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Chapter 1

Questions

1.1  Olympic 1994

1.1.1 Day 1, 1994

Problem 1. (13 points)

a) Let A be an x n,n > 2, symmetric, invertible matrix with real
positive elements. Show that z, < n? — 2n, where z, is the number of
zero elements in A~L.

b) How many zero elements are there in the inverse of the n x n matrix

Problem 2. (13 points)

Let f € Cl(a,b),xlircgf(x) = oo,zliﬁnbnif(as) = —oc and f'(z)+ f*(x) >
—1 for x € (a,b). Prove that b —a > 7 and give an example where
b—a=m.

Problem 3. (13 points)

Give a set S of 2n — 1,n € N, different irrational numbers. Prove
that there are n different elements xq,zs,..., 2, € S such that for all
non-negative rational numbers aq, as, . .., a, with a; +as+---a, > 0 we
have that ayxy + asxy + - - - + a,x,, is an irrational number.

Problem 4. (18 points)
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Let « € R\{0} and suppose that F’ and G are linear maps (operators)
from R"” satisfying Fo G — G o F = oF.
a) Show that for all ¥ € N one has F* o G — G o F* = akF*.
b) Show that there exists k& > 1 such that F* = 0.
Problem 5. (18 points)
a) Let fe C[O b],g € C(R) and let g be periodic with period b. Prove

that f f(z dx has a limit as n — oo and
b b
tiw [ f@)g(n)de = [ sy /g v)d,
0 0
b) Find
[ sin

lim dz.
n—oo | 14 3cos?nz
0
Problem 6. (25 points)
Let f € C?[0,N] and |f'(x)| < 1, f7(x) > 0 for every x € [0, N]. Let

0<my<my<---<myg <N be integers such that n, = f(m;) are also

integers for 1 = 0,1,...,k. Denote bi = ni - ni-1 and ai = mi - mi-1 for
i=12, ..,k
a) Prove that
b b b
<t 2ot
ai a9 Qg

b) Prove that for every choice of A > 1 there are no more than 1
indices j such that a; > A.

c) Prove that k < 3N?3 (i.e. there are no more than 3N?/® integer
points on the curve y = f(x),z € [0, N]).

1.1.2 Day 2, 1994

Problem 1. (14 points)
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Let f € C'a,b], f(a) = 0 and suppose that A € R, A > 0, is such that

[f'(2)] < Alf(2)]

for all x € [a,b]. Is it true that f(x) =0 for all z € [a, b]?
Problem 2. (14 points)

Let f:R%2 — R be given by f(z,y) = (2 — y2)e =¥,

a) Prove that f attains its minimum and its maximum.

of of

b) Determine all points (z,y) such that a—(a:, y) = a—(a:, y) = 0 and
L Y

determine for which of them f has global or local minimum or maximum.
Problem 3. (14 points)
Let f be a real-valued function with n 4 1 derivatives at each point

of R. Show that for each pair of real numbers a, b, a < b, such that

m<ﬂ®+ﬂwﬂ~~+ﬂ“@):b_a
fla)+ f'(a) + -+ f(a)

there is a number c¢ in the open interval (a,b) for which
Fr(e) = f(o).

Note that In denotes the natural logarithm.
Problem 4. (18 points)

Let A be a n x n diagonal matrix with characteristic polynomial

(x—c)M(z—c)®. .. (x— )™,

where ¢y, ¢o, ..., ¢ are distinct (which means that ¢; appears d; times
on the diagonal, ¢y appears dy times on the diagonal, etc. and dy + do +
o4 dp =n).

Let V be the space of all n x n matrices B such that AB = BA.

PrO\/e that the dimenSion Of L iS
2 2 2

Problem 5. (18 points)
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Let x1,x9,...,x; be vectors of m-dimensional Euclidian space, such
that 1 + 29 + - - - + xp = 0. Show that there exists a permutation 7 of
the integers {1,2,...,k} such that

n k 1/2
I e I (D0 i |2) " for eachn =1,2,... k.
=1 1=1

Note that || . || denotes the Euclidian norm.
Problem 6. (22 points)
Find lim "N NZ_2 ! . Note that in denotes the natural
VB N & Inkin(N — k)
logarithm.

1.2 Olympic 1995

1.2.1 Day 1, 1995

Problem 1. (10 points)

Let X be a nonsingular matrix with columns X;, Xo,...,X,. Let Y
be a matrix with columns Xy, X3,...,X,,0. Show that the matrices
A =YX !and B = XY have rank n — 1 and have only 0’s for
eigenvalues.

Problem 2. (15 points)

Let f be a continuous function on [0, 1] such that for every x € [0, 1]
1 1 — 2 1 1
we have [ f(t)dt > ———. Show that [ f2(t)dt > 5
0

Problem 3. (15 points)
Let f be twice continuously differentiable on (0, 4+00) such that

. / _
and
Show that
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Problem 4. (15 points)
Let F': (1,00) — R be the function defined by

56'2
Tt
| Int’

X

F(x) :

Show that F'is one-to-one (i.e. injective) and find the range (i.e. set of
values) of F.
Problem 5. (20 points)

Let A and B be real n x n matrices. Assume that there exist n + 1

different real numbers t;,ts, ..., t,,1 such that the matrices
Ci=A+tB,1=1,2,....,.n+1,

are nilpotent (i.e. C" = 0).

Show that both A and B are nilpotent.
Problem 6. (25 points)

Let p > 1. Show that there exists a constant K, > 0 such that for
every x,y € R satisfying |z|P + |y’ = 2, we have

(z —y)® < Kp(4 = (z +y)).
1.2.2 Day 2, 1995

Problem 1. (10 points)

Let A be 3 x 3 real matrix such that the vectors Au and u are orthog-
onal for each column vector u € R3. Prove that:

a) AT = — A, where AT denotes the transpose of the matrix A;

b) there exists a vector v € R? such that Au = v x u for every u € R?,
where v x u denotes the vector product in R3.
Problem 2. (15 points)

Let {b,}:2, be a sequence of positive real numbers such that by =

1,b, =2+ b1 —2+/1+ +/b,_1. Calculate
> b2"
n=1
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Problem 3. (15 points)
Let all roots of an n-th degree polynomial P(z) with complex coeffi-
cients lie on the unit circle in the complex plane. Prove that all roots of

the polynomial
22P'(z) — nP(2)

lie on the same circle.
Problem 4. (15 points)
a) Prove that for every e > 0 there is a positive integer n and real

numbers A, ..., A, such that
n
max ‘:U — )\kx%ﬂ) < E.
o= 2

b) Prove that for every odd continuous function f on [—1,1] and for
every € > () there is a positive integer n and real numbers u1, ..., @, such
that

2k+1
max |f(z) — kT ‘ < €.
s 163

Recall that f is odd means that f(z) = —f(—=x) for all z € [—1,1].
Problem 5. (10+15 points)

a) Prove that every function of the form

N
f(x) = % + cosx + Z a, cos(nx)
n=2

with |ag| < 1, has positive as well as negative values in the period [0, 27).
b) Prove that the function

has at least 40 zeros in the interval (0, 1000).
Problem 6. (20 points)
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Suppose that {f,}°°, is a sequence of continuous functions on the
interval [0, 1] such that

1

[t ={g 0

0

and
sup{|fu(x)| :x €[0,1]] and n =1,2,...} < +o0.

Show that there exists no subsequence { f,,, } of { f,,} such that klim fn ()
exists for all = € [0, 1].

1.3 Olympic 1996

1.3.1 Day 1, 1996

Problem 1. (10 points)
Let for j =0,...,n,a; = ap + jd, where ay, d are fixed real numbers.
Put

ap aq a9 cen 7%

ap Qg ai an—1
A= a9 aq ap N 7o)

Qp Ap—1 Ap—2 Qo

Calculate det(A), where det(A) denotes the determinant of A.
Problem 2. (10 points) Evaluate the definite integral

™

sin nx
—dx,
/(1—i—2x)smx

—T

where n is a natural number.
Problem 3. (15 points)

The linear operator A on the vector space V is called an involution if
A? = E where E is the identity operator on V. Let dimV = n < oo.

(i) Prove that for every involution A on V' there exists a basis of V/

consisting of eigenvectors of A.
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(i) Find the maximal number of distinct pairwise commuting involu-
tions on V.
Problem 4. (15 points)

n—1
1
Let a1 =1, a, = — Zakan_k for n > 2. Show that
Cy
(i) lim sup|a, |'/" < 271/2;

n—oo 2

(i) lim sup|a,|"/™ > 3

Problem 5. (25 points)
i) Let a,b be real number such that b < 0 and 1 + ax + bx® > 0 for

every « in [0, 1]. Prove that

1 1 .
lim n/(1+ax+bx2)dx: T a ifa <0
e , +oo ifa > 0.

ii) Let f : [0,1] — [0,00) be a function with a continuous second

derivative and let f”(z) < 0 for every z in [0,1]. Suppose that L =

1
lim n [(f(z))"dz exists and 0 < L < +oo. Prove that f" has a constant
0

sign and mingep 1 | f'(z)] = L.
Problem 6. (25 points)
Upper content of a subset E of the plane R is defined as

C(B) = inf { > diam (E;) |
i=1
where inf is taken over all finite of sets Ey,...,E,, n € N in R? such

that £ C GlEZ Lower content of E is defined as
1=

K(E) = sup{length(L) : L is a closed line segment

onto which F can be contracted}

Show that
(a) C(L) =lenght (L) if L is a closed line segment;
(b) C(E) = K(E);
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(¢) the equality in (b) needs not hold even if E is compact.

Hint. If £ = TUT' where T is the triangle with vertices (-2, 2), (2, 2)
and (0,4), and T" is its reflexion about the x-axis, then C(E) = 8 >
K(E).

Remarks: All distances used in this problem are Euclidian. Di-
ameter of a set £ is diam (F) = sup{dist (z,y) : =,y € E}. Con-
traction of a set F to a set F' is a mapping f : F — F such that
dist (f(z), f(y)) < dist (x,y) for all x,y € E. A set E can be contracted
onto a set F'if there is a contraction f of E/ to F' which is onto, i.e., such
that f(F) = F. Triangle is defined as the union of the three segments

joining its vertices, i.e., it does not contain the interior.

1.3.2 Day 2, 1996

Problem 1. (10 points)
Prove that if f : [0,1] — [0,1] is a continuous function, then the
sequence of iterates x,; = f(x,) converges if and only if

lim (2,41 — x,,) = 0.

Problem 2. (10 points)
t o ot
Let 6 be a positive real number and let cosht = ¢ +26 denote the
hyperbolic cosine. Show that if & € N and both coshkf and cosh(k+1)6
are rational, then so is cosh#.
Problem 3. (15 points)

Let G be the subgroup of GLy(R), generated by A and B, where
2 0 11
A=lo 1) B=1[o 1]

Let H consist of those matrices <g; Z;Z) in G for which aj; = a9 = 1.
(a) Show that H is an abelian subgroup of G.
(b) Show that H is not finitely generated.

Remarks. GLy(R) denotes, as usual, the group (under matrix mul-

tiplication) of all 2 x 2 invertible matrices with real entries (elements).
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Abelian means commutative. A group is finitely generated if there are a
finite number of elements of the group such that every other element of
the group can be obtained from these elements using the group opera-
tion.

Problem 4. (20 points)

Let B be a bounded closed convex symmetric (with respect to the
origin) set in R? with boundary the curve I'. Let B have the property
that the ellipse of maximal area contained in B is the disc D of radius 1
centered at the origin with boundary the circle C'. Prove that ANT # ()
for any arcA of C' of length [(A) > g
Problem 5. (20 points)

(i) Prove that

i nx 1

im —_ =

= 2 2

n—-+00 — (n + LL‘) 2

(ii) Prove that there is a positive constant ¢ such that for every x €

[1,00) we have
DL
~(n+x)? 217 x
Problem 6. (Carleman’s inequality) (25 points)

(i) Prove that for every sequence {a,}>?, such that a, > 0,n =

O
1,2,...and > a, < oo, we have
n=1
O 0
1
E (araz...an)" <e E a,,

where e is the natural log base.

(ii) Prove that for every € > 0 there exists a sequence {a,}>2,; such

(0.0}
that a, >0,n=1,2,...,> a, < oo and

n=1

o0

Z(alag ap)h > (e —¢) Z Ay,
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1.4 Olympic 1997

1.4.1 Day 1, 1997

Problem 1.
Let {e,}22; be a sequence of positive real numbers, such that lim e, =
0. Find .
1 k
Jim 3 2in ()
where [n denotes the natural logarithm.
Problem 2.
o
Suppose Y a, converges. Do the following sums have to converge as
n=1
well?

a) a1 +as+as+ag+as+ar+as+as+ag+as+---+ag+ag+---

b) a1 +az + a3 + ag + as + ar + ag + ag + ag + a1y + a1z + ays + ap +
a12 + a4 + Q16 + ar7 + a9 + - -

Justify your answers.

Problem 3.

Let A and B be real n x n matrices such that A2 + B? = AB. Prove
that if BA — AB is an invertible matrix then n is divisible by 3.
Problem 4.

Let o be a real number, 1 < a < 2.

a) Show that a has a unique representation as an infinite product

a:<1+nil)(1+ni2>...

b) Show that « is rational if and only if its infinite product has the
following property:

For some m and all £k > m,
)

Problem 5. For a natural n consider the hyperplane

Rg: {a’,‘: ($1,I’2,...,I’n) cR": ZI‘Z:O}
=1
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and the lattice Z' = {y € R : all y; are integers}. Define the (quasi-
n 1/p

Jnorm in R, by || « ||,= <z|xi|p) if0 < p < oo, and || @ [le=
i=1

max|z;|.
7
a) Let x € Ry be such that

maxz; — minz; < 1.
2 2
For every p € [1,00] and for every y € Z prove that
[z lp<llz+ylp-

b) For every p € (0,1), show that there is an n and an € R} with

maxz; —minz; < 1 and an y € Z) such that
(3 (3
[z >z +y -

Problem 6. Suppose that F'is a family of finite subsets of N and for
any two sets A, B € F we have AN B # ().

a) Is it true that there is a finite subset Y of N such that for any
A,B € F wehave ANBNY # ()7

b) Is the statement a) true if we suppose in addition that all of the
members of F' have the same size?

Justify your answers.

1.4.2 Day 2, 1997

Problem 1.
Let f be a C3(R) non-negative function, f(0) = f'(0) = 0,0 < f"(0).

Let
_ (V@)Y
9@ = (57 )
for x # 0 and ¢g(0) = 0. Show that ¢ is bounded in some neighbourhood
of 0. Does the theorem hold for f € C*(R)?

Problem 2.
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Let M be an invertible matrix of dimension 2n x 2n, represented in

block form as

M:[é g] and M‘lz[g fl}

Show that detM.det H = detA.

Problem 3. . l
o0 _1 n— 1
Show that > (=" sin(logn) converges if and only if a > 0.
n=1 n
Problem 4.

a) Let the mapping f : M, — R from the space M, = R" of n x n

matrices with real entries to reals be linear, i.e.:

f(A+ B) = f(A) + f(B), f(cA) = cf(A) (1)
for any A,B € M,,c € R. Prove that there exists a unique matrix
C € M, such that f(A) = tr(AC) for any A € M,,. (If A = {a;;}};
then tr(A) = i aii).

b) Supposeﬁrll addition to (1) that

F(AB) = f(B.A) )
for any A, B € M,. Prove that there exists A € R such that f(A) =
Atr(A).

Problem 5.

Let X be an arbitrary set, let f be an one-to-one function mapping
X onto itself. Prove that there exist mappings g1, g» : X — X such that
f=0g109 and g1 0 g1 = id = go 0 go, where id denotes the identity
mapping on X.

Problem 6.

Let f:[0,1] — R be a continuous function. Say that f ”crosses the
axis” at x if f(x) = 0 but in any neighbourhood of z there are y, z with
fly) <0and f(z) > 0.

a) Give an example of a continuous function that ”crosses the axis”

infiniteley often.
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b) Can a continuous function ”cross the axis” uncountably often?

Justify your answer.

1.5 Olympic 1998

1.5.1 Day 1, 1998

Problem 1. (20 points)

Let V be a 10-dimensional real vector space and U; and U, two linear
subspaces such that U; C U, dimgpU; = 3 and dimrUs; = 6. Let € be
the set of all linear maps 7' : V' — V which have U; and U, as invariant
subspaces (i.e., T'(U;) C Uy and T'(Uy) C Us). Calculate the dimension
of € as a real vector space.

Problem 2. Prove that the following proposition holds for n = 3 (5
points) and n = 5 (7 points), and does not hold for n = 4 (8 points).

"For any permutation my of {1,2,...,n} different from the identity
there is a permutation my such that any permutation 7 can be obtained
from 7 and 7y using only compositions (for example, m = 7 0 m 0 My ©
m1).”

Problem 3. Let f(z) = 22(1 — x),x € R. Define

a) (10 points) Find lim,— | fu(x)dx
0

1
b) (10 points) Compute [ f,(z)dzx for n =1,2,....
0

Problem 4. (20 points)

The function f : R — R is twice differentiable and satisfies f(0) =
2,f'(0) = —2 and f(1) = 1. Prove that there exists a real number
¢ € (0,1) for which

F&)-1'(€) + f(€) =0.

Problem 5. Let P be an algebraic polynomial of degree n having only

real zeros and real coefficients.
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a) (15 points) Prove that for every real x the following inequality
holds:
(n —1)(P'(x))* > nP(x)P"(x). (2)

b) (5 points) Examine the cases of equality.
Problem 6. Let f : [0,1] — R be a continuous function with the
property that for any x and y in the interval,

zf(y) +yflx) < 1.

a) (15 points) Show that

j fl)de < 7.
0

b) (5 points) Find a function, satisfying the condition, for which there

is equality.
1.5.2 Day 2, 1998

Problem 1. (20 points)

Let V' be a real vector space, and let f, fi,..., fi be linear maps from
V to R Suppose that f(z) = 0 whenever fi(x) = fo(x) =+ = fi(z) =
0. Prove that f is a linear combination of fi, fo,..., f&.

Problem 2. (20 points) Let

3

P={f:f(z) =) ara®, ar eR[f(£1)| <1, \f(i%)\ <1}

k=0
Evaluate

1
Sup_max, /7 ()]

and find all polynomials f € P for which the above "sup” is attained.

Problem 3. (20 points) Let 0 < ¢ < 1 and

f for z € [0, ],

f(z) = f—l‘
1—c

for z € [c, 1].
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We say that p is an n-periodic point if

SUC-f(p)) =p

n

and n is the smallest number with this property. Prove that for every
n > 1 the set of n-periodic points is non-empty and finite.

Problem 4. (20 points) Let A, = {1,2,...,n}, where n > 3. Let F
be the family of all non-constant functions f : A, — A, satisfying the
following conditions:

(1) f(k) < f(k+1)fork=1,2,...,n—1,

(2) f(k) = f(f(k+1)) for k=1,2,...,n — 1. Find the number of
functions in F.

Problem 5. (20 points)

Suppose that S is a family of spheres (i.e., surfaces of balls of positive
radius) in R?,n > 2, such that the intersection of any two contains at
most one point. Prove that the set M of those points that belong to at
least two different spheres from S is countable.

Problem 6. (20 points) Let f : (0,1) — [0,00) be a function that is

zero except at the distinct points aq, ag, . ... Let b, = f(a,).
o0
(a) Prove that if > b, < oo, then f is differentiable at at least one
n=1

point z € (0,1).
(b) Prove that for any sequence of non-negative real numbers (b,,)>

e}
with > b, = oo, there exists a sequence (a,)>2; such that the function
=1

f deﬁnrzed as above is nowhere differentiable.

1.6 Olympic 1999

1.6.1 Day 1, 1999

Problem 1.
a) Show that for any m € N there exists a real m x m matrix A such
that A*> = A + I, where I is the m x m identity matrix. (6 points)
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b) Show that detA > 0 for every real m x m matrix satisfying A® =
A+ 1. (14 points)
Problem 2. Does there exist a bijective map 7 : N — N such that

i m(n) < o0?

n2

n=1
(20 points)
Problem 3. Suppose that a function f : R — R satisfies the inequality

>3+ ky) - flo— ky)| <1 (1)

for every positive integer n and for all z,y € R. Prove that f is a
constant function. (20 points)

Problem 4. Find all strictly monotonic functions f : (0,+00) —
(0, +00) such that f<f:i3)) = z. (20 points)

Problem 5.

Suppose that 2n points of an n x n grid are marked. Show that for

some k > [ one can select 2k distinct marked points, say aq, ..., as;, such

that a; and as are in the same row, as and a3 are in the same column,
., Qo_; and a9 are in the same row, and as; and a; are in the same

column. (20 points)

Problem 6.

a) For each 1 < p < oo find a constant ¢, < oo for which the following
statement holds: If f : [-1,1] — R is a continuously differentiable
function satisfying f(1) > f(—1) and |f'(y)| < 1 for all y € [—1,1],
then there is an x € [—1,1] such that f'(z) > 0 and |f(y) — f(x)]| <
cp(f'(z))Y?|ly — x| for all y € [~1,1]. (10 points)

b) Does such a constant also exist for p = 17 (10 points)

1.6.2 Day 2, 1999

Problem 1. Suppose that in a not necessarily commutative ring R the

square of any element is 0. Prove that abc + abc = 0 for any three
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elements a, b, c. (20 points)

Problem 2. We throw a dice (which selects one of the numbers 1,2, ..., 6
with equal probability) n times. What is the probability that the sum
of the values is divisible by 57 (20 points)

Problem 3.

Assume that xy, .. > —1 and Z x3 = 0. Prove that Z T g
(20 points) "
Problem 4. Prove that there exists no function f : (0, +o0c) — (0, +00)
such that f%(x) > f(x 4+ y)(f(z) + y) for any z,y > 0. (20 points)
Problem 5. Let S be the set of all words consisting of the letters x, v, z,
and consider an equivalence relation ~ on S satisfying the following
conditions: for arbitrary words u,v,w € S

(i) uu ~ u;

(ii) if v ~ w, then wv ~ ww and vu ~ wu.

Show that every word in S is equivalent to a word of length at most
8. (20 points)

Problem 6. Let A be a subset of Z,, = EZ containing at most —Inn

100
elements. Define the rth Fourier coefficient of A for r € Z,, by

f(r) = Z exp(?sr) :

s€eA

|A]

Prove that there exists an r # 0, such that |f(r)| > DR (20 points)

1.7  Olympic 2000

1.7.1 Day 1, 2000

Problem 1.
Is it true that if f:[0,1] — [0, 1] is
a) monotone increasing

b) monotone decreasing then there exists an = € [0,1] for which

f(x) =a?
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Problem 2.

Let p(x) = 2° + 2 and ¢(z) = 2° +22. Find all pairs (w, z) of complex
numbers with w # z for which p(w) = p(z) and ¢(w) = q(z).
Problem 3.

A and B are square complex matrices of the same size and
rank(AB — BA) = 1.

Show that (AB — BA)? = 0.
Problem 4.
a) Show that if (z;) is a decreasing sequence of positive numbers then

n

()" <5 %

i=1
b) Show that there is a constant C' so that if (z;) is a decreasing

sequence of positive numbers then

- () <oy

Problem 5.

Let R be a ring of characteristic zero (not necessarily commutative).
Let e, f and g be idempotent elements of R satisfying e + f + g = 0.
Show that e = f = g = 0.

(R is of characteristic zero means that, if a € R and n is a positive
integer, then na # 0 unless a = 0. An idempotent x is an element
satisfying z = 22.)

Problem 6.

Let f: R — (0,00 be an increasing differentiable function for which

lim f(x) = co and f’ is bounded.

T—00

Let F'(x) = [ f. Define the sequence (a,) inductively by
0

1
flan)’

a) =1, a1 = a, +
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and the sequence (b,) simply by b, = F~1(n). Prove that lim (a,—b,) =

n—oo
0.

1.7.2 Day 2, 2000

Problem 1.

a) Show that the unit square can be partitioned into n smaller squares
if n is large enough.

b) Let d > 2. Show that there is a constant N (d) such that, whenever
n > N(d), a d-dimensional unit cube can be partitioned into n smaller
cubes.
Problem 2. Let f be continuous and nowhere monotone on [0, 1]. Show
that the set of points on which f attains local minima is dense in [0, 1].

(A function is nowhere monotone if there exists no interval where the
function is monotone. A set is dense if each non-empty open interval
contains at least one element of the set.)
Problem 3. Let p(z) be a polynomial of degree n with complex coeffi-
cients. Prove that there exist at least n+ 1 complex numbers z for which
p(z) is 0 or 1.
Problem 4. Suppose the graph of a polynomial of degree 6 is tangent
to a straight line at 3 points A;, Ao, A3, where Ay lies between A; and
As.

a) Prove that if the lengths of the segments Ay A; and A; Az are equal,
then the areas of the figures bounded by these segments and the graph

of the polynomial are equal as well.

ArA
b) Let k = A2 A3 and let K be the ratio of the areas of the appropriate
1A

figures. Prove that

2
K< K< 7k5.

7 2
Problem 5. Let R* be the set of positive real numbers. Find all
functions f : RT™ — RT such that for all z,y € R

f@)fyf(z) = flz +y).
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Problem 6. For an m x m real matrix A, e” is defined as Z—'A”.
n=0T0:

(The sum is convergent for all matrices.) Prove or disprove, that for all
real polynomials p and m x m real matrices A and B, p(e?) is nilpotent
if and only if p(e®4) is nilpotent. (A matrix A is nilpotent if A% = 0 for

some positive integer k.)

1.8 Olympic 2001

1.8.1 Day 1, 2001

Problem 1.

Let n be a positive integer. Consider an n X n matrix with entries
1,2,...,n? written in order starting top left and moving along each row
in turn left-to-right. We choose n entries of the matrix such that exactly
one entry is chosen in each row and each column. What are the possible
values of the sum of the selected entries?

Problem 2.

Let r, s,t be positive integers which are pairwise relatively prime. If
a and b are elements of a commutative multiplicative group with unity
element e, and a” = b* = (ab)! = e, prove that a = b = e.

Does the same conclusion hold if a and b are elements of an arbitrary

noncommutative group?

[e'e) tn
Problem 3. Find lim(1 —¢) > , where t ' 1 means that ¢
t,1 n—1 1 +tn
approaches 1 from below.
Problem 4.

Let k be a positive integer. Let p(x) be a polynomial of degree n each

of whose coefficients is —1,1 or 0, and which is divisible by (z — 1)*. Let

k
g be a prime such that d < . Prove that the complex qth
Ing In(n+1)

roots of unity are roots of the polynomial p(z).
Problem 5.
Let A be an n x n complex matrix such that A # A for all A € C.
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Prove that A is similar to a matrix having at most one non-zero entry
on the main diagonal.
Problem 6.

Suppose that the differentiable functions a, b, f, g : R — R satisfy

f(z) >0, f(z) >0,9(x) >0,¢'(x) >0 for all x € R,

35113)10 a(x) = A >0, xllj{)lo b(x) =B > 0, ;glggo f(z) = xhjglo (x) = o0,
. f@), @
x x
o) F gy =
Prove that
lim /() _ b

1.8.2 Day 2, 2001

Problem 1.
Let r,s > 1 be integers and ag,aq ...,a,_1,bg, b1, ...,bs_1 be real non-

negative numbers such that
(ag+a1x+asx®+- - -+ ap_ 12" +2") (bg+ bz +bya® +- - -4 by_12° 7 4-2)

:1—|—£U—|—ZE2—|—---—|—ZET+S_1—|—$T+S.

Prove that each a; and each b; equals either 0 or 1.
Problem 2. o
Let ag = V2, by =2, a, :\/2—\/4—a%,bn = - .
0 0 +1 =5 n m

a) Prove that the sequences (a,), (b,) are decreasing and converge to

b) Prove that the sequence (2"a,) is increasing, the sequence (2"b,,)
is decreasing and that these two sequences converge to the same limit.
¢) Prove that there is a positive constant C' such that for all n the
following inequality holds: 0 < b, — a,, < o
Problem 3.
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Find the maximum number of points on a sphere of radius 1 in R”
such that the distance between any two of these points is strictly greater
than v/2.

Problem 4.

Let A = (a)pi=1,..,

m € {l,...,n}and 1 < j; < -+ < j,, < n the determinant of the

» be an n x n complex matrix such that for each

.....

a permutation o € S,, such that the matrix

(aa(k;),a(l))k,lzl...,n

has all of its nonzero elements above the diagonal.
Problem 5. Let R be the set of real numbers. Prove that there is no
function f: R — R with f(0) > 0, and such that

[l +y) = f(z) +yf(f(z)) for allz,y € R.

Problem 6.
For each positive integer n, let f,,(¥) = sin¥. sin(24). sin(49) . . . sin(2"9).
For all real ¥ and all n, prove that

| fu(D)] <

%fn(%ﬂ.

1.9 Olympic 2002

1.9.1 Day 1, 2002

Problem 1. A standard parabola is the graph of a quadratic polynomial
y = 22 +ax+b with leading coefficient 1. Three standard parabolas with
vertices V1, Vi, V3 intersect pairwise at points Ay, Ag, As. Let A — s(A)
be the reflection of the plane with respect to the x axis.

Prove that standard parabolas with vertices s (A1), s(As), s(A3) in-
tersect pairwise at the points s(V7), s(Va), s(V3).
Problem 2. Does there exist a continuously differentiable function f :
R — R such that for every x € R we have f(z) > 0 and f'(x) = f(f(x))?
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Problem 3. Let n be a positive integer and let

1
ap = —, bk:2k_”, fork=1,2,...,n.
(2)
Show that ; " "
a; — 01 as — 02 ap — Op
=0. 1
1 2 + n ()

Problem 4. Let f : [a,b] — [a,b] be a continuous function and let
p € [a,b]. Define py = p and p,+1 = f(p,) for n =0,1,2,.... Suppose
that the set 7, = {p, : n =0,1,2,...} is closed, i.e., if z ¢ T, then there
is a 0 > 0 such that for all 2’ € T}, we have |2’ — x| > §. Show that T,
has finitely many elements.
Problem 5. Prove or disprove the following statements:
(a) There exists a monotone function f : [0,1] — [0, 1] such that for
each y € [0, 1] the equation f(z) = y has uncountably many solutions x.
(b) There exists a continuously differentiable function f : [0,1] —
[0, 1] such that for each y € [0, 1] the equation f(x) = y has uncountably
many solutions x.

Problem 6. For an n x n matrix M with real entries let || M ||=

| Mz ||

sup —————
vern\(0} || 2 |2

sume that an n x n matrix A with real entries satisfies || A¥ — A1 ||<
1

2002k
integers k.

, where || . ||2 denotes the Euclidean norm on R". As-

for all positive integers k. Prove that || A% ||< 2002 for all positive

1.9.2 Day 2, 2002

Problem 1. Compute the determinant of the n x n matrix A = [a;],
I (G VN Ry
i =2, if 5 = j.

Problem 2. Two hundred students participated in a mathematical
contest. They had 6 problems to solve. It is known that each problem

was correctly solved by at least 120 participants. Prove that there must
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be two participants such that every problem was solved by at least one
of these two students.
Problem 3. For each n > 1 let

b= b=
k=0 k=0
Show that a,,.b, is an integer.
Problem 4. In the tetrahedron OABC, let /BOC = o, ZCOA = 3
and ZAOB = v. Let o be the angle between the faces OAB and OAC,
and let 7 be the angle between the faces OBA and OBC'. Prove that

v > [3.cos0o + aCcosT.

Problem 5. Let A be an n x n matrix with complex entries and suppose
that n > 1. Prove that

AA =1, & 35 € GL,(C such that A = S5 .

(If A = [a;] then A = [aj], where @; is the complex conjugate of
aij; GL,(C) denotes the set of all n x n invertible matrices with complex
entries, and I, is the identity matrix.)

Problem 6. Let f : R” — R be a convex function whose gradient V f =
( of of
ox, ' Ox,

4L > 0 Va:l,a:g € R" || Vf(:z:l) — Vf(IL'Q) HS L H 1 — T2 H .

) exists at every point of R” and satisfies the condition

Prove that

Vo, xa € RY || Vf(21) = Vf(22) P< L < V(1) = Vf(x), 21 — 29 > .
(1)

In this formula < a,b > denotes the scalar product of the vectors a and
b.

1.10 Olympic 2003

1.10.1 Day 1, 2003

Problem 1.
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a) Let ay,aq,. .. be a sequence of real numbers such that a; = 1 and

3
Gpiq > §an for all n. Prove that the sequence

(3"

has a finite limit or tends to infinity. (10 points)

b) Prove that for all > 1 there exists a sequence ay, ag, . .. with the

same properties such that

lim =

(
(10 points)

Problem 2. Let aj,ao,...,a51 be non-zero elements of a field. We

(NI
N—
7
—_

simultaneously replace each element with the sum of the 50 remaining
ones. In this way we get a sequence bq,...,bs;. If this new sequence
is a permutation of the original one, what can be the characteristic of
the field? (The characteristic of a field is p, if p is the smallest positive
integer such that x +a +---+ 2 = 0 for any element x of the field. If

P
there exists no such p, the characteristic is 0.) (20 points)

Problem 3. Let A be an n X n real matrix such that 343 = A2+ A+ 1

(I is the identity matrix). Show that the sequence A* converges to an

idempotent matrix. (A matrix B is called idempotent if B> = B.) (20

points)

Problem 4. Determine the set of all pairs (a, b) of positive integers for

which the set of positive integers can be decomposed into two sets A and

B such that a.A = b.B. (20 points)

Problem 5. Let g : [0,1] — R be a continuous function and let f, :

[0,1] — R be a sequence of functions defined by fy(z) = g(x) and
Fai(z) = %/fn(t)dt (€01, n=012.).

0
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Determine lim f,(x) for every = € (0,1]. (20 points)
Problem 6. Let f(2) = a,2"+a, 12" 1 +---+a12+ay be a polynomial
with real coefficients. Prove that if all roots of f lie in the left half-plane

{z € C: Rez < 0} then

ApQk+3 < Qf+10k42

holds for every k = 0,1,...,n — 3. (20 points)

1.10.2 Day 2, 2003

Problem 1. Let A and B be n xn real matrices such that AB+A+B =
0. Prove that AB = BA.

2. Evaluate the limit

2
sin"t

lim
r—0+ tn
X

Problem 3. Let A be a closed subset of R"™ and let B be the set of all
those points b € R"” for which there exists exactly one point ay € A such
that

dt (m,n € N).

lap — b| = égg\a— b|.

Prove that B is dense in R"; that is, the closure of B is R".
Problem 4. Find all positive integers n for which there exists a family
F of three-element subsets of S = {1,2,...,n} satisfying the following
two conditions:

(i) for any two different elements a,b € S, there exists exactly one
A € F containing both a, b;

(ii) if a, b, ¢, z, y, z are elements of S such that if {a, b, 2}, {a, c,y}, {b,¢c, 2} €
F, then {x,y, 2z} € F.
Problem 5. a) Show that for each function f: Q x Q — R there exists
a function g : Q — R such that f(z,y) < g(x) + g(y) for all z,y € Q.

b) Find a function f : R x R — R for which there is no function
g : R — R such that f(z,y) < g(x)+ g(y) for all z,y € R.
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Problem 6. Let (a,),en be the sequence defined by

n
1 Qg

0="5 fntl n+lé=n—Fk+?2

Find the limit .
) ag
lim > o
k=0
if it exists.

1.11  Olympic 2004

1.11.1 Day 1, 2004

Problem 1. Let S be an infinite set of real numbers such that |s; +
So + -+ + sg| < 1 for every finite subset {s1, s2,..., st} C .S. Show that
S is countable. [20 points]

Problem 2. Let P(z) = > — 1. How many distinct real solutions does

the following equation have:

2004
[20 points]
Problem 3. Let S,, be the set of all sums kzn: xr, where n > 2, 0 <
=1
T1,T9, ..., T, < g and

n
g sinx, = 1.
k=1

a) Show that S, is an interval. [10 points]

b) Let 1, be the length of S,,. Find lim [,. [10 points]
Problem 4. Suppose n > 4 and let n]\—joobe a finite set of n points in
R3, no four of which lie in a plane. Assume that the points can be
coloured black or white so that any sphere which intersects M in at

least four points has the property that exactly half of the points in the
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intersection of M and the sphere are white. Prove that all of the points

in M lie on one sphere. [20 points]
Problem 5. Let X be a set of (% 4) + 1 real numbers, k£ < 2. Prove

that there exists a monotone sequence {z,}¥ | D X such that
|Zi1 — 21| > 2|z — 1]

for all i = 2,...,k— 1. [20 points]
Problem 6. For every complex number z # {0, 1} define

f(2) =) (log2)™",
where the sum is over all branches of the complex logarithm.
a) Show that there are two polynomials P and @ such that f(z) =

SEZ; for all z € C\{0,1}. [10 points]
z
b) Show that for all z € C\{0, 1}
2244z +1
1&) ==y

[10 points]
1.11.2 Day 2, 2004

Problem 1. Let A be a real 4 x 2 matrix and B be a real 2 x 4 matrix
such that

1 0 -1 0
0 1 0 -1
AB=1|{_41 o 1 o
0 -1 0 1

Find BA. [20 points]
Problem 2. Let f,g: [a,b] — [0,00) be continuous and non-decreasing

functions such that for each x € [a, b] we have

]%dt</x\/@dt

andfrdt frdt
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Prove that fb\/Tf(t)dt > jl V1 + g(t)dt. [20 points]

Problem 3. aLet D be the glosed unit disk in the plane, and let
D1, P2, - .., Pn be fixed points in D. Show that there exists a point p
in D such that the sum of the distances of p to each of pi,ps,...,p, is
greater than or equal to 1. [20 points]

Problem 4. For n > 1 let M be an n X n complex matrix with dis-
tinct eigenvalues A\, Ao, ..., \g, with multiplicities mq, mo, ..., my, re-
spectively. Consider the linear operator Ly, defined by Ly (X) = M X +
XMT, for any complex n x n matrix X. Find its eigenvalues and their
multiplicities. (M7 denotes the transpose of M; that is, if M = (my,),
then MT = (my;).) [20 points]

Problem 5. Prove that
11

// : dxdy <1
z7 1+ |lny| -1

0 0

[20 points]
Problem 6. For n > 0 define matrices A,, and B, as follows: Ay =

By = (1) and for every n > 0

= (40 B0) md B= (400 )

Denote the sum of all elements of a matrix M by S(M). Prove that
S(APY) = S(AP) for every n, k > 1. [20 points]

1.12  Olympic 2005

1.12.1 Day 1, 2005

Problem 1. Let A be the n x n matrix, whose (i,7)" entry is i + j for
all 7,7 =1,2,...,n. What is the rank of A?

