PHAN DAI SO VA MOT sO YEU TO GIAI TiCcH
CHUONG I. HAM SO LUONG GIAC VA PHUONG TRINH LUONG GIAC

BAI 1. GOC LUONG GIAC
A. KIEN THUC CAN NHO
1. Goc lugng giac

- Khai niém goc lugng giac

Cho hai tia 9:0P

- Néu mot tia Om quay quanh goc O cia né theo mot chiéu c6 dinh bat dau tir vi tri tia Od va
ditng & vi tri tia OP thi ta n6i Om quét mot goc lwgng gidc o tia dau Oa, tia cusi Ob | ki hiéu
(Oa, Ob)

- Khi tia OMm quay mot géc ¢, ta néi s6 do ctia goc lwong giac (Oa, Ob) bang ¢, ki hiéu
sd(0a,0b) = .

Chd y: Vi hai tia 04 va Ob cho trude, 6 vo s goc lugng giac tia dau Oa va tia cusi Ob. Ta

(Oa, Ob)

dung chung ki hiéu cho tat céd cac gbc luwgng gidc nay.

Nhan xét: S6 do ctia cac goc lwgng gidc ¢ cung tia dau Oa va tia cusi Ob sai khac nhau mot boi

nguyén ctia 360 nén c6 cong thic tong quat 1a:

sd(0a,0b) = +k360 (ke Z) Oa,Ob) =a +k360

, thuong viét 1a ¢ véi @ 1a s6 do clia mdt goc

lwong gidc bat ki c6 tia dau Oa va tia cusi Ob .
- Hé thitc Chasles (Sa-lo)
Vi ba tia Oa, Ob va Oc bat ki, ta c6 (Oa, GE}} + [Gb,ﬂf‘} =(0a,0c) + k360 (ke2) .

2. bon vi radian
Trén duong tron ban kinh R tuy y, goc & tdm chan mot cung c6 do dai diung bang R dwgc goi la
mot goc c6 so do 1 radian (doc la 1 ra-di-an, viét tat la 1 rad).

a’ :Erﬂaf cerad :[ 180 ‘ .
180 T

Chuy:

- Khi ghi s6 do cia mdt géc ¢ don vi radian, nguoi ta thuwong bo di chit rad sau so do.

- V6i don vi radian, cong thitc s6 do tong quat cia goc lwgng giac (Oa,00) |5
(0a,0b) =t + k27(k € Z)

trong d6 @ 1a s6 do theo radian ctia mot goc lwong gidc bat ki c6 tia dau Oa va tia cudi Ob.

Luwu ¥ khéng duge viét @+ k360" hay a’+k27 (vi khéng cing don vi do).



3. buong tron luong giac

Trong mit phing toa dd @%, cho dudng tron tim O ban kinh bing 1 . Trén dwong tron nay,
chon diém A%9 1am géc, chidu dwong 1a chidu ngugc chidu kim dong hd va chidu am 1 chidu
cung chiéu kim dong ho.
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Hinh 1
Duong tron cung véi goc va chiéu nhu trén dugc goi la duwong tron hwong giac.

Trén duong tron lwvgng giac, diém biéu dién cua goc ¢ la diém M ma s6 do ctia goc lugng giac
(OA,OM) bing ¢ .

B. BAl TAP MAU
Bai 1.

a) b6i s6 do ctia géc 80 va goc 150 sang don vi radian.

3T 7T
. —rad - —rad
b) Déi s6 do cua goc 2 vagéc 20 sang don vi do.
Giai

0 :EDJT :ﬂ 150 :150“’_{ :5i
a) 180 9 180 6

37 vad :[ 37 180) 108 I ad :[ JIm 180 _ o
b) o 5 T ] . 20 20 & |

Bai 2. Xac dinh s6 do cua cac goc lwgng giac dugc biéu dién trong moi hinh dudi day.

] {
\ 3
\,‘__H /,r e > o
/T—\\ & X
‘l \\ D<= e
A 3 x ~ B
a) Xy =102 ; b =7
b) 5
Giai

S6 do cta goc lugng gidc (A%AY) trong Hinh bing 102 +360 =462



T 217
, . o Tlgog=tE
S5 do ctia goc luong gidgc (BLB2) trong Hinh bing 5
Bai 3.
a) Hay tim s6 do @ cua géc lugng gidc (000D y6i 0 < <27 | bigt mot gée luwong gidc clng tia
2571

dau 04 va tia cudi Ob c6s6dola 6

b) Hay tim s6 do @ cua géc lwgng gidge (OO yai 0<a <360 bigt mot goc lugng giac cling
tia dau Om va tia cusi On c6 s6 do 1a -875 .

Giai

a) S6 do @ cua cac goc lugng gidc bat ki c6 cung tia dau Od va tia cusi Ob sai khac nhau mét
251

o =——+k2r(k€¥)
bdi nguyén ctia 27 nén c6 dang la 6 .
-H—IﬂszT‘:E,T-ES—T -Eﬂkﬂ:-g
Ta cd 0=<ac< 2..'?’ suy ra 5] ] , suy ra 12 12 .
o4 :25—'T+ (-2) 21 :%

Vi K€Z pan k=-2 vay
b)S3 do @ clia céc goc lugng gide c6 cling tia dau O va tia cudi On sai khéc nhau mgt boi
nguyen cia 360 nén c6 dangla @ =879 * k360 (keZ)

175 247

Vay @ =-875 +3 360 =205
Bai 4. Biéu dién cac goc lwgng giac sau trén duwong tron lwgng giac:
a) 750 ;
297
b 4

Giai

a) Ta c6 750 =30 +2 360  vay diém biéu dién géc lwong gidc c6 s6 do 750 1a diém M trén
phan dwong tron lwong giac thudc goc phan tw thit I sao cho Hom =30 (Hinh a).

297 37
e

(-4) 27 , 2T
b)Taco 4 4 . Vay diém biéu dién géc lugng gidc c6s6 do 4 1a diém N
3

trén phan duong tron luwgng gidc thudc goc phan tw thit II sao cho 4 (Hinh b).



