SO GIAO DUC VA PAO TAO KY THI HQC SINH GIOI CAP TINH THPT POQT 1

TINH QUANG NAM NAM HOQC 2022 — 2023

HUONG DAN CHAM VA DAP AN
_ Moén: TOAN
(Huong din cham nay gom co 08 trang)

Ciu Noi dung Pié¢m
Py x+y=4y-1-
Gidi hé phuong trinh Ty EATYENY V (x,y eR).
2x* —11y+32=3.3[4y-8
o x>0
biéu kién: 0,25
y>1
- Xét phuong trinh thir nhét cua hé: s
¥ =y +x+y=y-1-x o @+y)a-y+D+Ex—y-D=0 () ’
=0 =0
*Khi\/;+«/y—1=0©{x . O@{x 1khﬁngthéaphuongtrinhthl’xhai. 0,25
y— = y:
* Khi v/x + y—1>0: Phuong trinh (*) tuong duong v6i phuong trinh:
—Jr-1 Jr-1
(x+y)(x—y+1)+(\/; Y )(\/;+ Y )=O
Vatfy-1
1 0,25
Sx-y+)| x+y+——7—|=0(**) )
’ )( ’ \FJFJ
L x>0 1 .
bé y ran =X+ y+————>0 (voi Nx+4/y—-1>0
caut | 7 g{yZl T yo1=0) 0,25
(3,00) | vj thé phuong trinh (**) tuong duong v6i phuong trinh: x—y+1=0< y=x+1
Thay y =x+1 vao phuong trinh tht hai ta dugc :
2x° —11x+21=33/4x—-4 (1)
S 3.(R/4x-4-2)-(2x-5)(x-3)=0
30~ A\ 93
: (42x 4) 2 ——(2x-5)(x—3)=0 0,25
(4x—4) +23/4x-4+2
x=3
= 12 —9y—5
Rlax—4)’ +234x—4 +4
12
- Xét phuong trinh: =2x-5(D)
phone Rlax—4) +23/4x—4 +4
Piit 1 = {4x—4. Khi d6 phuong trinh (I) tr thanh: —— ==L 3 () 0,25
r+2t+4 2
Tu phuong trinh (I) suy ra 2x—5>0:>x>%:>t=\3/4x—4 >36 . 0,25
. 12 o3 Lo 12 2t +2) 24(t+)) X
Xét f(t)_m véi 1>36, f'@®)= = <0,ve>6 0,25

E+2+47 (P +2+4)
Suy ra f(f) nghich bién trén (%/8 ;400 )
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Xét g(t) =%t3 -3, 2'(t) =%t2 >0, V¢>36. Suyra g(r) ddng bién trén (i/€;+oo ) 0,25
Ma f(2)=g(2). Do @6 pt (II) c6 nghiém duy nhat 7 =2. 0,25
+Véit=2=>x=3, y=4 0.25
Véy hé phuong trinh da cho c6 nghiém duy nhét la: (x;y)=(3;4). ’
Cho day s6 (u,,) dwoc xdc dinh nhu sau:
u, =2023 ,
2022u’ +2022 Tinh lim — Z =
u., = Y U peN e 2+ 15 14
20221 —u, +2022
- Nhan xét: u, >0,vneN". 0,25
2022u’ +2022
u,, = 20220, ¥ 2022, 00y w4202, , = 2022, (1+ )
2022u; —u, +2022
< 2022u, (1+u’)—u,u,, =2022u (1+u) (*)
+ Chia hai vé ctia (*) cho: u, u,, (1+u’) ta duoc:
2022.L— 1 :2022.L & - ! - =2022 SIS
un 1 + un un+l 1 + un un+1 un
2 11
DU TR S 115 LSS P DU 1), | (LS 0.5
1 + un un+1 un 1 + un un+l un
2
Ma <1 o0 oL Lol
1+ un un+1 un un+1 un
Do d6 diy sd (Lj giam va bi chan dudi boi s6 0. Suy ra diy s6 (L] c6 gidi han. 0,25
Cau 2 u, u,
2,0d _
( ) bat lim L =a.
n—+0 un
2 1 11
Mat khac Ly > =2022 L +l o —75=2022| ——— |+1
1+ un Z'tn+1 Z'tn 1 un+1 un
I+ — 0,25
un
: 1 . 11 1
= lim ———=1im | 2022| —-— [+1 | = 2=2022(a—a)+1:>a=0.
n—+w 1 n—+o0 u,, u, 1+a
1+ —
un
. u; 11 ,
Lai ¢6: ——=2022| ——— |+1. Cho i chay tir 1 dén n, ta c6:
1 + ui ui+l ui
G Y0 ) L
1+u; u, u
2
%02 1oL |4
I+u, u, U, 0,25
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2
. =2022(L—ij+1
I+u, u u

