lién tuc déu trén

[0,1]. Suy ra v6i moi € > 0 ton tai § > 0 sao cho z,2’ € [0,1],]z —2/| < § =

f(z) = f@)] < €.

1 n-1 2009 /4 4 1~ 2009 1 n=1 7\ 2009 4 \ 2009
Pat un:_z\/(i> +(2==) vavn:—z\/(i) ()7 T
i=0 n n n i=o n n

1

2011
2009 2\/§
co li = dr = 2v/2=—— -ve
i Un = f\/—x s f2011 2011
Khi do
1 2009 Z+1 2009 1 \/ i 2009 2009
R (O ST

1 \/ i 2009 H—l 2009 ;4\ 2009 /2009
() > ) -G)

e—evdlndu 16n.

//\
S|
M

=0

2v/2

ay li =i = —.
Vay limu,, = limv, 5011



Cau I. (Dai hoc Nha trang) Cho day s6 {z,,} thod méan

1
= 2010 <2009x” Lt 2009)' nz2a>0z>0.

Chitng minh day s6 {z,} hoi tu va tinh gidi han lim ,,.
n—oo

Dap an.
Ta co
1 a 1 a
o0 = 075 (20097n-1 + 20019) 2o (Fnt et b 300;9)

Ap dung bat ddng thic Cauchy cho 2010 sé duong, ta duge

T, > PVa (1)
Mat khac xét —" ! (2009 + )< 1 (2009 n ) 1
X
: Z 1 2010 22010)'S 5010
= Tpn < Tp-1 (2)

Tit (1) va (2) suy ra {z,,} hoi tu theo tiéu chuan Weierstrass.
.2 2 . 1
— 201
Gia su nh_)rr&j Tp=1=1= 5010 <2009l + 12009>=> [ = *V/q.
Vay lim z, = *Ya.
n—oo

Cau II. (Pai hoc Nha trang) Cho f(x),g(z) duong va lién tuc trén [a,b].
Chting minh ton tai ¢ € (a,b) sao cho

fleg g9

facf(a:)da: fcb g(z)dz -

b
Dap an. Dbat F(z —exff )dt [ g(t)dt

Ta c6 F(x) lién tuc tren [a,b], kha vi trén (a,b) va F(a) = F(b) = 0. Theo dinh
1i Rolle, ton tai c € (a b) : F’( ) = O

b x
Mat khac F'(z) = "”ff f t)dt +e " f(x) [ g(t)dt —e *g(x) [ f(t)dt
b c c b
Tt F'(c) = 0 suy ra £() [ g(t)dt — g(c) J f(dt = [ f(2)de | g(t)a

Vay
f(e) g(c)
Ju fla)dx fb g(z)dz




Cau III. (Pai hoc Nha trang) Cho f(z) kha vi lién tuc trén [0,1]. Ching

minh ring
lim n / f(z da: = M

n—oo

Stt dung két qué treén, tinh giéi han

[12009+22009+_”+n2009 1 }
n2010 20101

lim n
n—od

Dap an. Ta c6

n[%éf(%)— / 1f(:c)dw: - n[%;f(%)—z / f(x)dx]

[z/f dx—Z/f [ =23 - se0]ae

i=1;2, 1= 1Z 1 =1

Theo dinh 1i Lagarang, ta c6:

3¢ € [221,%}nij[f(%)—f(a: dxznZ/f’(fQ(%—x)dw = 1I,.

Dat mi:inf{f’@) X €

|
KhldOanZf <%—x>dm<[n<niMij(——x)dx
-1 s ; :

Do f(z) kha vi lién tuc trén [0, 1] nén
1
. . 1~ i ! / f(1) — £(0)
Jim_ 1, :7}5&”[5;][(%)_/0 f($)d$] = Q/f (2)de = —————.
= 0

[12009+22009+___+n2009 1 ] 1

—_

Xét ham s6 f(x) = 229 = lim n
n—oo

12010 2010 2
Cau IV. (Dai hoc Nha trang) Cho p, ¢ 1a cac s6 thyc duong va p+q = 1, hay
tim tat ca cac ham s6 f: R — R thod man:

flx) = fy)
T -y

= f'(pr+qy); z,yE€R; x#y.
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Dap an. Tiu gid thiét suy ra
bz +qy) = f'(gz+py), v,y eRx #y (1)

Néu p # ¢ = f/ 1a ham hang. That vay, néu f'(x1) # f'(x2) thi dat

Diéu nay mau thuan véi (1). Suy ra p # ¢ = f 1a mot ham tuyén tinh.
p 1 .
Neup=gqg= 5 thi f la mot da thic bac hai.

Cau V. (Dai hoc Nha trang) Cho f(z) khé vi lién tuc trén [0,1] va f/(0) # 0.
Gia st 0(z) thod man

/01‘ ft)dt = f(0(x)).z, v6ix € (0,1].
0(x)

Tinh gi6i han lim —-=.
x—0t T

Déap an. Dat F(x) = Of F(#)dt. Suy ra
Fl(z) = f(x), F"(z) = f'(x) = F"(0) = f'(0) # 0.
Ta c6 khai trien Taylor
Flz) = F(0) + F'(0)x + %F”(O)ﬁ + o(z?)
_ F0)x + %F”(O)xz + o(z?) (1)
Mzt khac theo gia thiét ta c6

F(z) = f(0(x))x = F'(6(x))x = =(F'(0) + F"(0)8(x) 4 o(6(2))) (2)
T (1) va (2) suy ra
. O(x) 1 . o(0(x)) . o(z?) 1
:rli%l'*‘ 7 - 5 + xlir{)l'*‘ T + xli%l'*‘ 1‘2 - 5

Cau I. (Hoc vién An ninh nhan dan) Cho f(z) la ham kha vi lién tuc trén
doan [0,2] v& f(1) = 0. Chitng minh rang

2 2
/O [ (2))2dx > g[/@ f(a:)dx]2.
11



Pap an. St dung bat déng thic Cauchy-Schwarz vé tich phan

b

[/bf(:c)g(:c)dxr < /b{f(x)]%/[g(x)]%

ta co
1 , L 1 1 )
e < [atis [17@Pan =5 [ 17 @)
0 0 0 0
2 9 ) )
[[e-ar@al] < [e-vie [(reke =3 [if@Pa
Suy ra

[jxf’(x)dxf%— [/(2 — ) %/2 (1)
0 0

1

Stt dung phuong phap tich phan ting phan véi cha v f(1) = 0 ta dugc

/11’]”/(36)(190:iUf(iﬂ)‘;—/lf(l’)dl’: —/lf(l")dﬁﬁ
0 0

/22—35 dx—(2—x)f(x)ﬁ+/2f(x)dx:if(x)dx
1 1

T day luu ¥ t6i bat ddng thiic u2 + o2 %(u +v)? ta c6

[

[/ /22—x 2: [jf(x)dx]Q—l—[/Qf(x)da:r
0 1 0 1
>% / dx+/2f % /2f(:v>d:v}2 (2)
1

Két hop (1) va (2) ta duge bat dang thiic can chiing minh.

Cau Il. (Hoc vién An ninh nhan dan) Cho A, B la cdc ma tran thuc, vudng
cap n thod man A+ B = I (ma tran don vi). Biét rang rank(A) + rank(B) = n.
Chting minh ring

A?= A B?*=B,AB = BA =0 (ma tran khong)
Dap an. Tit gia thiét A+ B =1 ta c6 AB+ B> = B va BA+ B?> = B nén
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AB = BA.

Ta coi A, B la cac phép bién doéi tuyén tinh trén khong gian vecto n chiéu V
(chang han d6 1a khong gian R™). Ta da biét rang Im(A) va ker(A) 1a cic khong
giac con ctia khong giac V, dong thoi

rank(A) = dim(Im(A4)), dim(Im(A)) + dim(ker(A)) = n.

Gia st rank(A4) = dim(Im(A)) = r, thé thi dim(ker(A)) = n — r. Mat khac,
dim(Im(B)) = rank(B) = n — rank(A) = n — r, nén dim(ker(B)) = r.
Bay gio gia st u € ker(A) Nker(B) thi

uw=Iu=(A+ B)u=Au+ Bu =0 (vecto khong).

Suy ra khong gian V' 1a tdng tric tiép cia hai khong gian con ker(A) va ker(B),
tic la V = ker(A) @ ker(B).
Lay vecto bat ki v € V thi v = vy 4+ vy v6i v1 € ker(A) va vy € ker(B). Khi do6

ABv = AB(v; +v2) = ABv1 + ABvy = BAv; + ABuy =040 = 6.

Do d6 phéi ¢6 AB = O, tic la AB = BA = 0.
Tu day AB=A(I-A)=A—-A2=0va BA=B(I - B)=B - B?=0, tiic la
A? = A, B?> = B.

Cau 1. (Trudng ?7777) Cho A € M,(R) théa man A + AT = 0. Chiing minh
rang
det(I + aA?) >0, Ya eR.

Dap an. Ta xét hai truong hop:
(a) a = 0. Ta co

det(I + aA?) = det(I 4 iv/aA)(I — iv/aA) = det(I +iv/aA)det I + iv/aA
= det(I +iv/aA)det(I + iv/aA) > 0.

(b) a < 0. Dat 8 = v/—a, khi d6 ta c6 [ +aA? = [ —(B3A)? = (I +iBA)(I —iBA).
Theo gia thiét ta co:

A+ AT =0= A= AT = T+ aA? = (I +iBA)(I +iBA)T.
= det(I + aA?) = det(I +iBA)(I +iBA) = [det(I + ivaA)]* > 0.

Cau 2. (Trudng ?7??7) Cho A € M4(R) thdéa man A3 = I4. Tinh det(A + I)

Dap an. A< My(R). Xét Q(z) =2 —1= (z —1)(2®+ 2 +1). Vi Q(A) = 0 do d6
da thiic dac trung P(z) cia A phai la uéc cia Q(z).
Ta c6 P(z) = det(A—xl) = det(A+1) = P(—1). V1 A € My(R) nén deg P = 4.
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Vi P(x) chia hét cho Q(z) do d6 xay ra mot trong 3 kha nang sau:
P(z) = (v —1)* = P(~1) = 16 = det(A + I) = 16.
Px)=(r—12@?+z+1)= P(—1) =4 = det(A+ 1) = 4.

P(r) =

r)= (22 +r+1)2=P(-1)=1=det(A+1)=1.

Cau 3. (Truong ?7?7) Cho A, B € M,(R) théoa man AB + A+ B = 0. Chiing
minh rang
rank A = rank B.

Dap an. Theo gia thiét ta c6 AB+ 1)+ B+I1=1s (A+1)(B+1)=1. Dat
X=A+I=X'1=B+1I
Ta ¢6 rank(A) = rank(X — I) = rank X /(X — I) = rank(] — X ~!) = rank(B).

Cau 4. (Trudng ??777) Cho A, B € M,(R) théa man trace(AAT + BBT) =
trace(AB 4+ AT BT). Chiing minh rang A = BT,

n

Dép an. Véi in X = (CL’ZJ) c Mn(R) ta co XXT = (Cz‘j) v6i Cij = Z xikx%j,
k=1

~ / _ )
trong do zj; = wjp.

n n n

= trace XXT = Zc“ = Z Zmzkxkz i TikTik = i x%k > 0.

1=1 k=1 i,k=1 i,k=1
= trace(XXT) =0e X = 0.

Ta co

trace [(A — BT)(A — B)T] = trace [(A — BT)(A" — B)]
= trace [(AAT — AB - BTAT + BTB]
= trace [AAT + BBT| — trace[AB + ATBT] = 0.

= A-BT'=0& A=BT,

Cau 5. (Trudng 7?77?) Giai phuong trinh

X? - 3x2= (:g :;) . X € My(R).
Dap an
X? - 3x2 = (:g :3) (1)
—2 -2

0

& X*(X - 3) :( ):>det (X*(X - 30))

-2 =2

14



= det X = 0 hoac det(X —37) =0.

(a) Truong hop 1. det X = 0:
V6i moi X € My(R) ta c6 X2 — trace(X)X + det(X)I = 0.

det(X) = 0 = X? = trace(X)X.
Khi d6 (1) tuong duong véi

[trace?(X) — 3trace(X)X] = (:g :3) = trace’(X) — trace?(X) = —4.

Dit trace(X) =t =t? -3t +4=0=t = —1 hodct = 2.
» ) -2 -2 11
—let:2taco—2X:(_2 _2):>X:<1 1).

. —2 -2 -1 -4
- V6it=—1tacodX = =X = 7 1)
—2 -2 —3 2
(b) Truong hgp 2. det(X —3I) = 0 = 3 la mot gia tri rieng ciua X. Khi dé (1)
tuong duong véi
3 2 B 2 =2
X3 - 3X +41_(_2 2)

2

e (X —2D3(X+1) = ( 5

- ) — det(X — 21)(X + 1) = 0.
- Xét det(X —2I) =0 = 2 la gia tri riéng ctia X, do d6 da thic dic trung cia
X ¢6 dang P(x) =22 — 52+ 6 = X2 —5X + 61 = 0. Két hgp véi (1) ta co

-2 -2 1 -2 -2 s -4
X —121= (—2 —2) :‘X:Z[m*(—2 —2>} - ( —% %)
- Xét det(X +1) =0 = —1 la gia tri riéng cia X. Tuong tu nhu trén ta co6
X2 - 2X —3I =0. Két hop vdi (1) ta co

-2 =2 1 =2
xoor- (3 ) ex- (2.

Cau 6. (Trudng ?7??) Cho P(z) la da thiic bac n v6i hé s6 thyc c¢6 n nghiem
thuc phan biet khac 0. Ching minh ring cdc nghiém cta da thic Q(z) :=
22 P"(z) + 3z P'(z) + P(x) 1a thyc va phan bigt.

Dap an. Dat Q(z) = zP(x). Vi cac nghiém cua P(z) la nghiém thyc phan biét
va khac 0 nén cac nghiém ctia Q(z) cing la nghiém thiyc va phan biét. Theo dinh
li Rolle, suy ra cac nghiém ctia Q'(z) 1a nghiém thyc va phan biét.
Dat H(x) = 2Q’'(x), suy ra cic nghiém ctia H(z) 1a nghiém thyc va phan biét.
Ta co:
H'(z) = 2*P"(z) + 32 P'(z) + P(z).
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Vay céac nghiem ctia da thic 22P"(z) + 3z P'(z) + P(x) déu 1a nghiém thuc va
phan biét.

1.2 Tong hop dé du tuyén mon Pai sé6 2009

Cau I. (DH Ba ria - Vang tau) Cho

a —=b —c — 1 0 0O
b a —-d c 01 00
a,b,c,del, A= e d a —b , B = 0010
d —c b a 0 0 01
Tinh |A — AE]

Dap an. Ta co A/’A = (a®? +b* + % + d*)E. Thay a bang a— « ta dugc

(A= AE))(A=AEy) = ((a = N>+ +* +d*)E
=[(A = AED) 2 = [(A = AEy) (A= AEy)| = ((a— <)+ V* + > + d?)"
SA=AE)? = ((a— <)+ PP+ P+ d?)’
(A= AED)| = ((a= N2+ 82+ 2+ d?)?
= —(@a= N2+ 0+ + 2)°

(A= AED)| = ((a— <2+ 8+ 2 +d*)%.

Cau II. (DH Ba ria - Viing tau) Tim tat cd cdc ma tran A = (CCL b) sa0

n bn
cho A" = (CCLn d”) Vn € O~
Dap an. Gia sit A = (g Z) I3 ma tran cin tim thi ta c6
A2 a® b*\ [ a®+bc bla+d)
“\? @) \cla+d) be+d?
a® =a®+be

be =0

2
S0 =t d) i va— =0
B cla+d—c) =0.

b —
a+d—c =0

3 2 3
3 _f(a> 0\ o , a 0 a 0) a 0
AT = <c3 d3) =AnA= (c(a +d) d2> (C d) N (ac(a +d) + cd? d3)
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suy ra acla +d) +cd? = & < a? +ad+d?> = 2 Lai via+d—c = 0 nén
+dP=c2=ad=0.
+) Néu a = 0 thi tit diéu kien

b =0
C7é0:>{a—|—d—c =0
ta co

a=b=0 (0 0
{d:c#o :>A(C C),C#O.
+) Néu d = 0 thi tir dieu kién ¢ # 0 suy ra

b =0
a+d—c =0

ta co

d=b=0 a 0
{a:c#o :>A—(a O),a%o.

* Z C :0 < 1. ~ ,
)Neub#O:{aer_b 0 thi Ii luan tuong tu ta co

00 <
Az(O b),b%ohoacA:(g 8),&7&0.

) b =0 a 0
k A N
) Néu {C 0 thi A= (O d)'

Thit lai ta c6 cic ma tran théa méan yéu cau bai toan la:
a 0 0 0 a 0 0 b a a
(0 d) ) (c c) ) (a 0) ) (0 b) ) (0 o) » &b, cd €Ll

Cau III. (DH Ba ria - Viing tau) Cho n € O* va A 1a ma tran phan doi xting
cap n. Chiing minh rang I + A kha nghich trong dé6 I 1a ma tran don vi cap n.

CAO DANG SU PHAM BAC NINH, MON: DAT SO

Cau 1. (CD SP Biac Ninh)

a) Cho 2 ma tran

A=(3 9o s)

Tinh AB — BA.

b) C6 hay khong 2 ma tran A, B vuong cap n théa man AB — BA 13 ma tran
don vi.

Dap an.

a) Tinh AB — BA= A= (135 _g) .

b) Khong thé c6 2 ma tran A, B vudng cap n théa man AB — BA 1a ma tran
don vi. Vi xét cac phan ti trén dudng chéo clia 2 ma tran nay cé tong bang
nhau nén tong cac phan ti trén dudng chéo cia AB — BA = 0. Ma ma tran don
vi lai c6 tong cac phan ti trén dudng chéo lai bang n.
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Cau 2. (CD SP Béac Ninh)
Giai he phuong trinh tuyén tinh sau
(21t 2044z, =1
a1r] + agxy + -+ apxry =b
a%aq + a%azz +- a%mn = b?

n—1 -1 -1 -1
| a) r1+ay wo+---4apn x, =0"

V6i a;(i = 1,2,...,n),b 1a cAc tham s6, cic hé s6 a; doi mot khac nhau.
Dap an.

Dung phuong phap dinh thic ta c¢6 nghiém cta hé la:
(al- —-b
i7#]
n
[T (ai—aj)
ij=1
i

Cau 3. (CD SP Biac Ninh)
Cho A 1a ma tran vuong, ki hiéu 7 1a ma tran don vi cting cap. Ching minh

Tj = vl j=1,2,...,n.

rang

a) Néu A2 =0 thi I + A v I — A 14 hai ma tran kha nghich ctia nhau.

b) Néu c6 s6 nguyén duong n dé A» = 0 thi I + A va T — A la cac ma tran
kha nghich.

c) Néu P, @Q la hai ma tran vuong cuing cap théa man PQ = QP va ton tai 2
s6 nguyén duong 7, s théa man P" = Q° = 0 thi ma tran I+ P+ @ 1a kha nghich.
Dap an.

Cho A 1a ma tran vuong cap n, ky hiéu I 1a ma tran don vi cap n.

a) Xét tich (I+ A)(I—A) va (I — A)(I+ A) déu bang ma tran don vi nén I + A
va I — A la hai ma tran kha nghich ctia nhau.

b) Xét [ =1"— A" va [ = I + A?+ ta c6 ngay I+ A va [ — A la cdc ma tran
kha nghich.

c¢) Chi can chiing t6 (P + Q)"** = 0, Diéu nay c6 duge do 2 gia thiét da cho
veé P,Q. Tu d6 ap dung b) c6 ngay dpcm

Cau 4. (CD SP Bic Ninh)

Cho ma tran A va ki, ko la 2 gia tri riéng phan biét. Gia sit ai, as la hai vecto
rieng lan lugt tuong tng voéi ki, ko. HOI ai + ab c6 1a vecto rieng ctia A dugc
khong?

Dap an.

Khong thé c6 duge diéu do.

Trude hét ching t6 rang 2 vecto riéng tng véi 2 gia tri rieng phan biét 1a
doc lap tuyén tinh. Gid st o) + ab 1a vecto riéng clia A Gng v6i gia tri rieng k
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nao do, tic la: A(ay + ai) = k(ai + a3) dan dén (k) — k)ai + (ka — k)ay = 0, suy
ra /Cl = k’z, vo li.

Cau 5. (CD SP Biac Ninh)

1+ X2 1 1
Cho ma tran A = 1 r9 + 13 1 , trong d6 x1, x9, x3 1a 3 nghiém
1 1 r3 + T

clia da thitc f(x) = 23 + az + 2009.
a) Tinh detA.
b) Tim a dé ma tran A c6 mot gia tri rieng la 20009.

Dap an.
xr1 + T2 1 1
Cho ma tran A = 1 T + w3 1 , trong d6 x1, x9, x3 1a 3 nghiém
1 1 r3 + 11

ciia da thitc f(x) = 23 + az + 2009.

a) Tinh detA.

Khai trién theo dong hay cot ctia A, bién doi két qua theo cac da thic déi
xing co ban o1, 09,03 cla w1, 29, x3, dudc detA = o109 — 03 — 207, ap dung dinh
Iy Viet ta c6 ngay detA = 2009.

b) Tim a dé ma tran A c6 mot gia tri riéng 1a 2009.

Trude hét tim da thic dac trung

|A = M| = —=X\3 4 201)\% — (0’% + 09 —3)\+ 0109 — 03 — 207.

= -3 — (a—3)\ + 2009
Dé thoéa méan bai thi da thitc trén c6 mot nghiem 1a 2009, tit d6 lai 4p dung
dinh 1y Viet cho da thic nay co
A1+ A2 42009 =0
A1A22009 = —2009
a—3 = AA2+2009(\; + \2)

Trong d6 A1, A2 1a 2 nghiém con lai ctia da thiic bac 3 trén.

Tt do A, A2 1a 2 nghiém con lai ctia da thic bac 3 trén.

Tt he thic nay ta tim dude a = 2009% + 2 = 4036083.

Cau I. (Hoc vién Phong khong - Khong quan) Ma tran A € M,,(K) dudc
goi 13 luy linh bac p néu p 14 mot s6 nguyen duong sao cho AP~ £ [0] va AP = [O]
(ma tran khong).

a) Ching minh rang néu A 1a ma tran luy linh bac p thi £ — A 1a ma tran

kha nghich. Hay tim ma tran nghich ddo (£ — A)~L.

b) Ap dung két qua tren, hay tim ma tran nghich dao clia ma tran:

1 00
B=|a 1 0
c b 1

19



Dap an. (a) Taco (E—A)(E+A+---+ AP71) = EP — AP Suy ra

det(E—A)#0,(E—A)1=F+ A+ ...+ 471

0O 00
(b) Dat B=F— A /A= < —a 00 ) 14 ma tran lay linh bac 3.
—c —=b 0
1 00
T d6 suy ra B~ = ( —a 1 O).
ab—c —b 1

Cau II. (Hoc vién Phong khong - Khong quan)
a) Cho cac s6 thuc A1, A2, ..., A, khiac nhau va khac cac gia tri

0,—1,-2,...,—n+ 1. Hay chting minh rang
1 1 1
A A A
i ¥ g
A+ 1 Ao + 1 A+1 | #0
1 1 1
M+n—1 d+n-—1 Apt+n—1

b) Cho da thic P(x) = 2* — 523 + 1122 — 122 + 6. Biét rang phuong trinh
P(z) = 0 c6 mot nghiém 13 1 —i. Hay chitng minh réng néu A 13 ma tran vuong
cap n thod man P(A) = [O] (ma tran khong), thi A khong c6 gia tri rieng la s6
thue.