Problem 2. For an integer n > 3 consider the sets

Sp={(x1,29,...,2,) : Viz; € {0,1,2}}
An = {(331,1'2, ce ,xn) € Sn ) S n—2 |{xi7$i+1axi+2}| # ]‘}



www.VNMATH.com

1.12. Olympic 2005 36

and
B, ={(z1,29,...,2,) €Sy : Vi<n—1(x;=uz;41 = x; #0)}.

Prove that |A,,+1 = 3.|B,|. (JA| denotes the number of elements of the
set A.)
Problem 3. Let f: R — [0,00) be a continuously differentiable func-

tion. Prove that
1 1 1
[ Pade = 20) [ swyis| < o 1@ ( [ s@)iz)”
0 0 0

Problem 4. Find all polynomials P(z) = a,x" + ap_ 12,1+ +aix+
ag (a, # 0) satisfying the following two conditions:

(i) (ag,a1,...,ay) is a permutation of the numbers (0,1, ...,n)

and

(ii) all roots of P(z) are rational numbers.
Problem 5. Let f: (0,00) — R be a twice continuously differentiable

function such that
(@) + 22 f'(2) + (& + Df (@) < 1
for all x. Prove that lim f(x) = 0.

Problem 6. Given a group G, denote by G(m) the subgroup generated
by the m'™ powers of elements of G. If G(m) and G(n) are commutative,
prove that G(ged(m,n)) is also commutative. (ged(m,n) denotes the

greatest common divisor of m and n.)

1.12.2 Day 2, 2005

Problem 1. Let f(z) = 2 4+ bx + ¢, where b and ¢ are real numbers,
and let
M={zeR: |f(z)] <1}.

Clearly the set M is either empty or consists of disjoint open intervals.
Denote the sum of their lengths by |M|. Prove that

M| < 2V2.
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Problem 2. Let f : R — R be a function such that (f(z))" is a
polynomial for every n = 2,3, .... Does it follow that f is a polynomial?
Problem 3. In the linear space of all real n X n matrices, find the

maximum possible dimension of a linear subs pace V' such that
VX,Y €V trace(XY) = 0.

(The trace of a matrix is the sum of the diagonal entries.)
Problem 4. Prove that if f : R — R is three times differentiable, then

there exists a real number ¢ € (—1,1) such that

S _fA)—f=1)
O _JUZSED ),

Problem 5. Find all » > 0 such that whenever f : R — R is a differen-
tiable function such that |grad f(0,0)| = 1 and |grad f(u) —grad f(v)| <
lu — v| for all u,v € R?, then the maximum of f on the disk {u € R?:
lu| < r} is attained at exactly one point. (grad f(u) = (01f(u), Oaf (u))
is the gradient vector of f at the point u. For a vector u = (a,b), |u| =
Va? +b2)

Problem 6. Prove that if p and ¢ are rational numbers and r = p+¢v/7,
then there exists a matrix (g Z) #+ + <(1) (1)> with integer entries and

with ad — bc = 1 such that

afr+b_
cr+d

T.

1.13  Olympic 2006

1.13.1 Day 1, 2006

Problem 1. Let f: R — R be a real function. Prove or disprove each
of the following statements.

a) If f is continuous and range(f) = R then f is monotonic.

b) If f is monotonic and range(f) = R then f is continuous.

c) If f is monotonic and f is continuous then range(f) = R.
(20 points)
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Problem 2. Find the number of positive integers = satisfying the fol-

lowing two conditions:

1. x < 10%0%;

2. 2% — x is divisible by 1020,

(20 points)
Problem 3. Let A be an n X n-matrix with integer entries and by, ..., by
be integers satisfying detA = by...b.. Prove that there exist n x n-
matrices Bi,..., B, with integer entries such that A = B ... B; and
detB; = b; for all i = 1,... k. (20 points)
Problem 4. Let f be a rational function (i.e. the quotient of two real
polynomials) and suppose that f(n) is an integer for infinitely many
integers n. Prove that f is a polynomial. (20 points)
Problem 5. Let a, b, c,d, e > 0 be real numbers such that a? 4 %+ ¢ =
d?> + e? and a* + b* + ¢* = d* + ¢*. Compare the numbers a® + b + ¢
and d® + e3. (20 points)
Problem 6. Find all sequences ag,aq,...,a, of real numbers where
n > 1 and a, # 0, for which the following statement is true:

If f: R — Risan n times differentiable function and zo < 21 < --- <
x,, are real numbers such that f(xy) = f(z1) = --- = f(z,) = 0 then

there exists an h € (xg, z,,) for which

aof(h) +arf'(h) + - + anf™(h) = 0.
(20 points)
1.13.2 Day 2, 2006

Problem 1. Let V be a convex polygon with n vertices.
a) Prove that if n is divisible by 3 then V' can be triangulated (i.e.
dissected into non-overlapping triangles whose vertices are vertices of V')

so that each vertex of V' is the vertex of an odd number of triangles.
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b) Prove that if n is not divisible by 3 then V' can be triangulated
so that there are exactly two vertices that are the vertices of an even
number of the triangles.

(20 points)

Problem 2. Find all functions f : R — R such that for any real
numbers a < b, the image f([a,b]) is a closed interval of length b — a.
(20 points)

Problem 3. Compare tan(sinz) and sin(tanz) for all z € (0, 7).
(20 points)

Problem 4. Let vy be the zero vector in R" and let vy, v9,...,v,.1 € R”
be such that the Euclidean norm |v; — v,| is rational for every 0 <i,j <
n + 1. Prove that vy,..., v, are linearly dependent over the rationals.
(20 points)

Problem 5. Prove that there exists an infinite number of relatively

prime pairs (m,n) of positive integers such that the equation
(z +m)® = na

has three distinct integer roots.
(20 points)
Problem 6. Let A;, B;, S;(i = 1,2,3) be invertible real 2 x 2 matrices
such that

1) not all A; have a common real eigenvector;

2) A; = S;'B;S; for all i = 1,2, 3;

3) Ay Ay Ay — By ByBy — (é ?)

Prove that there is an invertible real 2 x 2 matrix S such that A; =
S71B;S for all i = 1,2, 3.
(20 points)
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1.14 Olympic 2007

1.14.1 Day 1, 2007

Problem 1. Let f be a polynomial of degree 2 with integer coefficients.
Suppose that f(k) is divisible by 5 for every integer k. Prove that all
coefficients of f are divisible by 5.

Problem 2. Let n > 2 be an integer. What is the minimal and maximal
possible rank of an m x n matrix whose n? entries are precisely the
numbers 1,2, ..., n??

Problem 3. Call a polynomial P(z1,...,zx) good if there exist 2 x 2

real matrices Ay, ..., Ay such that

k
P(xy,...,x) = det (Z :CiAZ) :
i=1

Find all values of k£ for which all homogeneous polynomials with & vari-
ables of degree 2 are good.

(A polynomial is homogeneous if each term has the same total degree.)
Problem 4. Let G be a finite group. For arbitrary sets U, V., W C G,
denote by Nyyw the number of triples (z,y,2) € U x V x W for which
xryz is the unity.

Suppose that G is partitioned into three sets A, B and C' (i.e. sets
A, B, C are pairwise disjoint and G = AU B U C). Prove that Nagc =
Nepa.

Problem 5. Let n be a positive integer and aq, .. ,n be arbitrary

integers. Suppose that a function f : Z — R satisfies z f(k+al)=0
whenever k and [ are integers and [ # 0. Prove that f = O

Problem 6. How many nonzero coefficients can a polynomial P(z) have
if its coefficients are integers and |P(z) < 2| for any complex number z

of unit length?
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1.14.2 Day 2, 2007

Problem 1. Let f : R — R be a continuous function. Suppose that for
any ¢ > 0, the graph of f can be moved to the graph of cf using only a
translation or a rotation. Does this imply that f(z) = az + b for some
real numbers a and b7
Problem 2. Let z,y and z be integers such that S = z* + y* 4+ 2* is
divisible by 29. Show that S divisible by 29*.
Problem 3. Let C' be a nonempty closed bounded subset of the real
line and f : C' — C be a nondecreasing continuous function. Show that
there exists a point p € C such that f(p) = p.

(A set is closed if its complement is a union of open intervals. A

function ¢ is nondecreasing if g(x) < g(y) for all x < y.)

be the n X n matrix with

2 ifi=j

ai; =41 ifi—j==+2 (mod n)

0 otherwise.
Find det A.
Problem 6. Let f # 0 be a polynomial with real coefficients. Define
the sequence fy, f1, f2,... of polynomials by fy = f and f,+1 = f. + [
for every n > 0. Prove that there exists a number N such that for every

n > N, all roots of f, are real.

1.15 Olympic 2008

1.15.1 Day 1, 2008

Problem 1. Find all continuous functions f : R — R such that f(x) —
f(y) is rational for all reals = and y such that = — y is rational.
Problem 2. Denote by V' the real vector space of all real polynomials

in one variable, and let P : V — R be a linear map. Suppose that for
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all f,g € V with P(fg) =0 we have P(f) =0 or P(g) = 0. Prove that
there exist real numbers xg, ¢ such that P(f) = cf(x¢) for all f € V.
Problem 3. Let p be a polynomial with integer coefficients and let

a1 < ag < --- < aj be integers.

a) Prove that there exists a € Z such that p(a;) divides p(a) for all
i=1,2,.. .k

b) Does there exist an a € Z such that the product p(a1).p(as) ... p(a)
divides p(a)?

Problem 4. We say a triple (aq, ag, a3) of nonnegative reals is better
than another triple (by, b, b3) if two out of the three following inequalities
a; > by,as > by, a3 > by are satisfied. We call a triple (z,y, z) special if
x,1, z are nonnegative and x +y+ 2z = 1. Find all natural numbers n for
which there is a set S of n special triples such that for any given special
triple we can find at least one better triple in .S.

Problem 5. Does there exist a finite group G with a normal subgroup

H such that |Aut H| > |Aut G|?

Problem 6. For a permutation o = (i, 4, ...,4,) of (1,2,...,n) define

D(o) = > |ir — k|- Let Q(n,d) be the number of permutations o of
k=1

(1,2,...,n) with d = D(o). Prove that Q(n,d) is even for d > 2n.
1.15.2 Day 2, 2008

Problem 1. Let n, k be positive integers and suppose that the polyno-
mial 22% — 2% + 1 divides 22" + 2™ + 1. Prove that 22 4+ 2% + 1 divides
22+ 2" + 1.

Problem 2. Two different ellipses are given. One focus of the first
ellipse coincides with one focus of the second ellipse. Prove that the
ellipses have at most two points in common.

Problem 3. Let n be a positive integer. Prove that 2"~! divides

> (550)*

0<k<s
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Problem 4. Let Z[x] be the ring of polynomials with integer coefficients,
and let f(z),g(x) € Z[z] be nonconstant polynomials such that g(x)
divides f(z) in Z[x]. Prove that if the polynomial f(z) — 2008 has at
least 81 distinct integer roots, then the degree of g(x) is greater than 5.
Problem 5. Let n be a posotive integer, and consider the matrix A =
(@ij)1<i j<n, Where

o {1 if i 4+ j is a prime number,

" 0 otherwise.

Prove that |det A| = k? for some integer k.
Problem 6. Let H be an infinite-dimensional real Hilbert space, let
d > 0, and suppose that S is a set of points (not necessarily countable)
in H such that the distance between any two distinct points in .S is equal
to d. Show that there is a point y € H such that
{\/5

F(x—y):xES}

is an orthonormal system of vectors in H.
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Solutions

2.1 Solutions of Olympic 1994

2.1.1 Day 1

Problem 1.
Denote by a;; and b;; the elements of A and A~!, respectively. Then

for k& # m we have ) ayibi,, = 0 and from the positivity of a;; we
i=0

conclude that at least one of {b;, : 1,2,...,n} is positive and at least

one is negative. Hence we have at least two non-zero elements in every

column of A~!. This proves part a). For part b) all b;; are zero except

bl,l = 2, bn,n = (—1)”, bi7i+1 = bi—i—l,i = (—1)Z for 1 = 1, 2, oo, — 1.

Problem 2. From the inequality we get

d ~1 - f'(=)
%(tan f(a:)—l—x)——l_l_fQ(x)-l-lZO

for € (a,b). Thus tan™! f(z) + x is non-decreasing in the interval and
: o T 0 _

using the limits we get — + a < 5 + 0. Hence b —a > pi. One has

equality for f(x) = cotgx,a =0,b=T.

Problem 3. Let I be the set of irrational numbers, Q-the set of rational

numbers, Q* = Q U [0,00). We work by induction. For n = 1 the

statement is trivial. Let it be true for n — 1. We start to prove it

for n. From the induction argument there are n — 1 different elements

x1,T9,...,Ty_1 €5 such that
a1x1 + agxa + - -+ ap_1Tp—1 €1 (1)
forall ay,as,...,a, € QT witha; +as+ -+ a,_1 >0

44
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Denote the other elements of S by x,,, T,41, ..., ZTo,_1. Assume the state-
ment is not true for n. Then for £ = 0,1,...,n — 1 there are r, € Q
such that

n—1 n—1

Z birn®i + crTpir = 13 for some by, ¢ € Q7 Z bir. + ¢ > 0. (2)
i=1 1=1
Also
n—1 n—1
dexn+k = R for some dj, € Q™ de >0, ReQ. (3)
k=0 k=0
If in (2) ¢ = 0 then (2)contradicts (1). Thus ¢, # 0 and without loss

n—1

of generality one may take ¢, = 1. In (2) also ) by > 0 in view of
i=1

zn+k € 1. Replacing (2) in (3) we get

n—1 n—1 n—1 n-1
S =D buwi ) =R or 3 (Y diby)ui € Q
k=0 1=1 1=1 k=0

which contradicts (1) because of the condition on ¥'s and d's.
Problem 4. For a) using the assumptions we have

k
}?kO(g-—(;()Pﬂj:ZZE:(F%Fi+1O(§C)Pﬁ_1'—<F%_i0(g(3}ﬂ>1:
i=1

2
:ZFk_io(FoG—GoF)oFi_lz
i=1

k
=Y F'oaFoF'™! = akF*.
i=1
b) Consider the linear operator L(F') = FloG—GoF acting over all nxn
matrices F'. It may have at most n? different eigenvalues. Assuming that
F* £ 0 for every k we get that L has infinitely many different eigenvalues

ak in view of a) -a contradiction.

b
Problem 5. Set || ¢ |l1= [ |g(x)|dz and
0

w(f;t) = sup{|f(z) = f(y) - 2,y €(0,0], [x —y[ < 1}
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In view of the uniform continuity of f we have w(f,t) — 0 ast — 0.

Using the periodicity of g we get

b bk/n
/f(x) nx)dr = Z / f(z
0 b(k—1)/n
. bk/n bk/n
f(bk/n) / (na dx—l—z / {f(z) — f(bk/n)}g(nz)dx
F=1 b(k—1)/n b(k—1)/n
1 n
LS k) / g(x)dz + O(W(f,b/n) || g IIr)
L 0
| n bk/n
ﬁ flx /g r)dz
k=1 21) n
[ bk/n b
+5H( (bk /) — // f(x)da) O/g w)dz + O(w(f,b/n) || g [l
= b(k—1)/n

g(x)dz + O(w(f,b/n) || g [l1)-

|
S|
o\@
s
~~
=
QU
8
O\@

This proves a). Forb) weset b =7, f(z) =sinz, g(z) = (1+3cos?z) L.
From a) and
: 2, \—1 T
/smazdaz =2, /(1 + 3cos” ) dr = 5
0 0
we get
lim MY dr = 1.
n—oo | 14 3cos?nx
0

Problem 6. a) Fori =1,2,... k we have

b; = f(mz) - f(mi—l) = (mz - mi—l)f/(xi)
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b: ‘
for some x; € (m;_1,m;). Hence — = f'(z;) and so —1 < =+ < 1.
a; a;

b:

From the convexity of f we have that f’ is increasing and — = f'(z;) <
a;

b:
f(wig) = ZH hecause of T, < m; < Tiyq.

1+1
b) Set Sqa={j € {O,l,...,k}:aj > A}. Then

N >my —my= Z%Z Za]>A\SA\

JESA

and hence |S4 < %

c) All different fractions in (—1, 1) with denominators less or equal A
are no more 2A4%. Using b) we get k < % +24% Put A = N3 in the
above estimate and get k < 3N?%/3.

2.1.2 Day 2

Problem 1. Assume that thereis y € (a, b] such that f(y) # 0. Without
loss of generality we have f(y) > 0. In view of the continuity of f there
exists ¢ € [a,y) such that f(c) = 0 and f(z) > 0 for x € (¢,y]. For
x € (c,y] we have |f'(z)| < Af(x). This implies that the function g(z) =
flo) A <0.

f(z)
Thus In f(z) — Az > In f(y) — Ay and f(x) > M N f(y) for x € (c,y].

Thus

In f(z) — Az is not increasing in (¢, y| because of ¢'(x) =

0=7lc) = (C+0)>6AC Yf(y) >0

Problem 2. We have f(1,0) = e} f(0,1) = —e ! and te™! < 2e2
for ¢ > 2. Therefore |f(z,y)| < ( + y*)e “72_92 < 2% < el for
(z,y) # M = {(u,v) : u* +v* < 2} and f cannot attain its minimum
and its maximum outside M. Part a) follows from the compactness of

M and the continuity of f. Let (z,y) be a point from part b). From

a 2 2
a—f(x, y) =22(1 —2° +y*)e ™ ¥ we get
T

(1 — 2249 =0, (1)
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Similarly
y(1+2° —y*) =0. (2)

All solutions (z,y) of the system (1), (2) are (0,0),(0,1),(0,—1),(1,0)
and (—1,0). One has f(1,0) = f(—1,0) = e~ ! and f has global maxi-
mum at the points (1, 0) and (—1,0). One has f(0,1) = f(0,—1) = —e™!
and f has global minimum at the points (0,1) and (0, —1). The point
(0,0) is not an extrema point because of f(z,0) = 22¢ " > 0if 2 # 0
and f(y,0) = —y?e ¥ < 0if y # 0.

Problem 3. Set g(z) = (f(z) + f'(z) + -+ + f™(x))e™. From the
assumption one get g(a) = ¢g(b). Then there exists ¢ € (a,b) such that
¢'(c) = 0. Replacing in the last equality ¢'(x) = (f"*Y(z) — f(z))e™®
we finish the proof.

Problem 4. Set A = (a;)} =1, B = (bij)} =1, AB = (zij);;—; and
BA = (yij)gszl. Then z;; = a;;b;; and y;; = a;;b;;. Thus AB = BA
is equivalent to (a;; — a;;)b;; for i, = 1,2,...,n. Therefore b;; = 0 if
a;; 7 aj; and b;; may be arbitrary if a; = a;;. The number of indices
(¢,7) for which a; = aj; = ¢, for some m = 1,2,...,k is d%,. This gives
the desired result.

Problem 5. We define 7 inductively. Set (1) = 1. Assume 7 is defined

fori=1,2,...,n and also

1Y ey 1P gy |17 - (1)
=1 =1

Note (1) is true for n = 1. We choose 7(n+1) in a way that (1) is fulfilled
with n+1 instead of n. Set y = >~ 2,y and A = {1,2,...  k}\{7(7) : i =
i=1

1,2,...,n}. Assume that (y,x,) > 0 for all r € A. Then <y, > x,.) >0
reA
and in view of y + > x, = 0 one gets —(y,y) > 0, which is impossible.
reA
Therefore there is r € A such that

(y, ) < 0. (2)
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Put 7(n 4+ 1) = r. Then using (2) and (1) we have

n+1
1D~ wy IP=1 vtz IP=11y 1P 20, 20)+ || 2 IP<Iy 1P+ || 20 [P<

n+1

n
<Y Nz P+ e 1P= D ey 17
=1 =1

which verifies (1) for n 4+ 1. Thus we define 7 for every n = 1,2,... k.

Finally from (1) we get

n n k
I wa(i) I°< Z | iy IP< Z [
=1 =1 =1

Problem 6. Obviously

In’N 1 In’N N —3 3
= >—— =12 (1)
Ink.In (N — k) N In°N N

N
Take M,2 < M < 5 Then using that is decreasing in

1
Ink.In (N — k)
2, ﬂ] and the symmetry with respect to ﬂ one get

N-M-1

{Z+ 2.t 2 N_2}1nk:1n(N A

k=2 k=M+1 k=N-M
In*N M—1 N—-2M—1
<= ( + |
N \U'In2In(N—-2) InMIn(N— M)

< 2 MInN (1 2M)lnN+O< 1 )
—In2 N N /JInM In N
ChooseM:[ }—Flto get
In N 1 Inln N
- () < 1o(2m).
N = N1n2N nv oy oy Sy ) @

Estimates (1) and (2) give

In2N 1
I = 1.
Nos N Zlnk.ln(i\f—k)
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2.2 Solutions of Olympic 1995

2.2.1 Day1

Problem 1. Let J = (a;;) be the n x n matrix where a;; = 1if i = j+1
and a;; = 0 otherwise. The rank of J is n—1 and its only eigenvalues are
0’s. Moreover Y = XJand A=YX '=XJX ' B=X"1Y=J It
follows that both A and B have rank n — 1 with only 0’s for eigenvalues.
Problem 2. From the inequality

1 1
(f(x) = f*(a)de — 2
fo=epie= [ e
we get

/1f2 d:z:>2/ /xde:/ (x)da:—%.

2

0

IA

\H
i’:
\./

S
8
+
S —_
8
[\
Q.
8

11
From the hypotheses we have f f f(t)dtdz > f
0z

1
3 This completes the proof.

dx or fltf(t)dt >
0

Problem 3. Since f’ tends to —oo and f” tends to +o0o as = tends to
0, there exists an interval (0,r) such that f'(x) < 0 and f”(x) > 0 for
all z € (0,7). Hence f is decreasing and f’ is increasing on (0,7). By

the mean value theorem for every 0 < x < zy < r we obtain

f(z) = f(zo) = f/(§)(x — 20) >0,
for some ¢ € (x,zy). Taking into account that f’ is increasing, f'(z) <
f(§) <0, we get
/(€ _
< )T =

Taking limits as x tends to 0+ we obtain

—29 < lim inf /() < lim sup /() < 0.

x—0+ f’( ) x—0+ f (.%') o

f(x) — f(xo)
/()

< 0.
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J@)
f(x)

Since this happens for all zy € (0,7) we deduce that lim, o exists

and limzHOjL ‘;/(—'Z))

Problem 4. From the definition we have

= 0.

F’(x):m_l

, x> 1.
Inz

Therefore F'(xz) > 0 for z € (1,00). Thus F is strictly increasing and

hence one-to-one. Since

$2—$

1
F(a:)z(xQ—x)min{n:xSthQ}: — 00
n

In 22
as * — oo, it follows that the range of F is (F'(14),00). In order to
determine F(I+) we substitute t = e’ in the definition of F' and we get

21nx
61}
F = —d
0= [ Za
1le
Hence
21I1x
F(x) < e / dv = 2%In2
v
lnx

and similarly F(x) > x
[n2. Thus F(14) =1n2.
Problem 5. We have that

(A+tB)" = A" +tP +t°Py+ -+ 1""'P,_y + "B"

for some matrices Py, P, ..., P,_; not depending on t.
Assume that a,pi,pe,...,pn_1,b are the (i, 7)-th entries of the corre-
sponding matrices A", Py, P, ..., P,_1, B". Then the polynomial

bt" + ppat" 4+ pot? + it ta

has at least n + 1 roots t1,to,...,t,11. Hence all its coefficients vanish.
Therefore A" =0,B" =0, P, =0; and A and B are nilpotent.
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Problem 6. Let 0 < 0 < 1. First we show that there exists K,s > 0

such that )
(z —y)

for every (z,y) € Ds = {(z,y) : |z —y| = 6, [z + |[y|" = 2}

Since Dj is compact it is enough to show that f is continuous on

S Kp,5

Ds. For this we show that the denominator of f is different from zero.

T+ .
Assume the contrary. Then |z + y| = 2 and ‘ ur_ = 1. Since p > 1,
x+y|P
the function g(¢) = |¢t|P is strictly convex, in other words Y
2" + [yl T+yP

whenever x # y. So for some (x,y) € Dy we have ‘

p p
Pl |

If x and y have dlﬁerent signs then (z,y) € Ds for all 0 < § < 1

T+ L
y’ We get a contradiction.

because then |z —y| > max{|z|,|y|} > 1 > J. So we may further assume
without loss of generality that x > 0,y > 0 and 2P +y” = 2. Set x = 1+t¢.
Then

y= (2= o) = 2= (L+2))

=<2 — (14 pt + @ﬂ + o(tQ)))l/p = (1—pt— 7@# +o(£2))Vr

1 pP—1) 5 1 /1 o
:Hz_?(_pt_Tt ol )>+2_p(];—1)(—pt+o(t ) + o(t?)
1= P o) - L o)

=1—t—(p—1)t* + o(t?).
We have
(2 —y)* = (2t +o(t))* = 4t + o(t")
and
4= (z+y)=4—(2-(p— D +o(t))’
=4 —4+4(p— Dt* +o(t?) = 4(p — 1)t* + o(t?).

So there exists d, > 0 such that if |t| < §, we have (x — y)? < 5t?, 4 —
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(z +y)? > 3(p — 1)t*. Then

5 5!
3(p—1) 3(p—1)
if |[v — 1] < d,. From the symmetry we have that (*) also holds when
ly — 1] < 9.

(x —y)* <5t = 3(p-1)t* < 4—(z+y)?) (%)

To finish the proof it is enough to show that |z — y| > 2§, whenever
|lz—1] > d,, ly—1| > 6, and 2P +y? = 2. Indeed, since 2 +y” = 2 we have
that max{z,y} > 1. Solet + —1 > §,. Since <x+y>p < xp;yp =1
we get ©+y < 2. Then x —y > 2(x — 1) > 2§,.

2.2.2 Day 2

Problem 1. a) Set A = (a;;),u = (u1,ug,uz)’. If we use the orthogo-

nallity condition
(Au,u) = 0 (1)

with u; = d;x we get agr, = 0. If we use (1) with w; = 9 + 6, We get
agr + Qgm + Qg + Ay, = 0

and hence ag,, = —a.

b) Set V1 = —Q93,V9 = QA13,V3 = —0A19. Then
Au = (vouz — v3Us, V3U — VU3, ViU — vgul)T =0 X U.

Problem 2. (15 points)

Let {b,}:°, be a sequence of positive real numbers such that by =

1,b, =24+ +vby—1 — 2+/1 + \/b,—1. Calculate
> b2"
n=1
Solution. Put a, = 1 + /b, for n > 0. Then a, > 1,a¢ = 2 and

a, =1+ \/1 + ap1 — 2y/p—1 = \/Op1,
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so a, = 2°7". Then

sz”—

N
—1)%2" =) [a22" — 2" +2"]

n=1

[]= &MZ

(a1 —1)2" — (a, — 1)2"]

S
|
—

227" 1
= (CLO - 1)21 - (CI/N - 1)2N+1 =2 — 22——N
Put z =2 %Y. Then z — 0 as N — oo and so

22" — 1 2T — 1
szN lim (2-2"5—) =lim (2-27——) =2 —2in2

N—o00 z—0 i

Problem 3. It is enough to consider only polynomials with leading
coefficient 1. Let P(z) = (2 — a1)(2 — a2) ... (2 — ) with || = 1,
where the complex numbers a;, as, ..., a, may coincide.

We have

P(2) =22P'(2) —nP(2) = (z + 1)(z — ) ... (2 — o)+
+(z—a)(zta)...(z—ay)+...+(z—a1)(z—a2)...(2 4+ an).

P n 2 2
Hence, (2) = g i Y% Since Re> Ta_ 2" = |of for all complex
P(2) —~z—ay z—a« \2—04\2
. P(z) |z\2 -1
z,a, 2z # «, we deduce that in our case Re E From
P(z) \z — ag|*

P
|z| # 1 it follows that Repgzi £ 0. Hence P(z) = 0 implies |z| = 1.
2

Problem 4. a) Let n be such that (1 —¢?)” <e. Then |z(1 —2?)" < ¢
for every x € [—1,1]. Thus one can set Ay = (—1)*"(}) because then

— Z Apz 2t = Z(_l)k <Z> LS 2(1— x2)n_
k=1

k=0
b) From the Weierstrass theorem there is a polynomial, say p € [[,,
such that

max |f(x) = pla)| < 3.

ze[—1,1]
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1
Set g(2) = 5{p(z) — p(~2)}. Then

f(2) ~ a(x) = S{F(@) ~ pla)} — S {F(~a) — p(~))

and
1 €
I|n|g>1<\f( z) —q(z)| < 2I|n|g>1<\f( x) — (x)|+2m|g>1<|f( z) —p(=2)] < 3.

But ¢ is an odd polynomial in [],, and it can be written as
q(z) = Z b = bz + Z bt
k=0 k=1

If by = 0 then (1) proves b). If by # 0 then one applies a) with Tb‘
0

of € to get

max
|lz|<1

bor — > b())\ka:%“‘ <3 2)
k=1

for appropriate n and Aj, Ag, ..., A,. Now b) follows from (1) and (2)
with max{n, m} instead of n.
Problem 5. a) Let us consider the integral

21

/f(x)(l + cosz)dr = m(ag £ 1).

0
The assumption that f(z) > 0 implies ap > 1. Similarly, if f(z) < 0
then ay < —1. In both cases we have a contradiction with the hypothesis
of the problem.

b) We shall prove that for each integer N and for each real number

h > 24 and each real number y the function

3
E COS 2

changes sign in the interval (y,y + h). The assertion will follow immedi-

ately from here.
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Consider the integrals

y+h y+h
L = /FN(x)da:, I, = /FN(x)Cosa:dx.
y y

If Fy(z) does not change sign in (y,y + h) then we have

y+h y+h

| < / \FN(x)|dx:’/FN(x)da:’:|11|.

Hence,it is enough to prove that
2| > |L].

Obviously, for each a # 0 we have

y+h

2
’ /cos(ozx dx‘ < =
ol

On the other hand we have

N y+h

Ir = Z/cosmcos %daj

1 y+h
=3 /(1 + cos(2x))dx+

| N y+h
+52 | (cos(a(n® = 1)) +cos(a(n? +1)))da

n=2 Y

56
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where

n: —1 ng—kl o n2—1
We use that n? — 1> =n? for n > 3 and we get
N
1 1 2 dt
Al < = +3 < -+ —I—3/ <6
= — nz_:gng 2 2v/2-1 / 3
Hence |
| 15| > §h — 6. (2)

We use that h > 24 and inequalities (1), (2) and we obtain |Iy| > |I1].
The proof is completed.
Problem 6. It is clear that one can add some functions, say {gm},
which satisfy the hypothesis of the problem and the closure of the finite
linear combinations of {f,} U {gn} is L2[0, 1]. Therefore without loss of
generality we assume that {f,} generates Ls[0, 1].

Let us suppose that there is a subsequence {n;} and a function f such
that

fo () i~ f(x) for every z € [0,1].
Fix m € N. From Lebesgue’s theorem we have

1

0= / Ful@) @ = [ fule) (@)

—00

0

1
Hence [ fu(z)f(xz)dz = 0 for every m € N, which implies f(z) = 0

almost everywhere. Using once more Lebesgue’s theorem we get

1 1
:/fgk(:c)d:z: k:;o/fQ(:z:)d;U:O.
0 0

The contradiction proves the statement.
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2.3 Solutions of Olympic 1996

2.3.1 Day1

Problem 1. Adding the first column of A to the last column we get

that
ap aq a9

oo 1
ap ay ar ... 1
det(A) = (ag + ay)det | a2 a1 ag 1

Subtracting the n-th row of the above matrix from the (n + 1)-st one,

(n — 1)-st from n-th,.. ., first from second we obtain that
ap aq as ... 1
d —d —d ... 0
det(A) = (ag+ap)det | d d —d ... 0
g ;
Hence,
d —d —d ... —d
d d —d ... —d
det(A) = (=1)"(ap + ap)det | d d d ... —d
R N 9
Adding the last row of the above matrix to the other rows we have
2d 0 0 ... 0
2d 2d 0 ... 0
det(A) = (=1)"(ag+ay)det | 2d 2d 2d ... 0| = (=1)"(ap+a,)2" ' d".
S ;

Problem 2. We have

™

sin nx
I, = —d
/(1+2x)smx ’

—T

s 0

/ sin nx p +/ sin nx J
(1+2%)sinx (1+2%)sinx

0 —Tr
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In the second integral we make the change of variable x = —x and obtain

™ s

/ sin nx p +/ sin nx p
x x
(1+2%)sinx (1+2%)sinx
0

(1+2%)
/ + sm nx Jx

1+ 2“? sma:

SlIl 7?/33'
sin .T

0

Iy

For n > 2 we have

™

I, — / sinnx — 'sin(n — 2)ardx
sin x

0
™

= 2/cos(n — 1)adx = 0.
0

The answer

j 0 ifnis even,
" wm ifnis odd

follows from the above formula and I, =0, I; = .
Problem 3. .
(i) Let B = §(A + F). Then

1 1
B% = i(AQ +2AE +E) = Z(2AE +2F) = 5(A + F) = B.

Hence B is a projection. Thus there exists a basis of eigenvectors for B,
and the matrix of B in this basis is of the form diag(1,...,1,0...,0).

Since A = 2B — E the eigenvalues of A are +1 only.

(i) Let {A; : i € I} be a set of commuting diagonalizable operators
on V, and let A; be one of these operators. Choose an eigenvalue A\ of
Ay and denote V), = {v € V : Ajv = MA}. Then V) is a subspace of
V', and since A1A; = A;Aq for each ¢ € I we obtain that V), is invariant
under each A;. If V), =V then A; is either E or —F, and we can start
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with another operator A;. If V), # V we proceed by induction on dimV
in order to find a common eigenvector for all A;. Therefore {A; :i € I}
are simultaneously diagonalizable.

If they are involutions then |I| < 2" since the diagonal entries may
equal 1 or —1 only.
Problem 4.

(i) We show by induction that

ap < q" forn >3, ()

where ¢ = 0.7 and use that 0.7 < 27'/2. One has
1 1 11
ar =1,a0 = 5703 = g,a4 TS
Therefore (*) is true for n = 3 and n = 4. Assume (*) is true for
n < N —1 for some N > 5. Then
N-3

_ 2 n 1 n 1 Z
anN = NCLN—1 NaN—z N £ apan—

2 g, Ly N=5 5y _
< — — - <
_Nq +Nq * N ¢ =1

2 1
because — + — < 5.
q (g

ii) We show by induction that

a, > q" forn > 2,

2 1 2\ 2
where ¢ = —. One has ay = 3 > <§) = ¢*. Going by induction we
have for N > 3.
N-2
2 1 2 4 N-=-24 N
CLN:NCLN—l‘i‘NkZ;akaN—kZNQ + N 1 =4
because — = 3.

q
Problem 5. i) With a linear change of the variable (i) is equivalent to:
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i’) Let a, b, A be real numbers such that b < 0, A > 0 and 1+ax+bz? >
A

0 for every x in [0, A]. Denote I,, = n [(1 4+ ax + bx?)"dz. Prove that
0

1
lim,, .y [, = —— when a < 0 and lim,, ., I,, = +00 when a > 0.
a
Let a < 0. Set f(x) = e —(1+ax+bx?). Using that f(0) = f/(0) =0
and f"(x) = a*e™ — 2b we get for x > 0 that
0 <e™ — (14 az + br?) < cx?

2
a
where ¢ = 5~ b. Using the mean value theorem we get

0 < e™ — (14 az + ba®)" < ca’ne®™V7,

Therefore
A A
0< n/ e dr — n/ (1+azx+ b’ Vidr < ch/:erea(”_l)mda:.
0 0

Using that

and

2 _a(n—1)z 2 —t
/:L‘e dx<|a‘ n_13/t6 dt
0

0
we get (i’) in the case a < 0.

Let a > 0. Then for n > max{A~2, —b} — 1 we have

A
n/(1+a:v+bx )'dx > n
0
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(i) is proved.

ii) Denote I,, = nf ))"dx and M = max f(x).

For M <1 we have I, <nM" — 0, a contradiction.

n—0oo

If M > 1 since f is continuous there exists an interval I C [0, 1] with
|I| > 0 such that f(x) > 1 for every x € I. Then I, > n|I| — 400,

n—oo
a contradiction. Hence M = 1. Now we prove that f’ has a constant

sign. Assume the opposite. Then f'(x¢) = 0 for some x € (0,1). Then
f(xg) = M =1 because f” < 0. For zg+ h in [0,1], f(zg+h) =1+
h2 h2

—1"(&), € € (xo,z0+h). Let m = min f"(x). So, f(xo+h) > 1—|—3m.

2 z€[0,1]
2

Let 0 > 0 be such that 1+%m>0 and zo + 0 < 1. Then
) 5
InZn/ ”da:>n/ 1—|— h2 dh—>oo
J J n—00
in view of (i’)-a contradiction. Hence f is monotone and M = f(0) or
M = f(1).
Let M = f(0) = 1. For h in [0, 1]

1+ hf'(0) > f(h) > 1+hf'(0) + %hQ,

where f'(0) # 0, because otherwise we get a contradiction as above.
Since f(0) = M the function f is decreasing and hence f/(0) < 0. Let
0 < A <1 be such that 1 + Af’(0) + %Az > (0. Then

A A A
n/1+hf ndh>n/ "dx>n/1+hf +%h2)"dh.
0 0 0

From (i’) the first and the third integral tend to — as n — 09,

1
f(0)
hence so does the second.