n+l n

7=

n 2
Cong vé theo vé cac dang thirc trén suy ra: z L2022 (L— ij +n

pl R 7 U,y U
=yl 11 1 & ) 2022( 1 1 022
= ui2=2022 — |+n> > uiz: - -
o 1+u u,, 2023 2n+13 1+u;  2n+1\u,, 2023) 2n+l
n 2
— lim 1 z Y lim 20220 1 1 L
e In+ 13 1+u, o 2n+1\u,,, 2023 ) 2n+1 0.5

n 2
= lim ! > % =0(0—;j+l=l.
noe In+ 195 1+ u, 2023 2 2

* Cach khac: Nhan xét: , >0,vneN". 0,25
2022u° +2022 2 .
Suyrau, —u,= 0 1;”+ 022u, —u, = 5 ! >0,VneN
2022u; —u, +2022 2022u;, —u, +2022 0,25
=u,, >u,,VneN . Do dé ddy (u,) la ddy ting.

Gié str (u,)bi chin trén . Suy ra ton tai lim u, =a >2023

(do u, >u, =2023,vneN").
2022u] +2022u, 2022a° +2022a

T u,, = > suyra a= > 0,5
2022u; —u, +2022 2022a" —a+2022
S-a'=0a=0 (vo1y).

Diéu nay ching t6 (un) khong bi chédn trén. Do d6 lim u, = 4.

3 Sl . C o A
Dit v, :ZI ‘— va x, =2n+1,Vne N . Tacé ddy (x,) ting va khong bi

i=1 +Ml-
chan trén.
I 03

. e = T B TR . 1+uz1 1. 1 1

lim =~ L = lim l — = lim 2 =— lim =—.
oy =X Z(n +1)+1—(2n +1) ) 2 nta L+1 2

un2+1
n 2 _
Theo dinh 1y Stolz, suy ra lim Z u = lim Yo _ i Y TV l 0,25
n—>+0 2 +1 o 1+ u; n—>+00 X, n—>+00 X, —X, 2
2
n u 1

Vay lim =

‘yn»+w2n+1;1+uf 2 0,25
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Cho dwong tron (O) va hai diém A, B c6 dinh nam trén dwong tron (O) sao cho
ba diém O, A, B khong thang hang. Xét mét diém C trén dwong tron (O) sao cho tam
gidc ABC khéng can tai C. Goi (0;) la duong tron di qua A va tiép xiic véi BC tai C;
(0) la dwong tron di qua B va tiép xiic véi AC tai C. Hai dwong tron (01) va (03) cdt