Dap an. (a) Gia st phan ching la dinh thic da cho bang 0. Khi d6 phéi ton
tai cac hang s6 C1, Oy, ..., C, khong dong thoi bang 0 sao cho

VZ':LQ,...,HZQ Ca +...+L:
—;  —i+1 —i+n—1
C C C .
T d6 suy ra phuong trinh f(z) = — + —2 4+ ——" = 0 ¢6 n nghiém
r x+1 r+n—1

phan biét 1a «1,«9,..., <.
Mat khéac khi quy dong mau s6 va rit gon, ta cé thé viét

P(x)

f(x):x(x+1)(x+2)...(x+n—1)’

trong dé P(z) 1a da thitc c6 bac nhé hon n — 1. Nhung theo gia thiét ta cé theé
suy ra f(z) = 0 khi P(x) = 0, nhu vay phuong trinh P(x) = 0 phai ¢6 n nghiém
phan biét, diéu nay vo li. Cho nén céac hing s6 C1,C —2,..., ¢, chi c6 thé dong
thai bang 0, c6 nghia 1a dinh thic da cho khac 0.
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(b) Gia sit ma tran A c6 gia tri rieng «. Khi d6 ton tai vecto y # 6 sao cho
Ay = \y. Suy ra

Ay = A(Ay) = AQy) = My ="y, Aly ="y
Khi d6 P(A) = A* =543 + 1142 — 12A + 6E = [0]. Tt d6 suy ra
P(A)y = (A* =543 + 114% — 12A 4+ 6E)y = [Oly = 6.

Tu két qua trén, ta duge («* =5 «3 +11 «+2 —12 « +6)y = 0. Do y # 6 nén
ta co
534112 12— 4+6=0.

Mat khac ta thay da thic P(z) = 2* — 523 4 1122 — 120 + 6 ¢6 cac he sb thu,
nén theo gia thiét néu P(x) c6 nghiém 1 — i thi ciing ¢6 nghiem 1a T—4 = 1 + .
Do d6 khi phan tich ra thita s6 P(z) sé chita nhan tit [z — (1 —i)|[z — (1 +4)] =
(x—1)2+1=22—-22+2.

Chia P(z) cho nhan ti 2 — 2z + 2 ta dugc

P(z) = (2% — 22 + 2)(2* — 22 + 3).

Ta thay phuong trinh z? — 22 + 3 khong c6 nghiém thyc nén phuong trinh
P(z) =0 khong c6 nghiém thuec.

Nhu vay phuong trinh «* —5 <3 +11 «2? —12 « +6 = 0 khong c6 nghiem
thiie, c6 nghia 1a ma tran A khong c6 gia tri riéng 1a s6 thuyc.

Cau III. (Hoc vién Phong khong - Khong quan) Cho bat phuong trinh

1 1 1 1
x—1+x—2+x—3+x—4>2009

Gia sit bat phuong trinh c6 cac nghiem la mot s6 khoang. Tinh tong do dai cac
nghiém trén truc so.

1 1 1 1
— 2009.
1x—1+x—12+x—31+a:—4 )
Ta c6 f/(z) = — - - - <.
I N R e L
Tu do6 ta c6 bang bién thién cta f(z):
Tu bang bién thién ctia f(r) ta c6 phuong trinh f(z) = 0 ¢c6 bon nghiem
a,3,v,6 thoa man dicu kien 1 <a <2< <3 <y<4<9.

Do vay bat phuong trinh f(x) > 0 ¢6 tap nghiem la:

Dap an. bat f(z) =

(L,L14+a)U(2,24+3)U(3,34+v)U (4,4+9).
Goi L la tong do dai cac nghiem trén truc s6. Khi do ta cé:
L=(a-1)+B-2)+(—=3)+(0—-4)=a+p+v+0~—10.
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Ta lai ¢c6

f(x) =04 2009(x — 1)(z — 2)(z — 3)(x —4) — (x — 2)(z — 3)(z — 4)
—(r—1)(z=3)(z—4)—(z—1(z—-2)(xz—4) — (= 1)(z—2)(z—3)=0.

Tu do ta c6
2009(z — 1)(x — 2)(z = 3)(z — 4) — (v — 2)(x — 3)(z — 4)

—(z=D(x-3)(z—4) —(z—1)(z—-2)(z—4) — (x —1)(x — 2)(z — 3)
= 2009(x — a)(z — B)(z — ¥)(z — 9)

& 2009(x% — 3z + 2) (2% — Tx +12) — (v — 2)(x — 3)(x — 4)
—(z—-D-=-3)(z—4) —(z—1)(z—2)(x—4) — (x — 1)(z — 2)(z — 3)
= 2009(z> — ax — fz + af)(2? — yr — 6z + ~0)Vx €777 (1)

So sdnh he s6 ctia 22 clia hai da thiic & cac vé clia dong nhat thic (1) ta duge

2009(—=3 —7) — (1+1+141) = 2009(—a — 3 — 7y — 6)
= 2009.10 + 4 = 2009(cx + 8 + 7 + 0)

At Bt =104 —
@ TTo= 2009
A 4
L=104—— —10= —.
= 0+ 3000 ~ 1% = 2009

Cau IV. (Hoc vién Phong khong - Khong quan) Cho céc da thic v6i he
s6 phiic:

P(z)=2"+ az a2+ ap_ 1+ an;

Qz) = 2™ 4+ b1a™ 4 bor™ 24 - £ b1+ by

Biét rang P(z) chia hét cho Q(z) va ton tai k(k = 1,2,...,m) sao cho |by| >
CF 2010, Chiing minh ring ton tai it nhat a;(i = 1,2,...,n) sao cho |a;| > 2009.
Dap an. Goi z1,29,..., 7, 12 cdc nghiem ciia Q(z) (ké ca nghiém boi). Gid st

modun cta ching khong vugt qua 2010. Theo dinh 1 Viet ta co:

(bi] = | = (z1+ 22+ - + zn)| < 2010m

|b/c|=’(—1)’€ Y T Tiy. .. Ty,

11 <to<-<1k

< Ck 2010% (1)

[bm] = [(=1)™ 212y ... 2| < 2010™
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Ro rang (1) mau thudn véi gia thiét [b| > C¥2010%. Nhu vay da thiic Q(z) c6
it nhat mot nghiém y théa man bat ding thic

ly| > 2010

(2)

Do da thiic P(z) chia hét cho da thiic Q(z) nén ta c¢6 P(y) = 0.

Gia st
|la;| < 2009Vi =1,n (3)

Khi dé6 ta co
Y=o —lan—1y|—lan| (4)

0=I|P(y)| = |y"+ary" '+ Aan_1y+an| = |y —|ary™"

T (2) va (3) ta co
la;] <2009 < |y| —1Vi=1,n (5)

Tt (4) va (5) ta nhan duge
0= Py =1y"| - (ly] = 1) (ly" " +---+]y| +1) =1 mau thuan.

Vay ton taii (i =1,2...,n) sao cho |a;] > 2009.

Cau 1. (Dai hoc Thuy 1gi) Cho ma tran thuc A = (a;j)nxn thod man cac diéu

kién sau:
i) n la sb 18,
11) Qg3 = )\,

iii) a;; = —aj; Vi#j.
Tim diéu kién ctia A dé hé phuong trinh

a;121 + aipx2 + -+ aipTp = b, i =1,...,n,

c6 nghiem duy nhat.

Dap an. Néu <=0 thi A 13 ma tran phan déi xtng cap 1é nén det(A) = 0
Ngudc lai, néu det(A) = 0 thi hé thuan nhat tuong tng

aj1x1 + a;oro + -+ aiprn, =0, 2=1,...,n
c6 nghiém khong tam thuong ¢; e R,i=1,...,n.
Lan lugt nhan ajic; + ajaca + -+ 4 ajpcy, = 0 V6i ¢;,i = 1,...,n 10i cOng lai ta
n n
dlI(jC Z Z QjjCjC; = 0.

i=1j=1

Lt s N 2 N 2 N 3 L 2

Do véi i va j khadc nhau thi a;jcicj+aijcjc; = 0, nén tong nay bang «— Zl c; = 0.
Z:

n
Tt Y ? #0 ta c6 «—= 0.
=1
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Vay <= 0 khi va chi khi det(A4) = 0. Do d6 hé phuong trinh da cho c¢6 nghiém
duy nhat khi va chi khi «# 0.

Cau II. (Dai hoc Thuy 1¢i) Goi €y, ...,¢, 12 tat ca cac can bac n(n > 1) cla
don vi. Ky hiéu A = (a;j)mxn 1a ma tran co

1+ khii—=j
A P khi i # j.

Tim ma tran nghich dao cua A.

n
Dap an. Tuaz" —1=(z—e1)(x—e2)...(x —e,) = 2" — > 2" 1 +..., so sanh
i=1

n
cac hé so ta co6 > g =0.
i=1

Mit khéc (A — E)2 = 3" ei(A— E) nén (A— E)2 = 0. Do d6
=1
A@E—m:<E+M—EQQa4A—ED:E%4A—EF:E
Vay ma tran nghich dao ctia A la 2F — A.

Cau III. (Pai hoc Thuy 1¢i) Tim tat ci cac s6 thuc a,b sao cho
a —b 4 _ V3 -1
b a 1 V3

Dap an. Dat a = zv/2,b = yv/2, phuong trinh da cho dugc dua vé

(cy (g )

y =z sin—  cos —

6 6

Lay dinh thiic hai vé, suy ra 22 +52 = 1. Vi vay c¢6 thé diit z = cosa, y = sin .
Khi d6 (1) duge dua veé

s . T

cosda —sinda | [ €95 § — s § 2)

sin 4« cosda | sin — cos —

6 6
2 .
Tﬁd@céa:g+hfv&k:QL23
2 2 .

V%uw:%%%(%+h£»bzyﬂm<%+h£>v&k:QLZ&

Cau IV. (Dai hoc Thuy 1gi) Cho A la ma tran thyc c6 hang bang r. Chiing
minh ring cac ma tran ATA va AAT ciing c¢6 hang bang r.
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Dap an.
Gia st A 1a ma tran ¢d m x n. Khi ay AT A ¢6 ¢d n x n. Ta xét hai hé phuong
trinh dai s6 tuyén tinh n an

AX =0 (1)
vaATAX =0 (2)
x| 0
. T2 0
voiX =] . |,0=
In 0 nx1

Ta sé chiing minh hai hé nay c6 tap nghiém trung nhau. R6 rang tap nghiém
ctia (1) 1a tap con clia (2). Ngugce lai, néu Xy 1a nghiém cta (2), tic 1la ATAX) = O
thi XI'ATAXy = O nén (AXp)T AXy = 0 hay || AX,|?> = 0. T day suy ra AXy = O,
tiic 1a Xy cing la nghiém cia (1).

Vi rank(A) = n- chiéu ctia khong gian nghiém=rank(A” A) ta c6 rank(A) =
rank (AT A).

Chitng minh tuong ti, ta c6 rank(A”) = rank(AAT) nén rank(A) = rank(AAT).
Cau I. (Hoc vién Quan Y) Cho hai da thitc P(z) = (z — a)®" + (z — 3a)?" va
Q(z) = (v — a)®.(x — 3a)? v6i n € N*,a € R*. Xac dinh da thic du trong phép
chia P(z) cho Q(x).

Dap an. Ta c6 thé viét P(x) = Q(x).T(z) + R(z) véi deg(R) < 3.

v {iigifji;ﬁb;fﬁ‘g@ = R(z) = (z — a)(z — 3a).5(z) vii deg(S) < 1.

Mit khac P(z) = Q'(z).T(z) + Q(z).T'(x) + R'(z). Nén
P'(a) = 2n(—2a)*""! = R'(a) = —2a.5(a)
{P’(3a) = 2n(2a)*"! = R'(3a) = 2a.5(3a).
Suy ra S(a) = S(3a) = 2n(2a)*" 2, vi deg(S) < 1 nén S(z) = 2n(2a)?" 2.
Vay R(z) = 2n(2a)*"2.(x — a)(x — 3a) + (2a)*".

Cau II. (Hoc vién Quan Y) Cho da thic P(z) = 2° — 2 + 2 € C[z] c6 cac
nghiém 1a z; (i = 1,5). Tinh gia tri biéu thitc sau:
5

81’2‘ — 10
A pum—
; (22 — 1)(z; — 2)?

Dép an. Taco . or-10 1 L 2
pan. @Z-D@-22 241 z-1 (@-272
Do do6
5 5 5 5
82; — 10 1 1 1
A= =y -y +2y ——
‘: ($z2_1>(mi_2>2 — ri+1 i=1 ri—1 i=1 (xi_2)2

1

7
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/
(#) & 1
Mat khéac o i:zl pra—— nén
B_i L PCY N L P
C &Zx+l o P(-1) 7 ~a—1 P17
B 1 P'QPQ2)-[P(2))* 1121
b= ; (i —2)2 P2(2) 1024

Cau III. (Hoc vién Quan Y) Tim tat ci cdc ma tran A vuong cap n sao cho
v6i moi ma tran B vuong cap n ta déu c6 det(A+2009.B) = det(A) + 2009.det(B).

DPap an. Chon B = A thi det(2010A) = 2010 det(A) = det(A4) = 0.
Gia stt A # 0 khi d6 ton tai cot 4; # 0 (1 <i < n).
Chon B c6 cac cot (B B...Bj—1 — ﬁ Bit1...By) sao cho det(B) # 0.
Nhung ta lai ¢6 det(A + 2009B) = 0 = 2009 det(B) (mau thuan).
Vay A =0.

Cau IV. (Hoc vién Quan Y) Cho a € R*, ching t6 rang ma tran A kha
nghich va tim A1

0 a a®>
1 2
- 0 a a
A= 1T 1
—2 — 0 a
T 1 1 .
ad a? a

11 1
Dap an. Dit U = (1,-,—2,—3> va V = (1,a,a%,a%). Khi d6 A = UTV — I va
a a a
VUT =4.
Nen A2 = (UTV —1)2 =207V + I =2A + 31 = A(A - 2I) = 31.
1
Do d6 A kha nghich va A1 = §(A —2I).

Cau V. (Hoc vién Quan Y) Cho ma tran nguyén A vuong cap n. Chiing
minh rang néu véi moi b € Z" hé phuong trinh Az = b déu c6 nghiém nguyén
thi det(A) = £1.

Dap an. Do v6i moi b € Z" hé Az = b déu c6 nghiém nguyén nén chon b = ¢;
thi hé ¢6 nghiém nguyén tuong ung z;. bat X = (1 x2 ... xn)T, khi do6 ta co
déng thic AX = 1.

Do d6 det(A).det(X) =1 = det(A) 1a u6c cia 1 hay det(A) = £1.
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Cau VI. (Hoc vién Quan Y) Cho A = (a1, as,...,a,). Tim cac gia tri riéng
clia ma tran AT A.

Dap an. Ta co

2
aj CL162LQ ... aiap
agaq ay ... agan
ATA=1]" _
2
ana1 anpag ... ay,
a% —t ajas ... aiap
asa1 a% —t ... a2an

Xét da thic P(t) = det(ATA —tI) =
and| apas ... a% —1
Dé thay P(t) ¢6 deg(P) = n, hé s6 ting véi t* 1a (—1)" va t = 0 1a nghiém boi
n —1 ctia P(t).
Hon nita ta c6 tong cic nghiém ctia P(t) = Tr(ATA) = Z . Suy ra P(t) ¢

’[/:

n
mot nghiém ¢t = > a?.
i=1

Tir d6 ta.c6 P(t) = (<1 (1= L

“‘l\')

)

N

Vay AT A c6 céc gia tri rieng 14 0 va 2

a;.

m:

Cau I. (CDSP Ba Ria - Viing tau) Tinh dinh thic

1 1 o 1 1
021 C§ o C}L C%H
D= O?? CZ e 072L+1 CTQLJrQ
. T L L
C;LL ! CZ—H tot an—Q an—l

trong d6 C¥ 1a t6 hgp chap k ctia n phan ti.

Dap an. Vi C}+ ;' = it nen hieu ctia moi phan tit v6i phan tit diing ben
trai n6 thi bang phan tit diing ngay trén no.

Dé tinh D ta lay cot n trit di cot n — 1 dé duge cot n mdéi, roi lay cot n — 1
trit di cot n — 2 dé dude cot n — 1 méi, ..., lay cot thi 2 trit di cot thi nhat dé

duge cot thit 2 méi. Lic nay ta duge

1 0 0 0

Cl 1 1 1
D = C?% C% Cwlz Cl+1
CZLL - Cy 2 an 23 an 22
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Lai lam nhu trén nhung chi lam dén cot thi 2 ta c6

1 0 ... 0 0
Cl 1 ... 0 0

D=|C3 (Cj

n—1 n—2 n—3 n—3
Cn Cn CQn—4 C2n—3

Sau n — 1 buéc nhu vay ta dudc

1 0 ... 0 0
C 1 ... 0 0
D=|C; C3y - 0 0=1
cpmtocop? oL O

Cau II. (CDSP Ba Ria - Vang tau) Cho

4 -5 2
A (5 _7 3)
6 —9 4
Tinh f(A) biét f(z) = 2009220 — 200822098 ... + 7.

Dap an. Ta c6

4— — -5 2
IA—XE|=| 5 —T—« 3 |=0e2(1-—)=02—-3=0.
6 -9 4— —
Vay theo dinh i Cayley va Hamilton ta c6 A% = A2, suy ra AF = A% Vk > 2.
Khi d6 f(A) = 1004A% + A.

Cau III. (CDSP Ba Ria - Ving tau) Cho n € O va A, B 1a hai ma tran cap
n thod man AB — BA = B. Chiing minh ring AB?%% = B2999(A + 2009F) trong
d6 E 1a ma tran don vi cap n.

Dap an.
Cach 1. Ta chiing minh AB* = B¥(A + kE),Vk € O* bang quy nap.
Hién nhien cong thic ding véi n = 1.
Gia stt AB* = B¥(A+ kE),k > 1 thi

ABM! = AB*B = B¥(A + kE)B = B¥(AB + kB)
— B¥[BA+ B+ kB| = B*[A+ (1 + k)E].

28



Suy ra dicu phai chitng minh.
Cach 2. Tt AB— BA=B= AB=B(A+ E). Suy ra
AB? = B(A+ E)B = B(AB + B) = B(B + BA + B)
— B(BA + 2B) = B*(A + 2E)
= AB® = B} (A +2E)B = B*(AB + 2B) = B*(B + BA + 2B)
= B*(BA+3B) = B3(A + 3F)
= ... = AB" = B"(A+ kE) Vn € O

Cau IV. (CDSP Ba Ria - Vang tau) Giai hé phuong trinh

XYX =1
YXY =15

trong d6 X,Y 1a cAc ma tran vuong cap 2 va I 1a ma tran don vi cap 2.

Dap an. Vi véi moi X,Y la cac ma tran vuong cap 2 thi XY XY = (XYX)Y =
o | XYX =1 [ X =Y

X(YXY) nen tit {YXY L {X3 L

a® + 2abc + bed =1

b(a® +ad+bc+d?*) =

c(a®>+ad+bc+d*) =0

abc + 2bed + d3 =1

*) Néu b =0 hodc ¢ =0 thi déu suy raa=d =1 nén X = I.

*) Néu a? + ad + be + d? = 0 thi

a3 + 2abc + bed =1

b

- a
Da,tX:(C d

) thi tit X3 = I suy ra

3 _
ba®+ad+betd?) —o | TRabetbed =1
c(a® + ad + be + d?) —0 a”Fad+ bet d° =0

B abc +2bed + d3 =1

abe + 2bed + d° =1
a® — (2a + d)(a® + ad + d?) = 1
s{be=—a?—ad— d?

{bc: —a? —ad — d?
—(a+2d)(a®> +ad +d?*) +d®> =1

(a+d)?=-1

be = —a? — ad — d? - be =—-a®—a—1
a+d=-1 d =-1-a
b
VaYX:Y:[QhOéLCX:Y:(_a2?a_1 1 a),a,bED,b#O.
—esesl g

Cau V. (CDSP Ba Ria - Ving tau) Cho A va B la cac ma tran vuong cap
n thod man F — AB kha nghich. Chiitng minh £ — BA kha nghich.

Dap an. Gia st £ — BA khong kha nghich, tic |F — BA| = 0. Khi d6 heé
(E — BA)X =0 c6 nghiem khong tam thuong, titc 1a ton tai vecto X # 0 dé

(E— BA)X =0« X = BAX.
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Dit Y =AX = X =BY.ViX #0nénY #0.
Xét
(E—AB)Y =Y — ABY =Y — AB(AX) =Y — A(BAX)
=Y -AX =Y -Y =0.

Vay hé (E — AB)Y = 0 c¢6 nghiém khong tam thudng, suy ra E — BA kha nghich.

Cau VI. (CDSP Ba Ria - Vang tau) Cho P(z) la mot da thic bac n >
1 v6i he s6 thuc va c¢6 n nghiém thyc. Chiing minh rang: (n — 1)[P'(z)]*> >
nP(x)P"(z) Vo € O.
Dap an. Goi (n — 1)[P'(«))2 = nP(z)P"(x) Yz € O 1a (1).

*) Néu n = 1 thi P’(z) = 0 nén (n — 1)[P'(z)]?> = nP(x)P"(z) = 0. Vay (1)
ding.

*) Néu n > 1 ta goi 1,22, ..., 7, 1& cdc nghiém cia da thiic P(z). Khi d6 véi
x = x;,i = 1,n thi hién nhién (1) dang vi (n — 1)[P'(2)]> > 0 = nP(x)P"(z).

Bay gio gid st x # x;,Vi = 1,n thi ta ¢

Pr) ~ 1 Pla) 2
P(x) _Zx—xi’ P(xz) Z (x — x;)(z — ;)

P 1<i<j<n
Do do
(n—1) (Zg;) - };/((j)) (n— 1)( :1 . _1 x1>2 - nlgg@ (z — :ci)2(x ;)
- g (mn:;)z P (1<i<j<n (@ = xi)l(x —1)) ' 1<i<j<n (= xif(x %)
., 2
B ZZ; (xn:;)Q B 1<§<n (& — xl)Q(x —zy) 1<;<n <I _1 T @ _136]) ” Ol

Vay (n —1) (P/@) a2 S0 4 - DP @) > nP@)P" (). Suy ra

diéu phai chiing minh.
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Chuong 2

Tong hop dé du tuyén nam 2010

2.1 Téng hop dé du tuyeén mon Giai tich 2010

Bai 1. (DHKHTN TpHCM)
Cho ham 6 f(z) = In(z + 1).
a) Chiing minh rang v6i moi z > 0, ton tai duy nhat s6 thuc ¢ théa man dicu

kien f(z) = zf'(c) ma ta ky hisu la c(x).
c(x)

b) Tim lim —=
z—0+ T
Dap an.

a) Yéu cau bai toan tuong duong véi viec chiing minh phuong trinh

In(z+1) 1

) x Cc+1 , )
¢6 nghiém duy nhat ¢ v6i moi > 0. Ta c6 the giai tryc tiep dugc
x
T ln(z+1)
T
2 .. —In(1
b) Ta c6 the tinh giéi han lim c2) = lim Infz+1) im z—In{l+2)
z—0+ X x—0+ x z—0+ T ln(l + :13)

bang cach st dung cong thitc Taylor: In(1 + z) = 2 — 2?/2 hodc dung quy tac
L’Hopitale:

r —1In(1+ x) . rx—In(l+z) x
m ——F——7 = m ———F- hm —_——
z—0+ X ln(l + £E) z—0+ x2 z—0+ ln(l + ZL‘)
o 1 1
= lim — L iy =
z—0+ 2z z—0+ 1 2
142z

Ghi chi: Bai nay kha don gian.