Also nf N'dr < n(f(A)" — 0 (f(A) < 1). We ger L =

n—oo

in this case.

1
f'(0)
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If M = f(1) we get in a similar way L = )
Problem 6.

Hint. If £ = TUT’ where T is the triangle with vertices (—2, 2), (2, 2)
and (0,4), and T" is its reflexion about the x-axis, then C(E) = 8 >
K(E).

Remarks: All distances used in this problem are Euclidian. Di-
ameter of a set E is diam (F) = sup{dist (z,y) : =,y € E}. Con-
traction of a set E to a set F is a mapping f : F +— F such that
dist (f(z), f(y)) < dist (x,y) for all x,y € E. A set E can be contracted
onto a set F' if there is a contraction f of E to F’ which is onto, i.e., such
that f(F) = F. Triangle is defined as the union of the three segments
joining its vertices, i.e., it does not contain the interior.

Solution.
(a) The choice Ey = L gives C(L) < lenght(L). If E D _@1Ei then

z diam (E;) > lenght (L): By induction, n = [ obvious, and assuming
that E, 1 contains the end point a of L, define the segment L, = {x €

L : dist (z,a) > diam (F,4+1) + €} and use induction assumption to get
n+1

> diam (E;) > lenght (L) + diam (E,;1) > lenght (L) — ¢; but € > 0 is
i=1

arbitrary.

(b) If f is a contraction of £ onto L and E C 6 EZ- then L C _@1f(EZ-)
and lenght (L) < Z diam (f(Fi)) < Z diam (E7).

=1
(cl) Let E = TUT’ where T is the triangle with vertices (—2,2), (2, 2)

and (0,4), and T is its reflexion about the x-axis. Suppose £ C L_TﬁlEZ If
no set among F; meets both T and 7", then E; may be partitioned into
COVers of segments [(—2,2),(2,2)] and [(—2,2), (2, —2)], both of length

4, so Zdlam (E;) > 8. If at least one set among F;, say Ej, meets

both T and T, choose a € E;, NT and b € E, N'T" and note that the
sets B} = E; for i # k,E, = E} U [a,b] cover T'UT" U [a,b], which is
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a set of upper content at least 8, since its orthogonal projection onto

y-axis is a segment of length 8. Since diam (£;) = diam (£7), we get

Zn: diam (E;) > 8.
Z_1(02) Let f be a contraction of £ onto L = [a’,b']. Choose a =
(aj,az),b = (b1,b2) € E such that f(a) = o’ and f(b) = V. Since
lenght (L) = dist (a/,0') < dist (a,b) and since the triangles have di-
ameter only 4, we may assume that a € T and b € T’. Observe
that if as < 3 then a lies on one of the segments joining some of
the points (—2,2),(2,2),(—1,3),(1,3); since all these points have dis-
tances from vertices, and so from points, of T, at most v/50, we get that
lenght (L) < dist (a,b) < +/50. Similarly if by > —3. Finally, if as > 3
and by < —3, we note that every vertex, and so every point of 7" is in the
distance at most v/10 for a and every vertex, and so every point, of 7" is
in the distance at most v/10 of b. Since f is a contraction, the image of
T lies in a segment containing a’ of length at most v/10 and the image
of T' lies in a segment containing b of length at most y/10. Since the
union of these two images is L, we get lenght (L) < 24/10 < v/50. Thus
K(E) < /50 < 8.

2.3.2 Day 2

Problem 1. The ”only if” part is obvious. Now suppose that lim (21—
x,) = 0 and the sequence {z,} does not converge. Then there are two
cluster points K < L. There must be points from the interval (K, L)
in the sequence. There is an z € (K, L) such that f(z) # x. Put
€ = W > 0. Then from the continuity of the function f we
get that for some 6 > 0 for all y € (x — 6,z +9) it is |f(y) — y| >
€. On the other hand for n large enough it is |r,41 — z,| < 20 and
|f(xn) — x| = |Tpye1 — xn| < €. So the sequence cannot come into the
interval (z — §,z + d), but also cannot jump over this interval. Then all

cluster points have to be at most x —  (a contradiction with L being a
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cluster point), or at least  + ¢ (a contradiction with K being a cluster
point).
Problem 2. First we show that

If cosht is rational and m € N, then cosh mt is rational. (1)

Since cosh 0.t = cosh0 =1 € Q and cosh 1.t = cosht € Q, (1) follows

inductively from
cosh(m + 1)t = 2 cosh t.coshmt — cosh(m — 1)t.

The statement of the problem is obvious for £ = 1, so we consider k > 2.

For any m we have
cosh @ = cosh((m + 1)8 — m#) =
= cosh(m + 1)6. coshm@ — sinh(m + 1)6. sinh m#@ (2)
= cosh(m + 1)6. coshmf — \/coshQ(m +1)0 — 1V cosh?>mf — 1

Set cosh kf = a,cosh(k + 1)0 = b,a,b € Q. Then (2) with m = k gives

cosh = ab — /a2 — 1/b2 — 1

and then
(a2 —1)(b* = 1) = (ab — cosh 0)?
= a2b? — 2abcosh 6 + cosh? 6. (3)
Set cosh(k* — 1) = A, coshk*0 = B. From (1) with m = k — 1 and
t = (k+1)0 we have A € Q. From (1) with m = k and ¢ = k6 we have
B € Q. Moreover k> —1 > k implies A > a and B > b. Thus AB > ab.
From (2) with m = k* — 1 we have
(A2 —1)(B*-1) = (AB — cosh 6)?

— A2B2 _2AB coshf + cosh? . )
So after we cancel the cosh?@ from (3) and (4) we have a non-trivial
linear equation in cosh # with rational coefficients.
Problem 3. (a) All of the matrices in G are of the form

o]
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So all of the matrices in H are of the form
1 =z
M(z) = [Q 1} )

so they commute. Since M (z)~' = M(—=z), H is a subgroup of G.

(b) A generator of H can only be of the form M(x), where x is a
binary rational, i.e., x = 2% with integer p and non-negative integer n.
In H it holds

The matrices of the form M (5-) are in H for all n € N. With only finite
number of generators all of them cannot be achieved.

Problem 4. Assume the contrary - there is an arcA C C with length
[(A) = g such that A C B\I'. Without loss of generality we may assume

1 1 1 1
that the ends of A are M = (E, E),N = (E, 7

and T is closed. From ANT = () we get § > 0 such that dist(x,y) > 0
for every x € A,y € I

). A is compact

Given € > 0 with E. we denote the ellipse with boundary:

2
‘Z—Q = 1, such that M, N € E.. Since M € E,. we get
p2 (1+¢)?
2(14+¢€2 -1

Then we have

(1+¢)?
V2(1+e€?2—1
In view of the hypotheses, E.\ # () for every ¢ > 0. Let S = {(z,y) €

R?: |z| > |y|}. From E\S C D C B it follows that E.\B C S. Taking
€ < 0 we get that

> 1 = areal.

areab, =1

0#FE\BCENSCD,USCB
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- a contradiction (we use the notation D; = {(z,y) € R? : 22 +3? < 2}).

Remark. The ellipse with maximal area is well known as John’s ellipse.
Any coincidence with the President of the Jury is accidental.
Problem 5.

t 1
Set, ———— h=—_Th
() Set J1) =y 1= Then
— n2+x —hanh h—>0/f
The convergence holds since h Y f(nh) is a Riemann sum of the integral
n=1

f(t)dt. There are no problems with the infinite domain because f

is integrable and f | 0 for + — oo (thus h >, f(nh) > [ f(t)dt >
n=N nN
h > [f(nh)).
n=N+1
(ii)) We have
00 00 nh+2 %
’Z —1’:‘Z<hfnh / () dt /f(t)dt‘
- n2 + )2 2 —
i= n= nh—t 0 )
nh+§ % ( )
< Z’hf(nh) — / f(t)dt’ —I—/f(t)dt
! nh—% 0
Using twice integration by parts one has
a+b ] b
2bg(a)—/ :—é/b—t "(a+1t)+¢"(a—1t)dt (2)
a—b 0
for every g € C?*[a — b,a + b]. Using f(0) = 0, f € C?[0, h/2] one gets

h/2

/ f(t)dt = O(h?). (3)
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From (1), (2) and (3) we get

nh+%
- nx 1 >
> el s [ ol o) =
=1 n=1 nh_1

oo

68

= h? / £ (t)|dt + O(R*) = O(h?) = O(z™1).

Problem 6.

(i) Put forn € N
(n+1)"
nn—l
Observe that cicy...c, = (n+1)". Hence, for n € N,

(arcrascsy . . . ancn)l/”
(n+1)

< (arc1 4 -+ -+ apey)

- n(n+1) '

(achQ Ce an)l/” =

Consequently,

n=1 n=1 m=n

Since

- L =1 1 1

> mm+ )" =3 (- 757) = 5
we have . -

; ancn(mz:n(m(m +1)) 1) = ; a:fn
— f:a”<(n;_ 1))” < eian
n=1 n=1

(by (1)). Combining the last inequality with (2) we get the result.

(ii) Set a, = n" '(n+1)™" forn = 1,2,...,N and a, = 27" for

n > N, where N will be chosen later. Then

/n _ 1
n+1

(ay...ap)

(3)
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for n < N. Let K = K(¢€) be such that

IRNL
(nl— > >e—§forn>K. (4)
Choose N from the condition
K Ny
n 27" < - 5)
Yot Y Sy B0 "

which is always possible because the harmonic series diverges. Using (3),
(4) and (5) we have

ianian 22”4— Z (

n=N+1 n=K+1
N N
1 e\ 1 1
< — —_ = — =
(2e—)(c—o > (e 2) 2
N 00
1 1 1

2.4 Solutions of Olympic 1997

2.4.1 Day 1

Problem 1.
It is well known that

1
2
_ Inzdr = 1 1()
/nxx nl—%lonznn
0

k=1

(Riemman’s sums). Then

—Zln( —I—en)Z%kzn;ln(%) — —1.

n—oo

Given € > 0 there exist ng such that 0 < ¢, < € for all n > ng. Then

RICEER BaCED]
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Since

1, [k
nlggo - ;m <E + e> In(z + €)dx

€

Tt~ T~

In xdx

we obtain the result when € goes to 0 and so

e k
D

Problem 2.
a) Yes. Let S = > a,, 5, = >, ar. Fix ¢ > 0 and a number no
k=1

n=1

such that |S, — S| < € for n > ng. The partial sums of the permuted
series have the form Lon-1,j = Son1 4+ Son — Son_p, 0 < k < 271 and for

21 > ny we have |Lon141, — S| < 3¢, i.e. the permuted series converges.
(1! S

b NO Take Ay — . Then L n—2 — S n—1 + R —

) \/ﬁ 3.2 2 k_;z /—2]{ n 1

and Laona — Son1 > 2772
3.2 on-1 =~ B e T
Problem 3.
V3

1
Set S = A+ wB, where w = —3 + 27 We have

SS = (A+wB)(A+©B) = A> + WBA +TAB + B?
— AB + wBA 4+ GAB = w(BA — AB),

—_

— 00, S0 L3ggn—2 — 00.

because @ + 1 = —w. Since det(SS) = detS.detS is a real number and
detw(BA— AB) = w" and det(BA— AB) # 0, then w" is a real number.
This is possible only when n is divisible by 3.
Problem 4.

a) We construct inductively the sequence {n;} and the ratios

G
[T5(L+

o)
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so that
0, > 1 for all k.

Choose n; to be the least n for which
1
n+— <60
n
(0y = «) so that for each k,

1
1+ —<6,1<1+

1
ng nk—l ()
Since
Or—1 <1+
nk—l
we have
1+ L
1 0 — 1
It —— <= —tc Tl oy
ng ng

2
Hence, for each k,nj1 > n;.

Since ny > 2,n, — oo so that 6, — 1. Hence

A 1
o= (1 + —)
T
The uniquness of the infinite product will follow from the fact that on
every step ny has to be determine by (1).
Indeed, if for some k we have
1
14+ — >0,
ny
then 6, < 1,60;,1 < 1 and hence {6;} does not converge to 1.
Now observe that for M > 1,

1 1 1 1 1 1 1 1 1
(r37) (ap) () = gt gt ot =
(2)
Assume that for some k£ we have
1+ L < 0._1.
TLk—l
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Then we get
o B Or—1
A+D0+5) O+ +:1) -
Ok 0
Z . k—1 . _ k 11 > 1
O+ D0+5) 1+.5

- a contradiction,
b) From (2) « is rational if its product ends in the stated way.

Conversely, suppose « is the rational number ]—), Our aim is to show
q
that for some m,
N

Op—1 = .
! Ny — 1

Suppose this is not the case, so that for every m,

n
0,1 < ——. 3
! Ny — 1 )
For each k we write
Pk
0, = —
qr

as a fraction (not necessarily in lowest terms) where

Po=P,q9 = ¢

and in general
Pk = Pr—1"k, Gk = qk—1(Ny + 1).
The numbers p, — q; are positive integers: to obtain a contradiction it

suffices to show that this sequence is strictly decreasing. Now,

Pk — @k — (Pk—1 — Qr—1) = nkPr—1 — (M + 1)qr—1 — Pr—1 + Q-1

= (ng — 1)pr—1 — nqr—1

and this is negative because

k1 ),
Dl gy <

qr—1 n, — 1

by inequality (3).
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Problem 5.

a) For x = a the statement is trivial. Let x # 0. Then maxx; > 0
and minz; < 0. Hence ||  ||oc< 1. From the hypothesis on x it follows
that: Z

i) If z; <0 then maxz; < x; + 1.

ii) If ; > 0 then nima:l > x; — 1.

Consider y € Zg},yl # 0. We split the indices {1,2,...,n} into five

sets:

1(0) = {z:y; = 0},
I(+,+)={i:y; >0,2; >0}, I(+,—)={i:y; >0,2; <0},
I(—+)={i:y; <0,2;, >0}, I(—,—)={i:y; <0,2; <0}
As least one of the last four index sets is not empty. If I(+,+) # 0 or
I(—, =) #0then || 2 +y [|0> 1 >|| @ [|oo. I I(+,+) = I(—,—) =0
then > y; = 0 implies I(+,—) # 0 and I(—,+) # 0. Therefore i) and
ii) give || * + v |||  ||oc Which completes the case p = 0.

Now let 1 < p < oo. Then using i) for every j € I(+,—) we get
lzj+yj|l=y; —1+2x;+1>|y;| — 1+ maxz;. Hence

\z; +y;|” > |y;| — 1+ |zg]? for every k € I(—,+) and j € I(+,—).
Similarly

\z; + ;P > |y;| — 1+ |xg|” for every k € I(+,—) and j € I(—,+);
\zj +y;|” > |y;| + |x;|? for every j € I(+,4+) U I(—,—).
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Assume that Z 1> > 1. Then
]E ) JGI(_’+)

lz+ylh— [z}
= Y (zityl- |$j!p)+< dolwiryl— D> ’$k|p)
Jjel(+,4+)UI(—,—) Jjel(+,—-) kel(—,+)
(O lmrul = Y lml)
JeI(—,+) kel(+,-)
> > yl+ DD (wl-1)
Jel(+)0I(— ) jel(+,-)
(X wl-v- > 1+ Y1)
JeI(—,+) JeI(+,—) jel(—,+)
—Z\yz!—Q do1=2 ) (-D+2 > y =0
jel(+,-) Jjel(+,-) JEI(+,+)

The case > 1< > 1 is similar. This proves the statement.
jEI(+77) je](fﬂL)
b) Fix p € (0,1) and a rational t € (%, 1). Choose a pair of positive

integers m and [ such that mt = [(1 —¢) and set n = m + [. Let

rvi=t,1=12....m; x,=t—1, 1=m+1,m+2,...,n;
yy=—11=12,....m; Ypr1=m; yi=01=m+2,....n

Then z € Rj, maxz; —minz; = 1,y € Z and
[ 2= |l 2+ = m( — (1= 1)+ (1= ) — (m — 1+ 1),

which is possitive for m big enough.
Problem 6.

a) No.

Consider F' = {Ay, By, ..., A, By, ...}, where A, ={1,3,5,...,2n —
1,2n}, B, =1{2,4,6,...,2n,2n+ 1}.

b) Yes.

We will prove inductively a stronger statement:

Suppose F, G are two families of finite subsets of N such that:
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1) For every A € F and B € G we have AN B # (;

2) All the elements of F" have the same size r, and elements of G- size
s. (we shall write #(F) = r, #(G) = s).

Then there is a finite set Y such that AUBUY # () for every A € F
and € G.

The problem b) follows if we take F' = G.
Proof of the statement: The statement is obvious for r = s = 1.
Fix the numbers r, s and suppose the statement is proved for all pairs
F'.G" with #(F") < r,#(G") < s. Fix Ay € F, By € G. For any subset
C C ApU By, denote

F(C)={Ac F:An (AU B, =C}.

Then F = U  F(C). It is enough to prove that for any pair of
@#CCA()UBO

non-empty sets C, D C Ay U By the families F'(C) and G(D) satisfy the
statement.
Indeed, if we denote by Y¢ p the corresponding finite set, then the

finite set U Yo p will satisfy the statement for F' and G. The
C,DCA\UBy ’

proof for F'(C') and G(D).

If CND #(, it is trivial.

If CND =1, then any two sets A € F(C), B € G(D) must meet
outside AgU By. Then if we denote F(C) = {A\C : A € F(C)},G(D) =
{B\D : B € G(D)}, then F(C) and G(D) satisfy the conditions 1) and
2) above, with #(F(C)) = #(F)—#C < r,#(G(D)) = #(G)—#D < s,

and the inductive assumption works.

2.4.2 Day 2

Problem 11
Let ¢ = éf”(O). We have

O T
20/ )*VF
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where
f(z) = cx® + O(x%), f'(x) = 2cx + O(2?), f"(x) = 2c+ O(x).
Therefore (f'(z))? = 4c?x? + O(2?),
2f () f"(x) = 4c*x* + O(z?)
and

2(f'(2))*/ f(x) = 2(4c*2* + O(2%))|z|\/c + O(x).

g is bounded because

/ 2
2 @PVTE o
.=
and f'(z)* — 2f(z)f"(z) = O(z?).
The theorem does not hold for some C?-functions.
Let f(z) = (z + |z|*?)? = 22 + 222\ /|z| + |2|3, so f is C%. For x > 0,
1 1 ! 1 1 3 1
:i(w> B NG
N (VAR 1 Voo

g(z) 0.

Problem 2.
Let I denote the identity n x n matrix. Then

detM.detH = det [é g} det {‘6 Ilﬂ = det {é 9} = detA.

Problem 3. log+
Set f(t) = Sln(t—sg). We have
b o cos(logt)
f(z) = sy sin(logt) + e
, 1+«
So |f'(t)] < for « > 0. Then from Mean value theorem for some

ta—H

9 € (0,1) we get |f(n+1)— f(n)| = |f/(n+6)] < ——o 1to

T Since Y | T <
0

+o0o for a > 0 and f(n) . 0 we get that i (=)™ f(n)= > (f(2n—

1 n=1

1) — f(2n)) converges.
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sin(logn
Now we have to prove that # does not converge to 0 for a < 0.
n
It suffices to consider oo = 0.

We show that a, = sin(logn) does not tend to zero. Assume the

11
contrary. There exist k, € N and A\, € [— 27 5} for n > e? such that

1
ogn _ kn + An. Then |a,| = sinm|A,|. Since a, — 0 we get A\, — 0.
7
We have
kn—H - kn =
log(n+ 1) —logn 1 1
_logntl) —logn 5y L, (1 + —) — Mgt — M)
T T n
Then |k, 11 — k| < 1 for all n big enough. Hence there exists no so that

logn

k, = ky, for n > ny. So = ky, + A\, for n > ng. Since A\, — 0 we

get contradiction with logn — oc.
Problem 4.

a) If we denote by E;; the standard basis of M, consisting of elemen-
tary matrix (with entry 1 at the place (i,7) and zero elsewhere), then
the entries ¢;; of C can be defined by ¢;; = f(Ej;).

b) Denote by L the n?—1-dimensional linear subspace of M,, consisting
of allmatrices with zero trace. The elements Ej;; with ¢ # j and the

elements F;; — E,,,i = 1,...,n — 1 form a linear basis for L. Since
Eij = Eij-Ejj — EjjEij, 1 7
then the property (2) shows that f is vanishing identically on L. Now,
1
for any A € M,, we have A — —tr(A).E € L, where FE is the identity
n
1
matrix, and therefore f(A) = —f(F).tr(A).
n
Problem 5.
Let f*=fofo---of, f'=id, f" = (f~H" for every natural num-

n times

ber n. Let T'(z) = {f"(z) : n € Z} for every x € X. The sets T'(x) for

different 2’s either coinside or do not intersect. Each of them is mapped
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by f onto itself. It is enough to prove the theorem for every such set. Let
A =T(z). If Ais finite, then we can think that A is the set of all vertices

27

of a regular n polygon and that f is rotation by —. Such rotation can
n

be obtained as a composition of 2 symmetries mapping the n polygon

T
onto itself (if n is even then there are axes of symmetry making — angle;
n

if n = 2k +1 then there are axes making k2—7T angle). If A is infinite then
we can think that A = Z and f(m) =m Tll— 1 for every m € Z. In this
case we define g as a symmetry relative to 57 go as a symmetry relative
to 0.
Problem 6. .

a) f(x) = xsin e

b) Yes. The Cantor set is given by

C={re0,1):z= f:bjgﬂ‘, b, € {0,2}}.

j=1
There is an one-to-one mapping f : [0,1) — C. Indeed, for z =
> a;277, a; € {0,1} we set f(x) = > (2a;)377. Hence C is uncount-
j=1 =1
able.

Fork=1,2,...andi=0,1,2,...,2" 1 — 1 we set

k—2 k—2
aei =37 (63 a3 + 1), by =37(6) a3 +2),
J=0 j=0

k=2
where i = ) a;2/, a; € {0,1}. Then
j=0

0, 1\C = U2y U2~ (api, biy),

i.e. the Cantor set consists of all points which have a trinary representa-

tion with 0 and 2 as digits and the points of its compliment have some
k—1_

1’s in their trinary representation. Thus, 'Uo (aki, bp;) are all points
1=
(exept ay;) which have 1 on k-th place and 0 or 2 on the j-th (j < k)

places.
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Noticing that the points with at least one digit equals to 1 are every-
where dence in [0, 1] we set

oo

flz) = (=1)*gu(2).

k=1
where g; is a piece-wise linear continuous functions with values at the

aH—bi _
g’“( 5 k7>:2 "

9:(0) = gr(1) = gilars) = gr(brs) = 0,0 =0,1,..., 2 — 1.

Then f is continuous and f "crosses the axis” at every point of the

knots

Cantor set.

2.5 Solutions of Olympic 1998

2.5.1 Day 1

Problem 1. First choose a basis {vy,v9,v3} of Up. It is possible to
extend this basis with vectors vy, v5 and vg to get a basis of Us. In the
same way we can extend a basis of Uy with vectors vy, ..., v19 to get as
basis of V.

Let T € ¢ be an endomorphism which has U; and U, as invariant
subspaces. Then its matrix, relative to the basis {vy,...,v109} is of the

form

*

KK X K KX K X X X
KK K K K X K K K KX
* K X K K X K X X X
KK X K K X K K K K

OO ODDODDODODO % * *
ODODODDODDODOD % % *
OO OO* % % % % %
OO OD % % % % % *
OO ODO % ¥ % % % *

SO OOOO

So dimpe = 9+ 18 + 40 = 67.
Problem 2.
Let S, be the group of permutations of {1,2,...,n}.
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1) When n = 3 the proposition is obvious: if z = (12) we choose
y = (123); if x = (123) we choose y = (12).

2) n = 4. Let z = (12)(34). Assume that there exists y € S,,, such
that Sy =< x,y >. Denote by K the invariant subgroup

K = {id, (12)(34), (13)(24), (14)(23)}.

By the fact that x and y generate the whole group Sy, it follows that
the factor group S;/K contains only powers of § = yK, i.e., Sy/K is
cyclic. It is easy to see that this factor-group is not comutative (some-
thing more this group is not isomorphic to Ss).

3)n=>5

a) If z = (12), then for y we can take y = (12345).

b) If z = (123), we set y = (124)(35). Then y?zy® = (125) and
y* = (124). Therefore (123), (124), (125) €< z,y >- the subgroup gen-
erated by = and y. From the fact that (123), (124), (125) generate the
alternating subgroup As, it follows that A5 C< z,y >. Moreover y is an
odd permutation, hence < x,y >= S5.

c) If z = (123)(45), then as in b) we see that for y we can take the
element (124).

d) If x = (1234), we set y = (12345). Then (yz)* = (24) €< z,y >
2%(24) = (13) €< z,y > and y* = (13524) €< z,y >. By the fact
(13) e< z,y > and (13524) €< z,y >, it follows that < z,y >= S.

e) If x = (12)(34), then for y we can take y = (1354). Then 3’z =
(125), %z = (124)(53) and by ¢) S5 =< z,y >.

f) If o = (12345), then it is clear that for y we can take the element
y = (12).

Problem 3. a) Fix x = zy € (0,1). If we denote z, = f,(x¢),n =
1,2,... it is easy to see that x; € (0,1/2],21 < f(x1) < 1/2 and z,, <
f(x,) < 1/2 (by induction). Then (x,), is a bounded nondecreasing
sequence and, since x, 11 = 2z,(1 —x,,), the limit [ = lim,,_,, z,, satisfies

[ = 2I(1 — 1), which implies [ = 1/2. Now the monotone convergence
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theorem implies that
1

1
0
b) We prove by induction that

fulr) =5 -2 (1-2)" (1)

holds for n = 1,2,.... For n = 1 this is true, since f(z) = 2z(1 —z) =
1 1
3~ 2(x — 5)2 If (1) holds for some n = k, then we have

1

1 1 1

frn(@) = fiu(f(2)) = 5~ 22k_1(§ —2(z - 5)2) - 5)2k
1 I
:?—2 (—2($I§))
_5_22 —1(33_5)2

which is (2) for n =k + 1.

Using (1) we can compute the integral,

1
122 1y 2"+171 1 1
[r@ir=[3- 2= =535
27 241 2 =0 2 2(2"+41)
0

Problem 4. Define the function

1

9(z) = 51%(x) + f'(a).

Because ¢g(0) = 0 and

f@).f'(x) + () = g'(2),

it is enough to prove that there exists a real number 0 < 7 < 1 for which

g(n) =0.
a) If f is never zero, let
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Because h(0) = h(1) = —%, there exists a real number 0 < n < 1 for
which A'(n) = 0. But g = 2.1/, and we are done.

b) If f has at least one zero, let z; be the first one and z3 be the last
one. (The set of the zeros is closed.) By the conditions, 0 < z; < z5 < 1.

The function f is positive on the intervals [0, 21) and (zo,1]; this
implies that f'(z1) < 0 and f’(25) > 0. Then g(z1) = f'(z1) < 0 and
g(z2) = f'(22) > 0, and there exists a real number 1 € [z, 29] for which
g9(n) = 0. )

Remark. For the function f(z) = 1 the conditions hold and
f.f"+ f7 is constantly 0.
Problem 5. Observe that both sides of (2) are identically equal to zero

if n = 1. Suppose that n > 1. Let x1,...,x, be the zeros of P. Clearly
(2) is true when x = x;, i € {1,...,n}, and equality is possible only if
P'(x;) =0, i.e., if x; is a multiple zero of P. Now suppose that x is not
a zero of P. Using the identities

Plz) <~ 1 Plz) 2
P(x) _Zx—aji’ P(z) Z (z — z;)(x — xj)’

i=1 1<i<j<n

P(x)\2  P'"(z) " on—1 2
(”_1)(13(3;)) B T 2w

— e (x —z;)(x — xj)

But this last expression is simply

1 1 2
Z (:L'—::f;i_a:—xj) ’

1<i<j<n

and therefore is positive. The inequality is proved. In order that (2)
holds with equality sign for every real x it is necessary that z; = x9 =
... = x,. A direct verification shows that indeed, if P(z) = c¢(x — x1)",

then (2) becomes an identity.
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Problem 6. Observe that the integral is equal to

/ f(sin 0) cos 6d0

and to
/ f(cos ) sin 0db

So, twice the integral is at most

1d0 = =
2

o
ol

Now let f(x) =1 — 22 If z =sinf and y = sin ¢ then
zf(y) +yf(x) =sinfcos¢p+sinpcosd =sin(f + ¢) <1
2.5.2 Day 2

Problem 1. We use induction on k. By passing to a subset, we may

assume that fi,..., f; are linearly independent.

Since f; is independent of fi,..., fr_1, by induction there exists a
vector a;, € V such that fi(ay) = -+ = fr(ar) = 0 and fr(ag) =#
0. After normalising, we may assume that fy(ay) = 1. The vectors
ai,...,ap_1 are defined similarly to get

_Jlite=
filay) = {Oifz’;éj.
For an arbitrary x E Vand 1 <i <k, fi(x — fi(z)ay — fo(x)ag — -+ —

fu(@)ag) = fi(z) — Z fi(x) fila;) = fi(x) — fi(x)fi(a;) = 0, thus f(z —
filz)ar — — fe(z )ak) = 0. By the linearity of f this implies f(x) =
fi(z)f(a ) -+ fr(x) f(ag), which gives f(z) as a linear combination
of fi(z),. ( ).
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1 1
Problem 2. Denote zg = 1,2, = —5,1'2 = §,x3 =1,
3
w(z) =] J(& = =),
i=0
wi(z) = w(z) k=0,...,3,
T — Tk
wi(x
lk xTr) —
() oz

Then for every f € P

Since f” is a linear function max_1<,<1 |f"(z)| is attained either at = =

—1 or at x = 1. Without loss of generality let the maximum point is
x = 1. Then

fepP —1<z<1

3
sup max |f"()] = > [l(1)].
k=0
In order to have equality for the extremal polynomial f, there must hold
filzy) = signli (1), k=0,1,2,3.

It is easy to see that {I}(1)};_, alternate in sign, so f,(zx) = (—=1)* 1 k =

0,...,3. Hence f,(z) = T3(x) = 42 — 3z, the Chebyshev polynomial

of the first kind, and f/(1) = 24. The other extremal polynomial, corre-

sponding to x = —1, is —T3.

Problem 3. Let f,(z) = f(f(... f(p))). It is easy to see that f,(z) is
NS

n
a picewise monotone function and its graph contains 2" linear segments;
one endpoint is always on {(z,y) : 0 < x < 1,y = 0}, the other is
on {(z,y) : 0 <z <1,y = 1}. Thus the graph of the identity function
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intersects each segment once, so the number of points for which f,(x) = x
is 2".

Since for each n-periodic points we have f,(z) = z, the number of
n-periodic points is finite.

A point z is n-periodic if f,,(x) = x but fy(z) #xfork=1,...,n—1.
But as we saw before fi(x) = x holds only at 2* points, so there are at
most 2! + 22 4 - .. 4+ 2771 = 2" — 2 points z for which fi(z) = x for at
least one k € {1,2,...,n — 1}. Therefore at least two of the 2" points
for which f,(x) = x are n-periodic points.

Problem 4. It is clear that id : A, — A, given by id(x) = x, does not
verify condition (2). Since id is the only increasing injection on A,, F
does not contain injections. Let us take any f € F and suppose that
#(f~Y(k)) > 2. Since f is increasing, there exists i € A, such that
f@) = f(i4+1) = k. In view of (2), f(k) = f(f(i+1)) = f(i) = k. If
{i < k: f(i) <k} =10, then taking j = max{i < k : f(i) < k} we get
fU) < fG+1)=k=f(f(j+1)), a contradiction. Hence f(:) = k for
i < k. If #(f~1({l})) > 2 for some [ > k, then the similar consideration
shows that f(i) =1 =k for ¢« < k. Hence #(f '{i}) = 0 or 1 for every
i > k. Therefore f(i) <ifori > k. If f(I) =1, then taking j = max{i <
L:f(i) <} weget f(§)< f(G+1)=1=f(f(j+1)), a contradiction.
Thus, f(i) <i—1fori> k. Let m = max{i: f(i) = k}. Since f is non-
constant m < n—1. Since k = f(m) = f(f(m+1)), f(m+1) € [k+1,m].
If f(I) > 1—1 for some l > m+1, then [ —1 and f(I) belong to f~(f(1))
and this contradicts the facts above. Hence f(i) =i — 1 for i > m + 1.
Thus we show that every function f in F is defined by natural numbers
k,l,m,where l <k <l=f(m+1)<m<n-—1

k ifes<m
fi) =41 ifi=m
1—1 ife>m+1
Then
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Problem 5. For every x € M choose spheres S, T € § such that S # T
and z € SNT; denote by U, V, W the three components of R™\ (S UT),
where the notation is such that OU = 5,0V =T and z is the only point
of U NV, and choose points with rational coordinates u € U,v € V,
and w € W. We claim that x is uniquely determined by the triple
< u,v,w >; since the set of such triples is countable, this will finish the
proof.

To prove the claim, suppose, that from some 2’ € M we arrived to the
same < u,v,w > using spheres S’, 7" € S and components U’, V', W' of
R™\ (S'UT"). Since SNS’ contains at most one point and since UNU’ # (),
we have that U C U’ or U’ C U; similarly for V's and W’s. Exchanging
the role of x and x’ and/or of U’s and V's if necessary, there are only
two cases to consider: (a) U DU and V D V' and (b) U Cc U,V DV’
and W D W’. In case (a) we recall that U NV contains only x and
that 2/ € U'NV’, so x = 2’. In case (b) we get from W C W' that
U' c UUV:; so since U’ is open and connected, and U NV is just one
point, we infer that U’ = U and we are back in the already proved case
(a).

Problem 6.

a) We first construct a sequence ¢, of positive numbers such that

o0 1 o0
¢, — o0 and Y cb, < 5" Let B = ) b,, and for each kK = 0,1,...

n=1 n=1
denote by NV, the first positive integer for which
o0
B
> i<
n:Nk

2k
Now set ¢, = 2] for each n, N < n < Niy1. Then we have ¢, — o0

and
SUTED S SEPHINE SEA PR S A B
n=1 k=0 Np<n<Ngii k=0 n=Ny k=0
Consider the intervals I, = (a, — ¢yby, an + ¢pby). The sum of their
lengths is 2> ¢,b, < 1, thus there exists a point zy € (0,1) which is
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not contained in any [,. We show that f is differentiable at x(, and
f'(zg) = 0. Since x( is outside of the intervals I,,, xy # a, an for any n
and f(xg) = 0. For arbitrary = € (0,1)\{zo}, if z = a,, for some n, then

‘f 370‘ f(an)_0< bn _1
T — T ap — x| T enbn
otherwise f(@) = f(@o) = 0. Since ¢, — o0, this implies that for arbi-
r — X

trary € > 0 there are only finitely many x € (0,1)\{xo} for which

‘f (o )‘

T — Xy

< €

does not hold, and we are done.

Remark. The variation of f is finite, which implies that f is differen-
tiable almost everywhere.

b) We remove the zero elements from sequence b,. Since f(z) =
except for a countable subset of (0, 1), if f is differentiable at some point
xg, then f(xg) and f’(x¢) must be 0.

It is easy to construct a sequence (3, satisfying 0 < 3, < b,, b, — 0
and i By = 00

Cﬁgose the numbers ay,as, ... such that the intervals I, = (a, —
By an+ Gn)(n=1,2,...) cover each point of (0, 1) infinitely many times
(it is possible since the sum of lengths is 2> b, = co. Then for arbitrary
xg € (0,1), f(zo) = 0 and € > 0 there is an n for which 3, < e and ¢y € I,
which implies

f(an) — fzo)| _ bn

> — > 1.
‘an _$O| ﬁn

2.6 Solutions of Olympic 1999

2.6.1 Day 1

Problem 1.
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a) The diagonal matrix

A 0
A=)\ =
0 A
is a solution for equation A% = A + I if and only if A\ = X\ + 1, because
A3 —A—1T = (N —X—1)I. This equation, being cubic, has real solution.

3 _ x — 1 has

b) It is easy to check that the polynomial p(z) = x
a positive real root A\; (because p(0) < 0) and two conjugated complex

roots Ag and A3 (one can check the discriminant of the polynomial, which

. 1\3 1\2 23
is ( — §) + < — 5) = 108 > 0, or the local minimum and maximum
of the polynomial).

If a matrix A satisfies equation A% = A + I, then its eigenvalues can
be only A, Ay and A3. The multiplicity of Ay and A3 must be the same,
because A is a real matrix and its characteristic polynomial has only
real coefficients. Denoting the multiplicity of A\; by a and the common

multiplicity of A\ and A3 by 3,
detA = NNIND = A (Aphg)”.

Because A\; and AA3 = |\s|? are positive, the product on the right side
has only positive factors.