C. BAI TAP
Cau 1. Do6i s6 do cta cac goc sau day sang radian:

a) 15 ;
b) 65

c) - 105 ;
-5 0
ol

7 Br Jx 1
a)12;b) 36 ;¢) 12 q) 36,

Loi giai

Cau 2. Doi s6 do cta cac goc sau day sang do:
a)6;

s
b) 15

Loi giai
Cau 3. Xac dinh s6 do cua cac géc lugng giac dwgc biéu dién trong moi hinh dudi day. Biét trong

Yo =" g
cac Hinh @b:€ ¢¢ 4 : trong cac Hinh d, e, g c6 €D =82



Loi giai
9 7 157

a)T;b)- 4,0) 4 ;q)82;e)-442 ;) 998

Cau 4. Hiy tim s6 do @ ctia gc luong gidc (OmOM ygi -7 <a <7 bigt mot goc lugng gide
cling tia dau Om va tia cusi On c6 s6 do la:
36
a) 5 ;
_ 75w
b) 14
397
C) 8
d) 20237

Loi giai
i A 97 7
a) 9;b)l4;0) 8 ;d)-7
Cau 5. Cho mét géc luwong gidc c6 s6 do 1a 375 |

a) Tim s6 16n nhat trong cac s6 do cua goc lwgng giac cung tia dau, tia cudi véi géc dé ma co so
do am;

b) Tim s6 nhé nhat trong cac s6 do cua goc lwgng giac cung tia dau, tia cudi véi goc dé ma co so
do duong.

Lai giai
a)-345; 115,
Cau 6. Viét cong thiic tdng quét ctia s6 do goc lugng giac (OM-OM quéi dang @ +k360 (KEZ)
vei 0=a <360 bist mot géc lwong gidc véi tia dau Om | tia cusi On ¢ s6 do:
a) 1935 ;

b) -450 ;



c) - 1440 ,
d) 7545
L&i giai

a) Ta c6 1935 =135 +5.360 nen cong thitc tong quét cia s6 do goc lugng gide (OM-ON) 13
(Om,On) =135 +k360 (k€Z)

b) Ta c6 - 450 =270 - 2.360 pgn cong thitc tdng quat ctia s do géc luong gidc (OO 13
(Om,On) =270 +k360 (keZ)

c) Ta c6 - 1440 =-4.360 nan cong thitc tdng quét cla s6 do géc lugng gide (OmON) 13
(Om, On) =k360 (k€ Z)

d) Ta c6 754,5 =34,5 +2 360
(Om,On) =34,5 +k360 (ke Z)

nén cong thitc tong quét cia s6 do goc lugng giage (MO 13

Cau 7. Biéu dién cac goc lwgng giac sau trén duwong tron lugng giac:

a) - 1965 ;
487
b) 5 .
Ldi giai
a) Ta co ~ 1969 =-165 +(-5) 360  vay diém bidu dién géc luwong gidc c6 6 do - 1965 14 diém

M trén dwong tron lwgng giac thude géc phan tw thit III sao cho Hom =165 nhu Hinh .

ﬁ\ .
<3| T
\‘ A
\/i\/ 165

487 — 2T +107 487

b)Tacé 5 5 . Vay diém biéu dién géc lvgng gidc c6s6do 5 ladiém N trén
Hon =27
dwong tron lugng gidc thudc géc phan tw thit 111 sao cho 5 nhu Hinh.
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Cau 8. a) Géc lugng gidc -245 6 ciing didm biéu dién trén dwong tron lugng gide véi goc
lwgng giac nao sau day?
- 605 ;- 65 ;115 ;205 ;475.
247

b) G6c luong gidc >  c6 cung diém biéu dién trén dudng tron lugng gidc v6i goc lugng giac
nao sau day?
167, o 14r 297 537

55 55 10

Loi giai
Hudng dan: Tinh hiéu s6 do cia goc lwgng giac can xét véi goc duge cho. Néu hiéu s6 do 1a mot
boi nguyén ctia 360 hodc 27 thi chiing c6 cling diém biéu dién trén dudng tron luong giac.
a) - 605 ;115 ;475 :

160 _ 147

by 5 5

Cau 9. Trén duong tron lwgng giac, hdy biéu dién cac goc lwgng giac ¢ s6 do ¢ dang la:

T v ka(keZ)
a) 6

T T

—+k—(ke
b) 4 2 { Z}-

Loi giai
Ty kr(keZ)

a) Trén duong tron lugng gidc, cac goc c6 sd do © dugc biéu dién bdi hai diem M va
N nhw Hinh.
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K M
6




Tk Lked
b) Trén dwong tron luwgng gidc, cac goc c6 s6 do 4 2 dwgc biéu dién bdi bon diém M |
N.P.Q phy Hinh.
»1Jl
N M
0 4 5
i
P 0
Cau 10. Trong hinh bén, cdc diém M>A>N (a0 thanh ba dinh ctia mdt tam giéc déu. Vi trf cac
diem M>A-N en dwong tron lugng gide c6 thé duoc bidu didn cho géc lugng gidc ndo sau day?
.“ /
’/,» v
//
Lol
{ O A
N
=V,
T 2T 2T T T
—+k=(keZ), - 7+k=—(ked), - —+k—(k eZ).
3 3 (ked), -7 3 (ked) 33 (ked)
Loi giai
g+k?[kea;—x+k?[ﬁze Z)

Cau 11. Cho ba diém M-N:P 1an lwgt 1a cac diém biéu dién trén dudng tron lwgng gidc clia cic

k2m: L+ kom x4+ k2a(ke Z)
goc lugng gidc o so do 2 . Tam giac MNP 13 tam giac gi?

Léi giai
D& thay MLOLN(O:1) o3 P(-1,0)

Suy ra MN =NP =\2,MP =2

P W M X



Do d6 MNP 13 tam gidc vuong can tai V.