Bai 2. (DHKHTN TpHCM)

. ) NG -
Chiing minh rang day so a, = <1 + —) la mot day so giam.
n

Dap an.
V6i n =1 thi kiém tra truc tiép ta thay a; > as. Xét ham s6
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flz) = <a: + %) In (1 + = . Ta chting minh f l& ham giam trén [2,+o00). Tu

Z 1 m+l .2 N £ ~ ~ * 2
day suy ra ham so <1 + —) * gidm trén [2,4+00) va nhu the day da cho giam.
T

Ta co 1
1 1y 1 1 1 Tty
=Y D) ()=o)
f'(w) = (14— —|—x+21 (= n(1+- PCESY
+_
T
Ta chting minh bo dé:
2 N . Jf2 l’g
Bédé:V610<xthiln(1+x)<ac—?+§.
Xét ham s6 g(z) = —x2+x3—1(1+ ) thi g/(2) = 1 — a4+ a? — —— —
) glr) =T 9 3 n T g\r) = T T 1+x_
Xz
. Do dé = 0 v6i moi .
(x—|—1)>0 0 do6 g(z) > ¢g(0) =0 véi moi z > 0
Ap dung bd d8, ta co
1
1 Tty o111 2z + 1
") =1 (1 _>_—2 T e B
J'w) =1 +x x(m+1)<x 2x2+3x3 20(x+1)
_ 62?(z+ 1) —3z(z+1)+2(x+1) — 32?2 +1) 22—z <0
B 623(x + 1) C bad(r 1) T

Vay f(z) 1a ham s giam trén [2, +00). Bai toan duge giai quyét hoan toan.

Cau 1. (DH KH Hué)Cho (z,,) la day s6 thuc duong. tang va bi chan tréen.
Chting minh rang day s6 (y,) xac dinh bdi

n

—1 Tk4+1Tk+3
la day hoi tu.
Dap an. Ta c¢6 day (y,) la day tang. Dat M = sup,,en- 2n, b = T Vi moi n

M2
nguyén duong,

n
TpTl4-2
o= 3 R

T T

L1k
T1T3  T2T4 LnTn+2
T2T4 T35 Tn+1Tn+3

n/T1T3
=n (1 - W)
= n(1 — Vb) — —Inb
Do dé6 day (y,) bi chan trén. Thanh thit (y,) la day hoi tu.

Cau 2. (DH KH Hué) Cho ham f:[0;1] — R lién tuc. Chiing minh ring

/Olf(x)dx-/ dx§1—5/ fA(x)dz (1).
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Dap an. Bt dang thic (1) ding néu fo z)dz = 0.
Khong méat tinh tong quat ta co thé gia st fo z)dz = 1. Theo bat dang

Buniakovskij, ta c6
1 2
g/ (f@:)—%x‘l) do

(f (er-5) )
/‘f x——-lfimmx+%,

Al m<—/f

Cau 3. (DH KH Hué) Cho ham s6 f : R — R kha vi, thod man

2

F0)=0, 1+2%)f'(x) =1+ f*(z), Vz €R.
Hoéi ham s6 f c6 thé c6 gisi han hitu han tai vo ciing hay khong?
Dap an. Ti gia thiét ta co

fllo) 1
1+ f2(z) 14a?

>0, Vz ek

Xét g(x) = arctan f(z) — arctanz. Ta ¢6 ¢'(z) > 0, V 2 € R. Do d6 g(z) 1a ham
tang. Nén g(x) <0, Ve <0vag(z) >0, Vo >0.Tudotaco f(z) <z, Vo <0
va f(z) >z, Y >0.

Vay f khong c6 giéi han hitu han tai vo cung.

Cau I (DHSP Hué) Cho day (z,), dudc xac dinh béi: 21 = 1, 2,41 = an(1+
22919) v6in > 1. Tim

xQOlO 1'2010 2010
. 1
lim + + ...+ .
n—oo \ T 3 Tpt1

Dap an. V6i modi k > 1, ta ¢o

x%OIO _ xi()ll _ Thil — T _ i B 1
Lh+1 TpZlr+1 TEL+1 T Tkl
Suy ra
x%om x%mo x%om 1 1
S + ot =— - :
T2 x3 Tn41 1 Tkl

R6 rang (x,,), 12 ddy tang va do d6 ton tai lim w,. Ta chiing minh duge lim z, =

n—oo n—oo

+00. Suy ra gi6i han can tinh bang 1.
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Cau 2 (DHSP Hué)
a) Cho f la mot ham lién tuc trén R sao cho f(z) = f(x+2010) véi moi z € R.
Chting minh rang ton tai zo € R sao cho f(zg) = xo + 2010.

b) Cho f 1a mot ham lién tuc trén R va lirf (z) = +oo. Gia su ton tai 2009
T—T0O0

Sé ai, ag, ..., a2009 Sao cho

flar) + fla2) + ... + f(ag009) = 2009.

Ching minh riang ton tai 2009 s6 by, b, ..., baogy sao cho b; > a; v6i méi i =
1,2,...,2009 va
f(by) + f(ba) + ... + f(b2009) = 2010.

Dap an. a) Vi f lien tuc v tuan hoan véi chu ky 2010 nén f bi chan. Dt
F(z) = z + 2010 — f(z),z € R. Ta c6 F lién tuc trén R, 11111 F(z) = 400 va
T—T1T 00

lim F(z) = —oo nén theo dinh ly gia tri trung gian ctia ham lién tuc, ton tai

T——00
xg € R sao cho F(xg) =0, tic 1a f(zg) = xo + 2010.
b) Dat F(z) = f(a1 + ) + flaz + ) + ... + f(az009 + z) — 2010,z € R. Khi d6
F la mot ham lién tuc trén R, F(0) = —1 < 0 va lirf F(z) = 400 nén ton tai
T—T00
zo > 0 sao cho F(xg) = 0. Dat b; = a; + xo,i = 1,...,n, ta nhan dugc diéu phai
chiing minh.

Cau 3 (DHSP Hué) Gia st f: R — R 13 mot ham kha vi sao cho f(z)+ f/(z) <

1 v6i moi € R va f(0) = 0. Chitng minh ring f(1) < va tim mot ham f

sao cho dau dang thiic xay ra.

Pap an. Dit F(z) =e*(f(z) — 1),z € R. Ta c6 F'(z) = e"(f(z) + f'(z) —1) <0
v6i moi x € R nén F 1a mot ham khong tang trén R. Do do

F(1)=e(f(1)—1) < F(0) = —1.

Suy ra f(1) < =1 pau bang x4y ra khi va chi khi F' 1a ham héang trén [0, 1], vi
€
F(0) = —1nén suy ra f(z) =1—e % 2 € [0,1]. D& thay ham f(r) =1—-e %, 2 €R
thda diéu kién ctia bai ra. Cau 4 (DHSP Hué) Cho f:R — R va f ¢6 nguyén
1

ham trén R. Chitng minh ring ton tai 29 > 0 sao cho f(zg) < —.
0

Dap an. Goi F 1a mot nguyén ham clia f trén R. Gid st v6i moi = > 0 ta déu
1 . . .

co f(x) > —. Khi d6 f(1/x) > x v6i moi z > 0. Do do
T

1 1
——f(1 < ——, Vv6imoizx>D0,
/(1) < — i
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1 ' o
(F (—) + lnx) <0, v6imoix>0.
T

bat G(z) = F(l) + Inz,x > 0. Theo lap luan trén, G la mot ham khong tang
s
tréen (0, +00). Diéu d6 mau thuan véi 111%1+ G(z) = —0c0, G(1) = F(1) > —oc0. Vay
1

ton tai z9 > 0 sao cho f(zg) < —.
7o

Cau 5 (DHSP Hué) Cho f:R — R 1a mot ham lien tuc sao cho
20f(22% —1) = f(x), v6i moi xz € R.

Chitng minh rang f(z) = 0 v6i moi z € R.
Dap an. Dat g(t) = f(cost)sint, t € [0,7]. V6i moi ¢ € [0, 7] ta co

t t t t t t
g(t) = f(cost)sint = 2sin§cos 5.f(2 cos? 5 1) = sin gf(cos 5) = g(ﬁ)

. . . - 13 . N .
Vi g lién tuc trén [0, 7] va v6i moi t € [0, 7], day (2—n> hoi tu ve 0 nén g(t) =
n
g(0) = 0 v6i moi t € [0,7]. Suy ra f(z) = 0 v6i moi z € R. D& dang kiém tra lai
1a ham f(x) = 0 v6i moi x € R thda man gia thiét.

Cau 1. (HV PKKQ)
Tinh gidi han:

sinz
[ (e = 1)dt
lim+ Ow—
O [
0
Pap an. Khi z — 0" ta c¢6 sinz — 0, suy ra:
sinx T
lim ([ (e~ 1)dt) = 0; lim ([ 26%dt) =0,
lim of (e )dt 0; lim bf t2dt) =0

s 0 . )
Do dé giéi han da cho ¢6 dang 0 ap dung quy tac Lopitan ta co:

sin x 9 sinx 9 /
[ (e = 1)dt ( [ (e - 1)dt>
lim Ox— = lim 0 — p
O o o ( [ 2t2dt>
0 0

Theo dinh 1y dao ham theo can trén ta co:
sinx /

( J (et — 1)dt> — (eS"% — 1) cosx

mo /
( i 2t2dt> = 222
0

tu do suy ra:
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t2
J (e = 1)t (esm2x —1)coszx
lim ———— = lim 5
x—0t f 242t x—0+ 2x

Mat khac khi 2 — 0 thi (50°% — 1) ~ sin2z ~ 22, do do:

smx 9
[ (e = 1)dt )
. 0 . T cosx 1
lim ————— = lim =
z z—0t 212 2

U Topar
0

Cau 2. (HV PKKQ)
Day s6 {z,} dugc xac dinh béi:

1 = 3;3(Tpy1 — xTp) = 16+x%+,/16+x%+1,‘v’n2 1.

Hay tim s6 hang tong quét ctia day s6.

Dap an. Ta co:

3(Tps1 — xn) = /16 + 22 + (/16 + 22,
& [Bang1 — (3an + /16 +22)] = /16 + 22,

= 922 | + (3xy + /16 + 22)% — 6z y1(32y + /16 + 22) = 16 + 22 4
= 822, — 62041 (32, + /16 + 22) + (3z, + /16 + 22)2 — 16 = 0

Suy ra

Oy + /T6 1 a2 £ 1/9(1022 + 16 + 6,/16 + 22) — 24, — 8y/16 1 2 + 128

Tn+l = 3
5y, + 31/16 + 22
= Tppl = n ) T (do zp+1 > ay)

Vay ta thu duge day s6 {x,} thoa man dieu kién:
5 34/16 2
T1 = 3Tyl = Tn + | —HU”,‘V’TLZI

Bang phuong phap quy nap toan hoc ta dé dang ching minh duge:

Cau 3. (HV PKKQ)
Cho ham s6 f(z) lién tuc, don diéu tang va thoéa man diéu kien f(x) > 0,V €

[a,b]. Goi g(z) 1a ham ngugc ciia f(x). Chitng minh rang:

b f(b)
[ f(z)dx +f(f) g(z)dz =bf(b) — af(a)

Dépén Xét ham s6 F(z) = 2f(z) = F'(z) = f()+93f()
b
:»fF’ (e = )| =b5(0) ~ af(a) = | fa dfv+ffvf’ v (1)

b
Ta ching minh [zf'(z)dz = [ g(z)dx (2)
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Xét I = f}b)g(m)dm’. Dat t = g(x) & x = f(t) = dx = f/(t)dt.
f(a)
r = fla) =t=g(f(a)) _b / _b /
Cho {x:f@):t:g(f(b)):b = 1= [ufoie = faf'e)is + (2) duge

chiing minh

b f(b)
Tu (1) va (2) ta c6 [ f(z)dx —|—f(f) g(z)dx =bf(b) —af(a).

Cau 4. (HV PKKQ)
Cho a1, as, ..., a, 1a cac s6 thuc khong am va khong dong thoi bang 0.
a) Chiing minh rang phuong trinh:

T alxnfl _ anan _

s —ap—1r —ap =0 (1)
c6 ding mot nghiem duong duy nhat.

b) Gié stt R la nghiém duong ctia phuong trinh (1) va
A= a;B=3 jaj
j=1 j=1

Chting minh rang:

AA < RB
Dap an. a) Do x > 0 nén ta co:
al a9 an
1) < = — =t F—a=1
(1) & f(x) ol s S s

Mat khac f(z) lien tuc trén khodng (0, +o0o) va la ham nghich bién nén ton
tai duy nhat R > 0 sao cho: f(R) =1
Vay phuong trinh (1) ¢6 nghiém duong duy nhat.

py Cj Z 0
o L _j n
j=1
Do ham s6 y = —Inz 13 ham 16m trén khodng (0, +oo) nén theo bat dang

thitc Jenxen ta co:

o)) 2 (£ 8) - i< o

<

= Y (¢;InR —c;lnA)>0=>mA> ¢;<InRY je;
Jj=1 Jj=1 j=1
1 & 1 & . aj
= ngl a;[ln A] < ngljaj[lnR] (do ¢j = ZJ;A > 0)
= In(A4) < In(RP) = A4 < RP

Cau 5. (HV PKKQ)
a) Tim tat ca cac ham s6 f: R — R va théa man cac dieu kien:
f(z) <4+2009z,Vx € R
{f(95+3/) < flx)+ fly) —4,Vo,y eR
b) Cac ham s6 f(x), g(x) 1a cac ham lien tuc va thoa méan diéu kien:

flg(x)) = g(f(x)),Vz e R
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Chitng minh ring néu phuong trinh f(z) = g(z) khong c6 nghiém thuyc thi
phuong trinh f(f(x)) = g(g9(z)) cling khong c6 nghiém thuc.

Dap an. a) Ti gia thiét f(r +y) < f(z) + f(y) — 4, cho z =y = 0, ta dugc:

F(0) <2£(0) — 4= f(0) > 4 (1)

Mat khac tir gia thiét thi nhat cho » = 0, ta co:

f0)<4(2)

Tu (1) va (2) suy ra f(0) = 4.

Khi d6 Vz € R ta co:

F(&) + f(=2) = 4> fa+ (—2) = £(0) =4 = f(z) > 8 — f(—z),Yz € R (3)

Tt gid thiét thit nhat ta co:

F(z) < 442009z = f(—2) < 4 — 20092 = — f(—=) > 2009z — 4,Vz € R (4)

Tu (3) va (4) suy ra:

f(z) > 4+ 20092,z € R

Két hop vdéi gia thiét suy ra:

f(z) =4+ 2009z,Vx € R

Thit lai, ta thay f(z) = 4 + 2009z théa man cac diéu kien clia bai toan.

Vay f(z) =4+ 2009x,Vz € R 14 ham can tim.

b) Do phuong trinh f(z) = g(z) khong c6 nghiém thyc, nén ham so:

hz) = f(z) — glz)

chi nhan hoac gié tri duong, hodc gia tri am (suy ra tit tinh lién tuc ctia ham
0 h(z))

Khong mat tinh tong quat gid si: h(z) > 0,Vz € R, ta co:

F(F(@) — 9(9(@) = F(F()) — 9(F () + F(9(@) — glg(x) = h(F(@) + hlg(x)) >
0,Vr € R

Vay phuong trinh f(f(x)) = g(g(x)) khong c6 nghiém thuc.

Bai 1. (HV An th) Cho f € C[0,1] la ham lién tuc sao cho

/f dx—/xf( )dz .

Chitng minh ring ton tai diém « € (0,1) sao cho

_ /Oa f(x)dz

Dap an. Xét ham F(z / f(t) 0,1 . Taco F(0)=0, F'(z) = f(x)
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1
Suy ra / F(x)dx =0.
0
Lai xét ham g(z) =e™ [ F re€0,1] . Taco g(0)=g(1) =0 va

g(x)=—e" /0 xF(t)dHe—xF(x) =e " [F(m) - /0 mF(t)dt}

Theo dinh Iy Rolle ton tai diém ¢ € (0, 1) sao cho ¢'(c) =0 .

Thé ma e # 0, nén ta suy ra F(c) F )dt =0 .
0
Tiép theo xét ham G(z) = F(x) — / F(t)dt , z€[0,1]. Taco G(0) = G(c) =
0
0 va

6'(a) = F'0) ~ F(o) = ()~ [ rioyi

Theo dinh 1y Rolle ton tai diém o € (0,¢) € (0,1) sao cho G'(a) =0 , titc

- /Oa F(t)dt = /Oa f(x)dz

Bai 2. (HV An Ninh) Cho biét phuong trinh 22 4 px +¢ = 0 khong c6 nghiem
thue.
Chiing t6 rang v6i moi ma tran X thyc, vuong, cap n (n 18) ta déu c6

X2+ pX +ql, # Oy

trong d6 I,, 14 ma tran don vi cap n va O,, 1a ma tran khong cap n .

Dap an. Vi phuong trinh 22 + pz + ¢ = 0 khong c6 nghiém thuc, nén ta c6
p?—4q<0.

Gia st phan ching, ton tai ma tran thyc X thod man X2 +pX +ql, = O,
Khi do

(X +op2La)* = (pp*4 = DIy = gp® — dgdl,
det (X + pp21,)* = det[pp® — 4¢41,]

2
[det (X + sop?fn)] = p(p* — 4q)"4" det(I,)) = p(p* — 4g)"4"

Déng thitc cudi ciing mau thuan vi vé trai la s6 khong am, con vé phai la s6
am (n 1é).
Vay suy ra dicu phai chitng minh.

1
Bai 3. (HV An Ninh) Cho ham f : [0,1] — R kha tich sao cho / zf(z)dr =
0
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Chitng minh rang /Ol[f(x)]de > 4[/01 f(yc)alyc}2

Dap an.
Cach 1. Ta ¢6

1 1
/ f(z)de = / (1 — @322 + p322) f(x)dx
0 0

1 1 1
= /0 (1 — p322) f(x)dx + 9032/0 zf(z)dr = /0 (1 — p322) f(x)dx

St dung bat dang thitc Cauchy-Schwarz vé tich phan

[ /a bU(w)v(w)dwr < /a b[u(:c)]de. /a b[v(x)]de

ta dugc
[/01 f(x)dx]2 = [/01(1 — ¢3x2)f(x)dx]2 < /01(1 - 903x2)2dx/01[f(x)]2dx
1 1 1
:/ (1— 3x+<p93524)d3:/ [f(2)]*dx = @14/ [f(2)]3dx
0 0 0

Suy ra bat dang thiic can phai chitng minh.
Dau (=) xdy ra khi f(r) =1 — 0322 .

Cach 2. Xét ham g(x) =6x —4 , ta ¢
1 1 1
/ zg(z)dr = / (622 — dx)dx = (223 — 2:52)‘0 =0
0 0
1 1 1
/ lg(2)]2dz = / (62 — 4)2dx — / (3627 — 482 + 16)dx
0 0 0

1
— (122 — 2422 + 16:5)‘0 — 4

1
bat o = / f(z)dz |, ta co
0

1 1 1 1
2 = X 2% (@] X xT)axr 062 i 232'

os/o[f<sc>+ag<x>1 dw—/om 2de + 2 /0f< o)z + /O[g< )2d

1 1
:/ [f(ac)]zdx+2a/ (62 — 4) f(x)dx + 40>

01 01 1
= X [0 X T — S« X o = T 2$— 012
_/O[f()]d+12/f()d 8/f Jdo + 40’ /O[f()]d 1

Suy ra /Ol[f( /f dx

Céch 3. Néu / f(z)dz =0, thi hién nhién bat dang thiic can chitng minh
0
ding!
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1
Gia sﬁ’/ f(x)dx =a #0 , xét ham g(x) =4 — 62 . Ta co
0

1

1 1 1
xg(x)dr = x(4—6x)dx = z — 62%)dr = (222 — 22%)| =
/0 g(z)d /0 (4 — 62)d /0 (4x — 6x7)d (2 2zx7) 0

0

1 1 1 1
/ [9(2))?dx = / (4 — 6z)%dx = / (16 — 482 + 3622)dz = (162 — 242 + 12:53))0 = 4I
0 0 0

Lai xét ham h(z) = plaf(z) — g(z) , ta thay

1 1
0< /0 ()2 = / plaf(z) — glx)ds

:goloz/ dx—<p2a/ f(x d:v+/[()]2dx

1
= pla? /0 [f(x)] dx—<p2a/ (4 —6x)f(x)dr +4

0
1 1 1
= gla? [ [f@)Pdr = 8o [ fla)da+o2a [ of@desd
1
= pla? 2)2dx —
~¢ta? [ [f(a)Pdr—4

Suy ra /Ol[f(x)]2dx > 40? — 4[/01 f(x)dxr

bf Nhan xét. Thuc ra Cach 3. 1a mot kieu trinh bay khac ctia Cach 2.
Céch 4. St dung bat dang thitc Cauchy-Schwarz vé tich phan

/a ()P / (@) e > [ / bu(x)v(:c)d:cr

va dat a = / f(x)dx , ta c6 porallm € R thi

/ 1dm/ ) + ma)? -/11[f()+mxdx]2

/[f( )+ mal?de > /f mm/ vie]]

0

1
[ @i+ omesy + mtatae > [ [ e+ o)
0 -J0

/Ol[f(x)]Qda:—i-Qm/ol o f(z)dx + m? /01 22dr > :/01 f(a:)da:f%—m/ol f(z)dx 4+ om?24

/Ol[f(l')]de P :/Olf(x)dxr +m/01 f(x)dz — pm?12

1
/ [f(2))2dx > o + ma — pm?12
0

/l[f(:c)]2d:c > 4a? — (oz\/§ — gom2\/§>2 > 402
0
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Vay c6 bat dang thic can phai ching minh.

Bai 4. (HV An Ninh) a) Cho A, B la cac ma tran thuye, vudng, cing cap n
. Chitng minh réng

det(I, — AB) = det(I, — BA) , I, OlmatrnOnvcp n

b) Cho A la ma tran thyc cap 2010 x 2009 va B la ma tran thyc cap
2009 x 2010 .
Chiing minh ring

det(AB — Iz010) + det(BA — Izp09) = 0

Dap an. a) Cach 1. Trude tién giai sit B kha nghich. Khi d6 ta ¢6

I,—AB=B'B—-B'BAB=B"(I,—- BA)B
neén suy ra

det(I, — AB) = det(B~Y(I,, — BA)B)
— det(B~ ') det(I, — BA)det(B) = det(I,, — BA)

Bay gio gia st B khong kha nghich. Ta xét ma tran B, =z, + B, r € R .

R6 rang riang det(B,) 1a mot da thitc bac n clia = . Da thiic nay chi cé thé co
nhiéu nhat n nghiém thie. Vay c¢6 vo s6 diem = € R dé det(B,) # 0 , tiic 1a B,
kha nghich.

Luc do6 theo ching minh trén thi det(l, — AB,) = det(I,, — B, A) .

Lai c6 det(I, — AB,) va det(I, — B;A) la hai da thic bac < n cia z . Gia tri
ctia hai da thiic nay bang nhau tai vo s6 diém = ma det(B,) # 0 , nén hai da
thitc nay phai hoan toan trung nhau (cic hé s6 tuong ng ctia hai da thiic nay
bang nhau). Vay gia tri ctia hai da thiic nay bing nhau tai moi diém z € R .

Khi 2 =0 thi By = B, nén ta c6 det(l,, — AB) = det(I, — BA) .