Problem 2. No. For, let 7 be a permutation of N and let N € N. We
shall argue that

al m(n) 1
Z n2 > 9
n=N+1

In fact, of the 2N numbers 7(N + 1),...,7(3N) only N can be < N so
that at least N of them are > N. Hence

3N 7T( ) 1
)>— " -N.N =
Z n2 3N 2 Z 9N2 9
n=N-+1 n=N+1

Solution 2. Let 7w be a permutation of N. For any n € N, the

numbers 7(1),...,7(n) are distinct positive integers, thus 7(1) + --- +
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1
ﬂ(n)21+...+n:w

> ”ﬁ? fj 200 (53~ )

. By this inequality,

n=1
‘2 nin+1)2 “~2n(n+1) ~ = n+l
Problem 3. Writing (1) with n — 1 instead of n,
‘ng (w -+ ky) = flo = ky))| < 1. (2)

From the difference of (1) and (2),

[3"(f(z +ny) — flz —ny))| <2

which means

2
@ +ny) = flo —ny)l < o2 (3)
For arbitrary u,v € R and n € N one can choose x and y such that
U+ v v—u

x—ny =u and x +ny = v, namely x = and y = , Thus, (3)

yields )
1) = f0)] < =

for arbitrary positive integer n. Because T can be arbitrary small, this

implies f(u) = f(v).
Problem 4. Let g(z) = @ We have f(ﬁ) = ¢g(x). By induction

it follows that g(
g (x

x x
f = , n € N. 1
rw) =7 W
72
On the other hand, let substitute x by f(z) in f<f( )) = z. From the
x

injectivity of f we get /() =z, i.e. g(zg(xr)) = g(r). Again by
f(f@)
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induction we deduce that g(xg"(x)) = g(x) which can be written in the

form
f(zg"(x)) = zg" ' (x),n € N. (2)
Set f(m) = fofo---of. It follows from (1) and (2) that
[0(xg" (x)) = 2" " (x),m.n € N. (3)

Now, we shall prove that g is a constant. Assume g(x1) < g(x2). Then
we may find n € N such that x;¢"(x1) < 299" (22). On the other hand,
if m is even then f(™ is strictly increasing and from (3) it follows that
zP'g" " (xq) < ah'g" ™ (x9). But when n is fixed the opposite inequality
holds Vm > 1. This contradiction shows that ¢ is a constant, i.e. f(z) =
Cx,C > 0.

Conversely, it is easy to check that the functions of this type verify
the conditions of the problem.

Problem 5.

We prove the more general statement that if at least n + k points are
marked in an n X k grid, then the required sequence of marked points
can be selected.

If a row or a column contains at most one marked point, delete it.
This decreases n + k by 1 and the number of the marked points by at
most 1, so the condition remains true. Repeat this step until each row
and column contains at least two marked points. Note that the condition
implies that there are at least two marked points, so the whole set of
marked points cannot be deleted.

We define a sequence by, bo, . . . of marked points. Let by be an arbitrary
marked point. For any positive integer n, let by, be an other marked
point in the row of by, 1 and by,.1 be an other marked point in the
column of by,,.

Let m be the first index for which b,,, is the same as one of the earlier

points, say b, = b;, [ < m.
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If m — [ is even, the line segments b;b;. 1, b1 1142, ..., by_1b; = by_1bp,
are alternating horizontal and vertical. So one can choose 2k = m — [,
and (aq,...,a9;) = (by,...,bm-1) or (a,...,a2;) = (by41,...,bp) if [ is
odd or even, respectively.

If m —1[ is odd, then the points b; = b,,,, b;11 and b,,_; are in the same

row/column. In this case chose 2k = m — [ — 1. Again, the line seg-

ments by 10719, 0190113, ..., b,_1b;11 are alternating horizontal and verti-
cal and one can choose (ay, ..., as) = (biy1,.-.,bm_1) or (ai,...,as) =
biio,...,bm_1,b11 if [ is even or odd, respectively.

Solution 2. Define the graph G in the following way: Let the vertices
of G be the rows and the columns of the grid. Connect a row r and a
column ¢ with an edge if the intersection point of r and c¢ is marked.

The graph G has 2n vertices and 2n edges. As is well known, if a
graph of N vertices contains no circle, it can have at most N — 1 edges.
Thus G does contain a circle. A circle is an alternating sequence of rows
and columns, and the intersection of each neighbouring row and column
is a marked point. The required sequence consists of these intersection
points.
Problem 6. )

a) Let g(z) = max(0, f'(x)). Then 0 < flf’(x)dx = [ g(z)dx +

—1

(f’(ﬂf) g(x))dz, so we get f |f'(z)|dx = fg d33+f11(g($)—f’(x))dx<

»—%H

2 f g(r)dx. Fix p and c¢ (to be determined at the end). Given any

t > 0, choose for every x such that g(x) > ¢ an interval I, = [z, y| such
that |f(y) — f(x)| > cg(x)"?|ly — x| > ct'/?|I,| and choose disjoint I,..
that cover at least one third of the measure of the set {g > t} For

]—UI Wethushavectl/p\]\<ff dx<f]f \da:<2fg

1
6
so {g > t}| < 3|I| < —t_l/p/g(:zz)dx. Integrating the inequality, we
c
“1
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6
get f g(x)dx = f {g > t}|dt < —Ll g(z)dx; this is a contradiction
cp

e.g. for ¢, = (6p)/(p — 1).

1
b) No. Given ¢ > 1, denote @« = — and choose 0 < ¢ < 1 such

c
1 —o 1
+€> < —. Let g : [-1,1] — [=1,1] be continuous, even,

4

—a—1

g(x) = =1 for |z| < eand 0 < g(x) < &(lx‘;_ e>
€

tht(
& 2€

for e < |z| <

|x| + e\ —a-1 €
dt = —=
2€ 2 *

1
1 is chosen such that fg t)dt > -5 +/ (

26(1 - (1;6)_ ) > e Let f = fg(;)dt. Then f(1) — f(~1) >

—26—|—2fg Ydt > 0. If e < x <1 and y = —¢, then |f(z) — f(y)| >

T —a—1 - —
2€—fg )yt > 2e — [« <t+€) :26<x+€) >g(:z:)‘x vl _

2 2€ 2€ «

f(z )\x —ul. : symmetrically for —1 < z < —e and y = €.
o

2.6.2 Day 2

Problem 1. From 0 = (a + b)? = a® + b* + ab + ba = ab + ba, we have
ab = —(ba) for arbitrary a, b, which implies

abc = a(bc) = —((bc))a = —(b(ca)) = (ca)b = c(ab) = —((ab)c) = —abc.

Problem 2. For all nonnegative integers n and modulo 5 residue class

r, denote by pg) the probability that after n throwing the sum of values

is congruent to r modulo n. It is obvious that p(()o) =1 and p(()l) = p(()2) =

pé?’) = p(()4) = 0.

Moreover, for any n > 0 we have

.1
Z 6]? T_Z (1)

=1

From this recursion we can compute the probabilities for small values
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: (r) 1 4 _
of n and can conjecture that p,’ = R + = if n = r (mod 5) and
1 1 '
p,(f) =TT otherwise. From (1), this conjecture can be proved by
induction.

Solution 2. Let S be the set of all sequences consisting of digits
1,...,6 of length n. We create collections of these sequences.

Let a collection contain sequences of the form

66...6XY,...Y, 11,
k

where X € {1,2,3,4,5} and k and the digits Y1,...,Y, ;1 are fixed.
Then each collection consists of 5 sequences, and the sums of the digits
of sequences give a whole residue system mod 5.

Except for the sequence 66...6, each sequence is the element of one

collection. This means that the number of the sequences, which have

1
a sum of digits divisible by 5, is 5(6” — 1) + 1 if n is divisible by 5,
1
otherwise 5(6” —1).

1 4
Thus, the probability is = + o if n is divisible by 5, otherwise it is
| :

1
5 56" . L
Solution 3. For arbitrary positive integer k denote by p; the proba-

bility that the sum of values is k. Define the generating function

00 2 3 4 5 6
T+t +x+ 20+ x\"
fla) = mat = ( )"

6
k=1
(The last equality can be easily proved by induction.)
0 2 2
Our goal is to compute the sum > psi. Let € = cos % + 7 sin %; be

k=1
the first 5th root of unity. Then

S g = F(1)+ f(e) + f(e52> + f() + f(e')

k=1
in

Obviously f(1) =1, and f(¢/) = 66_” for 7 =1,2,3,4. This implies that
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4 —1
fle)+ f(e&)+ f()+ f(e') is & if n is divisible by 5, otherwise it is -

o0 1 1 1 1
Thus, ];p5k is - + o if n is divisible by 5, otherwise it is T E e
Problem 3.
The inequality
3 1 1\2
O§x3—1x—i—iz(:ﬁ+1)($—§)
holds for z > —1.
Substituting z1, ..., z,, we obtain
- 3 1 - 3 < n 3 < n
0< (3——2' —>: S — = it —-=0—~ i T
so Y. x; < % Remark. Equailty holds only in the case when n = 9k, k
i=1
1
of the xq,...,x, are —1, and 8k of them are X

Problem 4. Assume that such a function exists. The initial inequality
f*(z) f(@)y

fla)+y  fl@)+y
Obviously, f is a decreasing function. Fix x > 0 and choose n € N such

that nf(z +1) > 1. For k=0,1,...,n — 1 we have

fx+3)
f(x+§)_f($+kzl> an(x??%ﬂl Zzi'

The additon of these inequalities gives f(x + 1) > f(z) — =. From this
it follows that f(z + 2m) < f(x) — m for all m € N. Taking m > f(z),

we get a contradiction with the conditon f(z) > 0.

can be written in the form f(z)— f(x+y) > f(x)—

Problem 5. Let S be the set of all words consisting of the letters x, v, z,
and consider an equivalence relation ~ on S satisfying the following
conditions: for arbitrary words u,v,w € .S

(i) uu ~ u;

(ii) if v ~ w, then wv ~ vw and vu ~ wu.

Show that every word in S is equivalent to a word of length at most
8. (20 points)
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Solution. First we prove the following lemma: If a word v € S
contains at least one of each letter, and v € S is an arbitrary word, then
there exists a word w € S such that vvw ~ wu.

If v contains a single letter, say x, write v in the form v = u;zus, and
choose w = ug. Then uvw = uirus)rus = uy((Tus)(Tus)) ~ uy(rus) =
u.

In the general case, let the letters of v be aq,...,a;r. Then one can
choose some words wy, ..., wy such that (uai)w;) ~ w,(uaias)ws ~
uay, ..., (uay ...ap)wg ~ uay . ..ag—1. Then u ~ uajwy; ~ uajagwowy ~

S~ UAY . QW ... w1 = uO(Wg .. W), SO W = Wy ... w;p IS a good
choice.

Consider now an arbitrary word a, which contains more than 8 digits.
We shall prove that there is a shorter word which is equivalent to a.
If a can be written in the form wvvw, its length can be reduced by
uvvw ~ uvw. So we can assume that a does not have this form.

Write a in the form a = bed, where band d are the first and last four
letter of a, respectively. We prove that a ~ bd.

It is easy to check that b and d contains all the three letters x, y and z,
otherwise their length could be reduced. By the lemma there is a word
e such that b(cd)e ~ b, and there is a word f such that def ~ d. Then

we can write
a = bed ~ be(def) ~ be(dedef) = (bede)(def) ~ bd.

Remark. Of course, it is enough to give for every word of length 9 an
shortest shorter word. Assuming that the first letter is x and the second
is y, it is easy (but a little long) to check that there are 18 words of
length 9 which cannot be written in the form uwvvw.

For five of these words there is a 2-step solution, for example
TYTZYZTZY ~ TYTZYZTZYZY ~ TYTZYZY ~ TYT2Y.

In the remaining 13 cases we need more steps. The general algorithm

given by the Solution works for these cases as well, but needs also
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very long words. For example, to reduce the length of the word a =
xyzyrzryz, we have set b = xyzy,c = r,d = zxyz, e = xyxzrzyryzy, f =

zyxyrzyxrzrzezryxryzryz. The longest word in the algorithm was
bededef =
= TYZYTZTYZTYTZLZYTYZYZTYZLYLZLZYTYZYZYTYTZYTLLZTLZTZTYTYZLYZ,
which is of length 46. This is not the shortest way: reducing the length
of word a can be done for example by the following steps:
TYZYTZTYZ ~ TYZYTLZTYZYT ~ TYZYTZTYZYTYZYZ ~

TYZYTZTYZYTZYTYZYZ ~~ TYZYLZYTYZ ~ TYZYTYZ.

(The last example is due to Nayden Kambouchev from Sofia University.)
Problem 6. Let A = {ay,...,a;}. Consider the k-tuples

2miaqt 2miagt
..., EXTD

(e:z:p >€Ck,t:(),1,...,n—1.

Each component is in the unit circle |z| = 1. Split the circle into 6 equal
arcs. This induces a decomposition of the k-tuples into 6* classes. By

the condition k < mln we have n > 6%, so there are two k-tuples in

the same class say for t; < ty. Set r =ty — t1. Then

Reeprﬂ-iajr — cos (27rajt2 . 27T6th1> > COSE _ 1
n n 3 2
for all 4, so
k
£ 2 Ref(r) > o

2.7 Solutions of Olympic 2000

2.7.1 Day 1

Problem 1.

a) Yes.

Proof: Let A = {z € [0,1] : f(x) > z}. If f(0) = 0 we are done, if
not then A is non-empty (0 is in A) bounded, so it has supremum, say
a. Let b= f(a).
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I. case: a < b. Then, using that f is monotone and a was the sup, we

get b= f(a) < f(@) < ©2 which contradicts a < b.

II. case: a > b. Then we get b = f(a) > f(%2) > % contradiction.

Therefore we must have a = b.

b) No. Let, for example,

1
f(a:):1—gifg;§5
and . )

This is clearly a good counter-example.
Problem 2. Short solution. Let

play =222

=2t By + 2yt

and
Q\r)—q\y
Qr.y) = =40
r—Yy
We need those pairs (w, z) which satisfy P(w, z) = Q(w, z) = 0.
From P — (@ = 0 we have w + z = 1. Let ¢ = wz. After a short

calculation we obtain ¢ — 3¢+ 2 = 0, which has the solutions ¢ = 1 and

— Syt et i et

¢ = 2. From the system w+ 2z = 1, wz = ¢ we obtain the following pairs:

<1 iQ\/§¢’ 1 ;2\/52') o <1 iQ\/7z" 1 :LQ\/%)

Problem 3.

A and B are square complex matrices of the same size and
rank(AB — BA) = 1.

Show that (AB — BA)? = 0.
Let 0 = AB — BA. Since rankC = 1, at most one eigenvalue of C
is different from 0. Also trC = 0, so all the eigevalues are zero. In the

Jordan canonical form there can only be one 2 x 2 cage and thus C? = 0.
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Problem 4.

You can get a sharp bound on

‘ 1
su
z’pmzz:l vVmyvi—m+1

by checking that it is at most

Alternatively you can observe that

i/2

1
Z\/_\/HT Z\/_\/HT

/2 \/*
S
Problem 5.
Suppose that e + f + g = 0 for given idempotents e, f,g € R. Then

g=9"=(=(e+ [ =c+(ef +fe)+ [ =(ef +[fe) -

ie. ef + fe = 2g, whence the additive commutator

[euf]:ef_fe:[676f+f€]:2[679]:2[67_6_f]:_2[67f]7
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i.e. ef = fe (since R has zero characteristic). Thus ef + fe = 2g
becomes ef = g, so that e + f + ef = 0. On multiplying by e, this
yields e + 2ef = 0, and similarly f + 2ef = 0, so that f = —2ef = e,
hence e = f = g by symmetry. Hence, finaly, 3e = e+ f 4+ g = 0, i.e.
e=f=9g=0.

For part (i) just omit some of this.
Problem 6.

From the conditions it is obvious that F'is increasing and lim b,, = oo.

By Lagrange’s theorem and the recursion in (1), for all & ngBO integers

there exists a real number & € (ay, agy1) such that

Flap) — Flar) = £(E)(anp —ar) = 2 @)

flar)

By the monotonity, f(ax) < f(&) < f(aks1), thus
f flarr) — flar)

(@k:+1) 14

1 < Flags) — Flar) < (3)

f(ak) f(ax)
Summing (3) for £ =0,...,n — 1 and substituting F(b,) = n, we have
n—1
F(b,) < n+F(ay) < Fla,) < F(by)+F(ag)+ Y flaw) = Flar), (4)
pa ey
From the first two inequalities we already have a,, > b,, and lim a,, = oc.

Let € be an arbitrary positive number. Choose an integer K. such

2
that f(aK.) > —. If n is sufficiently large, then
€

Flao) + P flag) B
a1 N ) — fa)  fan) = fla)
_ <F( 0) + kz_o Far) ) +k:K6 1 Fa < (5)
1 n—1
<0d1) + (Flarr) = flar) <
f(aKe) =K. : "
< 0u(1) + 5(f(an) = f(aK0)) < ef (@)
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Inequalities (4) and (5) together say that for any positive e, if n is suffi-
ciently large,
F(CL”) - F(bn) < Ef(an)'

Again, by Lagrange’s theorem, there is a real number ¢ € (b,,a,) such
that

F(an) = F(by) = f(C)(an = ba) > f(bn)(an — bn), (6)
thus
f(bn)(an = bn) < ef(an). (7)
Let B be an upper bound for f’. Apply f(a,) < f(bn) + B(a, — b,) in
(7):

f(bn)(an —bn) < €(f(bn) + Blan — b)),

(f (bn) — €B)(an — by) < €f (bn). (8)
Due to lim f(b,) = oo, the first factor is positive, and we have
f(bn)
n—bp < e <2 9
a <€f(bn)—eB< € (9)

for sufficiently large n.
Thus, for arbitrary positive € we proved that 0 < a,, — b, < 2¢ if n is
sufficiently large.

2.7.2 Day 2

Problem 1.

We start with the following lemma: If a and b be coprime positive
integers then every sufficiently large positive integer m can be expressed
in the form az + by with x, y non-negative integers.

Proof of the lemma. The numbers 0, a, 2a, . .., (b—1)a give a complete
residue system modulo b. Consequently, for any m there exists a 0 <
r < b—1so that ax =m (mod b). If m > (b—1)a, then y = (m—ax)/b,

for which x + by = m, is a non-negative integer, too.
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Now observe that any dissection of a cube into n smaller cubes may

be refined to give a dissection into n+ (a?—1) cubes, for any a > 1. This
refinement is achieved by picking an arbitrary cube in the dissection, and
cutting it into a? smaller cubes. To prove the required result, then, it
suffices to exhibit two relatively prime integers of form a? — 1. In the 2-
dimensional case, a; = 2 and ay = 3 give the coprime numbers 22 —1 = 3
and 32 — 1 = 8. In the general case, two such integers are 2 — 1 and
(2¢ — )% — 1, as is easy to check.
Problem 2. Let (r —a,x +«a) C [0, 1] be an arbitrary non-empty open
interval. The function f is not monoton in the intervals [x — «, z] and
[z, x + «], thus there exist some real numbers z —a < p < ¢ < z,x <
r<s<uz+asothat f(p) > f(q) and f(r) < f(s).

By Weierstrass’ theorem, f has a global minimum in the interval
[p, s]. The values f(p) and f(s) are not the minimum, because they are
greater than f(q) and f(s), respectively. Thus the minimum is in the
interior of the interval, it is a local minimum. So each nonempty interval
(x —a,x + a) C [0, 1] contains at least one local minimum.

Problem 3. The statement is not true if p is a constant polynomial.
We prove it only in the case if n is positive.

For an arbitrary polynomial ¢(z) and complex number ¢, denote by
1(q, c) the largest exponent av for which ¢(z) is divisible by (z — ¢)®.
(With other words, if ¢ is a root of ¢, then (g, ¢) is the root’s multiplicity.
Otherwise 0.)

Denote by Sy and Sy the sets of complex numbers z for which p(z) is
0 or 1, respectively. These sets contain all roots of the polynomials p(z)
and p(z) — 1, thus

> uwpe)=> ulp—1,c)=n. (1)

c€Sy cESy

The polynomial p’ has at most n — 1 roots (n > 0 is used here). This
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implies that

> o) <n—1. (2)

c€SyUS

If p(¢) =0 or p(c) — 1 =0, then

pu(p,c) — p(p'c) = Lor u(p — 1,¢) — p(p'e) = 1, (3)

respectively. Putting (1), (2) and (3) together we obtain

[Sol + 1S1] =D (ulp ) = p(p',0)) + > (u(p = L,c) — p(p', ) =

ceSy ceS
—Zup, —|—Z,u —1,¢) Z ulp,c)>n+n—(n—1)=n+1.
CES() CESl CES()US1

Problem 4.
a) Without loss of generality, we can assume that the point A, is the
origin of system of coordinates. Then the polynomial can be presented

in the form
. 4 3 2 2
Yy = (CL()QJ + 12" + a2x” + azx + CL4)CE + asx,

where the equation y = asx determines the straight line A;A3. The
abscissas of the points A; and As are —a and a,a > 0, respectively.
Since —a and a are points of tangency, the numbers —a and a must be
double roots of the polynomial apz* + a2 + asz? + asx + as. It follows

that the polynomial is of the form

y = ap(z* — a*)? + asz.

The equality follows from the equality of the integrals

0 a
/ao(x2 — a®)zidr = /ao(x2 — a®)ridw
—a 0

due to the fact that the function y = ag(2? — a?) is even.
b) Without loss of generality, we can assume that ag = 1. Then the

function is of the form

y = (z+a)’(z — b)*2? + asz,
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where a and b are positive numbers and b = ka,0 < k < oco. The areas

of the figures at the segments A; As and Ay A3 are equal respectively to

0
7
/(x +a)*(z — b)*2’dr = ;TO(M:? + 7k +2)
and
b 7
/(:U + a)?*(z — b)*2?dr = ZaTO(2k2 + Tk +7)
0
Then
2k TR+ T
TR+ Tk 42
2P+ TR+T

The derivative of the function f(k) is negative for 0 <

B 77l<:2 - 27k +2
k < oo. Therefore f(k) decreases from 3 to - when k increases from 0
22+ Tk4+7 7
to oco. Inequalities = < 12 i T 1 5 < 3 imply the desired inequalities.
Problem 5.
First solution. First, if we assume that f(z) > 1 for some zR™,

# gives the contradiction f(z) = 1. Hence f(z) <1
for each x € R™, which implies that f is a decreasing function.

If f(x) =1 for some x € RT, then f(z +y) = f(y) for each y € R,
and by the monotonicity of f it follows that f = 1.

Let now f(x) < 1 for each x € RT. Then f is strictly decreasing

setting y =

function, in particular injective. By the equalities

f@)f(yf(x) = flx+y) =
= flyf(x) +a+y(—fx) = flyf(e)[((z+y(1 = f(2))f(yf(x)))

we obtain that © = (x + y(1 — f(z)))f(yf(x)). Setting x = 1,2z = xf(1)

1—f(1) _
ETTV we get f(z) = o

Combining the two cases, we conclude that f(x) =

and a =

for each

1+ ax
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x € RT, where a > 0. Conversely, a direct verification shows that the
functions of this form satisfy the initial equality.

Second solution. Asin the first solution we get that f is a decreasing
function, in particular differentiable almost everywhere. Write the initial

equality in the form

fle+y) —flz fyf(x)) —
(z+y) ():fz(x)( (7))
y vf (@)
It follows that if f is differentiable at the point x € R™, then there
—1
exists the limit lir@ﬁ =: —a. Therefore f'(r) = —af?*(x) for
z— VA
1\ 1
each z € RT, ie. (m> = a, which means that f(z) = p—

Substituting in the initial relaton, we find that b =1 and a > 0.
Problem 6. First we prove that for any polynomial ¢ and m x m

matrices A and B, the characteristic polinomials of q(e4?) and q(e”4)
0

are the same. It is easy to check that for any matrix X, g(e¥) = > ¢, X"
n=0
with some real numbers ¢, which depend on ¢. Let

C = f:cn BA)" 1B = ch (AB)"~
n=1 n=1

Then q(e?B) = ¢yl + AC and q(eP4) = coI + CA. Tt is well-known that
the characteristic polynomials of AC' and C'A are the same; denote this
polynomial by f(z). Then the characteristic polynomials of matrices
q(eP) and q(eP4) are both f(x — ).

Now assume that the matrix p(e4?) is nilpotent, ie. (p(e4?))¥ = 0 for
some positive integer k. Chose ¢ = p*. The characteristic polynomial
of the matrix ¢(4?) = 0 is 2, so the same holds for the matrix g(e?4).
By the theorem of Cayley and Hamilton, this implies that (g(e?4))™ =

(p(eP4))* = 0. Thus the matrix g(e®4) is nilpotent, too.
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2.8 Solutions of Olympic 2001

2.8.1 Day 1

Problem 1. Since there are exactly n rows and n columns, the choice

is of the form
{(U,o(g): j=1,...,n}

where o € 5, is a permutation. Thus the corresponding sum is equal to

ZTL]—1+O' Zn]—Zn+ZU

—nZy—Zn+Zy—n+1 (n;l) Q—M.

which shows that the sum is independent of o.
Problem 2.
1. There exist integers v and v such that us + vt = 1. Since ab = ba,

we obtain
CLb o (ab)us—i—vt (ab)uS((ab)t)v — (ab)use — (ab)us — aus(bS)u — ause — aus.

Therefore, b" = eb” = a"b" = (ab)" = a™" = (a")"* = e. Since xr+ys =1

for suitable integers x and v,
b — bxr—i—ys — (br)m(bs)y — e.

It follows similarly that a = e as well.
2. This is not true. Let a = (123) and b = (34567) be cycles of the
permutation group S7 of order 7. Then ab = (1234567) and a® = b° =

(ab)" =
Problem 3.
, - 1—t .
Jim (1 —1) — 1+t = hm, (_lnt)z_:l 1+t

1 T dx
til{no ~Int) I h 1+ enh / Tter
n 0
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Problem 4. Let p(z) = (z—1)r(z) and ¢; = '™/ (j = 1,2,...,¢—1).
As is well-known, the polynomial 24~ ' +z47 2+ - -+2+1 = (z—¢1) ... (z—
€4—1) is irreducible, thus all €1, . . ., €,_1 are roots of r(x), or none of them.

Suppose that none of €, ..., ¢,-1 is a root of r(x). Then H?: r(e;) is

a rational integer, which is not 0 and
qg—1
|0 - oy
7=1

q—
>‘H1—€]‘ 1q1+1q2++11+1)k:qk

—1 —1
T(Ej)‘ >

1

Q
(S

(n+1)71 >

1

J J

This contradicts the condition q < K .
Ing In(n+1)
Problem 5.

The statement will be proved by induction on n. For n = 1, there is

nothing to do. In the case n = 2, write A = [CCL 2] Ifb+#0,and c # 0

or b=c¢ =0 then A is similar to
1 0| Tfa b 1 0] 0 b
a/b 1 [c d} —a/b 1| ~ |c—ad/b a+d

v - [t

respectively. If b = c =0 and a # d, then A is similar to
1 INNMfa 0771 =17 [0 d—a
o 16l 1)=l "

and we can perform the step seen in the case b # 0 again.

or

Assume now that n > 3 and the problem has been solved for all

/
n <n. Let A= [é ;] , where A" is (n — 1) x (n — 1) matrix. Clearly

n
we may assume that A" # M1, so the induction provides a P with, say,
P1AP = [O *] . But then the matrix
n—1

* v

p=[5 [ 6 0=[7 5
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is similar to A and its diagonal is (0,0,...,0,, ). On the other hand,
we may also view B as [S é}, where C'is an (n — 1) X (n — 1) matrix

with diagonal (0,...,0,«, ). If the inductive hypothesis is applicable

to C, we would have Q"'CQ = D, with D = [2 ﬂ so that finally
n—1
the matrix
E_10B10_10 0 71 07 [0 =
=l o2l @l =0 o] I cllo ol = [V D)
is similar to A and its diagonal is (0,0, ...,0,7), as required.

The inductive argument can fail only when n—1 = 2 and the resulting

0 a b
c d 0

matrix applying P has the form

P lAP =
e 0 d

where d # 0. The numbers a, b, c,e cannot be 0 at the same time. If,

1 00 —b a b
0 1 0| = c d 0
-1 0 1 e—b—d a b+d

Performing half of the induction step again, the diagonal of the resulting
matrix will be (0,d — b, d + b) (the trace is the same) and the induction

say, b # 0, A is similar to

1 0 0][0 a b
01 0f|cdQO
10 1f]e 0 d

step can be finished. The cases a # 0,c # 0 and e # 0 are similar.
Problem 6.

Let 0 < € < A be an arbitrary real number. If x is sufficiently large
then f(z) > 0,g(z) >0, |a(z) — A| < €,|b(x) — B| < € and

P @) S
B—e<b(z) = 7(2) +a(x)g(x) < 7(2) + (A+6)g(x) <
LUHIAED P+ AT )

A (A+1).(9(z))%.g'(x)
A+ ALY () o))
A )y
" @) ge)  AB
1 ®




www.VNMATH.com

2.8. Solutions of Olympic 2001 108

It can be similarly obtained that, for sufficiently large x,

(f(2)-(g(@)?) ~ A(B+e)
(@)™ = A=A+ 1) (3)

From € — 0, we have

@) B
o (@)™ AN T

By I"'Hospital’s rule this implies

i L@ _ oy f@g@)t B

e=oo g(x)  a—x (g(x))

2.8.2 Day 2

Problem 1.
Multiply the left hand side polynomials. We obtain the following
equalities:
aoby = 1, apby +a1bg =1, ...

Among them one can find equations
ap + arbs_1 +asby_o+---=1

and
bo + biay—1 + ba,_o +--- = 1.

From these equations it follows that ag, by < 1. Taking into account that
apby = 1 we can see that ag = by = 1.

Now looking at the following equations we notice that all a’s must be
less than or equal to 1. The same statement holds for the ¥'s. It follows
from agby + a1bp = 1 that one of the numbers aq, b; equals 0 while the

other one must be 1. Follow by induction.

Problem 2. Obviously ag V2 \/_ 2 < /2.

Since the function f(z =2 - V4 — 22 is increasing on the interval

[0, 2] the inequality a; > ay implies that as > a3. Simple induction ends
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the proof of monotonicity of (a,). In the same way we prove that (b,)
decreases (just notice that

o(z) = 2x 2

2+ VA+a2 2 1+ 4

X

It is a matter of simple manipulation to prove that 2f(x) > z for all
€ (0,2), this implies that the sequence (2"a,) is strictly increasing.
The inequality 2¢g(x) < « for x € (0,2) implies that the sequence (2"b,,)
40°
4402
for positive integers n. Since the limit of the decreasing sequence (2"b,,)

strictly decreases. By an easy induction one can show that a? =

of positive numbers is finite we have
4.4"p?

e lm 4"y,

lim 4”&% = lim

We know already that the limits lim 2"a,, and lim 2"b,, are equal. The first
of the two is positive because the sequence (2"a,) is strictly increasing.

The existence of a number C follows easily from the equalities
N (27b,)% 1 1
2)/(2",+2"a,) =

and from the existence of positive limits lim 2"b,, and lim 2"a,,.

4n+1 2

bQ

2" —2"ay = ("6 — 7 __—
¢ n 4402 47 29(by + an)

Remark. The last problem may be solved in a much simpler way by
someone who is able to make use of sine and cosine. It is enough to
: ™ T
notice that a,, = 2sin onrl and b, = Qtanﬁ
Problem 3.
The unit sphere in R" is defined by

Snlz{(xl,... ) eR"

z =1},

k=

The distance between the points X = (z1,...,2,) and Y = (y1,...,Yyn)
1s:

n

dQ(Xv Y) - Z(xk - yk)Q'

k=1
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We have
dX,Y) > V2 d&(X,Y)>2

n n n
& in+2yi+22xkyk > 2
k=1 k=1 k=1

= Zxkyk <0
k=1

Taking account of the symmetry of the sphere, we can suppose that
Ay =(-1,0,...,0).

For X = Ay, > xpyr < 0 implies y; > 0, VY € M,
k=1
Let X = (xl,Y), Y = (yl,Y) € Mn\{Al}, 7,7 € Rn—l.

We have

n n—1 n—1
Z:I;kyk <0 = ziy +Zxkyk <0 & Zmﬁcyg <0,
k=1 k=1 k=1

where

Tk / Yk

S P

(xllu s 71‘;—1)7 (y’la cee 7y7/1—1) S Sﬂ—Q

/
:Uk:

therefore

n
and verifies Y zxyr < 0.
k=1
If a,, is the search number of points in R"” we obtain a,, < 1+ a,_1

and a; = 2 implies that a,, < n + 1.
We show that a,, = n+ 1, giving an example of a set M,, with (n+1)

elements satisfying the conditions of the problem.

Ar = (=1,0,0,0, ...,0,0)
1

AQ = (_7 0170707 707())
n
1 1

A3 - <_7 C1, 62707 '7070)
nn—1
1 1 1

A4 - <_7 C1, C2, —C3, ‘7070)
nn—1 n—1
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1 1 1 1
A :(_7 ’ ) ’ ) : P T —70)
nl nn—1 Cln—2 CQn—S “ n=2
A (1 1 1 1 1 )
=\ — - C - C +C3,.. — - C —Cy_
n 71771—1 1’71—2 2’71—3 3 72 n—2) n—1
A (1 1 1 1 1 )
= | — - C - C +C3, .. — - C C
n+1 TL’TL—l 17n_2 2777/—3 3 72 n—2, tn—1
where

1 1 -
/(1 —>(1——>,k:1, —.
Ch \/< +n n—k+1 "

1
We have Za:kyk = —— < 0 and Zxk =1, VX,Y € {Ay,..., A1}
k=1
These points are on the unit sphere 1n R"™ and the distance between any

two points is equal to

1
d=+vV24/14+= > V2.
n

Remark. For n = 2 the points form an equilateral triangle in the unit
circle; for n = 3 the four points from a regular tetrahedron and in R"
the points from an n dimensional regular simplex.

Problem 4.

We will only prove (2), since it implies (1). Consider a directed graph
G with n vertices V4,...,V, and a directed edge from V; to V; when
ai; 7 0. We shall prove that it is acyclic.

Assume that there exists a cycle and take one of minimum length m.
Let j; < --- < jm be the vertices the cycle goes through and let oy € S,
be a permutation such that Wy, oo () # (0 for k=1,...,m. Observe that
for any other o € S, we have aj, ; ,, = 0 for some k € {1,...,m},
otherwise we would obtain a different cycle through the same set of

vertices and, consequently, a shorter cycle. Finally

O = det(ajka]l)kvl:177
m m
szgnao __1)\stgno
Hay Joo(k) T E :( 1) Hay o (K
k=1 o0y k=1

which is a contradiction.
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Since G is acyclic there exists a topological ordering i.e. a permutation
(0 € S, such that k < I whenever there is an edge from V) to V). It
is easy to see that this permutation solves the problem.
Problem 5. Suppose that there exists a function satisfying the inequal-
ity. If f(f(z)) < 0 for all x, then f is a decreasing function in view
of the inequalities f(z +vy) > f(z) +yf(f(z)) > f(z) for any y < 0.
Since f(0) > 0 > f(f(x)), it implies f(x) > 0 for all x, which is a
contradiction. Hence there is a z such that f(f(z)) > 0. Then the in-
equality f(z + z) > f(2) + zf(f(z)) shows that lim f(z) = 400 and
therefore f (f(x)) = +oo. In particular, there exxi;l:o;, y > 0 such that

T—00 el
f(x)ZO,f(f(x))>1y>Wand f(f(#+y+1)) = 0. Then

flx+y) > f(x)+yf(f(x)) >z +y+1and hence

ffz+y) 2 fle+y+ )+ (flz+y) - (@+y+1))f(flz+y+1)) >
> flr+y+1) > flat+y) + f(flz+y)) >
> f(x) +yf(f(@) + f(flx+y) > f(fl@+y)

This contradiction completes the solution of the problem.
Problem 6. We prove that g(ﬁ) — | sin || sin(209)|"/? attains its max-

7'('

imum value (¥2)%?2 at points 2T (where k is a positive integer). This

can be seen by using derlvatlves or a classical bound like

2
9(9)] = | sin 9| sin(20)|V2 = @(\A sinﬁHsinﬁ\.\sinﬁ|.|\/§cosﬁ\>

(J/_
\/— 3sin? ¥ + 3 cos? ¥ V31 3/2
- f 4 (7) '
Hence
09) | _
fa(m/3)

:‘ g(9).g(20)/2.g(40)3/* .. (2”*119)E ‘ sin(2") ’1—E/2
g(m/3).9(27/3)V/2.g(47 /3)3/% - . g(2n—1r /3)E] Isin(277/3)

} sin(2™0) ‘1 E/2 - (L)l E/2 - 2

~ Isin(2"7/3) V3/2 ~ V3

where E = (1 — (—34)"). This is exactly the bound we had to prove.
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2.9 Solutions of Olympic 2002

2.9.1 Day1

Problem 1. First we show that the standard parabola with vertex V
contains point A if and only if the standard parabola with vertex s(A)
contains point s(V).

Let A = (a,b) and V = (v, w). The equation of the standard parabola
with vertex V = (v,w) is y = (z — v)* + w, so it contains point A if and
only if b = (a — v)? + w. Similarly, the equation of the parabola with
vertex s(A) = (a, —b) is y = (z—a)?—b; it contains point s(V) = (v, —w)
if and only if —w = (v —a)? —b. The two conditions are equivalent. Now
assume that the standard parabolas with vertices V7 and V5, V; and V3, V5
and V3 intersect each other at points As, Ay, Ay, respectively. Then, by
the statement above, the standard parabolas with vertices s(A;) and
s(Az), S(A1) and s(Aj3), s(A2) and S(A3) intersect each other at points
Vs, Vo, V1, respectively, because they contain these points.

Problem 2. Assume that there exists such a function. Since f'(x) =
f(f(z)) > 0, the function is strictly monotone increasing.

By the monotonity, f(z) > 0 implies f(f(x)) > f(0) for all x. Thus,
£(0) is a lower bound for f’(z), and for all x < 0 we have f(x) < f(0) +
z.f(0) = (1+x)f(0). Hence, if x < —1 then f(x) < 0, contradicting the
property f(xz) > 0.

So such function does not exist.

Problem 3. Let n be a positive integer and let

1
ap = -, by = k= fork=1,2,...,n.
(k)
Show that ; ; b
apy—01 Az — 02 ap — Op
o — 0. 1
1 2 * n (1)
Solution. Since k(}) =n(7_}) for all k > 1, (1) is equivalent to
2”[ 1 1 P 1 } 21+22+ +2" ()
ey Tt tany Tttt
n (") () (o) 12 n
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We prove (2) by induction. For n = 1, both sides are equal to 2.
Assume that (2) holds for some n. Let

2 1 1 1
xn:—[( - +oet };

n (g () .y
then
ol L on /1 1
xn+1_n+1; ) _n+1<1+k:0 (@*@)“) =
on n—1 n% + knil on+1 on n—1 1 on+1 on+1
Tarlgm () awl o mg (R e e

This implies (2) for n 4 1.