Cau 3 | nhau tai diém thir hai la D (D khac C).
(5,09) a) T iép tyyén cua dwong tron (0) tai C cat dwong thang OD tai S. Chitng minh
OA la tiép tuyeén cua duong tron ngoaqi tiép tam gidac ADS.
b) Chitng minh dwong thang CD luén di qua mét diém cé dinh khi diém C di dong
trén duong tron (O) (tam gidc ABC khong can tai C).
a
(1,5d)
Hinh vé phuc vu cau a: 0,25 (Hoc sinh khong vé hinh — khong chcfm)
0,C L CB,00, L CB= 0O,C//00,
Tuong tw O,C//00;. Suy ra tit gidc OO;CO, 1a hinh binh hanh. Do d6 0,0, di qua 0,5
trung diém cua OC.
Ma 0,0, di qua trung diém ctia CD nén 0,0, // OD. Ma 0,0, L. CD nén ODC =90°. | 0.5
Suy ra OD.OS =0C? = 04> , 0.5
Suy ra OA 1a tiép tuyen cia dudng tron ngoai tiép tam giac ADS. ’
ADC = %(2;; - A/ol\c) N ﬂ)\c%fol\c =7 = (D4,DC) = %(OIA, 0,C)(mod )
0,5
Tuong ty (DC,DB) = %(OzC, 0O, B)(mod )
(ACB+ ACO,)+(ACB+ BCO,) =90° +90° = 24CB =180° — 4CO, - BCO,
— 180°-40,C) (180°-Co,B) — — @ —
b | =24cB=1800—| 180 —40C) 1807 -COB | _ A0,C+CO,B=4ACB 0,5
(3,5d) 2 2
= (0,4,0,C)+(0,C,0,B) = 4(CA4,CB)(mod )
Do do:
(DA, DB) = (DA, DC)+(DC,DB) = (G 4.6,0) Z(OZC’ 9,5 _ 2(CA,CB)=(04,0B)(mod ) | |

Suy ra 4 diém 4, D, O, B cung nam trén mot duong tron.
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* Cach khac: Goi M 1a giao di€m cua tia CD va duong tron (O).

ADMz%st@z@, BDM:%MEE:A/CTB 0,75
(Dung mot trong hai y duoc 0,5)

Suy ra ADB = ADM + MDB =2ACB 0,25
Ma AOB =2ACB nén ADB = AOB 0,25
Suy ra 4 di€ém 4, D, O, B cung nam trén mt dudng tron. 0,25

+ Ta thay OD, AB, tiép tuyén cua (O) tai C 1a cac truc ddng phuong cua timg cip dudng

tron (ADOB) va (COD), (O) va (ADOB), (O) va (COD). Do d6 3 duong trén dong quy | 0,75
tai S.
+ Puong déri cuc cua S doi voi (0) di qua C va vudng goc voi OD nén CD 1a duong doi 0,5
cuc cua S doi vai (0). ) )
Ma AB di qua cuc S ctia CD d6i véi (O) nén CD di qua cuc E ctia AB doi voi (O). 0,5
Hon nita 4, B va (O) c6 dinh nén £ ¢6 dinh. Vay CD di qua E c0 dinh. 0,25
* Luu y: ) )
Taco SO L MC nén SM 1a tiép tuyén cua duong tron (0). 0,5
Ma S nam trén duong chéo 4B nén tr gidac AMBC la tr giac dicu hoa.
Suy ra giao diém E cua hai tiép tuyen cua duong tron (O) tai 4 va B nam trén
. . 0,5
duong chéo CM.
Hon nita 4, B va (O) c6 dinh nén £ ¢o6 dinh. Vay CD di qua E c0 dinh. 0,25
Cau 4 | a) Cho k la s6 nguyén I6m hon 1. Chitng minh PARS| khéng chia hét cho k.
(2,00) | p) Tim tat ca cdc cdp s6 nguyén t6 p va q théa man 2P +29 chia hét cho pgq.
Gia st 287" +1:k . Suy ra £ 1a sé tu nhién 1é.
Khi do k ¢6 dang k = p['.p32.p3°..pfr, VOi py, Py, P3see P12 clC s nguyén t 1¢, | 0,25
Qy,dy,03,...,,. 1a cac s6 nguyén duong va r >1.
+Do p; 1a s6 nguyén t6 1é nén pi—1= 2m".tl- (t 1a sdtynhiénle; i=1,2,3,...,r).
Khong mat tinh tong quat, goi myla s6 nho nhat trong cac diy my,my,ms,...,nm,..
- ‘ , 0,25
Tacod p;—1=2"11:2"i = p. —1=0(mod2") = p, =1(mod 2")
a = pii =1(mod2"™) .
A,00) | niy g = Pl pS? p3..pdr nén k—1=2"1u (v6iu s6 nguyén duong).
0,25
Lai ¢6 251 +1:k = 251 = —1(mod k). Do d6 22" = _1(mod k).
Honnita p; —1=2"11 va t; 1é nén
m |
p(p1=hu (22 1'“) = —I(mod k) = 227V = _1(mod p;) (*) 0.25
Ma 277! = I(mod py) = 277D = I(mod p;) (mau thudn véi (¥)).
Vay 2k khong chia hét cho k.
Khi 27 + 29 chia hét cho p.q, c6 3 trudng hop xay ra :
- TH1: p, ¢ 1a cac sb nguyén t6 1¢.
a l())d) Vi 27 4+ 29 chia hét cho p.g nén 27 +27 = 0(mod p.q) = 27 +29 = 0(mod p) .
’ Lai c6 27 =2(mod p) = 29 = -2(mod p)
= 274 =(-2)” (mod p) = 279 = —2(mod p) 0,25
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Tuong tu ta ching minh duge 279 = -2(mod q).