Cach 2. Xét cac ma tran khéi X = <{Z i) .Y = <é’; _InB> , trong do6 O,
14 ma tran khong cap n . Ta c6

I, B\ (I, -B\ (I, On, \ _
XY:(A In) (On In)_<A In—AB>_Z
det(Z) = det(XY) = det(X) det(Y)

RO rang Y la ma tran tam gidc va det(Y) = 1 . Khai trién Laplace theo n
hang dau tién ta dugc det(Z) = det(1,,) det(l, — AB) = det(I,, — AB) .
Do dé6 det(X) = det(I,, — AB) .
I, A

Thay doi vai tro clia A va B ta c6 det(l, — BA) = det (B 7 ) = det(X?) =
n

det(X), trong d6 X* 14 ma tran chuyén vi ctia ma tran X .
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Nhu vay ta suy ra det(I, — AB) = det(l,, — BA) .

b) Ta chiing minh cho ma tran A cap (n+1) x n v ma tran B cap n x (n+1)

B6 sung vao ma tran A mot cot ding & vi tri cudi cling gom toan céc phan
tit bang 0 dugc ma tran vuong A’ cap n +1 .

B6 sung vao ma tran B mot hang ndm & vi tri cudi ciing gom toan cac phan
ti bang 0 dudc ma tran vuong B’ cap n+1 .

Dé dang thay rang

0 0
AB' =AB ; BA=|BA | L,-pA=|h-BA |_C
0...0 0 0.0 1
Khi d6 det(l,41 — ):det( ni1 — AB) = (=1)""1det(AB — I,,11)

Vi det(lpes — BA@ det(C) = det(I, — BA) = (—1)" det(BA — I,)

(luu ¥ rdng ta khai trién Laplace det(C) theo hang cudi cing hodc cot cudi
cung).

Theo phan a) ta c6 det(l,+1 — A’B’') = det(I,+1 — B'’A’) , nén suy ra

(—1)" 1 det(AB — Iy11) = (—1)"det(BA — I,,)
(—1)*" det(AB — In4q) = (—=1)*" "1 det(BA — I,)
det(AB — Ini1) = — det(BA — I,)

Vay ta c6  det(AB — I,,41) + det(BA—1,,) =0 .
Nél riéng ta co det(AB — [2010) + det(BA — [2009) =0 vdl A2010X2009 va
BQOO9><2010 da cho 6 dé b?&l

Cau 1. (HV Ngan Hang) Cho ham f: R — R thod man cac diéu kien:
£(2009) # £(2010)
fz+y) = f(2)f(y) — fzy) + 1 véi moi cap s6 hitu tj (x,y)
009 1

2010) = 2010
Dap an. Tu diéu kien f(zx+y) = f(2)f(y) — f(zy) +1 (1) Veiap (z,y) hitu ty,
choz=y=0taco [f(0)—1]>=0,nén f(0)=1 (2),
tiép theo cho z =1,y = —1 tac6 f(0) = f(1)f(=1) — f(=1) +
va do (2) ta duge f(—=1)[f(1)—1]=0.
Dén day c¢6 hai kha nang: 1) f(1) =1, hoac II) f(~1) =0 .
Vé6i khé nang I) f(1) =1, trong (1) ta cho y =1
thi duge fz+1) = f(2)f(1) — f(@)+ 1= f(z) — fl@) +1=1
dan t6i f(2009) = f(2010) = 1, trai v6i gid thiét f(2009) # £(2010) .
Vay chi con kha nang IT) f(—1) = O , trong (1) cho x =y = —1 ta dugc

Chtng minh rang  f(—
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f=2) =[f(=D)P = f()+1,hay f(-2)=1-f(1) (3)
trong (1) lai cho x = =2,y =1 ta duge f(—1)= f(-2)f(1) — f(—-2)+ 1
hay 0= f(=2)f(1) = f(=2)+1 va do (3) thi 0= f(=2)f(1) +
hay 0= f(1)[1+ f(-2)] .

Dén day c6 hai truong hgp: A) f(1) =0, hoac B) f(-2) = —1.
Véi trusng hgp A) f(1) =0, trong (1) cho y = 1 ta duge

fle+1)=f@)f(1) = fx) +1 =1~ f(z) ,suyra f(z+2)=f(z) (4).
Trong (4) cho 2 = 0 va cha ¥ dén (2) ta c6 f(2) = f(0)=1.

Tu d6 trong (1) lai cho z = 2,y = § ta dudc
fR+=FQfG) - fQ)+1=fE) - fO)+1=f(3)+1,
diéu nay mau thuén véi viéc trong (4) ta cho x = & thi dude f(3+2) = f(3)

~—

Vay chi con truong hop B) f(—2) = —1, do (3) ta dugc f(1) =2 .
Bay gio trong (1) cho y = 1 thi dan dén

fl@+1)=fl@)f() = fla) +1=2f(z) = fla) + 1 =1+ f(z) (5).
Tt d6 v6i moi s6 nguyen k ta c6

FR) =14 f(k—1) =2+ f(k—2) = .= k—1+ f(1) =14k (6).

Trong (1) cho z = m,y = L (v6i sO nguyen m # 0) ta dugc

flm+ )= fm)f() = fF() +1=(1+m)f(5) — 1
T (5) ta con ¢

1 1 1
f(k+—)zf(k—1+E+1):1+f(k:—1+E)

k=14 )= fk =2+ +1) =14 f(k—2+ )

1 1 1
f(2+a):f(1+a+1):1+f<1+ﬁ)

1 1 1
f(1+5)=f(5+1)=1+f(5)
va cong cac dang thic nay ta dude f(k+ LX) =k+ f(L1).
Suyra f(m+L1)=m+ f(L),dantsi (1+m)f(L)—1=m+ f(L1),

nen ta duge f(L)=1+1 (7).
Theo (1) talai c6 f(k+L1)=f(k)f(L) - f(£)+1, do do

E+ 1+ L) =01+k01+L2) - f(E)+1,nen f(E)y=1+L% (8).
T (6),(7), (8) ta suy ra v6i moi s6 hitu ty « thi f(z) =14z .
Do do fl—ody_q- 20 _ L
2010 2010 2010

Cau 2. (HV Ngan Hang) Cho hai day s6 duong {z,}°;, {9,152, thod méan

[ 2 2
+
xn+1>xn_2’_yn7yn+1> %7vneN
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1) Chiing minh rang cac day {zn, +vn}°; , {Tnys 2, 12 nhing day don diéu
tang.

2) Chiing minh rang néu day {, +yn}52; c6 giéi han hitu han, thi gi6i han
clia cac day {z,}2%; , {y»}°; ton tai va bang nhau.
Dap an. bat s, =z, + y, va pp, = 20y .

) o b 2 4 p2 A )
St dung cac bat ding thtc %2\/@, G;L > (a; ) vl cac sO

duong a, b ta dugc

Tp + Y s 2 +9y2  rnty s
Tpy1 = ”2 "=5”>\/_pn ;o Yntl =/ "2 > ”2 ”:7”>\/_pn

Cong ting vé va nhan ting vé cac bat déng thic trén ta suy ra

NI

Sn41 = Tpt1l T Ynt1l = Sn 5 DPntl = Tntl¥Yntl = Z Dn

Nhu vay cac day {z, +un}ie; = {sn}021 , {Znyn o2, = {pn}2; la nhing day
don diéu tang.

2) Gid st lim (zp, +yp) = lim s, =5, 0 <s < +o00.
n—oo n—oo

2 2
S N R S
Do pnézn,masn/S(nHoo),nenpngz,
2
N ~ N * - ~ ~ X . . S
Day {pn}5>, don diéu tang va bi chan trén, nén ton tai lim p, =p, 0 <p < ZI
n—od
s2 52 52
Mat khac, tit ppe1 > -2 tasuy ra p= lim pppq > lim 2 = — .
4 n—00 n—oo 4 4

2
Do d6 phai c6 p:%,hayla §2=4dp .

NS

> py (hay s7 > 4p)
, sit dung dinh ly Viete ta suy ra z, va y, la hai nghiém cta phuong trinh
t2—snt+pn:O .

Hai nghiém ctia phuong trinh doé la %(Sn +1/s2 —4py,) .

TU Zp + Yn = Sn , Tnyn = pn VA bat déng thic

Tu day suy ra  lim x, = lim gy, = 2
n—00 n—00 2

Cau 3. (HV Ngan Hang) Cho A 1a ma tran thyc, vuong, cap n c6 rank(A) =
r<n.

Chiing minh ring cé thé viét A thanh téng ctia » ma tran ma mdi ma tran
d6 déu c6 hang bang 1 .
Dap an. Ta viét A = (A1, Ay, ..., Ar, Atr, oy Ay) , trong d6 A 1 vector cot thi
j ctia A . Virank(A) =r nén A c6 r vector cot doc 1ap tuyén tinh, khong giam
tong quat ta coi d6 1a r cot dau tien. Khi iy cdc cot A; (r+1 < j < n) biéu dién
tuyén tinh dudc qua r cot dau tien

Aj :Ozlel—l-Ozngg—l—...—l—ajrAr (T+1 <J <n)
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v6i céc he s6 aj1,aj2, ..., ajr khong dong nhat bang 0 .
T do ta c6 thé viét
A=(A1,0,0,...,0,0, 41141, 042141, ..., ap1 A1)
+ (O, AQ, O, ey O, a,«+172A2, Oér+2’2A2, e OénQAQ)
+(0,0,A3,,...,0, 0041343, 0p 12 3A3, ..., a3 A3)
+ ...
+ (07 O, O» D) Ara ar+l,rAT7 ar—i—?,rAra ) anrAr>
:Bl—I—BQ—l-Bg—l—...—l—Br
trong d6 O 1 vector cot gom toan cac phan ti bang 0 .

RO rang 1a cac ma tran By, Bo, Bs, ..., B, 1a cac ma tran ma moi ma tran dé
déu c6 hang bang 1 . Cau 1. (DH Ngoai thuong)

i 6 36 6"
Cho day S, = (9—4)(3—2) + (27 — 8)(9 — 4) Tt (3nHl —2n+l)(3n — 2n)°
Tinh li141_1 Sn

Dap an. Ta c6

gt —9ol  30_90 3292 3l_9ol 3n —on
S = 6( - )+ 6( - JEEEE

94 3-2 27 — 8 9—4 gntl _on+l
3n—1 _ 2n—1 3n _on
3n _ 9on > = 3n+1 _ 2n—|—1

AN

Vay lim S, = lim 6% =2

n—00 n—too g (2) 9
3

Cau2. (PH Ngoai thuong)

Cho f(x) kha vi lién tuc trén [0,1], f(0) = 0; f(1) = 1. Chitng minh ring véi
moi kq, ko > 0 ton tai =1, 29 :kO <z <kx2 < 1 sao cho
f/(;l) + f’(;2) = ki + ka2 (¥)
Dap an. Chia hai vé clia (*) cho ky + ko ta dugdc

i ks N T S
k1t ko

- -1 - =
(k1 + ko) f'(z1) (k1 + ko) f'(72) (1) f(z2)
V6i ¢ chon sau ma 0 < ¢ < 1.
Theo dinh 1y Lagrange ton tai 21 € (0,c¢);x2 € (¢,1) théa man

fle) = 1(0) _ f(o)

€ (0,1)

fi(z1) = c—0 - c
by f)=fle) _1-=f()
Jiw2) = 1—c - 1—c

Khi d6 (*) trd thanh - + LML=

f(c) 1—f(c)
Do ham f(z) lién tuc trén (0,1) nén ton tai ¢ € (0,1) dé f(c) = \.
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Cau 3. (PH Ngoai thuong)
1 1
Cho ham f : [0,1] — R kha tich thoa man diéu kien: [ f(z)dz = [ 2 f(x)dx = 1.
0 0

1
Chitng minh réng ton tai vo s6 ham f thoa man diéu kién trén va [ f2(x)dx >
0

C6 thé thay 3 béi s6 16n hon hay khong? Tai sao?
Dap an. V6i mdi s6 tu nhién n xét ham s6 f(z) = 2" + +b. Khi d6 dieu kien

a -1
— + b=

ctia bai toan tuong duong véi he g p " tll
5 2 - n+2

Dé thay hé nay luon c6 nghiém v6i moi s6 tu nhién » nén ton tai vo s6 ham
f théa man diéu kién trén.

V6i moi ham f théa man diéu kien trén, theo bat ding thiic Cauchy-Schwarz
ta co

1 1 1 2
fo(x)dxfxzdx > <f:z:f(x)dx) =1
0 0
= f fA(z)dx > 3.

C6 thé thay 3 bdi s6 16n hon.

That vay
1

[(f(z) +az + b)*dz > 0 v6i a,b 1a cac s6 thuc nao dé ma ta sé tim.
0
22

Suyraff2 dx>T—b2—2a—26—ab

Ta quan tam t6i nhitng s6 a, b sao cho biéu thic

2 2
gla,b) = T—b2—2a—2b: T—(b+2)x—2b—bz
dat gia tri 16n nhat. C6 dinh b thi g(a,b) c6 do thi 1a parabol bé 16m quay xudng

dudi nén g(a,b) dat gia tri 16n nhat taia = — . Luc d6, gia tri 16n nhat clia

3(b+2)
2

1 2 . ? . N i Z
g(a,b) 1a gmax =4 — —(b —2)? < 4 dang thitc x4y ra khi va chi khi b = 2 va luc do6

= —6. Do d6 v6i moi ham s f thoa man diéu kién ta luon co f f(z)dx > 4,Vf.
0

Va hon nita f(z) = 6 — 2 thi dau bang xay ra.
Cau 4. (PH Ngoai thuong)
Cho ham s6 f(z) xac dinh trén [0,1], kha vi lién tuc f(0) =0 va f’(z) nhan

1
gia tri trén (0,1]. Chiing minh rang <ff(:c dx) > ff3 Ydz. Cho mot vi du &
0

dé6 xay ra dang thic.

t 2
Dap an. Dat g(t <0ff ) — [ f3(x)dx



Ta sé chitng minh g¢(t) > 0 theo phuong phap dao ham. Trudc hét ta co
9(0) =0

t
27(6) [ F()de ~ £(0) [2ff )dz — 12(t)]
Béi vi f( ) >0, f(0) =0 va f/(t) > 0 nén chi can chitng minh
t
2 [ fla)dr — £2(1) > 0
0

That vay h(0) = 0, lay dao ham ta c6

W(t) =2f(t) = 2f () f'(t) = 2f (1)1 = f'(t)) = O
Vay h(t) > 0. Suy ra g(t) 1a ham tang nén: g(1) > g(0) =0 (dpcm).
Lay vidu f(z) =

Cau 1. (DH Déng Thap)
Cho day s6 {a,} x4c dinh nhu sau:
a; = a,ay =b,apnt1 = pap—1+ (1 —pla, véin=2,3,...
Véi diéu kién nao ciia a, b, p thi diy s6 trén hoi tu.

Giai. Ta ¢6 api1 —an = —plap, — an—1)
Suy ra a, = aj; + (ag —ay) + (a3 —ag) + -+ + (ap — ap—1)
=a+(b—a)—p(b—a)—plag —az) — - —plan-1 — an—2)

=a+(b—a)(l—p+p?*+- 4+ (-1)"p"2) v6in=2,3,...
Néu a = b thi day {a,} hoi tu va c6 gi6i han 1a a.

Néu a # b thi day {a,} hoi tu véi |p| < 1 va c6 gi6i han 1a a + li—_i—p
Cau 2. (DH Déng Thap)

Cho f la ham kha vi lien tuc cap 2 trén R va thoa man f(0) = 1, f/(0) =
0, f"(0) = -

P s . 2010\ \*

Tinh giéi han sau xkrfoo ( f <W>>
Giai. Dit g(z) = ¢ *f(x). Do f(x) = 0 c6 it nhat 3 ngiém trong [a, b] nén g(z) = 0
c6 it nhat 3 nghiém trong [a,b]. Theo dinh Iy Rolle, ta c¢6 ¢'(z) = 0 c6 it nhat 2
nghiém trong [—1,1]. Lai theo dinh 1y Rolle, ta ¢6 ¢”(z) = 0 ¢6 it nhat 1 nghiem
trong [a,b]. Suy ra f(z)+ f"(x) = 2f'(x) c¢6 it nhat mot nghiém trong [a, b].

Cau 3. (DH Déng Thap)

Cho ham f: R — [~1,1] thuoc 16p C?(R).

(a) Néu phuong trinh f(x) = 0 ¢6 it nhat ba nghiém trong [a,b] ndo d6 thi
phuong trinh f(z) + f”(x) = 2f'(z) c6 it nhat mot nghiém trong [a, b] do.

(b) Gia stt (f(0))? + (f/(0))? = 4. Chting minh rang ton tai xo € R thoa man

f@o) + ["(x0) =0

Giai. Dit g(z) = ¢ *f(x). Do f(x) = 0 c6 it nhat 3 ngiém trong [a, b] nén g(z) = 0
c6 it nhat 3 nghiém trong [a,b]. Theo dinh Iy Rolle, ta c¢6 ¢'(z) = 0 c6 it nhat 2
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nghiém trong [—1,1]. Lai theo dinh 1y Rolle, ta ¢6 ¢”(z) = 0 ¢6 it nhat 1 nghiém
trong [a,b]. Suy ra f(z)+ f"(x) = 2f'(x) c6 it nhat mot nghiém trong [a, b].

Cau 4. (DH Déng Thap)
Tim tat ci cac ham f(z) lién tuc trén R théa man

fO)=f2)=1[f(z)[<1khi0<z<2
2
Chting minh rang [ f(z)dz > 1
0

Giai. Lay z € (0,2). Theo dinh ky Lagrange, c6 0 < #; < z sao cho
f(x) = f(0) = zf'(61)
Suy ra f(z) = f(0) + 2 f'(61) =1+ f'(61) (1)
Tuong tu, c6 = < #3 < 2 sao cho
f2) = f(z) = (2—=)f'(62)
Suy ra f(z) = f(2) + (¢ — 2)f'(62) = 1+ (x — 2)['(62) (2)
Do |f'(z)| <1 nén f'(§1) > —1 va do z > 0 nén tit (1) ta co f(zr) >1—x (3)
Tuong tu, tit (2) ta cd f(z) >z —1 (4)
Tu (3) va (4) ta co6

[ fla)do > [(1= )iz =5 ()
02 02 1
1ff(:v)d:c > 1](:1: — 1)z = 3 (6)

l—z khi 0<z<1
r—1khi 1<z<2
nhién ham nay khong c6 dao ham tai z = 1. Do d6, ho#c (5) hoac (6) phai xay

Dau “=" trong (5) va (6) xdy ra khi f(z) = { . Tuy

2
ra bat dang thitc. Tic 1a ta c6 [ f(z)dzx > 1.
0

Cau 5. (DH Déng Thap)

Tim tat ci cac ham f(z) lién tuc trén R théa man

f(x+y) =2010" f(y) + 2010Y f(z),Vx,y € R
Giai. Ta c6 f(z +y) = 2010% f(y) + 2010 f ()
& 2010~ @+ f(2 + y) = 20107V f(y) + 2010~ % f(z)

Dat g(xz) =20107*f(x). Ta c6 g(z +y) = g(x) + g(y) Vz,y € R. Day la phuong
trinh ham Cauchy, ¢6 nghiém la g(z) = az. Suy ra f(z) = ax2010".

Thit lai, ta thay thoa man diéu kién bai toan.

Cau 1. (PH Nong nghiép HN)
2

Cho déy sO thue dlIOIlg o, L1, ---,T2011 thdéa man xzg = x9011 va ;-1 + =
LTi—1

1 .z . 2, £ P 2 P 2
2r; + — Vi=1,...,2011. Tim gia tri 16n nhat c6 the c6 cua xy.
T

Dap an. Ti dicu kién xac dinh day ta co:
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2x3w;—1 — (22 | +2)zi + 7 =0
g (xixi_l — 1)(2.2% — xi—l) =0

1
€Ty =
Fic1 (2.1)
Ty = 5%’—1

Ta di chiing minh z; = 22§ Vi > 0, 6 d6 k; 1a s6 nguyéen théa man |k;| < i va
£ = (_1>k+1.

That vay, dé thay diéu khang dinh ding v6i i = 0: kg = 0,e0 = 1.

Gia stt khang dinh ding t6i i — 1. Tt (2.1) ta co:

= (2ki_1$8i_1)71 =ki=—ki_1—1¢ =—¢;_1

€T =
Ti—1

Ti = —Tj—1 = 2712]6"‘1%6"_1 = Qki‘lfl")jgi_l =ki=k_1—1,¢=¢

2
RG rang trong moi trudng hop trén ta luon co |k;| <i va g; = (—1)FL
Tt d6 khang dinh duge chiing minh.

Theo do6 ta c6 z9911 = 2k20111362011 = 2’%8 G do k= koo11,€ = €9011-

Cau 2. (PH Nong nghiép HN)
Gia st f(x) 1a ham lién tuc trén [O, g} sao cho ton tai ¢ € <0, g) dé f(z) >

0 Va € (0,¢) va f(z) <0 Vz € (c, g>. Chitng minh ring

us 2 T 2
(gf(x) cosxdx) +<L0ff(x) Sinxdx) > 0

f(z)sinzdx =0

O —uwla

Dap an. Gia st ngugc lai, [ f(z)coszdr =
0

3

= [ f(z)[kcosx + sinz]dz = 0,V hing s6 k.
0
tk

= tan «, o chon sau, ta dugc

jus

b

5 >

[ f(z)[sinacosz + cosasinzldr = [ f(z)sin(x + a)dz = 0

0 0

Bay gio ta chon a = —¢, khi d6 v6i 0 <z < ¢ = f(z) > 0 vasin(z —¢) < 0;c <

x<g:»f( z) < 0 va sin(z — ¢) > 0.
Vayff sm:c—l—ada:—ff Slnx—i-adl’—i-f )sin(z + a)dz < 0, vo Ii.
Mau thuan nay chiing mmh khéng dinh. )

Cau 3. (PH Nong nghiép HN)
Cho ham s6 f : R — R kha vi dén cap 2 sao cho c6 thé tim dugc ham

g: R — Rt théa man f(z) + f"(z) = —zg(x)f'(z) Vz € R. Chiing minh ring f(x)
1a ham bi chéan.

Dap an. Nhan hai vé ctia dang thitc da cho vé6i 2f/(z) ta duge
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2 () F(2) + 2f'(2) () = —ng(a) (f (2))? ¥ € R
Xét ham h(z) = f2(x) + (f'(2))?, ta co: B (z) = 2f (2) f'(z) + 2 (z) f" (z).
Suy ra h'(z) = —zg(z)(f'(x))*.
Do g(x) >0 Vx € Rnén taco h'(z) >0 Ve >0vah'(x) <0 Ve <0. T do gia
tri 16n nhat ctia h(x) trén mién xac dinh 1a h(0). Tic la ta co:
0 < f(z) < f2(2) + (f'(x))? = h(z) < h(0). Suy ra f(z) bi chan.