Problem 4. If for some n > m the equality p,, = p, holds then T, is
a finite set. Thus we can assume that all points pg, p1,... are distinct.
There is a convergent subsequence p,, and its limit ¢ is in 7},. Since f is
continuous p,, 11 = f(pn,) — f(q), so all, except for finitely many, points
pn are accumulation points of 7. Hence we may assume that all of them

are accumulation points of T),. Let d = sup{|pm —pn| : m,n > 0}. Let 6,
> d
be positive numbers such that >0, < 5" Let I,, be an interval of length

n=0
less than ¢,, centered at p, such that there are there are infinitely many

k's such that pp ¢ ,Lﬁolj, this can be done by induction. Let ng = 0
j:

and n,,;1 be the smallest integer k ; nm such that p; ¢ @Olj. Since
J:

T, is closed the limit of the subsequence (p,,, ) must be in 7}, but it is
impossible because of the definition of I/ s, of course if the sequence (p,, )
is not convergent we may replace it with its convergent subsequence. The
proof is finished.

Remark. If T, = {p1,ps,...} and each p, is an accumulation point
of T,, then T}, is the countable union of nowhere dense sets (i.e. the
single-element sets {p,}). If T is closed then this contradicts the Baire
Category Theorem.

Problem 5.
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a. It does not exist. For each y the set {z : y = f(x)} is either empty
or consists of 1 point or is an interval. These sets are pairwise disjoint,
so there are at most count ably many of the third type.

b. Let f be such a map. Then for each value y of this map there is
an xo such that y = f(z) and f'(x) = 0, because an uncountable set
{z :y = f(x)} contains an accumulation point zy and clearly f'(z() = 0.
For every € > 0 and every xy such that f'(zy) = a there exists an open
interval I,, such that if x € I, then |f’(z)] < e. The union of all
these intervals [, may be written as a union of pairwise disjoint open
intervals J,. The image of each J,, is an interval (or a point) of length
< € length (J,) due to Lagrange Mean Value Theorem. Thus the image
of the interval [0, 1] may be covered with the intervals such that the sum
of their lengths is €.1 = €. This is not possible for € < 1.

Remarks. 1. The proof of part b is essentially the proof of the easy
part of A. Sard’s theorem about measure of the set of critical values of
a smooth map.

2. If only continuity is required, there exists such a function, e.g. the
first co-ordinate of the very well known Peano curve which is a continuous
map from an interval onto a square.

Problem 6.

Lemma 1. Let (a,)n,>0 be a sequence of non-negative numbers such
that agy — asgs1 < a2, Aok — Aopre < apagir for any k > 0 and
lim sup na,, < % Then lim sup /a, < 1.

Proof. Let ¢ = sup,so(n + 1)a, for [ > 0. We will show that
cy1 < 4cf. Indeed, for any integer n > 2+1 there exists an integer
k > 2! such that n = 2k or n = 2k + 1. In the first case there is

case there is asg 11— aoro < apapiq <

2
401

n—+1

(k+1)(k+2) ~ 2k+2 2k+3

Hence a sequence (a, — Jn>otr1 is non-decreasing and its terms



www.VNMATH.com

2.9. Solutions of Olympic 2002 116

2
G

are non-positive since it converges to zero. Therefore a,, < for n >

2!*1 meaning that ¢ ; < 4c¢}. This implies that a sequence ((4e1)? )10

is nonincreasing and therefore bounded from above by some number

q € (0,1) since all its terms except finitely many are less than 1. Hence

cq < q2l for { large enough. For any n between 2' and 2*! there is
c
a, < —fil <& < (vq)" yielding limsup /a, < /g < 1, yielding
n

lim sup /a,, < v/1 < 1, which ends the proof.

Lemma 2. Let T be a linear map from R" into itself. Assume that
limsupn || 7" —T" ||< i Then limsup || 77 — 177 |'/"< 1. In
particular 7™ converges in the operator norm and 7' is power bounded.

Proof. Put a, =|| T"" —T" ||. Observe that

Tk—i—m-l—l . Tk‘—|—m — (Tk+m+2 . Tk+m+1> . (Tk+1 . Tk)(Tm+1 . Tm)

implying that agim < akime1 + agan. Therefore the sequence (a,)m>o
satisfies assumptions of Lemma 1 and the assertion of Proposition 1
follows.

Remarks. 1. The theorem proved above holds in the case of an
operator 1" which maps a normed space X into itself, X does not have
to be finite dimensional.

1
2. The constant 1 in Lemma 1 cannot be replaced by any greater num-

ber since a sequence a,, = — satisfies the inequality ag., — Gpimer <
n

ara,, for any positive integers k and m whereas it does not have expo-

nential decay.

3. The constant 1 in Lemma 2 cannot be replaced by any number

1
greater that —. Consider an operator (T'f)(z) = zf(z) on L*([0,1]).
e

1
One can easily check that limsup || 7" — T" ||= =, whereas T" does
e
not converge in the operator norm. The question whether in general
limsupn || 7" — T" ||< oo implies that T is power bounded remains

open.
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Remark. The problem was incorrectly stated during the competi-

tion: instead of the inequality || A* the inequality

. Ak—l <
I= 2002k’

AF — A1 1<
| I< 2002n

Therefore A — A1 = <8 8), so for sufficiently small € the condition

was assumed. If A = ((1) i) then AF = ((1) kf)

is satisfied although the sequence (|| A ||) is clearly unbounded.

2.9.2 Day 2

Problem 1. Adding the second row to the first one, then adding the
third row to the second one, ..., adding the nth row to the (n —[)th, the

determinant does not change and we have

2 —1 41 ... +1 F1 1 1 0 0 ... 00
1 2 —1 ... F1 +1 0 1 1 0 ... 0 0
+1 -1 2 ... 41 F1 0 0 1 1 ... 0 0
det(A)Z : . . c . : :F = . . . . c . . .
+1 41 F1 ... 2 -1 0o 0 0 0 ... 1 1
41 F1 &1 ... -1 2 41 F1 4+1 F1 ... =1 2

Now subtract the first column from the second, then subtract the result-
ing second column from the third, ..., and at last, subtract the (n —1)th

column from the nth column. This way we have

100 ...0 O
010...0 O

det(A) = =n+ 1.

000 ..1 0
000 ...0n+1
Problem 2. For each pair of students, consider the set of those problems
which was not solved by them. There exist (230) = 19900 sets; we have
to prove that at least one set is empty.

For each problem, there are at most 80 students who did not solve it.
From these students at most (820) = 3160 pairs can be selected, so the
problem can belong to at most 3160 sets. The 6 problems together can
belong to at most 6.3160 = 18960 sets.

Hence, at least 19900 — 18960 = 940 sets must be empty.
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Problem 3. We prove by induction on n that ® and b,e are integers, we
prove this for n = 0 as well. (For n =0, the tec}m 0° in the definition of
the sequences must be replaced by 1.) From the power series of e*, a,, =
el=eand b, =t =-.

Suppose that for Sofne n > 0,a9,a1,...,a, and by, by,...,b, are all

1
multipliers of e and —, respectively. Then, by the binomial theorem,
e

- ()XH=2 (:z) o

TR SO

k=0 m=0
The numbers a, 1 and b, are expressed as linear combinations of the
previous elements with integer coefficients which finishes the proof.
Problem 4. We can assume OA = OB = OC = 1. Intersect the unit

sphere with center O with the angle domains AOB, BOC and COA; the

1 1 1
intersections are ”slices” and their areas are 57, 504 and 5 (3, respectively.

Now project the slices AOC and COB to the plane OAB. Denote by
C' the projection of vertex C, and denote by A" and B’ the reflections of
vertices A and B with center 0, respectively. By the projection, OC’ < 1.

The projections of arcs AC and BC' are segments of ellipses with long
axes AA" and BB’, respectively. (The ellipses can be degenerate if o or
7 is right angle.) The two ellipses intersect each other in 4 points; both

half ellipses connecting A and A’ intersect both half ellipses connecting
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B and B’. There exist no more intersection, because two different conics
cannot have more than 4 common points.

The signed areas of the projections of slices AOC and COB are

1 1
T cos T and 56 .cos o respectively. The statement says thet the sum of

these signed areas is less than the area of slice BOA.

There are three significantly different cases with respect to the signs
of coso and cosT (see Figure). If both signs are positive (case (a)),
then the projections of slices OAC and OBC' are subsets of slice OBC
without common interior point, and they do not cover the whole slice
OBC; this implies the statement. In cases (b) and (c) where at least
one of the signs is negative, projections with positive sign are subsets of
the slice OBC, so the statement is obvious again.

Problem 5. The direction <« is trivial, since if A = S , then
AA=S5 "' =1,

For the direction =-, we must prove that there exists an invertible
matrix S such that AS = S.

Let w be an arbitrary complex number which is not 0. Choosing

S = wA + wl, we have AE = A(WA + wl,) = wl, +wA =S5 1If Sis

1 w w
singular, then —S = A— (—)In is singular as well, so — is an eigenvalue
w w _w

of A. Since A has finitely many eigenvalues and Y can be any complex
number on the unit circle, there exist such w tha%US is invertible.

Problem 6. Let g(z) = f(z)— f(z1)— < Vf(z1),x—21 >. It is obvious
that g has the same properties. Moreover, g(x;) = Vg(x1) = 0 and, due

to convexity, g has 0 as the absolute minimum at x;. Next we prove that

o(r2) > o || Vo) | &)
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1
Let yo = @9 — 7 | Vg(xz) || and y(t) = yo + t(x2 — yo). Then

9(z2) = g(vo) +/ <Vy(y(t)),z2 —yo > dt =
0
= g(yo)+ < Vg(2), 22 — 10 > —/ < Vg(r3) = Vg(y(t)), r2 —yo > dt >
0
>0+ L || V) |2~ / | Vo) — Valy®) || - || 22— wo || dt >
S >
0

1
1
> 1199 P = lwa = | [ L2 glo) I dt =
0

1

1 2 2 1 2
T Vgtan) |2 L e = | [ et = o | V(e |
0
Substituting the definition of ¢ into (2), we obtain

fla2) = flaon)= < V@) e =y >2 52 |V () = Vi) [P

| Vf(z2) = V(1) |IP< 2L < Vf(21), 31 — 3 > +2L(f () — f(fﬂl)()é))

Exchanging variables xy and x5, we have
| Vf(22) =V f21) P< 2L < V f(22), ma—21 > +2L(f (21)—f(22)). (4)
The statement (1) is the average of (3) and (4).

2.10 Solutions of Olympic 2003

2.10.1 Day 1

Problem 1.
a) Let b, =

Qn

n—1"

3
Then a1 > §an is equivalent to b,.1 > b,, thus

2
the sequence (b,,) is strictly increasing. Each increasing sequence has a

finite limit or tends to infinity.
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b) For all a > 1 there exists a sequence 1 = by < by < ... which con-

verges to a. Choosing a,, = (§

2
(an).
Problem 2. Let S =a; +as+---+as;. Then by 4+ by + - - -+ bs; = 50S.
Since by, by, ..., bs1 is a permutation of aq,as, ..., a5, we get 505 = S,
so 495 = 0. Assume that the characteristic of the field is not equal
to 7. Then 49S = 0 implies that S = 0. Therefore b, = —a; for 1 =
1,2,...,51. On the other hand, b; = a,;), where ¢ € S51. Therefore, if

the characteristic is not 2, the sequence aq, as, ..., as; can be partitioned

n—1
) b,, we obtain the required sequence

into pairs {a;, a,()} of additive inverses. But this is impossible, since 51
is an odd number. It follows that the characteristic of the field is 7 or 2.

The characteristic can be either 2 or 7. For the case of 7, 1 = --- =
r51 = 1 is a possible choice. For the case of 2, any elements can be
chosen such that S = 0, since then b; = —a; = a;.
Problem 3. The minimal polynomial of A is a divisor of 323 — 2% —
x — 1. This polynomial has three different roots. This implies that
A is diagonalizable: A = C7!DC where D is a diagonal matrix. The
eigenvalues of the matrices A and D are all roots of polynomial 323 — 22—
x — 1. One of the three roots is 1, the remaining two roots have smaller
absolute value than 1. Hence, the diagonal elements of D*, which are
the kth powers of the eigenvalues, tend to either 0 or 1 and the limit
M = lim D* is idempotent. Then lim A* = C~'MC is idempotent as
well.
Problem 4. Clearly a and b must be different since A and B are disjoint.

Let {a,b} be a solution and consider the sets A, B such that a.A =
b.B. Denoting d = (a, b) the greatest common divisor of a and b, we have
a=d.a;,b=d.bi,(a;,b1) =1 and a1 A = by B. Thus {ay, b1} is a solution
and it is enough to determine the solutions {a, b} with (a,b) = 1.

If 1 € Athena € a.A=0.B, thus b must be a divisor of a. Similarly,
if 1 € B, then a is a divisor of b. Therefore, in all solutions, one of

numbers a, b is a divisor of the other one.
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Now we prove that if n > 2, then (1,n) is a solution. For each positive
integer k, let f(k) be the largest non-negative integer for which n/®|k.
Then let A = {k: f(k) is odd} and B = {k : f(k) is even}. This is a
decomposition of all positive integers such that A = n.B.

Problem 5.

B. We shall prove in two different ways that lim f,(z) = ¢(0) for
every x € (0,1]. (The second one is more lengthy but it tells us how to
calculate f, directly from g.)

Proof I. First we prove our claim for non-decreasing g. In this case, by
induction, one can easily see that

1. each f,, is non-decrasing as well, and

2. g(x) = folz) > fi(z) = fo(z) > -+ = g(0) (x € (0,1]).

Then (2) implies that there exists

() = lim f,(x) (x € (0.1))

Clearly h is non-decreasing and ¢(0) < h(z) < f,(x) for any =z €
(0,1),n = 0,1,2,.... Therefore to show that h(z) = ¢(0) for any
x € (0,1], it is enough to prove that h(1) cannot be greater than ¢(0).
Suppose that h(1) > ¢g(0). Then there exists a 0 < § < 1 such that
h(1) > g(d). Using the definition, (2) and (1) we get
1 5 1
fun( = [ £t < [ gt + [ a0t < 595) + (1= 5)1,00)
0 0 5

Hence

fa(1) = fasa(1) = 6(fn(1) — 9(0)) = 6(h(1) — g(d)) > 0,
so fn(1) — —o0, which is a contradiction.
Similarly, we can prove our claim for non-increasing continuous func-
tions as well.
Now suppose that ¢ is an arbitrary continuous function on [0, 1]. Let

M(zx) = sup g(t), m(x) = inf g(t) (z€l0,1])

te[0,x] te(0,2]
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Then on [0, 1] m is non-increasing, M is non-decreasing, both are con-
tinuous, m(z) < g(z) < M(z) and M(0) = m(0) = g(0). Define the
sequences of functions M, (x) and m,(z) in the same way as f, is de-
fined but starting with My = M and my =

Then one can easily see by induction that mn( ) < fulz) < M,(x).
By the first part of the proof, lim, m,(z) = m(0) = ¢(0) = M(0) =
lim,, M,,(z) for any = € (0, 1]. Therefore we must have lim,, f,,(z) = ¢g(0).
Proof II. To make the notation clearer we shall denote the variable of

fj by z;. By definition (and Fubini theorem) we get that

Tn+1

/ / / / / :130 dﬂ]od!ﬁl d
Tn+1 L Tn—1 x1

dl’od.%’l R dl‘n
= g9(zo)
Tp+1 T1...Tp

0<zp<21 < <2y <Tp g1

fnJrl(anrl

Tn+1

/ / / dry...dx,
(x0) —)dmo.
Tp+1 T1...Tp

<21 < <rp<Tpi1

Therefore with the notation
dxy...dx
o= [ [t
T1...Tp
a<zr1<<2,<b

and x = x,.1,t = xo we have

T

1
funi(0) = 5 [ glt)h(t.)dr
0
Using that h,(a, b) is the same for any permutation of z1, ..., z, and the

fact that the integral is 0 on any hyperplanes (9:Z = a:j) we get that

/ / / /dxl...d:vn
n(a,b) R
T1...Tp

a<ac1 ..... ,<b

(/% =<log3>”-

a
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Therefore

T

o) = 1 [[go BB g

n!
0

Note that if g is constant then the definition gives f,, = ¢g. This implies

on one hand that we must have

1 j(logu/t))ndtl

T n!
0

and on the other hand that, by replacing g by g — g(0), we can suppose
that g(0) = 0.

Let = € (0,1] and € > 0 be fixed. By continuity there exists a 0 <
0 < z and an M such that |g(t)| < € on [0,9] and |g(t)] < M on [0,1] .

Since | 51y
L og(@/8)"

n—00 n!

log (z/0)"

i < € whenever n > ngy. Then, for
n!

there exists an ngy sucht that

any n > ng, we have

funa() < 2 / o 1

< 1/ (log (z/t))" x/t /| log x/é)) (log (z/0))" .
x
0
glfewdt+l/z\4€dt
x n! x
0 )
< e+ Me.

Therefore lim,, f(z) =0 = g(0).

Problem 6. The polynomial f is a product of linear and quadratic
factors, f(z) = [[;(kiz + ;). Hj(pjz2 + qjz + 1), with k;, ki, pj,q; € R.
Since all roots are in the left half-plane, for each i, k; and [; are of the

same sign, and for each j,p;,q;,r; are of the same sign, too. Hence,
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multiplying f by —1 if necessary, the roots of f don’t change and f
becomes the polynomial with all positive coefficients.

For the simplicity, we extend the sequence of coefficients by a, 1 =
(pio =---=0and a1 =a_s =--- =0 and prove the same statement
for —1 < k < n — 2 by induction.

For n < 2 the statement is obvious: a1 and a2 are positive and at
least one of a;_1 and ag.3 is 0; hence, api1ari0 > arapiz = 0.

Now assume that n > 3 and the statement is true for all smaller
values of n. Take a divisor of f(z) which has the form 22 + pz + ¢ where
p and ¢ are positive real numbers. (Such a divisor can be obtained from

a conjugate pair of roots or two real roots.) Then we can write
f(2) = (2% + pz+ @) (bp2z"" + -+ b1z + o) = (2" + pz + q)g(x). (1)

The roots polynomial g(z) are in the left half-plane, so we have by 1bg12 <

bibiys for all —1 < k < n — 4. Defining b, 1 = b, = --- = 0 and
b1 =by=--- =0 as well, we also have by 1byo < bpbr. 3 for all
integer k.

Now we prove agpiiario > arapiz. If kK = —1 or K = n — 2 then

this is obvious since agiiagio is positive and aiari3 = 0. Thus, assume

0 <k <n—3. By an easy computation,

Ap+10k+2 — QgAk+3 =
= (gbr+1 + pbi + bp—1)(qbrr2 + pyr1 + by)—
—(qbx + pby—1 + br—2)(qbr+3 + pbisa + br1) =
= (bp—1bg — bp—abis1) + p(b; — br—2bis2) + q(bp—1bks2 — br—obrss)+
+0°(bkbg1 — br—1bky2) + P (brr1brra — bibris) + pa(bi .y — br—1bk+3).

We prove that all the six terms are non-negative and at least one is
positive. Term pQ(bkka — bp_1bp49 is positive since 0 < k < n — 3. Also
terms by,_1b — by_2bp41 and ¢%(bpy1bps2 — bibry3) are non-negative by the

induction hypothesis.
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To check the sign of p(b7 — by_bx42) consider
br_1(bj, — br_2bk12)

= bp—2(bkbrs1 — br—1b12) + b (byp—1by — bp—obpy1) > 0.

If b._1 > 0 we can divide by it to obtain bz — bp_obpio > 0. Otherwise,
if b1 = 0, either by_o = 0 or br 5 = 0 and thus b% — bp_obrio = bz > 0.
Therefore, p(b? — by_abg42) > 0 for all k. Similarly, pq(bile —bg_1b13) >
0.

The sign of q(bg_1bgro2 — bg_2bk1+3) can be checked in a similar way.

Consider

b+1(b—10k1+2—br—2bi+3) = bp—1(bp+106+2—bkbry3)+bpr3(bp—10k—br—2bi41) > 0.

If b1 > 0, we can divide by it. Otherwise either by_o = 0 or by 3 = 0.
In all cases, we obtain by_1bg19 — bp_2brr3 > 0.

Now the signs of all terms are checked and the proof is complete.

2.10.2 Day 2
nt
Problem 1. We use the fact that smi is decreasing in the interval
sint
(0,7) and 11(1)20? = 1. Forall z € (0,5) and ¢t € [z,27] we have
sin 2x sint

r < n < 1, thus

2z
2 i t
sm :c / / sntln / "

tm
—dt " "H/um_"du.

T 1

2

o
= I) tends to 1. If m—n+1 < 0, the limit of 2™ "+ is

The factor (
T

2
infinity; if m—n+1 > 0 then 0. If m—n+1 = 0 then 2™ " [w™ "du =
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In 2. Hence,

2z
. m 0 m>n
t ’ =
S dt =<In2, n—m=1
+oo, n—m > 1.

lim
x—040 tn
X

Problem 3. Let by ¢ A (otherwise by € A C B,p = (ilrelg\a — bo|. The
intersection of the ball of radius o+1 with centre by with set A is compact
and there exists ap € A : |ag — bo| = 0.
Denote by B,.(a) = {x € R" : |xt —a|] < r} and 0B,(a) = {x € R":
|z —a| = r} the ball and the sphere of center a and radius r, respectively.
If ay is not the unique nearest point then for any point a on the
open line segment (ag, by) we have Bj,_,,(a) C B,(by) and IB,_q,(a) N
0B,(by) = {ap}, therefore (ag,by) C B and by is an accumulation point
of set B.
Problem 4. The condition (i) of the problem allows us to define a

(well-defined) operation * on the set S given by
a*b = cif and only if {a,b, c} € F, where a # b.

We note that this operation is still not defined completely (we need to
define a % a), but nevertheless let us investigate its features. At first,

due to (i), for a # b the operation obviously satisfies the following three

conditions:
a) a # axb £ b;
b) axb="bxa;

c) ax(axb)=0b.

What does the condition (ii) give? It claims that

e') xx(axc) = xxy = z = bxc = (r*a)*c for any three different z, a, c,
i.e. that the operation is associative if the arguments are different. Now
we can complete the definition of *. In order to save associativity for
nondifferent arguments, i.e. to make b = a* (a *b) = (a*a) * b hold, we
will add to S an extra element, call it 0, and define

d)axa=0and ax0=0%*a=a.
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Now it is easy to check that, for any a,b,c € S U {0}, (a),(b),(c) and
(d), still hold, and

e)axbxc:=(axb)xc=ax(bxc).

We have thus obtained that (S U {0}, ) has the structure of a finite
Abelian group, whose elements are all of order two. Since the order of
every such group is a power of 2, we conclude that [SU{0}| = n+1=2"
and n = 2™ — 1 for some integer m > 1.

Given n = 2™ — 1, according to what we have proven till now, we will
construct a family of three-element subsets of S satisfying (i) and (ii).
Let us define the operation * in the following manner:

ifa=ayg+2a;+--+2"ta,_1 and b =by+2b; +--- + 2" 1b,,_1,
where a;, b; are either 0 or 1, we put a b = |ag — bo| + 2|ay — by| + -+ +
2" a1 — byl

It is simple to check that this * satisfies (a),(b),(c) and (e’). Therefore,
if we include in F' all possible triples a, b, a % b, the condition (i) follows
from (a),(b) and (c), whereas the condition (ii) follows from (e’)

The answer is: n = 2" — 1.

Problem 5.

a) Let ¢ : Q — N be a bijection. Define g(x) = max{|f(s,t)| : s,t €
Q, ¢(s) < ¢(x),¢(t) < ¢(x)}. We have f(z,y) < max{g(z),g(y)} <
9(@) + 9(y).

b) We shall show that the function defined by f(x,y) = for

1
|z — 9|

x # y and f(x,z) = 0 satisfies the problem. If, by contradiction there
1
— fx) for
|z —y|
z,y € R,z # y; one obtains that for each z € R, limg(y) = co. We
y—a

exists a function g as above, it results, that g(y) >

show, that there exists no function ¢ having an infinite limit at each
point of a bounded and closed interval [a,b]. For each k € Nt denote
Ap ={z € la,b] - |g(x)] < K}

We have obviously [a,b] = kL_JlAk. The set [a,b] is uncountable, so

at least one of the sets Ay is infinite (in fact uncountable). This set
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Ay being infinite, there exists a sequence in Aj having distinct terms.
This sequence will contain a convergent subsequence (,),en convergent
to a point = € [a,b]. But li_r)rglsg(y) = oo implies that g(zn) — oo, a
contradiction because | g(xn)y\ <k,vneN.

Second solution for part (b). Let S be the set of all sequences of real
numbers. The cardinality of S is |S| = [R[M = 26 = 2V — |R|. Thus,
there exists a bijection h : R — S. Now define the function f in the
following way. For any real x and positive integer n, let f(z,n) be the
nth element of sequence h(x). If y is not a positive integer then let
f(x,y) = 0. We prove that this function has the required property.

Let g be an arbitrary R — R function. We show that there exist
real numbers z, y such that f(x,y) > g(x)+g(y). Consider the sequence
(n+g(n))>,. This sequence is an element of .S, thus (n+g(n))>°; = h(x)
for a certam real x. Then for an arbitrary positive integer n, f(x,n) is
the nth element, f(z,n) =mn-+ g(n). Choosing n such that n > g(z), we
obtain f(xz,n) =n+g(n) > g(x) + g(n).

Problem 6. Consider the generating function f(z) = i anx".
induction 0 < a,, < 1, thus this series is absolutely converge:nt for |x| <
1, f(0) = 1 and the function is positive in the interval [0,1). The goal is
to compute f(3).

By the recurrence formula,

F@) = 30+ Davaa _zzn_an:

n=0 n=0 k=0
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Then
y f/ o xm+1
NS =ms) g0 = [ 5= et
0 m=
o m+1 m+1 1 o xm—i—l 1
~1 (1——) ~1 (1——)1
Zl(m—l—l m—|—2)> i x mzl(m—kl) * 2

1
and thus f<§) = g.

2.11 Solutions of Olympic 2004

2.11.1 Day 1

Problem 1. Let S, = SN (%, oo) for any integer n > 0. It follows from
the inequality that |S,| < n. Similarly, if we define S_,, = SN (—o0, —Tll)7
then |S_,| < n. Any nonzero x € S is an element of some S,, or S_,,
because there exists an n such that z > 1 or x < —l. Then S C
{0} U ngN(Sn US_,),S is a countable union of finite sgts, and hence
countable.

Problem 2. Put P,(z) = P(P(...(P(x))...)). As Pi(z) > —1, for

each x € R, it must be that Pn_t'_l(?.;}) = P(P,(z)) > —1, for each n € N
and each x € R. Therefore the equation P,(x) = a, where a < —1 has
no real solutions.

Let us prove that the equation P,(z) = a, where a > 0, has exactly
two distinct real solutions. To this end we use mathematical induction by
n. If n = 1 the assertion follows directly. Assuming that the assertion
holds for a n € N we prove that it must also hold for n + 1. Since
P,i1(z) = a is equivalent to Pi(P,(z)) = a, we conclude that P,(x) =
va+T1or P,(z) = —va+ 1. The equation P,(z) = va + 1,asva + 1 >
1, has exactly two distinct real solutions by the inductive hypothesis,
while the equation P,(z) = —+/a + 1 has no real solutions (because
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—v/a+1 < —1). Hence the equation P, (r) = a, has exactly two
distinct real solutions.

Let us prove now that the equation P,(z) = 0 has exactly n + 1
distinct real solutions. Again we use mathematical induction. If n = 1
the solutions are x = +1, and if n = 2 the solutions are z = 0 and
z = £1/2, so in both cases the number of solutions is equal to n + 1.
Suppose that the assertion holds for some n € N. Note that P, o(z) =
Py(P,(z)) = P*(z)(P*(z) — 2), so the set of all real solutions of the
equation P,.o = 0 is exactly the union of the sets of all real solutions
of the equations P,(z) = 0,P,(z) = v/2 and P,(r) = —v/2. By the
inductive hypothesis the equation P,(x) = 0 has exactly n + 1 distinct
real solutions, while the equations P,(z) = v2 and P,(z) = —+/2 have
two and no distinct real solutions, respectively. Hence, the sets above
being pairwise disjoint, the equation P, s(x) = 0 has exactly n + 3
distinct real solutions. Thus we have proved that, for each n € N, the
equation P,(z) = 0 has exactly n+1 distinct real solutions, so the answer
to the question posed in this problem is 2005.

Problem 3.

a) Equivalently, we consider the set

Y ={y= v, - u)0<y,v. ..,y <1, yi+pt++y, =1} C R”

and the image f(Y) of Y under
f(y) = arcsiny, arcsinys + - - - + arcsin y,,.

Note that f(Y) = S,. Since Y is a connected subspace of R" and f is
a continuous function, the image f(Y') is also connected, and we know
that the only connected subspaces of R are intervals. Thus S" is an
interval.

b) We prove that

. T
narcs1n—§a:1+a:2+---+a:n§§.
n
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Since the graph of sin z is concave down for x € [0, g], the chord joining

the points (0,0) and (E, 1) lies below the graph. Hence

2
2 <sinzforalle e 0, 7T]
T 2

and we can deduce the right-hand side of the claim:
2
—(r1+ 204+ x,) <sinzy +sinzy + -+ sinz, = 1.
T

The value 1 can be reached choosing r; = g and x9 =--- =z, = 0.

The left-hand side follows immediately from Jensen’s inequality, since

, _ 77 Ty +2Tyg+- -+ Ty T
sin x is concave down for z € [0,5] and 0 < = 2 < 5
n
1 sinzy +sinzy +---+sinx, AT S DI SR S i
- = < sin .
n n n
: : !
Equality holds if vy = -+ = x, = arcsin —.

n
Now we have computed the minimum and maximum of interval S,,;

we can conclude that S,, = [n arcsin —, g] Thus [,, = g —n and
n

lim 1, = & — i O/ Ty
n—00 2 n—oo 1/n 2

—1, if X is white
1, if X is black"

The given condition becomes > f(X) = 0 for any sphere S which passes
Xes
through at least 4 points of M. For any 3 given points A, B,C' in M,

denote by S(A, B, C) the set of all spheres which pass through A, B, C'
and at least one other point of M and by |S(A, B,C)| the number of
these spheres. Also, denote by > the sum > f(X).

XeM
We have

0= > Y JX)=(S(AB.C) = D((A) + J(B) + () +

SeS(A,B,C) XS
(1)

Problem 4. Define f : M — {-1,1}, f(X) =
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since the values of A, B, C appear |S(A, B, C')| times each and the other
values appear only once.

If there are 3 points A, B, C' such that |S(A, B,C)| = 1, the proof is
finished.

If [S(A, B,C)| > 1 for any distinct points A, B, C'in M, we will prove
at first that > = 0.

Assume that > > 0. From (1) it follows that f(A)+ f(B)+ f(C) < 0
and summing by all (}) possible choices of (A, B,C) we obtain that
(3) > < 0, which means ) < 0 (contradicts the starting assumption).
The same reasoning is applied when assuming > < 0.

Now, from > = 0 and (1), it follows that f(A) + f(B) + f(C) =0
for any distinct points A, B, C' in M. Taking another point D € M, the

following equalities take place

JA) +f(B) + f(C) =0
f(A) +f(B)+ f(D)=0
fA) + F(C)+ f(D)=0
f(B)+ [(C)+ f(D) =0

which easily leads to f(A) = f(B) = f(C) = f(D) = 0, which contra-
dicts the definition of f.
Problem 5. We prove a more general statement:

Lemma. Let k,1 > 2, let X be a set of (kﬁj‘) real numbers. Then

either X contains an increasing sequence {x;}¥_; C X of length k& and
|Ti1 — x| > 2| — | Vi=2,... k-1,

or X contains a decreasing sequence {z;}!_; C X of length [ and
|Ti1 — x| > 2w — x| Vi=2,...,1— 1.

Proof of the lemma. We use induction on k+1[. Incase k =2 or [ =2

the lemma is obviously true.
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Now let us make the induction step. Let m be the minimal element

of X, M be its maximal element. Let

M M
mJ; b Xy={reX: a:>m—;

) = (R (G

otz (4 5 ) o rma = (PR o

Xp={reX:z<

}.

Since ( ), we can see that either

In the first case we apply the inductive assumption to X,, and either
obtain a decreasing sequence of length [ with the required properties
(in this case the inductive step is made), or obtain an increasing se-
quence {xi}f:_f C X,, of length £k — 1. Then we note that the sequence
{z1,29,..., 251, M} C X has length k and all the required properties.

In the case | X/ > (k+(,i:12)_4) the inductive step is made in a similar
way. Thus the lemma is proved.

k+1—-4

o9 ) + 1 cannot be smaller

The reader may check that the number (
in the lemma.
Problem 6. It is clear that the left hand side is well defined and inde-
pendent of the order of summation, because we have a sum of the type
S~ n~4, and the branches of the logarithms do not matter because all
branches are taken. It is easy to check that the convergence is locally
uniform on C\{0, 1}; therefore, f is a holomorphic function on the com-
plex plane, except possibly for isolated singularities at 0 and 1. (We
omit the detailed estimates here.)

The function log has its only (simple) zero at z = 1, so f has a
quadruple pole at z = 1.

Now we investigate the behavior near infinity. We have Re(log(z)) =
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log |z|, hence (with ¢ := log|z|)

1> ogz) ™ <) flogz[™t = (log|z| + 2min) ™" + O(1)

= /(a:+27ri$)_4da:+0(1)

= /(1 + 2mix/c) *dx 4+ O(1)

00
= /(1 + 2mit) ~*dt + O(1)
—00
< a(log|z[) ™
for a universal constant «. Therefore, the infinite sum tends to 0 as
|z| — oo. In particular, the isolated singularity at oo is not essential,
but rather has (at least a single) zero at oco.

The remaining singularity is at z = 0. It is readily verified that
f(1/z) = f(2) (because log (1/z) = —log(z)); this implies that f has a
zero at z = 0.

We conclude that the infinite sum is holomorphic on C with at most
one pole and without an essential singularity at oo, so it is a rational
function, i.e. we can write f(z) = P(z)/Q(z) for some polynomials P
and () which we may as well assume coprime. This solves the first part.

Since j has a quadruple pole at z = 1 and no other poles, we have
Q(2) = (z—1)* up to a constant factor which we can as well set equal to
1, and this determines P uniquely. Since f(z) — 0 as z — 00, the degree
of P is at most 3, and since P(0) = 0, it follows that P(z) = z(az*+bz+c)
for yet undetermined complex constants a, b, c.

There are a number of ways to compute the coefficients a, b, ¢, which
turn out to be a = ¢ = %,b = 2. Since f(z) = f(L), it follows easily that
a = c. Moreover, the fact lim, .;(z — 1)*f(z) = 1 implies a + b+ ¢ = 1
(this fact follows from the observation that at z = 1, all summands can-

cel pairwise, except the principal branch which contributes a quadruple
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pole). Finally, we can calculate

f(-1)=n""* Zn_4 = o * Z nt

nodd n>1odd
—4 —4 —4 1
o (;” ngzn” ) 13
This implies a — b+ ¢ = —%. These three equations easily yield a, b, c.
Moreover, the function f satisfies f(z)+f(—z) = 16f(2?): this follows
because the branches of log (2?) = log ((—2)?) are the numbers 2log ()
and 2log (—z). This observation supplies the two equations b = 4a and
a = ¢, which can be used instead of some of the considerations above.

first. In the same

1
Another way is to compute g(z) = > (log 2)?
og 2
dz

way, g(z) = ek The unknown coefficient d can be computed from

?Hi(z —1)2%g(z) = 1; it is d = 1. Then the exponent 2 in the denominator
can be increased by taking derivatives (see Solution 2). Similarly, one
can start with exponent 3 directly.

A more straightforward, though tedious way to find the constants is

computing the first four terms of the Laurent series of f around z = 1.

For that branch of the logarithm which vanishes at 1, for |w| < 5 We

have ) ; )
w w w
log (1 —w——+— — — + O(Jw’);
after some computation, one can obtain
1 —4 -2 7 -2 1 -1
—_— — = 2 = - O(1).
og (11 0] w207+ sw T wT (1)
The remaining branches of logarithm give a bounded function. So
7 1
fl+w)=w?*+ 2w+ éw_Q + éw_l

(the remainder vanishes) and

142021+ -1+ 32— 1) 2(22 442+ 1)
fz) = (z —1)% 6z —1)4
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Solution 2. From the well-known series for the cotangent function,
N

] 1 1 T
lim —_ = —cot —
N 00 = w 4+ 2mik 2 2
and
logz

1 i dlogz i 2% +1 1 1
limz — = —cot —————+ :
oo £— logz+2mik 2 2 52 1ng . 2 z—1

Taking derivatives we obtain

1 1 1y z
Z (logz)? _Z'<§+ z— 1) T (z— 12
Iz 1 ' oz(z+ 1)
D e A (o 10
1 zr2(z4+1)\ 2P +4z+1)
Z(logz)4:_§(2(z—1)3> T 2(z—1)*

2.11.2 Day 2

and

Problem 1. Let A = (‘2) and B = (B1By) where Aj, Ay, By, By are
2 x 2 matrices. Then

1 0 -1 0 y

L R O TSR G-

0o -1 0 1
therefore, A1B; = AyBy = Iy and A1By = AsB; = —1I, Then B =
Al_l, By = —Al_l and Ay = B;l = —A;. Finally,
Ay

BA = (B, Bg)<142

) By A; + Bydy = 21, — ((2) 8)

Problem 2. Let F(z f V f(t)dt and G(z
tions F, G are convex, F(a) =0= G( ) and F( )

esis. We are supposed to show that

/\/1+(F’(t))2dt2 /\/1+(G’(t))2dt

Vg(t)dt. The func-
G(b) by the hypoth-

[ QSR
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i.e. The length at the graph of F'is > the length of the graph of G. This
is clear since both functions are convex, their graphs have common ends
and the graph of F' is below the graph of GG - the length of the graph of F
is the least upper bound of the lengths of the graphs of piecewise linear
functions whose values at the points of non-differentiability coincide with
the values of F', if a convex polygon P; is contained in a polygon P, then
the perimeter of P, is < the perimeter of P,.