Cau 12. M6t chiéc quat tran nam canh quay v@i toc do 175 vong trong mot phit. Chon chiéu
quay cta quat la chiéu duong.

a) Sau 5 gidy, canh quat quay dugc mot géc cé sd do bao nhiéu radian?
b) Sau thdi gian bao 1au canh quat quay dugc mot géc c6 s6 do 427 ?
Loi giai
175 35
a) Sau 1 giay, canh quat quay dugc 60 12 (vong) theo chiéu duong.

35 5, 37

Suy ra sau 1 gidy, canh quat quay dwgc mdt goc c6 s6 do 1a 12 6 .
357  _1757

Vay sau 5 gidy, canh quat quay dwgc mot goc c6s6 dola 6 6

b) Thoi gian dé canh quat quay dugc mot géc c6 s6 do 427 1a

421! ?’EjTT =7,2 giay.

Cau 13. Trong chang dua nwdc rut, banh xe cia mét van dong vién dua xe dap quay dwoc 30
vong trong 8 gidy. Chon chiéu quay ctia banh xe 1a chiéu duong. Xét van V' ctia banh xe.

a) Sau 1 phit, van V' dé quay dwgc mot géc c6 s6 do bao nhiéu radian?

b) Biét rdng ban kinh ctia banh xe 1a 35¢M_ Po dai quang dwdng ma van dong vieén dua xe dap da
di dugc trong 1 phut la bao nhiéu mét?

Loi giai
30
~— =375
a) Sau 1 gidy, van V' ctia banh xe quay dugc 8 (vong).

Sau 1 phiit, van V cta banh xe quay dwge > 7560 =225 (yng),
Suy ra sau 1 phiit, van V' ctia banh xe quay dwgc mét goc c6 s6 do 1a 225.27 =4507

b) M&i goc ¢ tam v6i s6 do 1 rad chin mét cung c6 do dai bing ban kinh banh xe © =%35m



Do dé do dai quang duong ma van dong vien dua xe dap da di dugc trong 1 phut la
4507 0,35 ~494,8(m)

Bai 2. GIA TRI LUQONG GIAC CUA MOT GOC LUONG GIAC
A. KIEN THUC CAN NHO
1. Gia tri luong giac cua goéc lugng giac

" \ \ . . M : N s psm Asx 2 s .
Trén duwong tron lwgng giac, goi (g3 i) la diém biéu dien goc lwgng giac cé s6 do ¢ . Khi
do:
. sin e T
sina =y,,,tana = a #—+krkeZ
) COSC (néu 2 )
COS e

coser =X, ,Colf =—
M? .
sin ¥ (neuﬂf ?—"kﬂ', ke Z)

V§i moi géc lwgng gide @ va s6 nguyén K, ta cé:
sin(er +k27) =siner;  cos(er +k27) =coser;

tan(ce + ko) =tancr;  cot(c + ko) =cot cr.

2. Hé thuc co ban gilra cac gia tri luong giac cua mot géc luong giac
- sin® @ +cos” e =1,

l+tan’ ot =——
- cos” ¢ vGi

it ;.&E +kr ke

b

l+cot’a =

Einz o vGi ¥ ?—"kﬂ', ke Z,

T
a #k— keZ
- ana cota =1 yGi

3. Gia tri lugng giac cua cac goc luong giac cé lién quan dac biét
- Hai g6c d6i nhau: ¢ va - @

sin(- &) =- siner;  cos(- 7)) =cos c;

tan(- ¢x) =- tan¢r;  cot(- &x) =- coter.

- Hai g6c hon kém nhau 7: & va ¢ +7

sin(cr +7) =- siner;  cos(ar +7) =- cos;

tan(c +.7) =tan¢;  cot(er +.7) =cot er.

- Hai géc bu nhau: ¢ va 7- &

sin(r - e¢) =sin ex; cos(T - ) =- coser;
tan(.T - ) =- tan r; cot(T - 2) =- cotex

o

- Hai goc phu nhau: ¢ va ' 2




. T .
51N E_ ﬂ" =C05 CDS[ - ﬂ'l =SsInx,

NN o)y

A
tan E- ¢ | =Cotee, cCoOl - ﬂ" =fanx.

B. BAI TAP MAU

Bai 1. Tinh cac gia tri luvgng giac ctia goc ¢, néu:

, 1 b
sina =— -—<a<0
a) 3va 2 ;
JI'C({{3—H
b) cosa =07 yva ;
J
O<a<—
c) tana =2 3 :
7
cota =— JdJ<o<—
d) 3 va
Giai
2
cos’ e =1- sin” e =1- [l _8
a) Taco |3
-Z<a<0 coscr:_zﬁ
Vi 2 nén c0s@>0 Do d6 3
1
sin ex 3 V2
tan ¢ = _m :T 1
cosd coter = :2J2_
Suy ra 3 va tan o
sin’ ot =1- cos’ ar =1- (-0,7)° _°l
b) Ta c6 100
.:'r::(zv:B—':T sina:-—JE'-l
Vi 2 pén sina <0 Do do 10
A
an or :51“” = 10 :ﬁ coter = 1 :_:Ir\“"S_1
Suy ra coser -0,7 7 vi tan cr 51
coter = 1 :l; 12 =l+tan‘a =1+2° =5
c) Taco lana 2 cos o
2 1 T 5
racos o =— O<a<— oSt =——

Suy 5. Vi 2 peén cosa >0 Do d6



. 2445
sin =tanex cosd :TJ-

Suy ra
2
tan e = L :E; L =l+cot’ a =1+ E‘ _28

d) Ta c6 cotex 7 sin’a

sin’ & :i JI((I{S—H ) siner =- @
Suy ra 58 Vi 2 pen sina <0 Do d6 58

COS 7 =Cot ¢ sin o :E [ - BE =- ?ﬁ

3 of of

Suy ra \
Bai 2.

29T

sin
a) Biéu dién

JT
qua gid tri lvgng gidc ctia goc ¢6 s do tir 0 dén 4 ;
b) Biéu dizn tan 973 qua gié tri lvong gidc clia gbc 6 s6 do tir O dén 45 .
Giai

. [ 29.??] . [29;?‘ . [S.Tr ‘ . [EJT
sin|- — | =-sin| — | =-sin| — +87| =-sin| —+7
| 3 ] 3 L 3 _ |3 .