Cau 4. (PH Nong nghiép HN)(Sinh vién chon mot trong hai cau)

a) Cho P(x) la da thitc v6i he s6 thuc c6 n nghiém thyc phan biet 16n hon 1.
Xét da thiic Q(x) = (2® + 1)P(x)P'(z) + x[(P(x))? + (P'(2))?].
Chting minh rang Q(z) c6 it nhat 2n — 1 nghiém thyc phan biét.

b
b) Cho f lién tuc trén [a,b] théa man: [z"f(n)dz =0 Vn < N. Chitng minh
rang f c¢6 it nhat N + 1 khong diém trén [a, b).
Dap an. a) Tu cach xac dinh Q(x) ta ¢6

Q(z) = (2 + 1)P(z) P'(x) + z[(P(x))* + (P (x))?]
= [P'(z) + zP(2)][xP'(x) + P(z)]

22

Lai dé théy P'(z) + P(z) = 5 (e P(x)Y

aP'(z) + P(z) = (zP(x))

Goi cac nghiem clia P(x) 1a 1 < a3 < ag < --- < a,. T cach viét trén, theo
dinh 1y Rolle, P'(x) +zP(z) ¢6 n—1 nghiém b; théa mén 1 < a; < b <as < --- <
bn—1 < apn, va zP'(z) + P(z) c6 n nghiém ¢; théa man 0 < ¢1 < a1 < ¢ < ap <

< ep < ap.

Néu b; # ;41 Vi thi ta c6 ngay dicu phai chiing minh.

Gia st ton tai ¢ sao cho b; = ¢;41 = r. Thé thi

P'(r)y+rP(r)=0=rP'(r)+ P(r)

Tt d6 P'(r) = —rP(r), thay vao dang thic thit hai ta duge (r2 — 1)P(r) = 0.
Mat khac r = b; > 1 suy ra P(r) = 0. Nhung lai ¢6 a; < r < a;;1. Diéu nay mau
thuan. ,

b) Tt gid thiét suy ra [ p(x)f(z)dz = 0 v6i moi da thiic p(xr) ma degp(z) <
N () '

Dé thay 3Jz¢ € [a,b] sao cho f(x¢) = 0. That vay, néu ngugc lai ta phai c6
f(z) >0 Va € [a,b] hodc f(z) <0 Vx € [a,b]. Diéu nay mau thuan véi gia thiét.

Ta chi can xét truong hop cac khong diém ctia f 1a 13i rac, vi néu f(z) =
0 Vz € (o, 3) C [a,b] Thi ta c6 ngay dieu phai chiing minh.

Gia st x1, @3, . .., &, 12 cac diém trong [a,b] sao cho f(z;) =0 V=T,m,m < N
VA 21, T, ..., o, 1a cac diem ma tai d6 f(x) doi dau, r < m.

51



Xét p(x) = ﬁl(arl — ). Khi d6 p(z)f(x) > 0 trén [a,b] va p(x)f(x) > 0 trén cac

b
doan [a, 1], [v1,22], . . ., [Tn—1, 7,] khong ké dau mut. T d6 suy ra [ p(x)f(z)ds >

0 v6i degp(z) = r < N, diéu nay mau thuan véi (*).
Vay f c6 it nhat N 4 1 khong diém trén [a, b].

2.2 Tong hop dé du tuyen mén Dai sé6 2010

Cau 1. (PH Ngoai thuong)

Cho A, B la cdc ma tran vuong thuc cap n sao cho A? + B? = AB. Ching
minh ring néu AB — BA khé nghich thi n chia hét cho 3.
~1+4v3

2

Khi d6 SS = w(BA— AB) (Viw +1 = —w). T chd det(SS) = det(S) det(S) 1a
s6 thyc nén detjw(BA — AB)] = w"det(BA — AB) va det(BA — AB) khac 0 nén
= det(SS)

det(BA — AB)

Dap an. bat S=A+wB véiw =

14 s6 thie, suy ra n chia hét cho 3.

Cau2. (PH Ngoai thuong)

—1)li=l R
Tinh det(A) voi A = [aij]an ma ajj = {( 1) khi i # j

2 khi i = j
2 -1 1 ... £1 F1
-1 2 -1 ... F1 =1
Pap an. det(4)—| ' ~1 % - = F
+1 F1 £1 ... 2 -1
F1 41 F1 ... -1 2
Cong dong 2 vao dong 1, cong dong 3 vao dong 2,..., cong dong n vao dong
n — 1 ta dugc
11 0 ... 0 0
0 1 1 ... 0 0
det(A) = o o 1 ... 0 0
o o o0 ... 1 1
+1 +1 F1 ... -1 2
Sau d6 nhan cot 1 v6i (—1) roi cong vao cot 2, nhan cot 2 véi (—1) roi cong

vao cot 3,..., nhan cot (n-1) véi (—1) roi cong vao cot n ta duge
1 0 0 ... O 0
o 1 0 ... 0 0
deta)=|0 O T 00
0 0 O 1 0
0O 0 0 0 n+1
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Cau 3. (PH Ngoai thuong)

Chitng minh rédng néu ma tran vuong A cap n c¢6 cac phan ti trén dudng
chéo chinh bang 0, cdc phan t1t con lai biang 1 hodc bang 2010 thi 7(A) > n — 1.
Dap an. Gia st B la ma tran ma tat ca cac phan tit déu bang 1 nén r(B) = A—B
14 ma tran c6 cac phan ti trén duong chéo chinh bang —1 con cac phan tit con
lai bang 0 hodc bang 2009 = det(A — B) #0 = n = r(A — B) < r(A) +r(B) =
r(A) <n-—1.

Cau 4. (PH Ngoai thuong)

Cho 1, zo, ..., z, 1& cic s6 thuc khac nhau doi mot va khac 0, —1, -2, ..., —n+
1.

Chting minh rang dinh thitc sau khéc 0:

1 1

T T T

1 r ik
d= 1+ 1 To + 1 Ty + 1

r1+n—1 x9+n-—1 Tp+n—1

Dap an. Gia st d = 0 suy ra ton tai cdc hang s6 khong dong thoi bang 0:

C1,Cy,...,Cp sao choﬁ+ Ca Ch

b — " 0Vi=1,2,3,...,n.
T; xi-i-cl c Qﬁl‘—l—n—lc
N . _1 2 n _ Z PN ~
Suy ra phuong trinh f(z) = . + 1 peo— 0 ¢6 n nghiém phan
biét x1, 29, ..., 2,
P(z) . .
Nhung f(z) = = 0. Suy ra P(x) c6 n nghiém

rz+1D)(z+2)...(x+n-1)
thie phan biét nhung bac ctia P(x) nhé hon n nén vo I3.

Cau 5. (PH Ngoai thuong)

4 2 =2
Xét ma tran thuc A= 0 6 0
—4 4 2

1) Chitng minh rang A chéo héa dugce va hay chéo hoa A.

2) Diit B = éA. Chitng minh riing v6i mdin € N: (B+ E)" = (2" — )B+ E
Dap an.

1) Chiing minh rang A chéo héa duge hay chitng minh A ¢6 n vecto rieng doc
lap tuyén tinh.

1 1 0 000
Tim dugc P=(0 0 1].Khido P 'AP=(0 6 0
2 -1 1 0 0 6

00 0 00 0\"
2) TacoB=P(0 1 0|P L. NenB*=P|0 1 0] P'=8B
001 001
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Tu do, taco (B+ E)" =

n n
Ckpk 4+ COpB0 = ( S C§>B+E — (2"~ 1)B+E.
k=1 k=1

Cau I. (DHSP Hué) Cho 4, B la cdc ma tran vuong cap 3 hé s6 thuec sao cho
det(A) = det(B) = 0, det(A + 2009B) = det(A + 2010B) = 0. Chting minh rang
det(zA +yB) =0 v6i moi z,y € R.

Dap an. Néu x = 0 thi det(zA + yB) = det(yB) = y>det(B) = 0. Xét x # 0,
ta dit t = % Khi d6 ta ¢6 det(zA + yB) = 23 det(A + tB). Ta chi cin ching
minh p(t) = det(A + tB) véi t € R. Vi p(0) = p(2009) = p(2010) = 0 nén ta co

p(t) = at(t — 2009)(t — 2010). Chia hai vé cho 3 (t # 0) ta dugc

1 2 201
det(A+ B) = a(l - ?)(1 _ %), £ 0.

Cho t — oo thi a = det(B) = 0. Vay ta c¢6 diéu phai ching minh.

Cau 2. (DHSP Hué)Cho ma tran

1 1 0
A=101 1 |.
00 -1

Ky hieu M3(R) 1a khong gian cac ma tran vuong cap 3 he sé thyc, W = {X ¢
M;3(R) : AX = XA} va U = {p(A) : p(z) € R[z]}. Cha § rang néu p(x) =
ap + a1x + - - - + apz® thi p(A) = aglz + a1 A + - - - + ap A¥, trong d6 I3 1a ma tran
don vi cap 3.

1. Chiing minh rang U, W la cac khong gian cac vector con ctia M3(R) va
Ucw.

2. Chitng minh rang dim W = dimU = 3. Tu d6 suy ra, néu B € M3(R) va
AB = BA thi ton tai p(x) € R[z] sao cho B = p(A).

Dap an. Da thiic t6i tiéu ctia A 1a my(z) = 23 — 22—z +1 nén U 1a khong gian

vector con ctia M3(R) v& dim U = 3. D& dang kiém tra U c W.
Lay X € W ta c6 XA = AX nén X phai c6 dang

a b c
X=(0 a b—2c .
0 0 a—2b+4c
Vay dimW = 3 = dim U. Tt d6 suy ra diéu can chiing minh.
Cau 3. (DHSP Hué)Tim tat ca cac da thitc f(z) hé s6 thuc thda man didu
kién
f(®) = (@), vz eR.
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Pap an. Tit gia thiét, ta suy ra f(r " V?) = f(z) v6i moi z > 0. Dat 29 = 1, z, =

7 Vet p > 1. Khi d6 ta ¢6 (z,,), 1d mot day don diéu tang va f(z,) = f(zn-1)

v6i moi n nén f(z) 1a mot da thiic hang.

Cau 1. (DHBKHN) Tinh dinh thic

e+e ! 1 0 0
1 e+ el 1 0
0 1 e+e !
A= ] )
0 0 0 . etel
0 0 0 1

Pap an. Khai trién theo cot thi nhét, ta ¢
A, = (6 + e_l)An—l — Ay

1

e+e

1

2 _ -2 3_ -3
Taco Ay =e+e ! = %,AQ —(e+e )2 -1= %
e—¢ e—e
R . plk+1) _ o= (k+1)
Bang quy nap, ta ching minh dugc rang Ay = " v6i moi 1 <

k <n.

Vv A e(n—!—l) . e—(n—H)
ay Ap =

e—e 1

Cau 2. (DHBKHN) Cho céc ma tran vuong thic A, B thda man cac diéu kién
sau A%20% = (0 va, AB = 20084 + 2007B. Chitng minh ring

a) B2 = (.

b) det(A + 20071) # 0
Dap an.

a) Ta co

AB = 20084 + 2007B < (A —20071)(B — 20087) = 2007 - 20081

1
2007 - 2008

(A —20071)(B — 2008) = [ & <

1

2007

A-I)(ﬁB-[):]

I 1
< <—2 LA I) (—A —~ I) = [ < (B — 20081)(A — 20071) = 2007 - 20081

2007
< BA = 2008A + 2007B

Do d6 AB = BA. Tu do, ta c¢6

1
AB = 20084 + 2007B = B = —— A(B — 2008])

) 2007
— 32009 _ 505750 A2009( B — 20087)2009 =
b) Ta co
I = Wgoog[fl%% _ (20071)2009]
= o7z (A~ 20071)(A2908 4+ 2007A2007 420072 A2006 1 ... 4 (20071)2008)
= (A —20071) (A2008 12007 A2007 4 2007242006 ... 4 (20071)2008)

20072009
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Do d6 (A —20071) kha nghich, nén det(A + 20077) # 0.
Cau 3. (DPHBKHN) Cho hé phuong trinh

a11x1 + aax2 + - + a1y = by
ao1x1 + a99x9 + - -+ 4+ aonxy = b

Ap1T1 + ap2x2 + - - + AppTn = bn

trong d6 a;; € Z,i,j = 1,n. Tim diéu kién can va dt dé phuong trinh da cho
luon c6 nghiem = = (z1.29,...,2,) théa man z; € Z,1 < j < n v6i moi gia tri
bj € Z,1 <7 <n.

Dap an.

(=) Diéu kién can: gia st he d6 luon c¢6 nghiem = = (z1.79,...,2,) théa man
rj €Z,1<j<nvoimolgia trib; € Z,1 < j <n.

Dat A = [a;j]. Néu rank(A4) < n thi ta chon céc b; € Z,1 < j < n sao cho
rank(A) = rank(A|b) = rank(A) + 1 # rank(A). Khi d6, he trén sé vo nghi¢m.

Vay rank(A) = n hay det A # 0. Khi d6, hé c6 nghiém [z] = A~'b. Néu
A7l = [a};] khong phai la ma tran nguyen, ching han c6 phan ti o0 & Z, thi
ta chi can chon bj, = 1 va b; = 0 v6i Vj # jo. Khi do, ta 6 z;, = aj ; ¢ Z. Do
vay, A~! 1a ma tran nguyén. Béi vay, det A=! € Z.

1 1
Lai ¢6 det A= = o hen o € Z. Suy ra det A = +1.

(<) Ngugc lai, gia stt det A = £1. Khi d6 A 1a ma tran kha nghich va A=! =

C! trong d6 C* 1a ma tran phu hgp clia A. Vi A 14 ma tran nguyén nén

det A
C* ciing 1a ma tran nguyén, dan dén A~!' Ia ma tran nguyén. Do d6, v6i moi

bj € Z,1 < j < n thi nghiém cta hé phuong trinh dugc xac dinh bdi [z] = A1y
gom cac sO nguyen.

Vay diéu kién can va dia dé he phuong trinh da cho luon c6 nghiem = =
(z1.22,...,2,) thoa man z; € Z,1 < j < n v6i moi gid tri b; € Z,1 < j < n. la
det A = +1.

Cau 4. (DHBKHN) Cho f: V — V 1a mot toan tit tuyén tinh ctia khong gian
vécto n chieu V. Gia st ton tai cac vécto vy, ve, ..., v, khac vécto khong trong V
thoa man dieu kiéen:

f(v1) =v1 +wa, f(v2) =v24v3,..., f(Un—1) = Un_1 + Vp, f(vp) = vp

Chitng minh rang f 1a mot ding cAu tuyén tinh.

Dap an.
Tru6e hét ta chitng minh hé vec to B = {v1,v,...,v,} doc 1ap tuyén tinh.
That vay, xét xivy + xove + - -+ + xpv, = 0 V61 21,20, ..., 2, € R, ta co
n—1
0 = f(x1v1 + 2202 + - + 2pvy) = > xif(vig1)
i=1

56



= (x1v2 +x2U3 + - -+ Tp_1Up) + (2103 + 2204 + - - - + Tp_2vUy) = T1V3 + T2v4+ - -+

Tn—2Un
n—2

0 = f(x1vs 4+ T4 + - -+ + Tp_2vy) = 21 i f(vit2)
i

= (x1v3+ 2204+ - - - + Tp_2vp) + (104 + 2205+« - - + Tp—3Up) = T1V4+ ToV5+ -+ -+
Tn—3Un

cudi cling ta duge

T1V1 + 22U + -+ TpUy = T102 + 22U+ -+ - + Tp—1Up = T1V3 +T2U4 + -+ + Tp—2Up

=2 V4 + ToU5 + -+ Tp_3Uy =+ = T1Up_1 + T2V = TV, =0

Vi v, # 60 nén ta ¢6 v1 = x2 = -+ = x, = 0 hay B = {v1,v9,...,v,} doc lap
tuyén tinh.

Hon nita, dimV =n nén B 1a cot co s6 cia V. Khi d6 ta c6 ma tran ctia f doi

vl co s6 B 1a _
1 0 O 0 O
0 O

1 1 O
A=10 1 1

L ¢

00 - 1 1

Videt A =1 nén f la mot ding cau tuyén tinh.

Cau 5. (DHBKHN) Goi I 1a ma tran don vi cap n. Chitng minh réng v6i moi
ma tran vuong cap n A va so thuc X # 0 bat ki, ta co
rank(A) + rank(A + AE) = n + rank(A? + \A)
Dap an.
A 0
rank(A) + rank(A + A\E) = rank {0 Ax )\E]

_ rank [A A+)\E} A \E
0 A+ \E (ot ) 0 A+ \E
0 \E

_71(A2+)\A) A—E

= rank [ }
(C1x(=1)+C2)

= rank _1
(Cz X TA+C1)

= rank(AE) + rank {_71(142 + )\A)} = n + rank(A2 + \A)

Cau 6. (DHBKHN) Cho da thtic f(r) € R[] ¢6 it nhat 2 nghiem thyc. Ching
minh rang da thic P(x) = f(z) — f'(x) ciing ¢6 it nhat 2 nghiem thyec.

Dap an. Gia sit 21, z2(z1 < 22) 1a nghiém ctia f(x). Xét ham s6 g(z) = e % f(x).
Ta c6 ¢'(z) = e *(f'(z) — f(z)). Theo dinh 1y Rolle thi ¢’(z) c6 it nhat mot
nghiém thyc trong (r1,z2) néu 1 < z2 va c6 nghiém z; néu z; = x5. Suy ra da
thic P(z) = f(z) — f'(z) 6 it nhat mot nghiém thuec.
Vi degP(x) = degf(z) = n nén néu n 1é thi f(r) c¢6 it nhat 3 nghiém thuc va
vi vay theo lap luan trén thi P(z) sé c6 it nhat 2 nghiém thic. Néu n chén thi
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do P(x) c6 nghiém thyc nén n6 phai c¢o6 it nhat hai nghiem thuc.

Bai 1. (DHKH Hué) Cho A, B € M(n,F). Ky hiéu r(A) 1a hang clia ma tran
A. Chitng minh rang:

1) r(A) +r(B) —n <r(AB) < min{r(A),r(B)}.

2) Néu AB =0 va n 18 thi r(A + A") < n hodc r(B + B!) < n.
Dap an. 1) Xem A va B nhu la cac ty ding c&u tuyén tinh ctia khong gian
Fr: P B Fn A P Ta c6:
r(AB) = dim Im(AB) = dim A(B(F")) = dim Im(A]|, )
= dimImB — dim Ker(A|,_5)
> dimImB — dimKerA = dimImB — (n — dimImA) = r(A) + r(B) — n.

Tu trén ta co: r(AB) < dimImB = r(B). Ngoai ra, Im(AB) C ImA, nén
r(AB) < dimImA = r(A). Vay r(AB) < min{r(A),r(B)}.

2) Do r(A)+r(B) < r(AB)+n = nvan 18, ta c6 mot trong hai s6 r(A), r(B) nhd
hon g Gia st r(A) < g Khi d6 r(A?) = r(A) < g nen r(A+ At < r(A) +r(At) <
n n
—+ -=n.

2 2
Bai 2. (DHKH Hué) Ky hieu tr(A) la tong cac phan tit trén duong chéo chinh
clla ma tran vuong A, goi la vét ciia A va V* 1a khong gian déi ngdu ctia khong
gian vecto V. Ching minh ring 4nh xa anh xa 0 : M(n,F) — (M(n,F))* xac
dijnh bdi:

VAe M(n,F), VX € M(n,F), (0(A))(X) = tr(AX).
13 mot dang c&u ciia F-khong gian vecto.
Dap an. Va,p € F, VA, B € M(n,F), VX € M(n,F), ta co6

(0(aA+ BB))(X) =tr((aA+ B)X) = atr(AX) + Str(BX)

= a(0(A))(X) + B(6(B))(X) = (abB(A) + 50(B))(X),
do d6 0(aA + BB) = af(A) + B9(B). Vay 6 1a mot anh xa tuyén tinh.

Gia st A = (ai;) € M(n,F) sao cho §(A) = 0, tic la VX € M(n,F), tr(AX)
= 0. Khi do6 Vi,j € {1,...,n}, voi I;; la ma tran thudoc M(n,F) gém toan 0, tru
phan ti ¢ dong i va cot j bang 1, ta ¢ tr(AlL;) = 0 ma Al; ¢6 t&t cd cac cot
béng O, tru C@t thus ] béng (ali,agi, Ce ,am)t. Tu dﬁy suy ra aj; = tT(AIZ'j) = 0.
bia1 nay ching té6 A =0, do do ¢ la don c&u.

Do 6 : M(n,F) — (M(n,F))* 1a don c&u tuyén tinh va dim(M(n,F)) =
dim(M (n,F))*) = n?, nén 6 1la mot dang c&u tuyén tinh.

Bai 3. (DHKH Hué) Cho A = (a;;) € M(n,F) véi n > 2, A = (4;;) 1a ma tran
phu hop ctia 4, tic 1a a;; 14 phan bu dai s6 cta a;;. Chiing minh rang:
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1) Néu A khong suy bién thi A ciing vay. 2) Néu r(A) = n —1 thi r(A) = 1.

3) Néu r(A) <n—2thi A=0.

Dap an. 1) Ta c6:
AA=AA=det(A),.

Do d6 néu A khong suy bién tic 1a det(A) # 0 thi A ciing khong suy bién va
A1 = det(A) 1A

2) Néu r(A) = n —1 thi trong ma tran A c6 it nha mot phan tit khac 0 hay
r(A) > 1. Vi det(A) = 0 nén A.A = 0 hay ImA C KerA (xem A va A nhu la ty
dmg c&u tuyén tinh ctia khong gian vecto F"). Do do

dimImA < dimKerA=n—r(A)=n—(n—1) = 1.

Vay r(A) = dimImA = 1.

2) M&i phén tit ctia ma tran A la mot dijnh thiic con c&p n — 1 clia A hodc
d&i ctia néDo r(A) < n — 2, moi dijnh thiic con c&p n — 1 ciia A dau bing 0. Vay
moi phan ti ctia A dar bing 0 hay A = 0.

Bai 4. (DHKH Hué) Trén dudng chéo clia ma tran vuong c&#p n la cac sd
0, con cac phan tit khac hodc 1a 1 hodc 1a 2010. Chiing minh rang hang ciia ma
tran nay hoac la n — 1 hoac la n.
Dap an. Goi A la ma tran dugc cho, con B la ma tran vuodng c&p n ¢ t&t ca
cac phan tit bang 1. Ma tran A — B ¢6 dang:
—1 cee .
-1 ... Cij
Cij N
—1
V6i ¢;; khong nam trén dudng chéo 1a bang 0 hodc 2009. Dac biét 1a theo mod
2009, ma tran A — B ¢6 dang duong chéo va det(A — B) # 0 (mod 2009). Suy ra
ma tran A — B khong suy bién hay r(A — B) = n. Do r(A — B) < r(A) +r(B) va
r(B)=1,tacor(A) >n—1.

Bai 5. (DHKH Hué) Cho A € M(n,F) vi 4, ¥4 1a cic tut dng c&u tuyén
tinh cua M(n,F) xac dijnh béi pa(X) = AX — XA, ¢¥a(X) = AX. Ching minh
rang:

1) det(pq) = 0.