Problem 3. Considering as vectors, thoose p to be the unit vector
n

which points into the opposite direction as Y p;. Then, by the triangle
i=1
inequality,

> n.

n n n
d lp—pl> ‘np—Zpi :n+‘2p¢
=1 1=1 =1

Problem 4. We first solve the problem for the special case when the
eigenvalues of M are distinct and all sums A+, are different. Let A, and
\s be two eigenvalues of M and 7',, ¥, eigenvectors associated to them,
ie. MV, = \0; for j =rs. We have MWV (0 )T + V(0 )TMT =
(MU, )(T )" + 0 (MU )T = N0 (V)T 4+ A0 (V)T s0 0(V) s
an eigenmatrix of Lj; with the eigenvalue A\, + A;.

Notice that if A, # s then vectors «, W, ware linearly independent
and matrices w (w)? and w (W’ are linearly independent, too. This
implies that the eigenvalue A\, + A\, is double if r # s.

The map Lj; maps n?-dimensional linear space into itself, so it has
at most n? eigenvalues. We already found n? eigenvalues, so there exists
no more and the problem is solved for the special case.

In the general case, matrix M is a limit of matrices My, My, ... such
that each of them belongs to the special case above. By the continuity

of the eigenvalues we obtain that the eigenvalues of L;; are
e 2)\, with multiplicity m? (r =1,...,k);

e )\, + A\s; with multiplicity 2m,ms(1 <r < s < k).
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(It can happen that the sums A, + A4 are not pairwise different; for those
multiple values the multiplicities should be summed up.)

Problem 5. First we use the inequality
11> |lng|, 2 €(0,1],
which follows from

(7" = 1)]a=1 = 2|41 = 0,
1 1
(SU_l — 1), = _ﬁ S _E = \lna:\/, Tr € (O, ]_]
Therefore
1

1 11
/ / dzdy < / / dxdy / / dzdy
vy =1~ ) ) Inz[+]ny [in ()|
0 0 0

0

u
Substituting y = —, we obtain
x

11 11

[ [t [ (] )= [
In (x x |lnu\ e |lnu]

0 0 0 u

Solution 2. Substituting s = 2! —1 and u = s — Iny,

1

1 00 00 00 U
dxdy e’ e’ e "
//:z:_l + |lny| — 1 - // (s + 1)2udUdS a / </ (s + 1)2d8) U dsdu.
0 0 s 0

0 0
Since the function TESNE is convex,
S
e U e"
ds < —( 1)
/(s—i—l 2@ =\ ©
0
SO
1 1 00

dxdy U e e "
< [Y 1)=—d
//x—1+\lny]—1_,/2<(u+1)2+ M
0 0

0
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1 00 g 00
U —u
() = du) = 1.
2(/(u+1)2+/6 "
0 0

Problem 6. The quantity S(A*"!) has a special combinatorical mean-
ing. Consider an n X k table filled with 0’s and 1’s such that no 2 x 2
contains only 1’s. Denote the number of such fillings by F,,;. The filling
of each row of the table corresponds to some integer ranging from 0 to
2" — 1 written in base 2. F; equals to the number of k-tuples of integers
such that every two consecutive integers correspond to the filling of n x 2
table without 2 x 2 squares filled with 1’s.

Consider binary expansions of integers i and ji,i,_1 . . . 71 and j,jn—1 - - . J1-
There are two cases:

1. If i,j, = O then ¢ and j can be consecutive iff 7,,_;...4; and
Jn_1-..71 can be consequtive.

2. If 7, = j, = 1 then ¢ and j can be consecutive iff 7,, 17,1 = 0 and

In_9...%1 and j,_o...71 can be consecutive.

Hence i and j can be consecutive iff (i41, j+1)-th entry of 4, is 1. De-

1 2n]
noting this entry by a; ;, the sum S(AF1) = S -+ 37 a a0, - - - iy,

counts the possible fillings. Therefore F,;, = S(AF1).
The the obvious statement F),;. = F},, completes the proof.

2.12 Solutions of Olympic 2005

2.12.1 Day 1

Problem 1. For n = 1 the rank is 1. Now assume n > 2. Since
A = (i)}21 + (J)=1, matrix A is the sum of two matrixes of rank 1.
Therefore, the rank of A is at most 2. The determinant of the top-left
2 X 2 minor is -1, so the rank is exactly 2. Therefore, the rank of A is 1
for n =1 and 2 for n > 2.

Solution 2. Consider the casen > 2. Fori =n,n—1,...,2, subtract

the (i — 1) row from the n'* row. Then subtract the second row from
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all lower rows.

2 3 ... n+1 (2 3 n+1
3 4 ...n+2 11 ... 1
rank : : .. : = rank Do . : -
n+1 n+2 ... 2n \1 1 . 1
12 ...n
11 ...1
=rank [0 0 ... 0 =2
\0 0 ... 0

Problem 2. Extend the definitions also for n = 1,2. Consider the

following sets
Al ={(x1,m9,..., ) € Ap k1 = 10}, AL = A\AL,
B! = {(x1,22,...,2,) € B, : x, =0}, B = B,\B,,
and denote a, = |A,|,a, = |Al],a, = |A"|,b, = |By,|,b, = |B}|, b =
| Bl

It is easy to observe the following relations between the a-sequences

/ n
anp, =a, +a,
/ SN
Apy1 = Ay )
I _ ! "
ap 1 = 2a, + 2a,

which lead to a,.1 = 2a, + 2a,_1.

For the b-sequences we have the same relations

A
b%/‘—’—l B b;;/ /! ’
n+l an + an

therefore b, = 2b,, + 2b,,_1.
By computing the first values of (a,) and (b,) we obtain

a1 =3, a3 =19, a3 =24
by =3, by =38

which leads to
a9 = 3b1
az — 3b2
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Now, reasoning by induction, it is easy to prove that a,,; = 3b, for
every n > 1.

Solution 2. Regarding x; to be elements of Z3 and working ”modulo
3”7 |, we have that

(x1, 29, ...,xp) €E Ay = (x1+ Lzo+ 1,... 2, + 1) € Ay,
(x1+ 2,29+ 2,...,2,+2 € A,
1
which means that 3 of the elements of A,, start with 0. We establish a

bijection between the subset of all the vectors in A, which start with
0 and the set B, by

(0, 21,22, ..., 7n) € Apy1 — (Y1,Y2, - - -, Yn) € By,
Y1 = T1,Y2 = T2 —X1,Y3 = L3 — T2, .--,Yn = Ty — Tp—1

(if yx = yry1 = 0 then x — xp_1 = 11 — xp = 0 (where 2y = 0), which
gives xp_1 = xp = xpy1, which is not possible because of the definition
of the sets A,; therefore, the definition of the above function is correct).

The inverse is defined by

(y17y27"'7yn) € Bn'_> (O,$1,$2,...,$n) EAn—i—l
T =Y, T2 =Y1+ Y2 - Tpn=Y1 T+ Y2+ -+ Yn

Problem 3. Let M = max|f’(x)|. By the inequality —M < f'(z) <

0<x<1

M, z € [0,1] it follows:
—Mf(z) < f(z)f'(x) < Mf(z), z €[0,1].

By integration

M [ it < 3£ - 3200 < [ fo)dt, € 0.1
0 0

~MfG@) [ Fd < 5 - 3P0 @) < ME@) [ Fd e 0.1
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Integrating the last inequality on [0, 1] it follows that

0 0 0
1 1 1
@‘/f Ve — f /f dx)<M/f
0 0 0
1
_ _ . .
Solution 2. Let M = Orggzcl\f( r)| and F(x) = xff, then F' =

1
f,F(0) =— [ f and F(1) = 0. Integrating by parts,
0

[r=[rra- fure-

=ﬂﬂﬂﬁJ—P@W@%i/ﬂﬁfzf%w/f—/éﬂﬁﬁ

Then

1

‘/f Vd — f Oflf d:c_O/l

0

!/ZFfVWS

§M/12Ff_M.[F2](1)_M</1f)2.

Problem 4. Note that P(z) does not have any positive root because
P(x) > 0 for every x > 0. Thus, we can represent them in the form
a;, i =1,2,...,n, where a; > 0. If ag # 0 then thereisa k e N;1 < k <

n — 1, with a; = 0, so using Viete’s formulae we get

Q1O ... O f—1Qp—f + Q102 ... Oy f—10p—f+1 T =+ O 1042 - .. Q10
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which is impossible because the left side of the equality is positive.
Therefore ay = 0 and one of the roots of the polynomial, say «,, must
be equal to zero. Consider the polynomial Q(z) = a,2" ' + a,_ 12" % +
-+ +ay. It has zeros —q;,7 = 1,2,...,n — 1. Again, Viete’s formulae,
for n > 3, yield:

ai

ce Q] = — 1
a1Qg ... Qp—1 a (1)
a
1O . .. Oy + Q1 . .. 3Oy 1 + - -+ Qa3 .. Oy = a_2 (2)
n
Ay
01 g e = (3)
Dividing (2) by (1) we get
1 1 1 a
—_t — 4+ :_2_ (4)
ar Q2 Qp-1 a1
From (3) and (4), applying the AM-HM inequality we obtain
an1 optagt oy 1 (n—1a
= =T 1 T 7
(n —1ay, n—1 ctoto e o
2
therefore 222771 > (n —1)% Hence o > 020n-1 > (n — 1)%, implying
a1a, 2 a1a,

n < 3. So, the only polynomials possibly satisfying (i) and (ii) are those
of degree at most three. These polynomials can easily be found and they
are P(z) = x, P(z) = 2* + 2z, P(v) = 22% + x, P(x) = 2° + 322 + 27 and
P(z) = 22° 4+ 32* + .

Solution 2. Consider the prime factorization of P in the ring Z[z]|.
Since all roots of P are rational, P can be written as a product of n
linear polynomials with rational coefficients. Therefore, all prime factor

of P are linear and P can be written as

n

P(z) = | [(brz + cx)

k=1
where the coefficients by, ¢, are integers. Since the leading coefficient of

P is positive, we can assume b, > 0 for all k. The coefficients of P are
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nonnegative, so P cannot have a positive root. This implies ¢, > 0. It
is not possible that ¢, = 0 for two different values of k, because it would
imply ag = a1 = 0. So ¢ > 0 in at least n — 1 cases.

Now substitute z = 1.
n

1
P(l):an_|-..._|_aO:()_|_1_|_..._|_n:%:H(bk%_%)22n_1;
k=1
n(n+1)

therefore it is necessary that 271 < , therefore n < 4. More-

n(n+1 , :
Q can be written as a product of n — 1 integers

over, the number
greater than 1.

If n = 1, the only solution is P(z) = 1z + 0.

If n =2, we have P(1) =3 = 1.3, so one factor must be z, the other
one is x +2 or 2z + 1. Both z(z +2) = 12> + 22 + 0 and z(2x + 1) =
222 4 1z + 0 are solutions.

If n =3, then P(1) =6 = 1.2.3, so one factor must be x, another one
is x + 1, the third one is again x + 2 or 2x + 1. The two polynomials are
r(x+1)(2+2) = 123 +3224+22+0 and z(x+1)(22+1) = 223+ 322+ 1240,
both have the proper set of coefficients.

1
n(n +1) cannot be

In the case n = 4, there is no solution because
written as a product of 3 integers greater than 1.

Altogether we found 5 solutions: 1240, 122 +22+0, 222+ 1240, 123+
322 4 22 + 0 and 223 + 322 + 1z + 0.

Problem 5. Let g(z) = f'(z) + xf(x); then f"(z) + 2xf'(x) + (2% +
1) f(z) = g'(z) + zg(z).

We prove that if A is a continuously differentiable function such that
h'(x) + zh(x) is bounded then limh = 0. Applying this lemma for h = ¢
then for h = f, the statement fgl)lows.

Let M be an upper bound for |1/ () +zh(x)| and let p(z) = h(z)e” /2,
(The function e /2 is a solution of the differential equation u'(x) +
zu(z) = 0.) Then

P/ (2)] = W (2) + zh(z)]e”/? < Me™ 2
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and . N
p(O)+ [ [p(O)|+ M [ e/ ?da
er?/2 er?/2 - er?/2
1l e’ 2dy
Since lim e” /2 = 0o and limOT/2 = 0 (by L’Hospital’s rule), this
Tr—00 ellf
implies lim h(z) = 0.
fla)e”
Solution 2. Apply L’Hospital rule twice on the fraction oy
61’ x

(Note that L’Hospital rule is valid if the denominator converges to infin-
ity, without any assumption on the numerator.)
f(z)e”)? (f'(x) + xf(2))e

lim f(x) = lim —5—-— = lim
x—>oof( ) L—00 ex2/2 T—00 xe$2/2

(@) + 22 f(x) + (2 4 1) f(x))e”
= lim > =
e (22 + 1)er*/2
- f(@) +22f(2) + (2% + 1) f(2)
lim 5
T—00 e+ 1
Problem 6. Write d = ged(m, n). It is easy to see that < G(m), G(n) >=

G(d); hence, it will suffice to check commutativity for any two elements

= 0.

in G(m)UG(n), and so for any two generators a™ and b". Consider their

commutator z = a~""b""ab"; then the relations
z=(a""ba™)""" =a " (b "ab™)™
show that z € G(m) N G(n). But then z is in the center of G(d). Now,
from the relation a™0" = 0"a"z, it easily follows by induction that
gmlpnl — pnl gml 12
Setting [ = 7 and [ = % we obtain 2m/d) — (/d)® — ¢ Hut this implies

that 2z = e as well.

2.12.2 Day 2

Problem 1. Write f(z) = (z + %)* + d where d = ¢ — %. The absolute

minimum of f is d.
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If d > 1 then f(z) > 1 for all z, M = () and |M]| = 0.
If -1 <d < 1then f(x) > —1 for all z,

b\ 2 b
—1<(£U—|—§) +d<1 & ‘:L‘+§’< 1—d

SO

M:(—g—\/l—d,—g+\/1—d)
and

M| =2V1—d<2V2.

If d < —1 then

by ? b

1< (x+§> vd<l o \/|d|—1<‘m+§‘<\/\d|+1
SO
M = (=/|d[ + 1, =/|d] = 1) U (\/]d] = 1,/]d| + 1)

and

_ o (dl+ 1) = (1 = 1)
M| = 2T = V=) =2 e e
2

<9
VIF1++/1-0

Problem 2. Yes, it is even enough to assume that f? and f? are poly-

= 2V/2.

nomials.

Let p = f? and g = f3. Write these polynomials in the form of

b b
p=apy...p, q¢=bq...q",

where a,b € R, aq,...,ax, by,...,b; are positive integers and p1, ..., pk,
qi,...,q are irreducible polynomials with leading coefficients 1. For
p? = ¢* and the factorisation of p® = ¢ is unique we get that a® =
v,k = 1 and for some (iy,...,4;) permutation of (1,...,k) we have

P1 = Giys- -, Pr = @, and 3a; = 2b;,, ..., 3a, = 2b;,. Hence by,..., b are
divisible by 3 let r = bl/?’.qll”/3 . .qlbl/3 be a polynomial. Since r® = ¢ = f3

we have f =r.
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Solution 2. Let £ be the simplest form of the rational function

f3 1 p2
F. Then the simplest form of its square is —. On the other hand
q
2 3.2
p_2 = (%) = f? is a polynomial therefore ¢ must be a constant and so
q
3
f= f—2 —Pisa polynomial.
2 oa

Problem 3. If A is a nonzero symmetric matrix, then trace(A4?) =
trace(A'A) is the sum of the squared entries of A which is positive. So
V' cannot contain any symmetric matrix but 0.

Denote by S the linear space of all real n X n symmetric matrices;
1
dimV = M Since V NS = {0}, we have dimV + dimS < n? and
1 —1
thus dimV < n? — n(n2—|— ) = n(n2 )

The space of strictly upper triangular matrices has dimension

n(n—1)
and satisfies the condition of the problem.
n(n —1)

Therefore the maximum dimension of V is 5

Problem 4. Let

o) = LD o)+ L

It is easy to check that g(£1) = f(£1),¢(0) = f(0) and ¢'(0) = f'(0).

Apply Rolle’s theorem for the function h(z) = f(z) — g(x) and its
derivatives. Since h(—1) = h(0) = h(1) = 0, there exist n € (—1,0) and
v € (0,1) such that A'(n) = A'(¥) = 0. We also have h'(0) = 0, so there
exist o € (n,0) and o € (0,9) such that h"(9) = h”(¢) = 0. Finally,
there exists a £ € (p,0) C (—1,1) where A"'(§) = 0. Then

f’"(é) _ g///(g) _ —f(;l).6—f(0).0+%.6—f/(0).6 _ f(l) _2f(_1)

1) — f(—1
Solution 2. The expression /() 2f< ) _ 1'(0) is the divided
difference f[—[,0,0,1] and there exists a number £ € (—1,1) such that

FI=1,0,0,1] = ff).

23 (24+1)—f(0)z(z—1)(x+1).

—f(0).
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72
Problem 5. To get an upper bound for r, set f(x,y) = = — 5 -
2
Y This function satisfies the conditions, since grad f(z,y) = (1 —

$7y>7gradf(070> = (170) and (|gradf($1ay1) o gradf(x%y?)‘ = ‘(1:2 _
r1, Y1 — Y2)| = [(v1, y1) — (22, 92)]

In the disk D, = {(z,y) : 2* + y* < r?}
2

( L, 1 1
— |z —= - < =4 -
4=2 4

x2+y2
2

flz,y) =

1
Ifr> 3 then the absolute maximum is 5 + 7 attained at the points

<1 +4/7r2 — i) Therefore, it is necessary that r < % because if r > %
then the maximum is attained twice.

Suppose now that r < 1 and that f attains its maximum on D, at
u,v,u # v. Since |grad f(z) — grad f(0)| <, |grad f(z)1 <1—7r >0 for
all z € D,. Hence f may attain its maximum only at the boundary of D,.,
so we must have |u| = |v| = r and grad f(u) = au and grad f(v) = bv,
where a,b > 0. Since au = grad f(u) and bv = grad f(v) belong to
the disk D with centre grad f(0) and radius r, they do not belong to the
interior of D,.. Hence |grad f(u)—grad f(v)| = |au—bv| > |u—v| and this
inequality is strict since D N D, contains no more than one point. But
this contradicts the assumption that |grad f(u) — grad f(v)| < |u — v|.
So all r < 1 satisfies the condition.

Problem 6. First consider the case when ¢ = 0 and r is rational.

Choose a positive integer ¢ such that 7%t is an integer and set
(a b) (147t —r?t
c d) — t 1—rt)"

b 1+ rt)r —r’t
det(a g> andar—i_ :( +rt)r —r _
¢ cr+d  tr+(1—rt)

Then

Now assume ¢ # 0. Let the minimal polynomial of r in Z[x] be uz? +

ve + w. The other root of this polynomial is 7 = p — ¢V/7, so v =
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—u(r +7) = —2up and w = w7 = u(p® — 7¢*). The discriminant is
v? —4uw = 7.(2uq)?. The left-hand side is an integer, implying that also
A\ = 2uq is an integer.

b
ar +d = r is equivalent to c¢r? + (d — a)r — b = 0. This

The equation

cr
must be a multiple of the minimal polynomial, so we need
c=ut, d—a=vt, —b=wt

for some integer t # 0. Putting together these equalities with ad—bc = 1

we obtain that
(a+d)? = (a—d)*+4dad = 4 + (v* — duw)t? = 4 + TN

Therefore 4 + 7A?*t? must be a perfect square. Introducing s = a + d,

we need an integer solution (s,t) for the Diophantine equation
s* — TN =4 (1)

such that t # 0.

The numbers s and ¢ will be even. Then a +d = s and d — a = vt
will be even as well and a and d will be really integers.

Let (8 £ 3v7)" = k, &+ 1,\/7 for each integer n. Then k2 — 712 =
(kp 4 LV (kn — 1,VT) = (8 +3v7)"(8 — 3v/7))" = 1 and the sequence
(I,) also satisfies the linear recurrence l,,y1 = 161, — [,,_;. Consider the
residue of [, modulo A. There are A? possible residue pairs for (,,, l,41)
so some are the same. Starting from such two positions, the recurrence
shows that the sequence of residues is periodic in both directions. Then
there are infinitely many indices such that [, =y = 0 (mod A).

Taking such an index n, we can set s = 2k, and t = 2[,,/A.

Remarks. 1. It is well-known that if D > 0 is not a perfect square

then the Pell-like Diophantine equation
>+ Dy* =1

has infinitely many solutions. Using this fact the solution can be gener-

alized to all quadratic algebraic numbers.
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2. It is also known that the continued fraction of a real number r is
periodic from a certain point if and only if r is a root of a quadratic

equation. This fact can lead to another solution.

2.13 Solutions of Olympic 2006

2.13.1 Day 1

Problem 1.
a) False. Consider function f(x) = 2®—x. It is continuous, range(f) =
R but, for example, f(0) = O,f(%) = —% and f(1) = 0, therefore

f(0) > f(3), f(3) < f(1) and f is not monotonic.

b) True. Assume first that f is non-decreasing. For an arbitrary
number a, the limits 1CiLr_n f and ICILI_P f exist and lcilr_n f< l(g}ra f. If the two
limits are equal, the function is continuous at a. Otherwise, if limf =
b < lcllljrnf = ¢, we have f(z) < b for all x < a and f(x) > ¢ for allax > a;
therefore range(f) C (—o0,b) U (¢,00) U{f(a)} cannot be the complete
R.

For non-increasing f the same can be applied writing reverse relations
or 9(z) = — ().

c) False. The function g(x) = arctan z is monotonic and continuous,
but range(g) = (-3, %) # R.

Problem 2. Let S; = {0 < x < 10¥|2? — z is divisible by 10*} and
s(k) = |Skl,k > 1. Let x = agy1ag...a; be the decimal writing of an
integer x € Siy1,k > 1. Then obviously y = ai...a; € Si. Now, let
y=ag...a; €S be fixed. Considering a;1 as a variable digit, we have
2 —x = (ap110° +y)* = (ap1110° + y) = (v — y) + a1 1072y — 1) +
ai,,10%*. Since y* — y = 10¥z for an iteger z, it follows that % — x is
divisible by 10! if and only if z + a3, 1(2y — 1) = 0 (mod 10). Since
y =3 (mod 10) is obviously impossible, the congruence has exactly one

solution. Hence we obtain a one-to-one correspondence between the sets
Si+1 and Si for every k >. Therefore s(2006) = s(1) = 3, because
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S, = {1,5,6}.

Solution 2. Since 2

— 2 = z(zr — 1) and the numbers x and =z — 1
are relatively prime, one of them must be divisible by 22°°%¢ and one of
them (may be the same) must be divisible by 52°°°. Therefore,  must

satisfy the following two conditions:

r=0orl (mod 22);

r=0or1 (mod 5%%).

Altogether we have 4 cases. The Chinese remainder theorem yields that
in each case there is a unique solution among the numbers 0, 1, . .., 102°%—
1. These four numbers are different because each two gives different
residues modulo 22°% or 5209 Moreover, one of the numbers is 0 which
is not allowed.

Therefore there exist 3 solutions.

Problem 3. By induction, it is enough to consider the case m = 2. Fur-
thermore, we can multiply A with any integral matrix with determinant
1 from the right or from the left, without changing the problem. Hence
we can assume A to be upper triangular.

Lemma. Let A be an integral upper triangular matrix, and let b, ¢ be
integers satisfying det A = bc. Then there exist integral upper triangular
matrices B, C such that detB = b, detC' = ¢, A = BC.

Proof. The proof is done by induction on n, the case n = 1 being
obvious. Assume the statement is true for n — 1. Let A,b, c as in the

statement of the lemma. Define B,,, to be the greatest common divisor
A
of b and A,,,, and put C,, = Bnn. Since A, divides bc, C,, divides

nn b
¢, which divides ¢. Hence C,,, divides ¢. Therefore, b’ = and

/

d = CL are integers. Define A’ to be the upper-left (n — 1) x (n — 1)-

submatrix of A; then detA’ = b'd. By induction we can find the upper-
left (n—1)x (n—1)-part of B and C'in such a way that detB = b, detC' = ¢
and A = BC holds on the upper-left (n — 1) x (n — 1)-submatrix of A.
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It remains to define B;, and Cj, such that A = BC also holds for the
(7,n)-th entry for all i < n.

First we check that B;; and (), are relatively prime for all 7 < n.
Since By; divides V', it is certainly enough to prove that &' and C,,, are
relatively prime, i.e.

b A
d nn — 1
ge ( ged(b, Ay’ ged(b, Am)) ’

which is obvious. Now we define B;, and C;, inductively: Suppose we
have defined B;, and C;,, forall i = 541,57 +2,...,n — 1. Then B;,
and (), have to satisfy

Ajn = BjijCin+ Bjj+1Cir1n+ -+ BjnChn

Since B;; and C),,, are relatively prime, we can choose integers C,, and
B, such that this equation is satisfied. Doing this step by step for all
j=n—1,n—2,...,1, we finally get B and C such that A = BC.

Problem 4. Let S be an infinite set of integers such that rational

p(x)

function f(x) is integral for all X € S. Suppose that f(z) = m where
p is a polynomial of degree k and ¢ is a polynomial of degree n. Then
p, q are solutions to the simultaneous equations p(x) = ¢(z)f(x) for all
x € S that are not roots of q. These are linear simultaneous equations
in the coefficients of p,q with rational coefficients. Since they have a
solution, they have a rational solution.

Thus there are polynomials p’, ¢’ with rational coefficients such that
P (x) = ¢ (x)f(x) for all x € S that are not roots of q. Multiplying this
with the previous equation, we see that p'(z)q(z)f(z) = p(x)d (x)f(x)
for all x € S that are not roots of ¢q. If z is not a root of p or ¢, then
f(x) # 0, and hence p'(x)q(x) = p(x)¢(x) for all x € S except for
finitely many roots of p and ¢. Thus the two polynomials p’q and pq’ are
equal for infinitely many choices of value. Thus p/(z)q(z) = p(x)¢ ().

Dividing by q(x)q'(x), we see that dfracp’(z)q' (x) = p(z) = f(x). Thus

q(x)
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f(x) can be written as the quotient of two polynomials with rational
coefficients. Multiplying up by some integer, it can be written as the

quotient of two polynomials with integer coefficients.

p//(x)

Suppose f(x) = 7(2)

cients. Then by Euler’s division algorithm for polynomials, there ex-

where p” and ¢” both have integer coeffi-

ist polynomials s and r, both of which have rational coefficients such
that p”(z) = ¢"(x)s(x) + r(z) and the degree of r is less than the de-

r(x)
q"(x)

there exists an integer N such that Ns(z) has integral coefficients. Then

gree of ¢”. Dividing by ¢"(x), we get that f(z) = s(z) + Now
Nf(x) — Ns(z) is an integer for all z € S. However, this is equal to
the rational function —/T, which has a higher degree denominator than
numerator, so tends to 0 as z tends to co. Thus for all sufficiently large
xr € S,Nf(xr) — Ns(x) = 0 and hence r(z) = 0. Thus r has infinitely
many roots, and is 0. Thus f(z) = s(x), so f is a polynomial.

Problem 5. Without loss of generality a > b > ¢,d > e. Let ¢ =
e + A, A €R. Then d? = a® + b*> + A and the second equation implies
a’b?

4 4 2 2 _ 2 2 2 4 _

2 1 1
(Here a® 4+ b* — %) > g(a2 +b% 4 ) — §(d2 +e?) = 6<d2 +¢e?) > 0).

21.2 2 N (.2
) 6 9 a“b _(a—e)(e—b)
Smcec—e—a2+b2_62—22a2+b2_62 > 0 then a > e > b.
b
Therefored2:a2+62—a—<a2anda>d26>b26.
a? + b2 — e?

Consider a function f(z) = a® +b" + ¢* —d* —e”, x € R. We shall
prove that f(x) has only two zeroes x = 2 and x = 4 and changes the
sign at these points. Suppose the contrary. Then Rolle’s theorem implies
that f’(z) has at least two distinct zeroes. Without loss of generality
a=1. Then f'(z) =Inb.b* +Inc.c® —Ind.d* —Ine.e”,x € R. If f'(z1) =
f'(x9) = 0,21 < o, then Inb.b" + Inc.c® = Ind.d" + lne.e” i = 1,2,
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but since 1 > d > e > b > ¢ we have

(—11’1 b)bj + (_ln C)'C ? < pr2I  pf2 1 < (—ll’ld).d’j + (—11’1 6)'6 27
(—Inbd).b* + (—Ilnc).cm (—Ind).d* + (—Ilne).em

a contradiction. Therefore f(z) has a constant sign at each of the inter-
vals (—00,2),(2,4) and (4,00). Since f(0) = 1 then f(z) > 0,z €
(—00,2) U (4,00) and f(z) < 0,z € (2,4). In particular, f(3) =
ad+ b+ —dP—ed <.

Problem 6. Let A(x) = ay + a1z + -+ + a,x”. We prove that se-
quence ay, . . ., a, satisfies the required property if and only if all zeros
of polynomial A(z) are real.

a) Assume that all roots of A(z) are real. Let us use the following
notations. Let I be the identity operator on R — R functions and D
be differentiation operator. For an arbitrary polynomial P(x) = py +
p1x + -+ pux”, write P(D) = pol + p1D + paD? + -+ - + p,D". Then
the statement can written as (A(D)f)(&) = 0.

First prove the statement for n = 1. Consider the function

glz) = e /().
Since g(zg) = g(x1) = 0, by Rolle’s theorem there exists a € (xg, 1)
for which

G(€) = et () + e (&) = —(anf(€) + arf'(€)) = 0.

ai ai

Now assume that n > 1 and the statement holds for n — 1. Let
A(z) = (z — ¢)B(x) where ¢ is a real root of polynomial A. By the
n = 1 case, there exist yo € (xg,21),y1 € (T1,72),- -, Yn-1 € (Tn_1,Ty)
such that f'(y;) — cf(y;) = 0 for all j = 0,1,...,n — 1. Now apply
the induction hypothesis for polynomial B(z), function ¢ = f’ — ¢f and
points 4o, - .., Yn—1. The hypothesis says that there exists a € (yo, yn—1 C
(xo, ) such that
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b) Assume that v+ vi is a complex root of polynomial A(zx) such that
v # 0. Consider the linear differential equation a,¢™ +- - -+a1¢'+¢ = 0.
A solution of this equation is g1 () = €"* sin vx which has infinitely many
ZEroS.

Let k be the smallest index for which a; # 0. Choose a small € > 0 and
set f(x) = g1(z) + ex®. If € is sufficiently small then g has the required
number of roots but agf + arf + -+ + a, f™ = ape # 0 everywhere.

2.13.2 Day 2

Problem 1. Apply induction on n. For the initial cases n = 3,4, 5,
chose the triangulations shown in the Figure to prove the statement.

Now assume that the statement is true for some n = k and con-
sider the case n = k£ + 3. Denote the vertices of V by Pi,..., Py.3
Apply the induction hypothesis on the polygon PP, ... P in this tri-
angulation each of vertices P, ..., P, belong to an odd number of tri-
angles, except two vertices if n is not divisible by 3. Now add trian-
gles PPy Pyyo, P Ppi1Pryo and Py PyyoPy 3. This way we introduce two
new triangles at vertices P, and P so parity is preserved. The vertices
Py, Pryo and Ppy3 share an odd number of triangles. Therefore, the
number of vertices shared by even number of triangles remains the same
as in polygon PP, ... P;.
Problem 2. The functions f(z) =z + c and f(x) = —x + ¢ with some
constant ¢ obviously satisfy the condition of the problem. We will prove
now that these are the only functions with the desired property.

Let f be such a function. Then f clearly satisfies |f(z) — f(y)| <

|z — y| for all z,y; therefore, f is continuous. Given z,y with x < y, let

a,b € [x,y] be such that f(a) is the maximum and f(b) is the minimum

of f on [z,y]. Then f([x,y]) = [f(b), f(a)]; hence
y—z=fla) = fb) <la—b<y—x

This implies {a,b} = {x,y}, and therefore f is a monotone function.
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Suppose f is increasing. Then f(x) — f(y) = © — y implies f(x) — z =
f(y) —y, which says that f(x) = x+c for some constant c¢. Similarly, the
case of a decreasing function f leads to f(z) = —z + ¢ for some constant
C.

Problem 3. Let f(z) = tan(sinz) — sin(tanz). Then

3

cos T cos(tanx)  cos® x — cos(tan ). cos*(sin z)

fi(x) =

 cos?(sin ) cos?x cos?(x). cos?(tan )

Let 0 < z < arctan §. It follows from the concavity of cosine on (0, §)

2
that

1
Y/cos(tan ). cos?(sin ) < 3 [cos(tan x) + 2 cos(sin x)]

tanx + 2sinx
3

< cos [ } < cosw,

the last inequality follows from

tanx + 2sinz]’ 1 1 . 1
[ } :—{ —{—QCOSIC] > .cosx.cosx = 1.
3 3Llcos?x cos? x

This proves that cos®z — cos(tanz). cos?(sinz) > 0, so f'(z) > 0, so f
increases on the interval [0, arctan §]. To end the proof it is enough to
notice that (recall that 4 + 72 < 16)

, T /2 T
tan [sm (arctan —)] = tan ————— > tan — = 1.
2 1+72/4 4

™

This implies that if x € [arctan §, 7] then tan(sinx) > 1 and therefore
f(z) > 0.

Problem 4. By passing to a subspace we can assume that vq,...,v,
are linearly independent over the reals. Then there exist A\;,..., A\, € R

satisfying
n
Un+1 = Z >\jUj
j=1

We shall prove that A; is rational for all j. From

-2 < Vi, Uj >= |Uz’ — ”Uj‘2 — |"Ui|2 — ‘Uj|2
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we get that < v;,v; > is rational for all 7, j. Define A to be the rational
n X n-matrix A;; =< v;,v; >, w € Q" to be the vector w; =< v, vy41 >,
and A € R" to be the vector ()\;); Then,

n
< V4, Vi >= Z)xj < v;,vj >
j=1
gives A\ = w. Since vy, ...,v, are linearly independent, A is invertible.
The entries of A~! are rationals, therefore A = A~w € Q", and we are
done.

Problem 5. Substituting y = x + m, we can replace the equation by
y® — ny +mn = 0.

Let two roots be u and v; the third one must be w = —(u + v) since the

sum is 0. The roots must also satisfy
wv + uw +vw = —(ut +ww +0v?) = —n, ie. v +uww+0v* =n
and
wow = —uv(u + v) = mn.

So we need some integer pairs (u,v) such that uv(u + v) is divisible by

u? + uv + v?. Look for such pairs in the form v = kp,v = kq. Then
u’ v + v =k (p? + pg + ¢°),

and
wo(u +v) = k*pg(p + q).

Chosing p, ¢ such that they are coprime then setting k = p? + pq + ¢* we
have uwlutv) _ 2+ pg+ ¢
oy PPN | | |
Substituting back to the original quantites, we obtain the family of

cases
m = (p* +pq+q°)°, m=p’q+pg

and the three roots are

xrp = p3’ T = q37 r3 = _(p+ Q)g
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Problem 6. We note that the problem is trivial if A; = AI for some 7,
so suppose this is not the case. Consider then first the situation where

some A;j, say As, has two distinct real eigenvalues. We may assume that

A3 = By = (A M) by conjugating both sides. Let Ay = (CCL 2) and

/ /
By = (CCL, 2,). Then
a+d=TrAs =TrBs=d +d
aX +dp = Tr(AyAs) = Tr(A;' = TrBy' = Tr(ByBs) = d/\ + d .

Hence a = a’ and d = d’ and so also bc = b'¢/. Now we cannot have

c=0orb=0, for then (1,0)T or (0,1)T would be a common eigenvector
/

of all A;. The matrix S = (C C) conjugates As = S71B5S, and as S
commutes with Az = Bs, it follows that A; = S‘lBjS for all j.

If the distinct eigenvalues of A3 = Bj are not real, we know from
above that A; = SilBjS for some S € GL,C unless all A; have a com-
mon eigenvector over C. Even if they do, say Ajuv = v, by taking the
conjugate square root it follows that A;-s can be simultaneously diago-
nalized. If Ay = (a d) and By = (CCL,/ g, , it follows as above that
a =da,d =d and so V' = 0. Now B, and Bs (and hence B too)
have a common eigenvector over C so they too can be simultaneously
diagonalized. And so SA; = B;S for some S € GLyC in either case.
Let Syp = ReS and S; = ImS. By separating the real and imaginary
components, we are done if either Sy or S; is invertible. If not, So may
be conjugated to some T 15,1 = (Z 8), with (z,3)T # (0,0)T, and it
follows that all A; have a common eigenvector T'(0, 1), a contradiction.

We are left with the case when ngA; has distinct eigenvalues; then
these eigenvalues by necessity are real. By conjugation and division
by scalars we may assume that A3 = (1 [D and b # 0. By further
conjugation by upper-triangular matrices (which preserves the shape of

As up to the value of b) we can also assume that Ay = ((1) g) Here
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v? = Tr?Ay = 4detAy = —4u. Now Ay = AJ'AS = (_(b‘H’)/U 1)7

1/u
b 2 4
and hence +: ) = Tr?A; = 4detA; = ——. Comparing these two it
u u
follows that b = —2v. What we have done is simultaneously reduced all

A, to matrices whose all entries depend on u and v (= —det Ay and T'r A,
respectively) only, but these themselves are invariant under similarity.

So Bj’s can be simultaneously reduced to the very same matrices.