. 2T
=sin
3

[JT Z.Trl [ JT‘ T
=cos| —- = | =cos|- | =cos_.
3 . 6] 5]

b) tan973 =tan(73 +5.180 ) =tan73 =tan (90 - 17 ) =cot17

Bai 3. Chitng minh cac dang thitc lwgng giac sau:

sin’ &z + cos’ « .
————— =1-sinacos
a) sina+cosa .

b

1+tanrx+1+cmfx —o
b) 1- tana 1- cotex .

Giai

sin et +cos’ ¢ (Sina +cosa)(sin® - sina cosar +cos® )

a) sina+cosa sin ¢ + cos o
=sin” ¢r - siner cosa +cos” & =1- sin & cosex.

b)

1+tanr:r+1+cmr:r :Ianr:rcmr:r+tanrx+1+cma

1- tanex 1- cote tancrcoter- tane  1- coter
:Iantx[cmrx +1) +1+r:mr:r :cnn:r+1_ 1+ coter 0.
taner(coter- 1) 1- coter coter-1 coter-1




Bai 4. Rut gon cac biéu thitc sau:

sin’(37 - ex) +sin’ | ax +5i‘
a) . 2
[1+tan3(—a+11;r}] -sinz[a- 3T
b) . 2
Giai
a) Ta co: sin(3.7- a) =sin(T - @ + 27) =sin(7- &) =sina .

. 5 T | . bl
sin ::r+T =sin a+3+2,¢ =sin a+5 =cos(- ) =cosd.

. . o .
sin’(37 - ) + 51n‘2[ :’I{'+—| =sin” ¢ + cos” & =1
Suy ra \ 2 )

b) Ta cé: I:an[— o + ]_]..-'T} :[an[_ tT{'} —- taner

. [ 3T . [ T
sin a-_‘zsm i+ - 27
| 2 | | 2 _

. T |
:51n[ o+ E‘ =Cos(- ) =Cos .

1+tan‘*[—a+11.=T}] -5inz[a— E‘ =(1+tan® e ) cos’ «
Suy ra \ 2 )

cos” e =1.

cos’

Bai 5. Thanh OM quay nguoc chiéu kim dong hd quanh géc O cta né trén mdt mét phing thing

ditng va in béng vudng géc xudng mit dat nhw hinh bén. Vi tri ban dau cta thanh 1a OA. Héi do
60

dai béng OM ctia OM Khi thanh quay dugc 13 vong 14 bao nhiéu, biét do dai thanh OM 1a

10cm 7



anh sdang

.
M 24
bong

Két qua lam tron dén hang phan mudi.

Giai
60 1207
== 2g=—""
Ta cd 13 13
OM = OM cose |=[10cos 1207 ~7,5cm
Suy ra 13
C. BAI TAP
Cau 1. Tinh céc gia tri lvgng giac cta goc ¢, néu:
. 4 3
sinz=-—- a<a<—
a) 5 va 2,
cosa=— O<a<-—
b) va ;
15
tane =- — . .
0) 8 va-90 <a<90.

d) cota=-24 45 -180 <@ <0
Lai giai

3 singy 4 3
Ccosg =- —,tana = =—,cota =—
a) 5 cosa 3 4

b

. 60 60 11
Siney =—,and =—, Ccolf =—

b) 61 11 60 ;



8 15

Coler == —,CO5¢¢ =—,5Inff == —
c) 15 17 17 .
o 5] 12

tan & =- —,slner == —,COS&F ——
d) 12 13 13

v/
Cau 2. Biéu dién cac gia tri lugng gidc sau qua cac gia tri lwgng giac cia goc o s6 do tir 0 dén 4
(hodctir 0 dén 45 ):

sin(-1693 )

a) ;
10037
cos
b) 3
c) tan885 .
Sar
cot | -
d) 10
Loi giai
in(- 1693 ) =cos17
2) sin ( ) =cos :
1003xr . 1
cos =sin—
b) ;
c) an885 =- anl5 ,
[ 537 T
cot| - _‘ —- fan —
g | 10 5
37
T<d<—
Cau 3. Cho 2 . X4c dinh d&u ctia cac gia tri lwong giac sau:

cosla +.r).
a) O+,

sin

b)

x ]
—-a
2

b

ran

C)

( 33"
a+
2]

. 7 ]
t‘;‘{ -
2

cot

d)

|
Ccos 2m+—‘
2

e) ;
9) sin( - 2ax)



Loi giai

JI{EE{BK
a) cos{a+.1) =-cosa =0 vi

sin E—a‘:cnsa{[] _;.r.;(,,.;S_H
by 2 vi
tan a+£‘:—tmacﬂ H.;({{B_H
0) 2 ) vi 2
cot a—ilz—tanacﬂ H..;(,,.-;B_K
o 2 vi
Cos 2a+£| =- sin 2a <0
e) . 2 ) vi 2T <2a <31

o) sin(;1 - 2¢x) =sin 2ex = 0 Vi 2T <2a <31

. 3 g
sina =— —<a<a
5 va

Cau 4. Biét 2 . Tinh gi4 tri ctia cac biéu thitc sau:
A= 3sinee
a) 2eosa - tana
B_cmza—sinaf
b) tan o + 2cosa
Loi giai
3
sina =— —<a<Jad COs¢f =- —,landct =- — cota =- —
Vi 5va 2 nén va
3
_ 3 __36
-2
a) o) L 4]
[_ 4" 3
B—_| 3] 5 _ 212
i 3_'_2. ) l 423
b) 4 L5

Cau 5. Chitng minh cac dang thitc lwvgng giac sau:
a) sin’ x+cos® x =1- 2sin” xcos® x;

l+cotxy tanx+1
b) 1- cotx tanx-1;




sing +cosa_1- cot”

) sin'a 1- coter :

tan’ cr +cos’ - 1

=tan"’ c
d) cot’ e+sin® -1

Loi giai
) sin® x + cos® x =(sin? x +cos? x) - 2sin? xcos® x =1- 2sin® xcos® x
d >
1