2) det(v4) = (det A)™.
Dap an. 1) V6i ma tran don vij I, ta ¢6 wa(I,) = Al, —I,A =0, nén p4 khong
13 mot ding c&u tuyén tinh. Do d6 det(w4) = 0.
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2) Ky hiéu I;; 1a ma tran thuéc M(n,F) gan toan 0, trit phén tt 6 dong i va
cot j bang 1. Ta chon co s ctia M(n,F) theo thus tiy nhu sau:
-[11; ]217 ctty ]nl; ]127 ]22a crty -[77,2; ctty ]171,7 1277/7 R ]nn- (]->
ai
. . as;
Tich Al c6 t&t ci cac cot bing 0, trit cot thus j bing | . |. Nhu vay,
(ng
Alij = arilvj + agiloj + - -+ + aniln;. (2)
Tit bicu dién (2), ta th&y ring ma tran ctia ¢4 theo co s6 (1) 1a ma tran chéo
khéi diag(A, 4, ..., A) thuoe M(n2,F). Do do det(thy) = (det A)™.
Bai 6. (DHKH Hud)
1) Tim m&4 lién hé giux a hai dijnh thic sau:

ailr ... Qaip a1+ ... ap+x

D = va D*(z) =

apl --- Qpp pl1 +2 ... Qpp+2X

2) Chitng minh réng tong cac phin bt dai s6 clia cac phan tit trong mot dijnh
thitc khong doi, néu ta thém vao t&t ca cac phan tit cling mot so.
Dap an. 1) Ta viét mdi cot clia D*(x) thanh tdng ctia hai cot, trong d6 c6 mot
cot toan z, 1d viét D*(z) thanh tdng clia cac dijnh thiic clia cac cot moi. Dijnh
thiic nao chita hai cot toan x trd lén sé bang 0. Chi c6 mot dijnh thic méi khong
chita z, chinh la D. Ngoai ra c6 n dijnh thitc méi c6 duing mot cot toan z. Khai
trién theo cot do, ta dugc:

D*(x)=D+z — Y Ay,
ij=1

trong d6 A;; 1a phan bu dai s6 clia phan tt ;5.

2) Ky hiéu S, la tong cac phan bu dai s6 clia cac phan tit trong ma tran
A = (aij) va B = (ajj + ¢) = (bij). Theo Cau 1) ta dugc:

det A = det(b;j — c¢) = det B — cSp = det A+ ¢S4 — cSp.

T do6 suy ra Sy, = Sp.

Bai 7. (DHKH Hué) Cho V = F[z] va f la mot tu ding c&u clia V xAc
dijnh béi f(P) = xzP. Xac dijnh cac gid trij rieng va vecto riéng cua ty ding c&u
F : End(V) — End(V) cho bdi F(g) = fog—go f.
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Dap an. Giasut A eF, g € End(V) \ {0}. Ta co6
F(g) = Ag < VP € Fla], zg(P) — g(xP) = Ag(P)
< VP € Flz|, g(xP) = (z — \)g(P)
s VneN, giz"™) = (z - N)g(z")
e VneN, ga") = (x—\)"g(1)
& VP e Flz], g(P) = P(z — \)g(1).

Do VA € F, Jg : Flz] — F[z] 1a ding c&u tuyén tinh xac dijnh bdi g(P) =
AP(z — \), voi A € Flz] \ {0}, nén tap cac gia trij riéng cua F la F va cac vecto
riéng Ung voi gia trij rieng A 1la g € End(V) cho béi g(P) = AP(z — ), v6i
A e Flz] \ {0} tuy ¥.
Bai 8. (DHKH Hué) Cho 4 € M(3,R) sao cho A% + A =0 va A # 0. Chiing
0 0 0
minh ring A dmg dang v6i ma tran B = (0 0 1> :
0 -1 0
Dap an. Dit f(z) = 23+ thi f(z) = 2(x —i)(z +i) vd A 1A mot nghiém clia da
thic tach don f(x) € Clz]. Do d6 A chéo hoa dugc trong M (3,C) va tap cac gia
trij riéng ctiia A la Spc(A4) C {0,i, —i}.
Néu Spc(A) = {0} thi do A chéo hoa duge trong M(3,C), A= 0: vo ly.
Néu i € Spc(A) va v 1 vecto rieng ting voi gia trij rieng 4 thi —i € Spe(A) vav
1 vecto riéng ting voi gia trij rieng —i. Tuong tu néu —i € Spe(A) thii € Spe(A).
Do d6 {i,—i} C Spc(A).
Néu 0 ¢ Spc(A) thi A2 + I3 = 0, nén (det(A))? = det(A?) = det(—1I3) = —1: vO
Iy vi det(A) € R.
Nhu vay, Spc(A) = {0,i,—i} va mdi khong gian con riéng c6 s6 chigu 13 1
(1trén C). Ky hiéu w,v,v 1a cac vecto riéng twong tng voi 0,i, —i. Dat wy =

1 . ~ N ~ 2 ?
E(U + ), we = ?(v — ). Khi d6 (u,w;,ws) 12 mot co s6 clia R3.
7

1 1
Do Au = 0, Aw; = E(w —iU) = —wy, Awy = 2—(11} +10) = wy, ta c6 A =
i

0 0 O

C <O 0 1) C~1, trong d6 C 1a ma tran doi co sd tir co sé chinh t&c sang co
0 -1 0

SO (u, wy,ws).

Bai 9. (DHKH Hué) Cho n € N*, A € M(n,C) sao cho A* = 743 — 1242,

Chtrng minh rang tr(A) € N va tr(A) < 4n.

Dap an. bat f(z) = 2* — 723 + 1222 thi f(2) = 2?(z — 3)(z — 4) nhan ma tran A

lam nghiém.

Vi A € M(n,C) nén da thitc dac trung P4(z) tach dugce trén C, do d6 A co cac
gia trij rieng Ay, ..., Ay Ta c6 tr(A) == ST\ Mit khdc, Vi =1,...,n, \; €
1=

{0,3,4}, nén tr(A) € N va tr(A) < 4n.
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Bai 10. (DHKH Hué) Tinh

4 6 —15
1 3 -5
1 2 —4

2010

4 6 —15
Dap an. Ky hiéu A = (1 3 =5 ) . Da thitc dic trung ctia A 1a Py(z) = (1—2)3
1 2 —4

va da thitc t&i tiéu 1a T4 (z) = (z — 1)2. Chia 22910 cho da thitc (z — 1)2, ta co:
220 = (2 — 1)?Q(z) + (az + b).

Thay = = 1 vao ding thitc trén, ta c6 a+b = 1, sau do &y dao ham va thay z =1

ta tim dwge a = 2010. Tt d6 A210 = 20104 — 200975.

Bai 11. (DHKH Hué) Cho (uy)nen, (Vn)nen, (Wn)nen 12 cac diy s6 thue dwge
xéac dijnh bdi:

1
— Up+l = _(2un + vp + wn)a
vog =22, VneN Up+1 = _(un + Up + wn)a
wy = 22,
Wp41 = Z(Un + v, + 2wy,).

Tinh u,, v,, w, va nghién ctru sy hoi tu ctia ba day nay.

Un,
Dap an. Ky hiéu A = vavoineN, X, = <vn>

Wn,

B~ O N |
I e R I S
DO OO | = | =

TacoVneN, X,,1 =AX,. Vay Vn € N, X, = A" X|.

Da thirc dac trung cua A la

1 1 1
_—l’ — —
2 4 ZII
1 1 1 1
P —| 2 . 2ol (1) (= — ) (= —
A=l s g g |=0oRG G-
1 1
4 4 2
e e 1 I . L
Do d6 A c6 3 gia trij rieng phan biét A\ = 1, Ay = 7 A3 = D va A chéo hoa

duge. Ta ¢6 cac khong gian con riéng

E(\) =< (1,1,1) >, E(X\2) =< (1,0,—1) >, E(\3) =< (3,-8,3) >

10 0

1 1 3 1
KyhieuC=(1 0 —8|vwawbp=|%7 0] taco

1 -1 3 0o L

12
L /8 6 8

cl=—(11 0 -11|, A=cDpCc™.

1 -2 1



Tir day suy raVn € N, X,, = A"Xy = CD"C~ ' Xy =

L /113 1 0 0 S 6 8 0
—— (1 0 —=8|l0o 4™ o0 11 0 —11](22].
22\1 -1 3 0o 0o 127)\1 —2 1 922

U, =14—11.4""-3.127"
DodoVneN, v, =14+812"" )
w, =14+114""-3.127"

Ro réng (un)neNa (vn)neNa (wn)neN h61 tu ve 14.
Bai 12. (DHKH Hué) Tinh u, v6i moi n € N néu biét

uozl, u1:1, u2:1,
Vn € N, upi3 = 45uy — 39up41 + 1lupyo.

0 1 0 Up,
Dap an. Ky hiecu A=1{ 0 0 1| vaX,=/[up1].
45 —39 11 Unt2

Ta co VneN, X,,11 = AX,. Do d6 X,, = A" X).
Da thirc dac trung cua A la
—z 1 0

0 —x 1
45 -39 11—z

Py(z) = = —(z —3)*(z - 5).

Vay P4(z) tach dwge trén R va cac gia trij rieng ctia A 1a Ay = 3 (kép) v Ay =5
(don). Ta c6 cac khong gian con riéng:

E()\l) =<V = (1,3,9) >, E()\z) =< v3 = (1,5,25) > .

A khong hoa chéo dwgc, nhung ta sé tam giac hoa A. Ta tim vy sao cho Avy =
v1 + 3vz. Bing cach nay, va = (0,1,6). Ky hiéu

10 1 310
c=(31 5], T=(0 3 0].
9 6 25 005

-5 6 -1
1
Taco C'==(-30 16 —2| vd A=CTC™!. Tir day suy ra:
t\9 —6 1
—4n.3"1 4 57
VneN, X, =CT"C 'Xg=| —4(n+1)3" +5"!

_4(n+ 2)3n—|—1 + 5n—|—2

Vay Vn € N, u, = —4n.3""! + 5. Cau 1. (DH Néng nghiép Ha Noi)

1 ..,
Cho A = [@ij]nS Qg5 = 2; ajj = [2010vz 7§ VR
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Ching minh rang: Hang clia ma tran A hoic bang n — 1 hoac bang n.

Dap an. V6i ma tran vuong B cap n c6 tat ca cac phan ti bang —1. Xét ma
tran:
0
C=A+B= [Cij]n = Cjj = 1;Cz‘j = [2009
= det(C) = 1+ 2009t;t € Z = det(C) # 0 = r(C) = n.
Ta ¢6 n = 1(C) = r(A+ B) < r(A) + r(B) = r(A) + 1 = DPCM.

Cau 2. (PH Nong nghiép Ha No6i)

Cho P(x) la da thitc v6i cac hé s6 thuyc bac 2010 théa man P(z) > 0 Va € R.
Chiing minh ring ton tai hai da thiic v6i he s6 thue Q(z) va R(z) dé P(z) =
Q*(w) + R (x).

DPap an. Do P(z) la da thiic bac chan théa méan P(z) > 0 Vo € R = cac nghiém

thuc ctia P(z) 1a nghiém boi bac chén va he s6 ctia 2210 duong. Goi 1, x, ..., 1y
k

1a cac nghiem thuc v6i z; boi 1a 2t; clia P(z). Néu > 2t; = 2010 thi P(z) khong
=1

(2
¢6 nghiém phic, khi do:
k k 2
P(x) =a ] (z — 5% = [\/a I (z — a:,-)t] +02 = DPOM.
i=1 i=1
k
Néu Y 2t; = 2n < 2010 thi P(z) ¢6 2010 — 2n = 2m nghiém phitc doi mot lién
i=1

k
hop v6i nhau. Khi d6 P(z) =a ] (z — )% I (z — zj)(x — ).

V6i zj = a+bi = (v — zj)(x — Z;) = (v — a)? + b%. Bing quy nap ta chiing minh
dugc
[1(x — 2j)(z — 7)) = Q(x) + R}(x) v6i Q1(z); Ri(x) 1a cac da thic v6i he s6
j=1
thue.

k 2 k 2
P(z) = [\/agl (z — xi)tgl(x)} + [\/51131(3; — )Ry (:1:)] — DPCM.

Cau 3. (PH Nong nghiép Ha No6i)

Cé6 ton tai hay hay khong hai ma tran vuong cap n A, B v6i A 1a ma tran
kha nghich thoa man: AB — BA = A.
Dap an. Tu gia thiét = ABA™! — B = I(1). Xét da thic dac trung ciia ma
tran ABA~! do ABA~! dong dang v6i ma tran B nén ching c6 cliing cac gia tri
rieng = tr(ABA™! — B) = 0;tr(I) = n # 0. Mau thuan véi (1). Vay khong c6 céc
ma tran A, B théa man yéu cau.

Cau 4. (PH Nong nghiép Ha No6i)
Cho A la ma tran vuong cap m x n c¢6 hang bang 1. Ching minh ring ton
tai ma tran B cAp m x 1 va ma tran C cap 1 x n dé A = BC.
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Dap an. Do r(A) =1 nén A ¢6 mot dong khac 0 va cac dong con lai ty lé véi
dong khac 0 nay. Khong mat tinh téng quét gia st dong thit nhat ciia A khéac
0. LAy C la ma tran bang ma tran dong thi nhat ctia ma tran A, B 1a ma tran
cot c6 phan tit & hang thi 4 1a b; véi b; 13 he so ty 1é gitta dong dau va dong thi
i cia ma tran A, ta dugc A = BC.

Cau 5. (PH Nong nghiép Ha No6i)

Cho Ay, As, ..., Ap, Apt1 12 cac ma tran vuong cap n. Chiing minh ring ton
tai n 41 80 21,29, ..., 2n, ¥ne1 khong dong thoi bing 0 dé ma tran: A = z14; +
w9Ag + -+ T Ay + Tpr1Aprr 1 ma tran suy bién. Dap an. Goi a} 1a ma tran

dong thit nhit cia ma tran A;. He af, a2, ... a}, "™ gdm n+1 vecto trong khong
gian vecto n chiéu nén phu thuodc tuyén tinh = ton tai 1,2, ..., Ty, 2,1 khong

dong thoi bang 0 dé xyaf +x2a? +- - - + za} +zpy1af™! = 0. Suy ra hang dau clia
ma tran A gom n s6 0, nén A 14 ma tran suy bién.

Cau 1. (CDSP BR-VT)

Cho A la ma tran thuc cap 2 va k 1a s6 nguyén, k£ > 2. Chitng minh rang
AF =0 A2 =0,
Dap an. *) Véi k = 2 thi tam thuong

) V6i k > 3 thi

+) Néu A2 = 0= A¥ = 0 v6i k > 3 1a hién nhién

+) Néu AF =0 v6i k> 3 thi = |A¥| =0 = |A| =0, tiic la néu A = ((CL Z) thi

ad—bc =0, vi
ta co

A2 (a4 d)A+ad—be=0= A2 = (a+d)A = A3 = (a+d)A% = (a + d)?A =
= A= (a+d)F A= (a+d)TA=0

Néua+d#0thi A=0= A2 =0.

Néu a+d =0 thi do A% = (a +d)A nén A% = 0. Suy ra diéu phai chiing minh.

A—XE| = X2 —(a+d)\+ (ad—bc) nén theo dinh 1y Cayley-Hamilton

Cau 2. (CDSP BR-VT)

Cho A= (_11 ;) . Tinh A2010,

1—A 1
-1 3-=A
Cayley-Hamilton ta c6 (A —21)? = 0, suy ra (A —21)* = 0,Vk > 2. Khi d6
A0 — [2] 4 (A — 21)]2910 = (21)710 + 2010(21)?"1° (A — 21)

11 2009 2010
_ 2010 _ 02010
= (21) <I+2010 {—1 1})2 [—2010 2011}

Dap an. Ta c6 |A - \E| = ‘ ‘ =0« (A—2)2 =0. Vay theo dinh 1y

Cau 3. (CDSP BR-VT)
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1 0
) 0 N 1
Cho ma tran vuong A cap n c¢6 dang A = | -
0
0
A#0. Tinh A~
Dap an. Xét hé phuong trinh
()\m + 9 =1 ()\”xl + Nl = ALy
AT9 + x3 =19 Ny £ X205 = A2y
............... <:> e e s s e s e e e s e e e
ATp_1 + Ty = Un—-1 AAzxn—l + Ay, = AYn—1
k)\xn = Yn \Al'n =Yn
()\nxl — )\n—ly1 o )\n—2y2 et (_1)n—1yn
AL = N'2yp = Ny e (1) Py,
& Ny, _g = Nyn_g3 — Nyn—2 + Ayn—1—Yn
N2p_o = X Yn—2 = Mn—1+ Un
)\21’”71 - )\ynfl —Yn
\)\t%n = Yn
( 1 1 1
1 =i ?w + o A ()" T
1 1
) = Xy2 - ﬁyg + -+ (—1)n_2wyn
Ny 1 1 . 1 1
Tn—3 = yYn-3 — 3Yn—2 T gYn—1 = 1 Yn
S S
Tn—2 = yYn—-2— 3Yn—-1 T 3Yn
7 A A
Tn—1 = Xyn—l - pyn
\Axn = Yn
Lo Gk
A oA
L S A T
Vay At =|{: .. .. :
. 1 1
A f\2
0 0 -
A
Cau 4. (CDSP BR-VT)
axr +by=c
Cho cac dang thic { bz +cy = a
cx+ay=>

a) Ching minh rang a® + b® + ¢ = 3abc.

b) Tinh gié tri ciia P = (1+ %) (1+ g) (1+ 2)
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Dap an. a) T gia thiét ta suy ra ax +by +br +cy +cx+ay=a-+b+c
Tuong duong (a+b+c)(z+y—1)=0
Tuong duong hodac a+b+c¢=0 hoac z+y—1=0.
)Y V6ia+b+c=0,
Ta c6 a® + b® + 3 — 3abe
= (a+b)3 — 3a®b — 3ab® + 3 — 3abc
= [(a+ b)3 + ] — 3ab(a + b+ c)
= (a+b+c)[(a+b)?— (a+b)c+ c? — 3ab]
= (a+b+c)(a®+b*+ % —ab—ac— be)
nén a?® + b® + ¢ — 3abe = (a + b+ c)(a® + b* + 2 — ab — ac — be) = 0, suy ra diéu
phai chiing minh.
) V6iz+y—1=0=y=1—z, thay vao hé, sau mot s6 bién déi dan dén
a =b=c, suy ra diéu phai chitng minh.
b) Vi a3 + b3 + ¢3 = 3abe.
Tuong duong véi: hodc a +b+c=0 hodca=0b=rc
) Néwa+brcpthi A= b bbe exa_—e —a b,
c a b ¢ a
) Néua=b=cthi A=(1+1)1+1)(1+1)=2-2-2=38.
Vay A nhan hai gia tri la 8 va —1.

Cau 5. (CDSP BR-VT)

a a b

b a

Tim hang ctia ma tran B = ce
a b :

b a o o a

Pap an. Dadi cot 1 cho cot n, cot 2 cho ¢ot n — 2,... khi d6 ma tran B dudc

b PR a a
b a a
dua vé ma tran A 1a A =
a a b
a a b
T
bat x =1 : |, khi do
T
ary +bro+ -+ bxr, =0 (@ —=b)x1 +blx1 +224+---+25) =0
Ar =0 < - i e
bry +bra+---+ax, =0 (@a—=0b)xy +b(z1+z2+--+x,) =0
©o e kA =0 khi a=0
* Z . N o . . . ~ ran = 1 a=
) Neua=bthi A=|: -. nen{mnkAzlkhia;éO
a/ DEREEY a/
*) Né b thi Tl =22 = ""=12=Tp
) Newa # l{(a—b+nb)(x1+x2—l—~--+xn):0

67



+) Néu a — b+ nb # 0 thi
T =a9 = =1y
{(a—b+nb)(x1~l—$2+---+xn) =0
Vay hé Az = 0 chi ¢6 nghiém tam thuong nén rankA = n.
+) Néu a —b+nb=0 thi
Cl=Ty ==,
{(a—b—i—nb)(xl—i—xg—i—---—i—xn) =0
gian nghiém 1a mot chiéu, nén rankA =n — 1.

Sy =x9=---=x, =0.

Cau 1. (DH BR-VT)
a+b+c=1
Cho a,b, ¢ 1a cac s6 thuc thdéa man he {a2 +0P+=1
A+l =1
Tinh P = 2008 | p2009 4 (2010,

Dap an. Ta co
a® + b3+ ¢3 — 3abe = (a + b)3 — 3a%b — 3ab? + ¢ — 3abe
=[(a+b)?+ 3 —3abla+b+c) = (a+b+c)(a+b)?— (a+b)c+c?—3abl
=(a+b+c)(a®+b*+ % —ab—ac—be)
nén a® + b + ¢ — 3abc = (a + b+ c)(a® + b* + ¢ — ab — ac — be)
Vay 1 —3abc =1 — ab — bc — ca
Hay 3abc = ab + be + ca (1)
Mit khac (a+b+c)? =1
Tuong duong a? + b% + ¢ + 2(ab + be + ca) = 1
Hay ab+bc+ca=0 (2)

& w1 = 19 = -+ = 1. Vay hé khong

Tt (1) va (2) = abe = 0 tuong duong v6i hoac a = 0 hodc b = 0 hodc ¢ = 0.
Tu day lan lugt suy ra cac nghiém ctia he 1a: (a,b,c) = (0,0, 1);(0,1,0); (1,0,0).

Vay P = 2008 + 12009 + 2010 — 1

Cau 2. (DH BR-VT)

Cho ham phan thic tuyén tinh f(z) = — o

cx+d

Ki hieu fo(z) = f(f(2)); fa(x) = F(F(f(2))); -5 fu(2) = f(fao-1(x)). Tim dang

cua fp(z).

ar+b b
a<cx+d>+ B (a2+bc)x—|—ab+bd_ mx +n
c(a:v+b>+d_ (ac+cd)x +bc+d?  pxr+q
cx +d

m n]:{a%rbc b(a—l—d)}:{a b}

P q cla+d) bc+d? c d

Dap an. Ta ¢6 fa(z) =

2 b
— A2 v6i A = {‘Z }

beé ¥ rang [ d

Bang quy nap ta dé dang nhan duoc f,(z) =

Cau 3. (DH BR-VT)
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n+1 n+2 cee 21 B
Cho ma tran A = ) ) trong dé6 n la so ty nhién
n—n+1 n —n+2 - n?
16n hon 1.
a) Tim
rankA.

b) Ta c6 thé hoan vi cac phan ti trong A dé nhan dugc ma tran B ma
rankB = n hay khong?

1 2 R )

o n+1 n+2 e 2n B _
Dap an. a) Xét A = : . . Lay cot k£ nhan véi (-1)
n?—n+1 n>—n+2 - n?
roi cong vao c¢ot k + 1 va thyc hien tt k = n — 1 dén k = 1 ta dudc det A =

1 1 -1
n+1 1 -1
n —n+1 1 - 1
Vay rank A = 2.
1é bat ky
b) Xét B = :
chén 1é
1
1 0 hoac 1
thi det B = = 1( mod 2).
0 1
1

Vay det B # 0 suy ra rank B = n.
Cau 4. (PH BR-VT)

Cho A 1a ma tran cap 3 x 4, B 1a ma tran cap 4 x 2, C' 1a ma tran cap 2 x 3
thoa man

0 -1 -1
ABC = (—1 0 —1) . Tinh CAB va chiing minh rang (BCA)? = BCA.
1 1 2

0 -1 —1 0 -1 —1\?
Dap an. Dat M = (—1 0 —1) thi M? = (—1 0 —1) = M. Vay
1 1 2 1 1 2
ABC = M = M? = (ABC)?. Dé thay rank M = 2 nén
2 = rank M = rank ABC = rank[(ABC)? = rank[AB(CAB)C] < rank CAB.
Nhung CAB la ma tran cap 2 nén rank CAB < 2. Vay rank CAB = 2.
Sau do
(CAB)? = C(ABC)AB = C(ABC)?AB = (CAB)(CAB)(CAB) = (CAB)? =
(CAB)? = (CAB)3. Vi CAB 13 ma tran cap 2 c6 rank CAB = 2 nén CAB kha
nghich, do d6 tit (CAB)? = (CAB)? = CAB = Fs.
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i cing (BCA)? = B(CAB)CA = BE,CA = BCA.