2.14 Solutions of Olympic 2007

2.14.1 Day 1

Problem 1. Let f(z) = az* + bx + c¢. Substituting x = 0,z = 1 and
x = —1, we obtain that 5/f(0) = ¢,5|f(1) = (a+ b+ ¢) and 5|f(—1) =
(a—b+c). Then 5|f(1)+ f(—1) —2f(0) = 2a and 5| f(1) — f(—1) = 2b.
Therefore 5 divides 2a, 2b and ¢ and the statement follows.
Solution 2. Consider f(z) as a polynomial over the 5-element field (i.e.
modulo 5). The polynomial has 5 roots while its degree is at most 2.
Therefore f =0 (mod 5) and all of its coefficients are divisible by 5.
Problem 2. The minimal rank is 2 and the maximal rank is n. To
prove this, we have to show that the rank can be 2 and n but it cannot
be 1.

(i) The rank is at least 2. Consider an arbitrary matrix A = [a;;] with

2

entries 1, 2,...,n” in some order. Since permuting rows or columns of a

matrix does not change its rank, we can assume that 1 = a11 < as; <

e < appand 1 =app < app < --- < ay, Hence a,; > n and a1, > n

ain aln} <

and at least one of these inequalities is strict. Then det [
Qp1  Ann

1.n? —n.n =0 so rk(A4) > rk [gli 31”] > 2.
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(ii) The rank can be 2. Let

1 2 R )

n+1 n+ 2 . 2n

n—n+1n2—n+2 ... n
The i-th row is (1,2,...,n) +n(i — 1).(1,1,...,1) so each row is in
the two-dimensional subspace generated by the vectors (1,2,...,n) and

(1,1,...,1). We already proved that the rank is at least 2, so rk(7T") = 2.
(iii) The rank can be n, i.e. the matrix can be nonsingular. Put odd
numbers into the diagonal, only even numbers above the diagonal and
arrange the entries under the diagonal arbitrarily. Then the determinant
of the matrix is odd, so the rank is complete.
Problem 3. The possible values for k are 1 and 2.
If k=1 then P(x) = az? and we can choose A; = (é g)

If k =2 then P(z,y) = az? + By? + yay and we can choose matrices

Alz((l) g) andA2:<_11 )

Now let k > 3. We show that the polynomial P(xy,...,2;) = > a2

k
is not good. Suppose that P(z1,...,z;) = det (Z a:ZAZ> Since the
=0

first columns of Ay,..., Ay are linearly dependentz,:the first column of
some non-trivial linear combination 4 Ay + -+ + yr Ay is zero. Then
det(y1 A1 + -+ + ypAr) = 0 but P(yy,...,yx) # 0, a contradiction.
Problem 4. We start with three preliminary observations.

Let U,V be two arbitrary subsets of G. For each x € U and y € V'

there is a unique z € G for which xyz = e. Therefore,
Nyve = |U x V[ = |U[.[V].

Second, the equation xyz = e is equivalent to yzx = e and zxy = e.
For arbitrary sets U, V, W C G, this implies

{(,y,2) e UXxV xW :zyz =e} ={(z,y,2) e U XV x W :yzzx =e}
={(z,y,2) eU XV XW : zay = e}
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and therefore
Nyvw = Nywu = Nwuv.
Third, if U,V C G and Wy, Wy, W3 are disjoint sets and W = W U
Wy U W3 then, for arbitrary U,V C G,

{(,y,2) e UxV xW:ayz=e} ={(z,y,2) e U xV x W, : zyz = e}U
U{(z,y,2) e U XV xWy:zyz=e}U{(x,y,2) e U XV x W5 :xyz = e}

SO
Nuvw = Nuvw, + Nuvw, + Nuvw,.

Applying these observations, the statement follows as

Napc = Napeg — Napa — Napp = |A|.|B| — Npaa — Npap

= Npag — Npaa — Npap = Npac = Ncpa.

Problem 5. Let us define a subset Z of the polynomial ring R[X] as

follows:

I={P(X)=) b;X7:> bif(k+jl)=0foralk,lcZIl+0}
=0 =0
This is a subspace of the real vector space R[X]. Furthermore, P(X) € Z

implies X.P(X) € Z. Hence, 7 is an ideal, and it is non-zero, because
n

the polynomial R(X) = > X% belongs to Z. Thus, Z is generated (as
i=1
an ideal) by some non-zero polynomial Q.

If () is constant then the definition of Z implies f = 0, so we can
assume that ) has a complex zero c. Again, by the definition of Z, the
polynomial Q(X™) belongs to Z for every natural number m > 1; hence
Q(X) divides Q(X™). This shows that all the complex numbers

4
e, A3t

are roots of (). Since () can have only finitely many roots, we must have
¢V =1 for some N > 1; in particular, Q(1) = 0, which implies P(1) =0
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for all P € Z. This contradicts the fact that R(X) = > X% € Z, and
i=1
we are done.

Problem 6. We show that the number of nonzero coefficients can be 0, 1
and 2. These values are possible, for example the polynomials Py(z) =
0, Pi(z) = 1 and P(2) = 1 + z satisfy the conditions and they have 0, 1
and 2 nonzero terms, respectively.

Now consider an arbitrary polynomial P(z) = ag + a1z + -+ - + a, 2"
satisfying the conditions and assume that it has at least two nonzero
coefficients. Dividing the polynomial by a power of z and optionally
replacing p(z) by —p(z), we can achieve ay > 0 such that conditions are
not changed and the numbers of nonzero terms is preserved. So, without
loss of generality, we can assume that ag > 0.

Let Q(2) = a1z + -+ + a, 12" . Our goal is to show that Q(z) =

Consider those complex numbers wy, wq, ..., w,_1 on the unit circle

for which a,w} = |a,|; namely, let

2kmi

e n if a,, > 0
Wy = i k=0,1,...,n).
g {ewmnl) if a, <0 ( )

Notice that

—_
T
—
T
—_
i
—_

3

e . 2jmi\ K
Qlwg) =) Qwee™ ) =) ajuwy <en> = 0.

0 J

o~
|

0

=
|
I
_
il
=

Taking the average of polynomial P(z) at the points wy, we obtained

n—1 n—1

1 1

- Z P(wg) ==Y (ag+ Q(wg) + apwy) = ag + |ay|

L L

and

1 n—1 1 n—1

2> — P — P = nl =2
- kz:; | P(wy)] P = ag + |ay|

This obviously implies ag = |a,| = 1 and |P(wg)| = |2 + Q(wy)| = 2 for
all k. Therefore, all values of Q(wy) must lie on the circle |2 + z| = 2,
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while their sum is 0. This is possible only if Q(wy;) = 0 for all k. Then
polynomial Q(z) has at least n distinct roots while its degree is at most
n—1. SoQ(z) = 0 and P(z) = ag+a,z" has only two nonzero coefficients.
Remark. From Parseval’s formula (i.e. integrating |P(z)|> = P(z)P(z)

on the unit circle) it can be obtained that

21 2
1 . 1
2 2 ity |2
ot lan P = — [ [P(eM)dt < — [ 4dt = 4. 2.2
0 0

Hence, there cannot be more than four nonzero coefficients, and if there
are more than one nonzero term, then their coefficients are +1.

It is also easy to see that equality in (2.2) cannot hold two or more
nonzero coefficients, so it is sufficient to consider only polynomials of the
form 1 £ 2™ 4 2". However, we do not know any simpler argument for

these cases than the proof above.

2.14.2 Day 2

Problem 1. No. The function f(x) = e* also has this property since
cet — ertloge

Problem 2. We claim that 29|z,y,2. Then, z* + y* + 2% is clearly
divisible by 29%.

Assume, to the contrary, that 29 does not divide all of the numbers
x,y, z. Without loss of generality, we can suppose that 29 { z. Since the
residue classes modulo 29 form a field, there is some w € Z such that
zw =1 (mod 29). Then (zw)* + (yw)* + (2w)? is also divisible by 29.
So we can assume that x =1 (mod 29).

Thus , we need to show that y*+2* = —1 (mod 29), i.e. y' = —1-2*
(mod 29), is impossible. There are only eight fourth powers modulo 29,
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0 =04

1=1"=12'=17=28" (mod 29),

7=8'=9"=20"=21" (mod 29),
16 =2'=5"=24"=27"  (mod 29),
20 = 6* = 14* = 15* =23*  (mod 29),
23=3'=7"=22"=26" (mod 29),
24 = 4* =10* = 19* = 25" (mod 29),
25 =11"=13*=16* = 18" (mod 29).

The differences —1 — z* are congruent to 28, 27,21,12,8,5,4 and 3. None
of these residue classes is listed among the fourth powers.

Problem 3. Suppose f(x) # x for all x € C. Let [a,b] be the smallest
closed interval that contains C. Since C' is closed, a,b € C. By our
hypothesis f(a) > a and f(b) < b. Let p = sup{z € C : f(x) > x}.
Since C is closed and f is continuous, f(p) = p, so f(p) > p. For all
x> p/,x € C we have f(x) < x. Therefore f(f(p)) < f(p) contrary to
the fact that f is non-decreasing.

Problem 4. Notice that A = B?, with b;; = {

So it is sufficient to find det B.
To find det B, expand the determinant with respect to the first row,

1 ifi—j7==1 (mod n)
0 otherwise ’

and then expad both terms with respect to the first columns.

0 1
1

— o
— O
-

det B =

—_o -
— o
-
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1 1 1 01
0 1 10 1
- 1 . 1o
0 1 0 1
1 01 1 0
10 1 1
( 0 1 1
1 - 0 1
1 01 0 1
K 10 1 01
10 1 01
1 -, . 1 0 1
+ o0 11— - - =—0-1)+(1-0)=2,
1 0 o001
1 1 0
since the second and the third matrices are lower /upper triangular, while
in the first and the fourth matrices we have row; — rows + rows — - - - &
TOW,,_9 = 6

So det B = 2 and thus det A = 4.
Problem 5. The answer is n; = 2F. In that case, the matrices can
be constructed as follows: Let V' be the n-dimensional real vector space
with basis elements [S], where S runs through all n = 2* subsets of
{1,2,...,k}. Define A; as an endomorphism of V' by

0 ifie S
AilS] = {[SU {i}] ifi¢ s
foralli=1,2,...,kand S C {1,2,...,k}. Then A? =0 and 4;A; =
A;A;. Furthermore,
ArAg . AR = [{1,2,..., K},

and hence A1 A, ... A # 0.
Now let Ay, Ao, ..., Ar be n X n matrices satisfying the conditions of

the problem; we prove that n > 2*. Let v be a real vector satisfying
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A1Ay ... Agv # 0. Denote by P the set of all subsets of {1,2,... k}.
Choose a complete ordering < on P with the property

X <Y =|X|<|Y| forall X,Y € P.

For every element X = {z1,29,...,2,} € P, define Ax = A, Ay, ... Ay,
and vy = Axv. Finally, write X = {1,2,...,k}\ X for the complement
of X.

Now take X,Y € P with X 2 Y. Then Ay annihilates vy, because
X 2 Y implies the existence of some y € Y\ X =Y N X, and

AY'UY = AY\{y}AyAyUY\{y} = 0,

since A2 = 0. So A annihilates the span of all the vy with X XY This
implies that vy does not lie in this span, because Agvy = vy12. 1y # 0.
Therefore, the vectors vx (with X € P) are linearly independent; hence
n > |P| = 2%
Problem 6. For the proof, we need the following

Lemma 1. For any polynomial g, denote by d(g) the minimum
distance of any two of its real zeros (d(g) = oo if g has at most one
real zero). Assume that g and g + ¢’ both are of degree k > 2 and have
k distinct real zeros. Then d(g + ¢') > d(g).

Proof of Lemma 1: Let 1 < x9 < --- < x be the roots of g. Suppose
a,b are roots of g + ¢ satisfying 0 < b — a < d(g). Then a,b cannot be

roots of g and

= = —1. (2.3)
g/
Since = is strictly decreasing between consecutive zeros of g, we must
have a < x; < b for some j.
Foralli=1,2,...,k — 1 we have x;,1 — x; > b — a, hence a — x; >

b— x;i1. If i < 7, both sides of this inequality are negative; if ¢ > 7,
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: e 1 1
both sides are positive. In any case, < , and hence

a—x;  b—mip
, k—1 k—1 ,
a 1 1 1 1 b
g((a)): a—:c~+a—:c <Zb—x~ +b—x :gg((b))
9 i1 i | J— i+1 1
<0 >0

This contrdicts (2.3).

Now we turn to the proof of the stated problem. Denote by m the
degree of f. We will prove by induction on m that f, has m distinct
real zeros for sufficient large n. The cases m = 0,1 are trivial; so we
assume m > 2. Without loss of generality we can assume that f is
monic. By induction, the result holds for f’, and by ignoring the first

few terms we can assume that f/ has m — 1 distinct real zeros for all n.
(n) (n) (n)

Let denote these zeros by 7’ > x5’ > --- >z, ;. Then f, has minima
in xgn), xén), xén), ..., and maxima in xgn), xin), :Cén), .... Note that in the
interval (x 5 Jr)l, Z( )) the function f, ., = f; + f, must have a zero (this

follows by applying Rolle’s theorem to the function e” f/ (z)); the same is

(n)

true for the interval (—oo, z,,” ;). Hence, in each of these m —1 intervals,

/.1 has exactly one zero. This shows that

2 (n)

1
(n+1) >z

> 2 (n+1) (n)

1
> x> 1y (1)

>xy > (2.4)

Lemma 2. We have lim fn( )) —o0if jisodd, and lim fn( ) =
+o0 if 5 is even. o o

Lemma 2 immediately implies the result: For sufficiently large n, the
values of all maxima of f,, are positive, and the values of all minima of
fn are negative; this implies that f,, has m distinct zeros.

Proof of Lemma 2: Let d = min{d(f’), 1}; then by Lemma 1, d(f!) >
(m — 1)d™ !

mm—l

g for all n. Define € = ; we will show that

fn+1(x§n+1 ) = fn( ) + ¢ for j even. (2.5)

(The corresponding result for odd j can be shown similarly.) Do to so,

write f = f,,b = xg-n), and choose a satistying d < b — a < 1 such that
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1
f’ has no zero inside (a,b). Define £ by the relation b — & = —(b — a);
m
then £ € (a,b). We show that f(&) + f'(€) > f(b) + €.
Notice that

—_

"€ _ X 1

FE) &g

1<J 5 L 1>] § Ly
<§_#a <0
1 1
< —1 =0

2

The last equality holds by definition of . Since f’ is positive and — is

decreasing in (a, b), we have that f” is negative on (£,b). Therefore,

ﬂw—ﬂ®=/f®ﬁ</f©ﬁ=w—®f®-
13 i

Hence,
F(E) + F(xi) = £(B) — (b— E)F(©) + F(€)

— FO) +(1— (- )L )
= F0) + (1= (b~ ) (0
> 1)+ (1- ) /©)

Together with

(&) = 1F(©) =m [ | - > mle b > L

=L ey "

we get

J&) + F1(&) = f(b) + e
Together with (2.4) this shows (2.5). This finishes the proof of Lemma
2.



www.VNMATH.com

2.15. Solutions of Olympic 2008 170

2.15 Solutions of Olympic 2008

2.15.1 Day 1

Problem 1. We prove that f(z) = ax + b where a € Q and b € R.
These functions obviously satify the conditions.

Suppose that a function f(x) fulfills the required properties. For an
arbitrary rational ¢, consider the function g,(x) = f(x+q) — f(x). This
is a continuous function which attains only rational values, therefore g,

1s constant.
Seta:f(l)—f(1 ) !
integer and let r = f(ﬁ) — f(0). Since f(:c+ﬁ) —f(x) = f(ﬁ) —f0)=r

for all x, we have

-}

) and b = f(0). Let n be an arbitrary positive

f(—%)—f(c)):—(f(m—f(—%))—(f(—%)—f(—z))
_..._(f(_k_l

n
In the case k = n we get a = f(1) — f(0) = nr, sor = : Hence,

)_f(—§)>:—kr for k> 1.

n

—) — f(0) = kr = — and then f(—) = a.— + b for all integer k an

ffo kcfdhffb :zbfll k and
n > 0.

So, we have f(x) = ax + b for all rational x. Since the function f is
continuous and the rational numbers form a dense subset of R, the same
holds for all real x.

Problem 2. We can assume that P # 0.

Let f € V be such that P(f) # 0. Then P(f?) # 0, and therefore
P(f?) = aP(f) for some non-zero real a. Then 0 = P(f? — af) =
P(f(f —a)) implies P(f —a) = 0, so we get P(a) # 0. By rescaling,
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we can assume that P(1) = 1. Now P(X +b) = 0 for b = —P(X).
Replacing P by P given as
P(f(X)) = P(f(X +1))
we can assume that P(X) = 0.
Now we are going to prove that P(X*) = 0 for all £ > 1. Suppose
this is true for all £ < n. We know that P(X" +e¢) = 0 for e = —P(X™").

From the induction hypothesis we get
P(X+e)(X+1)" 1 =P(X"+e)=0,

and therefore P(X +e¢) = 0 (since P(X +1) =1 #0). Hence e = 0 and
P(X™) = 0, which completes the inductive step. From P(1) = 1 and
P(X") =0 for k > 1 we immediately get P(f) = f(0) for all f € V.
Problem 3. The theorem is obvious if p(a;) = 0 for some 4, so assume
that all p(a;) are nonzero and pairwise different.

There exist numbers s, ¢ such that s|p(ay), t|p(as), st = lem(p(ay), p(as))
and gsd(s,t) = 1.

As s,t are relatively prime numbers, there exist m,n € Z such that
a; + sn = as + tm =: by. Obviously s|p(a; + sn) — p(a;) and t|p(as +
tm) — p(az), so st|p(bs).

Similarly one obtains b3 such that p(as)|p(bs) and p(by)|p(bs3) thus also
p(a1)|p(bs) and p(az)|p(bs).

Reasoning inductively we obtain the existence of a = b, as required.

The polynomial p(z) = 2z + 2 shows that the second part of the
problem is not true, as p(0) = 2, p(1) = 4 but no value of p(a) is divisible
by 8 for integer a.

Remark. One can assume that the p(a;) are nonzero and ask for a such
that p(a) is a nonzero multiple of all p(a;). In the solution above, it can
happen that p(a) = 0. But every number p(a + np(ai)p(as) ... p(ax)) is
also divisible by every p(a;), since the polynomial is nonzero, there exists

n such that p(a + np(ai)p(az) ... p(ax)) satisfies the modified thesis.
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Problem 4. The answer is n > 4.

Consider the following set of special triples:

<08 7) (203> (320> (2 11 2>
"15715/7 \5" 5/ \5’5" )7 \15"15" 15/

We will prove that any special triple (z,y,z) is worse than one of
these (triple a is worse than triple b if triple b is better than triple a).
We suppose that some special triple (x,y, z) is actually not worse than
the first three of the triples from the given set, derive some conditions
on z,y, z and prove that, under these conditions, (x,y, z) is worse than
the fourth triple from the set.

Triple (z,y,z) is not worse than (O X8 7) means that y > % or

157 15

z > 1—75 Triple (x,y, z) is not worse than (%,0,%) — x> % or z = %
Triple (x,y,2) is not worse than (g,g,()) — x> % or z > % Since
x +y+ 2z =1, then it is impossible that all inequalities x> %,y > %
and z > {& are true. Suppose that z < 2 then y 2 and z > 2. Using
r+y+z=1landx > 0wegetz =0,y = —— Weobtamthetriple
(O, g, %) Wthh is worse than (125, %, 15) Suppose that Y < 2, then = > g

and y > & and thls is a eontradietion to the adm1831b111ty of (z,y,2).

Suppose that z < 15, then A and y = . We get (by admissibility,
again) that z < E and y < The last 1nequaht1es imply that (15, i,l), 125)

is better than (x,y, 2).
We will prove that for any given set of three special triples one can
find a special triple which is not worse than any triple from the set.

Suppose we have a set S of three special triples
(1,91, 21), (T2, 2, 22), (T3, 93, 23).
Denote

a(S) = min(xy, xe, x3), b(S) = min(y1, y2, y3), c(S) = min(z1, 29, 23).
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It is easy to check that Si:

< T —a 1 — b z1—C )
l—a—b—c'l—a—b—c'l—a—-b—c
( To — Q Yo — b 29 — C )
l—a—-b—c'l—a—-b—c1l—a—-b—c
< r3 — a y3 — b Z3—C )
l—a—b—c'l—a—b—c'1l—a—-b—c

is a set of three special triples also (we may suppose that a +b+ ¢ < 1,
because otherwise all three triples are equal and our statement is trivial).
If there is a special triple (z,y, z) which is not worse than any triple

from 57, then the triple
(l—a—-b—-c)x+a,(l1—a—b—c)y+b,(l—a—b—c)z+c)

is special and not worse than any triple from S. We also have a(5;) =
b(S1) = ¢(S1) = 0, so we may suppose that the same holds for our
starting set S.

Suppose that one element of S has two entries equal to 0.

Note that one of the two remaining triples from S is not worse than
the other. This triple is also not worse than all triples from S because
any special triple is not worse than itself and the triple with two zeroes.

So we have a = b = ¢ = 0 but we may suppose that all triples from
S contain at most one zero. By transposing triples and elements in
triples (elements in all triples must be transposed simultaneously) we
may achieve the following situation x1 = y9 = 23 = 0 and z9 > 3. If
29 > 21, then the second triple (2,0, 25) is not worse than the other two
triples from S. So we may assume that z; > 2. If y; > y3, then the first
triple is not worse than the second and the third and we assume y3 > ;.
Consider the three pairs of numbers s, y1; 21, x3; y3, z0. The sum of all
these numbers is three and consequently the sum of the numbers in one
of the pairs is less than or equal to one. If it is the first pair then the

triple (2,1 — 9,0) is not worse than all triples from S, for the second
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we may take (1—z1,0, 21) and for the third — (0,y3, 1 —y3). So we found
a desirable special triple for any given S.

Problem 5. Yes. Let H be the commutative group H = F3, where
Fy = Z /27 is the field with two elements. The group of automorphisms
of H is the general linear group G L3lFs; it has

(8—1).(8—2).(8 —4) = 7.6.4 = 168

elements. One of them is the shift operator ¢ : (z1, x2, x3) — (22, 23, 21).

Now let T = {a’, a',a®} be a group of order 3 (written multiplica-
tively); it acts on H by 7(a) = ¢. Let G be the semidirect product
G = H %, T. In other words, GG is the group of 24 elements

G={ba":b€ H,ic (Z/3Z)}, ab= ¢(b)a.

G has one element e of order 1 and seven elements b,b € H,b # e of

order 2.
If g = ba, we find that g = baba = bp(b)a® # e, and that

g* = bg(b)a*ba = bd(b)ag(b)a® = bp(b)¢*(b)a’ = ¥ (b),

where the homomorphism ¢ : H — H is defined as ¢ : (21,29, 23)
(w1 +29+23)(1,1,1). It is clear that g3 = 1(b) = e for 4 elements b € H,
while g% = *(b) = e for all b € H.

We see that G has 8 elements of order 3, namely ba and ba? with
b € kert), and 8 elements of order 6 namely ba and ba? with b ¢ ker 1.
That accounts for orders of all elements of G.

Let by € H \ ker ) be arbitrary; it is easy to see that G is generated by
by and a. As every automorphism of G is fully determined by its action
on by and a, it follows that G has no more than 7.8 = 56 automorphisms.
Remark. G and H can be equivalently presented as subgroups of S,
namely as H = ((135)(246), (12)).
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Problem 6. Consider the n x n determinant

1 r ... !
1 n—2
O R
" 1 " 2 1

where the ij-th entry is z/"7|. From the definition of the determinant

we get
A(ﬂ]) _ Z (_l)mv(ilJg,...,@'n)xD(z’l,ig,...,z’n)
(i1,i2,0yin) ESn
where S, is the set of all permutations of (1,2, ...,n) and inv(iy, is, . . ., ip)
denotes the number of inversions in the sequence (i, ds,...,7,). SO

Q(n, d) has the same parity as the coefficients of 27 in A(x).

It remains to evaluate A(x). In order to eliminate the entries below
the diagonal, subtract the (n — 1)-th row, multipled by x, from the n-th
row. Then subtract the (n —2)-th row, multipled by x, from the (n —1)-
th and so on. Finally, subtract the first row, multipled by z, from the

second row.
1 x =2 gn-l
1 a3 g2
Az) = : :
A Ll 1 €T
xn—l ajn—2 T 1
| . 2 1
01— ZCQ xn—3 . ajn—l xn—? — "
— — . — (1 . IZ)n—l
0 0 o 1 — g2 x— x?
0 0 . 0 1 — 22

For d > 2n, the coefficient of 29 is 0 so Q(n, d) is even.

2.15.2 Day 2

Problem 1. Let f(z) = 2* 4+ 2" + 1,g(x) = 2°* — 2F + 1, h(z) =
22 + 2% + 1. The complex number z; = cos (%) + 7 sin (%) is a root of

g(z).
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Let o = Z¢. Since g(v) divides f(z), f(21) = g(x1) = 0. So, 0 =
23" + 2 + 1 = (cos(2a) + isin(2a)) + (cosa + isina) + 1 = 0, and

(2cosa + 1)(cosa + isina) = 0. Hence 2cosa +1 = 0, ie. a =
:I:%Tr + 2me, where ¢ € Z.

Let x5 be a root of the polynomial h(zx). Since h(x) = %, the roots
2ms

218 | g qin 278
a0 + 2 s1n T

where s = 3a+ 1,a € Z. It is enough to prove that f(xy) = 0. We have
f(@2) = 23" +a5+1 = (cos(4sa)+sin(4sa)) + ( cos(2sa)+sin(2sa))+1 =
(2cos(2sa) + 1) (cos(2sa) + isin(2sa)) = 0 (since 2cos(2sa) + 1 =
2cos (25(£3 +2mc)) +1 =2cos (%2) +1 =2cos (F(Ba+1)) +1=0).
Problem 2. It is well known that an ellipse might be defined by a

of the polynomial h(zx) are distinct and they are x5 = cos

focus (a point) and a directrix (a straight line), as a locus of points
such that the distance to the focus divided by the distance to directrix
is equal to a given number e < 1. So, if a point X belongs to both
ellipses with the same focus I' and directrices l;.ly, then e1.[1.X = FX =
es.15X (here we denote by [; X, [, X distances between the corresponding
line and the point X). The equation e1.l1 X = e5.loX defines two lines
whose equations are linear combinations with coefficients e, e5 of the
normalized equations of lines [y, [o but of those two only one is relevant,
since X and F' should lie on the same side of each directrix. So, we have
that all possible points lie on one line. The intersection of a line and an
ellipse consists of at most two points.

Problem 3. As is known, the Fibonacci numbers F}, can be expressed
as F), = L((M)n — (%‘F’)n> Expanding this expression, we obtain

/5 2
that F,, = %((?) + (3)5 + e+ (7;)51_21>, where [ is the greatest odd
numbers such that [ <n and s = I’Tl < 5.
So, F, = 5 kz() (3,)5", which implies that 2"~! divides 0<kZ< ) (5 0)5".

Problem 4. Let f(x) = g(z)h(x) where h(x) is a polynomial with
integer coefficients.

Let ay,...,as; be distinct integer roots of the polynomial f(z) —
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2008. Then f(a;) = g(a;)h(a;) = 2008 for i = 1,...,81. Hence,
g(a1),...,g(as) are integer divisors of 2008.

Since 2008 = 23.251 (2,251 are primes) then 2008 has exactly 16

By
the pigeonhole principle, there are at least 6 equal numbers among
g(ai),...,g(as1) (because 81 > 16.5).

- = g(ag) = c¢. So g(x)—c is a nonconstant polymial which has at least

distinct integer divisors (including the negative divisors as well).
For example, g(a1) = g(a2) =

6 distinct roots (namely aq, ..., ag). Then the degree of the polynomial
g(x) — c is at least 6.

Problem 5. Call a square matrix of type (B), if it is of the form

0 b12 0 .. bl’gk_g 0

ba1 0 bz ... 0 b2 2k—1

0 b3a 0 b3 2k —2 0
bo—21 0 bop_23 ... 0 bok—2.2k—1

0 by—12 O . bog—12K-2 0

Note that every matrix of this form has determinant zero, because it has
k columns spanning a vector space of dimension at most £ — 1.

Call a square matrix of type (C), if it is of the form

0 C11 0 C12 0 C1.k
C11 0 C12 0 - Gk 0
0 C21 0 C922 0 Cak;
C'=]¢c1 0 ¢ 0 . e O
0 Ck,1 0 Ck2 0 Ck.k
Kcm 0 Ck2 0 - Ckk 0

By permutations of rows and columns, we see that

[ det C'] = | det (C &) | = ldetcp?

where C denotes the k x k-matrix with coefficients ¢; ;. Therefore, the
determinant of any matrix of type (C) is a perfect square (up to a sign).

Now let X’ be the matrix obtained from A by replacing the first
row by (1 0 0 ... 0), and let Y be the matrix obtained from A by
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replacing the entry a;; by 0. By multi-linearity of the determinant,
det(A) = det(X’) 4+ det(Y). Note that X’ can be written as

X~ (s x)
for some (n — 1) x (n — 1)-matrix X and some column vector v. Then
det(A) = det(X) + det(Y). Now consider two cases. If n is old, then X
is of type (C), and Y is of type (B). Therefore, |det(A)| = | det(X)]| is a
perfect square. If n is even, then X is of type (B), and Y is of type (C);
hence | det(A)| = |det(Y)] is a perfect square.

The set of primes can be replaced by any subset of {2}U{3,5,7,9,11, ...
Problem 6. It is clear that, if B is an orthonormal system in a Hilbert
space ‘H, then {\%e e € B} is a set of points in H, any two of which
are at distance d apart. We need to show that every set S of equidistant
points is a translate of such a set.

We begin by noting that, if x1, x9, 3, x4 € S are four distinct points,
then

<Zl?2 — I1, L2 — ZC1> = d27

1 1
(22 — w13 — 1) = 5 ([lv2 - 21 + [los — 1 |)? = [|a2 — x3]|*) = §d2,
<£U2 — T1, T4 — 963> = <£132 — X1, T4 — $1> - <£U2 — T, T3 — 961>
_lelp_g
2 2

This shows that scalar products among vectors which are finite linear

combinations of the form
AT+ Ao+ - -+ AT,

where x1, z9, . .., x, are distinct points in S and A, Ao, ... A, are integers
with A\ + A\ + --- + A = 0, are universal across all such sets S in all
Hilbert spaces ‘H; in particular, we may conveniently evaluate them using
examples of our choosing, such as the canonical example above in R". In
fact this property trivially follows also when coefficients A; are rational,

and hence by continuity any real numbers with sum 0.
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If S={x1,29,...,2,} is a finite set, we form
1
T = E(x1+:v2+~--+:vn),

pick a nonzero vector z € [Span(z; — z,29 — , ..., T, — 2)]= and seek y
in the form y = x + Az for a suitable A € R. We find that

(r1—y,mo—y) =(x1—x— Az, 20— — A2) = <$1—$,$2—$>+)\2HZH27

<:1:1 — X, T9 — x> may be computed by our remark above as

d? 1 11 1IN+t /1 1 1 1\1
<x1—x,x2—x>:— —— 1, == =) = ——1,— ..., =

2 n nn n nn n n o

a2 /2 /1 n—2 d?

2 \n\n n? 2n

So the choice \ =

d
——— will make all vectors — (z; — y) orthogonal
V20| 2| d

to each other; it is easily checked as above that they will also be of length
one.

Let now S be an infinite set. Pick an infinite sequence
T=A{x1,z9,...,&p,...}
of distinct points in S. We claim that the sequence
1
Yp = ﬁ(:v1+a:2+---+xn)

is a Cauchy sequence in H. (This is the crucial observation). Indeed, for

m > n, the norm ||y, — y»|| may be computed by the above remark as

ym — H2_d_2H<l_l 1t l)T‘
Y = yall” = | (= e
d2

2

m n'm' m/ lr»
B (n(m—n)2 +m—n>
2 m?n? m?

_d*(m—n)(m—n+n) d®m-—n

2 m2n T2 mn
d? /1 1

:—(———) — 0, m,n — oo.
2\n m
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By completeness of H, it follows that there exists a limit
y = lim y, € H.
n—oo
We claim that y satisfies all conditions of the problem. For m > n > p,

with n, p fixed, we compute

H 2 dQH( 1 L, 11 1)T‘2
Tn — Ym - 5 R R R L T
Y 2 m m m m m R™
d?rm—1 (m—1)> m-1
25[ m2 m? }:E m —>5’ m = 00
showing that ||z, — y|| = \/%, as well as
< > d? ( 1 1 . 1 l)i
Ty — Ymy> Tp — Ym ) = — — e, L= =]
4 p—Y 2 m m m m
( 1 ! 1 1 1>l
m? ) m? ) m7 ) m
Rm

—— — 0, m — oo,
2m

|-

showing that <xn — Y, Ty — y> = 0, so that

{g(:vny):neN}

is indeed an orthonormal system of vectors.
This completes the proof in case when T' = S, which we can always

take if S is countable. If it is not, let 2/, " be any two distinct points in

S\ T. Then applying the above procedure to the set

T = {2, 2" x1,29,...,20,...}
it follows that
B A i o A e o SR o N 1 Bl 2 SR S
lim = lim =y
n—|—2 n—00 n

n—oo

satisfies that
{\/533 ﬁ(m”—y)}u{ﬁ(xn—y):nel\l}
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is still an orthonormal system.
This it true for any distinct z’, 2" € S\ T'; it follows that the entire

{g(aj—y):xeS}

is an orthonormal system of vectors in H, as required.

system
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Problem 1.
Suppose that f and g are real-valued functions on the real line and f(r) < g(r) for every rational r. Does this
imply that f(z) < g(z) for every real z if

a) f and g are non-decreasing?

b) f and g are continuous?

Solution. a) No. Counter-example: f and g can be chosen as the characteristic functions of [v/3, 00) and (v/3, 00),
respectively.

b) Yes. By the assumptions g — f is continuous on the whole real line and nonnegative on the rationals. Since
any real number can be obtained as a limit of rational numbers we get that ¢ — f is nonnegative on the whole real
line.

Problem 2.
Let A, B and C' be real square matrices of the same size, and suppose that A is invertible. Prove that if (A—B)C =
BA~! then C(A— B) = A"'B.

Solution. A straightforward calculation shows that (A— B)C = BA~! is equivalent to AC—BC—BA '+ AA™1 =
I, where I denotes the identity matrix. This is equivalent to (A— B)(C' +A™1) = I. Hence, (A—B)™ ' =C+ A},
meaning that (C' + A~1)(A — B) = I also holds. Expansion yields the desired result.

Problem 3.

In a town every two residents who are not friends have a friend in common, and no one is a friend of everyone else.
Let us number the residents from 1 to n and let a; be the number of friends of the i-th resident. Suppose that
S 1a? =n? —n. Let k be the smallest number of residents (at least three) who can be seated at a round table
in such a way that any two neighbors are friends. Determine all possible values of k.

Solution. Let us define the simple, undirected graph G so that the vertices of G are the town’s residents and the
edges of G are the friendships between the residents. Let V(G) = {v1,v2,...,v,} denote the vertices of G; a; is
degree of v; for every i. Let E(G) denote the edges of G. In this terminology, the problem asks us to describe the
length £ of the shortest cycle in G.

Let us count the walks of length 2 in G, that is, the ordered triples (v;, v;, v;) of vertices with v;v;,vu; € E(G)
(1 =1 being allowed). For a given j the number is obviously a?, therefore the total number is >, a? =n?—n.

Now we show that there is an injection f from the set of ordered pairs of distinct vertices to the set of these
walks. For viv; & E(G), let f(vi,vj) = (v;, vy, v5) with arbitrary [ such that v;u;, vv; € E(G). For viv; € E(G), let
f(vi,v;) = (vi,vj,v;). fis an injection since for ¢ # [, (v;,vj,v;) can only be the image of (v;,v;), and for i = [, it
can only be the image of (v;, v;).

Since the number of ordered pairs of distinct vertices is n? — n, S a? > n? —n. Equality holds iff f is
surjective, that is, iff there is exactly one [ with v;v;, vjv; € E(G) for every i, j with v;v; ¢ E(G) and there is no
such [ for any 4, j with v;v; € E(G). In other words, iff G contains neither C3 nor Cy (cycles of length 3 or 4), that
is, G is either a forest (a cycle-free graph) or the length of its shortest cycle is at least 5.

It is easy to check that if every two vertices of a forest are connected by a path of length at most 2, then the
forest is a star (one vertex is connected to all others by an edge). But G has n vertices, and none of them has
degree n — 1. Hence G is not forest, so it has cycles. On the other hand, if the length of a cycle C' of G is at
least 6 then it has two vertices such that both arcs of C' connecting them are longer than 2. Hence there is a path
connecting them that is shorter than both arcs. Replacing one of the arcs by this path, we have a closed walk
shorter than C. Therefore length of the shortest cycle is 5.

Finally, we must note that there is at least one G with the prescribed properties — e.g. the cycle C5 itself

satisfies the conditions. Thus 5 is the sole possible value of k.
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Problem 4.
Let p(z) = ag + a1z + a2z + - - - + a,2" be a complex polynomial. Suppose that 1 =cog>¢; >--->¢, > 0is a
sequence of real numbers which is convex (i.e. 2¢c; < ¢x_1 + cxy1 for every k = 1,2,...,n — 1), and consider the
polynomial
q(2) = coap + c1a12 + c2a22° + -+ - + cpan 2",
Prove that
max| | < max‘ ‘
|z|<1 |z]<1

Solution. The polynomials p and g are regular on the complex plane, so by the Maximum Principle, max|.|<; lg(2)| =
max|,|—; |¢(z)|, and similarly for p. Let us denote My = max,|—; |f(2)| for any regular function f. Thus it suffices
to prove that M, < M,,.

First, note that we can assume ¢, = 0. Indeed, for ¢, = 1 we get p = ¢ and the statement is trivial; otherwise,
q(2) = cap(2) + (1 — c)r(2), where 7(z) = >0, cf:f: a;z’. The sequence c; = cljfcc" also satisfies the prescribed
conditions (it is a positive linear transform of the sequence ¢, with ¢ = 1), but ¢, = 0 too, so we get M, < M,
This is enough: M, = |q(20)| < en|p(20)] + (1 — )| (20)] < enMp + (1 — ¢) M, < M,,.