1+ cotx _1+tanx _tanx+1
1-cotx ;. 1 tanx-1

b) tan x :
sing+cosar __ 1 4 L05¢ L =(1+cot? &) +cot (1 +cot* ) 2
) sin‘e sin“a sing sin’ @ =(1+cot ) (1+cot’ &)

(1- cot® e )1+ cot® ex) 1= cot*

1- cotex 1- coter

d)

sin” . _ sin® e
tan‘a+cos’a@-1  tan‘a-sin’ @ sl
cot* g +sin‘ ex-1  cot’ - cos’ @ cos’ @ :

. -cos’ i

sin e

sin’ rx[ —- 1‘ )
| cos®er . lan"a .
= . =tan’ o ——— =tan" .
cosza[ ! _1‘ cot”
| sin“ea )
Cau 6. Chitng minh cac dang thitc sau:
=2 ) =2 ) 2 . ]'
sin” 605 +sin” 1645 +cot” 25 =———
a) cos” 65
5in 530 1 :
- —=———+cot10
b) 1+sin640  sinl0
Loi giai

Hudng dan: Céac goc dugce cho déu c6 lién quan dac biét. Str dung cong thirc dé biéu dién gia tri
lwgng giac cha cac goc veé gia tri lwgng gidc cua cung mot goc va st dung cac hé thirc lwgng giac
co ban dé chitng minh dang thic.

a)



sin605 =- sin65,sin1645 = - cos65,cot25 =tan65

sin® 605 +sin®1645 +cot’25 =sin®65 +cos’65 +tan’ 65 =1+tan® 65
1
c0os’65 b)

b)

5in530 =sin10 :sin 640 =- cosl10
sin530 _ sinl0 _ sin®10
14sin640 1- cos10  sin10 (1- cos10')

1- cos’10° (1+cos10 )(1- cos10 )
5in10 (1- cos10’)  sin10 (1- cos10')

_l+4coslD 1

I _+cotl0 .
5in10 5in10

Cau 7. Rt gon cac biéu thite sau:

. o T
CDE(Q’+;T}+51I’I[ a+?‘ - [an[ a+5| tan(.T - «)

a)
Cos T. alsin(ﬁ +.7)- sin(27- a}cns[ﬁ— E‘

b) | 2 ) | 2|
Loi giai

a)-1; b)0.

Cau 8. Tinh gia tri cia cac biéu thitc sau:

a) Sin17 sin197 +sin73 cos163

1 1
—+ .

b) 1- tanl4> 1+tand5 |

Loi giai

Huong dan: Str dung cong thitc dé biéu dién gia tri lwgng gidc ctia cac goc vé gia tri lugng giac
cta cung mot goc va stt dung cac hé thitc lvgng giac co ban dé rut gon.

a)-1; b)1.

A — , er L e o .~ ”, E| E|
Cau 9. a) Cho ana+cota =2 Tiph gi4 tri ctia biéu thitc @0 & +cot" a

siner +coscr =
b) Cho

| =

. Tinh gi4 tri ctia biéu thitc SIn@cosa

siner +coscr =
c) Cho

P | =

, e s e > . ’ L E]
. Tinh gia tri caa biéu thirc SIn° & +C0OS" &

Loi giai



a) tan’ e + cot’ er =(tane +cotx)’ - 3tan e cot az(tan ex + cot ax)

=(tan e + cotex)’ - 3(tan ex + cotex) =27 - 3.2 =2,
b) (sin « + cosar)® =sin” « + cos’ « + 2sin acos a =1+ 2sin acos a

siner cos e :l[(sinaf +cose)’ - 1] :l [l
2 2104

Do do
0)

sin’ e +cos’ @ =(sin & + cos ) (sin” er - sin excos e + cos® «x)

2

15
32

=(sin ¢ + coser)(1- sine coser)

2
sin ¢ cos e :L[[sinaf+msaf}z— 1] _L [l‘ -1| =- 3
. 2 211 2]
Ma ’

3‘ 111
nén sin’ ¢ +cos’ f:r— = _:_
2 8

Cau 10. Cho tanx =2 Tinh gi4 tri cta cc biéu thitc sau:

3sin x- dcosx

a) Jsinx+2cosx

sin x+2cos” x
b) 2sinx+3cosx

Ldi giai

Huwéng dan: Vi tanx x4c dinh nén €0sx #0 Chia tit va mau ctia phan thic cho luy thiva thich hgp
cta €0sX @€ biéu dién biéu thitc theo tanx,

sinx
3sinx-4cosx 7 cosx _3Jtanx-4 32-4 1
Ssinx+2cosx ¢ SINX  , GStanx+2 52+2 6
a) COS X
sin’ x +7
sin x+2cos’x COS° X B tan® x + 2
2sinx + 3cosx [zsinx 3‘ (Ztanx+3)(tanzx+1)
Cos X cos® x
27 +2 2

by T2+3)(2+1) 7

Cau 11. Do dai cta ngay ti lic Mat Troi moc dén lic Mat Troi lan & mét thanh phé X trong
ngay th ¢ ctia nam dugc tinh xap xi bai cong thirc



d(t) =4sin %(r— 80)| +12, te Z va 1 <t <365.

Thanh phd X vao ngay 31 thang 1 c6 bao nhiéu gio c6 Mat Troi chiéu sang? Lam tron két qua
dén hang phan muoi.

Loi giai
d(31) =9,01 gy

Bai 3. CAC CONG THUC LUONG GIAC
A. KIEN THUC CAN NHO

1. Cong thuc cong

_ cos(e + f7) =coscrcos /7 - sinasin /7 .