£

Cu

Cau 5. (PH BR-VT)

\

N

N o o |
1 | | N |
0 10 10 10 10
$$$$4$
++ T
< < o
+ + +
-
+ +
s
8 8 O O «
+2I$$
D+t
L A A —~ —~
N R R K R

=

)

g

+

20

=]

(e}

=

=

o

@-

=

=

O

| I |
2030%4

— o — <f —

— D)

<t O M _2

<t — =

12111111411020

N —~ —
e —

O

A Ta ¢

P

Dap an.

— M~

— N —~ — —

—— O O

—
_

—— O O

—
_

OO O /4400 O A —00O O —A—O0O0O0O

_11112__1000O:lOOOO:lOOOO___lOOO 0___1000 0__10000

|
1 LI 1
| e | o o
441664A__:I_.pﬂ1 24A__:I_.pﬂ12
[ _ _
| T — |
< — A po
M e © 10 o T =
TTTTT <7772 w777
_ _ o —
I~
— I N I
1003_1003 i — OO M i
| | —oco—o
—
1020_

suy ra

suy ra

suy ra

suy ra
suy ra
suy ra
suy ra

Vay lic nay hé tuong duong véi
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(l’1+$2—|—$3+$4+4:€5:4 r1 =1
932—3$5:—4 $2:—1
2x3 — 3r5 = —1 S<ery3=1
T4 — X5 = —2 Ty = —1
k17365 =17 |75 = 1

Cau 1. (Hoc Vién KTQS)(Th.s Pham Thé Anh)
Gia st tat ca cac nghiém clia da thic P(z) bac n (n > 2) déu 1a nghiem thuec
va phan biet. Chitng minh réng da thic
Q(x) = nP(x)P"(x) — (n — 1)(P'(x))?
khong c6 nghiém thuyc.
Dép 4n. Phuong trinh Q(z) — 0 tuong diong véi n Y /;gfzx_))gp ()"

P'(r)12
[P(x) } =0
- . P(x)P"(z)— (P'(x))* . X . P(z)
Nhan tha chinh 1a dao ham cua )
e (P(x))? ' P(z)
goi x1,x2,...,x, la n nghiém phan biét cia P(x), th1 khi do phu’dng trinh trén

1 n 1 1
tu’dngdu’dngvm —anJr(Z ) =0, tu’clanZ—:

. . ) k=1 =t (2 — )2
(k§1 (f—ﬁk)

Néu dang thitc trén ding véi sé thiyc z, theo BDT Cauchy, ta c6 trudng hop
. 1
BDT dat dau ” =", (ap dung véi aj, = 1,b, = k=1,2,...,n).
k

r— T
Khi d6 ta nhan dudc by = by = --- = by, tic 1a 1,29 = - - - = x,,, diéu ndy mau
thuan véi gia thiét. Do d6 Q(x) khong c6 nghiém thuec.

_I_

Do dé néu

Cau 2. ( (Hoc Vién KTQS)(Th.s Nguyén Quoc Tuan)

1 1 1 1

Tim mot ma tran A cap 4 sao cho A?2%%Y = B v6i B = } _11 _11 :}

1 -1 -1 1

Dap an. Chéo héa ma tran B ta nhan dugec P~'BP = D = diag(—2,2,2,2) (D

1 1 11 1 -1 -1 -1
. N v =11 00) ., (1 3 -1 -1
la ma tran duong chéo) véi P=| | o | | vart=|; | 5 _
-1 0 0 1 1 -1 -1 3

Chon C = diag(— **V/2, *¥/2, V2, *¥/2). Nhu vay A = PCP~! 13 mot trong
cAc ma tran can tim.

Cau 3. (Hoc Vién KTQS)(Th.s Nguyén Quoc Tuén)
Cho ma tran A, B € M, (R) v6i rank(B) = 1. Chiing minh réng:
det(A — B)(A + B) < det(A?).

71



Dap an. Néu A kha nghich ta c6

det(A — B) det(A 4+ B) = det*(A) det(E — A~'B)det(E + A~'B) = det?(A)(1 —
tr(A~'B)1) < det?(A)

Néu A khong kha nghich

Xét X\ # \; v6i \; la gia tri riéng ciia A. Ta co:

det(A — \E — B)det(A — \E + B) < det?(A — \E).

Xét da thiic Py, (\) = det(A — AE — B) det(A — AE + B) — det?(A — AE). Nhan
thay Py, (M) 1a da thitc bac khong qua 2n va Py, ()\) < 0 tai moi A khong 1 gia tri
rieng ctia A. R6 rang tai \; gia tri da thitc khong thé duong. Do vay Py, (0) < 0.

Cau 4. (Hoc Vién KTQS)(Th.s D6 Anh Tuén)
Dat sy = 2} + 25 + .- +2F. Tinh dinh thic sau:

S0 S1 s Sp—1 1
a=\2omo Y
Sn Snl oo Sam—1 Y
Dap an. Ta phan tich A thanh tich ctia hai dinh thrtc:
1 7 - x?il 0
1 1 1 1
£ - Tn Y 1w - @y 0 n )
A:.'. . ..n: ..':... . e . e ...1 ...:q(y—xz)n(xz—xj)
n n n 1 xy - xl 0 = v>J
xl S I R PP R
Cau 5. (Hoc Vién KTQS)(Th.s D5 Anh Tuén)
Tim tat ci cac ma tran A = [(; Z} € M>(R) sao cho:

k k
VkeN*;Ak:[“ b}

ck gk

Dap an.

Cau 6. (Hoc Vién KTQS)(Th.s Dao Trong Quyét)
Cho ma tran B € M,(R) v6i rank(B) = 1. Chiing minh rang: det(E + B) =
1+ tr(B) v6i E 1a ma tran don vi cap n, tr(B) 1a vét clia ma tran B.

Dap an. Do hang ctia B bang 1 nén da thitc dic trung chi c6 hai s6 hang bac
n va bac n — 1, sau d6 thay A = —1 vao da thiic dic trung ta c6 diéu phai chiing
minh.

Cau 1. (DHSP TpHCM) Cho A, B € M,(R) c¢6 tinh chat véi moi vecto cot
X € R" néu AX = 0 thi BX = 0. Chting minh ring ton tai ma tran C € M,(R)
sao cho B = CA.

Dap an. Gia strank A =r va uy,us,...,u,_ € R" l1a cac vects cot la co sé cla
khong gian nghiém ctia he AX =0 (1). Goi U 1 ma tran cip n x (n —r) v6i cac
cot ctia n6 1a uy,ug, ..., up_p. Ta co6 AU =0 = UA' = 0. Xét he U'X =0 (2), vi
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rank U = n — r nén khong gian nghiém ctia (2) c¢6 s6 chiéu la r. Vi cac cot clia
At déu 1a nghiem ctia (2) va rank A* = 7 nén cac cot clia A? 1 hé sinh ctia khong
gian nghiém cia (2).

Mat khac, theo gid thiét AU =0 = BU = 0, do d6 U'B! = 0. Nghia la cic cot
ctia B! 1a nghiém ctia hé (2) béi vay cac cot clia BY biéu thi tuyén tinh duge qua
cac cot ctia A, Nghia la cac dong ctia B biéu thi tuyén tinh dude qua cac dong
cua A. Hay B = CA.

Cau 2. (DHSP TpHCM) Cho A € M,(R) khong kha nghich, ching minh
rang ton tai ma tran B € M,(R), B # 0 dé AB = BA = 0.

Dap an. Gia stt rank(A) = r < n khi d6 bang cac phép bién ddi so cap trén
dong va cot ta c¢6 thé dua dude A vé dang ma tran chinh tic

1 . 0 -~ 0
: -0 -0 fe s . .

L=|0 o0 1 ... 0| (matran trong khoi dau tién la ma tran don vi
0 0 -+ - 0

vuong cap r.)
Diéu d6 c6 nghia 1a ton tai cdc ma tran P,Q € M, (R) khong suy bién dé PAQ =

0 .. .. 0 0
I, = A=P'L,Q ' Xétmatran J,= [ 0 -~ 1 0 01 (ma tran khéi thi
o ... 0 "-.
o --- 0 0 1

41a ma tran don vi vuong cap n—r). Dat B = QJ,.P. Ro rang B # O(rank B = n—7)
va AB =P ',J,P =P 'OP=0,BA=QJ.1,Q ' =0.
Cau 3. (DHSP TpHCM) Cho M € M,(R) la ma tran liy linh. Chiing minh
rang det(A + M) = det A v6i moi A € M,(R) thoa AM = MA.
Dap an. Gia st M* =0
1. Néu det A = 0 khi d6
det(A+M)* = det(AF 4+ - -+ kAMF 1 MF) = det A-det(AF 14 .+ EMF2) =0
Do do6 det(A+ M) =0 = det A.
2. Néu det A # 0 khi do
det(A+ M) =det A< det A-det(I + A"*M) =det A < det(I + A™TM) =1
Diat N = A7'M. Ta ching minh Py()\) = det(N — \I) = (=)™
That vay, gia st Py(\) # (—A\)", khi d6 ton tai A\g € C, \p # 0 1a nghiém ctia
Po(N). Goi ¢ € C" la vecto riéng tng v6i gia tri riéng Ag. Ta ¢c6 Nc = Age, do d6
NFe =\t #0,Vk. Diéu nay mau thudn véi gid thiét N = A~ M liy linh (do M
lay linh va AM = M A).
Vay Py(\) = det(N — M) = (=A)". Do d6 det(I + A~'M) = det(N + I) =
Py(—1)=1.
Cau 4. (DHSP TpHCM) Cho céac da thic f(x),g(z) € R[z] thoa f(2x2019 +
2009) + zg(2?°1 +2009) chia hét cho 22 + z + 1. Chiing minh rang f(x), g(x) déu
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chia hét cho z — 2010.

Dap an. Dat F(z) = f(22°° + 2009) + 2g(22°? + 2009) va gid st o, 1a hai
nghiém phiic ciia 22 + 2 + 1. Khi d6 o2 = 83 =1 = 2010 = 52010 — 1

T d6 ta c6 F(a) = f(2010) + ag(2010) = 0.

Tuong tu F(8) = f(2010) + B¢(2010) = 0. Do d6 f(2010) = 0, g(2010) = 0. Bdi
vay f(z),g(x) déu chia hét cho x — 2010.

Cau l. (HV QuanY)
a—+ b +c L, - . .2 P
Cho a,b,c € R sao cho d = e b, ¢ khac nhau, hay rat gon bieu thiic
sau:

T a? b2 2

(a—Da—btce—a) G-—0b-—a)lcta—b) (c—a)c=blatb-0

(x —a)(z —b)(x —c)

Dap an. Xét P(z) = 22 va Q(z) =
=0 vd P(c) = ¢ do d6

)
Khi d6 ta co6 P(a) a?, P(b)

a0, A0, (-
Piz) =0 " G-ob-a T coal-b
Chia P(z) cho Q(z) ta dugc
P(zx) a? N b? N c?
Qx) (a—=b)la—c)z—a) (b-c)b—a)z—0b) (c—a)(c—Db)(z—c)
Thaym—d—a+g+cta dugce

a? b2 2
= a0t se—a) =0l —alcta=0 lc=alc=Dlatb=0)
(a+b+c)?

T (atb—c)cta-b)b+c—a)

Cau 2. (HV Quan Y)

P'(—1
Cho P(z) € R[z] ¢6 bac n € N, sao cho P(—1) # 0 va — P((—1)> < g Ching
minh ring P(z) c¢6 it nhat mot nghiém c6 modul > 1.
Dap an. Gia st x1,29,...,2, 1 cac nghiém clia P(z) trong C, khi d6 ton tai
A € R sao cho
Plx) = A1 (x — i)
i=1
: Pl(z) & 1 P(-1) & 1
Khi d6 ta c6 cong thiec: = = — =
& P(z) Z; T — P(-1) ,L; x;+1
n P(-1) 2 /1 1 12z —1
Do d6 2 + -3 (5- )=5
2 " P(=1) Z; 2 x+1 2; 2+ 1
—1 — )7+ 1 —1 12 -1
Ta co B L _ (i )(%j ) Re(““ ): il S Vi=1,2,...,n
z;+ 1 |:L‘Z'+1| T, + 1 |[Ei—|—1|
n  P'(-1) n "(-1) 1@ |z -1
Vi R nén — = > 0.
TP < 2P P T2A mripr s



Do d6 ton tai it nhat mot nghiem z c6 |xz] > 1.

Cau 3. (HV Quan Y)
Chting minh rang véi moi A 1a ma tran vuong cap 3 thi:
A% =0 & {rank(A) < 1;Tr(A) = 0}

Dap an. (1) Chimg minh A? = 0 = {rank(A) < 1,Tr(A) = 0}
Ta c6 A2 =0= Im(A) C Ker(A) = dim(Im(A)) < dim(Ker(A))
Do d6 rank(A) = dim(Im(A)) = 3 — dim(Ker(A)) < g ~ rank(A) < 1

Do rank(A) < 1 nén ton tai hai vecto U,V sao cho A = UTV = Tr(A) = VUT

Vay 0= A2 =UTVUTV =Tr(A).A= Tr(A) =0.
(2) Chiing minh {rank(A4) < 1;Tr(A) =0} = A2 =0
Do rank(A) < 1, theo trén ta c6 A%2 = Tr(A).A = 0.

Cau 4. (HV Quan Y) Cho A la ma tran phtic vuong cap n c6 Tr(A*) =0 Vk

1,2,...,n. Chiing minh rang A 14 ma tran liy linh.

Dap an. Goi A\, \o,..., )\, la cac gia tri riéng ctia A
n
Khi d6 dé dang chiing minh dugdc s, = Tr(AF) = 37 Ak
i=1

n
Tt gid thiét ta c6 hé n phuong trinh: s, = S A\F =0,Vi=1,2,...,n
=1

Gia st da thitc dic trung ctia A 1a: Py(A) = (—=1)" A"+ by 1 A" 4+ - 4 by A+ bg
Thay cac nghiém \;(i = 1,2, cdots,n) vao va cong lai ta sé c¢6 bg = 0, do do

P,(\) ¢6 nghiem X\ = 0, gia si do6 la A, = 0.
Ta c6 thd Vit Py(A) = AP_1(A) = A[(=1)" AL 4 by A2 4 - 4 by

Trong do6 cac \i(i =1,2,--- ,n—1) la cac nghiém ctia P,—1(\) va thoéa man hé

n
n — 1 phuong trinh s, = > A\ =0,Vi=1,2,...,n— 1
=1

Chiing minh tuwong tu trén ta c¢6 by = 0,60 = 0,--- ;b1 = 0 = Pp(\) =

(~1)man

Ta lai c6 A la nghiém cta da thiic dic trung nén A” =0 = A liy linh.

Cau 5. (HV Quan Y)
Tinh det(A™ + B™) v6i A, B 1a hai ma tran:

200 2 10
A=1{1 1 0{;B=1(01 0
00 2 00 2
1 00 100
Dap an. Tac6 A=D+Ev6iE=1|0 1 0|;D=1{1 0 0| =D>
00 1 00 1
n n
Dod6 A" =(D+E)"= Y. CD* + E=>CkD+ E
k=1 k=1
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DoB=AT=B"= (A" =Y CDT + E= A"+ B"= Y C¥D+D")+2FE

n n

k=1 k=1
ontl on_ 1
Vay det(A" + B") = |2" -1 2 0 | =2nt2nt2 — (27 —1)?]
0 0 2n+1
d a b c
Cau 6. (HV Quan Y) Tih dinh thic ¢ ¢ G °
c b a d

Dap an. Dé thay dinh thic trén 7 1a mot da thitc bac 4 clia d, ¢6 hé s6 bac
cao nhat 1a 1.

Cong tat ca vao dong 1, ta thay khia +b+c+d=0thi T =0.

Cong dong 2 vao dong 1, dong 4 vao dong 3, ta thay khia+d—b—c =0 thi
T=0

Cong dong 3 vao dong 1, dong 4 vao dong 2, ta thay khi b+d —a —c =0 thi
T=0

Cong dong 4 vao dong 1, dong 3 vao dong 2, ta thay khi c+d —a—b =0 thi
T=0

DodoT=(a+b+c+d)(a+d—b—c)(b+d—a—c)(c+d—a—10)
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Chuong 3

Dé thi Olympic cac nam 2007-2010

3.1 Dé thi Olympic mén Giai tich cAc nam 2007-
2010

3.1.1 Dé thi olympic Toan sinh vién lan thit XV (2007),
Mbén: Giai tich

n—1
Cau 1. Cho day s6 {z,} dugc xac dinh nhu sau zo = 2007, =, = —@ > xg,

) 2007
n > 1. Tinh tong S = > 2"x),.
n=0
Cau 2. Day s6 {u,}>2; xac dinh bdi cong thic u,1 = “%’ch“”, up = a, 6 day

k

a,b,c 1a cac s6 thyc. Biét rang lim w, =a, a#b—c Tim lim > o
n—+00 k—o0 n=1 Un+1 ¢

Cau 3. Gia thiét rang ham s6 f : [0, +00) — R lién tuc, va ton tai a € R sao cho
0< f(o) < aff(t)dt, v6i moi x> 0.
Chitng minh rang f(z) =
Cau 4. Tinh tich phan

2w
I=m (5111(20073; +/1+sin (2007x)) dz.

Cau 5. Tim ham s6 f(z) sao cho v6i moi z # 1 thoa méan diéu kién
f(551) =2f(2) +
Cau 6. Cho ham s f(x) xac dinh va c6 dao ham trén [0, +o00). Biét ring

lim,— o[ f(2) + f'(2)] = A.
Chiing minh xgrfoof(x) =

Cau 7. Cho ham s6 f(z) xac dinh trén R thda man f(0) =0, f/(z) <0, v6i moi
z € R. Chitng minh ring:
1) Néua>0thi [ f(x)de. [ xf?(z)de < [ of(x)dz. [y f2(2)dx
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2) Néua<O0tht [} f(x)de. [ f*(x)dz > [ of(z)dz. [} f*(z)dz.

3.1.2 Dé thi olympic Toan sinh vién lan thi XVI (2008),
Mbén: Giai tich

Cau 1. Cho day s6 {a,} dugc xac dinh nhu sau:

a1 =a3 =1, apyo2= +an, n=1,2,...

An41

Tinh agoog?

Cau 2. Tinh
12008 4 92008 | ... 4 ,,2008

Jim 1,200
Cau 3. Gid st ham s6 f(z) lién tuc trén [0, 7] véi f(0) = f(7) = 0 vA thod man
diéu kién
If'(z)] <1, Vz € (0,n).
Chting minh ring
(i) Jde € (0,7) sao cho f'(c) = tan f(c).

i) |f(2) < g Yz € (0, 7).

Cau 4. Cho ham s6 f(z) lién tuc trén [0, 1] va thod man diéu kién

zf(y) +yf(z) <1, Yo,y e [0,1].

™

1
Chiing minh rang [ f(z)dx < 1
0

Cau 5. Gia st f(x) 1a ham s6 lien tuc trén [0, 1] v6i £(0) = 0, f(1) = 1 va kha vi
trong (0,1). Chitng minh riang v6i moi o € (0,1), ludn ton tai z1,zs € (0,1), sao

cho
Qo 1l—«

+
(@) f(x2)
Cau 6. Cho ham s6 g(z) c¢6 ¢"(x) > 0 v6i moi x € R. Gi& st ham s6 f(r) xac
dinh va lién tuc trén R va thoa man cac dieu kién

=1.

g'(0)*

£0) > 9(0), [ fa)de < gloyr+ £
0

Chitng minh rang ton tai diém c € [0, 7] sao cho f(c) = g(c).
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3.1.3 Dé thi olympic Toan sinh vién lan thi XVI (2009),
Mboén: Giai tich

Bai toan 3.1. Gid st day s6 {x,} dugc xzdc dinh theo cong thiic

rz1=1;, z9=1
zp=(n—1)(xp—1+2p-2), n=3,4,....

Tinh 2009 ?

Bai toan 3.2. Cho ham s6 f : [0,1] — R ¢6 dao ham cap hai lién tuc va f”(z) > 0
tren [0,1]. Chiing minh réng

1 1
2O/f(t 3O/ft2dt

Bai toan 3.3. Tim tat cd cac ham s6 f: R — R thod man cac diéu kién

{f(x) < 4+ 2009z, Vz € R,
fle+y) < flz)+ fly) —4, Vo,y e R.

Bai toan 3.4. Gia stt f(z), g(z) 14 cAc ham s6 lién tuc trén R va thod man diéu
kién
flg(z)) = g(f(x)), Vo eR.

Chting minh rang néu phuong trinh f(z) = g(z) khong c6 nghiém thuec, thi
phuong trinh f(f(x)) = g(g(z)) cling khong c6 nghiém thuc.

Bai toan 3.5. Cho hai day s6 {z,} v& {y,} x4c dinh theo cong thic

Yn
1=y =V3, Tni1=aIn+/1 422, ypp1=—""— n=23,...
n-+ n n n-+ 14 /—1+y%

Chitng minh rang 2.y, € (2,3), n=2,3,... va lim y, = 0.
n—oo

Bai toan 3.6. Thi sinh lam mot trong hai cau sau:

a) Cho P(z) la da thiic bac n véi he s6 thyc. Chitng minh rang phuong trinh
2% = P(x) ¢6 khong qua n + 1 nghiém thuyc.

b) Cho f(z) — x va f(x) — 2 1a nhitng ham s6 don diéu tang tréen R. Chiing

2

minh ring ham s f(z) — ?m ciing 14 ham don diéu ting trén R.
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3.1.4 Dé thi olympic Toan sinh vién lan thi XVIII (2010),
Mboén: Giai tich
Cau 1. Cho ham s6 f(z) = In(z + 1).
a) Chttng minh rang v6i moi z > 0, ton tai duy nhat s6 thuc ¢ théa man dicu
kien f(z) = zf'(c) ma ta ky hieu I c(z).
b) Tim lim @

z—0+ T
Cau 2. Cho day s6 {z,} dugc xac dinh béi:
xr1 = 17 Tnitl = xn(l -+ 1%010),71 > 1.
Tim

2010 2010 22010
lim (1—+2—+-"+ & )
n—0o0 \ I3 3 Tn+1

Cau 3. Cho a € R va ham s6 f(z) kha vi trén [0,00) thdéa man cac diéu kién
f(0) >0 va f'(z) +af(z) >0, VY €[0,00).
Chitng minh rang f(z) >0, Va > 0.

Cau 4. Cho ham f(z) kha vi lien tuc trén [0,1] . Gia st rang

/1f(x)dx:/1xf(ac)dx:1.
0 0

Chitng minh rang ton tai ¢ € (0,1) sao cho f’(c) = 6.
Cau 5. Cho da thitc P(x) bac n véi hé s6 thyc sao cho P(—1) # 0 va
_P(-1)
P(-1)

< g Chitng minh rang P(x) ¢6 it nhat mot nghiém xg v6i |zg| > 1.

Cau 6. Chon mot trong hai cau sau:

6a. Tim tat ci cdc ham s6 duong f(z) kha vi liéen tuc trén [0,1] thda man
cac dieu kien f(1) = ef(0) va
1
f'(@)\?
— <1.
O/ ( f(x)) o=

6b. Tim tat ci cac ham f(z) lién tuc trén R v théa man cic dieu kien

F(1) = 2010, f(z +y) = 2010 f(y) + 2010Y f (x),Vz,y € R.

Ghi_chia: Can bo coi tht khong giai thich gi thém
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3.2 Deé thi Olympic mén Dai sé cac nam 2007-2010

3.2.1 Dé thi olympic Toan sinh vién lan thit XV (2007),
Moén: Dai sb

Cau 1. Cho ma tran

2 -1 0 0 O
0 2 -1 0 O
0o 0 2 -1 0
o 0 0 2 -1
0o 0 0 0 2

Tim tat ci cac ma tran vuong X cap 5 sao cho AX = X A.