Ma p, g 1a cac s6 nguyén t6 nén 277 = —2(mod pq) = 2Pa-1 = —1(mod pq)
(Mau thuan & ciu a).

0,25

-TH2: p=2,9g>2.

27 +29 =0(modq) = 4+27 =0(mod g)ma 29 -2 = 0(mod g) . Suy ra
6 =0(modg) = g =3.

0,25

-TH3: p =g =2.Khidé 2> +2? =8 =0(mod 4)
Vay, céc cap sd can tim 1a (p;q) =(2;2), (p;9) =(2;3), (p;9) = (3;2).

0,25

* Cach khac:
2P 4+ 29 pg = 2P +29 =0(mod p) = (27 — p)+ (27 + p) = 0(mod p) 0,25
Ma 2” — p =0(mod p) = 29 + p = 0(mod p) = 27 = 0(mod p)

Tuong ty 27 =0(mod ¢) . Ma(p,q) =1 nén 2729 = 0(mod pq) = 27*%: pq

. 0,25
Suy ra pq 1a so chan. Khi do, xay ra 2 truong hop:

- TH1: Trong hai s6 p, g, c6 dang mot s6 bang 2.
Khi p=2,tacéd: 27 +29 =0(modg) = 4+ 29 =0(mod g) ma

29 -2 =0(modq).Suyra 6 =0(modg)= g =3.
Tuongtw g=2.Suyrap =3

0,25

-TH2: p =q =2.Khidé 2% +2% =8 = 0(mod 4) (thoa)

- 0,25
Vay, cac cdpsocantimla (p;q)=(2;2), (p;q)=(2;3), (p;q)=(3;2).

Cau s
(3,0d)

Tim tdt ca cac ham s6 f:R —> R théa man xf(y)—yf(x)zf(lj Vx,yeR va
X

x=0.

Gia st ton tai ham /' thoa man yéu cau bai toan.
- Cho x=2,y=0:>f(0)=0.

-Cho x=1,y=1 :>f(1)=0.
-Chox=-1,y=1 :>f(—1)=0.

0,5

-Véi x=a(a#0),y=1tacé: af (1)— f(a)= f(é) - f(é) = —f(a),Va#0.

0,5

- Xét a,b e {-1;0;1}
. 1
+ Véi (x;y)=(g;b) ta co: %f(b)—bf(i)zf(ab)

£ V6l (x1y) = (1) s+ (a)-af () = f(ab)

0,5

Suy ra:

éf(b)—bf(é) =lf(a)—af(%) o éf(b)—b[—f(a)] =L f(a)-a[-/®)]

b b
f(@) _ f(b)
LR
a b

=

0,5

:f(x):c(x—lj,véi celR (thoa: f(-1)=0,7(1)=0).
x

0,25
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_ Thit lai:
Véi x,y#0, f(x)=c(x—lj thay vao x/ (y)—yf (x) =f(lj ta duoc :
X