Using the Cauchy formulas, we can express the coefficients a; of p from its Values taken over the positively

oriented circle S = {|z| = 1}:
a':L p(z)dz:i/ ()|d|
T omi Jg 2Tt 21 Jg 27

/ ZLj)|dz| =0.
g z

Let us use these identities to get a new formula for g, using only the values of p over S:

21 - q(w) = Zn:Cj (/SP(Z)Zj!dZD w’

J=0

for 0 < j < n, otherwise

We can exchange the order of the summation and the integration (sufficient conditions to do this obviously apply):

2 - glw / ch (w2 | p(2))dz].

It would be nice if the integration kernel (the sum between the brackets) was real. But this is easily arranged — for
—n < 7 < —1, we can add the conjugate expressions, because by the above remarks, they are zero anyway:

n n

2 a(w) = ¢ ([ o)) wl = 3 e ([ o)zl )

j=0 j=—n

n

2m - q(w) = Y eyw/2) | p(2)ldz] = | K(w/2)p(2)ldz],
S S

j=—n

where
n

K(u) = Z cmuj =co+ Qch%(uj)

jzfn j=1

foru e S.
Let us examine K (u). It is a real-valued function. Again from the Cauchy formulas, [¢ K (u)|du| = 2m¢o = 27.
If [¢|K (u)||du| = 27 still holds (taking the absolute value does not increase the integral), then for every w:

< [1KG/2)] -l < My /S [ (w)du] = 27,

Irlg(w)) = 1 [ Ko

this would conclude the proof. So it suffices to prove that [¢|K(u)||du| = [¢ K (u)|du|, which is to say, K is
non-negative.
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Now let us decompose K into a sum using the given conditions for the numbers ¢; (including ¢, = 0). Let
dp, = cp—1 —2ck + cpqq for k= 1,... n (setting ¢,41 = 0); we know that dj, > 0. Let Fi(u) = Z?;ikﬂ(kz — i)
Then K(u) = Y _, dpFj(u) by easy induction (or see Figure for a graphical illustration). So it suffices to prove
that Fy(u) is real and Fj(u) > 0 for u € S. This is reasonably well-known (as % is the Fejér kernel), and also very
easy:
Fow)=(0+u+u’+ - +u" N0 +u " +u 2+ o )=

=(l4+ut+u?+ -+ A +ut+u+ - ub ) = L+ut+u? a2 >0
This completes the proof.

Problem 5.
Let n be a positive integer. An n-simplex in R™ is given by n + 1 points Py, Py, ..., Py, called its vertices, which
do not all belong to the same hyperplane. For every n-simplex S we denote by v(S) the volume of S, and we write
C(S) for the center of the unique sphere containing all the vertices of S.

Suppose that P is a point inside an n-simplex S. Let S; be the n-simplex obtained from S by replacing its -th
vertex by P. Prove that

0(S0)C/(So) + v(S1)C(S1) + - -+ + v(Sn)C(Sy) = v(S)C(S).

Solution 1. We will prove this by induction on n, starting with n = 1. In that case we are given an interval [a, b]
with a point p € (a,b), and we have to verify

b+p

b=p)——+(—a)

pta b+a
9 _(b a) 9 )

which is true.
Now let assume the result is true for n — 1 and prove it for n. We have to show that the point

" v(S))

X = 220(S;
Z v(S) ()
7=0

has the same distance to all the points Py, Pj,...,P,. Let i € {0,1,2,...,n} and define the sets

M; = {Py,P1,...,P;_1,Pi+1,...,P,}. The set of all points having the same distance to all points in M; is a

line h; orthogonal to the hyperplane F; determined by the points in M;. We are going to show that X lies on every

h;. To do so, fix some index 7 and notice that

_ () ey, v0S) —u(Si) v(S;) A
X_U(S)O(SZ)+ o) ZU Z 0(S;)

and O(S;) lies on h;, so that it is enough to show that Y lies on h;.

A map f: Ryg — R” will be called affine if there are points A, B € R™ such that f(A\) = M + (1 — \)B.
Consider the ray g starting in P; and passing through P. For A > 0 let Py, = (1 — A)P + AP, so that Py is an
affine function describing the points of g. For every such X let S]?‘ be the n-simplex obtained from S by replacing
the j-th vertex by Py. The point O(S;‘) is the intersection of the fixed line h; with the hyperplane orthogonal to

3
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g and passing through the midpoint of the segment P; P\ which is given by an affine function. This implies that

also O(S])»‘) is an affine function. We write ¢; = %, and then

Y= Z 0;0(57)
J#i
is an affine function. We want to show that Y) € h; for all A (then specializing to A = 1 gives the desired result).
It is enough to do this for two different values of .

Let g intersect the sphere containing the vertices of S in a point Z; then Z = P, for a suitable A > 0, and we
have O(S])»‘) = O(S) for all j, so that Y\ = O(S) € h;. Now let g intersect the hyperplane E; in a point @; then
@ = P, for some A > 0, and @ is different from Z. Define T to be the (n — 1)-simplex with vertex set M;, and
let T; be the (n — 1)-simplex obtained from 7' by replacing the vertex P; by Q. If we write v for the volume of
(n — 1)-simplices in the hyperplane E;, then

V(1) _ U(S]‘A) _ U(S]‘A)
v'(T) v(S) Zk;ﬁi U(Sﬁ)
Av(S;) v(S;)

T (S oS) —o(S)

If p denotes the orthogonal projection onto F; then p(O(SjA)) = O(Tj), so that p(Yx) = >_,; »;O(T}) equals O(T)
by induction hypothesis, which implies Y € p~1(O(T)) = h;, and we are done.

Solution 2. For n =1, the statement is checked easily.
Assume n > 2. Denote O(S;) — O(S) by ¢; and P; — P by p;. For all distinct j and k in the range 0, ...,n the
point O(S;) lies on a hyperplane orthogonal to py and P; lies on a hyperplane orthogonal to gx. So we have

(pisqj —ar) =0

(¢i,pj —pr) =0
for all j # i # k. This means that the value (p;,q;) is independent of j as long as j # 4, denote this value by A;.
Similarly, (g;,p;) = p; for some p;. Since n > 2, these equalities imply that all the A\; and p; values are equal, in

particular, (p;, ;) = (pj, ;) for any i and j.
We claim that for such p; and ¢;, the volumes

V= | det(po, wsPj—1,Pj+1, cos Pn)|

and
Wj = | det(qo, vy Q51545415 -+ Qn)|

are proportional. Indeed, first assume that pg, ..., p,—1 and qq, ..., ¢n—1 are bases of R"™, then we have

1
V= det (P, @1)) ) kzj| =
= Taettao, g |0 (Pr ) )iy
1 det(p(]a"',pnfl)
= det(((pr> @1))) 15 | = Wj.
[dotla, )] |- PR @) 15 1= |G g |

If our assumption did not hold after any reindexing of the vectors p; and ¢;, then both p; and ¢; span a subspace
of dimension at most n — 1 and all the volumes are 0.

Finally, it is clear that ) q;W;/det(qo,...,qn) = 0: the weight of p; is the height of 0 over the hyperplane
spanned by the rest of the vectors g, relative to the height of p; over the same hyperplane, so the sum is parallel
to all the faces of the simplex spanned by qq,...,¢,. By the argument above, we can change the weights to the
proportional set of weights V;/ det(po, ..., pn) and the sum will still be 0. That is,

V. .
0= ZQjcie‘g(p—J =Y (0(S)) = 0(9)) o(8)

0+ Pn)

= ﬁ (Z O(8;)v(S5) — O(9) Zv(sj)) =) (Z O(8;)v(S;) — O(S)v(S)) :
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Problem 1.
Let ¢ be a line and P a point in R3. Let S be the set of points X such that the distance from X to ¢ is greater
than or equal to two times the distance between X and P. If the distance from P to £ is d > 0, find the volume of

S.

Solution. We can choose a coordinate system of the space such that the line £ is the z-axis and the point P
is (d,0,0). The distance from the point (z,y,z) to £ is y/x? + y?, while the distance from P to X is |[PX| =
\/ (x —d)? 4+ y? + 22. Square everything to get rid of the square roots. The condition can be reformulated as
follows: the square of the distance from £ to X is at least 4|PX|?.

42> 4(x—d)? +y?+ 22)
0 > 322 — 8dx + 4d> + 3y? + 42?

16 4 \?
<§—4> d223<x—§d> + 3y? + 427

A translation by %d in the z-direction does not change the volume, so we get

4
§d2 > 322 + 3y? + 422

(5 () (%)

where x1 = x— %d. This equation defines a solid ellipsoid in canonical form. To compute its volume, perform a linear

. i 2d d - 2d\2 d _ 4d®
transformation: we divide x1 and y by 5 and z by Net This changes the volume by the factor (3) 3% =03 angd
turns the ellipsoid into the unit ball of volume %77. So before the transformation the volume was % . %77 = 12(;7:% )

Problem 2.
Suppose f: R — R is a two times differentiable function satisfying f(0) = 1, f/(0) = 0, and for all = € [0, 00),
f(@) = 5f'(x) + 6f(x) > 0.
Prove that for all z € [0, c0),
f(z) > 3e2® — 23,
Solution. We have f”(x) —2f'(z) — 3(f'(z) — 2f(x)) > 0, z € [0, c0).
Let g(z) = f'(z) — 2f(x), z € [0,00). It follows that
g,(l') - 39('%.) > 07 T € [0700)7
hence
(g(x)e) > 0, = € [0,00),

therefore
g(z)e ™ > g(0) = =2, z € [0,00) or equivalently

f'(x) = 2f(z) > =23, x € [0,00).

Analogously we get
(f(x)e ") > —2¢*, x € [0,00) or equivalently

(f(z)e 2 +2e7) >0, z € [0,00).

It follows that
f(z)e™® +2¢° > f(0)+2=3, 2 €[0,00) or equivalently

f(z) > 3e*® —2e3 2 € [0,00).
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Problem 3.
Let A, B € M,,(C) be two n x n matrices such that

A’B + BA? = 2ABA.

Prove that there exists a positive integer k such that (AB — BA)¥ = 0.

Solution 1. Let us fix the matrix A € M,,(C). For every matrix X € M,(C), let AX := AX — XA. We need to
prove that the matrix AB is nilpotent.
Observe that the condition A2B + BA? = 2ABA is equivalent to

A’B = A(AB) = 0. (1)
A is linear; moreover, it is a derivation, i.e. it satisfies the Leibniz rule:
A(XY)=(AX)Y + X(AY), VX,Y € M,(C).
Using induction, one can easily generalize the above formula to k factors:
AXy-Xp) = (AX)Xg - X+ 4+ Xp - X1 (AX) X1 Xp + Xp - X1 AXG, (2)
for any matrices X1, X, ..., X}, € M,(C). Using the identities (1) and (2) we obtain the equation for A*(B¥):
A*(B¥) = E(AB), vk eN. (3)

By the last equation it is enough to show that A™(B™) = 0.
To prove this, first we observe that equation (3) together with the fact that A2B = 0 implies that A¥T1BF =0,

for every k € N. Hence, we have '
AFB) =0, Vk,jEN, j<k. (4)

By the Cayley—Hamilton Theorem, there are scalars g, a1, ..., a,_1 € C such that
B"=aol + a1 B+ -+ a,_1B" !,

which together with (4) implies that A”B" = 0.
Solution 2. Set X = AB — BA. The matrix X commutes with A because

AX — XA = (A’B— ABA) — (ABA — BA?) = A’B+ BA? —2ABA = 0.
Hence for any m > 0 we have
XMl = X™(AB — BA) = AX™B — X™BA.

Take the trace of both sides:
tr X" = tr A(X™B) — tr(X™B)A =0

(since for any matrices U and V, we have tr UV = tr VU). As tr X™T! is the sum of the m + 1-st powers of
the eigenvalues of X, the values of tr X, ..., tr X" determine the eigenvalues of X uniquely, therefore all of these
eigenvalues have to be 0. This implies that X is nilpotent.

Problem 4.
Let p be a prime number and F,, be the field of residues modulo p. Let W be the smallest set of polynomials with
coefficients in [, such that

e the polynomials  + 1 and 2P~2 4+ 2P~3 + ... + 22 + 22 + 1 are in W, and

e for any polynomials a1 (z) and ha(x) in W the polynomial r(z), which is the remainder of hj(h2(x)) modulo

xP — x, is also in W.

How many polynomials are there in W?
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Solution. Note that both of our polynomials are bijective functions on Fy: fi(z) = z + 1 is the cycle 0 — 1 —
2— - —(p—1)—0and fo(z) = 2P 24+ 2P 3 +... 422+ 2x+ 1 is the transposition 0 <> 1 (this follows from the

formula fo(z) = xpx:f L + 2 and Fermat’s little theorem). So any composition formed from them is also a bijection,

and reduction modulo 2 — 2 does not change the evaluation in IF,. Also note that the transposition and the cycle

generate the symmetric group ( ff o fyo f¥ ~* is the transposition k < (k + 1), and transpositions of consecutive
elements clearly generate S)), so we get all p! permutations of the elements of ).

The set W only contains polynomials of degree at most p — 1. This means that two distinct elements of W
cannot represent the same permutation. So W must contain those polynomials of degree at most p — 1 which
permute the elements of F),. By minimality, W has exactly these p! elements.

Problem 5.
Let M be the vector space of m x p real matrices. For a vector subspace S C M, denote by §(S) the dimension of
the vector space generated by all columns of all matrices in S.

Say that a vector subspace T' C M is a covering matriz space if

U ker A = RP.
AET, A#0

Such a T is minimal if it does not contain a proper vector subspace S C T which is also a covering matrix space.
(a) (8 points) Let 7" be a minimal covering matrix space and let n = dim7". Prove that

5(T) < (’;)

(b) (2 points) Prove that for every positive integer n we can find m and p, and a minimal covering matrix space

T as above such that dim7T =n and 6(T") = <Z

Solution 1. (a) We will prove the claim by constructing a suitable decomposition 7' = Zy @ Z; @ --- and a
corresponding decomposition of the space spanned by all columns of T as Wy @ W1 & - -, such that dim Wy < n—1,
dim Wy < n — 2, etc., from which the bound follows.

We first claim that, in every covering matrix space S, we can find an A € S with rk A < dim S — 1. Indeed, let
Sp C S be some minimal covering matrix space. Let s = dim Sy and fix some subspace S’ C Sy of dimension s — 1.
S’ is not covering by minimality of Sy, so that we can find an v € RP with u ¢ Ugcg/, p2oKer B. Let V = 5'(u);
by the rank-nullity theorem, dimV = s — 1. On the other hand, as Sy is covering, we have that Au = 0 for some
A€ Sy\ S We claim that Im A C V' (and therefore rk(A4) < s —1).

For suppose that Av € V for some v € RP. For every o € R, consider the map f, : Sg — R" defined by
fa: (T4 BA) — 7(u+ aw) + BAv, 7 € S', B € R. Note that fy is of rank s = dim Sy by our assumption, so that
some s X § minor of the matrix of fy is non-zero. The corresponding minor of f, is thus a nonzero polynomial of
a, so that it follows that rk f, = s for all but finitely many «. For such an « # 0, we have that Ker f, = {0} and
thus

0# 7(u+ aw) 4+ BAv = (7 + a1 BA) (u + av)

for all 7 € §’, 5 € R not both zero, so that B(u + av) # 0 for all nonzero B € Sy, a contradiction.

Let now T be a minimal covering matrix space, and write dim7" = n. We have shown that we can find an
A € T such that Wy = Im A satisfies wg = dim Wy < n — 1. Denote Zy = {B € T : Im B C Wy}; we know that
to=dimZy > 1. U T = Zp, then 6(T) < n— 1 and we are done. Else, write T' = Zy ® T}, also write R = Wy @ V;
and let m; : R™ — R" be the projection onto the Vi-component. We claim that

Tlu = {71'17’1 ] ETl}

is also a covering matrix space. Note here that 71'? : T — Tf, 71 +— (m171) is an isomorphism. In particular we note
that &§(T) = wo + §(TF).

Suppose that Tlti is not a covering matrix space, so we can find a v; € RP with vy € U ep, rz0Ker(m7). On
the other hand, by minimality of 7" we can find a u; € RP with w1 € Uy ez,, r20Ker 7. The maps g : Zg — V,
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10 — To(u1 + awr) and hg : T1 — Vi, 71 — mi(71(v1 + Bur)) have rk gy = to and rkhy = n — to and thus both
rk go = tg and rkh,-1 = n — tg for all but finitely many o # 0 by the same argument as above. Pick such an «
and suppose that

(0 + 71)(u1 + avy) =0

for some 19 € Zy, 71 € T1. Applying w1 to both sides we see that we can only have 71 = 0, and then 75 = 0 as well,
a contradiction given that T is a covering matrix space.

In fact, the exact same proof shows that, in general, if T is a minimal covering matrix space, R™ = V[, ® V1,
To ={r €T : Im7 C W}, T ="Ty®Th, m : R™ — R™ is the projection onto the Vj-component, and
Tlti ={mm : 1 € T1}, then Tf is a covering matrix space.

We can now repeat the process. We choose a m A € Tf such that Wy = (m1A41)(RP) has w; = dimW; <
n—ty—1<n—2 Wewrite Z1 ={m € T1 : Im(mm) CWi}, T1 =Z1® T, (and so T = (Zy ® Z1) ® T3),
tp =dimZ; > 1, Vi = W1 &V, (and so R™ = (Wy @ Wy) @ Vi), me : R™ — R™ is the projection onto the
Va-component, and Tg = {mamy : T € T3}, so that Tg is also a covering matrix space, etc.

We conclude that
5(T) = wWo +5(T1) = wg + wq +5(T2) — ...

<-1)4+m-2+ < (Z)

(b) We consider (g) X n matrices whose rows are indexed by (g) pairs (i, 7) of integers 1 < i < j < n. For every
u = (u1,uz,...,un) € R", consider the matrix A(u) whose entries A(u)(; ;) With 1 <i<j<nand1<k<n
are given by
Ug, k= j’
(A(w) Gk = —wj, k=1,

0, otherwise.

It is immediate that Ker A(u) = R - u for every u # 0, so that S = {A(u) : u € R"} is a covering matrix space,
and in fact a minimal one.

On the other hand, for any 1 <@ < j < n, we have that A(e;) ;) ; is the (4,7)™ vector in the standard basis
of ]R(g), where e; denotes the i*" vector in the standard basis of R™. This means that §(S) = (g), as required.

Solution 2. (for part a)

Let us denote X = RP, Y = R™. For each z € X, denote by p; : T — Y the evaluation map 7 — 7(z). As T
is a covering matrix space, ker p, > 0 for every z € X. Let U = {x € X : dimker p, = 1}.

Let T7 be the span of the family of subspaces {ker u, : x € U}. We claim that T} = T. For suppose the
contrary, and let 77 C T be a subspace of T of dimension n — 1 such that 73 C T”. This implies that T” is a
covering matrix space. Indeed, for = € U, (ker ;) N T" = ker p,, # 0, while for x ¢ U we have dim p, > 2, so that
(ker p) VT # 0 by computing dimensions. However, this is a contradiction as T' is minimal.

Now we may choose z1,22,...,2, € U and 71,72,...,7, € T in such a way that ker y,, = R7; and 7; form a
basis of T'. Let us complete z1,...,z, to a sequence 1, ...,z which spans X. Put y;; = 7;(x;). It is clear that
v;; span the vector space generated by the columns of all matrices in 7. We claim that the subset {y;; : ¢ > j} is
enough to span this space, which clearly implies that §(7) < (Z)

We have y;; = 0. So it is enough to show that every y;; with ¢ < j can be expressed as a linear combination of
Yii, K =1,...,n. This follows from the following lemma:

Lemma. For every xg € U, 0 # 19 € ker u,, and x € X, there exists a 7 € T such that 79(z) = 7(x0).

Proof. The operator p;, has rank n — 1, which implies that for small € the operator fi;,4+¢; also has rank n — 1.
Therefore one can produce a rational function 7(¢) with values in 7" such that mg,4e.(7(€)) = 0. Taking the
derivative at € = 0 gives iz, (70) + 12 (7'(0)) = 0. Therefore 7 = —7/(0) satisfies the desired property.

Remark. Lemma in solution 2 is the same as the claim Im A C V at the beginning of solution 1, but the proof given here
is different. It can be shown that all minimal covering spaces T" with dim7T = (g) are essentially the ones described in our
example.
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IMC2010, Blagoevgrad, Bulgaria

Day 1, July 26, 2010

Problem 1. Let 0 < a < b. Prove that
b 2 2 2
/ (22 + Ve dr>e @ —e".

Solution 1. Let f(z)= [](t*+ 1)e ~dt and let g(x) = —e*; both functions are increasing.
By Cauchy’s Mean Value Theorem, there exists a real number x € (a,b) such that

)= fla)  fx) @P+1De™ 1 1 1
o) —gla)  g@) 2w 2 <“ E) S
Then ,
[ 0e s = £0) - f@) 2 9(0) - gla) = -
Solution 2. ) ,
/ 2 + 1e —* > / e dr = [— e_xQ]Z —e @ — e,

Problem 2. Compute the sum of the series

= 1 1 1
]; T+ D)@k +2)dk+3)dk+4) 1.2.34 5678

Solution 1. Let
00 k4

kzzo (4k + 1)(4k + 2)(4k + 3)(4k +4)°

F(x) =

This power series converges for |z| < 1 and our goal is to compute F(1).
Differentiating 4 times, we get
(IV ak _
E Z v 1— a:4

Since F'(0) = F'(0) = F”(0) = F"(0) = 0 and F is continuous at 1 — 0 by Abel’s continuity theorem,
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integrating 4 times we get

" /// Y dx ]' ]' 1
F"(y)=F F ) dz = 1 $4:iarctanijZlog(ley)—Zlog(l—y),
0 o 1—
=71 1 1
F"(z) = F"(0 / F"(y) dz = / (5 arctany + 1 log(1+y) — 1 log(1 — y)) dy =
0 0

e ) i<(1+z)log(1+z)—/ozdy)—i—i((l—z)log(l—z)—i—/ozdy):

1 1 1 1
=57 arctan z — 1 log(1 + 2%) + Z(l + z)log(l+ 2) + Z(l — 2)log(1l — 2),

b1 1 1 1
F'(t) = / (52 arctan z — 1 log(1 + 2%) + Z(l + z)log(1+ 2) + Z(l — z)log(1 — z)) dt =
0

1
4

1
= — t —
5 <Z arctan z

1
<(1 + t?) arctant — t) e (t log(1 + %) — 2t + Qarctant) +
1 ) 1,\ 1 , 1,
b (402 log(l+t) —t—=t2) == (1= t)2log(1 —t) +t — =2 | =
8 2 8 2
1 2 1 2y, L 2 1 2
= Z(_1+t ) arctant — Ztlog(lth )+§(1+t) log(1+1t) — g(l —t)*log(1 —1t),

L1 1 1 1
F(1) = /0 (Z(_l + %) arctant — Ztlog(l + %) + g(l +t)?log(1 +t) — g(l —t)?log(1 — t)) dt =

3t + 13 1— 32 (141)? (1—1)? '"m2 o«
——— arctant log(1 + #* 1 log(l —t)| = — — —.
{ parctant + ——log(1+17) + — o los(1 =) 4 u

og(l+1t)+

Remark. The computation can be shorter if we change the order of integrations.

1 t z Y 1
:/ / // 4dxdydzdt:/ 4/ / / dt dz dy dz =
t=0 J 2=0 Jy=0 01_3j 01—1’ y=z Jz=y Jt=z2
1 (-
/ </ / / dtdzdy)dx—/ Il
:vOl_'r y=z J z=zx Jt=x 01_']; 6

t log(1 + 2%) + 1 (1+ )1 2 _ 7
= ——arcanx——o x 0 )| =———.
6 12 % 3% .42

Solution 2. Let

m

1 1 1 1 1 1 1
Ay = )

;(4k+1)(4k+2)(4k+3 k1 4) Z<6 B+l 2 412 2 +3 6 k14

k=0

" 1 1
Bm: - )
kzzo(llk—i-l 4k+3)
—i ! — ! + ! — 1 and
_k:O Ak +1 4k+2 ' 4k +3 4k +4

" 1 1
D o] e m———
c\dk+2 4k +4

It is easy check that

1 1 1
A, ==-C, — =B, —=D,,.
3 6 6
Therefore,
2m2— T~ Tino
_ _ n2———-In

limAmzlimQCm B Dm: 4 2 :11n2—1.
6 6 4 24
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Problem 3. Define the sequence xy,x», ... inductively by z; = V5 and Tpil = xi — 2 for each n > 1.

Compute
. X1 T2 T3 Tp
lim )
n—oo Jj‘nJrl

Solution. Let y, = z2. Then y,,1 = (y, — 2)* and y, 11 — 4 = yn(yn, — 4). Since yo = 9 > 5, we have
ys = (y2 — 2)? > 5 and inductively y, > 5,n > 2. Hence, yni1 — Yo = ¥ — by, +4 > 4 for all n > 2, so
Yn — 00.

By ypi1 — 4= yn(yn - 4)a

<x1-x2~x3-~-xn)2 Y Y Ust Y

Ln+1 Yn+1
_ Y —4 Y3 Y Ynn =4 Y YU Ynor
Yn+1 Ynt1 — 4 Yn+1 Yn —4
_ Ynt1 — 4 1 :yn+1—4_>1.

Yn+1 Y1 — 4 Yn+1

Therefore,
l‘l-xQ-l‘3---l‘n 1

lim
n—0oo M|

Problem 4. Let a,b be two integers and suppose that n is a positive integer for which the set
Z\ {az" +by" | z,y € Z}

is finite. Prove that n = 1.

Solution. Assume that n > 1. Notice that n may be replaced by any prime divisor p of n. Moreover,
a and b should be coprime, otherwise the numbers not divisible by the greatest common divisor of a,b
cannot be represented as az™ + by™.

If p = 2, then the number of the form axz? + by? takes not all possible remainders modulo 8. If, say, b is
even, then ax? takes at most three different remainders modulo 8, by? takes at most two, hence az? + by?
takes at most 3 X 2 = 6 different remainders. If both a and b are odd, then ax? + by? = 2% £ y* (mod 4);
the expression 22 + 2 does not take the remainder 3 modulo 4 and 22 — y? does not take the remainder 2
modulo 4.

Consider the case when p > 3. The pth powers take exactly p different remainders modulo p?. Indeed,
(z + kp)? and z? have the same remainder modulo p?, and all numbers 0, 17, ..., (p — 1)? are different
even modulo p. So, ax? + byP take at most p? different remainders modulo p?. If it takes strictly less then
p? different remainders modulo p?, we get infinitely many non-representable numbers. If it takes exactly
p? remainders, then ax? + by? is divisible by p? only if both = and y are divisible by p. Hence if ax? + by
is divisible by p?, it is also divisible by pP. Again we get infinitely many non-representable numbers, for
example the numbers congruent to p> modulo p? are non-representable.

Problem 5. Suppose that a,b, ¢ are real numbers in the interval [—1, 1] such that
1+ 2abe > o + 1% + 2.

Prove that
1+ 2(abe)™ > a® + 6™ + ™

for all positive integers n.
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Solution 1. Consider the symmetric matrix

A:

Q-
o = Q
S

b 1 1
semidefinite, and A = B? for some symmetric real matrix B.
Let the rows of B be z, y, z. Then |z| =|y|=|2|=1,a=xz-y,b=y-z and ¢ = z - z, where |z| and
x -y denote the Euclidean norm and scalar product. Denote by X = ®™x, Y = Q™y, Z = ®"z the nth
tensor powers, which belong to R*". Then |[X|=|Y|=|Z|=1, XY =a", Y -Z =" and Z - X = "

By the constraint we have det A > 0 and det ((11 (11) , det (1 b) det (1 C) > 0. Hence A is positive

1 a™ b
So, the matrix [ a® 1 ¢" |, being the Gram matrix of three vectors in R3", is positive semidefinite, and
o1

its determinant, 1 + 2(abc)™ — a** — b** — ¢*" is non-negative.

Solution 2. The constraint can be written as
(a —bc)* < (1 =05 (1 —c?). (1)
By the Cauchy-Schwarz inequality,
(a"_l +a"%be+ ...+ b”_lcn_l)2 < (|a|"_1 + la"2|be| 4 ... + |bc|”_1)2
< (L be] 4 oA b < (L B2 4+ PO (14 e 4+ [0
Multiplying by (1), we get
(a—be)*(a™ ' +a" Pbe+ ...+ 0L
(=8 1+ PO ) ) (= @) (A e+ [ef2D) ),

(a™ —b"c™)? < (1 —b")(1 — "),
1+ 2(abc)™ > a® + b*" + b*".
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IMC2010, Blagoevgrad, Bulgaria
Day 2, July 27, 2010

Problem 1. (a) A sequence x, xa, ... of real numbers satisfies
Tpi1 = Tpcosx, forall n>1.

Does it follow that this sequence converges for all initial values x;?

(b) A sequence y1, s, ... of real numbers satisfies
Ynt1 = Ypsiny, forall n>1.

Does it follow that this sequence converges for all initial values y,7

Solution 1. (a) NO. For example, for z; = 7 we have x,, = (—1)""!7, and the sequence is divergent.

(b) YES. Notice that |y,| is nonincreasing and hence converges to some number a > 0.

If a = 0, then limy,, = 0 and we are done. If a > 0, then @ = lim |y,41| = lim |y, siny,,| = a-| sin al,
sosina = +1 and a = (k + %)7? for some nonnegative integer k.

Since the sequence |y,| is nonincreasing, there exists an index ng such that (k + 3)7 < |y,| <
(k + 1)m for all n > ng. Then all the numbers Y, 41, Yng+2, - - lie in the union of the intervals
[(k+3)m, (k+ 1)m) and (— (k+ L)m, —(k + 1)x].

Depending on the parity of k, in one of the intervals [(k+3)m, (k+1)7) and (—(k+1)m, —(k-+3)7]
the values of the sine function is positive; denote this interval by I,. In the other interval the sine
function is negative; denote this interval by I_. If y,, € I_ for some n > ng then y,, and y,11 = y, siny,
have opposite signs, so y,+1 € Iy. On the other hand, if If y,, € I, for some n > ng then y, and y,, 1,
have the same sign, so y,.1 € I,. In both cases, y,.1 € ..

We obtained that the numbers 12, Yno+3, - - - lie in I, so they have the same sign. Since |y, | is
convergent, this implies that the sequence (y,) is convergent as well.

Solution 2 for part (b). Similarly to the first solution, |y,| — a for some real number a.
Notice that ¢ -sint = (—t) sin(—t) = |¢|sin |¢| for all real ¢, hence y,+1 = |y,|sin |y,| for all n > 2.
Since the function ¢t — tsint is continuous, ¥,4+1 = |y»| sin |y,| — |a|sin |a| = a.

Problem 2. Let ag,aq,...,a, be positive real numbers such that a1 —ar > 1 for all £k =
0,1,...,n — 1. Prove that

1 1 1 1 1 1
I o B GRS
ag a; — Qo Ay — Qo Qag ay (7%

Solution. Apply induction on n. Considering the empty product as 1, we have equality for n = 0.

Now assume that the statement is true for some n and prove it for n+ 1. For n+ 1, the statement
can be written as the sum of the inequalities

1 1 1 1 1
Qo ay — Qo an — Qo Qo Qp

(which is the induction hypothesis) and

1 1 1 1 1 1 1
—(1+ 14 . <(14+—)---(1+—)- . (1)
Qo a; — ag apn — Qo Ap+1 — Ao Qg Qp An1

Hence, to complete the solution it is sufficient to prove (1).

1
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To prove (1), apply a second induction. For n = 0, we have to verify

1 1 1 1
—_ <(14+—|—.
Qg a1 — Qo Qg / ay

Multiplying by aga;(a; — ap), this is equivalent with

a; < (ao + 1)(&1 — ao)
ag < apa; — a%

1§a1—a0.

For the induction step it is sufficient that

1 a —a 1 a
<1 + ) . n+1 0 S <1 + ) . n+1 .
Apy1 — Qo Qpy2 — Ao Ant1 Ap42

Multiplying by (a0 — ag)ani2,

(an+1 — ao + 1)ango < (ans1 + 1)(@ns2 — ag)
ag < Aolpy2 — Aolni1

1 S Ap42 — Ap41-

Remark 1. It is easy to check from the solution that equality holds if and only if a1 — ax = 1 for
all k.

Remark 2. The statement of the problem is a direct corollary of the identity

1+i<%ﬂ<1+xix>> :ﬁ(ui).

i=0 i J i=0

Problem 3. Denote by S, the group of permutations of the sequence (1,2,...,n). Suppose that
G is a subgroup of S, such that for every m € G \ {e} there exists a unique k& € {1,2,...,n} for
which (k) = k. (Here e is the unit element in the group S,.) Show that this & is the same for all
T e G\ {e}.

Solution. Let us consider the action of G on the set X = {1,...,n}. Let

G,={9€G: g(x)=2} and Gz ={g(x): g € G}
be the stabilizer and the orbit of x € X under this action, respectively. The condition of the problem

states that
G=JG. (1)

rzeX

and
G,NG,={e} forall z#uy. (2)

We need to prove that G, = G for some = € X.
Let Gxy,...,Gxy be the distinct orbits of the action of G. Then one can write (1) as

¢=J U ¢ (3)

i=1yeGz;

2
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It is well known that

|G|
|G| = == (4)
|G|
Also note that if y € Gz then Gy = Gz and thus |Gy| = |Gz|. Therefore,
Gl _ 1G]
Gyl=——=—-=1G,| forall yeGz. 5

Combining (3), (2), (4) and (5) we get

JU é \{}' ZE (1G] — 1),

i=1yeGx;

Gl =1 =G\ {e}| =

hence
k

i=1

If for some 4,j € {1,...,k} |Gy, |Gz,| > 2 then

()2 (1-3) ()=

i=1
which contradicts with (6), thus we can assume that

Gl = .. = G, = 1
Then from (6) we get |G, | = |G|, hence G,, = G.

Problem 4. Let A be a symmetric m X m matrix over the two-element field all of whose diagonal
entries are zero. Prove that for every positive integer n each column of the matrix A™ has a zero
entry.

Solution. Denote by e (1 < k < m) the m-dimensional vector over Fy, whose k-th entry is 1 and all
the other elements are 0. Furthermore, let u be the vector whose all entries are 1. The k-th column
of A™ is A™e. So the statement can be written as A"e, # u for all 1 < k < m and all n > 1.

For every pair of vectors z = (x1,...,2,) and y = (y1, ..., Ym), define the bilinear form (x,y) =
2Ty = 2191 + ... + TYm. The product (z,y) has all basic properties of scalar products (except the
property that (z,x) = 0 implies = 0). Moreover, we have (z,x) = (x,u) for every vector = € Fj".

It is also easy to check that (w, Aw) = wT Aw = 0 for all vectors w, since A is symmetric and its
diagonal elements are 0.

Lemma. Suppose that v € F}* a vector such that A"v = u for some n > 1. Then (v,v) = 0.

Proof. Apply induction on n. For odd values of n we prove the lemma directly. Let n = 2k + 1 and
w = A*v. Then

(v,v) = (v,u) = (v, A") = vT A" = VT A* Ty = (AFv, A¥) = (w, Aw) = 0.

Now suppose that n is even, n = 2k, and the lemma is true for all smaller values of n. Let
w = A*v; then A*w = A" = u and thus we have (w,w) = 0 by the induction hypothesis. Hence,

(v,v) = (v,u) = vT A" = v A%y = (A*)T (A*v) = (AP, AFv) = (w,w) = 0.

The lemma is proved.
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Now suppose that A"e, = u for some 1 < k < m and positive integer n. By the Lemma, we
should have (e, e;) = 0. But this is impossible because (e, ex) =1 # 0.

Problem 5. Suppose that for a function f: R — R and real numbers a < b one has f(z) = 0 for
all z € (a,b). Prove that f(z) =0 for all z € R if

p—1
k
f (y + —) =0
k=0 p

for every prime number p and every real number y.

Solution. Let N > 1 be some integer to be defined later, and consider set of real polynomials
In =1 co+ar+...+c 2" € Rlz] ’ Vr e R icf(ijﬁ)—O
N=19 G ta ST G 2 % N~ .

Notice that 0 € Jy, any linear combinations of any elements in 7y is in Jy, and for every P(z) € Jy
we have 2P (z) € Jn. Hence, Jy is an ideal of the ring R|x].

By the problem’s conditions, for every prime divisors of N we have 1 € Jn. Since R[x]

;L'N/p —

is a principal ideal domain (due to the Euclidean algorithm), the greatest common divisor of these
N

polynomials is an element of Jy. The complex roots of the polynomial are those Nth

aNr —1
roots of unity whose order does not divide N/p. The roots of the greatest common divisor is the
intersection of such sets; it can be seen that the intersection consist of the primitive Nth roots of

unity. Therefore,

|
S

is the Nth cyclotomic polynomial. So &y € Jy, which polynomial has degree p(N).

N N
Now choose N in such a way that % < b—a. It is well-known that li]{fn inf % = 0, so there
exists such a value for N. Let ®n(z) = ag + a17 + ... + ayn)z?™) where ayvy) = 1 and |ag| = 1.
@(N)
Then, by the definition of Jy, we have akf(:c + %) =0 for all x € R.
k=0
If z € [b,b+ %), then
e(N)—1
fla)== 3 acf(z—2F).
k=0
e(N)—k

On the right-hand side, all numbers » — =~ lie in (a,b). Therefore the right-hand side is zero,
and f(z) =0 for all z € [b,b+ +). It can be obtained similarly that f(z) = 0 for all z € (a — <, a]
as well. Hence, f = 0 in the interval (a — %, b+ %) Continuing in this fashion we see that f must

vanish everywhere.