Cau 2. Cho A, B € M,(R) théa man
AB+aA+bB =0
trong do6 a,b 1a hai s6 thyc théa man ab # 0. Chiing minh AB = BA.

Cau 3. Tim tat ca cac da thic P(z) véi hé s6 thic théa man

14 P(x) = %[P(:c )4 Pl +1)].

Cau 4. Cho A la ma tran cap n c6 dang A = (a;j)nxn, trong d6 phan tit a;; = i+j,
(t=1,...,n, j=1,...,n). Tim rank A.

Cau 5. Cho A = ((Cl Z) va B 1a cdc ma tran vuong cap 2 kha nghich. Chiing

aA bB
D= (CA dB)

minh ring ma tran

kha nghich.

Cau 6. Cho ma tran vuong A = (a;j)r«, v0i cac phan ti a;; € Z, (3,5 = 1,2,...,7)
va tong cic phan t1t trén mot hang déu bang n (n € Z) tiic la
Z§:1 Ai5 = N, (1 <1< 7“).
Chting minh rang n 1a uéc clia det A.

Cau 7. Cho A la ma tran vuong cap n, c6 da thiic tdi thicu Py(t) =t*, ke N.
Chiing minh rang ton tai ma tran vuong B cap n sao cho ABA = A.
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3.2.2 Dé thi olympic Toan sinh vién lan thi XVI (2008),
Moén: Dai sb

Cau 1. Gia st ag,d 1& cac s6 thuc cho trude va day {a1,as,...,a,} 1ap thanh
cap s6 cong cong sai d. Tinh dinh thic clia ma tran

ao al a9 oo Qp—1 Qp,
al ap al o Qp—9 ap—1
as al ao ... Qp—-3 ap—2
A= : .
ap—-1 0anp-2 Aanpn-3 ... ao ai
an, an—1 Qap—2 ... ai ap

Cau 2. Cho A la ma tran thuyc, vuong cap 2 thod man diéu kién det A < 0.
Chting minh réng ton tai hai sd thiyc phan biét A;, Ao va hai ma tran A;, Ay sao
cho

An:A?A1+AgA2, Vn=12...

Cau 3. Cho A la ma tran thyc cap 3, ¢6 vét (vét 1a tong cac phan tit trén dudng
chéo chinh) 1a 8. Tong cic phan tit trén moi hang ctia A bang 4 va det A = 16.
Xac dinh cac gia tri riéng cua A.

Cau 4. Cho céc s6 thuc a1, as, . .., azos. Chitng minh rang ton tai cac ma tran
thiic, vuong Aq, As, ..., Asgog cap n (n > 1) thod man diéu kien

2008
det Ay, = ay, k=1,...,2008, det (Z Ak> = 2009.
k=1

Cau 5. Cho A la ma tran kha nghich, vuong cap n, ma tran A4, A~! c6 céc
phan ti 14 cic s6 nguyén. Chitng minh rang néu A c6 n gia tri rieng déu 1 cac
s6 thuc thi |det(A + A~H)| > 2",

Cau 6. Ton tai hay khong ton tai da thitc P(z) bac 2008 théa man dicu kién
P(k)=2Fv6i k=1,2,...,2008.

3.2.3 Dé thi olympic Toan sinh vién lan thi XVII (2009),
Mboén: Dai sb

Cau 1. Cho z,y, z 1a cac s6 thuc théa man céc ding thitc sau

rT+y+z =0
2?4y 2 =2
Byt 42 =0
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Chiing t6 rang v6i moi s6 tut nhién n ta luon c6 z?* 1 4 ¢2ntl 4 20+l — .
Cau 2. Ton tai hay khong mot ma tran thuc A vuong cap 2 sao cho

42010 _ —2008 2010 1\,
0 —2009 ) -

Cau 3. Cho A, B,C 1a cac ma tran vuong cap n sao cho C giao hoan véi A va
B, C? = F (ma tran don vi) vi AB = 2(A + B)C.

a) Chiing minh rdng AB = BA.
b) Néu c6 them diéu kien A+B+C = 0, hay chiing t6 rank(A—C)+rank(B—C) = n.

Cau 4. Tinh A% trong d6

0 0 00 -1
0 =75 3 0
A=1|10 =5 4 2 0
0 -9 6 4 0
1 0 00 O

Cau 5. Tim tat cd cac ma tran vuong A cap n (n > 2) sao cho véi moi ma tran
vuong B cap n, ta déu c¢6 det(A + B) = det A + det B.

Cau 6. Thi sinh chon mot trong hai cau sau:
a) Giai hé phuong trinh:

4

2017 + x0 — 3 + 224 + x5 — x6 = 1
—x1 + 229 + 223 + w4 + x5 — 26 = 1
r1 — 239 + 223 + x4 + x5 — x5 = 1
—2r1 — x2 — x3 + 2x4 + x5 — w6 = 1
201 + xo 4+ 13 — T4 — Ty + 22 = 1
—x1 + 220 + 3 — x4 + 225 + x5 = 1

\

b) Ung véi méi da thic P(z) véi he sd thuc va ¢6 nhiéu hon mot nghiem
thue, goi d(P) 1a khodng cach nhé nhat gitta hai nghiém thyc bat k¥ ctia né. Gia
st cac da thitc véi he s6 thue P(z) va P(z) + P'(x) déu c¢6 bac k (k> 1) va c6 k
nghiém thyc phan biét. Chiing minh ring d(P + P') > d(P).

3.2.4 Dé thi olympic Toan sinh vién lan thit XVIII (2010),
Moén: Pai sb

Cau 1. Cho A, B 1a cac ma tran vuong cap 2010 v6i hé s6 thire sao cho
det A = det(A+ B) = det(A+2B) = --- = det(A + 2010B) = 0.

(i) Chitng minh rang det(zA + yB) = 0 v6i moi x,y € R,
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(ii) Tim vi du chiing t6 két luan trén khong con ding néu chi c6
det A = det(A+ B) = det(A+2B) = - -+ = det(A + 2009B) = 0.
Cau 2. Cho {u,}, {v,}, {w,} 1a cac day s6 dugc xac dinh béi: ug = vg = wg = 1
va Vn € N,

Uptl = —Up — Uy + dwpy,
Upt1l = —2uUp — 8uy, + 6wy,
Wpy1 = —4uy, — 160, + 12w,,.

Chtng minh rang v, — 2 1a s6 nguyén chia hét cho 2.
Cau 3.

(i) Chiing minh réng ting véi moi sé n nguyen duong, biéu thitc 2" 4 y" + 2"
c6 thé bicu dién dudi dang da thiic P,(s,p,q) bac khong qua n clia cac bién
S=rx+y+z, p=2xy+yz+zxr, ¢q=Y=z.

(ii) Hay tim tong cac hé s ctia da thiic Pagyo(s, p, q).

Cau 4. Xac dinh cic da thitc thyc P(z) thoa man diéu kien
P(z)P(z?) = P(z?® + 2z), Yz € R.

Cau 5. Chon mot trong hai cau sau:

5a. Cho A la ma tran thuc, vuong cap n > 2, c6 tong cac phan tit trén duong
chéo bang 10 va rank A = 1. Tim da thtc dic trung va da thitc toi tidu clia A
(tiic da thitc p(t) # 0 bac nhé nhat véi he s6 clia iy thita bac cao nhat bang 1,
sao cho p(A) =0).

5b. Cho A, B,C la cac ma tran thuyc, vuong cap n, trong d6 A kha nghich
va dong thoi giao hoan véi B va C. Gia sit C(A + B) = B. Ching minh rang B
va C giao hoan vé6i nhau.

Ghi_chia: Can bo coi tht khong giai thich gi thém
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Chuong 4

Pap an olympic Toan sinh vién lan
thit XVIII (2010)

4.1 Mon: Giai tich

g Cau 1. Cho ham s6 f(z) = In(z + 1).

a) Chitng minh rang v6i moi z > 0, ton tai duy nhat s6 thuyc ¢ thoa man diéu
kién f(z) = zf'(c) ma ta ky hiéu la ¢(z).

b) Tim lim @

z—0+ T

Giai.

a) Yéu cau bai toan tuong duong véi viec chiing minh phuong trinh

In(z+1) 1

T c+1

c6 nghiem duy nhat ¢ véi moi z > 0. Ta c6 thé giai truc tiép dugc
T
-
¢ In(x + 1)

b) Ta c6 thé tinh gi6i han
- 1
lim olz) _ lim In(z +1) — m BT In(1+ 2)
x—0+ T z—0+ x x—0+ T 111(1 + SL’)
bang cach st dung cong thic Taylor: In(1 + z) = 2 — 22/2 + o(2?) hodc dung quy
tac L'Hopitale:

x—In(1+x) . rx—In(l+x) . x
im —————— = lim ———— lim ———
a—0+ xIn(1+ x) z—0+ x2 —0+ In(1 + )
1
o 1 1
= lim 1+z 15 = —.
r—0+ 2x z—0+ 1 2

Cau 2. Cho day {z,} dugc xac dinh bdi:

r1 =1, Tp+1 :xn(l—i—a:%mo), n=12 ...
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Tim
20102010 42010

hm(l T T )
n—oo \ Tg T3 Tptl

Giai. V6i moi k> 1, ta co

2010 2011
Ty T :xk+1—l‘k:i_ 1
Th+1 TpTp41 TpT41 T Tpy1
Suy ra
x%mo x%mo x%mo 1 1
x2 z3 Tn+1 1  Tg+41

R6 rang {z,} 14 day tdng. Nhan xét rang lim x, = 4oo. Suy ra giéi han can
n—oo

tinh béang 1.

Cau 3. Cho a € R va ham s6 f(z) kha vi trén [0,00) théa man cic diéu kién

f(0) >0 va
f(z) +af(z) > 0,Vz €[0,00).

Chiing minh ring
f(z) > 0,¥z > 0.

Giai. T gia thiét ta c6

e [f'(z) + af(x)] 2 0,¥z € [0,00),

hay
[ f(2)]" > 0,V € [0, 00),
suy ra
e f(z) = f(0) = 0,V € [0, 00),
tic

f(z) >0,V € ]0,00).
Cau 4. Cho ham f(x) kha vi lién tuc trén [0,1] . Gia sit rang

/lf(ﬂf)dl' = /le(x)dx =1
0

0
Chting minh rang ton tai diém c € (0,1) sao cho f'(c) = 6.

Giai. Nhan xét rang ham s6 g(r) = 6z — 2 thda man cac diéu kién

jg(a:)dx - /lxg(:p)dx =1,
0 0
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suy ra

1
/ () — g(x))dz = 0.
0

1
Ham h(x) = f(z)—g(x) lién tuc trén [0, 1] va c¢6 tich phan [ h(x)dz = 0, nén khong
0
thé xay ra trudng hop h(z) > 0 ,Vx € (0,1) hoidic trudng hop h(x) < 0, Va € (0, 1).
Nhu thé phuong trinh hA(z) = 0 phai c6 it nhat mot nghiém trong (0, 1).
Gia st rang h(x) = 0 chi c6 mot nghiém = = a € (0,1). X4y ra hai kha nang
sau:

+) Néu h(x) <0,Vx € (0,a), thi h(z) > 0,Vz € (a,1). Khi d6

1
/asf(x)dx —1= xh(zr)dx
0

o _

1
xf(x)dx—/:vg(:v)d:n
0

/xh dx—l—/xh(x)dx >
:a[/h(x)der/h(x)dx] - a/lh(q:)dq::O.
0

Suy ra / r)dz > 1, mau thudn véi gid thiét clia dé bai!
0

=,
=
=
|
=
S
—
ISH
&
Il
o _

1
ah(x)dx—l—/ah(x)dx

1

+) Néu h(z) >0,z € (0,a), thi h(x) <0,z € (a,1). Khi d6

xf(z)dr —

1
/xf(x)dx —-1= zg(z)dz
0

= [ zh(x)dz + [ zh(z)dr <

O O —_

/
/

1
Suy ra /xf(x)da; < 1, mau thuan véi gia thiét ctia dé bai!
0
Vay h(z) = 0 phéi c¢6 it nhat hai nghiem trong (0,1).
Gia st hai nghiem do6 la a,b € (0,1) va a < b.
Ta c6 h(a) = h(b) =0, nén f(b) — f(a) = g(b) — g(a).
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Theo dinh 1y Lagrange ton tai ¢ € (a,b) C (0,1), sao cho

Pl = 1010 ) —s(0) _

P(-1)
PD) =~

Cau 5. Cho da thiic P(x) bac n véi he s6 s6 thic sao cho P(—1) # 0 va —
g. Chtng minh rang P(z) c6 it nhat mot nghiem xq véi |zo| > 1.

Giai. Gia st x1,29,..., 7, 1& cAc nghiém ciia P(x) trong C, khi d6 ton tai A € R
sao cho

P(z) = XA ][] (x — z;). Khi d6 ta c6 cong thic
i=1

i=1 1=1
Do do
n_i_P’(—l)_i(l 1 )_1%:@—1
2 P(—1)_Z:1 2 x+1/) 2 zi+1
Ta c6
ri—1 (r;—1)(T+1)
x; + 1 lz; + 112 7
suy ra
r; — 1 |$i|2—1
Re< . ) , Vi=1,2,...,n
z;+ 1 |£L‘i—|—1|2
P'(—1)
Vi - R né
1 +P(—1)€ nen
n  Pl(=1) 1 |z2-1
n PN 1P -1
2 " P(=1) 24~ |z +1]

Do d6 ton tai it nhat mot nghiem xq c6 |zq| > 1.

Cau 6a. Tim tat ca cac ham s6 duong f(z) kha vi lién tuc trén [0,1] sao cho

f(1) = e.f(0) va

Giai. Ta co
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(J}/g))yczx—zlnf(x) ;+1

(f/(x))2dx—21n%+l

Tu do, ta co

f(@)\?
f(a:)) dax > 1.

/

Mt khac, theo gid thiét thi

@)\’
f(a:)) st

1
I
1
f'(@) )2
—1) dx=0.
/ (f(x) ’
0
Do f 1a ham kha vi lién tuc trén [0, 1], ta dugc
f'(@)
/()
hay f(z) = f'(z),Vx € [0,1], do d6 f(z) = c.e*,c > 0. Thit lai, ta thay ham nay
thoa man.

=1,Vz €0, 1]

Cau 6b. Ta co f(x+y) =2010"f(y) + 2010Y f(x), Vx,y € R, hay
2010~ @) £z + ) = 20107V f(y) + 2010~ f (z), Va,y € R.
Dat 20107 f(z) = g(x). Ta c6
gz +y) = g(x) +g(y), Vr,y eR.
Day chinh 13 phuong trinh ham Cauchy quen biét, c6 nghiém 13 g(z) = az. Suy

ra f(z) = ax2010%. T diéu kién f(1) = 2010 da cho suy ra a = 1 v f(x) = 2010%z.

Tht lai, ta thay théa man diéu kien bai toan.
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4.2 Mbén : Pai sb

Cau 1. Cho A, B la cac ma tran vuong cap 2010 v6i hé s6 thuc sao cho det A =
det(A+ B) = det(A+2B) =--- = det(A +2010B) = 0.

(i) Chiing minh rang det(xA + yB) = 0 v6i moi x,y € R,

(ii) Tim vi du ching t6 két luan trén khong con dung néu chi c6 det A =

det(A+ B) = det(A+2B) = --- = det(A +2009B) = 0.
Giai.

(i) Nhan xét rang dinh thtc p(t) = det(A + tB) la mot da thitc bac 2010 cia
t. Vi p(0) =--- =p(2010) = 0 nén ta co p(t) = 0. Dinh thiic ¢(t) = det(tA + B) la

mot da thiic bac 2010 ctia t. Cha y rang q(t) = t*219%(+~1) khi ¢ # 0. Do do ta
cling ¢ ¢(t) = 0 v6i moi ¢.

(ii) C6 thé lay vi du A = diag(0,1,2,...,2009) va B = —1.

Cau 2. Cho {u,}, {v.}, {w,} 1a céc day s6 duge xac dinh béi: ug = vy = wo = 1
va Vn € N,

Uptl = —Up — TUp + Dy,
Unt+1 = —2Up — 8uy, + 6wy,

Chting minh rang v, — 2 14 s6 nguyén chia hét cho 2",

-1 -7 5 Unp,

Giai. Kyhiecu A=(-2 -8 6 |vavéineN, X, =[(v,]. Taco Vn e
4 —16 12 Wy,

N, X, 11 = AX,,. Vay nén Vn € N*, X,, = A"X,. Da thiic dac trung cta A la

Py(z) = —z(x — 1)(z — 2).

Do do6 A c6 3 gia tri riéng phan biét A\; =0, Ao =1, A3 =2 va A chéo hoa dugc.

) 1 31 0 2 -1 000
Tudé, néukihicu P=(2 2 1|thiP!=|1 1 —-1|.DatB={0 1 0
34 2 -2 -5 4 00 2
thi A= PBP~!. Tu day suy ra Vn € N*, X,, = A"Xy = PB"P~1X,.
Do d6 v, = —3 2™ + 2.
Cau 3.

(i) Chiing minh ring tng v6i méi sé n nguyén duong, biéu thitc 2" +y" + 2" ¢
thé biéu dién dudi dang da thiic P, (s, p, q) bac khong quan clia s = z+y+2, p =
Yy +yz +zx, ¢ = TYZ.

(ii) Hay tim tong cic hé s ctia da thiic Pagio(s, p, q).
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Giai.
(i) Bang qui nap theo n.

(ii) Gia st 22010 4 2010 4 »2010 — P(5 p ¢). Ta can tim tong cac hé s clia
P(s,p,q) ttc 1a can tim P(1,1,1). Tt Dinh 1i Vi-et, z,y, > phai 1a nghiém cta
phuong trinh t3 — 2 +¢t — 1 = 0. T d6 chi viec chon z = 1,y =i v& 2 = —i, ta
duge P(1,1,1) = —1.

Cau 4. Xac dinh cic da thitc thyc P(z) thoa man diéu kién

P(z)P(2?) = P(2® + 22), Vz € R.

Giai. Ta nhan thiy da thitc hing P(z) = 0 va P(z) = 1 théa mén bai toan. Bay
gid ta ching minh rang cidc da thiic bac duong khong thoa man. Chu ¥ rang
déng thitc trong bai ciing ding véi cac gia tri phic. Gid st z¢ 13 mot nghiem
(thyc hodc phiic) ciia P(z). Néu 2o = 0 thi P(z) = 2°Q(z), trong d6 s > 1, Q()
la da thic véi Q(0) # 0.

Thé vao diéu kién da cho, ta thu duge

2#Q(x)Q(z%) = (22 + 2)°Q(2® + 2z), Yz € R.

Diéu nay mau thuan véi gia thiét Q(0) # 0.

Vay nén zg # 0. Ta c6 thé gid thiét modun |zo| c6 gia tri 16n nhat trong
cac nghiem ctia P(z). Khi d6 z3 + 2z va (/20)® + 2,/7¢ ciing la nghiem. Do d6
o+ 2a0] < [oo] ¥A |(yT5)® + 2y/T0] < Jool.

Dat 29 = a + bi. Dieu kién |23 + 2x9| < |z¢| tuong duong véi

(a* — b%)* + 4a®0* + 4(a* - b*) +3 < 0.
Tt d6 4b% > 3 + 4a® va thay vao tiép, ta lai c6
4b% > 4a®0* + 4a®> +3 > a* - 3+ 4a® + 3 = 7a® + 3. ()
Dieu kien |(y/z0)? + 2/To| < |zo| tuong duong véi [(a + 2)* + %) < a? + b* hay
(a® + b*)(a® + 0> 4+ 8a + 7) + (4a + 4)* < 0. ()

Theo (x) ta co:
2
a? 4+ % +8a+ 7> 1(1la® 4 32a + 31) = i[(3a+%) +2a2+%3] > 0,
mau thuan véi (sx).
Cau 5. Chon mot trong hai cau sau:
5a. Cho A la ma tran thuc, vuong cap n > 2, c6 tong cac phan tii trén dudong

chéo bang 10 va rank A = 1. Tim da thic dic trung va da thitc toi ticu clia A
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(tttc da thiic p(t) # 0 bac nhé nhat véi he s6 clia liy thita bac cao nhat bang 1,
sao cho p(A) =0).

5b. Cho A, B,C 1a cdc ma tran thyc, vuong cap n, trong dé6 A kha nghich
va dong thoi giao hoan véi B va C. Gia sit C(A + B) = B. Chting minh rang B
va C giao hoan v6i nhau.
Giai.
Cau ba.

Cach 1: Tinh tryc tiép

Vi rank(A) = 1 nén ton tai vécto khac 0 sao cho cac vécto dong con lai déu
biéu dién duge tuyén tinh qua né. Do d6 ma tran A c6 dang sau

)\1%1 )\13}2 Ce Alxn
)\Q.Tl )\2332 e Agxn
| ATt ATz oo Anmn |
trong do i i i i
A1 x1
A9 x2
U:= )\Z # 0, V= % # 0.
M | o
Khi d6 A =UV? va
_ /\1 .
A2
VtU:[:L‘l xro ... Ty ... :L‘n] /\z
|\

=Nz + ...+ Nz + ...+ A\, = trace (A).

a) Ta c6
A% = (UVHUVY = UVIU)VE = Ultrace(A)) V!

= trace(A)UV" = trace(A)A = 104
Vay da thiic téi ticu 1a P(t) = t> — 10t.
b) Ta tinh dinh thic D, (t) = det(A + t1,):
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A1z +t A1 o A Tn
Aox1 Aoxo +1 ... AoXy,
Dn - )\ixl )\Z‘LL’Q R )\Z'Jln
A1 An L9 cen ApZp +t
Mz +t A1 D F Mz +t 122 R N
Ao Xoxo+1t ... Xz Ao Xoxo+t ... Aoxp,
- )\ifL’l )\Z'I'Q c. )\Z:En T )\Z’Z[Zl )\11‘2 c. )\zxn
ATl AnT2 cov Annp 0 0 - t
Az +t A129 N ¥
Aox1 Xoxo+1 ... Ao
= AnTn Aty A2 Y +tDn
1 i) c 1
t 0 0
0 t 0
|Gy D = e 4D
r1 x9 ... 1

Ta dé dang ching minh bang quy nap
D, = tn_l(/\nl'n + Ap—1Tp1 + o+ Ao + Dl)

=" trace(A) +t) = "1 (t + 10).
Vay da thitc ddc trung 1a (—1)""1(¢ — 10).

Cach 2: VidimKer A =n—1nén A c6 dung n — 1 véc to riéng ting véi 0. Do
do6 gia tri rieng con lai 1a 1 s6 thyc. Tt d6 A chéo hoa duge va trén duong chéo
chi ¢6 1 phan t1t khac 0 chinh 1a vét = 10. T d6 tinh ra ngay da thic dic trung
va da thic toi tiéu.

Cau 5b. Tu gia thiét suy ra A+ C(A + B) = A+ B hay
A=(I-C)(A+ B). (1)
Do A khé nghich va dong thoi giao hoan véi B va C nén tit (1) suy ra
I=I-C)YA+BA'=(1-0)A"YA+ B),
tic I — C kha nghich va vi vay
I=(A+BA Y I-C)=A"YA+B)(I-0),
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hay
A=(A+B)(I-0C).

T (2) suy ra
A=A+ B—(A+B)C,

h — ~ ~
ay B=(A+ B)C. Vay nén (A+ B)C = C(A+ B) tic BC = CB, dpcm
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