X

0,5
xc(y —lJ —yc (x N lj = c(l - i} (luén dtng vo1 moi ¢).
Y X Xy
(Phdi co phép thir lai)
Vay ham s6 can tim la: f(x) = c(x —lj ,v6i x#0, clahing sd, £(0)=0. 0,25
X
Cho tdp hop X c¢é 2023 phan tir. Hoi c6 tat ca bao nhiéu cdach chon hai tdp hop con
khac nhau cua X sao cho giao cua hai tdp hop nay la mot tap hop co dung mot phan
w?
Gié str giao clia hai tp hop thoa yéu cau 1a tap hop {a}.
Ta dém s6 cach chon hai tip hop 4, B con ciia X \{a} va khong giao nhau. C6 hai
truong hop xdy ra : .
- TH1: Hai tap hop 4, B déu khac tap rong.
Gia str 4 c6 k phan tir (1< k <2021). Khi d6 B 1a tap hop con (khac rdng) ctia tip hop | 0,5
c6 2022 —k phan tur.
- Ung v6i moi giatri k,co Cé‘ozz cach chon tap hop 4 va cod 22022=k _1 c4ch chon tap
hop B (bé tap rong).
Do d6, voi mdi gia tri k, co (220%27% —1)CX,, cap tap hop 4, B.
) 1 2021
- Cho k=1,2,3,...,2021, suy ra s0 cach chon hai tdp hop la: 5 z (22022_k —1)C§022 0.25
k=1 ’
(Do mdi cap A, B dugc tinh hai lﬁn).
& 2022-k k & 2022—k ~k g k
Taco Yy (2 ~DCh2p = D, 2 Co022 = 2, Coom
Ciu 6 k=1 k=1 k=1
(2,06) Tu (1 + X)2022 = CSOZZ + Céozzx + C22022x2 + C%022x3 +...+ C2282222X2022 suy ra: 0,25
2021 ~1 2020 ~2 1999 ~3 12021 2022 2022 .
1 2 3 2021 2022
G022+ Coopp + Co0p +-+ Cio2p =277 2
S6 cach chon hai tap hop 4, B (khong tinh thu tu) 1a
%[(32022 92022y (92022 _2)} _ %(32022 92023y 0,25
- TH2: M§t trong hai tdp hop 4, B c6 mdt tap b?mg rong.
Gia st 4=, tap hop B la tap hop con khac rong ciia X \{a} . 0,25
Truong hop nay c6 22°22 —1 cach chon tap hop B.
Tir hai truong hop trén suy ra so cach chon hai tap hop con khac nhau (khong chira a)
giao nhau bang rong la %(32022 —2023 4 D+ (22022 -1. 0,25
V&i moi cach chon hai tap hop trén, ta thém phe‘”m‘tfl a vio moi tap hop dé dugce hai tap
hop thoa dé. Vay so cach chon hai tap hop thda de 1a
2023(3%%2 1)
) 0,25

2023[%(32022 92023 | 1y 4 (22022 _1)} _ .
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Cau 7
(3,0d)

Cho cdc s6 thie dwong x, y, z théa man diéu kién V2, 2t > xy. Tim gid tri nho nhdt

y 202227

cua bieu thirc P =

2023 2023

z+y y+x z0 74X

. 1 1 2022
Tacod P= y+ x+ 3053 0,25
I+= 1+4= 14X
z Yy z
PDita=2, b=2,c=2 . Khidé abc=1(a,b,c>0) va ac=2, be=2. 0,25
b y z z y
Ysz
Ly - > >bh> b>1
Theo d& 17 _Zx<:> X oy azb a_b_c>0:> a 0.5
22 > xy X b>c abc =1 0<c<1
y_Z
1 1 2022 1 1 2022
= + + o7 2 + +
l+ac 1+bc 1+c 1+a 1+5b 1+\/E 0,5
(vi0<c<1nén l+ac<l+a,l+bc <1+b,1+c™ <1++/c)
,b>0
+ Lai co “ én ! + ! > 2 hay ! + ! > 2\/2. 0,5
ab>1 l+a 1+b 1++/ab l+a 1+b e+l
Suyra P 2Je , 2022 =2\E+2022' 0.25
Je+l 1+4/c Je+1
Xét f@:w(Oq:\ESl), 70 ="222 o vie(o].
1+1 (t+1)
Suy ra f(f) nghich bién trén (0:1]. 0,5
Do d6 f(¢)> f(1)=1012. Dadu“="xayrakhi t=1<c=1.
Vay gia tri nhé nhét ctia P bang 1012 khi x = z. 0,25

Chii y: Néu hoc sinh cé loi gidi diing, khdc véi dap an, Giam khdo can cir thang diém cdu
twong ung cho diém phu hop.
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