_ cos(er- f7) =cos crcos fF +sinasin /7 |
b
_ sin(ex + #) =sin e cos 7 +coscesin .
b

_sinfex - f7) =sin ezcos fF- cosasin /7 .
b

tan ¢cr + tan
tan(ea + f7) _ana+tany
_ 1- tan ¢z tan /7 .
tan cr - tan
tan(er- fi) = P

l+tancrtan

2. Cong thuc gbéc nhan doi

_cos2a =cos’ a- sin’ @ =2cos’ -1 =1- 2sin” 8
_ 5in 2ex :251nac05a;

2taner
fan 2er =

; 1- tan” «r
3. Coéng thirc bién déi tich thanh téng

Cos ¢t cos fi :%[ cos(ex - f3) +cos(a + [7)]

b

sin e sin 5 :%[ms[a - [fi)- cos(ex + f7)]

3

sin e cos 3 :%[sinfa— ) +sin(cx + )]

4. Cong thirc bién déi téng thanh tich

Coscr +C0os 5 =2cos a;ﬁ Cos a;ﬁ ;0S8 ¥ - Cos ff == 2sin a;‘ﬁsin H;‘ﬁ

siner +sin & =2sin a;ﬁ CDSH_Eﬁ; siner - sin :ECDSH;ﬂSiI‘IH_‘?ﬁ

3




B. BAI TAP MAU
Bai 1. Khéong dung may tinh cam tay, tinh gia tri ctia cac biéu thitc sau:

sin —
1

a)

o T
Cos — 4+ Cos —

by 12 12

LT, o
51N ——=5s1n —
) 24 24
Giai
5in?—}r:5in £+£ :5in£cn5£+cos£5in£:—3-_2+l.E:JE"' -
a) 12 3 4] 3 4 3 4 2 2 2 2
5,?T+JT 5;?_ T
CDSS—H+CDE£:2C05 12 12 ng12 12 :2C05£c05—:2 ££ —_—
b) 12 12 2 2 4 ] 2 2 2 -
c)
. T . AT 1 [J‘T 57 [.rr 53?‘ 1 [.rrl T
§in—sin— =—|cos| —- — |- cos| —+—|| =—|cos| - —|- cos—
24 24 2 | 24 24 24 24 2 | 6 4
l[cnsi—c _‘ [-J’_ J_‘ \fr
21 )
. 12 a
sinad =— —<a<a
Bai 2. Cho 13 va 2 . Tinh gi4 tri ctia cac biéu thitc sau:
a) cos2a .
. J
sin| a+ —
b) 3
T
tan | o + —
) 4
Giai
2
Tca<n cosa =- +J1- sin’ @ =- [ _. 2
Vi 2 nén 13 ) 13
2
cnser:chszrx—IZE-[—i =19
a) | 13 ] 169
s5in f:zf+E :5inac05g+c05a5ing:—2% ‘ J_ 12 5"‘5

b)



ang =" =13 _ 12

coser 9
c) Tacéd 13
T 12
tan¢r + tan - +1
T| 4 5 7
tan[a+—‘ = —= > =
4 1—Ianman':i 1-[- ‘-1 17
Suy ra o)
7 Fid
] cos 2 =- — O<ag<—
Bai 3. Tinh céc gia tri lugng gidc clia goc ¢, biét 25 va 2
Giai
. 7
cnsza:-i 2cos’ - 1=1- 2sin“ o =- —
Ta co 25 pén 25
cos’ o =— sina =—
Suy ra 25 va 5
J
O<a<—
M3 2 pép cosa >0 y3 sina >0,
4
sinad 5 4
3 4 fano = :i :E
cosa =— sina =— cosa
Do d6 5 va 5. Suyra 5
1 3
cotar = ==
va tana 4

Bai 4. Chitng minh cac dang thitc lwgng giac sau:

sin(60 +a)- sin(60 - @)=sina_

a) ;
sin® & +cos® o :E+lcn54a

b) 4 4 .

0) sinar(2cosdar +2cos2er +1) =sin 5er |

cos{c - f7) _1+tanatan /i
d) cos(er +7) 1- tanatan fi

Giai

a)



sin(60 + e )- sin(60 - &)
—(5in 60" cos ez +cos60 sin e )- (sin 60 cose - cos60 siner)

—2cos60 sing =2 %sina —sin e

b)
2
sin & +cos’ :(sin"‘ o +cos’ a) - 2sin” arcos’ o
=1- lsinz 2er =1- L(1— cos 4ex) =1- £+lc054a
2 4 4 4
:E+lcns4a
4 4
sin (2 cosder + 2cos 2ex +1)
=2sin ercosdor + 2 sincr cos 2ex +5in
1 1
=2 E[sinl{— 3er) +5in5ex] + 2 E[ sin(- ¢) + sin 3¢z ] + sin o
=(- sin 3 +5in5e) + (- sine +sin 3a) + sin o =sin 5

cos(ez - ) _cosacos f +singsing _ cosacosff(l+tanatan ) 1+ianatan

d) cos(cr + f7) coseacos ff-sinasing cosacosfi(l- tanertan ) 1- Ianmanﬁ'

Bai 5. Rut gon cac biéu thitc sau:

siner +sin2ex

a) 1+cosa+cos2a

T T ]
cos| —+a |- cos| -
4
sin| 7+ |- sin['rr— a]
b) 4 4 .
sin” e
4- 4sin? ¢
0) 2
Giai
sin +sin2a¢ sina+2sinacosa sina(l+2cosar)  sine —
a) l+cosa +cos2a  l+cosa+2cos’ -1 cosa(l+2cosa)  cosa
T
T T
Cos| —+a (- Cos 4‘&’] - 2sin 2 sin 2a _*=.in':lr_*=.inﬂ.r
= 2 2 . 4 == tan —=-1
sin 'Tr+a —sin['rr—a] a ccs.'rrsincr
2
4 4 2cos 2 sin “ 4
b) 2



2

. o ¥ 0 o
2 =2 2
sin’ & _[ sin 7 C0s 7 | _45|n 5 Cos ) g @
4- 4sin’ g 4[1— sinza‘ 4c052§ 2
0 . 2)
C. BAI TAP
Cau 1. Khong dung may tinh cam tay. Tinh gia tri ctia cac biéu thitc sau:
9r 3Vx
sin —— cos ——
a) 24
41T 137
€05 ——= €05 ——
by 12 12
tan ™+ tan 5F
28
) 3T
1+ tan — tan
9) 28
Loi giai
197 371 1| . [193? 3?.rrl . [193? 3?.:?]
sin ——cos —— =—|sin| ——- —— | +sin| —+ ——
a) 24 24 2 24 24 ) .24 24

1] . 3.:?‘ L TT 1[ 3T . .rr‘
=—|sin| - — | +sin—| =—| - sin — +sin —
2 4 3 21 4 3]
|
20 2 2 | 4
417 137 417 137
1 * - or . Tw
Cos ——- Cos—— == 2sin 12 12 5in 12 12 =- 2sin —sin—
b) 12 12 2 2 4 3]
=2sin £sin— =2 £ l :—'2
4 2 2 240
3T 3T 3T
tan — +tan tan = +tan tan — + tan
7 28 _ 7 28 _ 7 28
o1 3T .rr‘ 3T T 3T
1+tan tan 1+t - t 1- tan —tan
7 g e R T 7 Mo
T 3.:?‘ T
=tan| —+ — | =tan — =1.
0) 28 | 4
11 T
CoS¢r =— -—=<a=<0 )
Cau 2. Cho 61 va 2 , tinh gid tri ctia c4c biéu thifc sau:
N ]
SN | —-= &
6

a)



cot| o +—

b)

T
cos| 2ar + —
3

3T
fan| —- er‘
d) 4 .

Loi giai

N
-—<a<l .
a)vi <2 nén sina <0

. - 11)° 60
sing == 4f1- cos* @ =- J1- | —| =- —
Do do 61) 61

Suy ra

sin -

61|

zsinicnsa— cnsisina :l -H— E [
G G 2 61 2

T
—-a
6 .

60
sinc g1 __ 60

cose 11 11
b) Ta co 61

lana =

B0
1 1- tan e tan 1-

cot

T

"
ﬂ'+£|: — ;:
+1
4

tan r;r+'rr‘ fan e + tan
4]

[_50

Do doé 11

cos 2 =2cos - 1=2 [H
61

Yo 3479
3721.

c) Tacéd

. . [ 60| 11 1320
sin2a =2singcoso =2 | - —| — =
61) 61 3721 Suyra

T 4 3479 1 1320
=cos 2ex CDSE— sin 2¢x sin — =- -] -

Cos - -/
3 3721 2 3721

2af+£
3

3479413203
7442 '

1320
sin2e 3721 1320

cos2a 3479 3479
d) Ta co 3721

tan 2 =

60| 11+6043

71

T 49

‘.E
| 2



tan > - tan 2 .. 1320
3t ancy - aned T 3479 4799
B Il R B 1320
4 l+tan = tan2a 1+(-1) - 2159
Suy ra 4 3479

Cau 3. Rut gon cac biéu thite sau:
a) sinxcos’ x- cosxsin’ x

sin3xcos 2x +sin x cosbx
b) sin 4x

oS X - cos2x + Ccos3x

c) sinx-sindx+sin3x

2sin(x +y)
d) cos(x + y) +cos(x- y)

-tany

Loi giai
) sin xcos” x- cos xsin® x =sin xcos x(cos* x- sin* x)
a

:%sin Zx(cnsz x- sin’ x)(cosz X +sin’ x)

:lsin 2xcos2x :lsin dx
2 4

1. . . 1, . -
sin3xcos 2x +sin xcos 6x 5 (sin x +sin5x) + 2[_lr.ln[— 5x) +sin 7x]

b) sin 4x sin 4x

_sinx+sin5x- sinSx+sin7x _sinx +sin7x
B 2sindx ~ 2sindx
2sindx cos 3x
= =cos3x;
2sin 4x

cosx- cos2x+cos3x _ (cosx+cos3x)- cos2x _ 2cos2xcosx- Cos2x
0) sin x- sin2x+sin3x  (sinx+sin3x)- sin2x  2sin2xcosx- sin2x

_cos2x(2cosx-1) cos2x _

= = =cot 2x;

sin2x(2cosx-1) sin2x

. . N .
2sin(x +y) - tan :Zfslnxcosy cos xsin y) tany

d) cos(x + y) +cos(x- y) 2cosxcosy
_sinx siny _
= + - f@any =tanx+tany- tany

COsSX COSY
=tan X.

Cau 4. Chitng minh cac dang thitc lvgng giac sau:



T
4cos x cos E_ X | cos =C0os 3x

T
—+Xx
3

a)

sin 2xcos x

=t
b) (1+cosx)(1+cos2x) 2.

b

) sinx(1+ 2cos 2x + 2cos 4x + 2cos 6x) =sin 7 x .

sin® 3x  cos® 3x

— — =fcos 2x
d) sin"x  cos x
Loi giai
T T 2T
deosxcos| —- x|cos| —+ x| =2cosx| cos2x +cos —
a) 3 3
2
ZECDSA’CUSZ}{+2CDS}{CUST
=cosx+Ccos3x+2cosx ¢ - —
=C05 X+ C053X - CO5 X =C053X
b)
sin 2xcos x _ (2sinxcos x)cos x _ 2sinxcos’ x
l+cosx)(1+cos2x) X B A
( X ) 1+2c05"‘2—1 (1+2cos® x-1) 4::05"'2(:052:{
2sin X cusx sin X
sinx X
= x = 2 x 2 = zx =fan —
2cos’ 2cos” cos 2
2
C)

sinx(1+ 2cos 2x + 2cos4x + 2c0s 6x)

=sin x +2sinxcos 2x + 2sin x cos4dx + 2sin x cos6x

=sin x +[sin(- x) + sin 3x] +[sin(- 3x) +sin 5x] +[sin(- 5x) +sin 7x]

=sin x +(- \sin x +5in3x) + (- sin3x +sin5x) +(- sin5x +sin 7x) =sin 7x

d)
sin”3x cos’3x _sin’ 3xcos’ x- cos’ 3xsin” x _(sin 3x\ cosx)’ - (cos3x\sin x)’

sin x  cos® x sin® x cos® x sin® xcos® x
_ (sin3x \cos x + cos3x\sin x)(sin3x \ cos x - cos3x\sinx)

1s.in2 2x
4

_4sindxsin2x _ 4(2sin2x cos2x)sin 2x
sin’ 2x sin’ 2x

_ Bsin® 2xcos 2x

— =8cos 2x.
sin” 2x




Cau 5. Chitng minh rang gia tri cia cac biéu thitc sau khong phu thudc vao gia tri cta X.

. 5 T T
sin® x +cos E—x cos E-Hf

a)
T T T 3,-7(‘
cos| x- _|cos| x+_ |+cos| x+_|cos| x+
b) | . | | | | | 4 |
Loi giai
sinzx+cns[£— x‘cn5[£+x‘ :51n2x+1[c052x+c053| :51n‘*x+l[1— 2sin’ x - H :l.
2 Ta c6 3 e 2| 3 ) 2| 2] 4

- T T
SIN° X+C05| —= X |CO5| —+X
Vay gié tri ciia biéu thitc 3 13

Khong phu thudc vao gia tri ctia X

e 4] [”H”l
X- —|cos| x+—|+cos| x+_—|cos| X+ ——
oL 4] 6 4

Cos

b) Ta cé

1 7T b4 1 [
=—|Cos—+Cos| 2x- +— c05—+c05

2 12 | 12 2 43

1 T T 7T
=—|cos| 2x- — | +cos| 2x- —+.7 || +C05—

2] | 12 ] | 12 2

1- T 7o
=—|cos| 2x- — |- cos Ex— — 05—_t:0 —

2] | 12 | | 12

cu5[ x- T ‘ cn5[x+_|+cns[ x+_|co5[ x+_‘
khong phu thudc vao gia

Vay gia tri ctia biéu thic
tri cua X.
Cau 6. Cho tam giac ABC | chitng minh réng:
a) cos Acos B- sin AsinB+cosC =0,
E. C . B C A

COS —sin — +5in —cos— =cos —

by 2 2 2 2 2
Léi giai

Vi t6ng s6 do ba géc ciia mot tam gidc bang 180 nan A+B+C =180

—A+B+C =00 E+E_g[] _ﬂ

Suyra 2 ,hay 2 2 2

cos Acos B - sin Asin B+ cosC =cos(A+ B) +cosC :cns(lBD' - C)+CDSC —- cosC +cosC =0

a)

BE.C | B C . [B C‘ . [ : ‘
cos —sin — +sin—cos— =sin| —+ — | =sin| 90 - —| =cos —
b) 2 2 | 2



. sin2er =-
Cau 7. Cho sIng +C0sax =m  Tim M dé

Bl

L&i giai
siner +cos o :ﬁ[ Esin a+£cusa :ﬂsin[ er +£
. 2 2 | 4
Ta co ' -
—1551n[a+£ <1
Vi \ nén - V2 =sina +cosa ng__Suyra-Jz_gm i-.,E'
Ta lai cg (Sina+ coser)’ =sin’ e + 2sin a2 cos e + cos” r =1+ sin 2ex
Suy ra sin2a =(sina+cosa)’ - 1=m*- 1
5.1[12{7{2-E mz-l:-E m=l m=—l )
Khi do, 4 hay 4 suyra 2 hoic 2 (thoa man diéu kién).
1 1
m=— m=- —
Vay 2 hodc 2,
sine _3 cos /7 _12
Cau 8. Cho 5 13 va 0 <@ <30 Tinh gi4 tri cua bidu thite SN +5) va
cos(e - 3)
Loi giai

2
. . cosar =4/1- sin’ @ = [1- [E :i
Vi 0 <a <90 pgp cosa>0 Do do, \l 5] 5

2
: . sin ff =4f1- cos® § =, [1- [E =2
D{_ﬁ-{g'ﬂ nénsinﬁ>0.Dodé 113 ] 13.

Vi
sin(ex + f7) =sine cos /i + cosasin == -E+ 4.5 .56
Khi do, 513 513 65;
cos(ex- i) =cosa cos fF +sinasin fi =31 +§ 2 :E_
513 513 65

Cau 9. Khong str dung may tinh cam tay, tinh gia tri ctia cac biéu thic sau:
a) Sin6 cos12 cos24 cos48
b) cos68 cos78 +cos22 cosl2 +cos190

Loi giai

a) Pat A =sin6 cos12 cos24 cos48 T, co:



cos6 A —=cos6 sin6 cosl2 cos24 cos48 :%Sin 12 cosl2 cos24 cos48

:£5'1n 24 cos24 cosd8 :£5in48' cos 48 :isin 96 ZLCDEE'
] 16 16

A=t
Suyra 16,
b)
cos68 cos78 +cos22 cosl2 +cos190 =sin22 sin12 +cos22 cosl2 +cosl0

—cos(22 - 12 )- cos10 =0

Cau 10. Phwong trinh dao dong diéu hoa cia mot vat tai thoi diém ¢ gidy dwoc cho bdi cong thirc

X(0) =Acos(@t+§) rong d6 X(OCM) 13 1i dp clia vat tai thdi diém ¢ gidy, A 1a bién do dao dong

(A>0) y3 #€[-77] |3 pha ban dau ctia dao dong.

Xét hai dao dong diéu hoa c6 phwong trinh lan lwgt la:
x(t) :30::5[ gr + g ‘ (cm) va x,(t) =3cos [ gr - %‘ (cm).
a) Xéc dinh phuong trinh ciia dao dong tong hop (1) =X (O +X%(0)
b) Tim bién d6 va pha ban dau ctia dao dong tong hgp trén.
Loi giai

T T T T
X)) =x )+ x (t :3C05[1E+_‘+3c05[—t——|
O =x0)+x,(0) | 4 3 |4 G|

a) Taco
[JT H" [JT | [H | [H il
t+— |+ —t- t+— |- -
_ 4 3] 14 6] 4 3) 14 6]
=3.2cos Cos
2 2
T T T

t+ .
=6cos 2 5c05i:3\f§t05[£r+£‘.
2 2 4 12

x(1) :3\5(:05[ £E+£ ‘
Vay phuong trinh ctia dao dong tong hop 1a 4 12)

@
b) Dao ddng téng hop trén c6 bién do 1a A =32 em vy phabandaula  12.
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